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TWO-TERM SPECTRAL ASYMPTOTICS FOR THE
DIRICHLET PSEUDO-RELATIVISTIC KINETIC ENERGY
OPERATOR ON A BOUNDED DOMAIN

SEBASTIAN GOTTWALD

ABSTRACT. We consider the operator A% ‘= vV/—A +m2 —m for m > 0 with Dirichlet
boundary condition on a bounded domain Q C R? for d > 2. Continuing the long series
of works following Hermann Weyl’s famous one-term asymptotic formula for the counting
function N(XA) = Zle(,\an)ﬂ of the eigenvalues of the Dirichlet Laplacian [54] and the
much later found two-term expansion on domains with highly regular boundary by Ivrii [32]
and Melrose [43], we prove a two-term asymptotic expansion of the N-th Cesaro mean of
the eigenvalues of A% as N — 0o, generalizing a result by Frank and Geisinger |24] for the
fractional Laplacian (m = 0).

Until now, two-term asymptotic expansions for the eigenvalues of A%} have only been
obtained for the heat trace Z(t) = >.o° e '*» (see Baiiuelos et al. [6| and Park and
Song [45]). Even though one can pass from heat trace asymptotics to one-term asymp-
totics of N(A) by using the Karamata Tauberian Theorem, this method cannot be used
to obtain the subleading term in the expansion of N(\). However, large-N asymptotics
of the Cesaro mean % Zi\] _1 An, and equivalently, large-\ asymptotics of the Riesz mean
R(X) := 3272 (An—A)_, is an intermediate step between heat trace and counting function
asymptotics. In fact, R(A) can be obtained by integrating the counting function, while on
the other hand, the heat trace can be obtained from the Laplace transform of R(\).

Large-A asymptotics of R(X) is equivalent to small-h asymptotics of Y >2  (hAn—1)_,
which is the form in which we state our main result. We prove that, for all bounded
domains © C R? with boundary 9Q € C* and for all b, u > 0,

Tr(hAL, — 1) = AL Q[ R~ — AP 109 A" + Ru(h), (%)

with (144)~¥2R,(h) € o(h~%"') uniformly in p > 0, as h — 0. In the case dQ € C*7 for

some «y > 0, we obtain a slightly better remainder estimate. Here, || denotes the volume
Q
T
terms of an explicit diagonalization of a family of one-dimensional model operators on the

of the domain, |0€)| its surface area, Af}) the Weyl constant for A/, and Af) is given in

half-line due to Kwasnicki [37]. We derive a two-term formula for the small-h asymptotics
of 3% (hAn—1)_ by applying () with u = hm, extending the case s = % in [24] to A

2
with m > 0 and improving the earlier results [6] and [45] for Z(t).



SPEKTRALE ZWEI-TERM-ASYMPTOTIK FUR DEN
PSEUDO-RELATIVISTISCHEN KINETISCHEN ENERGIE-
OPERATOR AUF EINEM BESCHRANKTEN GEBIET

SEBASTIAN GOTTWALD

ZUSAMMENFASSUNG. Wir betrachten den Operator A} := v/—A + m2 — m fiir m > 0 mit
Dirichlet-Randbedingung auf einem beschrankten Gebiet Q C R? fiir d > 2 und setzen die
lange Serie von Arbeiten fort, die auf Hermann Weyls beriithmte Ein-Term-Asymptotik der
Zghlfunktion N(\) = Zf:l()\n—)\)g fiir die Eigenwerte des Dirchlet Laplace-Operators
[54] und die einige Zeit spéter bewiesene Zwei-Term-Entwicklung fiir Gebiete mit hoher
Rand-Regularitat durch Ivril [32] und Melrose [43], gefolgt sind. Wir beweisen eine Zwei-
Term-Asymptotik fiir das Nte Cesaro-Mittel der Eigenwerte von A%, fir N — oo und
verallgemeinern dadurch ein Resultat von Frank und Geisinger [24] fiir den fraktionellen
Laplace-Operator (m = 0).

Bis jetzt wurden Zwei-Term-Asymptotiken fiir die Eigenwerte von A% nur fiir die Spur
des Wirmeleitungskerns Z(t) = 3.°° | e~ "** bewiesen (siehe Baiiuelos et al. [6] sowie Park
und Song [45]). Obwohl man mithilfe des Tauberischen Theorems von Karamata den ersten
Term in der Grof-A-Asymptotik von N(\) aus der Klein-t-Asymptotik von Z(t) erhélt,
kann diese Methode nicht verwendet werden um, den zweiten Term in der Asymptotik von
N(A) zu finden. Die GroB-N-Asymptotik des Cesaro-Mittels + ZnN:1 An hingegen, sowie
aquivalent dazu die GroS-A-Asymptotik des Riesz-Mittels R(X) := >  (An—A)_, kann als
Zwischenschritt der Asymptotiken von N(A) und Z(t) gesehen werden. In der Tat erhélt
man R(A) aus der Integration von N (), wihrend Z(t) aus der Laplace-Transformierten
von R(\) gewonnen werden kann.

Die Asymptotik von R(\) fiir A — oo ist dquivalent zur Asymptotik von Y>> | (hAn—1)_
fiir h — 0™, und dies ist die Form in der wir unser Hauptresultat formulieren. Wir beweisen,
dass fiir alle beschriankten Gebiete Q C R? mit dQ € C*! und fiir alle h, p > 0 gilt

Tr(hAS, — 1) = AP QA = AP |00 R~ + R.(h), (%)

o

mit (14p)~ %2R, (h) € o(h=%*1), gleichméBig in p > 0 fiir A — 0. Im Falle von 9Q € 17
fiir v > 0 erhalten wir eine geringfiigig bessere Restterm-Abschitzung. Hier gibt || das
Volumen des Gebiets und |09| dessen Oberflicheninhalt an, Af}) ist die Weyl-Konstante
fiir Aff und Aff) ist mithilfe einer expliziten Diagonalisierung einer Familie von eindimen-
sionalen Modell-Operatoren auf der Halbachse (sieche Kwasnicki [37]) gegeben. SchlieBlich
leiten wir eine Zwei-Term-Formel fiir die Klein-h-Asymptotik von Y7 | (hAn—1)_ her, in-
dem wir (x) mit 4 = hm anwenden. So erweitern wir den Fall s = 1 in [24] auf A2 mit
m > 0 und verbessern die fritheren Resultate |6] und [45] fir Z(t).
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INTRODUCTION AND MAIN RESULTS

Introduction. Let d € N and let Q € R? be open. For m > 0, let A2 = (vV—=A+m2—m)p
denote the self-adjoint operator in L?(R?) defined by the closed quadratic form

i) = [ (VPR m? = m) a(6) de 01)

with form domain D(gj}) = Hé/ 2((2) (see Appendix |A| for a short overview of fractional
Sobolev spaces). Here @ denotes the Fourier transformﬂ of u.

If © is bounded, then A has compact resolvent, since the embedding HS/2(Q) — L?(Q)
is compact (see Appendix . In particular, its spectrum consists of eigenvaluesﬂ

D<A <A< A3, (0.2)

accumulating at infinity only.

As discovered by Hermann Weyl in 1912, there is an explicit connection between the
asymptotic growth of the counting function N(A) := > (A,—))Y for the eigenvalues A, of
the Dirichlet Laplacian (—A)p and geometric properties of the domain. More precisely, by
his celebrated result [54], for (—A)p on a domain €2 with piecewise smooth boundary, we
have

N = COIQIAY2 4 o(A¥?) | as A — o0, (0.3)

where C(M) := (27m)~? wy with wy denoting the volume of the d-dimensional unit ball. Based
on so called Tauberian theorems (see [30], [55), p. 192], or [20, p. 445]), Weyl’s Law has been
extended to domains with less regularity by methods due to Carleman [11] and Garding [27].

In 1913, Weyl conjectured the second term in the asymptotic expansion to be of the
form —C A4=1)/2 with a positive constant C' that is proportional to the surface area |0Q)| of
the boundary (originally just in two dimensions; see [12]). Only in 1980, V. Ivrii confirmed
Weyl’s conjecture by methods from microlocal analysis. Under the additional assumption
that the measure of the set of all periodic billiard trajectories is zero, he proved in [32] for
(=A)p on domains with smooth boundary, that

N = cWQIAY2 — @ |9Q|A@=D/2 L o(A@d=D/2) " ag X — oo, (0.4)

where C(?) = %(27r)*“”rl wq—1. In the same year, R. B. Melrose proved an analogous result for
compact Riemannian manifolds with convex boundary under additional assumptions on the
relation between the boundary and the geodesic flow (see [43]). His proof is based on methods
used earlier by Babic and Levitan [4], Hormander [31], Duistermaat and Guillemin [16], and
Seeley [49]. Prior to the results of Ivrii and Melrose, improvements to the remainder in Weyl’s
law have been obtained by many authors, including Courant [13], Hérmander [31],
Briining [10], Babic and Levitan [4], and Seeley [49].

The dependency on geometric quantities, like the volume and surface area, is not a unique
feature of the large-\ asymptotics of N(A), but is shared with the asymptotic expansions of
other functions of the eigenvalues, such as small-time asymptotics of the heat trace

oo
Z(t) =Y e = DW|Q|t742 — D@ o[t~V 4 ot 12) agt — 0T, (0.5)

n=1

1We use the convention f(£) = Ff(€) = Jga e 2™ f(g)dx for any f € L*(RY) N L*(RY).
2Non-degeneracy of the ground state follows from a Perron-Frobenius-type argument, see e.g. |46, XIII.12].
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where D) and D@ are positive constants only depending on the dimension, or large-\
asymptotics of the Riesz mean R(X) = > 2 (A, —A)— (see below). While had
been known for several classes of domains beforeEl, it was proved by R. M. Brown in [9]
for Lipschitz domains. Heuristically, Z(¢) for ¢t > 0 can be considered as a regularization
of limy 00 N(X)(= Z(07)), which formally justifies the asymptotic similarities of Z(t) and
N()). Rigorously, as was first noted by M. Kac in his classic article Can one hear the shape
of a drum? |35], Weyl’s law can be recovered from the first term in by using the
Karamata Tauberian Theorem [55, p. 192]. In addition to extending Weyl’s Law to less
regular domains (as in [9]), this allows to deduce one-term expansions of N(A) for other
operators than (—A)p, for which corresponding heat trace asymptotics are available.

In this way, based on their asymptotic results on Markov operators [7], Blumenthal and
Getoor proved in [8] for the fractional Laplacian ((—A)*/?)p, a € (0,2], on domains Q with
boundaries that have zero d-dimensional Lebesgue measure (e.g. Lipschitz domains), that

N = W QA 4 o(AY?),  as A — oo, (0.6)

where C{!) = 24 74/2 I'(d/a+1).

The fractional analogue of (0.5]), which is due to Banuelos et al. [5], has recently been ex-
tended to ((—A4+m?/*)*/2—m)p by Park and Song [45]. They prove for Lipschitz domain
that

Z(t) = DVt — (DP|0Q] —m D) Q) =N/ L ot=[@=D/ay a5t — 0%, (0.7)

where D&l),D((f) and DY) are positive constants only depending on « € (0,2] and d > 2.
In particular, this shows that the leading term in the asymptotics of Z(t), and hence also
N(A), does not depend on m.

In general, asymptotic formulas for Z(t) (the sum of the smooth functions ¢ +— e
usually more detailed and known for more general domains than those for N(\). From this
point of view, the result [24] by R. L. Frank and L. Geisinger can be seen as an interme-
diate step between heat trace and counting function asymptotics. They prove a two-term

—tAn) are

asymptotic expansion of the N-th Cesaro mean + Zé\le \j as N — oo for ((—A)*/?)p on
Ct domainsﬂ More precisely, they prove the equivalent result for the Riesz mean R(\),

(A=A = LP Qe — [@goaHd-D/a o\ 1Hd=D/ay a5 X = 00, (0.8)
=1

n

where L&l) and Lg) are positive constants only depending on « € (0,2] and d > 2. This is

an improvement of the corresponding heat trace asymptotics to the sum of the less regular
functions A — (A\,—A)_. In fact, this is a step in between the asymptotics of Z(t) and
N(A), since R(A) can be obtained by integrating N (), while on the other hand, Z(t) can
be obtained from the Laplace transform of R(\) (see below).

3For example, for plane polygonal regions it is due to Kac [35|, for manifolds with compact boundary it
is due to McKean and Singer [42], for compact domains with smooth boundary it is due to Greiner [28|, and
for convex domains with bounded curvature it is due to van den Berg [53|.

4For domains with C"! boundary, they can improve the remainder to O(t~(?=2/),

5In [24], the asymptotic formula is proved for C**7 domains, for any 0 < v < 1, with a remainder
whose order depends on 7. But, as noted in [21], the stated result follows for C' domains by the same
argument as in [23] (see also proof of our Theorem |1|in Section .
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In this work, we will extend the case o = 1 of , i.e. the large-A asymptotics of R(\)
for the eigenvalues of A} = (v—A)p, to A} = (V=A+m2—m)p for m > 0. The most
notable difference to the massless case is the fact that

Um(€P) = VIER +m? —m (0.9)

fails to be homogeneous in ¢ € R% Thus, even though the overall structure of the proof is
similar to [24], the lack of homogeneity often requires to change the techniques used in [24] or
to approach problems differently. One of the key tools we use to overcome these difficulties
is the integral representation,

G Mm@/ e By p(mlz—yl)
2w = (5-) @@ = dedy(0.10)

for all u € Hé/ 2(Q)7 where Kg denotes the Modified Bessel Function of the Second Kind
of order B (see Appendix . Equation follows from the corresponding integral
representation of the kernel of e~tAm (see (E.28)). In Appendix we derive by
using results from probability theory.

Statement and consequences of the main theorem. Due to the inhomogeneity of
Y, the statement of Theorem [I] involves a new parameter p > 0. In order to obtain an
asymptotic expansion of }° _n(hA,—1)_ as h — 0 for the eigenvalues of A we apply
Theorem [I] with g = hm in Theorem 2] below.

Theorem 1. For h,pu > 0, d > 2, and a bounded open subset Q C R?, let H;S}h =hA®, —1

’ w/h
with Dirichlet boundary condition on €, i.e. Hﬁh = (v/—h2A+p?2—pu—1)p. If the boundary
0Q belongs to C1, then for all h,pu > 0,

Tr(H,) = AP QA — AP 09| h=@ + Ry, (R) (0.11)

with (14+p)~%2R,,(h) € o(h=%1Y) uniformly in p > 0, as h — 0*.

In the case when 0S) belongs to C17 for some v > 0, then for all ¢ € (0,7/(y+2)), there
exists C=() > 0 such that for all h,p > 0, |R,(h)| < C=(Q) (14p)/2p=d+1+e,

Here, |Q)| denotes the volume of the domain and |09 its surface area. Moreover,

1
.. _- 20,2 g,

M= /Rd( €242 — g 1>7d§ (0.12)

and

1 (o]
2) . 2

N = g [ L (VPR 1) (12 e (€107) dea, 013)
where & = (&1,...,8q-1), and, for w > 0, F, \ are the generalized eigenfunctions of the

one-dimensional operator (\/—d2/dt?+1+w? — V/1+w?) p with Dirichlet boundary condition
on the half-line, given by Kwasnicki in [37).

In order to apply Theorem [I| with ;1 = hm in Theorem [2| below, we compare the constants
in (0.11)) with their counterparts for 4 = 0. An explicit computation shows that there exists
C > 0, such that for all > 0

’Af}) — Ay — u’ < Op?, (0.14)
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where Aél) = (2m) ™ [pa(lp|-1)—dp = (2m)~4(d+1) " wy is the corresponding Weyl constant
for (v/—A)p. Similarly, by a detailed analysis of the generalized eigenfunctions F,  (see
Appendix [F.1)), for d > 2 and any 6 € (0,1), there exists Cs > 0, such that for all u > 0,

A — AP < Csil, (0.15)

where A(()z) = ng) > 0 denotes the second constant in for (v—A)p.
As a consequence, we obtain

Theorem 2. Form >0, d > 2, n € N, and a bounded open subset Q C R let \, denote
the n-th eigenvalue of AS = (vV—A +m2 —m)p. In the case when 9K belongs to C1, then
for all h > 0,

S (b —1)_ = AV |a (A((f)\am— Ca19] m) R~ g (R), (0.16)
neN
with (M +m?+(1+m)¥2)~1r,,(h) € o(h=41) V8§ > 0, uniformly in m >0, as h — 0.
In the case when 0S) belongs to CY7 for some v > 0, then for each e € (0,7/(y+2)) there
exists C-(Q) > 0 such that

[rm(h)] < Ce(Q) (m€+m2+(1+mh)d/2) pdt1te
Here, Cy:= 2a AV — G 0nq AP s given in (0.13) and coincides with LY the
( 0 d+1 0 (

Qﬂ.d;

second constant in (0.8) for a = 1.

This follows immediately from Theorem [I| by substituting 4 = hm and using the inequal-

ities and (| - (see Section '

Structure of the proof of Theorem 1. Following [51], |50], and [24], in Section (1} we
construct a family of localization functions {¢y},cre C C¢(R?), such that ¢, is supported
in a ball of radius [(u), Where l:R? — [0, 00) is an increasing function of the distance to the
complement Q°, satlsfymg <l(u) < % for a given parameter [y € (0, %), andﬁ

) du(x)?l(u)"du=1 VreRe. (1.4)
R

In this sense, {gbu}ueRd can be thought of as a partition of unity with respect to the continuous
parameter u. In fact, (1.4) implies an IMS-type localization formula (Lemma @ that allows
to write Tr(Hﬁh)_ in terms of Tr (qbu h¢u) at the expense of an error term, which has
an upper bound with explicit depency on h, i and Iy (see Proposition . The general idea
of this approach is due to [40] and [51].

From here, it remains to study Tr(qu h(b) , separately for ¢ with support completely
contained 2 (in the bulk) and with support in a ball intersecting the boundary of €2.

In the case when the support of ¢ is completely contained in 2, we have ¢f € H, 1/ 2((2)
for all f € H, 1/2 (RY). Thus, in Sectlon l we compare Tr (¢H Q hgb) with the upper bound

Tr(oh0)_ < Tro(H) 0 = ADH [ oo, z2)

6Here, the numbering of the equations refers to the actual numbers in the main body of the thesis where
they are situated.
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and obtain an error explicitly depending on h,u and l4, where [y is the radius of a ball
containing the support of ¢ (see Proposition . The proof is based on the representation

) 1 A
(A ) 2o M5 = 5 /R (wullp+2rhn?) + u(lp—2mhn?)) o) *dn, - @F)

shown in Lemma [I0} and, besides technical details, it follows along the same lines as the
proof of [24, Prop. 4].

In Section [3], we perform what is known as straightening of the boundary, which means
that we use the assumption that the boundary is locally given by the graph of a differentiable
function, in order to reduce the problem on a ball intersecting the boundary to a problem
on the half-space

RY = {¢eR?|¢=(¢,&), &a >0}
In contrast to [24], Section 4], we use general properties of Bernstein functions and of Modified
Bessel functions of the Second Kind to compare Tr(ng % hqb Wlthﬂ Tr ng +hq§) in Lemma
[12] and Proposition

By using the spectral representation of the generators of a class of stochastic processes on
the half-line due to Kwasnicki [37], we obtain an explicit diagonalization of H +h in Sections
Iandl This is achleved by writing A" u/h in terms of the family of one-dimensional model
operators 9, /e (— dt2 —|—1) ¢ € R4!, with Dirichlet boundary condition on the half-line (see
Lemma [14] and Proposition . By applymg Kwasnicki’s results, we prove that the unitary
operator Vj, : L*(RY) — L?(R%) with integral kernel given by

efig/z/

2
(€, x) = h~ o, h ), w(Ea) = \5’11/2(%)@_1)/2\ﬂFu/m,fd(\&’rxd), (62)

establishes the unitary equivalence between H +h and the operator of multiplication by the
function (¢',&4) — |€'[¥,,/1e/(§3+1)—1. Note that, in contrast to the case of u = 0 treated
in [24], here the model operators and therefore the generalized eigenfunctions F), /le'),e, depend
on & € R which is due to the fact that 1, is not homogeneous.
Similar to the analysis in the bulk (see above), this diagonalization allows to compare
(¢H+h¢) for any ¢ € CL(RY), with its upper bound

Tro(Hf,) ¢ = AV e@Pde = | @) h T (b e de, - (63)

Rd
where

2 , o = / !
Kult) = oz [P [ Wnen (020 = €17 (12810 (€10)2) d e

with an error term explicitly depending on p and h (Lemmas and . By using the
technical Lemma [20, by which [;° °[IC,(t)| dt < Cs (14-)(@=9)/2 whenever 0 < § < 1, this
leads to appropriate upper and lower bounds on

Tr (pH,! ) —h* Al / ¢(z)2dz + h~TIAP o(x',0)? dz’
Ra-1

where A( fo t) dt (see Proposition )

7 . ~ — AR
Here H:’h = H ,ie. H W= hA — 1, where A:/h = A;jh‘
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Finally, in Section [§, we complete the proof of Theorem [I| by combining the estimates
from the analysis on the half-space, the straightening of the boundary, the bulk, and the
localization, and choosing the localization parameter Iy appropriately.

CONCLUSIONS

Riesz and Cesaro mean asymptotics. By substituting h = A~1, (0.16) is equivalent to
the large-A asymptotics of the Riesz mean

3 (A = A AT - (Ag”\am—cdm\m) A+ (V) (0.17)
neN
with 7, () = Arp(A71) € O(A9) for any € € (0,7/(7+2)) when 992 € C17 as A — oo,
and 7, () € o(\) when 92 € C! as A — oco. Hence, Theorem [2]is the direct generalization
of the case @ =1 in for non-zero mass m > 0.
Moreover, as is shown in |24, Lemma A.1], from we obtain for the N-th Cesaro
mean of the eigenvalues of AS,

1 N
N2

where Cc(ll) = M(Aél))_l/d and Cf) = %#(Aél))_l.

e~ VAN 4 ol (Ag2)|asz|—cd|mm)|9|*1 +o(1) asN — oo, (0.18)

Heat trace asymptotics. In order to compare with the small-time asymptotics of
the heat trace Z(t) = > o0 e ! for the eigenvalues of AS}, by Park and Song [45], note
that the Laplace transform of the map A — > (A,—A)_ at t > 0 is given by 1t%Z(t). Hence,
when 9Q € C17, we obtain from our result that for all € € (v, (v+2)),

Z(t) = DYt~ — (DP9 — DP|Q|m) t~4H! + O~ *F1Fe), (0.19)

where DM D) and D® are the constants in (0.7) for & = 1. For domains with '
boundary, this is a slight improvement upon Park and Song’s result, because their remainder
is o(t~%*1) for Lipschitz domains, and O(t~%+?2) for domains with C™! boundary.

Finitely many singularities. Since the contribution to from a ball intersecting the
boundary becomes arbitrarily small when A — 0, it can be shown that our main result
extends to Lipschitz domains with boundaries that are C'! except at finitely many points.
More precisely, if ug € 012, then the support of the corresponding localization function ¢,
is contained in a ball with radius I(ug) < %0, where the localization parameter /g becomes
arbitrarily small when h — 0 (see Sections [1] and [§). Therefore, it can be shown that the
contribution from a finite number of points u; € 092, j = 1,..., N, is negligible in the limit
h — 0, under the condition that there exist positive constants R and C, only depending on

the dimension d and €2, such that
09N B (u;)] < Cr™t Vi=1,...,N

for all » < R. For instance, this condition is satisfied in d = 2 by any simple polygon.
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Non-relativistic limit. Since, for ¢ — oo, the operator A? = (vV—c2A+c*—c?)p converges
in resolvent sense to 2(—A)p, and in particular its eigenvalues \,(c) converge (pointwise)
to those of %(—A) D, it would be interesting if we were able to recover the asymptotic
formula [22] for the N-th Cesaro mean of the eigenvalues of 3(—A)p as N — oo from our
result for A? by passing to the limit ¢ — oco. For that purpose, similarly as for small
(Appendix , it can be shown that for all > 0

Lg_
‘M—d/zAS) *Ld‘ < ept, M_(d_l)/ZALQ) B il < CM_1/27

where Ly := (27)~? [(p?—1)_ dp and L‘ifl are the corresponding constants for (—A)p in [22].
By applying Theorem [1| with 4 = ¢?/\ and h = ¢/, for fixed ), the first two terms in the
resulting formula for ), (A.(c)—A)—, are independent of ¢ and coincide with the first two
terms in [22], while the remainder converges to zero as ¢ — oo, expressing the fact that the
spectrum of (v —c2A+c1—c?)p converges pointwise to the spectrum of 3(—A)p as ¢ — oo.
However, due to the factor (1+x)%? in the remainder in (0-11), even if we let ¢ depend on
A, the second term in always has the same or a higher order of A\ as the remainder,
and so [22] can not be re-obtained from our result.

Other powers «a € (0,2). Regarding the results of Frank and Geisinger [24] and the results
of Park and Song [45], it is reasonable to ask whether the approach used in this thesis can
be applied to the operator

((—=A4m? )/ 2_m)p (0.20)
with Dirichlet boundary condition on £, for arbitrary « € (0,2). The work [37] by Kwasnicki,
i.e. the explicit diagonalization of the generators of certain Lévy processes on the half-line,
which our method is based on, is also applicable for . In fact, Kwasnicki’s diagonaliza-
tion works for Lévy processes with Lévy exponent of the form f(£2), where f is a Bernstein
function satisfying f(0) = 0, and the function f, o : Ry — Ry, given by

foa() = (14w )2 — (14w?/*)2/2

is such a Bernstein function for any w > 0 and o € (0,2) (see and Section [E.7).
However, our proof of Proposition [11] (straightening of the boundary) relies on an integral
representation of Modified Bessel functions of the Second Kind (identity (D.7))), which loses
the properties we are making use of, whenever o < 1. Other than that, besides a technically
more sophisticated analysis of the generalized eigenfunctions of the model operators, there is
no reason why the method is not applicable in that case, and of course, it might be possible
to prove Proposition [11| by other means.
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LIST OF SYMBOLS

A9 (vV—=A 4+ m2? — m)p with Dirichlet boundary condition on Q C R%, see (0.1))
ASl with Q =R%, see Section

B.(y) {z € R?||z—y| < r}, open ball in R? with center y € R? and radius r > 0

C Constantﬁ independent of the parameters h, u, and [y

CF(X)  k-times continuously differentiable functions on X with compact support
F=1) " Partial Fourier transform in L?(R%) w.r.t. the first d—1 variables, see
Fox Generalized eigenfunctions of (y/d?/dt2+14+w? — V1+w?) p, see Corollary

G Second term in F, y, see (5.3

H*(2) Fractional Sobolev space of order s € (0, 1), see Appendix

Hﬁh hAﬁ/h—lfor hyp >0
H,n H;?/h with Q = R%, see Section
H;j/h Hf}/h with Q = ]Ri, see Section

Ky Integrand in AE?) = [oT Ku(t) dt, see

Kpg Modified Bessel function of the Second Kind of order 8 € R, see Appendix
lo Localization parameter, see definition of [(u) in

I(u) Radii of the balls containing the supports of the functions ¢, see

ALY @) fpa(Wu(IE]?)—1)_dE, see (012)

A,(E) Second constant in Theorem (1} see also

aNb min{a, b} for a,b € R

(t) $(jt|-t) = —(t AO) for t e R

Ou Localization function at u € R%, see

U (1) Vit +m?2 —m, see

qa Quadratic form of a self-adjoint operator A
qf,zl Quadratic form of A%, see

RY  Halfspace {€ € RY|¢ = (¢/,&0),6q > 0}

S¢ {z € R¥*!||z| = 1}, d-dimensional unit sphere

0(t) Integration factor in the representation (0.10) of ¢S}, see proof of Lemma|§|

Uy (A)  Phaseshift in the expression (5.3)) of F, 5, see ((5.9)
vp(€,z) Integral kernel of the unitary operator Vj, diagonalizing hA:/h, see Lemma

w(t) Modulus of continuity of Q, see Section@

8Constants denoted by the letter C' may have different values even if they occur several times in a series
of equations or inequalities.
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1. LOCALIZATION
Following [50] and [24], for [y € R with 0 < Iy < % let I : R? — [0, 00) be given by

() = %(1 + (5w + )77 (1.1)

where 0(u) := dist(u,Q°) = inf{|]z — u| : € Q°} denotes the distance of u€R? to the
complement Q¢ = R\ Q. The following lemma provides basic properties of I(u), which will
be important in the following.

Lemma 3. The function | defined in (L.1)) satisfies %0 <l(u) < % Moreover, | has partial

derivatives almost everywhere on R, and ||Vi||so < %

Proof. First, %0 < l(u) < % immediately follows from 0 < [y < % Next, since the distance

function ¢ is Lipschitz continuous, by Rademacher’s theorem (see for instance |18} Sect. 3.1])
it is almost everywhere differentiable. Moreover, by [17, Theorem 5.1.5], ¢ is differentiable

in x € Q iff = has a unique nearest point y € Q¢ and in this case Vi(z) = é:i'. Hence, for
a.e. ¥ € () there exists y € Q° such that |Vi(z)| < 3| ﬁj:i‘] =1 O
For each z € R? let J, denote the Jacobian of the map u — I(u) ™! (z—u), i.e.
—d Ti—Uj d
Jp(u) = l(u)"%|det ( 1) 0;l(u) + 5ij> for a.e. u € R, (1.2)
u i

let ¢ € C3°(RY) be real-valued with supp ¢ C B1(0) = {z € R?||z| < 1} and ||$2 = 1, and
for a.e. u € RY, let ¢, € C§°(R?) be given by

bu(z) = L)Y/ To(u) ¢ (%‘) . (1.3)

Lemma 4. For a.e. u € R we have supp ¢y C By (1), [|pulloc < C, [[Vulloo < Cl(u)™,
where both constants can be chosen independently of w and ly. Moreover, for all z € RY,

y du(x)?1(w) Ydu=1. (1.4)

Proof. The first three properties are immediate consequences of supp¢ C Bi(0) and of
Definition (T.3)). For (T.4), let J. denote the Jacobian (L.2) and let I,(u) := l(u+x), so that
JL(utz) = Jé’” (u) for a.e. u € R Hence, it suffices to prove that [5 gb(F(u))QJ(lf” (u)du =1,
where for fixed z € R? we write F(u) := —l,(u)"tu. It follows that F is injective on
F~1(B4(0)), since we have F(u) = F(v) if and only if v = tu for some ¢ € R. Moreover,
F(tu) = —g(t)u with g : R — R monotonically increasing in ¢ for all ¢ € R and for all u for
which |g(t)||u| < 1. In fact, g(t) = t/l,(tu) for all t € R, and thus

g'(t) = L(tw) ™" — tly(tu) Vg (tu) - u > lp(tu) 7 (1 — | Vig|laolg(®)|[u]) >0,

since || Vil < 3 and [g(t)|u < 1.
By the change of variables formula for Lipschitz functions (see for instance [29, Thm. 2])
it follows that [pa ¢(F(u))? Jg* (u) du = [|¢[|3 = 1, since supp (¢ o F) C F~1(B1(0)). O

Note that, due to (1.4), the family {¢y},cre can be viewed as a partition of unity with
respect to the continuous parameter u. In fact, equation ((1.4) gives rise to an IMS-type
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localization formula (see Lemma |§| below), which will be the key ingredient in the proof of
the following proposition, the main result of this section.

Proposition 5. There exists C > 0 such that for all p >0, 0 <ly < %, and 0 < h < %0

0 < Tr(H;{h)_—/RdTr(qﬁuHﬁhqﬁu)_Z(u)—ddu < Ch 215 & 4(lo/h) A+p) Y2, (1.5)

where
1, d>2

Ga(t) =
|In(t)[*/%, d=2.

The proof is based on methods from [40]. First, in Lemma@, we will establish a localization
formula similar to [40, Theorem 9], which allows to express TrpAS}. for a suitable trace class
operator p, in terms of the localized versions Tr p¢, ASL ¢,,. This is done at the expense of an
error that involves terms of the form TrpL,, where, for u € R¢, L, is the bounded integral
operator with kernel given by below. This error will be controlled by estimate (|1.8]).
The corresponding results in the case d = 3 have been shown in [50, Theorems 2.5, 2.6].

Lemma 6 (Localization formula). Let Q* be the set of all u € R? with supp ¢, N Q # 0.
Then, for all u € RY, the integral operator Ly in L*(R?) with kernel

(d+1)/2 K —y|/h
Luwy) = (35) " 1ou@)-uly)P “,*;ijfi'fl)/yg'/ Do@xa)  (16)

is bounded, ||Ly| < C p~thi(u)~2, and for all f € H1/2(Q)

D = [ aluro)i@ tdu= [ (71010 du. (17)

Proof. If, for t,v > 0, we define (t) = (2xt)~(¢+1)/2 Kg41y/2(t) and 0,(t) := v1o(vt),
then by (0.10), for all f € HY/*(%),

QM/h /Rd /Rd y)|? 0,0 (|2—y|) dxdy
/Rd /Rd If(:n)l2 F IR - f@) fly) — f(x)m> 0,/n(|z—y]) dzdy

© [ ] (P62 + L Pou0?) bunlla=o) o dndy

-5 /R d /R Ly (0@ +6u0)?) (FEIS )+ )T )l (d) drdy

= [ s bt ey [ 55

In the last step, we have inserted 0 = ¢y, (2)pyu(y) — du(x)du(y) in the second integrand,
and we have used that f(z)¢,(z) = 0 whenever u € R?\ Q*. Since the function (x,y,u)

(bu(T)—bu(¥)? f(x) f(y) HM/h(|a:—y|)l(u)_d is absolutely integrable, equation (1.7]) follows
by using Fubini’s theorem.
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Next, for the boundedness of L,, note that, due to K4 1y/2(t) < Ct=(d+D/26-1/2 (see
Lemma in Appendix , we have [ K(d+1)/2(t)t(d+1)/2 dt < co. For any f € L?(R9),

(d 1)/2 K 1)/2 Tr— h
)l < () 196l [ 15 [ Kz ) ey

2mh B
Ly /e (d+1)/2 K (nl-1/h)
< () 11 | “ﬁ)((i_g)'/z 1],

Since by Young’s inequality, ||g * hll2 < ||lg|l1]|2||2, whenever g € L*(R%) and h € L2(R?), it
follows that L, is bounded. Moreover,

P (@+3)/2 1 K giay o (i - |/R) w1 [ i
<ﬁ) H BGERE H1 = 5771 ; Kar1y2(t) 02 at = ©,

and therefore || Ly|| < C p~thi(u)~2. O

The following result will be used to control the second term in (1.7)).

Lemma 7 (Localization error). There exists C > 0 such that for allu € R, 0 < § < %,
and all positive definite trace class operators p,

TrpLy < Cllu)™ (8 Tr (oxaxus) +7a(0) ol]) (18)

where x.,5 denotes the characteristic function of the ball Byy)1+s) (u), and

542 4> 2
a(6) = (1.9)
()|, d=2.

Proof. We first prove the statement for

K —yl/h
|o(x) =0 (y)|? (d,*iz(‘f;‘fl)g/ >XA(£L“7?J)7

)(d+1)/2

A (P
LAw,y) = (50

where A € R?xR? denotes a given bounded set, in particular L*? = Lj.
We split L* into a short and a long range part, Lé\ and L{\ respectively, by setting

(X056 L x0,6)(z,y) if |z —y| < 1(0)6
0 if |z —y| > 1(0)0 ,

LA (z,y) :=

and L;\(:c, y) := LMz, y) — L2(z,y). As a first step, by an adaption of the arguments used
in [40] to arrive at [40, eq. (6.8)], we show for any € > 0 that

TrpL? < Trp(L+€X)+||2p€HTr (L4, (1.10)

where X := xp,, (0) denotes the characteristic function of the ball By(0)(0), |lp|| denotes the
operator norm of p, and () := [ L2 (z,y)dy.
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Since p!/? and p!/ 2Lf\ are Hilbert-Schmidt operators, it follows from the cyclicity of the
trace, and from L*(z,y) = L*(y, x) that

TrpLit = Tep'PLYp'? = /Rd /Rd /Rd p' 2 (2, 2) LM, y) p'* (y, ) dady dz

=2Re</ L] pW(z,x)LlA(x,y>p1/2<y,z>dxdydz>.
Rd JRE J|z|>|y|

If |z, |y| > 1(0) then L*(z,y) = 0, since supp ¢o C By(0)(0). Hence, from 2ab < ea’+e~'b?
for all a,b € R and € > 0, it follows that

tprt = 2Re( [ [ o) ([ o) o) do) dyds
R JR jal >y
// V) 1p 2y, 2)|? dydz + e~ // ,z)dydz, (1.11)
Rd R4 JR4

where we have set

2
w(y,z) = }/| ‘|,01/2(Z,$)LlA(£L‘,y)d£L'
z|>ly

:/ / PU2(2,€) pM2(2, ) L€, ) LM (2, y) dude
&>yl x>yl

First, for the second term in - by the Cauchy-Schwarz inequality we have

Lo L L Lo ol 2 ) 2 o) dde o dy
Rd JR4 JRA
2 2 All2
< [ (L1020l e na) a < I 1 <
R4 R4

Therefore, by Fubini’s theorem

Lo fxetwaavis = [ [ ] 00 a0 2 drdeas = Tepa.

where A denotes the Hilbert-Schmidt operator with integral kernel given by

A, £) = / () LMo y) INEy) dy,
ly|<min{|z|,|£[}}

and we have used that TrAB = [o4 [pa A(y, 2)B(z,y)dzdy if A and B are Hilbert-Schmidt
operators in L?(R%) [26, Lemma VI1.7.16]. Slnce A, p >0, we have
[ [ x@wtw)dyds = Tpa = palh < I 4],
R JRd

p
ol [ [ mdaraey = Llagayy, an
R Jz[>]y|
where ||A||; denotes the trace norm of a trace class operator p. Since
/ / 1012 (y, 2)Pdydz = Trp'/2xp'/? = Trxp,

it follows from and - that

TrpL} < eTrpy + H'OH [(LA) ] (1.13)
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If {;}jer € L2(RY) and {u;}jer C Ry are such that p = > jer 1i(¥j,-)4; is the singular
value decomposition of p, then

Toprd = w28 < i [ [ Il @l dedy

jel jel
7 L z,y) 4 WJ()\QHW)\ dady
]; ]/ / J J )
=S [ @)@ ds = T,
jel

since «(z) = [ LM (z,y)dy. Together with (1.13), this concludes the proof of (1.10)).
We continue with bounds for ¢ and Tr[(L{*)?]. By definition, for any = € R¢,

"z) = xos(@) /| o @ st dy
r—y|<

(d+1)/2 Kagry2(plz—yl/h)
¥0.5(2) IV oll2 / ay
<2 h> e—yl<i)s & —y|(d=3)/2

N

N

L [1©@du win)e
C x0.5(2) 1(0) 21 /0 K i) jo() 14D/2 dy

Cxo.5(x) 1(0) "2~ h (1 _ e—l(ﬂ)@/@h))

N

< Cx0,5(2)1(0)76 min {1,1(0)'6 'u~th} . (1.14)

Next, assuming L*(z,y) # 0 and |z|>|y|, then |y| < 1(0). If additionally |z—y| < 1(0)J,
then |z| < |z—y|+|y| < 1(0)(1+5), and therefore x0,5L x0s(7,y) = L*(z,y), i.e. LM z,y) =
0. Thus, if

Ds = {(z,y) € R? x RY||z|>]y|, |y| < 1(0), |z—y| > 1(0)5},
then
Tr [(LY)?] = 2// LiM(w,y)* dxdy
2>y

K z—y|/h)\?
R I A e e e

K —y|/h)?

Karypplz—yl/h)?
//Dm{x|<21 [o(2)=oly )| |z — y|d+L ray | .
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Since ¢g(z) = 0 whenever |z| > 1(0), it follows that

—de K g1y 2(plz—yl/h)?
N ) po(y)t VT g
Dsn{|z]>21(0)} |z -y

K —y|/h)?
n Hv%llio// (d+1)/2(ﬂ’3;7;9’/) drdy
Dsn{|z]<21(0)} |z — yl

— O pdtipd (15 +|[VeollL J(;). (1.15)

Since, for (z,y) € Ds N {|x|>2((0)}, we have |z—y| > |z|—|y| = 1(0), we obtain

Is < C|Byp)(0)] K(ar1)2(ulzl/h)? 2|71 d2
1211(0)
[e.e]
= Cl(o)dﬂh_l/ K(ay1y2(t)* t2dt
1O) u/h

< ClL0)¥pht / t=43 e ldt
10) pu/ R
= C l(O)_Qu_d_lhd+1 ]

Next, for (x,y) € Ds N {|z|<20(0)} we have |z —y| < |z| + |y| < 31(0), and therefore

Js < [Byo)(0)] Kar1y2(plzl/h)? 2|72 dz
1(0)5<2|<31(0)

s B/ L,
= Cl0)'w™"h / K(gr1)2(t)" t7dt
1(0)611/h
310) /R

< CU0)un’ / t~ e tat
1(0)6p/h
3
< CZ(O)QN_d_lhdH/ s~ dH1=lOus/h g
5
72 d>2

< Cl(o)ZlulfdflhdJrl ,
()|, d=2.

Since ||[V¢olloo < CI1(0)~! and § < 1/2, by using the upper bounds on I5 and J; in (I.15)),
we obtain

Tr[(L{')?] < C1(0) 2 7a(6)
with 74(9) as defined in (1.9). Together with (1.14]), inserted in (1.10]), this implies

TrpL® < C1(0)716 Trpxos + €Tr px + CHQpE‘ 100) "2 74(5) .

Putting € = [(0) 716 and noting that x = x0,0 < X0.s5, we obtain
TepL < CU0)™ (3T (pxos) +7a(d) lloll) (1.16)

In order to obtain (1.8)), we observe that replacing ¢ by the shifted version of ¢, with
support in the ball By,)(0) centered at 0, namely ¢y, := ¢y (- +u), besides of the replacement
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of 1(0) by I(u), does not change any of the estimates in the calculations above. So, if LA
denotes the corresponding modification of L* where ¢q is replaced by ¢y, i.e.

y po\@+/2 - . Kat1)2(plz—yl/h)
Pey)= (o) @) duw)P G ),

2mh
then, by (LT6),

TrepLi < Clw)™ (8Tx (p%us) + 7a(0) 1oll) (1.17)

where Y5 := Xu,s( - +u) denotes the characteristic function of By(,)(1+0)(0). If we choose
A such that it contains the set

QxQ— (u,u) = {(z—u,y—u) € RIR?: 2,y € Q},
then L, (z,y) = L*(v—u, y—u) xa(z) xa(y). Hence by (L.17)
TrpLu—// p(Y, ©) Lu(z,y) dwdy—// xapxe)(@+u, y+u) Ly (z,y) dzvdy

< Cllw)” (5Tr<mxu5>+m< ) lell)

since || xapxall < ||pll and Xus(z—u) = xus(x). This concludes the proof of (L.8). O

Proof of Proposztwn@ Let p > 0 be a trace class operator Wlth range in HI/Q(Q). Then
(see Appendix , it follows from the localization formula ) for the quadratic form of
A9 w/h that

TrpAi}/h = /Q* (TrpgbuAﬁ/hgbu —TrpLu>l(u)_ddu,

where L, is the bounded integral operator with kernel (L.6) studied in Lemma [f] and
For each u € Q* let §, € (0, %] to be specified later. Then, by the upper bounds on the
localization error in Lemma

Topal, > [ Trp(qbuAﬁ/hqbu—cwu)—laumxu,au) Cloll [ 7t dH

First, we want to bound the term containing the characteristic functions by a similar
integral, but where xqXu,s, is replaced by $2, so that the second term can be combined
with the first term.

Following the treatment in [40] and [24], we observe the following: If for u,u’ € R there
exists & € supp ¢,/ N supp Xxu,s,, then |z —u| < I(u)(1+d,) and |z — «'| < I(u'). Therefore

u—o| < Ju—zf+lo -] < UWu)(1+6) +1u) < FUu) +1(u),

which implies |I(u) — L(v/)| < [|VI]oo |u — /| < 31(u) + 5 1(u'), since ||[VI]|s < 3. It follows
that there exists C' > 0, such that for all u, v’ € RY

I(u) < CIW), I(u)<Cl(u), and I(u)™' <Cl(u) . (1.18)
Below, we will choose 9, such that

u—| < 3l(u)+1W) = 6, <Cdy. (1.19)
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Then, by using (T.4), we get for all 2 € RY,

/ (u) 10y xa () Xus, () l(cql;;d :/*l( )~ 0w x0 () X, ( (/% )2 du/ ) (C:;d

C/ Sur Xa(x )<15u'(37)2</Q Xuya ( du

du’
< Our Pur e
)lw)d © o 0 O gy
Here, we have used that if x,,(x) # 0, then |z—u| < l(u)(1 + d,) < Cl(v'), since d, <
and [(u) < C'l(u'), and therefore

D=

/*X“:‘Su(x)l(cfj;d < ClUW) ™| Boyuwy(@)] = C.

It follows that
du du
Q Q -1
By using the Variational Principle (see Appendix [C.2)), we obtain

Tr () = _Ogﬁilﬂp(hf‘lg/h —1)

< -t [ (pou(hafy 1 - Cni6.)0)

du
L(u)?
+ C sup ||p|| h/ Td(éu)l(u)_d_l du

0<p<1

/*Tr<¢u( Hp— Chl(u)™! U)gbu)—l{i?f)d_l_Ch/*Td(éu)l(g’l;_‘_l.

The conditions §,, < % and ([1.19) are satisfied by

N

I(u)~1h , d>2
Sy = , (1.20)
()~ | () /W2, d =2

due to I(u) > IZO > 2h (recall that 0 < h < l—o and ((1.18). With this choice, we obtain for
d > 2 (recall that 74(d,) was defined in 1’

Tr(Hy)). < /*Tr(gbu( 2 — Ch?l(u) ) du)_ (Ci)d —d“/*Z(u)—?dw

We estimate the first term by using the Variational Principle. For any family {oy},crd
with 0 < o, < % for all u € Rd, we have

OLDEHTTP(%( — Chl(u)” )%)
= (1_0u) Oir;iHTrquuH[S},hqsu lnf Trp(¢u(0u Ch2 ( ) )¢u) ’

in particular, for all u € R?,

Tr(¢u( ChZ() )¢u) \ r(QSqu},h(ﬁu)_"i‘Tr(ﬁﬁu(Uu Ch2() )¢u) .
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If, for brevity, we set 3, := o, + C h?l(u)~2, then it follows that

du

1(u)?
< / Tr (¢u(auhA 5u)¢u) ) ) +Ch~ d”/ l(u)?du.  (1.21)

T (H) ~ [ T (o)

Along the same lines as in the proof of Lemma[J] (Section [2] below), by using the Variational
Principle for the self-adjoint operator auhAff /h—ﬂu, we find that

Tr (Gu(ouh Ay = Bu)ou) < T (Gu(ouhAT), — 6u)_ou)
- /R (ou(VIRTRRP 2 — 1) — B di /R bu(x)? da
< Uy, [ | (VoARRREPIR+ 48 - = 1) di
= Cltw B [ (VP 1) dp

< Clw)* B o dh=(144,) Y2, (1.22)

where ji, 1= poy/By. Choosing o, := h?l(u)~2 and recalling that h < ly/8, we obtain
1, since I(u) > lp/4. It follows that B, = Coy, py = Cp, and by (1.22),

Tr (6u(0uhAD, = Bu)éu) < CUw 272 (14 )72
Hence, by
Tr(H — [ T (0uH o).

Oy <

du
H(u)?
We continue with an upper bound for [o. l[(u)"?du. Let g(t) := (I§ + t*)~', so that

l(u) = $(1+ g(5(w))/2)~1. We have I(u)~2 < 8(14¢g(6(u))), i.e. we need to find an upper
bound for

< Ch_d+2(1+p)d/2/ I(w)2du .

*

[ sGtndn = [ gy (o5 (ar),
where A\? denotes the Lebesgue measure on R?, and AY0§~! is the image measure of A% under
§. By the co-area formula 18} 3.4.2] applied to §, we have (Ao §~1)(dt) = HI~1 (61 ({t})) dt
where H~! denotes the (d—1)-dimensional Hausdorff measure (see for instance [18, Ch. 2]).

By Lemma in Appendix there exists ¢ > 0 such that H4~1(§71({t})) < C forall t < ¢
With QF := {u € Q*|d(u) < £}, we obtain

/*g(é(u))du _/ o(6(u)) du + /Q*\Q* 9(8(u)) du (1.23)
C/ t)dt+e~ /Q*\Q; dugC’lO_l/O arctan’(s)ds + C < Cly*,

/ l(u)2du < C(1+15Y) < Clyt. (1.24)

and thus
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Hence,
Tr(Hl?h)—/ Tr (¢uHY pou)_1(w) "4 du < Ch™ 25 (14p) Y2, (1.25)
I Rd b

establishing the second inequality in (1.5)) for d > 2. With the choice of §,, in (1.20]), the
case d = 2 follows along the same lines (by using that 0 < Inz < & whenever z > 1).
The lower bound in (1.5)), i.e. that the left side of ([1.25) is non-negative, follows from

Lemma and ((1.4). Indeed, by ((C.5]),
Tr (puHy ptu) < Trou(Hyy) ¢u = Tren(H,)_,

and therefore

/R T (GuHpdu)_1(u)~du < /R D (O L)) )~ du
= Z:o_l /IRd/ ¢3($)m[(f[ﬁh),¢k] (x) dﬂcl(u)_ddu
= Y [ B ] ) de = T

© | is an arbitrary orthonormal basis in L?(R?), and

k)
L L1686 e (1)) )] de i) ~du < ol | (27200,

which allows to apply Fubini’s theorem. ]

where (¢y)22

2. ANALYSIS IN THE BULK

We first study the case when the support of ¢ is completely contained in §2.

Proposition 8. There exists C' > 0, such that for all real-valued ¢ € C&(Q) with support in
a ball of radius 1 >0, satisfying ||Vl < CI71,

0 < AR / $(z)?dr — Tr(¢HE,0) < Ch- 21472 (14p) @02 (2.
Q

for all h > 0, where AE}) = (2m) 7 [pa(¥u(p*) — 1)— dp.

This is the analogue of |24, Prop. 4]. We prove the lower bound in Lemma@ below, while
the upper bound is an application of Lemma

Lemma 9. For any real-valued ¢ € CL(RY) and h > 0, we have
Tr(¢H0) . < ADR™ | ¢(z)?de. (2.2)
? Rd

Proof. If we write H,, ), := H}Ez = hAﬂsjh— 1 =+/—h?A+p?—pu—1, then it follows from the
Variational Principle that (see Lemma

Tr(¢H ,¢). < Tr(¢pHund). < Tro(Hup) ¢ . (2.3)

If F denotes the Fourier transform on R? and ® := F¢F !, which is the integral operator
in L*(RY) with kernel (k,k) — (F¢)(k—k), then we have Tr¢(H, ) ¢ = Tr &g, where
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g(k) == (1, (|2whk|?)—1)_. Since, for any & > 0, we have

/ / ) |®(k, k)| *dkdk = / g(k)°dk || Fo3 < oo,
Rd JRd Rd

it follows that the operators ®¢° and g® are Hilbert-Schmidt operators, and therefore
Tragh = [ g0 DE dkdk = [ (wl2ehi) - 1) di |F6l5 = ARl
Together with (2.3]), this proves (2.2]). d

Lemma 10. Let ¢ € C3(RY) be real-valued, j1,h > 0, and p € RE. Then
ip- 2 1 ~
[h A 2o = 5 [ (ulor2nhnP) + vlp-2mb) P dn, (24)
where A,y 1= Aﬂjjh.

Proof. For a > 0, let ¢, be the exponential regularization of 1, given by 1 (E) := e "y, (E).
By dominated convergence, we have

e T RN R P GRS

~ lim / e (|2mhe ) | gen T (€)|Pde

a—07t

= (27h) ~4 Jim / / LZJa |£| )e ip=&)(a— y/h¢( ) (y) dedydE .
Rd JRd JR4

a—0t

Since (] - 12) € LY(R?) for all a > 0, by another application of dominated convergence

(A, )Y 20e/m2 = lim  lim Z,4(p), (2.5)

a—0t b—0+

where

Zap(p) = (2mh)” /R /R /R ey () e O Mg () (y) dudyde
We write ¢(x)¢(y) = 5(6(2)* + 6(y)* — (#(x)~6())?), and
00 = ety [ [ [ et ipepeo-oenm 8oE gy,
2) — —d —bla—y[2, a2 i(p—E)(@—y) /R P(y)?
10w = ey [ [ ] ey AU e,

I((z?g( _ 27Th /I‘{d /Rd /Rd —blz—y|? wa ’5‘ ) i(p—&)(z—y)/h \P\Y)—PI)) ((;5((11) ¢( )) dxdyde,

N

so that
Top(p) = T, () + 1,3 (0) ~ T,3(0). (2.6)
Since F(e *) (k) = (7 /b)¥/2e~"IF*/0 by performing the dy integral in I(lb)( ) and the dz

integral in I(?b) (p), it follows that

d/2 2 2
20 (p) + 23 () = C2eh) () /Rde—f’—ﬁ' 1) e [¢[2) dg /qub(x)2dx
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The Gaussian functions 5 := @Ed) on R?, given by
B (€) = (anZom) =2 KPR, (27)

form an approximate identity centered at 0, in particular limy g+ [ By(z)f(z) dz = f(0) for
all f € C(RHNL®(R?) (see Appendix[D.1)). This follows from 8y(z) = (2hv/b)~%5(x/2hV/b),

where 3 denotes the Gaussian 7~%2 e~I'" satisfying ||8]|; = 1. Therefore, since pa(l-?) e
S(R?) ¢ C(R?) N L>®(R?), we obtain

. 1 2 a —alp|?

lim (T () +Z30) = ¢a(pl) 1915 = e " (o) ol (28)
For Ifng) (p), after performing the change of variables y — z := x — y, we find

2 hid —blz|2,.a i(p—&)z
IC(L:,))b)(p) = MQ)/Rd/Rd/Rde b ‘ ¢u(’5|2)€(p €) /h(¢(l‘)—¢(x+z))2dxdzd£

h)~4 2 ~
= B [ [ et e e 0 7o - o+ de

27h) ¢ 2 ' nz|%) 4
= B [ et ey et 0ot |1 e ) P dzag

= nn [ ey [ et (e

1 i(p—E+2mhm)z/h _ % (75727rh7])z/h>dzd§dn

= 1600 [ 0306 (5uto-6) — 4 ulp—e-r2mtn) — § ulp—e—2etn)) den.

Since ||Byll1 = [|8]l1 = 1, it follows that | [pa 1e( (1€1%) By (k—&)d€| < 19l 0o uniformly in b > 0
and k € R?. Thus, by dominated convergence, we are allowed to take the limit b — 0, inside
the n-integration. We obtain

im Z80) = [ 16002 (4200l°)  buip+2mhn®) - osp—2mhnf)) dn. - (29)

b—04

Now, since ¢ € C§(R?) and [yl £ 2rrhn|?)| < ¥u(lp £ 27hn)?) < |p £ 27hn|, we can use
dominated convergence again, in order to take the limit a — 04 in (2.9). Together with

[2:3), it follows from (2.6) and [|@||2 = [|¢]|2, that

lim lim Iab( ) = ;/R(wu(|p+277h77‘2)+¢p,(’]9—277h77‘2>) ’é(ﬁ)’ana

a—0, b—04

which proves the claim. O

Proof of Proposition[§ The lower bound in ([2.1]) is shown in Lemma@ For the upper bound,
we use Lemma
Let Hy,p = HE(Z, as in the proof of Lemma |§|, and p := ¢ (Hu,h)(l #°, where ¢ is the

characteristic function of supp ¢. Then 0<p<1 and for all f € L*(R%),
W) = (Fof) = [ ull2ehb?) = 1) [F 1B ak

=) [ e [, (2.10)
Yu(lp|?)
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Consequently,
Trp = (27rh)d/ e /m¢0 |2 dp < (27h) d|B T (0)| |supp ¢|* < oo
Yu(lp?)<1

Below, we show that >,y qp(quu/hgo]) < 00 if {pj}jen € HY?(R?) is an orthonormal basis
in LQ(Rd) from which it follows for all f € L2(R?), that

1/2 1/2
S s A oo NI =D 10204 or p 2N < N0 2112 1020 A 7 on]| < o0
jEN JEN keN

In particular, A}/ﬁld)pf € L*(R%), i.e. ¢pf € HY/?(R?), and thus the range of p belongs to
the form domain of A, /;,¢, so that it can be used as a trial density matrix in the Variational

Principle.
Since ¢ € C§(Q), the form domains of ¢H thb and ¢H, ¢ coincide, and therefore it

follows from the Variational Principle thatﬂ
—Tr (¢H,,0)_ < TrpoHYy¢ = TrppH,pd = hTr ppA,, ¢ — Tr pg?. (2.11)

In order to calculate Tr pp A, /1,8, let {p;}jen C H'/2(R%) be an orthonormal basis in L?(R%).
Then,

Trpp Ay n¢ = Z (¢A;//3L<P]»P¢Ai//i%)

jEN
e [ (e eaie) [

e Jeu(lp)<t

_ (27rh)d/ |AY2 gein /|2 dp. (2.12)
Yu(lp2)<1

Similarly, for Trp¢? we obtain
Trpg® = (2rh) ¢ / [pe™ /™[5 dp = (2mh)~[1]3 / dp | (2.13)
Yu(lp|?)<1 Pu(lp?)<1

From (2.11)), (2.12), (2.13) and Lemma L0} it follows that

_ in - 2
~Tr (OH}20). < (2mh)~ /w oy ) e G~ 61) dp

= [ ()1 1018 + ) dp

“hAAD )3 + (2mh) / Roun(p)dp. (2.14)
Pu(|pl?)

where
Rantw) = [ (50ullos2mhn)+ 0, (p=2mn) = (o)) [6n) P (215)

It remains to find a suitable upper bound for R, ,(p). We first observe that, for a > 0
and |b| < a, we have (a + b)'/2 + (a — b)"/? < 2a'/?, since

((a+b)1/2+(a—b)l/2)2 _ 2(1—1—2(&2—62)1/2 < 4a.

9 — pR?
Recall that A, /n == A, /-
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Applied to a = |p|> + |€> + p? and b = 2p - £, where p, ¢ € R?, this gives
3 (Cu(lp+E?) = Yullp—€1%)) = Yu(lpl?)
= 3((Ip+eP+2)" + (Ip—€P+12) ") = (pP+2)"
< (IpP+gP+r2) " = (P4+02) ' < 41pl7Ie?, (2.16)

where we have used that (¢ + d)"/? — ¢!/2 < +¢7Y/2d, which holds for all ¢,d > 0 and follows
from

0 < (= (c+d)"?*)? = 2c+d+2c2(c+d)/?.

Hence, by (16),
/ R, n(p)dp < %(%h)/ !p\ldp/ n[?|6(n)[*dn
Bu(lpl2)<1 G (lpl?) R

= 272h? |S- 1\/ td 2dt | Vo3
< Cld 2h2(1+u d 1)/

where we have used the assumption ||V¢|| < CI~! and |supp (V)| < |B;| < C1¢. Together
with (2.14)) this shows the upper bound in (2.1)). O

3. STRAIGHTENING OF THE BOUNDARY

In this section, we compare H & ;, locally near the boundary with HY ok where

R4 _
Hf:=H,}, RY = {(€,&) e RIXR|& > 0} .

Proposition [I1]below is the analogue of [24, Lemma 15]. The underlying method is referred
to as straightening of the boundary, and relies on the assumption that the boundary is locally
given by the graph of a differentiable function.

More precisely, if the support of ¢ € C}(R9) is contained in an open ball B; C R? of radius
0 << cwith BN 9N # 0 and some ¢ > 0 to be fixed later, we choose new coordinates in
R? in the following way: By translation and rotation, we can choose a Cartesian coordinate
sytem centered at some x; € B; N 0f2, such that (0,1) is the unit inward normal vector at
z; = (0,0), where for 2 € RY, we write z = (2/,24) € R xR. Let

= {a' e R (o, z4) € B}

be the projection of B; on the hyperplane 8R+ = {(2/,z4) € R : x4=0}. Since 90 € C!,
for small enough ¢ > 0 and I < ¢, there exists a differentiable function g : D; — R, such that

BinoQ = {(',g9(z)) : 2’ € D;} .

Moreover, since € is compact, the derivatives of the functions g for different patches along
09 admit a common modulus of continuity w : Ry — R,. In particular, w is non-decreasing,
w(t) - 0ast— 0", and

[Vg(2")=Vg(y) < w(lz'=y']) (3.1)
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for all 2/,y' € D;. If 9Q € C17, then there exists C > 0 such that w(t) = C't?. We define
the diffeomorphism

T:DyxR— Dy xR, (2,2q) = (2/,24—g(z)). (3.2)
Then 7 straightens the part of 02 that lies inside of Bj, in the sense that it maps B; N 02
into OR?, since 7(a/, g(2')) = (2/,0) for all 2’ € D;.

Proposition 11 (Straightening of the boundary). There exist positive constants ¢ and
C, such that for any ¢ € C&(Rd) with support in a ball of radius 0 < I < c intersecting the
boundary, we have

|Tr (¢H,0) — Tr (§'HY,¢) | < Cw(l) 1 (14p)*?h4. (3.3)

Here, ¢ € C& (RY) denotes the extension of ¢ oT~! by zero to R, where T is the diffeomor-
phism given in (3.2)). Moreover,

/ o(x)? dx = ¢ (x)* dx, (3.4)
Q R4
and there exists C > 0 such that
o(z)do(z) — ¢ (2',0)%dz’ < Cw(l)?197L. (3.5)
oN Rd-1

For pu =0, (3.3)) is proved in [24, Lemma 15] by using the homogeneity of | - |. Therefore,
since v, is not homogeneous for ;1 > 0, we have to find a different strategy for the proof of

Lemma 12. There exist positive constants ¢ and C, such that for all v € Hol/Q(Q) compactly
supported in a ball By of radius 0 < 1 < ¢, and for all v > 0,

|4}/ (v) = g5 ()] < Cw(l) min {g;}(v), ¢} ()}, (3.6)

where q = ql, , and V' € Hl/ (R i) denotes the extension of the function v o1~ by zero
to R% .
Jr

Proof. We start with an upper bound for the left side of (3.6) in terms of ¢ (v'). Writing,
as above, 0, (t) = v4+10(vt) = (y/(zm)) @D/2 K ) o (vt) = 057 (1), and Ty == Dy x R, by
the integral representation (|0

/Rd/Rd‘” v(®)[* 0, (|lz—yl) dzdy

=/ o) — o) 0l — y]) dedy
r, Jr,

1 / o) = o) |26, (e —y]) dedy
RAT, JT

:/ / [o/(€) = ) 0,17 (€) = (m)]) dé
I, J1I,

2 / WO 6, (/7€) —y]) dedy (3.7)
RAT,
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since suppv C Iy, and 7 has unit Jacobian determinant and is bijective on I';. From the
integral representation (D.5) of K(441)/2(vt), it follows for all £, € I'; that

0, (|71 =7 (m)]) — Ou(lE—nl)

—uzu

a2 [T e —[r=1 (&) - () [?/(4u —|e—n[?/(4u
< p @t/ /0 (211)(‘“3)/2)6 © M/ (4u) _ o=l€=nl*/(4u) | g, (3.8)

Since 771(&) = (¢/,&4+ g(¢')) for all £ € T} we have
[T =) = le=nl? = 2(&a—na) (9(€)—a(n) + a(€)—g(n)?
2|&a—nal €' =l IV gllc + €' =P [V gll3
Cw(l) [e=nf*, (3.9)

NN

where we have used that, by ,
IVg(a')| = [Vg(a")=Vg(0)] < w(]2']) < w(l), (3.10)

for all 2’ € Dy, and therefore ||Vg|/c < w(l) <1 for [ small enough.
Since 1 — eIl < |t| for all t € R, we obtain from (3.9) that (3.8) is bounded by
00 —vPu—[¢-n[?/(4u)

(2, —(d+1)/2
Cw(l)|E—n|*v /0 Gu) @72 du .

By using the integral representation again, we conclude that
0, (|7 (&)—7""(n)l) —euu&—m)} < Cw(l)v|g—n?05 ) (|g—n|)

= Cw()v[E=n| K(ays) 2 (v[¢—n)/|E—n| T/
Cw(l) 0, (1€—nl/V2), (3.11)

where we have used Lemma (based on the integral representation (D.7)) in Appendix[D.2)),
by which it follows that

vIE=nl K(gia)2(W[E—nl) < 2K (aq1)2(vIE—nl/V2) .

Next, considering the second term in (3.7)), containing 6, (]7~(¢)—y|) with ¢ € Ty and
y € RAT;, we have

0, (17 (©)—vl) - 61—y

—@rnyz [T @l ) _ eyl (4u)
< v /0 (2u)(d+3)/2’e e

N

du.  (3.12)

As above, from 771(¢) = (&, &5+ g(€")) and y = (3, yq), it follows that
POyl — 1€—y* = 2(&a—ya)g () + 9(€)
2(6a—ya)(9(8")—9(0)) + [g(¢")—9(0)]
2(&a—va)l€' =1 1Vglloe + 1€' =PI Vol

Cw(l) €~y .

2

NN

Therefore, as above, it follows that

0, (171 ©—ul) — 6, (IE=9)| < Cu®) 0, (1€-yI/v2) (3.13)
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By using (3.11]) and (3.13)) in (3.7)), it follows that

6y (v) = 4} (v))

< (;ﬂ)(dﬂ)ﬂ/ﬂ [ }v/(é)—v’(n)IQ
pa( L) B LCT;

(d+1)/
< cut)(2) [ [ O-vmle e VR dedn = Cu)al, 0.
Hence, for all f € HS/Q(Ri),

Galh) = 5 [ Do) P dh < VR ().

Note that the property 1, (2A) < 2, () for all A > 0, which we used in this inequality,
is shared with a special class of functions called Bernstein functionﬂ This follows from the

0, (/7€) = 7)) — 0, (1€ —nl) | de i

0, (17 (€) ~ul) - 0 (1€~ y)) | dedy

fact that Bernstein functions are negative definite in the sense of Bochner, which means that
the real symmetric matrix (a;k)},_;, given by ajx = 1(s;)+(sk)—(s;j+sk), is positive
definite for any choice of s1,...,s, > 0 and all n € N. In fact, 1, is a Bernstein function

(see Appendix [E.7)).

By changing the roles of ¢! and ¢, i.e. by starting with ¢} (v') and changing variables
from ¢ = 7(z) to z, we can follow the same lines as above, expect for the replacement of 77!

by 7, which means a switch of the sign of g, and this does not change the result. O

Proof of Proposition[I1]. First, as in [24, Lemma 15], (3.4)) and immediately follow from
a change of variables and .

Let ¢ € C&(Bl), where B is a ball of radius [ > 0 intersecting the boundary. From the
Variational Principle, it follows that

Q — Q
—Tr(¢pH, ,¢)_ = OérgilTrp¢H#,h¢, (3.14)

where the infimum is taken in the set of all trace class operators p with 0 < p < 1 and range
in the form domain of gZ)Hﬁhd). If p=> s r(Wr, )Yy is the singular value decomposition
of such a trial density matrix, then in view of (C.3)), we have

TepoHT0 = 3 (el (0ve) — |60el3)

since ¢ — qf}/h(qbw) is the quadratic form of quf} /th). Therefore, without loss of generality
we may assume that the ¥’s are supported in B; N €). For | < ¢ with ¢ small enough such
that the diffeomorphism is defined, let 9}, € HS/ 2 (Ri) denote the extension of ¥ 07!
by zero to R%, so that p/ := > ker (W, )y, has range in H01/2(Rff_), the form domain of
o HLd.

By Lemma there exists a constant C' > 0 only depending on 2 and the dimension d,
such that for all k € I

(o) = (1=Cw(l)) g, (844 - (3.15)

10gee Appendix for the definition of Bernstein functions and some basic properties.
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Hence, together with ||¢tx]|2 = [|¢'¢; |2 (7 has unit Jacobian determinant), we obtain

TepoHSo > > i (hO=Cu®)a, (6'vh) — 6v3)
= T g/ (h(1-Cw() A7, —1)¢'.
By the Variational Principle and (3.14), this shows that
T (oHE0) < Tr (¢ (h(1-Cu)Af, ~1)¢') . (3.16)
By inequality (??) with A = gb’(hA:/h—l)gb’ and B = Cw(l)h gb’Au/th’, for any positive
parameter € < 1/2,
(¢ (r(-Com)af, ~1)¢) < (9hAL,=0¢) + (¢ (e-Cu)hAl, —<)¢')

Hence, for ¢ small enough such that & := 2Ctw(l) < 1/2 for all 0 < I < ¢, it follows that

Tr(6HZ0). < Te(@/Hd)_ +2C0) T (¢ (547,-1)d) . (3.17)

In order to bound the second term on the right side of this inequality, we observe that
the proof of Lemma |§| (Section [2)) does not depend on the boundedness of the domain €. In
fact, replacing H f} 5 by H:/Q,h jo = %A:/h—l, does not change any of the inequalities, besides
a constant factor. Thus,

Te(¢' (54,16 < 2'A,h 93, (3.18)
where
A, = @07 [uapP)-1)dp < C ().
Since supp (¢) C By, it follows from that
Te(¢'(5A),-1)¢') < Cl'(1+p)7?h7. (3.19)

From and (| , we obtain
Tr (¢> Hyuo) —Te(§H o) < Cw() 1% (14+p)" 0.

By interchanging the roles of Hﬁh and H;,h in the proof above, we obtain (3.3]). This is due
to the symmetry of the inequality in Lemma [12| under this replacement, which leads to the

key inequality (3.15)). O
4. FROM THE HALF-SPACE TO THE HALF-LINE

In this section, the analysis of Tr(quI p®) - for ¢ € CL(R9) is reduced to a problem on the
half-line (Proposition |15 below). Following [24, Section 3.2], we define a unitary operator
from L?*(R%) to the constant fiber direct integral space fﬂg?i,l L*(Ry) := L2(RY L2(RY))
[46, XIII.16]. This allows to express A: , in terms of a family of one-dimensional model
operators {T.1 },,>0, for which we will apply the diagonalization results by Kwasnicki [37] in
the next section.

Let F(4=1 denote the partial Fourier transform of f € L*(R?) in the first d—1 variables,

FOD LPRY) — LARY), (FUVE, &) = (FFCE)(E), (4.1)

for almost all ¢’ € R?~! and &; € R, where F denotes Fourier transform in L?(R4~1). Also,
for g € fﬂg,l L%(R4) and ¢ € R%71, we use the notation gg = g(¢) € L2(Ry).
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Lemma 13. The operator U : L*(R%) — f]@,l L2(Ry), given by

(UPe(t) = [2ng| V2 (FOV)(E, |2n' |71 (4.2)
for almost all € € R¥1 and t > 0, is unitary.

Proof. By the unitarity of the Fourier transform, U is invertible, and moreover the change
of variables (£, &) — (£, 1) = (£, [2m¢'[€q) yields

1712wy = /R /]R ) [FOD (€ )| deade’
- / / 2|~ |FED £(E, 2|1t 2 dit
Rd—l ]R+

— 2 I 2
B /Rd—1 IO e Nz2m, dE = HUfo]}?Z—lLZ(RJr) ’
i.e. U is also an isometry. ]

This leads to a representation of q:/h, the quadratic form of A:/h’ in terms of a family of

quadratic forms Q7 on L?(R,).

Lemma 14. For w>0, let Q}, denote the closed quadratic form with domain Hé/Q(R+) and
Qf (u / Yo ((2ms)2+1) |a(s)|* ds, (4.3)

where, by , wi =VE+w? —w for E>0. Then if U denotes the unitary operator

defined in Lemma we have for all [ € HS/Q(Ri) that

G = [ 2RE1Q jamnen (W) a6 (4.4
Proof. The claim follows from the scaling properties of 1, and the Fourier transform. Indeed,

for w,v,t > 0, we have 1, (v*t) = V1, /,(t). Moreover, for u € L?(R), and w, s > 0, we have
(Fu(w™))(s) = w(Fu)(ws). Hence, it follows that

/ Gn(127kH) | f (k)P dk = / / Dun (2m)2(E 2+ | f (€, €0)| dEa de’
]Rd Rd—l R
= / |2m€| / Gusiamne (Ea/ €2 +1) | F(€,€0) | dEade’
Rd-1 R
= / 2m¢’ 2 / by jamne (2m8)241) | F(€, 1278 )| ds de”
Rd-1 R

By the scaling property of the Fourier transform, we have for almost all ¢/ € R?~! that

(FUe)(s) = [2r[T2F(FEDfE, 20|71 )) (s) = |20 |V2f(€,|2n€|s) .

Hence

/ bn(127k?) | f (k)P dk = / \27T§/!/%/|27rhg/|((27fs)2+1) [(FUf)er)( | dsdg’,
Rd Rdfl R
which proves . O
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For h > 0, let S}, be the unitary scaling operator in f@,l L?(Ry) given by
(Shg)e (t) = (27Th)_(d_1)/29§'/27rh(t) )

and let Uy, := Sy o U. Then, from (4.4)) it follows that for all f € Hé/z(]Ri),

haiuh) = [ €100 (e de' (45)

For w > 0, let T, denote the self-adjoint operator in L?(R,) given by the closed quadratic
form QF, i.e. TS = v (— j; +1) with Dirichlet boundary condition on R.
According to [46, Theorem XII1.85], if Be := |¢'|T'F, ., then the operator B =: fﬂg_l Ber d€’

w/1€|
in fRd 1, L*(R,), with domain

D(B) = {g¢€ fi I’(®y) ‘ g € D(Be) ae., fya |1 Bege o, e < 0o}, (46)

and (Bg)g := Bgrger, is self-adjoint, and since Bg is positive semidefinite, also B is positive
semidefinite. Moreover, for the corresponding quadratic forms gp and ¢p X =|¢ \Qu Jerp We
have that g € D(¢p) if and only if go € D(qgg,) = Hl/ (R4) for almost all £ and

a5(g) = /R amy(ge)de’ < oo (4.7)

As a consequence of Lemma this terminology may be used in order to deduce the
following direct integral representation of hA:/h in fﬂg_l L2(Ry).

Proposition 15. If 1T denotes the self-adjoint operator in L?>(R) generated by the quadratic
form QY defined in Lemma and Uy, = Sy o U as above, then

®
UnhAT, Ui = /Rd €T 0 e (4.8)

Moreover, for all bounded Borel functions © on R,

@
UnO(hAT, U = /

Rd—

Q€17 0e) & (49)

Proof. From (4.7) and 4By = ¢ \Q+ Jie) it follows that the right side of (4.5]) is the quadratlc
form of B = fRd " ]§’|T+/‘ ¢ ag’, evaluate/d in Upf € fRd  L2(Ry). In partlcular and
7)) imply that D(¢p) = D(qu /h) H0 (]Rd ). Hence, both sides of (4.8]) are self—adjoint
positive semidefinite operators generated by the same closed quadratic form, and therefore
coincide.

Equation (4.9) then follows from the fact that (U, A’ U;) = Uh@(A:/h)U;;, and from

p/h

®</ﬂj €1, w/1€| ) - /[[j (‘5’ u/|g/)df/,

which is a consequence of [46, Theorem XIIL.85 (c)]. O
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5. MODEL OPERATORS ON THE HALF-LINE

In this section we study the one-dimensional model operators T by applying the results
[37] by Kwasnicki, which provide an explicit spectral representation of the generators of a
class of stochastic processes on the half-line. Therefore, in the following discussion, we use
terminology from the theory of stochastic processes. Appendix [E] presents the relevant ideas
in a concise form, including references to given statements.

Theorem 1.1 and Theorem 1.3 in [37] give a generalized eigenfunction expansion of the
generator of a symmetric one-dimensional Lévy process X killed upon exiting the half-line,
with Lévy exponent of the form n(¢) = f(£2), where f is a so called complete Bernstein
function satisfying lim,_,q+ f(¢) = 0. As is discussed in Appendix such processes are
called subordinated to Brownian motion on the real line, which is characterized by the Lévy
exponent & — £2. The concept of killing the process when leaving the half-line corresponds
to the Dirichlet boundary condition of the associated generator (see Appendix .

Lemma 16 (Results from [37]). For a complete Bernstein function f with f(0+) =0, let A
be the generator in L?>(Ry) of the Lévy process X with Lévy exponent & v f(&2) killed upon
leaving (0,00), and let (Ps)s>o denote the contraction semigroup associated to X. Then there
exists a unitary operator II in L?>(R.) such that II P;IT* is the operator of multiplication
by e=s/ () for all s > 0, and g € L*(Ry) belongs to D(A) if and only if the function
A= FOA2)ITg(N) belongs to L2(Ry), in which case

MAG) = —f()Tg(N) (5.1)
for all X\ > 0. Moreover, for ¢ € L'(0,00) N L?(Ry) we have

\[ / Fu(t (5.2)

where F are bounded differentiable functions of the form

F\(t) = sin (M +9(N)) + Ga(t). (5.3)
Here, 9 is given by
1 [>® A ()\2 _ 82)f/()\2)
d(A) = — 1 d 4
(M) 7T/0 2_)\2nf()\2)_f(82) 5 (54)
and G is the Laplace transform of a finite measure on (0,00), satisfying
0 < Ga(t) < sind(A) (5.5)
and
N AcosP(A) + tsind(A) A2 1'(\?)
tx — _
where 5o
. 1 [> t 1—s°/A
oa(t) == exp (77/0 g In 1= 73/ 700) ds) (5.7)

forallt >0 and A > 0.

Proof. The main part of the lemma is |37, Theorem 1.3]. Inequality (5.5 is proved in [37,
Lemma 4.21] and (5.6]) is due to |37, (4.11)] and [37, Proposition 4.7]. O
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Corollary 17 (Spectral representation of T.}). For fited w > 0 and all X > 0 there exists a
real-valued differentiable function F,, x on (0,00) satisfying |F,, x(x)| < 2 for allz, A € (0,00),
such that the operator Il, defined by extends to a unitary operator in L*(R.), and
g € D(TF) if and only if the function X+ b,(A\2+1)IL,g()\) is in L*(Ry). In this case,

LT g\ = (N1 I,g(\)  for all X > 0. (5.8)

More precisely, F,, x has the form (5.3) with the phase shift

1 [~ A 1 1 /[s24+14w? A
y = — —— In|{=+=/ | ds = Y| — | . 5.9
*) 7r/0 22 (2 3 )\2+1+w2> 8 0 <1/1+w2> (5.9)

Proof. We apply Lemma [16] to the complete Bernstein function f,, given by

Fut) == Uy, (t+1) — (1) = Vi+1+w? — V1+w? VE >0, (5.10)

and satisfying lim; o+ f,(t) = f.(0) = 0. If T denotes the L?(R.) generator of the sub-
ordinated Lévy process with Lévy symbol A — f,(\?) killed upon leaving (0,00), then
~T = T} —,(1) (compare Appendix [E.5). Therefore, (5.8)) is an immediate consequence

of (5.1). Moreover, by (5.5)), |Fi(z)| < 2. O

The following Lemma provides basic properties of 9, and its first two derivatives.

Lemma 18 (Properties of ¥,,). For each w > 0, the function 9,, is monotonically increasing,
and twice differentiable on (0,00). Moreover,

2 2 1+w?
o) < L YIRS (@0 |3 VIR (5.11)
X A w? | dN? ™ (A 14w?)3/2
for all A >0, and
7'(' 1
Ag&ﬁ“(}\) 0, Ag{.loﬁw()\) 8 oo+ Y0 (M) TV 14+w? (5:12)

Proof. Due to the scaling property 9,,(\) = ¥9(A/v14w?), we can recover the properties of
v, from those of Y.

In [37, Prop 4.17] it is proved that, for any complete Bernstein function f, the phase
shift is differentiable, and furthermore that it may be differentiated under the integral
sign. Let l,(s, A) denote the logarithm in (5.9). Since 0x(A/(s*=A2)) = (s?+A?)/(s?—\?)?
is symmetric with respect to an interchange of A and s, integrating by parts yields

X\ 7r

-1
1 [ 241
= / 3 L4/ s - ds
TJo $2—A A1 )V A241s2 41
-1
+1/°° A |+ s2+1 [8241  —\ s
T Jo 82— A2 A2+1 A24+1 A241

_ 11 /OOO(\/32+1(\//\2+1+\/32+1>>_1ds.

TA2+1

o, 1 [ s 0 oD
()\) = /0 |:_)\2—32 alo(s,)\) + Ma)\lo(s,)\)} ds
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By setting t := s+v/s2+1, we obtain v/s2+1 = (t>+1)/(2t) and (t*+1) dt = 2t ds. Hence,

dio()\) _ 2 1 /Oo 1 1 DN (5.13)
d\ TNl Sy 242V NF1t+1 0 mANZHD) ’
where for any w > 0,
- 241 2 1 2 -
L) = ln\/)\—I— +w? + V1+w? + A _ l0</\>- (5.14)
VAZH14w? + V14w? — A V1tw?

Since ([5.13)) is positive and differentiable in A > 0, ¥ increases monotonically with A and is
twice differentiable. A short calculation shows that

dly 1

—\) = 1. 1
AN = o < (5.15)
In particular, since l~0(0) =0, it follows that l~0()\) < A. Thus, (5.13)) shows that
ddg 1 1
—(\) < = , 5.16
dA () T A2+1 ( )
which implies the first estimate in (5.11)) for any w > 0 by using the scaling property.
By differentiating once more, we find
d*9y 1 3A2+1 ;
—(A) = — lo(\) — VA2+1 5.17
e M TAAZ+1)2 < N o * ) ' (5.17)
Note that
d A 1 A2 1 dy

(A),

< — = - < =
AA VX241 VX241 (N2+1)32 T X241 dA
which (together with 7,,(0) = 0) implies Ip(\) > A/v/A2+1. In particular, the parenthesis in
(5.17)) is non-negative for all A > 0, and therefore

d*9 1 3A2+1 - 3 1
= o\ —VA+1) < S—— 5.18
dN? TANZH1)2 ( x o * ) T (A241)3/2° (5.18)

where we have used that lp(A\) < X and vA24+1—1 > 0 for all A > 0. By the scaling property,
this completes the proof of ([5.11)). Moreover, it follows from

11 dh 11
7['()\2+1)3/2 = d\ = ﬂ)\2_|_17
that limy_,o+ 9, (X) = %(1_‘_002)71/2.

Next, following [37, Prop. 4.16], by performing the change of variables t = s/A for 0 < s <1
and t = \/s for s > 1 in (5.9)), we find
A2/t2+41

1 M 1 1+
go(A) = ~ / 5 In AN
™ Jo — 1 + A2t2+1
V 2211

By dominated convergence, it follows that limy_,o+ ¥, (A) = 0, and

1 ! —Int T
I = - = at ==,
Jim J(3) 7T/0 =g

For a proof of the last identity, see for example |37, Prop. 4.15]. O
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Let G, be the second term in the expression (5.3) for F,, » and let ¢, y denote the cor-
responding function (5.7 in the Laplace transform of G, . The following Lemma provides
properties of ¢, », which will be needed in the proof of Lemma @ below.

Lemma 19 (Properties of ¢, ). For all A > 0, the function ¢, x is differentiable in t =0,
with
N+ 14w? ddy,

and
1
lim ¢/, ,(0) =0, i ' A(0) = ——. 5.20
)\LIEO pr,/\( ) ’ )\—lglJr @w,/\( ) 7_‘_\/1_1_7 ( )
Proof. If Iy +(s) denotes the integrand in (5.7)), then for any ¢ > 0
1 1—s2/)\2 1 1—s2/)2

é Ine(s) — Ino(s) =: hx(s).

= 22 M LR S E TS L0

We also have

1-s2/A2 [\
1= fu(s2)/fu(M?) A2

and therefore, by I’'Hopital’s rule

Jim ha(s) = [2(\/1+w2 + \/A2+1+w2)\/1+w2 }_1 .

(\/82+1+w2 + VA2 1 4w? )

Hence, h) is continuous on [0,00) and therefore locally integrable near s = 0. Moreover,
since s — In(s)/s? is integrable on [1,00), hy is an integrable upper bound for the difference
quotient above. Thus, by dominated convergence,

dSow,)\ . 1 [>1 1—52/)\2
a0 = /0 2 T 100

71'
Hence, by monotone convergence, it follows that

o dog 1 [>~°1 . 1—s2/X2
1 : = — — 1 | ds =
Jm == (0) W/O 2T L@ Lo =

which proves the first identity in (5.20]). Moreover, integrating by parts yields

dowr gy _ _1 /0°° <d1> I [J%(V) (V2 +14w? + \/A2+1+w2>]

dt T ds s A2
1

1 [ - A2 +1+4w? di,
_ = 2 2 2 2 2 2 _
= 7r/0 (\/s +14w (\/8 +14w? + \/)\ +14+w )) ds T? (N,

ds.

where the last identity follows by comparing with the calculation leading to (5.13[). This

shows ((5.19)), and together with ([5.12]) also the second identity in (5.20)). O

The following result will be used in the proof of Proposition in the next section and
also provides a bound on

AR = /O K,u(t)dt, (5.21)

where IC,, is defined in (5.23)) below.
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Lemma 20. For 0 < < 1 there exists Cs > 0, such that

/ TRt < Cs (1) @02, (5.22)
0
where for v,t > 0,
1 + ’ ’
Kul0) 1= g [ € (T = T (€10) de' (5.2)
2 oo
i) = = /0 (o N21) = 70 (824, (5.24)
1 oo
T = 7T/O (¥ (N241) =) _dA. (5.25)

Proof. For any v > 0,
‘7#7'/ - j:,_l/(t) = 7T_1 / (1/1#/11()\2+1) - V_l),(l_ZFu/z/,)\(t)2) d)\,
0

where the integrand can be non-zero only if v2(1+A?) < 1+2y, i.e. if 0 < v < /T+2u and

1+2,U, )1/2
2 1 .
1%

0 <X < < (5.26)

By (5.3), we have
2F,u,/l/,>\(t)2 = Cos (QB,u/l/,t()‘)) — 4sin (B,u/z/,t(A)) G,u,/u,)\(t) - ZG,LL/ZI,)\(t)z ) (527)

where £, () == At + Uy, (A). Hence, we obtain

| 1 - gl de < 7t [ O (iRl + Rawol) @ (528)
0 0
where

Ri(v,t) == /OOO (wu/y()\Q—i-l)—l/fl)_ cos (Qﬂu/mt()\)) dX,

Ro(v,t) i= /OOO (0 (A241) =17 1) (4 sin (B,/0,0(\) Gluma () + 2Gu/m(t)2) dA.

Let 0 < § < 1. We have

dd, .,
cos (2B,/,: (V) = 1 (ai\ sin (28,,/0,4 (X)) — 2cos (26,/,,4(N)) di\/ ) , (5.29)

and integrating by parts in A yields

$0-1 (14-2p) /2 —1)1/2
/ 0 |Ry (v, t)|dt < / / (
0

Note that the boundary terms are zero, since by (5.12) we have limy_,g+ 8,/,,.(\) = 0, and
the negative part (¢, (A*41)—v~1)_ vanishes at A = ((1+2p)/1* — 1)1/2. We have
A

@ 2,1) —
ax Ve AL = A24+1 + (p/v)?’ (5.30)

d
dA

dd
2 —1 | %Yp/v
—~Uus (A +1)‘ + 2v ¥

) dxdt.
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and thus, for any A > 0,

/OA

AN+ /v)?
e O%1)| ) = VTGP SN
d\ 132+
1 A2 1+(u/z/
V +(u/u / 1 iE
\/ﬂ

= \/A?+1+ (11/v)2 — /14+(u/v)?

= v (14p) — V1+(u/v)? < v
where we have substituted A = ((142u)/v%>—1)'/2. Moreover, by (5.11))

/M/V 40y, A< d /\/IHWV V1+(u/v)? d\ < 1/00 L
d\ S Jo o 1+z2 2"

s

0 Nl (p/v)2 ™ T or

Hence, we obtain

1
/  |Ry (v, t)]dt < 6wt (5.31)
0

In the region t € (1,00), after two integrations by parts, we find

o 00 462 ((142p) /2 =1)1/2 d2 )
/1 t|R1(u,t)\dt</1 Tdt 1~|—/0 ‘d)@w“/”()\ +1)’

dﬁu/ v 1 dzﬁu/ v
d\ d)\2

d 2 40y,
— 1) | —EZ
S‘d)\wu/,,()\ + )' ‘ ) + 22U~

)

where we used (5.30)) to bound the non-zero boundary term. We have

2 2
izwu/u(A2+1) = Lt /o) 3 < 2 1 5
dX A2+ 1+ (u/v)? A +1+(p/v)
and thus, for any A > 0
/ 2 L. 1)‘ ) AP ] A
ey av < [ NP S
0 |dN? v 0 Va4l 1+ (pu/v)?
Hence in the case A = ((1424)/v? — 1)'/2, the integral is bounded by
1 2_ (12 2 1 2 1
\/+H2(V:_,U’):\/2 2_|_ 2/-1’ 2_1<? (532)
N V24p? v 4p N
Next, from (5.11)) and (5.30)), it follows that
VIT2/Y | g d 1 [~ 1 1
S ()| | an < = / dv = .
/0 ax VX >’ ’ d Th 21 T 2 (5.33)
and
V v 2 v
1/_1/ I+2u/ dd,, 1 /I1+2;L/ 1+(p/v)? o
0 dA S oy (14+(p/v)?+A1%)?

1 1

1 1 1
— dr < ————.
7T2V A /1+(M/y)2 A (1'2—1—1)2 2 A /y2+u2

(5.34)
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For the last term, by the second estimate in (5.11)), we obtain

Ry / i
0 d)\2 = T Jo ()\2+1+(M/V)2)3/2
1
/ 31 (5.35)
/V2+/J, x2+1 2 1/2+/J,2
By combining the estimates (5.32)), (5.33), (5.34) and (5.35)), we obtain
ee 1 1
O |Ry (v, t)|dt < 1+ .
[ e < ( mﬂﬂ)
Together with (5.31]) this shows that for 0 < § < 1
/ 1Ry (v, 1) dt < C) (1 n 1/_1> , (5.36)
0

where C§ = 2max{é~!, (1-6)"'}.
Next, by Lemma [16, we have 0 < G ,/,,\(t) < sind,/,()) for all ¢ > 0, and therefore

- VT
/ B Ry(w )] dt < 6/

0
By (5.6)), for any w > 0

/OOGM(t) g — oYV fL(N?)

(v 4 (A1) / T BG A dtdy. (5.37)
0 0

A fu(22)
< A h- ()\2 + (VA2 1402 - \/1+w2)2>71/2
\/A2 + (VA T+w? — VIFu?)? = A
A\/)P L (VAT - VTna?)

From here we can perform two different estimates which will be suitable in the cases A < 1
and A\ > 1 respectively. By using

2

\/x2+c2—c<:;—, Vi2+c2—c <z, Vo,c>0, (5.38)
c
we find

\/A2 + (VAT TH6? — VItw?)? — & _ (VAT THw? — Vitu?)? _ A

/\\//\2 + (VIZH14a? — VIta?)? ) 2/\2\/)\2 (VIZH1+w? — V1+w?)? - 8(ltw?)
and on the other hand
VR4 (VI TTe? - VIFa?)? ) ST - JITe?
/\\/A2 + (VA2 — Vifa?)? /\\/A2 (VNH1+w? — V14w?)? b

Hence, we obtain for all w, A > 0

> =

/ Gua(t)dt < min{\, A1}, (5.39)
0
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By differentiating (|5.6), we also get that for any w, A > 0

FL(2) sind,(A)

/ tGua(t)dt = ¢/, ,(0)
0

fw()\Q) )\2
_ N ddy S0 sinde(Y)
T 14w? N fo(N2) X2
63 1 (L) [f03)  sin(@,(N)
B (L0 [E )

where [, denotes the logarithm (5.14). By Taylor’s theorem, there exists r, € O(1) as
A — 0+, such that
A
sin(9,(\)) = cos(dy,(0+)) 9, (0+ A+ A2r,(\) = ——— + 221,00, 5.41
() = cos(Du(0+) PLODA+ N ) = —Z (). (54D
since ¥/ (0+) = 0 by Lemma Hence it follows that
fL(3?) 1

() fuX2)  V1+w?

Note that, by using the Lagrange form of the remainder, for each A > 0 we can find
¢ € (0,\) such that

1 .
Iro(N)] = 5‘192,(()2 sindy, (¢) + 97(¢) Cosﬁw(g)‘
1 1+w? N 3 Vi4w?
S or (CH14w?)? 27 (24 14w?2)3/2
SR SR S N T N
S CHl4w?  2m /1 4w? 2m /24 1tw? ]
in particular |r,(\)| < (1+w?)~1/2 for all w, A > 0.
We proceed by studying (5.42)) first for small A\, more precisely for A < (14+w?)~ /2. Since

F = e (Ve vine)” < aviee

we have for 0 < A < (14w?)~1/2, that

0 1
t tHdt < —
/0 Gw,)\( ) A\

+ |lro(N)]. (5.42)

(5.43)

( 1 _A) fo?) 1A o) AA=A)VIHA? (5.44)
V14+w? fL02) © Vitw? | f,02) T V1+w? ' '
Furthermore,

d A2

—AN1=MV14+X2 = (1-22)V1+A2 + (1=-) < (1=M)(142)3). 5.45

™ (1-X) ( ) (1-X) NiESy (1=2)( ) (5.45)
The basic estimates

2
VA2+14w2—/14w? < % < AN 4 (1-0)2) < VAZH1Hw? (A(14+222)—2)2)

imply

(1220 VA2 14w? < V14w? £ A14+202) VA2 4+ 14w?
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and therefore

(1=A) (14222 V/ A2+ 14w? < V1+w?.
Hence, by (5.45)
d AAI-N)VI+A? _ 1 d -

A Vite? VNI dd

),

which implies

(5.46)

_ A1-NVITAZ B2 1 (02
Vita? Vi o)
since ,,(0) = 0.
Furthermore, in the proof of Lemma we have shown that [,(\) < \/v1+w? for all
A > 0. Thus

. £1.(02) 1 A 1
L /2920 < < . (547)
JoO) 7 VI [y (Ve — VIFR)? VIR
and therefore, by (5.42)),
00 1 1 - f/ ()\2)
tGuA(t)dt < — —ly(A = + |ru(N)].
| 6 m(m O F e )+
Together with (5.46) and (5.43)), in the case of 0 < A < (14w?)~1/2, it follows that
o 1 7
/ FGoabdt < L+ < -
0 s 27
Next, for (14+w?)™1/2 < XA < 1, we obtain from (5.42)), (5.43) and (5.47) that
& 2 1 ) 1 9
tG\(t)dt < = + — < .
/o M) TAVI+w? 27\ /14w? 27
And finally, for A > 1, by using (5.40|) and ([5.47)) we obtain
& 1 1 1 2
tGoadt < =~ [ ——=+-) < =
/0 A0 A <7r\/1+w2 /\> A
Hence, for any A > 0, we have
/ tGua(t)dt < 2min{1,\"'}. (5.48)
0
Combining ([5.39)) and (5.48]) it follows for all 0 < § < 1, that
00 1 [e'¢)
/ t‘sGH/W\(t) dt < / Gu(t) dt+/ tGuua(t)dt < 3min{l,\7!}.
0 0 1
Thus, by (5.37)
00 Vit2u/v /119
/ | Ry (v, t)| dt < 181/_1/ min{1,\"'}d\ = 18v7! (1+1n j “).
0 0
Together with (5.36)), (5.28]) implies for 0 < § < 1 that
ee V142
/ 2| Tuw — T, ()] dt < Cs (1 +v vl j’“‘) , (5.49)
0
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and therefore

* 5 1 <5
/0 IR (t)]dt = 20T s €' L ‘J#Jel —J,fm(lﬁ’lt)‘dtdf/
|Sd—2‘ VI1+2p I1-d
= ot y ’jﬂ, (s )‘dsdu

1
< Oy (142p)(@=9)/2 </ rd_l_(sdr—l—/ rd_2_5(1—lnr)dr> .
0 0

Since fol r~Pdr < oo and | fol r~PInrdr| < oo for any 8 < 1, it follows that

/ OO dt < Cs (14p) @02
0

for some constant Cs > 0 depending only on ¢ € (0,1) and d > 2
In the case § = 0, the above calculation can be done in the same way except for the
integration of |R;(v,t)| for small ¢. Here we have

1+2u
/|R1ut|dt Vot

whereas in the region v <t < y/142u integration by parts in A yields

VI+2p 1 /119
/ |Ry(v, )| dt < 1/_1/ ttdt = v 'In j a

just as in the calculation leading to (5.31). Hence we obtain the same terms as above, and
so the claim also follows for § = 0. O

6. ANALYSIS ON THE HALF-SPACE

In this section, as an application of the results from Sections [4] and [5] we prove

Proposition 21. For all 61,02 € (0,1) there exist constants Cs,, Cs, 5, > 0 such that for all
real-valued ¢ € C} (RY) supported in a ball of radius 1,

— Cs, ((1+M)(d762)/2 02 (14 ) (@002 h*d“”l)

T (o8 fy0) 7Y [ otwrdn e n D [ o0

< Cy, (1+'u)(d 61)/2 j,— d+1+51’ (6.1)
where A fo u(t) dt, with IC,, given by (5.23) above.
This is the analogue of [24, Proposition 8] for g > 0. The main ingredient for its proof is

the following spectral representation of hA:/h, which follows directly from the main results
of Sections [ and [l

Lemma 22 (Diagonalization). The operator

Vit LA(RY) = L*(RY), (Vaf)(€&a) = [Ie(Unf)er] (€a)
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which, for any f € L' N L2(R‘i), is explicitly given by

WH© = [ wmleof@de V= (&) <R,

R%
where vy, (€, z) == h=%2v(&,h1z) and
e~ 2
V6w = I (2m)@-D/2 \[Fu/wl,ed(\f'!ﬂcd), (6.2)

18 unitary and establishes the umtary equivalence of hA™T w/h with the operator of multiplication
by a,(€',€a) = €' [Puye (E3+1), @

thA:/hV,j =ay,. (6.3)
Proof. Proposition [15| (Section 4) together with Corollary [17] (Section 5). O

Using this, we derive the following representation of Tr qﬁ(H:[h)_qb, which will be used to
prove the lower bound in Proposition

Lemma 23. For any real-valued ¢ € C}(R?) we have

o) 0 = [ [ 1€1@de-1) o6 n)? s ot as 6.4)
= hIAD | p(x)?de —h™ [ ¢(2)?h T Cu(h T ) da (6.5)
R% R

where K,, was defined in (5.23]).
Proof. Since, by the definitions of a,(¢), v,(&,z) and J ] ( )

h_d

/R ,IE1au(=1) (€ = (s

[ €8 T e ) e
Ra—
and, by changing variables,

o 2 / 2 2 A(D) / 2

G Joy Jo 61 o 06 o007 e = AP [ oot
it follows from the definition of IC,, i.e.

1 2 +
Kult) = gyt [ 16 (Fuser = T 1610) de'
that (6.5]) is a direct consequence of ((6.4)).
For simplicity we write a := a, and V := V},. First, we will show that (a—1)° V¢V* and

(a—1)_V@V* are Hilbert-Schmidt operators. For any 0 < § < 1 we have

/ (a()-1)" / [VoV* (€, )[d¢ de (6.6)
R4 R4

- /R(i (a@)—l)‘i/M 2

dgdg
= lim lim (a(g)_1)5/ €GP b, ()
R4 ~JRrd

c—0t b—0*

/ on(E, 2)0(x)0n(C, 7) da
R

2

|, e )otainCa) da dode

+
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where fi,(t) = Y (t+1) — ¥y (1) for any w > 0 (see (5.10)). Note that if (P, p)s>0 denotes
the contraction semigroup generated by —T.F+1,(1) (see Corollary ., then by Lemma

Puoag(®) = (15 0P Lg)0) = 2 [ [ 7 Fua) Pun(s)e g ) ds
for all g € L(0,00) N L2(Ry). Hence, if ky (¢, s) := 2 2 [° Fu oJ7,\(s)e_bfw(’\2)d)\ then

/ kos(8)g(s)ds 112 g
0

as b — 0T, since (P, 4)p>0 is strongly continuous and P, o = I. In particular, by changing
variables we obtain for any g > 0 that

8 /0 /0 FE) ko (B, 85) 9(5) dsdt =S5 (£, 9) 2w (6.7)

for all f,g € L'(0,00)NL*(Ry). And similarly, from || P, gll2 < ||g||2 we obtain the uniform
bound

]6 [ | @ kastons)ots) dsit] < 112l

which allows the use of dominated convergence in the calculation below. We have

/Ri (a(f)—l)&_ /Rd e clE' ¢ =0 upen (€D)
2 h—Qd I o
B (27")2(dl)/ _’f |/ / #/|§'| €d 1|§ |$d)Fﬂ/\§/|,£d (h 1|§ ‘yd) ¢(x)¢(y)

X/ e =N ) h =€ = e o (B gy hYC ya) dC dy dade
Rd—1

—2d+1
2 / )1 / / / i€ =0 —)h el ~C?
(27T)2(d 1) - Rd—1 JRd—1 JRd—1

/ / ) g (20) E e (R 1C N 2as B 1C a) gy () dya g’ dyf da de

2

/R on(& ) b(ayon(C, ) | dCdg

where ge o (a) := Fj e, (7€ |24) ¢(z). By (6.6), (6.7) and dominated convergence, we
obtain that

h=d 2
mTm o e

/ (a6)-1)" / VeV (&, QPPdcds =
R4 R4
where
o L i€/ =¢') (@' —y") /by —cl€' ~C'|?
L : (271’h)d 1/ _|£|/Rd 1/Rd I/Rd 1 dC
X/o FM/E"’&d(h’_l‘g/’xd) o' 2q) p(y, xq) dugdy' da' dE

- / o(x) / (a(&) 1) €] Fy ey e, (h11€ |12a) e / Bole'—y) (/' za) dy d,
Ri Rd ]Rd—l

+
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since we have (2rh)~(@- 1)(}"6*‘3‘ |2)( ) Bcd 1)(:10 —y'). Here (ﬂéd_l))@o is the approxi-
mate identity given in (see Appendlx . Hence,

lim I. = /Rd /Rd 7|§| /|§'|,§d(h71|§/|$d)2d5¢(x)2 dzx . (6.8)

c—0+

In particular, since & — [¢'|(a(¢)—1)° belongs to L'(R%) for any 0 < § < 1 and d > 2
d *
[ @@= [ wev'€opdcds < . (69
R4 R%
and thus (a—1)2V¢V* and (a—1)_V¢V* are Hilbert-Schmidt operators. It follows that
T (hAS),~1)-¢ = TrVV*(a—1)-VV* = /]R | (a(©-1)_ /]R L Veve(g, QPdcds.
+ +
Hence, ([6.4]) follows from with § = 1. O

For the upper bound in Proposition [21] we use

Lemma 24. Let ¢ € C}(R?) be real-valued and let p := X(}Fr )% x, where x denotes the
characteristic function of supp(¢) N R‘fr Then p has range in the form domain of ng hgb,
and

TepoH 6 = —h A / o) dr + ho+ / 6()2h Ky(h ™ g) da — Ry (@),

where for any o € (0, 3),
[Run(9)] < Co (14p)\420)/2 prdtitio (6.10)

Proof. Since by definition pf = 0 in the complement of R , similarly as in the proof of
Proposition [§, it follows that pf belongs to the form domaln of qﬁA:/th for all f € L2(R?).
Moreover,

Trp¢H+h¢ = TrquhA hd) Trp¢?

= [ @u©-1)2 [(6" & h, 6 &) — [ w6 ) @) da] de, - (0.11)

where ¢1 := x¢. For ¢ € H&(Ri), by the integral representation (E.28)), we have

L + et o d —eAf
(s ALypp) = Jim (o, Ay e ™) = — lim i, (0, ning)
.1 —§A* —(64e)AT
= lim [ e w/hp)— u/h :|
s 2| ¢)—(pe %)
= i 6% (lz—y|) dz d
Jim [ le@) = ()|” 037, (|r—y|) dw dy,

where for v > 0, 0,(t) := v 10(vt) with 0(t) := (27rt)_(d+1)/2K(d+1)/2(t), and for v,d,e > 0

037 = = (00857 —565) . 61(0) 1= 0, ((#+0%)'7%)
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in particular #9 = 6,. Also, we write lims .o+ to denote the consecutive limits lims_, o+ lim._,q+,
while keeping track of the order of limits. Hence, we have

(6% on€ ). 476t (€ )
= lim /Rd/ x)vp § h) — oy )vh(§ Yy ‘ Hi/ahﬂx y|) dx dy

5,e—07t

~ lim /R /R 2Yon(&:2) — o) on(E:9)|"es (@)es(y) 025, (e—yl) da dy.

d,e,8—0t

where eg(x) = e~Bile’l? e=Baza and B = (B1,B2) € RZ. For fixed h > 0 and € € R+, using
v:=wvp(&, ) as a temporary notation, we write for all z,y € ]R{‘i

[o()onlEm) — S)unE 9|’ = %(v<x>v<y><¢<x>—¢< )2 + 0@ (u)(6()-6()?)
+ L0 @lo(@) — o(e)oa) - o@o()
% P (2lu(y)2 - vly)o(e) — v(m)o()
so that
(6" €. Al @) = (i RoO+ | lim Toes(©) (012
where

Rjel6) = /R d /R o(a)oly) (6()—0(w)) 075, (ja ) de dy.

The pl€ / [ 9P QP = o) = o@e(w)esle)en(s) o o=y dady.

As shown below, integrating limg._,o+ Rsc(§) in (6.11)) results in the remainder R, ;(¢),

satisfying the estimate stated in the lemma, whereas the second term in (6.12)) combined

with the second term in (6.11]) yields the two leading terms in the expansion of Tr pqSHIhgb.
We have

Lsep(& / / Mﬁ §m,y) + Mp(&,z, y)) +N5(€,x,y)} 005, (|e—y|) dz dy,
where

Ms(&,y) = (9(0)0(@)es(a) — 6(y)*o(w)esw) ) (v
Ni(&,a,9) = (0@ lo(@)Pes(e) — o) low)Pes) ) (esy) - esl@))
First, we show that

. 0, _ —
Blgg+ ” Ri/\fﬂ(f,m,y)%/h(lfﬁ yl)dzdy = 0. (6.13)

Pointwise, we have limg_,+ N3(&,z,y) = 0. In order to find a S-independent integrable
upper bound, we separately consider the regions where |x—y| is smaller and where |z—y| is
larger than some r > 0. For |z—y| > r, we have

NB(E 2,9) 005, (Iz=yl)| < Ch €| By all e (6@)*+6(0)) 1055, (z=yDl,  (6.14)
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uniformly in 3. This is integrable in the region where |z—y| > r, because ¢ € C}(R?) and

/|Z|> Hu/h (|z])d C’/ t72dt < oo,

where we used that 0(t) < C't~(*De=t/2 by Lemma [31|in Appendix
Next, if [z—y| < 7, then the condition that x € supp ¢ or y € supp ¢ implies that both =
and y belong to Bry,(0), where R > 0 is such that supp ¢ C Br(0). Since

|6(x)*Ju(@)]* - Pl < ChYENV (O F o160 [l 1201
and for Bl,ﬂg <1

les(z) — es)] < [[Veslloo le—y| < sup (261]2'|e 14 Bye™24) |z —y| < 3Jz—y,
xGIR

it follows for |z—y| < r that
NB (& 2,) 05 (lz—yl)| < CLE B (0) W) [o—y[> 005, (J—y]) (6.15)

uniformly in f;, f2 < 1. The right side is integrable in the region where |z—y| < r, since

| Br++(0)] 2| Hu/h(|z|)dz < C’/ dt = Cr < .

|z|<r

Thus, due to (6.14) and (6.15), equation (6.13) follows from dominated convergence.
Let gh “(z) == Z e 92/h(1—e~5*/M). By using again, we may apply Lemma

h/ M,@(f,l‘ y)9 o (|$ y’)dl‘dy - (¢2vh(§v ')6ﬁagi’€(hA;/h)vh(§a )65>

/ / / o (G 2)on(E, 7) $()? e5(2) g2 (au(C)) vn(C, ) U (6 1) es(y) dy da dC
Rd Rd Rd

/ 2d
= g [ [ 116 0 o) )

X F(€,¢, h™ ag, hlyg) e~ Peva / W = =Bl gy dy, da d¢
Rd 1

where for £,( € Ri, and s,t >0

- 92\ 2
(¢ s,t) = (W) Fupier eal€'18) Foupicr,ca(1618) Fppiert 0 (€'1) Fupin ca (1C71E) -

Since ¢ — (2h)~@=D (Fd=De=P1l-1*)(¢/ /27h) defines an approximate identity in R~ with
respect to 81 > 0 (see Appendix [D.1)), it follows that
: s,
h lim Mg(&,2,y) 0,75, (|lz—yl) dx dy

+ d d
B1—0 RE JRE

|§/‘2h_d_1 2 2 ) 5 o o
T enEn () g PV d/]R Fupenea ™18 ya) Fuyigr) ga(h™ 1€ |2a)
+ +

™

Xe_ﬁwd/R Fupier.ca(h 18 ya) 95 (au(€,Ca)) Fpjery.cu (1€ 1) dCa dya da
+
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Hence, by integrating against (ap,—l)(i (see (6.11)) and changing variables in the y4-integration,
we find
h -1 li 9 ’E dxdyd
/R (@0 [ [ Mate ) 7 o) dea d

h_ 2 —1) ¢t
= @D 1 5o /Rd /Rd/ 1T 1€ (@€, )= 1) Fpugjen () (06 !l’d)>(t>

e e lﬁzt(ﬂ e 9 (@u€) Fypin (o 1€10) ) (0) e (2)? P70 i g
(27r )(d— 1) T 65—>0+ /Rd /Rd €'l (an(€ (a“(g)) FM/I&’I,id(hil‘f/’xd)Z¢(33)2 dx d§

:/d /d ’£I|(a“(§)_1)_au(f)‘Uh(fal’ﬂ ¢(x)?* dx d¢
RY JRY

where we are allowed to take limits after the integration in £ and change the order of
integration, since & — |¢/](a,(€)—1)° belongs to L' (RY) whenever d > 2

Considering , integrating the second term in , and combining the result with
the second term in , gives

/Ri (au(f)—l)g[héslérg +1555(§) /Rd ‘Uh(f,x)P ¢(x)2 dx} de

-/ +

€3 AV R p(a)de —h™ | Ku(h ) ¢(x)? da.
RE RE

/  €1(au(€)=1) _on&, @) de o(x)° da

d
+

It remains to prove the bound on the remainder R, ;(¢) given by

Roun(6) = h / (au(6)-1)° lim Ry (€) de

~ 5,e—0t

i [ ] (@O0 ol 0InlE ) (00) 9w by d dyde.
R JRE JRE
where we have used that by Lemma [31{ and Lemma (see Appendix ,

|600°(t)] < sup
5€[0,c]

and fig fy (6(2)—0(u))2la—y| ) drdy < .
For 0 <o < 5 and f € H*(R¥1) N LY (R?"!) we have

d _
dé(dgi(t))' < Oyt (d+1)

/20 s _ o el ie ! o
iia / eI f (2 da! = (FF 1 2n - 27 FF) (ﬁ) —/ ST (—A)f (o) da
Rd—1 Rd-1

and therefore, by the definition of v, (&, h),

Byup(9) =W /Rd /Rd /]Rd &7 (an(§ ) on(6:2) vn(&,9)
% (=207 ((6(2)=6 (1)) *Ouyn(l—y]) ) dudyde.
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Since |vp, (€, z)| < Ch~%2|¢'|*/? and

/ 127 (a,(6)-1)° dé < / / €112 de, e’
RY e2<1on Jez< (1o /e

(L+2p)"/2
— |Sd_2|(1+2u)1/2/ td—2—20dt — (1+2M)(d—20)/2’
0 g

it follows that

’Ru,h<¢)’ < CU hd 1-20 /Rd /Rd

As is shown in Appendix for any o € (0, %) there exists a constant C, > 0 such that for

((6(2)~6(0)*Bpyn(lo—y))) | dody .

allvy >0
2
L ]800 (@@-6w) 0. 0-u)) | dedy < €. (6.16)
R JRE
and therefore (6.10|) follows, which finishes the proof of Lemma O

Proof of Proposition |21 First, by Lemma 28 and Lemma [23] we have
~Tr(¢H,5,0)_ > ~Tro(H,) ¢ (6.17)

—h~ AP ¢(x)2dx—|—h_d+1 ¢>( 2h K, (h ag) da
R¢

Moreover, by Lemma [24] and the Variational Principle
—Tr (¢H+h¢) < Tr p¢H+h¢ (6.18)

h’dA# / p(z)? dx + b4t qs( VPR (h  wg) de — Ryn(9),
R¢

with p as in Lemma and by (6.10)), for each o € (0, %) there exists C, > 0 such that
IRun(0)] < Oy (14p0)(d-20)/2 p=d1420

Similarly as in [24, (3.8)], recalling that A = [o° Ku(t) dt, we have for any & € (0,1)

/ ¢(2)’h (b~ ag) do — AP o(a',0)? da’

Rd—1

/Rd 1/th35¢1’ s) dsd:c’dt‘
/O ol ([ ") ( [71 L ootet o

Czslh&/ ()] dt < Cs, (14p) 4700 2R0
0

N

(1-s)~t 1%
ds)

N
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where the last inequality is due to Lemma Hence, it follows from (6.17)) that

Tr ($H,f,0) _ —h™* AL g $(a)?dz + h~TTAR) é(a',0) da’
+

Ra-1
<hTH @) h T (b ag) de — AP [ ¢(a’,0)% da
Rd Rd—1
< G, (1) {002 pdiitn, (6.19)
and from (6.18]) that

Tr (H,¢) _ —h™ " AL g (x)2da + AR - o(x',0)% da
+

> O, (1+H)(d720)/2h7d+1+20

— pdHt ¢(2)?h Ku(h ™ ag) do — AP / o(x',0)? dz’
Rd Rdfl
_062 (1_+_M)(d—62)/2h—d+1+52 _ 061 (1+M)(d_61)/2 h—d+1+61 ’ (6.20)
where 6o := 20. O

7. ANALYSIS AT THE BOUNDARY

From the straightening of the boundary (Proposition and the analysis on the half-space
(Proposition , we obtain

Proposition 25. There exist ¢,C > 0 and for all 61,02 > 0 there exist Cs,,Cs, 5, > 0 such
that for all real-valued ¢ € C§(R?) satisfying ||Vo|leo < CI™1 supported in a ball of radius
0 < I < c intersecting 0S,

d—spy2 10 d—by)y2 110
- 051,52 ((1+N)( —o/ hd—1—61 + (:H—M)( )/ hd—1—32 (7.1)

)o@ S e w) L
K hd—l K hd

Tr (6H2,6) — b4 AD /Q oafde+h AR [ oafaota)

dosyyo L0 /2 o 1771 /2
< Gy, <(1+M)( —on/ = + (1) w(l) P T + (L) w(l) ) ; (7.2)

where w denotes the modulus of continuity of 052, see (3.1]).
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Proof. From Proposition [I1] and Proposition 2] by rescaling ¢, it follows that
Tr (pH,0) _ — h Al / ¢(z)?dz + h~ AP ¢>( )2do(z)
Tr (¢H,,0)  —h™ Al /R | O(@)de + b 1A§? /R 6 0)%da!
+

(1 (or0)_~ e (0m1,0) )+ n AR ([ owidota) - [ ot 0ar)

Ra-1
< 051(1+M)(d_51)/2(h/l)_d+1+61 + C(1+M)d/2 w(l) ldh_ + C’Au |w(l)2 ld—lh—d-i-l.
Since, by Lemma |AL2)| < C(14u)%?, we obtain the upper bound in (7.2)). Here, we use

that rescaling ¢ by ¢; := ¢(z/1) results in Tr(qSlHthﬁl) = Tr(¢H h/l¢) as can be seen by
using the integral representation (0.10)). The lower bound follows along the same lines. [

8. PROOFS OF THEOREM [I] AND THEOREM

8.1. Proof of Theorem [1. Let Q C R? be a bounded open domain with 9Q € C'. First,
if h > ¢ for some ¢ > 0, then, for any £ > 0, we have

Tr(HY,) — APV R+ AP |90 A4t

< 2AW(Q A+ | AP | [oQ A < Cc (14p) 2 hmdTITE

Here, the first inequality follows from H f}h = xoH, nxo and, by the same argument as in
the proof of Lemma [9]

Tr (XQH ,hXQ), < ALl)h_d/dXQ(az)de = AE}) |Q]h_d.
R

In the second mequahty we use that, by an explicit computation, A( ) < <C (1+u)d/ 2 and
that, by Lemma [20] |Au | < (1+u)d/ 2. Hence, it remains to prove the claun for small h.
For u € R? let ¢, € C3(R?) be given by (1.3). By Lemmald] we have

Tr(Hyp). — A(l)\Q] h~4 4+ AP 09| h !
du

_ . Q _ Q _we )
= [ o) i + )~ [ Telouton) i (5.1)

where
o) = Tr ($uHD00) — AR /¢> Pa+ APH [ g (aPdoa),

Note that if u € RN\Q and supp(¢,) NOQ = 0, then L, ,(¢,) = 0. Hence, it suffices to
find bounds for £, 4(¢,) when u belongs to the bulk, u € Uy := {u € Q| By(,)(u) N2 = 0},
and when w is close to the boundary of Q, u € Uz := {u € R?| By (u) N 90 # 0}. If u € Uy
then it follows from §(u) < I(u) that I(u) < 37 /2ly. Therefore, by choosing ly small enough,
we are allowed to apply Proposition By Proposition 8] in the bulk we have

d
0> [ Lun(dn) ol > —C (1) D2h—d2 / H(u)~2 du,
Uy I(u)

U1
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whereas near the boundary, by Proposition

= Cou (1) | (““)_Hl LU w@)w) w(l(u))> »

hd—l—él hd—l—ég hd—l hd
du
g /U2 ﬁ,u,h(¢u) W (82>
W)™ 700 w(l(w)2(w)™  w(l
< Cs, (14p)%? /U2 ( gfl)ul Lol (“231(“) + w(h(f))> du .

By (L.24), we have [, I(u)?du < Clyt (since Uy € Q). Moreover, if u € Us then
37y < I(u) < 37Y21y. Hence, by the same argument as in (1.23), it follows for all 8 € R
that fU2 I(w)P du < Clg“. Therefore, by (8.2), Proposition E, and (8.1), for all A < lp/8,

— Cy,.5, (14p)%/2 p=0+1 (lglh Gallo/h) + 157 B +15%2h% + w(le)® + w(le) lo h—l)
< Tr(HY,). — APIQ R+ AP 00| B! (8.3)
< Cs, (14p) 2 i+t (Zglh Gallo/h) + 15 B + w(le)* + w(lo) lo h—l) .

In the case when 9Q € C17, i.e. if w(t) = Ct?, we choose Iy proportional to h(1101)/(1+1+7)
for d > 2, so that

pd—1 ‘Tr (HL). — AP A=+ AP]09)] h_d“‘ < Cs, (14p) Y2 por7/ 01481

for all 62 = 81 € (0,1). Since € := d17y/(y+1+01) takes any value in (0,+/(7+2)) by choosing
91 € (0,1) appropriately, the error estimate in Theorem 1| follows. In the case of d = 2, we
choose [y proportional to h%/(7*2) and obtain

pi-1 )Tr (H2,). = AL + AD]o0) h_d“‘ < Oy, (1) Y2 Bf

for all € € (0,7/(y+2)), since K/ +2|In(h)|/2 < C ke for all € € (0,7/(7+2)).

In the general case of domains with C' boundaries, let [y = a~'h, where o > 0 is such
that 8h <y < %, ie. 2h < a < é. Then, for all 6; = d2 € (0, 1), there exists C' > 0 such
that

ra(h) = B (1)~ ’Tr (H2,). = A0 A% + AP a0 hdt!

<C <a516(a1)+w (Z)2+iw <Z>> ,

whenever 0 < h < /2 and p > 0.

Let £ > 0 and choose 0 < a < % such that a"G(a™') < ¢/(2C). Then, because of
w(t) = 0 ast — 0T, there exists & > 0 such that h/« < ¢ implies w(%)2 +1w(k) <</(20).
In particular,

ru(h) < € Vh < min{a/2,ad},

and therefore, r,(h) € o(1), uniformly in u > 0, as h — 0.



PSEUDO-RELATIVISTIC TWO-TERM ASYMPTOTICS 53

8.2. Proof of Theorem [2] After substituting 4 = hm in Theorem [I] it immediately follows
from the inequalities (0.14)) and (0.15)) that

()] = |3 (hAn—1)_ = AL [ + (Ag2>|ag|fcd Q| m) h_dH‘
neN

< |Rpn(h)] + QA7 ’Af}) _ A{()l) — Cymh]| + 90 h=H+! }AELQ) B A62)|
< |Rmn(R)| + C=(Q) (m2h—d+2 n m5h7d+1+5>
for any § € (0,1). Thus, by Theorem [1}, in the case of 90 € C17,
P (h)] < Ce(Q) (m+m?+(1+mh)¥?) p=dtite
and if 09 € C', then
(m®+m?+(14m) ) "L, ()|
< (14+m) 2| Ry (b)) + C’E(Q)(lf“l+2 + h*d+1+s) € o(h~4+1y

uniformly in m > 0, as h — 0%,
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APPENDIX A. FRACTIONAL SOBOLEV SPACES

Let Q C R? be open, let s € (0,1), and let H*(Q2) denote the fractional Sobolev space
W2(Q), i.e.

() = {ue @) [ PP s < oo},

with the norm |lulgs) = [[(1+] - 2)%/24|2, with respect to which H*(Q) is a Banach
space (see |14, Prop. 4.24]). Equivalently (see for example [14, Prop. 4.17 & Def. 4.23]
or [15, (2.1)]), u € H*(Q) if and only if u € L?(Q2) and

[u(z) — u(y)? )”2
uls, = ————"dzdy < o0, Al
i </Q o |o—ylite (A1)
where [u]s o is called the Gagliardo semi-norm of u € H*(§2), and moreover, || - ||fs(q) is

equivalent to the norm on H*(2) given by u +— ||ull2 + [u]so. Note that, in contrast to
the definition above, this characterization of H*(f2) can easily be extended to W*P(Q) for
arbitrary p € (1,00) (see |15, (2.1)]). Also, let

H (@) = G (@) 1", (A2
equipped with |- || 7s(q)- In particluar, Hj(R?) = H*(R?), since C§°(R?) is dense in H*(R?)
(see for instance |1, Theorem 7.38]).

If W (I") denotes a class of functions defined on a subset I' € R%, then an open set Q C R% is
called an extension domain for W, if there exists a bounded linear map E : W (Q) — W (R?),
such that (Eu)|q = u. By [14, Prop. 4.43], any open Lipschitz domain 2 C R is an extension
domain for H*. Clearly, any open subset 2 C R? is an extension domain for Hg, since any
f € H5(Q) can be extended by 0 to R?.

By [15, Theorem 6.5], H*(R?) is continuously embedded in L?(R?) for any q € [2,p"],
where p* = 2d/(d—2s) > 2 denotes the so-called fractional critical exponent for p = 2.
Thus, if O € R? is an extension domain for H® (resp. for H§), there exists C' > 0 just
depending on d > 2 and (2, such that for any v € H*(Q) (resp. uw € H{(Q2)) we have
ull Loy < C |lullgs () for all g € [2,p*], i.e. H¥(Q) (resp. H{(£2)) is continuously embedded
in L1(Q) for any ¢ € [2,p*] |15, Theorem 6.7]. Moreover, by 15 Corollary 7.2], if € is also
bounded, then any bounded subset B C L?(Q), satisfying sup,cp[uls o < 0o, is relatively
compact in L(Q) for all ¢ € [1,p*].

As a consequence, we obtain

Lemma 26 (Compact embedding). If @ € R? is a bounded open Lipschitz domain, then
the embedding H*(Q) — L?(2) is compact. The same is true when H* is replaced by H§, in
which case Q may be any open subset of R?.

Proof. Let B be the unit ball in H*(€2). Since |Jull2 < [[ul| gs(q) for all u € H*(S2), B is also
bounded in L*(£2). Moreover, by the equivalence of || - || ys(q) and || - [|2 + [+ ]s,0, there exists
C > 0 such that [u]so < Cllullgs) < C for all u € B, in particular sup,¢pluls o < oo.
Thus, since Q is an extension domain for H® (resp. for H§), B is relatively compact in L?(12),
which means that the embedding H*(Q) < L*(Q) (resp. H§(Q) — L*(Q2)) is compact. O

Note that this implies that the operator A} = (vV/—A+m?2 —m)p with form domain
Hé/ 2((2) has compact resolvent (see for instance [48, Prop. 10.6]).
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APPENDIX B. PARALLEL SURFACES OF LIPSCHITZ BOUNDARIES

For a subset I' € R? and r > 0, the set ', := {x € R?|dist(z,T") < 7} is called a tubular
neighbourhood of I'. The boundary 9T, of a tubular neighbourhood is called a parallel set
(or surface) of T.

Lemma 27. Let Q C R? be a bounded Lipschitz domain and let T := 9. There exist e > 0
and C > 0 such that
HITLOr,) < € Vr<e,

where HA™! denotes the (d—1)-dimensional Hausdorff measure.

Proof. By [36, Prop. 5.8], for a compact set I' C R? there exists a constant C' > 0, such that
HITNOr,) < CriTIN(D,r)  Vr >0,

where N(I',r) denotes the minimal number of balls of radius r needed to cover I'. Clearly,
there exists C' > 0 such that N(T',r) < C|I|r~ for all » > 0 (see for example [41
5.6]), where |I'y| denotes the Lebesgue measure of the tubular neighbourhood I',. The
latter is related to the Minkowski m-content of T', given by M™(T) = lim,_,o+ ™ %|T,| for
0 < m < d, whenever the limit exists. Since I' = 92 is a Lipschitz boundary, it is in particular
(d—1)-rectifiable (see e.g. [41, 15.3]). Hence, by [19, 3.2.39], we have M4~1(T") = HI~}(T),
in particular lim,_,o+ |[|r~! exists. Therefore there exists ¢ > 0 and C' > 0 such that
IT';| < Cr for all r < e, which proves the claim. O

APPENDIX C. TRACE FORMULAS

C.1. Assigning a trace to unbounded operators. If p > 0 is a trace class operator
with range in the form domain D(g4) of a given self-adjoint operator A > 0 on a separable
Hilbert space H, then it has a singular value decomposition p = > jer My (14, )1bj, where
{®j}jer C D(qa) is an orthonormal set and p; > 0 for all j € I. Since AV2pAY2 > 0, we
may consider the (probably infinite) quantity

Z (SD/ﬁAl/QpAl/QQOk’) ) (Cl)
keJ

where {1 }res is an orthonormal basis in H with ¢y, € D(qa) = D(AY?). Clearly, if A is
bounded, then D(q4) = H, and pA is trace class, so that Tr A/2pAl/2 = Tr pA. Since

> (or AV2pA ) = ZM;‘Z}(%,AW%‘)}Q = > il A2y,
keJ jeI keJ jelI

the quantity (C.1)) does not depend on the choice of the orthonormal basis even if A is
unbounded, and therefore we may write

TrpA = Tr AV2pAY2 = 3" (0, AV2pAY2 o) = pjqaliy) (C2)
keJ JeI
More generally, for a self-adjoint operator A with A, or A_ being bounded, at least one
of the quantities Tr pA or TrpA_ is finite. Hence, in this case, we define

TrpA = TrpAy —TrpA_. (C.3)
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C.2. Lieb Variational Principle for the sum of negative eigenvalues. If H is a self-
adjoint operator in a Hilbert space, such that H > —c for some ¢ > 0, and if the negative
part of the spectrum of H consists entirely of eigenvalues, say {F;};es, then |38]

—Tr(H ;}E = Oinfg]l TrpH , (C.4)
j

where the infimum is taken over all trace class operators p with 0 < p < 1 and with range
in the form domain of H. Indeed,

og;fq TrpH = inf ZMkCIH V) < Z(JH(%‘) = ZEja

ONS, 0< gl X X
{1 }rer <pk T i

where {p;};cs are the eigenfunctions corresponding to the eigenvalues {E;};c;. On the
other hand, if ), _; pux(Yg, -)y is the singular value decomposition of a trace class operator
p with 0 < p < I then

TrpH = Zkg#kQH(T/)k) > —ZkelﬂkQH) (k) = —ZkGIQ(H),(W) > —Tr(H)_,

where q(7)_ denotes the quadratic form of the negative part of H.

Lemma 28. If H is a self-adjoint operator in L*(D) for some D C R? and satisfies the
assumptions in Section[C-3, then

Tr (pH¢)_ < Tro(H) o (C.5)
for all real-valued ¢ € C}(RY).

Proof. By the Variational Principle, we have

Te(9H9)_ = = inf TrpoHo = sup (Tepo(H) -6 — T po(H) 40
<p<
< sup Trpp(H)-¢ < Tro(H)-¢,
0<p<I
since 0 < (¢(H)+0)?p (¢(H)+¢)/? < ¢(H)1¢ for all p with 0 < p < T and range in the
form domain of ¢pH ¢. O

APPENDIX D. SPECIAL FUNCTIONS

D.1. Approximate identities. For completeness, we provide a short proof of the following
well-known result, which is used several times in the main part of this thesis (proofs of Lemma
and Lemma . It describes the construction of sequences in L'(R%) converging to the
Dirac measure on R? in a weak sense.

Lemma 29. For n € L'(RY) real-valued with ||n||; = 1, define the family (n.)->0 C L'(R?)
by ne(z) = e n(x/e). Then |n:|ly = 1 for all e>0, and if f € L®(R?) then [gq fn- is
uniformly bounded in €. Moreover,
im [ (o) f@)de = 10), (1)
e—0t JRrd

for any f € C(R?) N L>®(RY).
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Proof. A simple change of variables yields [pq f7e = [ga f(ex)n(x)dz. By choosing f=1,
this already proves ||nz|ly = |[n]1 = 1. Also, whenever f € L>(R%), then | [pu f1e] < || f]los
uniformly in €. The latter inequality also justifies the application of dominated convergence
in order to prove for f € C(RY) N L>®(RY). O

A family of functions (1;)s>0 is called an approzimate identity in R? with respect to n, if
(ne)e>0 and 7 satisfy the assumptions of Lemma

Example. A commonly used family of approximate identities are Gaussians, as they
often appear as Fourier transforms of a Gaussian that has been introduced to regularize a

given integral (see for instance (2.5)) or (6.6)). Since for £ € R? and a > 0, we have

(}-e—a\.|2)(£) _ (Z)d/Q e /o (\/al/ﬁ)dﬁ(g/(\/a/w))’ (D.2)

where 8 1= 7% 26*|'|2, it follows that the Gaussians ﬁ((xd) .= Fe~o* form an approximate
. . d
identity (85"”)as0-

D.2. Modified Bessel Functions of the Second Kind. For 5 € R, solutions s — Kg(s)
to the Modified Bessel Equation s%y” + sy’ — (s®> + %)y = 0 are called Modified Bessel
Functions of the Second Kind. For s > 0, as is shown for example in [52, (9.42)], we have

sB

Kp(s) = 98+1

/ et -1y, (D3)
0

and by changing variables, see |52} (9.43)], also

ﬁ S B > —st v—
Kﬁ(s)zw(2) /1 et (12-1)" Y24t . (D.4)

In this thesis, we are interested in the values f = (n+1)/2 for n € N. In that case, these
representations yield

Lemma 30. For anyn € N, v > 0, and s > 0, we have

s\(n+1)/2 [ _ o ¢ —(n
Kina(vs) = (2) / e VM) () =492 gy (D.5)

14

and for any « € (0,2],

n+a)/2 [ .
K(n-i—a)/?(yl/as) - ( ; >( v / €_V2/ t—SZ/(4t)(2t)—(n+a)/2—1 dt. (D-6>
0

pl/a

Moreover,

1/ s\-D2 [ _
Kol = 5 (5) " [ eV ap. (D.7)
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Proof. The identities (D.5) and follow directly from (D.3|) by changing variables. For
(D.7)), we note that

[ gy = g [ e g,
n 0

n/2 00
_ 2 n/ / e St (2—1)"=D/2 ¢ g
I'(3) L
n/2 00
L(2+1) Ji dt
n/2 (eS)
= Wni 8/ et (2 —1)"? dt
2T (n—1)/2
=2 <8> K(n+1)/2(8),
where the last equality is due to (D.4)). O

The following Lemma is used in the proof of Lemma
Lemma 31. For each n € Ny there is a constant C > 0 such that for all s >0

K(n+1)/2(8) <C s~ (nt1)/2g=s/2 (D.8)

Proof. If n = 0, then the estimate holds trivially, since K 5(s) = @ 571278 < Cs1/2e79/2,
In the case n > 1, it follows from the integral representation (D.7)) and the estimate

/ efsx/|p\2+1dp _ ’Sn1|/028\/t2+1tn1dt
n 0
oo
< ’Sn1|es/2/ 6fst/2tn71dt _ Cefs/2sfn’
0

that K,41)/2(s) < C s~ (nt1)/2¢=5/2, O

Lemma 32. Ford € N and s > 0, we have
s K(ars)/2(5) < 2K(g41)2(5/v2) - (D.9)

Proof. We use the integral representation (D.7) with n = d + 2. For p € R%2, we write
p = (pg,p2), with pg € R? and py € R2. Then, (/|pa|2+1—|p2|)? > 0 implies that

VP +1 = & (ViIpal?+1+ [p2l) -

Hence, by using (D.7)) we obtain for s > 0,

s (s \(d—1)/2 —84/
Kap(s) = 3 () /Rd+26 P dp

< s (s)<d—1>/2/ o vz VIPalPH dpd/ e~ valeel g,
R4 R2

47 \27
= SK(d+1)/2(S/\/§)/0 e Va'rdr = 25_1K(d+1)/2(5/\@).

Since in the case s = 0 the inequality is trivially true, this proves the claim. O
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Lemma 33 (Derivative). For f € R and s > 0, we have

%Kg(s) = gKB(S) — Kpia(s). (D-10)

Proof. This follows immediately from (D.3]), since we are allowed to differentiate under the
integral sign, due to

o>~

ds
for all t > 0 and s € [a,b] C (0,00). O

[\]

9 (67t752/(4t) tﬁl)’ _ 2671%52/(40 62 < U e jan) o2

APPENDIX E. LEVY PROCESSES, DIRICHLET FORMS, AND BERNSTEIN FUNCTIONS

This section gives a short overview of notions from the theory of stochastic processes and
related topics in probability theory. We will not give all definitions in their full generality,
but rather focus on the special cases we need in order to state and use the results in [37].
In particular, some of the stated results for Lévy processes also hold for a larger class of
stochastic processes called Hunt processes, and in some cases even for all Markov processes.
Our main references are [2], [33], and [47].

E.1. Lévy processes and their transition operators. Let (', F,P) be a probability
space, and let R? be equipped with its Borel o-algebra B(Rd). We denote the probability
distribution Po Y1 of a random variable Y : ' = R? by py-.

A family X =(X;);>0 of random variables X; : I' — RY is called a stochastic process with
time parameter set [0,00) and state space R?. A stochastic process X is called a Léuvy
process, if (1) Xo=0 almost surely, (i7) X has independenﬂ and stationarylﬂ increments,
and (7i7) it is stochastically continuou

As is shown in [2, Proposition 1.4.4], if X is a Lévy process, then the probability distri-
butions u; := px, form a convolution semigroup (u¢)i>0, called the convolution semigroup
associated to X.

By [33} 3.6.4], for any convolution semigroup (i)¢>0 of finite measures on R%, there exists
a unique function n : R¢ — C, such that

/Rd 57 uy(dz) = e 1O (E1)

for all € € R% and t > 0. Since a probability measure p is uniquely determined by its Fourier
transform & — [pq € ?pu(dz), also called the characteristic function of y, it follows for a
convolution semigroup (u¢)¢>0 associated to a Lévy process X, that the function 7 in
is uniquely determined by X. In this case, 7 is called the Lévy symbol, Lévy exponent, or
characteristic exponent of X.

LA stochastic process X has independent increments, if for each n € N and 0 < t; < --- < tp41, the
random variables (th+1 —X¢, )1<k<n are independent.

12The increments of a stochastic process X are called stationary, if for all ¢ > s > 0, the random variable
X:—X; has the same probability distribution as X;—s—Xo.

137 stochastic process X is called stochastically continuous in t > 0, if for any € > 0 the probability of
| Xt4n—X¢| exceeding € converges to 0 as h — 0, i.e. limp_0 P(|Xi4n—X¢| > €) = 0. The process is called
stochastically continuous, if it is stochastically continuous in the whole parameter space.
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A common example is (standard) Brownian motion, also known as the Wiener process,
which is a Lévy process (B;);>0 with continuous sample paths ¢ — B, and such that B; — Bs
is normally distributed with mean zero and variance t — s, whenever 0 < s < t. It follows
that )

. . T _¢lel2
E[¢€B] = /Rd €Ty () = (th)d/?/Rd ¢i€ 1o/ (20) gy _ o~El/2
which means that (&) = |£]?/2 is the Lévy symbol of (B;)¢=o.

With each Lévy process X we may also associate a family of bounded operators (73)¢>o,
defined on the space (By(RY), || - ||s0) of bounded Borel measurable functions on R?, by

Tifta) = [ farpmd) = B, (5.2

They are known as the transition operators of the Lévy process X, since for any Borel set
E c R?and x € RY, the quantity p;(z, E) := (T;xg)(z) = P(z+X; € E) gives the probability
of finding the process z+X; at time ¢t > 0 in the set E after having started in x (since Xy = 0).
The transition probability functions p; are transition kernels, which means that for any Borel
set E C R? the function z — pt(x, E) is Borel measurable, and for any = € R? the map
E — pi(z, E) is a probability measure.

If the measures p¢(z, -) are absolutely continuous with respect to Lebesgue measure, i.e. if
for all t > 0 and = € R there exists a measurable function y ~ p;(z,y) such that p,(z, dy) =
pe(z,y)dy, then X is said to have a transition density p;. Since pi(x, E) = u(E—x), it follows
that X has a transition density, if, for all ¢ > 0, the probability distribution u; has a density
f+ with respect to Lebesgue measure, and in this case pi(x,y) = fi(y — x).

A Lévy process X is called symmetric, if u(A) = py(—A) for all ¢ > 0. Thus, if f; is the
density of a symmetric Lévy process with transition density p;, then fi(z) = fi(—x) and
pi(z,y) = pu(y, ).

By [2, 3.1.2], from Definition and the properties of Lévy processes, it follows that
To =1, Ts1t =TT, ||T2|| < 1 for all s,t > 0, as well as [2, 3.1.9]

Jin |Tf ~ flle = 0 (E3)

for all f € Co(R?). Hence, (T});>0 forms a one-parameter contraction semigroup of bounded
operators in By (R?), which is strongly continuous on the subspace Co(R?).

So far, we considered the transition operators T; to be defined only on spaces of bounded
functions. Moreover, many of the stated results are also true for a larger class of stochastic
processes, called Feller processes. However, for Lévy processes, all the above properties can
be carried over to L?(R%) (actually to LP(R?) for arbitrary 1 < p < oo, but we will only need
the case p=2). Indeed, as is shown in [2, 3.4.2], if X is a Lévy process, then defines a
strongly continuous contraction semigroupﬂ (T)t=0 of bounded linear maps in L?(R%). In
particular, for all f € L?(R9),

lim [|Tif — fll2 = 0. B.4
Jm T f = flla =0 (E.4)

From now on, we call (T})¢>0 the contraction semigroup associated to X, and unless specified
otherwise, the operators T} are defined on L?(R%).

Hgince it will be clear from the context on which space the semigroup is defined, we use the same symbol
for the transition operators on By(R?) and on L*(R%).
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E.2. Generators, Dirichlet forms and killed Lévy processes. The L2-generator of
the contraction semigroup (7}):>0 associated to a Lévy process X, i.e. the linear operator A
defined on

D) = {v e LR :36 € R, lim [HTw—v) o], =0},  (E5)

by Ay := limy_04 %(Tfﬂ/} — 1) for all p € D(A), is also called the generator of X. As it is
the case for the L%-generator of any strongly continuous semigroup of bounded operators,
D(A) is dense in L?(R%) [2, 3.2.6], and moreover, A is a closed operator [2, 3.2.7].

A Lévy process X is called Lebesgue symmetric, if its transition operators T3 are symmetric
(hence self-adjoint) as operators in L?(R%). The generator A of a Lebesgue symmetric Lévy
process is self-adjoint and negative semidefinite (see for instance |2} 3.4.6] or [47, A.13]), in
particular (—A) is positive semidefinite. Moreover, an approximation argument shows that
a Lévy process is symmetric, if and only if it is Lebesgue symmetric (see |2, 3.4.10]).

The Dirichlet (energy) form of a symmetric Lévy process X is the closed quadratic form

£ on L*(R%) with domain D(E) = D((—A)'/?), defined by

E(f) = |27, (E.6)

where A is the generator of X. There is an extensive theory around the concept of Dirichlet
forms, also for more general classes of stochastic processes, see e.g. [25]. Dirichlet forms are
also a good device for connecting with the theory of partial and pseudo-differential operators
and their quadratic forms. Indeed, as we will see below, a large class of unbounded operators
can be identified to be generators of symmetric Lévy processes, including the relativistic
kinetic energy operator. Restrictions to domains of R? with Dirichlet boundary condition is
stochastically implemented by killing the underlying process.

For a Lévy process X and an open set Q C R?, define 7 := inf{t > 0: X; ¢ Q}, which is
known as the first exit time of X from Q. Then, the killed process X*?, obtained by killing
X when exiting €2, is defined by

XtQ _ Xt, t < e ’ (E?)
Jd, t=tq

where 0 is a so called cemetry state, which is some isolated point addedlE to the state space,
in our case R% It follows from the definition that X is again a Lévy process. If X is
symmetric, then X is symmetric as well, and its Dirichlet form (£, D(£%)) is given by

DEY) = {ueDE): ulgag =0}, (E.8)

and E%(u) = E(u) for all u € D(EY) (see [47, 12.49] and [25, p. 175]).

E.3. Bernstein functions and related classes. We say that a function f € C*°(R4,R)
is a Bernstein function, if f(s) >0 and (—=1)""1f("(s) > 0 for all s > 0 and n € N.

By [47, Theorem 3.2], a function f : (0,00) — R is a Bernstein function, if and only if
Ja,b > 0 and a measure p on (0, 00) satisfyinﬁ f(O,oo)(l A s)p(ds) < oo, such that f admits

15Any function on R? is extended by zero to R U {8}.
16Recall that a A b := min{a, b} for a,b € R.
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the Lévy-Khintchine representation
f(s) = a+bs+ / (1—e*") p(dt). (E.9)
(0,00)

Then, (a,b, ) is called the characteristic triplet of f, and the measure p is called the Lévy
measure of f. As an example, we may use the formula |2 1.7]

@ > t 1
9= —— 1—e*)s % d E.10
o [ e (E.10)
for a € (0,1) and s > 0, in order to see that s — s* is a Bernstein function for all a € [0, 1].

Closely related to Bernstein functions is the class of completely monotone functions, which
is given by the set of all g € C®(R,, R) satisfying (—1)"g(™ (s) > 0 for all n € Ny and s > 0.
Note that if f is a Bernstein function, then f’ is completely monotone.

Completely monotone functions can be characterized by the Laplace transforms of mea-
sures on [0, 00) (see |47, Theorem 1.4]), more precisely for any completely monotone function
g, there exists a unique measure p on [0,00), such that

g(s) = /[0700) e % u(dt) . (E.11)

A Bernstein function f is said to be complete, if its Lévy measure has a completely
monotone density h with respect to the Lebesgue measure on (0, 00),

f(s) = a+bs+/(0 )(1—6_5t)h(t) dt . (E.12)

On RY, the counterparts of completely monotone and Bernstein functions are given by
the families of positive definite functions and negative definite functions (in the sense of
Bochner), which we will denote by Cp(RY) and Oy (R?), respectively. In the literature, many
authors use different equivalent definitions of these two classes (see for example [33, 3.5.3 and
3.6.5] or [47, 4.1 and 4.3]. For our purposes it suffices to use the following characterization
of Cp(R?), which is sometimes called Bochner’s theorem [47, Theorem 4.11]: A continuous
function ¢ on R? is positive definite in the sense of Bochner, if and only if it is the character-
istic function of a finite measure p on RY, i.e. if ¢(¢) = ¢, (¢) = Jga ey (dzx) for all € € RY.
Hence, the measure p is uniquely determined by ¢, and vice versa. Moreover (see |47, 4.4]
or 33} 3.6.17]), a continuous function 1) : R? — C is negative definite in the sense of Bochner,
if and only if 1/(0) > 0 and & — e~ belongs to Cp(R?) for all t > 0. For example, the
function & — [€]? is negative definite, since the Gaussian e~ té is the characteristic function
of a measure with a Gaussian density.

On [0,00), the family of bounded continuous positive definite functionﬂ coincides with
the set of bounded completely monotone functionﬁ 47, 4.9], and moreover, the family of
continuous negative definite functions is the set of Bernstein functions [47, 4.10].

Continuous negative definite functions have a Lévy-Khintchine representation [A7, 4.12]:
A function n on R? belongs to Cn(R?), if and only if there exist a > 0, 8 € R, a

17The notions of positive and negative definite functions can be defined on any abelian semigroup with
involution, see [47, Ch.4], in particular on [0, c0).
18Here, we use the convention that smooth functions on (0, 00) are continuously extended to [0, co).
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symmetric positive semi-definite matrix Q € R%*?, and a measure v on R%\{0} satisfying
fRd\{O}(l/\|yy2)u(dy) < oo, such that

(1 — %Y 4 i€y )V(dy) . (E.13)

we) —a+is-c+eQet [ e

R4\{0}
The quadruple («, 8, Q,v) is uniquely determined by 7, and vice versa.

E.4. Characterization of Lévy processes and subordination. The connection of the
previous section to the theory of Lévy processes can be seen from . If i is the Lévy
exponent of a Lévy process X, then for each t > 0, £ — e () is the characteristic function
of the probability distribution p; = px, of X;, which is a finite measure on RY. Hence e~
is positive definite, and it holds 7(0) = 0, since u(R?) = 1 for all ¢ > 0, which means
that n is negative definite (see the characterization above). Moreover, as can be seen from
the properties of (u¢)>0 as a convolution semigroup of finite measures [33, 3.6.16], n is
automatically continuous, and therefore € Cy(R%).

As is shown in [34, 3.7.4], also the converse is true: Given n € Cxn(R%) with 1(0) = 0,
there exists a unique Lévy process X, such that

E[eX] = ™), (E.14)

Thus, there is a one-to-one correspondence between Lévy processes and continuous negative
definite functions vanishing at the origin, given by . The characteristic quadrupel
of a Lévy exponent 7, given by the Lévy-Khintchine representation , takes the form
(0,8,Q,v). The triple (8, Q,v) is therefore called the characteristics of the associated Lévy
process X. For example, Brownian motion has characteristics (0, I, 0).

A Lévy process X with characteristics (b, Q,v) is symmetricﬁ (see |2, 3.4.11]) if and only
if b = 0, v is symmetric, i.e. v(B) = v(—B) for all B € B(R¥\{0}), and its Lévy exponent is
real-valued, i.e.

”o = ¢+ | gy (17 eos(E ) (). (E.15)

The characterization of Lévy processes given by immediately leads to the concept
of subordination, considering the following fact from |33} 3.9.9]: If f is a Bernstein function
and 7 € On(RY) takes values in [0,00), then also f on € Cy(RY).

If X is the Lévy process corresponding to 1, and f is a Bernstein function with f(0%) = 0,
then the Lévy process X/ associated to f o, is called the Lévy process subordinate to X
with respect to f. Therefore, the subordinated Lévy process X/ satisfies

E[eithf] — o tfm©) (E.16)

In the case of Lévy processes, this is a straightforward way of defining subordination.
However, there is another approach, which can also be applied for larger classes of stochastic
processes, and therefore is used in most of the literature on the subject. This alternative
definition does not rely on the characterization given by , but makes use of so-called
subordinators (St)i>0, one-dimensional Lévy processes that are non-decreasing (a.s.). Hence,
if (S¢)t=0 is a subordinator, then 0 < Sy, < St, (a.s.), whenever 0 < t; < tg, which is why
subordinators can be thought of as random models of time evolution. In fact, they are used to

19gee Section in particular —A is a positive semidefinite operator, where A is the generator of X.



PSEUDO-RELATIVISTIC TWO-TERM ASYMPTOTICS 64

change time in stochastic processes: If X is a Lévy process, then the process X = = (X; N0
defined by X7 (w) := X, (w)(w) for all w € T, is also a Lévy process (see [2, 1.3.25]).

By |2, 1.3.15], there is one-to-one correspondence between subordinators and Bernstein
functions f with f(04) = 0, given by the Laplace transform: For a subordinator S, there
exists a unique Bernstein function f, such that for all u > 0,

Ele™%%] = 7t/ (E.17)

Conversely, if f is a Bernstein function with f(0+) = 0, then there exists a unique subordi-
nator (S;)i>o satisfying . The Bernstein function corresponding to a subordinator S
is called the Laplace exponent of S.

Now, if f is the Laplace exponent of a subordinator S, and n the Lévy symbol of a Lévy
process X with n(€) > 0 for all £ € RY, then one can show (see 2, 1.3.27]), that f o7 is the
Lévy symbol of X°. This means that X coincides with the subordinated Lévy process X7.

As an example, for any « € [0, 2], consider the function £ — |£|%, which is a continuous
negative definite function on R%, since it is the convolution of the Bernstein function s — s®/2
and the continuous negative definite function & ~— |£|?. The corresponding Lévy process is
known as the a-stable process (see Section for the relativistic version).

E.5. Fourier representation of Dirichlet energy forms. For n € Cy(R%) and s > 0,
we will use the following generalization of classical Sobolev spaces in L*(R%): The space
(H™(R), || - ||.5), consisting of all u € L?(R?) satisfying

lully,s == [|(1+n()]) < o0, (E.18)

forms a Banach space (see [33, 3.10.3]). Note that, for n(§) = [£|* with « € [0, 2], the space
H"#(RY) coincides with the Sobolev space H**/?(R%) discussed in Appendix
Let n be the Lévy exponent of a symmetric Lévy process X. As is shown in [2, 3.3.3],

the elements of the self-adjoint contraction semigroup (73)¢>o corresponding to X have the
Fourier representation Ty = F~le~®(27)F.  This implies for the generator A of X, that
D(A) = H"?(RY) and —Au = F~n(27-)Fu for all u € H"?(R?) (see [2, 3.4.4]). Thus, the
Dirichlet energy form of X is given by

D(E) = HM(RY), (E.19)

ew = [ nere)lite)?ds. (E.20)

This result allows the identification of many partial and pseudo-differential operators with
generators of appropriate Lévy processes. In particular, many pseudo-differential operators
which are functions of the Laplacian can be represented as generators of processes subordi-
nate to Brownian motion. For example, the a-stable process from above is generatedlﬂ by
the fractional Laplacian (—A)®/2, the positive semidefinite operator in L?(R?) defined by
the quadratic form u — [pq |27€|*]0()[*d¢ with form domain H/2(RY).

Since the Lévy exponent n of a symmetric Lévy process takes the form , the Fourier
representation of its Dirichlet energy form &£ implies that for all u € S(R?),

Z Qij (0ju, ), /Rd/]R u(@+y) — u( )|217(dy)dac, (E.21)

el 2\{0}

20For convenience, one uses the term generator for both A and the positive semidefinite operator —A.
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for some symmetric positive semi-definite matrix Q € R**¢ and a measure 7 on R\ {0},
which differ only by constant factors from () and v in . The structure of is
not specific for Lévy processes, but a special case of the so-called Beurling-Deny formula
(see [25, Theorem 3.2.1]). According to Beurling and Deny, a general Dirichlet fornﬂ,
satisfying a certain approximation property, can always be decomposed into a locallﬂ part
and a non-local part. In , the first term is local, while the second term is non-local.

In the next section, we will state a similar result for Dirichlet energy forms of subordinated
Lévy processes, together with explicit formulas for each of the parts in the decomposition.
This allows to extract useful integral representations of the operators used in the main part
of this work.

E.6. Dirichlet energy forms of subordinated Lévy processes. Let X be a symmetric
Lévy process with transition probability functions p; and corresponding contraction semi-
group (T3):>0. Let f be a Bernstein function with characteristics (0,0, u), in particular
f(04) =0, and let X/ denote the Lévy process subordinate to X with respect to f. By the
Lévy-Khintchine formula ,

s = [ (e utan. (B.22)

As is shown in [44, Theorem 2.1], if (£, D(Ef)) denotes the Dirichlet form of X/, then
implies for all u € D(£Y) that £/ (u) = [(u—Tyu,u)s p(dt). This identity can be used
to derive the following Beurling-Deny representation of £/ (see [44, Theorem 2.1 (2.11)]).
For all u € D(EY),

) = [ futa)—u) (), (£.23)

where Jf is the positive measure Borel measure in RYxR? given by

JH(Bx(C) := ;/B/(O’oo)ps(x,C),u(ds)dx. (E.24)

Let us add the remark, that is a special case of a more general result discussed
in [44], which also includes a term originating from the case b # 0 in the characteristic triplet
(0, b, p) of the Bernstein function f, which has the form b&(u). The validity of the formula,
though, is then obviously restricted to u € D(E) C D(ET).

E.7. Example: Relativistic a-stable process. We apply the above results in order to
find an expression of the form (E.23|) for the quadratic form

0w = [ ((2meem)” —m) Jafe)? de
R4
. . a,dy /2
with form domain D(gn"") = H,' " (Q).

21 As mentioned earlier, Dirichlet forms can be defined for a large class of stochastic processes, including
processes with state spaces other than R%. See e.g. [25].

22 bilinear form B on L?(R?) is called local, if B(u,v) = 0 whenever supp(u) N supp(v) = §. Similarly,
the corresponding quadratic form u +— B(u,u) is called local, if B is local.
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Let X be the Lévy process corresponding to n(¢) = |£|?. This is the Lévy process generated
by the Laplacian (A, H?(R%)), and, due to and (E.19), the Dirichlet form of X is given
by (€, H(R?)), where £(u) = || Vul|2.

Since E[e’Xt] = e*t‘ﬂz, we have X; = By, where (By);>0 denotes standard Brownian
motion. Hence, X; has the probability distribution px, (dz) = (4mt)~%2e~1#1*/4t 4z and for
any t > 0, the transition function p; of X satisfies

pi(x, E) = P(x+Xy; € E) = (47rt)_d/2/ e le—ul?/4t dy
E
for all z € R? and E € B(R?). Therefore, p;(x,dy) = ki(x,y)dy, where k; denotes the heat
kernel in R¢.
Next, for m > 0, let fo : (0,00) = R be given by fa(s) = (s+m?*)%/2—m. By (E-10),

/2 >~ —st\ —m2/% ,—a/2—1
o = —— 1—e*® metTe dt. E.2
fols) = Farg [ = (.25)
Setting puq (dt) = F(ﬁ/jﬂ)e_mQ/att_a/z_ldt, which satisfies [~ (1At) pa(dt) < 0o, we obtain

that f, is a Bernstein function with characteristic triplet (0,0, 1). We are interested in the
Lévy process X 7o subordinate to X with respect to f,, which is known as the relativistic
a-stable process.

By (E19) and (E:20), the Dirichlet energy form of X/« is given by (Ef&,Hf“(HZ)’l(Rd)),
where Hl(l)1(R?) = H*/2(RY), and

gl (u) = /Rd (127 +m2/)*" —m) Ja(e)I? d . (E.26)

—~

Now, let X7 denote the Lévy process, obtained by killing X /e when leaving €2, as was
introduced in (E.7]). The associated Dirichlet energy form, see (E.8]), is given by

D(EMY) = {ue H2RY ulpag =0} = Hy'*(Q),

and &fe(u) = £« (u) for all u € D(E/+?). By (E.24),
1 [e.e]
JIe (dz, dy) = / kt(x,y) pa(dt) do dy
0

2
_ a/2 1 % m2ata—yl?/at ,—(d+a)/2—1
- 2I(1—-a/2) (47r)d/2/0 ‘ ! Aty
(ml/a>(d+a)/2 K(dJra)/Q(ml/o‘\x—y\)
2m |z—y|(@e)/2

@

(67

dx dy ,

where C,, = 22722 Thys, due to (E.23), for all u € HOC"/2(Q), we have

T(1—a/2)
Vo (d+a)/2 K (mY/e|z—y|)
o0 ._ m B 2 N (d+a)/2 Y
a2(w) = Ca () /R ) /R ) —uly) P = G dady. (B2

In particular, for « = 1, we obtain (0.10)), i.e.
Q, \ _ (m\dth)/2 B o K(at1)2(mlz—y|)
anw = (5-) [ L @) =) P =R dw dy

= [ [ @) -ul) n(la~]) dwdy
Rd JRd
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for all u € HS/ 2(Q) This representation also follows from the corresponding integral repre-
sentation of the kernel of e~*4m  more precisely from (see |39, 7.11 — 7.12])

1 tAQ

{((u,u)—(u,e_ mu)) = /Rd IR{d\u(av)—u(y)|2(9m((|av—y|2—|—1t2)1/2) dz dy. (E.28)

APPENDIX F. PROOFS OF TECHNICAL RESULTS

F.1. Proof of . In this section, we will prove that for each § € (0,1) there exists
Cs > 0, such that
A AP < G5, (0.15)
whenever 0 < p < %
For this, we will use details about G, », the second term in the expression for F, »,
which have not been recorded in Lemma More precisely, by [37, Theorem 1.1], for any
w = 0, Gy, is the Laplace transform of the measure

Yo r(dr) = X(T707 00) (1) B a (1) dr (F.1)
where
2_1_.,2 00 2 2
R e R e e
Note that
haalr) = 2 = (7).
’ Vitw?
Lemma 34. For all v > 1, the function A — ho \(r) is differentiable, and
‘aho,\(r) < Zhoa(r)  VASO. (F.2)
ox A

Proof. We have

1 A r2—1 1 [
hoa(r) = =2 T e |22 [T s nyds| >0,
O,/\(T) 21 X212 A2+1 eXp |: = /0 g (S )‘) S:| 0

where g,(s,A) := ;57> In (34 34/ iiﬁ) Since
g, (s, \) r A Vs?+1

ON S A4/ 14N

and in particular |89T8(f\’/\)\ < ;zpyz, we are allowed to differentiate under the integral sign.
Hence, by an explicit computation

0 2)\2 A2\ hoa(r)

-y = (1- 22 (-1, ) A

g 0A(r) < JEITC R “)A2+1> A
where

1 [ V8241 1 [
I/\TZ:/ 2T2 ST dsé/ %dszl,
’ T Jo 12482 V21V A+1 T Jo 1T2+s

and thus, (F.2)) follows. O
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Proof of (0.15). As in the proof of Lemma we study the t-integrals in regions for small
and large ¢ separately. For terms that are not absolutely integrable for large ¢, we integrate
by parts in A to produce factors of t=1. We have

AP A = - {(ﬁ’llﬁu/sw(VH) 1) (1-2B,¢1()?)
— (| o (A2+1) = 1)_ (1—2F0,A(t)2)] d\dg' dt
~ a1 | [ @10+ 286 0610) a'ar (F.3)

where, for w,v > 0,

W (1) = /OO<(V¢UJ(/\2+1)—1)_ (e +1)-1).) (1-2E,,(0?) dx,

0

IO(v,1) = /Oo(y Bo(X2+1)-1)_((1=2F(1)2) = (1-2Fp (1)) ) dA.

0

We start with the integral of the second term, [ [pa- 7 /\g/ (|§’\ t)d¢ dt. By using

, i.e.
1—2F,\(t)* = cos (2At+20,(\)) — 4sin (Mt + 9y, (N)) Gua(t) — 2Gua(1)?,
we obtain
I3 (v, t) = 3D (v, t) — AT (1, t) — 2239 (1, 1),

where

g

(v o (A2+1)— 1) (cos (2Bu(t)) — cos (2507)\(75))) dX,

(v o1 =1)_(sin (B (8)) Gun(t) = sin (Boa() Goa(t)) dA,

i
\\c\

T (o +1)-1). /0 h (Gun(®? ~ Gon(t)?)dr.

and B, \(t) == (A\). We have
/OO 1720 (v, )| dt < /oo (Vo (N*+1)—1)_ /Oo|sin (Bu(t)) —sin (Box(t))| Gua(t) dt dA
0 0 0
+/0 (V¢0(>\2+1)—1)_/0 | sin (Boa(t))||Gua(t) — Goa(t)| dtdA.

Since by Lemma
0 0 A\
’awﬁw()\)‘ = '&u 190(\/14_7) =
A w 1
< < <
A24+14w? /14w?2  VAZH1
for all A\,w > 0, it follows that
Sln <ﬁw,)\(t)_60,)\(t)> ’

Aw
(L?)p/2

0, »
‘m(mwa)

| sin (B (1)) —sin (Boa(t))] < 2 5
< 2A [9u(N)—do(N)] € 2Aw. (F.4)
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Hence, by (5:39),

/ | sin (Bu(t)) —sin (Boa(£))| Gua(t) dt < 21 Aw) (AAATY). (F.5)
0
Next, by (F.1)), for any w > 0,

|Gua(t) = Goa(t)]| =

e (X500 (1) Bor (1) = X(1,00) (M oA (1)) dr

> i (=)
et r 07)‘/ Hw?\Vitw?/ (P hoa(r) | dr
/0 (X( )(\/1+w2) NG X(@, )( ) ho(r)

/1 (e—\/1+w2 tr h(),)\/\/m(r) _ e—tr h07)\(7‘)> dr

< [ e o) — hoa(n)]drot [ fen VI e
1

1
By Lemma for all w > 0,

ho x(r) dr.

0 h . 8h07,\(r) Aw
i (D =\ T e
V1tw?
2w 1 AT

< 14w? hO,/\/\/lerQ(r) S VAL 2472
and therefore,
w

T[T e ") —h r‘drdtg d / dr < .
/0 /1 o/vTEe(r) = ho(r) v i) D R N e |
Since, again by ( -

/ / —m”— b a(r) drdt < / Goa(t)dt < w(AAXTY),
it follows that
/ (Gua(t) — Gon()|dt < 2(1Aw) (LAAD). (F.6)
0

Since, for all w > 0, we have 1 Aw < (1 Aw)® < w® whenever 6 € (0,1), we obtain from (F.5)

and (9
oo 1 %71
L el ar < ape [T | o) (A

= / (/d)\—l—/ly)\ dA)du

< apd /0 *(1+|In(v)|) dv =: Csp° (F.7)

for all § € (0,1). Here, 0 < C5 < oo, since fol v~ dv < oo and fol v In(v)| dv < occ.
Similarly, since G, \(t) < sind,(A) < 1, (F.6) also implies

/ / 79 (1€'1.0)| de'dt < Cy (F.8)
Rd-1
for any 6 € (0,1).
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Next, for ILQG) (v, t), we write
/ / 228, (1€, 0)| de d (F.9)
_ a2 (2a
_/ (/ ’u/yut’dt+/‘u/y u,t)]dt+/1 IWuMdt)
By (F.4), for any w > 0, we have
| cos (2Bu,a(t))— cos (260(1)) | < 2]sin (Bur(t)—=Boa(t))| < 2Aw, (F.10)
and thus, for any ¢ € (0, 1),
/ I/d2// (Vl/}o(/\Q-i-l)—l)_’ cos (Qﬁu/w\(t)) — oS (2607)\(t))‘ d\ dt dv
0 00
1 v rl/v 1
2/ VH/ / (1—vho(N+1)) (L A p/v)drdtdv < ,ﬁ/ v dy = Cspul.
0 0o Jo 0

In the region ¢ € [v,1), we use (5.29), i.e.

d 49,
cos (28,/,,1(N)) = 1 (d)\ sin (28,74 (X)) — 2cos (28,/,,4(N)) d/;\/ > '

After integrating by parts, we obtain

1
R

0 A (1—veho(A°+1)) (cos (28, /u,1(t)) — cos (2B07,\(t))) d)\‘dt dv
< /1yd—1/121t/\/F)\)2\
/ d— 2/ /\/7 cos 25#/1/)\( )) H/V (X) = cos (2Bo.a(t)) 629)\0 ()\)‘ A\ dt dv .

By (F.4), for any ¢ € (0, 1),

/ . 1/ Qt/ _i/)T sin (Qﬁu/u A(t )) —sin (250,/\(75)) ’ d\dt dv

1/v 1
< / I/d_l/ Zt/ (LA p/v)drdtdy < /fs/ V472 In(v)| dv < Cspl.
0 v 0 0

Moreover, since 9,,(\) = Yo(A/vV1+w?), for any w > 0, by Lemma [18| (properties of ¥,,),
d?9,, dd,,

o0 (dd, W
% (CMW)‘ = T Paoe M

w ( AV 14+w? VvV 1+w? > o 2

1
Vd_2

sin (28,0,(1) = sin (260,1(1)) | dX dt dv

v

< < , F.11
14+-w? (A2+1+w2)3/2 A2 4+1+w? A2+1 ( )
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and therefore, by ([F.10 m,

/ “ 2/ /\/7 COS (28w (t )) WV () = cos (2Boa(t)) =+ o ()\))d)\dtdl/

)
1/v
/ 42 / / 08 (28,/7(1)) — cos (260a(1)|
/ d— 2/ /UV u/v _ dvy
X
1/V 1/\
i M/V
/ / / S dndedy
1 1/v
< 3u5/ ud—H/ - /dA+/ AT2dA | dtdv
0 v t 0 1

1 1
< 3,u5/ v In(v)| (2—v) dv < 3u5/ v In(v)|dv < Cs il
0 0

dvg

() ddt dv

(A)‘ X dt dv

for any ¢ € (0,1). In the region where ¢ € [1,00), by integrating by parts twice, we obtain

I
:/0 Vd—1/1
+/01 =2 /1001 v _(1—V¢O(A2+1))
v ddo

x <Cos (28,0 (8) —5£ () = cos (2607,\(t))d)\()\)> d/\‘dtdz/

5 1
®) (k)
< Z ) vl /1 tQ\JW v,t) — Jy (v, t)] dt dv,
k=1

L1

(1—v vo( )\2+1)) (cos (28, (t)) — cos (2509\(15))) A ' dt dv
11

/\2+1

sm (25u/u>\( )) — sin (2507>\(t))) d ’ dt dv

where, for w > 0 and 0 < v < 1,

2

JW (v, t) = TV~ 1eos (2B, 2 apn(®),

T (1) = / F e o8 (28a(0) A,

IO (1) = / o m de (A) sin (28,.2(1)) dA,

JD(,t) = /\/7_11 vh(A*+1)) d;f;()\) sin (2B,(t)) dX

Va1 2
I (v, 1) = /0 (1-v¢o(A2+1)) (@“(x)) c0s (2B,7(1)) dA.

By (F.10), we have

I @)= D] < (LAw) S
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and

TP (0, 1) - I (v, 1)] <

1/v 1 v
-z ) <
(1/\w)/0 >\2+1d)\\ 2(1/\w)(2 v) < 1Aw)v

[CNIAN

By (F.11), similarly as above,

1/v 1A
3 (3) w
| I (v, 1)~ (v, 1)] < u/o S 20w

For Ju(,4), we compute

3 2 2 N
d>vyg _ 5A 41 (3)\ +1 l0(>\) B \/)\Tf-l)

d\3 TAZ(A241)3 A
1 3A2+1 A )

e [ (B=ATH) (N + —
TANZF1)2 <( ) lo() AWATHL VA
where lo()\) denotes the logarithm defined in (5.14), satisfying ﬁ < Ip(A) < 1. Thus

d39
d\?

BT 1 g1 )
S (A241)2 T mA(A241)2 VAZET A2 A2

_ 151 N 1 - 2 _20 1
S (A241)2 0 w(A241)2 VAZH1) T om (A241)2

and therefore

d3q9w() _ 1 d3190( N ) _ 20 Vifw?
d\3 O (14w?)3/2 | dN V12| T (A2 4 14w?)?
Hence,
2d219w( )| = Aw d329w( )+ 2w d229w( )
Ow d\? | 14w? dA3 I4+w? dA?
26w 1+w? o 26 1
T o I4w? (A24+14w2)32 T o (A241)3/27
since d;f\g; | S 0Bt %, and thus
d*d,, d*9
—_ - — < 1 F.12
)= TR0 < O3ty (), (F.12)
From (F.5) and (F.12)), it follows that
1/v 1/\w
(4) —v) <
‘Jw (v, t)—J, C/ )\2+1 <COAAw)(2-v) < C(1Aw).
Similarly, by (F.10), (F.11)), and 0 < T/\w()\) < TH’
1/v do
) (y ©w </ 74 — 2220 dA

1/v
+ /0 )\2+1 ‘cos 2B, (t)) — cos (250,,\(t))‘d)\

Wwinw
< 1
6/0 S an < 6(1Aw).
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Combining the above estimates, we obtain, for any ¢ € (0, 1),

1
Z/ = 2/ 752| “/V v, t) — Vt’dth\C,ué/ Vd_Q_édl/gCgud, (F.13)
0

and therefore, by ([F.9 @,

// 1220 ('], 0)| de'di < Cy (F.14)

for any § € (0,1).
For I(E,l)(u, t), note that I'y C T',, for all > 0, where

T, = {(,\) € RoxRy [ 12(A241) < 14+2u},

and therefore

> (1) / ,
/0 /Rdlzu/s'(‘f |, t) dE" dt

oo rl1 %_1
= A /0 Vd_l /0\/”7 (¢0(A2—|—1)_¢“/V()\2+1)) (1_2F/.L/l/,>\(t)2) d\dy dt
oo rvI+2p 12n g
+/ / Ml/d—Q /\/Vi (1—1/11)’u/y()\2+1)) (1_2Fu/y,)\(t)2) d\ dv dt

142

“ 1
/ / dQ/ﬁ (1=v b, (N+1)) (1-2F,, ), \()*) dA dv dt . (F.15)

We use the same strategy as above, i.e. we consider the respective integrals in (F.15)) of the
three terms in separately While the terms containing a factor of G/, \(t) can be

controlled by using , i.e. fo t)dt < AA XL for all w > 0, we use integration by
parts in A to deal w1th the terms only contalnlng cos(28, 1 (1)).
Since
0 w
— (V)| =1 - ——— < 1
‘aw%( ) VA2 1 Hw?

we have [, (A24+1) — ¥g(A2+1)| < w, and therefore

1 %—1 o)
/ ud_l/F/ |[Yo(A2+1) = 9 (N2 H1)| Gy A (8) dt dX dv
0 0 0

1 1/v 1
<,u/ Vd_2/ AAXHd dr < ,u/ v 2 nv|dv = Cp.
0 0 0

NiE=m ,/”2“ 1
1 v l,)\+1 Gua(t)dtdXdv
u/ u/v,

yd—Q/ (AT dady
0

/m

Similarly,

vty < O
1
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For the terms of the last line in (F.15) that contain G/, »(t), we use the partition (recall

that p < )
c[0,1] = [0,\@) U [\/g,\/%w) U N%T;u] ,
so that
1+2u -1
/ = 2/ / (1=, (N2 +1)) G (t) dt dX dv
/1+2p, 1
</ 42 AN A Ndy = Zﬂ’f
0 -1 k=1
where
1 1+2p /iy 1
o= / ﬁud* Y A lddy ORS / P2 / Ad\dv
0 1 1 L1
2 2 2

We have

1 1
Ilgl) = 1/\51/61_2 ln< 13‘;2>d1/ < u/ﬁ —sdy = Cp,
0 0
[T
@ _ 1 [V? d72< _L> /1y, /1
.7#—2/\/g v 2= )dv < 4/ 5+p \ﬂéu
Vatr
3) _ 1 2 d—2 142 < /1 _\ﬁ<
I'U, 2/\/g v hl( 2 1>dV X 2+N 7 X M
(4) ! d—4 b
1, :,u/l v dyé,u/lu dv = Cp.
VaztH \/;

Therefore, we conclude that, by (F.15)),

[0t 0 10-1)— ) 1) | Gpn b iras < Cor. (E10
0 0 0

It remains to study the terms in (.15 that contain cos(23,/,,1(t)). As above, we consider
the integrals in ¢ separately in the regions where t € [0,v), t € [v,1), and t € [1,00). First,
we have

-1
(oA +1) =1,/ (A+1)) cos (28,1 (t)) dA ' dt dv

1 v rl/v 1
< / ud—l/ / |1ho(A24+1) = 1,/ (N2 +1)| dAdt dv < u/ vl dy <
0 0 0 0

1
Vdfl
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as well as
VI+2p v +2n_
/ Vd2/ /\/7(1 V(A +1)) cos (26#/1,7)\(15)) d\ ’ dt dv
1 0 0
Vif2p
</ 2/12p—v? dv < 2p (V1v2u - 1) < 2p,
1
and
1+2[J. 1
1 V(N H1)) cos (28,01 (1)) dA ' dt dv
L-1
1+2,u 1

/ ﬁ (1+u — V/144u2) d\dv

< / Vde(\/Q/H—l—VZ — V112 ) (\/Q/L—i—l—i—,u? — \/1+,u2) dv < 2p.
0

In the region where t € [v, 1), by integrating by parts, we obtain for the first term in (F.15]),

1 1 L1

/ d— 1/ )=V (V™ ) sin (zﬁu/w\/;(t))
-, T wﬁwz/uz) s (26,2 (1))
[

(oA +1) =1,/ (A+1)) cos (28,1 (t)) dA ' dt dv

do
(Po(N2+1) =1/, (A+1)) cos (28,,/,1(t)) d‘;\/"()\) d)\‘dtdy

1 1 1
<o [ @l [ ne)d s [ @@ )R dr < s,

since for all w > 0,

0 A B Aw o A
Ow VN2 1+w?  (A2+14w?)3/2 T A2417
and therefore,
A A

— <1Aw.
VAL VA2 +H1Hw?

Similarly, integrating by parts in the second term in (F.15) gives

14+2p
5=—1

14+2p
/V o

1

1 v

[1+2p

(L=t (N1)) 05 (28, /() dA ‘ dt dv

1+2[J. 1

\//\2—&-11\&-#/2 sin (QBH/V,A(t)) d\

di,,/,
+ (1—ywu/y()\2+l)) cos(2ﬁu/y,)\(t)) di\/ ()\)d)\‘dtdl/
0
T T VI
< V;"/ y1n(y)\du+/ yln(y)\/ AN dAdy < Cp,
1 1 0
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and for the third term in (F.15)),
1 1
I

0 v

1
_ d—2 - v v .
_/0 Y /y Zt‘/,/jz—l SEriteeE o (26w 1)) dX
Ve d
V2 v
_|_/ B/

(1wt (21)) €08 (28, (1)) dA ' dt dv

19
2

— (1—1/#)“/1,()\24_1)) cos (28, /u2(t)) D ()\)d)\‘dtdu
1
< g/o v In(v)| dv 4 (14 — /1442 / 2(V2+|In(w))dv < C .

In the region where ¢t € [1,00), integrating by parts in the sum of the terms in the first
and the third lines of (F.15)) that contain a factor of cos(2/3,,,,,(t)) gives

o rl L1
/ / v / e (Yo (N +1) =1, (A*+1)) €08 (2B,,,2()) dX dt dv
1 0 0

o 1 VR
+/1 /0 VH/ P (1=, (A2 +1)) cos (28,1 (t)) dAdv dt

o0 1 11
- 1 -1 \/T< A _$) sin (25 (t)) d\
1 2t 0 0 VAZ+1 \/)‘2+1+M2/V2 /v,
1+2p
R,
N

0o 1 V%*l dd v
‘/1 1/ d(/ Fv(wou%l)—wu/u(k%l)) €08 (2870 (1) % (A) dA

dA

n (26,/,(t)) d)\) dv dt (F.17)

/1+2u 1
+/ (1=, (A*+1)) cos (2,3M/V,A(t))di’;/”@) d)\)dudt, (F.18)
+-1

where the non-zero boundary terms cancel each other. After another integration by parts,

(F.17) equals
d—1 V1+2u—v? .
— / 4t2 / |: 1— 1/2 sin 26 / \/7 W S1n (26;1,/1/, 1?:#,1(t))

v 2 2
/ < VAZHL (1_/\5\“) B \/>\2+11+7u2/l/2 (1_)\2+1)+\,u2/1/2>> c08 (28, /u,(1)) dA
\/ A\ . dd,
/ (25 \/m) sin (28 (1) () dA
v 2
\/171 \/)\2_,_11_,_7,9/,,2 <1_>\2+1:\|—u2/y2> Cos (26}1/”7)\(75)) dA
1=

S o
2 s e i RAa®) T

(\) d)\} dvdt =: Di(p).
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Since for all w > 0, by an explicit computation

8 \/1+2u—u2 .
@(W Sin (2,8“)7\/%)> < ].+t,

and therefore, for all 6 € (0,1),
vV 1-v2 sin 25 (t)—> 112_“_1/2 sin (283 (1) | < 2A(1+t)pu < 2(1419) pd
fr/ 21 I p/vo /3 -1

)

Moreover,

3 (vt (i) )| < e
and thus, for v € (0,1) and w > 0,

(\//\2“ (1_>\5\er> - \//\2+11+w2 (1—)\2+/\12+w2)> cos (28,1(t)) d)\’ <4(2—v)w

) A _ Aw
Also, since z SIS T DR < \//\2 = we have for all w > 0,

‘/F N do,

/\2+1 \/)\2+1+w2) sin (QBw,/\(t)) d\ ()\) dA‘ (2—V)w

L1

Since
VIt20—12 — /112 < \/2u A \/%

for any ¢ € (0,1), we have

49
2

< (20)772 (10292 < (2p)° (1-02)72,

! JEE
d— ( A2 . s
/ v 211+ 2/1/2) CoS (Qﬁ’u/l,)\(t)) didv < Csu’,
0 \/7 \/>\2+1+p2/y2 A2+14p
as well as
| 0
d— A . w/v B
/0 v \/7 N owmey sin (28,,/,,(1)) I (A dX|dv < Csp’.
Combining the above estimates, we obtain
Dl < [+ / 20 D (14+49) + ) dv dt < Cy i
1

for any § € (0,1).
Similarly, another integration by parts in (F.18) gives

| i / - 2{ / K. (woWH) %/V(Aum)dfg"(x)) sin (26,/0,(1)) A\
&
/

dvd,
/ — (1 v (A2 +1)) d‘;/ (A)) sin (26,,/,,1(t)) dA
2 / e

L1

+ 2v

2
(o(N*+1) — ¢M/V(A2+1))<Ch2§/”@)> cos (28,,/, (1)) dA

dd,/, 2
(1- un/,,()\2—|—1))< d’;/ (A)) cos (26,,/,(t)) d)\] dvdt =: Dy(p).
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By Lemma [18] we have

o (020 - w0 e )| < 2 10

and

(000 ) (B )

and thus the first two terms in Dy (p ) are bounded by

Voz L1Aup/v b
-1 < 5/y5dy:C 5
/1 2t2/ / NoTESERA o

for any ¢ € (0,1). Moreover,

1+2u 1

0

49,
T (00 ) s 2 a0) 0

VA

3 7
W/Tl (A2+41)3/2 * /\2+1

< (V1+2p—12 - \/1—u2) + u/ 7)\211 d\ < Cspl (1-12)°/2
0

)d)\

for all v € (0,1), and

IS

19
2

dd,, 2 1 [
(1—ywu/,j()\2+1))<;}\/()\)> cos (28, (1)) d/\’ < 7T2/0 A2i1 d\ = Cp.

Combining the estimates, we obtain for any ¢ € (0, 1),
| Da(p)| < Cspl.

It remains to integrate by parts in the term containing cos(24,,,, A(t)) in the second line
of in the region where t € [1,00), i.e.

l+2;4 1

VT e
/ / 2/ (1=v 4, (A2+1)) cos (28,1 (1)) dX dv dt

. [1+2p _
_ i VI d—2 "QM ! v in (2 t)) dA
T A A TR S )
V! dd,;,

+/0 (1—1/1,Z)M/l,(>\2—|-1)) cos (2BM/V’,\(t)) D ()\)d)\} dvdt. (F.19)

After another integration by parts, the first term in (F.19) equals

Vi+2u
d—1 V14+2u—v2
- /1 1 / [ s (28, 1%—1“))

14+2p
2

2/,2
T e s (a0

142p
V2 1

: AV
. \/ﬁw S11 (26;1,/1/,)\<t)) di\/ ()\) d)\:| dvdt =: D3(/,L) .

-2
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Since v/14+2u—1 < p, it follows that

NeE=m
| D3 (e |\/ / Tl4v)dv < Cp.
Similarly, for the second term in , we obtain

NeE=m \/Tul .,
_/1 4t2/ 2|: / \/)\2 A d;j\/ ()\) sin (2/8y/u,)\(t)) d\

+14-p2 /12

VEE d20,,),
—/0 (1—1/1/1u/,,()\2—|—1)) d)\/“;/ (A) sin (28,,/,,(t)) dX
Vo dd,;, \2
— 2/0 (1-v wu/y()\2+1)) (d’;\/()\)> cos (28, ,\(t)) dX| dvdt =: Dy(p),

and therefore, as for D3(u),

|Dy(p / / NiEsm 24 1) dv < Cu.
/ / /\5’ (1], ¢) d¢’ dt' <G5 il

for any 6 € (0,1). Hence, together with ( and ( -, this proves the claim. O

Finally, by (F-I5),

F.2. Proof of (6.16). Here we prove that the integral in the bound for R, (¢) in the
proof of Lemma [24] is uniformly bounded in p and h. More precisely, we prove that for any
o€ (0, %) there exists a constant C, > 0 such that, for all v > 0,

[ =80 (0-60)0.(o-y)) [ dedy < €. (@0
Re JRd

Proof. By translation, we can assume that ¢ is supported in the unit ball around 0. By the
massless analogue [3] of the integral representation (0.10)), there exists C' > 0 such that, for
all f € C' N L®(RIY),

@)~ IE)

Ra-1 |/ —2![d-1+20

(=A)7f(a) = C

for almost every 2/ € R4, Note that for the general case of 0 < o < 1, due to the singularity
at iy’ = 2/, the integral on the right side is not defined, but rather has to be replaced by the
principle value of the integral over [z'—y/| > ¢ for e — 0". However, in the case of 0 < o < 3
we have

/ Mdzf < / Hf/HOOW_Z/’_i_/ w
Rd-1 ‘x/_2/|d—1+20 = w2 |<R ’m/_2/|d—1+2a /=2 |> R ‘x’—z"d_l‘f'%

R [e%)
< C (/ t_Q"dH—/ t_Q(’_ldt) < 0.
0 R

Hence, for f;,,(7) := (¢(x)*—é(y))%6,(|Jx—y|), we obtain

/ / ) frgy ()| da dy < C/ / / ‘f“’y —Juaa(z )|dz’dxdy. (F.20)
Re JRA rd Jrd JRrd—1 /|d 1+20
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In the following, we find upper bounds for the right sight of , where the integration
in  and y is restricted to the regions (i) Byx Bi, (ii) (R?\By)x (R¥\By), (iii) By x(R4\By),
and (ZU) (Rd\Bl)XBl.

(7) In the region, where (z,y) € By xBj, we have

/ /
! d d S C / ’fmd’y(x ) — fxdv@/('z )’ d /d d
/131 /31 ) faay (@ )‘ €ray /]Rd /]Rd et <[o—p/2 |/ — 2/ [d- 1420 Z dx ay

fray(@) = Feay (D
+C/// . 02 02 da dy .
Re JRE S/ —ot|plamyl2 |2/ —2|97T20 Y

First, for |2'—2'| < |z—y|/2 we will prove that for any 7 € (0,1) there exists C' > 0 such that

| fraw(Z) = frau(@)] < Cla' =217 |a—y| =17, (F.21)
For this, we write
d—1 |2'—a| / ’
Zi—X; Z —x
foay(Z) = frgy(@') = |Z]— f’ (a fzay ) (m +t|z/—:v/|> dt, (F.22)
7j=1

where for j € {1,...,n—1},

0, (') = 20(2)~0(1))0() B [r—u) + (0(x) ~0(1)*0} (2—4]) 4.

Since, for all # € R, we have Kj(z) = gKg(x) — Kgy1(z), and K(gy1)/2(t) < Ot~ (d+1)/2
(see Appendix , it follows that 6'(t) = —(27rt)*(d+1)/2K(d+3)/2(t) and

10, ()] = v ()| = v @mvt) PR g 0 (vt) < O
Together with 6, (t) < Ct~(@*1), we obtain for all j =0,...,d—1 that
10i fray(@)] < ClIV||2 lz—y[ ™. (F.23)

Hence, by (F22)

o'~
Fona()—Fong(@)] < C /0 (

We have

2
, 2 —a

t _ !
Tr + |z/—x/] Yy

—d/2
+ (LL‘d—yd)2> dt .

/

2 —x ,
e

’ (2'—y) (' =2")

z +t + (2g—yq)? = |o—y|® + 12 + 2t S > (|Jz—y| —t)2,

and therefore, by Holder’s inequality, we obtain for any 7 € (0,1) that

‘;L‘/—z/| 1—7
T —d/(1—T1
Fraw(@)=Fran ()] < Cla/=2 </o (e—y] — 1)~/ )dt>

< Cla' 2| |Jz—y| 47, (F.24)
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where in the second inequality we used the assumption |2'—2'| < |z—y|/2. This proves

(F.21). It follows for 7 € (20,1) that

’fId,y(x/) - fxd,y('z/)‘ d / d d
I i[d—1+20 z axray
BBy -z i<a—yl2 17 7]
< C/ / / ’x/_2/|7d+1+7'720' dZ/ ‘x_y|fd+1+7' d:IZdy
By /By Ja' =2 [<|z—yl/2

lz—y|/2 J
- C / / / t71+7’72cr dt |x—y|7 +1+7 Cll‘dy
By JB1 JO

_ C/ / ’x_y’—d+1+2‘r—20 da:dy
B J B

2
< C’/ 7T d = O, (F.25)
0
Next, in the case |2'—2'| > |x—y|/2,
‘ffﬁd, fl‘d7 (2 )‘ < fxd,y(x,)+fxdyy(2/)' (F.26)
We are going to find bounds for the resulting integrals separately. First, since
fray(@') < Cla—y|[~H! (F.27)

and

00
/ |$I_Z/‘fd+1720 ds = |Sd72| tflfQU di = Ca |$_y|72cr7
|2 =2 |>[z—y[ /2 lz—yl/2
it follows that

fﬂﬁd y( z') ’
: dz' dxdy
~/Bl /Bl /a: =2 >|z—y|/2 |'1: 7Z/|d 1420

2
< CU/ / lz—y| "2 dedy < CU/ t720dt = C,. (F.28)
B /B 0

For the second term in (F.26)), let p > (d—1)/(20) and let ¢ be its Holder conjugate (note
that p > 1, since d < 2 and 20 < 1). We have

/ |x/_2/|(—d+1—2a)p ds = c, |$_y|(—d+1—20)p+d—1 .
|2 —2[>]z—y|/2
Moreover, by (F.27))

/ fxd,y(z/)QdZ/ < C/ (|Z/*y/|2+(xd*yd)2)(_d+1)q/2 ds'
o7 =2/ >z —yl/2 i1

= O |zg—yg)"dHDard=1

since
d—2
(’ZI|2_’_C2)(7d+1)q/2 dZ/ — C(fd+1)q+d71 |Sd72‘ > § ds < 00

Rd—1 0 (52+1)(d—1)q/2

for any ¢ > 0. Hence by Holder’s inequality

fraw(2') / —d+1-20+(d—1)/p —d+1+(d—1)/q

| N Wdz < G |z—y| |za—yal .
=z |>|z—y
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It follows that

fil‘d y( ) /
. dz' dxdy
/Bl /31 /x '—2!|>|z—yl|/2 |.CE _z/‘d 2o

< C, |I|_d+1_20+(d_1 /p|xd|—d+l+(d—1)/q dx
By

2 2
< Cg/ td+1+(d1)/q/ §12 (242 (~d+D)/2-0H(d=1)/ (D) g gy
0 0

2 d-+1+(d—1)(1/q+1/p)—2 2 572
— - -1)(1/q+1/p)—20
St dt/o (52 1)@ /20 %
2
= C, / t27dt = C, . (F.29)
0
Hence, by (F.28) and ([F.29), we have
N /
/ / / foasl?) = eas@) 41400y < c, . (F.30)
B B Sl =t 5oyl T2
The estimates (F.25) and (F.30) prove that, for any o € (0,1/2), there exists C, > 0 such
that
/ / / ’fggdy /dffd’g( )‘dz’dxdy < C,. (F.31)
By /By JRi-1 o420

(i) For the integral over R%\ By x Rd\Bl, since supp ¢ C Bj, we have

/ / / ‘fxda /dffdé( )| dzldxdy
RI\B; JRI\B; JRi-1 ’55 —z|d=1t2e

o(2, x2q)? ;
/Rd\B /Rd\B /Rd | o/ — A1+ Om(|(2' wa)—yl) dz'dw dy
1 1

¢(¢)? /
- /<|<1 /|$/|2>1_42 /|y|>1 W—C'(’d)_“r% mlle—yl) dydadd, (F.32)

where we have set ¢ := (2/,24). We split the z’-integration into |2'—(| < 1 and |2/'—(| > 1.
In the first region, we also split the y-integration into |(—y| > |2'—('| and |(—y| < |2'—(|.
Since for |y| > 1 and |2/[*+¢2 > 1 we have ¢(y) = 0 = ¢(2/, (4), it follows that

$(0)? ,
i1 Om(IC—y|) dyd
/Iw’|2>1—<3,lcc’—<’<1/|y|>1 =gt Omllevl)dyde

1
< C / /ld—1420 X
|2/|2>1-¢2,|2'—¢'|<1 |2/ —('|

(62", Ca)— (<)) (@) —0())? :
d o dy | d
’ </yl>17<yl>x'<'| [C=ylH y+/|y|>1,|<y<|z/<' [C=yl*t y) '

<C S T C'IQ/Oo t—2dt+/xl_C/|dt da’
|2/[2>1—¢2 2" —¢'|<1 |z’ (41420 |2/ —¢'| 0

1 / ! —2
<C [, g = € [ =G (F:33)
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For the integral over |2'—(| > 1, it suffices to split the y-integration into [(—y| > 1 and
|C—y| < 1. We find

9(¢)? ,
/Iw’|2>1<3,w/</|>1 /y|>1 |/ —(|d—1+20 (IC=yl) dydz
1

|2/ [2>1-¢3 o/ —('|>1 |$,_C/’d_1+20

1 (6(C)—o(y))> ,
T ST gy ) d
’ </yl>1,|<—y>1 =yl y+/|y>1,|c—y|<1 =yl y) '

1 [e'e) 1
<C/ _— / t_zdt—i-/ dt | da’
o —¢|>1 2/ =47 1F20 < 1 0

<C

= C/ 17200 = C, . (F.34)
1
Hence, by (F.32),(F.33|) and (F.34), for each o € (0,1/2) there exists C, > 0 such that
/ / / ‘fm’i’y /dffi’g( il ddedy < C . (F.35)
R4\ B; JRA\B; JRI-1 ‘ 7
(iii) For the integral over (z,y) € By x R%\ By, we have
|fa:dy — fray (@)
’ L dz'dzd F.36
/Rd\Bl/Bl/Rdl /’d1+2 zaxray ( )

¢()° ¢(#, zq)?

— dz'dyd
e—y|dtT (2 mg)—yarr | Y

lz|<1 J |y|>1 JRI-1 ’xl—zl‘d_H%

since supp ¢ C Bj. We don’t have to treat the case where |z—y| < r for any r > 0, since
then |y| < 14r and therefore everything works as in the region B; x B;. Thus, we may
assume that |z—y| > 2. For the integral over R%~! where |2/—2/| > 1, we have

¢(x)? /
dz'dydx
/x|<1 /y>1,|m—y|>2 /|m’—z’|>1 |x/_z/‘d71+20|x_y|d+1

1 o0 oo
< C/ / dJrldyda:/ 71720 g = CU/ s 2ds = C,,
lz|<1 J|z—y[>2 lz—yl 1 2

qb(zl)xd)Q /
dz'dydx
/|:1?<1 /y|>1 /|x’z/|>1 |x/_2/’d_1+20|(zl xd)_ ‘d—’_l
! _ 2
/ / /d oo / (QZ)(Z/,J,'d) ¢Ely+)1) dydzldl'
o)<t J|ar—z|>1 |7 *Z! y>1l(zza)—yl<1 | (ZsTa) =Yl
1
+ C/ / / —dydz'd:r
lz|<1 J 2! —2"|>1 ‘l’ _Z,’d 420 [(z,zq)—y|>1 ’(Z xd) |d+1

2
< C’/x|<1 /z o |7 7Z/|d 1+20 dz'dx (/ dt+/ t~ dt)

< C/ 1720 qr = O, .
1

and
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Hence, it follows that

/ / / 1
/o 1|d—142
lz|<1 J|y|>1 J|z'—2"|>1 ‘.f -z ‘ 2o

In the region where |2'—2'| < 1, we write

1
/|:B|<1 /y>1 lz—y|>2 /x’—z’|<1 ‘:L./_Z/’d—l—l—Zo ’x_y’d—H |(Z/7 xd)_y‘CH_I

2 / 2
/ / / di—l o /gfid>14’r2a dz'dydzx
lz|<1 J|z—y|>2 J |z’ —2'|<1 ‘.%' y| |$ -z ‘

/ / / d(2, 2q)? 1
lz|<1 J|y[>1,|lz—y[>2 J |z’ —2'|<1 ‘:L’ _Z,’d I+2o

[yl [(2/, wa)—y| !
For the first integral on the right side, we obtain

o) —o(= x|, o Lo
/ / / | |d+1, 2| 1+20 dz'dydr < C t7dt | s %ds = C,.
le|<1 J]z—y|>2 J]2/—2/|<1 1LY x'— , 0

For the second integral, by the same argument that leads to (F.24)), we obtain for any
€(0,1),

$(x)? ¢(#', x4)?

lz—y|dtt (2, zq)—y|dHT

dZ'dydr < C,. (F.37)

2 / 2
¢(x) ¢(Z 7xd) dzldydz

dZ'dydzx .

1 1

o < C ! T _ —d—1—71
ey ey g | S Ol e

since |2'—2| < 1 < |z—y|/2. This is the reason for the choice of r = 2. Hence, for 7 € (20, 1),
1

/ / / ¢(¢', xq)?
lz|<1 Jy|>1,|z—y|>2 J |z —z’\<1 |.%' _Z/|d 1420 ‘ZL‘ y|d+1 ‘(Z/ xd)_y|d+1
1
7d / dz dx
/x|<1 /x y|>2 |LL‘ y|d+1+T |a’—2"|<1 |x _Z,‘d 1=(r-20)

1
=C / 27T dt / st 2045 = O, .
2 0

Therefore,

/ / / ;
/ /ld—142
wl<1 Jly|>1 Jjar—zrj< |2/ —=2"[47 120

By combining (F.37)), (F.38)), and (F.36) we obtain

dz' dydz

QZ)(CC)Q Qb(zlaxd)Q /
— dz'dydx < C,. (F.
Ty T (ot ag) iy | T S Co (F38)

\fzd — fea@)
Y : dz'dxdy < Cy . F.39
/IRd\Bl/Bl/Rdl /|d1+20 zaxray ( )
(iv) Finally, for the integral over (R%\B;) x By, we have
[foaw(Z) = feaw(@
> Y dz'dxd F4
/B1 /Rd\Bl /Rd . |z’ —z’|d 1+20 zZ axdy (F.40)
o)? (9 za)=0()?| .,
<C . d dedy .
/yKl /|| feo T i~ gy |
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Again, we only need to look at the integral over |[x—y| > 2 (or any other r > 0). In the
region where |2'—2| > 1, we have

$(y)? / 1 :
W) __ dldzdy
/|y|<1 /x—y|>2 ‘x_y|d+1 |z/—2'|>1 ’x/_zl|d_1+20

o0 o0
<C / t2dt / s7i7%ds = C,
2 1
and moreover

/ 2
ly|<1 J)z|>1,|z— y|>2 |z’ —2|>1 |.’IJ —Z ‘ U’(Z md) y‘
—6(y))” / 1 /
)=o) — _dddCdy
/y|<1 /]Rd ‘C y|d+ |z'—¢'|>1 S

< c/ s~1729s (/ dt+/ t‘2dt> = C,,
1 0 1

where in the second line we have substituted ¢ := (2/, 24). In the case of |[2'—2'| < 1, by the
same argument that leads to (F.24]), we have for any 7 € (0,1) that

o) (#(Z,za)—9(y))?

lz—y|dtL (2, 2q)—y|dHL

since |2'—2'| < |x—y|/2. Thus, for 7 € (20,1), we have

/ / / 1 ¢(y)2 <¢(zl7$d)_¢(y))2 dzldxdy
ly|<1 Jz|>1,|le—y|>2 J|z'—2'|<1 ’x/_zl‘d_1+20

1 1 oo
< C/ / dJery/ A = co./ s Tds = Cy,
i<t Jja—y|>2 7=l 0 2

|z —y|dt1 |(2/, xq)—y|@H!
and therefore, by -7

/ / / BEMIC ,dffd’g( )|dz’d:cdy < Gy (F.41)
By JRA\B; JRI-1 |2/ —2/|d—1+2e
Hence, the claim follows from (F.31)), (F.35)), (F.39)), and (F.41]). O

< Cla' =2 o=y ™7,
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