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Abstract

Forest-fire processes were first introduced in the physics literature as a toy model for
self-organized criticality. The term self-organized criticality describes interacting particle
systems which are governed by local interactions and are inherently driven towards a per-
petual critical state. As in equilibrium statistical physics, the critical state is characterized
by long-range correlations, power laws, fractal structures and self-similarity.

We study several different forest-fire models, whose common features are the following:
All models are continuous-time processes on the vertices of some graph. Every vertex can
be “vacant” or “occupied by a tree”. We start with some initial configuration. Then the
process is governed by two competing random mechanisms: On the one hand, vertices
become occupied according to rate 1 Poisson processes, independently of one another. On
the other hand, occupied clusters are “set on fire” according to some predefined rule. In this
case the entire cluster is instantaneously destroyed, i.e. all of its vertices become vacant.

The self-organized critical behaviour of forest-fire models can only occur on infinite
graphs such as planar lattices or infinite trees. However, in all relevant versions of forest-
fire models, the destruction mechanism is a priori only well-defined for finite graphs. For
this reason, one starts with a forest-fire model on finite subsets of an infinite graph and
then takes the limit along increasing sequences of finite subsets to obtain a new forest-fire
model on the infinite graph.

In this thesis, we perform this kind of limit for two classes of forest-fire models and
investigate the resulting limit processes. The text is structured as follows:

In Chapter M, we give a brief introduction to self-organized criticality and present
some previous results on forest-fire models.

In Chapter 2, we consider the following forest-fire model on the upper half-plane of
the two-dimensional square lattice Z2: At time 0 all vertices are vacant. Then trees grow
at rate 1, independently for all vertices. If an occupied cluster reaches the boundary of
the upper half-plane or if it is about to become infinite, the cluster is instantaneously
destroyed. Additionally, we demand that the model is invariant under translations along
the z-axis.

We prove that such a model exists and arises naturally as a subsequential limit of
forest-fire processes in finite boxes when the box size tends to infinity.

Moreover, the model exhibits a phase transition in the following sense: There exists
a critical time t. = t.(Z?*) (which corresponds with the critical probability p. = p.(Z?)
in ordinary site percolation by 1 — e~ = p.) such that before t., only vertices close to
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the boundary have been affected by destruction, whereas after t., vertices on the entire
half-plane have been affected by destruction.

In Chapter 3, we study the forest-fire model of Chapter @ on the upper half-plane of
the triangular lattice T rather than the square lattice. Mutatis mutandis, the statements
of Chapter B are also valid for the triangular lattice. In addition, the existence of critical
exponents for site percolation on T allows us to show that even at the critical time ¢, =
t(T), the effect of destruction in the forest-fire model is only felt near the boundary of
the half-plane. More precisely, we prove the following: Choose an arbitrary infinite cone
in the half-plane whose apex lies on the boundary of the half-plane and whose boundary
lines are non-horizontal. Then a.s. only finitely many sites in the cone have been affected
by destruction up to time ..

Chapter @ is about the convergence of certain forest-fire models on increasing finite
subsets of a regular rooted tree T'. For every natural number n, let B,, be the finite subtree
of vertices with graph distance at most n from the root. Consider the following model on
B,: At time 0 all vertices are vacant. Then trees grow at rate 1, independently for all
vertices. Independently thereof and independently for all vertices, “lightning” hits vertices
at rate \(n) > 0. When a vertex is hit by lightning, its occupied cluster is instantaneously
destroyed.

Now suppose that A(n) decays exponentially in n but much more slowly than 1/|B,].
We show that then there exist a supercritical time 7 and € > 0 such that the forest-fire
model on B,, between time 0 and time 7 + € tends to the following process on 7" as n goes
to infinity: At time 0 all vertices are vacant. Between time 0 and time 7 vertices become
occupied at rate 1, independently for all vertices. At time 7 all infinite occupied clusters
become vacant. Between time 7 and time 7 + € vertices again become occupied at rate 1,
independently for all vertices. At time 7 + € all occupied clusters are finite. This process
is a dynamic version of self-destructive percolation.



Zusammenfassung

Forest-Fire-Prozesse wurden erstmals in der Physik-Literatur als Toy-Modell fiir selbst-
organisierte Kritikalitdt eingefiihrt. Der Begriff selbst-organisierte Kritikalitdt beschreibt
Vielteilchensysteme, die von lokalen Wechselwirkungen bestimmt werden und aus eigenem
Antrieb in einen immer wihrenden kritischen Zustand geraten. Wie in Gleichgewichtssys-
temen der statistischen Physik zeichnet sich der kritische Zustand durch langreichweitige
Korrelationen, Potenzgesetze, fraktale Strukturen und Selbstéhnlichkeit aus.

Wir untersuchen mehrere unterschiedliche Forest-Fire-Modelle, die folgende gemein-
same Figenschaften haben: Alle Modelle sind zeitstetige Prozesse auf den Knoten eines
Graphen. Jeder Knoten kann ,frei“ oder ,mit einem Baum belegt” sein. Wir starten mit
irgendeiner Anfangskonfiguration. Dann wird der Prozess von zwei konkurrierenden Zufalls-
mechanismen bestimmt: Einerseits werden Knoten unabhéngig voneinander geméfs Pois-
sonprozessen mit Rate 1 belegt. Andererseits werden belegte Cluster geméf einer festgeleg-
ten Regel ,in Brand gesetzt“. In diesem Fall wird das gesamte Cluster instantan zerstort,
d.h. alle seine Knoten werden frei.

Das selbst-organisiert kritische Verhalten von Forest-Fire-Modellen kann nur auf un-
endlichen Graphen wie zum Beispiel ebenen Gittern oder unendlichen Baumen auftre-
ten. Jedoch ist der Zerstorungsmechanismus in allen relevanten Varianten von Forest-Fire-
Modellen a priori nur fiir endliche Graphen wohldefiniert. Aus diesem Grund beginnt man
mit einem Forest-Fire-Modell auf endlichen Teilmengen eines unendlichen Graphen und
bildet dann den Limes entlang aufsteigender Folgen endlicher Teilmengen, um so ein neues
Forest-Fire-Modell auf dem unendlichen Graphen zu erhalten.

In dieser Arbeit fithren wir diese Art von Limes fiir zwei Klassen von Forest-Fire-
Modellen aus und untersuchen den resultierenden Limes-Prozess. Der Text hat folgende
Gliederung:

In Kapitel M@ geben wir eine kurze Einfiihrung in selbst-organisierte Kritikalitdt und
stellen einige frithere Ergebnisse zu Forest-Fire-Modellen vor.

In Kapitel 2 betrachten wir folgendes Forest-Fire-Modell auf der oberen Halbebene
des zweidimensionalen Quadratgitters Z2: Zur Zeit 0 sind alle Knoten frei. Dann wachsen
Baume mit Rate 1, unabhéngig fiir alle Knoten. Wenn ein belegtes Cluster den Rand
der oberen Halbebene erreicht oder im Begriff ist unendlich zu werden, wird das Cluster
instantan zerstort. Zusatzlich fordern wir, dass das Modell invariant unter Translationen
entlang der x-Achse ist.

Wir beweisen, dass ein derartiges Modell existiert und auf natiirliche Weise als Teilfol-
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genlimes von Forest-Fire-Prozessen in endlichen Boxen entsteht, wenn die Boxgréfe nach
unendlich strebt.

Aufserdem weist das Modell einen Phasentiibergang im folgenden Sinne auf: Es existiert
eine kritische Zeit ¢, = t.(Z?) (die der kritischen Wahrscheinlichkeit p. = p.(Z?) in gewohn-
licher Knoten-Perkolation vermoge 1 — e = p. entspricht), so dass vor t. nur Knoten
in der Ndhe des Randes von Zerstorung betroffen sind, wiahrend nach t. Knoten auf der
gesamten Halbebene von Zerstorung betroffen sind.

In Kapitel B untersuchen wir das Forest-Fire-Modell aus Kapitel 2 auf der oberen Halb-
ebene des Dreiecksgitters T anstatt auf dem Quadratgitter. Mutatis mutandis gelten die
Aussagen von Kapitel 2 auch fiir das Dreiecksgitter. Zusétzlich ermoglicht uns die Existenz
kritischer Exponenten fiir Knoten-Perkolation auf T zu zeigen, dass der Effekt der Zersto-
rung sogar bei der kritischen Zeit ¢, = t.(T) nur in der Ndhe des Randes wahrnehmbar ist.
Genauer gesagt beweisen wir Folgendes: Man wéhle einen beliebigen unendlichen Kegel in
der Halbebene, dessen Spitze auf dem Rand der Halbebene liegt und dessen Randlinien
nicht-horizontal sind. Dann sind bis zur Zeit ¢. f.s. nur endlich viele Knoten im Kegel von
Zerstorung betroffen.

Kapitel @ befasst sich mit der Konvergenz bestimmter Forest-Fire-Modelle auf wach-
senden endlichen Teilmengen eines reguldren gewurzelten Baums 7'. Fiir jede natiirliche
Zahl n sei B,, der endliche Teilbaum der Knoten, deren Graphendistanz von der Wurzel
hochstens n ist. Betrachte folgendes Modell auf B,,: Zur Zeit 0 sind alle Knoten frei. Dann
wachsen Baume mit Rate 1, unabhéngig fiir alle Knoten. Unabhéngig davon und unabhén-
gig fiir alle Knoten schlagen ,Blitze mit Rate A(n) > 0 ein. Wenn ein Knoten vom Blitz
getroffen wird, wird sein belegtes Cluster instantan zerstort.

Nehmen wir nun an, dass A(n) exponentiell in n abféllt, aber viel langsamer als 1/|B,,|.
Wir zeigen, dass dann eine superkritische Zeit 7 und € > 0 existieren, so dass das Forest-
Fire-Modell auf B,, zwischen der Zeit 0 und der Zeit 7 + € fiir n nach unendlich gegen den
folgenden Prozess auf T strebt: Zur Zeit 0 sind alle Knoten frei. Zwischen der Zeit 0 und der
Zeit T werden Knoten mit Rate 1 belegt, unabhéngig fiir alle Knoten. Zur Zeit 7 werden
alle unendlichen belegten Cluster frei. Zwischen der Zeit 7 und der Zeit 7 4+ ¢ werden
Knoten wieder mit Rate 1 belegt, unabhéingig fiir alle Knoten. Zur Zeit 7 + € sind alle
belegten Cluster endlich. Dieser Prozess ist eine dynamische Version von Self-Destructive
Percolation.



Chapter 1

Introduction to forest-fire models

“To poke a wood fire is more solid enjoyment
than almost anything else in the world.”

Charles Dudley Warner |War73|

1.1 Self-organized criticality

The concept of self-organized criticality was introduced in the seminal paper |[BTWET]|
by P. Bak, C. Tang and K. Wiesenfeld as an explanation for the ubiquity of scale-free
structures in nature. We first address the meaning of “criticality” before we specify the
supplement “self-organized”.

Criticality is a well-known phenomenon in lattice models of equilibrium statistical
physics such as independent site percolation or the Ising model. These systems depend on
a model parameter which greatly influences their behaviour (the density p of open sites
in the case of percolation and the inverse temperature 3 in the case of the Ising model).
At a certain “critical” value of the parameter these systems experience a phase transition.
Formally, the critical value can be defined as the threshold between the regime with no in-
finite cluster and the regime with at least one infinite cluster. The critical state is typically
characterized by the following closely related features:

(C1) long-range correlations;
(C2) power laws;
(C3) scale-invariance (or even conformal invariance) and fractal structures.

Taking independent site percolation on the two-dimensional triangular lattice as an exam-
ple, these properties become manifest in the following way:

(1) The correlation length diverges at criticality.

(2) The distributions of various observables (e.g. the cluster size) have asymptotic power
laws at or near criticality (see [SWOT]]).
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(3) In the scaling limit, the critical percolation exploration paths converge to the Schramm-
Loewner evolution with parameter x = 6, which is conformally invariant (see [Smi(l|
and [CNO7|). Its trace has Hausdorff dimension 7/4 and its boundary has Hausdorff
dimension 4/3 (see |Bef04]). Moreover, in the scaling limit, the full percolation con-
figuration converges to the Continuum Nonsimple Loop process, which is conformally
invariant, too (see [CNOA]).

Critical site percolation on other two-dimensional lattices is currently not as well under-
stood from a mathematically rigorous point of view but it is widely believed that the
essential properties of critical systems are universal in the sense that they do not depend
on the underlying lattice.

The characteristic features of criticality (items (C1), (C2), (C3) above) are also fre-
quently observed in nature. However, the equilibrium systems considered so far can hardly
serve as an explanation for the widespread occurrence of critical phenomena because this
would require the model parameter to be tuned at exactly the right value.

To explain this paradoxon, the authors of [BTWST7| claimed that a large class of dy-
namical systems inherently evolve into a critical state - a phenomenon which they called
“self-organized criticality”. This concept can be described as follows: Consider an inter-
acting particle system with an arbitrary initial configuration which is governed by local
interactions and slowly driven by some external force. The adverb “slowly” means that
there should be a separation of time scales between the external driving process and the
internal relaxation mechanism. Then such a system may evolve into a critical state without
the tuning of any external parameters. The critical state is an unstable yet stationary state
which has the same characteristic features (C1), (C2), (C3) as in the equilibrium theory.
In fact, (C1) can be interpreted in a stronger sense by requiring that both temporal and
spatial long-range correlations should be present. In applications of this theory to real
systems, the features (C1) and (C2) often appear in the form of large catastrophic events.

As a first example of such a self-organized critical system, the following sandpile model®
was proposed in [BTWRT|: Sand trickles down randomly onto a plane. (This is the external
drive.) After a while, heaps of sand develop. If a sand grain falls down at a site where
the slope is too steep, it causes the sand grains at this site to topple to neighbouring
sites. (This corresponds to the internal relaxation.) The toppled sand grains can induce
further topplings at their new positions and thus induce avalanches. The “size” of these
avalanches can be measured in different ways, e.g. by their lifetime or by the total number
of affected sites. Both quantities are believed to have a power law distribution (see [1en98],
Section 4.2.3). Despite its name, the sandpile model was not primarily intended to describe
real sandpiles but on a more abstract level was meant to explain the emergence of self-
organized critical behaviour. In particular, the authors of [BT'W&T| envisaged their model
as an abstract justification of the ubiquity of 1/f noise, which we briefly discuss in the
next paragraph.

In the physics literature (e.g. [Ien9%], Sections 2.2 and 2.3), 1/f noise is defined as

In [BTWERT7|, the model was pictorially described in terms of twisted coupled pendulums rather than
sandpiles but both descriptions boil down to the same dynamics.
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Figure 1.1: A 1/ f noise signal (left) and a log-lin plot of the corresponding power spectrum
(right)

a random time-dependent signal N (¢) which is stationary and scale-invariant and whose
power spectral density

S(f): hm—'/ N(t Wtdt (1.1)

decays like 1/ f for large |f|. Such behaviour is observed in various systems, for instance
as flicker noise in electronic devices, in sunspot activity, in highway traffic or in the flow of
the river Nile. Figure [l shows a simulation of a 1/f noise signal and the corresponding
power spectrum (calculated from a discrete and finite approximation of equation (IZ)).
The power spectrum is plotted as a log-lin graph, i.e. with a logarithmic scale on the y-axis
and a linear scale on the z-axis. The fact that the values in this plot are clustered around
a decreasing straight line confirms that the spectral density has a power law decay.

Apart from 1/ f noise, self-organized criticality has been conjectured to be at the origin
of numerous other phenomena such as earthquakes, landscape formation, economic bubbles
and biological evolution. Comprehensive accounts of self-organized criticality with details
to these and many more examples are given in [Bakd6], [1en98], [Pru04] and [PruT?].

1.2 Forest-fire models in the physics literature

In addition to the sandpile model, numerous other toy models of self-organized criticality
have been developed, with one of the most prominent examples being the forest-fire model.
Since its first appearance in the paper [BCT90] by P. Bak, K. Chen and C. Tang different
variants of this model have been studied. The most common version in the physics litera-
ture goes back to the paper [DS92| by B. Drossel and F. Schwabl and is described in the
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sequel. Let d be a natural number and let B be a finite box in the d-dimensional lattice Z.
The Drossel-Schwabl forest-fire model is a discrete-time Markov process on B in which each
site can be either “occupied by a tree”, “burning” or “vacant”. The process starts with an
arbitrary initial configuration. At each time step, the configuration is changed according
to the following rules:

[GROWTH] If a site is vacant, it becomes occupied with probability p (indepen-
dently of all other sites).

[IGNITION]| If a site is occupied, it becomes burning with probability f (indepen-
dently of [GROWTH] and all other sites).

[SPREAD] If a site is occupied and has a burning neighbour, it becomes burning
in the next time step.

[INCINERATION] If a site is burning, it becomes vacant in the next time step.

This model is believed to become self-organized critical if the following conditions are
satisfied:

e There is a double separation of time scales in the sense that 1 > p > f. In
other words, the spread of fire is much faster than the growth of trees, and the
(DS) growth of trees is much faster than ignition.

e The size of the box B is much larger than the number of sites which are
typically burnt down as a consequence of a single ignition event.

In the physics literature, these conditions are interpreted as characterizations of the
order of magnitude so that p and f/p are assumed to be small but positive and B is
taken to be large but finite. Sometimes the model is simplified by making the spread of
fire instantaneous. Then the model only has the two states “occupied” and “vacant”, and
[IGNITION], [SPREAD] and [INCINERATION] are replaced by the following single rule:

[DESTRUCTION] If a site is occupied, it is hit by “lightning” with probability f (inde-
pendently of [GROWTH] and all other sites). In this case its entire
occupied cluster becomes vacant.

The first condition of (DS) is accordingly reduced to p > f.

The original paper [DS92| claimed that in the regime where (DS) is satisfied, the cluster
size distribution and various other observables of the forest-fire model exhibit power laws.
The corresponding critical exponents were calculated by mean field arguments and their
agreement with the spatial model was verified by simulations. However, based on more ex-
tensive simulations, several follow-up papers (e.g. [Grad3|, [Hen93| and [CDS94)|) suggested
more complicated values for these exponents and proposed corrections to the scaling ansatz
in [DSY92]. Some results for the one-dimensional case which were obtained non-rigorously
in [DCS93] were later proven in [vdBJ05] and [BP06| under a slightly different setting (see
Section [234), while other predictions of [DCSY3| turned out to be incorrect. More recent
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and larger simulations (e.g. [Gra02|, [P.J04]) have cast some doubt whether the condition
(DS) really results in critical behaviour in two dimensions.

The previous paragraph only covers a small fraction of the vast physics literature on
the Drossel-Schwabl forest-fire model. A good overview of the current state of research can
be found in Section 5.2 of the book [Prul2| by G. Pruessner.

1.3 Forest-fire models in the mathematics literature

1.3.1 Existence and uniqueness results

Soon after their introduction in the physics literature, forest-fire models also caught the
interest of mathematicians. Most of the mathematics literature on this subject deals with
a continuous-time version of the simplified Drossel-Schwabl model (where clusters are de-
stroyed instantaneously). Additionally, the model has been generalized from finite boxes to
more general graphs. Important existence and uniqueness results for infinite graphs were
achieved by M. Diirre in [Diir06a], [Diir065] and [Diir09]. So let V' be the vertex set of a
connected graph? and let A\ > 0. The Diirre forest-fire model® on V with ignition rate \
is a continuous-time process on V' in which each site can be either “occupied” or “vacant”.
We start with an arbitrary initial configuration which does not contain infinite occupied
clusters. Then the process develops according to the following rules:

[GROWTH] Vertices turn from “vacant” to “occupied” according to independent
rate 1 Poisson processes (the so-called growth processes).

[DESTRUCTION] Independently of [GROWTH], vertices are hit by “lightning” according
to independent rate A Poisson processes (the so-called ignition pro-
cesses). If a vertex is hit by lightning, its occupied cluster instanta-
neously becomes vacant.

If the vertex set V is finite, then the existence and uniqueness of such a forest-fire
model is clear: Given independent growth and ignition processes, we can order the jump
events chronologically and thus obtain a unique corresponding forest-fire process by a
graphical construction. A similar statement is true for the one-dimensional case V = Z
(endowed with the standard edges): Given independent growth and ignition processes and
an arbitrary time 7', there are infinitely many sites which are neither occupied in the initial
configuration nor experience a growth event up to time 7. We can therefore partition Z
into a random collection of finite subsets which do not interact up to time 7" and perform
a graphical construction on each of these sets to obtain a unique forest-fire process up to
time T'. Since T is arbitrary, this yields a unique forest-fire process for all times.

For general infinite graphs V', the approach above does not work any more so that the
existence and uniqueness of forest-fire processes on V' require more sophisticated methods.

2In slight abuse of notation we will denote the graph by V, too.
3For simplicity, we name the model after M. Diirre for all graphs V' even though for finite V', the model
was studied by other authors before.
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Henceforth, we assume that the graph V' has bounded vertex degree. Then a forest-fire
process on V exists for all initial configurations which do not contain infinite occupied
clusters ([Diix064]|, Theorem 1). Now suppose that the initial configuration fulfills a slightly
stronger condition, the so-called “conditional cluster size bound” ([Diir09], Definition 7).
This condition is for instance satisfied by the vacant configuration and by independent
site percolation on V' with no infinite occupied clusters. Then the corresponding forest-fire
process on V' is unique and has the Markov property ([Diir09|, Theorem 3). Moreover, if
0 is some vertex in V' and V,, denotes the set of vertices whose graph distance from 0 is at
most n, then for n — 0o, the forest-fire process on V,, converges a.s. to the forest-fire process
on V', where these processes are coupled in the natural way, i.e. through their growth and
ignition processes (|Diir09], Theorem 1). In fact, a closer look at the proof of the a.s.
convergence reveals that the forest-fire process on V' can even be perfectly simulated. This
is explained in more detail in Appendix [Al.

For Diirre forest-fire models on Z¢ with d € N, it is also known that there exists a
stationary, translation-invariant distribution. In the one-dimensional case (on which we
will elaborate in Section [=34) this goes back to R. Brouwer and J. Pennanen ([BPOS],
Proposition 5.1), while for d > 2 this was proven more recently by A. Stahl ([Stal?],
Theorem 1).

1.3.2 The critical limit

Let us now come back to the presumed self-organized critical behaviour of forest-fire models.
In the following informal discussion, let V' again be an infinite graph with bounded vertex
degree, where we primarily have “classical” graphs like d-dimensional lattices for d > 2 or
regular trees in mind. Transferring the conditions (DS) imposed on the Drossel-Schwabl
model in Section 2 to the Diirre model and interpreting them as limits rather than just
orders of magnitude, we expect the situations (D1) and (D2) to be particularly important:

(D1) The limit A | 0 of the Diirre forest-fire model on V' with ignition rate A.

(D2) The limit n — oo of the Diirre forest-fire model on V,, with ignition rate A(n), where
A(n) — 0 for n — oo but the decay of A\(n) is sufficiently slow compared to the size
of V,.

We call both (D1) and (D2) “critical limits”. If such a limit exists (in a weak sense, a
subsequential limit can always be obtained by Prokhorov’s theorem - compare Lemmas [
and B in Chapter B), we thus get a new limit process on V. The interesting question,
of course, is what its dynamics are like, i.e. how the growth and destruction mechanism
are transferred to the limit process. It seems natural that [GROWTH] should remain
unchanged in the critical limit. As for [DESTRUCTION], it is obvious that finite clusters
cannot be destroyed any more in the limit process because the ignition rate tends to zero
in both (D1) and (D2). On the other hand, in case (D1) one can heuristically argue that in
the limit process infinite clusters should be destroyed as soon as they appear because for
arbitrarily small A > 0, they would be hit instantaneously if there was lightning according
to rate A ignition processes. In case (D2), the condition that A(n) decays sufficiently slowly
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is meant in the same spirit: The intersection of infinite clusters in the limit process with
V,, should have a high probability of being hit by lightning within short time if there was
lightning according to rate A\(n) ignition processes. One might therefore conjecture that
the limit process has the following dynamics:

[GROWTH] Sites turn from “vacant” to “occupied” according to independent rate
1 Poisson processes.

[DESTRUCTION] If an occupied cluster becomes infinite, it is instantaneously destroyed,
i.e. all of its sites turn vacant.

A process with these dynamics is called a permanent self-destructive percolation process
on V (regardless of whether it is obtained as the critical limit of forest-fire processes or
otherwise).

However, at least for the two-dimensional lattice V' = Z? the heuristic arguments above
are not correct, for it has recently been proven by D. Kiss, I. Manolescu and V. Sidoravicius
that a permanent self-destructive percolation process with vacant initial configuration does
not exist on Z? ([KMST3|, Theorem 6). A first step towards this proof was already achieved
by J. van den Berg and R. Brouwer ([vdBB0D4|, Theorem 4.1), who reduced the non-
existence statement to an unproven but numerically confirmed technical conjecture about
independent site percolation on Z2. There is no clear-cut alternative conjecture concerning
the true dynamics of limit forest-fire processes on Z? but some insight is given in another
paper by J. van den Berg and R. Brouwer (|vdBBU6|, Theorem 2.2): Let t. = t.(Z?) denote
the critical time after which an infinite occupied cluster first appears on the square lattice
Z? if we start with a vacant initial configuration and then only have [GROWTH] but no
destruction mechanism. For n € N and (z,y) € Z?, let B,(z,y) := (z,y) + [-n,n]* N Z?
denote the box with centre (x,y) and radius n, and for A\ > 0, let n* be a Diirre forest-fire
process on Z? with vacant initial configuration and ignition rate A\. Then there exists ¢ > ¢,
such that for all n € N

lirf\li%nf P [n" has destruction in B,(0,0) before time ¢] <

DN —

holds. The original result in [vdBBOG] was phrased slightly differently and stated con-
ditionally on a then unproven conjecture but thanks to more recent results in [Diir06al],
[Diir09] and [KMST3], it can now be reformulated in this way. Having discussed the intri-
cacy of the critical limit for the square lattice Z?, we should emphasize that the situation is
expected to be different for other graphs such as lattices in high dimensions and transitive
unimodular non-amenable graphs (see [ADCKST3|, [ASTT4|). In particular, the perma-
nent self-destructive percolation process might exist on these graphs. We will come back
to these references in Section 4.

1.3.3 On the contents of this thesis

The focus of this thesis lies on two problems which are closely related with the critical
limit and which we describe next. In Chapter @, we study a situation like (D2) for the case
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where V' is an infinite regular rooted tree and the forest-fire process starts with a vacant
initial configuration. However, we let A(n) tend to zero slightly faster than required for true
critical behaviour. As a consequence, the limit process on V first becomes supercritical
in the sense that infinite clusters appear. But at a deterministic time (which depends on
the rate of decay of A\(n)), all infinite clusters are destroyed so that the configuration be-
comes subcritical again. These dynamics can be interpreted as a version of self-destructive
percolation, which is introduced in Section 4.

The starting point of Chapters B and B is a forest-fire model on the boxes B,,(0,0) with
centre (0,0) and radius n € N, in which clusters are not destroyed by lightning but instead
are destroyed when they reach the boundary of the box. More precisely, the process starts
with a vacant initial configuration and is then determined by the following rules:

[GROWTH] Sites turn from “vacant” to “occupied” according to independent rate
1 Poisson processes.

[DESTRUCTION] If an occupied cluster reaches the boundary of the box, it is instanta-
neously destroyed, i.e. all of its sites turn vacant.

Since B, (0,0) is finite, the existence and uniqueness of such a process is immediate. For
this model, the critical limit is obtained for n — oo, and again the question arises what
the dynamics of the corresponding limit process on Z? are (provided that the limit exists
in a suitable sense). Employing similar heuristic arguments as above, one could analo-
gously come to the flawed conclusion that the limit process is equal to the permanent
self-destructive percolation process on Z?, whose existence is disproved in [KMST3|. But
apart from this negative result not much is known about the critical limit of this model.
One of the reasons why the problem is so difficult to tackle is the fact that in the limit
n — 00, the boundary disappears so that the effect of destruction - if there is any at all -
must come from infinitely far away.

With this in mind, we now modify the original setting in the following way: Instead of
fixing the centre of the box and letting the box tend to infinity in all four directions, we
fix the bottom side and let the box tend to infinity in the remaining three directions. In
other words, we consider an analogous forest-fire model on the boxes B,,(0,n) with centre
(0,n) and radius n € N. In addition, we make two further changes of technical nature.? In
Chapter B, we show that for n — oo, the forest-fire processes on B, (0,n) subsequentially
converge to limit processes on the upper half-plane H := {(z,y) € Z? : y > 0} of the square
lattice. Any such limit process starts with a vacant initial configuration and then has the
following dynamics:

ites turn from “vacant” to “occupied” according to independent rate
GROWTH Sites t f « t” to ied” ding to ind dent rat
1 Poisson processes.

[DESTRUCTION] If an occupied cluster reaches the boundary of the half-plane or if it

4Namely, we restrict the destruction mechanism to the fixed bottom side and use periodic boundary
conditions in the z-direction.
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becomes infinite, it is instantaneously destroyed, i.e. all of its sites turn
vacant.

It is worth noting that on a formal level, this destruction mechanism is a hybrid between
the destruction at the boundary in the finite-size model and the destruction of infinite
clusters in the hypothetical permanent self-destructive percolation process on Z2. Since
the limit process starts with a vacant initial configuration, one can easily verify that before
the critical time t. = t.(Z?), the effect of destruction is limited to areas near the boundary.
In Chapter B, we additionally prove the less straightforward fact that after t., the effect
of destruction extends to the entire half-plane. However, it remains unknown whether this
is caused by the destruction of infinite clusters or by the destruction of increasingly large
but finite clusters. In fact, it is unclear if the destruction of infinite clusters ever occurs
with positive probability.

Assuming the existence of two critical exponents for independent site percolation on
72, one can prove that even at t., the effect of destruction is still limited to areas near
the boundary. At the moment, these exponents are rigorously confirmed for the triangular
lattice T (see [SWOT| or [NolOR|) but not for the square lattice Z?. Yet all the above
forest-fire results can be transferred to the upper half-plane of the triangular lattice if the
appropriate changes are made (e.g. replacing the critical time ¢.(Z?) of the square lattice
by the critical time t.(T) of the triangular lattice). Thus, the statement about the extent
of destruction at the critical time becomes fully rigorous on the triangular lattice. This is
the content of Chapter B.

1.3.4 One-dimensional and mean field models

While this thesis is mainly concerned with forest-fire models on two-dimensional lattices
and regular rooted trees, it should be pointed out that models of this kind have also been
studied quite extensively on other graphs. In the following, we review some of these results.

In the first part of this section, we summarize some results about Diirre forest-fire
models on Z with ignition rate A. In [vdBJ05|, J. van den Berg and A. Jarai show that
regardless of the initial configuration, after time of order log(1/)\) the density of vacant
sites in the forest-fire process is of order 1/log(1/)). Additionally, they derive certain
bounds for the cluster size distribution. The subsequent paper [BPU6| by R. Brouwer and
J. Pennanen is concerned with the cluster size distribution of a stationary, translation-
invariant forest-fire distribution (whose existence is proved, as well). The authors define
a threshold Spax BY Smax 10g Smax = 1/A and show that for a < 1/3 and s < s%_, the
probability that the cluster at a fixed site has size s is of order 1/(slog(1/))), uniformly
in A and s. On the other hand, it follows from results in [vdBJ05] that this uniform decay
does not hold any more for s of order sp.x.

The steady state of forest-fire processes on Z with ignition rate A = 1 has been analysed
more closely by X. Bressaud and N. Fournier in [BEQY|: For A = 1, there is a unique station-
ary distribution, which is exponentially mixing and can be perfectly simulated. Moreover,
for any initial distribution, the forest-fire process tends to equilibrium exponentially fast.



10 1. Introduction to forest-fire models

In [BETQ], the same authors investigate the critical limit A | 0 of the one-dimensional
forest-fire model. In this regard, the one-dimensional case differs from higher dimensions
because without rescaling, as A | 0, the forest-fire process on Z trivially converges to the
pure growth process (i.e. the process with [GROWTH] only and no destruction mechanism).
However, if time is accelerated by a factor log(1/\) and space is compressed by a factor
Alog(1/)), then a non-trivial continuous process is obtained for A | 0; the limit process
admits a graphical construction and can be perfectly simulated. In the consecutive paper
[BETT], this result is extended to generalized forest-fire processes on Z, where the growth
and ignition processes need not be Poisson processes any more but are only required to be
stationary renewal processes.

In the second part of this section, we describe a mean field forest-fire model which is
studied by B. Rath and B. Téth in [RT09] and for which self-organized critical features
have been rigorously established. The model lives on the complete graph K,, with n vertices
and resembles the Diirre forest-fire model but exhibits two major differences: Firstly, trees
grow on the edges of K,,, while lightning strikes at the vertices of K,,. Secondly, the growth
rate of trees is 1/n rather than 1. An explicit characterization of the Rath-T6th model
reads as follows: Each edge can be “occupied” or “vacant”. The process starts with a vacant
initial configuration® and then develops according to the following rules:

[GROWTH] Edges turn from “vacant” to “occupied” according to independent rate
1/n Poisson processes.

[DESTRUCTION]| Independently of [GROWTH], vertices are hit by “lightning” accord-
ing to independent rate A\(n) Poisson processes. If a vertex is hit by
lightning, its occupied cluster instantaneously becomes vacant.

If [DESTRUCTION] is omitted, then the resulting process is simply a dynamical for-
mulation of the Erdés-Rényi random graph model. For £ € N and ¢ > 0, let Uff,i(t) denote
the random fraction of vertices which are in a cluster of size k at time ¢ in the Erdgs-Rényi
model. It is well-known that for n — oo, v} %(t) converges to a deterministic function
vER(t) and that this function has a phase transition at the gelation time Ty, = 1 in the

sense that

=1 if0<t< Ty,
s {- HosisTn

eN <1 ift> Tgel-

The mass defect for ¢ > T, is caused by the appearance of the giant component, whose
size is of order n. At the gelation time, the tail >_;°, vER(Tyy) decays like k~1/2) while
for t # Ty, viR(t) decays exponentially in k. So the Erdds-Rényi model is subcritical for
t < Tye, critical for ¢t = Ty and supercritical for ¢ > Tiq.

Now let us return to the Rath-Toth forest-fire model on K, with ignition rate A(n).
Loosely speaking, the main result in [RT0Y] says that if A(n) tends to zero sufficiently
slowly (in the sense of (D2) in Section [Z332), then in the limit n — oo the model behaves

>The results in [RT0Y| also cover more general initial configurations.
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critically for all times ¢ > T,.. More precisely, the following holds true: Suppose that A(n)
satisfies 1/n < A(n) < 1. For k € N and ¢t > 0, let v};(t) denote the random fraction
of vertices which are in a cluster of size k at time ¢ in the Rath-To6th model. Then for
n — oo, vRL(t) converges to a deterministic function vii*(¢). For 0 < ¢t < T, we have
vl () = vER(t). For t > Tya, the tail > 7, vRT(¢) decays like k~1/2. For all t > 0, R (t)
satisfies >,y vi (1) = 1.

1.4 Self-destructive percolation

Introduced by J. van den Berg and R. Brouwer in [vdBB04|, self-destructive percolation is
a modification of ordinary Bernoulli percolation and is closely related with the (hypothet-
ical) permanent self-destructive percolation process of Section IZ32. Let G be an infinite
connected graph, let 0 be a distinguished site in G and let p. be the critical probability for
independent site percolation on G (where we assume p. < 1). Then self-destructive site
percolation on G with parameters p € (p., 1) and § € (0,1) is defined in three steps:

1. First, every site becomes occupied with probability p (independently of all other
sites).

2. Then the sites of all infinite occupied clusters become vacant.

3. Finally, every vacant site becomes occupied with probability § (independently of the
first step and of all other sites).

Let O(p,d) denote the probability that the site 0 is part of an infinite occupied cluster in
the final configuration. Furthermore, for fixed p, let

de(p) :==inf {6 > 0:0(p,d) > 0}

be the minimal enhancement needed in the third step to have an infinite occupied cluster
at the site 0 with positive probability. It is not difficult to see that 6(p,d) is zero if and
only if the final configuration a.s. contains no infinite cluster, and 0(p, d) is positive if and
only if the final configuration a.s. contains at least one infinite cluster. Thus, d.(p) can
also be interpreted as the threshold between the regime with no infinite cluster and the
regime with at least one infinite cluster. The quantities 6(p, §) and é.(p) can be analogously
defined for self-destructive edge percolation. In either case, the most interesting question
about the model is how d.(p) behaves as p approaches the critical value p..

As it turns out, the answer to this question crucially depends on the underlying graph
G. For self-destructive site percolation on the binary tree and on transitive unimodular
non-amenable graphs and for self-destructive edge percolation on Z¢ with d sufficiently
large it is known that

limd.(p) =0

pdpe

holds (see [vdBB0O4|, Theorem 5.1; [ASTT4], Theorem 2.2; [ADCKST3|, Theorem 1). The-
orem 5.1 in [vdBB04| also establishes the fact that for self-destructive site percolation on
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the binary tree d.(p) > 0 holds for all p € (p., 1). This result is extended to regular rooted
trees in Section 4.

By contrast, for self-destructive site percolation on the square lattice Z* (and other
two-dimensional lattices) D. Kiss, I. Manolescu and V. Sidoravicius ([KMST3|, Theorem 2)
have recently proven that

inf 8,(p) > 0. (1.2)

P>Pe

Equation (Z2) is strongly connected with the fact that the permanent self-destructive
percolation process with vacant initial configuration does not exist on Z2. Indeed, both
statements follow from a more general theorem about critical percolation on finite-size
rectangles ([KMST3|, Theorem 4). Equation (I2) had already been conjectured for the
square lattice in the original paper [vdBB04| on self-destructive percolation. Some weaker
linear lower bounds on é.(p) for various two-dimensional lattices have also been obtained
in [vdBALOY).

The definition of self-destructive percolation can be trivially extended from p € (p, 1)
to arbitrary p € (0,1) (in which case the destruction of all infinite clusters in the second
step may become an empty condition). Now consider again self-destructive site percolation
on Z?: Then on the one hand, we have 0(p.,d) > 0 for all § € (0,1). On the other hand,
(I22) implies the existence of §y € (0,1) such that 6(p,d) = 0 holds for all p € (p.,1),d €
(0,d0). Consequently, the function é( -, -) is discontinuous on the segment {p.} x (0, dp).
In [vdBBVOR|, J. van den Berg, R. Brouwer and B. Vagvolgyi show that this is essentially
the only region with discontinuity. More precisely, there exists §; € (0, 1) such that 6( -, -)
is continuous outside the segment {p.} x (0, dy).



Chapter 2

A forest-fire model on the upper
half-plane

An article which closely follows this chapter has been published in the Electronic Journal
of Probability |GraTdh).

2.1 Introduction and statement of the main results

In this chapter we consider forest-fire models which are defined on subsets of the square
lattice Z?. We assume the vertex set Z? to be equipped with the standard lattice edge set,
where two sites in Z? are connected by an edge if and only if they have Euclidean distance 1.
For practical purposes we will identify Z? C R? with Z+iZ C C (where i := v/—1 = (0,1))
and mostly use the complex number notation even though we do not use the multiplicative
structure of C. The finite volume versions of the model will be defined on boxes

B,(w) :=w + [-n,n)* N Z? (2.1)

with centre w € Z? and radius n € N. To begin with, we endow the vertex set B, (w)
with the standard edges inherited from the square lattice Z? and we denote this by writing
B (w) instead of B,(w). Later on, for each k € {—n,—n + 1,...,n}, we will insert an
additional edge between the vertex w —n + ik on the left and the vertex w +n + ik on the
right in order to make the setup periodic in the z-direction; in this case we write BP(w)
instead of B,(w). The graph BP(w) is best visualized as a cylinder. The infinite volume
version of the forest-fire model will be defined on the “closed” upper half-plane

H:={v+iy€Z+iZ:y >0},

which we endow with the edges inherited from the square lattice Z?. We will also denote
by

H:={z+iye€Z+iZ:y> 0}
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the “open” upper half-plane.

In order to explain some more notation, let us for a moment consider an arbitrary
connected graph with vertex set V. (In practice, this will usually be one of the graphs
Bs(w), Z*, BP(w) or H.) For a subset S C V, we write

0S :={veV\S:(JweS:vand w are neighbours) }

for the (outer) boundary of S in V. For the subset H C H, for instance, we simply
have OH = Z. At any given time, the forest-fire model will be described by a random
configuration (o, ),ey € {0,1}", which induces a subgraph of V on the vertex set {v € V :
a, = 1}. For z € V the maximal connected component of this subgraph containing z is
called the cluster of z in the configuration (c,),ev. If a, = 0, then the cluster of z is just
the empty set.

We are now ready to describe the forest-fire model on the box Bf(0) (n € N) which
is the starting point of this chapter. It is a continuous-time Markov process on the state
space {0,1}52(0) where a site with “1” is said to be “occupied by a tree” and a site with
“0” is said to be “vacant”. At the starting time all sites are vacant. Then the process is
governed by the following two conflicting mechanisms:

[GROWTH] Sites turn from “vacant” to “occupied” according to independent rate
1 Poisson processes.

[DESTRUCTION] If an occupied cluster reaches the inner boundary B, (0) \ B,_1(0) of
the box®, it is instantaneously destroyed, i.e. all of its sites turn vacant.

The most interesting aspect about this model is the question of what happens in the
limit n — oo (provided that it exists in a suitable sense). It is in this limit that the model
is expected to exhibit self-organized criticality, and the intuitive reasoning goes as follows:
For large n, small clusters are unlikely to get destroyed but sufficiently large clusters are still
vulnerable to destruction. So a hypothetical limit process on Z? might have the following
dynamics: At the starting time all sites are vacant. Then the process is governed by the
following two conflicting mechanisms:

[GROWTH] Sites turn from “vacant” to “occupied” according to independent rate
1 Poisson processes.

[DESTRUCTION] If an occupied cluster becomes infinite, it is instantaneously destroyed,
i.e. all of its sites turn vacant.

However, these heuristics cannot be true because it has recently been proven in [KMST3]
that a process with these dynamics does not exist on Z?. A mathematically rigorous
treatment of the question of convergence for n — oo currently seems hard to achieve.

A first step towards a better understanding of the n — oo limit probably lies in the
analysis of the behaviour of the sites close to the inner boundary when n is large. We
therefore change our perspective in the following way:

Lwhere we set By(0) := {0}
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Figure 2.1: The box B, := BP(in) for n = 3 (black) and the upper half-plane H (grey)

e Instead of keeping the centre of the box fixed and letting the box tend to infinity in
all four directions, we keep the bottom side fixed and let the box tend to infinity in
the remaining three directions. In other words, we consider the process on the box
B, (in) instead of the box B,(0). In the (subsequential) limit n — oo we thus get a
process on the upper half-plane H.

Additionally, we make the following changes, which are natural for the new setting:

e We restrict the destruction mechanism [DESTRUCTION] to clusters which reach the
fixed bottom side instead of destroying clusters at all four sides.

e We use periodic boundary conditions in the z-direction, i.e. we work on BP(in)

instead of B2 (in).

Let us define this new process more formally, in a fashion similar to the definition
of the Diirre forest-fire model in [Diir06a]. We include the underlying Poisson growth
processes into our notation and thus obtain a continuous-time process on the state space
({0,1} x Ng)B=(™)_ For convenience we henceforth abbreviate B, := BP(in). Figure 271
depicts the box B, and its edges, embedded into the upper half-plane H. In accordance
with the periodic boundary conditions of B, for z € B,, and x € Z we define “periodic
addition” by

z@x:=[((Rez+x)+n)mod 2n+1)]—n+ilmz € B,.

Moreover, for a function [0,00) 3 ¢t — f; € R we write fi- := limgy fs for the left-sided
limit at ¢ > 0, provided the limit exists.

Definition 1. Let n € N. Let (1],, G}, )i>0,2eB, be a process” with values in ({0,1} x

2A more precise but more cumbersome notation would be ((n{fz, GZZ)ZGBH)DO.
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Np)[0:e)xBn "initial condition nj, = 0 for z € B, and boundary condition 7}, = 0 for
t > 0,7 € OH N B,. Suppose that for all z € B, the process (1., G}, )i>0 is cadlag, i.e.
right-continuous with left limits. For z € B, and ¢ > 0, let C}* _ denote the cluster of z in
the configuration (9}  )wen.,- ’

Then (n7,, G;rffz)tZO:ZG B, is called a B,-forest-fire process if the following conditions
are satisfied:

[POISSON] The processes (GY,)i>0, 2 € By, are independent Poisson processes
with rate 1.
ROT-INV The distribution of (n7.,G}.)i>0.ep, 18 invariant under rota-
nt,z t,z/120, n

tions of the cylinder B,, i.e. the processes (ny,,G},)i>0..cp, and
(N .@1> Gt .01 )1>0,2¢B, have the same distribution.

[GROWTH] For all ¢t > 0 and all z € HN B, the following implications hold:

(i) G, <Gy, =n, =1,
i.e. the growth of a tree at the site z at time ¢ implies that the
site z is occupied at time ¢;

(ii) ne . <mng, = G, <Gy,
i.e. if the site z gets occupied at time ¢, there must have been the
growth of a tree at the site z at time .

[DESTRUCTION] Forallt > 0 and all z € 0HNB,,, z € HN B, the following implications
hold:

(i) G?—,x < GZI = Yw € Cgl—,x-i-i DN = 0,
i.e. if the cluster at x + ¢ grows to the boundary OH N B,, at time
t, it is destroyed at time ¢;

(i) n , >n, = 3Ju€dCyr NIH: G}, < GY,,
i.e. if the site z is destroyed at time ¢, its cluster must have grown
to the boundary 0H N B,, at time ¢.

Due to the finiteness of the box B,, the existence and uniqueness (in distribution)
of a B,-forest-fire process is clear: Given independent rate 1 Poisson processes (G}, )i>0,
z € By, a unique corresponding cadlag process (n;',)i>0, 2 € By, which has the required
initial and boundary conditions and satisfies [GROWTH] and [DESTRUCTION] can be
obtained by a so-called graphical construction, and [ROT-INV] then follows automatically
by the rotation-invariance of the cylinder B,,. For more details on graphical constructions,
the reader is referred to [Lig85].

Above, we raised the question of what happens with forest-fire processes on boxes of size
n when n — oo. As far as the dynamics are concerned, this question is partially answered
for B,-forest-fire processes by the following result, where QF := QN [0, cc) denotes the set
of non-negative rational numbers:
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Theorem 1. For n € N let (n7,,G},)i>0zeB, be a By-forest-fire process. Embed this
process into the upper half-plane H by setting (n., Gt,) == (0,0) for 2z € H\ B, and
all t > 0. Then for any strictly increasing sequence (ng)gen of natural numbers, there

. Nk Nk
exists a subsequence (ny, Jien such that (n, ., G, ' )eqr .em converges weakly to some random

variable (ngz, ng)te(@g’zeﬁ, where convergence is understood in the space ({0,1} x Ng)@ *H
endowed with the product topology. Moreover, the right-sided limait

(M2, Gtz) == lim (7792, G;@z), t>0,z€H,
sit,s€Qf ’

exists a.s., and restricted to the complement of a null set, the resulting process
(Mt,2> Gt.2)i>0..cm 18 an H-forest-fire process in the sense of Definition B below.

Definition 2. Let (2, G1.2),50 e be a process® with values in ({0, 1} x No)[%°)*¥ initial
condition 7. = 0 for z € H and boundary condition M. = 0 for t > 0,2 € OH. Suppose
that for all 2 € H the process (1;., Gy..)i>o is cadlag. For 2 € Hand t > 0, let C;- , denote
the cluster of z in the configuration (7~ .),cm-

Then (7:2, Gt.2) 0.5 18 called an H-forest-fire process if the following conditions
are satisfied: -

[POISSON] The processes (G;..)i>0, z € H, are independent Poisson processes with
rate 1.

[TRANSL-INV] The distribution of (nt7z,Gt7z)t207zeﬁ is invariant under transla-
tions along the real line, i.e. the processes (1., Gi:)i>0.cq and
(1,241, Gt.241) 0. have the same distribution.

[GROWTH] For all t > 0 and all z € H the following implications hold:

(1> Gt—,z < Gt,z = Ntz = 17
i.e. the growth of a tree at the site z at time ¢ implies that the
site z is occupied at time ¢;

(i) m-. <M = Gi- » < Gy,
i.e. if the site z gets occupied at time ¢, there must have been the
growth of a tree at the site z at time .

[DESTRUCTION]| For all ¢t > 0 and all € 9H, z € H the following implications hold:

(l) <Gt7,$ < Gt,x = V’w € Ct7,1+i . T]t,’w = 0) /\
(|G- 2] =00 = VYw € Cy-, : oy = 0),

3 Again, a more precise but more cumbersome notation would be ((nt,m Gt,z)zeﬁ)po‘
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i.e. if the cluster at x + ¢ grows to the boundary JH at time ¢, it
is destroyed at time ¢, and if the cluster at z is about to become
infinite at time ¢, it is destroyed at time ¢;

(i) n-» > = (Fu e 0C- . NOH : G-, < Giu) V |Cy- .| = 00),
i.e. if the site z is destroyed at time ¢, its cluster either must have
grown to the boundary 0H at time ¢ or it must have been about
to become infinite at time ¢.

For the remainder of this section, let (1., Gy.. )50 .cm be any H-forest-fire process (not
necessarily the specific process constructed in Theorem ). A closely related auxiliary
process is the pure growth process (0;.);> .5, Which is obtained when the destruction
mechanism [DESTRUCTION] in Definition B is omitted, and which is formally defined by

0r. = 1G,. >0}, t>0,z € H, (2.2)

where we write 14 for the indicator function of an event A. Obviously, (04.);50.cm 18
monotone increasing in ¢ and dominates (7,.),~¢ e in the sense that

01, > 05, >, 0<s<tzecH, (2.3)

holds. For a fixed time ¢, the configuration (o0y ), is simply independent site percolation
on H, where each site is open with probability 1 — e~*. In particular, if p. denotes the
critical probability of independent site percolation on H (or equivalently Z?), then the
critical time t., defined by 1 — e~% = p,., has the property that a.s. for ¢ < ¢, there exists
no infinite cluster in the configuration (oy.),cg, while for ¢ > ¢., there exists exactly one
infinite cluster in the configuration (o), g

However, |DESTRUCTION] in Definition B and the fact that the paths of
(1,2, Gt.2)y>0..cm are cadlag imply that for all ¢ > 0 there exists no infinite cluster
in the configuration (Mt,2) ,em- This gives rise to the question to what extent the processes

(Mt,2)¢50..em and (012) >0 . differ and motivates the following definition:

Definition 3. For ¢t > 0, z € OH let
Yie =sup{y e N: (0 <t <t <t:nyapriy=1Mmzriy =0} VO € NyU{oo}

be the height up to which points with real part z have been destroyed up to time . We
call ¥}, the height of destruction at the point x up to time ¢.

Note that for ¢ > 0 and z € OH
{Y;t,z < OO} C {VO S S S tvy Z Y;t,x + 1: Osxtiy = ns,eriy} (24)

holds. It turns out that as a function of time, the height of destruction experiences a phase
transition:
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Theorem 2. Let (1:.,Gt2)y>0.ci be an H-forest-fire process and let (Yi)i>0zcom be the
corresponding heights of destruction. Then for all x € OH, the following holds a.s.:
Yi» <00 fort <t.andY:, =00 fort>t..

Informally speaking, this means that after the critical time ¢., the influence of the
destruction mechanism [DESTRUCTION] in Definition B is not just confined to areas
close to the boundary 0H but is global on all of H.

We will prove Theorems 0 and 2 in Sections and P4, respectively. In Section P2
we draw the reader’s attention to some obvious but open questions about H-forest-fire
processes. In Appendix B we present simulations of the forest-fire processes on the boxes
B? (w) and BP(w) with n =200 and w = 0.

2.2 Open problems

The following natural questions about H-forest-fire processes (1, ., Gt.2)i>0..cw and the cor-
responding heights of destruction (Y} ;)t>0..com remain open:

e Are H-forest-fire processes unique in distribution? Is (1 ., Gt.2)i>0..cm adapted to the
filtration generated by the growth processes (G'.);5q .cm’

e Does there exist z € H such that the event {3t > 0 : |C;- .| = oo} has positive proba-
bility (where C;- . is defined as in Definition #), i.e. do infinite clusters in the left-sided
limit occur with positive probability?

e How does the height of destruction behave at the critical time ¢.? For instance, does
Y, » < o0 a.s. hold for x € OH? We will come back to this question in Chapter B.

2.3 Proof of Theorem [

The construction of the limit process in Theorem [ is partly analogous to the construction
of the infinite volume Diirre forest-fire model in [Diir06a]. However, a new strategy is
needed when it comes to infinite clusters in the process. This is where we will make use
of the translation-invariance property [TRANSL-INV] of the process. We will only give a
brief sketch of the parts that are similar to [Diir06a| in Sections P23, 2232 and 22373 and
then focus on the issue of infinite clusters in Sections 22374 and 2233,

For the remainder of this section, consider the following setup: For n € N let
(n%., GE.)t>0,2¢B, be a By-forest-fire process. Embed this process into the upper half-plane
H by setting (9}, Gy,) == (0,0) for z € H\ B, and all t > 0. Let (nj)ren be a strictly
increasing sequence of natural numbers.
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2.3.1 Construction of the limit process and easy properties

Lemma 1. (i) The sequence (1., Gy, )eqt .cmr n € N, is tight in the space ({0,1} x
I\IO)QSr *H - endowed with the product topology.
(ii) There exists a subsequence (ny,)ien of natural numbers such that (nz?vGZ?)tng,zeﬁ

converges weakly to some random variable (ngz, ng)te(@g LT

Proof. First note that since the index set Q x H is countable, the product spaces
— =+ T —
{0, 1}Q3XH, NE)QO “ and ({0,1} x NO)Q(TXH are metrizable and, in fact, are Polish spaces.
By Tychonoft’s theorem, the space {0,1}@33“HI is compact and hence the sequence
(' )ieqp zem» m € N, is trivially tight. Moreover, the sequence (G7.)cqs .cm 7 € N, is
clearly convergent and therefore tight by Prokhorov’s theorem. As we work in the product
topology, we conclude that the joint sequence (n;fz, GZz>t€Q8L’Z€ﬁ, n € N, is tight, as well.
This proves (i). Part (ii) then follows from (i) by another application of Prokhorov’s
theorem (in the opposite direction). ]

It is easy to see that the limit random variable (ngz, ng)te(@aryzeﬁ can be extended to a
process (1 ., Gt,z)t20,26ﬁ7 which we henceforth call the limit process:

Lemma 2. A.s. the right-sided limit

(M2, Gtz) == lim (ngz,G;@z), t>0,z€H,
sht,seQf ’

exists.

Proof. This is proved analogously to Lemma 7 in [Diir(6al|. O

We now realize the processes (n;,, G}, )i>o.cm 7 € N, and (2, Gi.2)50 . On a joint
probability space (2, .4, P), where A is the completion of the o-field

9 (T]Z;ﬂ G?,z;nt,m Gt,z > 072 c E,n S N) .

There is a very useful relation between the limit process (1; ., Gy ..);50 g and the B,,-forest-
fire processes (7', G?,z)tzo,ze@ which allows to transfer properties from the B, -forest-fire
processes to the limit process:

Lemma 3. Let A be an event which is described by the configuration of finitely many
sites and finitely many points in time, i.e. there exist h € N and a finite set S C H
such that A € P(({0,1} x No)W>*S) where P(X) denotes the power set of a set X and
[h] :=={1,2,...,h}. If there exists N € N such that for all 0 < t; < ty < ... <t and all
n>N
P [(UZ,Za G?j,z)jE[h],zES € A} =0
holds, then
PE0<t <ty<...<tp:(my: Gyz)icp)es € Al =0

also holds.
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Proof. This is proved analogously to Lemma 9 in [Diir(6al]. O

The construction of the limit process in Lemma B immediately implies that a.s. for all
z € H the process (Mt,2, Gtz )e>0 1s cadlag. For z € H and t > 0, let C . denote the cluster
of z in the configuration (1w),cm, and for z € H and t > 0, let C}- » denote the cluster
of z in the configuration (7;- ,,) Then the following properties of the limit process are
straightforward:

weH®

Lemma 4. A.s. the process (nt’Z7Gt7Z)t20’Zeﬁ satisfies the initial condition 1y, = 0 for

z € H and the boundary condition 1;, = 0 for t > 0,2 € OH. Moreover, it a.s. has the
properties [POISSON] and [GROWTH] (i) of Definition B and satisfies [TRANSL-INV/.

Proof. The proofs for the initial condition and the property [GROWTH] (ii) are easy con-
sequences of Lemma B above and are analogous to the proofs of Lemmas 26 and 10 in
[Diir064]. The proof of the property [POISSON] is identical to the proof of Lemma 5 in
[Diir06a]. The zero boundary condition for the limit process is trivial since the same bound-
ary condition is satisfied by the B, -forest-fire processes for all n. Finally, the translation-
invariance [TRANSL-INV] of the limit process is a consequence of the rotation-invariance
[ROT-INV] of the B,,-forest-fire processes for all n. O

2.3.2 Some auxiliary lemmas

It thus remains to show that the process (n:.,Gtz);50.cq also a.s. has the properties
[GROWTH] (i) and [DESTRUCTION] (i), (ii) of Definition 2. In this section we state
some auxiliary lemmas, which are in a sense weaker versions of these properties.

We first introduce some further notation: For 0 < s <t, z € Hand n € N , let

Gs,t,z = {Gs,z < Gt,z}u Gn = {Gg,z < GZz}

s,t,z
be the events that the growth of a tree occurs at the site z in the time interval (s, ], and
for 0 <s<t,zeHand n €N, let

Gs*,t,z = {Gs*,z < Gt,z}a Gy

stz

= {G;‘_yz < G;‘Z}

be the events that the growth of a tree occurs at the site z in the time interval [s,t].
Moreover, if X > z — f, € U is any function from a set X to a set U, then for X' C X,
u € U we abbreviate the expression Vx € X' : f, = u by fx = u. Finally, if A, B are two
events, we will denote the complement of A by [A, and (in slight abuse of notation) we
will write {A, B} instead of AN B.

Lemma B is a weaker version of [GROWTH] (i):

Lemma 5. Suppose that w, z € H are neighbouring sites. Then
P [Elt >0: T}t,w = 1, th,tz,nuz = 0] =0

holds; in other words: A.s. if there is the growth of a tree at the site z at some time t and
a neighbouring site w is occupied at time t, then the site z is also occupied at time t.
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Proof. Let w, z € H be neighbouring sites. Since (Gt )0 and (Gy.)i>o are independent
Poisson processes (see Lemma @), a.s. they do not have jumps at the same time. Using this
and the fact that Poisson process paths are a.s. piecewise constant and cadlag, we obtain

{3t >0:mw=1,Gp 1z =0} C {Ht >0 EGt*,t,wﬂ?t,w =1,Gt- 12, s = 0}
el {30 < s <t:CGpwsMw=1,G- 1, =0}
C{30<5<t:CCupummw=1,Ceporm. =0}

Now for all sufficiently large n (such that w,z € B,) and arbitrary 0 < s < t, it is
easy to deduce from [GROWTH] and [DESTRUCTION] in Definition 0 that B,,-forest-fire
processes satisfy

PI[CGY, .m0 =1.Gl, L np, = 0] =0.
The result therefore follows from Lemma B. O
Lemmas B and [@ are about the destruction of occupied clusters:

Lemma 6. For all w,z € H we have
PEA0<s<t:weCsmuw=0m.=10G,,..] =0;

in other words: A.s. if a site w was occupied at some time s but is vacant at some later
time t > s, then any other site z which was in the cluster of w at time s must be vacant at
time t unless there is the growth of a tree at that site in the time interval (s,t].

Proof. This is a consequence of Lemma B above and is proved analogously to Lemma 12
in [Diir06a]. O

Lemma [@ is the first half of [DESTRUCTION] (i) in Definition B:

Lemma 7. For all x € OH we have
P [Elt >0: Gt*ytﬂ“ Jw - Ct*,x—l—i CMiw = ]_] = 0,’

in other words: A.s. if the cluster at x + i grows to the boundary OH at some time t, it is
destroyed at time t.

Proof. Let x € OH. For z € H, let Ci" denote the (countable) set of all finite connected
subsets of H which contain the site z. Due to the equality

{3t>0:G- 10, 30 € Cp iy M = 1} = U U {3t>0:Gp- 15 = L, = 1}

fi
SeCfin, weS

it suffices to show that for all S € Cfi*. and w € S

T4y

P [Elt >0: Gt—,t,xvnt—,s = 1777t,w = 1] =0
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holds. So let S € CI; and w € S be fixed. Since (Gyz)e0 and (G )izo are independent

Poisson processes (see Lemma ), a.s. they do not have jumps at the same time. Using
this and the fact that the paths of the limit process are a.s. piecewise constant and cadlag,
we obtain

{E't >0: Gt—,t,xant—,s = 1777t,w = 1} a.CS' {30 <s<t: Gs,t,mns,s = 1777t,w = LEGS,t,w} .

Now for all sufficiently large n (such that {x} US C B,) and arbitrary 0 < s < ¢, it is
easy to deduce from [GROWTH] and [DESTRUCTION] in Definition I that B,-forest-fire

processes satisfy

PG, . ns=1mn, =10G, ] =0

s,t,w

The result therefore follows from Lemma B. OJ

2.3.3 A Markov-type property of the limit process

Let (Fi)>0 be the completion of the canonical filtration of the limit process
(Mt,2> Gt.2) 0.2 1-€- Ft is the completion of the o-field

o ((ns,z, Gs.):0<s<tze E)

generated up to time ¢ > 0. As is customary, if 7" is a stopping time with respect to (F;)¢>o,
we define the o-field up to time 7" by

Fri={AcA:(Vt>0:AN{T <t} e F)},

where A is the full o-field introduced in the paragraph below Lemma B. Then the limit
process satisfies the following Markov-type property:

Lemma 8. Let T be a stopping time with respect to (Fi)i>0. Then for all A € Fr
P [(Grit: — Gr2)isoserm € T <00, Al =P [(Gr2)psp.em € ] P < 00, A]

holds; in other words: On the event {T < oo}, the increments (Gris. — Gr.)is0, 2 € H,
of the Poisson processes after time 1" are independent of the o-field Fr and are again
independent Poisson processes.

Proof. This is proved analogously to Lemma 19 in [Diir06al|. O

2.3.4 Non-existence of infinite clusters

The aim of this section is to prove Lemma [, which states that a.s. there do not exist
infinite clusters in the process (1:2),5¢ .-
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Lemma 9. For allt >0, z € H and R € N we have
P[{we G, : Imw = R}| = o] =0;

in other words: For any fixed time t there a.s. does mot exist a cluster which contains
infinitely many sites with the same distance R from OH.

Intuitively, the reason why Lemma 8 should hold is the following: Suppose that the
cluster C; ., contains infinitely many sites w with distance Imw = R from JH. Lemma
B and the fact that the paths of the limit process are a.s. piecewise constant and cadlag
imply that a.s. the cluster Cy . persists during time [t,¢ + €] for some ¢ > 0. However,
for any € > 0 there a.s. is a growth sequence within [¢,t + €] from one of the sites w with
Imw = R down to the boundary 0Hl, which causes the cluster at z to be destroyed before
time ¢ + € - a contradiction. We now make this argument rigorous.

Proof. Let t > 0, z € H and R € N. We abbreviate
Ei, ={{weC,:Imw=R}| =o0}.

On the event E; ,, let (W},)rez be a disjoint enumeration of the sites w € C; , with Imw = R.
Moreover, for w € H and s > 0, v > 0 let

V-GROWTH-SEQ(w, 5,7) := {Vj e{1,....Imw)}: Gﬁﬁwhrgwwﬂi}
denote the event that there is a vertical growth sequence from the site w—i to the boundary
OH between times s and s 4+« (with the jth growth event between times s + IJIITIIU,Y and
s+ loyforj=1,..., Imw).

Since the paths of the limit process are a.s. piecewise constant and cadlag, we have

Et,z a.CS. {Et,27 de € Q N (07 OO) S Mittte],z = 17 [: Gt,t+e,z} .
It therefore suffices to show
P [Et,in Nit,t+el,z = 17 C Gt,t+6,2:| =0 (25)

for arbitrary € > 0.
So pick € > 0. Lemma B implies that conditional on E;, (we can assume P[E;,] > 0
without loss of generality), the events V-GROWTH-SEQ(W}, t,€), k € Z, are independent

with
P [V-GROWTH-SEQ(Wy, t, €)| B .] = P [V-GROWTH-SEQ(iR, 0, €)] > 0
for all k£ € Z. We therefore conclude from the Borel-Cantelli lemma that

E; . < {E; ., V-GROWTH-SEQ(W},t, €) for infinitely many k} (2.6)
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holds.

For the moment, let k € Z be fixed. Considering the first R — 1 growth events (in H)
of the event V-GROWTH-SEQ(W,,t,¢) and applying Lemmas B and B repeatedly, we see
that

{Et,z7 Nit,t+e,z = 17 E Gt,t-‘re,zv V_GROWTH_SEQ(WIW ta 6)}

- {Et,z,vs elt+ etted:We—(R—1)ie C} (2.7)
———

=Re Wk +1

However, considering the last growth event (in OH) of the event V-GROWTH-SEQ (W}, ¢, €)
and using (Z77) and Lemma [, it follows that

{Et,z7 Nit,t+el,z = 1, C Gt tres V—GROWTH—SEQ(Wk7 l, 6)}

2.8
e,t—i—e]:ns,Z:O}. (28)

a.s

C. {Et,z,fls € [t+

Since the condition 3s € [t + £-te,t + €] : 1. = 0 on the right side of (Z8) contradicts the
condition 7y 4.,. = 1 on its left side, we conclude that

P [Et,za Nt t+el,z = 17 E Gt,t+€,Z7 V’GROWTH'SEQ(Wka t? 6)} =0 (29)

for all k € Z.
Equation (23) is now a direct consequence of (Z8) and (29). O

Definition 4. For ¢t > 0 let V; € Ny U {oo} denote the number of infinite clusters in the
configuration (7;.),cq-

Lemma 10. For allt > 0 we have P [N, = 0] = 1; in other words: For any fized time t
there a.s. does not exist an infinite cluster in the configuration (1 .),cx.

Intuitively, the reason why Lemma M should hold is the following: Due to the
translation-invariance [TRANSL-INV] of the limit process we expect V; € {0,1, 00} a.s. If
N; = 1, then the translation-invariance implies that a.s. there exists R € N such that there
are infinitely many sites w with Imw = R in the unique infinite cluster at time ¢, but this
is ruled out by Lemma H. On the other hand, if V; = oo, then the translation-invariance
implies that a.s. there exists R € N such that there are infinitely many infinite clusters
with distance R from OH at time ¢. But due to the translation-invariance and the limited
amount of space these clusters must be very close to one another. Using this observation
and the fact that the paths of the limit process are a.s. piecewise constant and cadlag, we
find that a.s. there exists € > 0 such that by time t + ¢, the above-mentioned clusters have
grown together to form one infinite cluster containing infinitely many sites with distance
R from OH. Yet once more, this is ruled out by Lemma H. It should be noted that the
classical Burton-Keane argument to rule out the case N; = oo cannot be applied here
because we work on the half-plane H and not on Z?, and because the translation-invariance
[TRANSL-INV] only holds in the z-direction. We now make the above heuristics rigorous.
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Figure 2.2: A visualization of the event A, and the associated random variables Rﬁx,

h
Dt,x

Proof. Let t > 0. In the following, for a subset S C H we write
dist(S, OH) := min {Imw : w € S}

for its vertical distance from JH. Let us call a site z € H the rightmost lowest point of its
cluster C; . (hereinafter abbreviated by z = RLP(C; ,)) if

e Im z is minimal in C; ., i.e. Imz = dist(C ., OH), and

e Rez is maximal among all w € C;, with Imw = dist(C} ., OH).

Lemma O implies that a.s. every non-empty cluster in the configuration (7;.),.g has a
rightmost lowest point, so that

{N,>1} € {3r € Z3y e N: x+iy = RLP(Cratsy), |Crasiy| = 00} .
Let y € N be fixed, and set
Ay i=A{x +1iy = RLP(Cigtiy), |Cratiy| = 00}

for all x € Z. Due to the translation-invariance [TRANSL-INV] of the limit process we
have P[A; ] = P[A;] for all x € Z, and it thus suffices to prove P[4;,] = 0.

Step 1: Using the translation-invariance [TRANSL-INV] of the limit process again, we
see that for all z € Z

Az c {A,, for infinitely many u € Ny} (2.10)
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holds by the Poincaré recurrence theorem (see e.g. [Shi95], Section V.1, Theorem 1). Since
the rightmost lowest point of a cluster is unique (if it exists), (Z10) in particular implies
that on the event A, ,, there a.s. exist infinitely many infinite clusters at time ¢ which are
to the right of the cluster C,,4;, and have vertical distance y from OH. For x € Z and
integer h > y, on the event A; ,, let

R}, =max{r € Z:r+ih € Cyayy} +ih

be the rightmost point of the cluster C; 4, at height h, and let
DZSE = mln {d € N : ‘Ct,R?I‘Fd’ - OO,diSt(Ct’R?Ier, aH) — y}

be the horizontal distance from R}, to the “next” infinite cluster with vertical distance y
from OH. On the event A, ,, RZI and DZr are a.s. well-defined because obviously

Ay € {Ap Yh > y3r € Z:r+ih € Cpapiy}

holds, and because of Lemma 8 and the observation below equation (EZ10). See Figure 222

for a visualization of the event A;, and the associated random variables Rﬁx, Dﬁx. The
aim of Step 1 is to prove that
a.s. . h
A, C {Am,hmmf Dy, < oo} (2.11)
h—o0 ’

holds for all z € Z.
Suppose that (EI) is not true. Then there exist sequences (cj)n>y and (dp)p>y of
natural numbers with dj, 1 oo as h — oo such that the events

By ={As,Yh>y: |ReR}, — x| < ¢, DP, > dy}

have positive probability for all x € Z. (Of course, the translation-invariance [TRANSL-
INV] of the limit process implies P[B;,] = P[B;] for all z € Z.) From the translation-
invariance [TRANSL-INV] of the limit process and the Birkhoff ergodic theorem (see e.g.
[Shi95], Section V.3, Theorem 1) we thus deduce that there exists 8 > 0 such that

n—1
P Z 1g,, > fn eventually as n — oo| > 0.

=0
On the event {Zz;é 1p,, > pn eventually as n — oo}, for large n the sites iy, 1 +
iy,...,(n — 1) + iy are part of at least [fn| different infinite clusters for which the
following holds: For h > y their rightmost points at height h are all contained in the
interval [—cy, (n — 1) + ¢] +ih and have at least horizontal distance dj, from one another.
Hence the horizontal distance between the right-most points at height h of the first and
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the [pn]th cluster is less than n + 2¢;, but greater than or equal to ([fn] — 1)dp. In
particular, it holds that

—1 2
[Brl =1, o1 20
n n

Letting n — oo, we obtain Sd, < 1 for all h > y. But since § > 0, this contradicts the
condition that dj, 1 oo for h — co. We have thus proven (EZI).

Step 2: We now prove P[A; ] = 0. Let € > 0 be arbitrary; since the paths of the limit
process are a.s. piecewise constant and cadlag, it suffices to show

P [At,m Mt t+eiy = 1, C Gt,t+e,iy} =0.
In fact, we will prove

{At,Ou Nt t+e) iy = 178Gt,t+e,iy} - {H{w € Ciieiy - Imw = y}| = oo}, (2.12)

and the latter is a null set by Lemma 8. Let K € N be arbitrary; the inclusion (212) then
follows if we can show

{ Ao, Mitt+eiy = 1,CGrppeiy } C {l{w € Craesy : Imw = y}| > K} . (2.13)
On the event A, we recursively define
X1:=0, 2, :=1y
and for k > 2
Xy :=min{z > X1 : 14, =1}, Zp := Xj, + iy,

which is a.s. well-defined by (2710). Informally speaking, for k € N, C; z, is “the kth infinite
cluster with distance y from 0H”, where we count clusters from left to right, starting with

the cluster at iy. Since the paths of the limit process are a.s. piecewise constant and cadlag,
and because of (Z1), we have

At70 C {At,07 Elg - Q N (0, 6), Eld € NVk' € {1, Ce ,K} . 77[t,t+€],Zk+1 = 1, E Gt,t—‘r%,Zk_H;
lim inf Dy, < d}.
So let 0 < € < € and d € N be arbitrary. For the proof of (Z13) it then suffices to show

{At,m Mt,tteliy = Ls C G tteiy, VE € {1,...,K}: Mtt+d, Zor = 1 C Gt,t+€,Z;€+1a

‘ (2.14)

liminf D}y, < d} C{{w € Criesy : Imw =y} > K} .
—00 ’
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During the next two paragraphs, let & € {1,...,K} be fixed. On the event
{At,07 li}gn inf D" x, < d}, we recursively define
—00 ’
Hyq = min{h >y DZXI@ < d}
and for [ > 2
Hk7l = mln{h > Hk,l—l : DZXIC < d} .

(This is well-defined since D}y is integer-valued.) Then for I € N, Rf’[ x, 1s the “Ith

rightmost point of the cluster C; 7, whose horizontal distance to the cluster C} z, | is less
than or equal to d”, where we count these points from bottom to top. Moreover, for w € H,
ceNand s>0,v>0let

H-GROWTH-SEQ(w, ¢, 5,7) := {vj' e{l,....c}: G,

T’%S_"%'Y)w'i'j }

denote the event that there is a horizontal growth sequence from the site w + 1 to the site
w + ¢ between times s and s + v (with the jth growth event between times s + j%lfy and
s—i—%v forj=1,...,¢).

Lemma B implies that conditional on A; (we can assume P[A;o] > 0 without loss of
generality), the events H—GROWTH—SEQ(RS x.»d,t,€), 1 € N, are independent with

3 [H-GROWTH-SEQ(RS}L, d.t, g)‘ Am] — P [H-GROWTH-SEQ(4, d, 0,8)] > 0
for all | € N. We therefore conclude from the Borel-Cantelli lemma that
Ay & {At,o, H-GROWTH-SEQ(R,'', d, t,é) for infinitely many z} (2.15)

holds.
But for any fixed numbers Iy, ..., lx € N repeated applications of Lemmas B and B yield

{At,(b Nt t+e)iy — 1, C Gt,tJre,z'ya Vk € {1; e 7K} SN[t t4E), 2 — 1, C Gt,t+€,Zk+17
lim inf D'y, < d, H-GROWTH-SEQ(R, £, d, 1, g)}
—00 ’ ’
K+1 (2.16)
C {At,o,CtJre,z’y D) U Ot,Zk}
k=1
C{{w € Cryesy : Imw =y} > K +1}.
Equation (Z14) is now a direct consequence of (Z13) and (Z18). O

Lemma 11. We have P [Vt > 0: N; = 0] = 1; in other words: A.s. there does not exist an
infinite cluster in the configuration (n.),cq for any time t > 0.
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Proof. Using the fact that the paths of the limit process are a.s. piecewise constant and
cadlag, and then applying Lemma B, we obtain

{Elt Z 0: Nt 2 ].} a.CS. {Ht Z 0dzeHde >0: |Ct7z| = OO, Nt t+el,z = ]-aCGt,t—i-s,z}

€ {3t>032 €H3e>0:[Cha| = 00,Yw € Clz t fypiqu = 1}
c{3teqQi:Ni=1}.

Since the set Q is countable, the last event is a null set by Lemma [T. O

2.3.5 Infinite clusters in the left-sided limit

The aim of this section is to prove Lemma I8, which states that a.s. clusters in the process
(1t,2)¢>0..cm are destroyed if they are about to become infinite. We start with the following
weaker version of this statement:

Lemma 12. For all z € H we have
P [Elt >0 ’Ct_72| = oov[:Gt—,t,zant,z = 1} = 07‘

in other words: A.s. if the left-sided limit of the cluster at z is infinite at some time t, then
the site z gets destroyed at time t unless there is the growth of a tree at z at time t.

Proof. Let z € H. Since a.s. |C; .| < oo holds for any time ¢ > 0 (Lemma [) and since
the paths of the limit process are a.s. piecewise constant and cadlag, it follows that
{Elt > 0 . |Ot*,z| = OO7EGt7,t,Zant,z = ]_}
a'CS. {Elt > 0: ‘Ct—,zl = 007CGt—,t,Z7nt,z = 1, Jw € Ct_,z CMtw = O}
C{30<s<t:0Cum-=1,3we Cs iy =0}.

But the latter is a null set by Lemma B. [
Lemma 13. (i) For all z € H we have

P [EIO <s<t:|Cs .| =00,|C | = oo,UGsf,t,Z] =0; (2.17)

in other words: A.s. if the left-sided limit of the cluster at z is infinite at some time

s, the left-sided limit of the cluster cannot be infinite at some later time t > s unless
there is the growth of a tree at z in the time interval [s,t].

(it) For all z € H the set {t > 0: |Ci- .| = oo} of times at which the left-sided limit of
the cluster at z is infinite a.s. has no accumulation points.
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Proof. Let z € H. Lemma 2 and the property [GROWTH] (ii) of the limit process (see
Lemma @) imply
{30 <s<t:]Cs .| =00,|Ct- .| =00,0Gs 4.}

c {EIO <s<t:n,.=0,0G,., |Cy- .| = oo}

aé. {ElO <s<t: T][S,tLZ = 0, |Ct—,z‘ = OO} .
But since the conditions 74, = 0 and |Cy- .| = oo in the last event obviously contradict
each other, we conclude that (217) holds indeed.

It now follows from (ZI7) that a.s. if the set {t > 0 : |C}- .| = oo} has an accumulation

point, then the set {¢ > 0: G;-; .} of times at which a tree grows at the site z also has an

accumulation point. But since (Gy.)¢>0 is a Poisson process, this happens with probability
ZE€ro. O

For z € H, we recursively define 7j , := 0 and for £ € N
Ty, :=inf {t > Tj—1 . : |C4- .| = 00} € (0, 00].
Lemma [3 (ii) implies that a.s. the inclusion
{t >0:|Cs- .| =00} C{T}.: keN} (2.18)

holds. This allows us to treat the issue of infinite left-sided clusters at z by considering
the countable sequence of random times 7} ., & € N. In fact, these random times are
predictable stopping times with respect to the filtration (F;);>o introduced in Section
P33, where predictability is defined as follows:

Definition 5. A stopping time 7" with respect to (F;);>o is called predictable if there
exists an increasing sequence (7,),en of stopping times with respect to (F;)>o which a.s.
satisfy T,, T T for n — oo and T,, < T for all n € N. In this case, the sequence (7},)nen is
said to announce the stopping time 7.

Lemma 14. For all z € H and k € N, T}, . is a predictable stopping time with respect to
(Fi)iz0-

Proof. Let z € H and k € N. Then Ty, , is obviously a stopping time with respect to
(Ft)t>0- We now prove that 7} . is announced by the sequence

Tk:,z,n = inf {t > Tk—l,z : |Ct,z’ > n} AN, n € N.

Clearly, for each n € N, T}, . ,, is a stopping time with respect to (Fi)e>0, which a.s. satisfies
Thom < Tk» aind Tk zn < Tk 2nt1. Consequently, the limit T}, . := lim,, oo T} ».n €xists a.s.
and satisfies T}, , < T}, , a.s. From the latter we deduce that

Thz =T} . a.s. on the event {Tm = oo}
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holds. On the other hand, the definition of 7} . ,, Lemma [ and the fact that the paths
of the limit process are a.s. piecewise constant and cadlag imply that for all n € N

{T]ﬁz < OO}

a.s.

C {Tkz < 00,3ds € [O,Tk,z) | Cs.| > n,Vt € [S,Tk,z)Vw € Hy(2) : = 77571”}
holds, where H,(z) := z + [-n,n]* NH. Since n is arbitrary, this yields
{Tkvz < oo} c {Tk,z <00, |Cs- | = oo} : (2.19)

Moreover, since a.s. no two growth events occur at the same time, Lemma [ in particular
shows that on the event {Tk,z < oo}, we a.s. have |Crg,_, .| <1 and hence Tk,Z > Tho1z
We can therefore conclude from (2719) that

Tk,z =T}, . a.s. on the event {Tkz < oo}

holds, which completes the proof of the lemma. O]
The Markov-type property stated in Lemma 8 now implies the following:

Lemma 15. (i) Let T be a predictable stopping time with respect to (F;)i>0. Then for
all z € H we have

P [T < 00, GT*,T,Z] =0. (220)
(i) For any w € H, z € H it holds that
P [Elt >0: |Ct7,’w‘ = 00, thﬂf’Z] = 0.

Proof. Part (i): Let T be a predictable stopping time which is announced by some sequence
(T))nen of stopping times. Let z € H. Pick € > 0 arbitrary. Then the definition of
predictability yields

P [T < 00, GT*,T,Z] = lim P [T < OO,T -1, < €, GT*,T,Z] .

n—oo

Fixing n € N, we obtain

PT<o00,T—T,<¢€Gr-r,] <P[T <00, T—T, <é€Gr,n+te:
S P [GTn,Tn+€73]
=P [GO,G,Z] =1- 676,

where we used Lemma B for the penultimate equality. It thus follows that

P [T < 00, GT—,T,Z] <l-—e"
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Since € > 0 is arbitrary, this proves equation (2-20).
Part (ii): Let w € H, z € H. Equation (ZI8) implies

{36 > 01 [Corul = 00, G2} € I €N Thy < 00, Gy}

But the latter is a null set by part (i) because Ty, is a predictable stopping time for all
k € N by Lemma [4. O]

We have thus proved that the limit process a.s. satisfies the second half of [DESTRUC-
TION] (i) in Definition B:

Lemma 16. For all z € H we have
P[3t>0:|Ci.| =00,m,.=1]=0;

in other words: A.s. if the left-sided limit of the cluster at z is infinite at some time t, the
site z becomes vacant at time t.

Proof. This is an immediate consequence of Lemma 2 and Lemma I3 (ii). ]

2.3.6 Completion of the proof of Theorem [

We next prove that the limit process (17:., Gt.2)y>0 .c @8- satisfies [DESTRUCTION] (ii)
in Definition B:

Lemma 17. For all z € H we have
P [Elt >0: nt_,z > Nezs |Ct—,z| < OO,\V/U - ((9C't—7z N aH . [:Gt—,t,u} = 0,'

in other words: A.s. if the site z becomes vacant at some time t and its cluster was not
about to become infinite at time t, its cluster must have grown to the boundary at time t.

Proof. The following argument is similar to the proof of Lemma 23 in [Diir06a|. Let z € H.
As in Lemma @, let Ci* denote the (countable) set of all finite connected subsets of H which
contain the site z. Then the relation

{Elt >0 U > Nz, ’Ct_,z| < OO,Vu € 80,5—72 NOH : BGt‘,t,u}

- U {Elt >0: M=z > Ntzs Ctjz = S, Yu € 0SNOH : BGt*,t,u}
SeCfin

C U {Elt > 0: DS,t,Z}
SeCfin

holds, where we abbreviate

Dg,., = {”t—,z > N, Vw € 0S i = 0,Yu € S NOH CGt—M} )
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So let S € C™; it then suffices to show P [3t > 0: Dg,,] = 0. We distinguish whether or

z )

not at time ¢ there is the growth of a tree at some site in 9S N H and thus obtain
{3t >0:Dg;.} = As. U Bg,
with
Ag. ={3t>0:Dgy., Vo€ dSNH:0G,,},
Bs, ={3t>0:Dgy,, e dSNH: Gi-1,}.

We first consider the event Ag,: Since the paths of the limit process are a.s. piecewise
constant and cadlag, and since the set 05 is finite, it follows that

Ag. CHI0< s <t:mes >, Yw €S 1w = 0,0 Gy}

Now for all sufficiently large n (such that SUAJS C B, where the boundary 95 is taken in
H) and arbitrary 0 < s < t, it is easy to deduce from [GROWTH]| and [DESTRUCTION]
in Definition 0 that B,-forest-fire processes satisfy

P [nzz >77§Z,Vw eas:nngo,[:e” ] =0.

s, t,w

Hence Lemma B yields P[Ag .| = 0.
We now consider the event Bg.: Resorting to Lemma [3 (ii), we obtain

Bs. C {3t >0:Dg;., 30 € 9SNH: Gy p, Vo € H: |Cpu| < 00}
c{3t>0: Dy 30 €0SNH: Gy, 35 €1 8 = SULIU | Coa}
zed{v}

c Y Gt>0n-.>n.Vweds n-u =030 : G yo}
S'eCfin

a.s

C. U {Elt >0: M- 2 > nth,Vw € 85’, M= = OaﬂGt*,t,w Jv € S/ . Gt*,t,’u}
S’eCfin

C U AS’,z;

S'eCfin

where in the penultimate step we used that a.s. no two growth events occur at the same
time. So the above implies P[Bg.] = 0. O

Finally, we show that the limit process also a.s. satisfies GROWTH] (i) in Definition B:
Lemma 18. For all z € H we have
P [Elt >0: Gt77t7z7nt,z = 0] = O;

in other words: A.s. if a tree grows at the site z at some time t, then the site z is occupied
at time t.
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Proof. The argument to come is similar to the proof of Lemma 24 in [Diir06a4]. Let z € H.
Then the following inclusions hold:

{3t >0:Gi-4.,m. =0}
< {3t>0:Gym =0,Vw e H\ {2} : CGy- 10, |Ch- | < 00}
< {3t>0:Gpzm = 0,Yw € {2} : -y = s C G 10}
CH{A0 < s <t:Guperte = 0,%w € {2} : Ny = M, C Gy} -

Indeed, the first inclusion follows from Lemma I3 (ii) and the fact that a.s. no two growth
events occur at the same time, the second inclusion is a consequence of the properties
[GROWTH] (ii) and [DESTRUCTION] (ii) in Definition B (which have already been proved
for the limit process in Lemmas @ and [1), and the third inclusion is due to the fact that
the paths of the limit process are a.s. piecewise constant and cadlag. (The case w € OH in
these events is somewhat separate but trivial due to the zero boundary condition proved in
Lemma @.) Now for all sufficiently large n (such that {z}Ud{z} C B,,, where the boundary
0{z} is taken in H) and arbitrary 0 < s < t, it is easy to deduce from [GROWTH]| and
[DESTRUCTION] in Definition 0 that B,,-forest-fire processes satisfy

P [Gg,tyz,nlfz =0,Vw € 0{z} : New = Mws Cagnr

s,t,w

|=o.
The result therefore follows from Lemma B. O]

Lemmas [, B, @, [@, I8, 1 and I8 combined thus provide the proof of Theorem M.

2.4 Proof of Theorem

Throughout this section, let (1., Gy.2)is¢ .cm be an H-forest-fire process (see Definition B),
let (0¢.)1>0.cw be the associated pure growth process defined by equation (22), and let
(Yi2)i>0zcom be the heights of destruction of the process (7., Gi2)i0.¢m (see Definition
B). As we already noted in Section 21, for fixed ¢ > 0 the distribution of o, := (042) em 18
independent site percolation on H, where each site is open with probability 1 — e~?.

In the following, it will also be convenient to consider independent site percolation
on the whole lattice Z*. So for ¢t > 0, let & := (&..).cz2 be distributed according to
independent site percolation on Z?2, where each site is open with probability 1 — e~t. We
realize both (7; 2, Gt )>0.cw and &, t > 0, on a probability space (£, A, P).

A key concept for the treatment of site percolation on the square lattice Z? is the so-
called matching lattice Z?*, which is obtained from the square lattice Z? by adding diagonal
edges to all faces in Z2. In this way, certain statements about open sites on the square
lattice Z? can be reformulated as statements about closed sites on the matching lattice
Z?*; see |Gri%9|, Section 3.1, for more details. We therefore extend our terminology as
follows: Let W be a subset of Z? and let o := (qy)wew € {0,1}" be any configuration
on W. Let Z?,1 denote the subgraph of the square lattice Z? induced by the vertex set
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{w € W : a, = 1}. Then by a 1-path in the configuration o we simply mean any path
on the graph Z?|, ;. Similarly, let Z**|, o denote the subgraph of the matching lattice Z**
induced by the vertex set {w € W : o, = 0}. Then a 0%-path in the configuration « is
simply any path on the graph Z**|, .

For w € Z% and n € N, let

By(w) :=w+ [-n,n]*NZ* = {z € Z* : |Re(z — w)| < n,|Im(z — w)| < n} (2.21)
denote the box with centre w and radius n, and let

Sp(w) :={z € Z* : |Re(z — w)| = n, | Im(z — w)| < n}
U{z €Z”:|Re(z —w)| < n,|Im(z — w)| = n}

denote the inner boundary of that box. For later reference we also define the left side
Ly(w) :={z € Z’ : Re(z —w) = —n, | Im(z — w)| < n} (2.22)
and the right side
R,(w) :={z € Z* : Re(z — w) = n, |Im(z — w)| < n} (2.23)

of the box B, (w).
We will need the following two well-known results from percolation theory:

Correlation length. For all £ > ¢, the “inverse correlation length”

((t) = lim log P [&; contains a Ox-path from 0 to S, (0)]

n—oo —n

is well-defined and positive, and there exist universal constants p, o > 0 such that
pn~temeOn < P ¢, contains a Ox-path from 0 to S,(0)] < one <®n (2.24)

holds for all ¢t > ¢, and all n € N (see [Gri99], Section 6.1, for instance®). We will only use
the left inequality in (2224).

Percolation on subsets of the half-plane. Let ¢t > t.. Define the bijective function
hy @ [e,00) — [ﬁ,oo) by

1
he(y) == oD (logy + 3loglogy), y > e, (2.25)

4In this reference the statement is proved for independent bond percolation on Z2 but the proof is
identical for independent site percolation on Z2.
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and let g; : [%, o0) = [e,00) be its inverse function. Extend g; continuously to [0, c0) by
setting

1
= 0< —_—
gi(z) :==e, <z< 0

(The specific way of the extension is immaterial.) Then

P [(0t7$+iy)x207y29t(x) contains an infinite Cluster} =1 (2.26)

holds; in other words: A.s. the restriction of o; to the area {x +iyeH:2>0,y > gt(:z:)}
(endowed with the edges inherited from H) contains an infinite cluster. A more detailed
account of this topic can be found in [Gr199], Section 11.5, or in the original papers [Gri83],
[CCR6]°.

Remark. A closer look shows that the core of the proof of Theorem B only relies on the
following weaker versions of equations (2224)) and (2228): For all ¢ > t.. there exists a(t) > 0
such that for all n € N

P [¢, contains a Ox-path from 0 to S,(0)] > e~®"
holds and there exists b(t) > 0 such that
P [(at,eriy)xZO,yZeb(t)z contains an infinite cluster] =1

holds. However, if we used only these equations, the statements of some of the lemmas to
come would have to be weakened accordingly, e.g. the width of the semi-infinite tube in
Lemma PO would then also depend on t.

As a direct consequence of (2228), we deduce the following lemma:

Lemma 19. Fort > t. define the function f; : (0,00) — (0,00) by

) = 1 ec(t)a: T
fi(z) == —(C(t)z)g ) > 0.

Then for all t > t. we have
P [Yi. > fi(x) for infinitely many v € N] = 1. (2.27)

Proof. Let t > t.. From equations (Z4) and (Z228), together with the fact that the config-
uration (7.),cp a.s. does not contain an infinite cluster, we conclude

P [Y;. > g:(x) for infinitely many = € N] = 1.

5Again, in these references the statement is proved for independent bond percolation on Z? but the
proof carries over to independent site percolation on Z? when duality of lattices is replaced by matching
of lattices.
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It is therefore enough to show that g,(z) > fi(x) holds for all sufficiently large = € N.
Indeed, the definition of ¢; (below (2223)) yields

T = %(loggt(x)+310gloggt(x)), x> Tlt)’

and applying f; on both sides of this equation gives

log g:(x) ’ 1
@) w0 gy

filz) = (log gi(z) + 3loglog g

Since ¢i(x) > e for x > %, we have

log g () )3
<1, z > ,
<10g g¢(z) + 3loglog gi(z) ) — c(t)

which completes the proof. n

The first inequality in (E224) also implies the following:
Lemma 20. Fort >t,. and x € N let
Tho = [32,22] x [1fi(z),00) NH

be the semi-infinite tube with vertical midline at x, width 2|2 | and starting height [ f,(z)],
and let

Dy, = [%x, %x] X {[%ft(xﬂ} N H
be its baseline. Additionally, let
PATH-IN-TUBE, , := {3y > fi(x) : 01 contains a 1-path from = + iy to D, within T} .}

be the event that in the configuration o, there exists a site with real part x and tmaginary
part at least fy(x) which is connected by a 1-path to the baseline Dy, within the tube T; .
Then for all t > t. we have

P [PATH-IN-TUBE, , for infinitely many x € N| = 0. (2.28)

Proof. Let t > t. and x € N. As depicted in Figure P23, we partition the tube T}, up
to height f;(z) into disjoint boxes of radius |[] such that adjacent boxes have vertical

_rlf(z
distance 1. Let K;, := L%J be the number of these boxes, and for k €
4
{1, e Kt,x} let

Zton =+ ([3fi(@)] + 2k - D[] + (k- 1))
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Ty x
|
ft(l’) T-————"E=—=1
—+ Bz (2t0,x0.)
—+ Bz (2t23)
——
—+ Bz (2t22)
T BL%J(Zt,x,l)
[5fi(x)]{----- | |
| |
| |
| |

-3l * z+[%)
Figure 2.3: Partition of the tube 7}, into K, boxes

be the centre of the kth such box. Recalling the notation introduced in equations (E221),
(I=22) and (2723), and passing from the lattice Z* to the matching lattice Z**, we obtain
P [PATH-IN-TUBE, ,]
<P [Vk € {1,...,K;,}: o contains no Ox-path from Lz (2tak)
to R\.fj (Zm,k) Within B\.%J (Zt,;v,k)]
Kt,z

= (1 —-P |:§t contains a O*—path from LL%J (0) to RL%J (0) within BL%J (0)]) .

Now an argument similar to the proof of Theorem 11.55 in [Gri99] gives

P [ft contains a O*-path from Lz (0) to Rz (0) within Bz (O)]

>P [§t contains a O+-path from L= (0) through 0 to R z(0) within Bz (O)}

1 2
> (Z P [St contains a 0%-path from 0 to S|z (0)})

1 1 .
> L L)
167 [§]?

_4e(t)

29(6 6“’”) for x — oo.
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Here the second inequality is obtained by an application of the FKG inequality, the third
inequality is a consequence of (Z224), and in the last inequality we use Landau notation.
In addition, it is evident from the definition of K, , that

5c(t)
Kt,x29<e6x> for z — oo

holds. From all this we conclude that P [PATH-IN-TUBE, .| decays at least exponentially
for x — oo, in particular

> P [PATH-IN-TUBE,,| < o0

=1
holds. Equation (Z28) therefore follows from the Borel-Cantelli lemma. O

In Lemma I3 we saw that for any time ¢ there are a.s. infinitely many = € N with
Y. > fi(x). Very roughly speaking, we now want to prove that if Y;, > fi(z) holds for
some x € N, then for all Z of order x the corresponding height of destruction Y, ; is also of
order at least f;(z), i.e. there cannot be “large fluctuations” in the heights of destruction
at time t. The precise statement is as follows:

Lemma 21. Fort >t. and x € N let

LARGE-FLUCT;, :={Y;, > fi(z),3z1,20 € N: 30 <2y <z <z < 21,
Yt,a:1 < %ft(x)7}/t,zg < %ft('r>

denote the event that the height of destruction at x up to time t is at least fi(x) but there
exist %x <ri<zer<az< gx such that the height of destruction at x1 and xo up to time t
is less than % fy(x) (see Figure Z4). Then for all t > t. we have

P [LARGE-FLUCT;, for infinitely many x € N] = 0. (2.29)

Proof. Let t > t. and x € N. We are going to prove

LARGE-FLUCT,, C PATH-IN-TUBE,, , (2.30)
from which equation (E29) follows by Lemma PO.  So assume that the event

LARGE-FLUCT,, occurs. Then by the definition of the height of destruction,
there exist y > f;(x) and 0 < s <t such that

Ns— a+iy = 17 Ns,x+iy = 0

holds. According to the property [DESTRUCTION] in Definition B, this means that one
of the following two cases occurs:

Case 1: |Cs= 414y| = 0.

Case 2: Cy- 44y contains a site in OH + 7.
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£LI'1 Xz ZIL'Q
Figure 2.4: A visualization of the event LARGE-FLUCT, ,,
However, the condition Y;,, < %ft(a:),Y;M < %ft(x) in the event LARGE-FLUCT, , im-
plies that all sites of the form x1+iy;, xo+iys with yq, v > %ft(x) cannot be part of Cy- ;1.

It is easy to see that a.s. in both cases this implies that the configuration (7,- ,), g contains
a 1-path which runs from x + iy to the baseline

(er,a2) x {[3 ()]} N H
within the half-infinite tube
(z1,22) X [3 fi(z),00) NH. (2.31)

(For case 1 observe that a.s. there exists v > y with 1,4, = 0 for all u € {x,21 +
1,..., 22} so that the cluster Cs- ., cannot stretch to infinity within the tube (2231).)
Since the tube (E23T) is a subset of the tube T}, and because of the basic inequality (233),
this proves the inclusion (2230). O

Lemmas [ and 21 enable us to prove the following lemma, which is only slightly weaker
than Theorem B:

Lemma 22. For allt > t. we have P [Y;g = oo] = 1.

Proof. Let t > t.. Suppose that the lemma is not true; then there exists y € Ny with
P [Yio =y] > 0. The translation-invariance of H-forest-fire processes ([TRANSL-INV] in
Definition ) and the Birkhoff ergodic theorem (see e.g. [Shi95], Section V.3, Theorem 1)
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imply that the sequence %Zz;é 1{v,.=y}, 7 € N, is a Cauchy sequence a.s. and that there
exists € > 0 such that the event

n—1
1
A=9=> Ly,=y > tuall —
{nz {Yi.=y} > € eventually as n oo}

=0

satisfies P[A] > 0. Consequently, on the event A there a.s. exists nyg € N such that for all
ni, Ny 2 No

ni—1 no—1

nil ; L¥io=u} — n% ; ltVio=p}| < %e (2.32)
and
=
- IZ:O Liv, o=y} > €
hold.

However, given ny on the event A, it follows from Lemmas I9 and 21 that there a.s.
exists n; > max{no, 8} such that for all z € {ny,...,ny + 2]}

1{th,m:y} - O
holds. With this n; and ng := ny + [ %] we obtain

1 ni—1 1 no—1 1 ni—1 ny
— 1 gy — — 1 gy = — 1 _ 1] —
2 Moy = D L = D Yoy ( s J)

which is opposed to (2232). Hence P[A] > 0 cannot hold - a contradiction. O

Theorem B is now an immediate consequence of Lemma 22: The translation-invariance
[TRANSL-INV] implies that we only need to consider the case x = 0 in Theorem B. Since
Yo is obviously monotone increasing in ¢, we have

{Vt > t.: Yig= o0} = {Vt € (t.,00) NQ : Y; 9 = o0}
so that
PVt>t.:Y,g=00] =1 (2.33)

follows from Lemma 2. Moreover, if 0 < t < t. and y € Ny, then the definition of the
height of destruction, the condition [DESTRUCTION] in Definition 2 and equation (E=3)
yield

{Yi0 >y} C {3v >y : o, contains a 1-path from iv to OH} .
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As a consequence of the exponential decay of the radius for subcritical independent site
percolation on Z2, the probability of the latter event decays to zero as y — oo so that

P[Y,o=o00] = lim P[Yio>y]=0

Yy—r0o0

holds for 0 <t < t.. Herefrom we readily deduce
PE0<t<t.:Y,o=00]=0 (2.34)

by a similar monotonicity argument as above. Equations (2233) and (EZ34) complete the
proof of Theorem B.






Chapter 3

Critical heights of destruction for a
forest-fire model on the half-plane

An article which closely follows this chapter has been uploaded on arXiv [Gralda| and
submitted to a journal.

3.1 Introduction and statement of the main result

In Chapter B we obtained a forest-fire model on the half-plane as a subsequential limit of
forest-fire models on finite-size boxes and analysed a corresponding collection of time- and
space-dependent random variables, the so-called heights of destruction. We proved that
the heights of destruction in semi-infinite tubes show a phase transition in the sense that
they are a.s. finite before a certain critical time and infinite after the critical time. In this
chapter we show that the heights of destruction in semi-infinite tubes and even in infinite
cones” are a.s. finite at the critical time - provided that two critical exponents of site
percolation exist. Since these exponents (equations (B1) and (BT2)) are currently only
known for the triangular lattice, we formulate the model on the triangular lattice, whereas
Chapter B uses the square lattice. In the present section, we give a self-contained account
of our result (Theorem B), in Section B2 we put this result in the context of Chapter B,
and in Section B23 we give the proof of Theorem B.
Let i = v/—1 denote the imaginary unit, let

T:= {k+lei7r/3 ke Z}
be the set of sites of the triangular lattice, let
C':={z€C:Imz>0}

be the upper half-plane and let T" := TN C" be the set of sites of the half-plane triangular
lattice (see Figure B). Note that according to our definition the relation Z C T" C C*

'In this chapter we generalize the concept of the height of destruction from vertical semi-infinite tubes
to arbitrary sets, see Definition [.
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holds, where Z can be interpreted as the inner boundary of T" in T. Two sites v,w € T
of the triangular lattice are said to be neighbours if their Euclidean distance is 1. For a
subset S C T" of the half-plane triangular lattice, we write

0S :={veT"\S:(Jwe S :vand w are neighbours)}

for the outer boundary of S in T". For a site z € Z, for example, we have 0{z} =
{z+ 1,048 x4 ¥/3 1 — 1},

In order to introduce some further notation, let V' € {T" T}, let (a,)vey € {0,1}V
and let j € {0,1}. A j-path in (a,).ey from a site y € V to a site z € V is a sequence
Vo, V1, - - . , vy of distinct sites in V' (where [ € Ny) such that the following holds:

® U =Y, U =z
e v is a neighbour of vy, for all k € {1,...,1};
o o, =jforal ke{0,...,10}.

If Y,Z C V are subsets, then a j-path in (a,),ey from Y to Z is simply any j-path in
(a)pey from asite y € Y to asite z € Z. Moreover, the cluster of a site y € V' in (av,)vev
is the set of all sites z in V such that there exists a 1-path in (ay)yey from y to z. If
a, = 0, then the cluster of y in (o, )yev is just the empty set.

Informally, the forest-fire model may be described as follows: Each site can be “vacant”
(denoted by 0) or “occupied by a tree” (denoted by 1). At time 0 all sites are vacant.
Then the process is governed by two competing random mechanisms: On the one hand,
trees grow according to rate 1 Poisson processes, independently for all sites. On the other
hand, if an occupied cluster reaches the boundary of the upper half-plane, the cluster is
instantaneously destroyed, i.e. all of its sites turn vacant. At the critical time ¢, := log 2
the process is stopped.

We now give the formal definition of the forest-fire model, which is similar to the
definitions in Chapter 2 and |Diir06a]. Here, if I C R is a left-open interval and I > ¢t —
ft € Ris a function, we write f;- := limgy f, for the left-sided limit at ¢, provided the limit
exists.

Definition 6. Let (7., Gt :)icfo.),.em be a process with values in ({0,1} x N[0t xT*

initial condition g, = 0 for z € T" and boundary condition 7,, = 0 for t € [0,t.],z € Z.
Suppose that for all z € T" the process (1., G- )teo,r] is cadlag. For z € T" and t € (0, t.],
let C}- . denote the cluster of z in the configuration (17— 4 )wern.

Then (9., Gt,z)te[O,tc],ze’]I‘“ is called a T"-forest-fire process if the following conditions
are satisfied:

[POISSON] The processes (G4 .)ico], 2 € TV, are independent Poisson processes
with rate 1.
[GROWTH] For all t € (0,t.] and all z € T" \ Z the following implications hold:

(1) Gt*,z < Gt,z = Ntz = 17
i.e. the growth of a tree at the site z at time ¢ implies that the
site z is occupied at time t;
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(i) m-. <M = G-, < Gy,
i.e. if the site z gets occupied at time ¢, there must have been the
growth of a tree at the site z at time .

[DESTRUCTION]| For all ¢t € (0,%.] and all z € Z, z € T" \ Z the following implications
hold:

(i) Gt*,a: < Gt@ = Yov € 8{35} Yw € Ct*,v M = 0,
i.e. if a cluster grows to the boundary Z at time ¢, it is destroyed
at time ¢;

(ll) N2 > Ntz = du € actfz NZ: Gt*,u < Gtﬂ“
i.e. if a site is destroyed at time ¢, its cluster must have grown to
the boundary 7Z at time t.

In order to construct a T"-forest-fire process, we start with independent rate 1 Poisson
processes (Gyz)icior.], 2 € T, on a probability space (€2, F, P), where F is the completion
of the o-field generated by (G.)icpo,.),-cme. We first consider the corresponding pure
growth process

Ot = 1{Gth>0}7 t e [O,tc], z e T,

on T", where 14 denotes the indicator function of an event A. For a fixed time ¢ € [0, ],
the configuration o}' := (0y.) e is simply independent site percolation on T", where each
site is occupied with probability 1—e~*. From the RSW theory we know that at the critical
time ¢, (where sites are occupied with probability 1/2), for all x € R we have

P [afc contains infinitely many disjoint 0-paths from Z_, to Z>x} =1, (3.1)
P

—

o, contains infinitely many disjoint 1-paths from Z, to Z>x} =1, (3.2)

where Z, := {2’ € Z: 2’ <z} and Z~, := {2’ € Z : 2’ > x}. Moreover, it is clear that if
a T"-forest-fire process (1;,z, Gt,z)iejo,t.),zem can be constructed from (G ;)0 )2, then
(04,2)tc(0,t.],zem dominates (1,:)ic(ot.],-eTe in the sense that

Ns,z S Os,z S Ot,2, 0 S S S 13 S tm z €T (33)

Equations (B) and (B33) imply that given (Gi.)icjo.),-cm, there exists a unique corre-
sponding T"-forest-fire process (1y,z, Gtz )icjo,t.],-em, Which can be obtained by partitioning
T" into a random collection of finite sets separated by O-paths in o and performing a
graphical construction on each of these sets. (Since (B) is only an a.s.-property, we may
have to change (GY.)tcjo.),-er on a null set to enable the described partitioning of T*
everywhere on €).) More details on graphical constructions of interacting particle systems
can be found in the book [Lig85| by T. Liggett or the paper [Har72| by T. Harris, who was
the first to apply this method.

In this chapter we analyse the total effect of destruction in the T"-forest-fire process up
to the final time ¢., which is quantified by the so-called heights of destruction:
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Figure 3.1: The half-plane triangular lattice T", a cone K¥ and three semi-infinite tubes
M (j=1,2,3).
Definition 7. For t € [0,¢.] and S C C", let

Y,(S) :==sup{Imz:2eSNT"3s € (0,t] : ns- . >ns.} VO (3.4)

be the height up to which sites in S have been destroyed up to time ¢ (where Y;(S) can
take values in [0, oc]). We call Y;(S) the height of destruction? in S up to time ¢.

Note that Y;(.S) is monotone increasing in ¢t and S in the sense that for ¢;,ty € [0, 1]
and S7, 95 C C" the implication

(t1 <ty A S1 CSy) =Y, (51) <Yi,(Ss) (3.5)
holds. We will study the height of destruction in cones of the following kind:
Definition 8. For x € R and ¢ € (0,7/2), let
K? = {z+ae¥ + be!™=?) s a, b > 0}

denote the infinite cone whose apex is © and whose boundary lines have angular directions
¢ and m — ¢, respectively (see Figure B).

Equation (B2) indicates that Y; (K¢) could potentially be equal to co. We prove that
this case a.s. does not occur:

2This definition is more general than Definition B in Chapter B. If for x € Z we define M, /% as in
Definition I below and ignore the difference in the underlying lattices, then the height of destruction Y; ,

of Definition B morally corresponds to the height of destruction Y; (M / 2) of Definition [@.
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Theorem 3. For all x € R and ¢ € (0,7/2) we have P [Y; (K¢) < oo] = 1.

Roughly speaking, Theorem B means that up to the final time ¢., the influence of the
destruction mechanism [DESTRUCTION] in Definition B is confined to areas close to the
inner boundary 7Z of the half-plane lattice T".

3.2 Extension of the model beyond the critical time

It is a natural question to ask how the forest-fire model and the corresponding heights of
destruction behave when we let the process run beyond the critical time ¢.. In this case
the local graphical construction above does not work any more so that we must first give
thought to the existence of such an extended process. In fact, it is not known whether a
process (1,z, Gt,2)ie[o,00),2cm satisfying Definition B for all ¢ € [0,00) exists. However, if
we additionally demand that clusters are also destroyed when they are about to become
infinite, then the extension does exist. This motivates the following definition:

x T
)

Definition 9. Let (1., Gi..)ie[o,00)2ee e a process with values in ({0, 1} x Np)[0>)
initial condition 7y, = 0 for z € T" and boundary condition 7, , = 0 for t € [0,00),x € Z.
Suppose that for all z € T" the process (1., Gt:)ic,0) is cadlag. For z € T" and ¢ €
(0,00), let C}- , denote the cluster of z in the configuration (17—, )wers.

Then (7., Gt.2)ic[o,00),2cm is called an extended T"-forest-fire process if the follow-
ing conditions are satisfied:

[POISSON] The processes (G- )tco,o0), 2 € TV, are independent Poisson processes
with rate 1.

[TRANSL-INV] The distribution of (m., Gy2)iefo,00),2cme 1S invariant under transla-
tions along the real line, i.e. the processes (1., Gt :)co,00),2cTs and
(Mt,24+1, Gt,2+1)1€]0,00),2em have the same distribution.

[GROWTH] For all t € (0,00) and all z € T" \ Z the following implications hold:

(1> Gt*,z < Gt,z = Ntz = ]-’
i.e. the growth of a tree at the site z at time ¢ implies that the
site z is occupied at time t;

(11> nt*,z < nt,z = Gt*,z < Gt,Z7
i.e. if the site z gets occupied at time ¢, there must have been the
growth of a tree at the site z at time .

[DESTRUCTION]| For all t € (0,00) and all x € Z, z € T" \ Z the following implications
hold:
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(i) (Gi-2 < Gip=Yv e d{z}Yw € Ciy : Ny = 0) A
(|G- 2] = 00 = Yw € Cy-, : Ny = 0),
i.e. if a cluster grows to the boundary Z at time ¢, it is destroyed
at time t, and if a cluster is about to become infinite at time t,
it is destroyed at time t;

(i) ne-.>m.= ((FuedCi- . NZ: G-, < Giy) V |Ci- .| = 00),
i.e. if a site is destroyed at time ¢, its cluster either must have
grown to the boundary Z at time ¢ or it must have been about
to become infinite at time ¢.

The existence of an extended T"-forest-fire process follows from Theorem 0 in Chapter 2:
There we showed that an analogous process on the upper half-plane of the square lattice Z?
exists, and the proof can be directly transferred to the triangular lattice. Conversely, it is
currently not known whether extended T"-forest-fire processes are unique in distribution.
This is the reason why we have included the translation-invariance property [TRANSL-
INV] in Definition B, whereas for the unextended T"-forest-fire process, the translation-
invariance is already implied by the uniqueness of this process. Since extended T"-forest-
fire processes are also dominated by the corresponding pure growth process, in which there
are a.s. no infinite clusters until the critical time ¢., the destruction of infinite clusters
in extended T"-forest-fire processes a.s. does not occur until ¢, i.e. [DESTRUCTION] in
Definition @ and [DESTRUCTION] in Definition B a.s. coincide until ¢.. (In fact, it is
unclear whether the destruction of infinite clusters in extended T"-forest-fire processes
ever occurs with positive probability.) Hence, if (1., Gt,z)te[o’oo)7ze’]fu is an extended T"-
forest-fire process, then restricted to the complement of a null set, (1., Gt .. )tcfo ],z IS
a T"-forest-fire process.

For the remainder of this section, let (1., Gt . )tco,00),zcme be an extended T"-forest-fire
process on a probability space (2, F, P), where F is the completion of the o-field generated
by (Me,2, Gtz )efo,00),zem- For t € [0,00) and S C C", we define the corresponding height of
destruction Y;(S) in S up to time ¢ as in equation (B4). Moreover, for z € C and S C C,
we define the distance between z and S by

dist(z,S9) :=inf {|z — 2| : 2 € S}. (3.6)
We now look at the height of destruction in semi-infinite tubes of the following kind:

Definition 10. For x € R and ¢ € (0,7), let
L? = {x+yei‘p ty > 0}
denote the half-line with starting point x and angular direction ¢ and let

1
M7 = {z € C": dist(z,L?) < 5}

denote the semi-infinite tube with centre line L? and width 1 (see Figure BI).
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Combining Theorem B with results in Chapter B, we obtain the following statement:

Corollary 1. For x € R and ¢ € (0,7) we have

x

P [Vt S (tc,OO) : Y;(M‘p) = oo] =

x

PVt € [0,t] : Y;(M?) < o0 = 1, (3.7)
1

In other words, the height of destruction in the semi-infinite tube MY shows a phase
transition in the sense that it is finite until the critical time ¢, and becomes infinite imme-
diately after t..

Proof of Corollaryd. Let x € R and ¢ € (0,7). Pick a € (0,7/2) such that a <
min{y, ™ — ¢} holds. Since (M? \ K¢) N T" contains only finitely many sites and since
the height of destruction is monotone increasing in the sense of (B3H), equation (B77) is an
immediate consequence of Theorem B.

Equation (BJ) can be proved along the lines of Theorem B in Chapter B: There we
proved a corresponding statement for a slightly different setting, namely for an analogous
forest-fire model on the upper half-plane of the square lattice Z? and for x € Z, ¢ = 7/2.
(The associated height of destruction up to time ¢ is denoted by Y; , in Chapter B.) However,
the backbone of the proof in Chapter 2 does not depend on these particular assumptions.
A crucial property of M7 in the course of the proof is the fact that any 1-path which crosses
from the left of M7 to the right of M¥ has at least one site in M7; this is the reason why
we have defined MY to have width 1. O

3.3 Proof of Theorem

Let € R and ¢ € (0,7/2). Throughout this section, we consider the following setting:
Let (Gt:)tcpors 2 € T, be independent Poisson processes on a probability space (€2, F,P),
where F is the completion of the o-field generated by (G . )ic(o,1.),-eT, and let

Otz = 1{Gt72>0}, t e [O,tc], z e T,

be the corresponding pure growth process on T. (It will be convenient to have
these processes on the whole triangular lattice T and not just on T".) Moreover, let
(Nt,2, Gt.2)teo,t],zeme be the corresponding T"-forest-fire process (for the construction of
which (Gy.)icpo,t.),-em may have to be changed on a null set) and let Y (K¥) be the
associated height of destruction in the cone K¥ up to the critical time t.. For ¢t € [0,%.],
we henceforth abbreviate n; := (m..).eu, 0} = (012) e and oy := (01.2) e

We will frequently use the following terminology: Let V' € {T" T}, let (avy)vev € {0,1}V
be a random configuration and let w € V', § C C. Then we write {w <+ S in (ay)ev} (in



52 3. Critical heights of destruction for a forest-fire model on the half-plane

words: w is connected to S in (v )vey) for the event that there exists a 1-path in (o )yev
from a site y € V to a site z € V such that y is a neighbour of w and dist(z, S) < 1 holds,
where dist(z, S) is defined as in (B8). Note that our definition of {w <+ S in (o, ),ev } does
not impose any condition on the site w itself.

3.3.1 Tools from percolation theory

We will need the following results from percolation theory:

Exponential decay in the subcritical regime. For z € T and n € N; let

S2(z) :={z+u+ve? :u,v €R,|ul =n,|v| <n}
U{z+u+ve?:u,veR,ul <n,lv]=n}
denote the surface of the rhombus with centre z, side length 2n and sides parallel to the R-
basis {1,e?} of C. There exists a function &, : (0,t.) — (0, 00) such that for all ¢ € (0, t.)
the full-plane one-arm event {0 <> S¢(0) in o} satisfies
_ log P [0 <> S¢(0) in oy 1
lim — = ;
n—oo n &p(t)

(3.9)

£,(t) is called the correlation length of the configuration o;. Moreover, there exists a
universal constant ¢ € (0, 00) such that for all ¢ € (0,¢,) and n € N

P[0 ¢ S¢(0) in o] < enexp (—#) (3.10)

holds. For the proof of (B9) and (B10) the reader is referred to [Gri99], Section 6.1. (In
this reference, analogous statements are proven for bond percolation on the square lattice
Z? and ¢ = 7/2 but the proofs can be transferred one-to-one to our setting.)

Critical exponents. Near the critical time t., the correlation length behaves like
E(t) = (te — )73 for ¢ 1 ¢,. (3.11)

At the critical time t., the probability of the half-plane one-arm event {0 < S¥(0) N
C"in o} } decays like

P[0+ S2(0)NC"ino}] = n /3 +oll) for n — oo. (3.12)

Equations (BT) and (BI2) were first proven by S. Smirnov and W. Werner in [SW0T]|
(Theorems 1(iv) and 3) and are also discussed in the survey article [Nol08| (Theorems 33(i)
and 22). (In these references, the statements are not based on the rhombus S¥(0) used
here but on the circle with centre 0 and radius n and the rhombus S5’ °(0) with angle
/3, respectively. In fact, the exact shape of the boundary line is irrelevant. However, the
current proof of (B) and (BT2) only works for the triangular lattice.)
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3.3.2 The core of the proof of Theorem

We now prove Theorem B, i.e. we show that P[Y; (K¥) = oo] = 0. Since the T"-
forest-fire process (1., Gt.)icpot.),2eme is dominated by the corresponding pure growth
process (0y:)iclot.,.cm in the sense of equation (B33), a.s. all destroyed clusters in
(Ne,2, G2 )tefot] -em are finite. Hence, if Y; (K¥) = oo holds, then a.s. infinitely many
clusters which reach from K? to the inner boundary Z must have been destroyed up to
the critical time t.. Moreover, since there are only finitely many jumps in a rate 1 Poisson
process up to time t., every site on the inner boundary Z can only be the origin of finitely
many destruction events up to time ¢.. This implies the inclusion

{Y;,(K?) = oo} C lim sup A7, U lim sup A7

T,—Mn?
n—00 n—00

where we define

Az, = {Elt €[0,t.) : [z] +n + K? in n, Gmwan},
Af,—n = {Elt € [OutC) : LIJ —n < Kf in Tt Gt,tc,I_a:J—n}

for n € N and use the abbreviation
Gs,t,z = {Gs,z < Gt,z}

for 0 <s <t <t.and z € T". By symmetry, we have P[A7 || = P[A7, ] for all n € N;
consequently, it suffices to prove

P [lim sup Af,n} = 0. (3.13)

n—o0
Applying equation (B33) once more and using the topological fact that any connection

[z] +n <> K¢ necessarily contains a connection [z]| + n < S¢([z] +n) N C", we obtain
the inclusions

A2 c{3te(0,t): [z]+n < KZino}, G, fa]n )
C{3te0,t): [z]+n <+ SZ([z] +n)NC" in 0}, Gryofal4n ) = BE,.  (3.14)

Now choose an arbitrary § € (0,1/12) and consider the event
Codi={3t [0, te —n ) 2] +n > SE([z] +n)NC" in o} }

that the connection [z] +n < S?([z] + n) N C" in the pure growth process already
occurs before time t, — n~=3/4%% (where n € N is assumed to be large enough to guarantee
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t. —n 340 > 0). We can estimate the probability of this event from above as follows:

P [c#8] <P [3t€[0,t, —n ¥/*%) 10 ¢ S£(0) in o]
e P [O < SK(O) in Utc*n73/4+6i|

n
< cnexp (—&P (t. — n_3/4+5))

n
= cnexp (— (n—3/4+5)4/3+0(1)> for n — oo

= cnexp (—n(4/3)5+°(1)) for n — oc.

Here we first drop the condition that the connection occurs in the upper half-plane C* and
use the translation-invariance of the pure growth process; then we employ the fact that o,
is monotone increasing in t; finally we successively apply equations (B70) and (BI). In
particular, this estimate implies

> Pcgd] < oo
n=1
and hence

P {hmsupCi’,f] =0

n—oo

by the Borel-Cantelli lemma. Regarding the limes superior of the events BY , (defined in
(B14)), we thus conclude

lim sup B, € limsup (B2, \CZ2) C limsup DE? (3.15)

z,m?
n—00 n—00 n—00

where we abbreviate
Dfﬁ = {Elt € [te — n_3/4+6,tc) cz] +n < S([z] +n)NCYin g}, Gt,tm[an}

for n € N satisfying t, — n=3/47% > 0. The probability of the event Df;g can be bounded
from above as follows:
P [’Df:g] S P U’I—I + n <> Sf([&?—l + n) ﬂ Cu ln O-;lc, Gtc*n73/4+§ytc,{$1+n:|
=P [0+ S2(0)NC" in o} | P [Gy,,-s/110 ]

— n_1/3+0(1) . (1 — exp (—n_3/4+6)) for n — oo
< g3l |y =3/440 for n — oo
_ o 13/12+46+0(1) for 71— 60,
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Here we first relax the condition on the times at which the connection and the growth
event occur, resorting to the fact that o, is monotone increasing in ¢; then we use the inde-
pendence and translation-invariance of the events {[z]+n < S¢([z]4+n)NC" in o} } and
Gy, _p-3/at6 4, [2]4+n; 1 the next step we apply equation (B12); finally we use the inequality
1 — e7¥ <y which is valid for all y € R. Since —13/12 + 6 < —1 holds by our choice of ¢,
the previous estimate shows

ZP Dw,

Invoking the Borel-Cantelli lemma again, we get

P [lim sup ng;,i] = 0. (3.16)

n—o0

Together with (BT4) and (BIH), equation (BIH) yields the proof of (B13) and hence of
Theorem 8.






Chapter 4

Self-destructive percolation as a limit of
forest-fire models on regular rooted
trees

An article which closely follows this chapter has been uploaded on arXiv [Graldd| and
submitted to a journal.

4.1 Introduction and statement of the main results

4.1.1 The forest-fire model

In this chapter we study the Diirre forest-fire model (see Section [Z3) on regular rooted
trees or, more precisely, large finite subtrees thereof. Let us start by introducing some
notation about regular rooted trees. For the remainder of this chapter, let r € {2,3,...}
be fixed. The r-regular rooted tree is the unique tree (up to graph isomorphisms) in
which one vertex, called the root of the tree, has degree r and every other vertex has degree
r-+1. We denote the r-regular tree by T' and the root of T by ). In slight abuse of notation,
we will use the term T both for the r-regular tree as a graph and for its vertex set. Let |u]
denote the graph distance of a vertex u € T from the root (). For two vertices u,v € T,
we say that u is the parent of v (or equivalently that v is a child of u) if v and v are
neighbours and |u| = |v| —1 holds. Moreover, for u,v € T', we say that u is an ancestor of
v (abbreviated by u < v) if there exist k € Ny and a sequence of vertices zg, z1,...,2; € T
such that zp = u, zx = v and z;_; is the parent of z; for all i € {1,2,...,k}. For n € Ny,
we say that u € T is in the nth generation of T if |u| = n, and we define

T,:={2€T:|z| =n}
to be the set of all vertices in the nth generation and

Bn::{ZGT:|z|§n}:UTZ~

=0
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to be the set of all vertices with graph distance at most n from the root (0.

In order to explain some further terminology, let V' be a subset of 7" and let o =
(w)vev € {0,1}Y. We say that a vertex v € V' is occupied in « if o, = 1, and we say that
v is vacant in « if o, = 0. The set

Tlog ={veV:aq=1}CT

of occupied vertices in « induces a subgraph of 7', which (in slight abuse of notation) we
denote by T|q,1, too. For any vertex z € V' the maximal connected component of T, 1
containing z is called the (occupied) cluster of z in a. Moreover, if W is a connected
subset of T', we say that a vertex z € T is the root of W if z € W holds and z is in the
lowest generation among all vertices contained in WW.

Let n € N. We now define the forest-fire model on B,,. Informally, the model can be
described as follows: Each vertex in B,, can be vacant or occupied. At time 0 all vertices
are vacant. Then the process is governed by two opposing mechanisms: Vertices become
occupied according to independent rate 1 Poisson processes, the so-called growth processes.
Independently, vertices are hit by “lightning” according to independent rate A(n) Poisson
processes (where A\(n) > 0), the so-called ignition processes. When a vertex is hit by
lightning, its occupied cluster is instantaneously destroyed, i.e. it becomes vacant. Occupied
vertices are usually pictured to be vegetated by a tree, so occupied clusters correspond to
pieces of woodland and the destruction of clusters corresponds to the burning of forests by
fires, which are caused by strokes of lightning. However, we avoid this terminology here
because we already use the term tree in the graph-theoretic sense. A more formal definition
of the forest-fire model goes as follows (where for a function [0,00) 3 ¢t — f; € R, we write
fi- = limgy fs for the left-sided limit at ¢ > 0, provided the limit exists):

Definition 11. Let n € N and A(n) > 0. Let (97, Gy, I7',)i>0..eB, be a process with
values in ({0, 1} x Ng x No)[®°®)*5» and initial condition 7§, = 0 for z € B,. Suppose that
for all z € B, the process (n;",, Gy ., IT",)i>0 is cadlag, i.e. right-continuous with left limits.
For z € B, and t > 0, let C}" | denote the cluster of z in the configuration (i ,)wes, -

Then (np,, Gy, If z)t>0 ZGB is called a forest-fire process on B,, with parameter A(n)
if the followmg conditions are satisfied:

[POISSON] The processes (G..)i>0 and (I,);>0, 2 € By, are independent Poisson
processes with rates 1 and A\(n), respectively.

[GROWTH] For all ¢t > 0 and all z € B,, the following implications hold:

(i) G- <Gi.=mp, =1,
i.e. the growth of a tree at the site z at time ¢ implies that the
site z is occupied at time ¢;

(ii) nt"_7z <n, = G- < Gy,
i.e. if the site z gets occupied at time ¢, there must have been the
growth of a tree at the site z at time .
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[DESTRUCTION]| For all ¢ > 0 and all z € B, the following implications hold:

(i) [t"_,z <I',=Vwe C’Z‘_7Z e = 0,
i.e. if the cluster at z is hit by lightning at time ¢, it is destroyed
at time ¢;

(i) nr, >np, = JveCyr I <1,

i.e. if the site z is destrbyed at time t, its cluster must have been

hit by lightning at time t.
Given independent Poisson processes (Gy..)i>0 and (I7,)i>0, 2 € By, with rates 1 and
A(n), respectively, a unique corresponding forest-fire process (nf',, Gz, I1", )i>0,2eB, on By
can be obtained by a graphical construction (see [Lig85|). For this construction it is
crucial that B, is finite. Using different methods, M. Diirre obtained results on existence
and uniqueness of forest-fire models for all connected infinite graphs with bounded vertex
degree (see [Diir06a], [Dir06H], [Dir0Y]).

One of the most interesting aspects about the forest-fire process on B,, is the question

of what happens when n tends to infinity. Assuming that the limit n — oo exists in a
suitable sense, we obtain a process on the infinite tree T, and the question thus concerns the
dynamics of this limit process. It is intuitively clear that the growth mechanism carries over
to the limit process but it is in general highly non-trivial what becomes of the destruction
mechanism. Of course, the answer will depend strongly on the asymptotic behaviour of
A(n). If a, b are functions from N to (0, 00), we write

(i) a(n) < b(n) for n — oo if a(n)/b(n) — 0 for n — oo;
(ii) a(n) = b(n) for n — oo if loga(n)/logb(n) — 1 for n — oo.

Heuristically, one expects four regimes of \(n) with qualitatively different asymptotics,
which we now describe informally.

1. If AM(n) < 7™, then the number of lightnings in B,, tends to 0 for n — oo. Therefore,
in the limit n — 0o no clusters can ever be destroyed so that the resulting process
on T is simply a dynamical formulation of Bernoulli percolation.

2. If \M(n) = 1/m" for some 1 < m < r, then in the limit n — oo no finite clusters and no
“thin” infinite clusters (i.e. those in which on average every vertex has fewer than m
occupied child vertices) can be destroyed but “fat” infinite clusters (i.e. those in which
on average every vertex has more than m occupied child vertices) should still be hit
by lightning as soon as they appear. The resulting process on 1" should therefore
have the following dynamics: Vertices become occupied at rate 1, independently for
all vertices. If an infinite cluster becomes “fat”, it is instantaneously destroyed.

3. If 1/m™ < A(n) < 1 for every m > 1, then in the limit n — oo no finite clusters can
be destroyed but one would expect any infinite cluster to be dense enough that it is
hit by lightning as soon as it appears. The resulting process on T' should therefore
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have the following dynamics: Vertices become occupied at rate 1, independently for
all vertices. If a cluster becomes infinite, it is instantaneously destroyed.

4. If A(n) = X for some constant A > 0, then the limit n — oo should yield a forest-
fire model on T with the following dynamics: Vertices become occupied at rate
1, independently for all vertices. Independently thereof and independently for all
vertices, vertices are hit by lightning at rate A. If a vertex is hit by lightning, its
cluster is instantaneously destroyed.

In this chapter, we give a partial result for regime 2 in the sense that we prove the
conjectured asymptotics between time 0 and a deterministic time shortly after the first
destruction of infinite clusters in the limit process on T'. Before we proceed to the precise
statement, we briefly comment on the other regimes and give a short overview of related
results.

Regime 1 is the simplest case and the above statement on this regime can easily be
made rigorous. The statement on regime 4 follows from work by M. Diirre in [Diir09]. In
fact, the results of [Diir09] are much more general in the sense that they are not restricted
to regular rooted trees but hold for all connected infinite graphs with bounded vertex
degree. Regime 3 is undoubtedly the most difficult case with few rigorous results yet. It
is even unknown whether the hypothetical limit process described in 3 exists at all. For
the square lattice Z?2, the corresponding process does not exist (conjectured by J. van den
Berg and R. Brouwer in [vdBB04| and recently proven by D. Kiss, I. Manolescu and V.
Sidoravicius in [KMST3]). Regime 3 is expected to behave similarly to the case where we
first set A(n) = A for some A > 0 and then take the double limit limy o lim,_,~, (assuming
that it exists in a suitable sense). In [vdBBOG| this case was investigated for forest-fire
models on the directed binary tree and on the square lattice. For forest-fire models on
the square lattice Z?2, an analogous heuristic description of four different regimes of the
lightning rate can be found in the paper [RT09] by B. Rath and B. Téth. The main content
of [RT0Y]|, however, is the analysis of a forest-fire model which arises as a modification of
the Erdgs-Rényi evolution and which also shows four regimes of the lightning rate with
different asymptotic behaviour (compare the summary in Section IZ34).

4.1.2 The pure growth process

In the following, if A is an event, we write 14 for its indicator function, and if B is any set,
we write |B| for the number of elements in B (where |B| can take values in Ny U {c0}).

Definition 12. Let (G:.)i>0, 2 € T, be independent rate 1 Poisson processes and let
ot = l{g,.>0} t>0,zeT.

Then (01, Gt.)i>0.2er is called a pure growth process? on 7. Moreover, for z € T and
t > 0, we denote by S;, the cluster of z in the configuration (oy.).cr, and for ¢ > 0, we

!Unlike in Chapters 2 and B, we now include the underlying Poisson processes into the notation of the
pure growth process.
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denote by
Op:={z€T:|S. =00}
the set of all vertices which are in an infinite cluster in the configuration (oy.).er.

Above we claimed that as n — oo in regime 2, the forest-fire process on B, should
initially behave like the pure growth process on T until “fat” infinite clusters appear for
the first time. We now want to make this statement more precise.

We first observe that for ¢ > 0, the configuration (oy.).er is identical with Bernoulli
percolation on 7', where each vertex is occupied with probability 1 — e~! and vacant with
probability e~!. From percolation theory it is well-known that there is a critical time
t. := log -5 such that a.s. for ¢ <. there is no infinite cluster in (0t.2)zer and for ¢t > ¢,
there are infinitely many infinite clusters in (o ,).er. For z € T and ¢ > 0, conditionally
on the event {z is the root of S; .}, the cluster S;. can also be identified with a Galton-
Watson process whose offspring distribution is binomially distributed with parameters r
and 1 — e~'. In particular, the offspring distribution at time ¢ > 0 has mean

m(t) :=r(1—e™) (4.1)
and variance
a?(t) =71 —e e . (4.2)

It is a consequence of the Kesten-Stigum theorem for Galton-Watson processes (see [KS66])
that for z € T and ¢ > 0, there exists a random variable W; . with values in [0, c0) such
that

Si.. N By,
lim [5t: 0 Bl =W;, as. (4.3)
n—00 m(t)n ’
and
Wi, > 0 a.s. on the event {|S;,| = oo} (4.4)

hold. (We will prove a different version later, see Proposition B.) This suggests that if the
lightning rate in the forest-fire process on B,, satisfies A(n) ~ 1/m" for some 1 < m < r,
then the time threshold between “thin” and “fat” infinite clusters in the pure growth process
should be the unique 7 € (t.,00) with m(7) = m. In other words, in the limit n — oo, we
expect to obtain a process on 7" which is equal to the pure growth process between time 0
and time 7 and in which all infinite clusters are destroyed at time 7.

4.1.3 Statement of the main results

We will make the heuristics of the previous paragraph rigorous in the following way:
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Definition 13. Let n € N and let A(n) > 0. We say that a forest-fire pro-
cess (0., Gz I, )i>02¢3, on B, with parameter A(n) and a pure growth process

(612, Gt2)t>0er on T are coupled in the ganonical way if they are realized on the
same probability space and (Gt )i>0.:¢8, = (Gt.:)t>0.-¢B, holds.

Theorem 4. Let 7 € (t.,00) and suppose that A : N — (0, 00) satisfies A(n) ~ 1/m(7)" for
n — 00. Forn € N, et (7722, Gt.», Igz)tzo,zeBn be a forest-fire process on B, with parameter
A(n) and let (01, Gt)i0.er be a pure growth process on T, coupled in the canonical way
under some probability measure P. Fort > 0, let O, be defined as in Definition I2. Then
for all finite subsets E C T and for all 6 > 0,

lim P sup  |nf,—ou|=0Vz2€O.NE3te(r—0,7+6) - >n|=1

=ree 2€E,0<t<1—§

holds.

The condition on A in Theorem B can be written in a different way: Given 7 € (t., 00)
and a function A : N — (0, 00), define the function ¢ : N — (0, 00) by

gn):=Xn)m(r)", neN. (4.5)
Then it is easy to see that the following are equivalent:
(i) AM(n) = 1/m(7)™ for n — oo;
(ii) ¥/g(n) — 1 for n — ooc.

Under additional assumptions on g we can determine whether the destruction of the infinite
clusters asymptotically occurs immediately before or after time 7:

Theorem 5. Consider the situation of Theorem ). In particular, suppose that the function
g defined by (-J) satisfies {/g(n) — 1 for n — oo.

(1) If g satisfies g(n) < n/logn for n — oo, then for all finite subsets E C T and for
all 6 > 0,

limP[ sup |77fz—at,z|:O,VZEOTHEEItE(T,T+5):77fZ>nle =1
n—00 2€B0<t<r ’ '
holds, i.e. the infinite clusters are asymptotically destroyed immediately after time 7.

(11) If there exists o € (0,1) such that g satisfies g(n) > exp(n®) for n — oo, then for
all finite subsets EE C T and for all 6 > 0,

lim P [ sup ‘UZZ_Ut,z‘ =0,V2€ O, NE3t e (r-9,71) :77?7Z>7723} =1

n—00 2€E,0<t<7—¢
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holds, i.e. the infinite clusters are asymptotically destroyed immediately before time 7.

Theorems B and B will be proved in Sections E=2 and B=3. Before, we give an interpre-
tation of Theorem B in terms of self-destructive percolation.

4.1.4 Interpretation in terms of self-destructive percolation

Definition 14. Let 7 € (., 00), let € > 0 and let (0., Gt .)t>0..er be a pure growth process
onT. Fort > 0, let O, be defined as in Definition [2. We define p; , for 0 <t < 7+4+€,2€ T
in three steps:

Firstly,

Ptz = Ot s, 0<t<r,z€eT,

i.e. at time 0 all vertices are vacant and between time 0 and time 7 vertices become occupied
at rate 1, independently for all vertices. Secondly,

Prz = Or 2 1{z€07}7 KIS T7
i.e. at time 7 all infinite occupied clusters are destroyed. Thirdly,

Ptz = prz V G, .—a,.>0 T<t<T+e€z2z€eT,

i.e. between time 7 and time 7 + € vertices become occupied at rate 1, independently
for all vertices and independently of what happened between time 0 and time 7. Then
(prz, Giz)o<i<rie-er is called a self-destructive percolation process? on T with pa-
rameters 7 and e.

Self-destructive percolation was first introduced by J. van den Berg and R. Brouwer
in [vdBB0O4| and has subsequently also been studied in [vdBBVOS|, [vdBdLOY], [ASTT4|,
[ADCKST3| and [KMST3|. For our purposes, the following property of self-destructive
percolation is of particular importance:

Proposition 1. For all 7 € (t.,00) there exists ¢ > 0 such that a.s. there is no infi-
nite cluster in the final configuration (pric.).cr of a self-destructive percolation process
(pt.z, Gt.2)o<t<rezer on T with parameters T and e.

2not to be confused with the hypothetical permanent self-destructive percolation process of Section 32
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For the case where T is the binary tree (i.e. r = 2), this has already been proved by
J. van den Berg and R. Brouwer (|[vdBB04|, Theorem 5.1). The proof of Proposition 0 for
general r is based on an extension of the ideas in [vdBB04| and will be given in Section E-4.

Theorem @ and Proposition O imply that given 7 € (t.,00), we can choose € > 0
such that between time 0 and time 7 + € every forest-fire process on B, with parameter
A(n) =~ 1/m(7)" converges to the self-destructive percolation process on 7" with parameters
7 and e. The formal statement is as follows:

Definition 15. Let n € N and let A(n) > 0. Moreover, let 7 € (t.,00) and € > 0.
We say that a forest-fire process (n;’,, Gi., I, )i>0,2eB, On B, with parameter A\(n) and a

self-destructive percolation process (pr. ., ét,z)OStST+e,z€T on T with parameters 7 and € are
coupled in the canonical way if they are realized on the same probability space and

(Gt,z>0§t§7+e,z€Bn = (ét,z>0§t§7+e,z€Bn holds.

Corollary 2. Let 7 € (t.,00), let € > 0 be as in Proposition 0 and suppose that \ :
N — (0,00) satisfies A(n) = 1/m(7)" for n — oo. Forn € N, let (nf',, Gy, I}',)t>0,2¢B,
be a forest-fire process on B, with parameter \(n) and let (pt., Gi.)o<t<rie-er be a self-
destructive percolation process on T', coupled in the canonical way under some probability
measure P. Then for all finite subsets E C T and for all 6 € (0,¢€),

: n n
lim P sup  |ni', — pi-| =0, sup I, —pee| =0 =1 (4.6)
n—r00 2€E,0<t<17—§ 2€EE,7+6<t<T+e

holds.

Proof of Corollary B given Theorem [ and Proposition d. Let 7, €, A be as in Corollary B.
Likewise, for n € N, let (0., Gy, I, )i>0,2¢B,, (Pt,2 Gt.2)o<t<riezer be as in Corollary B.
Moreover, let £ C T be a finite subset and let § € (0,¢). For the proof of (A8) we may
assume without loss of generality that E is a singleton, i.e. E = {x} for some xz € T. In
view of Theorem B it then suffices to prove

lim P sup |0y, — Pt,x‘ =0 =1. (4.7)
n—00 TH6<t<rTHe

Before we continue with the proof, let us introduce some notation: For a non-empty
subset S C T, let

0S:={ze€T\S:(JweS:zand w are neighbours)}

be the boundary of S in T. For t € [0,7 + €] and z € T', let R; . denote the cluster of z in
the configuration (p; ., )wer and let

R L Rt,z U 8Rt,z if Rt,z 7é @7
te {Z} if Rt,z = @,
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be its “closure”. For t € [0,7 +¢|, z € T and n € N we similarly write C7', for the cluster

of z in the configuration (7}, )wes, and define its closure by

. Jepuacy, it cp, £,
1 {2} if O, = 0.

Finally, we denote by Ci" the (countable) set of all finite connected subsets of T" which
contain the site x. N
Since R;yc, (and hence R, .) is a.s. finite by Proposition 0, we have the equality

P | sup \nlfx—pt,x|=0} = P[ sup |17y — Pra] =0, Rren = A

THI<t<T+e€ AcCtin THI<t<T+e€

for all n € N with x € B,. So pick A € C’f}n such that A = {RT%@ = A} satisfies
P[A] > 0. By the dominated convergence theorem, (2=7) holds once we know

lim P sup |7]fx - pt,z‘ = 0’ A] =1. (4.8)

n—0o0 [T+6<t<T+€

It is thus enough to show (E=).
Given the set A, by Theorem @ we can choose a sequence («(n))nen with a(n) > 0 and
lim,, o, a(n) = 0 such that the event

C, = {Vz €0, NATt € (r—an),7+an)) 0t >n,
Vze A: GT*&(H),Z = GTJra(n)’Z’ 77'1‘5‘04(”)72 - O}

(where O, is defined as in Definition @ and n € N is assumed to be large enough to ensure
A C B,,) satisfies lim,,_,, P[C,] = 1. As an auxiliary step towards (E=8), we prove that for
all n € N with A C B,, the inclusion

A ﬂ Cn C {VZ E A . 77’?—{-04(71),2 - p-,—+a(n)’z} (49)

holds. So let z € A, let n € N be large enough to ensure A C B,, and suppose that the
event A N C,, occurs. We distinguish two cases:

Case 1: z € O;. Then there exists t € (7 — a(n),7 + a(n)) such that n{’, = 0 holds.
Since Gr_a(n),> = Gria(n),z, it follows that we also have n¢+a(n),z = 0. On the other hand,
the assumption z € O, implies p,. = 0, and from G;_4(n),: = Griam),. We again deduce
Prta(n),: = 0. Hence we conclude nﬁ+a(n)7z = 0= priam),

Case 2: z ¢ O,. By construction z ¢ O, implies Rt,z - EHEVZ for all t € [0,7 + €.
Since we assume RHW = A and z € A, we also have ﬁﬂre,z C A. In particular we
see that ET,a(n)Vz C A holds. Together with the fact that [ffa(n)’w =0 foral we A

this yields Urfa(n),z = R;_am). C A. If we now use that Gr_yn)w

)

= GT—l—a(n),w and
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[’fl

T—o(n),w

= IT—I—a(n)

n‘r-i-a(n),z Pr+a(n),z:
Having proved (E9), we now observe that the event

hold for all w € A, it follows that C. ta(n)e = = R, 1a(n).z, Which shows

- {VZ S A 7'+a (n),z I’?—&—e z}
also satisfies lim,, o, P[D,] = 1 and that
AND,N {Vz € AN o) = Pria(n) } C sup ‘nfz — pt,z‘ =0 (4.10)
€A T+a(n)<t<rHe

holds for all n € N with A C B,,. Since we have lim,,,, P[C,, ND,|A] =1 and a(n) <4
for n large enough, equation (A=) follows from (A9) and (A10). O

4.2 Proof of Theorem @

We first prove some general properties of the pure growth process in Section B2 before
we come to the core of the proof of Theorem B in Section B=22.

4.2.1 Properties of the pure growth process

Let (01, Giz)t>0..er be a pure growth process on 7' under some probability measure P.
For z € T, t > 0 and n € Ny, let S, denote the cluster of x in the configuration (o¢.).er
and let

Sr = S,, N B,

be the set of vertices in Sm whose graph distance from the root ) is at most n. Recall the
definition of m(t) and o?(¢) in equations (E1) and (E=2). We start with some estimates for
the first and second moment of [Syy| in the supercritical case ¢ > t.:

Lemma 23. Lett > t. and n € Ny. Then we have

Sy m
1—¢'<Ep U%(tj))” < m@(tz - (4.11)
|SFol

a*(t) m(t) \?
E < 1 . 4.12
" < (mmt@=s ") (7 1) 2
Proof. Let t > t. and abbreviate m := m(t), 0® := o?(t). We will prove (A1) and (E-I2) by
means of Galton-Watson theory. So let X,,;, n,i € N, be i.i.d. {0,1,...,r}-valued random

variables under some probability measure P such that X, is binomially distributed with
parameters r and 1 — e~*. (In particular, X,,; has mean m and variance o2.) Define Z,,

m(t)2n
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n € Ny, recursively by Z, := 1 and Z,, := ZiZ:"{l Xni, n € N, and set S, = > Z,
n € Ng. Then Z,, n € Ny, is a supercritical Galton-Watson process, and Z,, has mean

Ep [Z,] = m" (4.13)

and variance

m—1

Varg [Z,] = o*m"~ (4.14)
(see e.g. [Har63], Section 1.5). Moreover, let U be a {0, 1}-valued random variable on the
same probability space which is independent of X, ;, n,7 € N, and Bernoulli distributed
with parameter 1 — e™*. Then the distribution of |7/ under P and the distribution of
US, under P coincide, and Eg[U] = 1 —e™* < 1. For the proof of (BIT) and (EI2), it
therefore suffices to show the following inequalities for n € Ny:

m
"< Eg S, < n 4.15
" < B8] < —m (415)

Es [$7] < (m@j—il) + 1) (%)2#”. (4.16)

Proof of (Z-13): Using equation (E13), we obtain

n
E i
= m S
5 m —
1=0

for all n € Ny, which proves both sides of (E13).
Proof of (Z-14): For i € Ny, we easily deduce from equations (I13) and (E-14)

) 1_1 ) 0.2
Ep [22] = o*mi 2 e e ) R
s [Z] = o®m m_1+m = Ut 1)+ m

Furthermore, for 7,7 € Ny with ¢ < j, we have
21 . j—i o’ i+j
Es [Z:Z;) = Ep [Zl] m/~" < <ﬁ + 1) m'.
We thus obtain

Ep [S2] = Z Es [Z:Z) ( o ) > mit
i,j=0 ij=0
for all n € Ny. The last sum can be bounded from above by
2
£ (E) = )

which completes the proof of (E18). O
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Recall equations (E33) and (24). We now want to prove similar statements which are
uniform in ¢. The price we pay for this kind of uniformity is that in contrast to (2=3) and
(B=2)), our statements are in probability rather than almost surely. The precise formulation
is as follows:

Proposition 2. Let x € T and a > t.. Then we have

lim  sup sup P[|S7,|>Cm()"] =0 (4.17)

C=0 pen: n>|z| t€la,00)

and

lim sup  sup P[|S7,| <em(t)"||Si.|=o00] =0. (4.18)

A0 peN:n>|z| tea,00)

Proof. Let a > t..
Step 1: We first prove (A7) and (AI8) for x = ().
For C' > 0 and n € N, t € [a,o0), the Markov inequality and equation (EIT) yield

o[t b

Since m(t) is bounded away from 1 for ¢ € [a,00), this implies (E12) for x = .
As preparatory work for the proof of (A-IR) we next show that there exist ¢, > 0 such
that

sup sup P [?L(t)' >c] ) (4.20)

neN te(a,00) "o

holds. For arbitrary 0 < ¢ < C'and n € N, ¢ € [a, o0), we have

<c+(JP[|(t)| ]+EP [%1{ t”zc}}

m)"

where the first inequality is due to (A1) and the second inequality is obtained by distin-
guishing in which of the intervals [0, ¢), [c, C), [C, 00) the rescaled cluster size |S7y|/m(t)"
lies. The last summand can be bounded from above by

1/2 1/2
57l 57, 57l
Ep | ——1 <|E . P — >
PEWwwﬂJ | ) (Pl =€)

Scb(mwzg—n+0m(ﬁ§gam’
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where we first use the Cauchy-Schwarz inequality and then apply equations (EI2) and
(A19). We thus obtain

R <1 e g () 1)”2 (o >/> |
m(t)" C C12 \m(t)(m(t) — 1) m(t) — 1
Since 02(t)/m(t) = et and m(t) is bounded away from 1 for ¢ € [a,00), this proves the
existence of ¢,d > 0 satisfying (2=20).
We now prove (BIX). Intuitively, (EI8) follows from (A=20) because conditionally on
{|Stp| = oo}, the cluster S;¢ contains arbitrarily many independent subtrees in which an

asymptotic growth of the form (E=20) can occur. The formal proof goes as follows:
Let € > 0. We first construct a finite set U C [a, 00) such that

Vt € [a,00)Fu € U :u<t,P[|S,p| =00] >P[|Sip| = 0] — i (4.21)

holds: Define f : [a,00) — [0,1], f(¢) := P [|S;9| = o0], and
R := {f(a)—l—ii:iENo}ﬂ[O,l).

Then R is clearly finite. Since f is continuous, strictly monotone increasing and maps
[a,00) onto [f(a), 1), it follows that U := f~!(R) is finite and satisfies (EZ21).

Let 0,¢ > 0 be as in equation (I=20). Given ¢, §, ¢, we choose constants k,l € N in the
following way: First, we take k € N such that (1 — §)* < ¢/4 holds. Then we choose | € N
such that

Yu € U: P [{|SupNT)| >k} A{[Suo| = 00}] gi (4.22)

holds, where A denotes the symmetric difference: For each individual uw € U such an
[ exists because of the Kesten-Stigum theorem (whose full statement is of course much
stronger), and since the set U is finite, we can choose [ uniformly for all u € U. Finally,
we set ¢ :=c¢/r!. Now let n € {I+1,1+2,...} and ¢ € [a, 00) be arbitrary. Given ¢, choose
u € U as in (B220). Then we can make the estimates

N 1Stal
> &, |Su] = 00| > P > & [Sug] = 00
’ m(t)" ’
1STal
>P | —-2>¢ S0 NTI| > k| —
m(t)" ’
where the first inequality holds because of u < ¢t and the second inequality follows from
(2=22). On the event {|S, 9 NT}| > k}, let Z,1,. .., Zy,, be an enumeration of the “first” k
vertices in S, 9 N7;. For z € T' let

, (4.23)

B~

5}72 ={ve S, z=2v} (4.24)
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be the part of the cluster of S; , which lies in the r-regular rooted subtree of 1" originating
from z and let

Sy, = S,. N B, (4.25)

Since u < t, on the event {|S,gNT;| > k}, we have Z,; € S;y and hence S‘t’zw. C Spp for
all i € {1,...,k}. This gives

1Stel
P ZC,|Su@ﬂTl’Zk
m(t)" ’
>P|Jie{l,...k} lSAQZ”” > |SuoNT| >k
- Y m(t)” — ) u,@ | =
|Sn—l k
— (1= (1-P |2 > ¢, =1 P[S,oNT)| >k 4.26
< m(t>n—cat,@ ]) HS’@ﬂ 1| > k], ( )

where the last equality follows from the following observations about the pure growth
process:

e The configuration on B; at time u and the configuration on 7"\ B; at time ¢ are
independent.

e The configurations at time ¢ on the r-regular rooted subtrees originating from the
vertices in 1 are independent and identically distributed as the configuration at time
t on the entire tree 7'

Using the inequality ¢m(t)! < ¢ and the defining equations for ¢, § and k, we can estimate
the first factor in (E=28) by

1—(1—P

k S"al k
— >1—[1-— UL
ont]) o1 (1oe [0

B Snfl k
>1—-(1-P 1St >
m(t)nfl

21—(1—5)’“21—2 (4.27)

Cri
m(t)"

The second factor in (E28) is bounded from below by

€

PS> 4 > P|Sy0l = o0] -
€

> P (|Syl = o0] - § (4.28)

because of (722) and (E=Z1). Putting equations (E=23), (I28), (E=Z1) and (E=28) together,
we obtain

> ¢,[S,0| = 00| = P[|Sy0] = 00] —e.
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Since this holds uniformly for n € {I{+1,14+2,...} and ¢ € [a, 00) and since P [|S;y| = o0] >
P [|S, 0] = 00| > 0 for all t € [a, 00), we conclude

|5l €
sup sup P [ =— > ¢| S| = oo] >1l— —. (4.29)
ne{l+1,142,...} te[a,c0) m(t)" P [|S.0| = o]
Additionally, we also have the trivial estimate
Sy 1
sup sup P [ | tﬁ’ > = |St.0l :oo] =1
ne{l,...,I} te[a,00) m(t)n r

for n € {1,...,1}. Together with (E=29) this proves (II8) for = = ().

Step 2: We now prove equations (B11) and (EI8) for general z € T'. So let x € T and
let n € {|z|+1,|x|+2,...}, t € [a,00). For both equations we distinguish which vertex z
of the finitely many ancestors of x is the root of the cluster S;, (the case S;, = () being
irrelevant) and then use the fact that the r-regular rooted subtree originating from z is
isomorphic to 7. Let S . and STZ be defined as in (=24) and (E=23) respectively. Regarding
(A1) we then obtain for all C' > 0

P [|S7,| > Cm(t)"] = Z P [|S7,] > Cm(t)", z is the root of Sy, ]

ze€T: z=xx

< > P[5 > Com”]

= > PS> omy]

< Y P ISy > om@) - m(eyH]

and regarding (EIX) we similarly obtain for all ¢ > 0

P[5, < em(t)"||Sa] = o0]
Z P []St”x| < em(t)", z is the root of Sy, S .| = 0]
P [[Sta| = o0]

2€T: z=x

p [\S;y < em(t)",|S,.] = oo}

=2 P [[Si] = o0
P [}y 1] < em()", S0l = o]
- Z P [[S;g] = o]
< Y PS5y < et () [Sy0) = ool
2€T: 2=z

Together with Step 1 this completes the proof of (EI7) and (EIR). O
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4.2.2 The core of the proof of Theorem @

Throughout this section, consider the setup of Theorem @: Let 7 € (., 00) and suppose that
AN — (0,00) satisfies A\(n) = 1/m(7)" for n — oo. For n € N, let (9., G-, I, )i>0z¢B,
be a forest-fire process on B, with parameter A\(n) and let (0., Gy.)i>0.er be a pure
growth process on 7', coupled in the canonical way under some probability measure P.
As before, we use the following notation: For z € T, ¢ > 0 and n € N, let S;, denote
the cluster of = in the configuration (o:.).er of the pure growth process at time ¢, let
Sty = SN B, and let Oy := {2 € T : |S; .| = co}. Similarly, for x € B, let C}', denote
the cluster of x in the configuration (n;.).cp, of the forest-fire process at time ¢.
Choose an arbitrary function f : N — (0, 00) which satisfies

1< f(n) K

for n — oo (4.30)
logn

and A\(n) < f(n) < r"A(n) for all n € N. Define a corresponding sequence (7,,)nen of time
points in such a way that A(n) = f(n)/m(7,)™ holds, i.e.

Towi=m 1| ¢ m
n - )\(n) )

“Ly) = log — 0
m=(y) et ye o),

denotes the inverse function of m(t), ¢ > 0. Since {/A(n) — 1/m(7) and {/f(n) — 1 for
n — oo (the first limit follows from A(n) &~ 1/m(7)" for n — oo, the second limit is a
consequence of (A230)), we then have

where

lim 7, = 7. (4.31)

n—o0

In particular, for all x € T it is true that

lim P[|S,, .| =[S = 1. (4.32)
n—oo

Equations (A=3T) and (A=32) imply that for the proof of Theorem @, it is enough to verify
the following statement: For all finite subsets £ C T and for all 6 > 0

lim P sup ‘nfz — O’t7z‘ =0,V2€ 0, NE3t € (1,70 +0) 12, >n,| =1

n—00 2€E,0<t<my

(4.33)

holds.
Since F is finite, we may assume without loss of generality that E is a singleton, i.e.
E = {x} for some x € T. So let € T and ¢ > 0 be fixed and define

Qn[-]:=P[- [, 2] = o0]



4.2 Proof of Theorem @ 73

for all n € N. (Due to f(n) > A(n) we have 7, > t. for all n € N.) It then suffices to prove

lim P | sup |0}, —oua|=0| =1 (4.34)
n—00 0<t<my,
and
lim Q, [3t € (10,7 +0) : ) , > ] = 1. (4.35)
n—oo ) )

Before we go into the details, let us briefly outline the strategy for the proof of (A=34)
and (E233): We investigate how the vertices in the cluster S?  of the pure growth process
on B, at time 7, behave in the forest-fire process on B, between time 0 and time 7,,. We
will see that typically destruction only occurs in high generations of ST , and only few
vertices in ST are affected by destruction. This has two consequences: Firstly, it shows
that (E34) holds indeed. Secondly, it implies that if S, , is infinite, then the cluster C7 |
has the same order of magnitude as S?' ., namely m(7,)". But since A(n)m(7,)" = f(n)
and f(n) — oo for n — oo, it follows that C7  is typically hit by ignition soon after time
T, which proves (E=33).

We now make these arguments rigorous. In doing so, we will use the following Landau-
type notation: If X", n € N, is a sequence of real-valued random variables under the

probability measure P and h : N — [0, 00) is a non-negative function, we write

xmE O(h(n)) for n — 0o < lim liminf P [|X"| < ch(n)] = 1;

c—00 N—0

cC—00 N—0

x" £ Q(h(n)) for n — oo 1< lim liminf P [\X”| > h( )} = 1.

Lemma 24. Let
= inf {t €[0,7,) : <32 €S i G-, < I z)} A Ty

be the amount of time between 7, and the last time of lightning in ST, before 7,,. (On the
event {Vz € S I =0} we have 1" = 7, by definition.) Then we have

P 1
"= — for n — oo.
)
Proof. Let ¢,é > 0, n € N with 7, > 1/(cf(n)) and let
Eng = {50 .| < ém(m)"}. (4.36)

By Proposition B, equation (ET4), it suffices to show

Ve > 0: lim limsup P

€200 poo

< = 0. (4.37)

T E}
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Indeed, we have

n 1 — n 1 n
P |f < T(n),En c:| - EP |:P |:L < cf(n) STn,r:| ]'En,é:|
= EP |:<]_ €xXp <_%(n))\(n)|sfnx|)> ]‘]En c:|
<1-—exp (—E> — 0,
c/) c—oo
which proves (E=31). O

Lemma 25. Let

N'i= > It

zeSn

™n %

be the number of lightnings in ST , up to time 7,. Then we have

N“g(’)(f(n)) for n — oo.

Proof. Let ¢,¢ > 0, n € N and let E,, ; be defined as in (IZ38). By Proposition B, equation
(), it suffices to show
Vé > 0: lim limsup P [N" > ¢f(n),E, ¢ = 0. (4.38)

c—00 n—oo

Indeed, we have

P[N">cf(n),E,zq < Ep [N"1g, ]

L
cf(n)

1
=——Ep |[Ep |[N"|S" | 1g .
cf(n) P[ P[ ‘ Tn,xj| En,c]
1
—  _Ep [mAM)[S" |1s
Cf(n) P [T (n)| ’Tn,r| En,cj|
TnC
< It
c
and (by (E=3T))
lim lim 22 = Jim Z£ = o,
c—oon—00 C c—00 C
which proves (E=38). O

Lemma 26. Let
K" :=max{ke{0,....n}: (32 €S} ,NTpyp: I} >0)}V(-1)
be the “depth” of lightning in S} . up to time 7,. (On the event {Vz € SI I =0} we

Tn,T Tn,2

have K™ = —1 by definition.) Then we have

K”g(’)(logn) for n — oo.
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Proof. Let ¢,é > 0, n € N with n > |clogn]| + 2 and let
qu& — {|S:Lnfa£clognjfl‘ < 6m(Tn>nchlognjfl} )
By Proposition B, equation (EI1), it suffices to show

Vé>0: lim limsup P [K" > clogn, E, .z = 0. (4.39)

€20 n—oo
Indeed, we have

P [Kn > Clogn,Ede — EP [P [32 c S;Ln—’zl_clognj—l . ]77—;’2 > O‘ S;r_znja\gclognJ—l} ]-En,c’g]
=Ep [(1 —exp (—mA(n)[S2 L)) 1, ]

<1 (oS ).

m(Tn) lclogn|+1

Equations (A=30) and (E=31) imply that for n large enough f(n) < n and m(r,) > 1 hold
and hence

fo)

Tn m(Tn) lclogn]+1 —

W = 7, exp ((logn)(1 — clogm(r,))) .

By (2231), for ¢ > 1/logm(7) we thus obtain

lim T —f(n)
n—00 nm(Tn) [clogn]+1

= O,
which proves (E=39). O
Lemma 27. Let

J"i=max{j€{0,...,n}: (3z€ S, ,NT;3t e 0,m]:n",>n)}V(-1)

be the “depth” of destruction in S . up to time 7,,. (On the event {Vz € ST 'Vt € (0,7,] :

ne, <np.} we have J" = —1 by definition.) Then we have

J”EO(f(n)logn) forn — oo.

Proof. Let ¢,¢ > 0, n € N and let

Foz:= {L”Z ,N"SEf(n),Kngélogn}.

1
¢f(n)
By Lemmas 24, 23 and B8, it suffices to show

Vé > 0: lim limsup P [J" > c¢f(n)logn,F,: = 0. (4.40)

€20 n—oo
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Let (Z!)i=1...n» be an enumeration of the sites in Sfmm which are hit by ignition up
to time 7,, where we count these sites with multiplicity, i.e. for each z € S _ the re-
lation [{i € {1,...,N"}: Z' = z}| = I? _ holds. (On the event {N" = 0} the sequence

(Z1)iz1,..nn is empty.) For t > 0 and z € T let

(2
A=z —min{|w| :w € S;.}

be the difference between the generation of z and the lowest generation which is contained
in the cluster of z in the pure growth process at time ¢. (On the event {S;., = 0} we
have A;, = —00.) Now suppose that 0 < ¢; <15, 2 € T and k € N are given: Using the
inclusion {A;, . > k} C {As, . > k} and the fact that the growth processes at different
sites are independent, one can show that

1—et2

1—€_tl k+1
P A, > k|(0r)uer] =( ) T

Additionally, let S, Z" := 0 ((04y0)wers (I )i0.weB, ) denote the o-field generated by the
configuration of the pure growth process at time ¢ and all ignition processes. Since the
growth processes and the ignition processes are independent and since Ay, , only depends

on the growth processes, it follows from the previous equation that

1 — et FH 1 — e—tr\ Al
P[A, . >k|S5,T"] = <1 ) Lay, >k < < > : (4.41)

_ e—tz 1— 6_t2

We now relate these preliminaries with the proof of (40): Assume that n is large
enough so that ¢f(n)logn > ¢logn and 7, > 1/(¢f(n)) hold. Then

{J" > cf(n)logn,F,:}
C {Elz' e{l,...,N"}: (n—|Z]|) + Ar, 1@y, zn > cf (n) logn,IFn,g}
c{ie{l,....N"}: A _1)@remyzr > cf (n)logn — clogn, F,:} (4.42)
holds, where the first inclusion uses F,, - C {¢* > 1/(¢f(n))} and the second inclusion is due

to the fact that F,,; C {Vie {1,...,N"}: (n—|Z"|) < ¢élogn}. Furthermore, we deduce
from (E27) and (Z21) that

P[J" > cf(n)logn,F, g

-y
< Ep § :1{Arn—1/(af(n)),ng>cf(n)logn—ﬁlogn}an,e

Li=1

N7
= EP Z Z P [Afn,l/(gf(n)%z Z ch(n) logn — élog nJ + 1‘ STnIn] 1{2171:2}1[@%5

i=1 zeSn

Tn,T

1— e—Tn+1/(5f(n)) lef(n)logn—célogn|+2
1—e™ )

<éf(n) <



4.2 Proof of Theorem @ i

holds. Now let n be large enough so that f(n) < n holds (which is possible by (E=30)).
Then

i 1— e—Tn+1/(5f(Tb)) lef(n)logn—clogn|+2 i 1— 6—7'n+1/(5f(n)) cf(n)logn—clogn
¢f(n) = <¢én = :

In order to determine the behaviour of the last term for n — oo, we rewrite it as

1 — e~ +1/(Ef(n) cf(n)logn—clogn
n
( 1—e ™ )

/@) _ 1
= exp <logn+ (cf(n)logn — ¢logn)log (1 - —))

em — 1

— exp ((logn) (1 + (c - ﬁ) F(n) log (1 - el/;ﬂ#))) O (443)

Since f(n) — oo and 7, — 7 for n — oo (see (E=30) and (E=31)), we calculate

. eTn _ 1 el/(éf(n)) — 1 . log (1 — y)
vg&@mam»_lbg(y‘ e — 1 )::%3 Y -
- /(e (n) o &1
lim ¢f(n) (e —1) =lim =1,
n—o0 y\]/() y
. 1 1
im = ,
n—oo ¢ (e —1)  é(em — 1)
Multiplying these equations yields
Q1@ (m) _ 1 1
li 1 1— = . 4.44
nl—l;rolof(n) 08 < e™m — 1 > é(e’r _ 1) ( )
From (E23) and (E24) we conclude that for ¢ > ¢ (e — 1) we have
1— e—Tn+1/(Ef(n)) cf(n)logn—clogn
lim ¢n ( > =0,
n—oo 1 — e ™
which proves (E40). O

Proof of (1-32) and (-39) (and hence of Theorem [J). Equation (E=34) is an immediate
consequence of Lemma 27 and the fact that f(n)logn < n for n — oo by (E=30).
Proof of (A235): Let ¢ > 0, n € N with z € B,, and let

Sn
Gne = { Srual S 1y < epmy, o < cfn) g |

m(m,)" ~ ¢
By Proposition B, equation (E18), Lemma 25 and Lemma 27, it suffices to show
Ve>0: lim Q, [3t € (7,7 +6) i), > M| Gne] = 1. (4.45)

n—o0
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We first observe that

o \en <ot 4.46
| Tn,:B\ Tn,ml— r—1 ( . )

holds: In the case where J" = —1 we have C = S  so that (E48) holds indeed. In

the case where J" > 0 the cluster C7  can only differ from S? . in the maximal subtrees

of S . whose roots are in T, j». Each of these maximal subtrees can have at most

Z}Zo ri = % vertices. Moreover, since these subtrees are disconnected, at most N™
of them can have been affected by destruction up to time 7,,. This proves (EZ8) in the

second case. On the event G, ., we hence have

rcf(n) logn+1 __ 1

sz \Cn L] < ef(n)

r—1
< Cf(n)rcf(n)logn-l-l
and
|C’77'1n$|:‘ w‘_| w\ |
> Tm(r)" — ef ()T (1.47)

For t > 0, let F}' := 0((Gsw)o<s<twer, ({1 )o<s<twen,) denote the o-field generated by

s, w
the growth and ignition processes up to time ¢t. We then deduce

Q. [Elt € (Tn, T +6) 1 - 2> N G, }

an [HZECTL : 7-+6z>[77}nz7GnC}
=Eq, [Q.[3z € OTn IR KPR S v I R
=Eq, [(1 —exp (=X ‘C;L,LID) lg,..]

> (1 — exp (—M(n) <%m( W) — cf (n)ref ™ 10%"“))) Qn Gy, (4.48)

where the last inequality follows from (EZ7). In order to determine the behaviour of the
exponential argument for n — oo, we consider the two summands separately: For the first
summand we clearly have

lim A(n)m(7,)" = lim f(n) = oo (4.49)

n—oo n—oo
(see (E330)). The second summand can be rewritten as

ch(n) logn

A f ()T = (=

= exp (2log f(n) + (clogr) f(n)logn — (logm(7.))n)
= exp (n < logf(n) + (clog r)@lﬂ — log m(m))) :
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By (B330), the function f satisfies f(n) < n/logn for n — oo, and this also implies
log f(n) < n for n — oco. Using these asymptotics and recalling (E231), we thus conclude

lim (QM + (clog r)f(n)nﬂ —log m(Tn)) = —logm(T)

n—o00 n
and
lim A(n) f(n)refMmisn — (. (4.50)
n—oo
Putting (A4R), (229) and (A50) together yields the proof of (A23). O

4.3 Proof of Theorem B

Consider the same setup as in Section B272; additionally, let g : N — (0, 00) be defined as
in (AH). By assumption, g satisfies {/g(n) — 1 for n — oc.

Part (i): Suppose that ¢ also satisfies g(n) < n/logn for n — oco. Then the function
f of Section =22 can be chosen in such a way that for n large enough f(n) > g(n) holds.
Since m~! is monotone increasing, we conclude that for n large enough

T =m " (m(T) ¢ m) > T

g(n)

holds. By (B=3T) we also have 7,, — 7 for n — oo. Theorem B (i) therefore follows from
Part (ii): Suppose that there exists o € (0,1) such that g satisfies g(n) > exp(n®) for
n — oo. Choose 5,7 € (0,1) such that 0 < f < awand 0 < 1 — 8 < v hold. Take the
function f of Section to be f(n) := n" for large n. Clearly, (8230) is satisfied for this
choice of f, and for n large enough we have f(n) < g(n). Hence, similar arguments as
above show that for n large enough 7, < 7 holds. Again, by (E=31) we also have 7,, — 7
for n — oo. Using these facts and arguing analogously to Section E222, we conclude that
for Theorem A (ii) it suffices to prove
lim Q, [Ht € (Tp, T) iyt . > nfm} =1 (4.51)
n—00 ’ ’
for x € T, where Q, is defined as in Section E22. In Section 22, we deduced that
equation (A=33) follows from (A249) and (A50); in exactly the same way it can be shown
that equation (E-51) follows from

nll_}rilo (T — 1) f(n) =00 (4.52)
and
lim (7 — 7,) A(n) f(n)ref(Mlsn — (4.53)

n—0o0
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Now (E53) is an immediate consequence of (E50). It thus remains to prove (E532).
To this end we first rewrite 7 — 7,, as

g [T OTOT () ()
r—m(T) r—m(T) g(n)
Since {/f(n) — 1 and {/g(n) — 1 for n — oo (the first limit follows from (A=30), the
second limit holds by assumption), we conclude that

) h ) — L' Io m(r) N\ _m(r)
”1_“’0 <1 9(”)) ( n) lywy log (1+ T—TTL(T)y) r—m(T) >0

f(n) ny 1
g(n) < exp(n®) < exp(nf

holds. For n large enough, we also have

) and hence

f(n) (1 _ M) > w7 (1= exp (=),

g(n)
Moreover, the limit n — oo of the last term is given by

Tim n” (1— exp (—n1)) = Tim A1 Tim n~ P (1 —exp (—n?71)) = .

This yields the proof of (E53).

4.4 Proof of Proposition [I

Let 7 € (t.,00), let € > 0 and let (p; ., Giz)o<t<rtezer be a self-destructive percolation
process on 1" with parameters 7 and € under some probability measure P. So far we have
parametrized self-destructive percolation in terms of the length of the time intervals [0, 7)
and [r,7 + €|. For the proof of Proposition 0, however, it will be more convenient to
parametrize the final configuration prie := (priez)zer in terms of the Bernoulli probabili-
tiesp:=1—e7 and § := 1 —e~“ for growth at a fixed vertex in the time intervals [0, 7) and
[7, 7 + €], respectively. We therefore use the following alternative notation (which follows
along the lines of [vdBB04|):

Let X,,, v € T, and Y,, v € T, be independent {0, 1}-valued random variables under
some probability measure P,, 5 such that

Pp,5 [Xv = 1] =D, Pp,5 [Xv = O] =1 - D,
Pp75[%:1]:5, Ppy(;[Y:U:O]Zl—(S
forall v € T. Let X := (X})ver, Y := (Yo)ver and define X* = (X})per, Z = (Z,)ver by

v o

P {1 it X, =1 and the cluster of v in X is finite,

0 otherwise,
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and
Z, =X, VY,

Then the distribution of the final configuration p,,. under P and the distribution of Z
under P, ; are clearly identical.
Let

0(p) := P, [the cluster of () in X is infinite]

be the probability that the root () is in an infinite cluster after the first step of self-
destructive percolation (i.e. in independent site percolation on T with parameter p), and
let

0(p,d) := P, [the cluster of () in Z is infinite]

be the probability that the root () is in an infinite cluster in the final configuration of
self-destructive percolation. Using the fact that the final configuration Z is positively
associated ([vdBBO4|, Sections 2.2 and 2.3), it is easy to see that the equivalence

P,s[Z contains an infinite cluster] = 0 < 0(p,d) =0

holds. For the proof of Proposition [ it therefore suffices to prove the following proposition,
where p. = % = 1 — e~' denotes the critical probability of independent site percolation
on 1"

Proposition 3. For all p € (p., 1) there exists 6 € (0,1) such that 6(p,0) = 0.

Proposition B is a generalization of a result by J. van den Berg and R. Brouwer
([wdBB04|, Theorem 5.1), who proved the following statement for the case where 7' is
the binary tree (i.e. r = 2): If p € (p., 1) and § > 0 satisfies

p(1=19) = p., (4.54)

then 0(p,d) = 0. Our proof of Proposition B for general r is based on the same principal
ideas as [vdBB04| but eventually takes a different route due to the occurrence of higher
order terms for » > 3. Although these terms turn out to be asymptotically negligible, they
are the reason why for r > 3 we do not obtain an explicit condition on § like (2254).

We first prove a weaker version of Proposition B:

Lemma 28. For all p € (p., 1) we have limsyo0(p,0) = 0.
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v s TWe e IO TO T

Figure 4.1: Ilustration of the case r = 3 - the 3-regular rooted tree 7" with the root 0, its
children 1,2, 3 and the 3-regular rooted subtrees 7MW, T2 TG

Proof of Lemma 28. Let p € (p.,1) and § € (0,1). By distinguishing whether or not the
root () is in an infinite cluster after the first step of self-destructive percolation we obtain
the inequality

0(p,d) < P, [the cluster of () in X is infinite, Yy = 1]
+ P, s [the cluster of () in X is finite, the cluster of ) in X V'Y is infinite]
=0(p)d + (0(p+ (1 = p)d) — 0(p)) .

Since (-) is continuous, the last expression tends to zero for ¢ | 0, which proves the
lemma. O]

Proof of Proposition @. Suppose that Proposition B is not true. Then there exists py €
(pe, 1) such that for all § € (0, 1) we have 0(po,d) > 0. In fact, even the stronger statement

Vp € (pe, po] V0 € (0,1) : 0(p, ) >0 (4.55)

is true. This is due to the fact that if p1,ps € (p., 1) and 41,09 € (0, 1) satisfy p; > p, and
p1+ (1 —p1)01 = pa+ (1 —p2)da, then O(p1, d1) < O(pa2, d2) holds (see [vdBBO4|, Lemma 2.3).
We will show that (E55) leads to a contradiction.

Let p € (p,po], 0 € (0,1) and define the probability measure P, s and the random
configurations X, Y, X* Z as above (at the beginning of Section B4). We will derive an
inequality for 6(p, §) by exploiting the recursive structure of the tree T'. So let us denote the
r children of the root @ by 1,...,r. Fori =1,...,r, let T® be the r-regular rooted subtree
of T" which has ¢ as its root (see Figure BT for an illustration of the case r = 3). As before,
we will use the term T both for the graph and its vertex set. Let X := (X,),cre
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and Y := (Y,),cro be the configurations we obtain when we restrict X and Y to the

*

subtree 7. Moreover, let X*® = (X;™), o and Z0 = (2§, ;e be the corresponding
configurations for self-destructive percolation on 7@ i.e.

D) . 1 if X, =1 and the cluster of v in X is finite,
" 7 ]0 otherwise,
and
70 = X0 vy,
Then the quadruples of configurations (X@, Y@ X*® 7Z®) j =1 ... r, are independent
and have the same distribution as (X,Y, X*, 7).
Now consider the events
A={XpVvYy=1,3i€{l,...,r}: the cluster of i in JAREE infinite }

and

B = {X@ =1,Y)=0,3i,j € {1,...,7r} : i # j,the cluster of i in Z% is infinite,

the cluster of j in X is inﬁnite}.

Since these events satisfy the inclusions

{the cluster of () in Z is infinite} C A,
{the cluster of () in Z is finite} D B,
B CA,

we have
0(p,6) < Pys [A] - Pps [B]. (4.56)
From the definition of A we readily deduce

P,s[Al=(p+ (1 -p)d) (1= (1 —=0(p,9))")
= (p+ (1 —p)d)-r0(p,5) + OO(p,5)? (4.57)
for ¢ | 0, uniformly for p € (p., pol.

In order to calculate P, s [B], we define
D, = {the cluster of i in Z@ is infinite,

35 € {1,...,7}\ {i} : the cluster of j in X\ is inﬁnite}
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for:=1,...,r and rewrite B as
B={Xy=1Y=0nJD: (4.58)
i=1
For i € {1,...,r} the definition of D; implies
Pp,6 [Dz] = e(pa 5) (1 - (1 - e(p))Til) )
and for k € {2,...,r} and 1 <i; < ... < i, <r we have the upper bound
P,;[Di,N...ND;] < 0(p,6).
Hence equation (A5R) yields

Pp75 [B] = p(l — (5) (i Z (—1)k+1 Pp’g {D“ MN...N le])

k=1 1<i1<...<ip<r

=p(1—196)-rf(p,0) (1 —(1- H(p))r_l) + O(0(p,6)?) (4.59)
for ¢ | 0, uniformly for p € (p., pol.

Inserting (B=51) and (E289) into the inequality (B=58) and dividing both sides by 6(p,d)
(which is possible because of our assumption (E-33)), we obtain

1<(p+0=p))-r—p1—=08)-r(1—1—0p) ") +00(p,0))
for 6 | 0, uniformly for p € (p., pol.

Finally, letting ¢ tend to zero and using Lemma P8, we get

1< pr(1—6(p)".

In the remainder of the proof we show that this inequality leads to a contradiction when
p tends to p.. Expanding the right side of the inequality in powers of §(p), we obtain

1<pr(1—(r—1)0(p)) +0O@(p)?*)  forplpe. (4.60)

On the other hand, the recursive structure of the tree T" implies
O(p) =p(1—(1—6(p)")
=p (7‘9(19) - %T(T - 1)9(29)2) +0(0(p)°)  forpip..
Dividing both sides by 6(p) (which is positive for p € (pe, po]) gives
L= pr (1 - 1>e<p>) O 0p?)  forplpe (461)
Subtracting (E61) from (E60) and dividing by 6(p) again then leads to the inequality

0<—sprlr =D +O0W)  forplp.

But since 6(p) — 0 for p | p., this produces a contradiction. O



Appendix A

Perfect simulations of Durre forest-fire
models on infinite graphs

In Section 23 we mentioned that the results in [DiirQY] can be used to perfectly simulate
Diirre forest-fire models on infinite graphs. It is the purpose of this appendix to make this
statement more precise and to sketch how it can be derived from the proofs in [Diir(9].
Since this is only a side aspect of the present thesis, we will keep the presentation short
and refer the reader to [Diir09| for more details, including some basic definitions.

Consider an infinite connected graph with vertex set V' whose vertex degree is bounded
by some natural number d € N. Let 0 € V' be a distinguished vertex and for n € N, let V,
be the set of vertices whose graph distance from 0 is at most n. Fix some ignition rate A > 0.
Let (10.2).cv be a (possibly random) 0-1-configuration on V' such that the conditional clus-
ter size bound CCSB(0, \/(4d?), m) (see [Diir(4], Definition 7) is satisfied for some m € N.
Moreover, let (G .)i>0 and (I;.)i>0, 2 € V, be independent Poisson processes with rates
1 and A respectively, independently of (1o .).ev. Now let 77 := (1., Gz, 112 )i>0,.ev be the
almost surely uniquely defined Diirre forest-fire model on V' (see [Diir(l9], Definition 3)
with initial configuration (7 .).ev, growth processes (G .)i>0.cv and ignition processes
(It .)t>0.2ev- (The feasibility of this construction follows from [Diir09], Theorems 1 and 3.)
Similarly, for n € N, let ™ := (7722, Gz, 1t 2)i>0,2cv, be the unique Diirre forest-fire model
on V,, with initial configuration (1o, ).cv,, growth processes (G .)i>0.cv, and ignition pro-
cesses (Iy.)i>0.ev,- In this way, 7 and 7" are naturally coupled through their growth
and ignition processes. This coupling can be used to perfectly simulate (7 .)t>0..cv in the
following sense:

Proposition 4. Let T > 0 and let E C V' be finite. Forn € N let

]:T,n =0 ((Uo,z)zevn7 (Gt,z, It,z)OStST,zGVn>

denote the o-field generated by the initial condition on V,, and the growth and ignition
processes on 'V, between times 0 and T'. Then there exists a stopping time v with respect
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to the filtration (Fr,)nen such that P vpp < ool =1 and

P | sup sup sup ‘nm — nfx| =0| =1

nZI/T7E 0<t<T z€eFE

hold.

An explicit choice for v g is given in the proof of the proposition (see equation (A=4)).
Proposition @ is an extension of Theorem 1 in [Diir09], which states that for n — oo,
the forest-fire process on V,, converges a.s. to the forest-fire process on V. As in [Diir(09],
the so-called blur process is an important ingredient in the proof of Proposition @. For

S cV,let
0S :={veV\S:(JweS:vand w are neighbours) }

denote the (outer) boundary of S, and let S := S US be the closure of S. Then for ¢ > 0
and S C V, the (¢,S)-blur process (ﬁfp’i)T%Zeg with respect to the forest-fire process 7
can informally be described as follows: Each vertex is either “blurred” (denoted by “27) or
“not blurred” (denoted by “0”). At the starting time ¢ a vertex in S is blurred if and only
if it lies on the boundary 9S or its cluster is connected to the boundary 0.5. After time ¢ a
vertex in S becomes blurred if and only if its cluster gets connected to a vertex which has
been blurred before. If a vertex is blurred once, it remains blurred forever. A more formal
definition of the blur process is given in [Diir09|, Definition 9.

The (¢, S)-blur process at time T' > t indicates for which vertices in S the configuration
of the infinite volume forest-fire process at time 7' can be determined only by the configura-
tion (7;.).cs on S at time ¢ and the increments (Gy . — Gy )i<v<rzes, (L2 — It 2 )t<v<T.2¢58
of the growth and ignition processes in S between times ¢ and 7. Moreover, the blur
process yields a sufficient criterion to decide whether the infinite volume forest-fire process
and the corresponding finite volume process agree:

Lemma 29. Let 0 <t < T, let k,l € N with k > 1 and let x € V;. Then the inclusion

t,Vi
{sup sup |77t,z — 7722 = 0,sup sup |77t/7x — n§x| > O} C { T,xl = 2}
n>k zeV; n>k t<t/<T

holds.
Proof. This is exactly Proposition 1 in |[Diir(9]. O
For the purpose of Proposition B the following aspect is important, too:

Lemma 30. Let 0 <t <T,S CV andx € S. Then ﬁ;i 15 measurable with respect to
the o-field

o ((nt,z)z657 (Gt’,z - Gt,z7 It’,z — It,z)tgt’ST,ZGS)
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generated by the configuration on S of the infinite volume forest-fire process at time t and
the increments of the growth and ignition processes in S between times t and T

Proof. This can be seen from the explicit construction of the blur process, which is given
in [Dir09], Lemma 1. O

In the next lemma, we compare a (t1, S1)-blur process with a (t3, Sz)-blur process, where
tl S t2 and SQ C Sl.

Lemma 31. Let 0 <t; <ty and Sy C S; C V. Then the inclusion

{veesy pud <pzi}c {rznvee s, g < gp®) (A1)

to,x to,x
holds. In particular, if t; =ty =t for somet > 0, then

VT > tVx € Syt By < By (A.2)
holds pointwise.

Proof. We first observe that for t; = ¢, the condition on the left side of (AT is always
satisfied so that (A=) follows indeed from (AT). Equation (A=) is proved in [Diir(9],
Lemma 2. The more general version (A7) can be proved analogously. O

Together with results in [Diir09], Lemma BT can be used to prove the following:

Lemma 32. For T >0 and x € V we have

lim P [ 0V 2} ~0. (A.3)
l—o0 ’

Proof. Combining Theorem 1, Proposition 2 and Proposition 3 in [Diir09], one can deduce
the existence of constants v > 0 and ¢ > 0 (depending on the ignition rate A, the bound
d on the vertex degree and the constant m from the conditional cluster size bound) with
the following property: Let to := 0, t; := = and recursively define t; :=t;,_1 + € for 1 > 2.
Then fort e Nand x € V

lim P [ G-V 2] ~0 (A.4)
l—00 v
holds. By induction on ¢ we now show that for : € Nand x € V

lim P [ Vi 2] ~0 (A.5)

l—00

is true, as well. For ¢ = 1 equations (AH) and (A=) coincide. So let i > 2 and pick J > 0.
By (A=) we can first choose k£ € N such that V, 5 z and

, )
P g =2] <3
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hold. By the induction hypothesis we can next choose [y > k such that for all [ > [y and
all z € V,

)
P[ 0.Vi :2} <
ti—1,2 2‘Vk|

holds, where |Vj| denotes the number of elements of Vj. For [ > [, we then obtain

Pl =2) <P[alY =240 =0 vz e Vi M. =0 +4

<P|: 0%_2 /Btz 1Vk_0’vZ€Vkﬁ?‘/;l_z_/8tzllz/ki|
— 3,

where the first inequality follows from the choice of k and [ and the probability in the
second line is zero because of Lemma B, equation (AD). This completes the induction
step and thus the proof of (AZF). Since ﬁg‘j is monotone increasing in 7" and ¢; — oo for
i — 00, equation (ATH) implies (A=3). O

We now have all the necessary ingredients for the proof of Proposition M.

Proof of Proposition . Let T' > 0 and let £ C V be finite. Lemma B2 and Lemma B,
equation (A=), imply

[EIZEN Vs, B =0 ]:1
for all x € V and

{8 =0} < {wnz1: 800 =0}
for all x € V and [ € N with V; 5 2. Consequently
VT7E::inf{n€NZ<V DEVxeE: BOV"— >} (A.6)
satisfies P [vr g < oo] = 1, and on the event {vr g < oo} we have
Vn>vrpVe € E: B =0
and hence

sup sup sup |77tx T}:Lx‘ =0

n>vr g 0<t<T zckE

by Lemma P9. Moreover, it follows from Lemma B0 that vy g is a stopping time with
respect to (Frn)nen- O



Appendix B

Simulations of forest-fire models on
finite boxes

In this appendix to Chapter B, we look at simulations of the two forest-fire models on finite
boxes which are the starting point of Chapter B and discuss how the simulation results
reflect conjectured and proven properties of H-forest-fire processes (see Definition B).

B.1 General remarks and observations

Let n € N, w € Z?* and define the box B,(w) C Z?* with centre w and radius n by (21).
As in Chapter B, we write B?(w) if the box B,(w) is endowed with the standard edges of
the square lattice, and BP(w) if additional edges from left to right are inserted to make
the box periodic in the z-direction.

In Chapter B, we initially considered the following forest-fire model on the box B} (w):

At time 0 all sites are vacant. Then trees grow according to independent rate
1 Poisson processes, but if an occupied cluster (with respect to the edges of
B? (w)) reaches any of the four sides of the box, it is instantancously destroyed.

Let us call this process a Bf(w)-forest-fire process. (See page @ for a more detailed
description.) We then introduced the following forest-fire model on the box BP(w):

At time 0 all sites are vacant. Then trees grow according to independent rate
1 Poisson processes, but if an occupied cluster (with respect to the edges of
BP(w)) reaches the bottom side of the box, it is instantaneously destroyed.

Let us call this process a BP(w)-forest-fire process. (In Definition 0 we defined this
process under the additional assumption that w = in, where i := /=1 = (0,1) denotes
the imaginary unit.)

Sections B2 and B3 show simulations of these processes on the box By (0) of radius
200 (i.e. a box with 401 - 401 = 160801 sites) between time 0 and time 2. For ease of
notation, we choose the centre of the box to be the origin 0 but this is obviously irrelevant
with regard to the simulations. For instance, we may as well consider the simulations to be



90 B. Simulations of forest-fire models on finite boxes

performed on the box Bag(2007), whose bottom side is on the x-axis. While Section
shows a Bj,(0)-forest-fire process, Section B3 shows a B (0)-forest-fire process; however,
both simulations are based on the same realization of the underlying growth processes. The
configurations of the forest-fire processes are depicted in time steps of 0.1, where each site
is represented by a tiny square which is white if the site is vacant and black if it is occupied
by a tree.

Let us give some heuristic interpretations of the simulation results in tabular form:

Observation about simulation results

Coriesponding conjecture or theorem
for H-forest-fire processes

The B5y,(0)-forest-fire process and the
B35y (0)-forest-fire  process —qualitatively
show the same behaviour.

We conjecture that in the limit n — oo, the
B? (ni)-forest-fire process and the BP(ni)-
forest-fire process converge to the same
limit process (in a suitable sense). The
limit process is expected to be an H-forest-
fire process.

Theorem [ proves this kind of convergence
for subsequences of BP(ni)-forest-fire pro-
cesses.

In both simulations, the effect of destruc-
tion is first only felt locally (i.e. close to
the side(s) which cause destruction) but
is then suddenly felt globally (i.e. in the
whole box). In the Bjy,(0)-forest-fire pro-
cess, this transition is observed between
times 0.90 and 0.91, and in the B5,,(0)-
forest-fire process, it is observed between
times 0.92 and 0.93.

According to Theorem B, the heights of de-
struction for the H-forest-fire process (see
Definition B) are a.s. finite before the criti-
cal time ¢, and a.s. infinite after ..
Numerical estimates indicate that ¢, lies
between 0.89 and 0.90. See [Hug9d6|, Sec-
tion 3.4.3, for an overview of numerical re-
sults on critical probabilities for Bernoulli
percolation on various lattices.

The observed transition times in the two
finite-size models are slightly larger than
the critical time t..

We conjecture that the heights of destruc-
tion for the H-forest-fire process are a.s. fi-
nite at the critical time t..

For the triangular lattice, a similar state-
ment is proved in Chapter B, Theorem B.

The transition between local and global de-
struction occurs again at a later time. In
the B3y, (0)-forest-fire process, this transi-
tion is observed between times 1.84 and
1.85, and in the BY,(0)-forest-fire process,
it is observed between times 1.96 and 1.97.

There are no well-founded conjectures let
alone rigorous results which match this ob-
servation.
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B.2 Simulation of a B5,(0)-forest-fire process
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B.3 Simulation of a B}, (0)-forest-fire process
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