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Zusammenfassung

Es gibt keine gut funktionierenden Laser, welche im extrem ultravioletten oder im
Röntgenbereich arbeiten. Hier ist die einzige Möglichkeit zur Erzeugung kohärenter
Strahlung im Labormaßstab daher die Frequenzkonversion von Lasern aus anderen
Spektralbereichen. Diese ist allerdings im Allgemeinen sehr ineffizient, sodass es sich
anbietet, die nicht konvertierte Laserleistung in einemÜberhöhungsresonator wiederzu-
verwerten.

In dieser Arbeit geht es um die Skalierung der verfügbaren Durchschnittsleistung
und Intensität in Überhöhungsresonatoren mit ultrakurzen Laserpulsen. Hierbei werden
Pulse eines modengekoppelten Lasers in einen externen optischen Resonator eingekop-
pelt, was die Überhöhung der Pulsenergie um einige Größenordnungen erlaubt. Die
Hauptanwendungen sind zum einen die Erzeugung hoher Harmonischer von Laserlicht
aus dem nahen Infrarot in den extrem ultravioletten Spektralbereich, und zum anderen
die Erzeugung harter Röntgenstrahlung durch inverse Comptonstreuung (auch bekannt
als Thomsonstreuung).

Für beide Anwendungen werden Intensitäten imBereich 1013−1015 W/cm2 bei vielen
Kilowatt Durchschnittsleistung benötigt. Die Schwierigkeit bei der Umsetzung besteht
darin, eine Zerstörung der Spiegel aus denen der Resonator besteht zu vermeiden. Dazu
muss der zirkulierende Strahl eine möglichst große Fläche auf allen Optiken aufweisen.
In der Arbeit werden hierfür Designkriterien entwickelt und deren Umsetzung, insbeson-
dere in Bezug auf die Justageempfindlichkeit, untersucht und demonstriert.

Weiterhin ist eine Optimierung der thermischen Eigenschaften des Resonators zur
Erreichung der Ziele unabdingbar. Diese wird hier sowohl durch die Wahl der Res-
onatorgeometrie, als auch durch eine Verbesserung der Spiegel in Bezug auf Absorption
und thermischer Verformung, erreicht. Das erlaubte eine zirkulierende Leistung von
mehreren hundert Kilowatt mit ultrakurzen Pulsen. Diese Leistungsparameter sind
insbesondere für inverse Comptonstreuung interessant.

Diese Erkenntnisse wurden dann verwendet, um 30 fs Pulse auf mehr als 10 kW
Durchschnittsleistung zu überhöhen. Hiermit wurden hohe Harmonische mit über 100
eV Photonenergie bei einer Repetitionsrate von 250 MHz erzeugt, wobei der Photonen-
fluss erstmals ausreichend ist für Experimente zur Untersuchung von Dynamiken auf
Oberflächen mittels Photoelektronenemissionsmikroskopie.





Abstract

There are no lasers operating in the extreme ultraviolet or x-ray spectral region. Here,
the only possibility to obtain coherent radiation in a laboratory scale is frequency con-
version from lasers operating at other wavelengths. These processes are in general very
inefficient. Thus, it is advantageous to recycle the non-converted light in an enhancement
cavity.

This thesis is about the scaling of average power and intensity in ultrashort pulse
enhancement cavities. Here, pulses from a modelocked laser are continuously coupled
into an external optical resonator, allowing for a pulse energy enhancement of orders of
magnitude. The main applications are on the one hand the generation of high harmonics
of the near infrared light into the extreme ultraviolet spectral region, and on the other
hand the generation of hard x-ray radiation via inverse Compton scattering (also known
as Thomson scattering).

For both applications intensities ranging from 1013−1015 W/cm2 with several kilowatt
of average power are required. In this regime, avoiding damage of the cavity mirrors is
difficult. To this end, the circulating beam must have a large cross section on all cavity
optics. In this work, design criteria aiming at this are developed and its implementation,
in particular regarding the misalignment sensitivity, is investigated and demonstrated.

Furthermore, the optimization of the resonator’s thermal properties is necessary for
fulfilling the target parameters. Here, this is achieved both by proper choice of the
cavity geometry, and by custom mirrors with reduced absorption and improved thermal
deformation. This allowed for average powers of several 100s of kilowatts with ultrashort
pulses. This power regime is in particular interesting for inverse Compton scattering.

These finding were used for the enhancement of 30-fs pulses to 10 kW of average
power. This allowed for the generation of high harmonicswith photon energies exceeding
100 eV at 250 MHz repetition rate. In this experiment, for the first time the photon flux
was sufficient for experiments aiming at the study of dynamics on surfaces using photo
electron emission microscopy (PEEM).
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CHAPTER 1
Introduction

1.1 The impact of the laser

Theodore Maiman allegedly said about his invention, the laser, that it is a "solution
looking for a problem" [1]. Since its first demonstration in 1960, countless applications
for lasers have been found in diverse fields of science and technology. Due to its out-
standing properties, namely coherence, diffraction limited focusability, high brightness,
and either high spectral purity or broadband pulsed operation, the laser has become an
indispensable tool for imaging and spectroscopy. For example, with coherent illumina-
tion, transparent objects can be observed using phase contrast microscopy [2], and using
laser scanning confocal microscopy (LSCM) the image quality of biological objects can
be greatly enhanced [3]. While the foundations of confocal microscopy have been laid
already in the 1950s, it became a standard technique only after the availability of high
brightness laser sources [4]. In spectroscopy, the relative accuracy of atomic hydrogen
measurements was improved using laser spectroscopy from 10−7 to 10−10 [5]. Later,
using the so-called laser frequency comb spectroscopy, it was further improved to 10−14

[5]. Here, the optical spectrum of the laser consists of many equidistant comb modes
and can be described with two microwave frequencies f0 and frep, fn = f0 + n · frep [6].
Thus, optical frequencies can be mapped to the frequency standard defined by cesium
atomic clocks in one step, instead of complicated chains of frequency dividers, greatly
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reducing noise. Nowadays, optical frequency combs covering the visible, near infrared
and mid-infrared range based on rare-earth doped lasers are commercially available.

1.2 Sources of coherent extreme-ultraviolet and hard x-ray
radiation

Both spectroscopy and imaging would tremendously benefit from coherent, high bright-
ness sources in the ultraviolet and x-ray spectral region. This would allow for the
extension of the above mentioned methodology to smaller objects in imaging [7–9], for
spectroscopy of transitions with higher photon energies [10], and even for the generation
and use of attosecond pulses [11]. However, the widespread use of coherent light from
lasers in this spectral region is hindered by the lack of active media and because it
becomes more and more difficult to obtain a population inversion in an active medium at
high photon energies. This is because the ratio of the rate of stimulated emission to that
of spontaneous emission is proportional to λ3 [12], i.e. for short wavelength spontaneous
emission dominates and laser amplification becomes impossible. Alternatively, one can
build lasers in the visible or near-infrared and transfer their radiation to the desired spec-
tral range with nonlinear or scattering processes. In recent years, ytterbium-doped lasers
have undergone a dramatic increase in available power with ultrashort pulses enabled
by high-power pump diodes. Laser geometries optimized for an efficient heat transfer
(fibres [13], thin-disk [14], and innoslab [15]) yielded powers on the kilowatt level with
(sub-) picosecond pulses at about 1 µm wavelength rendering ytterbium-based lasers a
suitable technology for driving these frequency conversion processes.

1.2.1 High-harmonic generation

One possibility to convert these lasers to the extreme ultraviolet (XUV) or even soft
x-ray region is high-harmonic generation (HHG) in noble gases [16]. In contrast to
low harmonic orders (up to 10), the conversion efficiency for higher orders does not
drop [17, 18], but stays constant over a broad range of harmonic orders, called plateau.
Photon energies up to the keV-level [19, 20] and pulse durations of less than 100 as [11,
21, 22] have been demonstrated with this technique. Nowadays HHG is routinely used
at kHz repetition rates [23], but both time-domain and frequency-comb spectroscopy
demand for higher repetition. In the case of frequency combs, the power per comb line
is proportional to the repetition rate, implying that repetition rates as high as possible
(e.g. > 100MHz) are desired [24]. Transitions of hydrogen-like ions such as He+ or Li2+

are of special interest [10]. They allow for tests of quantum electrodynamics, because
these corrections to the 1s-2s transition scale with the atomic number Z4 and they can be
calculated due to their simple structure [25]. Reaching the extreme ultraviolet spectral
region with frequency combs also offers the prospective of high-precision spectroscopy
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of nuclei [26, 27], allowing for quantitative verification of nuclear models, as well
as serving as a reference for next-generation optical clocks [24]. Considering time-
domain applications on the other hand, pump-probe experiments with kHz repetition
rate suffer from long integration times, especially those aiming at the detection of
photoelectrons, as the number of electrons per pulse is limited by space charge effects
[28]: If too many electrons are liberated per shot, the Coulomb repulsion results in a
poor spatial and temporal resolution. For example, the observation of ultrafast dynamics
on nanostructured surfaces requires photon energies around 100 eV [29], so that the
photoelectrons leave the specimen within the desired temporal resolution. Here, ideally
only one electron should be liberated per shot, resulting in typical acquisition times
of more than one hour at 1 kHz repetition rate [30], which is significantly too long
when many pictures for a time-resolved measurement are required. Thus, such an
experiment demands for a source emitting short XUV pulses with high photon energies
atMHz-level repetition rate. The same applies for other techniques such as time-resolved
angular resolved photoemission spectroscopy (trARPES) [31] or cold-target recoil-ion
momentum spectroscopy (COLTRIMS) [32].

The generation of high harmonics at photon energies around 100 eV requires intensities
of about 1014 W/cm2 [17, 18]. Even in a tight focusing geometry with a spot size of
15 µm and 30 fs pulses, at more than 100 MHz repetition rate this implies an average
power of several kilowatt, which is unattainable with state-of-the-art laser systems.
Instead, one can couple the pulses from a high-power laser into an external resonator, a
so called enhancement cavity [33, 34]. Here, a certain fraction of an incident pulse is
transmitted through the input coupler. This part traverses the cavity and if the round-trip
time is exactly the same as the time between two pulses from the seeding laser, then
these two pulses can interfere such that energy is continuously coupled into the cavity.
After a short build-up time a steady state is reached, in which the power coupled to the
cavity is equal to the power lost during one cavity round-trip [35]. With low-loss optics,
the power can be enhanced by orders of magnitude [36], allowing for the necessary
intensities at repetition rates exceeding 100 MHz. Still, there are several challenges:
The unique combination of ultrashort pulses, high average power, and high intensity is
very demanding in terms of dispersion, thermal management, and the mirror’s damage
threshold.

1.2.2 Inverse-Compton scattering

With lasers operating at a wavelength around 1 µm and 30-fs pulses, the photon energies
from high-harmonic generation are limited to about 100 eV. In the future, this might be
improved using shorter pulses and longer driving wavelength (e.g. thulium doped lasers
operating at 2 µm wavelength). However, many imaging applications require coherent
hard x-ray radiation with photon energies of several keV, for which high-harmonic
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generation is extremely inefficient or even impossible.
As an alternative to HHG, inverse-Compton scattering (also known as Thomson

scattering) [37] can be used for the generation of photon energies of several keV. The
near-infrared photons are backscattered from relativistic electrons. Even with compact
electron accelerators, spatially coherent hard x-ray radiation with photon energies in the
keV range can be obtained [38–40]. Several groups proposed this scheme in conjunction
with enhancement cavities, for which average powers on the order of 1 MW with
picosecond pulses are targeted [40, 41]. Coherent hard x-ray radiation is otherwise
only available from large-scale facilities, such an synchrotrons or free-electron lasers.
Inverse-Compton based sources would bring techniques requiring large-scale facilities
to small-scale laboratories.

1.3 Research Objectives

This thesis treats the design, implementation, and application of ultrashort-pulse en-
hancement cavities at unprecedented pulse duration and average power levels. Based on
a review of the theoretical background in Chapter 2, design goals and their fulfilment
for high-power enhancement cavities are developed in Chapter 3. Here, large spot sizes
on all optics in a cavity design robust against maladjustment is of utmost importance
[42]. Such a cavity was implemented and used for power scaling experiments with
ultrashort pulses, as described in Chapter 4. Custom optics with superior thermal prop-
erties in conjunction with a state-of-the-art fibre laser system allowed for average powers
of 400 kW and 670 kW with 250 fs pulses and 10 ps pulses, respectively [43]. This
constitutes an improvement of more than one order of magnitude over previous results
[44]. In Chapter 5, the same methodology is applied for even shorter pulses of 30 fs
and high-harmonic generation was pursued with these pulses at average powers of about
10 kW. This allowed for photon energies exceeding 100 eV at 250 MHz repetition rate
with nW-level average power [45]. Compared to other experiments with multi-MHz
repetition rates, the power was improved by more than two orders of magnitude, paving
the way for frequency comb spectroscopy at these photon energy levels.



CHAPTER 2
Theoretical background

This chapter reviews the theoretical background necessary to understand the thesis, both
its theoretical and experimental parts. In Section 2.1, Gaussian beams as a solution of
the paraxial wave equation are introduced. Based on this, stable optical resonators and
their eigenmodes are discussed in Section 2.2. The energy relations of passive optical
resonators, so called enhancement cavities, in the steady-state follow in Section 2.3. As
high powers play a central role in this thesis, thermal effects in laser optics are discussed
in Section 2.4.1. The chapter closes with a summary of high-order harmonic generation
in Section 2.5.

2.1 Laser beams in the paraxial approximation

Good introductions into this topic can be found in [46–48].

2.1.1 Fundamental Gaussian beam

The propagation of electromagnetic waves is described by Maxwell’s equations. From
them, a scalar wave equation for linearly polarised fields u(x, y, z) can be derived,

[∆ + k2] u(x, y, z) = 0. (2.1)
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Here, ∆ = ∂2
x + ∂

2
y + ∂

2
x is the Laplacian and k = 2π/λ is the wavenumber for the wave-

length λ. Provided that the wavefront normals have a small angle with the propagation
axis (z-axis), this equation can be simplified into the paraxial wave equation for fields
Ψ(x, y, z) = u(x, y, z) · exp(ikz):

∆⊥Ψ(x, y, z) − 2ik
∂Ψ

∂z
(x, y, z) = 0. (2.2)

Themost important solution of this equation is the fundamental Gaussian beam (TEM00),
which can be introduced as the following ansatz with a phase function P(z),

Ψ(x, y, z) = exp

[
−i

(
P(z) +

k
2q(z)

(x2 + y2)

)]
, with (2.3)

1
q(z)

=
1

R(z)
− i

λ

πw(z)2
. (2.4)

The complex beam parameter q(z) is determined by the wavefront radius of curvature
R(z) and the beam radius w(z). For x2 + y2 = w2, the beam intensity I(x, y, z) ∝��E(x, y, z)��2 drops to 1/e2 of its maximum value. By substituting Eq. (2.3) into Eq. (2.2),
one can find a differential equation for P(z), which solution is given by

iP(z) = log

√√√
1 +

(
λz
πw2

0

)2

− i arctan

(
λz
πw2

0

)
, (2.5)

where w0 denotes the beam waist. While the first term describes a reduction of the on
axis amplitude due to lateral spreading (energy conservation), the second term describes
the so-calledGuoy-phase, φGuoy = − arctan(z/zR)with theRayleigh-length zR = πw

2
0/λ.

The phase front of a Gaussian beam upon propagation through a focus is shifted by half
a wavelength in comparison to a plane wave.

2.1.2 Orthonormal Gauss-Hermite basis

In the following, a rectangular coordinate system with well-defined x- and y-directions
is assumed. In this case, the solution of Eq. (2.2) can be split into

Ψnm(x, y, z) = Ψn(x, z) · Ψm(y, z). (2.6)

With this ansatz the one-dimensional Gauss-Hermite modes of order n can be found,

Ψn(x, z) =
(
2
π

)1/4
√

exp
[
i(2n + 1)φGuoy

]
2nn!w(z)

Hn

(√
2x

w(z)

)
exp

[
−i

k x2

2q(z)

]
. (2.7)
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Here, Hn are the Hermite-polynomials of order n. These modes form a complete
orthonormal basis, i.e. they fulfil the relation

〈Ψn,Ψm〉 =

∫ ∞

−∞

Ψn(x) · Ψm(x)∗ dx = δnm, (2.8)

where ∗ refers to the complex conjugate and δnm to the Kronecker-delta. Thus, any beam
U(x, z) can be expanded into

U(x, z) =
∞∑

n=0
cn · Ψn(x, z), (2.9)

with complex coefficients given by the overlap integral

cn =

∫ ∞

−∞

U(x, z) · Ψn(x, z) dx. (2.10)

Note that according to Eq. (2.7) the phase-shift of a mode Ψn is given by (n+ 1/2)φGuoy.
Therefore, the higher-order modes acquire a stronger phase shift than the fundamen-
tal mode. This results in different round-trip times for Gaussian-Hermite modes in
resonators as discussed in Section 2.2.

2.1.3 Orthonormal Gauss-Laguerre basis

Analogously, in cylindrical coordinates, a set of solutions for the paraxial wave equation
can be found, namely the Gaussian-Laguerre modes Ψpl(r, θ, z). For radial symmetry
(l = 0) they read

Ψp(r, z) =
2
w

Lp

(
2r2

w2

)
exp

[
−i

kr2

2q(z)

]
. (2.11)

Lp are the Laguerre polynomials of order p. These modes are orthonormal with respect
to the scalar product

〈Ψn,Ψm〉 =

∫ ∞

−∞

Ψn(r) · Ψm(r) · r dr = δnm. (2.12)

In the following, these modes will be used for simplified 1D model calculations. How-
ever, in most cases the Gaussian-Hermite modes provide a better model for real laser
beams, as astigmatism is ubiquitous in many laser setups.

2.1.4 Propagation of Gaussian beams: The ABCD law

In ray-optics, the propagation of optical rays defined by a vector r = (x, α)T , where
x denotes the distance and α the angle to the optical axis, can be described using the
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so-called ABCD matrices, where A, B, C, and D refer to the matrix elements (row-wise
from left to right). For example, the free-space propagation over a distance d is described
by Pd and the focusing of a thin lens with focal length f by Lf:

Pd =

(
1 d
0 1

)
and Lf =

(
1 0
−1/ f 1

)
. (2.13)

A comprehensive list of ABCD matrices can be found in textbooks such as [46]. The
effect of these optical elements is given bymultiplication, for instance, r(z+d) = Pd ·r(z).
Optical systems are constructed by multiplication of the element’s matrices in reverse
order, i.e. the first element of the system is on the very right of the matrix product.

Apart from optical rays, also Gaussian beams can be transformed using ABCD ma-
trices via the so-called ABCD law. The derivation of this formula can be found in [46].
The remarkably simple outcome is that the q-parameter is transformed according to

q′ =
Aq + B
Cq + D

or
1
q′
=

C + D/q
A + B/q

. (2.14)

Using this formalism, a generalized Guoy-shift of a Gaussian beam, characterised by
q, upon propagation through a optical system, described by an ABCD matrix, can be
extracted [46, 49]:

φGuoy = arg
[ (

A + B/q
)−1

]
. (2.15)

2.2 Stable optical resonators

This section is based on [46].

2.2.1 Stability criteria

Optical resonators are mirror arrangements for either standing light waves (linear res-
onator) or travelling waves (ring resonator). In order to be stable, optical resonators
must fulfil three criteria: (i) A eigenmode, i.e. a beam that reproduces itself after one
round-trip, must exist, (ii) this eigenmode must be confined to a finite dimension, and
(iii) it must be perturbation stable, i.e. small perturbation of the transverse beam profile
must not grow upon multiple round-trips.

An eigenmode exists, if the q-parameter is recovered after one round-trip, i.e. q′ = q
in Eq. (2.14). The solution of this quadratic equation in 1/q is given by (using the fact
that AD − BC = 1) (

1
q

)
1/2
=

D − A
2B

∓
1
B

√(
A + D

2

)2
− 1. (2.16)
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For the mode to be confined to a finite dimension, this q-parameter must be complex.
According to Eq. (2.4) this is the case for

− 2 < A + D < 2. (2.17)

Comparison of Eq. (2.16) with Eq. (2.4) yields an unique eigenmode, as w and λ must
be positive:

R =
2B

D − A
and w =


π

λ |B |

√
1 −

(
A + D

2

)2
−1/2

(2.18)

This eigenmode is also perturbation stable, see [46]. For resonators, the generalized
round-trip Guoy-phase from Eq. (2.15) can be written as [49]

φGuoy = sign(B) arccos
(

A + D
2

)
. (2.19)

2.2.2 Resonators with misaligned elements

In the ABCD-matrix formalism, the effect of misaligned elements can be considered by
adding a misalignment vector [50] with parameters ∆x and ∆α,(

x′

α′

)
=

(
A B
C D

)
·

(
x
α

)
+

(
∆x
∆α

)
, (2.20)

which is equivalent to ©«
x′

α′

1

ª®®¬ =
©«

A B ∆x
C D ∆α

0 0 1

ª®®¬ ·
©«

x
α

1

ª®®¬ . (2.21)

These 3×3 matrices can also be multiplied to model an optical system such as an optical
resonator [50]. For an unperturbed resonator, the optical axis is given by the ray vector
(0, 0, 1)T . However, in the presence of misaligned elements (∆x,∆α , 0), this ray is
not recovered after one round-trip. Instead, the optical axis of a misaligned resonator
is therefore given by the eigenvector with eigenvalue 1 of the 3 × 3 resonator round-trip
matrix. It is given by [50]

x0 =
(1 − D)∆x + B∆α

2 − A − D
and α0 =

(1 − A)∆α + C∆x
2 − A − D

. (2.22)

These formulas will be used in Section 3.4 to analyse the misalignment sensitivity of
enhancement cavities.
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Figure 2.1 – (a) The round-trip phase for different Gaussian-Hermite modes in an astigmatic
cavity. The height of the stems indicate the mode-order n + m. (b) The
interference condition of the circulating field in an enhancement cavity.

2.2.3 Imaging resonators

An imaging resonator is a resonator in which any beam or ray reproduces itself after
one round-trip, i.e. it is described by a unity matrix (A = D = 1 and B = C = 0) [51].
From Eq. (2.22), one can see that there is no optical axis it that definition, because the
denominator vanishes. This results in a high misalignment sensitivity of such resonators
[52]. However, arbitrary beam profiles may be obtained in such resonators, so that they
might have applications for certain enhancement cavity experiments.

2.2.4 Transverse mode spectrum

The fact that according to Eq. (2.7) higher-order modes acquire a stronger phase shift
upon propagation results in a mode-dependent resonance condition. The overall round-
trip phase of a mode must be a multiple of 2π,

kL +
(
m +

1
2

)
φ
sagittal
Guoy +

(
n +

1
2

)
φ
tangential
Guoy = 2πn, n ∈ N, (2.23)

where L denotes to the resonator length. In the presence of astigmatic elements, the
Guoy phase will in general be different for the sagittal and tangential planes of the
resonator. Typically the astigmatism will be small, so that modes with equal mode sum
m + n are only slightly degenerated, see the example in Fig. 2.1(a). Thus, a resonator
constitutes a spatial mode filter.
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2.3 Enhancement cavities

Enhancement cavities are passive optical resonators to which light from a laser can be
coherently coupled. If the resonance condition Eq. (2.23) is fulfilled, the incoming
power can be enhanced by orders of magnitude provided that the intracavity losses are
small and the input coupler is chosen properly. This section outlines how these factors
affect the enhancement. This section closely follows [47].

2.3.1 Energy relations in enhancement cavities

An enhancement cavity consists of an input coupler with field transmission t(ω) and field
reflectivity r(ω) and other optical elements, arranged to form a stable optical resonator.
The other elements introduce losses to the circulating field, so that after one round-trip
the circulating field Ecirc(ω) is attenuated to a(ω)Ecirc(ω). Including the phase shift
φ(ω) upon propagation through the resonator, the steady-state condition as depicted in
Fig. 2.1b, for the intracavity field reads

Ecirc(ω) = t(ω)Ein(ω) + a(ω)r(ω)eiφ(ω)Ecirc(ω), (2.24)

i.e. in the steady state the power coupled to the cavity compensates for the total losses
r(ω)a(ω) during one round-trip. The fact that all parameters are functions of the laser
frequency ω has important consequences for ultrashort pulse enhancement cavities (see
Section 2.3.4). For now, this dependence will be dropped. Then, the intracavity power
Pcirc is given by

Pcirc = |Ecirc |
2 =

���� tEin

1 − areiφ

����2 = t2Pin

(1 − ar)2 + 4ar sin2(φ/2)
, (2.25)

with the incoming power Pin. The on-resonance (φ = 0) power enhancement E0 reads

E0 =
Pcirc
Pin

����
φ=0
=

1 − r2

(1 − ar)2
. (2.26)

Here, an idealised input coupler with r2 + t2 = 1 was assumed. Any losses of the input
coupler (scattering, absorption) can be included into the round-trip attenuation a. From
Eq. (2.25) the full-width at half maximum (FWHM) of the cavity resonance linewidth
∆φ can be calculated:

∆φ = 4 arcsin

(
1 − ar
2
√

ar

)
≈ 2

1 − ar
√

ar
. (2.27)
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Figure 2.2 – The enhancement as a function of the phase φ between the circulating and
incident field. A phase shift of 2π is given by one wavelength λ in terms of
a cavity length change, or by c/L in terms of a change of the incident laser
frequency.

The finesse F is defined as the ratio between distance of two resonances (also called
free spectral range, FSR) and their linewidth,

F =
FSR
∆φ
=
π
√

ar
1 − ar

, with FSR = 2π. (2.28)

In phase space, the free spectral range is 2π. Physically, such a phase difference can be
obtained either by cavity length change of one wavelength λ, or by changing the incident
frequency ν by c/L.

2.3.2 Perturbations

In the presence of a phase mismatch φ, the enhancement drops according to Eq. (2.25).
Together with Eq. (2.26) and Eq. (2.28) it can be written as [35]

E(φ) =
E0

1 +
(
2F/π

)2 sin2(φ/2)
, (2.29)

i.e. the influence of a phase mismatch on the power enhancement scales with F 2.
Therefore, a high finesse cavity is much more susceptible to perturbations such as laser
phase noise or mechanical vibrations. In practice, this often sets an upper limit for the
finesse.

The phase φ is the relative phase between the incident laser field and the circulating
one. Thus, there a two distinct types of perturbations: Fluctuations of the incident laser
frequency ν or wavelength λ (phase noise) and changes of the cavity length L (e.g.
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by mechanical vibrations, thermal mirror deformation, intracavity non-linearities). In
terms of the incident frequency ν, the FSR is given by c/L (speed of light c) and the
resonance linewidth by

∆ν =
c
F L

, or (2.30)

∆λ =
λ2

c
∆ν =

λ2

F L
. (2.31)

It depends on both the finesse and the cavity length, i.e. increasing either of the two
makes the experiment more susceptible to phase noise. In terms of the cavity length L,
the FSR is given by the wavelength λ. The resonance linewidth with respect to cavity
length changes in then

∆L =
λ

F
. (2.32)

In contrast changes of the laser’s wavelength, it does not depend on the absolute cavity
length, but only on the finesse. Cavity length changes due to, for example, vibrations or
thermal effects, do not result in stronger fluctuations of the enhancement in a very long
cavity compared to a short one. The linewidths from Eq. (2.32) and Eq. (2.31) differ
by a factor N = L/λ. This is exactly the number of optical waves in the resonator, as a
change of all N waves in the cavity by ∆λ has the same effect as a change of the cavity
length by N∆λ.

2.3.3 Impedance-matched and input-coupler-limited enhancement

It is instructive to consider the two important cases r = a called impedance-matched
and a · r ≈ r called input coupler limited. In the first case, the enhancement is given by

EIM0 =
1

1 − r2 =
1
t2 (2.33)

and the finesse by
F IM =

πr
1 − r2 ≈

π

1 − r2 = πE
IM
0 . (2.34)

The approximation is valid for high-finesse cavities, i.e. r ≈ 1. In the impedance
matched case, the highest possible enhancement for a given cavity attenuation a is
achieved. With state-of-the-art mirrors with losses on the level of a few ppm , the
enhancement can in principle exceed 106. However, the linewidth of such a cavity is
so narrow, that stabilising a laser to it is very challenging and therefore impractical.
Additionaly, in many cases the achievable power and intensity in the cavity is limited by
thermal effects and mirror damage. Then, one instead sets the enhancement depending
on the available laser power by proper choice of the input coupler transmission. With
low losses in the cavity, one can then use the approximation a ≈ 1. In this case, the
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T = 2 / rep
CEP

Figure 2.3 – Depiction of an pulse train with repetition rate ωrep. The frequency with
that the carrier-to-envelope phase ∆φCEP changes determines the offset of the
frequency comb, ω0.

enhancement and finesse are given by

EICL0 =
1 − r2

(1 − r)2
=

1 + r
1 − r

≈
2

1 − r
(2.35)

F ICL =
π
√

r
1 − r

≈
π

1 − r
=
π

2
EICL0 . (2.36)

For a given enhancement factor, the finesse in the input coupler limited case (Eq. (2.36))
is half of that in the impedance matched case (Eq. (2.34)). Thus, the cavity losses should
always be kept low and the enhancement should ideally be set by the input coupler
transmission.

2.3.4 Frequency combs and ultrashort pulse enhancement cavities

For ultrashort pulse enhancement cavities, laser pulses from a so-called frequency comb
are coupled into the cavity. The spectrum of a comb can be written as

A(ω) = G(ω) ·
(
n · ωrep + ω0

)
, with n ∈ N. (2.37)

Here, ωrep is the repetition rate of the comb, G(ω) is the envelope function of the
spectrum and ω0 is the offset-frequency. One important point is that the spectrum
consists of equidistant comb modes with a spectral separation of ωrep. In contrast,
the resonances according to Eq. (2.29) of an enhancement cavity are in general not
equidistant, as the round-trip phase φ(ω) is a function of the frequency due to dispersion
of the cavity optics. In order to couple the whole spectrum of a frequency comb into
an enhancement cavity, the cavity round-trip phase must be close to zero for the whole
incident spectrum as given by G(ω).
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The frequencies ω0 and ωrep are also called comb parameters. In the time domain, a
comb describes a pulse train with periodicity T = 2π/ωrep. The offset frequency can be
interpreted as the frequency with that the carrier to envelope phase (CEP) changes, i.e.
the phase describing the offset of the pulse’s electric field under the envelope. It is often
also called carrier-to-envelope offset frequency, ωCEO. This is shown is Fig. 2.3.

2.4 Thermal effects in laser optics

Thermal lensing in crystals is a common problem for the power scaling of lasers [53].
Absorption of the pump energy in the laser crystal results in a temperature gradient.
As the refractive index is in general temperature-dependent, the crystal will act as a
thermal lens in transmission, typically with a positive focal length. The enhancement
cavities considered here are free of any transmissive elements. Therefore, the achievable
intracavity powers are much higher than that of state-of-the-art high-power lasers [43,
44]. However, at very high power levels the absorption of light in the cavity mirror’s
coating can lead to significant thermal deformation of the substrate, resulting in a
defocusing thermal lens upon reflection. In this section, the deformation, focusing
effect, and aberrations of laser mirrors is discussed.

2.4.1 Heat equation and elastic deformation

The substrate’s temperature profile T(t, r) can be calculated from the heat equation
(without internal heat generation),[

ρC∂t − κ∆
]

T(r) = 0, (2.38)

where ρ,C, κ denote the substrate’s density, specific heat, and thermal conductivity,
respectively [54, 55]. If not noticed otherwise, the time-dependence is dropped in the
following. In this equation, heat sources are considered by boundary conditions. As the
coating is much thinner (< 10 µm) compared to the substrate (> 5 mm), the heating can
be modelled as a 2D heat source at the mirror surface of the substrate. When the coating
lies in the x-y-plane the boundary condition reads

κ

[
∂T
∂z

]
z=0
= ηabsI(x, y) − σε

[
T(x, y, 0)4 − T4

0

]
, (2.39)

with the absorption coefficient ηabs, the intensity profile of the impinging beam I(x, y),
the Stefan-Boltzmann constant σ, the emissivity ε , and the ambient temperature T0
[54]. This equation describes a heat deposition given by absorption and heat removal
according to the Stefan-Boltzmann law. The other boundary conditions are similar,
except that no heat is deposited on these surfaces, i.e. the first term vanishes.
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In order to calculate the deformation of the substrate induced by thermal expansion,
Hooke’s law describing the relation between the strain tensor Ei j and the stress tensor
Θi j has to be solved [54, 56],

Θi j = δi j
[
λTr(Ei j) − βT

]
+ 2µEi j . (2.40)

Here, λ and µ are the Lamé-parameters, and β is the stress thermal modulus. For
this tensor equation, Einstein’s sum convention applies. In general, it can only be
solved numerically, for instance, using the finite-element method. In the following, the
commercial software Comsol is used for that. In Refs. [54–56] these equations have
been solved analytically for arbitrary beam profiles I(r) with circular symmetry. The
deformation of the coating then reads

Z(r) =
∞∑

s=0
Us[1 − J0(ζsr/a)] − Bsr2, with (2.41)

Us =
α(1 + ν)εPabsa2

κ

ps

ζs

ζs + χ − (ζs − χ) exp(−2ζsh/a)
(ζs + χ)2 − (ζs − χ)2 exp(−2ζsh/a)

, and (2.42)

Bs =
6αχ(1 − ν)εPa3

κh3
ps J0(ζs)

ζ4
s

1 − ζsh/2/a − (1 + ζsh/2/a) exp(−ζsh/a)
ζs − χ + (ζs + χ) exp(−ζsh/a)

(2.43)

Here, ζs is the s-th root of the function f (ζ) = ζ J1(ζ) − χJ0(ζ) (Ji are the Bessel-
functions of the i-th kind). The incident intensity profile I(r) can be expanded in a
series

I(r) = P
∞∑

s=0
ps J0(ζsr/a), (2.44)

⇒ ps =
1
P

2ζ2
s

a2(χ2 + ζ2
s )J2

0 (ζs)

∫ a

0
I(r)J0(ζsr/a)r dr . (2.45)

The other constants are (with values for fused silica): α: Thermal expansion coefficient
(1.38 K ·W/m), κ: Coefficient of thermal conductivity (5.4 × 10−7 K−1), Pabs: absorbed
power in the coating, a: radius of the substrate, h: thickness of the substrate, and
χ = 4εσT3

0 a/κ.

2.4.2 Thermal lenses: Focusing and aberrations

Upon reflection, the deformation profile Z(r) from Eq. (2.41) results in a spatial phase
exp

[
ik2Z(r)

]
. The effect of this phase can be classified into a (de)focusing effect and

aberrations: As the fundamental Gaussian beam Eq. (2.7) has a parabolic phase front,
the parabolic part of Z(r) only changes the beam divergence. Any non-parabolic part,
however, must be considered by adding higher-order modes according to Eq. (2.9). Thus,
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the non-parabolic parts, called aberrations, couple power into higher-order modes. In
order to quantify the aberrations, a best-fit parabola P(r) = r2/4 f + d with focal length
f must be found. For this fit, the focal length is chosen such that it minimises the
aberrations for the incident beam Ψ. Mathematically, this can be written as

max
f

��〈Ψ,ΦΨ〉��2 , with Φ f (r) = exp
[
ik

(
2Z(r) − P f (r)

) ]
. (2.46)

Φ is called the aberration phase. Note that this focal length depends on the beam Ψ, in
particular on its width. Calculation of ∂ f

��〈Ψ,ΦΨ〉��2 = 0 yields [54]

f =
1
4
〈r2〉〈r〉 − 〈r3〉

〈2Z〉〈r〉 − 〈2Zr〉
(2.47)

with the shorthand notation 〈·〉 = 〈Ψ, ·Ψ〉.

In Fig. 2.4a, the optical path length difference 2Z(r) given by the mirror deformation
is plotted from Eq. (2.41) and from a numerical solution obtained with Comsol. For
a sufficiently high order of the series (here 15), the agreement is excellent, so that
numerical solutions are only required if no radial symmetry exists. The best-fit parabola
is also plotted. With it, the strength of the aberrations can be calculated according to

lab = 1 −
��〈Ψ,ΦbestΨ〉

��2 , (2.48)

whereΦbest is the phase factor from Eq. (2.46) with the best-fit parabola. The strength of
the aberration corresponds to the power coupled from the beam Ψ into other modes. In
the absence of mode degeneration, this corresponds to losses in the enhancement cavity.

2.4.3 Winkler’s formula

In [57], a formula for the estimation of the thermally induced focal length was derived.
It reads

1
fthermal

= −γ
α

κ

Pabs

w2
in
, (2.49)

with the coefficient of thermal expansion α, the thermal conductivity κ, the beam radius
of the impinging beam win and the absorbed power in the coating Pabs. Here, the
proportionality constant γ is found be fitting the focal length from this equation to that
of Eq. (2.41), see Fig. 2.4b. For γ = 0.8 a good agreement is achieved.
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Figure 2.4 – (a) The optical path length difference 2Z(r) due to deformation of a 6-mm
thick fused silica mirror with 1 W of absorbed power in the coating from a
incident Gaussian beam with radius 2 mm. With a sufficient order of the series
(here 15), the analytical solution (Hello & Vinet) agrees with the numerical
one obtained with Comsol. A best-fit parabola minimising the aberrations was
fitted to it. (b) Comparison of Eq. (2.49) with the focal length of the best-fit
parabola calculated from the thermal deformation for a range of parameters.
For γ = 0.8 the agreement is good for w > 1 mm.

2.5 High-order harmonic generation

2.5.1 Microscopic picture

In a simple picture, the process of high-harmonic generation can be understood in three
steps [17, 18]: (i) An atom is ionized by a multiphoton process, (ii) the liberated electron
in accelerated in the laser field, and (iii) it can recombine with the parent ion emitting
one photon with energy Ep + Eacc, where Ep is the ionization energy of the atom and
Eacc the energy obtained from the acceleration. The ionization rate Γ for step (i) can
be calculated from models such as PPT or ADK [58, 59]. By solving the equations
of motion for the electron in the laser field for step (ii), one finds that there are two
trajectories yielding the same energy transfer, called short and long trajectory. The
probability for recombination in step (iii) is very low due to the spreading of the electron
wave packet. Thus, the overall efficiency of HHG is limited to about 10−6 [60].

The photon energy is limited by the energy gained from the acceleration within one
cycle of the laser field to

Ecutoff ≈ Ep + 3.2Epon = Ep +
3.2e2

8πc3ε0me
Iλ2. (2.50)

Here, Epon denotes the ponderomotive energy, which depends on the electron charge e,
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the vacuum permittivity ε0, the electronmassme, and the laser intensity I andwavelength
λ. The cut-off can therefore be increased by a higher intensity and/or a longerwavelength.
In practice, the driving intensity is limited by phase matching (see next section), or, in
enhancement cavities, by intensity clamping [61–63].

The strength and phase of the emitting dipoles can be obtained by solving the time-
dependent Schrödinger equation [64, 65] or by using the Lewenstein-model [18]. From
these, simple scaling laws for the dipole strength dq of harmonic order q can be obtained
[60, 66],

dq ∝

(
I

Icutoff

) p

, I > Icutoff, (2.51)

with the intensity Icutoff atwhich the harmonic order q is the cutoff according toEq. (2.50).
Here, the scaling parameter p is chosen to be 4.3 [66]. This simplification allows for
qualitative investigation of the principles of high-harmonic generation as described
in the next section. For quantitative results, the aforementioned models have to be
used. However, for the calculation of the conversion efficiency, other quantities such as
ionisation rates have a large uncertainty, so that the simple model is sufficient.

2.5.2 Phase matching

In order to generate harmonic radiation efficiently, the wave numbers k0 of the driving
field and kq of the harmonic field must be as similar as possible. In a free-space
geometry, there are three major factors giving rise to a wave vector mismatch [67]: (i)
The Guoy-phase shift, (ii) the dipole phase, and (iii) the dispersion of the partly ionised
gas target. The difference in wave number due to the Guoy-shift is given by

∆kguoy = −q
∂φGuoy

∂z
= −q

zR

z2 + z2
R

, (2.52)

and that due to the intensity dependent dipole phase by

∆kdipole = −αl
∂I
∂z
, (2.53)

with the dipole parameters α1 = 2 × 1014 cm2/W for the short trajectory and α2 =

2 × 1015 cm2/W for the long trajectory [66]. In the following, the dipole phase will
be neglected, as it is only relevant for the long trajectory. The radiation emitted from
the long trajectory in general has a higher beam divergence [68, 69]. In the following,
it will be ignored, because the principles are the same for both trajectories. A further
justification for this will be discussed in Chapter 5: The photons generated via the long
trajectory are not coupled out of the enhancement cavity used for the experiments in this
thesis.
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The wave number of a partly ionized gas can be written as [70, 71]

kgas(λ) =
2π
λ
+

2πNaδ(λ)

λ
+ Nereλ. (2.54)

Here, re is the classical electron radius, Na is the number density of neutral atoms and
Ne the number density of free electrons. With the ionization fraction η and the number
density of the gas N they are given by Ne = ηN and Na = (1 − η)N . The dispersion
parameter per number density is given by δ(λ) = (ngas − 1)/N with the refractive index
of the gas ngas. The wave vector mismatch due to the gas is then given by

∆kgas = qkgas(λ) − kgas(λ/q) (2.55)

= qk0N∆δ
(
1 −

η

ηcrit

)
for q �

1
q
, (2.56)

with ηcrit =

(
1 +

λ2re

2π∆δ

)−1

. (2.57)

Here, ∆δ = δ(λ) − δ(λ/q). As long as η is smaller than the the critical ionization ηcrit,
the ∆kgas is positive. In this case, it can compensate for the Guoy-shift from Eq. (2.52).
If the ionization fraction is larger, no phase matching is possible as all three terms have
the same sign. The coherence length is given by Lcoh = π/|∆k |.

In order to achieve phase matching, i.e. ∆k = ∆kgas +∆kguoy = 0, the number density
N of the gasmust be adjusted. In the focus, the Guoy-shift reduces to∆kguoy(0) = −q/zR.
Then, the phase matching density Npm is given by

Npm =
λ2

2π2w2
0∆δ

(
1 − η/ηcrit

) . (2.58)

The required number density therefore increases for tighter focusing, for weaker disper-
sion and for higher ionization fractions. Thus, the combination of light gases with low
dispersion such as neon and tight focusing requires very high gas densities for phase
matching [67, 72, 73], as will be demonstrated in Chapter 5.

2.5.3 High-harmonic generation in absorbing media

The overall efficiency of HHG is not only limited by phase matching, but also by
reabsorption of the harmonic radiation in the generating gas. In [60], a one dimensional
model for the generation efficiency ofHHG is given. On axis, the photon flux at harmonic
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Table 2.1 – Important properties of noble gases relevant for high-harmonic generation. Ip:
ionization potential, Npm: phase matching density of H40 and w0 = 15 µm,
ηcrit: critical ionization for H40.

Gas Ip (eV) Npm (Nnormal) ηcrit (%)

Xenon 12.13 0.67 5.24

Argon 15.76 1.40 2.59

Neon 21.56 6.29 0.59

Helium 24.59 9.96 0.37

frequency ωq per time and area is given by

Fq =
ωq

4cε0~

�����∫ Lmed

0
ρdq(z) exp

(
−

Lmed − z
2Labs

)
exp

(
iφq(z)

)
dz

�����2 . (2.59)

Here, Lmed is the length of the gas target, Labs is its absorption length, ρ is the gas
density, and φq(z) is the phase mismatch between the harmonic and fundamental field.
This integral was solved for constant dq and constant ρ [60]:

Fq ∝ ρ
2d2

q
4L2

abs
1 + 4π2(Labs/Lcoh)2

[
1 + exp

(
−

Lmed
Labs

)
− 2 cos

(
πLmed
Lcoh

)
exp

(
−

Lmed
2Labs

)]
(2.60)

This equation can be used to investigate the influence of laser pulse parameters like
intensity and duration on the conversion efficiency. For cavity-enhanced HHG, this will
be done in Chapter 5. One important outcome of [60] is, that for Lmed > 3Labs and
Lcoh > 5Labs the harmonic yield is absorption limited, i.e. a further increase of the
coherence length and/or medium length does not increase the flux any more.
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Figure 2.5 – From the intensity profile of a laser pulse (upper left, 30 fs), the ionization
fraction η of the gas target was calculated with the PPT model ([58], upper
right). From this, the dipole radiation (upper left) is given by (1 − η) · dq (see
Eq. (2.51)). Due to the ionization, the gas wave number mismatch changes
over time (lower left). As soon as the ionization fraction exceeds the critical
ionization, it cannot compensate the Guoy-shift any more and no phase match-
ing is possible. Thus, the harmonic yield (lower right) according to Eq. (2.60)
drops at the trailing edge of the pulse.



CHAPTER 3
Design of high-power enhancement cavities

This chapter deals with the design of high-power enhancement cavities for ultrashort
pulses. In Section 3.1, design goals for high-power enhancement cavities are devel-
oped. Three example cavities are discussed in Section 3.2. They can be employed for
applications such as high-harmonic generation or inverse-Compton scattering, whose
specific requirements are discussed in Section 3.3. One important aspect for all these
applications is robustness against perturbations. In Section 3.4, a metric for the mis-
alignment sensitivity of enhancement cavities is introduced and investigated for the three
cavity designs. The chapter closes with a discussion about the possibilities of astigmatic
compensation in enhancement cavities in Section 3.5 with purely reflective optics.

3.1 Design considerations

Assumptions and laser induced damage
Here, stable optical resonators for high-finesse (F � 100) setups are considered. Fur-
thermore, it is assumed that no intracavity transmissive elements are present, but the
theory can be readily extended for this case [74]. An empty cavity can support ultrashort
pulses (�1 ps) [33] and very high average powers (�1 kW) [44] at the same time.
Thus, both intensity-related effects such as mirror damage, and thermal lensing must be
considered for the design. In the case of ultrashort pulses, the most important damage
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mechanism of dielectric mirrors is avalanche ionization [75]. For this mechanism the
peak intensity Ipeak = Ppeak/A with the peak power Ppeak and the illuminated area on
the mirror A determines the damage threshold. Thus, to increase the achievable average
power or peak intensity, the illuminated area on all cavity optics must be increased. In
general this can be achieved by increasing the cavity length, by operation close to a
stability edge, or by a combination of both. The disadvantage of the former is a reduced
resonance linewidth, as discussed in Section 2.3.2. Note that even for pulsed operation
with repetition rate frep the cavity length can be extended to integer multiples of the
fundamental cavity length c/ frep. However, in case of low-repetition-rate systems, these
steps can be very large rendering this technique cumbersome. In the following sections,
it will be illustrated that the operation close to a stability edge does not necessarily result
in a higher sensitivity to perturbations.

Intensity discrimination
One important design criterion is to have at least one tight focus for frequency conver-
sion processes like high-harmonic generation or Thomson-scattering. In particular for
Thomson-scattering, intensities as high as possible are desired. Then, maximising the
intensity discrimination, i.e. the ratio of the intensity in the focus to the highest intensity
on any cavity mirror D = I0/Imirror, is crucial. As the intensity scales with the beam
radius w−2, this is equal to D = w2

mirror/w
2
0, where wmirror is the smallest beam radius

on any mirror. From the propagation law for Gaussian-beams, w(z) = w0
√

1 + (z/zR)2,
with the Rayleigh-length zR = πw2

0/λ, follows D = 1 + (z/zR)2 ≈ (z/zR)2 for z � zR.
When focusing a collimated beam with focal length f , the focus will be at z = f with
radius w0 = λ f /(πw). From this, it follows

D =

(
λ f
πw2

0

)2

=

(
πw2

λ f

)2

(3.1)

These equations give relations for the intensity discrimination, the necessary beam size
on the mirrors or focus size, and the focusing geometry. The intensity discrimination
scales with the focal power squared and with the incident beam radius to the fourth
power. Thus, tight focusing with large beams is desired. Ultimately, this is limited by
thermal effects and aberrations, see Chapter 4.



3.2 Cavity designs 25

Ring resonators
In the following, only ring resonators are considered, so that the interaction in the focus
only takes place once per round-trip. This also allows for a simple geometric separation
of the reflected beam at the input coupler from the incident one. Howecer, the analysis
of cavity sensitivity can also be used for linear resonators. For ring resonators, there
will always be an astigmatism due to the non-zero angle of incidence on the focusing
mirrors. In general, this will lead to a different position of the beam waist in the
sagittal and tangential plane. However, if the resonator is symmetric with respect to the
focal plane, the focus is in the middle of the focusing mirrors in both planes and the
astigmatism manifests itself as a pure beam ellipticity, i.e. different beam radii in the
sagittal and tangential plane emerge.

Planarity
Here, only planar cavities operated with a fundamental gaussian beam are considered.
Then, any incoming polarization will be preserved in the cavity. Non-planar cavities
can be used, for example, for astigmatic compensation. In this case, the intracavity
polarisation depends both on the incident polarisation and the polarisation rotation during
one round-trip, see Section 3.5. Also, the eigenmode cannot be written as product of two
functions for the two transverse planes, so that the mathematical description of the cavity
modes is more complicated [76]. Tailoring the intracavity mode can offer advantages
for some applications even in plane resonators [77–80].

Summary
The very general design goals for high-power, ultrashort pulse cavities for frequency
conversion are: (i) Large spot size on all optics, (ii) at least one tight focus, (iii) ring
design, (iv) reduced astigmatism, and (v) robust against perturbations.

3.2 Cavity designs

3.2.1 Standard bow-tie cavity

The design goals are fulfilled by the so-called standard bow-tie cavity (SBT) at the inner
stability edge. It consists of two identical focusing mirrors with radius of curvature
R separated by a distance d and with round-trip length L. Commonly, this resonator
is implemented using two or more plane folding mirrors as depicted in Fig. 3.1a. In
principle, one folding mirror for a triangular geometry is sufficient. The stability range
of the bow-tie resonator is given by

R < d <
L −
√

L2 − 4LR
2

. (3.2)
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Figure 3.1 – (a) Schematic of a standard bow-tie resonator consisting of two curved mirrors
with radius of curvature R separated by a distance d. The cavity round-trip
length is L. In this configuration, the angle of incidence on the curved mirrors
is given by βAOI = arctan(∆/d)/2. (b) The same for an all-curved-mirror cavity
consisting of four identical curved mirrors.

Towards d = R the inner stability edge is approached. Here, the beam is strongly focused
between the curved mirrors and collimated in the other cavity arm, i.e. the beam size
on all mirrors is nearly the same and large. At the outer stability edge, there is another
focus in the long arm between the flat mirrors, so that the beam is smaller on the folding
mirror(s). For R > L/4 the outer stability edge does not exist and the cavity is stable up
to d = L/2. For d > L/2 the two arms interchange.
The angle of incidence βAOI on the curved mirrors depends on the focusing geometry.

Using loose focusing (large R), it can become very small, as the distance between the
curved mirrors increases according to Eq. (3.2). However, in order to obtain a tight
focus with loose focusing, the cavity has to be operated very close to the stability edge.
Here, the beam radius strongly depends on the mirror separation (see Fig. 3.3), so that
even a small astigmatism leads to a significant beam ellipticity. The effective radius of
curvature in the sagittal plane is given by Rsag = R/cos(βAOI) and that in the tangential
plane by Rtan = R · cos(βAOI). Thus, in the sagittal plane the stability edge is reached
first, resulting in a elliptical beam with the larger axis in this plane. Depending on the
required spot size in the focus, the focusing geometry should be optimized numerically
taking into account the possible angle of incidence and how close to the stability edge
the cavity has to be operated.

At the inner stability edge, the stability parameter A+D approaches−2. The round-trip
Gouy-phase is approximately π, as there is almost no phase shift in the collimated arm
and a phase shift of nearly π in the focused arm. This is consistent with Eq. (2.19). For
this stability edge, the alignment sensitivity is not immediately obvious from Eq. (2.22),
but in the following it will be shown that it is insensitive towards mirror tilts.

3.2.2 All-curved-mirror cavity

The all-curved-mirror (ACM) cavity consists of four identical focusing mirrors with
radius of curvature R. They are arranged in a symmetrical way as depicted in Fig. 3.1b.
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Towards the outer stability edge at d = 2R it exhibits four tight foci, of which two
are crossing each other in the centre of the resonator. For small angles of incidence
the round-trip length is approximately 4d. When operated at this stability edge, the
resonator length is solely given by the mirror’s radius of curvature, or, in turn, a given
repetition rate of the seeding laser determines the focusing.

There are four strongly focused arms at the outer stability edge with A + D = +2.
Thus, the round-trip Gouy-phase is 4π. This is again consistent with Eq. (2.19). From
Eq. (2.22) it is immediately clear, that the position and the angle of the optical axis due to
misalignment diverges at this stability edge, as the denominator approaches zero. This
is a common property of all resonators with round-trip Gouy-phase 2πN, N ∈ N.

The two crossing foci in the ACM allow for non-collinear geometries of frequency
conversion processes, so that the generated radiation might be coupled out between two
cavity mirrors without the need of any other output coupling devices. This will be
discussed in Section 3.3.

3.2.3 Further designs

The SBT and ACM cavities can be used as building blocks for more complicated cavity
designs. In order to have equal beam sizes on all cavity mirrors, the resonator should
typically be operated close to a stability edge. Then, it can often be dissected into
collimated arms with Gouy-shift 0 and strongly focused arms with Gouy-shift π. As the
alignment sensitivity diverges at a stability edge with A + D = +2 or round-trip Gouy
phase 2πN, N ∈ N, there should be an odd number of strongly focused arms.

If two intersecting foci as in the ACM cavity are required, the ACM can be altered in
order to circumvent the diverging alignment sensitivity. For example, by exchanging two
opposing mirrors with radius of curvature R with two mirrors with radius of curvature
2R, the beam would not be focused a fourth time, but it would be collimated in one
arm, see Fig. 3.2. This cavity has three strongly focused arms, so that the alignment
sensitivity does not diverge at the stability edge. The length of the collimated arm can be
increased and folded via flat mirrors, so that the cavity length and the focusing geometry
can be adjusted independently. The cavity should be set up such, that two pulses traverse
the overlapping focus at the same time.

3.3 Application-specific requirements

3.3.1 High-harmonic generation

For high-harmonic generation, the peak intensity is limited due to an ionization-induced
phase shift in the gas target to about 1014 W/cm2 depending on the gas species [61, 63].
In order to efficiently drive high-harmonic generation, the enhancement factor of the
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Figure 3.2 – The beam profile of the eigenmode along the optical axis (caustic) for an
alternative cavity design with two crossing foci. The design is similar to an
ACM, however, there are only three focused arm rendering this design robust
against misalignment.

cavity is typically on the order of 100 – 200 [81, 82]. This will also be discussed in
Section 5.1. Thus, the intracavity power is limited to the 10-kW level, as the available
seed power is limited to the 100-W level due to thermo-optical effects. The focus size
should be such, that the clamping intensity is not exceeded at the desired enhancement
factor. Thus, loose focusing is typically used and the cavity does not have to be operated
very close to the stability edge. Then, astigmatic compensation is not required.

In an empty cavity, the pulse parameters required for high-harmonic generation can
be obtained with moderate effort. However, in order to separate the the generated
XUV radiation from the driving laser light with low losses, an output coupler has to be
integrated into the cavity. Often, the output coupler constitutes the weak point of the
setup. For photon energies up to 20 eV, record flux from enhancement cavities has been
obtained using thin plates put under Brewster’s angle subsequent to the gas target [81].
However, such a Brewster-plate adds dispersion to the cavity, absorbs light and therefore
acts as a thermal lens [74], and it is prone to damage [81]. For higher photon energies,
where shorter pulses and higher intensities are required, transmissive elements should
be avoided in most cases. Using a nanograting [83, 84], comparable photon flux to these
record values was achieved in Ref. [24]. The nanograting has to be put under grazing
incidence subsequent to the cavity focus, so that the illuminated area on the grating is
increased by a factor of arccos(βAOI)−1. Thus, a cavity design similar to the bow-tie
cavity can be used. The nanograting does not add more dispersion than the underlying
dielectric mirror. However, is was found that it is susceptible to contamination of
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hydrocarbons resulting in an enhancement reduction [85]. Provided that this can be
avoided by a clean vacuum and/or ozone purging, the nanograting is a good output
coupling choice for applications where the spatial separation of the wavelength can be
tolerated or is even advantageous.

Another technique is the so-called geometric output-coupling. For example, a small
opening in the focusing mirror subsequent to the cavity focus can let some portion of
the generated XUV radiation pass, while exhibiting moderate losses of about 0.5% [86].
Using this output coupler, photon energies exceeding 100 eV have been demonstrated
from enhancement cavities. However, the damage threshold of such a pierced mirror is
significantly lower than that of a standard mirror [87]. An alternative is non-collinear
high-harmonic generation [88]. Here, two crossing foci as in the ACM or the alternative
design from Fig. 3.2 are required. Then, the generated radiation can pass between
the two side-by-side focusing mirrors, so that no other optical elements than standard
dielectric mirrors are required. So far, this has not been demonstrated in enhancement
cavities. In a single pass geometry, it can even be used as a gating method for the
generation of isolated attosecond pulses [89] provided that the driving pulses are short
enough. A related concept is quasi-imaging [77–79], where the cavity is operated at
a point where several Gaussian-Hermite modes are degenerate. Then, tailored driving
fields can be created, that have an on-axis maximum close to the focus, but no intensity
on the subsequent focusing mirror, which can have a large opening for output coupling.
It can be understood as non-collinear HHG with very small crossing angles and inherent
synchronization between the two pulses. However, the cavity has to be operated at the
center of the stability zone, where the beam size on the mirrors is smaller compared
to the stability edge. On the other hand, the intensity at the mirror opening is smaller
compared to the pierced mirror technique.

3.3.2 Thomson scattering

Hard x-rays can be generated by head-on scattering of photons in the NIR or visible range
from relativistic electrons, a process called Thomson of inverse-Compton scattering [37].
Using this scheme, photon energies of several keV can be generated even with compact
electron accelerators [38–40]. As this is a linear scattering process, the number of
generated x-ray photons is proportional to the number of NIR photons interacting with
the electrons, i.e. proportional to the peak intensity and the average power [37]. The
pulse durations of both pulses should bematched and short enough, so that the interaction
only takes place in the vicinity of the focus at high intensity. For example, if the electron
beam can be focused to about 30 µm in radius, the laser beam of the same size has
a Rayleigh-length of about 3 mm. Together with the speed of light c = 0.3 µm/fs, it
follows, that both pulses should be shorter than 10 ps.

The pulse duration and focus radius is limited by that of the electrons. Typically,
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durations in the picosecond-range and focus radii of several 10s of micrometer are
achievable. The laser parameters should be chosen accordingly. With these boundary
conditions, average powers on the order of 1MWand an intensity exceeding 1015 W/cm2

[40, 90] are desired. Due to these very demanding parameters, both intensity induced
damage and thermal effects in the mirrors have to be considered. In general, a bow-tie
resonator with astigmatic compensation (see Section 3.5) and measures against thermal
lenses (see Chapter 4) can be employed.

The geometry for Thomson scattering can either be with or without an angle between
the electron and laser beam. For a strict head-on geometry (no angle), on arm of an
electron storage ring has to be put into the enhancement cavity [38], which implies a large
distance between the focusing mirrors, i.e. loose focusing. Typically such a geometry
will result in large angles of incidence, as the laser beam has to pass the bending magnets
of the storage ring. Then, astigmatic compensation becomes indispensable. Output
coupling in this geometry can be achieved using a back bored mirror [91]. However, it is
prone to thermal deformation. If there is an angle between the propagation directions of
the electron bunch and the laser pulse, the luminosity may drop for long pulse durations
[92]. However, the achievable x-ray photon energy is not significantly affected by a
small angle. Even in a 90◦-configuration, the backscattered photon energy is still half of
that generated in the head-on geometry.

Thus, from a cavity point-of-view the configuration with an angle is preferable,
because it dictates less restrictions for the cavity design. In particular, tighter focusing
and smaller angles of incidence are possible. However, for the whole system, also the
electron accelerator and the synchronization between laser pulses and electron bunches
have to be considered. More details can be found in Ref. [92].

3.3.3 Stack-and-dump

Another application requiring high-power enhancement cavities is a technique called
stack-and-dump [93–95]. Here, pulses from a high-repetition rate (> MHz) amplifier are
coupled into the cavity and then coupled out using a switch before/right after the build-up
is finished. Thus, in contrast to HHG and Thomson scattering, the cavity is not operated
in the steady state. The reason to implement this, is the fact that the achievable pulse
energy from some laser amplifiers is limited by nonlinear effects, in particular for fibre
amplifiers [96]. On the other hand, very high average powers can be obtained from fibres
[97], so that they are best operated at high repetition rates. Using the stack-and-dump
approach, several pulses can be stacked, so that the high repetition rate can be turned
into a high pulse energy at still high average power levels.

The concept was first demonstrated using an acousto-optical-modulator [93]. How-
ever, any transmissive element constitutes a restriction for the cavity design in terms
of damage and thermal effects. Ideally, only reflective optics should be employed, for
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Figure 3.3 – (Left panel) Beam radius of a SBT with R = 500 mm and cavity length
2000 mm and 3000 mm. In the longer cavity, the beam size is larger for every
point in the stability zone. (Right panel) However, the misalignment sensitivity
is also increased in the longer cavity.

example a spinning wheel reflecting every N-th pulse out of the resonator [94]. As
no high intensity is required in the cavity, the pulses can be stretched to circumvent
intensity-induced mirror damage. However, very high average powers exceeding the
MW-level are targeted [94]. As the dumping frequency is in the kHz-range, there will
be no thermal steady state, but the cavity eigenmode will change within one dumping
period. The cavity should be robust against thermal effects, as will be discussed in
Chapter 4.

3.4 Misalignment sensitivity

3.4.1 Introduction

As discussed in the previous sections, formany applications enhancement cavities should
be operated close to the stability edge with A+D = −2 in order to obtain large beams on
all optics. While the alignment sensitivity diverges at A+ D = +2, it is not immediately
obvious for A + D = −2 from Eq. (2.22). Here, the alignment sensitivity of resonators
with large spot sizes is investigated here.

In order to quantify the impact of misalignment in a resonator, the application of
the resonator must be taken into account. For example, the output power of lasers
fluctuate when the overlap between the resonator eigenmode and the pumped region in
a laser crystal changes [98]. Also diffraction losses can increase [99]. For enhancement
cavities, however, light from an external laser is coherently coupled into an empty
resonator. Thus, the overlap between the incoming and the circulating beam determines
how much power can be injected into the resonator. The situation is similar to the
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Figure 3.4 – Optical axis before (red) and after (blue) the upper left mirror is tilted.

coupling of laser light into an optical fiber. In both cases the the following aspects have
to be considered for mode-matching: (a) The transverse beam shape – both size and
divergence, and (b) the relative orientation of incident beam and the optical axis of the
fiber or resonator – both offset and tilt. The mode matching determines howmuch power
is coupled into the different (higher-order) modes of the fiber or resonator. In practise,
power coupling factors of about 70%-90% into the fundamental mode (TEM00) can be
achieved. For enhancement cavities, in general this mode is non-degenerate with the
higher-order Gauss-Hermite modes. When the cavity is operated with the fundamental
mode, the power coupled into this mode is enhanced by the power enhancement factor
E0 from Eq. (2.26), typically with E0 � 100, while the power coupled into the higher
modes is attenuated in the cavity, as they not resonant, and can therefore be neglected.
Thus, the spatial overlap between the incident laser beam and the cavity’s fundamental
eigenmode is crucial for an efficient operation of enhancement cavities.

The cavity eigenmode depends on both longitudinal and transverse alignment of the
cavity: When the cavity optics are moved on the optical axis (longitudinal change), the
eigen-q-parameter changes according to Eq. (2.16). When the cavity mirrors are tilted or
internal transmissive elements are moved (transverse change), the position of the optical
axis changes. Both effects can be modelled using the 3 × 3-matrix formalism, that was
introduced in Section 2.2.2. Note that these changes will in general lead to a dynamic
response of the resonator, i.e. the resonator will need some short time to reach a new
equilibrium after the change occurred. In the following, only the equilibrium states
before and after a change is considered. Thus, the following considerations are valid
for single, slow changes, such as manual alignment of the cavity, but not for fast and
continuous changes, such as vibrations.

In order to quantify the impact of the alignment of cavities, the overlap U between the
eigenmode before Ψinitial and after a certain change Ψperturbed is introduced as a metric
here. For this metric, only two cavity eigenmodes are required. Physically, it can be
interpreted as a situation where the overlap between the incident beam and the cavity
mode is 1 before the perturbation. The change in overlap 1 − U is a measure for the
sensitivity of the cavity toward this perturbation. When the change in overlap 1 −U is
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large, the cavity is sensitive

Definition: Alignment sensitivity

U =
����∫ ∞

−∞

ΨinitialΨ
∗
perturbed dA

����2 . (3.3)

This metric maps any combination of misalignment to a single, physically mean-
ingful number. The overlap between two beams does not change upon propagation
through aberration-free optical systems. Thus, this metric can be evaluated anywhere
in the resonators and depends only on the resonator geometry and on the considered
perturbation.

In order to evaluate this metric, one first has to calculate the eigenmode of the
unperturbed resonator. Then, the impact of the perturbation is calculated for both the
lateral and longitudinal effect, e.g. using the 3 × 3-matrix formalism. If both beams
have a Gaussian shape, their respective q-parameters can be plugged into Eq. (2.3). Any
lateral perturbations can be considered by [100]

Ψperturbed(x, y) = Ψinitial(x − x0, y) exp (ikα0x) (3.4)

with the optical axis of the perturbed resonator described by x0 and α0 from Eq. (2.22).
Alternatively, this metric can also be used without 3 × 3-matrices, but with geometrical
analysis [101] or numerical wave propagation [102] of the resonator.

As an example, one can study the impact of tilting one cavity mirror in a bow-tie
resonator. Note that this is a pure transverse perturbation, i.e. the eigen-q-parameter
does not change. For focusing mirrors with radius of curvature R, a round-trip length L
and with a tilt of the first mirror by an angle ∆α, the round-trip matrix reads

©«
1 d/2 0
0 1 0
0 0 1

ª®®¬ ·
©«

1 0 0
−2/R 1 ∆α

0 0 1

ª®®¬ ·
©«
1 L − d 0
0 1 0
0 0 1

ª®®¬ ·
©«

1 0 0
−2/R 1 0

0 0 1

ª®®¬ ·
©«
1 d/2 0
0 1 0
0 0 1

ª®®¬ =
(3.5)©«

1
R2

(
R2 − 2Rd − 2 (L − d) (R − d)

)
1

R2

(
LR2 − 2LRd + Ld2 + Rd2 − d3

)
∆αd

4
R2 (L − R − d) 1

R2

(
R2 + 2R (d − L) − 2d (d − L + R)

)
2∆α

0 0 1

ª®®®®¬
.

(3.6)

Here, the reference plane was chosen to be the focal plane in the focused arm. The
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Figure 3.5 – The change in overlap for a tilt of 1 µrad of one mirror for several cavity designs
as a function of the beam radius on that mirror. Solid lines represent standard-
bow-tie cavities. Their sensitivity converges towards the inner stability edge
(lower branch). Towards the outer edge, the sensitivity increases drastically, as
the position of the optical axis diverges here. The same is true for the ACM
(red dashed line). If two crossing foci are required, an alternative design should
be used (blue dashed line), as discussed in the text.

eigenvector with eigenvalue 1 determines the optical axis of the perturbed cavity:

x0 = Rα/2 (3.7)

α0 =
Rα (L − d)

d2 + L(R − d)
(3.8)

Together with Eq. (3.4) and Eq. (3.3), the alignment sensitivity can be evaluated.

3.4.2 Comparison of cavity designs

In Fig. 3.3, the beam radius on the curved mirrors is plotted for the entire stability range
for two bow-tie cavities with identical focusing, but with different lengths. In the right
panel, the alignment sensitivity from Eq. (3.3) is plotted for a tilt of one of the curved
mirrors of 1 µrad. For kinematic mirror mounts for 25-mm optics, this corresponds
to a position change of about 25 nm, which is about the smallest possible adjustment
step with available motorized optomechanics. One can see that for the longer cavity
the beam radius is larger for every point in the stability range, but so is the alignment
sensitivity. As expected from Eq. (2.22), the alignment sensitivity diverges towards the
outer stability edge. Even a small tilt of only 1 µrad can change the overlap by several
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percent rendering the operation at this stability edge impractical. The sensitivity also
increases towards the inner edge, but not as severely as towards the outer one.

In order to compare various cavity designs, the alignment sensitivity is plotted as a
function of the beam radius on the curved mirrors in Fig. 3.5. In this parametric plot, the
upper branch for a bow-tie cavity corresponds to the outer edge, and the lower branch
to the inner edge. This depiction reveals that towards the inner edge the alignment
sensitivity of all bow-tie cavities converges, i.e. it is only a function of the beam radius,
but does not depend on the focusing geometry or the cavity length. More importantly,
the increase is moderate. Even for very large beam radii of about 5 mm the overlap
only changes by less than a per mill. Thus, large beam radii necessary for high-power
enhancement cavities can be obtained with bow-tie cavities, either in long cavities or
even in compact setups when operated very close to the inner stability edge.

For pulsed enhancement cavities, the cavity length has to be matched to the repetition
rate of the seeding laser, i.e. L0 = c/ frep for ring resonators. However, the cavity length
can also be an integer multiple of L0, so that multiple pulses are circulating in the cavity.
As discussed in Section 2.3.2, the resonance linewidth of longer cavities is narrowed,
so that the demands on the frequency stability of the seeding laser are higher. Besides
that, the choice of the cavity length depends also on other factors such as astigmatism
(see Section 3.5) and thermal sensitivity (see Chapter 4). In the following experiments,
the enhancement cavity length was doubled in comparison to the laser’s cavity length,
as this allows for a smaller angle of incidence for astigmatic mitigation. In Chapter 5
up to four pulses were circulating in the cavity, as then the thermally induced beam size
increase is mitigated, as demonstrated in Chapter 4.

Towards the outer stability edge, i.e. for A + D = +2, the alignment sensitivity
increases drastically for both the standard-bow-tie cavity and the all-curved-mirror cavity
as expected from Eq. (2.22). As will be discussed in the next section, the sensitivity is
too high for robust operation. If two crossing foci as in the ACM are required, a design
should be chosen according to Fig. 3.2. This alternative cavity exhibits an alignment
sensitivity, which is about one order of magnitude higher than the SBTs at the inner
edge, which is still tolerable.

3.4.3 Experimental verification

For verification, two 125-MHz enhancement cavities with large spot sizes on all mirrors
were implemented, namely an ACM with R = 300 mm at the outer stability edge and an
SBT with R = 600 mm at the inner one. A single frequency non-planar ring oscillator
(NPRO) [103] was locked using the Pound-Drever-Hall scheme [104, 105] to each of the
cavities, see Fig. 3.6. The intracavity power Pcirc was measured with a powermeter via
the leakage through one high-reflective mirror with known transmission. The surface
of one cavity mirror was imaged onto a CCD allowing for a measurement of the beam
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Figure 3.6 – Schematic of the experimental setup used to verify the alignment sensitiv-
ity. NPRO: non-planar ring oscillator, EOM: electro-optical-modulator, PD:
photodiode, CCD: charge-coupled device, VCO: voltage-controlled oscillator,
PM: power meter, PID: proportional-integral-differential controller.

size on that mirror. The magnification M can be calculated from the distance g between
the cavity mirror and the imaging lens, and the distance b between that lens and the
CCD, M = b/g. It is double-checked by a measurement of an obstacle directly in
front of the mirror with known dimensions. From this, the position in the stability zone
can be deduced according to Fig. 3.3. As the angles of incidence are known from a
measurement of the distances ∆ and d as defined in Fig. 3.1 for both cavities (1.24◦),
the beam ellipticity provides an independent measurement. One photodiode measured
the transmission through a mirror for a quantification of power fluctuations in the cavity.
Another photodiode measured the power level reflected from the input coupler. By
comparing the levels in lock and off-resonance, the power fraction coupled into the
cavity K can be calculated. The power enhancement E is given by Pcirc/Pin with the
incident power Pin. The power attenuation factor A = a2 (see Eq. (2.28)) is given by
A = 1−K/E. When the cavity attenuation is compared, changes of the overlap between
the incident beam and the cavity eigenmode can be ruled out as a reason for changes of
the power enhancement E.

Both cavities were locked at several positions in the stability range. Themirror mounts
were motorized, so that the mirrors can be tilted in steps of about 1 µrad. In Fig. 3.7
the 1/e2-intensity beam radius is plotted for both cavity planes. For the ACM, the
beam radius is limited to 4.0 mm × 2.1 mm. Larger beams could not be obtained with
satisfactory alignment, as the sensitivity of the ACM diverges at the outer stability edge.
This behaviour is expected from Fig. 3.5, as even the very fine adjustment steps change
the overlap by some 10s of percent. On the other hand, a spot size of 5.7 mm × 2.6 mm
was obtained in the SBT without affecting the round-trip attenuation. An even larger
beam radius of more than 7 mm in the sagittal plane was achieved with slightly larger
diffraction losses at the 25-mmmirrors. The alignment in this case was without problems
as expected from the sensitivity metric.
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Figure 3.7 – (a) The measured beam radii in the long axis and short axis for a bow-tie cavity
and for an all-curved mirror cavity. For the ACM, the achievable beam radius
is limited by the alignment sensitivity. The solid line is a simulation based
on the ABCD-matrix formalism. (b) Different modes from the bow-tie cavity
measured with a CCD.

Power fluctuations in the cavity can arise from two sources: First, phase fluctuations
between the laser and the cavity (see Eq. (2.29)), and second, changes of overlap between
the incident beam and the cavity mode. During these experiments, the intracavity RMS
noise did not increase when the cavities were operated closer to the stability edge and
remained below 0.1% in the 20 Hz − 600 kHz band. Thus, when operated in an air-
tight environment, power fluctuations due to mirror vibrations are no limitation, even
at a stability edge with diverging sensitivity. In fact, there is no necessity to operate
an enhancement cavity close to a stability edge with diverging sensitivity, because
alternative designs can be found. Then, the achievable beam size is limited by thermal
effects and spherical aberrations as will be discussed in Chapter 4.

In principle, larger mirrors can be used if larger beam radii are required. Then, how-
ever, the angle of incidence must be increased, which results in a higher beam ellipticity.
In order to increase the spot size also in the short axis, astigmatic compensation as dis-
cussed in Section 3.5 becomes more and more important. In Ref. [44], up to 18 kW of
average power could be obtained with 200-fs pulses limited by intensity induced mirror
damage. Compared to that setup, the beam area could be increased by more than a factor
of 15 in the SBT. In terms of intensity damage, an average power of several 100s of
kW seems feasible using this cavity design. Then, thermal effects in the cavity mirrors
will occur. With appropriate measures, such average powers are still possible as will be
demonstrated in Chapter 4.



38 3 Design of high-power enhancement cavities

0 250 500 750 1000 1250 1500 1750 2000
Distance z (mm)

4.0

2.0

0.0

2.0

4.0
Be

am
 ra

di
us

 (m
m

)

Sagittal

Tangential

w/o compensation

w/ compensation

R 
= 

50
0 

m
m

R t
an

=-
10

0 
m

R t
an

=-
10

0 
m

R 
= 

50
0 

m
m
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3.5 Astigmatic compensation

3.5.1 In-plane compensation

Curvedmirrors hit under an angle of incidence βAOI exhibit effective radii of curvature of
Reff
sag = R/cos(βAOI) and Reff

tan = R ·cos(βAOI). By proper choice of the angles of incidence
and of the radii of curvature, this astigmatism can be turned into a pure ellipticity in a
resonator, i.e. the position of the focus in the sagittal in tangential plane is the same. The
most common example is a symmetric geometry with identical radii of curvature and
identical angles of incidence as in the standard bow-tie cavity or in the all-curved-mirror
cavity. Here, the ellipticity diverges towards the stability edges, as shown in Fig. 3.7a.

Without the astigmatism, the beam would be large in both planes, resulting in a
significantly lower intensity on the cavity optics. Thus, astigmatic compensation is
highly desirable, in particular for cavities with loose focusing operated very close to
a stability edge. In laser resonators, this has been done using the astigmatism of the
laser crystal [106]. However, for high-power enhancement cavities, an implementation
without any transmissive elements is desired. The astigmatism can be compensated
using cylindrical or toroidal mirrors. For example, a toroidal mirror with radii of
curvature Rreal

tan = R/cos(βAOI) and Rreal
sag = R · cos(βAOI) exhibits identical effective

radii of curvature for a specific βAOI resulting in a completely astigmatism-free cavity.
Alternately, two plane mirrors in a bow-tie cavity can be replaced by two cylindrical
mirrors of proper curvature. This should be implemented in a symmetrical way with
respect to the focus plane, so that the cavity is astigmatism-free.

In Fig. 3.8, the caustic of a 2-m long bow-tie cavity with R = 500 mm curved mirror
and an angle of incidence of 4° is plotted. Without astigmatic compensation, the beam
size in this example is 3.6 mm × 1.3 mm. Using two -100-m cylindrical mirrors, the
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beam radius can also be increased in the tangential plane, resulting in a almost three
times larger beam area. In practise, the angle of incidence has to be fine-tuned in order to
achieve a round beam profile. In Fig. 3.9a, the beam ellipticity is plotted as a function of
∆ as defined in Fig. 3.1a, i.e. as a function of the angle of incidence. This figure reveals,
that the required accuracy for the angle of incidence depends on how close the cavity is
operated to the stability edge. Eventually, this will be the limitation for the achievable
beam size. On the other hand, the required accuracy is not significantly increased even
for large angles of incidence, as can be seen in Fig. 3.9b.

3.5.2 Non-planar cavities

Another possibility for astigmatic compensation are non-planar cavities. For instance,
in a bow-tie cavity one of the curved mirrors could reflect the beam out of the plane
with the same angle of incidence as for the other mirror. However, depending on how
the cavity is closed, the intracavity light will see a polarisation rotation of an angle
ρ. The incident field can be described by a Jones-vector Ein = (Es, Ep)

T with vector
components describing the p- and s-polarisation. The polarisation rotation can be taken
into account using a rotation matrix Rρ. The steady-state equation similar to Eq. (2.24)
for the circulating field Ecirc then reads

t · Ein +MRT · Ecirc = Ecirc, (3.9)
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same range.

with the round-trip matrixMRT = a · r · exp(iφ) · Rρ. The circulating field is then given
by

Ecirc = (1 −MRT)
−1 · t · Ein. (3.10)

This equation was solved for an example cavity with R = 99.5% and 200 ppm losses and
linear input polarisation, see Fig. 3.10. Without polarisation rotation, the enhancement
is about 720 for φ = 0 as expected from the scalar treatment. In the presence of a
small rotation, the enhancement drops and occurs for φ = ρ. Then, the degree of linear
polarisation the in cavity is only about 13%, as the intracavity polarisation is elliptical
(right-hand panel). Thus, if linear polarisation is required, the cavity must be built
such that the round-trip polarisation rotation is a multiple of π. On the other hand,
if circular polarisation is desired, the maximum enhancement can be obtained for any
polarisation rotation for φ = ρ. Another interesting special case is ρ = π/2 and linear
input polarisation: Here, for φ = ±π/2, half of the maximum enhancement can be
achieved and the intracavity polarisation is circular with the handedness depending on
the sign of φ.

3.6 Conclusions

In this chapter, design guidelines for ultrashort pulse enhancement cavities are given. The
achievable intensity and power levels are limited by intensity-induced mirror damage.
This can be circumvented by increasing the beam size on all cavity optics. Then,
the robustness against maladjustment is of utmost importance. Here, a new metric
for the quantification of the misalignment sensitivity is introduced. With it, different
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cavity designs were evaluated. An important outcome of this analysis is, that resonators
operated close to the stability edge with A+D = −2 are robust against misalignment. In
particular, the bow-tie resonator close to the inner stability edge fulfils all design goals
for frequency conversion processes requiring a tight focus, for example high-harmonic
generation and Thomson-scattering. On the other hand, resonators operated at the other
stability-edge at A+D = +2, e.g. the ACM cavity, are too alignment sensitive for robust
operation and can thus be ruled out for the experiments described in the next chapters. If
two foci are required, an adapted design, which is also robust against misalignment, can
be implemented, as was shown in Fig. 3.2. However, for the experiments demonstrated
in this thesis, two crossing foci are not required, so that this cavity design will not be
pursued any further.

Experimentally, an enhancement cavity based on the bow-tie design with large spot
sizes on all optics was demonstrated. This cavity design will be used to explore the
MW-level average power regime with ultrashort pulse enhancement cavities in the next
chapter. When operated close to a stability edge, even a small astigmatism manifests as
a considerable beam ellipticity. This can be compensated for by employing cylindrical
mirrors in conjunction with standard spherical mirrors.





CHAPTER 4
Megawatt-level average power enhancement

cavities for ultrashort pulses

In this chapter, thermal effects and theirmitigation in enhancement cavities are discussed.
It starts with an introduction in Section 4.1 on how thermal lenses affect the operation of
enhancement cavities. In Section 4.2, a measure for the thermal sensitivity and a model
for its calculation of arbitrary cavities will be introduced. Possibilities for mitigation of
thermal effects using custom optics are reviewed in Section 4.3. Using the apparatus
presented in Section 4.4, experiments targeting the power scaling of enhancement cavities
were conducted, which are described in Section 4.5. The achievable power level in these
experiments is limited by aberrations, which are examined in Section 4.6. The chapter
is based on [43].

4.1 Introduction

In enhancement cavities, some light is inevitably absorbed by the mirror’s coatings,
leading to a thermal gradient and to a deformation of the substrate. As discussed in
Section 2.4.1, a deformed mirror acts as a defocusing lens in reflection. In a bow tie
resonator close to the inner stability edge, a defocusing lens results in an increased beam
size, which in turn decreases the thermal focusing power, as the heat is now deposited
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Figure 4.1 – (a) The change in beam size due to thermal deformation of the cavity mirrors.
Bow-tie: L = 2 m, R = 500 mm, d = 503 mm. All-curved-mirror: L = 2 m,
R = 250 mm, d = 499 mm. (b) The thermal sensitivity dw/dPabs for various
cavities as a function of the beam radius on the curved mirrors. All cavities are
2-m long and have a mirror separation of d ≈ 500 mm, so that their focusing
geometry is comparable.

in a larger area. Thus, the beam size increases until a new steady state is reached, where
the thermal lens is in equilibrium.

An immediate consequence of this is that the increase (or decrease for other cavity
designs) of the beam size depends on how the resonator responds to a defocusing lens.
This thermal sensitivity of enhancement resonators will be discussed quantitatively in
the next section. The thermal sensitivity also depends on the cavity mirrors, in particular
on the coating absorption and on the thermal properties of the substrate, see Section 4.3.
The treatment of thermal effects here will be restricted to cavities with purely reflective
optics. It can be, however, extended to transmissive optics [74].

4.2 Quantitative model for the thermal sensitivity

4.2.1 Calculation of the steady state

Consider a resonator with N elements, that are affected by thermal effects. The focal
length of the i-th element is given by f −1

total,i = f −1
0,i + f −1

thermal, with the cold focal length
f0 and the thermal focus length fthermal, e.g. calculated from Eq. (2.49). Note that
f0 and fthermal can have different signs. The beam size on that element is referred to
as wi(ftotal) and depends, among other things such as mirror separation, on all focal
lengths, ftotal = ( ftotal,1, ftotal,2, . . . , ftotal,N ). In the steady-state, these beam radii must be
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in equilibrium with

wth( fth) =
√
−γ fth

α

κ
Pabs, (4.1)

which is Eq. (2.49) solved for w. Mathematically, the steady-state is reached, when the
difference in beam size between wi and wth,i vanishes:

wi(ftotal) − wth,i( fthermal,i) = 0 ∀ i = 1 . . . N (4.2)

The solution of this set of coupled nonlinear equations yields a unique vector of thermal
focusing lengths fth = ( fth,1, fth,2, . . . , fth,N ). With it, the eigenmode of the cavity can be
calculated in the thermal steady state using the ABCD-formalism. The solutions are best
found using numerical root finding algorithms for vector functions or by minimizing the
sum of the squares of Eq. (4.2) [107]. Using this model, arbitrary cavity designs may
be evaluated with different optical properties of the individual cavity optics. The model
can be readily extended to include transmissive optical elements, when their thermally
induced changes of the focal length can be calculated [74].

In Fig. 4.1a, the beam radius on the curved mirrors of a bow-tie cavity and an all-
curved-mirror cavity is displayed as a function of the absorbed power. Each cavity
consists of four fused silica mirrors and is operated close to a stability edge, where the
beam radius is large on all optics. The deformation of the mirrors results in an increased
focal length. Thus, the bow-tie cavity is pushed towards the stability edge at d > R, so
that the beam radius increases. On the other hand, the all-curved-mirror cavity is pulled
away from the stability edge at d < 2 · R. Then, the beam radius decreases.

4.2.2 Thermal sensitivity

For small powers, the change in beam size is linear in good approximation. Thus, a good
measure for the thermal sensitivity is the derivative of the beam radius with respect to
the absorbed power,

Definition: Thermal sensitivity

Sthermal =
dw

dPabs

����
Pabs=0

(4.3)

The sensitivity is given for a certain position in the resonator, i.e. the position must
be specified together with the sensitivity. As here only symmetric cavities with nearly
identical spot sizes on all mirrors are considered, the beam radius on the curved mirrors
is used. However, if asymmetric focusing or cavities operated far from a stability edge
are considered, one must be cautious when comparing different cavities.

In an experiment, the beam radius can easily be measured as a function of the circu-
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lating power. Then, the thermal sensitivity can also be defined as dw/dPcirc. This relates
to the previous definition via the coating absorption factor acoating:

dw
dPabs

= a−1
coating ·

dw
dPcirc

. (4.4)

The experimental thermal sensitivity can be fitted to the calculated one with the coating
absorption as the only free parameter. Thus, the increase in beam size can be used
for a measurement of the coating absorption, provided that all mirrors exhibit the same
absorption or that only one mirror dominates thermal lensing. Alternatively, the sensi-
tivity can be measured before and after one mirror is replaced allowing for an absorption
measurement of that mirror. The absolute precision depends on how well the absolute
focal length of a deformed mirror can be obtained from simulations, or may be taken
from an experimental calibration with mirrors of known absorption.

In Fig. 4.1, the calculated thermal sensitivity is plotted for a bow-tie cavity, an all-
curved mirror cavity and the alternative design, that were all discussed in the previous
chapter. One can see, that the absolute value of the sensitivity increases for larger
beam radii, i.e. closer to the stability edge. In order to explain this, two counteracting
factors have to be considered: First, towards the stability edge, all cavities become more
susceptible toward changes of the focusing geometry, i.e. a given thermal deformation
has a stronger impact closer to the stability edge. On the other hand, the focusing power
of the thermal lens for a given absorbed power is weaker closer to the stability edge,
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as here the beam radius is larger. However, the first factor prevails, so that overall the
thermal sensitivity increases.

In Fig. 4.2 the thermal sensitivity of various bow-tie geometries is compared as a
function of the intensity discrimination D = w2

mirror/w
2
0. The cavities for this plot

are assumed to be free of astigmatism, e.g. by a proper compensation mechanism
as discussed in Section 3.5. Both tight focusing and a long cavity length decrease
the sensitivity. In principle, the maximum cavity length is only limited by practical
considerations, i.e. by space requirements and robustness of the cavity lock due to
the narrow resonance linewidth. The achievable intensity discrimination is limited by
aberrations, see Section 4.6. For tight focusing, the angle of incidence is large resulting
in significant astigmatism without compensation.

4.3 Power scaling with custom optics

Thermal effects in enhancement cavities can be mitigated using mirrors with superior
thermal properties. According to Eq. (2.49) the thermal properties of the substrate (co-
efficient of thermal expansion α, thermal conductivity κ) and the absorption coefficient
of the coating matter determine the thermal performance of a cavity mirror.

4.3.1 Substrate materials

At first glance, only the ratio α/κ is important for the material choice of the substrate.
Table 4.1 summarises this property relative to fused silica for common substrate mate-
rials. There are basically two types of available materials, which improve this quantity:
Crystalline substrates due to their high thermal conductivity and low expansion glass-
es/ceramics. The latter include "ULE" from Corning, "Clearceram-Z" from Ohara and
"Zerodur" from Schott. The table gives the specified "better than" values for the thermal
properties of these materials. In general, these three perform similarly. While ULE is
a transparent glass, which can be used in transmission for low-power applications, both
Zerodur and Clearceram-Z are ceramics with a brownish color and therefore higher bulk
absorption also in the near infrared. In the following, only ULE is considered, as it
is readily available with very good surface quality almost as good as for fused silica.
However, it cannot be used for the input coupler, as the bulk absorption is too high for
the multi 100-W level. Note that the coefficient of thermal expansion can also become
negative for these materials, which could be used to compensate for the defocusing
lens of a mirror with positive expansion coefficient. This concept is related to work in
Ref. [74], where a glass plate with positive thermal lensing was used for compensation.
Compared to this, a mirror with negative expansion coefficient would behave just like a
regular cavity mirror, i.e. it exhibits less dispersion than a thin plate and has low loss
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independent on the angle of incidence. Also, a thin plate easily deforms resulting in
aberrations, which is not the case for the thick mirror.

Alternatives to these low-expansion materials are crystals with a significantly better
thermal conductivity than fused silica. However, their coefficient of thermal expansion
is also much higher, so that only a few materials such as sapphire or silicon constitute an
improvement, while others such as YAG and CaF actually perform worse, see Table 4.1.
In terms of α/κ, sapphire (Al2O3) is better by a factor of 2.5. Its bulk absorption is
good enough for the use as an input coupler. However, being a very hard material, it
is difficult to polish so that the surface quality is worse than that of fused silica, which
results in a lower damage threshold. On the other hand, silicon is a non-transparent
material with the highest thermal conductivity of all materials considered here. Here,
all light transmitted through the coating is absorbed in the substrate, i.e. its effective
coating absorption factor is the sum of the actual coating absorption and the coating
transmission. As the transmission of dielectric mirrors can be very low (sub-ppm), it
should still perform better than fused silica. However, in an evaluation experiment it
exhibited a stronger thermal lens than fused silica for unknown reasons. Its use was
therefore discarded. Compared to low-expansion materials, crystals will exhibit much
lower peak temperatures in the steady-state as the heat is distributed more efficiently.
Eventually, this will be an advantage if much power is absorbed in the coating, as the
damage threshold may decrease at high temperature [118].

In conclusion, if the high peak temperatures can be tolerated, ULE constitutes the best
substrate material for high-power enhancement cavities. However, it cannot be used for
the input coupler, as the bulk absorption it too high. For this, sapphire or fused silica can
be used. Sapphire performs better by a factor of 2.5 in terms of α/κ, but such mirrors
have a lower damage threshold depending on the available surface quality. The thermal
sensitivity of a four-mirror cavity (e.g. Fig. 4.2) can be decreased to a fourth, when
all three high-reflective mirrors are replaced by ULE. Note that this is the same for all
cavity designs, so that the relative sensitivities in Fig. 4.2 remain unchanged when the
same amount of mirrors are changed.

4.3.2 Coating absorption

Here, only (quasi) quarter-wave stacks are considered as coating designs, as these exhibit
almost zero dispersion for a certain bandwidth depending on the materials. The coatings
consist of alternating layers of a high refractive index (high-n) and a low refractive index
(low-n) material. The low-n material is typically SiO2. A high bandwidth – both for
reflectivity and low dispersion – can be obtained with a large contrast nhigh/nlow [119].
However, a material with large refractive index in general exhibits a small bandgap [120]
resulting in a low damage threshold.

The absorption of these is largely determined by the top 2 – 3 layers [121], as most
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light is already reflected from these layers. Other designs such as chirped mirrors with
a larger penetration depth exhibit a higher absorption. In these layers, the absorption is
dominated by the high-n material. The lowest absorption can be reached with Ta2O5.
Then, the coating absorption can be as low as 1 ppm and the total losses of commercially
available mirrors is only about 20 ppm1. The use of SiO2–Ta2O5 coatings allows
for the enhancement of sub-100-fs pulses at enhancement factors of about 200 [86].
Alternatively, Nb2O5 can be employed allowing for pulses as short as 25 fs [63], but at
the expense of a four times higher absorption and of a lower damage threshold.

4.4 Experimental apparatus

In order to demonstrate the MW average power level in enhancement cavities with
ultrashort pulses, a setup using a high-power fibre amplifier is used. The laser system
is described in [122] and was build by the fibre laser group at the "Institute for Applied
Physics" at the University of Jena. A schematic can be found in Fig. 4.3. The seeding
laser is a commercial fibre oscillator (Menlo orange) with a first amplifier stage emitting
stretched femtosecond pulses at 250 MHz repetition rate. The power in the broad
spectrum (1005 – 1055 nm) is 2.5 W. It is equipped with three actuators for the oscillator

1These values were reached using mirrors supplied by Layertec GmbH, Mellingen.
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cavity length:

• An electro-optical modulator (EOM) for fast fluctuations (bandwidth >100 kHz),
but with a small range of about 1 µm.

• A long range piezo with a smaller bandwidth (<10 kHz), but longer travel range
of about 10 µm. This piezo also affects the carrier-to-envelope frequency f0. In
the experiment it was used to manually control f0 while the laser is locked to the
cavity.

• A stepper motor for coarse adjustment of the repetition rate. This allows the
repeition rate to be changed within a range of 249 MHz to 251 MHz, which would
be necessary for designs such as the all-curved-mirror cavity, where the cavity
length cannot be changed independent of the focusing geometry. However, for the
following experiments is was not used.

The modelocking in this oscillator is achieved using nonlinear polarisation rotation
implemented with four wave-plates. Thus, there a many modelocking states with vastly
different phase noise properties. The phase noise is strongly coupled to the amplitude
noise in such oscillators [123]. It was found, that optimizing the amplitude fluctuations
when the laser is modelocked using the wave-plates yields good modelocking states that
allow for a reliable and tight lock of the laser to the cavity. The noise-eater described in
Ref. [123] was also implemented. While it allowed to improve the quality of the lock of
bad modelocking states, its impact for optimized states was small.

The pre-amplified pulses are further streched to about 900 ps in an all-reflective
grating stretcher and then amplified. In the stretcher the spectrum centred at 1042 nm
is cut to 18 nm. The first amplifier fiber has a cladding diameter of 170 µm, a core
diameter of 40 µm, and has a length of 1.5 m. After this stage the average power is about
50 W. The main amplifier fiber has cladding and core diameters of 500 µm and 35 µm,
respectively. The average power after this 12 m long fibre is more than 500 W, which is
limited by mode instabilities [13]. These pulses are then compressed in a all-reflective
grating stretcher to 250 fs at an average power of up to 420 W [122]. The whole system
is set up on a 2.2 m × 1.4 m breadboard. Despite the high average power, the laser has an
excellent beam quality with an M2 value of 1.2, which is necessary for efficient coupling
to the fundamental Gaussian mode in the enhancement cavity.

From the reflected light at the input coupler, an error signal is obtained using the
Pound-Drever-Hall scheme. With it, the laser is locked to the cavity with an PID
controller (Vescent D2-125 Laser Servo) actuating on an intra-oscillator EOM via a fast
high-voltage-amplifier (Falco-systems WMA 300). Because the EOM only has a very
small range, a slow loop actuating on a piezo in the enhancement cavity is used to adjust
the EOM’s signal to zero. This piezo is clamped between one translation stage and its
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even further. However, it is prone to damage as the surface quality is worse.

adjustment screw. In this configuration, the slow loop does not act on the comb’s offset
frequency f0. If instead the intra-oscillator piezo was used, any drift compensated by
the slow loop led to changes of f0, resulting in intracavity power fluctuations.

The enhancement cavity is set up in a vacuum chamber with a pressure of 10−4 mbar.
As the SBT-cavity was identified as the most viable option for the following power
scaling experiments, this design was implemented using two 600-mm radius of curvature
mirrors and two plane folding mirrors. The cavity length is a 2.4 m. All three high-
reflective mirrors are on ULE substrates. The input coupler is either on fused silica
or sapphire (see next section). In this configuration, the angle of incidence is only
1.2◦, so that the beam ellipticity is moderate. The intracavity light is analysed via the
transmission through the high-reflective mirrors. The intracavity power is measured
with a germanium-photodiode powermeter, the pulse duration can be estimated from an
autocorrelation trace, and the cavity mode on one cavity mirror is imaged onto a CCD
with calibrated magnification, which also allows one to determine the position in the
stability range.

4.5 Experimental results

In Fig. 4.4, the increase in beam size for increasing power is plotted for three different
cavity configurations. When only fused silica substrates with coatings similar to [44] are
employed, the slope of the increase is 53.6 mm/MW. At some point, a further increase of
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the incident power does not lead to a higher intracavity power, because the cavity finesse
is reduced by aberrations, as will be discussed in Section 4.6.

Using coatings optimized for a low absorption and ULE as the substrate material
for the high-reflective mirrors and fused silica for the input coupler, this increase was
reduced to 4.7 mm/MW. In this configuration, up to 400 kW of average power with a
pulse duration of 250 fs at 250 MHz repetition rate were obtained. This corresponds
to 1.6-mJ pulses with 55 GW peak power, that are focused to a 25 µm × 34 µm focus
resulting in a peak intensity of 4 × 1014 W/cm2. This was achieved with an input power
of 315 W and a power enhancement factor of 1270. Again, the finesse was reduced
by thermal aberrations. At low powers, the power enhancement was 2000. Here, the
thermal sensitivity was improved by a factor of 4 due to the use of ULE and another
factor of 3.8 due to a reduced coating absorption compared to the all fused silica case
from Fig. 4.4. This result constitutes an improvement of a factor of 20 in terms of
average power compared to previous record value reported in [44].

In Fig. 4.5, the cavity beam profile on one cavity mirror is plotted for different power
levels. One can see that not only the size increases, but that also the shape deviates
from a Gaussian beam at high power levels. This is because energy is coupled into
higher-order modes by the thermally deformed mirrors, in this case only by the input
coupler. When significant portions are coupled into higher-order modes, these show up
in the circulating beam profile. In this configuration, a further increase of the incident
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power did not lead to a higher intracavity power.
The thermal sensitivity was further reduced by employing sapphire as the substrate

material of the input coupler, see Section 4.3. The slope of the increase in beam size
was 3.3 mm/MW, see Fig. 4.4, although for this experiment the initial beam size was
larger than for the other two cases. However, the input couplers on sapphire substrates
were repeatedly damaged even with stretched pulses. Probably, this is due to the higher
surface roughness of sapphire compared to fused silica. Up to 670 kW of average power
were achieved with 10-ps pulses.

During these experiments, an optical bi-stability as described in [124] was observed.
This is because of fast changes of the cavity length due to thermal expansion of the
mirrors, see Section 4.6.3. While locking the laser to the cavity, this might result in
oscillations of the intracavity signal on the kHz-scale. The locking loop, including the
slow integrator, must be faster than this. When the piezo acted on the intra-oscillator
piezo instead, that also changes the comb’s offset frequency, locking instabilities occured.
This is because the intracavity power depends on the comb’s offset frequency [125],
which in turn is changed by the locking loop when the power changes. For reliable
operation, both comb parameter frep and f0 must be controlled with as little crosstalk
as possible. This was enabled by letting the slow integrator act on a piezo in the
enhancement cavity, which only changes the cavity length, but not the optical offset
frequency.

4.6 Limitations for the achievable intensity and average power

In the experiments, the power level could not be improved by increasing the incident
power, because the power enhancement factor declined at high powers. This can be
attributed to aberrations. As discussed in Section 2.4.2, aberrations couple power from
the fundamentalmode to higher-ordermodes. If the high-ordermodes are not degenerate,
this constitutes a loss mechanism for the cavity, which explains the observed behaviour.
In this section, the role of spherical and thermal aberrations will be discussed.

4.6.1 Spherical aberrations

In cylindrical coordinates, a spherical surface with radius R touching the origin can be
written as r2 + (z + R)2 = R2. From this, the optical-path-length difference ∆(r) can be
calculated,

z(r) = ∆(r)/2 =
√

R2 − r2 − R (4.5)

≈ −
r2

2R
+

r4

8R3 ∓ . . . , (4.6)
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where
√

1 + x ≈ 1 + x/2 − x2/8 was used. The acquired phase is then given by
φ(r) = exp

[
ik · ∆(r)

]
. From the comparison with a parabola, p(r) = r2/(4 f ), the focal

length of a spherical mirrors follows, fsp = R/2. The spherical aberrations scale with
w4 and R−3.
For enhancement cavities, a good measure for the strength of aberrations is the overlap

of a fundamental Gaussian beam after reflection from an optical element disregarding
its focusing effects [54], as discussed in Section 2.4.2. From Eq. (2.48), the aberration
losses can be calculated. This value is plotted for a range of beam radii and mirror
curvatures in Fig. 4.6. While in many cases spherical aberrations can be neglected
(e.g. for loses < 1 ppm), their strength can be significant for large beam sizes and tight
focusing. Note that the intensity discrimination scales with w4 and f −2 (Eq. (3.1)), while
the spherical aberrations scale with w4 and f −3 (Eq. (4.6)). Thus, tight focusing (small
f) reduces spherical aberrations stronger than it decreases the intensity discrimination. If
high intensities are desired, tight focusing in conjunction with astigmatic compensation
should be employed.

For example, in order to achieve an intensity discrimination of 105 required for a peak
intensity of 1016 W/cm2 with a focus of 7 µm, f ≈ 50 mm focusing must be employed
according to Eq. (3.1). This implies a beam radius of 2.21 mm on the curved mirrors.
The aberration losses for this configuration are 1.75% for each mirror, limiting the
maximum enhancement to less than 30. An intensity discrimination of 104 for a peak
intensity of 1015 W/cm2 can be obtained with f ≈ 15 mm and w0 = 7 µm. Then, the
spherical aberrations are 0.25%. With two curved mirrors and a focus radius of 7 µm,
this limits the achivable enhancement to 200. Thus, in enhancement cavities employing
spherical mirrors, the peak intensity is limited to the 1015 W/cm2-level assuming a
damage threshold of 1011 W/cm2. Higher intensities might be obtained using parabolic
reflectors [126] or by increasing the beam divergence, e.g. by employing Gauss-Bessel
beams [80, 127, 128]. For focus radii smaller than 10 µm, the paraxial approximation
[129] does not hold any more and corrections to it have to be considered [130, 131].

4.6.2 Thermal aberrations

In contrast to spherical aberrations, thermally induced aberrations are independent of
the beam size, as it is the case for transmissive thermal lenses [15]: The aberrations
are proportional to the phase difference ∆φ between the middle and the edge of the
beam acquired upon reflection. This only depends on the absorbed power and on the
thermal properties of the substrate, ∆φ ∝ α/κ · Pabs, but not on the beam radius [57]. In
Fig. 4.7, the thermally induced focal length of a 25-mm round substrate with a thickness
of 6.3 mm is plotted from Eq. (2.41). From the deformation profile, the aberrations
can be calculated (right hand panel). This confirms that for standard 25-mm optics the
strength of thermal aberrations is independent of the incident beam radius even when
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the finite dimensions of the substrate are considered.
The aberration losses for an absorbed power of 0.4 W, corresponding to 400 kW of

average power with an coating absorption of 1 ppm as in the experiment, are 0.06%.
This explains the drop in enhancement in the experiment from 2000 at low powers to
1270 at 400 kW. For 1 W of absorbed power (1 MW of average power) the losses are
already 0.36% limiting the achievable enhancement in an impedance matched case to
less than 300. In order to reach 1 MW, one would then need a 3.5 kW laser, which
does not exist yet [97, 132, 133]. Thus, with currently available laser technology and
state-of-the-art dielectric mirrors, the average power in enhancement cavity using one
fused silica mirror is limited to less than 1 MW. This is independent of the cavity design.

Summary: The achievable intensity and average power levels

The power and intensity in ultrashort pulse enhancement cavities is limited bymir-
ror damage. In principle, this may be circumvented by proper cavity design with
large spot sizes on all optics can be obtained, as discussed in Chapter 3. However,
ultimately aberrations reduce the achievable enhancement. With state-of-the-art
optics and laser technology, the peak intensity is limited to the 1015 W/cm2 level
with two spherical mirrors and to the 1 MW average power level with one fused
silica input coupler. Better values might be obtained using parabolic reflectors
and/or alternative input couplers.

4.6.3 Transient thermal lensing

In Fig. 4.8 the transient thermal deformation of a standard 25-mm mirror heated by a
2-mm Gaussian beam with 1 W of absorbed power is shown in time steps of 0.3 s (upper
left panel). This was obtained by numerical solution of the time-dependent heat equation
and Hooke’s law, see Section 4.1, using the commercial software Comsol. Alternatively,
analytical models can be employed [56]. In the lower panels, the transient behaviour of
the focal length and aberrations losses are plotted.

The thermal lens needs a few seconds to build up. One important implication is that
for intensity-inducedmirror damage, one has to consider the beam size of the cold cavity,
because the build-up of the intracavity power takes place in less than one millisecond.
On the other hand, significant deformation of some nanometers occurs on the timescale
of milliseconds (upper right panel of Fig. 4.8). For high-finesse cavities the resonance
linewidth with respect to the cavity length is less than 1 nm. Thus, thermally induced
perturbations occur on the kHz scale, which has been observed during the experiments.
The feedback loop including the slow part for large perturbations must be faster than
this.

In reality, the transient behaviour of the enhancement cavity is more complex: Any
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steps of 0.3 s. (Upper right) The maximum deformation as a function of
time. Deformation on the scale of one resonance linewidth (1 nm) occurs on
the millisecond time scale. (Lower left) Thermal focal length obtained by a
best-fit parabola as a function of time. (Lower right) Aberrations losses as a
function of time.

change in thermal lensing leads to a change of the cavity eigenmode, which in turn
changes thermal lens. This could be simulated by numerical wave propagation [134, 135]
under consideration of the transient thermal lensing. In principle, such an algorithms
would work like the following. The algorithm is based on numerical wave propagation
using a fast-fourier transformation of two-dimensional fields. Here, a complex field
Ez(x, y) can be propagated from one z-plane to another at distance ∆z using a two-
dimensional fourier transformation F [136]:

Ez+∆z(x, y) = F−1 [
F[Ez(x, y)] · H(kx, ky,∆z)

]
(4.7)

with the Fraunhofer transfer function (k0 = 2π/λ) with Fourier-space grid variables
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kx, ky [136]

H(kx, ky,∆z) = exp

(
i(kx + ky)2∆z

2k0

)
. (4.8)

In the following, the kx, ky dependency will be dropped, H(∆z) = H(kx, ky,∆z). Re-
fraction from a mirror is governed in the real space by multiplication with a phase factor
exp

(
ikZOPL(x, y)

)
determined by the optical-path-length difference ZOPL(x, y), which

includes both the spherical shape and thermal deformation.

These formulas are used to propagate the field through the cavity. When macroscopic
length scales are used for the propagation, an additional scalar phase factor has to be
multiplied onto the circulating field, so that it can interfere constructively with the
incident field at the input coupler. A good estimate for it is given in Ref. [134]. The
following example is for a standard bow-tie cavity with cavity length L consisting of two
spherical mirrors with radius-of-curvature R separated by a distance d. For simplicity,
it is assumed that the light is coupled in through one of these curved mirrors, so that no
other optical elements have to be considered.

Algorithm

• Initialize parameters, Ein(x, y): input field, t, r: input coupler field trans-
mission and reflectivity, a: round-trip field attenuation

• Circulating field Ecirc(x, y) = t · Ein

• For N ≈ 3F round-trips do:

– Calculate intracavity average power and use it for the transient thermal
deformation, e.g. using Comsol. Update the thermally induced path-
length difference Zthermal of the input coupler.

– Propagate Ecirc(x, y) through cavity:

1. Ecirc = F
−1 [

F[Ecirc] · H(d)
]

2. Ecirc = Ecirc · exp(iφmirror(R))]

3. Ecirc = F
−1 [

F[Ecirc] · H(L − d)
]

4. Ecirc = Ecirc · exp(iφmirror(R, Zthermal))]

– Find on-resonance phase factor ϕ [134]

– Input coupling: Ecirc = areiϕ · Ecirc + t · Ein
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4.7 Conclusions

In this chapter, thermal effects in ultrashort pulse enhancement cavitieswere investigated.
A quantitative model for the impact of reflective and transmissive thermal lenses in
cavities was developed. It turns out, that the thermally induced beam increase can be
mitigated by employing longer cavities and/or tight focusing geometries. This allows for
the design of enhancement cavities with MW-scale average powers. In an experiment,
up to 400 kW with 250-fs pulses and up to 670 kW with 10-ps pulses were obtained at a
repetition rate of 250 MHz. This constitutes an improvement of more than one order of
magnitude of the average power over previous results [44]. The results are enabled by
mirrors on substrate materials with superior thermal properties, in this case ULE, for the
high-reflective mirrors and with a coating absorption as low as 1 ppm. Intensity induced
mirror damage was avoided by the cavity design developed in the previous chapter,
namely a bow-tie cavity operated close to the inner stability edge with large beam
sizes on all optics. These results are limited by thermal lensing: For the input coupler
either sapphire or fused silica have to be used because of their low bulk absorption,
which results in significant thermal lensing at the 100-kW average power level. This
setup lends itself for the generation of hard x-rays by inverse Compton-scattering from
relativistic electrons.

Aberrations induced by the deformation of the input coupler transfer power into higher-
order modes. This power is effectively lost due to the mode filtering properties of optical
resonators. Is was shown that with currently available laser technology and state-of-the-
art dielectric mirrors, the average power in enhancement cavities using one fused silica
mirror is limited to less than 1MW.Higher power levels might be obtained by even better
substrate materials, for example diamond. However, currently single crystal diamond
substrates are not available in sufficient size and for a reasonable price. Alternatively,
one could use a reflective input coupler based on a grating [137, 138]. On the other
hand, a further increase of the cavity length would mitigate the thermally induced beam
increase, which is crucial for certain applications such as HHG (see Chapter 5), but
would not allow for a higher intracavity power, as this is limited by aberrations, which
are only dependent on the absorbed power and substrate properties.



CHAPTER 5
High-harmonic generation at 250 MHz

repetition rate

This chapter is about cavity-enhanced high-harmonic generation. In Section 5.1, the
requirements, efficiency, and limitations in enhancement cavities are discussed. The
apparatus for the experiments is introduced in Section 5.2 and the results obtained with
it are presented in Section 5.3. The results and their impact are concluded in Section 5.4.

5.1 High-harmonic generation in enhancement cavities

5.1.1 Motivation

The first application for ultrashort pulse enhancement cavities were frequency combs in
the (extreme) ultraviolet via high-harmonic generation [33, 34]. There are two major
reason for an enhancement cavity instead of using a simple single-pass geometry: First, it
allows for the necessary intensities of 1013 W/cm2−1014 W/cm2 at repetition rates on the
order of 100 MHz. Even with ultrashort pulses and tight focusing, this implies average
powers of several kW, which is currently unattainable from a single laser. Second, if the
conversion efficiency inside the enhancement cavity is the same as that of single pass
experiments, the overall generation efficiency would be better by a factor identical to the
power enhancement. However, as of the time of writing, the photon flux from single-
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pass sources is better than that from enhancement cavities. There are several reasons for
this: In cavity-enhanced high-harmonic generation the achievable intensity is limited
by a non-linear phase shift upon target ionization [61–63], the generation efficiency is
limited by a cumulative plasma at MHz-repetition-rate [35, 82], and a certain part of the
generated radiation is lost upon output coupling [139–141]. In the following sections,
these factors will be discussed.

Enhancement cavities are used for the generation of frequency combs in the extreme
ultraviolet [33, 34]. In this spectral region, neither powerful cw-lasers, nor pulsed lasers
exist. Thus, one transfers lasers emitting in the visible to the near-infrared, for example
titanium-sapphire [33, 81, 142] or ytterbium doped fibre lasers [24, 79], into the desired
spectral range using non-linear effects, in this case high-harmonic generation. This
process has been shown to preserve the long coherence time necessary for high precision
spectroscopy [143, 144]. Then, one can perform direct frequency comb spectroscopy,
i.e. the comb is used both for frequency measurement and for excitation of the probe
[24, 145]. Several transitions in the XUV are of particular interest. For example, the
quantum electrodynamic corrections to the energy levels of hydrogen-like ions scale
with Z4 [25]. Thus, one would like to measure the two-photon 1s-2s transitions of He+

at 40 eV (e.g. 20 eV + 20 eV or 39 eV + 1 eV) or Li2+ at 91 eV (e.g. 45.5 eV + 45.5 eV or
90 eV + 1 eV). By wavelength scaling of frequency combs, also nuclear transitions come
into reach, for instance a nuclear transition of 235U at 76 eV [27]. This would allow for
new insights into nuclear physics and possibly for next generation optical clocks with
unprecedented accuracy [24].

Another class of applications, which would benefit from high-repetition rate extreme
ultraviolet sources are pump-probe experiments. In particular, experiments concerned
with the detection of photoelectrons suffer from long integration times or poor signal
to noise ratio, because space charge effects limit the usable electrons per shot (ideally
only one). The only way to improve the electron flux is to increase the repetition
rate. When high time resolution is desired, also high photon energies are required,
because only then photoelectrons are fast enough to leave the sample within, say, a few
femtoseconds. For example, electrons liberated by 91 eV photons from a material with
work function 5 eV have a speed of ve = 5 × 108 cm/s, which allows a time resolution
for nanoplasmonic structures of 1 nm of 180 as [29]. Experimentally, this might be
achieved using a photoelectron emission microscope in conjunction with a time-of-
flight spectrometer [29]. For 100 nm structures, a time resolution of 18 fs would be
achievable. So far, this experiment was only possible for single pictures at kHz repetition
rate [30]. Advancing high-harmonic sources to the multi-MHz level will allow recording
many pictures for a time-resolvedmeasurement. Other time-domain applications include
angulary-resolved photoelectron spectroscopy (ARPES) [31] and cold-target recoil-ion
momentum spectroscopy (COLTRIMS) [32]. Typically, the usable repetition rate in
these experiments is limited by the detector, e.g. to the 10 MHz level by time-of-flight
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detectors or to about 100 MHz by a multichannel plate (MCP). Thus, a repetition rate
of 250 MHz as used here is too high for these experiments. However, the methodology
for improving the XUV photon flux also applies to lower repetition rate enhancement
cavities [146]. In fact, for lower repetition rates the cumulative plasma discussed below
is lower, so that the photon flux should be even higher.

5.1.2 Intensity clamping

Upon propagation through the gas target, the pulse ionizes a certain part of it, resulting
in a rapid change of the refractive index. The accumulated phase shift is approximately
given by

Θ(t) = reλη(t)ρLmed (5.1)

with the classical electron radius re, the center wavelength of the pulse λ, the ionization
fraction η(t), the number density of the gas ρ, and the length of the gas target Lmed
[63]. The maximum phase shift at the end of the pulse Θmax is limited to about 6.3/F
[63]. Since for stronger phase shifts the pulse would be distorted too much for efficient
interference with the next pulse at the input coupler. Thus, the intracavity peak intensity
is limited [61] and this so-called clamping intensity depends on the pulse duration, the
cavity finesse, medium length, and the gas species [63]. Note that the intensity for
efficient high-harmonic generation is also limited because for too high intensities the
critical ionization from Eq. (2.57) is exceeded which impedes phase matching. However,
as of this writing the clamping intensity in experiments was lower than that of similar
single-pass experiments resulting in a lower conversion efficiency, see Section 5.1.4. In
both cases the limitation depends on the ionization degree, so that shorter pulses allow
for higher intensities, which is highly desirable.

5.1.3 Cumulative plasma

At densities typical for high-harmonic generation the plasma recombination is governed
by a three-body-process with a rate

dne
dt
= −bn3

e (5.2)

with the electron density ne and a proportionality constant b [63]. This differential
equation has the following analytical solution with ne(0) = nmax

ne(t, nmax) =
1√

2bt + n−2
max

. (5.3)

The recombination times predicted by this model are on the order of several 10s of
nanoseconds and therefore longer than the pulse repetition times τ = 1/ frep considered
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here, e.g. 4 ns at 250 MHz. Thus, a cumulative plasma arises. This is depicted
schematically in the left panel of Fig. 5.1. With every pulse, the electron density increases
by a number ∆ne and decays to a non-zero value nlow. In the steady state, the number
of recombined electrons according to Eq. (5.3) plus the number of electrons leaving the
interaction region ∆ne,leaving must be equal to the number of generated electrons upon
one pulse transit. With nhigh = nlow + ∆ne:

∆ne + ∆ne, leaving = nhigh − ne(τ, nhigh) (5.4)

This equation is solved for a range of peak intensity of 30-fs pulse for xenon in the right
panel of Fig. 5.1. The cumulative or steady-state plasma nlow is mainly governed by
the tail with low decay rate. Thus, for higher intensities the cumulative electron density
saturates.
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Figure 5.1 – (Left) Course of the electron density. It does not decay to zero, but to cumulative
density nlow (Right) Electron density before and after ionisation of a 30-fs pulse.
The bumps are due to the PPT ionisation rate.

5.1.4 Conversion efficiency

The on-axis conversion efficiency can be calculated with the model from Section 2.5.3.
However, important parameters as the ionization rates and the dipole strength are not
describedwith high enough accuracy, one cannot use thismodel for a global optimization.
Still, an analysis of these equations provides good insights into the principles of efficient
high-harmonic generation.

Critical ionization
In general, one has to achieve phase matching of the single emitters at high intensities
of the driving field, as the dipole strength scales highly nonlinearly with the intensity
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Eq. (2.51). No phase matching can be achieved for ionization degrees exceeding the
critical ionization from Eq. (2.57), which limits the usable driving intensity. As a rule
of thumb, the intensity should chosen such that the critical ionization is only slightly
exceeded. For higher intensities, no further increase in harmonic flux is expected.

Pressure induced phase matching
In the left panel of Fig. 5.2 the flux of the 17th harmonic from a 200-µm long xenon
target is plotted for a 30-fs pulse. The shaded area indicates the phase matching density
from Eq. (2.58) for ionization degrees relative to the critical ionization ranging from 0.0
to 0.8. The phase matching density at the critical ionization would be infinity Eq. (2.58).
For every intensity, the flux increases with density until it reaches an optimum around
the phase matching density. The optimum slightly shifts towards higher densities for
higher intensities as here the relative ionization degrees are higher. At low intensities,
Maker fringes can be observed, but at optimal intensities, the yield saturates for high
gas densities. The fringes can also be observed experimentally [72]. An increase of
7 × 1013 W/cm2 to 8 × 1013 W/cm2 does not increase the on-axis flux significantly in
this example. In an experiment, one would choose a focus size to obtain an intensity in
this range.

Optimal intensity
In the right panel of Fig. 5.2 the harmonic flux from a 200-µm long xenon target is
plotted for various peak intensities as a function of the pulse duration for an optimum
density for each point. Note that for this on-axis model only the peak intensity and the
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pulse duration are important. One can interpret this plot as if the pulse has constant
energy and focus size is adjusted to obtain each intensity. At low intensities, for instance
5 × 1013 W/cm2, the critical ionization is not exceeded. Then, longer pulses are actually
beneficial because then more light cycles can coherently emit phase matched. For too
long pulses the critical ionization is exceeded so that the flux decreases here again. Thus,
there is an optimal pulse duration for every peak intensity. This optimum improves and
shifts towards shorter pulses for increasing intensities. As expected, high intensities are
highly beneficial, but can only be used for short enough pulses. In other words: Short
driving pulses are desired, because high-harmonic generation can be driven at higher
intensities without exceeding the critical ionization.

Cumulative plasma limitations
In the presence of a cumulative plasma, every pulse in the enhancement cavity propagates
through a pre-ionized gas target. Then, the phase matching window – the time until the
critical ionization is exceeded – is shorter, resulting in a lower generation efficiency. In
the left panel of Fig. 5.3, the relative harmonic yield is plotted for different pre-ionization
levels. For a pre-ionized medium, the efficiency is lower and the optimal density shifts
to higher values, as the average ionization degree is higher according to Eq. (2.58).

5.1.5 Limitations of the on-axis model

Of course, an on-axis model does not describe any transverse spatial effects, in particular
the influence of the focus size. For a large focus the focal volume, i.e. the volume in
which the intensity exceeds a certain value, is increased because of the larger transverse
beam size and because of the smaller beam divergence. Thus, harmonic radiation is
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emitted from a larger volume and one could assume that the flux is improved. However,
experimentally it was found that the focus size has only a minor influence [72] provided
that absorption-limited and phase matched conditions can be achieved in a tight-focusing
geometry [67]. One explanation for this might be the following: The overall flux is
proportional to the number of emitters that can be phase matched. For tight focusing,
the cross sectional area is smaller (scaling w2

0), but the phase matching density is higher
and scales with w−2

0 (Eq. (2.58)), so that the integral of the emitters over a cross-section
is independent of w0. The reduced beam divergence does not improve the flux in an
absorption-limited case, because the coherence length is limited by reabsorption and not
by the beam divergence [60].

These considerations only hold, if the absorption limit can be reached. For photon
energies � 100 eV, the reabsorption typically becomes small, resulting in very long
absorption lengths. Then, it is not trivial to reach the absorption limit, because very long
coherence lengths are required. They might be obtained using quasi phase matching
in hollow core fibers [147]. For example, the absorption length for 60 nm in xenon at
standard conditions is only 12 µm, that of neon at 13 nm is 125 µm, and that of helium
in the water window at 4 nm is 24 mm [148].

5.2 Experimental apparatus

5.2.1 Laser system and enhancement cavity

In Fig. 5.4 a schematic of the experimental setup used for the generation of high har-
monics is depicted. The seeding laser was the same as in the previous chapter and is
described in more detail in [122]. The pulses are coupled into a large-pitch fiber [149,
150] with a mode-field-diameter of 59 µm. Here, the spectrum of the pulses is broad-
ened via self-phase modulation from 15 nm to about 120 nm matching the supported
bandwidth of SiO2-Nb2O5 mirror coatings [125]. The pulses are then compressed using
chirped mirrors to 30 fs pulse duration.

After spatial mode matching in a telescope, these pulses are coupled into the enhance-
ment cavity. It consists of six mirrors in total: four high-reflective mirrors on ULE
substrates, one pierced mirror and one input coupler on fused silica. All mirrors have
a quasi-quarter-wave-stack coating consisting of alternating layers of SiO2 and Nb2O5.
The cavity was operated in two different configurations:

(a) Using R = 600 mm mirrors and a round-trip length of L = 4800 mm (four
circulating pulses)

(b) using R = 200 mm mirrors and a round-trip length of L = 3600 mm (three
circulating pulses)
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Previous experiments showed that the dispersion of eight mirrors is too high to support
30-fs pulses in the cavity [151]. In both cases, the longest cavity that fits into the vacuum
chamber with six mirrors was set up, as this reduces the thermally induced beam increase
and thus allows for a more robust operation of the experimental setup.

The analysis of the intracavity light and the locking scheme is similar to that described
in Section 4.4. Here, the power was measured with a thermal powermeter (Thorlabs
S302C), as its response is flat for the entire spectrum of the pulse. The beam profile
on the pierced mirror is imaged onto a CCD and can be used to verify that the mirror
opening is centred on the beam. For long-term stability, a beam stabilization consisting
of twomotorizedmirror mounts, two four-quadrant photodiodes and four PID controllers
(two axes for each mirror mount) was integrated into the laser system.

In order to obtain a high density target for high-harmonic generation in the tight-
focusing regime, the gas nozzle has to be put very close to the cavity beam, so that it
will always clip and absorb a small portion of the intracavity light. Nozzles made of
borosilicate glass easilymelt. Instead, nozzlesmade of fused silica are used here, because
of their lower absorption (typically 10−5 cm−1 instead of 10−3 cm−1 for borosilicate) and
much higher softening point (1650° instead of 800° for borosilicate). The fabrication
is somewhat more elaborate. Nozzles with opening diameters of about 100 µm can be
made by tapering capillaries with a high-temperature flame, e.g. with an acetylene-
oxygen welder. Additionally, high backing pressures have to be applied. In order to
handle the high gas loads, a powerful pumping system is necessary. Here, a magnetically
levitated turbo-molecular pump with a pumping speed of 1600 l/s (for N2) and, more
importantly, a maximum gas throughput of 8 Pa m3/s for N2 and 3 Pa m3/s for Ar is
employed (Edwards STP-iXR1606). This pump is backed by an Edwards iXL120 with
a maximum pumping speed of 110 m3/h.

Three mirrors, namely the pierced mirror and the two successive ones, are purged
with ozone (O3). The ozone reacts with hydrocarbons on these mirrors and the product
evaporates and leaves the chamber through the pumps. Otherwise, the generated XUV
radiation would crack the hydrocarbons leaving a thin layer of carbon, which diminishes
the reflections of these mirror. With ozone purging reliable operation over the whole
period of experiments was possible. Hydrocarbon contamination was reported to be
problematic for cavity-enhanced HHG before [85].

5.2.2 XUV output coupling

Output coupling techniques were discussed in Section 3.3.1. Here, the pierced mir-
ror technique is chosen [86, 139], which it is the only technique demonstrated so far
for photon energies exceeding 40 eV. It offers the following features: It adds no addi-
tional dispersion apart from the mirror’s coating, all harmonic orders are coupled out
collinearly, and any polarisation can be used. The cavity is operated with a fundamental
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Gaussian beam. At the pierced mirror, a certain power fraction is transmitted through the
hole and the same fraction is coupled into higher-order modes. If they are not degenerate
with the fundamental mode, this results in power losses of 1− exp

[
−4(rh/w)

]
[86], with

the hole radius rh and the beam radius on the pierced mirror w.
The output coupling efficiency of the pierced mirror depends on the divergence of the

generated XUV radiation. For the q-th harmonic order and a Gaussian beam profile, it is
given by Tq = 1− exp

[
−2(rXUV/wq)

]
with the free aperture for the XUV radiation rXUV

and the beam radius of the q-th harmonic wq on the pierced mirror [86]. Depending
on how the holes are manufactured, the free aperture for the XUV radiation can be
significantly smaller than the outer hole radius rh (see below). In a simple picture, one
can assume that the XUV divergence is smaller by a factor q (because the wavelength is
smaller by that factor) and higher by a factor √p, p ≈ 5 (because spot size of the XUV
light is smaller by this factor) compared to the divergence of the fundamental light [86].
However, this neglects the significant influence of the dipole phase, so that the actual
divergence is higher [152, 153] and the resulting output coupling efficiency lower than
predicted by the simple model. For a more accurate estimation of the output coupling
efficiency, full simulations of the coherent build up in the gas target must be conducted
[79, 154]. The model is based on the Lewenstein-model for the dipole strength and
full propagation of the generated radiation through the ionised gas target1. However,
for several critical parameters the values are inflicted with a large uncertainty from the
experiment (gas target position, peak intensity) or cannot be calculated with sufficient
accuracy (ionization rate), so that this only constitutes an estimation. An example is
depicted in Fig. 5.5. One can see that when the gas target is moved in front of the focus,
the generation efficiency can bemaintainedwhen the gas density is increased accordingly
(upper panel). Here, the XUV divergence is minimized because the phase front of the
driving field partly compensates for the dipole phase, resulting in an improved output
coupling efficiency (lower panel). The output coupled power is maximised for the gas
target placed about half a Rayleigh-length in front of the focus (middle panel). Then,
the output coupling efficiency for the 79th harmonic is 8% in this example, for which
the losses for the driving field are 0.5%. In this example, the free aperture of the hole
rXUV was assumed to be identical to the outer radius rh.

In practice, the free aperture can be significantly smaller than the outer radius. For
example, the holes can be drilled with short laser pulses in an inverse geometry [87].
Depending on the process parameters, the edges of the hole can exhibit significant
chipping (shell brakes). During the experiments, holes drilled by this method2 were
repeatedly damaged at low power levels of a few kW. This is most likely due to the
quality of the hole’s edges. Improving the edges results in significantly higher damage
1The model was implemented by Maximilian Högner and Valer Tosa. The simulations were conducted
by Maximilian Högner

2These mirrors were manufactured by Dominik Esser (Fraunhofer ILT Aachen)
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Figure 5.5 – The generated power, output coupled power, and output coupling efficiency,
calculated for the following parameters: 35 µJ, 35 fs, 2.5 mm beam radius, and
88 µm hole radius, resulting in 0.5% loss. See text and references therein for
details of the model.

thresholds. Here, holes drilled by the company Micreon GmbH were used. Some
relevant parameters can be found in [151], but due to the complex nature of the process,
it is not clear which differences to the method described in [87] are crucial. One
important distinction is that after breakthrough of the mirror opening, the mirrors were
turned around and the mirror’s edges were refined by a second drilling step. Thus, the
free aperture rXUV of these mirrors is significantly smaller than the outer diameter rh.
These mirrors were available with fused silica substrates and enabled the operation with
10 kW of average power. For future improvements, mirrors with a larger free aperture
and in ULE for reduced thermal lensing are desired. If the free aperture could be
increased to the outer diameter from 120 µm to 180 µm, the output coupling efficiency
would almost double to about 10%.



72 5 High-harmonic generation at 250 MHz repetition rate

50 100 150 200
Photon energy (eV)

0

20

40

60

80

100

Re
fle

ct
iv

ity
 (%

)

AOI 80 SiO2

Nb2O5

p-pol.
s-pol.

950 1000 1050 1100 1150
Wavelength (nm)

0

2

4

6

8

10
Re

fle
ct

iv
ity

 (%
)

p-pol.
s-pol.

Figure 5.6 – (Left) The reflectivity of two different anti-reflective coating for an angle of
incidence of 80◦ for s- and p-polarisation, respectively. The coatings consist
of alternating layers of SiO2 and Nb2O5 with the latter on top. (Right) The
reflectivity of the top Nb2O5 layer in the XUV spectral range for an angle of
incidence of 80◦ [148] and that of SiO2 [155] for comparison.

5.2.3 XUV diagnostics

Not only XUV light is transmitted through the mirror opening, but also a part of the
fundamental NIR radiation. This power is on the order of half of the input coupled
power – in these experiments up to 100 W – which is significantly too high for thin
metal filters such as aluminium and zirconium. Typically, these filters can withstand up
to about 1 W of average power. This can be achieved using XUV-NIR beamsplitters
consisting of an anti-reflective coating for the NIR. Such beamsplitters have been used
before with SiO2 [140, 156] or HfO2 [86] as a top layer. However, these materials suffer
from low reflectivity at high photon energies around 100 eV. Here, an alternative design
using Nb2O5 was employed. Due to the high refractive index of Nb2O5, a broadband
anti-reflective coating for a bandwidth of about 100 nm can be designed, either for s-
or for p-polarisation, see Fig. 5.63. Here, the design for p-polarisation is used. It has
a 135-nm thick Nb2O5-layer on top. The reflectivity is plotted in the right panel of
Fig. 5.6, at 100 eV it is 75%. With s-polarisation, the reflectivity is slightly better, in
particular for photon energies smaller than 80 eV, but then the anti-reflection coating is
worse. For comparison, the reflectivity for SiO2 is shown.

The XUV radiation was analysed using a grazing-incidence spectrometer (McPherson
248/310G). It consists of a XUV grating that images an entrance slit onto the Rowland-
circle. The spectrally dispersed radiation is measured with a XUV-CCD (Andor DO-
series). This configuration allows for the measurement of many harmonic orders at the
3The beamsplitter for p-polarisation was designed and fabricated by Layertec GmbH, the one for s-
polarisation was designed by Vladimir Pervak.
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Figure 5.7 – Reflectivity curves for XUV mirrors for 39 nm and for 13 nm. The reflected
radiation for wavelengths longer than 60 nm can be filtered using a silicon
filter. The 13-nm mirror is used in conjunction with zirconium filters, which
attenuates any light for λ > 20 nm.

same time, but does not allow for a reliable estimation of the output coupled power,
because it is not known how much power is clipped an the entrance slit. Instead, the
XUV beam can be directed onto a photodiode (IRDAXUV100, with optional aluminium
coating). From the generated photo-current, the power can be calculated from the
photodiode’s sensitivity. When a spectrum is recorded with the same parameters, the
power in each harmonic order can be estimated from the relative signal strength in the
spectrum. Alternatively, a single harmonic order can be filtered using narrow band
mirrors in the XUV4, see Fig. 5.7. The spectrally filtered beam can then be directed
either onto the photodiode or onto the XUV-CCD. Both schemes allow for an estimation
of the power, as the sensitivities are known and the beam is not clipped.

5.3 Experimental results

In a first experiment, the compressed pulses were enhanced in a 4.8-m long cavity with
600-mm focusing to an average power of 20 kW. In this configuration without a pierced
mirror, stable long-term operation was possible without damage issues. The incident and
circulating spectrum are shown in Fig. 5.8 along with a measured cavity autocorrelation.
The intracavity pulse duration was 30 fs.

High harmonics were generated in xenon, argon and neon. Due to their different
ionisation potential and different driving intensities, the generated wavelengths span a
wide range, of which 11 nm–70 nm (18 eV–110 eV) were detected. The spectra are
4These mirrors were designed and fabricated by Alexander Guggenmos.
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Figure 5.8 – (Left) The reflectivity of two different anti-reflective coating for an angle of
incidence of 80◦ for s- and p-polarisation, respectively. The coatings consist
of alternating layers of SiO2 and Nb2O5 with the latter on top. (Right) The
reflectivity of the top Nb2O5 layer in the XUV spectral range for an angle of
incidence of 80◦ [148] and that of SiO2 [155] for comparison.

shown in Fig. 5.9. Each spectrum is calibrated to the power directly behind the pierced
mirror.

The neon spectrum was obtained using a bow-tie cavity with R = 200 mm and
L = 3600 mm, i.e. three circulating pulses. The pulses were focused to a 10 µm×18 µm
focus resulting in a peak intensity of 3 × 1014 W/cm2 at an average power of 10 kW.
The beam on the mirrors is 1.8 mm × 3.3 mm, see Fig. 5.11. The generated radiation
from 11 nm to about 35 nm cannot be filtered using a single material. Instead, for the
high photon energies a zirconium filter was used, which transmits XUV radiation for
λ < 20 nm. For λ > 17 nm, aluminium can be used. In the lower panel of Fig. 5.9
spectra with each filter are shown. The power was measured with identical conditions
using the previously described narrow band mirrors at 95 eV (H79). Both spectra were
then normalised to match the power at 95 eV. For H79 the measured power was 1.3 nW
corresponding to 9 × 107 photons/s. Here, a nozzle with an opening diameter of 100 µm
and 11 bar of backing pressure was used. From numerical simulation, a 200-µm long
gas target with a density 5 times that at room temperature is estimated. The output
coupled power is improved by more than two orders of magnitude over previous results
at MHz-repetition-rate [86]. For frequency comb spectroscopy, this would correspond
to 500 times more power per comb mode, as the repetition rate was also three times
higher than in [86].

The output coupling efficiency in this configuration is estimated to be smaller than 5%
from numerical simulations, see Section 5.2.2. The pierced mirror has a free aperture of
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Figure 5.9 – XUV spectra obtained from high-harmonic generation in xenon, argon, and
neon. See text for details.
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Figure 5.11 – The cavity beam on the pierced mirror without (left) gas and with neon
(right). Plasma lensing leads to coupling into higher order modes, as is
visible in particular in the vertical axis.

120 µm and an outer diameter of 180 µm resulting in losses of 0.4%. If the free aperture
was 180 µm as well, the output coupling efficiency would almost double.

In Fig. 5.10 the measured beamprofile at 95 eV is shown. The structure is due to
diffraction at the mirror opening, which is also depicted. It can be simulated by assuming
a point source in the cavity focus, which is propagated for d = 100 mm and then clipped
at the pierced mirror according to the microscope picture. In other words: At the pierced
mirror, the beam in the simulation has an infinite extension and a phase front curvature
of R = 100 mm. After clipping, the beam is propagated using the Fresnel-formula for
d = 1400 mm, which is the distance between the pierced mirror and the CCD. Fig. 5.10
also shows a simulation of the focused XUV beam using a f = 50 mm focusing element.

In Fig. 5.9 spectra obtained with argon and xenon are shown. The power per harmonic
in the plateau in on the µW-level, e.g. 4 µW at 40 nm with argon. This is about the same
as in [86] (5 µW at 40 nm) with the same output coupling technique and comparable
output coupling efficiency, but here with shorter pulses (30 fs instead of 60 fs), higher
NIR power (5 kW instead of 3.4 kW), and a lower finesse (150 instead of 600). The
only explanation, why the flux could not be improved is the cumulative plasma, which
is expected to be significantly higher at 250 MHz than at 80 MHz.

In order to test the impact of the cumulative plasma on the conversion efficiency, a
mixture of helium of xenon was compared to pure xenon. This was done by mixing
the gas flows from two separate bottles at equal pressure, see Fig. 5.12. The amount of
helium flow was regulated by hand with a valve. The overall flow of the mixture was
regulated with a second valve. With this proof-of-concept scheme, the harmonic flux
using xenon was improved by 30%. The reason for this is the increased particle speed of
the helium-xenon mixture compared to pure xenon, as helium is much lighter (4 u) than
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Figure 5.12 – Apparatus for mixing the gas flow of xenon and helium. The gases are mixed
at equal pressure p1 using two valves into a mixing volume. The pressure of
the mixture is then reduced to the working pressure pback.

xenon (131 u). However, using this apparatus, setting an appropriate mixture of xenon
is cumbersome. Instead, one could fill a gas bottle with both gases and use the mixture
from that volume. Then, also the volume ratios of the two gases are controllable. This
method does not significantly accelerate light gases such as neon (20 u), but for xenon it
can be used to significantly increase the XUV flux at high repetition rates.

5.4 Conclusions

A broadband (15 eV to 110 eV) pulsed XUV source based on cavity-enhanced high-
harmonic generation at 250 MHz was demonstrated. The radiation was coupled out
through an opening in the cavity mirror subsequent to the gas target. At 95 eV the output
coupled flux was 1.3 nW or 9 × 107 photons/s in a 2% bandwidth, which constitutes
an improvement of more than two orders of magnitude compared to previous results
at 80 MHz repetition rate [86]. Together with a stabilized offset frequency, this would
correspond to 500 times more power per comb line as the repetition rate is also three
times higher than in [86]. Between 15 eV and 50 eV, the output coupled power of the
harmonic radiation in argon an xenon is on the µW-level. Similar power levels have been
reported before [82, 86]. For photon energies up to 20 eV, significantly higher output
coupled powers were demonstrated from enhancement cavities [24, 81, 146]. This is
because the pierced mirror output coupling is inefficient for low-order harmonics.

The generated power at the 100-eV level is comparable to that obtained from kHz
single pass systems [73]. However, due to output coupling less than 5% of the generated
photons can be used in an experiment. Still, it is already sufficient for PEEMexperiments,
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where the detection rate of the photoelectrons is limited to a few millions of electrons
per second. Together with typical quantum efficiencies of 10−3 to 10−1 this yields a
usable photon flux of 107 to 109 photons/s in a 10% bandwidth. Note that for the
prospected experiments [29, 30], a repetition rate around 10 MHz instead of 250 MHz
is desired. Provided that the same average power and the same peak intensity can be
obtained in a longer cavity, an even higher photon flux is expected using the same
methodology, because the cumulative plasma is weaker. Apart from a lower repetition
rate, further improvements of the usable photon flux is expected from alternative output
coupling schemes, e.g. quasi-imaging [77–79], non-collinear high-harmonic generation
[88, 89], or grating output coupling [83]. The technique must be chosen to fit the
specific requirements of one of the manifold applications enabled by cavity-enhanced
high-harmonic sources.

When the same intensity with an optimised gas target can be obtained in an enhance-
ment cavity, e.g. using specially designed mirrors for the nonlinear interaction (see
Chapter 6), the generated power will be higher by a factor equal to the power enhance-
ment compared to a single-pass system operating at the same repetition rate. Simulations
revealed a possible power enhancement of about 50 for this situation [151]. Even with
a standard-approach cavity, the clamping law [63] predicts, for example, an intracavity
intensity of 7 × 1013 W/cm2 for a finesse of 200 and optimised xenon gas jet. According
to Fig. 5.2, this should allow for a generation efficiency, which is within a factor of 3 for
single-pass experiments at 30 fs, while the power enhancement can be 100 in this case.
However, this is only true if the cumulative plasma has little influence on the efficiency,
which should be the case for repetition rates around 10 MHz instead of 250 MHz.

It should be noted that photon energies exceeding 100 eV cannot be obtained at
250 MHz without an enhancement cavity due to limited pulse energy of state-of-the
art lasers at this repetition rate. Thus, such a combination of high photon energy
and high repetition rate is feasible only with enhancement cavities and they even offer
the prospective of increasing the photon flux for both time-domain experiments and
frequency-comb spectroscopy.



CHAPTER 6
Summary & Outlook

Enhancement cavities are a mature technology with various applications ranging from
spectroscopy to the generation of hard x-ray radiation. The enhancement of laser pulses
to ultra high average powers is beneficial for all light-matter interactionswith small cross-
section, either for spectroscopy (detection) or for frequency conversion (generation). The
results from this thesis have implications in particular for two of them, namely inverse-
Compton scattering and cavity-enhanced high-harmonic generation. In the following,
these results are summarised and further possible improvements are discussed in this
respect.

6.1 Power scaling of enhancement cavities for inverse-Compton
scattering

Using the methodology developed in Chapter 3, average powers of up to 400 kW with
250-fs pulses and up to 670 kW with 10-ps pulses have been demonstrated in Chapter 4
with peak intensities exceeding 1014 W/cm2. Using 30-fs pulses an average power of
20 kW was obtained in Chapter 5. This constitutes an improvement of more than one
order of magnitude over previous results [44, 82]. The achievable power is limited
by both spherical and thermally induced aberrations in the cavity. For further scaling
of the power and intensity, longer cavities (e.g. 10 MHz) with tight focusing may be
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employed, because this reduces both the thermal sensitivity and spherical aberrations.
Then, astigmatic compensation becomes indispensable, see Section 3.5. Still, thermally
induced aberrations will limit the achievable average power. In Chapter 4, one mirror
with an absorption of 1 ppm on a fused silica substrate was used. If this thermal lens
was avoided or mitigated, powers exceeding 1 MW would come into reach. This might
be possible with mirrors with an even lower absorption (for cw lasers at 1064 nm a
value of 0.2 ppm has been reported [157]), by employing a grating-based reflective input
coupler on a ULE substrate [138], or if superior materials such as diamond become
available in the future [57, 110]. Spherical aberrations can be avoided using parabolic
reflectors [126]. However, it is yet to be demonstrated if the delicate adjustment of
parabolas is possible in enhancement cavities with several kilowatt of average power.

Higher power and intensity levels are in particular important for inverse-Compton
scattering based sources of coherent hard x-ray radiation [38]. For this application,
power levels on the order of 1MWare desired [40]. This power regimewas demonstrated
for the first time here. These apparatus are commercially available with a photon flux
sufficient for many applications [158]. However, an increase of intensity and average
power would directly benefit the photon flux, which is necessary for a widespread use
of these apparatus. Specifically for this purpose, the thermal performance of output
couplers for the generated radiation [91, 159] must be investigated and optimized if
possible.

6.2 Cavity-enhanced high-harmonic generation

For high-harmonic generation the intensity is limited by phase matching conditions,
see Section 5.1. In standard enhancement cavities it is furthermore limited to lower and
non-ideal values due to the ionization-related intensity clamping [61–63]. Thus, for high-
harmonic generation one should not (only) look at the achievable power and intensity in
an empty cavity, but for optimised conditions in the gas target under consideration of the
nonlinear interaction. Further progress is expected from the following improvements:

• Shorter pulses are advantageous for high-harmonic generation. They may be
obtained with novel dielectric mirrors. For example, two types of slightly chirped
mirrors with opposite sign may have almost zero dispersion over a bandwidth of
260 nm enabling pulses as short as 15 fs [151].

• The transmission and phase of the input coupler can be optimized for the nonlinear
interaction, possibly allowing for higher intensities despite the ionization induced
phase shift [63].

• In this thesis, cumulative plasma effects were shown to have detrimental influence
on the conversion efficiency. The cumulative effects are less pronounced at lower



6.2 Cavity-enhanced high-harmonic generation 81

repetition rates, so that long cavities of about 10 MHz can be employed for
improved XUV photon flux. In order to have a high-power seeding laser at this
repetition rate with pulses shorter than 20 fs, novel pulse compression schemes
must be employed [160–162].

• For frequency comb spectroscopy, often the power per comb mode should be
optimized. For this, a quantitative understanding of the impact of cumulative
effects is crucial. Using a pulse picker, the photon flux can be measured as a
function of the repetition rate at otherwise identical parameters (pulse energy,
pulse duration, focusing, gas jet) enabling the development of an empirical law.

• Output coupling techniques such as quasi-imaging [78, 79], nanograting [83, 84],
and noncollinear HHG [88, 89] may exhibit superior output coupling efficiency,
but they are yet to be demonstrated with enhancement cavities for high photon
energies.

• With shorter pulses, even gating for the generation of isolated attosecond pulses
comes into reach, e.g. by noncollinear optical gating [89] or polarisation gating
[163, 164].

• The cutoff in high-harmonic generation may be extended using longer driving
wavelengths [17, 18], e.g. implemented with high-power thulium fibre lasers
operating at 2 µm which are currently emerging [165, 166].

The photon flux demonstrated in Chapter 5 at 95 eV is already sufficient for PEEM
experiments. For such an experiment a repetition rate of not more than 40 MHz should
be used in order to avoid the mistake of successive pulse’s signals. With the afore-
mentioned compression schemes in Kagome fibres or bulk [160–162] and improved
quality of the pierced mirrors, an average power of more than 10 kW with 30-fs pulses
is possible at 40 MHz inside an enhancement cavity. Then, the cumulative effects are
much weaker compared to the 250-MHz experiment, resulting in an even higher photon
flux. In conjunction with gating for the generation of isolated attosecond pulses, these
techniques may be used for the implementation of an attoPEEM apparatus [29] at MHz
repetition rate. In such an experiment, the photoelectrons emitted by 91 eV photons
leave nanostructures extending 1 nm within 180 as, enabling measurements down to that
time resolution. Larger structures may be investigates with femtosecond time resolution
with the pulse parameters already demonstrated in this thesis.
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Appendix: Data archiving

The raw data and data analysis are in the data archive of the Laboratory for Attosecond
Physics at the Max Planck Institute of Quantum Optics.

Each figure is generated by a Python script, in which all data manipulation on the
raw data is performed. Drawing are supplied as SVG files. The naming scheme is
chX_NAME.py.
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