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Zusammenfassung

Diese Arbeit erforscht die Kopplung der Fluoreszenz von Sticksto�-Fehlstellen-Zentren
(NV-Zentren) in Diamant mit durchstimmbaren optischen Mikroresonatoren bei Umge-
bungsbedingungen, insbesondere im Regime der Purcell Verstärkung. Hierzu benutzen
wir faserbasierte, o�en zugängliche Fabry-Pérot Resonatoren, die für hohe Finesse und
ultrakleine Modenvolumen optimiert sind. Verschiedene, komplementäre Bereiche der
Resonatorverstärkung werden untersucht.
Ein erstes Experiment basiert auf einem Resonator mit hoher Finesse und dielektri-

schen Spiegeln. Das Skalierungsverhalten der Purcell Verstärkung wird ausführlich aus-
gewertet, indem man sowohl das Modenvolumen des Resonators (V = 16 − 600 µm3)
als auch dessen Güte (Q = 6 · 103 − 2 · 106) über einen weiten Bereich verändert. Die
spektrale Leistungsdichte der Emission kann durch den Resonator um einen Faktor von
bis zu 300 überhöht werden. Das gesamte Leistugsvermögen dieses Resonators kann mit
schmalbandigen Emittern ausgenutzt werden, deren Emissionslinienbreite kleiner als die
Linienbreite des Resonators ist. Dies ist ein vielversprechender Ansatz für die Umset-
zung von schmalbandigen Einzelphotonenquellen mit durchstimmbarer Wellenlänge und
für die Erzeugung ununterscheidbarer Einzelphotonen bei Umgebungsbedingungen. Je-
doch bleibt die Lebenszeit der Emission für breitbandige Emitter, wie dem NV-Zentrum
bei Raumtemperatur, in dieser Anordnung nahezu unbeein�usst.
Um eine Veränderung der Lebenszeit und durch den Purcell-E�ekt verstärkte Ein-

zelphotonenemission direkt zu beobachten, stellen wir Faserresonatoren mit silberbe-
schichteten Spiegeln und ultrakleinen Modenvolumen, bis hinab zu V = 1.0λ3 = 0.34 µm3,
her. Wir demonstrieren resonatorverstärkte Fluoreszenzbildgebung, die das Au�nden
und Untersuchen von verschiedenen einzelnen NV-Zentren mit einem Resonator erlaubt.
Der Purcell-E�ekt wird über eine gesteigerte Aufsammlung der Fluoreszenz nachgewie-
sen, mit einer Rate von bis zu 1.6 · 106 Photonen pro Sekunde von einzelnen NV-Zentren
und auÿerdem durch die abstimmbare Veränderung der Emissionslebenszeit, entspre-
chend einem e�ektiven Purcell Faktor von bis zu 2. Des Weiteren untersuchen wir ein
vorteilhaftes Regime, in dem der Diamant Nanokristall selbst eine zusätzliche Einschrän-
kung der optischen Mode bewirkt, die sich mit der Mode des Fabry-Pérot Resonators
verbindet und Modenvolumen unter 1λ3 ermöglicht. Simulationen ergeben e�ektive Pur-
cell Faktoren von bis zu 11 für NV-Zentren und von bis zu 63 für Silizium-Fehlstellen-
Zentren, wodurch das groÿe Potenzial für helle Einzelphotonenquellen und für e�zientes
Spin-Auslesen bei Umgebungsbedingungen aufgezeigt wird.
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Abstract

This thesis investigates the coupling of the �uorescence of nitrogen-vacancy (NV) centers
in diamond to tunable optical microresonators at ambient conditions, in particular in
the regime of Purcell enhancement. We use �ber-based, open-access Fabry-Pérot cavities
optimized for high �nesse and ultra-small mode volume. Di�erent regimes of cavity
enhancement are studied that are complementary to each other:
A �rst experiment relies on a high-�nesse cavity with dielectric mirrors. The scaling

laws of Purcell enhancement are explicitly demonstrated by a large-range variation of
both the cavity mode volume (V = 16− 600 µm3) and the quality factor (Q = 6 · 103 −
2 · 106). We detect an enhancement of the emission spectral density by up to a factor of
300. The full potential of this resonator can be exploited with emitters having a linewidth
which is narrower than the resonance linewidth of the cavity. This concept holds promise
for the implementation of wavelength-tunable, narrow-band single-photon sources as well
as the generation of indistinguishable single-photons at ambient conditions. However, for
broad-band emitters like the NV center at room temperature, the emission lifetime is not
a�ected noticeably in this con�guration.
In order to directly observe lifetime changes and Purcell-enhanced single-photon emis-

sion, we manufacture �ber-based cavities with silver-coated mirrors having ultra-small
mode volumes, as small as V = 1.0λ3 = 0.34 µm3. We demonstrate cavity-enhanced
�uorescence imaging, which allows to locate and analyze several single NV centers with
one cavity. The Purcell e�ect is evidenced by an enhanced �uorescence collection of up
to 1.6 · 106 photons per second from single-NV centers and a tunable variation of the
emission lifetime corresponding to an e�ective Purcell factor of up to 2. We further-
more investigate a bene�cial regime of optical con�nement where the Fabry-Pérot cavity
mode is combined with additional mode con�nement by the diamond nanocrystal itself,
enabling sub-λ3 mode volumes. We perform simulations that predict e�ective Purcell
factors of up to 11 for NV centers and of up to 63 for silicon-vacancy centers, revealing
a great potential for bright single-photon sources and e�cient spin readout at ambient
conditions.
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1. Introduction

A wealth of fascinating phenomena and important applications like photosynthesis or
lasing are based on the elementary interplay between light and matter. At the submicro-
scopic level, light is modeled as a stream of photons emitted and absorbed from quantum
emitters with discrete energy states. There has thus been a large interest to study the
interaction of light and matter at its most fundamental level where a single photon in-
teracts with a single quantum system. An approach that allows to isolate the quantum
dynamics of this interaction is the coupling of an individual quantum systems to an op-
tical resonator. Intriguingly, the radiative behavior of the coupled emitter-cavity system
can be fundamentally di�erent from that of the uncoupled components. For instance, a
spontaneously emitted photon is kept within the cavity and can be reabsorbed by the
emitter. Due to its simplicity, the idealized system of a single quantum emitter interact-
ing with a single resonator mode is particularly suited for comparison with theory. The
experimental realization of this elementary model in cavity quantum electrodynamics
(CQED) can thus be seen as a testbed for fundamental physics [1, 2, 3, 4]. The work
of Nobel prize winner S. Haroche, who established an impressive illustration of quantum
physics at the single-particle level, may serve as a bright example [5].
Besides the textbook character of these experiments, coupling of a single quantum

system to a cavity holds a lot of promise for a technological breakthrough. The excellent
control of microscopic systems that has been achieved may serve to process information
by harnessing quantum mechanical phenomena, like superposition and entanglement [6].
Indeed, the new perspective of quantum information processing (QIP) bears great po-
tential to surpass existing concepts based on classical physics, some believe even in the
decade to come [7]. A well-known example is the factoring of prime numbers that can
be performed much more e�ciently on a quantum computer using Shor's algorithm com-
pared to applying classical methods [8]. Moreover, quantum cryptography, enabling
theoretically safe data transfer, has already taken the step into �rst practical applica-
tions [9, 10]. As these instances may demonstrate, QIP may give direction to science,
technology and eventually society.
Due to their bene�cial properties, resonators play a crucial role for the realization of

QIP. In a nutshell, resonators provide the recirculation of photons at a certain, resonant
wavelength, for instance, by re�ecting them at a set of mirrors. An embedded quantum
system can therefore experience multiple interaction events with one and the same pho-
ton before it gets lost, leading to an overall enhanced light-matter interaction. Thus,
resonators allow for the ultimate coherent control of single quanta of light and matter.
While the coherent coupling of light and matter represents a rather fragile state, a more
robust regime, governed by the Purcell e�ect [11], proves bene�cial with respect to prac-
tical applications. In the Purcell regime, the cavity serves to enhance the radiation of an

1



1. Introduction

embedded emitter into a particular mode. As a consequence, Purcell enhancement can
be exploited to build e�cient single-photon sources for quantum computing and cryp-
tography [12, 13, 14, 15, 16], or to implement an e�cient interface between photons and
the internal degrees of freedom of the quantum system, like the electron spin [17, 18].
It might also boost the sensitivity of sensing applications. For example, electromagnetic
�eld sensing based on optically detected magnetic resonance (ODMR) [19, 20], would di-
rectly bene�t from a cavity-enhanced collection e�ciency leading to an increased optical
signal.

All essential requirements for the physical implementation of QIP have been clearly
formulated by D. P. DiVincenzo in 2000. However, it proves di�cult to �nd suitable
quantum systems that su�ce all prerequisites simultaneously. Additionally, practical
considerations play a crucial role. While trapped atoms or ions constitute well-isolated
model systems, they require a tour de force of experimental e�ort. Solid-state-based
systems, like quantum dots, molecules or color centers in diamond circumvent this issue
at the cost of interacting with the embedding matrix. The hereby induced accelerated
decoherence often results in the total loss of quantum properties at ambient conditions
requiring cryogenic cooling, which limits the �eld of application. The nitrogen-vacancy
center (NV) in diamond is a remarkable exception, preserving longlived quantum coher-
ence of spin degrees of freedom up to room temperature. This color center consists of a
nitrogen atom substituting a carbon atom and an adjacent lattice vacancy embedded into
the diamond matrix. Giving rise to bound, discrete electronic states, it may act as an
arti�cial atom and basis for QIP, i.e. a quantum bit (qubit). In fact, the NV center can
serve all essential building blocks necessary for QIP [21, 22, 23]: It provides a quantum
memory, quantum logic gates, and the possibility for the transfer of quantum informa-
tion. Furthermore, spin-photon entanglement and the operation as single-photon source
is feasible. Diamond fabrication techniques provide a way to build scalable systems con-
sisting of interconnected nanophotonic devices [24, 25]. Whether diamond, sometimes
denoted an �engineer's best friend�, will be processed as successfully as silicon in the
semiconductor industry one day, is surely an exciting question.

A critical factor for all applications based on the NV center is the e�ciency that
can be achieved for the exchange of quantum information from its electron spin, to the
emitted photons, i.e. from the stationary, to the �ying qubit. Thus, the e�cient optical
readout and manipulation of the electron spin is of paramount importance. However,
due to the large refractive index of diamond, total internal re�ection limits the collection
e�ciency of NV centers in bulk material to only about 3%. Furthermore, the color
center's level structure comprises a set of vibronic states, yielding a broad emission
spectrum. Only about 4% of the �uorescence is emitted into the so-called zero phonon
line (ZPL), allowing for coherent optical interaction with the electron spin at cryogenic
temperatures. Coupling of NV centers to optical microcavities provides an elegant way
to overcome the involved de�ciencies. Exploiting the Purcell e�ect, the emission rate
and spectrum can be optimized, and the photons can be e�ciently channeled into a
well-collectable optical mode.

The enhancement of the spontaneous emission rate of an emitter coupled to a cavity

2
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Figure 1.1.: Spectral representation of the two pro�table regimes of coupling of an NV
center (red) to a microcavity resonance (blue): (a) Cryogenic ZPL-coupling
to a cavity with high quality factor (b) Room-temperature coupling with an
ultra-low mode volume cavity with moderate quality factor

scales with the ratio of the cavity quality factor to the cavity mode volume. Furthermore,
it depends on the overlap of the emission spectrum and the cavity resonance [26, 27].
Thus, the e�ective Purcell enhancement of the �uorescence of NV centers coupled to
cavities is constrained to two main regimes (see Fig. 1.1) [28].

� At cryogenic temperatures, when the ZPL narrows and approaches its Fourier limit
[29], cavities with a high quality factor provide a way to considerably enhance
the ZPL transition, holding promise for coherent spin-photon interfaces with large
e�ciency. According to the involved rates, the strong coupling regime of CQED
seems in reach [30, 31, 32].

� On the contrary, at room temperature, where the quality factor of the emitter,
inferred from the broad emission spectrum is merely on the order of 10, only
ultra-small mode volumes provide signi�cant Purcell factors, accompanied with
near unity collection e�ciency [33], yielding large overall count rates. NV cen-
ters coupled to cavities with ultra-small mode volume could thus serve as bright
single-photon sources, e�cient quantum memories [34, 35, 36, 37, 38], or sensors
[39, 40, 41, 42, 20, 43, 44, 45] at ambient conditions. Increasing the quality factor
of the cavity increases the spectral purity of the emitted photons, but does not
a�ect the overall rate of collected photons.

The desire to improve the coupling of photons to continuously decreasing quantities of
matter gave rise to the implementation of miniaturized low-loss cavities [46]. A wealth
of advanced cavity designs is therefore available, among them Fabry-Pérot, whispering
gallery mode (WGM) [47], and photonic crystal (PC) [48] resonators. A particularly
promising approach makes use of the micromachined and mirror coated end facets of
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1. Introduction

optical �bers forming a Fabry-Pérot cavity [49, 50, 51, 52, 53, 54, 55, 56, 57]. This so called
�ber Fabry-Pérot cavity (FFPC) contains a tunable, easily accessible, open mode volume
of microscopic dimensions, while dielectric coatings provide the possibility for ultra-low-
loss mirrors, at the same time. As a benchmark of their superior quality, the coherent
coupling of single atoms and photons has been realized [58, 59]. Apart from the excellent
coupling that can be achieved, FFPCs exhibit a series of favorable practical features:
The cavity mode is readily �ber coupled for further communication, the cavity design
compact and robust, making FFPCs well compatible with diverse, complex experimental
environments. The option to easily and reversibly tune and stabilize the cavity length
is a great advantage compared to monolithic architectures. Moreover, by scanning the
cavity �ber over a sample mirror, di�erent emitters can be investigated with enhanced
sensitivity inside the cavity [60, 61, 62, 63]. This is a unique characteristic of this type
of resonator design.
Owing to their versatility combining ultra-small mode volumes with customized mir-

rors, allowing for moderate or extremely low loss, FFPCs are well-suited for dealing with
the demands of both regimes of interest for NV center coupling. By applying nanodia-
monds (NDs) to one of the cavity mirrors, the NV centers can be easily coupled to the
cavity mode, without introducing large loss. Advantageously, NV centers in diamond
nanocrystals exhibit larger photon count rates than when embedded in bulk material,
because total internal re�ection is irrelevant for NDs of sub-wavelength diameters [64].
However, the spontaneous emission rate is slightly lowered, due to the reduced e�ective
refractive index of the surrounding medium [65, 66]. The spectral and spin properties
of NV centers in NDs are usually considered inferior to that of ultra-pure, low-strain,
single-crystal, bulk diamond, regarding the broadening of the ZPL [67, 68] and the spin
coherence times [69]. However, recent progress shows that similar quality can be achieved
for arti�cially produced nanocrystals [70, 71]. Due to their easy integration, NDs coupled
to Fabry-Pérot cavities bear potential for scalable quantum computing [72].

This work is devoted to the investigation of NV centers in NDs coupled to FFPCs at
room temperature (see Fig. 1.2):

� In a �rst study, a high �nesse FFPC with dielectric mirrors is applied to enhance
the phonon sideband �uorescence of NV centers [31]. The scaling behavior of the
Purcell enhancement is explicitly demonstrated by varying both the mode volume
and the quality factor over a large range. This experiment provides a direct evalu-
ation of the Purcell factors achievable with a FFPC at low temperature, where the
ZPL can be narrower than the cavity linewidth. This approach may also serve as
a wavelength-tunable, narrow-band single-photon source.

� In a complementary approach, we developed micro-resonators enabling ultra-small
mode volumes down to 1.0λ3, which is novel for the FFPC design [73]. These
cavities use silver-coated mirrors similar to the microcavities described in [74, 75,
76, 77]. Purcell enhanced single-photon emission is demonstrated and the direct
modi�cation of the spontaneous emission lifetime by the cavity is observed. For the
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(a) (b)

Figure 1.2.: Schematic drawing of NV center coupling to FFPCs with (a) dielectric low-
loss mirrors and (b) silver mirrors and ultra-low mode volume.

�rst time, large total photon count rates were achieved with this concept. Further-
more, cavity-enhanced �uorescence images are recorded. Numerical simulations
indicate that a new regime of light con�nement can be achieved where a ND in a
Fabry-Pérot cavity provides additional mode con�nement. In this regime, the Pur-
cell factor can be dramatically increased holding promise for bright single-photon
sources, as well as e�cient spin readout and manipulation at ambient conditions.

The coupling of NV centers to micro- and nanocavities has been studied on the basis of
a large variety of concepts, summarized1 in Tab. 1. Apart from Fabry-Pérot type cavities
[78, 31, 79, 80], di�erent geometries of WGM2 [81, 82, 83, 84, 85, 86, 87, 88, 89, 90], and
PC cavities [91, 92, 93, 94, 95, 96, 97, 18, 98, 99, 100] have been investigated. On the one
hand, direct fabrication of WGM or PC cavities into single crystal diamond is technically
demanding, but allows optimal coupling to NV centers with the best available spectral
properties until now. On the other hand, hybrid approaches, relying on non-diamond
cavity materials like gallium phosphide (GaP), are easier to manufacture, owing to es-
tablished fabrication methods. Positioning of the NV center with respect to the �eld
maximum of the cavity is however non-ideal. With the advance of diamond fabrication,
hybrid cavities will presumably be outpaced. Sub-λ3 mode volumes have been realized
with PC cavites, just slightly below the values that have been demonstrated for FFPC
with metallic mirrors (this work). The ease of tuning, the collection e�ciency and cus-
tomized mirror coatings speak for the latter, the integrated design with the potential for
scaling to diamond photonic networks for the former. The largest Purcell factors have
been achieved for the ZPL coupled to PC cavities at cryogenic temperatures, just like
most experiments have been performed in this regime, where the overall rate of collected
photons is usually small. Experiments that give rise to large photon rates at ambient
conditions, like in this work, are scarce. Single-photon sources for quantum cryptogra-

1The silicon-vacancy (SiV) defect constitutes another promising color center in diamond. It has been
added to the list and will be introduced later.

2Among the common geometries are spheres, toroids, disks, and rings
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1. Introduction

phy and high-precision sensing applications would highly pro�t from their realization.
The NV's broad emission spectrum spanning over roughly 100 nm at room temperature
is not problematic for these applications, opposed to the majority of QIP concepts, re-
quiring indistinguishable photons. Single photons are crucial for a multitude of schemes
within QIP. For example, quantum computing is feasible using only linear optical com-
ponents, like beam splitters, phase shifters, photo-detectors, and single-photon sources
[101, 102, 103, 104]. Owing to the vital signi�cance of single-photon sources, this topic
will be discussed more thoroughly in the next chapter.

This thesis is organized in the following chapters: Chapter 2 illuminates the topic of
single-photon creation. The introduction comprises a short historical outline, an illus-
tration of the connection to the �eld of QIP, and a speci�cation of an ideal single-photon
source. Next, di�erent types of single-photon sources will be reviewed, including a dis-
cussion of the NV center. Finally, criteria to determine the quality of real single-photon
sources are given. Chapter 3 and 4 encompass the theoretical basics about Fabry-Pérot
cavities and emitter-cavity coupling, respectively. In the following, the practical imple-
mentation of the experiment is discussed. Chapter 5 highlights the features of FFPCs
and gives a detailed insight into their fabrication. Chapter 6 describes the experimen-
tal setup and preparation, followed by a section about characterization measurements.
Chapter 7 provides the results of the coupling of NV centers to dielectric high-�nesse
cavities and ultra-small mode volume cavities with silver coating. Chapter 8 �nishes
with a conclusion and outlook.
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Die ganzen 50 Jahre bewuÿter Grübelei haben mich der Antwort der Frage

"Was sind Lichtquanten" nicht näher gebracht.

Heute glaubt zwar jeder Lump, er wisse es, aber er täuscht sich...

Albert Einstein in einem Brief an Michele Besso aus dem Jahre 1951



2. Single-photon sources

A major driver for the coupling of a single quantum system to an optical microcavity is
the realization of e�cient single-photon sources. Single photons play a key role in the
fast growing �eld of quantum information science, where quantum-mechanical behavior
is harnessed to develop conceptually new ways of processing, communicating or encoding
information. As shown in Fig. 2.1, the increasing interest is also re�ected in the growing
number of publications per year containing the term �single-photon source�.
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Figure 2.1.: Publications per year containing the exact term �single-photon source�

This chapter gives a broad overview of the topic of single-photon sources to be able
to compare our approach based on the NV center to concepts relying on other quantum
emitters. We start with some historical remarks about the photon as the quantum of the
electromagnetic �eld. A short introduction into quantum information processing follows
and in this context, the main applications of single photons are sketched. In the next
paragraph, we describe the features of an ideal single-photon source. After this intro-
ductory part, di�erent implementations of single-photon sources are discussed in more
detail, among them attenuated laser pulses, spontaneous parametric down conversion,
atomic systems, and solid-state systems. For the latter, we lay the focus on color centers
in diamond and in particular on the NV center. At last, some common parameters used
to characterize the performance of real single-photon sources are speci�ed.
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2.1. Introduction

The early days

The thorough investigation of light contributed to our today's understanding of the uni-
verse in a way that cannot be underestimated. Its puzzling nature has been subject to
continuous debates. The two main points of view of the early days may be represented
by two prominent physicists of the 17th century. On the one hand, Isaac Newton's idea
of light was governed by a corpuscular theory, as he stated in his Hypothesis of Light
in 1675. Christiaan Huygens, on the other hand, believed in light being a wave, as set
forth in his Treatise on Light in 1690. While both hypotheses had their strong and weak
points they gave the impression of being incompatible with each other. So when James
Clerk Maxwell formulated the powerful, then not so classical theory of electromagnetic
radiation in 1865 [107], the wave picture seemed to prevail.
In 1900 Max Planck presented a formula to the German Physical Society, describing

the electromagnetic radiation emitted by a black body in thermal equilibrium, which
became famous as Planck's law [108]. For its derivation he postulated that the energy
transfer between oscillators and the electromagnetic �eld did not occur continuously,
but in discrete energy packets. Retrospectively, this is often denoted the birth hour of
quantum physics. However, at that time Planck could not anticipate the full consequences
of his assumption. Stimulated by Planck's work and unresolved experimental �ndings,
Albert Einstein published an explanation for the photoelectric e�ect in 1905, which was
based on a particle-like character of light [109]. He claimed that

�[...] when a light ray expands from a point in space, the energy is not dis-
tributed continuously over an ever increasing space, but it consists of a �nite
number of energy quanta localized at points in space, which move without
division and which can only be absorbed and created as a whole.�1

The quantum of energy in which he believed, is now known as the photon, the elementary
particle of the electromagnetic �eld. Curiously enough the expression photon was coined
more than twenty years later by physical chemist Gilbert N. Lewis, even though his idea
of the photon was incompatible with Einstein's light quantum [110].
Planck's and Einstein's studies on electromagnetic radiation contributed decisively to

an exceptionally fruitful scienti�c period in the beginning of the 20th century that gave

1The explicit quote in German reads:

�Es scheint mir nun in der Tat, daÿ die Beobachtungen über die "schwarze Strahlung",
Photolumineszenz, die Erzeugung von Kathodenstrahlen durch ultraviolettes Licht und an-
dere die Erzeugung bez. Verwandlung des Lichtes betre�ende Erscheinungsgruppen besser
verständlich erscheinen unter der Annahme, daÿ die Energie des Lichtes diskontinuierlich im
Raume verteilt sei. Nach der hier ins Auge zu fassenden Annahme ist bei Ausbreitung eines
von einem Punkte ausgehenden Lichtstrahles die Energie nicht kontinuierlich auf gröÿer und
gröÿer werdende Räume verteilt, sondern es besteht dieselbe aus einer endlichen Zahl von
in Raumpunkten lokalisierten Energiequanten, welche sich bewegen, ohne sich zu teilen und
nur als Ganze absorbiert und erzeugt werden können.�
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2. Single-photon sources

rise to the revolutionary quantum theory and in particular quantum electrodynamics.
Ironically, the photoelectric e�ect as Einstein described it, does not require a quantum
mechanical treatment of the light �eld, but can be explained within the frame of a
semiclassical model, assuming that the surface can only absorb and emit light in energy
quanta, while the electromagnetic radiation is a classical �eld [111]. In fact, semiclassical
theory would have been su�cient to explain a large part of phenomena originally expected
to be connected to photons. A clear proof for the particle-like nature of light was given
by J. F. Clauser in 1974, by measuring photon pair coincidence rates behind two beam
splitters [112]. He stated:

�That a photon is not split in two by a beam splitter is certainly �old
hat�, and it may seem surprising that we have gone to the e�ort to test
this prediction experimentally. What is in fact much more surprising is that
evidently no such experimental test has heretofore been performed, and such
tests are clearly of great importance.�

It was the �rst demonstration of sub-Poissonian photon statistics, and a striking evidence
for the quantum mechanical description of light. The underlying measurement principle
is simple but conclusive. Single photons impinge one by one on a 50:50 beam splitter,
with a detector positioned behind each output arm, a con�guration named after R. Han-
bury Brown and R. Q. Twiss, commonly abbreviated as HBT setup [113]. A semiclassical
treatment, for which the photons are replaced by a weak �eld, does not contradict coinci-
dent events on both detectors, as the detection probability is proportional to the square
of the electric �eld. In contrast, within a quantum theory of light, single photons can
naturally not be detected simultaneously in both outputs. The inhibition of coincidences
serves as a proof for the non-classical character of light and especially for e�ects like
photon antibunching.
In 1976 H. J. Carmichael et al. [114], as well as H. J. Kimble et al. [115] theoretically

predicted photon antibunching in the resonance �uorescence of two-level atoms and pro-
posed a direct measurement in order to test quantum electrodynamics. One year later,
H. J. Kimble et al. demonstrated this distinctive nonclassical e�ect for the �rst time by
observing the �uorescence of sodium atoms with an HBT setup [116]. As valuable insight
into the fundamentals of single-photon sources, they explicitly noticed that

�[...] the atom, having emitted a photon at time t, is unable to radiate
again immediately after having made a quantum jump back to the lower
state. The quantum nature of the radiation �eld and the quantum jump
in emission, which are of course inextricably connected, are therefore both
manifest in these photoelectric correlation measurements.�

In another striking experiment in 1987, F. Diedrich and H. Walther showed both photon
antibunching and a sub-Poissonian probability distribution of the photon number by
analyzing the photon correlation of the �uorescence of single trapped ions [117]. Being
able to store an ion for up to 10 minutes emitting a stream of photons one by one,
their device came already closer to an ideal single-photon source. With these remarkable
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2.1. Introduction

proofs, the HBT setup became a standard in quantum optics for testing the purity of
single-photon sources. The early investigations, focusing on the fundamental aspects of
the quantum nature of light, have paved the way to a diverse and vivid �eld of promising
implementations of single photons.

The age of quantum information processing

Photons propagate at the speed of light and can be transmitted via existing optical �ber
networks. Quantum bits (qubits) of information can be encoded easily in its degrees
of freedom, e.g. polarization, timing or spatial mode. Thus, they seem to be an ideal
choice to transmit information and to serve as ��ying qubits� for quantum information
processing (QIP) [118, 119, 120, 104]. In spite of its still modest success, QIP holds a lot
of promise to outperform classical concepts one day [6]. One case in point is the factoring
of prime numbers that can be performed much faster by running Shor's algorithm on a
quantum computer than attacking the problem classically [8]. This poses a potential
danger for the encrypted data transfer based on the frequently used RSA cryptosystem,
named after its inventors R. L. Rivest, A. Shamir and L. Adleman. New concepts for
perfectly safe data transfer based on quantum mechanical e�ects are therefore of fast-
growing interest. Single-photon sources play a crucial role for both quantum computing,
as well as quantum cryptography and a wealth of other QIP concepts.
In 2001, E. Knill, R. La�amme and G. J. Milburn showed that e�cient quantum

computation is feasible with linear optics only, based on single-photon sources, beam
splitters, phase shifters and photo detectors [101, 103]. This seminal work meant a
dramatic simpli�cation compared to previous proposals. However, the indispensable
indistinguishability of the photons is still a demanding task, especially when working
with solid-state single-photon sources. At the same time, the implementation of the �rst
quantum cryptography protocol developed by C. Bennett and G. Brassard in 1984 (BB84)
[121] also bene�ts from true single-photon sources, compared to applying attenuated laser
pulses, for instance [122]. Surprisingly, as one of few exceptions within QIP, the photons
do not have to be indistinguishable, in this case. Quantum cryptography, as arguably
one of the most advanced disciplines, has taken the step into commercialization2 and
public life3.
The unconditional4 security of quantum cryptographic protocols, such as BB84, is

based on true random numbers. Within the Copenhagen interpretation of quantum me-
chanics, objective randomness is believed a matter of fact. For instance, the exact point in
time of the spontaneous emission of a photon by an atom is not governed by an objective
reason and therefore random and unpredictable. Quantum random number generators
exploit such processes. Once again, single photons impinging on a 50:50 beam splitter

2Among the companies o�ering solutions around quantum key distribution are ID Quantique, MagiQ
Technologies, QuintessenceLabs, SeQureNet

3In 2007, in the Swiss national election, the canton of Geneva transmitted ballot results to the capital
using quantum encryption technology.
http://web.archive.org/web/20071209214958/http://www.technewsworld.com/story/59793.html

4The attribute unconditional is subject for debate.
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2. Single-photon sources

prove bene�cial to this end. Since it is not predictable for a certain particle, which out-
put it will end up in, single-photon sources serve well to produce true random numbers
[123, 124, 125]. Besides quantum cryptography, random numbers are valuable for statis-
tical methods like Monte-Carlo simulations, gambling or computer game technology.
Furthermore, single photons are crucial for many concepts in the context of entangle-

ment. This peculiarity of quantum physics represents one of the most interesting e�ects
to be harnessed for QIP. By analyzing the implications of entanglement in 1935, A.
Einstein, B. Podolsky and N. Rosen doubted that quantum mechanics could be a com-
plete theory [126] and speculated about local hidden variables. Almost 30 years later, in
1964, J. S. Bell proposed that this issue could unexpectedly be resolved by performing a
measurement [127]. He deduced an inequality (Bell's inequality) that proves true for any
local realistic theory, while it is violated by quantum mechanics. Since then, many groups
have accepted the challenge to show a violation [128, 129, 130, 131, 132, 133, 134, 135,
136, 137, 138], with the latest success in 2015 by three di�erent groups, having closed all
signi�cant loopholes simultaneously and therefore ruling out local hidden variables and
all local realistic theories [139, 140, 141].
As a side note, entangled photon pairs produced by parametric down-conversion were

also the basis for the �rst experimental veri�cation of quantum teleportation by Bouwmeester
et al. in 1997 [142]. In contrast to these experiments of philosophical momentousness,
entanglement can also be of use in everyday life. In 2004, the �rst bank transfer via
quantum cryptography relying on entangled photons [143] was demonstrated by a col-
laboration around the group of A. Zeilinger in Vienna5.
As all of these examples may demonstrate, single photons are an ubiquitous element in

QIP and have taken the step into �rst commercial products. After this short summary of
the diverse �elds of application, the key parameters of single-photon sources are brie�y
introduced. A more detailed characterization follows in Section 2.3.

The ideal single-photon source

The perfect device emits exactly one photon at a desired point in time, i.e. determin-
istically, into a well-de�ned, collectable spatio-temporal mode with an arbitrarily large
repetition rate, the subsequently emitted photons being indistinguishable from each other
[144]. Indistinguishable photons have identical polarization, as well as spectral and tem-
poral envelope. In reality however, deviations from this ideal behavior are inevitable
and depend on the particular source type. Several parameters quantifying the de�cien-
cies provide a better comparability to each other. The emission e�ciency of a source
is given by the ratio of usable single photons per initiated emission cycle, typically in-
cluding extraction or �ltering loss. However, note that di�erent de�nitions are in use,
as well. The second-order correlation function at zero time delay g(2)(0) is the �gure of
merit for the inhibition of undesired multi-photon events and sometimes referred to as
single-photon purity. It is determined with an HBT setup. The closer its value drops to
zero, the smaller the probability that more than a single photon is emitted within one

5https://web.archive.org/web/20150211032846/http://www.secoqc.net/downloads/pressrelease/Banktransfer_english.pdf
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2.2. Source types

cycle, i.e. ideally g(2)(0) = 0. The indistinguishability of a pair of photons is tested by
exploiting the Hong-Ou-Mandel e�ect: Two indistinguishable photons, each entering one
of the input ports of a 50:50 beamsplitter, will always exit together through one of the
two output ports. These concepts will be discussed in more detail in Section 2.3. In some
cases, a tradeo� between di�erent parameters might be unavoidable. Imagine a source
emitting photons that are per se not lifetime limited, i.e. the photons are distinguishable.
However, by spectral �ltering, a sub-group of indistinguishable photons can be selected
at the cost of a decreased e�ciency.

2.2. Source types

A few di�erent concepts for single-photon creation have been come up with. The most
important approaches will be brie�y discussed here, including probabilistic sources based
on faint laser pulses or spontaneous parametric down-conversion, as well as deterministic
sources relying on true single-emitter systems like atoms, ions, molecules, color centers
in diamond and quantum dots. Several publications o�er a more detailed insight into
the �eld in general [145, 146, 147, 144, 148] or focus on solid-state-based [149], diamond-
based [150, 151], or quantum dot-based sources [152, 153]. The latter exhibit a particular
diversity of material systems, often withstanding more general statements. Therefore,
the discussion is restricted to the subgroup of semiconductor quantum dots, here.

2.2.1. Faint laser pulses

Faint laser pulses serve as a technically simple and in many cases satisfying approximation
to single-photon sources and are therefore still among the most common choices. Because
the photon number in a coherent state follows Poisson statistics, the probability of having
more than one photon per pulse scales with the average photon number. As a result,
the suppression of multi-photon events is borne by the overall brightness or e�ciency.
And a decent single-photon purity is only achieved if most of the pulses do not contain
any photon at all. This is an intrinsic drawback of this concept. In 2007, weak coherent
pulses have for example been applied for the demonstration of free-space quantum key
distribution over 144 km by T. Schmitt-Manderbach et al. [154].

2.2.2. Spontaneous parametric down-conversion

Another major scheme relies on the creation of correlated pairs of single photons in a
three-wave mixing process in a crystal with χ(2) nonlinearity [155, 156]. In order to
obtain single photons, one of the photons is detected, heralding the existence of its
partner in another channel that can be used for experiment. These so-called heralded
single-photon sources are based on spontaneous parametric down-conversion (SPDC),
where the photon of a pump laser is converted into two photons under the constraints
of energy and momentum conservation, determining the relation between the involved
wave vectors and frequencies. This relation is also known as phase-matching condition.
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2. Single-photon sources

Advantageously, the down-converted photons thus exhibit a high directionality. However,
the spatial modes the photon pairs are guided in are usually multi-mode cones around the
pump beam that are not straightforward to collect. Due to limited tuning possibilities
of the dispersion of the commonly applied crystals, the phase matching conditions can
often be met only for a particular wavelength region. Furthermore, the bandwidth usually
ranging from some nanometers to some ten nanometers is rather broad [146]. Periodic
poling constitutes an e�ective method to design crystals providing phase matching for
customized situations [157, 158]. Another approach coping with the phase matching issue
is based on a whispering gallery mode resonator. Photon pairs are e�ciently generated in
two de�ned resonator modes enabling wavelength tuning over 100 nm and a controllable
bandwidth ≤ 13MHz [159].
Even though the conversion e�ciency for SPDC is very low (10−7 − 10−11, [146]) and

the creation process is random in time, heralded single-photon sources represent a practi-
cable and powerful technique [160]. Obviously, as probabilistic sources following Poisson
statistics, they su�er from the inherent compromise between inhibition of multi-photon
events and brightness, just like faint laser pulses. Advantageously, since the arrival of the
single photons is heralded, one can e�ciently gate the associated experiments. The main
bene�t of SPDC however is the intrinsic potential to create two photons that exhibits cor-
relations in time, energy, polarization, momentum or angular momentum and as a result,
photon pairs that can be entangled in one or more of their observables [161]. For exam-
ple, in 2007, R. Ursin et al. used polarization-entangled photons produced by SPDC to
demonstrate entanglement-based, free-space quantum key distribution over 144 km [162].

2.2.3. Atomic systems

2.2.3.1. Atomic cascades

Pairs of polarization-entangled photons can also be created in some atomic cascades.
However, SPDC has largely replaced this method to prepare correlated photon pairs,
because of their much easier operation and superior brightness. An atomic cascade was
harnessed in the pioneering Bell test experiments by S. J. Freedman and J. F. Clauser in
1972 [128, 163] and A. Aspect et al. in 1981/82 [164, 129]. In this process, photon pairs
at wavelengths λ1 = 551 nm and λ2 = 423 nm are emitted and at a rate of 5 · 107 s−1

was reported [165]. This atomic cascade was also the basis for a beautiful illustration
of the wave-particle duality of light by Grangier et al. in 1986 [166]. By sending one
of the photons onto a beam splitter (the other one is used as a gate trigger), the anti-
correlation of photodetections on both outputs and therefore the single-particle behavior
was demonstrated. In this case, the photon does not split in two. On the contrary, the
wave nature became apparent, by building a Mach-Zehnder interferometer around the
beam splitter and recording the number of counts in dependence of the path di�erence
between the two interferometer arms. The observed interference contrast was excellent,
a visibility of almost 99% was achieved, making a pure wave explanation tempting. The
explanation of both experiments in combination requires quantum mechanics, of course.
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2.2. Source types

2.2.3.2. Atoms and ions

Due to their comparatively easy technical feasibility, probabilistic concepts like faint
laser pulses or photon pairs produced by SPDC still have a wide scope within quan-
tum optics. However, these sources produce a Poisson distribution of photons with a
non-negligible probability to obtain more than a single photon per pulse. Alternatives
based on fundamentally di�erent processes are therefore desirable. In this respect, deter-
ministic sources o�er the advantage to provide exactly one photon on-demand, mainly6

from single-emitter systems like single atoms, ions, molecules, color centers in diamond,
semiconductor quantum dots or quantum wells [167]. In spite of the peculiarities of each
system, their operation principle is similar. Much simpli�ed, the system is �rst excited
into a higher level by an external excitation pulse from where it decays radiatively to a
lower level under the emission of a single photon. Because the system has to be recycled
into the excited state before it can re-emit another photon, it can never create more than
one photon at a time and hence constitutes a true, on-demand single-photon source.
Conceptually as simple as intriguing, operating a single quantum system can prove di�-
cult in practice. Especially, the trapping and cooling of single atoms or ions demands a
tour de force of experimental e�ort. An outstanding advantage of once isolated atomic
systems is that the same element will universally exhibit identical properties. Fourier-
limited, indistinguishable photons can be produced [168, 169, 170, 171, 172]. Scaling
atomic systems is in principle possible, but technically challenging and does not seem
practicable for large numbers today. Multi-photon events are normally negligible.
By coupling a single emitter to an optical cavity, the tractability of the system is further

increased and the emission can be e�ciently channeled into an engineered spatio-temporal
output mode [33, 173]. Especially atoms strongly coupled to an optical cavity provide a
way to deterministically generate single photons on demand with well-controllable prop-
erties, e.g. their pulse shape is prede�ned by a steerable input pulse, when a stimulated
Raman process drives an adiabatic passage (STIRAP) [174, 175, 176, 177, 178, 179, 180,
181]. Establishing coherent light-matter interaction is also an important step towards
quantum networks, requiring a reversible exchange of quantum states between �ying and
stationary qubits [182, 120, 183, 184, 185]. Limiting factors are the �nite trapping time
of neutral atoms on the order of several minutes, as well as a variation in the atom
cavity-coupling strength due to �uctuations of the position of the atom.
In contrast, ions can be trapped for an almost in�nite amount of time, variations

in the coupling strength are negligible [186]. By long-term coupling of single calcium
ions to a cavity, single photons with an exactly de�ned pulse shape and timing have
been produced [173, 187]. But until now, the strong-coupling regime of cavity quantum
electrodynamics, has only been reached for neutral and not for charged particles, because
it has proven di�cult to combine ion traps with cavities with small mode cross sections.
Furthermore, the single-photon e�ciency decreases with a larger cavity length, i.e. there
is a general tradeo� between the e�ciency and emission rate. The ion trap community
is therefore putting a lot of e�ort into the realization of small-mode-volume, high-�nesse

6For the more exotic case of ensemble-based systems consult [144] and references therein.
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cavities compatible with their traps, in order to increase the coupling strength. Fiber-
based Fabry-Pérot cavities seem to be a promising tool to this end [188, 189, 190, 191].
A calcium ion trapped in between two optical �bers operating as single-photon source
has already been demonstrated [189].
Even though e�ciencies of several tens of percent have been reported [173, 181], the

overall rate of single photons detected from atoms and ions is still moderate and usually
considerably below 1 · 105 s−1 [187, 180].

2.2.4. Solid-state sources

Compared to atomic systems, emitters in the solid state, like molecules or color centers
in diamond, o�er the advantage of being already trapped in a host matrix. Because
trapping and laser cooling is irrelevant, the technical overhead is reduced dramatically.
This is however at the cost of detrimental e�ects caused by interactions with the embed-
ding medium: First of all, phonons in�uence the level scheme of the emitter's electronic
states, as a result of motional coupling to the lattice. Furthermore, spectral di�usion
due to charge �uctuations in the environment or magnetic �eld noise from neighboring
nuclear spins can lead to a signi�cant deterioration of the emission properties. As a
result, the �uorescence emission spectrum of a solid-state quantum emitter may be con-
siderably broader than the Fourier-transform limited linewidth that is inferred from the
spontaneous emission lifetime.
The consequences of the interaction of a quantum emitter with lattice vibrations is now

brie�y sketched. A more detailed picture of phonon coupling is given below. Transitions
to an excited electronic state are spread over a wide range of frequencies, because of
accompanying vibrational excitations. Upon the relaxation from the lowest vibrational
level of the excited electronic state to one of the multiple vibrational states of the ground
state, �uorescence is emitted. The latter is therefore distributed over several transitions
yielding a broad emission spectrum. The transition from the lowest vibrational level
of the excited to the lowest vibrational level of the ground state, does not involve any
phonons and is therefore denominated zero-phonon line (ZPL). The so-called phonon side
band (PSB) consists of transitions from the vibrational ground state of the excited level
into higher vibrational levels of the ground state, which are red-shifted with respect to
the ZPL. The intensity ratio emitted into the ZPL is referred to as Debye-Waller factor.
The emission linewidth of the ZPL is ultimately limited by the long lifetime of the excited
state, which is often in the nanosecond regime. However, at room temperature, the line
is considerably broader. At cryogenic temperatures it can get narrow and ultimately
approach its Fourier limit to provide indistinguishable photons. On the contrary, the
linewidths of the PSB transitions remain much broader, since they are determined by
the lifetime of the vibrations, which are on the order of some picoseconds.
Unlike systems based on single atoms, solid-state emitters exhibit inhomogeneous

broadening resulting from individual properties due to local variations in the embed-
ding matrix. This general de�ciency can be addressed by tuning techniques, for example
to overlap the ZPLs of two remote systems in order to generate indistinguishable photons.

18



2.2. Source types

2.2.4.1. Molecules

In 1992, for the �rst time, antibunching in the �uorescence emission of an emitter in
the solid state, namely a molecule of pentacene in a p-terphenyl host, was demonstrated
by T. Basche et al. [192]. Originally requiring cryogenic temperatures [193, 194, 195],
the emission of single photons from single molecules at room temperature has also been
shown [196, 197, 198, 60]. At liquid helium temperature, organic molecules in crystalline
hosts exhibit a good photostability (several days reported), as well as lifetime limited
ZPLs [146]. The ZPL emission of single molecules has been harnessed to produce indis-
tinguishable photons from one [199], or even two remote sources that were electrically
tuned via the Stark e�ect to achieve perfect spectral overlap [200, 201, 202]. The pho-
tostability is a major issue for molecules at room temperature. Even though, it can be
on the order of some hours in certain cases [60], it usually takes only a few seconds of
illumination with typical excitation intensities to destroy a chemically stable dye in a
polymer matrix [146].

2.2.4.2. Color centers in diamond

Color centers in diamond originate from defects in the carbon lattice like vacancies, sub-
stitutional or interstitial impurities that give rise to localized, discrete electronic states
within the wide bandgap (5.5 eV) of its diamond host. The electronic level structure
and photophysical characteristics are similar to that of molecules. However, concerning
the photo stability, color centers outperform molecules by far, because of the superior
mechanical rigidity of the diamond lattice and the good chemical protection it provides.
Due to its large refractive index (n = 2.4), total internal re�ection severely limits the
collection e�ciency of color centers embedded in bulk diamond. This problem is read-
ily circumvented for diamond nanocrystals, enabling a much larger collection e�ciency
[64]. Typical crystal diameters range from a few ten to one or two hundred nanometers.
However, as a result of the lower e�ective refractive index of the medium surrounding
the emitter, its �uorescence lifetime is increased yielding a smaller photon emission rate
[65, 66]. Utra-pure, low strain diamond is still di�cult to obtain in the form of nanocrys-
tals. Thus, color centers in nanodiamonds do usually not exhibit the good spectral and
spin properties achievable with bulk diamond samples. If the use of bulk diamond is
indispensable, solid immersion lenses can improve the collection by about one order of
magnitude [203, 204, 205, 206, 207]. Even though hundreds of color centers in diamond
have been reported, only few are well understood and amenable to a larger �eld of re-
search. Among the stable single-photon emitters at room temperatures [151, 208] are the
nitrogen-vacancy (NV) center, silicon-vacancy (SiV) center, the nickel-nitrogen complex
(NE8) [209, 210, 211], or the recently emerged germanium-vacancy center [212, 213].

The nitrogen-vacancy center

The NV center is a point defect in diamond with C3v symmetry consisting of a substitu-
tional nitrogen atom (N) with an adjacent lattice vacancy (V), as shown in Fig. 2.2(a). It
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Figure 2.2.: (a) Structure of the NV center in the diamond lattice given by a substi-
tutional nitrogen atom (N) and a lattice vacancy (V) between the nearest
neighbor carbon atoms (C). (b) Schematic of the electronic structure of the
NV center. Radiative transitions are indicated by solid arrows, weak and
strong non-radiative transitions by dotted and dashed arrows, respectively
[216, 217, 215].

exists in two charge states. The main focus of research is on the the negatively charged
NV-, while its neutral variant NV0 is of minor interest. In this work, for the sake of
brevity, the expression NV center refers to the negative charge state. One can distin-
guish between the charge states by detection of the optical zero-phonon lines at 637 nm
(NV-) and 575 nm (NV0), respectively. The subsequent presentation of the NV center
will be limited to its basic characteristics, referring to two extensive reviews [214, 215]
and references therein, for a deeper insight.
The NV center is the by far most investigated color center and was the �rst to be

addressed not only in an ensemble but individually [218, 219]. In the year 2000, its
potential as single-photon emitter was con�rmed using a bulk diamond sample [220, 221,
222], noting that

�Color centers are included in a solid matrix, are easy to handle, and ap-
pear to be good candidates for realizing single-photon sources for quantum
cryptography. We should obtain the ultimate e�ciency for such a source by
coupling the emitting dipole to a microcavity, so it will emit light in a single
mode.� [220]

The photostability of the NV center is excellent, it does not su�er from photobleaching
or �uctuation of the emission spectrum [218]. However, the �uorescence is emitted into a
broad spectrum originating from a strong PSB and spans over almost 100 nm peaking at
a wavelength of around 690 nm. Due to the sti�ness of the diamond lattice, the ZPL at
wavelength of 637 nm is still visible at room temperature. This is in general not the case
for molecules. The intensity fraction emitted into the ZPL is small, the Debye-Waller
factor is only around 0.04. The broadening mechanism of the ZPL will be discussed in
more detail below.
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In bulk diamond of type Ib, emission lifetimes of 12.9 ns and 11.6 ns were found for
natural and synthetic samples, respectively [223]. A saturated �uorescence intensity for a
single NV center of 1.7 ·107 photons per second at an excitation intensity of 2.4MWcm-2

has been reported, about 2% of which had been collected [218]. Collected photon rates of
several 1 · 105 s−1 can be achieved with the help of solid immersion lenses [203, 204, 207]
or nanophotonic structures [224, 225, 226, 227, 228].
A quantum e�ciency (QE) close to unity has often been assumed for NV centers in

bulk diamond [218]. However, values of 0.7 to 0.8 were observed for shallow-implanted
NV centers in a recent measurement [229] that was following a scheme similar to the
original Drexhage experiment [230, 231]. A QE of 0.7 valid for bulk samples had already
been proposed to partially explain measurements of the �uorescence decay rate of NV
centers in diamond nanocrystals [232].

Nanodiamonds

Diamond nanocrystals can also host NV centers and in particular single emitters, as
was �rst shown in 2001 [64, 233]. The �uorescence emission behavior of NV centers in
nanodiamonds (NDs) is modi�ed by the nano-environment [64, 66]. First of all, due to the
subwavelength dimensions of the diamond surrounding, the photons are not subject to
total internal refraction, resulting in a signi�cantly larger extraction e�ciency compared
to bulk diamond. Furthermore, the �uorescence lifetime is a�ected by the modi�ed local
density of states (LDOS). Chew analytically evaluated the spontaneous emission rates
of dipoles inside spherical dielectric particles, which may serve as �rst approximation
[65]: For a particle in air having a radius much smaller than the transition wavelength,
the LDOS is lowered by a factor of 9/

(
n2 + 2

)2. This corresponds to a reduction of the

transition rate by a factor of ΓND/ΓBulk = 9/n
(
n2 + 2

)2 compared to the rate in the
bulk material with equivalent refractive index n, independent of the dipole location. As
a result, the lifetime is increased dramatically for emitters in NDs, which implies a lower
�uorescence yield. A better picture can be obtained by evaluating the transition rate as
a function of the diameter of the spherical particle with FDTD simulations [66]. The
results indicate, that the emission rate is continuously suppressed with decreasing particle
size. A superimposed oscillating behavior presumably originates from interference e�ects
of the electric �eld within the sphere. A clear exposition of the involved e�ects can be
found in [234] where the dependence of the spontaneous emission rate on the size and
shape of a dielectric environment has also been systematically studied with europium
ions embedded in dielectric nanospheres.
In practice, the shape of diamond nanocrystals is typically irregular, giving rise to a

broad distribution of spontaneous emission rates. Reported lifetimes of NV centers in
nanocrystals with a mean size of 60 nm produced from high-pressure high-temperature
(HPHT) diamond are on the order of 23 ns [235]. The lifetime has also been measured for
di�erent ND sizes indicating that non-radiative decay emerges for small NDs with sizes on
the order of some ten nanometers [236, 66]. This e�ect is expressed by a reduced QE. For
NV centers in NDs with a mean size of 100 nm, measurements yielded a wide distribution
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of QEs ranging from 0.1 to 0.9, while QEs between 0 and 0.2 are proposed for 25 nm
crystals [232]. Embedding NDs in an air-like silica areogel allows to study the emission
behavior of NV centers with negligible contribution from the surrounding environment.
The mean lifetime of such a sample is increased with respect to NDs prepared on glass
coverslips and a mean QE of ∼ 0.7 has been reported [237]. It has also been shown that
the excitation intensity may a�ect the QE, which dropped from near unity to around 0.5
with increasing power for 50 nm NDs [238].

Electronic structure

The level scheme of the electronic structure, as understood until now [216, 217, 215], is
shown in Fig. 2.2(b). The ground state 3A2 is a spin triplet, with a zero-magnetic-�eld
splitting between the ms = 0 and ms = ±1 sublevels of 2.88GHz. The excited state
3E is also a spin triplet having a measured lifetime of 12.9 ns and 11.6 ns for natural
and synthetic bulk diamond, respectively [223]. Two intermediate singlet states 1A1

and 1E have been proposed that give rise to a radiative transition in the near infrared at
1042 nm7 [239, 216]. However, the reported lifetime of only 0.9 ns for the upper singlet 1E
points at a predominantly non-radiative decay [216]. The lower state 1A1 is metastable
with a temperature-dependent lifetime ranging from about 150 to 450 ns [240, 216, 241].
According to the current point of view, the non-radiative decay from the spin sub-levels of
the excited state 3E to the intermediate state 1E is slower for ms = 0 than for ms = ±1.
Furthermore, the non-radiative decay from the intermediate state 1A1 back to the spin
sub-levels of the ground state 3A2 is similar for the sub-levels. E�ectively, this leads to a
polarization into the ms = 0 sub-level after a few optical cycles. The NV center is thus
amenable to optical spin-polarization into the �bright� sub-level ms = 0 and its spin state
can be read out optically by the amount of detected �uorescence. It is quite exceptional
for a solid-state system to serve as spin-photon interface at room temperature. This is
also the basis for optically detected magnetic resonance (ODMR) experiments and has,
for instance, lead to the demonstration of nanoscale sensing of temperature [43, 44, 45],
as well as magnetic [39, 40, 41, 242, 20] and electric [42] �elds at ambient conditions.
Another remarkable feature of this color center is the very long coherence time of the

ground state electron spin of up to T2 = 1.8ms for isotopically engineered diamond at
room temperature [69], which can be seen as a result of the sti�ness of the diamond
lattice. The reported dephasing time is actually the longest ever observed in solid-state
systems and enables to control the coupling with close by electron and nuclear spins
[243, 244, 36]. This quali�es the NV center as quantum memory [34, 35, 36, 37, 38] at
ambient conditions and it may ultimately serve as a building block for quantum networks
[245, 21, 24, 22, 23].

Vibrational structure - phonon sideband

Like many other solid-state systems, color centers in diamond are exposed to distinctive
electron-phonon coupling. As a result, their emission and absorption spectra are often
7In [239], a wavelength of 1046 nm was reported, which was however a misprint according to [216].
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shaped by phonon sidebands (PSBs). First insight into the e�ect of lattice vibrations on
the emission and absorption behavior can be gained within the simple Huang-Rhys model
that considers only a single mode of vibration, in place of the quasi-continuum of modes
encountered in diamond. Within this model, the displacement of the nucleus between
the equilibrium positions of the corresponding electronic states is taken as the normal
coordinate. In the Born-Oppenheimer approximation, the quantum mechanical state is
described with the help of electronic and vibrational potentials that are decoupled from
each other, the latter being approximated by a harmonic potential of the normal coor-
dinate. The nuclear equilibrium positions of the electronic ground and excited state are
often not identical but deviate by δQ from each other, as shown in Fig. 2.3(a). According
to the Franck-Condon principle, the most likely transitions are, however, found for the
same nuclear con�guration of the involved states. In general, the transition probabilities
are proportional to the square of the overlap of the vibrational wave functions where the
overlap integrals are the so-called Franck-Condon factors.
The in�uence of lattice vibrations is now discussed by starting with the Huang-Rhys

model closely following the review of Davies [246]. The model system consists of one
ground and one excited state that both couple to a single mode of vibration. The vibra-
tional potential of the electronic ground state is approximated by a harmonic potential,

Vg =
1

2
mω2Q2, (2.1)

with the mass of the modem, its angular frequency ω, and its instantaneous displacement
from the equilibrium position Q. The potential of the excited state can be formulated
by

Ve = Ee +
1

2
mω2Q2 + aQ+ bQ2

= Ee +

(
1

2
mω2 + b

)(
Q+

a

mω2 + 2b

)2

− a2

2mω2 + 4b
, (2.2)

where a and b constitute the linear and quadratic electron-phonon coupling factors of
the excited state. The vibrations of the excited state may thus be centered around a new
equilibrium position and have another frequency compared to the ground state. De�ning
the displacement from the ground state equilibrium by

δQ ≡ − a

mω2 + 2b
, (2.3)

the new mode frequency by
Ω ≡

√
ω2 + 2b/m, (2.4)

and the relaxation energy, coming along with the modi�ed nuclear con�guration by

Er ≡
a2

2mω2 + 4b
, (2.5)
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the excited state potential adopts the simple form

Ve = Ee − Er +
1

2
mΩ2 (Q− δQ)2 . (2.6)

Since the frequency changes are small for diamond, one may set ω = Ω for now.
The wave function of the defect states can be written as the product of the electronic

state and the vibrational state, i.e. the nth state of the harmonic oscillator. For instance,
the state with minimal energy is the product of the electronic ground state φg(r,Q) with
the zeroth harmonic oscillator state χ0(Q):

ψ0(r,Q) = φg(r)χ0(Q). (2.7)

The slight dependence of the electronic state on the atomic position Q is neglected. The
probability of an optical transitions from the ground state to the excited electronic state
φe(r) and the nth vibrational state χn(δQ) is then proportional to the square of the
integral ˆ ˆ

drdQφ?e(r)χ
?
n(Q− δQ)Dφ?g(r)χ

?
0(Q), (2.8)

with the electric dipole operator D. The assumption that the integral over the electronic
states and the dipole operator is independent of the displacement coordinate Q is known
as Condon approximation:

ˆ
drφ?e(r)Dφ

?
g(r)

ˆ
dQχ?n(Q− δQ)χ?0(Q). (2.9)

It is usually justi�ed by an energy di�erence of the electronic states that is large enough
to prevent mixing of the electronic states by the vibration, i.e. the electronic states are
independent of Q. This is also expected for the dipole operator, since the diamond lattice
does not contain ionic charges that could generate modi�cations of the local electric �elds
as a result of vibrations. Given that the �rst integral has a certain value that can be
obtained experimentally from the radiative transition lifetime, the focus is on the second
integral. The so-called Franck-Condon factors are de�ned as

M0n =

ˆ
dQχ?n(δQ)χ0(Q). (2.10)

The harmonic oscillator states χ then yield

|M0n|2 =
e−SSn

n!
, (2.11)

with the Huang-Rhys factor

S = a2/2m~ω3 = Er/~ω. (2.12)

According to Eq. 2.11, the relative intensities of the optical transition to the excited
states φeχn, n = 0, 1, 2, ..., follow a Poisson distribution with the mean phonon number
S, as shown for S = 2.6 and n = 0, 1, ..., 6 in Fig. 2.3(b).
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Figure 2.3.: (a) Schematic of the Huang-Rhys model in the Franck-Condon approxima-
tion. The ground and excited states are given by harmonic potentials of
the nuclear displacement coordinate Q (black lines) and comprise equally
spaced vibrational sublevels, whose nuclear wavefunctions are shown, as well
(blue lines). The nuclear equilibrium position of the electronically excited
state is shifted by δQ. Multiple optical transitions between the vibronic lev-
eles are indicated by the colorful arrows pointing upwards and downwards,
corresponding to absorption and emission of photons, respectively. Addi-
tional non-radiative decay between vibrational sublevels is indicated by the
gray arrows pointing downwards. (b) Franck-Condon factors for absorption
(green) and emission (red), in the case of a single vibrational mode. (c) More
realistic model of the absorption (green) and emission (red) spectrum for a
continuum of phonon modes. The bandshape of the n-phonon sideband can
be determined from the one-phonon spectrum.
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For temperatures T > 0K, vibrational levels of the electronic ground state become
excited. The sum of all transitions between vibrational states with the same quantum
numbers (i.e. φgχn → φeχn,) form the zero-phonon line (ZPL). Thus, the ZPL consists
of several lines separated by ~(Ω − ω). These are, however, not observable due to the
coupling to a continuum of modes, as discussed below. The transitions with ∆n ≥ 1
create phonon sidebands (PSBs), which are shifted to lower energies with respect to the
ZPL in the photoluminescence spectrum. The nth PSB is at a photon energy of

hν0n = Ee − Er + n~ω. (2.13)

The energy of the electronic ground state E at the equilibrium position Q = 0 can be
expressed as

Ee =

∑∞
n=0 |M0n|2 hν0n∑∞

n=0 |M0n|2
. (2.14)

In this simple model, for equal vibration frequencies ω = Ω and assuming that the system
starts in the lowest vibrational level of the ground state, the absorption and the emission
spectrum are simply mirrored at the ZPL with respect to each other.
The Hung-Rhys factor S is also a measure for the fraction of the transition probability

of the ZPL

S = ln

( ∞∑
n=0

|M0n|2 / |M00|2
)
, (2.15)

and can thus be estimated from the photoluminescence or the absorption spectrum of
a color center. For the NV center, a Huang-Rhys factor of S = 3.73 and an energy of
the vibrational mode of ~ω = 65meV have been reported [246]. The maximum of the
emission spectrum is located around νmax = νZPL + S · ~ω.

So far, the coupling of the electronic state to a single vibrational mode has been dis-
cussed. However, defects in diamond are typically coupled to a continuum of vibrational
modes. For a more realistic description, the model is now re�ned with little e�ort, by
considering a sum of N vibration modes. Under the restriction of linear electron-phonon
coupling, Eqs. 2.1 and 2.2 yield

Vg =
1

2

∞∑
i=1

miω
2
iQ

2
i , (2.16)

Ve = Ee +
1

2

∞∑
i=1

miω
2
iQ

2
i +

∞∑
i=1

aiQi

= Ee +
1

2

∞∑
i=1

miω
2
i

(
Qi +

ai
miω2

i

)2

− 1

2

∞∑
i=1

a2
i

miω2
i

. (2.17)

All modes of vibration in the potential sum are independent of each other. Thus, the
vibronic wavefunction can be factorized into

ψe(r,Q1, Q2, ..., QN ) = φe(r)

N∏
i=1

χni
i (δQi), (2.18)

26



2.2. Source types

where each vibrational mode χni
i can be excited into any state ni, and δQi = Qi −

ai/miω
2
i . As shown later, it is useful to form a sum over individual Huang-Rhys factors

for each mode:

S =
N∑
i=1

Si, (2.19)

Si =
a2
i

2~ω3
imi

, (2.20)

where the relaxation energy of the ith mode equals Si~ω.
In the one-phonon sideband, only a single vibrational mode is excited . This quantum

of excitation can be in any of the N modes. In this case, the Franck-Condon factors for
exciting exclusively the ith mode is given by

M i
01 =

ˆ
dQ1χ

0?
1 (Q1)χ0

1(δQ1)...

ˆ
dQiχ0?

i (Qi)χ
1
i (δQi)...

ˆ
dQNχ0?

N (QN )χ0
N (δQN ),

(2.21)
which can be abbreviated as∣∣M i

01

∣∣2 = Si exp(−Si)
∏
j 6=i

exp(−Sj) = Sie−S . (2.22)

Making use of this result, the total relative intensity of the one-phonon sideband reads

|M01|2 =
∑
i

∣∣M i
01

∣∣2 = e−S
∑
i

Si = Se−S . (2.23)

In analogy, the calculations for an n-phonon sideband yield

|M0n|2 =
Sne−S

n!
, with

∞∑
n=0

|M0n|2 = 1. (2.24)

Note, that this equation is formally equivalent to the case of a single mode of vibration,
Eq. 2.11. All vibrational modes are independent of each other. Consequently, the case
for n phonons, absorbing at a frequency ν from the ZPL can be expressed by the case
for (n− 1) phonons absorbing at (ν − x) plus one more phonon at a frequency x. Thus,
the bandshape of the n-phonon sideband In(ν) can be evaluated recursively from the
one-phonon bandshape I1(ν)

In(ν) =

ˆ ωm

0
dxI1(x)In−1(ν − x), forn > 1, (2.25)

with the maximum vibrational frequency ωm. This is an important outcome, since the
complete PSB is obtained, if S and the one-phonon bandshape I1(ν) are known. Due
to the evaluation by convolution, the bandshape gets increasingly broader for higher
order phonon modes, as indicated in Fig. 2.3(c). Note that the bandshape (In(ν)) is a
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transition probability. An absorption spectrum is obtained by multiplying the bandshape
by the photon frequency ν, and by ν3 for the luminescence spectrum, respectively.
Davies et al. made use of the linear model to describe the optical spectrum of the NV

center [247, 248]. Electronic ground state modes with a vibrational energy of around
67meV were found to interact particularly strongly with the excited electronic state.
Therefore, the Huang-Rhys model, considering a single mode of vibration only, serves
well to understand the electron-phonon coupling mechanism of the NV center. For a
deeper insight into the vibronic structure of the NV center, one may refer to the good
overview by Doherty et al. [215] or consult ab initio studies, e.g. by Gali et al. [249].

Broadening mechanism of the zero-phonon line

The broadening of the ZPL of the NV center is caused by two main e�ects [32]: De-
phasing of the optically excited state attributed to the dynamic Jahn-Teller e�ect [246]
and spectral di�usion due to a time-dependent Stark-shift, which is originating from a
�uctuating electric environment [67, 250].

The excited state of the NV center 3E is an orbitally degenerate doublet (Ex,Ey), which
is coupled to a doubly degenerate vibrational mode (e) resulting in a classic E� e Jahn-
Teller system. The coupled vibronic system yields three con�gurations with minimal
energy [251]. If the phonon energy is not enough to overcome the energy barrier between
these minima, the system will remain in one of the minima. This is the static Jahn-
Teller e�ect. In contrast, the dynamic Jahn-Teller e�ect corresponds to the situation
where the phonon energy is large enough to induce dynamic tunneling processes through
the barrier. For the NV center, the local energy minima are separated by a barrier of
only 10meV and, while the calculated energy of the local vibration mode is 71meV [251],
such that frequent tunneling is expected.
In other words, vibrations may induce transitions between Ex and Ey by a two-phonon

Raman process [29]. This Raman relaxation reduces the electronic lifetime of both states
Ex and Ey giving rise to dephasing of the optical transition and a broadening of the ZPL.
Based on �rst-principle calculations and an analysis of the vibronic interaction model,
Abtew et al. derived the temperature-dependent dephasing rate of the ZPL [251], which
is in very good agreement with measurements by Fu et al. [29]. The data was obtained
with a 〈111〉-oriented type IIa natural diamond sample with a low NV center density.
The calculated linewidth of the ZPL is given by

γ(T ) = γ0 + 2W (T ), (2.26)

where γ0 = 2π · 16.2MHz and

W (T ) =
8π

~

(
Ω

2π2~3v3
s

)2

C4(kBT )5I4

(
~ωD
kBT

)
, (2.27)

with the Debye integral I4(y) =
´ y

0 dx
[
x4ex/(ex − 1)2

]
for an appropriately chosen cuto�

energy (Debye energy), here ~ωD = 50meV, the sound velocity in diamond vs = 1.2 ·
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Figure 2.4.: (a) Debye intgral I4(~ωD/kBT ) for ~ωD = 50meV (b) Calculated linewidth
of the the ZPL closely reproducing measurements by Fu et al. [29]

104 ms−1, and the volume of the diamond unit cell Ω =
(

8r/
√

(3)
)3
, with a radius

r = 200 pm (see Fig. 2.4(a)). The coupling constant C is given by C = F/ω0

√
2M , with

the vibronic coupling constant F = 0.74 eVÅ−1 at the phonon energy ~ω0 ≈ 70meV, and
the mass of the carbon atomM . In the low temperature limit, the Debye integral results
in I4(∞) = 4π4/25.
The characteristic temperature scaling of the linewidth γ/2π is shown in Fig. 2.4(b).

While it is close to its spontaneous emission lifetime limit of 13 MHz for temperatures
below about 10 K, the linewidth scales approximately with T 5 in the intermediate tem-
perature range for 10K . T . 100K. At room temperature, dephasing increases the
linewidth to a few THz.
In summary, the optically excited state of the NV center is subject to the dynamic

Jahn-Teller e�ect. The induced dynamic population transfer results in dephasing and
homogeneous broadening of the ZPL at �nite temperatures. To date, this seem to be the
dominant contribution to electron-phonon coupling.

It is commonly accepted that spectral di�usion originates from a varied DC Stark-
shift, which is caused by a �uctuating electrostatic environment. It becomes manifest
by inhomogeneously broadened emission lines, as a result of random jumps of the emis-
sion wavelength. These jumps occur on a timescale much faster than the recording time
of a spectrum leading to a ZPL with Gaussian shape. The spectral di�usion time was
measured for nanocrystals milled from high-quality type Ib bulk diamond with sizes be-
tween 30 and 100 nm. At cryogenic temperatures (T = 5 − 20K) it amounts to a few
microseconds [250]. Changes of the local electrostatic �eld of NV centers are attributed
to nearby charge traps [252] and impurities that can be ionized by the excitation laser. In
diamond, substitutional nitrogen constitutes the predominant impurity with an optical
ionization energy of 2.2 eV [253]. Note that, excitation light at a wavelength λ = 532 nm

29



2. Single-photon sources

has a photon energy of 2.33 eV and can therefore ionize nearby nitrogen atoms. In con-
clusion, spectral di�usion can be reduced by using an excitation wavelength low enough
to prevent ionization of nitrogen [254]. NV centers located close to the surface may also
su�er from spectral di�usion induced by charge traps arising from surface defects. NV
center in small NDs or shallow centers created by implantation are especially susceptible
in this regard.
The Stark shift of the excited state of an NV center caused by a single elementary

charge at a distance of 10 nm may be as large as several hundreds of GHz [250, 67, 255].
In return, the Stark shift can also be harnessed to tune [67, 252] or stabilize [255] the
spectral position of the ZPL. In general, the degree of spectral di�usion critically depends
on the quality of the diamond sample and in particular on the amount of substitutional
nitrogen. For nitrogen-rich type Ib NDs the linewidth of the ZPL may be on the order of
0.5 nm, corresponding to spectral di�usion of several hundreds of GHz [250]. However,
in spite of spectral di�usion and spin-nonconserving transitions, linewidths as small as
16MHz, i.e. close to the lifetime limit, have been observed in milled, synthetic, high-
pressure high-temperature, type Ib nanocrystals at cryogenic temperatures, as well [68].
The abundance of NV centers with these superior properties in such a sample is probably
extremely low. Linewidths of a few hundred MHz have been reported for ultra-pure
synthetic IIa bulk diamond with a nitrogen concentration below 5 ppb, which was grown
by chemical vapor deposition [254]. Linewidths as low as 16.2MHz were measured for
a natural IIa diamond sample with low NV density, which is again close to the lifetime
limit [29].
In short, spectral di�usion stems from a DC Stark shift, which is induced by a variation

of the local electric �eld. These �uctuations are caused by nearby impurities like sub-
stitutional nitrogen and charge traps. Thus, the ZPL experiences a broadening that can
be as large as several hundreds of GHz. To my understanding, the dominant broadening
mechanism of the ZPL at room temperature is however dephasing due to the Jahn-Teller
e�ect followed by spectral di�usion.

At cryogenic temperatures, the generation of indistinguishable photons from two re-
mote NV centers has been accomplished [256, 257]. In order to achieve the spectral
overlap between the two ZPLs, the NV centers were electrically tuned by inducing a
DC Stark shift. Quantum entanglement between an emitted photon and the spin of the
center is feasible [258]. Furthermore, by entanglement swapping [259], indistinguishable
photons originating from two remote NV centers serve to transfer the entanglement to
their spins [260]. This technique also lead to the �rst realization of a loop-hole free Bell
test [139]. However, for this approach, the rate of successfully established entanglement
events is still low (about 1h−1) compared to systems relying on SPDC, representing
statistically more signi�cant proofs [140, 141].

The silicon-vacancy center

The SiV center is formed by introducing a silicon atom into the diamond lattice replacing
two carbon atoms. It is located along the 〈111〉 direction in between two lattice sites in
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a so-called split-vacancy con�guration [261, 262, 263, 264]. In contrast to the NV center,
the linear electron-phonon coupling at room temperature is weak. Thus its �uorescence
is predominantly emitted into the sharp ZPL located around 740 nm [24], with a Debye-
Waller factor of around 0.7. A linewidth below 1 nm at room temperature has been
observed [265, 266]. Even though the excited state lifetime is on the order of only 1 ns,
the brightness is in general not superior to that of the NV center [267, 268, 208], because
its quantum e�ciency is lower. Values between 0.05 [269] and 0.63 [270, 99] have been re-
ported with a dependence on the temperature [271] and the sample preparation method.
Early attempts where single SiV centers were produced by ion implantation into bulk
natural diamond, showed photo count rates of only around 1 · 103 s−1 [267, 150]. Alter-
natively, single SiV centers can be found in diamond grown by chemical vapor deposition
(CVD) techniques. In this process, silicon is often etched from the reactor walls and
in-situ incorporated into the diamond lattice8. Nanodiamonds produced from low-stress,
single crystalline CVD �lms yield single-photon count rates exceeding 1 · 105 s−1 [268].
Even larger values, of up to 6·106 s−1, have been reported for randomly oriented NDs and
oriented heteroepitaxial nano-islands grown on iridium �lms [265, 266, 270]. The authors
assume that the high brightness is not exclusively due to the larger collection e�ciency
on the re�ective iridium substrate, but points to a slightly improved quantum e�ciency.
Photo bleaching and blinking limits the group of fully photostable emitters to about
20-30% [270]. The ZPLs have a spectral width of only 1.3± 0.4 nm, but exhibit a broad
distribution ranging from 730 to 750 nm, probably owing to variable stress in the NDs
[266]. The temperature-dependent (5-295K) ZPL �ne structure, line shift and widths
have been investigated in detail for single SiV centers in CVD NDs on iridium, as well
as an ensemble of SiV centres in a high-quality, low-stress, homoepitaxial diamond �lm
[272]. While most of the single SiV centers showed an emission linewidth between 25 and
160GHz at 5K, due to phonon broadening in the presence of impurities and additional
spectral di�usion, individual �ne structure components of the ensemble exhibited values
down to 9GHz. Recently, the underlying electron-phonon interactions have also been
studied thoroughly [273]. Combining the large collection e�ciency typical of NDs with
the advantageous spectral emission properties of homoepitaxial diamond �lms would be
a great leap towards the realization of bright sources of indistinguishable single photons.
This issue can for example be addressed by photonic structures, directly fabricated in
high-quality diamond embedding individual color centers [225]. For instance, Purcell en-
hancement has been shown for SiV centers coupled to photonic crystal cavities fabricated
in single crystal diamond, enabling mode volumes on the order of λ3 [98, 99, 106].
Remarkably, in low-strain bulk diamond at 4K, multiple intrinsically identical, single-

photon emitting SiV centers have been observed, a novelty for solid-state systems [274].
The collectable single-photon rates are on the order of some 1 · 105 s−1. Since the nearly
transform-limited linewidths did not show spectral di�usion, it was possible to demon-
strate the creation of indistinguishable photons from two separated SiV centers in a
Houng-Ou-Mandel interference test without the need of tuning [275]. First steps towards

8 Because silicon is much less abundant in natural diamond, the detection of silicon impurities also
serves to indicate the synthetic origin of a diamond sample.
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accessing and manipulating the spin of the SiV center have been successfully undertaken
[276, 277, 278]. In contrast to the NV center, these experiments are restricted to cryogenic
temperatures, however.

2.2.4.3. Quantum dots

Quantum dots (QDs) are nanoscale structures in semiconductors that give rise to an
energy quantization as a consequence of a strong spatial con�nement of conduction-band
electrons or/and valence-band holes. In contrast to quantum wells and quantum wires,
being con�ned in one, respectively two dimensions, QDs exhibit a full three-dimensional
con�nement. Di�erent fabrication techniques and thus, a large variety of systems exist.
Here, we focus on epitxial semiconductor QDs that prove as stable, bright and pure (low
g(2)(0)) single-photon emitters at cryogenic temperatures. The electronic con�nement is
obtained by creating a nanometer-sized island of one semiconductor within another, the
latter having a larger band gap. When an electron is optically or electrically [167, 279]
excited from the valence to the conduction band, a hole remains in the valence band.
If the electrons and holes are originally excited to higher levels, they usually experience
fast non-radiative relaxation into their lowest states and can form an exciton trapped
to the QD. Recombination of the electron in the ground state of the conduction band
with the hole in the valence band can occur radiatively under the emission of a photon.
The lifetime is typically on the order of 1 ns. Besides the exciton, multi-particle states
combining di�erent numbers of electrons and holes exist, for example the biexciton,
involving two electrons and two holes. As a consequence, the observed photoluminescence
spectrum consists of multiple emission lines for above-band excitation. In order to observe
single photons, one transition has to be spectrally isolated, for instance by a simple
external bandpass �lter or by an optical cavity.
On the basis of CVD or molecular-beam epitaxy, self-assembled QDs can be grown. A

very common approach is the Stranski-Krastanov mode applied to the semiconductors
indium arsenide (InAs) and gallium arsenide (GaAs) [280]. When InAs is deposited on
GaAs, strain arises due to the lattice mismatch of the two crystalline materials. Only
the so-called wetting layer, about one or two monolayers thick, still constitutes a smooth
�lm matching the underlying crystal lattice. In further layers, self-assembled islands
start to form reducing the overall strain. Their thickness ranges from 4 to 7 nm, their
diameter from 20 to 40 nm [147]. Finally, a capping layer of GaAs is applied. The level
structure and therefore the emission characteristics of the QDs is strongly correlated to
the particular size, shape and the mixture of InAs and GaAs of such an island. Because
these parameters are slightly di�erent for each QD, the emission wavelengths of an en-
semble exhibits a large inhomogeneous broadening, i.e. they are widely spread. The
possible emission wavelength for this material combination spans from 850 to 1000 nm.
Furthermore, the location of the structures is not prede�ned. Techniques to achieve site-
controlled QD growth however exist, an important step towards scalable systems (see
[281, 153] and references therein).
Just like color centers in bulk diamond, QDs in GaAs, having a refractive index of

3.8, su�er from a reduced collection e�ciency as a result of total internal re�ection. Mi-
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crocavities, directly fabricated around the QDs, can serve to channel the emission into
a well-collectable mode and Purcell-enhance the emission rate to overcome this short-
coming. A very common approach relies on planar distributed Bragg re�ector (DBR)
microcavities [282, 283, 284, 285, 286, 287, 288, 289, 290, 291]. Alternating, optical
quarter-wavelength-thick layers of high and low refractive index, usually GaAs (n = 3.8)
and AlAs (n = 3.0), serve to longitudinally con�ne an optical mode. A one optical wave-
length thick spacer layer of GaAs in between the DBR system hosts the InAs islands at
its center. Lateral con�nement is achieved by etching pillars or microposts out of the
layer system. Because of the large refractive index contrast with the surrounding medium
(usually air), total internal re�ection proves bene�cial, in this case. A larger number of
layer pairs beneath the QD ensures that most of the light is coupled out of the top of
the pillar, allowing for a high extraction e�ciency. Mode volumes on the order of λ3

and below, and quality factors of some 1 · 103− 1 · 104 provide a large coupling strength,
enabling coherent light-matter interaction.

A wealth of seminal experiments have been performed with QDs. A good idea of their
potential can already be obtained by primarily considering the subgroup of In(Ga)As/GaAs
QDs typically operating at temperatures of a few Kelvin. Starting around the year 2000,
a number of QD-based single-photon sources were reported, among them QDs embedded
in microdisk resonators [292] and pillar microcavities [285, 286], or without cavity [293].
Furthermore, QDs have also been successfully coupled to photonic crystal cavities [294].
In 2001, an electrically driven single-photon source was demonstrated by integrating QDs
into a conventional semiconductor light-emitting diode, as a step towards better practi-
cality [279]. Remarkably, the polarization, the oscillator strength, and the energy of the
optical transitions in a single QD can be tuned with a DC voltage [295]. Quantum key
distribution based on a QD single-photon turnstile was realized [122]. By means of opti-
cal or electrical excitation, indistinguishable photons originating from one and the same
QD [296, 297, 15] or even from two remote systems can be produced [298, 299]. For a sin-
gle QD, the strong coupling regime of cavity quantum electrodynamics has been reached
[287, 288], photon blockade [300], and resonantly driven coherent oscillations have been
demonstrated [301, 302], just like the onset of lasing in the strong coupling regime [303].
Highly e�cient single-photon sources based on a QD in a photonic nanowire [13] and a
micropillar cavity [291] have been implemented, providing collected photon count rates of
several 1·105 s−1. Moreover, entangled photon pairs can be produced [304, 305, 306, 307],
even with a high degree of indistinguishability I > 0.8 and a large e�ciency ε > 0.8 at
the same time [290]. A teleportation protocol has been experimentally demonstrated
[308].

As this far-from-complete overview may illustrate, semiconductor QDs are a promising
tool for QIP. Advanced semiconductor device technology allows their arti�cial growth
and integration into miniaturized monolithic cavities, in order to tailor the light-matter
interactions to multiple requirements. However, a major drawback is their weak carrier
con�nement that requires operation at cryogenic temperatures. Even though other QD
systems providing single photons at room temperature are being explored [309], the lack
of long spin coherence times still sets a noteworthy limit to their �eld of application.
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2.2.4.4. Carbon Nanotubes

Optically excited single-photon emission from single-wall carbon nanotubes (CNTs) at
low temperatures (< 25K) was shown in the near infrared by Högele et al. in 2008 [310].
It was attributed to Auger processes inhibiting multi-photon generation to some degree
and the existence of localized excitons. However, it has not been completely resolved,
why CNTs behave like single-photon emitters. One possible explanation is based on the
assumption of extremely well-localized excitons due to an individual state with lowered
energy. The latter might be caused by a distortion of the environment of the CNT,
e.g. by doping. In 2015, room-temperature, �uctuation-free single-photon emission in
the near infrared has been shown by Ma et al. [311]. Here, single-wall CNTs had been
incorporated into a SiO2 matrix, giving rise to the creation of solitary oxygen dopants.
Only recently, the potential for electrical excitation of semi-conducting CNTs for single-
photon emission has been investigated under cryogenic conditions by Khasminskaya et
al. [312]. In this approach, the CNTs serve as single-photon emitters and provide the
electrical lead at the same time. The emitted photons are directly coupled into an optical
waveguide for e�cient light collection.

2.2.5. Summary

It is fair to say that to date no single concept is able to satisfy all requirements on an
ideal single-photon source at once. Especially practical considerations, like scalability or
operability at ambient conditions represent major obstacles for many approaches that
exhibit excellent properties otherwise. The NV center in diamond stands out, because
apart from providing single photons, it may serve as quantum memory and spin-photon
interface. Its quantum mechanical functionality is preserved up to room temperature
and diamond nano-engineering has the potential to enable scalable systems [313, 314,
243, 36, 315, 316]. The phonon-induced broad emission spectrum represents a major
downside. However, by coupling the NV center to an ultra-small mode volume cavity
with low �nesse, its entire emission spectrum can be Purcell-enhanced, to allow for a
large brightness and near-unity collection e�ciency.

2.3. Characterization

2.3.1. Saturation behavior

We introduce a simple model to gain basic understanding about the saturation behavior
and the e�ciency of single color centers that behave like emitting dipoles with strongly
damped coherence at room temperature. The system consists of two discrete energy
levels and an additional mode continuum of higher levels, such that it can be driven non-
resonantly. The ground state |1〉 is separated by the energy hν0 from the excited state
|2〉, as shown in Fig. 2.5(a). Excitation into higher levels of the continuum is achieved by
illumination with a laser with frequency νL > ν0, when an excitation photon is absorbed.
From the higher levels the system relaxes nonradiatively and very fast into the excited
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Figure 2.5.: (a) Two-level scheme with continuum of higher levels (b) Three-level scheme
involving the additional metastable state |3〉.

state |2〉. From here it decays radiatively into the ground state |1〉 by spontaneous
emission of a photon with frequency ν0. Before the system can re-emit another photon,
it has to be recycled into the excited level. Since this is connected with a certain time
delay, the system may act as single-photon source.
For a negligible relaxation time from the higher levels to the excited state, the pump

rate coe�cient k12 is proportional to the excitation laser power Pex,

k12 = aPex, (2.28)

with the constant of proportionality a. The optical transition featuring the �uorescence
of the color center is characterized by the rate k21. The populations of the involved levels
ρ1, ρ2 sum up to unity,

ρ1 + ρ2 = 1. (2.29)

If coherences are not considered, the population dynamics are governed by rate equations:(
ρ̇1

ρ̇2

)
=

(
−k12 k21

k12 −k21

)
·
(
ρ1

ρ2

)
. (2.30)

Pumping with a continuous wave laser results in reaching a steady state when ρ̇1 = ρ̇2 =
0. Equations 2.29 and 2.30 yield the equilibrium population of the excited state

ρ2(t→∞) =
k12

k12 + k21
. (2.31)

The photon emission rate R = k21ρ2 is determined with the help of Equs. 2.28 and 2.31,

R(Pex) =
k21Pex

Pex + k21/a
=

k21Pex
Pex + Psat

, (2.32)
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with the saturation power Psat = k21/a. As a consequence, the emission rate increases
approximately linearly with the excitation power for Pex � Psat, whereas it converges to
k21 for Pex � Psat. This behavior is well-known as saturation. From the point of view
of this simple model, the emission rate is only limited by the intrinsic decay rate from
the excited to the ground state k21. The brightness of a single-photon source is then
directly determined by the decay rate or alternatively the �uorescence lifetime 1/k21 of
the optical transition.
The saturated emission rate serves as indicator for the intrinsic brightness of a source.

It is independent of the excitation power and expresses the maximally obtainable rate of
single-photons

R∞ = R(Pex →∞) = k21. (2.33)

This basic model gives insight into the physical process of saturation and provides a
parameter to compare the brightness of single-photon sources. The exact electronic level
structure of an emitter is often not of primary interest and the simpli�cation is appropri-
ate in this context. However, the simple model inherently fails in explaining phenomena
connected to additional levels like metastable states. Also known as �shelving states�,
these states can trap an electronic excitation for a certain time span and degrade the
brightness of the source. Note that the decay via the metastable state does not contribute
to the �uorescence. In order to gain understanding about the related phenomena, the
model is extended by an intermediate level |3〉 that represents a metastable state (see
Fig. 2.5(b)) [221]. Like before, coherences are assumed to be damped fast, such that they
do not play a role. Two additional transitions are now considered. First, the decay from
the excited state |2〉 to the metastable state |3〉 with the rate k23. Second, the decay from
the metastable state |3〉 to the ground state |1〉 with rate k31. Even though, a transition
from the shelving state to the excited state is in principal possible, �deshelving� is omit-
ted, here for simplicity9. Population dynamics are then governed by the following rate
equations  ρ̇1

ρ̇2

ρ̇3

 =

 −k12 k21 k31

k12 −k21 − k23 0
0 k23 −k31

 ·
 ρ1

ρ2

ρ3

 . (2.34)

Analytically resolving this set of equations yields the steady state population of the
excited level

ρ2(t→∞) =
k12

(1 + k23
k31

)k12 + k21 + k23

. (2.35)

The emission rate as a function of the excitation power is then given by

R(Pex) =
ξk21Pex
Pex + Psat

, (2.36)

9After deshelving back to the excited state, relaxation to the ground state would give rise to another
photon that may in�uence the saturation behavior and the g(2)-function.
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with
ξ =

1

1 + k23
k31

(2.37)

and
Psat = ξ(k21 + k23)/a, (2.38)

in analogy to the calculus of the previous model. The factor ξ can be interpreted as the
time ratio the system is cycling through the �uorescence transition from |1〉 to |2〉. The
brightness or saturated emission rate of the source is then modi�ed to

R∞ = ξk21. (2.39)

Obviously, the brightness decreases with an increasing ratio k23/k31. Even for small
transition rates into the shelving state k23, the brightness can be diminished considerably,
if k31 � k23. Cycling through long-lived metastable states is thus disadvantageous for
the realization of bright single-photon sources. In contrast, the brightness approaches
the value of the two-level model k21 for ξ → 1, i.e. k23/k31 → 0.

2.3.2. The second-order correlation function

Correlation functions are used to quantify the degree of coherence of electromagnetic
�elds. The �rst order correlation function g(1) quanti�es the ability of two electric �elds
to interfere and can be determined experimentally with a Michelson interferometer, for
instance. Note that g(1) is only related to the spectrum and �elds with the same spectral
properties cannot be distinguished from their �rst-order degree of coherence. The second-
order correlation function g(2) correlates intensities instead of amplitudes [317, 318, 150].
Knowledge about the latter reveals whether a light �eld requires classical or quantum
mechanical description and can prove single-emitter behavior.
In classical theory, a temporal second-order correlation function is given by

g(2)(τ) =
E∗(t)E∗(t+ τ)E(t+ τ)E(t)

〈E∗(t)E(t)〉〈E∗(t+ τ)E(t+ τ)〉
=
〈I(t) · I(t+ τ)〉
〈I(t)〉2

, (2.40)

where E(t) and E(t)∗ are the time dependent electric �eld amplitude and its complex
conjugate, I(t) is the average intensity, τ a time delay and 〈 〉 denotes a statistical average,
in this case an average over a long time interval. According to the Cauchy-Schwartz
inequality, the average intensities at two di�erent points in time t1, t2 satisfy

2I(t1)I(t2) ≤ I(t1)2 + I(t2)2. (2.41)

This relation can be used to prove that{
I(t1) + I(t2) + ...+ I(tN )

N

}2

≤ I(t1)2 + I(t2)2 + ...+ I(tN )2

N
, (2.42)

which can be abbreviated as
〈I(t)〉2 ≤ 〈I(t)2〉. (2.43)
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In combination with Eq. 2.40 this results in

g(2)(0) ≥ 1. (2.44)

Equation 2.41 can be furthermore used to derive

{I(t1)I(t1 + τ) + ...+ I(tN )I(tN + τ)}2

≤
{
I(t1)2 + ...+ I(tN )2

}{
I(t1 + τ)2 + ...+ I(tN + τ)2

}
, (2.45)

where the summations on the right side will be equal for measurement series that are
su�ciently long and numerous. Finally this yields

〈I(t)I(t+ τ)〉 ≤ 〈I(t)2〉, (2.46)

or more compact

g(2)(τ) ≤ g(2)(0). (2.47)

In summary, for classical �elds, the second-order correlation function never exceeds
its value at τ = 0 and is always larger or equal to 1. Thermal or coherent light satisfy
these relations. When g(2)(τ) < g(2)(0) for τ < τc, there are more photon correlations
for times shorter than the correlation time τc. Photons preferentially arrive together in
bunches rather than stochastically. This phenomenon named photon bunching is observed
for thermal light, for instance. The violation of one of the relations 2.44 or 2.47 is
used to prove the nonclassical character of an investigated �eld. For example, when
g(2)(τ) > g(2)(0) more photon pairs are detected with larger rather than shorter time
di�erences, which is the opposite e�ect called photon antibunching. Furthermore, �elds
can be classi�ed as sub-Poissonian, Poissonian and super-Poissonian, for which g(2)(0) <
1, g(2)(0) = 1 and g(2)(0) > 1, respectively. Note that sub-Poissonian statistics and
antibunching are in general distinct e�ects and the respective de�nitions should not be
confused [319].
By way of example, the second-order correlation function of three classical light sources

are quoted from [318]. Coherent light �elds of a single frequency, produced by lasers, for
instance, are the most simple case:

g
(2)
coh(τ) = 1. (2.48)

The constant value indicates that there is no time correlation among the photons. In con-
trast, the photons of thermal light �elds originating from a large number of independent
emitters tend to bunch. For thermal sources with a Lorentzian or Gaussian frequency
distribution stemming from collision-, respectively Doppler-broadening, it can be shown
that

g
(2)
Lorentz(τ) = 1 + e−2γ|τ | (2.49)

g
(2)
Gauss(τ) = 1 + e−δ

2τ2 . (2.50)
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Figure 2.6.: Second-order correlation function for di�erent types of light sources: Single
photons (blue), coherent light (black), and thermal sources with a Gaussian
(green) or a Lorentzian (red) frequency distribution.

Here, g(2)(0) = 2 and g(2)(τ → ±∞) = 1, such that thermal sources can be categorized
as super-Poissonian and bunched. All three examples are plotted in Fig. 2.6, together
with the second-order correlation function of an ideal single-photon source. The latter
cannot be obtained within classical theory.
The transition from a classical to a quantum mechanical treatment is achieved by

expressing the electric �eld by an operator

Ê(t) ∝ âe−iω + â†eiω, (2.51)

with the common photon destruction and creation operators â†(t) and â(t) that obey the
relations

â†|n〉 =
√
n+ 1|n〉 (2.52)

â|n〉 =
√
n|n− 1〉. (2.53)

Here, |n〉 represents a Fock or number state and contains precisely n photons. The
second-order correlation function translates to

g(2)(τ) =
〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉

〈â†(t)â(t)〉2
. (2.54)

For the derivation, consult, for instance [150].
For all number states with n ≥ 1, it can be shown that

g(2)(0) =
〈n(n− 1)〉
〈n〉2

= 1− 1

n
(2.55)

holds true. A �eld containing a single photon results in g(2)(0) = 0. This is in contradic-
tion with Eq. 2.44 and indicates that the �eld is of non-classical origin. Since g(2)(0) > 0
for all �elds containing more than a single photon, the second-order correlation function
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2. Single-photon sources

serves as a standard for the purity of a single-photon source. A measurement resulting in
g(2)(0) < 0.5 reveals single-photon emission. Alternatively, Eq. 2.55 provides an estimate
for the number of emitters in an ensemble.

The complete second-order correlation function can be evaluated by normalizing the
population ρ2(t) to ρ2(t→∞) [221]. The basic model without metastable state that was
introduced in the previous paragraph yields [150]

g(2)(τ) = 1− e−|τ |/τ0 , (2.56)

with
τ0 =

1

k12 + k21
. (2.57)

As expected, antibunching already emerges even for this most simple treatment, as dis-
played by the clear dip at τ = 0, as shown in Fig. 2.6. The time constant τ0 determines
the time delay between the generation of two consecutive photons.
Things get more subtle when the three-level model is applied [150], resulting in

g(2)(τ) = 1 + c·e−|τ |/τ1 − (1 + c)·e−|τ |/τ2 , (2.58)

where

c =
1− τ1k31

k31(τ1 − τ2)
, (2.59)

τ1,2 = 2/(A±
√
A2 − 4B), (2.60)

and
A = k12 + k21 + k23 + k31 (2.61)

B = k12k23 + k12k31 + k21k31 + k23k31. (2.62)

The second order correlation function of the three-level system is shown in Fig. 2.7.
Note that both antibunching at τ = 0, as well as correlated emission around the anti-
bunching dip is possible. To illustrate the in�uence of the additional state, we show two
more examples where the transition rates to and from the shelving level are modi�ed,
while the rates connected to the optical transition are kept constant. For a small proba-
bility to decay into and stay in the shelving state, i.e. small values of k23/k31 and k31, the
g(2)-function is similar to that of the more simple model (see Fig. 2.6). This is con�rmed
by a brightness close to unity. With an increasing ratio k23/k31, the probability to stay
in the shelving state grows, going along with a decrease of the brightness. Interestingly,
correlated emission arises in this case, since g(2)(τ) > 1 around the antibunching dip.
The smaller k31, the longer the time delays around τ = 0, for which the emission is
correlated, before g(2)(τ)→ 1.
The second-order correlation function does not only provide information about the

number of emitters, but may also give insight into the level scheme. To this end, the
g(2)- function is �rst measured for di�erent excitation powers and then �tted with a
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Figure 2.7.: Examples for the second-order correlation function g(2)(τ) of the three-level
model for di�erent values of k23 and k31 resulting in a modi�ed brightness
R∞ (see legend). The rates k12 = 0.5 and k21 = 1 are in common for all
curves.

function that has been derived from an assumed level scheme. The �t allows to ex-
tract the in general power-dependent transition rates between the individual levels [320].
Furthermore the source brightness of color centers can be inferred from g(2)(τ).
The second-order correlation function is now routinely measured in a HBT setup.

Originally applied in the �eld of astronomy to measure the angular diameter of radio
stars in 1954 [321], the concept has been quickly transferred to the visible range [113].

2.3.3. Indistinguishability

Ideally, spontaneous emission from resonantly driven two-level systems provides bandwidth-
limited, i.e. perfectly indistinguishable photons with the same coherent wave packets at
identical frequencies and polarization. However, the indistinguishability of real sources
is degraded because of three main reasons. First, the interaction of the system with
a �uctuating environment leads to a gradual loss of the phase and thus to a spectral
broadening of the emission. The dephasing or decoherence time T2 is given by [322]

1

T2
=

1

2T1
+

1

T ∗2
, (2.63)

with the �uorescence lifetime T1, and T ∗2 de�ning pure dephasing processes induced
by interactions with the bath. The full-width at half-maximum (FWHM) frequency
linewidth is then determined by

δν =
1

2πT1
+

1

πT ∗2
. (2.64)

The minimal, Fourier-transform-limited linewidth is only attained in the absence of pure
dephasing, T ∗2 →∞. Comparison of the spontaneous emission lifetime with the emission
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linewidth, or alternatively with the decoherence time gives a direct measure for the
spectral quality of emitted photons [296].
Second, the emission process can be subject to a timing jitter, e.g. when the excitation

scheme involves higher states that must initially relax to the upper level of the �uorescent
transition [323]. Third, the emission line may spectrally scatter on a slower timescale,
known as spectral di�usion. This is for example caused by charge �uctuations in the
local environment [250].
The degree of indistinguishability of two photons can be directly tested on the basis of

the Hong-Ou-Mandel e�ect: Two indistinguishable photons impinging on a 50:50 beam
splitter, one on each input port, always exit pairwise from one of the output ports.
Placing one photo detector at each output arm, no coincident events are registered for
perfectly indistinguishable photons. This quantum mechanical e�ect is based on the
bosonic nature of photons and can be explained qualitatively by the superposition of the
four possible photon paths through the beam splitter. When one photon is transmitted
while the other is re�ected, two photons end up in the same output arm. Otherwise,
i.e. when both photons are either transmitted or re�ected, there is one photon in each
output. Due to a relative phase shift, the latter two paths cancel out for indistinguishable
particles, which can be interpreted as destructive interference. However, if the two photon
wavepackets do not perfectly overlap, there is a non-vanishing probability for the two
photons to leave the beam splitter through di�erent output ports. This probability is
given by

p = (1− I) /2, (2.65)

with the degree of indistinguishability

I =

〈
|
´
dωs1(ω)s∗2(ω)|2

〉(´
dω〈|s(ω)|2〉

)2 , (2.66)

where si(ω) is the spectral envelope functions for two single photons and 〈 〉 denotes the
ensemble average over si(ω) [147]. Alternatively, the parameter may be expressed by
[324, 322]

I =
T2

2T1
=

γ

γ + γ∗
, (2.67)

with the population decay rate
γ = 1/T1, (2.68)

and the pure dephasing rate
γ∗ = 2/T ∗2 . (2.69)

The relation to the FWHM linewidth can then be written as

2πδν = γ + γ∗. (2.70)
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In 1987, C. K. Hong, Z. Y. Ou and L. Mandel were the �rst to demonstrate the two-
photon interference e�ect with photon pairs produced by spontaneous parametric down-
conversion [325, 326]. In order to overlap the photons optimally, they displaced the beam
splitter by various small distances, while they recorded the coincidence count rate of two
photo detectors placed in each of its output arms. The distinct dip they recorded in this
way was a clear signature of the almost perfect overlap they had achieved.
This concept has become a benchmark to test the indistinguishability of photons,

just like an HBT interferometer is used to check whether a source really emits single
photons one by one. Apart from photon pairs produced by spontaneous parametric
down-conversion [325, 327, 328], the generation of indistinguishable photons has been
demonstrated for a few other systems, among them trapped atoms [168, 169] and ions
[170, 172, 329]. While atomic systems are natural sources for indistinguishable photons,
solid-state systems are in general more challenging in this respect. As a result of the
discussed coupling to the phonon bath, the photons are per se not Fourier-transform-
limited at room temperature. Additionally, due to variations of the embedding medium,
individual systems are inherently dissimilar with each other and do usually not provide
photons with identical properties. This problem is often addressed by simply searching
for su�ciently similar systems, by tuning techniques, or more elegantly, by coupling the
emitters to microcavities. Indistinguishable photons have been obtained from Nitrogen-
Vacancy centers in diamond [256, 257], quantum dots [296, 298, 299, 15], and molecules
[199, 202]. Silicon-Vacancy centers in synthetic, ultrapure, low-strain diamond exhibit-
ing intrinsically identical spectral properties constitute a remarkable exception among
emitters in the solid state [274, 275].
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3. Fabry-Pérot cavities and multilayer

coatings

Optical resonators serve to con�ne and store light at a particular resonant frequency, in
the most common case by re�ecting photons multiple times at a set of mirrors. They have
a vast �eld of application. For instance, the ampli�cation of light in lasers is realized by
embedding a gain medium into an optical resonators, providing the optical feedback. A
particularly simple and successful resonator geometry is based on two opposing mirrors,
denominated as Fabry-Pérot cavity after French physicists Charles Fabry and Alfred
Pérot [330].
In this chapter, the fundamentals of Fabry-Pérot cavities are introduced based on the

textbook of Saleh and Teich [331] and the master thesis of M. Mader [332]. First insight
into the conditions for light con�nement is gained by modeling the light �eld inside the
cavity as standing wave and later as a traveling wave bouncing back and forth between
two planar mirrors. The most important cavity parameters are obtained within these
simple approaches. Consecutively, the spatial intensity distribution within a Fabry-Pérot
cavity with curved mirrors is discussed in the form of Gaussian and Hermite-Gaussian
resonator modes, providing a more precise treatment.
Thus far, the mirrors have been treated as abstract optical elements with constant

re�ectivity. In reality, cavity mirrors are often distributed Bragg re�ectors consisting of
multiple layers of alternating materials with high and low refractive index. Deeper insight
into the optical response of such a multilayer coating system is gained with the help of
the matrix calculation method [333]. The fundamentals of this concept are introduced,
along with the theoretical framework necessary for the simulation of layered media. Note
that this method enables the simulation of a complete Fabry-Pérot cavity composed of
two mirrors with an intermediate air spacer layer, as well.

3.1. Fabry-Pérot cavities

3.1.1. Fundamental cavity parameters

A resonator mode is a �eld distribution that reproduces itself after one round trip inside
an optical resonator (excluding power loss). First of all, the modes of a cavity consisting of
two opposing parallel, planar, and lossless mirrors are investigated. The modes sustained
by such a resonator are found by following an intuitive argumentation, �rst. A more
rigorous treatment is given below.
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Figure 3.1.: (a) A standing wave (red) inside a Fabry-Pérot cavity with length d, as an
example of a stable resonator mode. In this case, the resonance condition
d = 5 · λ/2 is ful�lled. (b) Sharp resonator modes (blue) separated by the
free spectral range νF for a resonator with perfect mirrors (F =∞).

Standing wave treatment

Assuming that the electric �eld amplitude vanishes at the mirror surfaces, allows only
light waves whose half wavelength and integer multiples thereof are equal to the resonator
length. If the two mirrors are placed at a distance d, as shown in Fig. 3.1(a), stable
resonator modes thus ful�ll the resonance condition

d = q · λq
2
, (3.1)

with the longitudinal mode order q = 1, 2, ... and the wavelengths λq. Alternatively, this
expression can be formulated in the frequency domain as

νq = q · c
2d
, (3.2)

with the frequency νq, and the speed of light c (or more general, the speed of light in the
medium embedded between the mirrors). Not only a single mode, but several consecutive
modes are supported by the cavity, as illustrated in Fig. 3.1(b). The frequency di�erence
of two neighboring cavity modes is constant for a given cavity length and denominated
the free spectral range (FSR):

νF =
c

2d
. (3.3)

This relation serves to experimentally determine the cavity length from the resonance
positions. Often, it is also convenient to directly apply the wavelengths of two neighboring
resonances located at λ1 and λ2 > λ1 to estimate the cavity length by

d =
λ1λ2

2(λ2 − λ1)
. (3.4)
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Figure 3.2.: (a) Schematic of a wave bouncing back and forth between the two mirrors of
a Fabry-Pérot cavity. The complex amplitude Um experiences a phase shift
φ after each round trip. (b) Neighboring resonant modes separated by the
free spectral range νF. The resonance width δν is determined by the cavity
�nesse, here, F = 10.

Note that the distance of two adjacent modes in the wavelength domain is however not
constant, but depends on the wavelength.

Traveling wave treatment

As a more thorough alternative to the intuitive derivation, the resonator modes can be
identi�ed by investigating a wave bouncing back and forth between the mirrors. Upon
re�ection at each (ideal) mirror, the wave experiences a phase shift of π, adding up to 2π,
or e�ectively 0, for both mirrors. Consequently, in order to reproduce itself, the phase
shift of the wave after a single round trip of propagation, i.e. after traveling the distance
2d, must be a multiple of 2π:

φ = k2d = 4πνd/c = q · 2π, q = 1, 2, ..., (3.5)

with the wave number k = 2π/λ. In short, this relation is expressed as

kd = qπ. (3.6)

It is equivalent to Eq. 3.1 and provides the resonance frequencies, as well.
So far, ideal mirrors without loss have been treated. The imposed strict resonance

condition is however relaxed for real mirrors with �nite re�ectivity. It can be derived by
expressing the total wave U as a sum of an in�nite number of partial waves Um, m =
0, 1, 2, ..., where U0 is the complex amplitude of an introduced monochromatic plane
wave, U1 represents the wave after the �rst round trip, U2 after the second round trip,
and so forth, as shown in Fig. 3.2(a). Since the original wave and therefore its successors
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3.1. Fabry-Pérot cavities

are assumed monochromatic, all waves coexist. Due to loss that is introduced upon each
re�ection at the mirrors or by the embedded medium, the so-called phasors Um are not
of equal magnitude, but are reduced by a round trip amplitude attenuation factor r after
each cycle. Hence, U1 = hU0, with h = re−iφ , U2 = hU1, etc.. The resulting wave U is
obtained by adding up the in�nite amount of complex amplitudes1

U = U0 +U1 +U2 + ... = U0 +hU0 +h2U0 + ... = U0(1+h+h2 + ...) = U0/(1−h). (3.7)

The power inside the cavity is then given by

P = |U |2 =
|U0|2

|1− re−iφ|2
=

Pmax

1 + (2F/π)2 sin2(φ/2)
, (3.8)

with
Pmax =

P0

(1− r)2
, (3.9)

where P0 = |U0|2 is the power of the initial wave. Furthermore,

F =
π
√
r

1− r
(3.10)

is known as the cavity �nesse, the �gure of merit to describe the overall resonator loss. In
most cases, the spectral response of the resonator is of interest, reformulation of Eq. 3.8
yields

P =
Pmax

1 + (2F/π)2 sin2(πν/νF)
=

Pmax

1 + (2F/π)2 sin2(2πd/λ)
, (3.11)

as shown in Fig. 3.2(b). This function comprises cavity resonance at

νq = q · νF, q = 1, 2, ..., (3.12)

as has already been derived before. If the cavity �nesse is large, i.e. F � 1, the width
(FWHM) of the resonance peaks is given by

δν ≈ νF
F

(3.13)

or alternatively, in the wavelength domain by

δλ ≈ λ2

2dF
, (3.14)

i.e. the width gets more and more narrow with increasing �nesse.
The cavity �nesse is directly related to the cavity loss. If there is no additional loss

inside the cavity (see below), the round trip amplitude attenuation factor r is given by

r =
√
R1R2, (3.15)

1For the derivation, the geometric series for n→∞ has been applied:
∑n−1

m=0 ax
m = a 1−xn

1−x
, for x 6= 1.

47



3. Fabry-Pérot cavities and multilayer coatings

with the re�ectivity of the two mirrors

Ri = r2
i = 1− Ti − Li, for i = 1, 2. (3.16)

Here, Ti stands for the mirror transmission and Li for the total loss of each mirror, for
example caused by absorption Ai or scattering Si. Scattering loss is related to the surface
roughness of the mirror and can by approximated by [334]

S ≈ (4πσrms/λ)2, (3.17)

where σrms is the root mean square (rms) roughness and λ is the wavelength of the
incident light.
An exact expression of the Finesse follows from Eqs. 3.10 and 3.15

F =
π (R1R2)1/4

1− (R1R2)1/2
. (3.18)

For large mirror re�ectivities, i.e. Ri → 1 and thus r → 1, Eq. 3.10 can be approximated
by2

F ≈ π

1− r
≈ 2π

T1 + L1 + T2 + L2
. (3.19)

This relation is often applied to estimate the �nesse that can be achieved with a set of
characterized mirrors. Additional round trip loss inside the cavity Ladd further reduces
the �nesse to

F ≈ 2π

T1 + L1 + T2 + L2 + 2Ladd
=

2π

Ltot
, (3.20)

with the the total loss given by

Ltot = 2Ladd +
∑
i

Ti + Li = 2Ladd +
∑
i

Ti +Ai + Si. (3.21)

Another important parameter is the probability with which a photon leaves the cavity
through one of the mirrors. It is determined by

p(Ti) =
Ti

T1 + T2 + L1 + L2
. (3.22)

Now, the intensity fraction T transmitted through the cavity is brie�y discussed in
analogy to the previous derivation of the intra-cavity intensity. An incident plane wave
with complex amplitude Ui and power Pi impinges on the cavity and bounces back and
forth multiple times between the mirrors, as shown in Fig. 3.3. The wave Ut with power
Pt is transmitted through the cavity. The transmission is de�ned as T = Pt/Pi. The

2Using a Taylor expansion of �rst order
√

1− x ≈ 1− x/2
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Figure 3.3.: Multiple re�ections of a light wave between two resonator mirrors

transmitted power is inferred from the transmission through the second mirror and the
total power inside the resonator Pt = T2P . Moreover, the initial power P0 relates to the
incident power Pi as P0 = T1Pi. Together, this yields Pt/Pi = T1T2 · P/P0. Applying
Eq. 3.11, the transmission of a Fabry-Pérot resonator as a function of the frequency is
obtained:

T (ν) =
Tmax

1 + (2F/π)2 sin2(πν/νF)
. (3.23)

The maximal transmission on resonance is given by

Tmax =
T1T2

(1− r)2
≈ 4T1T2

(T1 + L1 + T2 + L2)2
, (3.24)

where the approximation is valid for large mirror re�ectivities. The power Pr of the
re�ected wave Ur can be derived in an analogous manner. The peak power inside the
resonator is given by

Pmax ≈ 4T1Pi

(
F

π

)2

. (3.25)

As an alternative to the cavity �nesse, the quality factor Q is a common �gure of
merit of resonators. In general, it is de�ned as the total stored energy inside a resonator
divided by the energy loss per cycle. For an optical cavity this results in

Q =
ν0

δν
, (3.26)

with the resonance frequency ν0 and the resonance width δν (FWHM). Unlike the cavity
�nesse, the quality factor is not constant, but depends on the cavity length

Q =
ν0

νF
· F =

d

λ/2
· F = q · F . (3.27)

Furthermore, the photon lifetime inside the resonator τp is connected to the quality factor
via [335]

Q = 2πν0τp. (3.28)
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3.1.2. Gaussian resonator modes

Several fundamental cavity parameters have been derived on the basis of a plane parallel
cavity and planar monochromatic waves traveling back and forth between the mirrors.
However, this simple treatment fails in explaining the spatial intensity distribution and
exact resonance frequencies inside Fabry-Pérot cavities with curved mirrors. Spherical
mirrors support Gaussian beams as resonator modes, as shown subsequently. In parax-
ial approximation, Gaussian beams are solutions of the Helmholtz equation under the
constraints the spherical geometry of the mirrors impose.
The complex amplitude U of a Gaussian beam is a function of the axial and radial

distance z and ρ =
√
x2 + y2, given by

U(ρ, z) = A0

(
w0

w(z)

)
exp

[
− ρ2

w(z)2

]
exp

[
−ikz − ik ρ2

2R(z)
+ iζ(z)

]
, (3.29)

with the mode radius

w(z) = w0

√
1 +

(
z

z0

)2

, (3.30)

the wavefront curvature

R(z) = z +
z2

0

z
, (3.31)

and the Gouy phase

ζ(z) = arctan

(
z

z0

)
, (3.32)

which will become important later. For each axial distance from the beam waist z, the
intensity

I(ρ, z) = I0

(
w0

w(z)

)2

exp
[
−2ρ2

w(z)2

]
, (3.33)

follows a Gaussian distribution in the transverse xy-plane, explaining the denomination
as Gaussian beam. The wavefront curvature is maximal at an axial distance know as the
Rayleigh range

z0 =
πw2

0

λ
. (3.34)

The minimal beam radius w0 is found at z = 0 and w(z) grows in both directions with
increasing axial distance from the beam waist (see Fig. 3.4(a)).
In order to be sustained by the resonator, the wavefront curvature of a cavity mode

has to match the mirror radii. Only then the Gaussian beam can reproduce itself and
represents a stable mode, given that the phase also retraces itself (see below). Now, the
Gaussian beam is determined, which satis�es the geometrical condition for a resonator
with spherical mirrors having radii R1 and R2 that are spaced by the distance d, as
illustrated in Fig. 3.4(b). The origin of the z-axis is de�ned at the position of the beam
waist, which has to be determined still. The mirrors are located at the positions z1 and

z2 = z1 + d, (3.35)

50



3.1. Fabry-Pérot cavities

x

2w0

w(z)

z

z0

2 2w0

(a)

R1

R(z1) R(z2)

z

R2

z1 0 z2

d

(b)

Figure 3.4.: (a) Gaussian beam de�ned by the waist w0, or alternatively the Rayleigh
range z0. The outer shape of the beam (blue line), the spherical wavefronts
(red), and the tangents the beam approaches for large values of z are shown.
(b) Schematic of a Gaussian beam whose wavefronts match the curvature of
the spherical cavity mirrors.

respectively. The mirror positions on the z-axis are chosen such that the radius of curva-
ture of the beam matches the radii of the mirrors R1 at z1, and R2 at z2. The convention
for the signs for the radii has to considered carefully. For concave mirrors, the radii of
curvature are negative, Ri < 0. However, the beam radius of curvature is de�ned to be
positive for z > 0 and negative for z < 0, resulting in R1 = R(z1) and −R2 = R(z2).
Thus, the following relations have to be ful�lled:

R1 = R(z1) = z1 +
z2

0

z1
, (3.36)

−R2 = R(z2) = z2 +
z2

0

z2
. (3.37)

Combining Eqs. 3.35, 3.36, and 3.37, results in

z1 =
−d(R2 + d)

R2 +R1 + 2d
(3.38)

and

z2
0 =
−d(R1 + d)(R2 + d)(R2 +R1 + d)

(R2 +R1 + 2d)2
. (3.39)

Once, the location of the beam center, as well as its Rayleigh range z0 is determined, all
necessary information about the beam is known.
To assure that the established solution constitutes a Gaussian beam, the Rayleigh

range z0 has to be real. The stability condition z0 > 0 yields

0 ≤
(

1 +
d

R1

)(
1 +

d

R2

)
≤ 1. (3.40)
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Plane-concave cavities

The most important resonator geometry of this work consists of one concave mirror with
a radius of curvature |R1| = R and one planar mirror with R2 =∞. Since this is simply
a special case of the already discussed cavities with two concave mirrors, the relevant
parameters are found straightforward from Eqs. 3.35, 3.38, and 3.39: z1 = −d, z2 = 0,
and z0 =

√
Rd− d2. From Eq. 3.34 the minimal 1/e2 beam radius is obtained

w2
0 = λ/π ·

√
Rd− d2. (3.41)

The latter is located directly on the planar mirror. The beam radius on the concave
mirror (the mirror on the machined �ber) results from Eq. 3.30 and is given by

wm = w0

√
1 +

(
λd

πw2
0

)2

. (3.42)

The stability condition Eq. 3.40 requires that the the cavity length is shorter than the
radius of curvature of the concave mirror: 0 ≤ d ≤ R.
The mode volume of a plane-concave cavity is given by

V =

´
d3r

∣∣∣ ~E(~r)
∣∣∣2

max
∣∣∣ ~E(~r)

∣∣∣2 =
π

4
· w2

0d =
λ

4
d2

√
R

d
− 1. (3.43)

Resonance frequencies

So far, it has been shown that the Gaussian beam can be a mode of a resonator with
spherical mirrors, if the wavefronts match the mirror surfaces. It is furthermore necessary
that the phase reproduces itself after each round trip. The phase of the Gaussian beam
is given by Eq. 3.29

φ(ρ, z) = kz − ζ(z) +
kρ2

2R(z)
. (3.44)

Since the phase is identical on all points on the spherical wavefront, as well as on the
mirror surface, it is su�cient to restrict the analysis to the optical axis ρ = 0. Here,
φ(0, z) = kz − ζ(z) and the phase retardation with respect to a plane wave is given by
the Gouy phase ζ(z). At the mirror positions z1 and z2

φ(0, z1) = kz1 − ζ(z1), (3.45)

φ(0, z2) = kz2 − ζ(z2). (3.46)

After each round trip, the total phase change accumulates to

∆φ = 2 [φ(0, z2)− φ(0, z1)] = 2k(z2 − z1)− 2 [ζ(z2)− ζ(z1)] = 2kd− 2∆ζ, (3.47)

with ∆ζ = ζ(z2)− ζ(z1). The beam reproduces itself, if the phase change ∆φ after one
round trip is an integer multiple of 2π, i.e. ∆φ = q · 2π, q = 0, ±1, ±2, ... . Applying the
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3.1. Fabry-Pérot cavities

common de�nitions of the wave number k = 2πν/c and the free spectral range νF = c/2d,
the resonance condition reads

νq = qνF +
∆ζ

π
νF. (3.48)

These are the resonance frequencies of a resonator with spherical mirrors. The frequency
spacing of neighboring modes, the free spectral range, is identical to that of the plane
parallel cavity. However, a constant o�set that depends on the mirror curvature is added.
In addition, an advanced formulation of the optical cavity length d follows from Eq. 3.48

by insertion of the free spectral range νF = c/2d (Eq. 3.3):

d =

(
q +

∆ζ

π

)
c

2νq
=

(
q +

∆ζ

π

)
λq
2
. (3.49)

3.1.3. Hermite-Gaussian resonator modes

The Gaussian beam is not the only mode supported by a resonator with spherical mirrors.
In fact, there is a whole family of modes, that satisfy the Helmholtz equation under the
corresponding boundary conditions. The Hermite-Gaussian beam has the same wavefront
as the Gaussian beam, only its amplitude distribution is di�erent. Thus, all Hermite-
Gaussian beams constitute stable resonator modes, given that their phase reproduces
itself after one round trip in the resonator.
The complex amplitude Ul,m and the intensity distribution Il,m of the Hermite-Gaussian

beam with the transverse mode order (l,m) are given by

Ul,m(x, y, z) =Al,m

(
w0

w(z)

)
Gl

[√
2x

w(z)

]
Gm

[√
2y

w(z)

]

· exp

[
−ikz − ik ρ2

2R(z)
+ i(l +m+ 1)ζ(z)

] (3.50)

and

Il,m(x, y, z) = |Al,m|2
(
w0

w(z)

)2

G2
l

[√
2x

w(z)

]
G2
m

[√
2y

w(z)

]
, (3.51)

respectively. Here Al,m is a constant and Gl(u) = Hl(u) exp
(
−u2/2

)
, for l = 0, 1, 2, ...,

is the Hermite-Gaussian function of order l with the Hermite polynomial Hl(u). For
instance, for l = 0 H0(u) = 1 and the Hermite Gaussian beam of 0th order I0,0 is
equivalent to the Gaussian beam. The phase of the Hermite-Gaussian beam depends on
the mode order:

φ(0, z) = kz − (l +m+ 1)ζ(z). (3.52)

In analogy to the previous argumentation, the resonance frequencies result in

νq,l,m = qνF + (l +m+ 1)
∆ζ

π
νF, (3.53)
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3. Fabry-Pérot cavities and multilayer coatings

with the longitudinal or axial mode order q and the transverse mode order (l,m). In the
lateral intensity distribution, l and m correspond to the number of nodes along the x and
y axis, respectively. A few properties of the resonance frequencies of Hermite-Gaussian
resonator modes are summarized:

� The longitudinal mode spacing for a given transverse mode (l,m) is still given by
the free spectral range: νq+1,l,m − νq,l,m = νF

� Transverse modes with the same sum l +m have identical resonances frequencies

� For a given longitudinal mode q, di�erent transverse modes (l,m) and (l′,m′) ex-
hibit a frequency spacing determined by

νq,l,m − νq,l′,m′ = (l − l′ +m−m′)∆ζ

π
νF. (3.54)

Since the Gouy phase di�erence ∆ζ is related to the mirror radii, higher order
transverse modes serve to directly obtain information about the mirrors.

3.2. Simulation of multilayer systems with the matrix

calculation method

To understand or optimize the behavior of cavity mirrors, the simulation of optical coat-
ings is an important ingredient. These coatings usually consist of multiple layers of
di�erent materials. By adjusting the thicknesses and refractive indices of these layers the
spectral behavior of the mirror can be designed to large extent. The spectral response
(re�ectivity, transmission, absorption) of a multilayer coating, as well as the �eld distri-
bution within the layer system is e�ciently evaluated with a matrix calculation method
where each layer is represented by a characteristic matrix. The product of all these matri-
ces describes the entire layer stack and allows to calculate the characteristics parameters
of the mirror. The introduction of an air spacer layer in between two such mirror stacks
enables the simulation of a complete cavity, as well. The thickness of the spacer layer,
which represents the mirror distance, can then be varied to predict the spectral position
of the cavity resonances for di�erent cavity lengths, for instance.
This section introduces the basics of the matrix method closely following the text book

of Furman and Tikhonravov [333]. Starting with Maxwell's equations, the relations de�n-
ing the electromagnetic �eld in a strati�ed medium are presented, �rst. Based on these
�ndings, the derivation of the matrix method is sketched. Finally, the relevant equations
are given that allow to evaluate the mirror re�ectivity, transmission and absorption, as
well as the electromagnetic �eld at an arbitrary position within the coating stack.

Electromagnetic �eld in a layered medium

A multilayer coating can be modeled as a stack of plane-parallel, isotropic layers of in-
�nite extent in the dimensions parallel to the layer boundaries embedded between two
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3.2. Simulation of multilayer systems with the matrix calculation method

homogeneous, semi-in�nite, isotropic media (outer space and substrate). The permit-
tivity ε and conductivity σ of the individual layers are then a function of one spatial
coordinate normal to the layer boundary. Consider a plane electromagnetic wave trav-
eling in the �rst medium towards the �rst layer. At the boundary, the plane wave will
party be re�ected back into the �rst medium and partly be transmitted into the second
one. The assumption of in�nite lateral dimensions is valid, since the wavelength is much
smaller than the lateral extension of the layers and the overall thickness of the coating
stack. In addition, the embedding media and the layers are assumed to be non-magnetic
(magnetic permeability µ = µ0) and without space charges. Under these conditions, the
Maxwell equations (in cgs units) within the medium read

∆× ~E = −1

c

∂ ~H
∂t

, ∆× ~H =
ε

c

∂ ~E
∂t

+
4πσ

c
~E , (3.55)

with the speed of light c and the electric and magnetic vectors ~E and ~H. Within a
layer, the permittivity ε and the conductivity σ are continuous, and ~E and ~H satisfy
Eqs. 3.55. At the layer boundaries, i.e. at the discretion points of ε and σ, the tangential
components of ~E and ~H have to be continuous. If the �eld is excited by an incoming plane
wave, the evaluation of the electric and magnetic �elds in a strati�ed medium can be
reduced to the solution of the simpli�ed Maxwell equations 3.55, obeying these boundary
conditions.
The space variable z is chosen normal to the layer boundaries pointing to the outer

space. The incoming wave shall be plane and monochromatic with frequency ω. The
�elds are expressed by

~E = ~Ee
iωt
, ~H = ~He

iωt
, (3.56)

such that ~E and ~H are depending only on spatial variables and the de�nition of the
time dependence e

iωt
is in accordance with a complex refractive index with a negative

imaginary part. Eqs. 3.55 can then be further simpli�ed to

∆× ~E = −ik ~H, ∆× ~H = ikε̃(z) ~E, (3.57)

with the common de�nition of the wave number k = 2π/λ, the vacuum wavelength of
the incident wave λ = c/2πω, and the complex permittivity

ε̃ = ε− i4πσ
c
, (3.58)

which is a function of z, here.
The electromagnetic �eld is decomposed into an S-component ( ~E normal to plane

of incidence) and a P -component ( ~E parallel to plane of incidence) and the coordinate
system is aligned such that the x-axis is normal to the plane of incidence and the y-axis
is lying within this plane, as shown in Fig. 3.5(a). The angle of the incoming (outgoing)
wave with respect to the z-axis is γa (γs), the permittivity of the outer space (substrate)
is εa (εs). The equations valid for the S- and P -components can now be derived from
Eqs. 3.57.
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Figure 3.5.: (a) Electromagnetic �eld vectors for S- and P -polarization. (b) Sketch of a
coating stack with m layers.

S-polarization: The electromagnetic �elds can be expressed as

~E =

 u(z)
0
0

 eikαy, ~H =

 0
−v(z)
αu(z)

 eikαy, (3.59)

and the functions u(z) and v(z) are de�ned by the di�erential equations

du
dz

= ikv,
dv
dz

= ik
[
ε̃(z)− α2

]
u, (3.60)

with
α =
√
εa sin(γa) =

√
εs sin(γs), (3.61)

which represents Snell's law being valid for absorbing media (εs = ε̃s), as well. These dif-
ferential equations follow from the simpli�ed Maxwell's equations. Within an individual
layer, where ε and σ, and thus the complex permittivity ε̃(z) are continuous, Eqs. 3.60
are valid. At the layer boundaries, where ε and σ take discrete values, the tangential
components of the electromagnetic �elds have to be continuous, implying the continuity
of u(z) and v(z).

P -polarization: In analogy, the electromagnetic �eld is given by

~E =

 0
u(z)

− α
ε̃(z)v(z)

 eikαy, ~H =

 v(z)
0
0

 eikαy, (3.62)

with u(z) and v(z) satisfying

du
dz

= ik

[
1− α2

ε̃(z)

]
v,

dv
dz

= ikε̃(z)u, (3.63)
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where α is still de�ned by Eq. 3.61.
Altogether, Eqs. 3.59-3.63 constitute the mathematical framework for the description

of electromagnetic �elds in strati�ed media. For normal incidence, i.e. α = 0, both
polarization-cases are equal.

Matrix calculation method

Based on the quoted relations, a matrix calculation technique can now be applied to
evaluate the electromagnetic �eld inside a multilayer coating with little e�ort. The layer
stack is assumed to consists of a �nite number m of homogeneous isotropic layers, as
sketched in Fig. 3.5(b). The numbering of the layers starts at the substrate. Their right
boundaries are positioned at z1, z2, ..., where the last coordinate zm = za de�nes the
border of the coating to the outer medium, which is equal to the total thickness of the
coating stack. The geometrical thicknesses of the layers are given by d1, d2, ..., with the
corresponding complex refractive indices ñ1, ñ2, .... The substrate and the outer space
have refractive indices ns and na, respectively, which are typically, but not necessarily
real. The complex refractive index, which is the parameter commonly used in practice,
is related to the complex permittivity by

ñ2 = ε. (3.64)

For each homogeneous layer, the electromagnetic �eld is determined by the previously
given equations. For the S-polarization, and the jth layer, the corresponding equations
read

du
dz

= ikv,
dv
dz

= ik
[
ñ2
j − α2

]
u, (3.65)

which can be transformed into a single di�erential equation of second order

d2u

dz2
+ k2(ñ2

j − α2)u = 0. (3.66)

The de�nition of the wave propagation angle in the jth layer

α = ñj sin γj = na sin γa, (3.67)

which is again based on Snell's law, allows for further simpli�cation of Eq. 3.66:

d2u

dz2
+ (kñj cos γj)

2u = 0. (3.68)

For absorbing media, γj is complex. The latter di�erential equation has two linear
independent solutions that can be chosen as

u1(z) = cos [kñj cos γj(z − zj−1)] , (3.69)

u2(z) = sin [kñj cos γj(z − zj−1)] , (3.70)
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where zj−1 is the left boundary of the jth layer. Their linear combination yields the
general solution of Eq. 3.68:

u(z) = c1 cos [kñj cos γj(z − zj−1)] + c2 sin [kñj cos γj(z − zj−1)] . (3.71)

Choosing z = zj−1, yields c1 = u(zj−1). To determine the second prefactor, u(z) is
di�erentiated with respect to z. Setting z = zj once more, results in kñj cos γjc2 =
u′(z − zj). By making use of Eq. 3.65, this can be written as c2 = iv(z − zj)/ñj cos(γj).
Eventually, the solution of the original di�erential equation of second order 3.68 in the
jth layer reads

u(z) = u(zj−1) cos [kñj cos γj(z − zj−1)]+iv(z−zj−1) sin [kñj cos γj(z − zj−1)] /ñj cos γj .
(3.72)

When combining the derivative of u(z) with Eq. 3.65 one �nds

v(z) = iñj cos γju(zj−1) sin [kñj cos γj(z − zj−1)] + v(zj−1) cos [kñj cos γj(z − zj−1)] .
(3.73)

Note, that the latter two formulas allow to determine the tangential components of the
electric and magnetic �eld vectors at an arbitrary position within the jth layer.
For z = zj , these relations simplify to

u(zj) = u(zj−1) cosφj + (i/qj)v(zj−1) sinφj ,

v(zj) = iqju(zj−1) sinφj + v(zj−1) sinφj , (3.74)

with the de�nitions

φj = kñj cos γjdj , dj = zj − zj−1, qj = ñj cos γj , (3.75)

where φj is the so-called angular phase thickness of the jth layer. As a result, the �eld
at the boundary of the jth layer is completely de�ned by the �eld at the other boundary.
And because the function u(z) and v(z) are continuous at the boundaries between the
layers, the �eld can be recalculated from the boundary at the substrate z = z0 to the
boundary to the outer space zm = za. This allows to evaluate the complete �eld in the
strati�ed medium.

An elegant representation of Eqs 3.74 is the matrix form(
u
v

)
z=zj

= Mj

(
u
v

)
z=zj−1

, (3.76)

with the characteristic matrix of the jth layer

Mj =

(
cosφj (i/qj) sinφj
iqj sinφj cosφj

)
. (3.77)

The �eld at the outer medium follows from the �eld at the substrate via(
u
v

)
z=za

= MmMm−1...M1

(
u
v

)
z=0

. (3.78)
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The characteristic matrix of a complete multilayer coating is the product of the individual
characteristic matrices in order from the outer space towards the substrate

M = MmMm−1...M1, (3.79)

with

M =

(
m11 m12

m21 m22

)
. (3.80)

Once the characteristic matrix M has been evaluated, the amplitude transmission and
re�ection coe�cients t and r, and the power transmission and re�ectivity T and R can
be obtained from the relations

t(k) =
2qa

qam11 + qsm22 + qaqsm12 +m21
, (3.81)

r(k) =
qam11 − qsm22 + qaqsm12 −m21

qam11 + qsm22 + qaqsm12 +m21
, (3.82)

T =
qs
qa

∣∣∣∣ETEA
∣∣∣∣2 =

qs
qa
|t|2, R =

∣∣∣∣EREA
∣∣∣∣2 = |r|2, (3.83)

with the necessary de�nitions for S- and P -polarization (analogous calculation) listed
in Table 3.1. EA, ET and ER are the amplitudes of the tangential components of the
electric �eld vector of the incident, transmitted and re�ected waves.

Polarization qs qa qj φj

S ns cos γj na cos γa ñj cos γj φj = kñ cos γjdj ,
P ns/ cos γj na/ cos γa ñj/ cos γj k = 2π/λ

Table 3.1.: Calculation parameters for S- and P -polarization

Absorption stemming from layers with complex refractive indices can be inferred from
the law of energy conservation

A = 1−R− T. (3.84)

Furthermore, the matrix method provides an easy way to evaluate the electromagnetic
�eld in the layer stack. As already presented for the S-component, the �eld at an
arbitrary position inside the jth layer is given by Eqs. 3.72 and 3.73. The derivation of
the P -component follows in analogy. Both cases can be written in the combined form

u(z) = u(zj−1) cos [kñj cos γj(z − zj−1)] + (i/qj)v(z − zj−1) sin [kñj cos γj(z − zj−1)] ,

v(z) = iqju(zj−1) sin [kñj cos γj(z − zj−1)] + v(zj−1) cos [kñj cos γj(z − zj−1)] , (3.85)

where qj is de�ned by Table 3.1. To obtain the entire �eld distribution from these
formulas, it is necessary to relate u(zj−1) and u(zj−1) to the �eld amplitude of the
incident �eld. If E is the tangential component of the electric �eld vector of the incoming
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wave for S- or P -polarization, the transmitted wave is given by u(0) = tE and v(0) =
qsu(0) = qstE. Making use of the characteristic matrices the electromagnetic �eld at the
boundary z = zj−1 can then be expressed by(

u(zj−1)
v(zj−1)

)
= Mj−1...M1

(
1
qs

)
tE. (3.86)
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4. Emitter-cavity coupling

In the previous chapter, the key parameters of optical resonators have been discussed
on the basis of Fabry-Pérot cavities. In this chapter, the interaction of light and matter
inside a resonator is investigated. The strong and the weak coupling regime of cavity
quantum electrodynamics will be introduced by means of a single two-level atom cou-
pled to a cavity, in accordance with the text book of Fox [336]. While phenomena like
Rabi oscillations become manifest in the strong coupling regime, the modi�cation of the
spontaneous emission rate characterizes the weak coupling regime, which is the relevant
domain for this work. The Purcell factor, as the �gure of merit for the enhancement
of the spontaneous emission rate by a cavity, will be derived for three di�erent cases
following Meldrum et al. [27]: The bad cavity and the bad emitter regime are simply
two important special cases of the general treatment, discussed subsequently. At last, a
more elaborate rate model for the coupling of solid state emitters su�ering from dissipa-
tion and dephasing is brie�y sketched, in accordance with the theoretical description of
Au�eves et al. [337, 338, 26, 322].

4.1. Introduction

Consider a two-level atom inside a cavity. If one of the cavity modes is tuned into
resonance with the transition frequency of the atom, a resonant exchange of photons
between the atom and the cavity can occur and hence the interaction between the atom
and the cavity photons can be modi�ed. The relative strength of this interaction is given
by the following fundamental parameters:

� the coherent atom-photon coupling rate g0,

� the photon decay rate of the cavity κ, and

� the non-resonant decay rate γ of the atom.

While the coupling rate g0 characterizes the coherent transfer of excitation between the
atom and the cavity �eld, the cavity decay rate κ and the decay rate of the atom γ
account for dissipative processes.
In general, decoherence and phase relaxation lead to a broadening of the optical tran-

sition [26]. These e�ects are particularly strong for emitters in the solid state that are
inherently coupled to a surrounding matrix. Decoherence-induced broadening is, for
instance, caused by phonon-assisted processes or spectral di�usion. In turn, spectral
di�usion can be simply modeled as an additional pure dephasing channel, if it happens
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4. Emitter-cavity coupling

on a timescale that is much shorter than the spontaneous emission time. In a simpli�ed
treatment,

� the pure dephasing rate γ∗

may thus be used to capture the broadening processes encountered when working with
arti�cial atoms [338, 26, 322].

The strong-coupling limit is reached when the coherent coupling rate g0 is the by far
largest rate, i.e. g0 � max(κ, γ, γ∗). Here, the interaction between the atom and the
photons occurs on a faster time scale than the irreversible processes. Thus, the emitted
photon can be reabsorbed by the atom before it gets lost from the cavity mode. This
represents a reversible process.
On the contrary, in the weak coupling regime, the coupling rate is much smaller than

at least one of the other rates, i.e. g0 � max(κ, γ, γ∗). Here, the emission process is
irreversible like in free-space spontaneous emission. However, the emission rate can still
be modi�ed by the cavity. For a closer analysis, the di�erent rates are now addressed
in detail. Note that in cavity quantum electrodynamics the rates are usually expressed
as the half-width at half-maximum (HWHM) angular frequency1, while in laser physics
full-width at half maximum (FWHM) frequencies are common.

At �rst, the coherent atom-photon coupling rate is discussed. The atom interacts with
the vacuum �eld existing within the cavity, as a result of zero-point �uctuations of the
electromagnetic �eld. The electric dipole interaction determines the interaction energy
between the atom and the vacuum �eld

∆E = |µ12Evac| , (4.1)

with the electric dipole transition matrix element µ12 = −e〈g |x| e〉. Here, |g〉 denotes
the ground state and |e〉 the excited state of the two-level system, not to be confused
with the elementary charge e. The magnitude of the vacuum �eld is given by2

Evac =

(
~ω

2ε0V

)1/2

, (4.2)

where ω = 2πν0 is the angular frequency of the mode, V the cavity mode volume, and
ε0 the vacuum permittivity. By identifying the interaction energy ∆E with ~g0, the
coupling rate is obtained:

g0 =

(
µ2

12ω

2ε0~V

)1/2

. (4.3)

1In parallel, FWHM angular frequencies are in use, which is quite confusing, at times.
2Noting that the time-averaged energy contribution of the electric and the magnetic �elds are the
same, the magnitude of the electric �eld can be inferred from the zero point energy per mode:
2×
´

1
2
ε0E2vacdV = 1

2
~ω
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4.2. Strong coupling regime

The coupling strength is therefore proportional to the dipole moment µ12, the transition
frequency, and the inverse cavity mode volume. If an ensemble of N atoms is coupled to
the cavity, the overall coupling rate scales as

g =
√
Ng0. (4.4)

The photon decay rate of the cavity κ (HWHM) is de�ned by the resonance width of
the cavity and is therefore directly connected to the �nesse, the quality factor (Eq. 3.26)
and the photon lifetime (Eq. 3.28):

κ ≡ 2πδν

2
=

πc

2dF
=
πν0

Q
=

1

2τp
. (4.5)

Thus, the larger the quality factor of the cavity, the smaller the photon decay rate.
In free space, the spontaneous decay rate of an ideal emitter with a Fourier-limited

linewidth is related to its radiative lifetime τr by

γ0 = 1/2τr.

The non-resonant decay rate inside a cavity γ is in�uenced by di�erent factors: First of
all, the atom may decay via another transition, emitting a photon at a frequency, which
is detuned with respect to the cavity resonance. This case corresponds to a breakdown of
the approximation of the atom as a two-level system. Furthermore, the atom may emit
a photon at the resonant frequency of the cavity, but in a direction that does not overlap
with a cavity mode, meaning that it is again non-resonant. This process is characterized
by the cavity geometry. A simple estimation of the spontaneous emission rate out the
side of the cavity is for example given by [339]

γout = γ0

[
1− 3∆Ω

8π

]
, (4.6)

with the total solid angle subtended by the cavity mirrors at the position of the atom
∆Ω. This approximation is valid for an atom placed at the center of a cavity, with its
dipole aligned at right angles to the cavity axis and ∆Ω� 4π. At last, the atom can also
be scattered from the excited to another state and the decay may then be non-radiative,
i.e. without the emission of any photon at all.

4.2. Strong coupling regime

The Jaynes-Cummings model was the �rst purely quantum mechanical approach treating
the interaction of a two-level atom with a single quantized mode of a cavity �eld. It
was introduced by Edwin Jaynes and Fred Cummings in 1963, in order to compare the
quantum theory of radiation to the semi-classical description, where only the atom is
quantized, but the electromagnetic radiation is a classical �eld [340, 341]. The two-level
system can either be in the ground state |g〉 with energy E = 0 or in the excited state
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4. Emitter-cavity coupling

|e〉 with energy E = ~ω0, where ω0 is the angular resonance frequency of the atom.
The Hamiltonian for the mere atom is thus given by Ha = ~ω0σ

+σ−, with the creation
and annihilation operators of the atom σ+ = |e〉〈g| and σ− = |g〉〈e|, respectively. In
analogy, the electromagnetic �eld inside the cavity is expressed by the bosonic creation
and annihilation operators for photons: Hc = ~ωca†a, with the angular photon frequency
ωc. The number operator a†a is the observable that counts the number of photons
n. The corresponding energy eigenvalues of the cavity �eld are thus given by Ec =
~ωcn. Finally, the interaction between the atom and the cavity �eld is addressed. In
the rotating wave approximation the interaction Hamiltonian comprises only two terms:
Hint = ~g0

(
a†σ− + σ+a

)
. These terms correspond to the relaxation of the atom into the

ground state, while a photon is created at the same time and vice versa, the annihilation
of a photon, while the atom is transferred from the ground into the excited state. It is
the coupling constant g0∈ R+ that determines the coupling strength between the atom
and the cavity �eld. The integral system is then expressed by the sum of all introduced
terms, known as Jaynes-Cummings Hamiltonian:

HJC = ~ω0σ
+σ− + ~ωca†a+ ~g0(a†σ− + σ+a). (4.7)

The Jaynes-Cummings model still serves as a theoretical basis for the investigation of
light-matter interactions in the the strong coupling regime. Since this regime plays a
minor role for this work, the Jaynes-Cummings model is not treated in more detail, here
and we refer the interested reader to the text books [5, 317]. Only the main characteristics
of the strong coupling regime are brie�y addressed.
The strong coupling regime is characterized by a coupling rate g0 exceeding the cavity

decay rate κ, the non-resonant decay rate of the atom γ, and the pure dephasing rate γ∗.
A photon that is emitted into a resonant mode may then bounce back and forth between
the mirrors and be reabsorbed by the atom, before it gets lost, representing a reversible
process. The coupled system dynamics are governed by a coherent exchange of the exci-
tation between the atom and the cavity �eld mode. This interplay leads to an oscillatory
energy exchange known as vacuum Rabi oscillations. The so-called vacuum Rabi fre-
quency Ω = 2g0 determines the oscillation rate. The system spends half of the oscillation
time in the state |e, 0〉 (atom excited, no photon in cavity �eld mode), and the state |g, 1〉
(atom in ground state, one photon in cavity �eld mode), respectively. The new stationary
eigenstates, known as dressed states, are a linear superposition of the excitation of the
cavity and the atom. In the resonant case, they are given by |±〉 = [|e, 0〉 ± i|g, 1〉] /

√
2.

During the periods of oscillation, energy is leaking to the environment with a rate γ
and to the cavity radiation modes with a rate κ [147]. Consequently, energy dissipation
happens at the overall rate 1/2γ+1/2κ. Note that increasing the coupling rate enhances
the frequency at which energy is exchanged between the atom and the cavity �eld, but
does not in�uence the fraction of energy dissipated in the form of photons.
The experimental realization of the strong coupling regime calls for cavities with small

mode volumes to increase the coupling rate g0 and high quality factors to decrease the
cavity decay rate κ. All other dissipative rates connected to dephasing and non-resonant
emission need to limited to a minimum. As well, the cavity must not support more than
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4.3. Weak coupling regime and Purcell e�ect

a single mode, which is resonant with the emitter. These demands are very challenging
and require a tour de force of experimental commitment. The e�orts towards reaching
this goal have been nicely summarized in the Noble lecture of S. Haroche [4]. Further
reviews of the topic can be found in [1, 342, 343, 3].
Pioneering work in realizing the strong coupling regime with single atoms was per-

formed in H. Walthers group where the so-called one-atom maser was developed in the
mid-1980s [344, 345, 3]. Microwave transitions of Rydberg atoms were coupled to a high-
Q superconducting cavity. Some years later, strong coupling was also observed in the
optical domain [346, 347, 348].

4.3. Weak coupling regime and Purcell e�ect

Weak coupling is characterized by an atom-cavity coupling rate g0 much smaller than
the cavity decay rate κ, the non-resonant decay rate of the emitter γ, or the pure de-
phasing rate γ∗, which can be particularly large for emitters in the solid-state. A photon
emitted by the atom escapes from the atom-cavity system, before it can be reabsorbed
by the atom. Consequently, the interaction is not coherent and the emission process is
irreversible, like in free space. However, the cavity is able to modify the density of states
the photons can decay into. As a result, the radiative emission rate can be enhanced or
suppressed compared to free space. The excited state spontaneous emission rate is thus
not constant, but may be controlled by means of a cavity.
In the weak coupling regime, perturbation theory serves well to describe the atom-

cavity interaction. Fermi's golden rule is used to �rst calculate the spontaneous emission
rate in free-space, followed by the one in a single-mode cavity. Based on these results,
the Purcell factor [11] characterizing the e�ect of the cavity is �nally introduced.

4.3.1. Free-space spontaneous emission

The transition rate for the spontaneous emission in free space can be calculated with the
help of an atom inside a cavity, whose mode volume is large enough to have a negligible
physical e�ect on the atom. In this case, the cavity just serves as a mathematical trick
to simplify the calculation. According to Fermi's golden rule the transition probability
per unit time is given by

Wfs =
2π

~2
|M12|2 ρ(ω), (4.8)

with the transition matrix element M12 and the density of states of the cavity ρ(ω). For
photon modes in free space, the density of states is given by3

ρ(ω) =
ω2V

π2c3
, (4.9)

3See for example Appendix C in [336]
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4. Emitter-cavity coupling

with the large cavity mode volume V and the speed of light c. Assuming electric dipole
interaction, the matrix element can be written as

M12 = 〈~p·~E〉, (4.10)

where ~p is the electric dipole. In free space, the electric �eld E is equal to the vacuum
�eld Evac given by Eq. 4.2. Averaging over all orientations of the atomic dipole with
respect to the �eld direction results in

M2
12 =

1

3
µ2

12E2
vac =

µ2
12~ω

6ε0V
. (4.11)

Altogether, Fermis Golden Rule (Eq. 4.8) yields the free-space transition probability

Wfs ≡
1

τr
=

µ2
12ω

3

3πε0~c3
, (4.12)

with the radiative lifetime τr. The volume V cancels out, as expected. Remember that
for an ideal emitter with a Fourier-limited linewidth

τr = 1/2γ0,

where γ0 respresents the natural linewidth (HWHM). Making use of the latter relations,
the coupling constant (Eq. 4.3) can also be expressed as

g0 =

√
3cλ2γ0

4πV
. (4.13)

4.3.2. Spontaneous emission of an emitter in a cavity and the Purcell
e�ect

Now, the modi�ed emission rate of an emitter inside a cavity is investigated in the weak
coupling limit. To this end, Fermi's Golden Rule is applied, in the compared to Eq. 4.8
more general form

Wcav =
2π

~

ˆ ∞
0
|M12(ω)|2 ρ(ω)Λ(ω)dω. (4.14)

Here, M12 is the transition matrix element and ρ(ω) and Λ(ω) are the densities of states
of the cavity and the emitter, respectively. The extension with Λ(ω) needs to considered
only, when the width of the emitter's emission spectrum becomes comparable to or larger
than that of the cavity resonance. For the usually sharp emission spectra of atoms, Λ(ω)
reduces to a branching ratio for the typical case of multiple optical transitions. In a more
rigorous treatment, the evaluation of the transition rate can be categorized into three
di�erent cases [27]:
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4.3. Weak coupling regime and Purcell e�ect

1. If the emitter spectrum is much more narrow than the cavity resonance spectrum,
the emitter density of states can be approximated by a delta function in frequency:
Λ(ω) = δ(ω−ω0). This regime is known as bad cavity regime, since the cavity loss
is the limiting factor, i.e. κ > γ+γ∗ � g0.

2. If the cavity resonance is much more narrow than that of the emitter spectrum,
the cavity density of states is treated as a delta function ρ(ω) = δ(ω − ωcav). This
regime is usually denoted the bad emitter regime, γ+γ∗ > κ� g0.

3. If the spectral width of both emitter and cavity resonance are comparable, the
integral in Eq. 4.14 accounting for ρ(ω) and Λ(ω) needs to be carried out.

As already mentioned, the �rst case corresponds to the standard text book example
of a two-level atom inside a cavity. Even though, it cannot be directly applied to the
experiments of this work, it serves well to introduce the concept. The latter two cases
represent the theoretical basis of NV centers coupled to high- and low-�nesse cavities,
respectively.

1. Bad cavity regime

Now the focus is on a narrow-band emitter, such as an atom, inside a single-mode cavity,
meaning that there is only one cavity mode close to a single atomic transition frequency.
Of course more than a single resonator mode exists. However, all other modes are
assumed to be far from resonance and thus negligible. The density of states of the
emitter Λ(ω) = δ(ω − ω0) is then approximated by a delta function centered at the
emission frequency ω0 and Fermi's Golden Rule takes the simple form of Eq. 4.8. The
cavity mode is assumed to have an angular frequency ωc and a linewidth κ = πδν
(HWHM), which is connected to the quality factor of the cavity according to Eq. 3.26 by

Q =
ωc
2κ
. (4.15)

The density of states of the cavity can be modeled as a Lorentzian function

ρ(ω) =
1

πκ

κ2

(ω − ωc)2 + κ2
, (4.16)

satisfying the condition that there is only one resonant modeˆ ∞
0

ρ(ω) = 1. (4.17)

At the angular transition frequency of the atom ω = ω0, Eq. 4.16 reads

ρ(ω0) =
1

πκ

κ2

(ω0 − ωc)2 + κ2
(4.18)

and on resonance, i.e. ω0 = ωc, simpli�es to

ρ(ω0) =
1

πκ
=

2Q

πω0
. (4.19)
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4. Emitter-cavity coupling

In analogy to the free-space case, the electric dipole matrix element is given by Eq. 4.10
yielding

M2
12 = ξ2µ2

12E2
vac = ξ2µ

2
12~ω

2ε0V
, (4.20)

with the normalized dipole orientation factor

ξ =

∣∣∣~p·~E∣∣∣
|~p|
∣∣∣~E∣∣∣ . (4.21)

For a randomly oriented dipole in free space ξ2 = 1/3.
Inserting Eqs. 4.18 and 4.20 into Fermi's Golden Rule (Eq. 4.14), results in the spon-

taneous emission rate inside the cavity:

Wcav(ω0) =
2

~ε0
µ2

12ξ
2Q

V

κ2

(ω0 − ωc)2 + κ2
. (4.22)

The Purcell factor C can then be de�ned by comparing Wcav to the free-space transition
probability (Eq. 4.12)

C =
Wcav

Wfs
=

τr,fs
τr,cav

, (4.23)

which takes the general form

C =
3

4π2

(
λ

n

)3 Q

V
· ξ2 κ2

(ω0 − ωc)2 + κ2
. (4.24)

Here, c/ω = λ/2π has been used, λ being the free-space wavelength of the photons and
n the refractive index of the medium inside the cavity. On resonance and for ideally
oriented dipoles, the Purcell factor may reach its maximal value

C0 =
3

4π2

(
λ

n

)3 Q

V
, (4.25)

as illustrated for di�erent examples in Fig. 4.1(a). Insertion of the expressions for the
cavity quality factor (Eq. 3.27) and the mode volume (Eq. 3.43) of a plane-concave
Fabry-Pérot cavity yields the dependence on the cavity �nesse F and mode radius w0:

C0 =
6

π3

(
λ

n

)2 F
w2

0

. (4.26)

Furthermore, the coherent coupling rate g0 (Eq. 4.13), the cavity decay rate κ (Eq. 4.5)
and the free-space spontaneous emission rate γ0, allow a simple expression of the ideal
Purcell factor:

C0 =
g2

0

κγ
. (4.27)
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Figure 4.1.: (a) Ideal Purcell factor C0 as a function of the cavity quality factor Qcav

for di�erent mode volumes V : 1λ3 (red), 10λ3 (green), 100λ3 (blue). (b)
E�ective quality factor Ce� as a function of the cavity quality factor Qcav for
di�erent mode volumes V : 1λ3 (full lines), 100λ3 (dashed lines) and emitter
quality factors Qem: 10 (red), 1000 (green), 3 · 107 (blue), as an estimation
for the NV and SiV center at ambient conditions and the ZPL of the NV
center at cryogenic temperature, respectively.

Equation 4.25 had already been derived by E. M. Purcell in 1946 for nuclear magnetic
moment transitions at radio frequencies coupled to resonant electrical circuits [11]. The
modi�cation of the transition rate of an emitter inside a cavity is now known as Purcell
e�ect and the Purcell factor is a common �gure to determine the strength of the result-
ing change. For example, for a Purcell factor of one, the spontaneous emission rate is
doubled and 50% of the photons are emitted into the cavity mode, i.e. as many as would
be emitted into the entire solid angle in free space. In order to achieve large Purcell
factors, cavities with a large quality factor and a small mode volume are required within
this description. Furthermore, the cavity should be tuned into resonance with the atomic
transition and the dipole should be aligned with the cavity mode. In summary, enhanced
emission inside a resonant cavity can be seen as a result of an increased density of modes
the atom can decay into. In contrast, in an o�-resonant cavity, the mode density is
strongly decreased and the emission is inhibited. The spontaneous emission rate is thus
not constant, but depends on its surrounding. Cavities provide a way to actively control
the emission properties.

The spontaneous emission coupling factor or more simple the collection e�ciency β
is another useful parameter to characterize the in�uence of a cavity. It is equal to the
fraction of the photons emitted into the cavity mode compared to the total number of
emitted photons. For a lossless cavity, i.e. Qcav → ∞, the collection e�ciency equals
unity. In practice, however, a certain amount of photons will always be emitted into
non-resonant modes, decreasing β. The collection e�ciency is given by the decay rate
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4. Emitter-cavity coupling

into the cavity divided by the total decay rate:

β =
Wcav

Wcav +Wfs
=

C

C + 1
, (4.28)

where Eq. 4.23 has been applied. Consequently, β approaches unity for large Purcell
factors.

The �rst experimental demonstration of modi�ed spontaneous emission was however
not achieved with a cavity, but by means of a one-sided re�ecting surface. By placing an
emitter in close proximity to a mirror, its directly emitted radiation pattern interferes
with the re�ected one, as described for example in [339, 349, 350, 351]. Constructive and
destructive interference of the emission pattern results in the oscillation of the sponta-
neous emission rate around its free space value as a function of the distance between the
emitter and the mirror. In the late 1970s, Drexhage et al. investigated the �uorescence
decay of dye molecules placed in �lms at varied distances from a metal mirror and di-
rectly showed both inhibition and enhancement of spontaneous emission [230, 231, 352].
In very similar experiments but much later, Amos et al. determined the dependence of
the spontaneous emission rate of Eu3+ ions upon both the distance from and the thick-
ness of a silver �lm [353]. Chew showed that the transition rates of atoms inside and
outside dielectric spherical particles can also be strongly modi�ed [354, 65]. This e�ect
should be kept in mind, when dealing with color centers embedded in small NDs.
The inhibition of microwave transitions of Rydberg atoms passing through a cavity was

shown in 1985 by Hulet et al. [355], after a proposal by Kleppner [356]. In 1987 Jhe et al.
could show the same e�ect for a transition in the near infrared [357]. Already in 1983,
Goy et al. had reported enhanced spontaneous emission, i.e. a reduced lifetime, in a res-
onant cavity. They made use of a millimeter-wave transition of Rydberg atoms crossing
a resonant superconducting high-Q cavity. In 1986, enhanced and inhibited spontaneous
emission with cavities in the optical domain was �rst demonstrated by Heinzen et al.
[358, 359].

2. Bad emitter regime

Having derived the standard case of a narrow-band emitter coupled to cavity with a
relatively wide resonance, the opposite situation is straightforward. If the cavity reso-
nance is much more narrow than the emitter's emission spectrum, the cavity density of
states is modeled as a delta function centered at the frequency of the cavity resonance
ρ(ω) = δ(ω − ωc). The density of states of the emitter is approximated by a Lorentzian
function

Λ(ω) =
1

πδω0

δω2
0

(ω − ω0)2 + δω2
0

, (4.29)
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with the emitter's angular transition frequency ω0 and linewidth δω0 (HWHM). Alto-
gether, Fermi's Golden Rule (Eq. 4.14) yields

Wcav(ωc) =
2

~ε0
µ2

12ξ
2Qem

V

δω2
0

(ωc − ω0)2 + δω2
0

, (4.30)

where the quality factor of the emitter

Qem =
ω0

2δω0
(4.31)

has been introduced. For broad-band emitters, like the NV center, Qem can be estimated
from the linewidth of the emission spectrum. The so-called e�ective Purcell factor is
then given by

Ce� =
3

4π2

(
λ

n

)3 Qem

V
· ξ2 δω2

0

(ωc − ω0)2 + δω2
0

. (4.32)

In comparison with the original Purcell factor (Eq. 4.24), the quality factor of the emitter
Qem replaces the cavity quality factor Q and the Lorentzian function is centered at the
emitter frequency ω0. Consequently, the modi�cation of the spontaneous emission rate
now depends on both cavity and emitter properties, i.e. the cavity mode volume and
the linewidth of the emitter. Note that it does however not depend on the quality factor
of the cavity. Experimentally, this case is realized by coupling an NV center at room
temperature to a high-Q cavity, for instance.

3. Emitter and cavity with comparable linewidth

At last, the general case is discussed, when the linewidth of the emitter is comparable
to that of the cavity resonance. Both the emitter's and the cavity's density of states
are now approximated by Lorentzian functions. Starting once more with Fermi's Golden
Rule (Eq. 4.14), the integral over both Lorentzians and the matrix element has to be
solved. As explained in more detail in [27], the modi�ed spontaneous emission rate then
results in

Wcav(ω0, ωc) =
1

~ε0
µ2

12ξ
2 1

V

ω0κ+ ωcδω0

(ω0 − ωc)2 + (κ+ δω0)2
. (4.33)

This relation includes the two previously derived emission rates Eqs. 4.22 and 4.30,
as special cases for ωc = ω0, δω0 = 0 and ω0 = ωc, κ = 0, respectively. For negligible
detuning of the cavity resonance with respect to the emission frequency ωc = ω0, Eq. 4.33
can be transformed into the simple representation

Wcav(ω0 = ωc) =
2

~ε0
µ2

12ξ
2Qe�

V
. (4.34)

Here, the e�ective quality factor [26]

Qe� =

(
1

Qcav
+

1

Qem

)−1

, (4.35)
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4. Emitter-cavity coupling

combines the quality factor of the cavity (Qcav) and the emitter (Qem). Applying the
original de�nition of the Purcell factor Eq. 4.23 with the free space spontaneous emission
rate Eq. 4.12, the e�ective Purcell factor is obtained

Ce� =
3

4π2

(
λ

n

)3 Qe�

V
. (4.36)

This is a maximal value for ideal dipole orientation, ξ = 1, and perfect overlap of the
cavity resonance and the emission. The e�ective quality factor is plotted for di�erent
scenarios in Fig. 4.1(b). In contrast to the ideal Purcell factor (Fig. 4.1(a)), the e�ective
Purcell factor saturates for large values of the cavity quality factor and its maximally
achievable value critically depends on the quality factor of the emitter. In analogy to
Eq. 4.28, the collection e�ciency is given by

β =
Ce�

Ce� + 1
. (4.37)

4.3.3. Rate Model

Previously, the emission spectrum was modeled as a single transition with a large e�ective
linewidth, in order to simplify the analysis. However, in a more accurate picture, the
emission spectrum may also comprise individual transitions, with di�erent rates. For
example, the �uorescence spectrum of the NV center features several PSB transition
besides the ZPL, as schematically shown in Fig. 2.3(c). The dissipative James-Cummings
theory including excessive dephasing provides a way to treat the coupled system [26, 360].
The dynamics can be described by the coherent coupling rate g0, the cavity decay rate
κ, the decay rate of the emitter γ0, and the excessive dephasing rate γ∗. The dipole
matrix element ~µ is now distributed between the ZPL and individual sideband transitions
that arise due to the coupling to phonons. The treatment of the phonon side band is
simpli�ed by applying a single phonon mode model where the k-th phonon sideband
is approximated by a Lorentzian function with an e�ective width γ∗k and a transition
strength ζk. Thus, the ZPL (k = 0) and the sideband (1,2,...,n) can be treated in the
same way. Inhomogeneous broadening in an emitter ensemble, like spectral di�usion,
may be a source of additional dephasing. However, this mechanism is expected to have
a minor e�ect compared to phonon induced broadening in the sideband. After all, the
coupling rate of a single emitter and the individual, k-th-phonon-sideband transition is
determined by

g0k =
~µk · ~Ek

~
=

√
3πc3

2ω2
kV

ζkηE,kγ0 cos θ, (4.38)

with the dipole matrix element ~µk, the local electric �eld ~Ek, the angular transition
frequency ωk, the cavity mode volume V , the angle between the cavity mirror plane and
the dipole axis θ, the speed of light c, and the factor ηE,k = (Ek/E0)2, as a correction
for the emitter not being placed directly in the �eld maximum E0 of the standing-wave
�eld antinode. The energy decay rate of the cavity at a particular transition frequency
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4.3. Weak coupling regime and Purcell e�ect

is given by κk = πc/2dFk (Eq. 4.5), where the �nesse Fk is in general a function of the
transition frequency.
Adapting the results from [26] to a series of transitions coupled to the cavity, the total

emission rate of an emitter into a single cavity mode at the frequency ωc is given by

R(ωc) =
∑
k

4g2
0kΓk

Γ2
k + 4∆2

k

. (4.39)

The contributing transitions are at frequencies ωk, with coupling strengths g0k and total
incoherent rates Γk = κk + γ0 + γ∗k . The cavity detunings are ∆k = ωc−ωk. Finally, the
e�ective Purcell factor can be expressed as

Ce�(ωc) =
R(ωc)

γ0
(4.40)

Hence, Purcell enhancement becomes independent of the decay rate of the cavity κk, if
dephasing is dominant, i.e. γ∗k � κk. This �nding agrees with the previous results for
the bad emitter regime where it was shown that the Purcell factor is independent of the
cavity quality factor.
Furthermore, the quantity R can be considered as e�ective coupling rate between the

atom and the cavity mode. As seen from the perspective of the atom, the cavity mode
constitutes an additional loss channel, whose e�ective rate is given by

Re� =
R2κ

R+ 2κ
, (4.41)

with the cavity decay rate κ (here, HWHM). Note that this is the �nal outcoupling rate
and for small cavity decay rates, the photons are not emitted fast enough out of the
cavity and can be reabsorbed. The outcoupling e�ciency can then be written as

β =
Re�

γ0 +Re�
. (4.42)
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In this chapter, �ber-based Fabry-Pérot cavities (FFPCs) will be discussed. The common
architecture of Fabry-Pérot cavities, as introduced in chapter 3, is de�ned by two opposing
mirrors forming an optical resonator. While the cavity mirrors of typical Fabry-Pérot
cavities are macroscopic, in the case of FFPCs, at least one of the often concave cavity
mirrors is fabricated directly on the microscopic endfacet of an optical �ber, as illustrated
in Fig. 5.1. The manufacturing process of such a cavity �ber involves microstructuring of
its end face, e.g. by CO2-laser machining or focused ion beam milling [361, 32], followed
by the application of a mirror coating.
The main motivation for FFPCs is their potential for very small cavity mode volumes

down to V ∼ λ3 and mode �eld radii w0 on the micron scale. As discussed in chapter 4,
the e�ective Purcell factor Ce� ∼ 1/V (Eq. 4.36) is independent of the cavity �nesse for
broad-band emitters like the NV center at room temperature, even though the �nesse
determines the cavity linewidth. A small cavity mode volume is therefore of prime impor-
tance, when aiming at large e�ective Purcell factors. Yet, the strong spatial con�nement
of the cavity mode of FFPCs can be accompanied with a very large �nesse. Values of
up to 1.9 · 105 have been reported [54]. This makes FFPCs likewise attractive for the
coupling of narrrow-band emitters like atoms or NV centers at cryogenic temperatures,
when the Purcell enhancement scales as C0 ∼ Qcav/V ∼ F/w2

0 (Eq. 4.26).
The feasibility of very small mode volumes and mode �eld radii is based on the micron-

scale dimensions of the concave mirror structure on the end face of the �ber, along with
the ability to bring the cavity mirrors extremely close together. The mode volume and
the mode �eld radius of a plane-concave cavity are proportional to V ∼ d2

√
R/d− 1

(a) (b)

Figure 5.1.: Schematic of �ber-based Fabry-Pérot cavities: (a) Geometry with one �ber
and one planar mirror substrate and (b) two single-mode �bers.
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(Eq. 3.43) and w0 ∼
√
d
√
R/d− 1 (Eq. 3.41), respectively, illuminating the dominant

dependence on the cavity length d, compared to that on the mirror radius R. A mode
volume of λ3 is, for example, obtained for a cavity length of d = λ/2 and a radius of
curvature of R = 127.5λ ≈ 80 µm, such that a single �eld antinode builds up between
the mirrors. To ultimately decrease the cavity length to a few hundred nanometers,
requires to shape the �ber tip pro�le on a ten nanometer scale, which can be achieved by
advanced laser machining. The mirror coating that is deposited on the microstructure
can be both dielectric, allowing for low-loss and customized transmission and re�ection
bands, and metallic, which is advantageous, when penetration into the mirror stack needs
to be minimized.
In combination with technical advantages, among them the intrinsic �ber coupling,

good accessibility of the open mode volume, free tunability, di�erent opportunities for
stabilization of the cavity length [362, 56], and operability in various environments (e.g.
at cryogenic temperatures), FFPCs are bene�cial for a broad range of experiments. For
instance, coupling of various kinds of solid-state emitters to FFPCs has been demon-
strated, including quantum dots [363, 364, 365], quantum wells [366], molecules [60, 367]
and NV centers [78, 79, 32, 31, 73]. Direct application of solid-state emitters to a cavity
mirror with a matched spacer layer enables the robust coupling to an antinode of the
cavity's electric �eld, for instance, when color centers in NDs are used.
As an example for the outstanding performance of FFPC, coherent light-matter in-

teraction in the optical domain has been achieved for atoms and cavities with dielectric
low-loss mirror coatings. Neutral atoms can be coupled to FFPCs with extremely large
and well-controllable coupling rates and Purcell factors larger than 102 [368]. This has
lead to remarkable achievements like single atom preparation and high-�delity readout
[58], measurement of the internal state of a single atom without energy exchange, obser-
vation of the quantum Zeno e�ect [59], and creation of multiparticle entanglement with
more than 40 atoms [369, 370].
In contrast to neutral atoms, the strong coupling regime has not been reached for

charged particles, yet. Combining ion traps with small-mode-volume, high-�nesse cavi-
ties is tricky, because dielectric mirrors tend to charge up and deteriorate the trapping
potential. This can easily result in the loss of the trapped particles for small mirror
distances. Therefore, the Purcell factors have remained about two orders of magnitude
below that of neutral atoms [190]. Due to their small dimensions, FFPCs might overcome
the problems encountered for macroscopic dielectric mirrors. First attempts with FFPCs
have already yielded a dramatic decrease of the cavity mode volume and hold promise
for the realization of the strong coupling regime with ions [188, 189, 190, 191].
Moreover, FFPCs have successfully been applied in the �eld of cavity optomechanics

[371, 372, 373, 374, 375, 376] and provide a way for imaging applications with cavity-
enhanced sensitivity [60, 61, 62, 63].

In the beginning of this chapter, microstructuring of the end face of optical �bers
by CO2-laser machining is presented. The �rst sections provide basic insight into the
ablation process, the range of feasible mirror geometries, and the technical realization of
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5. Fiber-based Fabry-Pérot microcavities

the micromachining procedure. An overview of produced structures follows. In order to
realize FFPCs with ultimately short mirror spacing, the edges of the �bers have to be
cropped. The technical implementation of mechanical and laser-induced �ber cropping
is explained next. The mirror coating plays a crucial role for the cavity performance,
especially with respect to the �nesse and the minimally achievable mode volume, which
is a�ected by the penetration of the electric �eld into the coating stack. The subsequent
section thoroughly studies the features of dielectric and silver coatings, together with a
characterization of the produced mirrors. Next, we discuss practical limitations particular
to FFPCs, including the coupling e�ciency from the cavity to the �ber mode, clipping
loss due to the �nite size of the micromirror, and mode mixing as a consequence of its
�nite, non-ideal shape. The chapter is �nished with a short excursion to the history of
�ber optic communication.

5.1. CO2-laser machining

CO2-laser light having a wavelength in the band from 9.4 to 10.6 µm is strongly absorbed
by fused silica. At moderate laser intensities, it can thus be applied to super�cially melt
glass within a layer of a few microns. Advantageously, the surface roughness of this layer
is strongly reduced by the surface tension of the molten glass. Laser polishing of optical
surfaces is known to be an e�ective technique to achieve sub-nanometer surface roughness
(σrms) [377, 378], which is an ideal basis for the construction of mirrors featuring very
low scattering loss S ≈ (4πσrms/λ)2 (Eq. 3.17), as low as a few parts per million (ppm).
However, when the laser penetrates deeper into the material and a larger glass volume

is melted, minimization of the surface tension results in the creation of convex structures.
This has for example been utilized for the manufacturing of microlenses [379, 380] or high-
Q whispering gallery mode resonators like microspheres [381, 382] and microtoroids [383].
This e�ect is detrimental for surface polishing and in particular for the creation of concave
structures. For increased laser intensities, ablation of glass by thermal evaporation takes
place.
The machining of concave microstructures with focused CO2-laser pulses succeeds in

a parameter regime where evaporation is dominant, while melting is limited to a thin
super�cial layer [53]. The formation of a micron-scale depression with very low surface
roughness is then feasible within a single machining step. Note that the material removal
rate scales nonlinear with the temperature [53] and is thus extremely sensitive to the laser
intensity, a parameter that must be well controlled to obtain reproducible structures.
Laser ablation in the discussed domain has been fruitfully applied to micromachine the
cleaved end face of optical �bers [51, 52, 54, 56, 57], as well as to planar fused silica
substrates [384, 385, 386].
The transverse Gaussian intensity pro�le of the laser pulse transfers into a temperature

pro�le in the substrate and via thermal evaporation into a likewise-shaped depth pro�le.
Cuts through the resulting depression are �tted acceptably with a Gaussian curve of the
form z(ρ) = t·exp(−(2ρ/D)2), with the pro�le depth t and the 1/e-diameter D, as shown
in Fig. 5.2. The central part of the pro�le is well approximated by a sphere. Its radius
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R

D
t

Figure 5.2.: Machined �ber end face with concave depression.

of curvature can be inferred from the simple relation applicable to Gaussian curves:

R ≈ D2

8t
(5.1)

The parameters R and D serve as good estimates for the radius of curvature and the
usable diameter of the mirror, respectively.
Based on the relation between the geometrical parameters, the minimal mode radius w0

(Eq. 3.41) and mode volume V (Eq. 3.43) can be evaluated that are in principle achievable
with a plane-concave cavity with one laser-machined micromirror with structure depth t
and diameter D, as shown in Fig. 5.3(a,b). The structure depth sets a lower bound to
the minimal cavity length d ≥ t. For a cavity resonant with light at a given wavelength
λ, the minimal mode order consistent with the structure depth is given by q = dt/(λ/2)e,
where dxe = min {n ∈ Z|n ≥ x} denotes the smallest following integer or the ceiling of
x. For each of the steps that are visible in both plots, the cavity length is then given
by d = q · λ/2, for λ = 700 nm. The parameter regime is restricted by the stability
condition, requiring that the cavity length is smaller than the radius of curvature of the
concave mirror d ≤ R. The deeper the structures for a given diameter and mode order,
the smaller its radius of curvature and therefore also the mode radius and mode volume.

5.1.1. Setup

The laser-machining technique applied to optical �bers was originally developed in the
group of Prof. Jakob Reichel, now at E.N.S. in Paris [387, 388, 51, 53]. The �rst
microstructured �bers for this work were produced in Paris in 2011, using the setup
of his group at the Laboratoire Kastler Brossel, which is extensively described in [388,
53]. Therefore, the following brief description will be restricted to a setup, which was
later installed in our group in Munich, in order to produce structures with even smaller
dimensions. It is similar to the advanced Paris setup, which is described in [57].
A sketch of the experimental layout is shown in Fig. 5.4(a). The RF-pumped CO2-

laser1 provides a nominal power of 40W at a wavelength of 10.6 µm. Choosing a laser with
larger output power than actually necessary is motivated by its better power stability,
an extremely critical parameter for the ablation process. The pumping and thus the
output power is pulsed at 5 kHz corresponding to a pulse length of 50 µs. The average

1Synrad �restar v40
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5. Fiber-based Fabry-Pérot microcavities

(a) (b)

Figure 5.3.: (a) Mode waist w0 on the planar mirror and (b) mode volume V as a function
of the structure diameter D and depth t for a plano-concave cavity resonant
with light at λ = 700 nm.

power can be adjusted by the duty cycle. At a duty cycle of 40%, an output power
of 25W was measured for our laser. The power stability after half an hour warm-up
time is a few percent. The beam passes through an acousto-optic modulator2 (AOM)
that is controlled by a voltage. By applying a radio frequency to the AOM, the �rst
di�raction order is guided into the optical path towards the �ber, while it hits a beam
dump, when the voltage is o�. This allows for fast switching and thus, the formation of
pulse trains with well-controllable power and duration. In this optical con�guration, the
laser is steadily running, which is bene�cial concerning its power stability. A polarizer
and a quarter-waveplate act as optical isolator reducing back-re�ections into the laser.
To enable smaller foci, the beam diameter is increased with a beam expander3 before
it gets focused onto the end face of the �ber with a zinc selenide (ZnSe) aspheric lens
with a focal length of one inch or alternatively half an inch. The laser power for di�erent
AOM voltages at a duty cycle of 30% is given in Fig. 5.4(b), with the measurement
being performed between the quarter-waveplate and the telescope. The laser pulse trains
applied to the �ber typically have a power of some hundred mW and a duration of up to
a few ten ms. The �bers to be machined are mounted on a three axes positioning stage4

with a repetition accuracy of 100 nm and a travel range of 52x52x300mm. Translation
along the axis with the longest travel range allows to move the �bers directly into the
focus of either a white light interferometer (WLI) based on a Mireau objective5 and a
blue LED6 or a simple microscope. The �ber end face can therefore be inspected in
between di�erent machining steps without taking the �ber out of its holder and loosing

2Gooch and Housego
3Ronar-Smith 2x-8x
4PI miCos, PLS-85 and LS-180 step motors with linear scale LS-012
5Mireau objective Nikon CF IC Epi Pan DI, 20X, NA 0.4
6Central wavelength λ = 463.25nm and spectral width ∆λ = 19.99 nm
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Figure 5.4.: (a) CO2-laser setup used for microstructuring of optical �ber end faces. (b)
Laser power at 30% duty cycle measured for di�erent AOM control voltage
between quarter-waveplate and telescope.

the positioning relative to the CO2-laser focus. The microscope serves to �rst locate
the �ber in its holder. Once its relative position has been set, the �ber is moved to the
WLI where its end face is examined. Cracks or parasitic particles are straightforward
to detect. The interferometric measurement yields sub-Å height resolution and a lateral
resolution of around 400 nm. An excellent three dimensional (3D) reconstruction of the
laser-machined structures can be obtained by phase-shifting interferometry, where a series
of images with shifted interferograms is evaluated. For this purpose, the Mireau objective
can be moved with a piezoelectric nanopositioner7.

5.1.2. Fibers machined with the setup in Paris

In collaboration with C. Deutsch, S. Stapfner and D. Hunger about 180 �bers were
laser-machined in Paris. Two types of SM �bers8 and one type of gradient-index multi-
mode (MM) �ber9 were used. These �bers have a standard cladding diameter of 125 µm.
Fibers with a metallic coating (e.g. copper, aluminum, gold) are expedient to prevent
outgassing in vacuum environments, e.g. when a low-loss dielectric mirror coating by
ion-beam sputtering is envisaged.
To prepare the unprocessed �bers for laser machining, the �ber coating is stripped over

a length of some ten millimeters, �rst. The commonly-used copper coating is removed
with an etching solution of iron(III) chloride, for instance. Next, the stripped �ber is
cleaved and checked with a WLI. Fibers with an end facet exhibiting cracks or centrally
positioned glass remains are discarded. The cleave quality is highly correlated to the used

7Npoint nPFocus Objective Stage
8Oxford Electronics SM800-125CB, Fiberguide Industries ASITM 633
9Oxford Electronics GI50-125CB
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(a) (b) (c) (d)

Figure 5.5.: WLI images of �ber end faces before laser-machining. The quality of the
�ber cleave is increasing from (a) to (d). The �ber diameter is 125 µm.

�ber cleaver. The best results regarding the planarity of the cleave have been obtained
with a surprisingly simple model10. Di�erent types of optical �bers have a noticeable but
minor e�ect on the cleave. Any protrusion from the �ber's end face, including kinks or
glass remains, limit the minimally achievable cavity length, pointing out the importance
of a clean and plane �ber cleave. Figures 5.5(a-d) show examples for di�erent cleave
qualities: (a) Discard (b) The glass pieces are unproblematic for further machining, since
they are far from the center. They can become hindering for short cavities, however.
(c) The kink, here on the top, is characteristic for most cleaves. The imaging method
cannot clarify whether it is a depression or protrusion. A protrusion potentially limits
the minimally achievable cavity length. The planarity is very good. (d) Perfect cleave.

(a) (b)

Figure 5.6.: Laser-machined �ber (a) with and (b) without illuminated �ber core.

Finally, the end face of the �ber is laser machined and recorded once more with a WLI.
Note that the WLI was not directly integrated into the machining setup, here, making a
control more cumbersome. The earlier apparatus did not yet allow for 3D reconstruction,
neither. The alignment of the structure relative to the �ber core is checked by shining
light into the back of the �ber. The �ber core appears as a bright spot in the WLI image.
As illustrated in Fig. 5.6(a,b) very good alignment is feasible. The center of the concave

10Corning Precision Diamond Cleaver FBC-006

80



5.1. CO2-laser machining

(a) t = 0.53 µm,
D = 20 µm,
R = 95 µm,
P = 430mW,
T = 16ms,
w = 27 µm

(b) t = 0.90 µm,
D = 22 µm,
R = 67 µm,
P = 490mW,
T = 16ms,
w = 27 µm

(c) t = 1.86µm,
D = 23 µm,
R = 36 µm,
P = 430mW,
T = 16ms,
w = 27 µm

(d) t = 2.78µm,
D = 56 µm,
R = 121 µm,
P = 620mW,
T = 21ms,
w = 50 µm

Figure 5.7.: Selection of WLI images showing di�erent structure geometries produced
with the Paris setup. The �ber diameter is 125 µm.

structure typically deviated less than a �ber core radius of 3.5µm from the core.
The irradiation power of the laser P ranged from 0.48 to 0.65W, the pulse length T

from 16 to 23ms and the beam width w was set to 27 or 50 µm by the choice of the
focusing lens. Some of the �bers were irradiated with a short afterpulse of 8ms expected
to further smoothen the surface by melting a super�cial layer before ablation sets in.
The geometric parameters of the produced structures are depths t between 0.5 and 3µm,
diameters D from 20 to 60µm, and radii of curvature R from 35 to 200µm. A selection of
machined structures is shown in Fig. 5.7. Please note the remarkable di�erence between
the machining of SM and MM �bers. For identical laser setting, the structure on a MM
�ber gets more than three times deeper than that on a SM �ber (compare Fig. 5.7(a,c)).
This can be attributed to di�erent types of glass used for the �ber core and cladding.
Presumably, the core material ablates faster. Due to the much larger core diameter of
the MM �ber (� = 50 µm), the structure size increases. In general, the laser power has
to be �ne-tuned for every type of substrate.
Another detail worth mentioning is the apparent ellipticity of the structures. It is

caused by the polarization of the CO2 laser itself, as well as by aberrations introduced
by the optical elements. It can be reduced by careful alignment. According to Upho� et
al. [54], the elliptic geometry of laser-machined Fabry-Pérot cavities is the main reason
for the frequency splitting of the polarization eigenmodes of the fundamental transverse
mode.
After laser machining, the surface roughness of the microstructures is controlled with

an atomic force microscope11 (AFM) using a special �ber holder. Square areas with an
edge length of 0.5 µm were scanned. The standard deviation from a line-wise polynomial
�t of second order yields the root mead square (rms) surface roughness. The average over

11Digital Instruments Dimension 3100
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5. Fiber-based Fabry-Pérot microcavities

Figure 5.8.: AFM measurement of a laser-machined �ber surface after subtraction of line-
wise polynomial �ts of second order.

ten measurements of a �ber machined with a smoothing afterpulse resulted in an rms
surface roughness of σ = (0.14±0.01) nm, close to the resolution limit of the AFM. Under
the assumption that the mirror coating does not introduce additional surface roughness,
the corresponding scattering loss amounts to S = 5 · 10−6 at λ = 780 nm , in short 5
ppm (see Equ. 3.17). Figure 5.8 displays the surface roughness after subtraction of the
polynomial �t curves.

5.1.3. Fibers machined with the setup in Munich

As a result of the optimized focusing optics12 and the ability for fast inspection of the
produced features, particularly small and shallow structures become feasible with the
advanced setup: Pro�le diameters D down to about 4 µm, radii of curvature R as small as
5 µm and depths t from some ten nanometers to 3 µm were created, which is substantially
smaller than the structures produced in Paris (see Table 5.1). Note, that these values do
not represent an ultimate limit; in general the setup enables smaller structures.

Setup D (µm) R (µm) t (µm)

Paris 20-60 35-200 0.5-3
Munich & 4 & 5 0.01-3

Table 5.1.: Overview of produced structures

Before laser machining takes place, the optical �bers are prepared as described above
(see Section 5.1.2). Pulse sequences with large variability are feasible using the AOM.
A typical pulse train applied to create the central depression involves three consecutive
pulses at a laser duty cycle of 60% and an AOM voltage of 2.7V. This pulse train is
used up to �ve times, until the desired structure depth is reached, which is checked with

12A beam expander (Ronar-Smith 2x-8x) is used before focusing with an aspheric lens having a focal
length of one inch
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5.2. Fiber cropping

the WLI integrated into the setup. The �ber core is directly made visible in the WLI
image, by illuminating the �ber from the other end with an LED. This enables the in situ
control of the positioning of the structure, yielding an accuracy of typically less than one
micron. The central feature is in most cases created after the edges of the end facet have
been cropped by laser machining to allow for shorter mirror distances. The cropping
procedure is subsequently explained in more detail (see Section 5.2).
An example of a readily machined and silver coated end face of a �ber13 is shown in

Fig. 5.9. The 3D reconstruction obtained with the WLI, provides an excellent impression
of the surface topography. A Gaussian �t curve is in very good agreement with a cut
through the pro�le and results in D = 7 µm, R = 90 µm, and a depth t below 100 nm.
The radius of curvature can also be obtained from a parabolic �t to the central part of the
depression. Using this �ber, the realization of a plano-concave cavity with a λ/2 mirror
separation, i.e. a cavity with a single �eld antinode, is indeed possible, as presented
in Section 7.2. The theoretically expected clipping loss and coupling e�ciency for this
geometry are displayed in Fig. 5.25.

5.2. Fiber cropping

Mechanical contact of the mirrors of FFPCs limits the minimally achievable mirror dis-
tance and thus the cavity length. The main reason preventing smaller distances is the
imperfect planarity of the �ber cleave, which is typically around one micron for standard
optical �bers having a cladding diameter of 125µm. Moreover, the cleave can result in
an end facet, which is tilted with respect to the optical axis of the �ber and the mirror
structure created later on. Kinks or glass remains on the end facet originating from the
cleaving procedure represent further potential protrusions, which can however be avoided
in most cases.
The di�culty of reaching sub-micron mirror distances is easily illustrated, by consider-

ing the involved geometrical dimensions: Imagine a plane-concave cavity that is resonant
with the fundamental oscillation of an electromagnetic wave, i.e. the cavity length equals
λ/2, with λ = 700 nm, here. Assuming that the emitter is placed in the �eld maximum
and that the concave structure is as shallow as t = 100 nm, the gap between the mirrors
amounts to roughly 75 nm, three order of magnitudes smaller than the cladding diameter.
Due to the limited planarity or a tilt of the cleave, the �ber establishes contact with the
plane mirror before this cavity length is reached in practice. It hence seems natural to
crop the edges of the �ber, to remove all protrusions from its end facet and allow for
more alignment freedom, as illustrated in Fig. 5.10. Using optical �bers with a reduced
cladding diameter from the beginning (if available for the desired type) cannot directly
solve the issue, since laser machining of their end facet is expected to easily result in the
formation of convex structures.
Two di�erent cropping techniques have been established throughout the scope of this

thesis: The �ber edges can either be removed by mechanical polishing or by a more
controlled method based on laser ablation.
13Optical �ber type: Thorlabs S405-XP
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Figure 5.9.: (a) WLI image of a readily machined and silver coated �ber end face with
laser-cropped edges. The outer circular transition from bright to dark marks
the �ber edge (� = 125 µm) located behind the focus. Figure 5.12(c) pro-
vides the corresponding side view. (c,d) Topography obtained from the areas
marked in (a) by red and green circles, respectively. The edge length of the
protrusion is below 20 µm. (b) Cut through the pro�le shown in (d) (blue
dots) together with a parabolic �t (red line).

α α

∆d

Figure 5.10.: For the same angular tilt α the cropped �ber (left) gets closer to the plane
mirror than the unmachined �ber (right). In other words, the gained align-
ment freedom of the cropped �ber allows shorter cavities.

84



5.2. Fiber cropping

5.2.1. Mechanical �ber cropping

The edges of the �ber end facet can be removed with minor experimental overhead
by mechanical polishing. This method is usually applied before the central feature is
produced by laser machining, since the delicate procedure involves a non-vanishing risk to
break the �ber. However, it is noteworthy that even already machined and dielectrically-
coated �bers survived the treatment without noticeable damage to the micromirror,
which was proven by an unchanged �nesse.
Starting with an unmachined �ber, the �rst steps involve stripping and cleaving. Next,

some millimeters of the �ber are coated with polymethylmethacrylat (PMMA) to protect
its end face from glass and dirt particles created throughout polishing. Subsequently, the
�ber is �xed in a custom holder, such that its tip is upside down and touches a piece of
polishing sheet14 under an adjustable angle. The mounting of the �ber allows a backlash
in the direction of the �ber optical axis of a few millimeters, in order to prevent breakage
of the glass �ber by excessive stress. The polishing sheet underneath the �ber tip is
slowly pulled from one side to the other for a few times, removing a �rst part of the outer
edge. This step is repeated three more times after the mount has been rotated by ninety
degrees around the �ber axis. For the rotation of the mount, the �ber is withdrawn
from the sheet. In the end, the PMMA layer is dissolved in acetone in an ultrasonic
bath. Directly after taking the �ber out of the acetone, it is rinsed with isopropanol
and deionized water, leaving behind a clear �ber end face without glass particles. The
resulting and intermediate end face geometry are examined with the WLI. As shown in
Fig. 5.11(b), the remaining plateau is immaculate and almost quadratic, with an edge
length of some ten micrometers. Side views can be obtained with an optical microscope,
as depicted in Fig. 5.11(a).

(a) (b)

Figure 5.11.: Fiber cropped by polishing. (a) Microscopic side view. The cladding diam-
eter is 125 µm. The remaining protrusion has an edge length of ≈ 40 µm (b)
Corresponding WLI images of the end face. The well-centered �ber core is
illuminated in the lower �gure. The black spots are imaging artifacts.

14Thorlabs LFG1P Aluminum Oxide or LF1D Diamond Lapping (Polishing) Sheet 1 µm Grit
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5.2.2. Fiber cropping by laser ablation

CO2-laser ablation can be utilized to crop the edges of the end facet of an optical �ber,
in order to shape the �ber tip roughly like a �at top cone. To this end, multiple laser
pulse sequences are applied to its edge in circular patterns, to crop the outer part of the
end facet. This results in a protruding plateau with diameters of typically below 20µm.
Microscopic side views of such �bers are shown in Fig. 5.12. Note that laser cropping
may leave behind some glass debris on the now protruding �ber plateau. By applying a
few weak laser pulses, the plateau can be polished by melting a thin surface layer. Laser
cropping can be performed with the unaltered laser setup described in Section 5.1.1 and
can thus be applied directly before or after the central structure has been created.

(a) (b) (c)

Figure 5.12.: Side view of di�erent laser-cropped �bers taken with a microscope (magni-
�cations 10-20x). The cladding diameter of all �bers is 125 µm. In (b) the
deep central structure machined into the mesa structure is visible.

To obtain a planar protrusion with steep edges, a cropping procedure based on a
multitude of laser pulses is used. Inspection of the end face after each step with the WLI
is essential to prepare a viable pulse protocol. A typical pulse sequence is speci�ed in
Table 5.2, together with a schematic illustration of the positioning of the applied pulses.
For each step, a number of equidistant sites are de�ned, which lie on a circle with a �xed
radius centered around the �ber core. A number of consecutive pulses is applied to each
of these sites. The more pulses, the more material is removed. A smooth transition from
the edges to the center of the �ber is achieved by reducing the number of sites and pulses
with decreasing radius. For this example, the duty cycle of the laser was kept constant
at 60% for all pulses, the AOM voltage was at 3.4V. An aspheric lens with a focal length
of half an inch was used for focusing.
The circular cropping sequence can result in a pro�le covered with a thin layer of

debris and a slightly protruding rim. By applying a melting sequence, the debris and
the bulgy edges are smoothened. For this purpose, the end face of the �ber is moved
500µm out of focus to achieve a more homogeneous illumination. Using very low laser
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Step Radius (µm) Sites Pulses

1 (red) 62 31 4
2 (green) 52 26 4
3 (blue) 40 20 3
4 (yellow) 32 16 2
5 (magenta) 26 13 1

x (µm)

y 
(µ

m
)

−50 0 50

−50

0

50

Table 5.2.: Typical pulse sequence for laser cropping. The �gure on the right illustrates
how this sequence acts on the end face of the optical �ber.

power but increasing the number of pulses to 6000 assures that only a thin surface layer
is melted and prevents the collapse into a convex shape. The melting sequence is applied
several times until the protruding plateau has reached a planarity better than about
100 nm. Compared to the cropping sequence, the duty cycle is increased to 98.75%, the
AOM voltage is reduced to 2.3V. The �ber is now ready to create the central feature,
as already described in Section 5.1. The pro�le of a fully machined and coated �ber is
shown in Fig. 5.9(c,d).

5.3. Mirror coating

After laser machining, a mirror coating is applied to the end face of the optical �bers.
Di�erent coating materials and techniques are available. Throughout the scope of this
thesis, dielectric, as well as, silver coatings were used. Dielectric coatings are composed
of multiple, thin, dielectric layers with alternating high and low refractive index. The
simulation of multilayer coatings based on the matrix method has already been discussed
in Section 3.2. The wavelength dependent re�ectivity of such a coating system can be
designed with a high degree of freedom by the accurate choice of the coating materials,
the layer thicknesses and the number of layers. For example, cavity mirrors are feasible
that exhibit a very large re�ectivity at the wavelength of the �uorescence from an emit-
ter, while they transmit the excitation light at the same time. Very large re�ectivities
exceeding 0.99999 can be realized, using low-loss materials [335]. Dielectric mirrors are
the �rst choice, when a high cavity �nesse takes priority, for example for the coupling of
narrow-band emitters like atoms or when photons with a high spectral purity are desired.
However, electric �elds impinging on dielectric mirrors penetrate some hundred nanome-

ters to a few micrometers into the layer stack, which sets a lower bound to the minimally
achievable mode volume. When aiming at ultra-low mode volume cavities, metallic mir-
rors represent an attractive alternative, since the penetration depth amounts to only a
few ten nanometers, here. Yet, the comparatively large absorption loss of metals limits
the re�ectivity of metal mirrors. Silver, for instance, exhibits an absorption of roughly
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(a) (b)

Figure 5.13.: (a) Ideal Purcell factor C0 as a function of the structure diameter D and
depth t for λ = 780 nm, dpen = 610 nm, F = 150 000, including clipping
loss and a reduction of the �nesse for structures with steep sidewalls. (b)
E�ective Purcell factor Ce� for λ = 700 nm, dpen = 100 nm, F = 40,
Qem = 8, including clipping loss.

3% and a re�ectivity of more than 95% for wavelengths larger than 500 nm. The �nesse
of a Fabry-Pérot cavity with silver mirrors can therefore not exceed values of around
100. This is however more than su�cient to achieve Purcell enhancement with NV cen-
ters coupled to ultra-small mode volume cavities at ambient conditions. As discussed in
Section 4.3, �nesse values around 20 are for instance optimal, when aiming at maximal
photon count rates.
In short, cavities with metal mirrors allow for extremely small mode volumes at mod-

erate �nesse, while dielectric mirrors enable a superior �nesse at slightly larger mode
volumes. Two scenarios for the Purcell enhancement achievable with plano-concave cavi-
ties are given in Fig. 5.13(a,b). First, the ideal Purcell factor is evaluated for a high-�nesse
cavity with dielectric mirrors, which is the relevant �gure of merit for the coupling of
narrow-bandwidth emitters. In contrast, the e�ective Purcell factor prevails for the sec-
ond scenario, where a broadband emitter, like the NV center, is coupled to an ultra-small
mode volume cavity with silver mirrors.
The calculation of the ideal Purcell factor for the cavity with dielectric mirrors is based

on a nominal �nesse of 150 000 at λ = 780 nm and a total penetration depth of 610 nm,
resulting in peak values on the order of 1 · 104. The optimum is reached for structures
with a diameter ≈ 5 µm and a depth ≈ 800 nm, for the fourth mode order. The latter
is now given by q = d(t + dpen)/(λ/2)e, with the penetration depth dpen. The ideal
Purcell factor is proportional to the ratio F/w2

0. While di�raction limits the minimally
achievable mode radius w0, the nominal cavity �nesse F is reduced by clipping loss (see
Section 5.4) for very small structures. Furthermore, for an increasing ratio of structure
depth to diameter, the sidewalls of the mirror get more and more inclined. Since the
re�ectivity of the coating stack is optimized for normal angle of incidence, the cavity
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�nesse deteriorates for mirrors with steep surfaces.
The e�ective Purcell factor, which scales with Qe�/V , is illustrated for an emitter with

a quality factor Qem = 8 at λ = 700 nm. The total penetration depth into the glass
capped silver mirrors is set to 100 nm, the maximal cavity �nesse to F = 40. Maximal
e�ective Purcell factors are obtained for small mode volumes, i.e. for small and shallow
structures, and mode order q = 1. However, clipping loss sets a lower limit to the
bene�cial e�ect of a small mode volume.
In the following, a more detailed characterization of dielectric and silver coatings is

given.

5.3.1. Dielectric coating

Dielectric mirrors are distributed Bragg re�ectors consisting of several thin layers of ma-
terials with alternating high and low refractive indices. When a light wave is incident on
the layer system, each layer boundary gives rise to a partial re�ection. The transmission
and re�ection behavior is a result of multi-beam interference. Constructive interference is
obtained by adjusting the layer thicknesses appropriately, e.g. when the optical thickness
of the layers is equal to one fourth of the wavelength of the incident light. The overall
re�ectivity increases with the amount of layer pairs. This enables the design of highly
re�ective mirrors with controllable spectral response. The larger the di�erence between
the refractive indices of the involved materials, the larger the mirror re�ectivity and the
larger the bandwidth for a given number of layers. The spectral window, for which the
mirror is re�ective, is called stopband. By �nishing the mirror stack with a low-refractive
index layer with an optical thickness equal to λ/4, the antinode of an impinging electric
�eld can be positioned slightly above the mirror. In this way, the cavity coupling to an
emitter that is directly placed on such a mirror can be optimized.
Among the various deposition methods for dielectric mirror coatings, ion beam sput-

tering (IBS) is arguably the most advanced and yields the lowest absorption loss. Mirror
coatings produced by IBS are commercially available from several companies15. By way
of example, a mirror coating produced by Advanced Thin Films (ATF) on �bers machined
in Paris is discussed more thoroughly.

Mirror transmission

For the coating produced by ATF, a mirror transmission of T = 12 ppm at λ = 780 nm
was targeted, which constitutes a compromise between a large cavity �nesse and a rea-
sonable amount of light leaving the cavity. This requirement is met by choosing the
transmission about equal to the sum of scattering and absorption loss, such that around
every second photon exits the resonator via the cavity mode before being lost. Assuming
that the coating does not introduce additional surface roughness, the scattering loss of

15Advanced Thin Films, Boulder, CO 80301, USA
Laseroptik GmbH, 30826 Garbsen, Germany
Laser Zentrum Hannover e.V., 30419 Hannover, Germany
Layertec optische Beschichtungen GmbH, 99441 Mellingen, Germany
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Figure 5.14.: Comparison of measured (blue dots) and simulated (red line) coating trans-
mission. (a) Coating with a target transmission of 1500 ppm at 740 nm
(Laseroptik Garbsen). Simulation based on complete knowledge of the layer
system. Data provided by manufacturer. (b) Coating with a target trans-
mission of 12 ppm at 780 nm (ATF). Measurements were performed with a
grating spectrometer able to resolve transmission values down to roughly
1 · 10−3. Simulation based on a λ/4-layer stack approximation.

the �bers machined in Paris amounts to approximately S = 5 ppm (see Section 5.1.2).
According to the manufacturer, absorption loss is on the order of A = 6 ppm. In total,
the loss of a single mirror adds up to 23 ppm, corresponding to a cavity �nesse of roughly
140 000 (see Eq. 3.20).
The target transmission is achieved with a mirror coating consisting of about 30 alter-

nating layers of silicon dioxide (SiO2) and tantalum pentoxide (Ta2O5) having refractive
indices of nL = 1.46 and nH = 2.1, respectively. The coating stack is �nished with a
high-refractive-index layer. The transmission spectrum of the mirror is measured and
provided by the manufacturer. It can also be simulated with the help of the matrix
method (Section 3.2). Knowledge of the exact thicknesses and refractive indices of all
coating layers enables an accurate prediction of the transmission spectrum, as shown
for a di�erent coating in Fig. 5.14(a). However, details about the layer system are in
general not disclosed by the companies. In this case, the coating stack is approximated
by choosing the layer thicknesses such that the optical path length matches a quarter of
the wavelength to be re�ected. Adjusting the amount of layer pairs leads to qualitative
agreement to measured transmission curves, as shown for the ATF coating in Fig. 5.14(b).
For this example, the simulated transmission has been �tted to the wings of the stop
band, rather than precisely matching the target transmission of 12 ppm, illustrating the
limits of this approximation. Once the layer stack of one mirror is modeled, it can be
easily combined with that of a second mirror, to yield the transmission of a complete
cavity. The speci�cations of the dielectric mirror coatings applied throughout this work
are listed in the following.
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Mirror speci�cations

Advanced Thin Films (ATF)

� Designed transmission T = 12 ppm at 780 nm, measured transmission T = 7.3 ppm
at 780 nm

� applied in [362]

Figure 5.15.: ATF coating: Transmission spectrum measured by the manufacturer yield-
ing T = 7.3 ppm at 780 nm

Laser Zentrum Hannover (LZH)

� Designed for T = 34 ppm at 780 nm

� 14 layers of SiO2 with nSiO2 = 1.455, 15 layers of TaO5 with nTaO5 = 2.105

� Measured scattering loss at 633 nm, AOI 0°: 70-80 ppm

� Measured absorption loss at 1064 nm, AOI 0°: 100-120 ppm

� detailed description in [51]
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Figure 5.16.: LZH coating: (a) Manufacturer speci�cations providing the measured (red)
and theoretically expected (black) transmission spectrum. (b) Measured
(blue dots) and simulated (red line) mirror transmission.

Layertec

� Designed for T = 60 ppm at 780 nm

� Anti-re�ection coating for 532 nm (R(0°, 532 nm) < 10%)

� SiO2 spacer layer to move emitter into �eld maximum

� Back side with anti-re�ection coating AR(0°,650-780 nm)<0.4% + AR(0°,532 nm)<1%
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Figure 5.17.: Layertec coating: Measured (blue dots) and simulated (red line) mirror
transmission.
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Figure 5.18.: Layertec coating manufacturer speci�cations.
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Cavity �nesse

The cavity �nesse is directly connected to the total loss introduced by the contributing
mirrors. Di�erent experimental methods for its determination exist. The approach ap-
plied here, is based on the individual measurement of the cavity linewidth δν and the
free spectral range νF , whose ratio yields the �nesse (see Eq. 3.13). The corresponding
setup is sketched in Fig. 5.19(a). For this example, the FFPC consists of a SM and a
MM �ber. For the cavity alignment, the two �bers are mounted on a piezo-actuated,
linear three-axis translation stage and a manual pitch and yaw stage, respectively.
The cavity linewidth is determined with a narrow-band diode laser16 operating at

780 nm. A �ber-coupled electro-optic modulator17 (EOM) is used to imprint sidebands
at a preset microwave frequency onto the laser by phase modulation. The modulated
light is directly coupled into the back side of the SM cavity �ber. The light, which
is transmitted through the cavity, is coupled out through the MM �ber and detected
by a photo diode. The signal is recorded, while the cavity length is swept over the
cavity resonance for the central laser frequency and its two sidebands, here at ±4GHz.
The sidebands serve as a frequency ruler for the precise determination of the resonance
linewidth.
For the measurement of the free spectral range, a superluminescent diode18 (SLED)

replaces the diode laser. The light of the SLED has a spectral width of roughly 60 nm
centered around 760 nm and is coupled into the SM �ber. The phase modulation of the
laser light, as well as the length modulation of the cavity are meanwhile switched o�.
The transmitted light is recorded with a grating spectrometer. The free spectral range is
de�ned by the spectral distance of two neighboring resonances in the cavity-transmitted
SLED spectrum in the frequency domain. Furthermore, the spectral position of the two
resonances yields the cavity length (see Eq. 3.4).
Combining the two measurements, the �nesse can be determined. An example for the

�nesse measured for di�erent cavity lengths is shown in Fig 5.19(b), for cavity mirrors
with the previously discussed ATF coating. A maximal �nesse of 140 000 ± 10 000 is
reached for a cavity length of 6.9µm, in very good agreement with the expected value
inferred from the total loss. For larger mirror spacing, the �nesse deteriorates. While
it is still around 90 000 for a cavity length of 55µm, there is a sharp drop towards the
stability limit of the cavity.
Even larger values of up to 172 000 ± 10 000 have been measured for a plane-concave

cavity at a length of 7.5 µm using one �ber of the same batch and a macroscopic mirror
[362]. The increased �nesse might stem from the reduction of absorption loss by an-
nealing, which is able to resolve defects in the coating layers. Possibly, local annealing
has happened while stabilizing the cavity length on resonance. The small mode waist
(w0 ' 2 µm) and the high �nesse yield large intracavity intensities, even for moderate
incoupling powers Pi. Assuming ideal �ber coupling and mode matching, the intracavity
power is given by Pc = PiT (F/π)2, where T is the mirror transmission (Eq. 3.25). For

16Toptica DL100
17Photline NIR-MPX800-LN-10
18Exalos EXS7505-8411
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Figure 5.19.: (a) Setup used to determine the cavity �nesse. FM: �ip mirror, FC: �ber
coupler, PD: photo diode (b) Finesse measurement for di�erent cavity
lengths resulting in a maximal value of 140 000± 10 000 at a cavity length
of 6.9µm.

Pi = 1mW, the intracavity power amounts to about 36W and the peak intensity

Imax =
8Pc
πw2

0

(5.2)

may reach values of 2GW/cm2, which is on the order of the damage threshold of low-loss
coatings. To my knowledge, the largest �nesse of FFPCs published so far is 190 000 ±
10 000 for a mirror transmission of 2.9 ppm [54].
The measured �nesse of 172 000 corresponds to a total loss per mirror of roughly

18 ppm, which is distributed between transmission, absorption and scattering loss. The
target transmission for this coating is 12 ppm and absorption loss after annealing can be
as low as 3 ppm according to the manufacturer. Hence, scattering loss amounts to roughly
3 ppm, corresponding to a surface roughness of only 0.1 nm (Eq. 3.17). This is comparable
to the surface roughness of standard super-polished mirror substrates typically speci�ed
as better than 0.2 or 0.1 nm. Table 5.3 provides the theoretically achievable cavity �nesse
for a few values of the scattering loss and the transmission. The absorption loss is �xed
at 6 ppm.

σrms (nm) / S (ppm) T=2ppm T=5ppm T=10ppm

0.1 / 2.6 300 000 230 000 170 000
0.14 / 5.1 240 000 200 000 150 000
0.2 / 10 170 000 150 000 120 000

Table 5.3.: Finesse in dependence of surface roughness σrms, scattering loss S, and trans-
mission T for �xed absorption loss A = 6 ppm.
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Penetration of the electric �eld into the mirror stack

A major drawback of dielectric coatings compared to metallic mirrors is the rather large
penetration of the electric �eld into the mirror stack. If the high and low refractive
indices nH and nL of the two coating materials are known, the geometrical penetration
depth can be calculated following [389]. The adapted expressions valid for a dielectric
mirror in air are given by

LH =
λ

4n̄∆n
, (5.3)

if the mirror is �nished with a high-refractive-index layer and

LL =
λn̄

4∆n
+
λ∆n

2π2n̄
, (5.4)

if �nished with a low-refractive-index layer, where

n̄ = 2

(
1

nH
+

1

nL

)−1

, (5.5)

and
∆n = nH − nL. (5.6)

For the typical coating materials, SiO2 and Ta2O5, having refractive indices nL = 1.46
and nH = 2.1, respectively, the electric �eld geometrically penetrates LH = 177 nm and
LL = 539 nm into the mirror stack. Assuming that the optical path length of the layers
equals a quarter wavelength, here λ = 780 nm, the layers have geometrical thicknesses of
dSiO2 = 134 nm and dTa2O5 = 93 nm, respectively. Evidently, the �eld penetrates a few
layers into the mirror stack before being stopped.
More signi�cant than the geometrical penetration depth is the optical penetration

depth, which is estimated by
dH,L = n̄LH,L, (5.7)

and amounts to dH = 305 nm and dL = 929 nm, here. These values increase for wave-
lengths di�ering from the design wavelength. The total (optical) penetration depth dpen
of a cavity is given by the sum of the penetration depths of all involved cavity mirrors.
The mirrors coated by ATF are �nished with a high refractive index material. Hence,
a Fabry-Pérot cavity with two of these mirrors experiences a total penetration depth of
about 610 nm, which critically limits the minimally achievable mode volume.
For the coupling of an emitter to the �eld maximum of the cavity mode, it is advanta-

geous to place the emitter on a mirror with a suitably sized, low-refractive-index spacer
layer. In this case, the total penetration depth is closer to 1.2µm. The enlarged mode
volume can be approximated by replacing the cavity length d in Eq. 3.43 by the e�ective
cavity length

de� = d+ dpen, (5.8)

while assuming that the mode width w0 does not change.
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5.3.2. Silver coating

Compared to low-loss dielectric mirrors composed of a multitude of layers, metal coatings
are rather simple systems and can be produced with minor experimental overhead. Silver
mirrors, for instance, can be prepared by applying a thin �lm of some ten to hundred
nanometers of the metal onto a substrate like a macroscopic glass cover slip or the
microscopic end facet of an optical �ber. To prevent oxidation, a protective glass layer
is usually coated on top. Additionally, the glass cap may serve to position the maximum
of the electric �eld slightly above the mirror surface, to optimize the coupling to directly
attached emitters. Silver stands out against other metals due to its large re�ectivity and
low �uorescence in the visible. The principal motivation for metal coatings is the minor
penetration of electric �elds into the mirror, which enables FFPCs with ultra-small mode
volumes. As subsequently explained in more detail, the mirror transmission depends on
the thickness of the silver layer, which can be optimized for di�erent coupling scenarios
with broad-band emitters. On the one hand, a maximal e�ective Purcell factor is obtained
for maximal cavity �nesse, i.e. cavity mirrors with lowest transmission, which is obtained
for large silver layer thickness. On the other hand, the photon rate is maximized for a
cavity where one mirror has a slightly larger transmission, i.e. a thinner silver layer,
such that the light can be e�ciently coupled out and collected. These scenarios will be
thoroughly discussed in Section 7.2.

Penetration depth and mirror transmission

The 1/e-penetration depth of the electric �eld into metals with a complex refractive index
n′ = n− ik is given by [390]

δ =
λ

2πk
. (5.9)

For silver, the extinction coe�cient k continuously increases from about 3 to 7 for wave-
lengths from 500 to 1000 nm, which results in penetration depths between 28 and 22 nm.
Silver mirrors with a layer thickness, which is comparable to the penetration depth, are
semitransparent. As shown in Fig. 5.20(a), the mirror transmission decreases exponen-
tially with the thickness of the silver layer. The calculation is based on the matrix method
(Section 3.2) for normal incidence of the light wave on the mirror. It is con�rmed by an
additional �nite di�erence time domain (FDTD) simulation19.

Table 5.4 summarizes simulated and measured parameters for the mirrors used in
the experiments described in Section 7.2. For better illustration, two mirror coatings
denominated M1 and F1 are now discussed in more detail:

Mirror M1 A typical mirror coating applied to a planar glass cover slip consists of a
silver layer of 33 nm capped with 20 nm of glass. The wavelength-dependent transmission
(T ), re�ectivity (R) and absorption (A) of this mirror is simulated with the matrix
method (Section 3.2) for normal angle of incidence, as shown in Fig. 5.20(b). At a

19Lumerical FDTD Solutions
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Figure 5.20.: (a) Transmission of an individual silver layer on a glass substrate at
λ = 700 nm as a function of the layer thickness, simulated with the matrix
method (blue line). It is in very good agreement with FDTD simulations
(black dots). (b) Re�ectivity (blue), transmission (red) and absorption
(black) of a silver layer of 33 nm thickness, capped with 20 nm of glass as a
function of the wavelength.

Name r Ag SiO2 λ Texp Tth Rexp Rth Ath Fexp Fth

M1 ∞ 33 nm 20 nm
532 nm 0.15 0.16 0.77 0.07 21 18
692 nm 0.08 0.88 0.04 42 37

F1 90µm 60nm 20 nm
532 nm 0.06 0.02 0.93 0.92 0.06
692 nm 0.008 0.96 0.03

M2 ∞ 33 nm 60 nm
532 nm 0.24 0.24 0.66 0.10
633 nm 0.16 0.15 18 21
692 nm 0.11 0.83 0.05 28

F2 ∞ 60 nm 20 nm
532 nm 0.06 0.02 0.93 0.92 0.06
692 nm 0.008 0.96 0.03

Table 5.4.: Measured (exp) and simulated (th) parameters of typical silver mirror coat-
ings. The cavity �nesse is given for the combination of these mirrors (M1 with
F1 and M2 with F2). r: radius of curvature of the mirror, λ: wavelength
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wavelength of 692 nm, values of Rth = 88.7 %, Tth = 7.7 % and Ath = 3.6 % are expected.
The re�ectivity increases with the wavelength, while the transmission and absorption
decrease. This general behavior is independent of the silver layer thickness and a direct
consequence of the wavelength dependence of the refractive index of silver. The glass cap
has a minor e�ect. For a pure silver layer the values change only slightly (Rth = 90.0 %,
Tth = 6.8 %, and Ath = 3.2 %). The transmission of this mirror is checked experimentally
by measuring the power of a laser before and behind the mirror. At a wavelength of
532 nm, the measurement yields a transmission of Texp = (15± 2) %, while the predicted
value amounts to Tth = 16%. The quoted errors are obtained from measurements at
di�erent mirror locations typically yielding moderate variations of the transmission.

Mirror F1 The second mirror to be considered is coated with 60 nm of silver and capped
with 20 nm of glass. This coating is typically applied to the end face of �bers. When
�bers are used as substrates, the transmission cannot be determined straightforward,
since the coupling e�ciency into the �ber is not known very accurately. Therefore, the
transmission is usually determined for glass substrates coated in parallel to the �bers.
Due to the larger thickness of the silver layer, the mirror transmission is lower than a
few percent. For mirrors with a low transmission, the determination of the re�ectivity is
more precise. Here, the re�ectivity amounts to Rexp = (93± 2) % at 532 nm, close to the
predicted value of Rth = 92%. In general, very good agreement to the values obtained
with the matrix method were found.

Cavity transmission and �nesse

The cavity �nesse that is achievable with silver mirrors is limited to values of around 100,
as a consequence of absorption loss within the silver �lms, which is on the order of 3-
4%. Thus, for decreasing mirror transmission, i.e. increasing silver layer thicknesses, the
�nesse starts to saturate, as displayed in Fig. 5.21(a). For the shown example, the silver
layer thickness of the �rst mirror is �xed to 100 nm, while it is varied from 0 to 100 nm
for the second one. The glass capping is 20 nm for both mirrors. The determination
of the �nesse is based on the calculation of the individual mirror re�ectivities with the
matrix method for normal angle of incidence and applying Eq. 3.18.

Cavity consisting of mirrors M1 and F1 Now, the two previously discussed mirrors are
combined as Fabry-Pérot cavity. The transmission behavior of this cavity is simulated
with the matrix method, with an air spacer layer of 4µm in between the two mirrors. As
shown in Fig. 5.21(b), three neighboring resonances are present in a spectral window from
600 to 800 nm. Due to the asymmetric transmission of the mirrors, the photons would
predominantly leave the cavity through the thinner mirror, enabling large collection
e�ciency in the experiment. According to Eq. 3.22, the probability of a photon to leave
the resonator through the thinner mirror amounts to 51%, compared to only 5% through
the thicker one.
The cavity �nesse is also measured. While the �rst mirror (M1) is deposited on a
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Figure 5.21.: (a) Cavity �nesse as a function of the silver layer thickness of one of the mir-
rors. (b) Normalized cavity transmission of two glass capped silver mirrors
(M1 and F1) at a mirror spacing of 4 µm.

macroscopic planar glass substrate, the second (F1) is on a �ber end facet with a con-
cave laser-machined structure. A narrow-band laser is coupled into the �ber end and
the cavity transmission is detected behind the macroscopic mirror with a photo diode,
while the cavity length is swept over a little more than one free spectral range with a
piezoelectric actuator. Fibers with a concave pro�le yield stable spatial cavity modes
that can be directly focused onto the detector. In contrast, plane-plane cavities require
spatial �ltering. Only the central feature of the interference pattern, known as Newton's
rings, is used.
Figure 5.22 shows transmission measurements of the plane-concave cavity having a

length of around 10 µm for two di�erent wavelengths (532 nm and 692 nm). The �nesse
is obtained by �tting Eq. 3.11 to the transmission data, resulting in values of Fexp = 21±1
at 532 nm and Fexp = 42 ± 1 at 692 nm. This is slightly larger than the theoretically
expected values of Fth = 18 and Fth = 37, respectively. The excess can be explained
by thicker than assumed silver layers, if the sputtering rate (see below) di�ered from the
expected value. In this case, the individual mirror transmission would be lowered and
the �nesse increased. However, the measured transmission being in good agreement to
theory, contradicts this assumption. It is hence not clear, why the �nesse is larger than
expected. In conclusion, the �nesse is acceptably close to its target value. Scattering loss
is negligible, as will be shown subsequently.

Manufacturing procedure

Silver mirrors can be self-manufactured with reasonable e�ort. The mirrors prepared
for this work were produced in the clean room of the chair of solid state physics at the
Ludwig-Maximilians University, Munich. The facility o�ers two di�erent coating devices
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Figure 5.22.: Transmission of a cavity, whose length is modulated around 10µm (blue
dots) together with a �t (red line) yielding a cavity �nesse Fexp = 21 ± 1
at 532 nm (a) and Fexp = 42± 1 at 692 nm (b). The comparison illustrates
the much narrower resonances at the larger wavelength.

based on electron beam physical vapor deposition (EBPVD)20 and magnetron sputter
deposition (MSD)21, respectively. Both apparatuses can be equipped with Ag and SiO2

targets. The MSD device o�ers easier access to a larger sample space, which is crucial
for �ber coating. Thus, �bers were exclusively coated by sputter deposition. The same
method was predominantly applied, when using cover slips as mirror substrates, even
though EBPVD yields good results, as well.
A brief protocol of MSD follows: At �rst, the �bers and substrates to be coated are

placed inside the vacuum chamber. Four available slots allow individual coatings. The
vacuum chamber is evacuated for some ten minutes to about an hour until it reaches a few
1 · 10−6 mbar. Longer evacuation times yield pressures saturating at a few 1 · 10−7 mbar.
Next, an argon �ow into the chamber is established and the argon pressure is regulated
to 2 · 10−2 mbar. An electric DC �eld is applied between the silver target and the
sample holder. At electric powers starting at about 3W, an argon plasma ignites and
the sputtering process is triggered. Electrons and argon ions are accelerated towards the
sample and the target, respectively. When the argon ions hit the target, they release
silver particles that are deposited on the sample. Thus, increasing the power results in
larger deposition rates. The power can be ramped up to about 50W. For a power value
set to 3W (30W), the applied voltage between target and sample amounts to 240V
(350V) at a current of 15mA (85mA). Coating of the sample is initiated by removing an
intermediate screen between target and sample, after about ten minutes of pre-sputtering,
in order to remove residues from the target, as well as to thermalize the system to obtain
stable deposition rates. For a �xed power, the layer thickness is controlled by the coating

20UHV vapor deposition system from Bestec with electron beam source Telemark 271/277-32
21Von Ardenne Magnetron Sputter System LS 320 S

101



5. Fiber-based Fabry-Pérot microcavities

(a) (b)

Figure 5.23.: SEM images of a silver �lm sputtered on a silicon substrate. The crack
o�ers a clear view on the silver layer. The grainy structure of the layer is
characteristic for silver. (a) Sputtering at 3W for 10 minutes leading to a
layer thickness of about 51 nm. (b) Sputtering at 30W for 11 minutes leads
to a layer thickness of about 470 nm.

time. For the production of silver �lms of a few ten nanometers, it proved bene�cial
to keep the power as low as 3W, such that the deposition time is on the order of some
minutes. The deposition onto the sample is blocked, when the intermediate screen is
moved in again. Subsequently, the electric �eld is switched o�. In a second, analogue
step, a glass capping layer is deposited on top of the silver �lm, without breaking the
vacuum. Since SiO2 is dielectric, an AC �eld is applied instead of a DC �eld, which
prevents charge build-up. An electric RF power of 50W leads to convenient deposition
rates.
Unfortunately, no quartz crystal microbalance is included into the MSD device, such

that the deposition rate cannot be controlled in situ, but has to be determined in auxiliary
measurements. The sputtering rate for silver is determined by measuring the thickness
of a silver �lm on a silicon substrate, by scanning electron microscopy (SEM). If the
silicon substrate is broken after the deposition process, the crack o�ers a clear view on
the silver �lm and its thickness can be measured straightforward, as shown in Fig. 5.23.
Assuming that the thickness of the deposited material increases linearly with time, a
silver deposition rate of about 6 nm s−1 at a sputtering power of 3W was found. The
thickness of a SiO2-layer on a silicon substrate is determined by ellipsometry, yielding a
deposition rate of about 4 nm s−1 at a sputtering power of 50W.

Surface quality

SEM images o�er a fast impression of the deposited �lms, regarding their coherence
and overall morphology, as shown in Fig. 5.23. AFM measurements can additionally
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provide precise information about the surface roughness, which eventually de�nes the
scattering loss. The surface roughness is obtained by subtracting line-wise polynomial
�ts of second order from the raw data, as already discussed for laser machined glass �bers
in Section 5.1.
The tested samples consist of silver �lms without glass capping, deposited on silicon

wafers. The bare wafers exhibit an rms surface roughness of about 0.2 nm. The roughness
of the silver �lms reached from 1.6 nm for a sputtering power of 3W, up to 5.2 nm for
30W, as displayed in Fig. 5.24. The expected scattering loss at a wavelength of 700 nm
spans from roughly 1h to 1%. Compared to absorption, scattering loss thus plays a
minor role and is negligible for the �lms sputtered with a power of 3W.
The silver mirrors applied for the actual experiments are either deposited on low �uo-

rescence quartz glass22 or laser-machined �bers, for which surface roughness values down
to 0.5 nm and 0.14 nm were measured, respectively (see Section 5.1). Consequently, these
substrates have a minor e�ect on the roughness of the deposited silver �lms. The glass
cap of usually 20 nm that �nishes the mirrors, is not expected to change the surface
quality considerably, either.

22Heraeus Suprasil
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Figure 5.24.: AFM measurements of silver layers sputtered with powers of 3W (a,c,e)
and 30W (b,d,f). Comparison of the 3D surface roughness (a,b) with the
corresponding 2D plots (c,d) show that both the peak amplitude and the
grain diameter is noticeably smaller for the silver layer sputtered with lower
power. (e,f) Relative frequency density of all roughness values (purple)
together with a Gaussian distribution �t (red). The standard deviation or
equivalently the rms roughness amounts to 1.6 nm and 5.2 nm, respectively.
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5.4. Limiting parameters: Fiber coupling, clipping loss,

mode mixing

Coupling e�ciency

Complex experimental settings can strongly bene�t from the robust, intrinsic in- and out-
coupling of the cavity mode to the �ber mode. The coupling e�ciency is directly de�ned
by the mode matching between the �ber and the cavity mode and can be approximated
by the overlap integral of these modes, when the phase mismatch is neglected. For neg-
ligible transverse and angular misalignment between the �ber core and the imprinted
structure, the power coupling e�ciency to a single mode (SM) �ber can be estimated by

ε̃ ≈
(

2wfwm

w2
f + w2

m

)2

, (5.10)

with the radius of the mode that is guided in the �ber core wf and the cavity mode radius
at the position of the mirror wm [51]. If the wavefront curvature and the lensing e�ect is
furthermore included, the coupling e�ciency is given by

ε =
4(

wf
wm

+ wm
wf

)2
+
(
πnfwfwm

λR

)2 , (5.11)

where nf denotes the refractive index of the �ber core and R is the radius of curvature
of the mirror [51]. Misalignment between the machined mirror structure and the �ber
core, which is neglected here, reduces the coupling e�ciency further. However, very
good centering of the structure with respect to the �ber core is feasible in practice. For
the derivation of the general case including transverse and angular misalignment consult
[391].
Consider a cavity consisting of a planar macroscopic mirror and a concave mirror on

the end facet of an optical �ber having a radius of curvature R = 90 µm and a diameter
D = 7 µm (see Fig. 5.9). These parameters correspond to the actual experimental setting
that will be discussed in Section 7.2.1. The mode radius on the planar mirror w0 and on
the �ber wm are given by Eqs. 3.41 and 3.42, respectively. As shown in Fig. 5.25(a), for
a wavelength of λ = 700 nm, the mode radius on the planar mirror takes a maximum of
around 3.2µm in the middle of the stability range, i.e. at a cavity length of d = R/2 =
45 µm. On the contrary, the mode radius on the �ber diverges, when getting closer to the
stability limit d = R.
The obtained values for the mode radii w0 and wm are now used to evaluate the coupling

e�ciency ε as a function of the cavity length, for a standard SM �ber with nf = 1.45
and wf = 2 µm. As shown in Fig. 5.25(b), the maximal coupling e�ciency of 98% is
reached for a cavity length d = 3.2 µm, when the cavity mode on the concave mirror is
approximately equal to mode guided in the �ber core wm = wf. The mirror curvature
prevents perfect alignment. Even for the fundamental resonance, where the cavity length
is roughly given by d = λ/2 = 350 nm (neglecting phase shifts and penetration into the
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Figure 5.25.: Parameters for a plane-concave cavity with one macroscopic plane mirror
and machined �ber mirror with diameter D = 7 µm and radius of curvature
R = 90 µm. (a) Mode radii as a function of the cavity length. While
the mode radius on the plane mirror w0 (blue line) is bounded above, the
mode radius on the �ber mirror wm (red line) diverges for long cavities. (b)
Coupling e�ciency ε (red line), ε̃ (red dashed line), and clipping loss (blue
line).

mirror coating), the coupling e�ciency is still larger than about 70%. It drops for long
cavities, since the cavity mode on the �ber mirror wm gets increasingly larger than the
�ber mode. The simple approximation ε̃ deviates less than 10% from the more precise
expression ε.

Clipping loss

The lateral extension of the concave mirror structures are on the order of some microns.
With increasing cavity length, the mode waist on the mirror can get comparable to
the structure size, leading to additional loss. A conservative estimate for the so-called
clipping loss is established by comparing the size of a Gaussian cavity mode to the �nite
diameter of the micromirror. The loss for a single re�ection on a mirror of diameter D
is then given by

Lcl = e−2(D/2)2/w2
m , (5.12)

with the mode radius on the mirror wm. The clipping loss for the same cavity param-
eters that have been used for the evaluation of the coupling e�ciency, is illustrated in
Fig. 5.25(b). For increasing cavity length, the mode radius on the �ber and hence the
clipping loss increases. For cavities shorter than d = 10 µm, the clipping loss is below
4%. In this work, the cavity length is chosen as short as possible and clipping loss is
expected to play a minor role, for the chosen structure diameters. As a rule of thumb,
the mode radius should be at least three (better four) times smaller than the 1/e-radius
of the mirror structure, to avoid noticeable clipping loss.
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Mode mixing

Note that the �nite mirror size and non-ideal shape of laser-machined micromirrors fur-
thermore results in (near-)resonant coupling between di�erent transverse cavity modes.
The impact of mode mixing for FFPCs has been thoroughly studied by Benedikter et
al. [392]. Admixed higher order transverse modes that su�er from di�raction loss, as a
consequence of their extended size may open a loss channel to the fundamental mode.
This behavior gives rise to distinct drops of the cavity �nesse at certain cavity lengths.
However, this e�ect is not very pronounced for short cavities, when the fundamental
cavity mode is close to a Gaussian cavity mode. Furthermore, for mirrors with a small
diameter, the �nesse already deteriorates for mirror separations that are shorter than
what is expected from the stability range, which is given by the radius of curvature of
the mirror.

5.5. A brief history of �ber-optic communication

The intrinsic �ber coupling of FFPCs is a great advantage over other resonator geometries
su�ering from poor coupling e�ciency. Optical �bers provide a practical way for low-loss
optical interconnection based on a sophisticated and well-established technique. This
would be of great bene�t, for instance for the direct implementation of FFPC-coupled
quantum systems into existing communication structures. In this way, it might become
possible to harness the quantum properties of light over long distances some day [393].
To get an idea of the technological advances of optical communication, the history of
�ber optics is brie�y sketched in the following.
The backbone of our contemporary telecommunication system relies on a gigantic net-

work of glass �bers. The information to be sent is encoded with light signals traveling
through the �bers with a velocity of roughly 200 000 km/s, corresponding to �ve times
around the earth in one second. Due to a radially decreasing refractive index of the
applied �ber material, light is guided within its core by total internal re�ection. Dif-
ferent wavelengths constitute independent transmission channels within a single �ber,
also known as wavelength division multiplexing, resulting in an enormous bandwidth.
Furthermore, the attenuation of present-day optical �bers is much lower than that of
electrical cables, allowing signals to travel over tens of kilometers before they need to be
ampli�ed.
In fact, the reduction of loss was one of the keys towards the practical application of

�ber networks [394]. In 1966 Charles K. Kao and Geroge A. Hockham gave a detailed
analysis of the potential of dielectric �bers used as waveguides at optical frequencies [395].
They concluded that the information capacity of dielectric �bers outperformed that of the
existing coaxial-cable and radio systems at presumably lower material costs. However, the
success crucially depended on the development of low-loss dielectric materials, requiring
to reduce loss from common values at that time of about 1 dB/m to around 20 dB/km.
Convinced that there was no fundamental, physical loss mechanism contradicting the
feasibility of such �bers, their work stimulated new material research. And indeed, in
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1970 Robert D. Maurer, Donald Keck and Peter C. Schultz demonstrated a single-mode
�ber meeting the desired requirements at a wavelength of 633 nm. Their breakthrough
was based on the dramatic reduction of material impurities by using highly puri�ed fused
silica. By adding precisely monitored amounts of dopants, they were able to induce a
slightly increased refractive index of the �ber core with respect to the cladding that
gives rise to mode guidance, without increasing the attenuation decisively. In 2009,
Kao, sometimes referred to as the �Father of Fiber Optics� received the Nobel prize �for
groundbreaking achievements concerning the transmission of light in �bers for optical
communication"23.
A second crucial step in the success story of optical communication was the realization

of erbium-doped �ber ampli�ers in the end of the 1980s. These novel ampli�ers enabled
all-optical ampli�cation, without the need to convert optical to electrical signals, amplify
them, and convert them back again. Signals at di�erent wavelengths transmitted through
a single �ber can be ampli�ed in parallel, establishing the practical use of wavelength di-
vision multiplexing. This meant a major simpli�cation over existing systems and boosted
the transmission capacity per �ber. Furthermore, the invention of various sophisticated
light sources contributed to the prospering �eld decisively. In particular, semiconductor
laser diodes play an important role. The emitted radiation can be coupled into �bers
with a high e�ciency, its modulation is fast and easy.

23http://www.nobelprize.org/nobel_prizes/physics/laureates/2009/index.html
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6. Experimental methods

In the beginning of this chapter, a detailed description of the experimental setup is
given. Next, the studied samples of �uorescent nanodiamonds (FNDs) are introduced.
The preparation of the diamond nanocrystals on a substrate or mirror is described and
the distribution of the crystal size is discussed. Finally, the characterization of NV centers
by confocal microscopy is presented, applying a set of standard measurements.

6.1. Integrated �ber cavity - confocal microscope setup

The core part of the experimental setup is the optical cavity assembled of a planar
macroscopic mirror and a concave mirror on the end face of an optical �ber, shown in
Fig. 6.1(a). Nanodiamonds containing NV centers in an aqueous solution are directly
applied onto the planar mirror. The cavity is embedded into a confocal microscope
enabling simultaneous excitation of and light collection from the emitters through the
planar mirror with a high numerical aperture (NA) objective1 (Fig .6.1(b) and Fig. 6.2).
The latter is mounted on a piezoelectric positioning system2 for �ne adjustment of the
focus with a range of 100µm. Alternatively, excitation is performed through the cavity
�ber, while still collecting with the objective. Light collection with the cavity �ber is in
principle possible, as well. However, this optical path was not used, to avoid loss due
to imperfect mode matching to the �ber mode. The mirror coatings can be designed
asymmetrically, such that the photons predominantly escape the cavity through the
planar mirror. After the �uorescence is collected with the objective, it is �rst spectrally
�ltered with a dichroic mirror (DM), a long-pass (LP), and a notch �lter (NF)3, then
spatially �ltered with a pinhole in between two achromatic lenses4, and �nally detected
with a grating spectrometer5 or two avalanche photo diodes (APDs)6 in a HBT setup with
a 50-50 beamsplitter [113]. Lifetime and autocorrelation measurements can be carried
out using time recording electronics7 that process the signals from the APDs.
The planar mirror is �xed inside a gimbal mirror mount8 that is attached to a three-

1Carl Zeiss LD Plan-Neo�uar 63x/0.75 Korr, magni�cation 63X, NA=0.75 or Mitutoyo Plan Apo
In�nity Corrected Long WD Objective, magni�cation 50X, NA=0.55

2PI P-721.SL2
3Semrock Di02-R594-25x36, BLP01-594R-25, Thorlabs NF533-17 or Thorlabs DMLP657, FEL0600,
FES0850, NF533-17

4Thorlabs AC254-100-A-ML, 50 µm Pinhole P50S
5Princeton Instruments Acton SP2500 with Andor iKon-M 934 (A-DU934N-BRDD) connected via
optical �ber Thorlabs HPSC-25 or SM600

6Excelitas SPCM-AQRH-12-TR or Laser Components Count-50
7PicoQuant PicoHarp 300 or qutools quTau
8Newport U50-G21

109



6. Experimental methods

(a)

APD APD

NA=0.75

532 nm
CCD

xyz scanner

λ/4

NFLP

SP

BP

SC

piezo

alternative beam path

DMFM

(b)

Figure 6.1.: (a) Schematic drawing of the microcavity consisting of a micropatterned and
mirror-coated end facet of an optical �ber and a macroscopic planar mirror.
(b) Combined cavity and confocal microscope setup (FM: �ip mount)

axis slip-stick positioner9. Thus, the mirror can be scanned transversely through the
microscope focus in order to locate suitable emitters. The critical angular alignment of
the cavity is performed with the gimbal mirror mount. The �ber is stably mounted on a
stacked piezoelectric actuator10 aligned with the cavity axis, enabling precise tuning and
stabilization of the cavity length within a range of about one FSR. For stabilization, we
use the modulated excitation light transmitted through the cavity, which is re�ected from
the DM. A cavity-length-dependent feedback signal is generated and fed to the stacked
piezoelectric actuator that controls the �ber position. Furthermore, the �ber can be
completely withdrawn and the setup then serves as conventional confocal microscope,
for instance for preparative sample characterization.
In an earlier setup, the planar mirror was mounted rigidly in a two-axis piezoelectric

positioning stage11. The cavity length was tuned by moving the entire stage in direction
of the cavity axis with a piezoelectric actuator. For the alignment of the cavity, the �ber
was mounted on a �ve-axis manual positioner12. Based on the experiences with this setup,
the advanced concept was improved decisively. Much better passive mechanical stability
is achieved by a rigid design with small dimensions. Additionally, the stability pro�ts
from reduced degrees of freedom, at the cost of a more sophisticated cavity alignment
procedure. The new closed-loop piezoelectric positioner enables to translate the mirror
by a large travel range of up to 20mm in three directions, while the old device restricted
scanning to 100µm in the two lateral dimensions. Moving the mirror in the direction
of the cavity axis in a more controlled way, proves bene�cial for fast switching between
pre-characterization of the sample by confocal microscopy and the measurements with
the cavity. Automatic stabilization of the cavity length with a piezoelectric actuator is
now possible by moving only the �ber and leaving the mirror in a �xed position.

9Stack of three Attocube ECS3030 positioners
10PI PL033.31
11PI 541.2 SL
12Elliot Scienti�c MDE122, MDE185
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Figure 6.2.: Technical drawing of the setup

Two light sources are used for excitation. First, a continuous wave (cw), narrow-
band laser with a wavelength of 532 nm13. The light it provides is spatially �ltered by
a SM optical �ber14 and spectrally �ltered by a short pass (SP) or band pass (BP)
�lter15, to remove �uorescence created in the �ber. A quarter wave plate (λ/4) serves
to obtain circularly polarized light. For the measurement of the excited state lifetime, a
supercontinuum (SC) laser is used, which generates picosecond pulses with up to 20MHz
repetition rate16. Its emission, spanning from about 460 to 2000 nm, is spectrally �ltered
to a region around 532 nm, either by several interference �lters17, or with an acousto-optic
tunable �lter (ATOF) allowing to select a tunable wavelength channel with a spectral
bandwidth of 2-7 nm. In addition, the SC source serves to record broad band cavity
transmission spectra, to calibrate the cavity length. To this end, an emission spectrum
from roughly 600 to 800 nm is selected with another set of interference �lters18.

13Cobolt Samba, 150mW
14Thorlabs P3-488-FC-5
15Thorlabs FES0550, SemRock FF01-510/84-25
16Fianium SC450-2-PP with AOTF-VIS
17SemRock FF01-950/SP-25, FF01-550/49-25
18e.g. SemRock BLP01-594R-25, FF01-950/SP-25
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Detection e�ciency

The overall optical detection e�ciency of the setup behind the �rst lens is inferred from
the total transmission of the detection path and the quantum e�ciency of the APDs. The
transmission is determined experimentally by coupling a narrow-band diode laser, oper-
ating at 691.5 nm, into the back of the cavity �ber. The transmitted power is measured
directly behind the objective and directly in front of the APDs, i.e. after transmission
through all optical elements including the pinhole. A maximal fraction of 67% of the
light is transmitted for a cavity length of 1 µm, for which the collection optics has been
optimized (Fig.6.3). For an increasing cavity length, the transmission decreases to about
40% at 20 µm. Including the quantum e�ciency of the APDs of 65% at 650 nm, an upper
bound of the total detection e�ciency of 43% at 690 nm results.
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Figure 6.3.: Transmission of the detection path as a function of the cavity length, not
including the quantum e�ciency of the APDs.

6.2. Fluorescent nanodiamonds

Nanodiamonds are commercially available19, since they are of great use for mechanical
polishing applications. Polycrystalline diamond powder can, for instance, be formed by
explosion synthesis that is followed by a grinding procedure20. Alternatively, the high-
pressure high-temperature (HPHT) synthesis provides monocrystalline diamond parti-
cles. Chemical vapor deposition (CVD) constitutes a further way to manufacture syn-
thetic NDs with high purity. Nanodiamonds created by impact processes induced by
meteorites are rather exotic [396]. A few di�erent ND samples were applied for this
work, primarily di�ering in the crystal size and the amount of contained NV centers. All
samples were preserved in an aqueous colloidal solution.
The �rst set of FNDs was provided by courtesy of H.-C. Chang from the Academia

Sinica in Taipei, Taiwan and comprised two samples with size distributions expected
to peak at 35 and 100 nm, respectively, abbreviated as Tai35 and Tai100. These di-
amonds were irradiated with helium ions to increase the concentration of NV centers

19...for example from Microdiamant, Element Six or VanMoppes
20http://www.microdiamant.com/products/micron-diamond-powder/

http://www.tagblatt.ch/nachrichten/wirtschaft/Detonationen-und-Diamanten;art123834,2871621
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6.2. Fluorescent nanodiamonds

Figure 6.4.: SEM image of diamond sample STG100

[397, 398]. Surface treatment with acids and thermal oxygen etching removed surface
shells of graphite and other contaminants. The resulting surfaces are predominantly oxy-
gen terminated, favoring the negative charge state of the NV center [399, 400]. While
single NV centers can be found in Tai35, Tai100 contains ensembles with up to a few hun-
dreds of emitters per crystal. The declared mass concentration of the aqueous diamond
solution was 0.1% w/v (mass/volume) for both Tai35 and Tai100.
Additionally, a sample by courtesy of H. Fedder and R. Reuter from the University of

Stuttgart was used. Starting with a product21 containing crystal sizes of up to 200 nm,
more than roughly 80% of the small diamonds were removed from the sample by cen-
trifugation. Therefore, FNDs showing stable and bright �uorescence are expected to
have sizes distributed between 100 and 200 nm. The shape of the NDs is nonuniform and
rather chip-shaped, as shown in the SEM image in Fig. 6.4. These FNDs predominantly
contain single NV centers and will be referred to as STG100. The aqueous solution had
a diamond concentration of 0.5mg/ml.

Sample preparation

Two di�erent preparation methods were applied to attach the FNDs to glass cover slips or
cavity mirrors: Spin coating and drop casting. For the samples from Taiwan spin coating
according to the following procedure was carried out. In a �rst step, the diamond solution
is thoroughly mixed in an ultrasonic bath. Subsequently, the original solution is diluted
in deionized water at a ratio of 1:10 000. Roughly 40µl of an aqueous solution of 0.5%
polyvinylacetat (PVA) is added to 1ml of diamond solution, for better attachment of the
crystals to the substrate's surface. Finally, about 200µl of the �nal solution are dropped
onto substrates with diameters on the order of 10mm. Immediately afterwards, spin
coating with around 2000 rounds per minute for 270 s is initialized. This recipe yields a
suitable concentration of bright FNDs on the substrate that is both large enough to �nd

21Presumably, the starting material was a Syndiar SYP or SYP GAF submicron diamond powder with
a median size of 90 or 125 nm supplied by Van Moppes. This is fractured monocrystalline diamond
produced by the HPHT method. For further details consult the datasheet
http://www.vanmoppes.ch/phocadownload/EN-Micron/SubMicron-GAF_EN.pdf
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6. Experimental methods

several emitters in a area of (100 µm)2, but at the same time low enough to address them
individually by confocal microscopy. For the Stuttgart sample, reasonable concentrations
of FNDs were obtained by directly drop casting about 10 µl of the original solution onto
the substrates.
Pre-characterization measurements of the FNDs were performed with low auto-�uorescence

fused silica substrates22. Before applying a diamond solution, they were cleaned chemi-
cally23 and, in some cases, additionally by plasma cleaning24.

Diamond crystal size determination

The size distribution of the diamond crystals was checked with a scanning electron micro-
scope (SEM) for Tai35 and Tai100. For better contrast, the diamonds were spin coated
onto silicon wavers following the standard preparation method. The diameter distribu-
tion was obtained by �tting circles to the encountered crystals, as shown in Fig 6.5. The
determined mean diameter for Tai35 is slightly larger than the expected value of 35 nm.
This might be due to the fact that it is much easier to �nd larger objects with the SEM,
when approaching the resolution limit of the device. In the case of Tai100, this con-
straint can be ruled out. While most of the emitters exhibit diameters around 100 nm, a
considerable amount of crystals with diameters of up to 400 nm can be encountered.

6.3. Sample characterization by confocal microscopy

STG100 sample

Prior to investigating FNDs inside the cavity, the prepared sample is characterized in
the confocal microscope, i.e. the side of the substrate that supports the diamonds, faces
the objective. The �rst confocal scan reveals, whether the prepared diamond solution
yields an appropriate concentration of FNDs. Ideally, around ten emitters are found in
a scan area of about (50 µm)2, as shown in Fig. 6.6(a), for a STG100 sample on a glass
cover slip. Then, single FNDs can be addressed individually and characterized by means
of a few standard measurements yielding the spectrum, lifetime, autocorrelation, and
saturation behavior.
By way of example, a set of measurements for a single NV center is now discussed in

more detail (NV1 shown in Fig. 6.6(a)). The recorded spectrum25 features a broad PSB
and a distinct ZPL around 640 nm con�rming that the observed �uorescence is indeed
originating from an NV center and no other color center (Fig. 6.6(b)). Next, the lifetime
is determined by TCSPC under pulsed excitation26. The corresponding histogram is

22Hellma 665.000-QS
23In a solution of 1-2% Hellmanex II in deionized water, at 70-80°C for 20 minutes in the ultrasonic bath
24Lab-Ash 100, 180 s at 55W/2W
25Excitation with cw laser ligth at 532 nm with a power of 4mW. The exposure time was 100 s.
26The supercontinuum source is driven at 100% with 10MHz repetition rate. A spectral band of a few

nanometeres around 532 nm is selected with the AOTF operated at maximal e�ciency. The total
excitation power is on the order of 1mW. Ten data sets with an acquisition time of 10 s each were
averaged for the histogram.
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6.3. Sample characterization by confocal microscopy
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Figure 6.5.: SEM images and size distribution of diamond nanocrystals on a silicon waver
of (a,c) Tai35 and (b,d) Tai100.

displayed in Fig. 6.6(c). A monoexponential �t is in very good agreement with the data
and results in an observed excited state lifetime of τ = (32 ± 1) ns. This is a �rst hint
that the observed NV center is possibly a single emitter, since ensembles typically exhibit
multi-exponential decays. The prompt peak in the beginning of the decay stems from
short-lived background �uorescence. To unambiguously prove single emitter behavior,
the g(2)-function is measured27. Figure 6.6(d) displays the data featuring pronounced
antibunching at τ = 0 and correlated emission around the dip. This behavior agrees well
with the theoretically expected curve for a three level model (Eq. 2.58). The exact �t
function is given by

g(2)(τ) = 1 + p
{
be−|τ |/τ2 − (1 + b) e−|τ |/τ1

}
, (6.1)

where the parameter p accounts for background light. The �t results in g(2)(0) = 0.11,
an excited state lifetime of τ2 = 25 ns, and a decay time from the intermediate state
of τ1 = 160 ns. The non-zero value of g(2)(0) is attributed to parasitic background
�uorescence created in the glass cover slip.

27Excitation with cw laser at 532 nm at a power of 1mW, 120 s acquisition time
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Figure 6.6.: (a) Confocal microscope scan of STG100 sample on a glass substrate. The
marked FNDs are single NV centers (1-5) and emitter ensembles (6-9). Char-
acterization measurements for NV1: (b) Fluorescence spectrum featuring a
clear ZPL around 640 nm and a broad PSB typical of NV centers. (c) TC-
SPC histogram (blue) to determine the lifetime with a monoexponential �t
(red) in good agreement, yielding τ = (32± 1) ns (d) Second-order autocor-
relation function (blue) with �t based on three-level model (red), resulting
in g(2)(0) = 0.11. The inset shows the time span from -150 to 150 ns in
more detail. (e) Count rate as a function of the excitation power, yielding
an uncorrected saturation count rate of (1.7± 0.1) · 105 s−1.
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6.3. Sample characterization by confocal microscopy

In order to determine the saturation count rate of the emitter, the collected photon
rate is measured for varied excitation power of the cw laser with λ = 532 nm. The
uncorrected count rate as a function of the excitation power P in front of the objective
(NA=0.75) is shown in Fig 6.6(e). The applied �t function is derived from the expected
rate of either a two- or three-level system (Eq. 2.32, Eq. 2.36)

R(P ) =
R∞P

Psat + P
, (6.2)

yielding R∞ = (1.7 ± 0.1) · 105 s−1 and Psat = 0.60mW. A linear term accounting for
background does not in�uence the �t signi�cantly and is therefore omitted, here.

To gain insight into the statistical distribution of the main properties of the diamond
sample (single-photon purity, saturation count rate, lifetime), about 20 NV centers were
analyzed. This is an important step for the later comparison with NV centers inside
the cavity, since the same emitters cannot be analyzed in free space. In Fig. 6.7, the
saturation count rate is plotted as a function of the single-photon purity g(2)(0), in order
to infer the average rate of photons that is emitted per NV center. An ensemble of n
NV centers inside an FND is expected to emit n times as many photons as a single NV
center, i.e. the saturation count rate scales as

R∞,n = n ·R∞,1. (6.3)

The number of emitters within an ensemble can be inferred from g(2)(0) (Eq. 2.55), by
making use of the relation

n = b1/(1− g(2)(0))c+ 1, (6.4)

where bxc symbolizes the largest previous integer or simply the �oor of x. This expression
for n predicts single emitters for all 0 ≤ g(2)(0) < 1/2, two emitters for 1/2 ≤ g(2)(0) <
2/3, and so forth. It takes account for the background �uorescence that increases g(2)(0).
With these relations, the data can be �tted, resulting in a saturation count rate for a
single NV center of (1.5± 0.1) · 105 s−1.
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Figure 6.7.: Detected saturation count rate as a function of the single-photon purity
g(2)(0) (blue dots), together with a �t (red line).
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6. Experimental methods

The observed excited state lifetimes are summarized in a histogram, as shown in
Fig. 6.8. The detected lifetimes exhibit a rather broad distribution ranging from 6 to
almost 36 ns, centered around 17 ns. For comparison, the same diamond sample is inves-
tigated on a mirror coated with 33 nm of silver and 20 nm of glass. Here, the liftetimes
span from 4 to 24 ns, centered around 13 ns. This corresponds to a lifetime reduction by
a factor of 1.3± 0.3 with respect to the sample on the glass substrate, as a consequence
of self-interference of the dipole emission on the mirror. Note that the maximal lifetime
reduction on a perfect metal mirror amounts to 1.25, when averaging over di�erent dipole
orientations [339].
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Figure 6.8.: Histogram of lifetimes τ obtained by monoexponential �ts (blue), together
with �ts (red) for a STG100 sample on (a) a glass substrate and (b) a silver
mirror.

Tai35 and Tai100 sample

In order to infer the amount of NV centers within an FND, its saturation count rate can
be compared to that of single emitters. Here, we relate the count rates obtained from
FNDs of the Tai100 sample, which contain emitter ensembles, to that of Tai35, which
mostly contain single emitters. Two samples with either Tai35 or Tai100 NDs are �rst
prepared on glass substrates by spin coating. Subsequently, the samples are investigated
by confocal microscopy. Second-order autocorrelation measurements of the Tai35 sample
reveal that more than 10% of the FNDs contain single emitters. By comparing their
average saturation count rate with the �uorescence yield of Tai100 FNDs, an approximate
number of 30-300 NV centers per Tai100-nanocrystal is estimated. Furthermore, the
presence of negatively charged NV centers is con�rmed by recording spectra. The latter
do not show signi�cant contribution of �uorescence from NV0 for neither of the two
samples. The mean excited state lifetime of Tai100 on a glass sample was determined by
TCSPC under pulsed excitation resulting in τ = (20± 4) ns.
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7. Results

In this chapter, the experimental realization of coupling NV center �uorescence to FFPCs
is discussed for two di�erent approaches. In a �rst experiment, the PSB �uorescence
of NV center ensembles is coupled to a high �nesse cavity with dielectric mirrors in
the bad emitter regime. This concept provides insight into the scaling laws of Purcell
enhancement by varying both the mode volume and the quality factor over a large range.
A second, complementary approach relies on NV centers coupled to utra-small mode
volume FFPCs with silver mirrors, to enhance the single-photon count rate and to directly
demonstrate modi�cations of the spontaneous emission lifetime. Finite-di�erence time-
domain (FDTD) simulations and an analytical model shed light on the role of the ND that
can provide additional �eld con�nement and boost the obtainable Purcell enhancement.
At last, cavity-enhanced �uorescence lifetime imaging is brie�y presented.

7.1. Nitrogen-vacancy center ensembles in a high �nesse

dielectric cavity

Characterization of the setup

The cavity applied in this setup, consists of the dielectrically-coated, concave end face
of a SM �ber and a dielectric, planar, macroscopic mirror coated with Tai100 NDs.
The laser-machined pro�le on the �ber has an e�ective radius of curvature of R =
100 µm at the center of the structure. The mode waist of the cavity is w0 = 2.2 µm
and the e�ective cavity length is as small as de� = 4.3 µm, including penetration into
the dielectric coating stack. As a result, the minimal mode volume amounts to 16 µm3

(47λ3). The dielectric coatings for the �ber and the macroscopic mirror were supplied
by Laser Zentrum Hannover (LZH) and by Layertec, respectively. The detailed mirror
speci�cations can be found in Section 5.3.1. The mirror coating has been designed for
maximal re�ectivity for light at 780 nm. At this wavelength, the cavity �nesse is as large
as 30 000 for small mirror distances. Increasing the cavity length to de� = 39 µm, reduces
the �nesse to 20 000. For even larger distances, the �nesse drops faster, probably owing
to di�raction loss, as a consequence of the �nite mirror diameter. The largest quality
factor is achieved at de� = 39 µm and reaches Q = 2 · 106.
Nanodiamonds of the Tai100 sample containing bright NV center ensembles are spread

on the macroscopic mirror by spin coating. The concentration of FNDs is rather low
(<0.01µm-2), to be able to address individual nanocrystals with the cavity mode. By
terminating the planar mirror with a λ/4-layer of SiO2, the maximum of the electric �eld
is shifted slightly above the surface, to optimize the coupling of the emitter to the cavity.
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Figure 7.1.: Spectrum of the NV center at room temperature

See the speci�cations in Section 5.3.1 for the electric �eld as a function of the optical
distance from the mirror substrate.
The NV �uorescence spectrum is characterized by a ZPL at 637 nm with a linewidth of

about 2THz at room temperature [29] and a broad PSB stemming from the coupling to a
phonon continuum with a clear maximum of the coupling strength at a phonon frequency
of around 16THz [247]. The PSB comprises several transitions. The strength of the
integrated kth sideband is given by the Frank-Condon factors for displaced harmonic
oscillator states ζk = e−DDk/k!, with the Huang-Rhys factor D = 3.2 for NV centers
in bulk diamond. The experimentally observed �uorescence spectrum of the NV center
ensemble is peaking at 690 nm with a FWHM of about 70 nm, as shown in Fig. 7.1.
The applied cavity coating splits the emission spectrum into two regions: The mirrors

are transmissive for wavelengths shorter than 690 nm, and the emission is a�ected only
weakly by the cavity, i.e. close to free-space �uorescence is present. For increasing
wavelengths, the mirrors become more and more re�ective and cavity enhancement sets
in, yielding emission into sharp resonances. Being able to observe both free-space and
cavity enhanced emission at the same time, the e�ect of the cavity enhancement can be
evaluated within a single measurement, by comparison of the two regions. An additional
advantage of this approach is the much simpli�ed search for NV centers inside the cavity,
because a large part of their �uorescence is transmitted through the mirror. Furthermore,
the coating of the outcoupling mirror has been designed for low re�ectivity at 532 nm,
R < 3%, such that the excitation light experiences almost constant conditions for varied
cavity length. Asymmetric mirror coatings serve to optimize the outcoupling e�ciency
into the detection path. To this end, the transmission of the planar mirror (T = 60 ppm
at 780 nm) is chosen about twice as large as that of the �ber mirror (T = 34 ppm). Last
but not least, the large variation of the re�ectivity across the NV emission spectrum
enables the investigation of the cavity enhancement as a function of the quality factor.

Confocal microscopy

In a �rst step, the sample is characterized by confocal microscopy through the rear
side of the planar mirror, while the cavity �ber is still withdrawn (see Section 6.1).
Confocal microscopy through the partially transparent planar mirror serves to localize
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7.1. Nitrogen-vacancy center ensembles in a high �nesse dielectric cavity
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Figure 7.2.: (a) Confocal scan of an individual FND with I = Isat/2. The mirror back-
ground is visible in the corners of the scan, whereas it has been bleached
in the area around the emitter. (b) Saturation measurement of the free-
space NV center �uorescence (blue dots), in comparison with the background
corrected behavior (red dots). The �ts based on the saturation model are
indicated by the lines.

individual FNDs, as shown in Fig. 7.2(a). Fitting of the recorded point spread function
of a single FND with a Gaussian function yields a 1/e2-radius of 1.1 µm, slightly larger
than the value of 0.75 µm obtained when the sample faces the objective. This is a
result of the reduced e�ective numerical aperture NA' ≈ NA/nm, encountered when
focusing through the planar mirror, which acts as a dielectric medium with refractive
index nm. Furthermore, a strong contribution of background light is observed within the
spectral detection window, which is presumably originating from �uorescence created
in the coating stack of the mirror and the �ber, as well as from Raman scattering in
the �ber. Thus, emitter ensembles (Tai100) with an increased �uorescence yield are
applied to achieve a reasonable signal to background ratio. However, note that a large
part of the background �uorescence can be prevented, by designing the re�ectivity of
the �ber coating such that excitation light does not enter the cavity �ber. In this way,
single emitter experiments are feasible [78, 79]. The amount of background light can be
evaluated by saturation measurements. Here, an FND with roughly 50 NV centers is
chosen. The measured intensity dependence exhibits a saturation part and a linear part,
originating from background �uorescence, as shown in Fig. 7.2(b). Thus, the �t function
based on Eq. 6.2 includes an additional linear term:

R(I) =
R∞I

Isat + I
+ aI. (7.1)

The intensity I = 2P/πw2
ex is inferred from the measured excitation mode waist wex =

1.5 µm and the applied excitation power P . The excitation mode waist is determined
by scanning an FND through the focus, while recording the �uorescence without spatial
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Figure 7.3.: (a) Free-space spectrum of an NV center ensemble (Tai100) on a glass sub-
strate (b) Calculated transmission spectrum of the planar macroscopic mirror
(c) Emission spectrum of an FND inside the cavity (red). The transmissive
part can be understood as the product of the free-space spectrum and the
mirror transmission (blue).

�ltering. The �t results in a saturation intensity of Isat = 3.5GWm−2, agreeing with
typical literature values [221], and a background ratio of 20% in the regime where the
�uorescence increases linearly with the excitation intensity. The subsequent measure-
ments have been background corrected. Finally, the �uorescence lifetime of FNDs is
investigated by TCSPC under pulsed excitation. Values ranging from 16 to 23 ns are
measured, which is rather short for NDs, but can be attributed to a reduced lifetime due
to a modi�ed density of states on the mirror. In summary, the spectra, saturation, and
lifetime measurements assure that it is indeed NV center �uorescence that is coupled to
the cavity.

Cavity measurements

In a next step, the modi�ed emission spectrum of an FND inside the cavity is studied.
To this end, the ensemble with about 50 NV centers is studied once more. After posi-
tioning the FND into the focus of the objective, the cavity �ber is aligned for optimal
overlap of the fundamental cavity mode with the emitter. A spectrum characteristic
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7.1. Nitrogen-vacancy center ensembles in a high �nesse dielectric cavity

for this situation is displayed in Fig. 7.3(c), together with a free-space spectrum taken
on a glass substrate with negligible background (Fig. 7.3(a)), and the calculated trans-
mission curve of the outcoupling mirror T1(λ) (Fig. 7.3(b)). Multiplying the free-space
spectrum with T1(λ) and scaling with a constant factor, provides a good approximation
to the short-wavelength part of the emission spectrum modulated by the cavity. En-
hanced emission into sharp cavity resonances is observed within the stop band of the
mirror coating. Two neighboring fundamental modes at λ1 = 715 nm and λ2 = 755 nm
dominate the spectrum. Furthermore, a series of weak higher-order transverse modes
show up. The e�ective cavity length is determined by the position of the fundamental
modes de� = λ1λ2/ [2(λ2 − λ1)] = 6.75 µm and includes the penetration of the cav-
ity mode into the coating stack. A simulation based on the matrix method predicts
an overall penetration into the coating at the denominated wavelengths that adds up
to 1.5 µm. The separation of the higher-order transverse modes can be harnessed to
evaluate the e�ective radius of curvature of the concave �ber mirror using the relation
∆λnm = λ2arccos

(√
1− de�/R

)
/ (2πde�) [50]. A value of R = 100 µm is inferred, which

is in good agreement with measurements of the �ber pro�le by white light interferom-
etry. With the knowledge of the e�ective radius, the mode waist and volume can be
calculated within the paraxial approximation (Eqs. 3.41 and 3.43). Because the e�ective
cavity length is much smaller than the e�ective radius de� � r and w0 � λ/2, the
approximation exhibits a high precision.

E�ective Purcell factor

The experimental setting corresponds to emitter-cavity coupling in the bad emitter
regime. In this situation, the emission is distributed over a broad spectrum S(λ), with
the spectral width δλem being much larger than the cavity full linewidth δλ. Thus, only
a fraction of δλ/δλem of the emission couples to the cavity. In this limit, the e�ective
Purcell factor (inferred from Eq. 4.32) is governed by the quality factor of the emitter,
as can be easily seen from

Ce� ≈ ηλ
δλ

δλem
C =

3λ3
0

4π2

Qem

V
ηλ

∣∣∣∣∣ ~µ~E(λ0)

µE0(λ0)

∣∣∣∣∣
2

, (7.2)

with the wavelength of the cavity resonance λ0 and ηλ = S(λ0)/max(S) accounting for
the detuning from the maximum of the spectrum.
The e�ective Purcell factor is determined experimentally by comparison of three back-

ground corrected spectra:

1. A typical free-space reference spectrum S0(λ) that is recorded for FNDs on a glass
sample facing the objective

2. A spectrum that is emitted from the investigated FND on the planar cavity mirror
facing the cavity �ber Sm(λ)

3. A spectrum of the same emitter inside the cavity Sc(λ)
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7. Results

The expected free-space spectrum of the studied FND is approximated by a scaled refer-
ence spectrum Sfs(λ) ≈ b·S0(λ). The scaling factor b is determined by least square �tting
of the spectrum recorded through the mirror Sm(λ) to b · T1(λ)S0(λ). The transmission
of the planar mirror T1(λ) is obtained from a direct measurement and is additionally
simulated by the matrix method. The total emission into the strongest cavity resonance
Pc =

´ λ0+∆
λ0−∆ Sc(λ)dλ can then be compared to the integrated emission expected in free

space Pfs =
´ λ2
λ1
Sfs(λ)dλ, with an integration range ∆ of three resonance linewidths

(FWHM) around the resonance peak, and choosing λ1 = 590 nm, λ2 = 770 nm to inte-
grate over the entire NV spectrum.
Since the Purcell factor relates the emission into a particular cavity mode to the free-

space emission into the whole solid angle, it is necessary to account for the varied collec-
tion e�ciency in each case. To evaluate the free-space emission, it has to be considered
that the presence of the Bragg mirror and the substrate modify the emission pattern.
This is a result of self-interference of the emitting dipole. Analytical and FDTD simula-
tions are applied to account for this e�ect. Increased emission into the dielectric medium
which is beyond the critical angle is not collected, since no immersion liquid is used in
this experiment. For the transmissive part of the spectrum, the angular distribution of
the emission within the NA (0.55) of the objective is hardly a�ected by the refraction
through the mirror stack and the substrate. The averaged excited state lifetime does not
change considerably, either. As a result, the collection e�ciency is estimated from the
free-space dipole emission pattern, the e�ective solid angle of the objective inferred from
the observed point spread function, and the angle dependent transmission coe�cient.
Weighting with a distribution of dipole orientations, which will be explained in more
detail below, results in an overall collection e�ciency of ηΩ = 0.05.
Next, the probability of a photon emitted into the cavity to leave through the macro-

scopic mirror (see Eq. 3.22) is evaluated at the spectral position of the resonance λ0 =
710 nm. The measured values for the mirror loss L1 = 23 ppm, L2 = 71 ppm, and the
transmission T1(λ0) = 1900 ppm, T2(λ0) = 810 ppm obtained from the coating simula-
tion, yield a probability of ηc = 0.68. Additional loss in the detection path, as well as
the detection e�ciency is assumed to be equal for the free-space and cavity setup and
thus cancel out in the comparison.
In total, the e�ective Purcell factor is experimentally determined by

Ce�(λ0) =
Pc(λ0)

Pfs

ηΩ

ηc
. (7.3)

A value of Ce� = (6± 2) · 10−3 is evaluated from the spectra shown in Fig. 7.4(a). The
error is determined from systematic uncertainties of the applied evaluation method, pre-
dominantly owing to a variation of the spectra of di�erent FNDs and to an alignment
and wavelength dependent collection e�ciency. Due to the low e�ective Purcell factor,
TCSPC under pulsed excitation with and without the cavity did not show signi�cant
modi�cations of the excited state lifetime.

For comparison of the experimentally determined value (Eq. 7.3) to theory (Eq. 7.2),
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7.1. Nitrogen-vacancy center ensembles in a high �nesse dielectric cavity
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Figure 7.4.: (a) Comparison of spectra of an FND, inferred for free-space conditions (Sfs,
blue), through the mirror (Sm, gray), and inside the cavity with de� = 5.0 µm
(Sc, red). (b) Series of normalized sample spectra for decreasing cavity length
from de� = 39 µm (top) to de� = 5.4 µm (bottom).

the in�uence of the term ηλ

∣∣∣~µ~E(λ0)/µE0(λ0)
∣∣∣2 is estimated. The detuning from the

maximum of the NV spectrum results in a decreased coupling by a factor ηλ = 0.75,
which is determined from the reference spectrum. In the investigated spectral region, the
spatial position of the standing-wave maximum shifts from the position of the emitters at
the center wavelength towards the mirror coating for shorter wavelengths. Consequently,
the coupling is reduced, especially close to the edge of the stop band of the mirror
where the dispersive character of the coating results in a phase shift. At the position
of the resonance, at λ0 = 710 nm, the coating parameters yield ηE = (E/E0)2 = 0.55.
Furthermore, the e�ect of the �xed but randomly oriented dipoles is considered. The
excitation was performed by using circularly polarized light and below-saturation power.

Thus, the angle dependence of the excitation probability
(
~µ~E
)2
∝ cos2(θ) results in

a normalized distribution p(θ) = 3/2 cos2(θ), with the angle between the dipole axis
and the mirror θ. The observed average enhancement is therefore reduced by a factor
ηθ =

´
p(θ)cos2 (θ) cos(θ)dθ = 0.8. Altogether, Eq. 7.2 is modi�ed to

Ce� =
3λ3

0

4π2

Qem

V
ηληθηE , (7.4)

to match the experimental conditions. With the parameters of this measurement, i.e.
V = 19 µm3, Qem ≈ 10, the theoretical value of the e�ective Purcell factor amounts to
Ce� = (5± 2) · 10−3, in good agreement with the experimental �nding.

The scaling behavior of the e�ective Purcell factor is explicitly demonstrated as a
function of the mode volume. To this end, its value is determined for the strongest
cavity resonance for varied cavity length in a set of measurements like the one shown
in Fig. 7.4(a). Some sample spectra are displayed in Fig. 7.4(b). The result of the full
data set is summarized in Fig. 7.5, illustrating the very good agreement with the theory
according to Eq. 7.2. The theoretical curve predicts signi�cant Purcell enhancement,
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Figure 7.5.: E�ective Purcell factor as a function of the mode volume illustrating the
scaling behavior in the bad emitter regime. The experimental values (blue
dots) stemming from the strongest cavity resonance at λ0 = 710 nm are in
good agreement with theory (red line). For comparison, the ideal Purcell
factor (Eq. 4.32) divided by a factor 100 is added (black line).

i.e. Ce� ≈ 1 , for mode volumes on the order of 1λ3 (≈ 0.34 µm3). This is exactly the
regime that is investigated with the ultra-small mode volume silver cavities discussed in
Section 7.2.

Ideal Purcell factor

Opposed to the moderate e�ective Purcell factors achievable for this system, the ideal
Purcell factors can be formidable. Only a small fraction of the totally emitted �uorescence
is coupled to the resonator. However, the spectral density of light emitted into the cavity
resonance is strongly enhanced. The ideal Purcell factor C is directly given by the ratio
of the spectral density for the cavity and the free-space situation. This can be imagined
as resonantly coupling a spectral element of the emission with Fourier-limited width to
the cavity, which consequently experiences the full (ideal) Purcell enhancement. Due
to the large variation of the mirror coating transmission across the emission spectrum,
the enhancement can be investigated in dependence of the quality factor of the cavity.
By varying the cavity length, the cavity resonance can be positioned at any wavelength,
resulting in a modi�cation of the quality factor over almost three orders of magnitude.
Example spectra for the stepwise tuning of the cavity length over one free spectral

range are shown in Fig. 7.6(a). Here, the cavity length was at its minimum de� = 4.3 µm,
corresponding to the longitudinal cavity mode with eight antinodes between the mirrors.
In addition, a single spectrum is shown in Fig. 7.6(b) that illustrates the situation for
the same cavity geometry and excitation conditions, but a larger cavity length with
de� = 39 µm. In this case, several neighboring fundamental modes between 700 and
800 nm are visible within the stop band of the mirror, which sample di�erent quality
factors within a single measurement.
The ideal Purcell factor is evaluated by comparison of the maximal spectral density on
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Figure 7.6.: (a) Spectra containing a single resonance tuned across the accessible NV
spectrum, starting at the minimal cavity length de� = 4.3 µm (top). (b)
Cavity spectrum with several resonances recorded for de� = 39 µm. (c)
Scaling of the ideal Purcell factor as a function of the quality factor for the
data sets partially shown in (a) (blue dots) and (b) (green dots), together
with the theoretical predictions of Eq. 4.32 (red lines). (d) Measured (black
dots) and calculated (red line) quality factor as a function of the wavelength
for de� = 39 µm.
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resonance Sc,max(λ0) with the free-space value at the identical wavelength Sfs(λ0). The
linewidth of the cavity resonance is beyond the spectral resolution of the spectrometer.
Therefore, the peak spectral density is inferred from the integrated emission into the
resonance Pc, by assuming a Lorentzian resonance shape, yielding Sc,max = 2Pc/πδλ.
The cavity linewidth is given by δλ = λ2

0 (T1 + T2 + L1 + L2) /4πd
√
R1R2, with the

re�ectivity Ri = 1 − Ti − Li. It is determined with a simulation of the wavelength-
dependent coating transmission and by several measurements. For instance, for maximal
�nesse, at λ0 = 780 nm, the cavity linewidth, and thus the quality factor Q = λ0/δλ,
is measured with a narrow-band diode laser. Lower quality factors are determined by
using broad band light and the spectrometer. The quality factor Q(λ) predicted by
the simulation is in good agreement with the measured values, as shown in Fig. 7.6(d).
The free-space spectrum and the corrections accounting for the collection e�ciency and
the mirror loss are treated in analogy to the calculus of the e�ective Purcell factor. In
summary, the ideal Purcell factor is experimentally obtained from the relation

C =
Sc,max

Sfs

ηΩ

ηc
. (7.5)

The inferred values of the ideal Purcell factor as a function of the quality factor are shown
in Figure 7.6(c), comprising the data points evaluated from the spectra of Fig 7.6(a,b).
Like before, the theory includes ηE and ηθ. The detuning factor ηλ cancels out, since
both spectral densities Sc,max and Sc are evaluated at the identical wavelength. At
minimal cavity length de� = 4.3 µm where Q = (3.5± 0.3) · 105, the measurements result
in a maximal Purcell factor of 300 ± 100, which is among the largest reported values.
Remarkably, the maximal cavity �nesse, and thus the quality factor, is only slightly
distorted (<20%) by the presence of a nanocrystal, as can been seen in Fig. 7.7.
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Figure 7.7.: Cavity �nesse measured with (blue) and without (red) FND inside the cavity.

Rate Model

For a coherent ensemble, the individual emitters form a collective dipole, increasing the
collective coupling strength to gN =

√
Ng0, with the number of emitters N. However,
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7.1. Nitrogen-vacancy center ensembles in a high �nesse dielectric cavity

for the present situation, the coupling of multiple emitters to the cavity does not yield
a modi�ed coupling rate. Strong dephasing limits the collective enhancement that can
be quanti�ed by the �gure of merit α = NR/γ∗, which compares the enhanced emission
rate under ideal conditions with the dephasing rate [401]. Dynamics are modi�ed for
α > 0.1. Since we evaluate α ∼ 10−3 for the parameters of this experiment, no collective
e�ects are expected.
In order to model our experiments more accurately, the free-space spectrum S0(ω)

is now �tted by a sum of Lorentzians with e�ective widths γ∗k and transition strengths
ζk, based on the theoretical considerations of Section 4.3.3. All other quantities are
determined by measurements. The �t yields ζk = [0.02, 0.25, 0.44, 0.24, 0.06, 0.01] THz
and γ∗k = 2π · [3, 23, 25, 29, 34, 40] THz, with ωk = 2π(470−k ·16)THz. Contributions for
transitions for k > 5 are negligible. The large discrepancy between the dephasing rates
of the ZPL and the PSB stems from di�erent phonon interaction mechanisms. While
the ZPL interacts with thermally excited low-frequency phonons, the PSB transitions
couple to a structured phonon continuum extending up to the cuto� at ∼ 40THz [247].
In addition, the width of the bands grows with k, as a result of the increasing possible
phonon decay paths.
Applying the experimental parameters corresponding to Fig. 7.4(a) to the model, yields

an e�ective Purcell factor of Ce� = (6± 2) · 10−3 (according to Eq. 4.40). This is in good
agreement with the value previously determined from the data. The deviation of the
�tted transition strengths from the Frank-Condon factors might partially be due to a
wavelength dependent collection e�ciency of the setup. This may involve an error of
up to 20% for the Purcell factors determined by the experiment and both theoretical
models.
In conclusion, the description of the Purcell enhancement based on the rate model

proves that the simple treatment based on the e�ective quality factor that is limited
by the emitter (Eq. 7.2), is a valid approximation, as long as the e�ective dephasing
is dominant over all other rates, i.e. the structure of the phonon sideband stays ob-
scured. Furthermore, the model illuminates the e�ect of di�erent transition branching
and dephasing.
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7.2. Nitrogen-vacancy centers in ultra-small mode volume

silver cavities

The e�ective quality factor and thus the Purcell factor is bounded above by the lower
of the two quality factors Qcav and Qem, as discussed in Section 4.3. For broad-band
emitters with low Qem, it is thus unrewarding to use high-Q cavities, when aiming at
large Purcell enhancement. When Qcav surpasses Qem, the increasing density of state
of the cavity is nulli�ed by the decreasing spectral band that gets enhanced. Even
though the spectral purity of the photons leaving the cavity increases, the e�ective Purcell
enhancement stagnates. This behavior is illustrated in Fig. 7.8(a) where the e�ective
Purcell factor is given as a function of the quality factor of the cavity for di�erent values
of the mode volume spanning from 0.2λ3 to 2λ3. For this example, Qem = 8, as estimated
from the linewidth of the emission spectrum of the NV center at room temperature (see
Fig. 1.1(b)). While the mode volume has a dramatic e�ect on the e�ective Purcell factor,
the in�uence of an increasing cavity quality factor becomes negligible for values larger
than about 50. To boost the Purcell enhancement of broad-band emitters, cavities with
ultra-small mode volumes are therefore required. The cavity quality factors can be chosen
moderate.
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Figure 7.8.: (a) E�ective Purcell factor and (b) e�ective Purcell factor multiplied with
the probability of a photon to leave through the mirror as a function of the
cavity quality factor for di�erent mode volumes (legend see (b)).

However, for practical applications like single-photon sources, large photon rates are
often prioritized to large e�ective Purcell factors. The photon rate that is coupled out
from a Fabry-Pérot resonator is proportional to the product Ce� · p(T1), i.e. to the
e�ective Purcell factor and the probability to transmit through the outcoupling mirror,
which decreases with increasing cavity quality factor (Eq. 3.22). Thus, there is a clear
maximum of the photon rate, when evaluated as a function of the cavity quality factor.
This is shown in Fig. 7.8(b), for the same parameters as before. The maximal photon
rate is obtained for quality factors around 20. Note, that the quality factor is equal to the
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7.2. Nitrogen-vacancy centers in ultra-small mode volume silver cavities

cavity �nesse for the fundamental cavity resonance with longitudinal mode order q = 1
(Eq. 3.27).

7.2.1. Plane-concave silver cavity

Cavity characterization

The microcavity used in this experiment is assembled of a laser machined, silver-coated
�ber and a macroscopic, plane silver mirror with STG100 NDs. The �ber tip is tapered to
allow for sub-micron mirror distances and has a concave pro�le with a radius of curvature
R = 90 µm, a diameter D = 7 µm and a depth t below 100 nm (see Fig. 5.12(c) and
Fig. 5.9). To realize minimal mode volumes, a compromise has to be made between the
size of the radius of curvature and the smallest achievable mirror separation, since a small
radius requires a deep pro�le. To be able to study the regime where the diamond crystal
provides additional �eld con�nement, small mirror separation is prioritized, making a
compromise on the radius of curvature. The mirror is prepared on a fused silica substrate
coated with 33 nm of silver and capped with 20 nm of glass to prevent oxidation. A
transmission T1 of 15% at 532 nm is measured, in good agreement to a value of 16%
simulated with the matrix method. The latter furthermore yields T1 = 8%, R1 = 88%,
and A1 = 4% at 692 nm, The silver coating of the �ber has a thickness of 60 nm and
is also capped with 20 nm of glass. A re�ectivity of (92 ± 2)% is measured at 532 nm,
compared to a theoretical value of 92%. Simulations result in R2 = 96%, T2 = 0.8%, and
A2 = 3% at 692 nm. These parameters amount to expected �nesse values of 18 at 532 nm
and 37 at 692 nm, slightly below the measured values of 21± 1 and 42± 1, respectively
(see Fig. 5.22). The probability of a photon to leave the cavity through the planar mirror
is p(T1) = 51% at a wavelength of 692 nm.
To determine the mode volume V = πw2

0d/4, the optical cavity length d and the mode
waist w0 are measured individually. The optical cavity length of a plano-concave cavity
is given by d = (q + ζ/π)λ/2 ≈ qλ/2, for a radius of curvature R� d (Eq. 3.49), where

q denotes the longitudinal mode order and ζ = arccos
(√

1− d/R
)
the Gouy phase. By

recording the cavity transmission under broadband illumination with the spectrometer, d
is obtained from the separation and location of the resonances, as shown in Fig. 7.9. The
mode order can be determined, for instance, from the change of the resonance wavelength
∆λ, when the cavity length is shifted by ∆z, by means of the simple relation q = 2∆z/∆λ.
In this way, it is con�rmed that the shortest possible cavity length d = λ0/2 is actually
reached without touching the planar mirror with the �ber tip, i.e. full tunability is
preserved even for the fundamental resonance, with the longitudinal mode order q = 1.
Note that the geometrical mirror separation d0 = [q + (ζ − φ) /π]λ/2 is shorter than

the optical cavity length d, since the �eld penetrates into the glass capping layer and the
silver mirror featuring a �nite conductivity. An average deviation of the re�ection phase
from π, φ = π − (φ1 + φ2) /2 may take this into account. For the mirrors used here,
φ1 ≈ φ2 ≈ 0.72π at λ = 700 nm [402], such that the air gap amounts to d0 ≈ 260 nm
for q = 1. Certainly, this value is reduced further, as a result of an increased e�ective
refractive index, when a ND is located inside the cavity mode.
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Figure 7.9.: (a) Series of cavity transmission spectra as a function of the cavity length
obtained under broadband illumination. (b) Close-up of the last four res-
onances in (a) illustrating tunability down to λ0/2. (c) Individual spectra
from (a) for di�erent longitudinal mode orders q.

The mode waist w0 =
√
λ/π ·

√
Rd− d2 (Eq. 3.41) is inferred from the observed size of

the point spread function wdet in a cavity-enhanced �uorescence image which is obtained
by scanning the cavity over a point-like object, such as a single NV center and collecting
the �uorescence emitted into the cavity (Fig. 7.10(a,b)). The point spread function is
the product of the cavity mode for emission w0 and excitation wex =

√
λexλw0. The

1/e2-radius of the point spread function is determined by wdet = wexw0/
√
w2
ex + w2

0,
providing a way to evaluate w0. The excitation was performed at λex = 532 nm through
the cavity �ber, the collected �uorescence from the NV center is distributed around λ =
690 nm. The size of the point spread function was measured for di�erent cavity lengths
spanning from around 1 to 9 µm, yielding the mode waist and volume. Comparison with
the values for w0 and V = λd

√
dR− d2/4 expected from the previously determined radius

of curvature of the concave �ber mirror are in good agreement to the data (Fig. 7.10(c)),
and strongly suggests that a minimal mode volume V = 1.0λ3

0 = 0.34 µm3 and mode
waist w0 = 1.1 µm are realized at d = λ0/2.
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Figure 7.10.: (a) Cavity-enhanced �uorescence scan at a cavity length of 1.1µm, showing
a single NV center. (b) Vertical cut through the scan in (a), together with
a Gaussian �t, resulting in wdet = 1.1 µm. Note the large uncorrected peak
count rate. (c) Measured width of the point spread function wdet (blue
dots) as a function of the cavity length and thereof derived mode volume
(green dots), together with the theoretical values obtained from the radius
of curvature of the �ber mirror (lines).
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Simulation of the expected count rate as function of the cavity length

The number of photons emitted into the cavity mode critically depends on the cavity
length d, since both �uorescence and excitation light are subject to cavity modulation,
for our experimental con�guration. Thus, the normalized expected count rates are evalu-
ated as a function the cavity length, as shown in Fig. 7.11(a) where the parameters of the
currently discussed cavity-emitter system1 have been used. The NV center spectrum is
approximated by a Gaussian distribution whose width is given by the emitter quality fac-
tor Qem, as shown in Fig. 7.11(b). The transmission of the Fabry-Pérot cavity is modeled
as a sum of individual Lorentzians, located at λi = 2d/i, with i = 1, 2, ..., 20, and their
width is determined by the cavity quality factor Qi = 2Fd/λi. The product of the NV
center spectrum with the cavity transmission yields the collectable emission spectrum,
and the integration over the whole spectral band gives a measure for the relative count
rates for constant excitation power. In practice, the excitation light will also be subject to
cavity modulation. The modulation of the excitation power is implemented by weighting
the sum over the emission spectrum with the cavity transmission at a certain excitation
wavelength or with the cavity transmission integrated over a spectral excitation band.
Purcell enhancement can be included by multiplication with the e�ective Purcell factor
Ce�, according to Eq. 4.36. Altogether, three di�erent cases are considered: Excitation
at a single wavelength, broad-band excitation, and excitation with constant power, as it
would be the case if the cavity mirrors would not a�ect the excitation light, at all.
For excitation at a single wavelength, here λ = 532 nm, the largest count rate is not

obtained for the shortest cavity length, because the excitation light is then blocked by
the cavity. A clear count rate maximum appears at a cavity length of d = 1.1 µm,
which is the shortest mirror spacing where both excitation (longitudinal mode order
q = 4) and �uorescence (q = 3) are in resonance with the cavity. In contrast, for broad-
band excitation spanning from λ = 525 to 575 nm, the largest count rates are expected
at shortest cavity length, as a result of the growing in�uence of Purcell enhancement.
However, count rates for q = 2 are still low. For ideally constant excitation, the count
rate maxima continously increase with decreasing cavity length.

Single emitter photon count rate measurements

After characterization of the spatial mode of the cavity and calibrating its length, the
search for single NV centers is initiated. To this end, a cavity-enhanced �uorescence scan
of a larger area is performed. The excitation light is introduced through the cavity �ber.
The cavity length is stabilized to a mirror separation of roughly 10 µm where both the
excitation and �uorescent light are resonant with the cavity. The excitation power was
kept at 3.6mW at 532 nm. Figure 7.12 displays a scan over an area of (50µm)2, with
about 50 visible emitters. The saturation behavior, as well as the second order correlation
function g(2)(τ) to prove single-emitter behavior was recorded for �ve emitters marked
with a circle (NV2-NV6). For these measurements, the cavity length was stabilized at

1Plane-concave cavity with �nesse F = 42, emitter quality factor Qem = 8, central emitter wavelength
λ0 = 690 nm, radius of curvature R = 90 µm.
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Figure 7.11.: (a) Calculated count rate into the cavity mode for constant excitation power
(blue), excitation at 532 nm (green) and excitation in a spectral band from
525 to 575 nm (red), including (upper panel) and not including (lower panel)
Purcell enhancement. (b) Approximated spectrum of the NV center (red),
together with the Fabry-Pérot cavity transmission (green) and their product
(blue) at a cavity length of 1.1 µm and for a cavity �nesse of 42.

the shortest possible cavity length d = 1.1 µm for which the excitation and �uorescent
light is simultaneously in resonance with the cavity, as illustrated in Fig. 7.11. Due to
signi�cant Purcell enhancement, the largest signal to background ratio is obtained at this
�sweet spot� where the longitudinal mode orders are q = 3 for λ0 = 690 nm and q = 4
for λex = 532 nm.
The corresponding setup has already been used for the measurement of one data point

of the point spread function, on the basis of the more isolated emitter (NV1), shown in
Fig. 7.10(a,b). In this case, a spatial resolution of 1.1 µm, an uncorrected peak count rate
exceeding 6 · 105 s−1, a signal to background ratio larger than 20, and clear antibunching
with g(2)(0) = 0.21 was measured. The large signal to background ratio suggests the fea-
sibility of clean single-photon emission. However, the value for g(2)(0) indicates that there
is some additional background from the nanocrystal itself. The simultaneous enhance-
ment of the excitation and �uorescence, and the emission into the well-collectable cavity
mode, result in enhanced photon count rates and enable spatial and spectral �ltering
at the same time. As a consequence, cavity-enhanced scanning �uorescence microscopy
holds promise for improved net signal compared to confocal microscopy.
To give an example for the cavity-enhanced single-photon emission, the results for one

NV center (NV2) are now discussed in more detail. The g(2)-function measured for low
excitation power is shown in Fig. 7.13(a), together with a �t based on the theory for a
three-level system (Eq. 6.1). The �t value g(2)(0) = 0.27 proves that is indeed a single
emitter. The fact that it does not drop to zero is primarily attributed to auto�uorescence
created in the mirror coating at this location. The excitation intensity dependent photon
count rate is displayed in Fig. 7.13(b). The earlier applied �t function including a linear
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Figure 7.12.: Cavity-enhanced �uorescence scan with 6 marked NV centers, �ve of which
are single emitters (NV2-NV6) and one a bright emitter ensemble (NV7).

term accounting for background is applied: R(I) = R∞I/(Isat + I) + aI (Eq. 7.1). For
the presented data sets, the excitation was performed through the cavity �ber, yielding
slightly better signal to background ratios than for the excitation through the microscope
objective. Here, the intensity denotes the intra-cavity value, which is related to the
transmitted power Pt, the transmission of the outcoupling mirror T1, and the evaluated
excitation mode waist wex by

I =
8Pt

πw2
exT1

. (7.6)

The �t yields a collected saturation count rate R∞ = 6.9 · 105 s−1, a saturation intensity
Isat = 0.49 · 109 Wm−2, and a linear background parameter a = 1.0 · 105 s−1/109 Wm−2.
Additionally, the intensity dependent background count rate is measured at a mirror
location without any emitter. The observed slope is equal to the value a, indicating that
the nanocrystal is not contributing notably to the background, in this case. The stated
count rates are the uncorrected rates detected with the APDs. The overall detection
e�ciency of the setup amounts to 43% (see Section 6.1). Accordingly, a total saturation
count rate of 1.6 · 106 photons per second is collected by the �rst lens, i.e. the objective.
In order to quantify the emission enhancement induced by the cavity, several single

emitters (NV1-NV6) are investigated inside the cavity and compared to the confocal
measurements of an STG100 sample on a glass substrate (see Section 6.3). For both
situations, the saturation count rate R∞ and g(2)(0) are determined for each emitter.
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Figure 7.13.: Results for NV2: (a) Measured g(2)-function (blue dots), together with �t
(red line), yielding g(2)(0) = 0.27. (b) Saturation curve, displaying the
uncorrected count rate as a function of the intra-cavity intensity, yielding
a saturation count rate of 6.9 · 105 s−1.

By plotting R∞ versus g(2)(0) the cavity emission can be compared to the free-space-like
emission, as shown in Fig. 7.14. In the cavity case, the lowest measured value of g(2)(0)
was around 0.2, as a result of background �uorescence created in the silver mirror. We
thus expect all NV centers with g(2)(0) > 0.7 to be single emitters. Averaging over the
saturation count rates of the NV centers inside the cavity yields R∞ = (5.7±0.6)·105 s−1,
in comparison to (1.5±0.1)·105 s−1 on the glass substrate. This corresponds to an average
enhancement factor of 3.8.

Single emitter lifetime measurements

In a next step, the modi�cation of the excited-state lifetime inside the cavity is investi-
gated to directly demonstrate the Purcell e�ect. To this end, we perform time-correlated
single-photon counting under pulsed excitation for varied mirror spacings [77]. For a
cavity length d > 0.8 µm, no signi�cant lifetime modi�cation can be noticed. In contrast,
the lifetime is reduced considerably for d = λ0/2. For NV2, the lifetime amounts to
τ = (11± 0.5) ns at d = 2 µm and reduces to τc = (7± 1.5) ns at d = λ0/2, as shown
in Fig. 7.14(b). However, as a result of the excitation light being o�-resonant with the
cavity at d = λ0/2, the signal-to-background ratio is low for this cavity length, and the
lifetime value can only be determined with a large uncertainty. The decay of the back-
ground includes nonmonoexponential contributions that are accounted for by error bars
by trying out di�erent �t domains.
The situation for the large mirror spacing at d = 2 µm actually corresponds to a �half

cavity� with one mirror only. For this setting, the emission lifetime is always biased
by the sample mirror. In conclusion, we compare the lifetime within a full cavity at
shortest mirror spacing to the lifetime on a single silver mirror in this measurement.
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Figure 7.14.: (a) Saturation count rate versus single-photon purity g(2)(0) for single NV
centers inside the cavity (red dots) and on a glass substrate (blue dots),
together with the averaged values (crosses), indicating cavity enhancement
by a factor of 3.8. (b) Lifetime measurement for NV 2 at d = 2 µm (black)
and d = λ0/2 (brown), together with monoexponential �ts.

An additional statistical comparison between the lifetimes on a silver mirror and on a
glass substrate yields a reduction by a factor of 1.3 ± 0.3 (Fig. 6.8). Furthermore, a
FDTD simulation averaged over dipole orientations results in a reduction factor of 1.8
(Section 7.2.2) implying a free-space lifetime of up to τ0 = 20 ns. Based on this estimate,
the e�ective Purcell factor can be derived: Ce� = [(τ0/τc)− 1] /QE = 2 ± 0.6, for a
quantum e�ciency of QE = 1 and correspondingly larger values for QE < 1.
For a short review of the quantum e�ciency of NV centers embedded in NDs see

Section 2.2.4.2. In the next paragraph, the experimental results will be compared to
theoretical expectations. Some more insight into the in�uence of the QE is given further
below.

Comparison to theory

An increased count rate at d = 1.1 µm, as well as a decreased lifetime at d = λ0/2 have
been observed for single NV centers inside the cavity. The experimentally determined
enhancement is now compared to a theoretically expected factor. At �rst, the count rate
enhancement at d = 1.1 µm is evaluated by comparing the photon rate of an NV center
inside the cavity to the rate obtained on a glass substrate.
The rate of photons coupled out of the cavity is determined by

Rc = Ce�γrp(T1), (7.7)

with the radiative decay rate of the excited state γr and the probability of a photon to
leave the cavity through the outcoupling mirror p(T1). For the present setup, p(T1) =
0.51. The cavity mode is fully collected by the microscope objective. The e�ective Purcell
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7.2. Nitrogen-vacancy centers in ultra-small mode volume silver cavities

factor, given by Eq. 4.36, amounts to Ce� ∼ 0.12, for the experimental parameters used
here, i.e. for the longitudinal mode order q = 3, yielding V = 5λ3, Qc = q ·42 = 126, and
Qem = λ0/∆λ ≈ 8, being derived from the center wavelength of the emission spectrum
λ0 = 690 and its full-width at half-maximum ∆λ = 90 nm.
In order to determine the ratio of photons collected from an NV center on the glass

substrate, it is necessary to integrate the emission pattern over the solid angle collected
by the microscope objective. The radiation pattern of a dipole on a glass substrate is
non-trivial, because it is in�uenced by the air-glass interface [349, 350]. Calculations
result in a total collection e�ciency of ηΩ = 0.16, for the objective used here (NA=0.75).
The total rate of collected photons on the glass substrate amounts to

Rglass = γrηΩ. (7.8)

If the detection e�ciency behind the objective is assumed to be equal for both cases,
the theoretical enhancement factor is expected to be

Rc

Rglass
= Ce�

p(T1)

ηΩ
= 0.38, (7.9)

opposed to an experimental value of 3.8.

For the lifetime measurement at d = λ0/2, the theoretical enhancement factor amounts
to Ce� = 0.6, for the parameters V = 1λ3

0, Qc = 42, and Qem = 8. This is once more
substantially smaller than the experimentally determined value. The strong contrast
to the experimental �ndings suggests that the simpli�ed model based on the e�ective
Purcell factor is not applicable in this situation. The latter is derived on the supposition
that the cavity subtends a negligible solid angle and that the emitting dipole remains far
from any surface. However, the spontaneous emission is a�ected by three main aspects
lying beyond this approach.

1. The close proximity of the emitter to the mirror surface results in self-interference
of the emission pattern over a large angular distribution. Furthermore, near-�eld
coupling is possible [349, 350]. FDTD simulations for an orientation-averaged dipole
in a ND that is placed on a silver mirror result in a lifetime reduction by a factor of
1.8 with respect to a setting without the mirror (see Section 7.2.2). Furthermore,
the contribution of nonradiative decay is shown to be less than 10%.

2. The simple picture that only the fundamental mode is in�uenced by the cavity,
while all other modes are unaltered is unsustainable. Since the cavity mirrors
subtend a large solid angle, the cavity in�uences the mode structure in a more
general way, for instance leading to inhibited decay into certain modes [339, 364].

3. For very small mirror distances and certain diamond crystal sizes, the ND can give
rise to additional, lateral �eld con�nement of the optical mode.

These issues can be resolved by FDTD simulations, which will be discussed in more detail
in Section 7.2.2. A simulation of an emitter coupled to a cavity, accounting for all aspects
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at the same time, yields an e�ective Purcell factor of Ce� = 1.4 at d = 1.1 µm, comparing
the cavity-enhanced emission rate to the one in free space. In this case, the e�ective
Purcell factor for a dipole in parallel to the mirror surface is simulated, since dipoles
with normal orientation are excited and collected only very weakly. In conclusion, the
theoretical enhancement factor is corrected to a value of Rc/Rglass = 4.5, only about 20%
larger than determined experimentally. At d = λ0/2 the simulation predicts Ce� = 11,
which would correspond to a much larger lifetime reduction than observed experimentally.
The simulated large Purcell enhancement presumably originates from mode con�nement
by the diamond nanocrystal.
The discrepancy to the experimentally observed values can be attributed to a reduced

coupling strength originating from a non-ideal dipole orientation and a displacement of
the emitter with respect to the �eld maximum of the cavity. In addition, the lifetime
modi�cation might be mitigated by the �nite QE. As shown in the next paragraph, the
issue would be resolved for QE = 0.2, according to Eq. 7.13.

Quantum e�ciency

The e�cient generation of single photons depends crucially on a large QE, which can be
signi�cantly diminished by absorptive media in close proximity to the emitter. In fact,
using silver mirrors, having a refractive index with a large imaginary part, involves the
danger of quenching the �uorescence of a nearby NV centers. The QE is de�ned by

QE =
γr

γr + γnr
, (7.10)

where γr and γnr are the radiative and nonradiative decay rates, respectively. The excited
state decay rate is then given by

1

τ0
= γ0 = γr + γnr. (7.11)

Ideally, the intrinsic quantum e�ciency of the NV center sample could be inferred from a
comparison of the measured lifetime changes with simulations. However, there would be
a large uncertainty due to several unknown contributions. Thus, the quantum e�ciency
of a dipole is studied in dependence of the distance from a silver mirror with FDTD
simulations.
The mirror is modeled as a 33 nm thick silver layer on top of a glass substrate, capped

with a glass layer of variable thickness. A dipole oriented in parallel to the mirror surface
is located at the center of a diamond cube with 30 nm edge length, which is positioned
directly on the glass capping layer. A series of simulations yields the quantum e�ciency
as a function of the thickness of the capping layer, as shown in Fig 7.15. The onset
of nonradiative decay is located at a thickness of around 20 nm where the quantum
e�ciency amounts to about 0.8. For larger layer thicknesses the quantum e�ciency
quickly approaches unity. Since the used mirrors have glass capping layers with a minimal
thickness of 20 nm and the applied diamonds are typically larger than roughly 100 nm,
nonradiative decay is expected to be less than 10% in the presented experiments. In the
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Figure 7.15.: Quantum e�ciency as a function of the thickness of the glass capping layer.
For thicknesses larger than 30 nm the quantum e�ciency exceeds 90%.

evaluation of the e�ective Purcell factor it is thus assumed that the nonradiative rate in
the cavity does not change: γcnr = γnr.
Note that Purcell enhancement can increase the QE in the cavity, which is given by

QEc =
(Ce� + 1) γr

(Ce� + 1) γr + γcnr
. (7.12)

In contrast, the lifetime modi�cation by the cavity is mitigated by a �nite QE:

τ0

τc
= QE · Ce� + 1. (7.13)

Since the saturation count rates in free space and in the cavity depend only on the
radiative decay rates γr and Ce�γr, respectively, they are independent of the QE.

Lifetime measurements with emitter ensembles

Lifetime variations could be observed for single NV centers. However, the measured
lifetime is strongly in�uenced by background �uorescence created in the mirror. The
latter depends on the excitation power, which is itself subject to cavity modulations.
The desired �uorescence signal from the NV centers is thus obscured signi�cantly by
cavity-length dependent background.
The STG100 sample predominantly contains single NV centers and small emitter en-

sembles. A few ensembles with some ten or more emitters have also been observed. The
increased brightness can be harnessed to demonstrate cavity-length-dependent lifetime
modulations, as shown for an ensemble of roughly 50 NV centers in Fig. 7.16 (NV7 of
Fig. 7.12).
Since the distribution of dipole orientations and locations of the individual NV centers

inside the ND leads to a nonuniform coupling strength to the cavity, a multi-exponential
function (stretched exponential) [403]

I(t) = exp
[
− (t/τ0)β

]
(7.14)
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Figure 7.16.: Mean lifetime τ̄ (blue) and the normalized photon count rate (green) as a
function of the cavity length for an ensemble of about 50 emitters. A clear
drop of the liftime together with an increase in the count rate for a very
short cavity length hints at additional �eld con�nement provided by the
diamond nanocrystal.

is applied to �t each TCSPC histogram and to determine the mean lifetime

τ̄ = τ0
Γ(2/β)

Γ(1/β)
, (7.15)

where Γ denotes the gamma function.
While the modi�cation of the excited state lifetime remains moderate for larger mirror

distances, a strong decrease for a cavity length below about 0.5 µm is observed. Here,
the mean lifetime drops by about 40% from 13 to 8 ns. At the same time the photon
count rate increases by about a factor of 20, con�rming that the lifetime reduction is
not a pure result of quenching the radiative transition. This behavior hints at additional
�eld con�nement provided by the diamond crystal at ultimately short mirror distances.
The e�ect of the optical mode being guided by the ND is analyzed in more detail in
the following section, where a bright NV center ensemble is coupled to a plane-parallel
FFPC.
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7.2.2. Plane-parallel silver cavity with NV center ensembles

In the previous section, a lifetime reduction and count rate increase have been demon-
strated for single NV centers in a plane-concave FFPC. The strong Purcell enhancement
at very short mirror separation encourages the notion that a Fabry-Pérot mode is com-
bined with additional lateral �eld con�nement by a suitably sized diamond nanocrystal,
here. Measurements with small NV center ensembles supported this idea.
In this section, measurements and simulations are presented that give further insight

into the occurrence of such a nanodiamond-induced waveguide mode. A Fabry-Pérot
cavity with plane-parallel architecture facilitates the separation of the waveguide e�ect
from the transversal mode con�nement by the cavity mirrors. Thus, a cavity �ber with
a cleaved planar end face with mechanically polished edges is applied that enables ulti-
mately short mirror spacings. For this experiment, we furthermore use bright NV center
ensembles providing an increased signal-to-background ratio, in order to minimize the
in�uence of distant-dependent background �uorescence on the lifetime modulation by
the cavity. To this end, NDs of the Tai100 sample embedding some hundred NV centers
are spin coated onto the planer outcoupling mirror. For details about the NDs and the
sample preparation see Section 6.2. Since collective e�ects are expected to be irrelevant,
the theoretical treatment is in analogy to single emitters.

Cavity characterization

The �ber used here, has a cleaved, planar endfacet with mechanically polished edges.
This geometry does not necessitate laser machining and can therefore be fabricated with
minor experimental overhead. Furthermore, the simple plane-plane cavity architecture
facilitates the direct comparison with FDTD simulations. The mirror parameters of
this experiment are given by an outcoupling mirror with 33 nm of silver, capped with
60 nm of glass and a �ber mirror with 60 nm of silver and 20 nm of glass. Note that
the only di�erence to the plane-concave silver cavity is an increased glass capping of
the outcoupling mirror, resulting in a slightly larger mirror transmission. Measurements
with narrow-band lasers yield T1 = 24% at 532 nm and T1 = 16% at 633 nm, respectively.
This is in good agreement with values of 24% and 15%, respectively, calculated with the
matrix method. A simulated transmission of T1 = 11% and absorption of A1 = 5% at
692 nm amount to an expected probability of a photon to leave the cavity through this
mirror of p(T1) = 0.11/(0.11 + 0.05 + 0.008 + 0.03) = 0.56. A �nesse of F = 18 is
measured at 633 nm, slightly lower than the evaluated value of 21, increasing to F = 28
at 700 nm.

Modulation of the excited state lifetime

The experimental setting is similar to the one described by Chizhik et al. [404, 77],
where the lifetime of single molecules is probed with a tunable microresonator. In our
case, the �uorescence lifetime of an NV center ensemble is measured by TCSPC for
di�erent cavity lengths. The mirror spacing is varied with a piezoelectric actuator. The
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Figure 7.17.: (a) TCSPC histogram for three di�erent cavity lengths (indicated by the
dots in (c) with corresponding color code), together with mono-exponential
�ts (red: τ = 11.2 ns, blue: τ = 19.3 ns, green: τ = 23.9 ns). (b) Cavity
emission spectra at resonances with longitudinal mode orders q = 1, 2, 7.
(c) Comparison of measured lifetime as a function of the mirror separation
τ(d0) with FDTD simulations for a dipole oriented in parallel to the mirror
surface inside a diamond cube of edge length 30 nm and 155 nm. The yellow
area indicates the distance range, at which the �ber touches the larger
diamond.
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geometrical mirror distance d0 and the optical cavity length d are calibrated by analyzing
�uorescence spectra. For geometrical mirror distances below about 500 nm, a deviation
of the actual cavity length from the expected value is observed, which is most probably
a result of the cavity �ber touching the macroscopic mirror with one of its edges. Thus,
the distance calibration is adjusted for d . 500 nm, to restrict the cavity length to values
d > 100 nm. For each cavity length, a TCSPC histogram is recorded and �tted with a
mono-exponential decay curve2 providing the lifetime τ(d0), as shown for three di�erent
mirror separations in Fig. 7.17(a). The resulting diagram with the �tted lifetimes as a
function of the cavity length is displayed in Fig. 7.17(c) for one NV center ensemble.
It is compared to FDTD simulations for a diamond cube with an edge length of 30 nm
and alternatively 155 nm (see next section). Additionally, �uorescence spectra �ltered
by the cavity are recorded, demonstrating that the resonance linewidth scales inversely
with the mirror separation, see Fig. 7.17(b). However, the spectral resonance width does
not allow to directly infer the cavity quality factor, because the resonance wavelength of
plane-parallel cavities is angle dependent and a large angular range is collected indeed.

When the mirror separation is below about 2µm, noticeable lifetime modi�cations are
observed. Whenever the cavity is resonant (o�-resonant) with the �uorescence emission,
the lifetime is reduced (increased), due to the modi�cation of the local density of states.
The minimal (maximal) measured lifetime of τc = 11.2 ns (23.9 ns) corresponds to a
reduction (enlargement) of the the lifetime of 40% (25%) with respect to the lifetime
of τm = 18.9 ns detected when the �ber is withdrawn, i.e. the lifetime measured for
the NV center ensemble in the ND on the outcoupling mirror alone. Yet, the lifetime
on the mirror is already reduced compared to free space. This e�ect is assessed by a
statistical comparison (see Fig. 6.8) yielding a reduction factor of 1.3 ± 0.3, as well as
by FDTD simulations yielding a dipole-orientation-averaged reduction factor of 1.8. The
latter suggests a free-space lifetime of up to τ0 = 34 ns. Consequently, an upper bound
for the e�ective Purcell factor of Ce� =

(
τ0
τc
− 1
)
/QE = 2.0 is inferred for QE = 1.

By investigating several FNDs in an analogous way, a shortest lifetime of τc = 6.7 ns is
observed with similar relative lifetime changes. Moreover, an increase of the integrated
�uorescence signal by up to a factor of 40 is detected, when the cavity length is reduced
from around 2µm to d = λ/2, as shown in Fig. 7.18. The reasoning for the count rate
enhancement is as follows: For large mirror separations, the in�uence of the cavity is
negligible and only the �uorescence transmitted through the planar mirror (T1 = 0.11) is
collected by the objective (NA=0.55) with a small e�ciency. On the contrary, for short
cavities, the �uorescence is predominantly emitted into the cavity mode, as a result
of Purcell enhancement. The outcoupling probability through the macroscopic mirror
amounts to η = 0.56, and the cavity mode is entirely collected by the objective due to
its small divergence angle.

2In general, a multi-exponential decay is expected for an emitter ensemble where the distribution of
dipole orientations and positions of the individual NV centers inside the ND leads to a nonuniform
coupling strength to the cavity [403]. Fitting with this function results in larger lifetime modulations,
such that mono-exponential �tting, which is applied here, constitutes a conservative estimate.
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Figure 7.18.: Modulation of the detected signal and background count rates as a function
of the cavity length normalized to their minimum.

Simulation of the spontaneous emission modi�cation by the cavity

In order to model the modi�cation of the spontaneous emission behavior of an NV center
coupled to a Fabry-Pérot microcavity, FDTD simulations based on Maxwell's equations
are performed. FDTD simulations constitute a powerful method to predict the time-
dependent behavior of electromagnetic �elds in complex material environments. Com-
pared to analytic solutions for a certain setting [405, 406, 407, 351, 408, 409, 410, 411,
412, 413], the numerical approach provides more �exibility to implement customized ge-
ometries. For instance, it is straightforward to introduce a diamond nanocrystal into the
cavity.
The commercial software Lumerical is applied to simulate the emission behavior of an

electrical dipole inside a ND, coupled to a plane-parallel Fabry-Pérot microcavity with
silver mirrors. The ND is implemented as cube with a refractive index of 2.4 and an
edge length of 155 nm and alternatively 30 nm, for comparison. An electric dipole source
with a Gaussian spectrum peaking at a wavelength of 690 nm with a 1/e-width of 100 nm
is located at its center. The diamond is positioned directly on top of the outcoupling
mirror that consists of a glass substrate with a 33 nm thick silver layer �nished with a
glass capping of 60 nm. The thickness of the glass capping is chosen such that the dipole
is positioned at an antinode of the electric �eld inside the cavity. This parameter was
optimized for the diamond with an edge length of 155 nm. Adjusting the thickness for
the smaller diamond in a range from 60 to 120 nm did not change the e�ective emission
rate modulation signi�cantly. Thus, the same value was chosen for this case. The second
mirror, i.e. the �ber mirror in the experiment, is composed of a silver layer with a
thickness of 60 nm and a glass capping of 20 nm. These coating parameters correspond
to the actually applied mirrors of the experiment.
Figure 7.19(a) shows a cross section of the simulated geometry together with the

intensity distribution for a central dipole oriented parallel to the mirror surface. Note the
logarithmic scaling. For this instance, the shortest possible cavity length is chosen for the
diamond cube with an edge length of 155 nm. A strong con�nement of the intensity to
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Figure 7.19.: (a) Simulation of the intensity distribution of a dipole oriented along the
x-axis located at the origin (logarithmic scale, red: high, blue: low). The
intensity is con�ned between the two silver mirrors (horizontal black lines,
including the spacer layers) and localized to the nanocrystal (black square).
Outcoupling occurs predominantly through the thinner bottom mirror. (b)
Two horizontal cuts (blue, red lines) through (a), together with Gaussian
�ts (black dashed lines), illustrating the shape of the outcoupled mode. (c)
Width of the Gaussian �ts to the mode as a function of the vertical distance
y. The red and blue dots indicate the position of the horizontal cuts in (b).

the diamond crystal is apparent, just like the directional outcoupling through the lower
mirror. Horizontal cuts through the intensity map reveal that the outcoupled mode has
an almost perfect Gaussian shape, as shown for two examples at di�erent distances from
the dipole in Fig. 7.19(b). A series of Gaussian �ts to the mode pro�les furthermore
demonstrates that the width of the outcoupled mode increases approximately linearly
with the propagation away from the diamond, as displayed in Fig. 7.19(c). The inferred
divergence of the mode corresponds to an NA of 0.27, or 0.38 after the refraction at the
glass-air interface of the mirror substrate. Therefore, the outcoupled mode can be easily
collected by an objective.

To study the cavity-length-dependent modi�cation of the spontaneous emission lifetime
inside the resonator, the mirror distance is varied, starting from the setting where both
mirrors touch the diamond crystal to a distance of about 2µm. Dipole orientations
parallel and normal to the mirror surface are simulated. For each cavity length, the
ideal Purcell factor is determined as a function of the wavelength C(λ), quantifying the
emission rate enhancement inside the cavity with respect to the situation where the
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dipole is embedded in the ND in vacuum3. To obtain the e�ective Purcell factor that
is expected for the NV center, the ideal Purcell factor is averaged over the NV center's
emission spectrum S(λ), which is modeled as a Gaussian distribution with a central
wavelength of 690 nm and a FWHM of 90 nm:

Ce� =

´∞
−∞C(λ)S(λ)dλ´∞
−∞ S(λ)dλ

. (7.16)

For better comparability with the experimental data, the Purcell factor C(λ) is normal-
ized to the Purcell factor Cm(λ) that is obtained when the upper (�ber) mirror is removed
and we average over the emission spectrum of the NV center S(λ). The e�ective lifetime
change can then be expressed as

τm
τc

=

´∞
−∞ [C(λ) + 1] [Cm(λ) + 1]−1 S(λ)dλ´∞

−∞ S(λ)dλ
. (7.17)

The simulated lifetime in the cavity τc for parallel dipole orientation is in good agree-
ment with the data, as shown in Fig. 7.17(c). Since, the normal dipole component is only
weakly excited and coupled to the cavity mode, it does not contribute signi�cantly. An
interesting feature is observed, when comparing the theoretically expected enhancement
for the two simulated diamond sizes at shortest mirror distances. While the simulated
lifetime for the smaller diamond has a minimal value of roughly 11 ns, it drops below 4 ns,
for the larger crystal, indicating strong Purcell enhancement. This is a hint for additional
mode con�nement provided by the larger nanocrystal at short mirror distances.
A clearer picture of this e�ect is obtained by directly investigating the e�ective Purcell

factor Ce� as a function of the cavity length and the ideal Purcell factor C(λ) at the
location of maximal e�ective Purcell factor. As shown in Fig. 7.20(a), the e�ective Purcell
factor of dipoles oriented in parallel to the mirror surface experiences signi�cant cavity-
length-dependent modulation, while dipoles with normal orientation are only slightly
a�ected. For parallel dipoles, the modulation amplitude increases with decreasing cavity
length and is approximately equal for the di�erent diamond sizes for mirror distances
larger than λ/2. However, for the resonance with longitudinal mode order q = 1, the
e�ective Purcell factor Ce� increases to a value above 10 for the larger ND, while it
remains below 3 for the smaller one. We thus conclude that only the larger crystal is
able to support additional mode con�nement. This �nding is con�rmed by Fig. 7.20(b),
where the ideal Purcell factor for q = 1 is shown plotted as a function of the wavelength
C(λ). The larger diamond exhibits a pronounced resonance with a peak ideal Purcell
factor above 62. The full potential of this large enhancement factor could be harnessed
with emitters having a narrow emission spectrum, such as the SiV center, for instance.
In contrast, the ideal Purcell factor remains small and without resonance for the smaller
crystal. It is worth mentioning that the analytical calculation of a dipole at the center of

3In fact, the simulation determines the Purcell enhancement inside the cavity with respect to a dipole
embedded in bulk diamond, �rst. Thus, a normalization to a dipole located in a ND in vacuum is
performed to obtain the actual Purcell factor.
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Figure 7.20.: (a) E�ective Purcell factor Ce� as a function of the geometrical cavity length
d0 for dipole orientations parallel and normal to the mirror surface and
diamond sizes of 30 nm and 155 nm. (b) Ideal Purcell factor as a function
of the emission wavelength λ at the cavity length indicated by the circles
in (a) for diamond sizes of 30 nm (black line) and 155 nm (red line).

a plane-parallel cavity with lossless mirrors, but without the diamond nanocrystal results
in an ideal Purcell factor of only 2 [339]. This value is close to the one obtained for the
ND with 30 nm edge length.

Waveguide e�ect

A simple model serves to illustrate the origin and consequences of mode con�nement by
a ND of suitable size that enables large Purcell enhancement. To this end, the diamond
crystal is modeled as a simple cylindrical waveguide [225] with refractive index n = 2.4
and radius b. The parametrization of the refractive index is given by

nr =

{
n |r| ≤ b
1 |r| > b

, (7.18)

with the radial coordinate r. The waist w0 and the e�ective refractive index ne� of the
propagating waveguide mode can then be estimated as a function of the diameter of the
waveguide, by solving the Helmholtz equation for the electric �eld in one dimension(

∇2 + k2
)
E = 0, (7.19)

where k = 2πnr/λ. As shown in Fig. 7.21(a), the maximal con�nement is expected for a
particle diameter around 140 nm, where a minimal 1/e2 mode radius of 160 nm and an
e�ective refractive index of 1.9 is obtained.
The model is furthermore adjusted to the experimentally encountered situation by

introducing such a diamond waveguide into a planar Fabry-Pérot cavity with a mirror
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Figure 7.21.: (a) Mode waist and e�ective refractive index as a function of the particle
diameter. (b) Mode volume and e�ective Purcell factor as a function of
the particle diameter. For the evaluation of the Purcell factor, the quality
factors of the cavity and the emitter are set to Qc = 28 and Qem = 10,
respectively.

separation of d = λ/2ne�. Here, ne� represents the refractive index that the propagating
mode experiences. This leads to a cavity mode with a volume as low as V = πw2

0λ/8ne� =
0.07 (λ/ne�)3, which constitutes a dramatic decrease compared to the values achievable
with Fabry-Pérot cavities with curved mirrors (see Fig. 7.21(b)). Assuming an e�ective
quality factor Qe� = 10, the e�ective Purcell factor amounts to Ce� ∼ 8, in reasonable
agreement with the FDTD simulations. The simulations are however closer to the exper-
imental scenario and indicate maximal Purcell enhancement for a diamond cube with a
diameter around 155 nm. For crystals smaller than 140 nm, the enhancement decreases
quickly and there is no additional �eld con�nement any more for an edge length of 30 nm.

The measurements show a moderate signature of mode con�nement by the ND. Due
to experimental imperfections including averaging over dipole orientations and a dete-
riorated quantum e�ciency of the emitters, the amplitude of the lifetime variations is
expected to be reduced with respect to theory. This behavior is indeed observed in
Fig. 7.17(c), for example for the lifetime minima at the resonances q = 2 or q = 3 where
the measured lifetime is not reduced as much as the simulation for both diamond sizes
predicts. However, for q = 1, at the presumed onset of additional mode con�nement, the
lifetime reduction in the data is comparable with the ideally expected variation for the
30 nm diamond. This suggests Purcell enhancement larger than simulated to compensate
for experimental imperfection that diminish the lifetime reduction. It should be noted
that a small amount of parasitic lifetime modulation seems to a�ect the data, as well. It
is most probably originating from cavity-modulated excitation light leading to variable
contributions of the background �uorescence created in the mirrors. This e�ect can be
noticed for larger mirror separations d > 1.3 µm, with a periodicity of around 270 nm.
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7.2. Nitrogen-vacancy centers in ultra-small mode volume silver cavities

Simulation of the lifetime reduction of a dipole on a silver mirror

The simulations of the e�ective Purcell factor furthermore yield the lifetime reduction
of an emitter on the outcoupling mirror alone, compared to free space4. At d ∼ 2 µm,
the lifetime modi�cation is negligible and e�ective Purcell factors of Ce�,‖ = 1.07 and
Ce�,⊥ = 0.37 are obtained for parallel and normal dipoles, respectively (see Fig. 7.20(a)).
Averaging over the dipole orientations yields Ce�,m = 2

3 ·Ce�,‖+ 1
3 ·Ce�,⊥ = 0.8, resulting

in a total reduction of the lifetime on the mirror by a factor of 1.8.

7.2.3. Cavity-enhanced �uorescence lifetime imaging with a
plane-concave silver-dielectric cavity

Fluorescence lifetime imaging microscopy (FLIM) is a powerful method for the inves-
tigation of �uorescent samples. FLIM allows to observe photophysical events that are
di�cult or impossible to observe on the basis of the �uorescence intensity [414]. In
contrast to the �uorescence intensity, the �uorescence lifetime is more stable against all
kinds of parasitic variations of the collected photon �ux, originating from modi�cations
of the excitation power, photo bleaching, scattered light, etc.. FFPCs provide a way for
an e�cient implementation of this technique, and hold promise for both a high spatial
resolution, as well as a cavity-enhanced sensitivity [61, 63].
Here, cavity-enhanced �uorescence lifetime imaging is demonstrated with a hybrid

microcavity consisting of a planar silver mirror and a dielectrically coated �ber with a
concave pro�le5. The cavity is embedded into the standard confocal microscope setup
described in Section 6.1. Dielectric coatings o�er the possibility for a large transmission
at the wavelength of the excitation light, such that the excitation power can be reduced
to a minimum, and the intra-cavity power is only slightly in�uenced by length changes
of the cavity. Thus, the amount of background �uorescence created in the �ber or the
mirror stack is reduced considerably, resulting in an increased signal-to-noise ratio, which
is bene�cial for both intensity-based confocal microscopy and FLIM.
At the same time, the re�ectivity at the emitter wavelength can be very large for

dielectric mirrors, such that the cavity �nesse is only limited by the re�ectivity of the
silver mirror6. Note that the penetration of the electric cavity �eld into the metallic
mirror is negligible compared to the penetration into the dielectric mirror. The latter
slightly increases the minimal achievable mode volume7. In summary, the hybrid silver-
dielectric cavity design o�ers the �exibility of dielectric coating designs in combination
with an ultra-small mode volume.
Nanodiamonds (STG100) on the planar mirror serve as �uorescent sample. Pulsed

4For a theoretical description of the behavior of the decay rate of a dipole in front of a planar mirror
consult for instance [339].

5Radius of curvature R = 50 µm, determined by white light interferometry
6The �nesse obtained from spectra is F = 32± 1 at λ = 700 nm for this setting.
7For this microcavity, the shortest cavity length resonant with NV center �uorescence is at d = λ,
limited to almost equal parts by the pro�le depth t ∼ 200 nm and the penetration depth into the
dielectric mirror dpen = 220 nm. The expected smallest achievable mode volume amounts to 2.1λ3.
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7. Results
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Figure 7.22.: (a) FLIM map of an NV center sample inside a hybrid silver-dielectric
cavity. (b) Fluorescence intensity scan of the same region.

excitation with a broad-band light source8 is performed through the cavity �ber, while the
planar mirror is scanned through the cavity mode. Fluorescence collection9 is performed
via the microscope objective. For each mirror position, a TCSPC histogram is recorded
and �tted with a mono-exponential decay, yielding the decay time τ .
Figure 7.22(a) shows an example of a FLIM image of an area of (50µm)2, for an

excitation power of 2mW. It contains several emitters of variable lifetimes ranging from
about 5 to 15 ns. The short values might be explained by a reduced lifetime due to self-
interference of the emission on the silver mirror. The cavity length was set to around 8 µm,
such that several nearby cavity resonances sample the �uorescence spectrum. For this
rather large mirror distance and broad-band excitation, variations in the cavity length,
originating from the lateral stepping motion, hardly a�ect the �uorescence lifetime. Thus,
stabilization of the cavity length is not necessary. The spatial resolution is given by the
cavity mode width, which is slightly larger than the one achieved for standard confocal
microscopy, in this case. It can however be improved by reducing the cavity length.
Furthermore, higher order transversal modes can serve to additionally boost the spatial
resolution [61]. The same region is imaged by recording the �uorescence intensity for
excitation with 1mW of cw laser light at 532 nm through the cavity �ber, as shown in
Fig. 7.22(b). To average over intensity �uctuations induced by changes of the cavity
length10, the latter was actively modulated around 10 µm at 20Hz with the stacked
piezoelectric actuator. The comparison of the two imaging methods highlights the better
contrast achieved by FLIM.

8The SC source is �ltered to a spectral band spanning from roughly 525 to 575 nm with a set of
interference �lters (Semrock FF01-550/49-25, FF01-650/SP-25, FF01-950/SP-25)

9For better contrast, the �uorescence is spectrally �ltered with a long pass (Thorlabs FEL0650)
10The applied stacked piezoelectric stepper motors inevitably induce �uctuations of the cavity length.
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8. Conclusion and outlook

The coupling of NV centers to microcavities holds a lot of promise for the practical
implementation of fundamental quantum information processing concepts, and in par-
ticular for bright single-photon sources and e�cient spin-readout at ambient conditions.
In this thesis, we have investigated the coupling of the �uorescence of NV centers to
�ber-based Fabry-Pérot microcavities at room temperature. Ultra-small mode volumes
and a very high �nesse are achievable with this cavity design that furthermore combines
several advantageous features, among them intrinsic �ber-coupling, open access to the
mode volume, tunabilty over a wide range, as well as the possibility to stabilize the cavity
length.
The Fabry-Pérot-type cavities were realized with a planar macroscopic mirror and a

microscopic mirror on the end face of an optical �ber. We made use of advanced CO2-
laser micromachining to manufacture concave pro�les with very low surface roughness
on the �ber tip. Nanodiamonds containing single NV centers or emitter ensembles are
directly placed on the macroscopic mirror, allowing for excellent coupling to the cavity
mode. By scanning the macroscopic mirror through the cavity mode, di�erent emitters
can be studied with a single cavity.
A �rst set of cavity �bers was produced in collaboration with the group of Prof. Jakob

Reichel at ENS Paris. Mirror structures with diameters between 20 and 60µm, radii of
curvature between 35 and 200µm, and depths between 0.5 and 3 µm were manufactured.
Measurements of the surface roughness of the yet uncoated �bers, resulted in values as
low as 0.14 nm, such that scattering loss due to the mirror substrate is negligible. To
demonstrate the feasibility of high-�nesse �ber-based cavities, some of these �bers have
been coated with low-loss, dielectric mirrors with a transmission of 10 ppm. A �nesse
of up to 170 000 was measured for a test cavity consisting of one single-mode and one
multi-mode �ber at a cavity length of 6.9 µm.
With an advanced CO2-laser setup that was later installed in Munich, we manufac-

tured a series of �bers having mirror pro�les with diameters as small as 4µm, radii of
curvature as low as 5µm, and structure depths between 0.01 and 3 µm. Furthermore, the
�ber edges were cropped by laser machining to enable ultimately short mirror spacings.
The penetration depth into the mirrors was reduced dramatically by using silver instead
of a dielectric coating. These modi�cations resulted in the realization of �ber-based cav-
ities with ultra-small mode volumes, as small as 1λ3. Resonances with a single antinode
of the electromagnetic �eld were observed, while full tunability was sustained.

Two complementary concepts for the coupling of NV centers to �ber-based Farby-Pérot
cavities were realized. In a �rst approach, the scaling laws for the cavity enhancement
of broadband emitters have been experimentally veri�ed using a high-�nesse cavity with
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8. Conclusion and outlook

dielectric mirror coatings. By direct comparison of free-space and cavity enhanced emis-
sion spectra, the e�ective and ideal Purcell factors were determined for a large range of
quality factors (Q = 6 ·103−2 ·106) and mode volumes (V = 16−600 µm3). The e�ective
Purcell factor remains small, because the narrow cavity resonance couples only to a small
fraction of the broad phonon sideband emission spectrum of the NV center. In contrast,
the emission spectral density could be increased by up to a factor of 300, corresponding
to the ideal Purcell factor achievable with this resonator. It is worth mentioning that
the �nesse of F = 30 000 is preserved, even when rather large diamond nanocrystals are
introduced into the cavity mode.
These results may pave the way for the implementation of e�cient, widely-tunable,

narrow-band single-photon sources at room temperature. Even the generation of indis-
tinguishable single photons with solid-state emitters that are subject to strong dephasing
seems in reach, as proposed by Grange et al. [322]. Furthermore, coupling of the ZPL
of the NV center at cryogenic temperatures to high-�nesse �ber-based Fabry-Pérot cav-
ities holds out the prospect of reaching the strong coupling regime. These aspects are
discussed in more detail below.

A second approach was based on NV centers coupled to ultra-small mode volume cavi-
ties with silver mirrors. We have demonstrated that e�cient extraction of single photons
is feasible even for quantum systems with a broad emission spectrum. Purcell enhance-
ment combined with a large coupling e�ciency into a well-collectable mode leads to net
count rates surpassing free-space rates. Up to 1.6 ·106 photons per second were collected
from a single NV center. In addition, the tunable modi�cation of the spontaneous emis-
sion lifetime of NV center ensembles provided direct evidence of the Purcell e�ect, and
we found an e�ective Purcell factor of up to 2. The large variation in the spontaneous
lifetime points to the reduction of the mode volume due to the build-up of a transversal
waveguide-like mode in diamond nanocrystals with appropriate dimensions, in addition
to the Fabry-Pérot cavity mode. We have performed FDTD simulations resulting in e�ec-
tive Purcell factors of up to 11 for NV centers and of up to 63 for SiV centers, supporting
our notion of the waveguide e�ect. The collection e�ciency β would then amount to 0.91
(NV) and 0.98 (SiV), respectively. Furthermore, the background �uorescence would be
reduced dramatically. Source e�ciencies βηc of 76% (NV), and 82% (SiV), respectively,
could be obtained for optimized mirror coatings, restricted by the �nite absorption loss
of silver. The controlled fabrication of diamond nanostructures [20, 415, 416] might allow
to optimally exploit the waveguide e�ect and lead to bright single-photon sources and
highly e�cient single-spin-readout at ambient conditions. Even without additional mode
con�nement by the ND, SiV centers coupled to �ber-based cavities with ultra-small mode
volume and high �nesse have the potential for e�cient single-photons sources operating
at rates surpassing 1GHz [320].
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Generation of indistinguishable single photons at room temperature

Indistinguishable single photons are a key requirement for the implementation of various
quantum information processing protocols, including linear optical quantum computing
[101] or long-distance quantum teleportation [417]. Indistinguishable photons are photons
with a Fourier-transform-limited linewidth with identical frequency and polarization.
Whether a pair of photons is indistinguishable in deed, can be tested experimentally by
investigating their quantum mechanical interference behavior, harnessing the Hong-Ou-
Mandel e�ect [325].
The intrinsic degree of indistinguishability of the photons from a quantum emitter can

be de�ned by I = γ/ (γ+γ∗) (Eq. 2.67), with the population decay rate γ and the pure
dephasing rate γ∗ [322]. For typical solid-state emitters at room temperature like the
NV center, the pure dephasing rate is orders of magnitude larger than the population
decay rate. Consequently, the intrinsic indistinguishability is practically zero.
To enable a larger degree of indistinguishability one may spectrally �lter the photons

after being emitted. However, the e�ciency drops with the narrowing of the �lter,
such that a reasonable degree of indistinguishability results in a very low e�ciency. By
coupling the emitter to an optical resonator, both a high degree of indistinguishability
and e�ciency can be achieved. For instance, a Purcell-enhanced spontaneous emission
rate would lead to a larger γ and thus to a larger degree of indistinguishability. Yet, to
obtain a considerable e�ect, it would be necessary to realize Purcell factors on the order
of γ∗/γ, which is currently not in experimental reach.
Another approach seems more promising to obtain single photons with a high degree

of indistinguishability from quantum emitters that exhibit strong dephasing: In an un-
conventional coupling regime, for moderate cavity-emitter coupling strengths and high
cavity quality factors Q, the broad emission spectrum of a dissipative quantum system
can be funneled into the narrow cavity resonance, such that the associated e�ciency
exceeds the e�ect of pure spectral �ltering by far, even though the concept involves
a general trade-o� between the degree of indistinguishability and the e�ciency [322].
This so-called incoherent good-cavity regime is characterized by a coherent coupling rate
2g � κ+ γ + γ∗ and a cavity decay rate κ < γ + γ∗. In this domain, the cavity is able
to store photons for a period of time that is on the order of or longer than the dephasing
time of the emitter, and the cavity itself acts as an e�ective emitter that is pumped
incoherently by the quantum emitter.
The degree of indistinguishability is then given by

I =
γ + κR

κ+R

γ + κ+ 2R
, (8.1)

where R = 4g2
0/ (κ+ γ + γ∗) denotes the e�ective transfer rate between the cavity and

the emitter (Eq. 4.39). A large degree of indistinguishability is thus obtained for κ < γ
and R < γ, i.e. the cavity decay rate should be small enough to enable the generation of
Fourier-transform limited photons by spectral �ltering without in�uencing the emission
dynamics of the quantum emitter signi�cantly.
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8. Conclusion and outlook

In the weak coupling regime, the probability to obtain a photon from the cavity mode
per initial excitation, i.e. the e�ciency, is given by

β =
κR

κR+ γ (κ+R)
. (8.2)

A large e�ciency is found in the domain where R > γ and κ > R, which is however not
accompanied with a large degree of indistinguishability in the good-cavity regime. Yet,
compared to linear spectral �ltering, much larger values of the product of the e�ciency
and the indistinguishability βI can be realized.
If we assume a linear �lter with a spectral width ∆νf, to �lter the emission of a broad-

band emitter with ∆νf � γ∗, the source e�ciency has an upper limit of β ≤ ∆νf/γ
∗.

Furthermore, the degree of indistinguishability is limited by If ≤ γ/∆νf, due to the
Fourier-transform condition. In conclusion, linear spectral �ltering results in a product
βfIf ≤ γ/γ∗.
For comparison of the performance of the presented cavity-based concept with the

maximum value attainable by spectral �ltering techniques, a cavity-funneling factor is
now de�ned

F =
γ

γ∗
βI. (8.3)

Values in excess of unity express a cavity-funneling e�ect, or in other words F can bee
seen as the minimal enhancement ratio βI compared to spectral �ltering. Since the cavity
mode can be collected much more e�ciently than spontaneous emission in free space, the
bene�t will be larger in fact.
To demonstrate that large funneling factors are compatible with a reasonable degree

of indistinguishability in the incoherent good-cavity regime, we brie�y discuss the model
case of an SiV center coupled to a plano-concave cavity at room temperature. The �uo-
rescence emission lifetime of the SiV center is around 1 ns, corresponding to a spontaneous
decay rate of γ/2π = 160MHz (FWHM). At room temperature, SiV centers in NDs have
shown an emission linewidth on the order of 1 nm [265]. We thus assume a dephasing
rate γ∗/2π = 550GHz (FWHM). The cavity decay rate scales inversely proportional to
the cavity �nesse and the e�ective cavity length κ ∼ 1/Fd (Eq. 4.5). In order to meet
the requirement for a su�cient degree of indistinguishability κ < γ, a concave mirror
with a radius of curvature of r = 100 µm is chosen, enabling rather large cavity lengths.
However, since a larger mirror spacing results in a larger mode volume V = λ

4d
2
√

r
d − 1

(Eq. 3.43), the coherent coupling rate g0 =
√

3cλ2γ/4πV (Eq. 4.13) decreases and may
yield a lower e�ective coupling rate R, e�ciency β and funneling ratio F at the same
time.
To illustrate the full relation, the degree of indistinguishability and the funneling ratio

are shown as a function of the e�ective cavity length and the cavity �nesse in Figs 8.1(a,b).
The necessary trade-o� between the indistinguishability and the funneling ratio becomes
evident. While the indistinguishability increases with growing �nesse and cavity length,
the funneling ratio is large for very short mirror spacing and a moderate �nesse around
30 000. A good compromise is found for instance, for d = 35 µm and F = 100 000, where
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(a) (b)

Figure 8.1.: (a) Indistinguishability I and (b) funneling factor F as a function of the
e�ective cavity length and the cavity �nesse for a plano-concave cavity with
a radius of curvature of 100 µm, evaluated for an SiV center at room tem-
perature.

I = 0.70, β = 0.09, and F = 210, representing the very e�cient funneling of the emission
spectrum into the well-collectable and narrow cavity mode with linewidth κ.

Cavity-coupling of the ZPL of NV centers at cryogenic temperatures

Coupling of the ZPL of the NV center to a high-�nesse FFPC at cryogenic temperatures
holds promise for the realization of coherent light-matter interaction. The strong coupling
regime is reached when the coherent coupling rate g0 =

√
3cλ2γ0,ZPL/4πV (Eq. 4.13)

is larger than the cavity decay rate κ = πc/2Fd (Eq. 4.5), the free-space spontaneous
emission rate γ0,ZPL, and the dephasing rate γ∗, which is typically large for solid-state
quantum emitters (see below). To �nd out when the cavity is in principle able to satisfy
this tough requirement, we determine the ratio g0/κ [51]. For a plano-concave cavity
architecture, it is given by

g0/κ =
2
√

3

π3/2

√
γ0,ZPLλ

c

F
(r/d− 1)1/4

, (8.4)

pointing out that the mirror radius of curvature R and the �nesse F need to be optimized.
Note that a larger cavity length d also leads to a larger ratio, but at the same decreases the
absolute value of the coherent coupling rate g0 due to the larger mode volume. This can
be detrimental with respect to surpassing a large dephasing rate. Additionally, clipping
loss and working close the stability range set practical limits to long cavities [51].
In this work, we have demonstrated that �ber-based Fabry-Pérot cavities with a �nesse

of 170 000 are feasible with dielectric mirrors. Furthermore, mirror pro�les with radii of
curvature r & 5 µm have been manufactured. We expect that these properties can be
combined in one cavity in order to reach the strong coupling regime. For the further
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Figure 8.2.: Cavity decay rate κ and coherent coupling rate g0 for the coupling of the
NV center's ZPL to a FFPC at cryogenic temperatures. The e�ective cavity
length is bounded below (black dashed line) by the pro�le depth and the
penetration depth. To enter the strong coupling regime, the dephasing rate
γ∗/2π needs to stay below the coherent coupling rate g0/2π.

estimation, we assume a plano-concave cavity with a mirror pro�le with a radius of
curvature of r = 10 µm. It is obtained for a structure with a diameter D = 8 µm and a
depth t = 800 nm, for instance. The maximum surface angle of a concave pro�le with
these parameters is below 10°, such that additional loss due to an inclined coating stack
is negligible. The structure diameter is still large enough to prevent notable clipping loss
for short cavities, as well. Penetration into the mirror stack is approximately on the order
of 600 nm. Additionally minding the structure depth, e�ective cavity lengths down to at
least 2µm are possible, corresponding to a cavity �eld with six antinodes, i.e. 6 · λ/2,
for the wavelength of the ZPL λ = 637 nm. The remaining distance of 600 nm between
the protruding surface of the pro�le and the plane mirror enables su�cient freedom for
alignment and tunability. We have demonstrated that cropping of the �ber edges by laser
machining or mechanical polishing enables even shorter mirror distances, in practice. For
a chosen �nesse of 150 000, the cavity decay rate amounts to κ/2π = 250MHz (HWHM),
at an e�ective cavity length of 2 µm.

To evaluate the achievable coherent coupling strength, the branching ratio of the ZPL
ζ0 = 0.04 has to be considered, as well as the splitting of the excited state into six
�ne-structure levels. For the transitions between the ground state ms = 0 and the
excited states Ex and Ey, a branching ratio of ζ0(Ex, Ey) ≈ 0.02 is assumed for ideal
state initialization [240]. An overall free-space spontaneous emission rate of γ0,ZPL/2π =
ζ0(Ex, Ey) · γ0/2π ≈ 80 kHz (HWHM) is obtained for 2γ0/2π = 8MHz. This value
corresponds to a lifetime τ = 1/2γ0 = 20 ns, typically encountered for NV centers in
NDs. The resulting coupling strength g0 exceeds the cavity decay rate κ and the free-
space rate γ0,ZPL, as shown in Fig. 8.2.

Eventually, the achievable dephasing rate of the ZPL at low temperatures will be the
limiting parameter with respect to realizing strong coupling. The broadening mechanism
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of the ZPL of the NV centers has been thoroughly discussed in Section 2.2.4.2. Line
broadening is dominated by dephasing due to the dynamic Jahn-Teller e�ect, as well
as spectral di�usion resulting from �uctuations of the electrostatic environment. For
ultra-pure synthetic bulk diamond grown by chemical vapor deposition, linewidths of a
few hundred MHz have been demonstrated at cryogenic temperatures [254]. Even nearly
lifetime-limited linewidths have been reported for both bulk diamond samples [29], and
nanocrystals [68]. However, the abundance of NV centers exhibiting these superior prop-
erties in a ND sample is presumably very low. Dephasing rates of γ∗/2π ≈ 500MHz
(HWHM), would just su�ce to enter the strong coupling regime, g0 > (κ, γ0, γ

∗), as no-
ticeable in Fig. 8.2. The e�ective Purcell factor would then amount to roughly Ce� = 140
at de� = 2 µm. Alternatively, fabricated diamond nanostructures [20, 415, 416] or dia-
mond membranes could be introduced into the cavity and provide preferable optical and
spin properties.

In summary, realizing coherent light-matter interaction by coupling the ZPL of the NV
center to �ber-based Fabry-Pérot cavities at cryogenic temperatures appears challenging
but feasible. To this end, a suitable diamond sample is required where the broadening of
the ZPL due to dephasing or spectral di�usion is low. This is achievable for ultra-pure
synthetic diamond [418] and might even be encountered with su�cient abundance in
NDs.
However, remember that strong coupling is not a mandatory demand for the successful

implementation of most quantum information processing protocols based on solid-state
emitters. The Purcell e�ect in the weak coupling regime can already lead to signi�cantly
enhanced �uorescence emission into the cavity mode, such that dephasing and spectral
di�usion become e�ectively masked. Primarily, a large Purcell factor Ce� � 1 is thus
necessary to enable, for instance, e�cient optical readout and initialization of the quan-
tum states, e�cient quantum gates [36], or entanglement [258]. Since the internal degrees
of freedom of a quantum emitter like the NV center can be extremely sensitive to external
physical parameters like nanoscale electromagnetic �elds or temperature, their e�cient
readout would be highly bene�cial for various sensing applications [39, 40, 20, 43]. To
allow for fast optical retrieval of information from the quantum system, the decay rate
of the cavity κ should be chosen rather large.
These requirements can be expressed more elegantly in terms of the e�ective transfer

rate between the cavity and the emitter R = 4g2
0/ (κ+ γ0 + γ∗) (Eq. 4.39) [26]. On

resonance it is directly proportional to the e�ective Purcell factor R = Ce�γ0 (Eq. 4.40).
In the bad cavity regime, i.e. κ > R, the parameter R takes the role of an e�ective
spontaneous emission rate or spectral emission width. In conclusion, to maximize R
and to obtain a high photon yield, �only� the coherent coupling rate needs to surpass
the spontaneous emission rate of the emitter: g0 � γ0. Regarding both g0 and κ, the
cavity mode volume and length have to be chosen as small as possible. Note that this
regime enables an outcoupling e�ciency β = κR/ [κR+ γ0 (κ+R)] close to unity and
large e�ective outcoupling rates Re� = Rκ/ (R+ κ) [26].
The achievable domain of the e�ective coupling rate R is evaluated for the ZPL of the
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(a) (b)

Figure 8.3.: (a) E�ective spontaneous emission rate R and (b) e�ective outcoupling rate
Re� as a function of the dephasing rate γ∗/2π in logarithmic scaling and the
cavity �nesse F in linear scaling.

NV center at cryogenic temperatures coupled to a plano-concave Fabry-Pérot cavity with
an e�ective cavity length of 2µm and a radius of curvature of r = 10 µm, corresponding to
a mode volume of approximately V = 4.9λ3. We have demonstrated, that these cavity
parameters are attainable, in practice. Like in the previous example, the free-space
spontaneous emission rate of the ZPL is assumed to be on the order of γ0,ZPL/2π ≈
80 kHz, such that g0,ZPL/2π ≈ 760MHz.
In general, all involved transitions including the ZPL (k = 1), as well as the PSB

(k = 2, 3, ...) have to be considered for the evaluation of the total e�ective transition rate
R =

∑
k

Rk =
∑
k

4g2
0kΓk/

(
Γ2
k + 4∆2

k

)
, with Γk = κk + γ0 + γ∗k (see Eq. 4.39). However, at

cryogenic temperatures, the PSB transitions have much larger dephasing rates γ∗k than
the ZPL. Thus, the dominant contribution to R is stemming from the coupling of the
ZPL.
Figure 8.3 displays the behavior of the e�ective spontaneous emission rate R and the

e�ective outcoupling rate Re� as a function of the dephasing rate γ∗ of the ZPL and
the cavity �nesse F . In the current model, the dephasing rate γ∗ is varied over large
range from 100MHz to 100GHz to illustrate the in�uence of pure dephasing and spectral
di�usion. If pure dephasing stemming from the dynamical Jahn-Teller e�ect [246] would
be the dominant line broadening mechanism, these dephasing rates would be encountered
at temperatures reaching from about 22 to 100K (compare with Fig. 2.4). The cavity
�nesse is varied from 3 000 to 200 000. Since �ber-based Fabry-Pérot cavities are easily
tunable, the cavity is assumed to be on resonance with the ZPL.
As shown in Fig. 8.3(a), a maximal e�ective spontaneous emission rate of almost 5GHz

is obtained for maximal cavity �nesse and minimal dephasing. However, the e�cient
outcoupling of the photons via the cavity mode requires slightly larger cavity decay
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(a) (b)

Figure 8.4.: (a) E�ective Purcell factor Ce� and (b) e�ciency β as a function of the
dephasing rate γ∗/2π in logarithmic scaling and the cavity �nesse F in linear
scaling.

rates, i.e. a lower cavity �nesse. This behavior is demonstrated in Fig. 8.3(b), where the
e�ective outcoupling rate Re� is shown for the same parameter range. The maximum
of Re� ≈ 740MHz is found for κ/2π = 2g0/2π = 1.5GHz (FWHM), corresponding to a
moderate cavity �nesse of about 50 000. As obvious from Fig. 8.4(a), the e�ective Purcell
factor is directly proportional to the e�ective emission rate Ce� = R/γ0, with a maximal
value of Ce� ≈ 600. Figure. 8.4(b) displays the e�ciency β, which is larger than 0.7 over
the whole parameter range with a maximum of 0.99.
To give an example for a rather large dephasing rate, we choose γ∗/2π = 40GHz, corre-

sponding to the pure dephasing rate around the temperature of liquid nitrogen T = 77K.
For a �nesse of F = 50 000, the �gures of merit amount to R/2π = 57MHz, Re�/2π =
55MHz, Ce� = 7.1 and β = 0.87. Reducing the dephasing rate to γ∗/2π = 5GHz would
result in R/2π = 360MHz, Re�/2π = 290MHz, Ce� = 45, and β > 0.97.

Besides the NV center, the SiV center constitutes a promising candidate for the cou-
pling of a color center in diamond to microcavities. Owing to its quite exceptional split
vacancy con�guration, the SiV center exhibits inversion symmetry and its ZPL emission
is thus more robust against electric charge �uctuations in its environment [263, 275]. As
a result, negligible spectral di�usion and small inhomogeneous broadening have been ob-
served [275, 274]. Besides in low-strain bulk diamond samples, excellent spectral proper-
ties have also been demonstrated for single SiV centers in NDs, i.e. nearly lifetime-limited
linewidths on the order of 300MHz [419], absolute photostability, and minimal spectral
di�usion [70]. The bene�cial features of the SiV center have already been harnessed to
realize a quantum-optical switch at the single-photon level [106]. To this end, the color
centers have been coupled to one-dimensional diamond waveguides and photonic-crystal
microcavities with a mode volume V ≈ 2.5λ3 and a cavity quality factor Q ≈ 7200 [420].
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8. Conclusion and outlook

FFPC have the potential to even surpass these cavity parameters, while additionally
being tunable. We have performed experiments with single SiV centers at room temper-
ature coupled to a FFPC with a mode volume as small as 3.4λ3 and a cavity quality
factor of 1.9 ·104. The observed e�ective Purcell factors of up to 9.2 hold a lot of promise
[320]. Unfortunately, the excellent spin coherence encountered for NV centers has not
yet been attained with the SiV center.
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A. Abbreviations

AlAs Aluminum arsenide

APD Avalanche photo diode

BB84 Quantum key distribution scheme by C. Bennett and G. Brassard from 1984
[121]

CQED Cavity quantum electrodynamics

DBR Distributed Bragg re�ector

EOM Electro-optic modulator

Eq. Equation

FDTD Finite-di�erence time-domain

FFPC Fiber Fabry-Pérot caviy

Fig. Figure

FND Fluorescent nanodiamond

FWHM Full width at half maximum

GaAs Gallium arsenide

HBT Hanbury Brown and Twiss [321, 113]

HPHT High-pressure high-temperature

HWHM Half width at half maximum

InAs Indium arsenide

LDOS Local density of states

MM Multi-mode

ND Nanodiamond

PMMA Polymethylmethacrylat

PSB Phonon sideband
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A. Abbreviations

SEM Scanning electron microscope

SLED Superluminescent diode

SM Single-mode

SPS Single-photon source

STG100 Diamond sample with 100 nm crystals from Stuttgart

Tai35 Diamond sample with 30 nm crystals from Taiwan

Tai100 Diamond sample with 100 nm crystals from Taiwan

TCSPC Time-correlated single-photon counting

QD Quantum dot

QE Quantum e�ciency

QIP Quantum information processing

qubit Quantum bit

ZPL Zero-phonon line
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