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Zusammenfassung

Die vorliegende Arbeit befasst sich mit Double Field Theory (DFT), einer effektiven Feld-
theorie, die die Dynamik von geschlossenen Strings mit niedriger Energie auf einem Torus
beschreibt. Alle Observablen, die aus dieser Dynamik entstehen, stimmen in bestimmten
Familien von Hintergrundraumzeiten iiberein. Solche verschiedenen Hintergriinde sind durch
T-Dualitdt miteinander verbunden. DF'T macht T-Dualitdt auf einem Torus explizit sichtbar,
indem sie zusatzlich zu den D Koordinaten der Raumzeit weitere D Windungskoordinaten
einfithrt. Der Strong Constraint, eine wichtige Konsistenzbedingung der Theorie, schrinkt
allerdings die Abhéngigkeit aller physikalischen Felder auf die Hélfte der Koordinaten des
entstehenden gedoppelten Raumes ein.

Eine wichtige Anwendung findet DFT bei verallgemeinerten Scherk-Schwarz Kompakti-
fizierungen. Sie fithren zu halbmaximalen, elektrisch geeichten Supergravitationen, welche
durch den Embedding Tensor Formalismus klassifiziert werden. Er beschreibt die Einbettung
ihrer Eichsymmetrie in die Gruppe O(n,n). Da der Strong Constraint nicht mit allen Lo-
sungen des Embedding Tensors kompatibel ist, wird er in der DFT Flussformulierung durch
den schwécheren Closure Constraint ersetzt. Dadurch werden Kompaktifizierungen auf Hin-
tergrilnden moglich, die nicht T-dual zu geometrisch wohldefinierten Hintergriinden sind.
Sie kénnen nur mit Hilfe von nicht-geometrischen Fliissen beschrieben werden und sind auf
Grund ihrer speziellen Eigenschaften von grofem phénomenologischem Interesse. Allerdings
verschleiert die Verletzung des Strong Constraints ihren Uplift zur vollen String Theorie.
Des Weiteren gibt es technische Unklarheiten bei der Verallgemeinerung von herkoémmlichen
Scherk-Schwarz Kompaktifizierungen auf den gedoppelten Raum der DFT. So ist zum Bei-
spiel nicht bekannt, wie der Twist der Kompaktifizierung im Allgemeinen zu konstruieren
ist.

Nachdem die grundlegenden Konzepte von DFT und verallgemeinerten Scherk-Schwarz
Kompaktifizierungen wiederholt wurden, wird DFTwzw, eine Verallgemeinerung der bishe-
rigen Formulierung, vorgestellt. Sie beschreibt die Niederenergiedynamik von geschlossenen,
bosonischen Strings auf einer kompakten Gruppenmanigfaltigkeit und erlaubt die genannten
Probleme zu losen. Ihre klassische Wirkung und die dazugehoérenden Eichtransformationen
ergeben sich aus Closed String Field Theory bis zur kubischen Ordnung in den masselosen
Feldern. Die so gewonnen Ergebnisse werden durch eine verallgemeinerte Metrik ausgedriickt
und auf alle Ordnungen erweitert. Es zeigt sich eine explizite Trennung zwischen Hintergrund
und Fluktuationen. Damit die Eichalgebra schliefst, miissen die Fluktuationen einem modi-
fiziertem Strong Constraint gentigen, wéihrend fiir den Hintergrund der Closure Constraint
ausreicht. Zusétzlich zu den aus der bisherigen Formulierung bekannten verallgemeinerten
Diffeomorphismen ist DFTwzw auch unter gewohnlichen Diffeomorphismen des gedoppelten
Raumes invariant. Werden diese durch den extended Strong Constraint, eine optionale Zu-
satzbedingung, gebrochen, ergibt sich die traditionelle DF'T. Fiir die neue Theorie wird eine
Flussformulierung hergeleitet und der Zusammenhang zu verallgemeinerten Scherk-Schwarz
Kompaktifizierungen beleuchtet. Ein moglicher tree-level Uplift von einem wahrhaft nicht-
geometrischen Hintergrund (nicht T-dual zu geometrischen) wird présentiert. Weiterhin kén-
nen die Unklarheiten bei der Konstruktion von geeigneten Twists beseitigt werden. Auf diese
Weise ensteht ein allgemeineres Bild von DFT und der ihr zugrunde liegenden Strukturen.






Abstract

This thesis deals with Double Field Theory (DFT), an effective field theory capturing the
low energy dynamics of closed strings on a torus. All observables arising from those dynam-
ics match on certain families of background space times. These different backgrounds are
connected by T-duality. DFT renders T-duality on a torus manifest by adding D windig co-
ordinates in addition to the D space time coordinates. An essential consistency constraint of
the theory, the strong constraint, only allows for fields which depend on half of the coordinates
of the arising doubled space.

An important application of DFT are generalized Scherk-Schwarz compactifications. They
give rise to half-maximal, electrically gauged supergravities which are classified by the embed-
ding tensor formalism, specifying the embedding of their gauge group into O(n, n). Because it
is not compatible with all solutions of the embedding tensor, the strong constraint is replaced
by the closure constraint of DFT’s flux formulation. This allows for compactifications on
backgrounds which are not T-dual to well-defined geometric ones. Their description requires
non-geometric fluxes. Due to their special properties, they are also of particular phenomeno-
logical interest. However, the violation of the strong constraint obscures their uplift to full
string theory. Moreover, there is an ambiguity in generalizing traditional Scherk-Schwarz
compactifications to the doubled space of DFT: There is a lack of a general procedure to
construct the twist of the compactification.

After reviewing DFT and generalized Scherk-Schwarz compactifications, DFTwzw, a gen-
eralization of the current formalism is presented. It captures the low energy dynamics of a
closed bosonic string propagating on a compact group manifold and it allows to solve the
problems mentioned above. Its classical action and the corresponding gauge transformations
arise from Closed String Field Theory up to cubic order in the massless fields. These results
are rewritten in terms of a generalized metric and extended to all orders in the fields. There
is an explicit distinction between background and fluctuations. For the gauge algebra to
close, the latter have to fulfill a modified strong constraint, while for the former the closure
constraint is sufficient. Besides the generalized diffeomorphism invariance known from the
traditional formulation, DFT\yzw is invariant under standard diffeomorphisms of the doubled
space. They are broken by imposing the totally optional extended strong constraint. In doing
so, the traditional formulation is restored. A flux formulation for the new theory is derived
and its connection to generalized Scherk-Schwarz compactifications is discussed. Further, a
possible tree-level uplift of a genuinely non-geometric background (not T-dual to any geomet-
ric configuration) is presented. Finally, the ambiguity in constructing the compactification’s
twist is eliminated. Altogether, a more general picture of DFT and the structures it is based
on emerges.
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Chapter 1

Introduction

1.1 Unification

The quest for unification is nearly as old as physics itself. An illustrative example of this
concept is the formulation of classical electrodynamics by Maxwell. In 1865, he gave a theo-
retical, unified description of magnetism and electricity [1] based on two observations made by
Orsted and Faraday. A great success of this new theory was the prediction of electromagnetic
waves traveling at the finite speed of light ¢. More than twenty years later, Hertz proved this
conjecture by several experiments. The success story of unification went on for the following
decades. Inspired by the symmetries of Maxwell’s theory, Lorentz, Poincaré and Einstein
started to unify the concepts of space and time. First, this idea gave rise to the theory of
special relativity [2]. After Einstein was able to implement gravity in this new framework, it
finally culminated in general relativity [3].

General relativity and electrodynamics allowed to study gravity and electromagnetism,
two of the four different interactions known in nature, properly at the classical level. The
remaining two interactions, the weak and the strong nuclear force, became accessible after the
advent of quantum mechanics. Again electrodynamics paved the way for this development.
Quantum electrodynamics (QED) was the role model for a quantum formulation of a field
theory, a Quantum Field Theory (QFT). In general, quantum field theories describe subatomic
particles, like e.g. electrons, and their interaction. A well established experimental method
to study them are particle colliders. In a particle collision with an appropriate high center
of mass energy, new particles are created. Their properties, like charge and momentum, are
analyzed in several detectors which are arranged around the collision point. From these data
one is able to reconstruct the fundamental interaction between the colliding particles which
is governed by a quantum field theory. In this procedure, one distinguishes two different
kind of particles: fermions which form the matter content of our universe and bosons with
mediate interactions between fermions. Besides the massless photon, the boson of QED,
collider experiments discovered additional bosons. There are the three weak bosons W,
W™, Z and eight massless gluons. While the former mediate the weak nuclear force, the
latter are responsible for the strong nuclear force. All these bosons arise naturally in the
framework of gauge theories. There, they are associated to the different generators of the
gauge group, a semisimple Lie group describing local symmetries of the theory.

Again, the concept of unification is applicable to the electromagnetic and the weak nuclear
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Figure 1.1: Energy scales for the unification of the four fundamental forces in nature. Every-
thing above me, is conjectured.

force. Both arise from a gauge theory with gauge group SU(2)xU(1)y, which is spontaneously
broken by the Higgs mechanism [4-6] to U(1), the gauge group of QED. As a consequence
the weak bosons acquire a mass which is in perfect alignment with the experimental findings.
Further, the Higgs mechanism predicts an additional scalar field denoted as Higgs field. Its
excitations are massive and called Higgs bosons. Recently, enormous experimental efforts
where made to detect these bosons. In Juli 2012, the Atlas and CMS collaborations at CERN
announced the discovery of a new elementary particle |7,8] whose properties match the ones
expected for the Higgs boson. The non-vanishing vacuum expectation value of the Higgs
field fixes the energy scale me, = 246 GeV at which the unification of electromagnetic and
weak force occurs. The resulting theory, which contains besides the electroweak the strong
interaction, but not gravity, is called the standard model of particle physics.

Inspired by the recent successes of unification, there is a justified hope that all four fun-
damental forces in nature can be unified. Taking into account a minimal supersymmetric
extension of the standard model called MSSM, one assumes that the strong and electroweak
interaction are unified at an energy scale mgur = 106 GeV [9,10]. Compared to the energy
scale of 10* GeV, which is accessible with contemporary particle colliders like the LHC at
CERN, this scale seems completely out of reach. However, it is essential for processes that
took place shortly after the Big Bang. At even higher energies, namely the so called Planck
scale mp; = 1,22 - 109 GeV, gravity is assumed to finally join in so that all four interac-
tions are unified. Figure 1.1 visualizes the energy scales at which the different fundamental
interactions merge.

Because of the lack of any experimental inputs, it is very hard to say how a so called
theory of everything which unifies all four interactions may look like. Still, there are several
candidates which give an idea about the dynamics at the Planck scale. String theory, loop
quantum gravity®, for an introduction see e.g. [12,13], and non-commutative geometry [14,15]
are the most prominent among them. In general these theories aim at

e Reproducing the physics of the standard model at low energies.

e Predicting new, experimentally accessible observations beyond the standard model.

!Normally, loop quantum gravity includes gravity only. Thus, it should not be called theory of everything.
Still, there are efforts [11] to implement gauge interactions in this framework, too.
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e Requiring as few as possible additional assumptions.

At the moment string theory seems to be the most mature candidate for a theory of everything.

1.2 String theory

Instead of point like elementary particles as they appear in quantum field theory, string theory
considers one-dimensional extended objects called strings. Originally, it was developed in
the late 1960s and early 1970s as a theory of the strong interaction. Around 1974, some
of the spin two excitations, which arise naturally in closed string theory, were related to
gravitons. They reproduce the field equations of general relativity at low energies. While
quantum chromodynamics (QCD) was recognized as the appropriate theory for the strong
interaction, string theory was reinterpreted as a possible candidate for a theory of quantum
gravity. Besides the gravitons, there are many other excitations of the string. Some of them
are massless and can be regarded as gauge bosons. In this way, closed string theory unifies
gravity and gauge interactions which justifies its role as a theory of everything. There are
two different perspectives one can take on string theory, the worldsheet and the target space
perspective. Both are inevitable to address string theory related questions. Note that this
section only discusses bosonic string theory. Its supersymmetric extension, superstring theory,
is treated in the next section.

1.2.1 Worldsheet

String theory can be stated in terms of a two-dimensional conformal field theory on an eu-
clidean Riemann surface ¥ called the worldsheet?. Depending on whether ¥ with all punctures
removed is compact or not, one distinguishes between open and closed string theory. A punc-
ture is a point which is cut out from the worldsheet. In this thesis, we are mainly interested in
closed string theory with D bosonic fields z° on the worldsheet. Their dynamics is governed
by the Polyakov action

Sp— —— / AoV hhP 9,2 B2 (g;; + Bij) + S, with S, = L / d*oVhoR, (1.1)
dral [y, AT [

where hqp is the euclidean metric on the worldsheet and its determinant is denoted by h.

This metric gives rise to the scalar curvature R on ¥. Further, there are three different, in

general z'-dependent, coupling constants. They are the symmetric target space metric g,

the antisymmetric B-field B;; and the dilaton ¢. The only scale entering the action is encoded

in the slope parameter o which specifies the length

Iy = 2mVo! (1.2)

of the string. Assuming that the dilaton only changes on much larger length scales, S, can
be expressed in terms of the Euler characteristic x(X) as

S, = %/Ed%\/ﬁ}% — oy (). (1.3)

2This worldsheet arises after Wick rotation of a worldsheet with Minkowski signature. Precisely, there
are also string theories whose worldsheets are not orientable and thus no Riemann surfaces. They arise after
orientifolding. However, they are not of special interest for this thesis.
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g=1,x=0 g=1,x=-1

Figure 1.2: Relevant closed string worldsheets for Euler characteristic x(X) > —1. The small
black dots denote punctures.

It only depends on the topology of the worldsheet. A straightforward way to calculate the
Euler characteristic is
\(Z) =229 b, (1.4)

where g denotes the genus of ¥ and b counts its boundaries. These two quantities allow to
classify all worldsheets relevant for string theory. Figure 1.2 depicts them for closed string
theory and x(¥) > —1. The black dots mark punctures which count as boundaries. We
excluded the one-punctured sphere and the unpunctured sphere, because they do not give a
contribution to any observables of the theory.

A challenge in quantizing the Polyakov action (1.1) are its local symmetries. One approach
to treat them in a proper way is BRST quantization: First, the Faddeev-Popov procedure
is applied to obtain a well-defined path integral formulation without divergences. To this
end, local symmetries are fixed and auxiliary fields, the ghosts, are introduced. These ghosts
preserve the information about local symmetries which would otherwise be lost due to the
fixing necessary to evaluate the path integral. On the quantum level, the BRST charge )
reimplements the local symmetries by acting on the ghosts. In an anomaly free quantization,
@ has to be nilpotent and fixes D = 26 for the bosonic string.

1.2.2 Target space

One can interpret the bosonic field z° as tracing out the string in a D-dimensional target
space. To underpin this intuitive picture, we consider the two punctured sphere for which S,
vanishes and neglect the B-field in (1.1). Solving the equations of motion for the worldsheet
metric hqp and plugging the solution back into to the Polyakov action, we obtain the Nambu-
Goto action

Sng = —

/Ecﬁaﬁ, (1.5)

where v denotes the determinant of the induced metric

2ma!

ox' Ox?

103 = Gy g7 o)

arising as the pull back of the target space metric g;; on the string worldsheet ¥. Hence,
the two punctured sphere gives rise to a string propagating in a D-dimensional target space
specified by the worldsheet coupling constants g;; and B;;. In a quantum field theory, this
situation is captured by a propagator. Following this analogy, the worldsheet topologies in
figure 1.2 can be interpreted as the target space Feynman diagrams depicted in figure 1.3.
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— > O O

Figure 1.3: Target space Feynman diagrams corresponding to the four different worldsheet
topologies depicted in figure 1.2.

From the target space perspective, also the difference between open and closed strings
becomes obvious. Take, e.g. the explicit parameterization

o'=7€R and o' =0 €[0,27) (1.7)

for the worldsheet, where o labels all points of the string at a fixed time 7. For a closed string
the boundary condition ’ .
x'(7,0) = z*(T, 27) (1.8)

has to hold. Hence, the worldsheet is a cylinder. Up to conformal transformations, which
leave the theory invariant, this cylinder is equivalent to the two punctured sphere. For an open
string, the parameterization (1.7) gives rise to an infinite, extended band. It is conformally
mapped to a unit disk with two punctures on its boundary.

1.2.3 T-duality

While probed by a closed string, there is a family of different target spaces which are indistin-
guishable. They are connected by so called T'(arget space)-duality transformations. Because
these transformations originate from the extended nature of the string, no analogous con-
cept exists for point particles. Thus, it is not surprising that T-duality is an important tool
to study string theory. Its implementation on general backgrounds is still a topic of active
research addressing a wide range of different questions stretching from physical to purely
mathematical ones.

Here, we focus on the most basic example, a D-dimensional Minkowski space with n
dimensions coiled up to a flat torus

T" = R"/2x[,, with I, = {n'e;|Vn; € Z}. (1.9)

Following [16], we construct the torus by identifying points of R™ which are shifted by elements
of the discrete lattice 2n[',,. Calculating the closed string spectrum, one obtains

1 -
a'm? =2(Np + Ng —2) + o'p* + — L*. (1.10)
(0

This equation is governed by several quantum numbers: N,/ Ng counts the left /right handed
creation operators acting on the string’s vacuum states which carry the additional quantum
numbers p and L €T,. The former quantifies the target space momentum of the string and
the latter describes how it is wound around the torus. The left /right splitting one encounters
originates from the most general solution of the string’s equations of motion. Further, there
is the so called level matching condition

Np—N.=p-LeZ, (1.11)
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which holds for all physical states.
To show how T-duality affects the torus, it is convenient to combine p" and L into a
doubled, 2n-dimensional vector

1, - L1

— —(a7-1)  (112)

P= (L ﬁR)T . where pj, =

denote the momenta of the string’s left and right moving parts. These momenta are conjugate
to the coordinates x1, and zr. Whereas their linear combinations

! - 1
7= ,/%(fﬁ&) and 7= (Z1, — Tr) (1.13)

2a'

are conjugate to the momentum p and the winding L along the torus again. Further, we
introduce the metric

n= (10" _01 ) to define the scalar product P - P = PTnP' (1.14)
between doubled vectors. A quick calculation, which takes the level matching (4.74) into
account, proves that P is an element of an even, self-dual, Lorentzian lattice I, ,,. T-duality

acts as automorphism of this lattice and is mediated by a discrete O(n,n,Z) transformation
which leaves 7 invariant, e.g.

P — OP with O™n0 =1. (1.15)

Finally, let us consider O = 7 as an explicit example of a T-duality transformation. By
flipping the sign of the right moving sector

ﬁR — —ﬁR and fR — —fR (116)
while keeping p;, and Zp, untouched, it swaps
Lo and o7 T. (1.17)

For a circle with the radius R, we obtain

/

L =Rn and o/p:%m with m,n €Z (1.18)

and the transformation (1.17) reads

a/

m <> n and R—)E, (1.19)
telling us that T-duality identifies a circle with a large radius (compared to the string length)
with another one with a small radius by exchanging momentum and winding excitations, m
and n, along the circle. This identification is not limited to the spectrum. It holds for all

observables. Hence for an experiment, it is impossible to distinguish between these two circles
identified by T-duality.
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1.3 Superstring theory

The bosonic string theory we discussed so far has two major issues. First, its spectrum
contains a state with a negative mass squared. Excitations of this state are called tachyons and
render the full, interacting theory instable. Second, it only gives rise to bosonic excitations
in target-space. These are well suited to study the fundamental interactions discussed in
section 1.1, but fermions which describe matter are missing. Superstring theory solves both
these problems. It assigns to each of the D worldsheet bosons x' a Majorana worldsheet
fermion. In two dimensions, these fermions represent 2D real degrees of freedom. Again one
splits the bosons ! into a left- and a right-moving part as discussed in section 1.2.3. Then,
D of the 2D fermionic degrees of freedom are the superpartners of the left-movers and the
remaining ones correspond to the right-movers. We denote them as /R The resulting
theory exhibits N = (1, 1) supersymmetry on the worldsheet.

The boundary conditions for the bosonic degrees of freedom we studied in section 1.2.2
are completely unchanged. In addition, there are the boundary conditions

Vi(1,0) = 2 (1,27)  and  i(7,0) = £k (T, 27) (1.20)

for the closed string worldsheet fermions. They give rise to four different sectors, NS/NS,
NS/R, R/NS, R/R, where NS is an abbreviation for Neveu-Schwarz and R stands for Ramond.

A GSO projection eliminates tachyonic states from the spectrum and gives rise to a
modular invariant torus partition function. For the setup we discussed so far, there are two
different GSO projections leading to type IIA and IIB superstring theory with N/ = 2 target
space supersymmetry. Limiting the supersymmetric extension to the left-moving part of
the string while keeping the right-movers bosonic, one obtains heterotic string theories with
N =1 target space supersymmetry. One of them exhibits the gauge group Eg x Eg and the
other one SO(32). Finally, there is type I. It is obtained from type IIB by identifying the two
different orientations of the closed string. All these five superstring theories share the critical
dimension D = 10.

As figure 1.4 shows, they are connected by duality transformations. Besides T-duality,
which we discussed in section 1.2.3, superstring theories exhibit S-duality. This duality iden-

S
T
Type I SO(32) heterotic
T
Type ITA Eg x Eg heterotic

\ T = T-duality
T Type 11B S S = S-duality

Figure 1.4: Web of dualities which connects the five superstring theories with M-theory.
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tifies theories with strong and weak string coupling constant and thus allows to go beyond
the perturbative regime. Further, it connects type ITA and Eg x Eg heterotic theories with
the eleven dimensional M-theory. M-theory still lacks a complete quantum mechanical de-
scription, but its low energy effective action is known to be 11-dimensional supergravity
(SUGRA). It allows to unify all five string theories into a theory with membranes as physical
degrees of freedom. The combination of S-duality and T-duality is called U(nified)-duality.
It is an important tool to obtain a better understanding of M-theory beyond its low energy
approximation.

1.4 Low energy effective theory

String theory has to reproduce the standard model physics at low energies to be a theory
of everything in the sense of figure 1.1. As outlined in section 1.1, the standard model is
formulated in terms of a quantum field theory with a finite number of interacting particles.
To connect this paradigm to string theory, one identifies each string excitation with a different
particle propagating in the target space. In general this procedure would lead to an infinite
number of particles. However, considering only the lightest of them, which can be excited at
low energies, allows to formulate a low energy effective field theory capturing the low energy
dynamics of the string. A natural choice for an energy cut-off is the string mass

(1.21)

There are only very limited experimental restrictions on this mass. It definitely is larger
than the energy scales probed by collider experiments like the LHC, because no signatures of
string resonances [17] where detected yet. A possible assumption is to choose the string mass
comparable to the Planck mass mp;.

There are two different approaches to calculate an effective action starting from the string’s
worldsheet theory:

e First, one calculates string amplitudes on worldsheets with different topologies. An
appropriate effective field theory reproduces these amplitudes if the corresponding target
space Feynman diagrams are evaluated. Looking for a field theory which reproduces
the classic behavior of the string at weak string coupling, it is sufficient to consider
only the two and three punctured sphere depicted in figure 1.2. A general ansatz
for the corresponding effective action contains terms quadratic and cubic in the fields
with arbitrary coupling constants. Finally, these constants are fixed to match the
amplitudes arising from the target space tree-level Feynman diagrams in figure 1.3
and the amplitudes calculated on the worldsheet.

e One can also calculate the one-loop S-function for the coupling constants on the world-
sheet. Fluctuations of these coupling constants, e.g. around a flat background, corre-
spond to massless string excitations. Seeking for a worldsheet theory whose conformal
symmetry is not broken at the quantum level, the S-function has to vanish. This con-
dition gives rise to the equations of motion of the effective theory. The corresponding
action can be derived from them.
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Both approaches give rise to the same results. However, in general they reproduce the classical
behavior of the string only. String Field Theory provides a framework allowing to capture
quantum effects in the effective action, too. We use covariant Closed String Field Theory
(CSFT) [18-22] to derive an effective action in chapter 4.

Thus, we leave the details for later and focus on a concrete example. There is one part in
the effective action all five superstring theories share. It reads

Sws = / APz /=ge (R + 40,00'6 — = ) (1.22)

and is denoted as NS/NS action, because it e.g. arises from the NS/NS sector in type ITA
and type IIB. The curvature scalar R of the metric g;; gives rise to an Einstein-Hilbert term
implementing gravity in target space. Further there is the abelian field strength

for the B-field. Intriguingly, (1.22) matches the effective action of the closed bosonic string
after substituting the critical dimension D = 10 by D = 26. Adding the remaining sectors, a
full supergravity in ten dimensions arises as effective theory for each of the five superstring
theories. All effective actions receive higher derivative corrections which are suppressed by
/™21 where n counts the derivatives [23,24].

1.4.1 T-duality

We already discussed the important role dualities play in string theory. Hence, it is natural
to ask whether they leave any imprints on the low energy effective theory. Especially T-
duality is interesting in this context, because it depends on the closed string’s extended
nature. Finding properties of quantum field theories which originate from T-duality and
observe them experimentally would be an important evidence in favor of string theory.

By gauging a U(1) isometry in the worldsheet action, Buscher [25] obtained a prescription
on how T-duality acts on target space fields. Assume that the isometry stretches along the
distinguished target space direction a. In this case, the so-called Buscher rules for the metric,
the dilaton and the B-field read

1 Ba' GiaJaj + BiaBa'
Jaa — — Gaj = — 9ij = Gij — ’ ’
gaa gaa gaa
aj iaBa' Bia aj
R lngaa B, — 24 B, — By, — YiaZei ¥ Diabai (1.24)
Jaa Gaa

They map solutions of the equations of motion of the action (1.22) to other solutions. In
doing so, they implement a discrete symmetry of the effective theory. However, due to the
complicated, non-linear form of the transformations (1.24), this symmetry is not manifest.

Motivated by this observation, Double Field Theory (DFT) was created [26-29|. It is
reviewed in chapter 2. Here, we only emphasize its salient features. It combines the metric
and the B-field into the generalized metric

Bg'B —Bg!
H = (g _FB g_gl ) (1.25)
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Further, the dilaton is replaced by the generalized dilaton

1
d=¢ — §log\/—g. (1.26)
To reproduce the Buscher rules, one applies the O(D, D, Z) transformation
m 1—m 1 1=j53=a
1—-m m

H— OT"HO and d—d with O:( ) and mij:{

0 otherwise.

(1.27)
In terms of these objects, an effective action and the corresponding gauge transformations were
derived [26,29]. To this end, D additional target space coordinates are required. Further, the
so called strong constraint has to be imposed. It avoids that the additional coordinates give
rise to unphysical degrees of freedom. Imposing a special realization of the strong constraint,
DFT reduces to the NS/NS action (1.22). Besides the original CSFT derivation of DFT [26],
there exists a geometric approach in which the action takes an Einstein-Hilbert like form [30].
Its scalar curvature can be derived from a doubled geometry based on a generalization of the
Lie derivative of ordinary geometry. However, this approach comes with some issues. E.g.,
it is not possible to fully fix the connection on the doubled space. Recently, Extended Field
Theory (EFT) was presented [31-34]. It extends the formalism of DFT from T-duality to full
U-duality.

1.4.2 Compactification

A low energy effective theory is not sufficient to connect string theory with experimental
observation. Until now, only four dimensions were observed. What happens to the remaining
six which are needed to define a consistent string theory in D = 107 Perhaps, they are
compact and occupy such a small volume that they evade detection at the energy scale
accessible by contemporary particle colliders. This idea goes back much before the advent
of string theory. It was first proposed by Klein to explain an unobserved fifth dimension
proposed by Kaluza to unify electrodynamics with general relativity in 1921.

Going from a higher dimensional theory to a lower dimensional one by assuming small
compact dimensions is called compactification. Even when the compact, internal manifold can
not be probed directly at low energies, its shape governs the properties of the effective theory
arising in four dimensions. E.g., one is seeking for a four dimensional theory with Minkowski
vacuum and minimal supersymmetry to implement the MSSM mentioned in section 1.1. In
this case the internal manifold can be chosen to be a Calabi-Yau threefold. Still, there is
an infinite number of such manifolds. They are distinguished by parameters called moduli.
The moduli are counted by the hodge numbers A'! and h?! in Dolbeault cohomology. In the
four-dimensional theory, each of the moduli gives rise to a massless scalar field. Even if these
fields would decouple from the three fundamental forces governed by the standard model of
particle physics, they at least couple to gravity and affect the cosmology of our universe. It
is very difficult to allow them while preserving the predictions of standard cosmology. Thus,
severe efforts are made to give masses to the moduli and stabilize them at fixed vacuum
expectation values. This procedure is called moduli stabilization.

At tree-level, a well established tool to stabilize moduli is flux compactification [35-38|.
By assigning non-vanishing vacuum expectation values to fluxes, like e.g. the H-flux, a scalar



1.4. Low energy effective theory 11

potential for the moduli arises. In the ideal case, this potential would have at least one
minimum which stabilizes all moduli. Normally, not all moduli can be stabilized by tree-
level fluxes, the scalar potential has at least one flat or runaway direction. Non-perturbative
effects can be applied to the remaining moduli, but in general there is no prescription how to
stabilize all moduli.

To make contact with some basic ingredients of a flux compactification, let us consider
a type IIB, orientifold compactification on T®/Zy x Z,. Tt gives rise to a four-dimensional
theory with N' = 1 supersymmetry and Minkowski vacuum. This background is a toy model
for more general Calabi-Yau compactifications. Next, we switch on the 3-form flux

Gy =Fy —ie *H (1.28)

which combines the NS/NS H-flux with the R/R F3-flux. Most vacuum expectation values
for (g3 spoil the consistency of the theory. But still there are some configurations giving rise
to a valid theory at tree-level. These are non-trivial elements of the third cohomology

H3 _ H(S’O) D H(2,1) D H(172) P H(073) (129)
of the complex, internal threefold. Its dimension is given by the sum of the hodge numbers
h(370) — h(0,3) =1 and h(2’1) = h(1’2) =3 (130)

for the untwisted sector [39]. Each Calabi-Yau threefold has a unique covariantly constant
(3,0)-form ©Q which spans H®%. It can be used to calculate the superpotential [40]

1
W:F/Gg/\ﬂ (1.31)

arising due to the non-vanishing Gy flux. In our example, there are h?Y = 3 complex
structure and h("Y) = 3 Kihler moduli. They arise naturally, if we decompose T¢ into three
different T? and parameterize each of the resulting two-tori in terms of a complex structure 7
and a Kihler parameter p;. For simplicity, we further assume that T is symmetric, meaning
7, = 7 and p; = p. In this case, the superpotential has the simple form [41]

W = Pi(1) + e ?Py(7) (1.32)

where Py 5 denote cubic polynomials in 7. All coefficients in these polynomials are NS/NS or
R/R fluxes. From the superpotential W, the scalar potential

V =5 (K"D,WD;W — 3|W|?) (1.33)
can be derived using the Kéahler potential
K = =3In(—i(r = 7)) =3In(=(p—p)) — ¢, (1.34)

the Kéahler metric K;; = &-@-K and its covariant derivative D;W = o;W + 0; KW . Note that
the tadpole cancellation condition for orientifold compactifications requires also to introduce
localized sources in addition to the topological fluxes arising from the cohomology.
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1.4.3 Non-geometric backgrounds

In the last subsection, we have seen that fluxes create a scalar potential for complex structure
moduli in type IIB compactifications. All Kéhler moduli, which include the volume of the
compact space, are flat directions of the scalar potential and thus cannot be stabilized. At
this point T-duality is useful again. It allows to exchange Kéahler and complex structure
moduli, while going from a Calabi-Yau manifold to its mirror. Adding additional terms to
the superpotential (1.32) to make it invariant under an even number of T-dualities gives rise
to [41]

W = Pi(7) + e *Py(1) + pPs(7), (1.35)

where the coefficients of the new cubic polynomial P; are interpreted as the non-geometric Q-
flux. As shown in figure 1.4, an odd number of T-dualities transforms type IIB into type ITA.
By making a type ITA superpotential T-duality invariant, one obtains the so called R-flux [41]
in the NS/NS sector.

A nice toy model where all these fluxes appear is the T-duality chain

T T, . T
Lo Lo B3R (1.36)

ijk

H;jy,

for a flat, three-torus with H-flux. 7; denotes a T-duality transformation along the ith
direction of the torus. After the first transformation 77, a twisted torus with vanishing H-
flux arises. Its twist is captured by the geometric f-flux. A further T-duality gives rise to
a Q-flux background. It represents the canonical example of a T-fold [42-44], a space which
is globally patched by a T-duality transformation. In the effective theory (1.22), it lacks a
globally well-defined metric and is thus called non-geometric. The R-flux even evades a local
geometric description [45|. Further, note that the third T-duality T3 goes beyond the Buscher
procedure because the @Q-flux background lacks the required U(1) isometry. As a theory with
manifest T-duality on the torus, DFT is an optimal tool to describe all these backgrounds in
a consistent way. It e.g. gives rise to field redefinitions which allow to formulate well defined
ten dimensional actions with @- and R-flux [46-48|.

Unfortunately, T-duality chains do not lead to any improvements in moduli stabilization,
because T-duality by definition does not change the physical properties of a system. Even
when it looks completely different, the R-flux background gives rise to the same physics
as the torus with H-flux. Thus, backgrounds with @)- and R-flux which are not T-dual to
geometric onces are even more interesting. They are called genuinely non-geometric and do
not admit a full ten dimensional supergravity description [49,50]. In DFT, they violate the
strong constraint, which is essential for the consistency of the theory. However, there are still
indications giving hope that these backgrounds can be treated in a consistent way:

e The gauge group of D —n < 10 dimensional, half-maximal, electrically gauged super-
gravities [51,52| can be embedded in O(n,n). Geometric and non-geometric fluxes form
the structure coefficients of the gauge algebra [53-55]. Choosing the fluxes T-dual to
geometric H- and f-fluxes only limits the gauge group to embeddings in subgroup

GL(n) X Ay = Ggeom C O(n,n), (1.37)

where Ay denotes a n(n — 1)/2 dimensional, abelian subgroup of O(n,n). But the
embedding tensor formalism, which starts from a n-dimensional, ungauged supergravity
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] only few hints
string theory

matching DFT
'S amplitudes flux formulation
=
]
g
S
=
= 5 generalized B
2 5 Scherk-Schwarz hS
p=t s . . o,
3 - compactification =
2= =
b= 2
- 2
‘@ =

D —n SUGRA vacuum

Figure 1.5: Mutual dependence of string theory, DFT flux formulation, supergravity and
half-maximal, electrically gauged supergravities. The small, shaded region denotes gaugings
embedded in the subgroup Ggeom of the full O(n,n).

and classifies all gaugings consistent with supersymmetry, also gives rise to gaugings
outside this subset. They do not admit an uplift to ten-dimensional supergravity and are
assumed to arise from compactifications on genuinely non-geometric backgrounds [49].

e There are asymmetric orbifold constructions with a modular invariant partition function

who reproduce the gauge algebra expected from a genuinely non-geometric compactifi-
cation [55, 56].

These observations have triggered the development of the DFT flux formulation [53,57, 58].
It implements a weaker version of the strong constraint, the closure constraint, to obtain a
gauge invariant action. Performing a generalized Scherk-Schwarz compactification [53,54, 59|
in the flux formulation, all consistent gaugings in O(n,n) are accessible. These gauging are
encoded in the embedding tensor formalism which allows to obtain all maximal and half-
maximal gauged supergravities from the ungauged theory. Figure 1.5 illustrates the relations
between the different theories discussed yet.
Let us point out two major problems which arise in this picture:

e While the original generalized metric formulation of DFT was derived top down using
CSFT on a torus [26-28|, the flux formulation follows a bottom up approach. Thus, it
is not clear whether its solutions can be uplifted to full string theory.

e Even generalized Scherk-Schwarz compactifications are problematic. In supergravity,
Scherk-Schwarz compactifications rely on the Riemannian geometry of group manifolds.
But such a geometric description does not exist for the doubled space of DFT. E.g.,
there are issues with undetermined components of the Levi-Civita connection and the
Riemann tensor [30,60,61]. A direct confrontation with these problems can be avoided
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by expressing the compactification ansatz in terms of a formal twist tensor. However,
in contrast to the twist in ordinary Scherk-Schwarz compactifications, there is no direct
prescription how to construct this twist on a doubled space.

In the course of this thesis, we will address these problems. A generalization of DF'T, called
double field theory on group manifolds or for short DETvwzw [62,63], is constructed in order
to cope with them. An uplift to string theory is discussed at tree-level only. In general, it
breaks down at loop-level due to the failure of the torus partition function to be modular
invariant. Still there are some examples, like asymmetric toroidal orbifolds, where a full uplift
is possible.

1.4.4 Applications

There is a very wide range of different applications for the techniques we presented so far
in this section. E.g., the scalar potential which arises in flux compactifications can be used
to build models of cosmic inflation. A nice review on this topic is given by [64]. A recent
announcement from the BICEP collaboration [65] has triggered especially interest in slow-
roll inflation with trans-Planckian field range. While such setups are in general difficult to
implement in string theory, a promising approach is axion monodromy inflation [66,67]. Like
the simple toy model in [68] shows, it benefits from non-geometric fluxes on genuinely non-
geometric backgrounds. More sophisticated scenarios, which include non-geometric fluxes as
an essential ingredient, are discussed in [69,70]. Effective field theories are also an excellent
tool to study the structure of the target space. In this context non-geometric fluxes can
be connected with non-commutative and even non-associate deformations of a target space
[71-75]. Corresponding effects where studied directly on the worldsheet as well as from the
DFT perspective [76].

All these results suggest that in the long term it is inevitable to go beyond the landscape
of geometric string backgrounds to a more general one, taking into account the extended
nature of a closed string. To address the problems stated in the last subsection is a small
step into this direction.

1.5 Outline and summary

This thesis is organized as follows: We begin with a review of DFT, its flux formulation
and its connection to non-geometric fluxes in chapter 2. Subsequently, chapter 3 introduces
generalized Scherk-Schwarz compactifications and discusses their properties. It presents an
explicit example of a genuinely non-geometric background stabilizing complex structure and
Kahler moduli at the same time, while leaving still some moduli unstabilized. During this
chapter, we also face the ambiguities discussed above. Section 3.5 suggests to consider a
string propagating on a semisimple, compact group manifold to address them.

Following this idea, we derive DFTwyzw in the chapters 4 and 5. In the former, we start
from a Wess-Zumino-Witten model on the worldsheet and derive a CSE'T tree-level action up
to cubic order in the fields. We further compute the corresponding gauge transformations.
Afterwards, the action is rewritten in terms of a generalized metric and extrapolated to all
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orders in the fields, giving rise to
1 1
S :/dQDX€2d<§HKLVKH1JVLH1J — Q’HIJVJ/HKLVLH[K
1
OV, AV HY + AN AV d + 6F’MLE,KL%HJ) . (1.38)

It differs in two important points from the DFT action in generalized metric formulation:
e [t possesses covariant derivatives V; instead of partial derivatives 0;.
e The last term on the second line is missing in the traditional formulation.

We check explicitly that this action is invariant under the generalized diffeomorphisms
GeH" = LHY = NV HY + (VA = VA HE + (VA = VM) HE
1
Sed = Led =5V igd — §VK§K (1.39)

if the strong constraint

Vo =0 (1.40)

holds. Here, - is a placeholder for fields, parameters of gauge transformations and arbitrary
products of them. They have to be treated like scalars in this expression. Further, the
background fluxes Fj;x are assumed to be covariantly constraint and to fulfill the Jacobi
identity

FrM Far® + Fer™ Far” + Fye™ Fyr = 0. (1.41)

In this respect, they only have to satisfy the flux formulation’s closure constraint. The
covariant derivatives, appearing everywhere, transform covariantly with respect to standard
2D-diffeomorphisms. Thus in contrast to traditional DFT, the framework presented here
is manifestly invariant under ordinary diffeomorphisms, too. By imposing an additional
constraint linking the background fields with the fluctuations, this additional symmetry is
broken and the traditional generalized metric formulation is recovered from DF Twyw. Hence,
after chapter 5, we conclude:

e DFTyyw is a generalization of DF'T. The latter arises as a special case from the former
after imposing an additional constraint, the extended strong constraint, which links
background and fluctuations.

e The background fluxes Fj i capture all gauge groups properly embedded into O(n,n).
They are not restricted to the geometric subgroup Ggeom.

e The doubled space our theory is formulated on is completely governed by pseudo-
Riemannian geometry. It possesses a metric n;; with split signature and a metric
compatible, torsion-full connection.

In order to apply these results to the generalized Scherk-Schwarz compactifications dis-
cussed in chapter 3, we derive the flux formulation |77]

1 1
S = / PPX e (SAPFaFp + 1T acp FptP 548 — 57 acw Fpr SAPSCPSEEY (1.42)
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of DFTwzw in chapter 6. To this end, we introduce covariant fluxes
Fapc = Fapc + Fapc (1.43)

combining a background part Fspc, the flat version of Fr g, with a fluctuation part Fagpe.
The latter is restricted by the strong constraint. Note that we do not reproduce the strong

constraint violation term ]
6FABCFABC : (1.44)

which was added to the action of the traditional flux formulation by hand. In section 6.2.1, we
explain why it is absent. Furthermore, we show that a generalized Scherk-Schwarz reduction
of DFTwyzw gives rise to the expected bosonic sector of a half-maximal, electrically gauged
supergravity. Due to the well-defined doubled background geometry of our theory the twist,
which gives rise to the background fluxes Fap¢, is constructed like in ordinary Scherk-Schwarz
compactifications. Thus, the second ambiguity pointed out on page 13 is solved. Further,
the complete derivation of DFTyzw is top down. Hence, it suggests an uplift of genuinely
non-geometric backgrounds to full string theory as it is discussed in section 6.4. Remember,
this uplift is restricted to tree-level results. We close with a conclusion and present several
ideas how to develop DFTwzw further in chapter 7.



Chapter 2

Double Field Theory

In this chapter, we review some important aspects of DFT, which will be relevant for the
following chapters. We start with introducing the action in the generalized metric formulation
and show its various symmetries. Afterwards we present the equations of motion which arise
from the variation of this action. Finally, we discuss the flux formulation. It allows to
substitute the strong constraint of the generalized metric formulation with the weaker closure
constraint. Further, we comment on how geometric and non-geometric fluxes arise naturally
in DFT.

2.1 Action and its symmetries

DFT is a low energy effective description of closed string theory that takes into account both
momentum and winding modes in a compact space time. Hence in addition to the D space
time coordinates z’ (conjugate to the momentum modes), it introduces D new coordinates Z;
(conjugate to the winding modes of the string). In total there are now 2D coordinates which
are combined into the 2D-dimensional vector XM = (:il xz) To lower and raise the index
M of this vector, the O(D, D) invariant metric

0 & L 0 o
NN = (5f Oj) and its inverse 7MY = (5; 6) (2.1)
are used. Further, one defines the partial derivative 0 = (ai 52)

2.1.1 Action

The DFT action in the generalized metric formulation [29] reads
SDFT = /dQDX efzd’R (22)

where
R = AHMN 9, dOnd — Oy ONHMN — AHMN9,,dONd + 40, HMN Ond
1 1
+§HMN8M7'[KL8N7’[KL — 57’[MN3N7'[KL(9L7'[MK (2.3)
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is called the generalized Ricci or curvature scalar and

MN gi‘—Bz'kglel‘ —Bz’kgkj
H :< J gikBk;j J p (2.4)

is the generalized metric, we mentioned already in section 1.4.1. It combines the metric g;;
and the B-field B;; into an O(D, D) valued, symmetric tensor fulfilling

HMN o HEE = VK (2.5)

The NS/NS sector dilaton ¢ is encoded in the O(D, D) singlet

d=6- logv/g (2.6)

which is called generalized dilaton.

2.1.2 Generalized diffeomorphisms
The action (2.2) possesses a manifest, global O(D, D) symmetry
HMN o HEEM M MY and XM — XN MM (2.7)
where M ¥ is a constant tensor which leaves n™¥ invariant, namely
n MM M = MY (2.8)

If broken to the discrete O(D, D,Z), it can be interpreted as a T-duality transformation
acting on the background torus DFT is defined on. This global symmetry extends to a local
O(D, D) symmetry called generalized diffeomorphisms. Its infinitesimal version

VM o vM 5. VM and XM — XM M (2.9)
is mediated by the generalized Lie derivative
S VM = LV = Nop v 4 (Mg — o)V (2.10)

and its generalization for higher rank tensors. The generalized metric H™¥

ized dilaton d transform as

and the general-

SeHMN = LHMN = oMY + (0MEy — oMY + (0VE — oMM (211)
6ed = Led = M 0pd — %aMgM : (2.12)

These transformations give rise to the algebra
(Lo Leo| = Lo Loy — Lo Loy = Lig eole (2.13)

which is governed by the C-bracket

6. 6)% = 6 onel — JandVel — (6 0 &) (2.14)
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provided we impose the strong constraint
OnON- =0 (2.15)

where - is a place holder for fields, gauge parameters and arbitrary products of them. In
general this algebra does not satisfy the Jacobi identity and so the generalized diffeomorphisms
do not form a Lie algebroid. However, the failure to satisfy the Jacobi identity is a trivial
gauge transformation which leave all fields fulfilling the strong constraint invariant. A trivial
way to solve (2.15) is to set &' = 0. In this case, the DFT action (2.2) transforms into the
low energy effective action

Sxs = Spr1lzi_g = / APz /—ge (R + 40,¢0"¢ — 1—12HWpH’“”’) (2.16)
discussed in section 1.4.

Because it contains partial instead of covariant derivatives, the DFT action (2.2) is not
manifestly invariant under generalized diffeomorphisms. One is still able to show after a
lengthy calculation [28] that

Se(e ' R) = 0;('e *R) (2.17)

holds. Being a total derivative, this variation vanishes under the action integral and the
action remains invariant. Like it is common in field theory, the variation d; commutes with
partial derivative. It further is linear and fulfills the Leibnitz rule.

2.1.3 Double Lorentz symmetry

Further, there is a local double Lorentz symmetry. In order to study it, we employ a vielbein
formalism, as originally introduced by Siegel in [78] and applied to DFT in [29,79]. To this
end, we express the generalized metric in terms of the generalized vielbein E4M via

HMN = B MSABERN (2.18)

Using a frame formalism, we distinguish between flat and curved indices. The former are
labeled by A, B,... and the latter by I,.J,.... In the literature, there are two different
ways of defining the generalized vielbein: In the flux formulation of DFT [53,58], E4™ is an
O(D, D) valued matrix, whereas the original frame formalism of [78,79| uses GL(D)x GL(D)
vielbeins. Both conventions will be relevant later on. We begin with the one used in the flux
formulation. Here, the flat generalized metric is given by

0
SAB — (”ab ) : 2.19
0 ,’,’Cbb ( )

where 7,5, and its inverse n% denote the D-dimensional Minkowski metric. Due to the O(D, D)
valued generalized vielbein, the flat version

b
0" = B = (88 (2.20)
b

of nyrv does not differ from the curved one.
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Now, consider the local double Lorentz transformation of the generalized vielbein
EAM — TABEBM. (221)

We require that it leaves the generalized metric invariant. Hence, the transformation has to
fulfill
T4:SPTB ) = 548 (2.22)

In addition, the transformed generalized vielbein has still to satisfy (2.20), which gives rise
to the further constraint
TAen“PTB, =18 (2.23)

Transformations that simultaneously solve (2.22) and (2.23) are of the form

b b
A Ug + Vg Uagb — Vab
T B — (uab - Uab uy + vab> (224>

where u,” and v,° denote two independent O(1, D — 1) transformations with the defining
properties
U Teas” = Ny and 04 Neq? = gy - (2.25)

By leaving the generalized and the n metric invariant, double Lorentz transformations are a
manifest symmetry of the action (2.2).

Except for the dilaton, the generalized vielbein combines all fields of the theory. As an
element of O(D, D) it has D(2D — 1) independent degrees of freedom. By gauge fixing the
local double Lorentz symmetry only D? of them remain. A possible parameterization of the
generalized vielbein is given by

i In

a
0 €

in terms of the metric’s vielbein e%; with e“mabebj = g;; and the antisymmetric B-field B;;.
If e?; is restricted to be an upper triangular matrix, this parameterization fixes the double
Lorentz symmetry completely. An O(D, D) vielbein without any gauge fixing is

) l
A €q €a Bli
E M — (ealﬁli eai + ealﬁlkBlci) (227)

where e; is an unrestricted vielbein of ¢;; and 8% is an antisymmetric bi-vector.
In the frame formalism of [29,78,79], the flat generalized metric reads

w 0
Sip = (770” 77-5) . (2.28)

We have introduced two new set of indices: unbared and bared indices. They are in one-
to-one correspondence with the closed string’s left- and right-moving parts. Two identical,
D-dimensional Minkowski metrics 14, 1,5 and their inverse 7%, n% lower and raise them.
The 2D-dimensional 1 metric, which lowers and raises doubled indices, is defined as

(a0 iz (0™ 0
Nig = (0 _nab) and 7 —(0 ) (2.29)
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In order to link quantities in this frame formalism with the corresponding ones in the flux
formulation, we apply the transformation

_ 1 uba ur? 1 Upa uba
ro= g (L ) e = (B b)) (2:30)

respectively. Again, u,’ and v,? are two independent Lorentz transformations fulfilling
UaNeats? = ey and 0 Nequy? = 1y - (2.31)
Applying (2.30) to the generalized and the n metric, we obtain
T20S45T%p = Sep and T cnagT®p = nep . (2.32)

Further, we calculate the generalized vielbein

1 eai + €4 Bl €4
M _ B M _ ai a 17 a
Bam =Ta"be™ = V2 <_et'zi + €4' By; e&’L) (2.33)

starting from (2.26) and fixing u,’ = 67, v, = o7.

2.2 Equations of motion
The field equations of DFT are obtained by the variation of the DFT action with respect

to the generalized metric and the generalized dilaton. The variation with respect to the
generalized metric yields

6SprT = / d*P X e 2 Cp nOHMY (2.34)

with!

1 1
Kun = gaMHKLaNHKL 4 (O —2(0rd)) (HKL@K%MN> + 20 0nd
1 1

—éa(M’HKL&LHN)K +5 (8 — 2(0rd)) (H* My + HS (O H wy) - (2.35)
However, this does not lead to the equations of motion for the generalized metric directly,
because HMY is a constrained field. To determine the proper projection that encodes the
equations of motion, we have to remember that the generalized metric is O(D, D) valued and

must fulfill
HEM N HEN = T (2.36)

I'We use the abbreviations

1

1 .
T[m.,.an] = E Z Slgn(U)Tal‘..an and T(al...an) = E Z Talu.an s
oceP oceP

where P is the set of all permutations of the indices ay, .. ., a,, for the (anti)symmetrization of rank n tensors.



22 Chapter 2. Double Field Theory

The variation of this constraint leads to
SH"MHS 3 + HEpdHEM = 0 (2.37)
and after some relabeling of indices and using HMEHy = 64! one obtains
SHMN = —HMESH e  HEY (2.38)

As described in [29,30], the most general variation §HM? satisfying (2.37) can be written as

SHMN = PMES My, PEN + PMES M e PPN (2.39)
with  PYY = 2 (Y HN) and PYY < (Y 4 MY (2.40)

where 0 M,y is now an arbitrary, unconstrained symmetric variation. Because this new
variation is not subject to any constraints, it leads to

§SprT = / A*PXKMN §H = / A*P X Ry noMMY (2.41)

where B )
RMN = PMK,CKLPLN + PMK,CKLPLN (242)

is called the generalized Ricci tensor. Then the equation
Run =0 (2.43)

is the equation of motion for the generalized metric. Because the generalized metric HMV is
symmetric, Ky and Ry are symmetric, too. The variation with respect to the generalized
dilaton gives rise to

R=0. (2.44)

An important difference between general relativity and DFT is that the generalized curvature
scalar does not arise by contraction of the generalized Ricci tensors with n™¥ . Both quantities
are independent.

The equations of motion inherit the covariant transformation behavior under generalized
diffeomorphisms of the action. Thus, one obtains

5§RMN = EgRMN and 5572, = EéR = 518172 . (245)

Further, they are manifestly invariant under double Lorentz transformations.

2.3  Flux formulation

Besides the generalized metric formulation of DFT, which we have discussed in section 2.1,
there is the flux formulation [57,58|. Instead of the generalized metric HM¥, the so called
covariant fluxes

Fapc = 3Q[ABC] and Fy = QBBA + QEAIaId, (2.46)

where
Qupc = EANOnEs" Ecu (2.47)
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denotes the coefficients of anholonomy, are considered as dynamical fields. They have to
be compatible with the generalized diffeomorphisms presented in section 2.1. Because the
generalized Lie derivative acts on curved indices only, the covariant fluxes, which only possess
flat indices, should transform like scalars. Let us explicitly check this property for Fagc.
First, we provide an alternative way to express the covariant fluxes, namely in terms of the
C-bracket

Fapc = |Ea, Epl5 Ecy . (2.48)

To prove that this equation reproduces the definition (2.46), we apply the definition of the
C-bracket (2.14) and obtain

1
Fapc = EsNONER"Ecp, — EEANE?LEBNECL — (A + B)
1 1
= Qupc + §QCAB — Qpac — §QCBA = Qupc + Qoap + Qpea - (2.49)

In the last line we have used that the coefficients of anholonomy are antisymmetric with
respect to their last two indices. This property is a consequence of

EAN8N (EBMT]MLECL) == EANﬁNnBC =0 (250)
and allows us to expand the antisymmetrization in the definition (2.46)
Fapc = 3Qapc) = Qapc + Qoap + Qpea, (2.51)

which indeed matches (2.49). Due to the closure of the gauge algebra under the strong
constraint (2.15), the C-bracket transforms as a vector under generalized diffeomorphisms.
To reproduce the generalized Lie derivative of the generalized metric (2.11), E4! has to
transform as a vector,

Se B4y = LBy = 101 By + (0mE! — 0'én) B, (2.52)

too. Hence, the contraction between the two vectors (C-bracket and the generalized vielbein)
in (2.48) transforms like a scalar. For F4, one has to calculate 0¢F4 explicitly. Taking (2.52)
and the strong constraint (2.15) into account gives rise to

6eFa =E'01Fa, (2.53)

which proves that F4 is also scalar under generalized diffeomorphisms.

2.3.1 Closure constraint

It is possible to obtain the same results even if one replaces the strong constraint with the
weaker closure constraint [57]

Ag b, = 0. (2.54)

Here, A¢- denotes the failure of the quantity - to transform covariantly. It is defined as

AV =6V — LV (2.55)
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In addition to (2.48), another way to express Fapc is in terms of the gauge transformation
Fapc =0p, B Ecy = L, Ep™ Ecr - (2.56)

This identity follows directly from the connection

6, &l = L8 — 50'(E600) (257)

between C-bracket and generalized Lie derivative. It allows us to substitute the requirement
A¢Fape = 0 discussed in the last subsection with the closure constraint

Ap,Fpep = Ap,0p, Ec™ Epy = Zapop = 0 (2.58)
for the generalized vielbein. In the same spirit, we calculate
Fa=20p,d=2Lp,d=2E,"01d — 0;Es" = QP s —2E,'0,d (2.59)
which allows us to identify the covariant transformation behavior of Fju,
Ap,Fp=2Ap,0p,d =245 =0, (2.60)

with the closure constraint for the generalized dilaton. Following [57], we have introduced
the two quantities

3
Zapep = DiaFpep) — Z—F[ABE-FCD}E (2.61)
Zig = DC.FCAB + 2D[AFB} - FC?CAB . (2.62)

Further we use the abbreviation
Da=EA 0 (2.63)

which one denotes as flat derivative. Under the strong constraint Z45 and Z4pcp vanish.
However, there are also cases where they vanish and still the strong constraint is violated.
Simple, but non-trivial examples for these cases are generalized Scherk-Schwarz compactifi-
cations which we are going to discuss in chapter 3 in detail. In the internal directions, their
covariant fluxes are restricted by

Fapc = const. and F4=0. (2.64)

In this case, Z45 = 0 is automatically fulfilled and Z,5cp = 0 can be identified with the
Jacobi identity

1
ZABCD = —Z(FABE.FECD + fCAEfEBD + fBCE]:EAD) =0. (2.65)
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2.3.2 Action and equations of motion

The action of the flux formulation reads [57]
1 1
Sprr = /dZDX e 2 (FaFpStP + Z]:ACD}_BCDSAB — EFABCFDEFSADSBESCF

— é}"ABC}"ABC — FaF™h). (2.66)
Its form is inspired by the scalar potential of the bosonic sector of half-maximal, electrically
gauged supergravity [51]. The second line vanishes under the strong constraint. Expressing
the generalized metric in terms of generalized vielbeins as HMY = E,M S4B EpN and applying
the strong constraint, the first line is equivalent to the action in the generalized metric formu-
lation (2.2) up to boundary terms. Violating the strong constraint, (2.66) contains additional
terms in comparison with the action in generalized metric formulation. These terms were
added by hand in order to make a connection to the scalar potential of half-maximal, gauged
supergravities. Still, they are compatible with generalized diffeomorphisms after applying the
closure constraint (2.54).

Due to the closure constraint, the action is manifestly invariant under generalized diffeo-
morphisms. But, in contrast to the generalized metric formulation it lacks a manifest double
Lorentz invariance. Applying (2.21) to the definition of the covariant fluxes (2.46) gives rise
to

Fapc = TaPT"Tc" Fppr + 314" Ep™ ouTp" T - (2.67)

The first term on the right hand side represents the covariant transformation behavior of a
rank three tensor. But, the second term spoils covariance. According to [57], an infinitesimal
double Lorentz transformation of the full action (2.66) yields

IASprT = /d2DX€2d AL (P — 5P Zpe (2.68)

which vanishes under the closure constraint due to Z45 = 0.
In order to derive the equations of motion, we calculate the variation of the flux formulation
action with respect to the generalized vielbein giving rise to

0SpET = / d*PXe GNP A g with Aup =B Epy . (2.69)

Due to the antisymmetry of A4p, which follows from
5<EAMEBM) :(577AB :OZAAB+ABA, (270)

only the antisymmetric part of GAP contributes. After explicit calculations [57, 76], one
obtains

GAB = 248 L 9SCUDBIF 4 (Fo — Do) FEUBl 4 FOPIA Fop Bl = 0 (2.71)

with
FABC _ §ABCDEF p (2.72)
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and the projector

S«ABCDEF — %SAD nBE 77C’F 4 lnAD SBE 77CF 4 %T]AD nBE SCF . %SAD SBE SCF (273>

which fulfills 52 = 1. Applying the strong constraint, it is possible to express
G = PUCPPI LK ap (2.74)

in terms of the symmetric tensor K 45, which we have introduced in section 2.2 to derive j:he
equation of motion in the generalized metric formulation. For the projectors P4 and Pap
defined in (2.40), one is able to show [57] the equivalence

PACPEI KA =0 < PUPP KA =0. (2.75)

This allows us to identify the equations of motion of the flux and the generalized metric

formulation
GYP=0 & R¥=0 (2.76)

under the strong constraint.

2.3.3 H-, f-, Q- and R-flux

There is an intriguing connection between the covariant fluxes Fpc and geometric as well as
non-geometric fluxes. As explained in section 1.4.3, geometric H- and f-fluxes arise e.g. in the
scalar potential of SUGRA flux compactifications. In order to make such potentials invariant
under T-duality transformations of the compact space, [41] has introduced the additional,
non-geometric Q- and R-fluxes. All these fluxes arise if one explicitly calculates the various
components of Fapc. To this end, we start with the generalized vielbein (2.27) that possesses
both the two-form B;; and the bi-vector 3%. Its double Lorentz symmetry is not gauged fixed.
Depending on the physical situation, one may gauge fix to a frame containing only the B-field,
only the bivector 3%, or some intermediate frame. For a gauge without independent B-field
the covariant fluxes reduce to those identified in [46,48]. The generalized vielbein with the
flat index lowered and the curved one raised reads

a a.BikBR, . e%.[37t
ExM = napEP vy = (6 Z*eejﬂBﬁn B eéé ) . (2.77)
a 7 a

Because the covariant fluxes F4pc are totally antisymmetric, only four of the eight Dx Dx D
blocks they consist of are independent from each other. Each of these independent blocks,
namely

Fabca Jrabca «Fabc and Fabca (278>

will be evaluated. Combining these results, we obtain H-, f-, )- and R-flux in flat indices.
We start with Fu. given in terms of

]:abc - Qabc + Qcab + cha - 3Q[abc] . (279>
Putting (2.77) into (2.47), the relevant coefficients of anholonomy evaluate to

Qabc = eaiebjeck (&Bjk —f- BilélBjk) . (280)
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Combining this result with the antisymmetrization of Q. in (2.79) gives rise to
Fabe = 3eq' e’ e (8 By — Bid' Bjry) = Hape - (2.81)

Choosing the explicit realization d;- = 0 of the strong constraint, this expression is equivalent
to the H-flux in flat indices. In the next step, we calculate the three 2450 components 2%,
Q,°. and Q¢ with two lowered indices and one raised index. They are given by the following
expressions

Q% = e%erle.r (5iBjk + B )
Qabc = eaiaiebjecj + eaiBijéjebkeck + eaiebjeckﬁleilk
Q0 = —Q%. (2.82)
With these three components, the covariant fluxes F%,. read
Flhe = Qﬁ)c] + Q[cab] + Q[bc]a = Qﬁ?d + QQ[Cab]
= 2(e[ciaie“jei] + €[ciBijéj€ak€b]k) + e“iebjeck (élB]k + ﬁilHljk) = fl;lc . (283)

They are equivalent to the geometric flux f“,. in flat indices. This equivalence gets manifest,
if a frame is chosen where 9- = 0 and 5% = 0 holds. Then F%, reads

Flhe = 2¢O e = fi, (2.84)

which is exactly the form given by e.g. [80]. In order to calculate F*° we need the anholonomy
coefficient’s components

Qb = e, 0t et + ehiel e (B ), + O By
Q" = en'ejley, °( 9;3°* + B o' 7k + ﬁjlﬁkadm) and
00 = — Qe (2.85)

We combine them to

Fab Q[ab] ‘I‘ Q [ad] + Q[b al _ Q[ab]c + Qc[ab] _ 26[ai5ieb]jecj
+ eil%e;e. "(80,BY + Bu0'37 4 20° By, — g 2071 + B Q] ) = QL (2.86)

which is equivalent to the Q-flux in flat indices. In the frame 9 = 0 and B;; = 0, this
expression simplifies to

Fo, = eebe (0,67 — BUfL) = Q¥ (2.87)
and thus is equivalent to the Q-flux defined in e.g. [81]. Finally, we have
Qabe = ¢,eb e, (51’53‘16 + gl + éiBmlBljBkm) ’ (2.88)
which gives rise to

fabc _ SQ[abc] _ eaiebjeckg(é[iﬁjk] _ Bi[lalﬁjk]
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NP - N T
+ B 0" VBN 1 B0 By U + §ﬂ”ﬁjm6knﬂmn) (2.89)

and is equivalent to the R-flux in flat indices. To see this, we use the frame 9+ = 0 and
B;; = 0 in which (2.89) reads

]_-abc _ eaiebjeck?)ﬂ[ilalﬁjk] — Rabc . (290)

This expression is equivalent to the R-flux defined in e.g. [46]. All these results agree with
the ones presented in [57,80] and show that the covariant fluxes are indeed a generalization
of the fluxes known from the SUGRA effective action (1.22).



Chapter 3

Generalized Scherk-Schwarz
compactification

While constructing backgrounds for closed string theory, a major challenge is to find non-
trivial solutions for the background field equations. The NS/NS sector of these equations
can be derived by varying the DFT action (2.2) with respect to the generalized metric and
the generalized dilaton. The resulting partial differential equations are involved, and in
general it is impossible to solve them directly. One way to overcome this problem is to start
with known supergravity solutions, like NS 5-branes or orthogonal intersections of them [82].
Here, we use another technique, called generalized Scherk-Schwarz compactification. It is
the generalization of Scherk-Schwarz compactification [83,84], used for dimensional reduction
of supergravity theories, to the doubled space of DFT. This compactification gives rise to
a lower dimensional effective action whose equations of motion are easier to handle than
the ones of full DFT. The action describes the bosonic sector of a half-maximal, electrically
gauged supergravity. It is equipped with a scalar potential which severely restricts the vacua
of the effective theory.

If the compactification ansatz is consistent, vacua of the effective theory can be uplifted
to solutions of the DFT field equations. A consistent Scherk-Schwarz compactification has
to possess enough isometries [83-85]. E.g., for a consistent dimensional reduction of a theory
on a n-dimensional space one needs n isometries. We show in section 3.2.3 that a consistent
generalized Scherk-Schwarz compactification has to possess 2n isometries. Half of them are
with respect to the coordinates z* and the other half is with respect to the dual coordinates
Z;. In this case, the arrows in the diagram

consistent compactification ansatz

SD‘FT Seft
3Sprr =0 3Ser = 0
background ﬁeld equations field equations
solve (involved) i solve
backg}ound solution

uplift (3.1)
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commute.

In the last chapter we already discussed the dashed path in this diagram. Now, we will
follow the path marked by the solid black lines. The following sections describe the way from
Sprr to the solution of the effective field theory’s equations of motion. To this end, we start
from a generalized Kaluza-Klein ansatz in section 3.1 and restrict it to a group manifold to
obtain a generalized Scherk-Schwarz ansatz. After discussing the properties of this ansatz, we
drive the effective theory in section 3.3. Further, we explain how moduli of the compactifica-
tion obtain masses due to non-vanishing background fluxes. These background fluxes can not
be switched on arbitrarily but are severely restricted by the embedding tensor. Section 3.4
presents an explicit example of a generalized Scherk-Schwarz compactification giving rise to
an effective theory with CSO(2,0,2) as gauge group. Based on the insights we gain from this
example, we discuss conceptual issues of generalized Scherk-Schwarz compactifications. They
motivate the derivation of double field theory on group manifolds in the next two chapters.

3.1 Generalized Kaluza-Klein ansatz

In a compactification one distinguishes between internal (compactified) and external (uncom-
pactified) directions. Here, we assume that we have D —n external and n internal dimensions.
To make this situation manifest, we split the 2D components of the vector XM = (iz x’)
into

XM= (7, a* YM)=(X Y), where p=0,...,D—n—1 (3.2)

counts the external directions and Y™ is a vector in the internal doubled space. In this
convention, the O(D, D) invariant metric (2.1) reads

0 6 0 o 0 6 0
miw =10 0 0 |, pM=[s 0 0 (3.3)
0 0 nuwn 0 0 M~

and the flat generalized metric is defined as

00 s 0 0
Sig=10 nw 0 |, S¥=[0 n* 0 |. (3.4)
0 0 Sug 0 0 &45

For flat indices we have adopted the index structure (3.2) of the curved ones. To obtain
the curved version of the generalized metric, one introduces the gauged fixed generalized
vielbein [53, 58, 86]

A e —eaCup —ea”Anp 1
EAM — 0 AeO“ZiL 2 with C,ul/ = Bwj + §ALMALV . (35)
0 E L nw E M

Its constituents are
e the (D — n)-dimensional vielbein e, (X) of the external space and

e the corresponding B-field B, (X),
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e the D —n 2n-dimensional, covariant vectors Ay, (X,Y) and
e the O(n,n) valued vielbein E4/(X,Y).

They form the field content of the effective theory which arises after the compactification.
Altogether, they completely parameterize the D? degrees of freedom of the totally gauge fixed
generalized vielbein (2.26). This special form of the generalized vielbein is called generalized

Kaluza-Klein ansatz [86]. We use the convention of the flux formulation. Thus, EA iy has to
be O(D, D) valued and must satisfy (2.20). This is the case if and only if

eaunaﬁeﬁu _ nul/ and EAMnABEBN _ 77MN (36)

hold.

At the first glance, the presented parameterization of EA o seems quite arbitrary. Its
motivation becomes clear if one calculates the generalized Lie derivative

(556% = Lgea#
8¢Byy = LeBy, + (aug} - ayéu) + O A AM

LeEA Yy = (3.7)
0cAnry = LeApr, + LAAM +0,A
| 0B v = LeBAM + LAE
with the parameter
M= (Eu(z") €ar) AM(2V)Y)) . (3.8)

In the D — n extended space time directions, there are no winding modes. Thus in these
directions, the strong constraint (2.15) is trivially solved by " = 0 and the partial derivative
in doubled coordinates reduces to O™ = (0, 0 9M). L¢ denotes the (D — n)-dimensional
Lie derivative which acts on curved indices of the uncompactified directions only, e.g.

Lee®, = £0,¢%, + 0,£"¢*, or LeE*y =&"0,E%,, (3.9)

and L¢ represents the generalized Lie derivative in the compactified space. According to
(3.7), the parameters of EA 1y transform covariantly with respect to both diffeomorphisms
of the external and generalized diffeomorphisms of the internal space. This distinguished
transformation behavior is the defining property of the generalized Kaluza-Klein ansatz (3.5).
There are still additional terms besides L¢- and L¢-. They correspond to the gauge symmetries
of the effective theory. We discuss them in detail in section 3.3.

3.2 Generalized Scherk-Schwarz ansatz

The Kaluza-Klein ansatz is still very general. In order to perform explicit calculations, we
restrict it by splitting the generalized vielbein of the internal space

EAy(X) = EAN(X)UY i (Y)  and the vector  Ap, (X) = Ay, (X)UN 3 (Y)  (3.10)
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into X and Y dependent parts. Quantities which only depend on X are marked with a hat.
The tensor UV, is called twist and plays a central role in Scherk-Schwarz compactifications.
Note that the splitting (3.10) can also be written in the compact form

“ 0 0
EAG(X) = EAG(X)UN 1 (Y) with UNg=[0 o2 o0 |. (3.11)
0 0 UNy

As previously emphasized, the generalized vielbein EA i 18 O(D, D) valued. The untwisted

generalized vielbein EA 1y bossesses this property by construction. Hence the twist U N 1y also
has to be O(D, D) valued, which is the case if, and only if, UV ), is O(n,n) valued.

3.2.1 Twisted generalized diffeomorphisms

The twist also affects the parameter of the generalized Lie derivative

M= VUM = (&, ¢ AM) with AM =RNUNM. (3.12)
We use this parameter to calculate the generalized Lie derivative

LV = 20V + (0567 — 07¢,,) Vi
= LViUTy + EV (U, 00N gy + 03U PUN = UN 507U )
A /i"//\ g A

= (LeVi + VY [Qpgp + e — il ) U

= (LeVi+ Finp VU, (3.13)
of the twisted vector V,;, = YA/NU N 17~ Analogous to the flux formulation of DFT, the abbre-
viations ) )

Qpjp =UMOyU;"Ugy and  Fjjp = 354 (3.14)

are used. Due to the structure of the twist (3.11), F;;; vanishes for all indices labeling
external directions. Its non-vanishing components are linked to the covariant fluxes introduced

in (2.51) in section 2.3 by
Fapc = EA"Eg’ Ec™ Fryx . (3.15)

Hence in the following we will also call F; ;5 covariant fluxes.

An important consistency constraint the reduction ansatz has to fulfill is the closure of
generalized diffeomorphisms mediated by (3.13). Assuming that the strong constraint holds
for the internal and external space, closure is automatically guaranteed. In this case, the
relation

[[’517 L"ﬁz]vj\}[ = ‘C§12VM (316>

holds with the resulting parameter
&z = (6. &lo+ F a0 = e el (3.17)

where the explicit expression for the C-bracket arises from the identity

6. BIE = S(ca 8 — Lo 8 (319)
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and (3.13). Further, one can check the closure constraint (2.54)

~ 3 .
Ap0n,Ee' En = Zapen = DiaFaen) — 7Fan” Fenp = 0- (3.19)
In the internal directions it yields
3
OuF kL) — Zf[IJM]:KL]M =0 (3.20)

after applying (3.15). In the following we assume that the covariant fluxes are constant
Frjix = const. (3.21)
and so we are left with the Jacobi identity
FrunF ik + FoomF i + FoniFrux =0 or FuunF nx =0, (3.22)

taking the total antisymmetry Fyyr = Fng) into account. In the external directions,

the strong constraint is implemented trivially by vanishing winding modes - = 0. Thus, all
contributions to Z ;54 p in the external directions vanish, too. These constraints are sufficient
for the closure of generalized diffeomorphisms stated in (3.16) [58,59].

Further restrictions arise if one considers the generalized dilaton

~

d(X) = d(X) (3.23)

which we assume to be constant in the internal directions. Its generalized Lie derivative reads

~ 1 .
Led = Led - 5aMUNM : (3.24)

The last term would introduce a Y dependence which we ruled out by the ansatz (3.23).
Hence, this term has to vanish and we obtain the additional constraint

aMUNM =0 or equally ijj =0. (3.25)
Applying it, it is trivial to check that
[551’£§2]d = 'C[fl,&z]cd (3'26)

closes due to the strong constraint in the external directions.
Although not necessary for a closing gauge algebra, it is desirable to check whether the
strong constraint holds in the internal directions. If this is the case, the twist UM y fulfills

0, U7 0MU K =0, (3.27)

It would be convenient to check this constraint directly at the level of the covariant fluxes.
Trying to find an explicit result, one encounters the problem of inverting the map (3.14).
Still, one can show that (3.27) annihilates the contraction

Furwi PN = 805, QN 4605 QY = 80, Ui R0 UN ;. — 600 Un"0, UMM = 0.
(3.28)
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To see that the second term in the second line vanishes, we use
8M8L (UNLUNM) =0= 8MUNLE)LUNM with aMUNM =0. (329)

With this result one is able to identify covariant fluxes which definitely violate the strong
constraint in the internal directions.
Combining (3.13) with (3.7), one gets the generalized Lie derivatives

LeAnsy = LeAngy + FrogNAX Uy +9,A,  and (3.30)
E&EAM = LéEAM -+ f[JKKJEAKUIM (331)

for the twisted fields. It is obvious that both A, and E4 )y transform under generalized
diffeomorphisms with non-vanishing AM as non-abelian vector fields.

3.2.2 Isometries

An isometry is defined as a shift of the coordinates X J — X7 — K7 which does not change
the generalized metric. Using the generalized Lie derivative, which generates such coordinate
shifts, yields

LxHyx=0. (3.32)

The transformation parameter K” is called Killing vector. This equation generalizes the
Killing equation known from conventional geometry to the doubled space. In total we need
2n independent isometries for a consistent compactification. They are mediated by the Killing
vectors K;7 where I is running from 1,...,2n. Further, they act on the internal space only.
Thus all Killing vectors are independent of the external directions X and their external
components vanish. Condition (3.32) is equivalent to

LB =0 &  LiHyg=2(Lx, B 5)SasEP 5 =0 (3.33)

which allows us to use the generalized vielbein EA iy to define Killing vectors.
Checking how a Killing vector acts on a twisted vector Vy, = VUM, gives rise to

LV = VN [KP0,UM + (0K p = 0, KM UG P = VN LU M. (3.34)

In the last step, we have introduced underlined curved indices, e.g. N , which are not affected
by the generalized Lie derivative. Because the generalized vielbein is a twisted vector, (3.33)
implies

L, Ug™ =0 and Lg, V7 =0. (3.35)

Keeping in mind that the generalized Lie derivative (3.13) of a twisted vector is again a

twisted vector, we obtain
Lk, LelVy =0. (3.36)

Thus, isometries commute with twisted generalized diffeomorphisms. The Killing vectors
form the algebra ) )
»CKIKJK = FrhKL K (3.37)
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with the structure coefficients
Fif = KNoNKMEKE y + KENONK MK o + KN onKS KM (3.38)

Here K'; denotes the inverse transpose of K;” and thus K;/*K7; = 5}] holds. In contrast
to the twist U;’, K;7 is in general not an O(n,n) element. Its first index cannot be raised
or lowered with ny;n or n™M¥ | respectively. Like in the last section, additional restrictions
arise due to the generalized dilaton. It is invariant under a generalized Lie derivative with a
Killing vector as parameter. Hence, we find

1 1
L, d=K;"0;d — 5aJmJ = 5aJmJ =0 — OK/7=0 (3.39)

analogous to (3.25).

3.2.3 Consistent compactification

Like indicated in (3.1), a consistent compactification ansatz is used twofold. First, it gives
rise to the effective action Seg, whose Lagrangian is independent of the internal coordinates.
Afterwards solutions of the effective action’s field equations are uplifted with the ansatz to
solutions of the full DFT equations of motion. As we discuss in this section, both steps
depend on the existence of 2n linear independent Killing vectors.

In combination with the additional constraint (3.39), they guarantee that the Lagrangian
of the effective action does not depend on the internal coordinates. To see this, consider
the action of a Killing vector K; on the Lagrangian defining DFT. It is a scalar density and
transforms as

(SKI (6_2dR) = GJKIJe_QdR + K[Ja](e_zR) = KIJ(?J(e_QdR) =0 (340)

after using (3.39) to drop the term with the partial derivative acting on the Killing vector.
Because K’ consists of 2n linearly independent vector fields, from this equation we conclude

d5(e™'R) =0. (3.41)

In other words, the Lagrangian is independent of the internal coordinates Y.
Next, consider a generalized Ricci tensor which vanishes

Ry (Xo) =0 (3.42)

at a fixed position Xy in the internal space. As a function of the generalized metric and
dilaton, it inherits their Killing equation

Sk, Ry = 0. (3.43)

Further, it transforms under generalized diffeomorphisms as a tensor. Thus, we are able to
identify

At the point X, where R ;5 vanishes, this equation reads

L, Ryrxlx, = K1J3JRMN|XO =0. (3.45)
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Using that there are 2n linear independent Killing vectors, we find
aIRMN’XO =0. (3.46)

Thus, in an infinitesimally small neighbourhood around X, R, is constant and vanishes.
If we repeat this procedure successively to different points in this neighbourhood, one is able
to cover the complete internal space which is simply connected. We conclude that, assuming
2n linear independent Killing vectors, if the generalized Ricci tensor vanishes at one point in
the internal space, it also vanishes at all other points therein.

This result is useful in constructing solutions to the 2D-dimensional equations of motion

0Sppr = / PP X e 2R HIN = 0. (3.47)

In order to solve them, it is sufficient to find a solution in the external directions

0= / PP Xe M Ry o] SHIN = / PP X e MR SHYN = 58 (3.48)
with R ) .

Rug =U yRi:U 5. (3.49)
Such a solution arises from the field equations of the effective theory. Hence, one is able to

uplift solutions of the effective theory to the full 2D-dimensional DFT if there exist 2n linear
independent Killing vectors.

3.3 Effective theory

In the last section, we have proved that a consistent Scherk-Schwarz ansatz leads to an
effective action S.g which is independent of the internal coordinates. The effective theory is
a gauge theory. Its gauge transformations are mediated by generalized diffeomorphisms with
the parameters

AN — (0 0 T\NUNM> . (3.50)

It is convenient to express the effective theory in terms of quantities which transform covari-
antly under these transformations. To this end, we introduce the gauge covariant derivative

D, =08, — Lau, (3.51)

with the defining property
AN(D,V) =0, (3.52)

calculating the failure (2.55) of D,V for a generic O(n,n) tensor V' to transform covariantly
under generalized diffeomorphisms parameterized by A. Applied to the generalized metric
‘Hrnv of the internal space, it gives rise to

Du,HMN = U]MEHﬁIJUJN with

Dy Hun = 0, Hun — Fars A Hin — Fus A Hor (3.53)
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The field strength of the gauge field A, is defined in analogy with Yang-Mills theory by
setting

M, = 28[MAMV] — A, A = ﬁN/wUNM with

F\Mp,y = Qa[ugMy] - fMNszl\NuA\LV (354)

and describes how two covariant derivatives commute

[D,,D,] = —Lp (3.55)

pv "

In generalized Kaluza-Klein compactifications, F™ w normally does not transform covariantly
under gauge transformations [86]. This problem is fixed by adding the partial derivative of a
2-form gauge potential to the field strength defined in (3.54). It compensates for the wrong
transformation behavior and gives rise to the so called tensor hierarchy. Due to the restrictions
introduces by the generalized Scherk-Schwarz ansatz, the failure

ANFM,, = 60 FM , — LA FM = M (0, AN Ayy) = M (9, AM A,y) = 0 (3.56)

of the field strength to transform covariantly vanishes. Thus, we use (3.54) without any
modifications. Further, note that the Bianchi identity

Dy FY,,; =0 (3.57)

is fulfilled for F™ ,,. The canonical field strength for the B-field is extended by a Chern-
Simons term R o R
Gup = 30, Buy) + 30, AM , Apry — Funp AM AN AT, (3.58)

in order to be invariant under gauge transformations. It fulfills the Bianchi identity
0,Gupn = 0. (3.59)

To derive the effective action in terms of these quantities, it is convenient to start from
the DFT flux formulation (2.66) and calculate the covariant fluxes Fjzs and F4. Their
non-vanishing components read [53, 86|

-Fabc = eauebyecp@#up fabc = 2e[a,'ua,ueb}yecl/ = ;b
Favc = _eauebyE\CMF\M;w Fape = €a“ﬁ“EBMECM
Fapc = 3 apcy Fou= [ +2e,10,0 . (3.60)

Plugging them into (2.66) and switching to curved indices, the effective action

1 ~ ~
Seff = /dx(D")\/—gew <R + 40,00" ¢ — EGWG‘“’”
1~ Ay 1~ ~ A= ~
~Han VBN, 4 D Haun D HMY V> (3.61)
[53,86] arises. Here, R denotes the standard scalar curvature in the external directions. As

discussed in section 3.2.3, the Lagrange density of DFT is constant in the internal directions
if there are 2n linear independent Killing vectors. We assume this case and solve the integral
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in these directions. It gives rise to a global factor, which is neglected in (3.61). The resulting
action is equivalent to the one presented by [54]. Its scalar potential V' reads

~ 1 ~ 1 STIKLAS
V= —Z-FIKLFJKL,HIJ + EfIKMfJLNHIJHKLHMN : (3.62)

Note that we assume the strong constraint to hold for the complete doubled space. Therefore,
we do not have a Fr;xF'/K term in the scalar potential. As discussed in section 3.2.1, it
vanishes after imposing the strong constraint for the internal space. There is a straightforward
geometric interpretation of the scalar potential [86]: It is equivalent to the internal space’s
generalized scalar curvature, namely

V =—R(d,Hun). (3.63)

To avoid overloading our notation, we drop the hats on all quantities of the effective theory
in the following.

3.3.1 Vacua

Since we have performed a consistent compactification, each solution of the effective action
is also a solution of the DFT we started with. At this point it helps to note that (3.61)
represents the bosonic sector of a half-maximal, electrically gauged supergravity. So in order
to find vacua, we do not have to explicitly solve its full field equations. Instead, it is sufficient
to look for minima of the scalar potential. A necessary condition for a local minimum is

ov
p— . . 4
OHun ’ (3.64)

Again, one has to keep in mind that the generalized metric H;; of the internal space is O(n, n)
valued and symmetric. Thus, one has to apply the projection

. _ %
0 = PuxK** Py + PyKX Py with KMY = —— (3.65)
aKHMN

to obtain n? linear independent equations fixing valid vacua. In order to solve these equations,
we first calculate

’CMN o

1
1 (= FMELFN g + FM e FNHYTHEE) (3.66)

It is evaluated for MY, the vacuum expectation value of HMN. We express this value in
terms of the vacuum generalized vielbein

HMN = Ey,MSABERN (3.67)

In the following, flat and curved indices will be related by means of this background frame
field. Applying this prescription to the indices of (3.66), one obtains

ICAB == (.FAC’DUDE.FBEFUFC - fACDSDE.FBEFSFC) . (368)

N
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A further simplification is achieved by changing to flat, GL(n) x GL(n) indices which were
introduced in section 2.1.3. Expanding (3.68), in terms of these indices yields

ICAB — FAEd F‘Béd (369)
where we use the parameterization
Five Ab)
Finm = c c 3.70
e (]:Abc F e (3.70)

of the covariant fluxes. The projectors Py and Py needed to calculate (3.65) take the
simple form

Pip =

N | =
—~
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b
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(o9
b
(o]
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in barred, flat indices. They allow to write (3.65) as

_ 0 K
(2 ) .

Further KCa, = KC,5 holds. This identity follows immediately from (3.69). Thus, we obtain the
n? independent equations

0 = FacaF5™ (3.73)
as a necessary condition for a local minimum of the scalar potential and therewith a vacuum
of the effective theory. An obvious solution is

]:

a

pe =0 and Fue=0 (3.74)

which leaves only F.;. and Fg;: as non-vanishing components of the covariant fluxes.

We conclude this section with an important remark: Note that the scalar potential (3.62)
includes flux from the NS/NS sector only. To obtain the full scalar potential one has to add
R/R fluxes, too. So even if (3.73) is violated, there is a good chance to fix this situation by
switching on additional R/R fluxes.

3.3.2 Spectrum

We already discussed the necessary condition (3.65) for a local minimum of the scalar poten-
tial. To formulate a sufficient condition, we have to calculate the Hesse matrix

v
B qbong,@

and check whether it is positive definite for the vacuum generalized vielbein H!”. At this
point, we introduce n? auxiliary scalar fields ¢,. They account for the fact that the gen-
eralized vielbein HM¥ in the internal space is O(n,n) valued and thus not all of its entries
correspond to physical degrees of freedom. The unconstrained, physical degrees of freedom

H,ps with a,f=1,---,n? (3.75)
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are represented by the fields ¢,. They correspond to the moduli discussed in section 1.4.2.
With this convention, the Hesse matrix reads

O*V. oM OHEE oV OPHEE

H.3 = + : 3.76
P OM0HKL 06e 0bs | OMicr 06a 00 (8:76)
With
2 1 1J
% = 5]-"1KM.7-"JLN’HMN and the abbreviation (t,) !/ = 8;;;& , (3.77)
we obtain . 5
H.p = §fIKMfJLNHMN (ta)™ (t5) " + Ki1 9 (tg) 5F. (3.78)
The matrix (t,) ;7 is an element of the Lie algebra o(n,n) and is constraint by
(ta); “nrcs + (ta) ; “nix = 0. (3.79)

For the following calculations, it is convenient to switch from curved to flat indices. We
do so with the vacuum generalized frame field, e.g.
H!T = EJ"HAPER” . (3.80)
In general HA® is not equivalent to S4Z used in the flux formulation. Only for the vacuum
they are. It is straightforward to check that (¢,), 7 transforms in the canonical way

(ta)a ® = (ta); 7EA"E" ;. (3.81)
Further, the constraint (3.79) can be written as
(ta)a “ncs + (ta)p “nac =0 (3.82)
and its solution is given by
V2(tep), % =SB enpja with o= (C D). (3.83)

A normalization factor was introduced to guarantee that

(ta) 4 ® (tg) g™ = bap (3.84)
holds. For C' < D, (3.83) produces the adjoint representation of the Lie algebra o(n,n).

After switching to bared flat indices, n? of the generators (t,) 4 B are symmetric, the others are
antisymmetric. We drop the antisymmetric ones, because the generalized metric is symmetric
and so are its generators. With these generators at hand, the generalized metric can be

expressed by the exponential map
1
P = exp (1) 6%) = §7 4 (1) 6" + 3 (1) “Sen(ts)?P0%0" + ... . (3.89)

To simplify the notation we apply Einstein sum convention to the indices «, 3, -- of the
auxiliary fields. In the vacuum all ¢, vanish and according to (3.85) the generalized metric
equals S4B, Back in curved indices this gives rise to the vacuum generalized metric

HMN = HMN (¢, =0). (3.86)



3.3. Effective theory 41

With the parameterization of the generalized metric in (3.85), one obtains

82HAB . (ta)AC SCD (tﬂ)DB for a S B (3 87)
O0¢o Op b B (tB)AC Scp (ta)DB otherwise .
and is able to express the Hesse matrix (3.78) as
1
Haﬁ = <§]:ACE]:BDFSEF + ’CADSBC) (ta) AB (tg) b . (388)

In order to identify massive scalar excitations, we diagonalize the Hesse matrix. Because
H,p is symmetric, this is always possible and leads to n? eigenvalues ); and the corresponding
orthonormal eigenvectors v; with the components v;3. To diagonalize, we rotate the generators
(to) P by defining

(t) P = v (t5) 2. (3.89)
The generalized metric HAZ in (3.85) has to be invariant under this rotation. Thus one also
has to rotate the scalar fields
¢i = v, ¢p. (3.90)
By plugging the rotated generators (3.89) into the expression for the mass matrix (3.88), one
obtains the requested diagonal form

Hij = UiavjﬁHag = dlag()\z) . (391)

After inserting the expansion for the flat generalized metric (3.85) into the scalar potential,

we find
V(ow) = V(0) + 3 Hy (06 + O(6") (3.92)

where the argument 0 is an abbreviation for ¢, = 0. There is no linear term in this expansion,

because
oV

09 ¢r=0

holds already due to the necessary condition for a minimum of the scalar potential, which we
discussed in the last section. Note that the second term in (3.88) in general does not vanish
for the vacuum. Only R g, a projection of K 45, vanishes due to the equations of motion.
We are now able to state the sufficient condition for a minimum of the scalar potential: All
eigenvalues of H;;(0) has to be greater than zero,

A(0) >0 Vi (3.94)
Moduli ¢; with A;(0) = 0 are called flat directions and these with A;(0) < 0 are called

tachyonic.
Considering the kinetic term

D, Hyn DFHMY = §,¢,0"¢" (3.95)

in the effective action (3.61) for a vanishing gauge field Ay, gives rise to the quadratic action

=0 (3.93)

1 ,
3 / dz' P~ /=g (0,0:0"¢" — 4N (¢")?) . (3.96)
It allows us to identify 2v/A\; = m; as the mass of the scalar field ¢,. Thus, the eigenvalues \;

have to be positive or zero in order to avoid tachyons. If all of them are positive, all moduli
are stabilized.

2 _
S =
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3.3.3 Embedding tensor

The covariant fluxes Fj;x which fix a generalized Scherk-Schwarz ansatz are closely related
to the embedding tensor ©;“ of gauged supergravities. It describe a subset of the global
O(n,n) symmetry in the compact directions, which is promoted to a gauge symmetry in the
effective theory. Comparing the formalism reviewed in [52] and the one shown here, we find
the connection

Fr™ = 01ta),” = (X1), . (3.97)

Here, ., denote the different O(n, n) generators and (¢,) ; ** is their representation with respect
to 2n-dimensional vectors. There are two constraints one imposes on the embedding tensor: a
linear and a quadratic constraint. Following [49], we now discuss them for a n = 3-dimensional
internal space. In this case the number of compact dimensions is large enough to find non-
trivial solutions and at the same time still small enough to completely classify all relevant
solutions with an appropriate effort.

For n = 3, the X in (3.97) describe six different O(3, 3) generators labeled by I = 1,...,6.
Group-theoretically, (X7),;* lives in the tensor product

6215=6@10® 10 64. (3.98)

The first factor in this product is the vector representation of SO(3,3) and the second is
the adjoint representation of the same group. A linear constraint projects out distinguished
irreps. Here, the irreps 6 and 64 of the tensor product decomposition (3.98) are projected out.
They have to be absent because the covariant fluxes are totally antisymmetric. This implies
that the remaining irreps 10 & 10 represent the 6 - 5 - 4/3! = 20 independent components of
Frjk in six dimensions.

Following the reasoning in [49], one can express (X),’ also as irreps of SL(4), which is
isomorphic to SO(3, 3). In this case the decomposition (3.98) does not change. To distinguish
between the two different groups, one introduces fundamental SL(4) indices p,q,r = 1,...,4.
The generators (X7),* can be expressed in terms of these indices as
1 1

00 My — ZemnprMTQ, (3.99)

(an)pq - 2 [m

where M, and M" are symmetric matrices and e denotes the Levi-Civita symbol. The
matrices M,, and M"4 have 4 - 5/2 = 10 independent components each and match the
irreps 10 and 10 in (3.98). The indices mn in (Xonn), ¢ are antisymmetric and label the
6 = 4 - 3/2 independent components of the SL(4) irrep 6. The dual representation carries
raised, antisymmetric indices. Both are connected by

1
Xn = iamnqupq. (3.100)
Equation (3.99), embeds the relevant irreps 10 & 10 into the product 6 ® 15. The covariant
fluxes as rank 3 tensor live formally in the product 6 ® 6 ® 6. Hence, one has to embed
(Xomn), ¢ into this product which is done by

(Kon)pg "™ = 2(Xonn)p, 03 (3.101)
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The irrep 6 of SL(4) is linked to the 6 of SO(3,3) by the 't Hooft symbols (G;)™". For n = 3,
they read

0 -1 00 00 -1 0 000 —1
nmn |1 0 0 O oymn [0 0 0 O symn [0 0 0 0O
(G)_OOOO (G)_IOOO (G)_OOOO
0 0 00 00 0 O 1 00 O
000 0 000 O 0 0 00
mn_ |0 0 0 0 mn [0 0 0 —1 mn [0 0 10
G =10 0 0 -1 (@) =10 00 o (@)™ =10 2100
001 0 010 0 0 0 00
(3.102)
and fulfill the identities
(G1)yn (G2)™ =201, (3.103)
(GD)p (G +(Gg)yy (GD)™ = =031, (3.104)
(G 1)y (G (Gi) gy (GL)™ (Gar) (GN)™ = S rsmcaan - (3.105)
With them, we finally obtain the covariant fluxes
Frir = (Xmn)y, ™ (GD)™ (G (Gk),, (3.106)

in their familiar form.
In order to find vacua of the effective theory, we have to evaluate the condition (3.73). To
this end, we need the covariant fluxes in flat indices

Fupe = EA'ER’ EA5Frxi (3.107)

which arise after the contraction with the vacuum generalized vielbein E47. At this point,
it is essential to note that neither the fluxes F;;x nor the vacuum generalized vielbein fix a
physical background. Only their contraction Fapc does. Hence, without loss of generality
we are able to fix

Byt =64 (3.108)

and identify the components of the covariant fluxes in flat and curved indices. Other choices
would be possible too, but they would make explicit calculations more complicated.

Next, we study solutions of the Jacobi identity (3.22) for the covariant fluxes. Instead
of using their SO(3,3) representation, we switch to the SL(4) representation (3.101) and
obtain [49]

- 1 .
My M = 287 Mo, M7 (3.109)

as an equivalent SL(4) version of (3.22). This constraint is not linear but quadratic and thus
it is called quadratic constraint. Because M,,, is symmetric, it can always be diagonalized by
a SO(4) transformation. This group is the maximal compact subgroup of SL(4) and it is, up
to a discrete Zy, isomorphic to SO(3)xSO(3), the maximal compact subgroup of SO(3,3).
Hence it is always possible to diagonalize M,, by a double Lorentz transformation applied
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ID | diag M,,,,/ cosa | diag M™"/ sin « range of « gauging
11 1 1 1|11 1 1|-T<a<? {Sgg;gfﬁ
9 - 71 -
21 1 1 -1|1 1 1 -1|-T<a<T SO(3, 1)
301 1 -1 -1{1 1 -1 -1|-T<ac<® {38522,21)),04#?
Y 4 "
11 1 0 1| T <a<i ISO(3)
511 1 -1 0 1| -3 <a<iF ISO(2,1)
6/1 1 0 000 1 1| - T<a<? {SOSOWQ))’ T
6) = 1
CSO(2,0,2) , |a] < T,
7/t 1 0 0/00 1, -1|-T<a<t? CSO(1,1,2) ol > T,
(Solve) , |a| = 7 .
g§/1 1 0 0/00 0 1|-fT<a<t? br (Solvo)
9]/1 -1 0 0/00 1 -1|-ZT<a<T? {801’1’2 a7
2 SOIVG y & = 7
01 -1 0 0/00 0 1|-f<a<t? b2 (Solve)
111 0 0 0/00 0 1|-T<a<t {[Cs(ol\?llﬁé?)g’gig’
112/0 0 0 0]/0 0 O 0] a=0 | U(1)° |

Table 3.1: Solutions of the embedding tensor for half-maximal, electrically gauged supergrav-
ity in n = 3 dimensions from [49]. All shaded entries give rise to compact background spaces.
Besides semi-simple Lie groups, serveral solvable Lie groups apprear. Details about {1, 2, go,
b1 and by can be found in the appendinx of [49]. CSO(p, ¢,r) and esspecially CSO(2,0,2) are
discussed in section 3.4.

to the covariant fluxes. When M, is diagonal, qu has to be diagonal, too. Otherwise the
constraint (3.109) is violated. In this case one can identify the components

diag My, = (Hi2s Q¥ Q3 QF?) and diag M, = (R fi; f3 fh)  (3.110)

by applying (3.99), (3.101), (3.106) and the mapping between the covariant fluxes Fapc and
the H-, f-, Q- and R-flux derived in section 2.3. Table 3.1 summarizes the twelve different
solutions for (3.109) found in [49]. Each of them has a real parameter a.

Performing a compactification, we are only interested in solutions which give rise to com-
pact geometries in the internal space. The necessary condition for a minimum of the scalar
potential (3.73) further restricts these solutions by

(Hiss — Q%) — (Q3 — Q)" = (R — 14)" — (f2 — )" (3.111)
(Hizs — Q31" — (Q2 — Q¥)" = (R — f2) — (£}, — fhy)° (3.112)
(Hiss — Q) — (QF — Q3 = (R™® — 13)" — (f& — f2)* . (3.113)
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Only the solutions 1, 6, 12 and 4 with @ = +7/4 are compatible with these constraints.
Note that neither 4 nor 6 are a priori compact spaces. E.g., ISO(3) represents the isome-
tries of the three dimensional euclidean space which is extended. It is generated by three
independent translations and rotations, respectively. The translations are responsible for the
non-compactness. Thus, points connected to each other by translations with are the elements
of a lattice are identified. This procedure gives rise to a compact, internal space. However,
it also puts severe restrictions on the rotation generators. We will discuss them in the next
section in detail. According to (3.28), the strong constraint restricts the fluxes by

HyR™ + QF fs + Q31 f51 + Q3 fly = My MY = 0 (3.114)
and in conjunction with the Jacobi identity (3.109) gives rise to
HiaRP =0 QPfy=0 S fa =0 Vi =0. (3.115)

Solutions 4, 6 and 12 fulfill these equations. In general solution 1 violates the strong con-
straint. Only for for a = 0 it fulfills (3.114). Further, it is possible to derive solutions 4, 6 and
12 from 1 by a procedure which is called group contraction [87]. For the explicit contraction
from SO(4) to ISO(3) see, e.g. [88]. Hence in the set of all different compact solutions of the
embedding tensor presented here, solution 1 is distinguished. For o = 0, it corresponds to
the S? with H-flux background known from supergravity compactifications.

3.4 CSO(2,0,2) compactifications

To give an explicit example of a generalized Scherk-Schwarz compactification, we discuss the
solution 6 of table 3.1 which gives rise to an effective theory with CSO(2, 0, 2) gauging. Doing
so will highlight some fundamental problems of DFT while dealing with spaces which are not
T-dual to geometric ones. In general the group CSO(p, q,r) arises from a group contraction
of SO(p, ¢ + r) which preserves a SO(p, ¢) subalgebra [89].

3.4.1 Geometry of internal space

First, we change to appropriate coordinates which allow to formulate the Scherk-Schwarz
ansatz in a compact form. To this end, we apply the O(2n) transformation

V2.0 0 0 00
0 0 0 20 0
L fo 1 0o 0 10 y
T~N:E 0 0 1 0 01 =TMy (3.116)
0 -1 0 0 10
0 0 -1 0 01

to the covariant fluxes F7;x with the non-vanishing components
Hoy=QF =H, @'=Q%=0, R®=fy=0 and fi=fh=f (3117

Afterwards, we identify the components of the resulting fluxes

Fii =TT TR N Foar™ (3.118)
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T

Figure 3.1: Geometry of the internal space used for the generalized Scherk-Schwarz compact-
ification giving rise to an effective theory with the gauge group CSO(2,0,2).

with the five generators
to=(F); %, t=(F); %, ta=(F); 5, s1=(F); 5 and s, = (Fe); . (3.119)
They satisfy the cso(2,0,2) algebra with the non-vanishing commutator relations
(—

to, 1] = (—f — H)ty [to, ta] = (f + H)ta
[to, s1] = (—f + H)sqo [to, so] = (f — H)sq . (3.120)

Further the algebra exhibits a central charge, which we will not discuss here. Exponentiating
these generators, two two-dimensional euchdean planes ]R2 arise from tq, t5 and s1, s9, respec-
tively. Coordinates on these planes are y', y*> and y', y>. The remaining generator ¢, gives
rise to a circle S! with the coordinate z € [0, 27). Combining these coordinates, we obtain

XM=(z = y' » ¥ o?). (3.121)

Figure 3.1 visualizes the resulting geometry of the internal space M used for the compactifi-
cation. It can be described in terms of the fibration

R - M — S'. (3.122)

Expressed in the coordinates (3.121), the twist of the generalized Scherk-Schwarz compacti-
fication reads

Ui™(2) = exp(tor) (3.123)
10 0 0 0 0
01 0 0 0 0
_ |0 0 cos(z[f+H]) sin(z[f+ H] 0 0
0 0 —sin(x[f+ H]) cos(z[f+ H]) 0 0
00 0 0 cos(z[f — H]) sin(z[f — H])
00 0 0 —sin(z[f — H]) cos(z[f — H])

In its current form, the internal space M is extended. To make it compact, we identify
points in the fiber by a four-dimensional lattice

4
D={) 02|z € Z} (3.124)
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which is fixed by four vectors 7,. Applied on the fiber, it gives rise to
R*/T =T* (3.125)

and finally to
T — M — S'. (3.126)

However, this identification does not work for arbitrary values of f and H. They are restricted
by the monodromy

y 1 0
Mg = UM (2r) = ( "’OX? M> (3.127)
which arises after one complete cycle around the base circle. Only if the SO(4) matrix M
yields two integers for the quantities [16]

Tr M = 4cos(2nf) cos(2rH) and (3.128)
X(M) = det(1 — M) = 4(cos(2rH) — cos(27 f)) (3.129)

the space M in (3.126) is globally well defined. These two conditions quantize the covariant
fluxes (3.117). The monodromy M is only compatible with lattices I" on which it acts as
automorphism

['=MT. (3.130)

This condition severely restricts the number of compatible lattices for a pair of quantized
fluxes H and f. The vectors v, which span the lattice form the vacuum generalized vielbein
of the fiber. Thus, we are able to rewrite (3.130) as

EANMGMER € 0(3,3,7). (3.131)
By parameterizing the vacuum generalized vielbein in the same way as the monodromy,
o M o 1.0 0
E " = ( R (3.132)
it yields the constraint o
EME™ €0(2,2,7). (3.133)

3.4.2 Monodromy and T-duality

Looking for explicit solutions of (3.133), we note that M is a SO(2,2) element. Thus, it can
be decomposed into

1000

(M, 0 My, 0 \ou o o o001 o .

M‘(o MTT)T(O M,;T>T with T=1g o o =T =T G139
100

and M, M, denoting two independent SL(2) matrices. We interpret 7 as the complex struc-
ture and p as the Kéhler parameter of the fiber torus. SL(2) transformations act on these
two parameters as

at +0b a b ap4 b Y
T — i d M, = (c d) and p— Zotd M, = (c’ d’) : (3.135)
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respectively. To fill out the complete T-duality group in two dimensions, which is isomorphic
to [90]
0(2,2,7) 2 SL.(2,7) x SL,(2,7Z) x Z35"" X Zs , (3.136)

we need two additional discrete transformations. One of them swapping 7 and p. However,
they do not occur in the monodromy of the space which we discuss in this section. SL(2)
elements are classified by their conjugacy classes. In total there are three different classes,
which are discriminated by the traces

|Tr N| < 2 elliptic |Tr N| =2 parabolic and |Tr N| > 2 hyperbolic (3.137)

of the corresponding SL(2) element N. For

[ cos2mf sin2nf [ cos2rH  sin2mH
M = <— sin27f cos 27Tf) and M, = (— sin27rH cos 27rH) ’ (3.138)

we obtain

| Tr M| =2|cos(2nf)] <2 and |TrM,|=2|cos(2rnH)| <2 (3.139)

which renders them either elliptic or parabolic. We are interested in the following combina-
tions:

e A Single elliptic space with f # 0, H = 0 is a geometric space with f-flux, only.
T-duality along all fiber directions maps it to itself. T-duality along only one fiber
direction exchanges 7 and p and gives rise to

e a Single elliptic space with f = 0, H # 0 which is a non-geometric space with H-flux
and Q-flux. Again, T-duality along all fiber directions maps it to itself.

e A Double elliptic space with f # 0, H # 0 is a genuinely non-geometric background.
In contrast to the two cases we discussed so far, it can not be mapped to a geometric
background by any T-duality transformation. Hence, the double elliptic space cannot
be handled with standard supergravity. It needs a full DF'T description.

Double elliptic spaces are most interesting, because they go beyond the framework of su-
pergravity. Still, they can be described in terms of a consistent CFT [55,56,91] and were
discussed by [92] in the context of large generalized diffeomorphisms in DFT.

To obtain the flux quantization conditions for a double elliptic setup, we note that sim-
ilarity transformations like (3.133) leave the trace invariant. Thus, (3.133) gives rise to the

constraints
Tr M, € {-1,0,1} and TrM,e {-1,0,1}. (3.140)

They are solved by the three elliptic elements of SL(2,7Z) which read [91]

M, = (_01 _11> M, — (_01 é) Mg = (_11 (1)) (3.141)

and give rise to the quantized fluxes

fe{g’i’é} and He{g,z,é}. (3.142)
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These values represent irreducible crystallographic rotations in two dimensions. With the
decomposition
T=Tg+1i1, and p=pg+ip (3.143)

of the complex structure and the Kéhler parameter, we can parameterize

1 1
E. = ( L 0) and £, = ( L 0) : (3.144)
ﬁ TR T1 AV Pr \Pr 1

respectively. From

E.M,E' = M; (3.145)
we obtain the vacuum expectation value of the complex structure
1 3 1
7":—§+z’\/7— for fzg. (3.146)

The same value we obtain for f = 1/6, whereas f = 1/4 gives rise to 7 = i. For the vacuum
expectation value p of p, the calculation proceeds in exactly the same way.

3.4.3 Spectrum

We now calculate the spectrum arising from the CSO(2, 0, 2) compactification. Following the
reasoning in section 3.3.2, one finds in general four massive excitations and five massless ones.
To assign them to deformations of the vacuum, we consider the generalized metric

MmN _ [lax2 O
M _( . ’H) (3.147)

of the internal space with an explicit split between base and fiber coordinates. Again, we are
only interested in the fiber part

—~Bg'B B
H = (9 _g% ggl) (3.148)

which is parameterized in terms of the metric

g="1 (1 T ) and the B-field B = ( 0 pR) . (3.149)

2 2
T1 TR Ty +TR —Pr 0

According to (3.77), we define the O(2,2) generators

~1.00 0 01 0 0
L_OM] 1[0 10 o0 L_on] _1fto 0 o0
ol 2|0 01 0 2, 200 0 -1
0 00 —1 00 —1 0
10 0 0 00 0 1
OH 1101 0 0 OH 110 0 -1 0

T o2p., 2|00 -1 0 YT 02|, 2|0 -1 0 0 (3.150)
00 0 -1 1 0 0 0
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which are evaluated for
F=i and p=i. (3.151)

This background complex structure and Kéhler parameter correspond to the vacuum general-
ized vielbein F4M = §3! defined in (3.108). It is straightforward to check that the generators
fulfill the normalization condition (3.84), namely

Trtt; =6, (3.152)
Calculating the Hesse matrix (3.91) for the basis spanned by t;, ..., t; gives rise to
Hy; = diag()\;) with A\ = f*, M= f*, M=H? and X\ =H>. (3.153)
Thus, we find two different masses
m(7) =2|f] and m(p) =2|H| (3.154)

for the complex structure and the Kéhler parameter of the fiber. Taking into account the
quantization conditions for the covariant fluxes (3.142), mass scales are comparable to the
string scale. Hence any dynamics in these scalars is frozen out in the low energy effective
theory. They are stabilized to their vacuum expectation values 7 and p which we calculated in
the last subsection. This demonstrates the strength of genuinely non-geometric backgrounds
to stabilize combinations of moduli at tree-level with could not be stabilized in a geometric
compactification.

3.4.4 Killing vectors

Because the twist Ui in (3.123) depends on the coordinate z only, five of the six Killing
vectors we need to obtain a consistent compactification are trivial. E.g., they can be chosen
to be

KM =64 for Ne{l,3, ..., 6}. (3.155)
For the remaining K5, the situation is a bit more challenging. Fixing its second component
Ky* =1 (3.156)

yields i i i i
KyPosUM = Ugt (to) ™. (3.157)

With this result, the Killing condition (3.35) gives rise to
L, U™ = ((to) p ™ + 0V Kyp — 95K Uz" =0 (3.158)
and is solved by fixing the remaining components of K, according to
N 1 - N 5
(Ko)M = 5XN (to)g™ for Me{1,3,...,6}. (3.159)

Thus, the complete, non-trivial Killing vector reads

KM= (0 1 —5(f+Hy® Yf+Hy —i(f-H)y 5(f-Hy'). (3.160)
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It is instructive to transform it back to the standard DFT coordinates
XM= (2, & @3 a' 2* 2% (3.161)
giving rise to

(Ko)M = (0 —1(H2+ f2%) J(Ha®+ fi?) 1 —i(fa*+ HZ®) i(fz*+ Hi?)) .
(3.162)
For the double elliptic case H # 0, f # 0, this Killing vector violates the strong constraint.
In this case it mediates diffeomorphisms, B- and [S-transformations at the same time. The
algebra of infinitesimal transformations along the Killing vectors still closes. After introducing
an additional normalization factor 2, it gives rise to the structure coefficients

Frix = —Frik - (3.163)

3.5 Open questions

Generalized Scherk-Schwarz compactifications essentially depend on the twist U;/ and the
corresponding Killing vectors K;7. Starting from some fixed covariant fluxes F;x, which
arise from the embedding tensor formalism, there is no explicit prescription to construct both
of them. Of course, one could try to solve the first order partial differential equation arising
from the definition

Frorx = 30" on U N Ugg - (3.164)

In the context of EFT, [93] follows this approach to obtain twists for a limited set of different
fluxes. But in general, it is not even clear whether well defined twists exists for all covariant
fluxes suggested by the embedding tensor. From this perspective, generalized Scherk-Schwarz
compactifications are far less well understood than their geometric counter parts.

For the traditional Scherk-Schwarz compactification, the twist and its Killing vectors arise
as left- and right-invariant Maurer-Cartan forms on a group manifold [94]. As we will see
in the next chapter, it is straightforward to construct them explicitly from a group element.
Such an element arises from exponentiating the generators which form the embedding tensor.
This procedure is not applicable to DFT, because it generates twists which are in general
GL(2n) valued and depend on all coordinates. Thus, they violate the strong constraint even
for geometric compactifications.

Intuitively, it seems that solving (3.164) gets more difficult the more covariant fluxes
are non-vanishing. Looking at the solutions of the embedding tensor in table 3.1, the most
difficult one corresponds to the compact, semi-simple Lie algebra of orbit 1. In comparison
to all other compact solutions, it shares the least properties with a torus. Switching off
fluxes, the solutions become more toroidal, like the CSO(2,0,2) example in the last section
demonstrates. Originally, DF'T was developed starting from a torus as background. Following
this observation, we will derive in the next two chapters a version of DF'T on a compact, semi-
simple Lie group. Finally chapter 6 will link this new theory with generalized Scherk-Schwarz
compactifications. We see that it will eliminate all the ambiguities discussed in this section.
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Chapter 4

DFT on group manifolds

Motivated by the results of the last chapter, we will now derive DFT from scratch on a group
manifold [62]. Due to their isometries, these manifolds have the same local properties at each
point. In general, the isometries are non-abelian, but they include also the torus with abelian
isometries. Group manifolds are closely related to Scherk-Schwarz compactifications and also
well suited to study various properties of doubled geometries [42,95]. On the worldsheet,
they give rise to an exactly solvable background described by a Wess-Zumino-Witten model
(WZW) [96] in the large level limit (k > 1). Employing the occurring current algebras, we
derive a cubic action and the corresponding gauge transformations from CSFT. Just like in
DFT, we find that one also has to impose a weak and a strong constraint, which however
take a different form.

Before starting with the actual CSFT calculations, we review the relevant features of the
WZW model and its current algebra in section 4.1. Furthermore, we give a representation
for two- and three-point correlators involving these currents in terms of scalar functions on a
group manifold in the limit of large level k. Section 4.2 presents the derivation of the action
and its gauge transformations to cubic order in CSFT. We close this chapter with an explicit
example, the S? with H-flux in section 4.3. It corresponds to the semisimple solution 1 of
the embedding tensor in table 3.1.

4.1 Worldsheet theory

In the following, we discuss the basic properties of the WZW model and its current algebra.
Doing so we set up the notation for the rest of the chapter. For a more detailed review
of WZW models, we refer to e.g. [97] or the appendix of [98]. Additionally, we show how
the various representations of a semisimple Lie algebra can be expressed in terms of scalar
functions on a group manifold. We use this result to express two- and three-point correlators
and show that they fulfill the Knizhnik-Zamolodchikov equation [99]. Finally, we provide the
two- and three-point off-shell amplitude for Ka¢-Moody primary fields.
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4.1.1 Wess-Zumino-Witten model

A string propagating on a group manifold of a semisimple Lie group G is described by the

non-linear sigma model
1

S = m 8M/C(w7,*wv) + SWZ (41)
on the worldsheet two-sphere S? = M. Note that its prefactor does not match the common
choice —k/(87), but is convenient for comparing (4.1) with a non-linear sigma model given
in terms of a metric and an asymmetric two-form field. We will compensate this uncommon
choice in the definition of the Killing metric (4.3). The action presented here is exactly the
same as the one presented in [97].

Let us explain the notation used in (4.1) in more detail. As usual, * denotes the Hodge
dual and w, is the left-invariant Maurer-Cartan form'. The function (o), which appears as
subscript of w,, maps each point of S? to an element of the group G. In this way the string
worldsheet is embedded into the target space. In order to fix a certain group element v € G,
one needs n different parameters 2° where i = 1,...,n. Infinitesimal changes of them at a
fixed 7 create the tangent space T,G of the group manifold. At the identity, T.G is identified
with the Lie algebra g associated to G. The tangent space at an arbitrary group element 77,
is mapped to g by the left- or right-invariant Maurer-Cartan form

. , 0
wy=7"'dy=~"10ydx' or w,=dyy ' =0y 'da' with 9;= pyeh (4.2)

:L-’L
They arise if v is assumed to act as a left or right translation of G. Both of them take values
in the Lie algebra g. Two elements of this algebra are contracted to a scalar by the symmetric,

bilinear Killing form?

o'k Tr(ad; ad)

K(z,y) = — 9 9pv

with 2,y € g (4.3)
where ad, is the adjoint representation of x and h" denotes the dual Coxeter number of g.
The generalization of this equation to n-forms is straightforward: One has to insert a wedge
product A between ad, and ad,. With these definitions at hand, one is able to expand (4.1)

as
1

4drad

/ Gij dz’ N\ «dr? + Swz with Gij = K:('Y_laﬂ/a/y_laj ) (44)
oM

where g;; is the target space metric of the group manifold. The parameters z* parameterizing
the elements of the group G are equivalent to coordinates on the manifold. They are related
to the word-sheet coordinates o by the mapping z'(c?) giving rise to dz' = d,x'do®.

Since the metric part (4.4) of the action S alone spoils local conformal symmetry, one has
to add the topological Wess-Zumino term

1 1
o [ Kol = [ o (45)

'We could also use the right-invariant Maurer-Cartan form and would obtain the same results. But in the
literature it is common to use the left-invariant one.

2We use the common convention that the length square of the longest root in the root system of g is
normalized to 2.

Swz =
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with the 3-form flux

1 . )
H= iHijk da' Adx? Ade® and Hi =K (7’182-7, [vflaj’y,v’l@k’y}) ) (4.6)
Here, the H-flux is the field strength associated to the massless, antisymmetric Kalb-Ramond
field B;;. Both are linked via the relation

1 , A

Of course, a physically meaningful sigma model only depends on the worldsheet M and not
on its extension to the three-dimensional space M. Thus, physics has to be independent of
the specific choice for M. For G being a compact semisimple Lie groups with non-trivial
homotopy 75(G) = Z, this is only the case if Swy is an integer multiple of 27 [100]. Thereby,
the H-flux of a compact background is quantized.

The variation of the action with respect to the G-valued field ~ gives rise to the equation
of motion

1
Oa(v710%7) + 5€as0™(v7'077) = 0. (4.8)

It is interesting to note that the second term in this equation originates from the Wess-Zumino
term in the action. By fixing the word sheet metric to h** = 2, h** = h** = (0 and writing
out the components of the totally antisymmetric tensor €,5 with €,z = 1, one obtains

O(y1ovy) =0. (4.9)

Now, one can directly read off the anti-chiral Noether current

. 2 =
J(Z) = —=n oy (4.10)

from the equation of motion. Note that without the second term in (4.8) we would not be
able to find this current. To obtain the chiral current, we apply complex conjugation to (4.10)
and substitute v by v~! afterwards. This procedure yields

. 2 _
i(z) = =0y (4.11)

To motivate the normalization of these currents, consider the infinitesimal transformations

0¢y(2,2) = &(2)1(2,2) and dgv(2, 2) = —(2, 2)€(2) (4.12)

of the field . Here, £(2) and £(Z) are the Lie algebra valued parameters of the transformations.
It is sufficient to discuss the chiral part £(z) only. Applying (4.12) to the action S, we obtain

1 .
568 = —5— § dzK(E(2), () (4.13)
i Jo
where fw dz denotes a closed contour integral around the point w. We have chosen the
normalization factor of j, in (4.11) to obtain precisely the factor 1/(27i) in this expression.

With 0S5 one can compute small changes

5e(X) = (3e5X) = 51  da(K(E(2),4(:)X) (4.14)

T Jo
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of an arbitrary expectation value

Jldy] Xe=s1

(X) = TTdn] o5

(4.15)

in the Euclidean path integral.
As a brief interlude, let us discuss the n = dim g generators t, of the Lie algebra g. They
form a basis of the adjoint representation. We define the symmetric tensor

o'k Tr(tety) 1
2 2x,  2nY

Nab = ,C(ta, tb) = — fadcfbcd~ (416)

In the last step we have expressed the generators in terms of the structure coefficients of the
Lie algebra appearing in the commutation relation?

/ 2 c c . c / 2 c
[ta,tb] = %fab tc = Fab tc Wlth Fab = o//{; fab . (417)

For later convenience, we have defined the rescaled structure coefficients F;¢. Note that it
is always possible to choose the generators t, of a semisimple Lie algebra g in a way that
Nap 18 a diagonal matrix with entries +1. Thus, 7),, is completely specified by its signature.
A compact Lie group G has a Lie algebra with a negative definite Killing form, e.g. the
signature of 7y, is (—,...,—). In combination with its inverse 7, 7, is used to raise and
lower flat indices a, b, . ...

Coming back, the chiral current (4.11) can be written in terms of the generators ¢, as

J(2) = t%ja(2)  with  ja(2) = K(ta, j(2)) (4.18)

In this form, the infinitesimal transformation d; of the chiral current reads

degn(2) = Fup’ je(2) £%(2) + %nabafa(z) with  &,(2) = K(t,&(2)) . (4.19)

Plugging this into (4.14), one obtains the Ward identity

Selil2)) = g dwliawA(N)E w) = Fu G(N)E) + Snad'() (420)

allowing to read off the OPE

Fabcjc(w) . z Nab

T P TR (4.21)

Ja(2)gp(w) =

of the chiral currents. The analogous algebra holds for the anti-chiral current j(z). Normally
one would expect the level & in front of the flat metric 7,, instead of —a’/2. Here, k is hidden
in the rescaled structure coefficients F,;°. For this reason, the OPE (4.21) corresponds to

3There are different conventions. Some use an additional ¢ in front of the structure coefficients. We stick
to the convention in [98] without 4.
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the usual form of the Ka¢-Moody algebra at level k. Applying the same procedure to the
transformation in (4.12), we get the OPE

e, @) = (4.22)

defining a Ka¢-Moody primary. Introducing the mode expansion
ja(z) = Zja,n Z_n_l ) (423)
the OPE (4.21) is equivalent to the Ka¢-Moody algebra

o . P
[]a,m’ ]b,n] - Fab jc,m—i—n - J m T]ab 5m+n . (424)

4.1.2 Geometric representation

In the following we will show that there exist highest weight representations of a semisimple
Lie algebra in terms of scalar functions defined on the group manifold. For that purpose, let
us first change from the abstract notation with Maurer-Cartan forms to a more explicit one
by introducing vielbeins. Expressing w., in (4.2) in terms of the generators t,, we obtain

Wy = tq €% dx'  with the vielbein e% = K(t% vy 10;y). (4.25)

It carries two different kinds of indices: flat ones are labeled by a, b, ¢, - - - and curved ones by
1,7, k,---. Flat indices are raised and lowered with the metric 7,,, whereas for curved indices
we use the target space metric g;; in (4.4), which in terms of the vielbein reads

Gij = Nave”i €' . (4.26)

Moreover, e,' denotes the inverse transposed of e%; and the H-flux defined in (4.6) can be
written as

Hijk = €ai €bj Bck Fabc . (427)
Introducing the flat derivative '
D, =e,'0; (4.28)
the commutator of two of them satisfies
[Daa Db] = Fabcha (429)
with ‘ . A
Fop© = 2e1,' Oiep)’ €5 = 2D a5 € . (4.30)

Thus, we found a representation of the generators ¢, in terms of the differential operators D,
acting on functions defined on a patch of the group manifold. We will see that these functions
include all highest weight representations of the Lie algebra.

Flat derivatives are mainly used under volume integrals with the volume element d"x+/|g|
where g denotes the determinant of the target space metric g;;. In this case, one finds

/d”x |g|Dav:/d”x8,~( lglea'v) (4.31)
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where v is an arbitrary scalar function depending on the target space coordinates x*. Thus,
the right hand side reduces to a boundary term which we always assume to vanish. Then one
can perform integration by parts

/d”x lg|(Dgv)w = —/d”x lglv(D,w) . (4.32)

Note that (4.31) is not restricted to semisimple Lie algebras, but is much more general and
always holds if

Fu’ =0 orequivalently Trad, =0 Vzeg (4.33)

is fulfilled. Lie algebras with this property are called unimodular.

The well known procedure of building highest weight representations also carries over
to the flat derivatives discussed above. Take e.g. the group SU(2) parameterized by Hopf
coordinates = = (n* 7? 1) with 0 <n' <7/2 and 0 < n*® < 27. A detailed derivation of
the vielbeins for this group is presented in section 4.3. Here we are only interested in the flat
derivatives

~ o'k 1
Dy = — /7D3 — _E(a2 +05) and (4.34)

~ 'k
Dy=— %(ﬂ:iDl —Dy)
jeEim*+n*) . 1 OV 2/ 1
- _m [+isin(2n") O + 2sin®*(n') Oy — 2 cos®(n") D5 . (4.35)

We look for eigenfunctions of D5 which are annihilated by D,. A short calculation shows

that this is the case for
yr(z') = Cx(singy!) Y2V (4.36)
where C'y denote normalization constants fixed by the requirement

w/2

/ A"z \/|glysy, = |Ch|* 47 (o/k)* / dn' cos(nt) sin(n') T2V = |0y
0

27T2(O//{:)3/2 B
V2A +1 ’

(4.37)

which is only possible if v/2A41 > 0. Furthermore, we know from su(2) representation theory

that A is an element of the 1-dimensional weight lattice A = Z/v/2. Therefore, A has to be

an element of INy/v/2 in order to allow the normalization (4.37). Starting from these highest

weight states, one can construct the full su(2) representation by acting with D_ on y,. We

denote the resulting functions according to their D3 eigenvalues as

Yng = C’,\q(f)_)(’\_Q)/‘/éyA with f)gy)\q =qyy and ¢g= -\ A+ V2,000, (4.38)

Some of these functions are listed in section 4.3. According to the integral

/dnx \% |g| y;k\lql y)\gqg = 6>\1>\25Q1qz ) (439)
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which fixes the normalization constants C),, they are orthonormal. It is straightforward to
generalize this procedure for other compact semisimple Lie algebras. In this case A and ¢ are
not just scalars, but vectors of dimension r = rank g.

For non-compact Lie algebras, the structure becomes more involved: First, one has to
consider lowest weight states in addition to the highest weight states discussed so far. These
are states annihilated by all negative simple roots. A representation is build by acting with all
negative simple roots on highest weight states vy and with all positive simple roots on lowest
weight states v_,. In contrast to a compact Lie algebra, this process does not terminate. Thus,
there is an infinite tower of states for each highest and lowest weight. A simple example for
a non-compact Lie algebra is s[(2). Its representations are discussed in the context of the

SL(2) WZW model in [101].

4.1.3 Correlation functions

In order to perform the CSF'T calculations in the next section, we need to know the correlation
functions (7y1(21)...7vn(zn)) of Ka¢-Moody primary fields whose OPE we already defined in
(4.22). These correlation functions have to fulfill the Knizhnik-Zamolodchikov equation |99

2 k ab tg:b) ® t(])
(822. + — Z 7 b ) (i(z1) () =0, (4.40)

o k+hY A

where the notation t((f) indicates that the generator ¢, acts on the ith field +;(z;). The chiral
energy momentum tensor is given by the Sugawara construction as

o k

Te) = =550

: nabja(z)jb(z) D (4.41)

Again, the uncommon factors in the Knizhnik-Zamolodchikov equation and the energy mo-
mentum tensor are due to the normalization we performed in section 4.1. With the OPE of
the chiral currents j,(z) in (4.21), it is straightforward to calculate

ja(w) + awja(w)

T(2)j,(w) = ... and 4.42
) = 220 4 O (4.42)
c 2T (w)  0,T(w)
T(z)T = 4.4
()T (w) 2(z — w)* * (z —w)? i z—w * (443)
with the central charge
c=7 _]T_nhv and n=dimg. (4.44)
Combining (4.22) and (4.41), one can compute the OPE
h Owy(w) . o'k
T = o th h=—————t,t". 4.4
i) = o)+ 22 e (4.45)

For (z) to be a Ka¢-Moody and a Virasoro primary, it needs to be an eigenstate of the Lie
algebra’s quadratic Casimir operator 7%t,t.
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The CSFET calculation in this chapter will be performed up to cubic order so that we need
to know only the two-point and three-point correlation functions. Recall that for Virasoro
primaries, these are completely determined up to some structure constants. We introduce a
Fourier-type expansion of a Ka¢-Moody primary

Y(z) =) eag dag(z. 7)) (4.46)

Aq

in terms of the Virasoro primaries ¢, (z, 2*) with constant coefficients cy,. Due to the linearity
of the correlation functions, it is sufficient to know the correlation functions of ¢,,. As
mentioned above, these are fixed by conformal symmetry as

dxiq1 A2g2 Ok b ,
(Drimr (21)Prggs (22)) = — 2;}11 S22 with zip = 21— 2, (4.47)

212

C q1 A2g2 A3q3
<¢>\1q1 (Z1)¢A2q2(22>¢)\3q3 (23)> = hA1+hA2_hA3 h)\lg'l‘!‘hkg_hi\j hA1+hA3_hA2 ' (448>
<12 <23 <1

In these equations, h, denotes the conformal weight of ¢,, as written in (4.45). Note that it
is independent of q.

Finally, we apply the Knizhnik-Zamolodchikov equation (4.40) to fix the constants dy, 4, ¢
and Ch, g, xpgs Asgs 11 (4.47) and (4.48). To do so, we realize that the functions yy,(z") we in-
troduced in the last section are eigenstates of Ly. Therefore, a natural candidate for the
two-point structure constants is

d)\lth A2g2 — /dn'r V |g| y;\ﬂh Yrnoge = 5/\1)\26111!12 : (449)

It automatically implies the delta function 0y, n, in (4.47) by its 6y, part. We now show
that this choice is compatible with the Knizhnik-Zamolodchikov equation. Plugging the
correlation function into (4.40) gives rise to

o k * a
h/\ld/\IQI A2q2 T ) /dnx ’g’ Day/\1Q1 D y)\zqz = O? (45())

2 2(k + hY
where we used that the differential operators D, form a representation of the Lie algebra
generators t,. Now, we perform integration by parts, pull the constant factor in front of the
integral into the integrand and obtain

Py drigy rsgs — /dnﬂ?v 191 Lo Y3, g1 Ynsg, = 0- (4.51)

Recalling the eigenvalue equation Lgyy, = Iy y)g, one immediately sees that the Knizhnik-
Zamolodchikov equation is indeed fulfilled. A similar calculation proves that in order to fulfill
(4.40) for the three-point correlation function (4.48), we have to set

O>\1(I1 A2g2 A3qz — /dnx V ’g’ y§1q1 y)\zqz y/\sqs : (4'52>

Let us discuss how the usual toroidal case fits into this scheme. A torus corresponds to

an abelian group manifold with F,,° = 0 and a coordinate independent vielbein e,’. Applied
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to the torus metric g;; = 0;;, it gives rise to the flat metric 7y, = eaigijebj . Plugging these
quantities in (4.24) and introducing the abelian currents

O{/

Qym = —1 _eai ja,m ) (453>
2
we obtain the same current algebra
[Q‘i,ma aj,n] =1m gij 5m+n (454)

as used for the derivation of DFT on a torus in [26]. To reproduce the zero modes «; g, we
perform the substitution j, o — D, giving rise to

/

Finally, the Virasoro zero mode reads

o o . . 1 ij : ij
L= =" 3 o = N 507005 with N=3 %oy (456)

n>0

Note that the operator D,D® is the Laplace operator on the group manifold. As we have
seen above, the functions y,, are its eigenfunctions. Consider now flat space where we find

oo 1,
yk<$>—\/%

as eigenfunctions of the Laplace operator. The corresponding expansion (4.46) is nothing else
than a Fourier expansion. According to (4.52), the constants in the three-point correlation
function read

ik;x*

(4.57)

Ckl ko ks = 5—k1+k2+k3 . (458>

Physically, this reflects momentum conservation in a scattering process with two incoming
particles (momentum ks, and k3) and one outgoing particle (momentum k;). Switching to the
SU(2) example discussed in section 4.3, one obtains [102]

Cxigi Aoga Aags = (10117202 343) (4.59)

with (j1q1|72¢2 jsq3) denoting the Clebsch-Gordan coefficients. In contrast to flat space, the
corresponding scattering process is not ruled by momentum conservation but by angular
momentum conservation.

4.1.4 CSFT off-shell amplitudes

In the previous subsection we considered only the chiral primaries ®rq(2). Now, we take also
their anti-chiral counterparts ¢(z)5; into account. In order to keep the notation as simple as
possible, we introduce the following abbreviations:

R= (A Aq) and @r(z,2) = dag(2)d34(2) . (4.60)
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For the WZW model in section 4.1.1, the anti-chiral current j,(z) is governed by the same
Kac¢-Moody algebra as the chiral one.
Analogous to (4.28) and (4.25), we introduce a flat derivative D; defined in terms of the

vielbein i
e =Kt 0y7™") as Da=ed'ds. (4.61)

In order to distinguish between the chiral and the anti-chiral part, it is convenient to use
bared indices so that e.g. the commutator of two flat, bared derivatives is written as

[DC_UDB] = F;

a

5D . (4.62)

In the left /right symmetric WZW model corresponding to a geometric background, the bared
and unbared structure coefficients are related by

F = —Fu°. (4.63)

However in general, we want to treat them as independent quantities. The derivative in (4.61)
acts on the right-moving coordinates z* only. Combining these n right-moving coordinates
with the n left-moving ones, we obtain a doubled space parameterized by the 2n coordinates
X! = (ml xi) It is straightforward to generalize the structure constants dy, g, r,q, and
Cx1q1 2ago Asgs tO the combination of the chiral and anti-chiral fields ¢z. In doing so, we obtain

de Ry = /d2nX\/ ‘H‘ YEI YR2 = 5R1R2 and (464)
CRy Ry Rs = / "X/ |H| Y}, Yr, Ya, (4.65)
with
. - i 0
ValX') = o)) ond = (40 (4.66)
]

As we will see, all expressions arising in the CSF'T calculation in the next section can be
eventually reduced to two different off-shell amplitudes of the primaries ¢g. In the vertex
notation [22,103|, these amplitudes read

(Riz|@ri)110R, )2 = zlzlzﬂmu © ¢r,(21,71) Or,(22, %)) and (4.67)
(Vs|or)1|0R,)2|PRs )3 = gjiflm<[ o fio g (21,%1) fo0 Or,(22, %) f30 ORr,(23,%23)),  (4.68)

where (Ri2| denote the so-called reflector state and (V5| the three-point vertex. Moreover, [
is the BPZ conjugation defined as

I(:) =~ and Togn(z32)= =" "ngy(1(2), 1(2)). (4.69)
Further,

[i(%) = 204 + pizi + O(ZZQ) =z (4.70)

is a conformal mapping between the local coordinates z; around the i-th puncture of the
sphere S? and a common, uniformizing coordinate z. We fix the punctures to (201, 202, 203) =
(00,0, 1). The parameter p; appearing in f; is called mapping radius [104]. We will comment



4.2. FEffective theory 63

on its significance later. Note that for Virasoro primaries, like ¢ g, a conformal transformation
acts as

AN AN -
fioor(zi,z:) = (d_z) (dzi or(fi(2), fi(z)) - (4.71)

An important consistency condition of CSFT is that all primaries have to be level matched
(hg = hg). In this case, the off-shell amplitudes take the simple form

(Ri2|or, )1|9R,)2 = dry r, and (4.72)
<V3|¢R1>1|¢R2>2|¢R3>3 = |p1|2th |p2|2hR2 |p3’2hR3 CRl Rz R3 - (47?))

Now, we have introduced all necessary tools to perform the CSFT calculations in the next
section.

4.2 Effective theory

After having worked out the details of the worldsheet theory, the corresponding CEFT cor-
relation functions and off-shell amplitudes, we derive the low energy effective theory in this
section. It is called DFTywzw [62] because it originates from a Wess-Zumino-Witten model.
We start with introducing the string fields describing a massless closed string state on a
group manifold and the parameter for its gauge transformations. Then, from CSFT we de-
rive the DF Twyw action and its gauge transformations up to cubic order. After introducing
a modified version of the strong constraint, we simplify the results by applying the same field
redefinitions as in [26]. Interestingly, the form of the strong constraint differs from the one
imposed on traditional DFT. Finally, we calculate the gauge algebra (C-bracket).

In the following, we will work in the large level k£ limit corresponding to the large volume
limit of the group manifold. Therefore, many of the quantities we will compute receive higher
order corrections in £~! which are closely linked to o/ corrections.

4.2.1 String fields

The starting point for the CSFT calculations are two string fields |¥) and |A). They are level
matched and in Siegel gauge [18]. Thus they are annihilated by

LO — .Z/() and ba = bo - 1_70 . (474)

The former has ghost number two and the latter has ghost number one. A general string
field consists of fields corresponding to all order Ka¢-Moody modes acting on the Ka¢-Moody
ground states |¢pr). Recall that for toroidal DFT, one restricts the string field to just the
lowest lying massless oscillation modes acting on the Kaluza-Klein (momentum) and winding
ground states. Since in this case there does not exist a regime for the radius such that all these
states are lighter than the first excited oscillation mode, this is not a low energy truncation of
the theory. However, the strong constraint prohibits simultaneous winding and momentum
excitations in the same direction. In this sense, the torus can always be chosen in a way
permitting a consistent low energy truncation.
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For the WZW model the situation is similar. Analogous to the toroidal case, we first re-
move all massive string excitations from the string field. Then, we recall the explicit Sugawara
form of the Virasoro operator

Ln=—" (1 . hvk’l)n“b Zn: e Gon t O (4.75)

where we have expanded the prefactor as

o k o

—_— = 1—hVk™ 4o 4.76

2y - d o) (4.76)
and have taken into account that the chiral currents j, and j, include a normalization factor
k=12, Thus, we find exactly the order O(k~%) stated in (4.75). Consider e.g. the state

Ja,—1J5,1 C1C1|@R). It is still present in the truncated string field and its energy F is given by

2(Lo + Lo)ja, 15,1018 |¢r) = &' Eja 1J5_1¢11|¢R)  with
1 _

E=—-(1=0"k7) (e(0) + () + 0k (4.77)
where c¢3(\) denotes the quadratic Casimir of the representation with the highest weight A.
Now, for a fixed ground state in the representation A, one can always choose the level k large
enough so that the energy in (4.77) is much smaller than one. For fixed level k, there exist
always ground states with an energy much larger than one*. This is the same behavior as for
the toroidal case, but only after one applies the strong constraint there. Thus, the truncated
string field is given by

=3 [%eab(}z) Ja1J5—1 ¢161 + €(R) cre_y + &(R) &1+

SR o+ W o) |lon)  @78)

and for the gauge parameters the corresponding string field is

8) = S [EN (R)jo e — IR iy e + p(B) | 168) (4.79)

with ¢ = 2(co £ &). The fields €®(R), e(R) etc. can be considered as fluctuations around
the WZW background. In contrast to the toroidal case [26], in (4.78) one does not sum over
winding and momentum modes but over the different representations R = ()\q )\cj).

4.2.2 Weak constraint

Now, let us derive the consequences of the level-matching constraint (4.74) in more detail.
This will guide us to the DFTwzw generalization of the weak and strong constraint. For that
purpose, let us take a closer look at a component of the string field, like e.g. e(R). We assume

4For instance for SU(2)y, there are finitely many highest weight representations with conformal dimension

h = igﬁcf;) with 0 <[ < k. The state carrying highest energy is [ = k with h = k/4.
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that the group manifold G is simply-connected so that the functions Yz(X) introduced in
section 4.1.4 form a basis for the Hilbert space spanned by the states |¢r). Hence, we are
able to substitute e(R) by a field

e(X) =) e(R)Yr(X) (4.80)

on the doubled space. For this field, the level matching constraint (4.74) translates into
(D,D* — DzD%) e =0. (4.81)

It has not only to hold for e, but for all physical fields e, e, 6“’_’, fe f b and the gauge parameters
A%, A’ . Denoting them as -, we obtain

(DyD* — D;D%) - =0, (4.82)

In this notation, the level matching closely resembles the weak constraint of toroidal DFT.
However, it is given in flat and not in curved indices so that for a proper comparison, we have
to transform it into curved ones. To this end, we employ the identities

Q" =~ + 9,97 ¢”;  with the coefficients of anholonomy Q¢ = e,'O;e,7e;  (4.83)
and
Fabb =0= 2Q[ab]b = Qabb - Qbab = Qabb - Qbab ) (484>

which follows from unimodularity of the Lie algebra g, as required in (4.33). Moreover, for a
constant dilaton ¢ one gets

1
2D% = Q%", where d=¢ — 5102 VI|H| (4.85)

is the generalized dilaton of DFT. Remember that H denotes the determinant of the metric
on the doubled space defined in (4.66). Combining these results, we obtain the relation

bea = —-2D% + @-gije“j (486)

which yields
DD = (0" Dy + g 8:0;)- = (=20,d 9" + 9,0") - . (4.87)

The analogous relation holds for bared indices, as well. Thus, the curved indices version of
(4.82) reads
(0;0" —20;d0")- =0 (4.88)
with )
or=(0; &) and 0" = (0" o). (4.89)
In DFT, the weak constraint consists of the first term in (4.88) only. The second one is absent
there. This observation is consistent with our result: If we restrict the background to be a
torus, |H| is constant. Then, according to (4.85), d also is constant. Thus, the second term

vanishes and we reproduce the familiar result.
Applying (4.82) to a product of two elementary objects we arrive at the strong constraint

D.f D9 — Duof D’g =0. (4.90)
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4.2.3 Action and gauge transformations

In CSFT, the tree-level action is given by [22,26]
) 2 1 1
(262)S = a({\Ir, QU} + g{xp, U, U)o + 37{@, U, 0, Ulo+...) (4.91)

where 1 denotes the string field (4.78). It is a sum over infinitely many string vertices
{-, ..., }o, also called string functions, evaluated at the genus zero worldsheet S?. As in [26],
here we will evaluate only vertices up to order three. The fourth order term is already very
challenging as it involves an integral over a region in C, whose boundary is not analytically
known [105,106]. First we calculate the quadratic order and then discuss the appearance of
Ward identities which are going to be used along the line of [107] to calculate the cubic order.
This will give the simplest interactions among the components of the string field.

Besides the action (4.91), CSFT admits to calculate gauge transformations of the action,
too. They read

1
WV =QA+ AT+ 5[A, Ao+ ... (4.92)

and are parameterized by A, the ghost number one string field introduced in (4.79). Here,
the string product [+, -]o appears. It is connected to the string function by the identity

[Bi,...,BuJo =Y _|6){¢%. B1...., Bu}o. (4.93)

The string fields ¢¢ are called conjugate fields of ¢4. Since for CSEF'T on the torus, the CFT
is free, it is straightforward to obtain the conjugate fields. However, on group manifolds,
the worldsheet theory is in general interacting so that the notion of conjugate fields becomes
more involved. We will tackle this problem while discussing the gauge transformations at
quadratic order.

Quadratic order

Let us start discussing the leading order CSFT action

{0, QU} = (Ve QW) (4.94)

with the BRST operator given by

Q= Z( CmLim +% : c_mL%L :) + anti-chiral . (4.95)

In a theory free from conformal anomalies, the BRST operator has to be nilpotent. This is
only the case if the central charge cg, = —26 of the ghost system cancels the one of the bosons.
Thus, we have to add 26 — n extended directions to the n compact ones. Furthermore, for
finite level k, the external space has to have a negative curvature. A classical example would
be e.g.

AdS; x S* x R% (4.96)

where the n = 3 directions we consider in this chapter parameterize the S3.
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We know the exact definition of L,, and L?r’} in terms of the modes j,,,, ¢, and b,,, but
for most purposes we only need to employ the commutator

[Lin, 0] = ((h—1)m —n) (4.97)

between a Virasoro generator and a primary field ¢ of conformal weight h and similarly for
the ghost contribution LJ".

As we have already defined in (4.72), a convenient way to express the expectation value
(4.94) is in terms of the reflector state (Ri2|, namely

(Uleg QW) = (Rua|¥)1c P Q| T), . (4.98)
Then, we can use the identities [22]

(Rualel) +¢2) =0 and  (Ruljll), + 72, =0 (4.99)

a,—m "~

to move operators from one side of the reflector to the other. As (4.98) is bilinear, one
can treat each term in the string field (4.78) separately. To continue, we use the following
algorithm: On each side of the reflector state we move operators annihilating the primary
|¢r) or the ghost vacuum to the right by using the commutation relations (4.97) and (4.24).
This procedure is called normal ordering. It is performed in such a way that the Virasoro
generators are transported directly to the primary field in each slot of the reflector state.
Only Lo and L_; survive this procedure. According to (4.75), one can replace Ly and L_; by

O{/

Lo|¢or) = _Z(l —BYET 0" Jao GbolOR)
/

a . .
L_i1|¢r) = —5(1 —RYET 40N Jamt GuolOR) (4.100)

for large k. Afterwards, we perform normal ordering again until only zero modes or creation
operators are left over. All operators acting on the first part of (R5| are moved to the second
one utilizing the identities (4.99). We establish normal ordering and so, finally, only zero
modes are left over.

Just to give an impression, one of the many terms of the resulting expression is

/

(0 . .
{\II’ Q\II} = ... 4 5 Z é(Rl) €(R2> T]ab <R12|¢Rl>1071571€00151 Ja,0 ]b,O|¢R2>2 +.... (4101)
R1, R

To get rid of the ghost zero modes c_1, ¢y and ¢;, we apply the ghost overlap®
(PR, |c_1c0€1C_1CoC1|OR,) = 20R, R, - (4.102)
Recalling the two-point amplitude (4.72) and combining it with the substitution
Jaolor) =taldr)  and  t, — Dq, (4.103)

we obtain the final result

/
(kDS = - 4 %/d%x VIH|eD.De+ ... (4.104)

5We use the convention of [26] which differs by a sign from earlier works like [22].
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After a tedious computation, at leading order O(k™!) the complete quadratic action reads

(225D = [ d# /TH] [LeaDe® +260e — fu f* — f;
— fo(Dse™ — 2D€) + f3(Dqae™ + 2D%) (4.105)

where the generalized Laplace operator is defined as

1 )
0= (DuD" + DaD") . (4.106)

Let us make a couple of comments:

e Note that we assumed the auxiliary fields f, and f; to be proportional to k=2, as other-

wise we would also find additional terms in (4.105). This situation is in total accordance
with toroidal DFT, where the auxiliary fields are also weighted by an additional factor

va'.

e On the torus, the vielbeins e,’ and e, are independent of the coordinates X/, so that
one can simply substitute the flat indices in (4.105) by curved ones. In this way, one
exactly reproduces the result derived in [26].

e Even though (4.105) looks like the action of toroidal DFT, there is a substantial differ-
ence: The derivatives appearing there do not commute.

At subleading orders in k! the differences become even more striking. Recall that such
corrections have the interpretation of o’ corrections. Whereas for the toroidal case such
corrections are absent in the CFT action at quadratic order, for the WZW model there exist
a good deal of them. Thus, all quantities on the worldsheet receive corrections. This is

already reflected in (4.100), where the Virasoro generators Ly and L_; receive corrections in
all orders of k1.

Now, we come to the evaluation of the gauge transformation (4.92) at leading order, which
involves the conjugate fields ¢s. These are defined by the relation

{65, duho = (@51 |6s) = (Ruald)1cg ™ b)2 = b (4.107)

Since j4,—1 and j; _; are the only creation operators appearing in the massless string fields, it
is sufficient to know the conjugate field of ¢5 = j, _1|¢r) with s = (a R) and its anti-chiral
counterpart. A first guess for this conjugate field is ¢S = j%,|¢r), which is along the lines of
the abelian case. Evaluating (4.107), we obtain

.a . a C . 2 a
(Ruali* Vom0 ]15,221|¢R2>2 = —F" (Ri2|dr, )1 ]£?8‘¢R2>2 +- 04 OR, Ry - (4.108)

We realize that, even though the second term on the right hand side looks quite good, the
first one spoils everything. We can get rid of this term by defining the conjugate field as

O{I

o = 5( _ %) (jil + o pabe jq_l) . (4.109)



4.2. FEffective theory 69

Indeed, after some algebra and using (4.16), up to order k=3/2, this ansatz gives rise to the
desired result

(Rl 0 1552 dra)2 = 05 Oy o + O(K™/2) (4.110)

which is an improvement in comparison to our first guess. There it was only satisfied up to
the order £~/2. In general, one has to determine the conjugate fields order by order in inverse
powers of k. However, for all orders we are considering here, (4.110) is sufficient.

Now, we have collected all ingredients to calculate the gauge transformation

AW = |6:){05, QA Yo (4.111)

using the same techniques as for computing the CSFT action. In the end, at leading order
O(k™!) we obtain the gauge transformations

1 1
Oneas = Dap + DpAa one = pi— 5D\ 6xfa = Dajt = 50N,
L5 1
SAE = 11+ §Dg)\b Safs = Dy + 7% (4.112)

These and the quadratic action (4.105) possess the Zs symmetry

€ab < €pa e < —€ fa Al _f&
Da < Da Aa <> )\a 12 <> — U, (4113)

which is a direct consequence of vanishing (anti-)commutators between chiral and anti-chiral
operators in the theory.

Cubic order

We now compute the string function
{0, 0, U} = (Vs W), [W),|W)s, (4.114)

which forms the cubic part of the tree-level action (4.91). Like proposed in [107]|, we apply
Ward identities to evaluate this expression. Even though [107] considers open string field
theory, our CSFT computations are similar.

From the discussion in section 4.1, we know that each mode j,, of the current j,(z) is a
symmetry generator of our theory. Hence, the variation

dz

——(e(2)ja(2)L 0 fioVi fa0 Vs f30V3) =0 (4.115)

5s<10f10V1f20V2f30V3>:?{2m

has to vanish for arbitrary vertex operators V;. In the vertex notation (V3|, introduced in
(4.68), this expression translates into [107]

Z]{ 5 (Vsle(2) dul2) = 0. (4.116)

Here, we do not explicitly write the right hand side of the equation, because it holds for
arbitrary vertex operators V;. The integral in (4.115) receives only contributions around the
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punctures introduced by these vertex operators. Each puncture is enclosed by the contour
C;. To pull the integration directly in front of the corresponding vertex operator, one has to
change the integration variable from z to z; = f; '(2). Since j,(2) has conformal weight one,
this transformation gives rise to

(=) 1a(2) = s - (Z) (i) dul) = desea() dul=) (4.117)

with €;(2;) = e(fi(z;)). Thus, for (4.116) we obtain

Z]{ - (Vslei(zi) ja(z) = 0. (4.118)

The functions z = f;(z;) map the local coordinates around the punctures at zo; = {00,0, 1}
to a common, uniformizing coordinate system z.

In doing so, they decompose the three-punctured sphere into three disc domains like
depicted in figure 4.1. This decomposition is governed by the quadratic differential |20, 108|

1 1 1

G122 Gt (4.119)

p(2) = ¢(2)(dz)> with ¢(z) = —

Local coordinates around a puncture have to reproduce ¢(z) in the corresponding ring domain.
To this end, the functions f;(z;) have to fulfill

4 _

1= Vo). (4.120)

By expanding the left and right hand side of this equation into a Laurent series around
202 = 0, it is straightforward to show that

(V3= 0)[(i+ 2P+ (i = ]

2) = 4.121
folz) (V31 0)(i + 2)23 + 2i(i — 2)2/3 (4.121)
is a solution of (4.120). A Taylor expansion of fy(z2) around zyo gives rise to
4 8 5 4 45 16 , 52 .
Z9) = ——=R29 — —=25 + ——=25 + —=2y — ———=25 + 4.122
f2( 2) 3\/§ 2 27 2 81\/§ 2 243 2 2187\/§ 2 ( )
from which we read of the coefficients
4 1 1 3 13
P 3\/37 1 2 ) 2 16 ) 3 16 ) 4 256 ) ( )
in the general expansion
fg(ZQ) = Zp2 + Pz2 + d1<p22)2 + dQ(pZQ)g + dg(p22)4 + ... (4124)

The local coordinates for the remaining punctures arise from the Md&bius transformations

1
and z—1-—— (4.125)
1—2 z

z —
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Figure 4.1: Relation between the local coordinates z; and the uniformizing coordinate z. The
small black dots mark the zeros of the quadratic differential ¢(z).

which permute the punctures of the sphere.

Choosing £(z) = pz~! and utilizing the mode expansion of the chiral current j,(z;) in
(4.23), we obtain the Ward identity

(1 (1 (2 (2 (2 -(3
0= (Vsl(pild — p2ash + 3205 — pdv jig + P23 jS — PP i)+ ) (4.126)

A similar argument holds for the c-ghosts, which are Virasoro primaries of conformal weight
—1. Thus, the main difference is the transformation behavior of

dz ¢(z) c(z) = dzi;l—; (%) i O(f(2:)) e(z) = dz; pi(2i) e(z) (4.127)
with ¢;(2) = (f'(2:)) 2 ¢(f(2:)). Again, for the specific choices
O ) i a8

the two Ward identities

0= Vsl (pct” + P + p(1 +2dy) P — p ) (4.129)
02 4 5 p o p ) 0%
0=(Vs|(- 509+c£{+§(1+2d1)cg>+3(1+2d1 — Ad? + 6dy) &P — 509) (4.130)

follow. For bared operators, analogous Ward identities hold.
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Equipped with these Ward identities, we can now proceed and compute the string function
(4.114). Like for the quadratic term, we again use the bilinearity of the string function and
obtain 5% = 125 different terms to calculate. Considering their symmetries, it is sufficient
to calculate only 35 different terms and weight them with the corresponding combinatoric
prefactors.

To evaluate each of these 35 remaining string functions, we apply the following algorithm:
First we use one of the Ward identities (4.126), (4.129) or (4.130) to remove the corresponding
operator from the second slot of (Vs|. Afterwards we establish normal ordering of all slots
and remove terms where annihilation operators hit the primaries. We repeat this procedure
until slot two of (V3| contains the operators ¢, ¢; and j, o only. Now, we rotate the vertex
according to the rule

(Vs|Vi)1 Va)a Va)s = (=) V80V V3)y Vi)o Vi) (4.131)

and start over again by applying the Ward identities and normal ordering. Then we rotate
again and we continue until all slots of (V3] contain ¢y, ¢1, ju0 and ja o only. Finally, we apply
the ghost overlap (4.102) giving rise to the substitution rule

2
DA = 2w (1.132)

where the |p|® term in the denominator arises because we have 6 ghosts with conformal
weight —1. Tt is canceled completely by the |p|® due to the successive application of the Ward
identities. After all these steps, only the fundamental three-point off-shell amplitudes (4.73)
are left over. Writing them in terms of an integral over the doubled space, we have to take
care of the |p|*" factors in (4.73). However, they can be expressed as

, /
|p[2he = mrm‘j -1 %m plO+---=1+0(™1) (4.133)

and therefore at leading order do not give any contribution to the action®. Finally, at leading
order O(k™1), the cubic part of the action can be expressed as

1 _ _ _ _ o
(262)83—1 = / d*"X+/|H| {—geal;(—Dcer Dge® — D€ Dge™ — 2D% 5 Db

+2D% g D% 4 2D Dl_’ecd-)

1 _ - s . 1 o
— ;b <F“cd € Dge® + FP ;€ Deead> - EFace Far b ecd eef (4.134)
1 I
+ §€az§fafb - §fafa€+ §faf e

1 _ _ _ _
~ < (Dane ¢ — D% D% — D% D% + ¢ Dané>

1 7 7 1
— Zf“ (2% D' + D ; é) + Zf“ <Dae e—e Daé>

6Even though the algorithm presented here is straightforward, the calculations are lengthy and cum-
bersome. For that purpose we developed a Mathematica package that was inspired to some extent by
Lambda [109], a package to evaluate operator product expansions in vertex algebras. It also extensively
uses MathGR [110] to simplify tensor expressions.
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1, 1 -
_ z_lfb (26(15 D% + D% e) + Zfb <D13€ E—e Dbéﬂ . (4.135)

Like already observed for the quadratic action (4.105), large parts of it resemble the original
result obtained by Hull and Zwiebach. However, there are also additional terms (4.134), linear
and quadratic in the structure coefficients F,,.. On the abelian torus they vanish and then
the action (4.134) reduces to the one derived in [26]. Whereas in toroidal DFT, there are
kinetic terms in the action only, one of the additional terms in (4.134) represents a potential
1 a7 07 67
V= - Foee Fpgpe® e el (4.136)
for the fluctuations €.
In order to evaluate the gauge transformation in cubic order, we again use the conjugate
string field ¢¢ from section 4.2.3. It allows to express the string product

(T, Alo =Y [6){65, T, A}g (4.137)

in terms of string functions, which we compute like those appearing in the action. One finally
obtains for the gauge variations of the fluctuations

1
e =~ ()\C Daess — DX €5+ Ay D€ + 2D, €5 — Ao Dée.s — 2\ Dceag)

1 1 1
-7 (Aa Dye — Dy, é) 5 A i+ SFact X (4.138)
1 a 1 a 1 a
(5)\6 = _Zf Aa + g@D )\a + ZAQ D% (4139)
1 1
e=—eD\, + =)\, D%. 4.14
O)\E T Ao + 8)\ e (4.140)

The corresponding ones for \; arise after applying the Z, symmetry (4.113). Here, we are
not interested in the gauge transformations of the auxiliary fields f, and f;, because they
are eliminated by their equations of motion in the next subsection anyway. A u-type gauge
transformation acts as

3 3
du€ap =0, Oue = —ghe and 0,€ = g,ué. (4.141)

4.2.4 Simplifying action and gauge transformations

Following [26,111|, we simplify the action by first fixing the p gauge in such a way that

e=d and é=—d. (4.142)
Afterwards, we redefine the fields
€r=¢pt+epd, d=d+ 3—126ab e (4.143)
and the gauge parameter
A=A+ S rad — 2N €ai - (4.144)

4 4
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Let us briefly discuss how the level matching condition works for these redefined fields. We
know that the unprimed fields in (4.143) have to satisfy the weak constraint (4.82). Since
the primed ones contain products of unprimed fields, they do not automatically satisfy it.
However, requiring also the strong constraint (4.90) guarantees that the primed fields still do
it. Therefore, already at the level of this field redefinition the strong constraint is necessary.

Now, plugging the redefined quantities into the quadratic and cubic gauge transformations
and removing all contributions that are not linear in the parameter A or the fields, we obtain

1
Or6ws =Dida+ 5 (Dax €5 — DNy €5 + Ao Dleys + Fod X° edl;) +

1 _ _ _ -
D )\ + 3 <D5)\C €az — DNg €0z + Ae D5 + Fgéd A€ Eacj)

1. 1. 1 1
o\d = ZDQA + 5/\QD d Z_LD‘_I/\ + 5)\(—1D d. (4.145)
For simplicity of the notation, we dropped the prime. Except for the flux term, they have
the same form as the gauge transformations of toroidal DFT.

As already mentioned above, it is convenient to simplify the action by eliminating the
auxiliary fields f, and f;. To this end, we solve their equations of motion up to quadratic
order in the remaining fields, yielding

1 1/ . | . '
f*= =3 Dt = D'+ 5 (ab Dyd + dD“d) + 2 (Dced—, eab _ dDge“b) (4.146)
1 1, N1 ; ;
b_ — ab by~ ab b - c, ab ab
f' = 3Due" + D'd 2(e Dod +dD d) 8(1) €as € — d Dye ) (4.147)

Furthermore, we apply the field redefinitions (4.143), which we already used to simplify the
gauge transformations. Finally, we obtain

1 S 1 ;
(25%)S = / d*"X+\/|H| L_f“b Oe® + Z(Db%)2 + Z(Da€a5)2 —2d D" DP,; — 4d0d

1 _ - _ _
+ 7 Cab (Daﬁcg Dbe¢¢d — D%, 3 D% — D¢ Dbecg>

1 o - . 1
_ Z‘Saf) (Facd DeEdb €ee + Fbcg DeEad Eeé) . EFvace def €ab Ecd Ecf

1 7 1 1 7 -
+ §d<(D“€a5)2 + (Dleg)” + §(Dc€a5)2 + §(Da€az§)2 +2e(D, D + D5D66a5)>

+ de; d D*DVd + Ad? Dd} (4.148)

where we defined

(D'.)” = (D%e,3)(Dee™). (4.149)

Thus, we have derived the leading order form of the DFT\wzw action, which reduces to the
usual DFT action for a flat torus. Still, it contains additional terms which go beyond the
traditional formulation. First, the derivatives D, are non-commuting and, second, the fluxes
F. appear explicitly.
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4.2.5 C-bracket

Let us finally analyze the gauge algebra of the theory, which arises from the gauge transfor-
mations (4.145). In CSFT, at cubic order the commutator of two gauge transformations dy,
and d,, gives another one parameterized by

Ay = [Ag, Aio . (4.150)

Using the techniques presented in section 4.2.3, it is straightforward to evaluate this expression
and one obtains

1 1 .
Mg = —5)\’{ Dydoq + Z()\Lb Do+ Ao DpAS — A} Dpha g + Aag pt1 4 Fape AY AS)

1 _
— gh2a DN — (142). (4.151)
Due to the Zy symmetry (4.113), the equation for the Aj5; has exactly the same form. Note
that these commutators hold before the field redefinition of the gauge parameter (4.144) is
applied. As explained in section 3.1 of [111] after the field redefinition we have to adapt A2,
according to

| ; N P
N = Mz + [ 7(Didia A+ DadipA8) + -2 (DA} Do + oM D) = (10 2)] . (4.152)

In addition, we have to set

1 1 _
on = ZDaAa - ZD@)\G (4153)

which takes into account the p gauge fixing performed in the last subsection. After removing
all terms which are not linear in A\;, Ay or in both, we obtain the result

1 : 1 Z
Mo = —Q(A‘{Db + M Dg) Ao + Z(Alvb DAy — A5 DXy — Fupe \JAS) — (142 2). (4.154)
For the bared parameter, we obtain by the same procedure
1 5 1 . o
Noa = —§(A§Db + A} D) Ao — Z(Al,b DaXy — A1 Dady — Fe AJAS) — (1 2). (4.155)

At linear order, A is equivalent to A’ and therefore A can be substituted by X on the right
hand side of these two equations.

4.3 S3 with H-flux

We close this chapter with a simple toy model, the group manifold SU(2). It corresponds to a
S3 with H-flux and is part of the duality orbit 1 in table 3.1. On this background, we compute
all relevant quantities discussed throughout this chapter. We start with the generators

1
t, = o, with a=1,2,3 4.156
= (4.156)
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in the fundamental representation. Here, o, denotes the Pauli-matrices

01 0 —1 1 0 1 0

The normalization of the generators is chosen in such a way that, according to (4.16), they
give rise to the Killing metric

Nab = —%/k%aftb) = diag(—1,—-1,—1) with z;= % (4.158)
denoting the Dynkin index of the fundamental representation. Each group element
9 =1y"t — 't (4.159)
is parameterized in terms of four coordinates y* which have to fulfill
W)+ W)+ )+ (') = R =kd'. (4.160)

Doing so they describe the embedding of a three-sphere S® with radius R = v/ka/ into the four
dimensional, euclidean space R*. To parameterize the sphere, we choose Hopf coordinates
o= (n* n* n®) with

y° = Va'k cosn® cosn' y' = Va'ksinn? cosn' (4.161)
y* = Va'k cosn®sinn! y® = Va'ksinng®sinn' . (4.162)

and (4.61) to obtain the vielbeins

1

After this preparation, we apply (4.25

0 coS —sin?n!

e’ = —ivka' | cosn? sinn'cosnlsinn?®  —sinn! cosn!sinn? and (4.163)
—sinn® sinn'cosntcosn®  sinn! cosn! cosn?

3 S~—

2

—

Yrg [A=0 A=1/V2 A=2

B \/5 \/g ei2n® gin?2 771
q y \/ﬁw(a’k)i‘/‘l
1 e sinnt
4= /2 m(a'k)3/A
_0 0 - V3e!*=1") cos ! sin !
q= y m(a/k)3/4
gL e cosn .
V2 m(o/k)3/4
B \/5 \/ge—wn? cos2 771
q \/5#(0/]{7)3/4

Table 4.1: Scalar functions y,, which implement the SU(2) highest weight representations
for A € {0, 1/v/2, v/2} on S®. The general procedure to obtain these functions is outlined in
section 4.1.2.
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0 cos?n! sin® n!
e’ = —ivka' [ cosn?®  sinn'cosnlsinn?  —sinn' cosn' sinnP? (4.164)
sin 77-23 — sinn! cosn' cos 77_25’ sin ! cosn' cos 77_25’

with the abbreviation n?* = n? & n®. They give rise to the structure coefficients (4.30)
21 21

—E(l c and Fa75 = —Ea C 9y

Vark " T Vak "

where €4, denotes the totally antisymmetric tensor in three dimensions with €103 = 1. As
expected for a geometric background, they fulfill the relation F,,. = —Fj;:. The target space
metric obtained from the vielbein e%; reads

Fpe = (4.165)

gi; = 'k diag(1, cos® n',sin®n') . (4.166)

By construction, it belongs to a S? with radius R = v’k parameterized by the Hopf co-
ordinates. With the structure coefficients (4.165), (4.6) and (4.27), we calculate the 3-form

H = 2d'k sinn' cosn'dn* Adn? Adn®. (4.167)
As a consistency check we evaluation the quantization condition

w/2

2 2
1 k
H = —/dn2/dn3/dn1 sinn' cosn! = 21k (4.168)
T
0 0

2l g3
0

for the H-flux. It reproduces the quantization condition k& € IN for the level on compact group
manifolds. Following the prescription presented in section 4.1.2, one obtains the orthonormal
functions y,, listed in table 4.1. They form an orthonormal basis for the primaries of the
WZW model.
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Chapter 5

Generalized metric formulation

The traditional formulation of DFT we presented in chapter 2 relies on doubled objects like e.g.
the generalized metric H!/. These doubled quantities can be understood as a very effective
tool to organize the fields and gauge parameters appearing in the CSFT calculations. They
are used to rewrite the action and its gauge transformations in a compact form. Further, they
make the underlying structure of the theory manifest and allow to extend the cubic CSFT
results to all orders in the fields. So far, it is not clear what the corresponding doubled objects
in DFTwzw are. Thus we dedicate this chapter to find them and to rewrite the action and
gauge transformations derived in the last chapter. The result, which is derived step by step
through the sections 5.1-5.5, is a generalized metric formulation of our theory [63]. We present
its equations of motion and discuss its symmetries. Besides the invariance under generalized
diffeomorphisms, DFTwzw possesses a 2D-diffeomorphism invariance which is absent in the
traditional version. Further, the closure of the gauge algebra is checked in section 5.4.3.
It depends on two constraints: Whereas the fluctuations have to fulfill the modified strong
constraint discussed in the last chapter, the background structure coefficients have to fulfill a
Jacobi identity only. At last, we show the equivalence of our theory and original DFT under
an additional constraint, the extended strong constraint.

5.1 Notation and convention

Instead of directly using the action (4.148), its gauge transformations (4.145), and the C-
bracket (4.154)/(4.155) derived in the last chapter, it is convenient to perform the field re-
definition i i

€ — =2 N =2\ and A" — 2)\7, (5.1)

which gives rise to
(26%)S = / A" X+/|H] [Eag De™ + (DPe,p)? + (D%,)* + 4d D" Dbe,y — 4dOd
— 2€,5 (D“ecg Dbecd — D%z Db — peead DEECJ)
+ 2€,5 (F“Cd Dee® ¢+ Fgég Deed 665) + %F‘m Fhif €ab €cd Eof

— d(2(D")* + 2(D"€,)* + (Des)” + (Daeys)® + € (Do D€ + DyD%4c))
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~ 8¢,;d DD + Ad? Dd] , (5.2)
the corresponding gauge transformations
Sye® = — DPAT 1 DN DA 4 ADLetb 1 ey
— DN 4 DPAse® — DA™ + N D™ 4 FP A e2d
ond = — %Da)\“ + X D% — %Da/\‘i + X2 D% (5.3)

and the C-bracket
_ 1 _
)\12,(1 = _)‘IiDbAZa - /\Ii DE)‘Za + 5()\176 Da)‘g - )‘1,1_3 Da)‘g - Fabc )‘I{ A;) - (1 Ae 2)

_ 1 _ -
Moa = —ADydoa — Ao Dyhog — 5(AL,, DXy — A5 DAl — NA)—(1+2). (54)

abe
Applying the field redefinition (5.1) helps to get rid of a 1/2 factor which would otherwise
arise between DFT and DFTwzw results. Further, we refine the notation of the generalized
dilaton to allow a clear distinction between background fields and fluctuations: From now on,
d denotes fluctuations of the generalized dilaton

L 1 .
d:d+d:—§log\/]H|+d (5.5)

which combines the background field d and the fluctuations.

One of the main objectives in this chapter is to rewrite (5.2)-(5.4) in terms of doubled
objects like they are common in the generalized metric formulation of DFT. To this end, we
now define successively the required doubled quantities. As mentioned in section 4.1.4, the
left- and right-mover coordinates on the group manifold can be combined into

X' = (2% 2f). (5.6)

Besides curved doubled indices like I, J, K, ..., there are also flat ones denotes by A, B, C,
... 1. Both of them are connected by the generalized vielbein

ai 0 . . ai

Es =€ -] and its inverse transposed E4; = ¢ 2 : (5.7)
0 €g 0 €7

At this point it is important to note that in contrast to the flux formulation of DFT, this

generalized vielbein is not restricted to be O(D, D) valued. Flat indices are raised a lowered

with the n metric

1 /n® 0
nap = 2 (Ugb _?7ab) and its inverse 7P = 5 (770 —Uab) : (5.8)
Their curved versions read

A B Gij 0 Ij _ I, AB J_1 gij 0
’I]IJ—E ]’I’]ABE J—Q(Oj _g{j) and T] —EA’O EB —5(0 _g{; . (59)

'Note that according to the notation introduced in section 2.1.3, we should decorate these indices with a
bar to stress their GL(D)xGL(D) structure. However, to avoid overloading our notation we drop these bars.
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Because the generalized vielbein E4” is not O(D, D) valued, 7 in curved indices is not con-
stant. This is one of the main differences between DF Twyzw and DFT. It has far-reaching
consequences for the whole structure of the theory. E.g., it is not possible anymore to pull
nrs in and out of the doubled partial derivative

or=(0; &) . (5.10)

As we are going to see in section 5.2, this problem is fixed by introducing a covariant derivative.
In addition to the partial derivative, one defines the flat derivative

Dy =E5'0; = (Do Ds) (5.11)

analogous to the flux formulation. Further, we define the doubled structure coefficients in
terms of the commutator

Dj = E,'0; with [Dy4,Dp] = Fag°Dec. (5.12)
With (5.11), (4.62) and (4.29), this relation gives rise to
fwabC
Fup® = { Fy (5.13)

0 otherwise .

We also define the doubled parameter of a gauge transformation as
M= (A A7) . (5.14)

The objects D4, Fup® and &4 are considered as fundamental, meaning their bared and un-
bared components do not receive additional minus signs or prefactors. From these quantities
all others are derived by raising or lowering the doubled indices with the n metric. A simple
example is

A=A npa= (20 —2X,) . (5.15)

Finally, one needs a doubled object holding the fluctuations €. For that purpose, let us
consider first the symmetric tensor H“4? which leaves 7 invariant

HAepHPE = 8. (5.16)
An example for such a tensor is
_ MNab 0 : : AB __ 1 77ab 07
Sap =2 < 0 77ab> and its inverse S°7 = 5 ( 0 ) (5.17)

A small, symmetric perturbation of it which is compatible with (5.16) is denoted as ¢AB. Tt

is straightforward to check that €% has to satisfy the relation
AnepSPE + S4%cpePP 4 O(?) = 0. (5.18)

The most general, symmetric solution for this equation reads

_Ea

S ( 0 _Eab) with  €® = (7)™ (5.19)
= B = : :
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Its D? different entries € allow us to express any H“? in terms of the series expansion

1
HAP = 5AB L AP §EAC Sop PP 4+ = exp(e*P). (5.20)

This equation has exactly the same structure as (3.85), which governs fluctuations of the
generalized metric around a vacuum of a generalized Scherk-Schwarz compactification. Hence,
we make the following identifications:

1. We call AP generalized metric.

2. We associate the symmetric, doubled tensor €4? to the small fluctuations €® b which
appear in the action (4.148) and its gauge transformations (5.3).

3. We denote S48 as flat vacuum generalized metric.

For later considerations, one needs to expand the generalized metric (5.20) into components

1,.ab ab 2 ac
HAB:(abg_gz j_ce 770 ;‘_abe 77cd6 776]”6 )+O(€4) (521>

€ Neac ™1, f efb 0™ 4 €*neqe

up to cubic order in the fields.
Finally H;;, whose determinant H is used in (4.148), is defined as the curved version

i 0
H;y=FE* S.gEB; =2 (901 gﬂ) (5.22)
]

of Syp. In comparison to (4.66), this quantity possesses an additional prefactor 2. To keep
the action integral (5.2) invariant, one has to perform the compensating change of variables

X' = XT/V2.

5.2 Covariant derivative

As it is going to become obvious in the next sections, the covariant derivative

1 1
V.VEB =D,VvB 4+ gFBAcVC and VuVp =DsVp + gFBACVC (5.23)

plays a central role in the generalized metric formulation of DF Twzw. Here, we discuss its
properties. Note that this covariant derivative is not the O(D, D) covariant derivative of
DFT [30,58,79|. Still it fulfills similar compatibility conditions:

e Compatibility with the frame requires
ViEg'=0. (5.24)

Here the covariant derivative acts on a tensor with both flat and curved indices. Thus,
we have to extend its definition

1
VaEp" = DaEg" + gFBACECI + Ef Ty, Eg” =0 (5.25)
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by the curved connection I';x”. Due to (5.24), it is completely determined
1 1
;X =—p4FE"P JECK§(2Q A +Qpa%) = _5(29[ 7+ Q%) (5.26)

in terms of the coefficients of anholonomy Q4pc = DaEp’Ec; and the vielbein E4”.

e Compatibility with the invariant metric

Vanse = Danpe + Fea’npc + Foa’nep = Feac + Foap =0 (5.27)

is fulfilled due to the total antisymmetry of Fpc, a direct consequence of the total
antisymmetry of its components f,;. and f;z.. Split into bared and unbared indices, the
non-trivial contributions of (5.27) read

fbac + fcab =0 and - fEaE - fE&B =0. (528)
e Compatibility with the background metric
VaSpc = DaSpc + Fpa®Spc + FeaPSpp = FaPSpe + FoaPSpp =0 (5.29)

is checked along the same lines as for . The only difference is a plus sign instead of a
minus sign in the bared part of (5.28).

e Compatibility with integration by parts
/ PP X e UV VY = — / "X e U VY (5.30)
fixes the trace

I/ =T;=-20;d (5.31)

of the curved connection. Employing the relation between curved and flat connection
(5.26), unimodularity

Fap® =Qup® —Qpa =0 & Qup” =Qpi" (5.32)
and (4.85), linking Q45" with the flat derivative of d, we finally obtain
;= —E4Qup" = —2E!'Djd = —20,d. (5.33)
This proves compatibility with integration by parts.

To calculate the curvature and the torsion of the covariant derivative, we evaluate the
commutator

[Va,VBVo = Rapc”Vp — TP 4V Ve, (5.34)
giving rise to the skew-symmetric torsion

1
Tpe = _gFABC (5.35)
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and the Riemann curvature 5
Rapc® = §FABEFECD- (5.36)

In calculating the Riemann curvature, we used the Jacobi identity
Fap"Fpc” + Foa"Fpp"” + Fpc"Fpa®” = 0 (5.37)

for the structure coefficients F45°. Note that both the curvature and the torsion, do not
vanish.

The covariant derivative is not completely fixed by the four compatibility constraints
(5.24), (5.27), (5.29) and (5.30). E.g., one can check that the one parameter family

VLVE = DAVE 4 tFP,cVY and V4 Ve = DAV +tFps“ Ve, (5.38)
also fulfills all of them. A short calculation gives rise to its torsion
T4c = (2t — 1)FApe (5.39)
and its curvature
Rupc® = (t — ) Fup® Fpc® . (5.40)

For t = 1/2, the torsion free Levi-Civita connection on the group manifold arises. Choosing
t =0 ort =1, the curvature vanishes and one obtains two flat connections. These choices
correspond to the left- or right-invariant trivialization of the tangent bundle [112]|. In this
context, it is especially remarkable that DFTwzw requires neither of the three canonical
choices, but instead ¢ = 1/3.

Finally, we have to check how the covariant derivative acts on the generalized dilaton d.
Its background part d is covariantly constant and the fluctuations d transform like a scalar.
Thus, we are able to identify

Vad=Dud. (5.41)

5.3 Strong constraint

The level matching or weak constraint (4.81) can be easily rewritten
NP DaDp- = DaD*- =0 (5.42)

in terms of the doubled, flat derivatives introduced in section 5.1. Further, one can express
this constraint with the covariant derivative introduced in the last section as

1
VaV4 = DyD*. +§FAACDC' = DyD* - . (5.43)

At this point, it is inevitable to treat all arguments - the constraint is applied to as scalars.
Further, the constraint only applies to quantities in flat indices. Otherwise, one would obtain
incorrect results. Keeping this convention in mind and using the frame compatibility of the
covariant derivative (5.24) yields the curved version of the weak constraint

Vo' =0. (5.44)
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After applying (5.31), we obtain
(070" —20;d0")- =0 (5.45)

which matches (4.88) discussed in section 4.2.2.

If - is not only interpreted as a placeholder for fields and parameters of gauge transforma-
tions but arbitrary products of them, the weak constraint becomes the strong constraint. A
direct consequence of this additional restriction is

DaD"(fg) = (DaD"f)g+ (DaD"g)f +2DafD"g =0 (5.46)
which is equivalent to
DufDAG =0 or 0;f0l¢g=0 (5.47)

in curved indices. As already discussed in the last chapter, the weak constraint is not sufficient
for a consistent formulation of DFTyzw up to cubic order in the fields. One has to impose
the strong constraint.

5.4 Gauge transformations

Now, we rewrite the gauge transformations (5.3) in terms of a generalized Lie derivative acting
on the generalized metric H4? and the generalized dilaton d. If the gauge algebra closes, the
commutator of two such generalized Lie derivatives gives rise to another generalized Lie
derivative whose parameter results from the C-bracket. We obtain this bracket by rewriting
(5.4) in terms of doubled objects. Finally we show that the strong constraint for fluctuations
and the Jacobi identity for the background’s structure coefficients are sufficient for the gauge
algebra to close.

5.4.1 Generalized Lie derivative

Guided by the flux formulation of toroidal DFT [57,58], let us define the generalized Lie
derivative of DF Tywzw as

LVA = XEDVA 4 (DN — DAY VE 4 FARAPVE. (5.48)

Objects transforming like 5, V4 = £,V are called generalized vectors. The generalized Lie
derivative extends to tensors in the usual way so that e.g. the generalized Lie derivative of
AB

€7 reads

,CAEAB = /\CDceAB + (DA/\C - DC/\A)ECB+
(DA — DeABYeAY + FALpACPE + FBopACetl (5.49)

Moreover, it leaves n? invariant
LB =0 (5.50)

and for a closed gauge parameter it acts trivially, i.e.

Lpa,VE =0, (5.51)
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after applying the strong constraint (5.47). Note that the gauge transformations (5.3) affect
fluctuations only. They are trivial
6848 =0 (5.52)

for the background metric. A straightforward computation shows that the gauge transforma-
tion of €*? can be expressed in terms of the generalized Lie derivative as

Sre*P = £,548 4 £,e?P + ﬁAS(ACSB)D P (5.53)

With (5.52), one can evaluate the gauge transformation of the generalized metric

1 1
5,\7'[AB = 5,\€AB + 5(5,\€ACSCD€DB + §€ACSCD5/\€DB + 0(62)

= L3548 4 L3P 4 £,5U0SP P 4 CASL L, 8PP + O(e?)
= L3S + L6 1 O(%) = LYHAE + O(?). (5.54)

Being equivalent to (5.18), we have applied the identity
SAG 9B = 5B, 04 (5.55)

in the step from the second to the third line. In a similar vein, the gauge transformation of
the generalized dilaton fluctuations d

. . . |
6xd = Lad  with Lyd = M Dyd — §DA>\A (5.56)

can be expressed by using the generalized Lie derivative for a density. In summary, we obtain
the very compact notation for the gauge transformations

OHAE = LHAP  and  6,d = Lad. (5.57)

It is convenient to express the generalized Lie derivative (5.48) in terms of the covariant
derivative, which was introduced in section 5.2, as

LyVA=NVVA + (VA — Ve VO, (5.58)
After this rewriting, (5.57) gives rise to the gauge transformations in their final form
SeHA? = LHAP = XVHA + (VA — VEAYHE + (VPAo — VAP HAC

Oed = Led = 4D ad — %DAgA : (5.59)

Plugging in the expansion of the generalized metric (5.21), one recovers the gauge transfor-
mations (5.3) up to additional terms which are not linear in the field or the gauge parameter.

5.4.2 C-bracket

Using the conventions (5.14), (5.15) and (5.11), one can also write the C-bracket (5.4) in
double index notation, where it takes the compact form

1 1
M= X DpM + 5)\{3 Do p — 5FABC MEAS — (1 2). (5.60)
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Analogous to the convention in DFT, we denote
1 1
A, AoJé = =My = AP DAy — EA?DA)\QB + iFABC)\’f)\g —(1+2) (5.61)

as C-bracket of DFTwyzw. It differs in the third term from the expression presented for toroidal
backgrounds in [27]. Furthermore, the derivatives appearing in (5.61) do not commute. On
the torus, they do.

Like the generalized Lie derivative, the C-bracket can also be expressed in terms of the
generalized covariant derivative (5.23) as

1

s Aol = AV VpAg - 5

MVA N g — (145 2). (5.62)

With this result, we are also able to calculate the generalized torsion of V 4. Like for DFT, it
is defined as the difference between the C-bracket with covariant and partial derivatives. In
our case, this leads to

1
A, XaJe — THar M = N oA — §A{61A2J — (1 2) (5.63)

with
A ASNG = [EP N ECkAS G EA" (5.64)

Evaluating this expression by using the compatibility with the frame results in the non-
vanishing generalized torsion

1
T ok = 20wy + T e = —§(2Q[JK]I +29" yx) + Q' r) = =V s - (5.65)

Thus in contrast to the covariant derivative of toroidal DFT, the generalized torsion of the
covariant derivative of DFTwzw does not vanish.

5.4.3 Closure of gauge algebra

We now check the closure of the gauge algebra. There are two different ways to prove closure
which are completely equivalent. First, one can compute the Jacobiator

J(A1, A2, A2) = A1, [A2, Aslcle + [Ass [Ar1, Aelc]e + [Aa, [As, Ade]o (5.66)

and impose that it vanishes up to terms parameterizing trivial gauge transformations. Ac-
cording to (5.51), then the constraint

Lt rena) V=0 (5.67)

has to hold. Alternatively, one can show that the commutator of two generalized Lie deriva-
tives closes in the sense that

E[)\l)\z]CVA = (£A1£A2 - £A2£A1)VA' (5.68)

Here, we will show this second property of the generalized C-bracket.
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Evaluating the condition (5.68), one eventually arrives at the expression

‘C[/\l,/\z}cVA = ('CM‘CM - ‘C’AQ‘CM)VA

— Fpc?Fpp® — Fpp® Fpe® — Fop® Frp?, (5.69)

where the second line vanishes due to the Jacobi identity (2.65). Let us emphasize that
this closure result goes beyond what one would expect from the CSFT construction. A priori
CSFT at cubic order only forces the V4 independent part of (5.68) to hold [111]. For all terms
depending on V4, there are in general corrections and closure is only guaranteed on-shell.
However, here we do not face any of these problems. Moreover, for the closure of the usual
DFT algebra, the strong constraint was essential for the fluctuations and the background,
whereas here one only needs the Jacobi-identity for the background fluxes.

5.5 Action

In this section, we rewrite the action (4.148) in terms of the generalized metric and the gener-
alized dilaton. The guiding principle is inspired by the results for the gauge transformations
and the C-bracket discussed in the last sections: in the expressions known from traditional
DFT, one has to substitute partial derivatives by covariant derivatives (5.23). Taking into
account the original DFT action in the generalized metric formulation [29] and following this
principle, the action should read

1 1
S = / dQ"Xe’M(gHCDVc’HABVD’HAB — §’HABVB'HCDVD7—[AC
— 2V 4V HAE + 4HABVAdVBd) . (5.70)

Subsequently, we prove that it indeed reproduces (4.148) up to cubic terms in the fields
and a missing term which has to be added to (5.70). To keep this straightforward though
cumbersome calculation as traceable as possible, we begin with terms containing two flat
derivatives like e.g.

1
e‘2d§HCDDC”HABDDHAB : (5.71)
We further simplify the calculation by first considering the term
1
§SCDDCHABDD”HAB, (5.72)

which gives rise to
1 1 7 - 7
P DeMapDOHM = (Dcea,;Dce“b + Dgeagpcgab) + O
= e,;06 — €,3DedD ™ — €,;D.dD%™ + O(e*), (5.73)

after plugging in the components of S48 and HAZ, according to (5.17) and (5.21). From the
first to the second line in (5.73), we have performed integration by parts by applying the rule

/ d*"Xe 2Dy = — / d*\/|Hle > (—2uD,d + Dyu)v = / d*" X e 2(2uD,d — Du)v .
(5.74)
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It automatically arises if one remembers the splitting of the generalized dilaton (5.5) into the
background part d and the fluctuations d around this background. Performing integration by
parts again and dropping all terms in quartic order in the fields, we obtain

1 o~ ~ ~ - ~
§SCDDCHABDDHAB — €306 +d(Deyy)*+d(Deey) *+2d ey D™ +O(e) +O(d%€?) . (5.75)
Now, it is straightforward to read off the remaining terms of (5.71), namely
e LUCP DA 45 Dy AP =V 606 — 260D, Dge +d( Do)’ +d(Daas)] . (5.76
3 cHapDp = €qplIE € Deeplge + ( c%b) + ( cGab) . (5.76)

Here and in the following, O(...) is suppressed for brevity. The last term in (5.75) cancels
against a term arising in the expansion of

e = /H|(1-2d+2d*+...). (5.77)
Next, we turn to the term
1
—§’HABDBHCDDD7‘[AC (5.78)

for which the calculations are more cumbersome. Using the commutation relations for flat
derivatives

Do, Dy = Fup°D,., [Dg, Dj] = F3°D: (5.79)

and performing integration by parts, we finally obtain the result

—e‘zd%’HABDBHCDDDHAC = V[H] [(D“ea;,)z + (Dleg)’
— (Fy®Doe®eyy + Fi% Do) (1 — 2d)
+2de®D, D — 2dD, D" ; — 2dD¢™ D e ;
+2d €’ Dy D,z — 2dDy D™,z — 2dD€™ Dy e
+ 2€,5(D%.gD%? + D Dbe, —)] . (5.80)
All remaining terms in the action (5.70) contain covariant derivatives acting on the generalized

dilaton. Thus, one has to remember (5.41), specifying the action of the covariant derivative
on d. In combination with the expansion (5.21) of HAB | it gives rise to

AHAP D 4dDyd = 2D,dDd + 2D;dDd + 8¢” DodDyd . (5.81)
Taking into account the prefactor e=2¢, we obtain
e 2UNHAP D 4dDpd = /|H|| — 4d00d + 8¢** D, d Dyd + 4d*0d] (5.82)
where we have applied the relation
VHAPOd = VH( — 4dD,dD"d — 4dDgdD%d ) . (5.83)

The last term in (5.70), which contains two flat derivatives, gives rise to

—e 29D ,dDpHAE = \/|H| [4dDan,ea5 — 8¢ D,dDsd — 8de™ D, Dyd
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+ Qj(D“eag)Z + QJ(DT’EM;)Q + QCZe“BDaDceag + QCZe“BDgDEeaé
+ QCZDCe“BDaed; + QCZDEEQBD{,G@@ + 2JDaDCeaBed;
+ QCZ(D,;DEEQB)EGE} : (5.84)

Now, we are done with all terms required for the abelian case Fagc = 0. Hence, it is a
convenient check of the results obtained so far to write down the complete abelian action

Slpipoco = / P X \/|H| [EQI;DEGE + (D%g)" + (DPeg)’ + 4dD, Dye®® — 4d0d
— 2€,5 (DaechgeCJ — DaeCJDJed_’ — DceaJDgecg)
+d(2(D%)" +2(Dey)" + (Deys)” + (Dear)” + 4 (Do Doy + DyD'erc) )
+4d0d — SCZEGEDQDECZ} . (5.85)
It indeed matches with the action (4.148) after dropping all terms depending on the structure
coefficients Fyp. and Fiz,.

Let us now take into account these terms so that we have to consider the full covariant
derivative instead of only using its flat derivative part. We start with

: 1
—2VAdV g = —Dad(DgH? + 2 (F MO + FP i) )
= —DdDgHAE (5.86)

where the second term in the first line vanishes due to the total antisymmetry of Fypc and
the symmetry of HAZ. The third term is zero due to the unimodularity condition

FAp=0, (5.87)

which the structure coefficients have to fulfill according to (4.33). At this point, we come to
the more challenging part

1 1
g’HCDVcHABVD’HAB — §%ABVBHCDVD%AC. (5.88)

In the subsequent computation, we ignore all terms which contain more than one flat deriva-
tive, because we already discussed these contributions above. The first part of (5.88) gives
rise to

1 1 1
éHCDvCHABvDHAB — EHCDDCHABFADEHEB + EHCDFACFHFBDDHAB
1 1
+ %HCDFACFHFBFADE’HEB + %HCDFACFHFBFBDEHAE +0O(D?)  (5.89)
where the second term on the right hand side is equivalent to

HPF " HppDpHAP = HOPFA g HPP DeHoan (5.90)

after using the symmetry of H4? and relabeling the indices. For the fourth term, we use the
total antisymmetry of the structure coefficients, yielding

HPFact HppFB prHAE = —FacpFeprHAPHOPHEE (5.91)
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Applying these two substitutions, (5.89) simplifies to

1 1 1
§HCDVCHABVD’HAB = EHCDDC’HABFADE’HEB + %’HCDFACFFADE’HFBHEB

1
— %FACEFBDF’HABHCDHEF +O(D?). (5.92)

For the second part of (5.89), we obtain in a similar fashion

1 1 1
—ZHABVBHCDVDHAC = EHCDDCHABFADEHEB - EHABDBHCDFCDE%AE
1 1
o EHABFDBEHCEDDHAC - %FACEFBDFHABHCDHEF
1
+ %%CDFACFFADEHFBHEB + O(DQ) . (593)

After combining these results, we finally get

1 1
e=2d [§HCDVCHABVDHAB - EHABVBHCDVD’HAC]
_ |H’ |:26al; (FacdDe€db€cé + FngDelEadGeg) + § aceFEJfEabecdeef
1 _ _ - - -
— (P atby e + FoFyeqe”) (1 - 2d) + (9(1)2)} . (5.94)

The first line on the right hand side exactly reproduces the structure coefficients dependent
terms in the cubic action (4.148), but the second line has to be canceled to successfully
reproduce the action. Achieving this is done by adding the term

éFACEFBDF’HABnCDnEF + V= é(F“chdeeaeebe + FO gF5% % q¢) (5.95)
with
Vo = 5 FaceFpprs P SOP5P"
= _iFACEFBDFSABnCDnEF + %FACEFBDFSABSCDSEF (5.96)

to the naive action (5.70). To obtain the second line in the expression for V5, we applied the
identity
FaceFpprSYPSPY = FaceFpprn©"n™" (5.97)

which holds due to the strict separation of bared and unbared structure coefficients (5.13).
Substituting the structure coefficients Fygc by the covariant fluxes Fapc, Vp matches the
vacuum expectation value of the scalar potential (3.62), which we derived in section 3.3. Even
though we do not impose the strong constraint on the background, V; lacks the 1/6 Fapc F' ABC
term suggested by the flux formulation. If we consider the full 2D-dimensional doubled space
time instead of only its 2n-dimensional compact subspace, V; has to vanish for a background
giving rise to a well defined CFT. As outlined in section 6.2.1, otherwise the combined central
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charge of the ghost system and the bosons would not vanish. We close this section with the
complete action of DFTwzw

1 1
S = / dQDXe’2d<§HCDVcHABVDHAB — §HABVB”HCDVD’HAC

1
— OV 4dV 5 HAP + AHAPY 4dV pd + 6FACDRBCD’;HLAB) (5.98)

in the generalized metric formulation for the full, 2D-dimensional doubled space time. For ob-
taining the action in curved indices, one has to remember the vielbein compatibility condition
(5.24) of the covariant derivative. Due to this condition it is legitimate to simply substitute
all flat indices with curved ones.

5.6 Equations of motion

After deriving the full action of DFT\zw in the last section, we now discuss its equations
of motion. It is convenient to split them into two independent parts. First, we present the
variation of the action (5.98) with respect to the generalized dilaton d in subsection 5.6.1. It
gives rise to the generalized curvature scalar R. Furthermore, we show how the action can be
rewritten in terms of this scalar. In the second step, we perform the variation with respect to
the generalized metric H4? in subsection 5.6.2. Just as in the generalized metric formulation
of DFT [29], we have to apply an appropriate projection, taking into account the O(D, D)
property of the generalized metric, to obtain the generalized Ricci tensor Ry ;.

5.6.1 Generalized curvature scalar

Following [29], we define the generalized scalar curvature R of DFETyzw using the variation
of the action (5.98)

58 = —2 / d*PX e R d (5.99)
with respect to the generalized dilaton d. A straightforward calculation gives rise to
R = ARV 4V pd — VAVEH? — ANV 4d V pd + 4V 4d V g 7P
4 éHCDVc’HABVD”HAB _ %HABVB’HCDVD’HAC + éFACDFBCD’HAB C (5.100)

In order to prove the invariance of the action (5.98) under generalized diffeomorphisms in the
next section, it is convenient to express it in the form

S = /dQDX e R, (5.101)
To this end, we rewrite (5.98) as
S = / PPPX e MR + / P X \/[H| DA[e 2V gHAP — 4HAPV d)] (5.102)

where the last term is a vanishing boundary term. Due to the compatibility of the covariant
derivative with the generalized vielbein, it is trivial to express the generalized scalar curvature
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in curved instead of flat indices. One only has to relabel the indices to obtain the curved
version. The generalized dilaton part of the equations of motion reads

R=0. (5.103)

5.6.2 Generalized Ricci tensor
Now, we calculate the variation of the action (5.98) with respect to the generalized metric
HAE. By analogy with (5.99), we consider

68 = / d*PX e SHAB K ap . (5.104)

As discussed in [29], the variation §HAP is symmetric and thus it is sufficient to study the
symmetric part of K45 only. Performing the variation explicitly and afterwards symmetrizing
K ap gives rise to

1 1
Kaip = gVA'HchB'HCD — 4_1 [Vc — 2(de)}'HCDVD'HAB + ZV(AVB)d
— VuH PV pHpe + [Vp — 2(Vpd)| [HOPV (aHpyo + HE UV H p)]
1
+ 5 FacoFs? (5.105)

Furthermore, the O(D, D) constraint
HA e pHPP = B (5.106)

has to be preserved under the variation [29|. This implies that only a certain projection of
K ap gives rise to the equations of motion. Hence, it is necessary to introduce the projection
operators

1 _ 1
Pyp = a(nAB_SAB)v and Pyp = 5(7]AB+SAB) (5107)
which are used to define the generalized Ricci tensor
Rap = 2P1“PgKep - (5.108)

This projection is exactly the same as the one we applied in the sections 2.2 and 3.3.1. It
cancels the term in the last line of (5.105). Thus, we find a generalized Ricci tensor whose
structure matches the one of toroidal DFT. However, all partial derivatives have to be replaced
with covariant ones.

5.7 Local symmetries

The CSF'T derivation of DFTwyzw in chapter 4 was challenging. Even if all calculations were
performed with much care, there is still a small chance that some prefactors are wrong or
some terms are missing completely. The recasting of the gauge transformations and the action
in the sections 5.4 and 5.5 is a first indication that everything went well: All the different
terms with bared and unbared indices integrate nicely into doubled objects. However, a
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much more important consistency check is the invariance of the action (5.98) under the
gauge transformations (5.59). If all previous calculations were performed correctly, the CSFT
framework guarantees this invariance up to cubic order in the fields. As we show in subsection
5.7.1, it even holds to all higher orders introduced by the generalized metric formulation.
Besides generalized diffeomorphism invariance, the action is also manifestly invariant under
2D-diffeomorphisms, as we prove in subsection 5.7.2.

5.7.1 Generalized diffeomorphisms

It does not matter whether one proves the invariance under gauge transformations for the
action (5.98) or (5.101). Both only differ by a vanishing total derivative. We choose the
latter one, with the generalized curvature scalar R. Proving its invariance requires two steps:
First, we show that R transforms as a scalar under generalized diffeomorphisms. Second, we
consider the remaining term e~2? and show that it transforms as a weight +1 scalar density.

In order to show that the generalized curvature (5.100) is a scalar under generalized dif-
feomorphisms, we have to compare its transformation behavior under gauge transformations
with the results we expect from generalized diffeomorphisms mediated by the generalized Lie
derivative. The failure of a quantity V' to transform covariantly under generalized diffeomor-

phisms reads
AV =6V = LV, (5.109)

where L, is the generalized Lie derivative (5.58) and ¢ denotes the gauge transformations
(5.59) discussed in section 5.4. From the definition (5.109), it is obvious that

AHAP =0 and Ad=0 (5.110)
hold. Furthermore, A is linear and fulfills the product rule
Ae(VIV) = (AV)W + V(AW) . (5.111)

Note that the gauge transformations & act on the fields HAZ and d only, whereas the gener-
alized Lie derivative L, acts on the full tensorial structure. As an instructive example take

e.g.
Ae(DaHPC) = 6¢(DaHPC) — Le(DAHPC) = Da(LHPC) — L(DaHPY) . (5.112)
We now calculate A for all sub-terms appearing in the generalized curvature scalar

(5.100). Finally, we combine these results using the product rule and the linearity of A
to compute A¢R. We begin with

- 1
A¢(Vad) = A¢(Dad) = _§DA(D05D) (5.113)
and since .
HMVY ) Vnd = HMN Dy Dyd (5.114)
holds, we only need to consider

A¢(DaDpd) = (DADpEP)Dpd — %DADB (Dp&P) + Fpp® (D aéP) (Ded) (5.115)
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Furthermore, we obtain

Ae(VAHEC) = 2D, DBELHOP — 2D, Dpe BHOP + §F<BAEHC>D (D%¢n - Dpe")
+ %F(BDEHC)EDAfD + ;F(BDEHC)EDDfA
+ §FDAE(DD§<B)HC>E — gFDAE(D(BfD)HC)E (5.116)
and
A(VaV5HP) = 2 Facs FP s DPHAP 4 S FacuF o DOE” — S FyorHP DyDOE”
- gFACEgADCDF’HEF + %FACE”HABDCDBgE + 2Facp DA DpHPE

2
+ Facg DYHPPDpeC — gFAoEfADDDCHDE — DaDpé° DeHAP

2
— 2D HABDeDeC — 2HAP DDy Dpe” + ﬁFACEFBDFFEDF’HBCgA : (5.117)

On the right hand side, we have canceled all terms of the form
Fapc(DP-)(D ) = (D" -)([Da,Dg5]-) =0. (5.118)

They vanish due to the strong constraint (4.90). Combining these results, we are finally able to
calculate A¢ of the naive generalized Ricci scalar (5.100) without the 1/6Facp Fg“PHA term.
It is denoted as R and its failure to transform as a scalar under generalized diffeomorphisms
reads

~ 1/1 1
AR = = (‘FAFHFCGIFEHIUBD — ~FacuFpriFc™ npp — FABHFCDFFEGH) HBOHPEHFCeA

6\3 3
+ %FACDFCDEHABDBﬁE + %FACDFCDEHABDEﬁB
+ % <FIAGFGCD + ForgF%ap + FACGFG1D>HBC7‘[DE5ADEHFI
+ FacpD*égDOHPP — %FACDDAHBDDch + FacpH*PDP D%
— %FACDHAB%EFDF@DCHBE + %FACDHABHEFD%EDDHBF . (5.119)

Here, we ordered the terms according to the number of derivatives. All terms with three flat
derivatives vanish in the same way as they do for toroidal DFT [29]. The third line of (5.119)
vanishes due to the Jacobi identity

FABEFECD + FCAEFEBD + FBCEFEAD =0. (5120)

Additionally, one is able to rewrite the first line as

1
EHABﬁG <FEAPHPF + FFAPHPE) (FBJ(EFGHJ +Fe?®PFyps+ FHJ(EFBGJ> HOH | (5.121)
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showing that it is zero due to the Jacobi identity, too. Simplifying the remaining terms in
(5.119), we make use of the O(D, D) property

HapHPC =6,° and following from it DpHapHPC = —HapDpHPC (5.122)

which gives rise to

~ 1 1
AR = gFACDFCDE’HABDBfE + EFACDFCDEHABDEfB (5.123)

1
+ §FACDDA§BDC7-/,BD + FacpHAPDP DO .

Due to the antisymmetry of the structure coefficients, we identify

1 1
FacpH*PDP D = §FACDHAB [DP, D) ¢p = §FACDHABFDCEDE€B
1
= —§FACDHABFCDEDE§B (5.124)

and obtain
AR = %FACDFCDE’HABD,BgE — %FACDFCDEHABD%B + %FACDDAgBDCHBD . (5.125)
The last term vanishes under the strong constraint (5.118) and
AR = %HABFACDFECD(DBgE — DP¢p) (5.126)

remains. This non-vanishing failure of R to transform like a scalar should be canceled by the
term

1
BFACDFBCD”HAB (5.127)
that we have not taken into account yet. Indeed, A, applied on this term gives rise to

1 1
6A£(mCDFBCD;W‘B) = —§HABFACDFECD(DB§E — DP¢p) (5.128)

after remembering 6¢Fapc = 0 (gauge transformations act on fluctuations only, but not on
background fields). Ultimately, we obtain the desired result

-1
AR = A¢R + éAg(FACDFBCDHAB) =0 (5.129)

which proves that the generalized curvature (5.100) is a scalar under generalized diffeomor-
phisms.

In addition to R, we have to check the transformation behavior of the factor e=2¢ in the
action (5.101). To this end, we first rewrite the generalized Lie derivative of the dilaton
fluctuations (5.59) in terms of covariant derivatives

~ ~ 1 ~ 1 1
Led = €4V ad = SV = €4Dad = SDag” = S P apg” (5.130)
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where the last term vanishes due to the unimodularity of the structure coefficients. Next, we
consider

dee 2 = —2e7%5.d = —2e72Led (5.131)

where we take into account that the background field d is not affected by gauge transforma-
tions. With Ld written in terms of covariant derivatives, it is trivial to switch to curved
indices. Doing so and plugging in (5.130), dce2¢ reads

(556726[ = 518167%[ + 672d<V]fI + 512815) = 518167%[ + 672d(V[fl - Fjjjfl)
=0 e’ (5.132)

after applying (5.31). Thus, we see that e~2¢ transforms like a scalar density with the weight
+1 and the integral over the product e 2%R, which is equivalent to the action, is invariant.

Besides the action, the generalized Lie derivative (5.58) transforms covariantly under
generalized diffeomorphisms. Indirectly, this property has already been proven by showing
the closure of the gauge algebra

[‘C&’ ‘CEQ]VA = ‘C[El,{z]cVA (5'133>
in section 5.4. However to make it more explicit, we consider
AL\VA = L(LVA) = Lo VA = LA(LVA) =0. (5.134)
In combination with (5.133) it vanishes
AL\VA = Lieno VA= LoV =0 (5.135)

after rewriting the C-bracket
1
(66 = LA = 5V (EsA7) (5.136)

in terms of the generalized Lie derivative and the trivial gauge transformation —1/2V4(£5)\P).

5.7.2 2D-diffeomorphisms

Besides the generalized diffeomorphisms discussed in the previous subsection, one can change
the doubled coordinates of DFTwzw through the standard Lie derivative. This gives rise to
infinitesimal 2 D-diffeomorphisms under which the action (5.101) is even manifestly invariant.
In order to prove this claim, we follow very similar steps as in the subsection 5.7.1. However,
in this case we will not apply the strong constraint in any of the following steps.

Again, we start by introducing the failure

AV =6V — LV (5.137)

of an arbitrary quantity V' to transform covariantly. Here, we use the standard Lie derivative
L¢ instead of the generalized Lie derivative. The transformation behavior of the generalized
vielbein E4! and the generalized dilaton fluctuations d is given by

6eEx" = LBy = €70,E4" — E470,6"  and (5.138)
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ed = Led = €06pd.. (5.139)

From these two equations, we see that E4! transforms as a vector and d as a scalar under
2D-diffeomorphisms. Next, we check the failure

Ae(ViVT) = A (0V7) + Ae (T 1) VE (5.140)

of the covariant derivative

ViV =0,V + Ty’ VE (5.141)

to transform as a covariant quantity. Being called a ‘covariant’ derivative, this failure should
vanish of course. We start by calculating the first term in (5.140) and obtain

Ae(0;V7) = VKO0 (5.142)
The second term is a bit more challenging. In order to evaluate it, we need the definition of
the Christoffel symbols

1
%= -3 (2Q1," +Q"%), (5.143)

where 277k denotes the coefficients of anholonomy
Qrix = B EP JEC kQupe = —01E* Bk (5.144)
in curved indices. With these definitions at hand, one obtains
AgQUK = —0;0;6%  and finally AgFUK = 070,65 . (5.145)
Thus, (5.140) gives rise to the expected result
Ae(VVT) = VK007 + VE9 087 =0 (5.146)

and V7 is indeed a covariant derivative under 2D-diffeomorphisms.
Even though we have shown the vanishing A, of the covariant derivative applied on a
vector this result generalizes to arbitrary tensors. Especially, the failures

Ae(VAH®) =0 and A¢(Vid) = Ae(9rd) =0 (5.147)

vanish. The last ingredients in the definition of the generalized curvature scalar (5.100) are
the structure coefficients F i. Fortunately, their failure to transform covariantly

AeFp™ =20 = 0,006% =0 (5.148)
vanishes, too. Applying the linearity and the product rule of A, we immediately obtain
Ae(e™R) =0, (5.149)

which proves that the product e~24R transforms as a scalar under 2D-diffeomorphisms. For
the action (5.101) to be invariant, the remaining factor e=2¢ has to transform as a weight +1

scalar density. Indeed, we have )
e ¥ = /|H|, (5.150)
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which exactly transforms in the right way. Hence, the DFTywzw action exhibits a manifest
2D-diffeomorphism invariance.

Containing covariant derivatives only, the generalized Lie derivative (5.58) transforms
covariantly, too. Hence, it fulfills

AcL\VA=0. (5.151)
Rewriting this equation, we obtain
AL\VA = Le(LAVA) = L VA = LA(LeVA) =0 (5.152)
giving rise to the algebra
[Le, LAIVA = L1 VA (5.153)

which links 2D-diffeomorphisms and generalized diffeomorphisms. Equipped with this al-
gebra, our theory implements an extension of the DFT gauge algebra proposed by Ceder-
wall [113,114].

However, there are some important differences we would like to comment on. Cederwall
considered a covariant derivative without torsion on an arbitrary, pseudo Riemannian man-
ifold in order to define a generalized Lie derivative formally matching the one of DF Twyw.
Applying the Bianchi identity without torsion,

Rk =0, (5.154)

he shows that the gauge algebra closes. To this end, he applies a strong constraint which is
manifestly covariant

vVl =0 (5.155)

and does not treat - as scalars like in DFTwyzw. We rather consider a torsionful covari-
ant derivative on a group manifold, a very special case of a pseudo Riemannian manifold.
Interestingly, the Bianchi identity with torsion
2

Riusw)* +VuT* =T (1T s = §(FIJMFMKL+FKIMFMJL+FJKMFMIL) =0 (5.156)
reproduces on the group manifold the Jacobi identity which we use to show the closure of the
DFTwzw gauge algebra and the invariance of the action under generalized diffeomorphisms.
Thus, one is inclined to conjecture that the whole formalism presented here is not limited to
a group manifold as background but could hold for arbitrary pseudo Riemannian manifolds.

5.8 Relation to DFT

We observed that the usual notions of DFT like a generalized Lie derivative, a C-bracket and
the strong constraint undergo a natural generalization which encodes the background fields
in an intricate way. Both the frame fields and the fluxes of the background appear in these
objects, making the theory derived in the last two chapters explicitly background dependent.

The original DFT is claimed to be background independent so that the question arises
how it is related to DFTwzw. Assuming a geometric group manifold as a background, we
study this question now. Based on the generalized metric formulation, we prove that under
an additional constraint both theories can be identified. For that purpose, first we introduce
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a distinguished generalized vielbein in subsection 5.8.1. Afterwards, we discuss an additional
constraint that links the background fields with the fluctuations around it. We call it the
extended strong constraint. As subsection 5.8.2 shows, this constraint allows us to identify the
covariant fluxes Fapc of the DFT flux formulation [50,57,58] with the structure coefficients
F4pc of the group manifold. Applying the extended strong constraint in the subsections 5.8.3
and 5.8.4, we prove the equivalence of the gauge transformations and the action in both
theories. In this context, we will briefly discuss the background independence of DFT.

5.8.1 Generalized vielbein

The starting point for the following discussion is a background generalized vielbein E 4!
fulfilling the strong constraint of DFT. In this subsection, we explicitly work with both
O(D, D) and GL(D)xGL(D) flat indices. Thus, we apply the notation of section 2.1.3 which
decorates the latter with a bar. Due to 2D-diffeomorphism invariance proven in section 5.7.2,
one is not forced to parameterize E4! with the left /right moving coordinates z°/z*. Instead,
we choose the momentum z' and winding Z; coordinates which are common in the generalized
metric formulation of DFT [29]. They give rise to

- ~ 0 o
X'=(& '), 0,=(0" 9) and ny= (5{ 0]) : (5.157)
A canonical choice for the vielbein in the DFT flux formulation [50,57,58] is?
I _ e“i 0
Byl = (—eaij~ 6) . (5.158)

The strong constraint of DFT requires that it only depends on half of the coordinates. With-
out any loss of generality, we choose E4! to depend on the momentum coordinates z?. Re-
member that an unbared doubled index indicates that the n metric

_ (0 L ap (0
77,43—(52 0) and its inverse 7 _((5,? 0 (5.159)

are used to lower and raise this index. In order to identify this representation of 1 with the di-
agonal form (5.8) common in DFTwzw, we apply the coordinate independent transformation

b
M5 = ( 77;;" gb) with M MzPnep =145 .- (5.160)
—Ilab a
For the background metric, it yields
77ab 0
Mzi°MzPScp = Sip with Sap = (0 . ) . (5.161)
ab
Switching to curved indices, S4# gives rise to the generalized metric
5 — Big"By Big"
g — p,lgABg.J — (Y ik i Dikd . 5162
A B _gszkj gzg ( )

2Compared to chapter 2, we flipped the sign of the B-field here. This sign is mere convention. It does not
change e.g. the NS/NS action (1.4), because B;; — —B;; is a manifest symmetry of this action and its gauge
transformations.
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It is important to note that the canonical generalized vielbein (5.7) of DFTwzw is not an
O(D, D) element, because it gives rise to different representations of the 1 metric in flat and
curved indices, namely

_ iJ 0
Ein BB = nl7 =2 (90 —gﬁ) ' (5.163)

This is a severe problem if one tries to compare DF Twzw and DFT. A short calculation shows
that the generalized vielbein defined in (5.158) fixes this problem. It fulfills the relation

I ABp J _ IJ 0 o
Ean7Es"=n"= {5 (5.164)
J

and hence is an O(D, D) matrix.
This new generalized vielbein should give rise to the constant structure coefficients

Fipc =2Qupc  with Qapc = E4'01Ep’ Ecy (5.165)

from which the derivation of DFTwzw in chapter 4 starts. Unfortunately, this does not
work out because the resulting structure coefficients fail to be constant. A workaround is to
consider the covariant fluxes

Fapc = 3QaBc) (5.166)

instead. Backgrounds of DFTwzw correspond to a generalized Scherk-Schwarz ansatz which
has by definition constant covariant fluxes. Taking the results from section 2.3.3 and remem-
bering that the vielbein e,” and the B-field B;; depend on the momentum coordinates z* only,
we obtain

Fabve = —3ea'er’ e 0 Bjiy = —Hape = —Fupe  and (5.167)
.Fabc = 2e[bi8iec]je“j = 2Q[bc]a = Fabc . (5168)

The remaining independent components F%, and F¢ vanish. Next, we switch from Fapc
to Fipe by applying the transformation Mz? defined in (5.160). Doing so gives rise to the
covariant fluxes

Fave + NaaF e + MaFae + NeaFar® = 2F e
Fave = NaaF e + MoaFale + NeaFap? = 0

Fabe = NaaF e = MaFa'e + neaFar® = —2Fzp,
Fave — naci«/rdﬁa - UEJ]'—adé - nEJFaEd = —4F5;,

(5.169)

which are constant but still do not match the strict left/right separation in the structure
coefficients required to formulate DF Twzw. However, there is still a way to cure this problem
without spoiling the O(D, D) property (5.164). To this end, we apply a coordinate dependent
O(D)xO(D) transformation which acts on

i — €’ Bji €4’

E;' = M;sPEg" = ( ) as Eil =Ti%(x)Es". (5.170)
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In the second row of E;!, we drop the bar over the index a of e, and e,’ respectively to
emphasize that in contrast to (5.7) we use the left mover vielbein only. It is connected to the
one for the right movers by the O(D) transformation

ea' =ta'ey’ with t5" = K(ta,gt’g7"), (5.171)

where K denotes the Killing form (4.3) introduced in section 4.1.1. This transformation is
embedded into

_ b - . _ e JB.. i
Ti% = (5“ Ob) producing FEj' = < €ai — ¢a’ B; 6“) (5.172)

0 ta —eai — ea’ By eg'

which recovers the correct index structure. Due to the coordinate dependence of this trans-
formation, it modifies the coefficients of anholonomy according to

Qe = TaP TP T  (Qppr — Ep'0rTeT  5). (5.173)
After some algebra and keeping the definition ¢, = —t; in mind, we obtain
Aitatle = K[ty te), ta)e®s = €% Fupe (5.174)
and finally
0 0 Fal_aé
Ei'0/TppTP e = 2E 4" i) =2 Fu. (5.175)
O —@Itd‘bt c
0 otherwise.

This result is nice, because it allows us to fix the problem we encountered with the covariant
fluxes Fape in (5.169). After proper antisymmetrization of 456, the covariant fluxes for
the O(D)xO(D) rotated generalized vielbein E 4 read

Fabc . Fabc
iBc = 21 Fue or in the standard form JFj; BC = —F;°
0 otherwise 0 otherwise.

(5.176)
They are now compatible with the required left /right separation of the structure coefficients
(5.13). Thus, via (5.172) we have succeeded to properly embed the WZW background into
the flux formulation of ordinary DFT.

5.8.2 [Extended strong constraint

There is still a small but peculiar difference in the two definitions of the structure coefficients

Fapc = 2Qupc  and the covariant fluxes Fapc = 3Qapc (5.177)

defined in (2.46). In order to identify them even so, first note that Qpc is antisymmetric
with respect to its last two indices due to O(D, D) property (5.164). Thus, we are able to
write

Fapc = Qapc +Qcap + Qpca = Fape + Qcap - (5.178)
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Moreover, the purpose of Fypc in DFTwzw is to define the commutator relation
[Da, D] = Fap® D¢ (5.179)
between flat derivatives. Thus, it is sufficient to study
Fap“De+=Fag“De -+ (DYEL") EgrDe - (5.180)

where - denotes arbitrary products of fluctuations €22, d and the gauge parameter £4 which
we also consider as a fluctuation. In DFTywzw, the strong constraint only acts on these
fluctuations, whereas it does not apply for the background or the relation between background
and fluctuations. However, we can of course introduce an additional constraint, the so called

extended strong constraint
DsbDAf =0, (5.181)

linking background fields b with fluctuations f. It restricts all valid field configurations in
DFTwzw to a particular subset which allows to cancel the last term in (5.180) and therefore to
identify Fapc = Fapc. Furthermore, it allows to cancel the last term in the strong constraint
in curved indices giving rise to

(00" —20;dd")- = 0;0" =0, (5.182)

which is apparently equivalent to the strong constraint in the traditional DFT formulation.

5.8.3 Gauge transformations

Using the covariant fluxes F4p¢ instead of the structure coefficients Flapc, we have to recal-
culate the Christoffel symbols of the covariant derivative. To this end, we solve the frame
compatibility condition

VaiEp' = DyEp" + %IBACECI + E T, Eg? =0 (5.183)
which gives rise to
U™ = =Qp" + Quun™™ = %(_QQIJK + Q%1+ Q5. (5.184)
For this connection, the generalized torsion
T sk =2Tr) + Mg =0 (5.185)
vanishes. The latter links the C-bracket

(€1, &]6 = [, &lppre + T k&l &' (5.186)

of DFTwzw and DFT. Thus, both theories share besides the strong constraint (5.182) the
same gauge algebra, too. This also holds for the generalized Lie derivative, which can be
derived from the C-bracket as

1 1
LV =6 V]G + 5V GV = [6 VIbpre + 50" (6 V) = LoprgV" (5.187)
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Even if the Christoffel symbols I'; ;% get modified, they still keep their transformation behav-
ior (5.145) under 2D-diffeomorphisms. In this sense, 2D-diffeomorphisms are still a manifest
symmetry of the action and its gauge transformations. However, this symmetry gets partially
broken due to the constraint

Len™ =0=07¢" +0'¢’ (5.188)

which preserves the O(D, D) property (5.164) of the background generalized vielbein E4”.
Furthermore, the strong constraint for £, and the extended strong constraint have to trans-
form covariantly which gives rise to the additional restrictions

Ae(OrEA" 0 f) = —EA"0r0,670' f = 0, (5.189)
Ae(OrEA"0'ER™) = —Ex%0,0:670"Ep™ — 01EA" Egh0,0'¢" =0 (5.190)

requiring
018’0 f =0 and 0,670'E X =0 or 0;65% = const.. (5.191)

The latter allows for global O(D, D) rotations. Besides them, only transformations of the
form

0 0
LeEA" =¢70,E4" + E30,8" = By’ ( : ) (5.192)
&y 0
are possible. They correspond to B-field gauge transformations with

Bij — By + 015 (5.193)

and, as well as the global O(D, D) rotations, can be expressed in terms of generalized diffeo-
morphisms. Hence, the additional 2D-diffeomorphism invariance of DF Twzw is completely
broken by the extended strong constraint (5.181) and the O(D, D) valued background gen-
eralized vielbein.

5.8.4 Action

The new connection (5.184) has a non-trivial effect on the background dilaton d defined in
(5.5), too. To be compatible with integration by parts, d has to fulfill (5.33) or equally

Q7 +201d=0 (5.194)

after using (5.32) and the antisymmetry of 7,k in its last two indices.
Subsequently, we show that the action S of DFTwzw in curved indices is equivalent to
the traditional DFT action

1 1
Sppr = / dee‘Zd(gHKLé)KHUaL’H” — §%IJ8JHKL8LH1K
2010, HY + 4H’J81d8Jd> . (5.195)

Of course,
S = Sprr (5.196)
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only holds under the extended strong constraint (5.181). To prove this identity, we show that

S — Sppr = / d*P Xe A (5.197)

vanishes. Expressing all covariant derivatives in terms of partial derivatives and the connec-
tion (5.184), A can be simplified to

1
A =H (QIKLQKLJ — QF QL+ §QKLIQKLJ>
— QR0 HY + 205 ) 1 0,d — QF (10,1 + 2HI QK 0kd. (5.198)

The last term in the first line vanishes under the strong constraint of the background fields.
After integration by parts analogous to (5.74) and splitting the generalized dilaton according
to (5.5), one obtains

—QUK(?K’H” = —2HIJQ[JK8KCZ + HIJQ[JKQLLK + GKQUK’H” and (5199)
—QK0,H!Y = 208 M 0d + HYTOK 1 QL Ly + HIT 0,08 ks (5.200)

Here, we also have applied (5.194) to get rid of derivatives acting on d. After these substitu-
tions, A reads

Finally, by taking the definition of Q;x (5.144) into account, it is straightforward to show
that
O™ + 019 ;= —Qr Q" L — Qi O (5.202)

holds and thus one obtains the desired result
A=0. (5.203)

The calculations shown in this subsection generalize in some sense the endeavor of [28] to
find a background independent version of the cubic DFT action derived in [26]. The main
idea behind the technically challenging calculations in that paper is: ‘...one can absorb a
constant part of the fluctuation field e;; into a change of the background field F;;. The dilaton
plays no role in the background dependence; ..." ( [28| page six, first paragraph). In our
context, we have a similar situation by splitting the generalized metric into

HY = H +h" where h'7 =7+ %GIKHKLELJ +..., (5.204)
i.e. the background field H'’ and the fluctuation field h’/. As opposed to [28], we consider
the generalized dilaton (5.5), too. Furthermore, we are not limited to constant background
fields, because H!’ is not constant on an arbitrary group manifold. It is only constant for
the special case of a torus. For being a consistent background, it only has to fulfill the field
equations of the theory. Still, we were able to reproduce the background independence of
ordinary DFT proposed by [28].
As we have seen, for this background independence we have to impose the extended strong
constraint, which rules out any solutions beyond SUGRA. To this extend, DFTwzw possesses
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the same background independence as DF'T but still allows to have a glimpse at physics not
covered by SUGRA. Moreover, the derivation in this subsection shows that DFT breaks
the 2D-diffeomorphism invariance of DFTwyzw. Especially in the context of the doubled
sigma model with a manifest 2D-diffeomorphism invariance like e.g. in [115], this could be
interesting.



Chapter 6

Flux formulation

Starting from a worldsheet theory describing a closed string propagating on a group man-
ifold, DFTwzw [62,63] was derived in the last two chapters. It generalizes some concepts
of traditional DFT in an intriguing way and gives rise to an action which is invariant under
generalized and 2 D-diffeomorphisms at the same time. At the beginning, this new theory was
motivated by studying generalized Scherk-Schwarz compactifications in chapter 3. Hence, it
is natural to ask how they integrate into DFTwzw. Central objects in a generalized Scherk-
Schwarz compactification are the covariant fluxes Fapc and F4. We identify these fluxes
in our new framework in section 6.1. Afterwards, we rewrite the generalized metric action
(5.98) through them, yielding a flux formulation |[77]|. Combining it with a slightly adapted
generalized Scherk-Schwarz ansatz, section 6.3 derives the low energy effective theory which
arises after the compactification. As expected, this theory describes the bosonic sector of a
half-maximal, electrically gauged supergravity. However, we are now able to evade the prob-
lems of constructing appropriate twists which were encountered in section 3.5. Further, as
a top down approach, DFTywzw allows to study the uplift of genuinely non-geometric com-
pactifications to full string theory. Section 6.4, discusses this procedure for the duality orbit
1 in table 3.1.

6.1 Covariant fluxes

Before deriving the DFTwyzw action in the flux formulation, we first have to fix its con-
stituents, the covariant fluxes. To this end, we introduce the generalized vielbein

£l =EPER" (6.1)

which combines the background vielbein E 4! with a new vielbein E AB capturing fluctuations
around the background. While the former is not O(D, D) valued, the latter is and thus fulfills

nap = E€anep EP (6.2)
where 745 and 74 5 have exactly the same entries. Further, it allows to express the generalized
metric as

Hap = E4Sep EPp . (6.3)
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It is important to distinguish between the different indices of the generalized vielbeins. We
already know the curved indices I, J, K, ... and their flat counter parts. Now, we also use
hatted indices like fl, B , C , ... . As we are going to see shortly, these indices are connected
to the double Lorentz symmetry we discussed in section 2.1.3.

To get familiar with the new, composite generalized vielbein £;, we calculate the C-
bracket

J
(€4:Ep) 0 €y =264 i€ " Ecy — €410 Epp €y + T k€4 ER Epy
= Fipe +2D 3 Eg"Eop — Do By By - (6.4)
Note that this result essentially depends on the generalized torsion (5.65). Like we use £ Al
to switch between flat and curved indices, we apply E ;7 to obtain the structure coefficients

Fige = E;PERPEF Fppr (6.5)
in hatted indices. To simplify (6.4), one defines the coefficients of anholonomy
Qipe = Ey"DpEp"Eep = DB  Eey (6.6)
with .
D;=E;"Dg (6.7)

for the fluctuations. Because the metric n4p is constant and thus can be pulled through flat
derivatives, they are antisymmetric with respect to their last two indices:

Qipe = —Licn - (6.8)
Finally, we introduce the fluxes
Fipe =3Q4pe) = Qige + Qpea + Qeap (6.9)
in exactly the same way as they are defined in the flux formulation of traditional DFT. With
these definitions, (6.4) simplifies to

M ~ ~ ~
(E4:E8) e Eenr = Fape +2ape — Qpa) = Fase + Fase = Fase (6.10)
which allows us to introduce the covariant fluxes F;54. They decompose into a background

part F'j 54 and a fluctuation part F i5c- An alternative way to construct the covariant fluxes
makes use of the generalized Lie derivative

1
Eenr Lo &6 = [€4,€5] ¢ Eon + §VM(5AN53N) = [€4,€5) e € = Fipe-  (6.11)

By construction, these fluxes are covariant under generalized diffeomorphisms and 2 D-diffeo-
morphisms. Under both, they transform like scalars.

Besides Fapc, the traditional flux formulation contains F4. Its embedding in the DF Twzw
framework follows from the definition

Fi= —eQdEgAe_Qd = —e*'Vp(E; e ) = QBBA +2D;d— SABBQJVBG_QJ
~ ~ B ~
ZQDAd—i-Q BA:FA' (6.12)
Going from the first to the second line, we make use of Vge 24 = 0 which is a direct conse-
quence of the covariant derivative’s compatibility with integration by parts. Like the covariant
fluxes derived in the last paragraph, F; transforms under generalized and 2 D-diffeomorphisms
like a scalar.
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6.2 Action

Now, we are ready to derive the action of the DFTywzw flux formulation. Following the
original idea [53], we start from the generalized curvature scalar (5.100) and plug in the
generalized metric (6.3) expressed in terms of the generalized vielbein £ ;.

Let us first calculate the term

YV HBC = EAEBREC oV HBC (6.13)

1 N A A
~FC© ;588" (6.14)

~ A aa ~ A 1 A NN
_ QADBSDC + QADCSBD + gFBAf)SDC + 3

which we are going to need several times in following calculations. Equipped with this result,
we obtain for the first two terms in the second line of (5.100)

1 1
HCDVCHABVDHA 36 FACD F CDsAB . %FACE FBDF SABSCDSEF

~ 1=~ ~
+ QACD Q CDsAB 4QAOE QBDF SABSCDSEF
1 1 ~
+ 5 Facn Qs CDGAB _ 5Faon Qanr §ABGCD GEF (6.15)
and
1 1 1
_§HABVBHCDVDHAC — 18FACD F CDSAB 18FAC'E BDE SABSCDSEF
1~ ~ AA A A
+5Qcn Qppp SISV —

1 ~p cuip . 1 1 -
—§QOMQDBCSAB+3FACDQ CDGAB 3FACE~QBDFSABSCDSEF. (6.16)

Q CDsAB QC DsAB

QQC’AD QQACD

The remaining third term in this line yields

1 1
éFAC’EFBDFHABnCDT]EF EFACD F CDsAB (617)
Summing up these three terms and combining appropriate terms into the covariant fluxes

FABO, we find

1 1 1
gHCDVCHABVDHAB - —HABVBHCDVDHAC + EFACEFBDFHABUCDnEF

1 AB, &
fACE‘FBDFS 5 DUEF 12~7:ACE]:BDF

SAB SCDSEF
1 QC’D SAB

__QCDA QD CsAB

Qepa Fiep 05 SAE. (6.18)

Except for the last line, this result looks already quite promising. Subsequently, we calculate
the terms in the first line of (5.100). They give rise to

AHAPY 4V pd = 4S*BD Dy d — 4548 Q1 .°Dpd (6.19)
APV 4d YV pd = —4S 8D 1 d Dyd, (6.20)
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AV 4d Vg HAB = —4D ;d0C o SAB + 4848 QD d (6.21)
and
—VAVEHAE = —54BQOC QP 1 + SAPD 0
+ QpetSPCOP 51— D4 QpptSPC. (6.22)
We rewrite the last two terms of (6.22) as
— B ERP(DaDEM)EAy SPC 4 Qppy 1 QP 56548 (6.23)
while the last term in the first line of this equation yields
—E A EyP(DaDEM)EA )y SPC — Fiop Q°P 5 548 (6.24)
Combining these two results, we find
—VAVEHAE = =8548 QC . OP . + 258D, 0 (6.25)
In total, the terms in the first line of (5.100) give rise to
AHAPV 4V pd — VAV HAP — AHAPV 4d Vpd + AV 4d VHP =
2S4BD Fpy — SABF Fu+ Qppa O 50548 + Fypp QP 5 548 (6.27)
Finally, with (6.18) and (6.27) we arrive at
1 “h o Aip L B ACD abE
R =1 FacpFp 8" = S FacuFpppd PSP
1~ o o o o
— 5%pi QP 548 1 2548 D Fr — SABF Fp . (6.28)
Applying the strong constraint
DeEyA*DCEP 5 =0 (6.29)

for the fluctuations, the first term in the second line vanishes. Analogous to the generalized
metric formulation of DFTyzw discussed in the last chapter, the strong constraint is only
required for fluctuation. For the background captured by Fjze4, the Jacobi identity has to
hold. Performing integration by parts

/dzDX e 2D ww = /d2DX (Firow—vDjw), (6.30)
we obtain the action
PN 1 NN PN 1 NN o A
S = / P X e (SABF Ty + 1T acn FpP 88 — 157 acn Fane SABSEPSER) [ (6.31)

Because it contains only covariant fluxes and no additional flat derivatives, it is manifestly
invariant under generalized diffeomorphisms and 2D-diffeomorphisms.
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6.2.1 Strong constraint violating terms

This action reproduces all terms in the traditional flux formulation (2.66), except for the
strong constraint violating ones. All fluctuations have to fulfill the strong constraint. Hence,
they can not contribute to these missing terms. Still, one would expect to find at least
background contributions of the form

1
F,F* or 6EW;F“BC : (6.32)

To see why these terms are also missing, we go back to the CSF'T origins of DFTywzw. First,
we have considered CFTs with a constant dilaton. Thus, F4 = 0 holds and the first term in
(6.32) drops out. Further, remember the expression for the central charge (4.44) of the closed
string’s left moving part. It gives rise to the total central charge

Vv

Dh
Cot = C+Cn =D ———+eat Ok™), (6.33)

after adding the ghost contribution c¢g,. Terms of the order k=2 or higher were excluded in
the derivation of the action and its gauge transformation. Hence, we also neglect them while
computing the central charge. Using (4.16), we express the second term in (6.33),

DhrY o

— _Fa CFCd ab 6.34
L 4 d L'be 1 ( )

in terms of the structure coefficients defined in (4.17). Keeping in mind that the same relations
hold for the central charge of the anti-chiral, right moving part, we obtain

- a/ & a C a @/

Ctot — Ctot = Z(Fad Fbcd77 "~ Fu Fbcdn b) = SFACBFABC (6.35)
by remembering the definitions (5.8) and (5.13). This result is proportional to the second
term in (6.32). Because the CSF'T derivations require that both total central charges ¢y, and
Ciot Vanish independently, it has to vanish, too. Another interesting effect of this observation
is that the scalar curvature

2
R = §FABC<FABC = RABCBUAC = 0, (636)
which arises from the Riemann curvature tensor (5.36) induced by the covariant derivative
V 4, has to vanish.

6.2.2 Double Lorentz symmetry

Whereas in the generalized metric formulation local double Lorentz symmetry is manifest, in
the flux formulation it is not and we have to check it explicitly. To this end, we consider the
infinitesimal version of (2.21). We denote such transformations by

SnEiT = A PE, (6.37)
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and they act on hatted, flat indices only. As a generator of a double Lorentz transformation,
A 4 tulfills the identities

AAB:_ABA and AAB :SACAébSbB. (638)

A small calculation gives rise to the transformation behavior
InFige = 3(Dpulpe) + Ma®Faepp) (6.39)
O6Fi=DPAgi+ A PF, (6.40)

of the covariant fluxes. The last term in both equations spoils covariance under double Lorentz
transformations. Using these results, it is straightforward to calculate

oaS = — /d2nX 672dAA05ABZBCw (6.41)
with ) )
ZAB:DC‘FC’AB+2D[A*FB] —fcféAE. (6.42)

We do not present the intermediate steps of this calculation, because it is analogous to
the derivation for the flux formulation of traditional DFT [57|. To evaluate Z;z, we split
the covariant fluxes F ;34 into their fluctuation and background parts according to (6.10).
Further, we have to calculate the terms

DCFOAB = DC(DCE[ADEB} ) + QCCD QDAB + 2DOQ[AB]C
DCFuip=E A EPD Foap + QP ;CF 45 + 2F 5608 DB]
2D[AF 5 = 2F ;5" "Ded + 4Q[AB “Ded+ ZD[AQCOB}
—FCFpp=—2F35 Ded — QP ;O Fp 4
—FCFp5 = _ZQCABDO d— 4Q[AB]CDC d— QP55 — 207 . Qg
The underlined terms cancel due to the identity
2D“Qige — 200 5 Quige = —2F o1 5 — 2D e (6.43)
which arises after swapping two flat derivatives. Thus, equation (6.42) yields
Zip = D (DB Egp) — 20 15D d + B E5P D Feap, (6.44)

where the first two terms vanish under the strong constraint. The remaining term gives rise
to

Zip=Ei"E5" D Foap. (6.45)

Because the structure coefficients Fypc are constant, we finally find Z ;5 = 0 and prove the
invariance of the action (6.31) under double Lorentz transformations.
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6.3 Generalized Scherk-Schwarz compactification

Equipped with the flux formulation of DFT\wyzw, we now follow the steps presented in the
sections 3.1-3.3 to derive a low energy effective action which arises after a generalized Scherk-
Schwarz compactification.

As outlined in section 3.1, we have to distinguish between compact, internal and the
extended, external directions. To make this situation manifest, we split the three different
types of indices

VA= (W, we Wy WE= (1 Vb VB XM= (X, x¢ XM)  (6.46)

which are relevant for the flux formulation derived in the last section. The external indices a,
a and g run from 0 to D —n — 1 and their internal counterparts A, Aand M parameterize a
2n-dimensional, doubled space. This index convention gives rise to the three different variants
of the n metric

0 6 0 0 & 0 0 o 0
ngg=\|% 0 0 nig= |0 0 0 miw =8, 0 0 (6.47)
0 0 7nip 0 0 mnam 0 0 nun

that are used to lower the indices defined in (6.46). Further, we use the flat, background
generalized metric

00 . (M O 0
oo AB a
Szz=10 ny 0 and its inverse S*¥ = 0 n® 0 ]. (6.48)
0 0 Sup 0 0 S48

In the next step, we specify the generalized Scherk-Schwarz ansatz for the composite
generalized vielbein ) ) i
EM=EP(X)EzM(Y). (6.49)
Its fluctuation part only depends on the external coordinates X, while the background part
only depends on the internal ones Y. In comparison with the ansatz (3.11), the background
generalized vielbein EzM takes the part of the twist U N - In contrast to the twist, it is
not restricted to be O(D, D) valued. This observation solves the problem of constructing an
appropriate twist, which was addressed in section 3.5: There is always a straightforward way
to construct Ez™ as the left-invariant Maurer Cartan form on a group manifold. We went
through this process for the example of S* with H-flux in section 4.3.
For the fluctuation vielbein E jB , the Kaluza-Klein ansatz (3.5) is adapted to the index

structure introduced above and gives rise to

ebf‘ 0 0
~ 5 ~ 1~y ~
EAB(X) = —G@CCI,C eab —G@CABC with Cab = Bab + §ADGAD1) . (650)
ESAc, 0 E;P

In this ansatz, B,, denotes the two-form field appearing in the effective theory and

HOP = E,CSAPE P (6.51)
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represents n? independent scalar fields which form the moduli of the internal space. In analogy
with the twist, the background vielbein has only non-vanishing components in the internal
directions and reads

o (55
EMY)=(0 o o |. (6.52)
0 0 EzM

With the Kaluza-Klein ansatz (6.50) and the partial derivative
M = (9, o M), (6.53)

it is straightforward to calculate the fluxes F ;56 and F defined in (6.9) and (6.12). After
some algebra, we obtain the non-vanishing components

F.= S €, eqt S(D[dBef] 1+ AP aDe ADf]) ai;é = 26[&dDdel;]eeeé = f;b
Fai)é = —ea’e; B 2D F,pe = ea’D4EPEs)
Ffz = ~§é + 2€@bD5¢ . (654)

Furthermore, we use the background generalized vielbein (6.52) to switch from flat to curved
indices, namely

Fai)é = ea'e;”ed” 3(8[NBVP] + E[MM&/A\/J]M) F = 2e" 0y €p) Vet = f;b
e = e By 20,4 ) wse = €' OB Bgyy
Fy = o +2e3"0,0. (6.55)

In order to determine the covariant fluxes F B We also need to evaluate the background
contribution F';« -. Because the background vielbein (6.52) only depends on internal coordi-
nates, the only non-vanishing components of F';55 are

Fpepr = 2Qupc - (6.56)
They give rise to
_ DR Ep F
Fgéé—EA EB Eé Fper (6.57)
with the non-vanishing components
F&l;c = _eéuei,yeépAuMAyNApPFMNP FaBC‘ — 6&M6£VA;¢MAVNEC'PFMNP
FdBé = —G&MAMMEBNECPFMNP FABC’ = EAMEBNEOPFMNP . (658)

Combining these results with (6.55) and remembering the gauge covariant quantities
BB M = 0,8 — FM A, VB,
B =20, A, — FM AN AP
Goup = 30, By + A MO, Ay — FunpAMANAY (6.59)
introduced in section 3.3, we finally obtain

F..

abé

v A ¢ v, ¢
= eal'e; e G, Fiuf = 26{5/‘0”65] e,
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s aM U B MA
Fare = —€a"' ¢ Eepr 7w Fope =€ DyEg™ Eey

Fipe = EADEBEECF 20 pEF Fo=fo+ 2e;1 0,0 (6.60)

and exactly reproduce the results (3.60) stated in section 3.3. Thus, it is hardly surprising
that the effective action (3.61) arises after plugging the covariant fluxes (6.60) into (6.31).

From this point on, all further calculations proceed as explained in chapter 3. However,
our new approach solves two fundamental ambiguities of generalized Scherk-Schwarz com-
pactifications:

e In the DFTwyzw framework, the twist is equivalent to the background generalized viel-
bein E4’. It is constructed in the same way as for traditional Scherk-Schwarz compact-
ifications. This is possible, because the theory possesses standard 2D-diffeomorphisms.
Thus, all mathematical tools available for group manifolds are applicable. We immedi-
ately lose these tools, when going to the traditional formulation, because the extended
strong constraint which is necessary for this transition, breaks 2D-diffeomorphism in-
variance. Hence, it is natural that generalized Scherk-Schwarz compactifications in
traditional DFT suffer from the problems outlined in section 3.5.

e All derivations in the last two chapters and in this one are top down. We started from
full bosonic closed string theory and reduced it step by step until we finally arrived at
the low energy effective action (3.61). Thus, we are able to uplift solutions along the
dashed path in figure 1.5 to string theory at tree-level. Based on the duality orbit 1 in
table 3.1, such an uplift is discussed in the next section.

6.4 Uplift

In the introduction, we discussed the relevance of compactifications on genuinely non-geomet-
ric backgrounds. They are assumed to improve moduli stabilization and broaden our per-
spective on the string theory landscape. A major problem is that most of these backgrounds
are motivated from a lower dimensional perspective. Their uplift is not clear. As a top down
approach, DFTwzw helps to shed some light on this uplift process. In the following, we
underpin this clam with an explicit example.

To this end, remember the duality orbit 1 in table 3.1. Because the generalized Scherk-
Schwarz ansatz (6.49) prohibits fluctuations in the internal directions, the covariant fluxes in
these directions

Fapc = Fapc (6.61)

are equivalent to the background fluxes. Using this identity and switching to bared indices,
we obtain

Fope = \/ﬁeabc(cos a+sina) and Fg = \/ieabc(cos a—sina), (6.62)

where €, denotes the totally antisymmetric tensor in three dimensions with €153 = 1. All
other components vanish. For a = 0, these structure coefficients reproduce the S* with H-
flux presented in section 4.3. A T-duality transformation along all internal directions flips
the sign of the right movers structure coefficients F,;;. It is equivalent to a —m/2 shift of «
and acts as

My <5 —M™ (6.63)
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on the parameters M,,, and M™" of the embedding tensor discussed in section 3.3.3. Except
for a = 0, all other backgrounds in the orbit are not T-dual to a geometric counterpart.
Hence, these background are genuinely non-geometric. They violate the strong constraint of
toroidal DFT. To see this, one computes

1 o
FupcFABC = §(FabCF“bc — F3. F™) = 6sin(2a) . (6.64)
As show in section 3.2.1, this contraction has to vanish if the strong constraint holds. But,
this is only the case for

o= gn with ne€Z, (6.65)

corresponding to the S3 with H-flux and its T-dual version. All other backgrounds violate
the strong constraint. This result is reflected by the fluxes (3.110), too. For a # 0, there is
H- and R-flux at the same time.

We conclude that left/right asymmetric WZW models are candidates for the uplift of
genuinely non-geometric backgrounds. Until now, this uplift was only studied for locally flat
backgrounds in terms of asymmetric orbifolds [55,56]. Here, a possible generalization for
curved backgrounds emerges. However, such uplifted theories have to be handled with much
care. At tree-level, one has to carefully check whether it is possible to cancel the central
charges of the chiral and anti-chiral Virasoro algebra. Further, to guarantee consistency also
at loop-level, the modular invariance of the CFT’s torus partition function has to be checked.
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Conclusions and Outlook

In the course of this thesis, we developed DFTywzw [62,63,77]. It originates from a group
manifold instead of a torus and generalizes the structures of traditional DFT in an intrigu-
ing way. Its action is invariant under both standard 2D-diffeomorphisms and generalized
diffeomorphisms. The former are absent in the traditional framework. Breaking them by
imposing the extended strong constraint, our new theory automatically reduces to standard
DFT. Because this additional constraint is not required for the consistency of the theory,
we have indeed found a generalization and not just a rewriting. Using it, we were able to
address two major problems arising in generalized Scherk-Schwarz compactifications. The
twist, which characterizes the compactification can now be constructed in the same way as in
ordinary Scherk-Schwarz compactifications because it is no longer restricted to be an O(n,n)
element. Further, we are able to study the uplift of genuinely non-geometric backgrounds to
closed string theory at tree-level.

These results suggest to rethink our current perspective on DFT. Perhaps, the ambitious
approach to combine background and fluctuations into a single object which is governed
by a doubled geometry is slightly misleading. Of course, it is very appealing because it
gives rise to a background independent formulation [28], but it fails to reproduce the results
discussed in this thesis. Further, the proposed doubled geometry suffers from several issues
like undetermined components of the connection and the Riemann tensor [30,60,61]. To
avoid these problems, we offer an alternative picture. It is based on two ingredients: a
2D-dimensional, geometric background space N and a D-dimensional subspace M which
supports the physical fields. While the former is characterized by the non-constant n metric
of DFTwzw, the latter arises as an explicit solution of the strong constraint. In general this
solution is not unique and there exist several different subspaces M; which are embedded
into N. From a worldsheet perspective, they only characterize different representations of
the CFT’s primaries. But in target space, totally different spaces arise. This effect is the
distinguishing property of T-duality. Thus, the doubled space N unifies all different T-dual
theories on a certain background. In this sense, it seizes the fundamental idea of unification
this thesis started with. While traditional DFT specifies N for tori, we have generalized this
result to the family of group manifolds. It includes the torus as the abelian special case.

This picture is still sketchy and there is a lot more work to do. In the following we collect

ideas for future projects which further develop the DFT\zw framework and use it to address
recent questions in non-commutative/non-associative geometry and non-geometric branes.
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e As already outlined above, DFTwzw should implement T-duality on group manifolds.

On a torus, an abelian group manifold, T-duality is governed by the Buscher rules (1.24).
Gauging a U(1) isometry, they implement so called abelian T-duality. The situation for
non-abelian group manifolds, which are also covered by our theory, is more challenging.
Here, non-abelian T-duality [116,117| that is less well understood has to be applied.
Nonetheless, it should arise natural as different solutions of the strong constraint.

From the worldsheet perspective, non-abelian T-duality is implemented by gauged Wess-
Zumino-Witten models [118-120]. Their current algebras arise from a GKO coset con-
struction [121]. Hence, it would be instructive to generalize the construction we gave
for group manifolds to coset spaces. This seems to be feasible, because the sector of
coset CFTs needed to derive a tree-level, cubic, low energy effective action can still be
handled analytically.

In a similar spirit, one could apply CSFT to orbifolds of CFTs with Kac-Moody current
algebras to study the global, topological properties of the doubled space N. These
properties are essential for soliton solutions like non-geometric @)- or R-branes. They
arise after applying the T-duality chain (1.36) to a NS5-brane [82,122]. In contrast to
a torus with H-flux, a single NS5-brane lacks U(1) isometries in its normal directions.
In order to still apply the Buscher rules, it has to be smeared. Hence, only smeared
(Q-brane solutions were recently studied. Interestingly, the near horizon geometry of a
single NS5-brane corresponds to a S* with H-fluxes. Thus, DFTwzw seems to be an
appropriate tool to study the T-duality chain of localized NS5-branes. Perhaps it is
even possible to find branes which are not T-dual to geometric ones.

We were able to identify some components of the embedding tensor in half-maximal,
electrically gauged supergravity with the structure coefficients of a Kac-Moody algebra
on the corresponding worldsheet CFT. Using this link allows to uplift Scherk-Schwarz
compactifications on genuinely non-geometric backgrounds. However, these results only
hold at tree-level. It would be instructive to investigate the loop-level, e.g. calculate the
torus partition function and check its modular invariance. This could prove or disprove
the as of now only conjectured uplift from a large class of genuinely non-geometric
backgrounds to full closed string theory.

Finally, one should calculate o’ corrections for DETwzw. The results promise to be
very interesting. On a group manifold, o/ corrections are much richer than on the torus
where such corrections have been discussed recently [111,123,124]. At non-vanishing o/,
the closed string back-reacts with the curvature of the target space it probes. Further
one obtains a finite level £ on a compact group manifold with a fixed volume. It
represents a natural cutoff for the primary fields. Take our standard example S® with
H-flux. There, the primaries correspond to hyperspherical harmonics [102,125| which
form the Hilbert space of square integrable function on the S3 for & — oco. For a
finite k, one is left with a finite number of these functions. They are not sufficient to
capture the dynamics of arbitrary fast changing functions on S® and so naturally give
rise to an uncertainty in position space. This observation is essential for the definition
of fuzzy spheres, the generalization of ordinary spheres to a non-commutative space.
While the fuzzy two-sphere is only non-commutative, higher dimensional fuzzy spheres
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like S® are non-commutative and even non-associative [126]. Thus, o/ corrections in
DFTwyzw should automatically include non-commutative and non-associative target
space geometries.

Generally, o/ corrections and possible uplifts are very interesting for string inflation and string
phenomenology.

In addition to T-duality, there is also S-duality which connects weakly and strongly coupled
theories. It plays an important role in the formulation of EFT [31-34], recently proposed.
Hence, it is natural to ask whether the framework of DFTwzw can be extended to the U-
duality group, combining S- and T-duality.
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