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Zusammenfassung
Diese Arbeit befasst sich mit dem Studium von vier und sechs dimensionalen Niederenergie, effektiven Wirkungen, die im Rahmen von F-Theorie Kompaktifizierungen entstehen. Motiviert durch den
Versuch der Beschreibung eines Stapels M5-Branen im Limes großer Wellenlängen, bilden sechs dimensionale, super symmetrische Quantenfeldtheorien, welche selbst-duale Tensorfelder in ihrem Spektrum
beinhalten, den zweiten Focus. Beide Themen sind Beispiele für intrinsisch nicht pertubative physikalische Systeme. Im Kontext von F-Theorie entspringt der nicht pertubative Charakter der geometrischen
Formulierung dieser Klasse von String Vacua, in welcher die komplexifizierte String Kopplungskonstante im Raum variieren kann. Das infrarot Verhalten Infrarotverhalten von einem Stapel von mehreren
M5-Branen andrerseits, wird durch die noch nicht vollkommen verstandenen, sogenannten (2,0) Theo”
rie“ beschrieben, für welche vermutlich kein schwach gekoppelter, pertubativer Sektor existiert. Es sei
angemerkt, dass es in der Literatur keine Beschreibung dieser Theorien in Form von Lagrange-Dichten
gibt.
Die überstehende Strategie, die hier angewendet wird, um dieser beiden Probleme Herr zu werden,
ist eine analoge trans-dimensionale Behandlung dieser Systeme. Hierbei werden Informationen über d
dimensionale Theorien aus dem Studium von d − 1 dimensionalen Theorien gewonnen. Im Falle von
F-Theorie Kompaktifizierungen gelingt dies durch die Dualität von M-Theorie zu F-Theorie. Durch die
Wahl von elliptisch fibrierten Calabi-Yau Dreimannigfaltigkeiten als internen Raum ist es uns möglich
sechs-dimensionale F-Theorie Vacua zu analysieren. Unsere neuartige F-Theorie Konstruktion, welche
Spin(7) Holonomie Mannigfaltigkeit benutzt, bietet uns einen Zugang zu vier dimensionalen effektiven
Theorien. Die sechs-dimensionalen (2,0) Theorien studieren wir indirekt durch die Analyse von fünf
dimensionalen Theorien. Diese trans-dimensionale Herangehensweise ermöglicht uns eine LagrangeDichte in fünf Dimensionen zu konstruieren, die potentiell Aussagen über die sechs dimensionalen
Wechselwirkungen der (2,0) Theorien zulässt. Diese Untersuchungen erweiterten unser Verständnis
des Zusammenhangs zwischen fünf und sechs dimensionaler Physik, insbesondere fanden wir ein allgemeines Resultat für die ein Loop“ Korrekturen der Chern-Simons Kopplungen in fünf Dimensionen.
”

Abstract
In this thesis we study the low-energy effective dynamics emerging from a class of F-theory compactifications in four and six dimensions. We also investigate six-dimensional supersymmetric quantum field
theories with self-dual tensors, motivated by the problem of describing the long-wavelength regime
of a stack of M5-branes in M-theory. These setups share interesting common features. They both
constitute examples of intrinsically non-perturbative physics. On the one hand, in the context of
F-theory the non-perturbative character is encoded in the geometric formulation of this class of string
vacua, which allows the complexified string coupling to vary in space. On the other hand, the dynamics of a stack of multiple M5-branes flows in the infrared to a novel kind of superconformal field
theories in six dimensions—commonly referred to as (2,0) theories—that are expected to possess no
perturbative weakly coupled regime and have resisted a complete understanding so far. In particular,
no Lagrangian description is known for these models. The strategy we employ to address these two
problems is also analogous. A recurring Leitmotif of our work is a transdimensional treatment of
the system under examination: in order to extract information about dynamics in d dimensions we
consider a (d − 1)-dimensional setup. As far as F-theory compactifications are concerned, this is a
consequence of the duality between M-theory and F-theory, which constitutes our main tool in the
derivation of the effective action of F-theory compactifications. We apply it to six-dimensional Ftheory vacua, obtained by taking the internal space to be an elliptically fibered Calabi-Yau threefold,
but we also employ it to explore a novel kind of F-theory constructions in four dimensions based on
manifolds with Spin(7) holonomy. With reference to six-dimensional (2,0) theories, the transdimensional character of our approach relies in the idea of studying these theories in five dimensions. Indeed,
we propose a Lagrangian that is formulated in five dimensions but has the potential to capture the
six-dimensional interactions of (2,0) theories. This investigation leads us to explore in closer detail
the relation between physics in five and in six dimensions. One of the outcomes of our exploration is
a general result for one-loop corrections to Chern-Simons couplings in five dimensions.
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Lüst, Noppadol Mekareeya, Tom Pugh, Raffaele Savelli, Matthias Weißenbacher. I would like to thank
them for their contribution to a pleasant and stimulating intellectual environment and for interesting
discussions, as well as for sharing enjoyable moments outside physics. My sincere thanks go to Stefan
Hohenegger and Eran Palti for pleasant and fruitful collaboration. I would also like to express my
gratitude to all my fellow PhD students in the string theory group at the Max Planck Institute, and
in particular to Sebastian Halter, Steffen Klug, Felix Rennecke, Oliver Schlotterer.
Finally, I will always be indebted to all my friends and especially to my family for their constant
support, encouragement, trust, and helpfulness. They have thoughtfully accompanied me through my
journey so far and I am confident that I will always be able to count on them to help me face any
future challenge.

Contents

1 Introduction

I

5

1.1

The quest for a fundamental theory

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

5

1.2

From particles to strings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

1.3

The effective action paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

10

1.4

The power of supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12

1.5

Non-perturbative effective actions in string and M-theory . . . . . . . . . . . . . . . .

15

1.6

Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

17

Preliminary material

19

2 Basic notions about Type II superstring theory

21

2.1

World-sheet perspective and massless spectra . . . . . . . . . . . . . . . . . . . . . . .

21

2.2

Low-energy dynamics of massless modes . . . . . . . . . . . . . . . . . . . . . . . . . .

31

2.3

Orientifold projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

35

3 T-duality, S-duality, M-theory
3.1

39

T-duality of Type II superstring theories . . . . . . . . . . . . . . . . . . . . . . . . . .
1

39

2

Contents

3.2

S-duality of Type IIB superstring theory . . . . . . . . . . . . . . . . . . . . . . . . . .

42

3.3

M-theory and Type IIA superstring theory

. . . . . . . . . . . . . . . . . . . . . . . .

45

3.4

M-theory and Type IIB superstring theory . . . . . . . . . . . . . . . . . . . . . . . . .

50

3.5

Low-energy dynamics of M-theory branes . . . . . . . . . . . . . . . . . . . . . . . . .

52

4 Compactifications and effective actions

55

4.1

The compactification paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

55

4.2

Circle compactification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

56

4.3

More general compactification on Ricci-flat manifolds . . . . . . . . . . . . . . . . . . .

61

4.4

Supersymmetry and special holonomy . . . . . . . . . . . . . . . . . . . . . . . . . . .

65

4.5

A brief overview of Calabi-Yau manifolds . . . . . . . . . . . . . . . . . . . . . . . . .

69

4.6

A brief overview of Spin(7) manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . .

77

5 An introduction to F-theory from the M-theory perspective
5.1

Seven-brane backreaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

82

5.2

Elliptic fibrations and seven-branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

86

5.3

Duality between F-theory and M-theory . . . . . . . . . . . . . . . . . . . . . . . . . .

93

5.4

Sen’s weak-coupling limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

97

5.5

Remarks on G4 -flux in four-dimensional F-theory setups

99

. . . . . . . . . . . . . . . .

6 The puzzle of (2,0) theories

II

81

101

6.1

Non-trivial infrared dynamics from string theory and M-theory . . . . . . . . . . . . . 101

6.2

Some general features of (2,0) theories . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3

(2,0) theories and five-dimensional super Yang-Mills . . . . . . . . . . . . . . . . . . . 105

F-theory effective actions

7 Effective action for six-dimensional F-theory compactifications
7.1

109
111

F-theory and the space of six-dimensional (1,0) supergravities . . . . . . . . . . . . . . 111

3

Contents

7.2

Elliptically fibered Calabi-Yau threefolds . . . . . . . . . . . . . . . . . . . . . . . . . . 113

7.3

Generalities on six-dimensional (1,0) supergravity . . . . . . . . . . . . . . . . . . . . . 115

7.4

Circle compactification from six to five dimensions . . . . . . . . . . . . . . . . . . . . 120

7.5

M-theory on an elliptically fibered Calabi-Yau threefold . . . . . . . . . . . . . . . . . 133

7.6

F-theory lift and one-loop corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

8 F-theory on Spin(7) manifolds

III

149

8.1

A long-standing challenge and a proposed duality . . . . . . . . . . . . . . . . . . . . . 149

8.2

Geometries with Spin(7) holonomy for F-theory . . . . . . . . . . . . . . . . . . . . . . 152

8.3

M-theory on Spin(7) spaces and Calabi-Yau quotients . . . . . . . . . . . . . . . . . . 157

8.4

F-theory on Spin(7) manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

8.5

Quotients in the weak-coupling limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

8.6

Weak-coupling setups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

Tensor towers and Chern-Simons theories

9 Five-dimensional Chern-Simons terms at one loop

193
195

9.1

An exception to the decoupling paradigm . . . . . . . . . . . . . . . . . . . . . . . . . 195

9.2

Summary of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

9.3

Feynman diagram computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

10 Abelian tensor towers and five-dimensional supergravities

209

10.1 A lower-dimensional action for chiral p-forms . . . . . . . . . . . . . . . . . . . . . . . 209
10.2 One-loop Chern-Simons terms and M-theory/F-theory duality . . . . . . . . . . . . . . 213
10.3 Exploring the landscape of five-dimensional supergravities . . . . . . . . . . . . . . . . 218
10.4 Six-dimensional origin of five-dimensional theories . . . . . . . . . . . . . . . . . . . . 220
11 Non-Abelian tensor towers and (2,0) theories

225

11.1 The search for a five-dimensional Lagrangian description . . . . . . . . . . . . . . . . . 225

4

Contents

11.2 Supersymmetric spectrum and non-Abelian gauging . . . . . . . . . . . . . . . . . . . 227
11.3 Spectrum in terms of N = 2 superconformal multiplets . . . . . . . . . . . . . . . . . . 235
11.4 Supersymmetric actions and conformal invariance . . . . . . . . . . . . . . . . . . . . . 239
11.5 Two special cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246
11.6 A possible window on (2,0) conformal anomalies . . . . . . . . . . . . . . . . . . . . . 247

IV

Conclusions

251

12 Closing remarks

253

12.1 A quick overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
12.2 Exploring F-theory vacua . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
12.3 Uncovering tensor theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

V

Appendices

261

A Notation, conventions, and useful identities

263

A.1 General conventions for metric, curvature, differential forms . . . . . . . . . . . . . . . 263
A.2 Spinors in five dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264
A.3 More details about the reduction of the Einstein-Hilbert term . . . . . . . . . . . . . . 267
B Material for the one-loop computation of chapter 9

271

B.1 Gravitational perturbative expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
B.2 Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273
C Examples of Spin(7) manifolds for F-theory

277

C.1 A hypersurface in a P2,3,1 fibration of P1,1,1,1

. . . . . . . . . . . . . . . . . . . . . . . 277

C.2 A complete intersection in a P1,1,1,1 fibration of P1,1,2,2 . . . . . . . . . . . . . . . . . . 278

CHAPTER

1

Introduction

This first chapter is devoted to a presentation of the main ideas underlying our work. After motivating
string theory from a theoretical perspective we highlight some general features of theories of strings
as opposed to point particles. We also recall the importance of the effective field theory approach, we
briefly comment on some features of supersymmetric theories, and we give a quick presentation of the
setups analyzed in the following chapters. We conclude with the outline of the rest of the thesis.

1.1

The quest for a fundamental theory

The long sequence of successes of theoretical physics from its origins to the turn of the 21st century
represents an extraordinary intellectual achievement. Current physical theories provide a powerful
framework that allows us to explain and predict a wide range of phenomena on length scales spanning
over forty orders of magnitude, from the deep subatomic distances probed at the LHC (∼ 10−19 m) to
the size of the observable universe (∼ 1027 m). Such a remarkable quantitative understanding relies on
the possibility to identify the dominant aspects of the dynamics of a physical system at some energy
or length scale, neglecting subdominant effects. By this token we can, for instance, study particle
scattering processes ignoring gravitational forces, or analyze the large scale structure of the universe
approximating its content by a uniform, isotropic fluid.
From this perspective, a description of the world based on several, coexisting models applying to
different phenomena within different validity regimes is perfectly viable, as long as no experimental
evidence is found against it. In the history of physics, however, an antithetic pattern seems to emerge.
Indeed, a decisive element in the progress of this science has been the quest for a simple and unified
description of seemingly different aspects of Nature. Galilei and Newton demolished the distinction
between terrestrial and celestial mechanics, and Maxwell provided a unified framework for electric and
5
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magnetic phenomena, to mention some well-known examples from classical physics. Note that every
step in the direction towards unification not only has proven aesthetically appealing, but has also been
accompanied by a dramatic deepening of our understanding of the world.
During the 20th century yet another paradigm beside unification acquired primary importance
in the development of theoretical physics: symmetry. Einstein’s special relativity originated from
the analysis of the symmetry transformations of Maxwell’s equations, and was later extended to
general relativity following the symmetry principle of general covariance. Conservations laws, one
of the pillars of theoretical physics, were related to symmetries by Noether’s theorem. In quantum
mechanics, symmetries provide the quantum numbers that classify states in the system. They were
instrumental, for instance, to unveil hidden patterns in the zoo of ‘elementary’ particles discovered in
the 1960s. As a final example in this incomplete list, the role of symmetries and their spontaneous
breaking in the context of quantum field theory cannot be overestimated.
The holy grail of theoretical physics, according to this paradigm, would be a ‘theory of everything,’
i.e. a unified and coherent framework that allows a consistent description of all known interactions.
Ideally, such a theory would originate from a limited number of postulates combined with symmetry arguments. All known physical theories could then be recovered, at least in principle, taking
appropriate limits of this underlying theory.
Modern-day theoretical physics is still far from the dream of a ‘theory of everything’ but embodies
the principles of unification and symmetry to a great extent. It is remarkable that three out of
the known fundamental interactions among the constituents of visible matter—the electromagnetic
force and the weak and strong nuclear forces—can all be understood within the same framework
of quantum field theories based on gauge symmetry. Even further, the electromagnetic and weak
interactions have already been unified in the Standard Model of particle physics. Its experimental
successes are compelling and even the most elusive of its ingredients, the Higgs boson, is likely to have
been recently detected at the LHC [1]. Unfortunately, the theoretical tools that have been so successful
in describing interactions at the subatomic scale are not directly applicable to the gravitational force.
Einstein’s general relativity, however, provides a beautiful theory of gravitation at the classical level,
in which dynamics is geometrized in an elegant fashion. Besides its aesthetic appeal, general relativity
has passed all direct tests at solar system scales [2, 3] and constitutes one of the main pillars of the
concordance model of cosmology (or ΛCDM model), which provides a coherent framework for the
history of the Universe from Big Bang nucleosynthesis up to the present day.
This optimistic account should not lead to the conclusion that our understanding of the fundamental principles of Nature is almost complete. Indeed, even though the current framework based on
the Standard Model (supplemented by neutrino masses) and the concordance model of cosmology has
not been falsified experimentally so far, it is unsatisfactory in many respects.
To begin with, there is evidence that some crucial physics is being missed by known theories. In
fact, cosmological data indicate that known particles account for only about 5% of the total energy
content of the Universe. The remaining part consists of so-called dark matter (27%) and dark energy
(68%) [2], whose properties can be effectively parametrized to explain observations on macroscopic
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scales, but whose microscopic interpretation is obscure. Many particles have been proposed as dark
matter candidates, but no conclusive answer has been found yet. Even more dramatic is the situation
for dark energy. It is usually identified with the effect of a non-vanishing cosmological constant
in Einstein’s equations and interpreted microscopically as the energy associated to the vacuum. The
theoretical prediction for this quantity in the Standard Model, however, differs from the observed value
by 120 orders of magnitude. Better results can be obtained, for instance, considering supersymmetric
extensions of the Standard Model, but the cosmological constant problem remains a pressing open
question in physics, see e.g. [4].
A second reason to be dissatisfied with the present framework is related to the free parameters
that enter known models. These constants cannot be predicted theoretically and have to be fixed by
means of experimental or observational input. On the one hand, we need quite a large number of
such free parameters: they are about 20 in the Standard Model (the precise number depending on the
details of neutrino mass mechanism) and six in the concordance model of cosmology. On the other
hand, some parameters require a high amount of fine-tuning that, although not inconsistent, appears
to be extremely unnatural. The hierarchy problem and the strong CP problem in the Standard Model,
along with the flatness problem in the hot Big Bang scenario, might be seen as examples of this issue.1
Finally, from a purely formal point of view the theoretical frameworks of quantum field theory and
general relativity suffer from serious limitations that prevent us from viewing them as fundamental
theories.
According to the modern effective field theory point of view, quantum field theories are most
appropriately considered as effective descriptions valid only up to some definite energy scale. Beyond
that scale new physics becomes relevant that is not captured by the theory. Under some circumstances,
the formal properties of a quantum field theory allow us to extrapolate it to arbitrary high energies
while retaining consistency and predictive power. This happens, for instance, for renormalizable
asymptotically free gauge theories. In this case, the theory can be formulated without any reference
to a possible UV completion. It is noteworthy that the electromagnetic, weak, and strong interactions
can be described precisely in terms of renormalizable gauge theories.2
Any attempt to describe gravity along the same lines, though, is doomed to fail, due to the nonrenormalizability of the perturbative expansion resulting from the Einstein-Hilbert action. Strictly
speaking, this is not enough to rule out the possibility that gravity is described by a quantum field
theory at the fundamental level, as the theory may sit at a non-perturbative non-trivial UV fixed point.
In what follows, however, we will interpret the lack of renormalizability as a signal that the theory is
only an effective description that has to be modified at high energies. The natural expectation for the
scale at which quantum gravity effects are important is given by the Planck mass MPl ' 1019 GeV.
1

The hierarchy problem can be addressed, for instance, by means of low-energy supersymmetry, see e.g. [5]. The
strong CP problem can be cured by introducing an axion according to the Peccei-Quinn mechanism, as reviewed for
instance in [6]. The flatness problem is solved by inflation, see e.g. [7].
2
Note, however, that the U (1) hypercharge factor of the Standard Model gauge group is not asymptotically free and
can therefore suffer from pathologies in the UV (Landau pole). This problem can be cured within the framework of
quantum field theory. For instance, in GUT models the hypercharge U (1) factor is embedded in a simple gauge group
that leads to an asymptotically free gauge theory.
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We are thus left with the problem of finding a suitable candidate for a UV completion for energies
E & MPl .
Besides the difficulties of finding a microscopic theory of quantum gravity, general relativity seems
to determine its own limitations already at the (semi)classical level. Singularity theorems [8] show
that systems with well-behaved initial conditions—representing for example a realistic astrophysical
object—can undergo spontaneous gravitational collapse until a singularity in spacetime is formed, at
which the notions of geometry and general relativity break down. In the majority of cases (actually, in
any case, if one accepts the cosmic censorship conjecture [9]) the singularity produced by gravitational
collapse of physically sensible initial conditions is hidden behind the event horizon of a black hole. From
the classical point of view this is enough to guarantee that no inconsistency arises, as the singularity in
the interior of the black hole is causally disconnected to any external observer. If semiclassical effects
such as Hawking radiation are taken into account, however, severe difficulties emerge, as the so-called
information paradox. Discussion about this point is still ongoing and has been recently renewed with
the introduction of the firewall proposal suggested in [10].
In view of the observations made above, it would be desirable to have a new framework that
is able to overcome the difficulties of known theories and, ideally, provide the long-sought ‘theory of
everything.’ In the next section we introduce the best known candidate of such a theory: string theory.
It can be seen as the epitome of the implementation of unification and symmetry in theoretical physics.
In fact, in string theory all different particles and interactions originate from a single kind of object,
the string. Furthermore, the dynamics of strings is so highly constrained by symmetry and consistency
that—as it will be clarified in section 3—there is essentially a unique string theory. It is the opinion
of the author that these elements are enough to justify a thorough study of the subject. Such an
investigation has already provided powerful insights about formal aspects of theoretical physics and
intriguing connections to mathematics. It is worth pursuing the analysis further since string theory
might have the potential to provide a solution to some of the main open problems in physics.

1.2

From particles to strings

Let us start with some general observations about string theory. The underlying fundamental idea is
remarkably simple: replace point particles with extended, one-dimensional objects. More precisely,
we are interested in a relativistic quantum theory of interacting strings. Such a theory automatically
comes with a fundamental scale of mass, or equivalently, length. It is set by the string tension, or
energy per unit length. For historical reasons this scale is usually encoded in the so-called Regge slope
α0 , with dimensions of length squared. It is related to the string tension T by
1
.
(1.1)
2πα0
Eventually, we would like to interpret string theory as a theory of quantum gravity. This suggests a
relation of the form (α0 )−1/2 ' MPl . In some scenarios, however, this naive expectation is not met, and
the string scale (α0 )−1/2 can be as low as the TeV scale, opening up the possibility of string detection
in colliders, see e.g. [11, 12].
T =
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time

time

space

space

Figure 1.1: Pictorial comparison between the world-lines swept by interacting particles and the worldsheets swept by interacting strings. In the particle case interactions take place at a definite event in
spacetime, but there is no Lorentz-invariant way of defining joining and splitting of relativistic strings.
Considering extended objects rather than point particles presents some advantages. First of all, a
single fundamental string can account for a variety of particles. This can be intuitively seen by noting
that the motion of a string can be decomposed into two parts: a translational displacement of its
center of mass, and a tower of discrete oscillatory modes around the center of mass. If a propagating
string is probed with energies E  (α0 )−1/2 , its extended nature will not be detected. One will rather
observe a point particle with mass and quantum numbers determined by the oscillatory motion of the
string.
Secondly, replacing particles with strings can improve the UV properties of the theory, as can be
argued heuristically by comparing interactions between point particles and strings (see figure 1.1). In
a local theory of point particles, interactions take place at definite spacetime events. Effectively, this
implies that spacetime is probed to arbitrarily high resolution when virtual states are considered in
the path integral that defines the quantized theory. This can be considered to be the origin of the
familiar UV divergences of quantum field theory. When particles are replaced by strings with typical
length scale (α0 )1/2 interactions are effectively smeared out. Stated differently, spacetime cannot be
probed to distances smaller than (α0 )1/2 due to the extended nature of the string. One can thus
hope that interacting theories of strings free of UV divergences can be formulated. In the context of
superstring perturbation theory, consistency and finiteness of the terms in the expansion have been
proven up to two loops [13] and partial results such as [14] support the conjecture that the same holds
for higher-loop terms.3 Further observations can be found in the review [16].
An extended one-dimensional object can have two distinct topologies, since it can be homeomorphic
to a circle or to an interval. In simpler terms, we can have closed strings, without endpoints, or open
strings, with two endpoints. It is a generic feature of string theory that one of the oscillation modes
3
Note, however, that it has been proven that the perturbative expansion of bosonic string theory is not Borel resummable [15], and the same is believed to be true for superstrings. This means that perturbative data are not sufficient
to define the theory completely and that suitable non-perturbative input, related e.g. to instantons, is needed.
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of a closed string is associated to a massless, spin-two particle, while for an open string one finds a
massless, spin-one particle. These are interpreted as the graviton and as a gauge boson, respectively.4
Gravitational and gauge interactions are thus beautifully unified thanks to the two different topologies
of the string. This picture can provide further insight. For instance, the universal character of gravity
can be seen from the fact that open strings can always join to form closed strings. As a result, closed
strings, and therefore gravity, must be always included in a sensible string theory. Moreover, it turns
out that the space of states of a closed string is, roughly speaking, the tensor product of two copies of
the space of states of an open string. This observation leads to a new look on gravity, which can be
seen as the ‘square’ of a Yang-Mills interaction. Remarkably, this heuristic picture has found concrete
realizations in explicit computations of open and closed string amplitudes starting from the work of
Kawai, Lewellen, and Tye [17].
Finally, the quantum theory of a relativistic string is much more constrained than its point particle
counterpart, to the extent that symmetries determine the dynamics of strings completely. As we will
see, perturbative string theory has no free parameters (except for the fundamental scale α0 ) and
mild consistency conditions—as the absence of quantum anomalies and stability of the vacuum—
are powerful enough to single out five fundamental (super)string theories. When non-perturbative
arguments are taken into account, however, these five theories are seen to be limits of a single, unifying
theory, the so-called M-theory. This leads to the picture of the ‘M-theory star’ depicted in figure 1.2.
This extreme degree of uniqueness should be contrasted to the situation in quantum field theory, in
which no argument can be used to single out a priori some specific model from the set of anomaly-free,
renormalizable, asymptotically free theories.

1.3

The effective action paradigm

Any candidate ‘theory of everything’ providing a unification of all known interactions is likely to
contain new degrees of freedom at high energies subject to some intricate microscopic dynamics. This
is the case of string theory, understood in a broad sense to include M-theory. In order to understand
the low-energy behavior of these theories, however, most of the detailed structure underlying their
microscopic fundamental degrees of freedom is probably unnecessary. We can indeed appeal to the
Wilsonian approach to the formulation of effective field theories and argue that, if we are only interested
in the dynamics of long-wavelength excitations around the vacuum, we should integrate out all states
associated to short-distance physics. The resulting effective theory is formulated in terms of light
degrees of freedom and the information about high-energy dynamics is encoded inside the couplings
among light modes. The validity of the effective action is clearly limited to processes at energies
much lower than the typical scale of the heavy degrees of freedom that have been integrated out. Its
predictive power is therefore restricted and if we want to probe dynamics beyond that scale we have
to resort to the original theory, which is referred to as the UV-completion of the effective theory.
4
The situation is different in heterotic superstring theory, where both gravity and gauge interactions originate from
closed strings. String dualities, however, relate the heterotic string to different string theories in which the association
closed-gravity, open-gauge holds.
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Type I

SO(32) Heterotic

Type IIB

M-theory

E8 ⇥ E8 Heterotic

Type IIA

11d supergravity

Figure 1.2: An impressionistic sketch of the moduli space of M-theory, showing that the five known
consistent superstring theories and eleven-dimensional supergravity can be considered as special ‘corners’ in the ‘M-theory star.’

The effective field theory program is best understood in those situations in which the original
microscopic theory in the UV is a consistent, renormalizable quantum field theory. If we let the theory
follow its renormalization group flow to the deep IR we find an effective theory for its long-wavelength
dynamics. This is a quantum field theory whose properties and degrees of freedom might differ
substantially from the ones of the UV theory. For example renormalizability can be lost. Probably
the most familiar example of this phenomenon is furnished by the Standard Model of electroweak
interactions. Because of spontaneous symmetry breaking the W and Z bosons get massive and are
integrated out at sufficiently low energies. The resulting effective action is a non-renormalizable fourFermi theory. In some situations even the relation between UV and IR degrees of freedom is highly
non-trivial. Arguably the prototypical example is given by confining gauge theories, such as QCD: if
in the UV we have an asymptotically-free theory of quarks and gluons, in the IR the correct variables
for the description of the dynamics are mesons and baryons.
We can also reverse the logic of the last example and conclude that, given a low-energy effective
theory, its UV-completion can be formulated in terms of completely different entities and might not
be a quantum field theory. This is indeed the case in string theory, which is not a theory of relativistic
particles but contains extended objects.
On general grounds the existence of a UV-completion serves as a proof of principle of the full
quantum consistency of the effective action under examination. In this respect, effective theories that
are known to admit a UV-completion are singled out from the set of all effective theories that are
apparently consistent at low energies. From this perspective string theory, which is expected to be
a fully consistent UV-complete theory valid at all energy scales, is especially fruitful in at least two
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different ways. On the one hand, we can use string theory as a guiding principle in the search for
a consistent effective theory for some new physics. Instead of exploring the full set of apparently
consistent effective theories we can exploit string theory to single out a preferred subset for us, hoping
that this exploration will lead to phenomenologically viable models. On the other hand, we can also
consider the problem from a more formal point of view and regard string theory as a tool to learn more
about what conditions a low-energy effective field theory must meet in order to be a fully consistent
theory coupled to quantum gravity. This approach has led to the introduction of the concept of
‘swampland’ [18]: this is the set of low-energy theories that pass all known consistency checks at low
energies (for instance, absence of anomalies) but are nonetheless inconsistent if coupled to quantum
gravity. A study of the swampland might lead to the discovery of novel kinds of low-energy consistency
conditions that would restrict the set of allowed effective theories and would teach us something about
matter-coupled quantum gravity.
Let us point out that in some situations the relevance of the existence of a UV-completion goes
beyond formal considerations and can directly affect the physics. For example, in inflationary models
of cosmology the so-called eta-problem is extremely sensitive to some details of the UV-completion
[19, 20, 21]. In these cases string theory can be even more useful, since it actually furnishes a UVcompletion from which—at least in principle—low-energy data can be reliably computed.

1.4

The power of supersymmetry

In quantum mechanics “everything not forbidden is compulsory,” in the words of Murray Gell-Mann
[22]. From this perspective the role of symmetries is instrumental since they are usually the underlying
motivation for some physical process to be forbidden or some quantum correction to be absent. The
prototypical example is furnished by the connection established by Noether’s theorem between global
continuous symmetries and conserved charges in Lagrangian field theory. As another example we can
consider the photon in QED: gauge symmetry ensures that it remains exactly massless even when all
quantum corrections are taken into account.5
Supersymmetry is one of the most powerful symmetries that can be enjoyed by a quantum field
theory and it emerges naturally from string theory. Its crucial feature is to take bosonic states
into fermionic states and vice versa. Since it will often play a very important role in our following
considerations, we would like to draw the attention of the reader to a few general facts concerning
supersymmetry. Some textbooks on the subject are for instance [23, 24, 25, 26].
From a purely theoretical perspective supersymmetry is arguably the most appealing extension of
the familiar Poincaré symmetry of relativistic quantum field theory. A series of theorems, culminating
in the celebrated Coleman-Mandula theorem [27], have classified all possible symmetries of a nontrivial relativistic field theory. Under mild assumptions about the spectrum of the model and its
5
Gauge symmetries are actually best understood as redundancies of our description of the theory, rather than as
actual local symmetries enjoyed by the system under examination. For the sake of exposition, however, we will adopt
the common parlance and consider global/rigid and local/gauge symmetries in parallel.

13

1.4. The power of supersymmetry

S-matrix, it has been proven that the most general symmetry algebra must be the direct sum of the
Poincaré algebra and of an internal algebra, i.e. an algebra acting on the internal quantum numbers
of fields (for instance, flavor). Thus in particular there cannot be conserved charges carrying Lorentz
indices different from the Poincaré generators.6
Supersymmetry represents the natural way to avoid these theorems and uncover new possible
symmetries of interacting field theories. The crucial element that distinguishes supersymmetry algebras from ordinary symmetry algebras is the inclusion of both bosonic and fermionic generators.
Correspondingly, the structure of a supersymmetry algebra is encoded by commutators and well as
by anticommutators, according to the schematic pattern
[B, B] = B ,

[B, F ] = F ,

{F, F } = B ,

(1.2)

where B and F stand for boson and fermion, [·, ·] is a commutator, and {·, ·} is an anticommutator. A
series of results, such as the Haag-Lopuszański-Sohnius theorem [29] or the classification performed in
[30], have explored the features of supersymmetry algebras that are relevant in quantum field theory.
The fermionic generators of these superalgebras are called supercharges and turn out to carry spinor
indices, in accord with the correspondence between spin and statistic. From the theorist point of view
it is useful to consider not only supersymmetry in four dimensions, but also its generalizations to lower
and higher dimensions. These emerge naturally in string theory.
Since supercharges transform non-trivially under the Lorentz group, they connect states with
different spins and in particular mix bosonic and fermionic states. Indeed, in the representations of the
supersymmetry algebra on particle states we find an equal number of bosonic and fermionic degrees
of freedom, forming a so-called supermultiplet. If supersymmetry were an unbroken symmetry of
Nature, all members of the same supermultiplets would have the same mass in a Minkowski vacuum.
This would imply that every known particle of the Standard Model should be accompanied by a
particle of opposite statistic and same mass. Since this is clearly false, supersymmetry must be broken
in order to be compatible with experimental data. The phenomenology of supersymmetric theories
is a vast and rich subject that lies beyond the scope of our work. Let us mention that low-energy
supersymmetry can be used to solve the hierarchy problem of the Standard Model, improves gauge
coupling unification, and can provide dark matter candidates, just to name a few examples. The
interested reader is referred for instance to the review [5].
For the purposes of our work we will be mainly focused on unbroken supersymmetry, with the
exception of chapter 8 in which we will consider setups that break four-dimensional supersymmetry in
6

Non-trivial interactions are an essential ingredient for these theorems. In free field theories it is not hard to construct
counterexamples. For instance, in the free theory of a real scalar field φ of mass m in d dimensions one can build the
tensorial current
Xµν = φ∂µ ∂ν φ − ∂µ φ∂ν φ .
It is conserved on-shell, since ∂ µ Xµν = 0 for ∂ µ ∂µ φ = m2 φ. Therefore it gives rise to the conserved charge
Z
Xµ = dd−1 x X0µ ,
which transforms as a vector under the Lorentz group. By the same token one can actually construct conserved charges
Xµ1 ...µn for any n ≥ 1. Let us mention that an O(N ) generalization of this construction in three dimensions proves to
be relevant in the study of the CFT dual to higher-spin theories in AdS4 [28].
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a specific way. As a result, we can exploit a series of remarkable properties implied by supersymmetry.
For example, we can specify only the bosonic part of the spectrum, since the fermionic part is fixed
by supersymmetry: this is what we will systematically do in the next chapters. Furthermore, supersymmetry imposes powerful restrictions on the couplings of the theory. Thus, if we specify the purely
bosonic part of the effective action all fermionic terms are implied and need not be spelled out explicitly. Let us also point out that, on general grounds, supersymmetry offers protection against various
kinds of perturbative and non-perturbative quantum corrections and improves considerably the UV
properties of the theory. An example is furnished by a supersymmetric extension of four-dimensional
gauge theories known as maximally supersymmetric Yang-Mills, which is a non-trivial interacting field
theory free of UV divergences.
Supersymmetry has the peculiar feature that, if it is promoted from a global symmetry to a gauge
symmetry, it necessarily requires the inclusion of gravity and yields so-called supergravity theories.
This can already be seen by the fundamental anticommutator of the supersymmetry algebra, which
in crude approximation takes the form
{Q, Q} ∼ P + . . . ,

(1.3)

where Q are the supercharges, P are the components of momentum, i.e. the generators of translations, and we are neglecting possible other generators commonly referred to as central charges of
the supersymmetry algebra. If supersymmetry is made local, the same has to hold for translations.
But, intuitively speaking, a gauge theory of translations amounts to a theory with diffeomorphism
invariance, and thus gravity. This argument can be made precise, in the sense that it is possible to
construct supergravity theories by a suitable gauging of global supersymmetry algebras, see e.g. [26].
Supergravity provides a beautiful framework for the study of low-energy effective actions propagating
particles of all spin from zero to two and thus potentially accommodating all known interactions in a
unified fashion. The massless fields of spin 3/2 are referred to as gravitini and always belong to the
same supermultiplet as the graviton in interacting theories.
As a final remark, we would like to mention some general results about the connection between
massless particles of spin 1, 2, 3/2 and symmetries. In theories with a Lagrangian description it is
customary to postulate a symmetry principle such as gauge invariance, general covariance, or local
supersymmetry and deduce the properties of massless particles and their interactions. It is interesting
to recall that this logic can also be reversed to a certain extent. More precisely, a theorem by Weinberg
[31] states that if a massless particle of spin one has non-vanishing couplings at zero momentum, then it
necessarily couples to a conserved current. The theorem does not rely on perturbation theory: its only
assumptions are exact masslessness of the spin one particle, Lorentz invariance, and the pole structure
of the S-matrix. In the same paper Weinberg proves also the spin two version of the theorem: if a
massless spin two particle has couplings at zero momentum, then it couples universally to all particles
with a strength proportional (in the non-relativistic limit) to their inertial mass.
It is amusing that a similar result holds for spin-3/2 particles. As proven in [32], if a massless
spin-3/2 particle interacts at zero momentum, then it is coupled to a supersymmetry current and
consistency of the theory also requires the presence of massless spin-two particles with interactions at
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zero momentum. Loosely speaking, interacting massless gravitini require supersymmetry and gravity.

1.5

Non-perturbative effective actions in string and M-theory

This work is devoted to the study of low-energy effective actions arising in string theory and Mtheory is various contexts. In particular, we will be focusing our attention on two setups: F-theory
compactifications on manifolds with special holonomy and conformal theories in six-dimensions with
sixteen supercharges, commonly referred to as (2,0) theories.
Despite what the name might suggest, F-theory is not a fundamental theory but rather a reformulation of a class of superstring vacua. This reformulation makes extensive use of the language of
topology and geometry to encode as much physical information as possible. More precisely, alongside
with the ten spacetime dimensions predicted by superstring theory in F-theory one considers two additional auxiliary dimensions. The resulting twelve-dimensional space is a powerful mathematical tool
to describe in a compact and elegant fashion interesting string dynamics. In particular, the formalism
of F-theory is able to describe setups in which the parameter that governs the strength of string interactions is not merely a constant, but varies in spacetime. This remarkable feature makes F-theory
intrinsically non-perturbative.
The interest in the study of F-theory compactifications can be motivated from different points of
view. To begin with, four-dimensional vacua constructed using F-theory possess various phenomenologically appealing features. In fact, F-theory is able to combine the virtues of different corners of the
‘M-theory star’ (see figure 1.2) thanks to its non-perturbative nature. On the one hand, it is able to
reproduce some of the features of the gauge and charged matter sector that can be constructed in heterotic string theories, which are particularly promising for the building of models of grand unification
(i.e. unification of electroweak and strong interactions). On the other hand, F-theory inherits from
Type IIB superstring theory some useful theoretical tools that improve our control on the gravitational
sector of the setup and on so-called moduli. The latter are scalar fields that are not charged under
the gauge group of the visible sector and that have to be made sufficiently massive in order not to
interfere with bounds on fifth force experiments and with the concordance model of cosmology.
From a more formal point of view, F-theory compactifications provide a rich class of string theoretic
constructions of consistent effective field theories. This makes F-theory an excellent playground for the
analysis of general questions regarding the consistency of low-energy actions and the possible existence
of a swampland of apparently consistent theories that are actually inconsistent, as mentioned in section
1.3. This analysis is most easily performed for F-theory compactifications to dimensions higher than
four. For instance, six-dimensional F-theory vacua provide a good balance between computational
feasibility and non-trivial structure. One can thus hope that six dimensions might teach us valuable
lessons that we will be eventually able to apply to the search for a realistic model of new physics in
four dimensions.
The approach to F-theory followed in this work is more closely related to this second, formal
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point of view. In particular, we will consider F-theory in six dimensions and we will see how this
more controlled setup allows us to have a better theoretical control over the compactification and to
gain valuable insights that can be also generalized to four-dimensional vacua. In a similar spirit, our
exploration of compactifications of four-dimensional F-theory vacua on so-called Spin(7) manifolds is
motivated by the curiosity to test to which extent the established theoretical framework of F-theory can
be pushed to probe new directions in the space of string vacua. As a consequence, we do not claim that
the four-dimensional effective theories we will be considering have any immediate phenomenological
value. Nonetheless the investigation of new F-theory constructions has the potential to provide new
tools that might be useful in the formulation of realistic theories.
The other main objects of interest of this work, six-dimensional (2,0) theories, share with F-theory
an inherently non-perturbative character. In fact they constitute an example of strongly coupled
quantum field theories that are expected to admit no perturbative expansion. The existence of these
theories is inferred from the study of suitable string theory and M-theory setups, in which they
emerge as the infrared conformal fixed points obtained by renormalization group flow and decoupling
of gravitational interactions. The study of (2,0) theories constitutes a theoretical challenge. They are
believed to be a novel kind of field theories possessing a peculiar sort of ‘gauge invariance’ that is far
from being understood. No direct Lagrangian description for these theories is known, and there are
arguments that suggest that it might not even exist. Nonetheless it would be extremely beneficial to
have a better comprehension of six-dimensional (2,0) theories since they are directly related to so-called
S-duality in four-dimensional gauge theories. An S-duality is a map connecting two seemingly distinct
quantum field theories in such a way that the weak-coupling regime of one theory is mapped to the
strongly-coupled regime of the other, and vice versa. By means of an S-duality transformation we can
thus explore strongly coupled quantum field theories by analyzing the weakly coupled dual description.
S-duality is best understood for theories with a too high degree of symmetry to be realistic, but it is
conceivable that this kind of duality might be usefully exploited to learn more about the universality
class of phenomenologically relevant quantum field theories such a QCD.
Given the non-perturbative nature of F-theory and (2,0) theories, how can we access their dynamics? Since we cannot rely on perturbative techniques we have to resort to indirect approaches. It
is amusing that both for F-theory and for (2,0) theory a possible approach involves what might be
defined a transdimensional treatment. Let us comment further on this point.
Suppose we want to study an F-theory setup in d dimensions, for instance d = 4. Our goal is
the formulation of a low-energy effective theory that incorporates features such as Poincaré invariance
and non-Abelian gauge interactions. Unfortunately, there is no direct way to access the effective
action in this regime. What can be done instead is to appeal to a duality between F-theory and Mtheory to get information about a deformed setup. More precisely, d-dimensional Poincaré invariance
is broken by choosing a special direction in space and compactifying it on a circle of small radius.
This yields a (d − 1)-dimensional theory. Concurrently, non-Abelian gauge symmetry is broken to its
maximal Abelian subgroup. The duality between F-theory and M-theory then dictates a well-defined
prescription to recover the sought-for d-dimensional ‘unbroken phase’ from this (d − 1)-dimensional
‘broken phase.’

1.6. Outline of the thesis
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In this work we advocate a similar transdimensional approach to the study of (2,0) theories in
six dimensions. As we will argue in chapter 11 if a six-dimensional (2,0) theory is compactified on
a circle it yields a five-dimensional theory that is more tractable in several respects. In particular,
a Lagrangian description in five dimensions appears to be more feasible than in six dimensions. We
are indeed able to write down a supersymmetric Lagrangian that encodes the expected spectrum of
a (2,0) theory and incorporates non-Abelian gauge interactions. Our approach is inspired by the
considerations of [33, 34] and is similar to other strategies formulated in the literature [35, 36, 37, 38].
Clearly, once a five-dimensional description of the ‘broken phase’ is achieved one has to find a suitable
recipe to extract information about the six-dimensional ‘unbroken phase.’ In the context of the Ftheory setups we will analyze in our work this step is under reasonable control, but for (2,0) theories
is necessarily much more conjectural given our limited understanding of the dynamics of these elusive
theories. Nonetheless we will argue that some robust features of (2,0) theories that do not depend on
the fine details of the interactions might be captured by our five-dimensional approach. The prominent
example of such a feature is given by anomalies, which play a pivotal role throughout our work.
A quantum anomaly occurs when a symmetry of a classical theory is lost upon quantization. There
are several kinds of anomalies, but we will be only concerned with so-called perturbative anomalies.
The interested reader is referred to e.g. [39, 40] for a review on the subject. Perturbative anomalies are
based on a subtle interplay between IR degrees of freedom and UV divergences. More precisely, they
are computed through the examination of UV divergent one-loop diagrams, but they only depend on
the massless spectrum of the theory. Let us stress that anomalies are a quantum effect that can be
reliably computed perturbatively even in non-renormalizable theories and that they provide a window
on matter-coupled quantum gravity. A close inspection of anomalies in six-dimensional F-theory setups
will be the key for the correct understanding of some features of the duality between F-theory and
M-theory. Recall that, according to this duality, a d-dimensional F-theory setup is studied in a (d−1)dimensional ‘broken phase.’ In the case of six dimensions we are thus led to consider five-dimensional
theories. We will find an intriguing correspondence between six-dimensional anomalies and a specific
kind of one-loop corrections in five-dimensions. More precisely, these corrections involve topological
Chern-Simons couplings and can be though of as a parity anomaly. The same logic supports our claim
about the possibility of studying (2,0) theories using a five-dimensional action: loop corrections in five
dimensions can encode anomalies in six dimensions.

1.6

Outline of the thesis

The remaining part of this thesis is articulated in three parts. In part I we present an overview of some
preliminary material that will be useful in the rest of this work. In particular, we start in chapter
2 with a brief review of some basic aspects of string theory in general and Type II superstring in
particular and we then move in chapter 3 to a quick discussion of three ingredients that will prove
crucial in our following considerations: T-duality, S-duality, M-theory and its connections to Type II
superstring theory. Chapter 4 is devoted to a presentation of the idea of compactification focussing on
the cases in which the internal space is a circle or a Ricci-flat manifold with special holonomy. In the
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last two chapters of part I we address more specific topics. In chapter 5 we introduce F-theory with
particular emphasis on its duality with M-theory. Finally, chapter 6 contains a brief overview about
six-dimensional superconformal (2,0) theories.
In part II we perform a detailed analysis of two F-theory compactification setups. The subject of
chapter 7 is the study of the low-energy effective action of F-theory compactified to six dimensions on
an elliptically fibered Calabi-Yau threefold. A match between the data of the six-dimensional effective
action and the geometry of the threefold is presented and the importance of quantum effects generated
by massive Kaluza-Klein states is stressed. In chapter 8 we consider instead four-dimensional Ftheory setups obtained by compactification on a suitable class of manifolds with Spin(7) holonomy, or
Spin(7) manifolds for short. Our constructions represents a first concrete implementation of F-theory
on Spin(7) manifolds and exhibits interesting features. In particular, for the manifolds we consider
the resulting four-dimensional theory is formulated on a spacetime with codimension-one boundaries.
We argue that, while the bulk dynamics is supersymmetric in four dimensions, the dynamics of the
boundaries only respects half of this amount of supersymmetry. For those F-theory configurations that
admit a weakly coupled Type IIB interpretation we identify explicitly the objects that are localized
on the boundaries and we check the amount of supersymmetry that they preserve.
Part III is devoted to a study of six-dimensional self-dual tensors from a five-dimensional perspective. In chapter 9 we present some general results about one-loop corrections to gauge and mixed
gauge-gravitational Chern-Simons terms in five dimensions. More precisely, we extend known results
in the literature by computing the contribution of massive gravitini and of massive tensors to the
quantum corrections to the aforementioned couplings. These results are applied to the study of sixdimensional tensors in chapter 10, in which we also discuss the possibility of exploring the space of
five-dimensional supergravity theories using one-loop corrected Chern-Simons terms. Finally, chapter
11 is dedicated to a proposal for a five-dimensional Lagrangian for six-dimensional (2,0) theories. In
particular we construct a five-dimensional action that contains an infinite number of massive fields, in
such a way to account for all the degrees of freedom of a six-dimensional (2,0) theory on a circle. We
argue that the couplings in our five-dimensional action are natural and have the potential to capture
robust features of (2,0) theories, such as anomalies.
We collect some conclusive remarks in chapter 12. A series of appendices presents our notation
and conventions together with some useful technical results.

PART

I

Preliminary material
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CHAPTER

2

Basic notions about Type II superstring theory

This chapter is devoted to a brief introduction to some fundamental aspects of Type II superstring
theory. This is such a rich and vast field that we do not aim at a complete overview. We would rather
like to guide the reader through a quick survey of the logical steps connecting the first principles upon
which string theory is formulated to the aspects that will be relevant for our discussion in the next
chapters. The interested reader is referred to textbooks such as [41, 42, 43, 44, 45, 46] for a more
in-depth introduction and for a discussion of all the fascinating features of string theory that we are
not able to cover here.

2.1

World-sheet perspective and massless spectra

The natural starting point for our introduction to string theory is a lightning review of the fundamental
aspects of its world-sheet formulation. After some preliminary remarks about bosonic string theory, we
move on to discuss Type II superstring theories with particular emphasis on their massless spectrum.

2.1.1

World-sheet action for the bosonic string

A covariant description of the string motion is furnished by the embedding of its world-sheet Σ in
spacetime. The latter is usually referred to as target space and for our present discussion it is taken
to be d-dimensional Minkowski spacetime, with d left arbitrary. In a flat coordinate system xµ ,
µ = 0, . . . , d − 1, the world-sheet embedding is described by a set of functions X µ (τ, σ), where τ , σ are
the time and space coordinate on Σ, respectively. We also use the notation σ α , α = 0, 1, with σ 0 = τ
and σ 1 = σ.
We would like to use an action principle to determine the dynamics of X µ (τ, σ). A suitable action
21
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is the Polyakov action
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1
SP = −
4πα0

Z
Σ

√
d2 σ −h hαβ ηµν ∂α X µ ∂β X ν ,

(2.1)

where α0 is the Regge slope already introduced in (1.1), ηµν is Minkowski metric with mostly plus
signature, hαβ is a Lorentzian metric on the world-sheet Σ and h = det hαβ . Note that hαβ enters
the action only algebraically. At the classical level it can be thus removed by means of its equation of
motion. If this is done, the Polyakov action (2.1) becomes proportional to the area of the world-sheet
computed with the pull-back of the Minkowski metric. This is a natural generalization of the action
for a point particle, which is proportional to the proper time of its world-line. The introduction of
the auxiliary metric hαβ renders (2.1) quadratic in X µ and is instrumental to the formulation of more
general string theories, as we will see shortly.
The Polyakov action (2.1) is manifestly invariant under world-sheet diffeomorphisms. Crucially it
enjoys another local symmetry: it in invariant under Weyl rescalings of the world-sheet metric,
hαβ → e2ω hαβ ,

(2.2)

where ω is any locally defined function on the world-sheet. Even though (2.1) is straightforwardly
generalized to higher-dimensional membranes, Weyl invariance is specific to two-dimensional extended
objects. This is one of the reasons why strings are singled out among extended objects.
A two-dimensional metric has three independent components. This is the same number of gauge
parameters of the theory: two parameters from world-sheet diffeomorphisms and one from Weyl
rescalings. As a result, any world-sheet metric hαβ can be locally gauge-fixed to the flat metric ηαβ .
Since we are considering the free propagation of a string, the world-sheet Σ is a cylinder for a closed
string and a strip for an open string. In these simple cases the gauge-fixing of hαβ to ηαβ can be
performed globally. The Polyakov action (2.1) then yields
Z
Z
1
1
2
µ α
d σ ∂α X ∂ Xµ =
d2 σ ∂+ X µ ∂− Xµ ,
(2.3)
Sm = −
4πα0 Σ
πα0 Σ
where world-sheet indices are contracted with η αβ , and spacetime indices with ηµν . In the second
equality we have introduced coordinates σ ± = σ 0 ± σ 1 on Σ. The subscript ‘m’ stands for ‘matter’, as
we can regard the embedding functions X µ as scalar fields on the world-sheet carrying an additional
‘flavor’ index µ. The corresponding ‘flavor’ global symmetry is nothing but Poincaré symmetry in the
target space.
The gauge-fixed action (2.3) is still invariant under suitable combinations of diffeomorphisms and
Weyl transformations. More precisely, if a diffeomorphism σ α → σ 0 α (σ) is such that
0
ηαβ
(σ 0 ) = e2Λ(σ) ηαβ (σ) ,

(2.4)

we can act with a compensating Weyl transformation to reabsorb the prefactor and restore the gauge
condition hαβ = ηαβ . Diffeomorphisms satisfying (2.4) are called conformal transformations. At the
infinitesimal level, they are generated by conformal Killing vector fields ξ α , satisfying
∂α ξβ + ∂β ξα = ∂γ ξ γ ηαβ .

(2.5)
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This equation takes a particularly simple form if we use coordinates σ ± = σ 0 ± σ 1 on the world-sheet,
since we find
∂− ξ + = 0 ,
∂+ ξ − = 0 .
(2.6)
We can immediately see that in two dimensions the space of solutions to (2.5) is infinite-dimensional:
the action (2.3) thus admits an infinite number of conserved charges. This remarkable property allows
one to use the powerful methods of conformal field theory (CFT). Since we will not make use of CFT
techniques in what follows, we refer the reader to e.g. [47, 48] for introductions to the subject and its
applications to string theory.
Our starting point has been the geometric picture of the world-sheet embedding in spacetime.
From a more abstract point of view, a string theory is defined by the CFT living on its worldsheet. The string theory based on (2.3) is called bosonic string theory. It turns out that this theory is
unable to describe spacetime fermions and furthermore its perturbative vacuum suffers from tachyonic
instabilities. These difficulties can be overcome by introducing additional matter fields on the worldsheet.

2.1.2

World-sheet action for Type II superstrings

In Type II superstring theories in the Ramond-Neveu-Schwarz formulation one supplements the worldµ
µ
sheet scalars X µ with a pair of opposite-chirality Majorana-Weyl world-sheet spinors ψ+
, ψ−
. The
resulting world-sheet theory is supersymmetric.
More precisely, recall that in the Polyakov action (2.1) the scalars X µ are coupled to two-dimensional
µ
µ
gravity in a diffeomorphism and Weyl invariant way. In a similar fashion, one can couple X µ , ψ+
, ψ−
to two-dimensional superconformal gravity: a generalization of (2.1) can be found that is invariant under diffeomorphisms, local world-sheet Lorentz transformations, local supersymmetry transformations,
together with Weyl transformations and their supersymmetric partners, super-Weyl transformations.
This huge amount of local symmetries can be reduced by a suitable gauge-fixing procedure, as in the
previous bosonic discussion. The outcome is a generalization of (2.3) that in coordinates σ ± = σ 0 ± σ 1
reads


Z
2
1
µ
µ
µ
d2 σ
∂
X
∂
X
+
i
ψ
∂
ψ
+
i
ψ
∂
ψ
.
(2.7)
Ssm =
+
− µ
+ − +µ
− + −µ
2π Σ
α0
The label ‘sm’ in (2.7) stands for supersymmetric matter. Indeed, (2.7) is invariant under supersymmetry transformations generated by the analog of conformal Killing vectors, the so-called conformal
Killing spinors. Explicitly, the transformations read
r
r
r
α0 + µ
2 +
2 −
µ
µ
µ
− µ
µ
δX =
i( ψ+ +  ψ− ) ,
δψ+ = −
 ∂+ X ,
δψ− = −
 ∂− X µ ,
(2.8)
0
2
α
α0
where the real anticommuting parameters ± satisfy the fermionic analog of (2.6), which is
∂− + = 0 ,

∂+ − = 0 .

(2.9)

In total analogy to the purely bosonic case, we see that the two-dimensional conformal Killing spinor
equation (2.9) admits infinite solutions. As a result (2.7) is invariant under an infinite-dimensional
superconformal algebra, and is therefore a superconformal field theory (sCFT).
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One easily verifies that the generic solutions to the classical equations of motion associated to (2.7)
have the form
µ −
X µ (τ, σ) = XLµ (σ + ) + XR
(σ ) ,

µ
µ
ψ+
(τ, σ) = ψ+
(σ + ) ,

µ
µ
ψ−
(τ, σ) = ψ−
(σ − ) .

(2.10)

This is an important point: the dynamics of the string can be analyzed in terms of left-moving and
right-moving modes that have no local interactions. Indeed, the left-moving and right-moving sectors
are related only via considerations about the global topology of the world-sheet, to be discussed below.
This observation is the starting point for the construction of heterotic superstrings: the left-moving
sector of the bosonic string is combined with the right-moving sector of a superstring. We refrain
from a more detailed account of heterotic string theories and we refer the reader to the textbooks
[41, 42, 43, 44, 45, 46].

2.1.3

Constraints and Weyl anomaly

The matter action (2.3) and its supersymmetric extension (2.7) describe two-dimensional free-field
theories that can be straightforwardly quantized. In deriving (2.3) or (2.7), however, one performs a
gauge-fixing and this requires special care in the quantization procedure.
First of all, note that the bosonic gauge-fixed action (2.3) does not contain the information encoded
in the hαβ equation of motion of the original Polyakov action (2.1), which imposes the vanishing of the
world-sheet energy-momentum tensor Tαβ . Similarly, in the supersymmetric extension of the Polyakov
action one finds a two-dimensional gravitino, whose equation of motion imposes the vanishing of the
supercurrent (TF )α , which is a two-dimensional vector-spinor. At the classical level Tαβ = 0 and
(TF )α = 0 can be imposed by hand on the space of solutions. In the quantum theory we rather have
to impose
hψ1 |Tαβ |ψ2 i = 0 ,

hψ1 |(TF )α |ψ2 i = 0 ,

for any ψ1 , ψ2 ∈ Hphys ,

(2.11)

where Hphys denotes the physical Hilbert space of the theory. There are various equivalent ways to
construct Hphys and thus determine the spectrum of the physical oscillations of the string. We are not
going to discuss this procedure, but we will rather state the results in what follows. The interested
reader is referred to the textbooks for a thorough derivation. Before that, however, a crucial issue has
to be addressed.
As we have seen in the previous section, Weyl invariance of the Polyakov action (2.1) is fundamental
to have enough gauge parameters to gauge-fix all local degrees of freedom of the world-sheet metric
hαβ . Nonetheless, nothing prevents this classical symmetry to suffer from quantum anomalies. Indeed,
this is to be expected: Weyl transformations are closely related to scale transformations, and the latter
are commonly violated in QFT due to a non-trivial RG flow of the couplings. In the supersymmetric
case a similar discussion applies. The Weyl anomaly can be analyzed with different techniques, but all
give the same results. For the bosonic string, if the target space is Minkowski the anomaly vanishes
if and only if d = 26; for the superstring, if and only if d = 10. By means of self-consistency, string
theory is thus able to predict the dimensionality of spacetime.
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2.1.4

Closed string sectors

For a closed string the world-sheet is a cylinder and therefore we require the scalars X µ to be periodic
along the spatial direction on the world-sheet,
X µ (τ, σ + 2π) = X µ (τ, σ) ,

σ ∼ σ + 2π .

(2.12)

µ
µ
Since any physical observable is quadratic in fermions, for ψ+
, ψ−
we can either choose periodic or
antiperiodic boundary conditions, which are referred to as Ramond and Neveu-Schwarz, respectively:

Ramond:

ψ µ (τ, σ + 2π) = +ψ µ (τ, σ) ,

Neveu-Schwarz:

ψ µ (τ, σ + 2π) = −ψ µ (τ, σ) ,

(2.13)

µ
µ
where ψ µ stands for ψ+
or ψ−
. If we want to preserve spacetime Lorentz invariance we have to choose
the same periodicity for all values of µ, but we are still free to choose different periodicity for left- and
right-movers. As a result, the superstring contains four sectors, which can be denoted (R,R), (R,NS),
(NS,R), (NS,NS).

As noted after (2.10), left- and the right-moving classical solutions decouple. One can show that
a similar decoupling is valid at the level of the quantum constraints (2.11). The physical states of the
closed superstring are thus formed by combining the quantum states of left-moving and right-moving
oscillators, which can be analyzed separately. This is reflected in the mass formula for closed string
excitations. It is given by the sum of the contributions of left-moving and right-moving modes, which
have to be equal:
m2 = m2L + m2R ,

m2L = m2R .

(2.14)

The latter equation expresses the level-matching condition and is the only constraint relating leftmovers and right-movers. It originates from the requirement of invariance under σ-translations on the
world-sheet, which is motivated by the fact that no point should be preferred on a closed string.
Let us examine in more details the quantum states in the left-moving sector; similar considerations
apply to the right-movers. One can show that both for Ramond and Neveu-Schwarz periodicities a
well-defined Z2 -grading on the space of states is given by the world-sheet left-moving fermion number
operator FL . This grading induces a refinement of the R and NS sectors into subsectors with definite
eigenvalues for (−1)FL , which we denote R+ , R− , NS+ , NS+ . In table 2.1 we collect the lightest states
for each of these subsectors. The entries of the table denote the representations of the corresponding
states with respect to the relevant little group in the critical dimension d = 10: this is SO(8) for
massless states and SO(9) for all other mass levels. We use the standard notation for distinguishing
the three eight-dimensional representations of SO(8): 8v is the fundamental, or vector, representation,
while 8c and 8s denote the two opposite-chirality Majorana-Weyl spinor representations. Note the
presence of a scalar with negative mass squared in the NS− sector, the tachyon. Let us also point
out that all states in the NS+ and NS− sectors belong to representations with integer weights and
are associated to spacetime bosonic statistic, while all states in the R+ and R− sectors transform in
representations with half-integer weights and correspond to spacetime fermionic statistic.
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α0 m2L

NS+

−1
0

R+

R−

8s

8c

128
..
.

128
..
.

1
8v

1
2
..
.

NS−

36
44 + 84
..
.

..
.

Table 2.1: Lightest states in the left-moving sector of a closed superstring.
(NS+ , NS+ )
Type IIA

(NS+ , R− )
(R+ , NS+ )
(R+ , R− )
(NS+ , NS+ )

Type IIB

(NS+ , R+ )
(R+ , NS+ )
(R+ , R+ )

8v × 8v

=

1 + 28 + 35v

Φ, B2 , gµν

8v × 8c

=

8c + 56c

λ, Ψµ

8s × 8v

=

8s + 56s

λ̃, Ψ̃µ

8s × 8c

=

8v + 56v

C1 , C3

8v × 8v

=

1 + 28 + 35v

Φ, B2 , gµν

8v × 8s

=

8c + 56c

λ, Ψµ

8s × 8v

=

8c + 56c

λ, Ψµ

8s × 8s

=

1 + 28 + 35s

C0 , C2 , C4

Table 2.2: Sectors, massless representations, and associated ten-dimensional fields in Type IIA and
Type IIB superstring theories.

2.1.5

GSO projection and spacetime supersymmetry

Thanks to the Z2 -grading induced by FL and FR on the left-moving and right-moving sectors, respectively, one can construct tachyon-free superstring theories. More precisely, it is possible to consistently restrict the theory to four out of 16 possible refined sectors (R± , R± ), (R± , NS± ), (NS± , R± ),
(NS± , NS± ). This procedure is known as GSO projection and can be shown to be compatible with
non-trivial string interactions. Furthermore, a GSO projection is also needed to ensure modular invariance of the one-loop string partition function. There exists two inequivalent GSO projections that
yield a tachyon-free spectrum. They correspond to Type IIA and Type IIB superstring theories. For
each of them table 2.2 summarizes the sectors that survive the GSO projection and the associated
massless states, labelled by their SO(8) representations.
As we can see, the (NS,NS) sector is the same for both theories. The corresponding massless states
are interpreted as fluctuations of ten-dimensional fields, as follows. The singlet 1 is associated to a
real scalar field, the dilaton Φ; the representation 28 is the antisymmetric rank-two representation and
corresponds to the degrees of freedom of a two-form, the Kalb-Ramond field Bµν ; the notation 35v
denotes the symmetric traceless rank-two representation and is associated with the graviton, i.e. the
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fluctuation of the metric gµν . Let us stress that the identification of the representations 35v and 28
with the metric and the Kalb-Ramond two-form is consistent with the local symmetries enjoyed by
these two fields. For the metric, the local symmetry is furnished by diffeomorphisms, which ensure
that only the transverse traceless polarizations of the graviton are physical. For the Kalb-Ramond
field the local symmetry is a generalization of gauge symmetry of a U (1) vector. In differential form
notation it reads
B20 = B2 + dΛ1 ,

(2.15)

where Λ1 is an arbitrary one-form. The gauge invariant field strength is H3 = dB2 . Similarly to what
happens in Maxwell theory, this local symmetry renders timelike and longitudinal polarizations of the
Kalb-Ramond field unphysical.
The (R,R) sectors of both Type II theories contain massless states that are associated to p-form
potentials Cp that enjoy an Abelian gauge symmetry completely analogous to (2.15). More precisely,
we have
Type IIA:

C1 , C3 ,

Type IIB:

C0 , C2 , C4 .

(2.16)

The four-form C4 is associated to the representation 35s . This implies that its five-form field strength
satisfies a self-duality constraint in ten dimensions, which will be given in (2.26).
Finally, the (NS,R) and (R,NS) massless states comprise the degrees of freedom of fermionic fields.
They are Majorana-Weyl spin-3/2 fermions, the gravitini Ψµ , Ψ̃µ associated to the representations
56c , 56s , and two Majorana-Weyl spin-1/2 fermions, the dilatini λ, λ̃ corresponding to 8c , 8s . In
Type IIA the two spin-3/2 fermions have opposite chiralities, while in Type IIB their chiralities are
the same. Recall from section 1.4 that if a massless spin-3/2 fermion has zero-momentum couplings
it interacts with a conserved supercurrent. Therefore, the presence of spin-3/2 massless fermions
hints towards the presence of spacetime supersymmetry. Indeed, one can show that for both Type II
theories the number of bosonic and fermionic degrees of freedom are equal at all mass levels. Further
evidence for spacetime supersymmetry comes from the vanishing of the one-loop partition function,
resulting from a cancellation between bosonic and fermionic degrees of freedom, and from the study
of the low-energy effective action for massless modes, discussed in section 2.2.

2.1.6

Open strings and D-branes

For a freely propagating open string the world-sheet Σ has the topology of a strip and suitable boundary
conditions have to be imposed to ensure the vanishing of the surface terms in the variation of (2.7).
Since the equation of motion for X µ is second-order, two kinds of boundary conditions are possible,
Neumann:
Dirichlet:

∂σ X µ |σ=σ∗ = 0 ,

X µ |σ=σ∗ = const ,

(2.17)

where σ ∗ stands for the σ-coordinate of one of the string endpoints. For both choices, at the endpoints
right-moving modes are reflected into left-moving modes, and vice versa.
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(ii)

(jk)

(ji)

i

j

k

Figure 2.1: Schematic representation of a collection of parallel Dp-branes displaced along their common
transverse directions. Each brane is labelled by a Chan-Paton index, while strings are labelled by an
ordered pair of indices. String with labels (ij) with i 6= j yield extra massless states when branes i
and j come on top of each other.
Note that the conditions (2.17) can be imposed independently at each endpoint and along different
directions in spacetime. If for an endpoint we choose Neumann boundary conditions for p+1 directions
and Dirichlet boundary conditions for the orthogonal d − p − 1 directions, that endpoint is bound to
lie on a (p + 1)-dimensional subspace of the target space. Such a subspace is referred to as a Dp-brane.
Note that we can also set p = d − 1 in such a way that the D-brane becomes spacetime-filling: this
just corresponds to Neumann boundary conditions. In summary, the two endpoints of an open string
always end on (possibly different) D-branes.
For a closed string and for spacetime-filling D-branes Poincaré symmetry is unbroken and the
momentum and angular momentum of the string are thus conserved. In presence of a Dp-brane with
p < d − 1, however, boundary conditions break Poincaré symmetry and conservation laws are violated.
The fact that Dp-branes can absorb and release momentum suggests that they should be considered
as dynamical objects of the theory. This is indeed the correct viewpoint, as we will see in section 2.2.
µ
µ
The world-sheet fermions ψ+
, ψ−
always satisfy a boundary condition of the form
µ
µ
ψ+
|σ=σ∗ = ±ψ−
|σ=σ∗ ,

(2.18)

where a priori the sign on the right hand side can be chosen independently at each endpoint and along
each spacetime direction µ. Note also that any condition of the form (2.18) preserves only half of the
world-sheet supersymmetry transformations (2.8), and that different sign choices can correspond to
different preserved supercharges. For any given choice of Neumann or Dirichlet boundary conditions
for X µ , however, the signs in (2.18) can be chosen in such a way that the same half of world-sheet
supersymmetry is preserved by the whole system of boundary conditions. Actually, this choice can be
made in two inequivalent ways, corresponding to the Ramond and the Neveu-Schwarz sectors of the
open string.
We refrain from a detailed discussion of open strings and rather illustrate their main features. The
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spectrum of the open string contains states from both the Neveu-Schwarz and the Ramond sectors.
The details depend on the specific choice of boundary conditions, but the qualitative features are
similar to those of table 2.1, so that in particular tachyonic states can emerge in the NS sector. Once
again, however, a well-defined Z2 grading based on the world-sheet fermion number can be defined.
Thus there is the hope that the GSO projection will be able to eliminate the tachyon and leave a
massless spectrum invariant under spacetime supersymmetry. This expectation is indeed confirmed.
It can be shown that as a consequence of the GSO projections that define Type IIA and Type IIB
stable supersymmetric Dp-branes are found for p even in Type IIA and for p odd in Type IIB. By
supersymmetric brane we mean an object that preserves half of the spacetime supersymmetries.
Let us consider in more detail the illustrative example of an open string with both ends attached
to the same Dp-brane in the corresponding Type II theory. At the massless level, string states are
interpreted as the quantum fluctuations of (p+1)-dimensional fields confined along the world-volume of
the Dp-brane. The fact that D-branes carry localized degrees of freedom is an essential feature of string
theory. More precisely, on the world-volume of a Dp-brane we find a U (1) gauge field Aa (a = 0, . . . , p),
a collection of scalars ϕI , (I = 1, . . . , 9 − p) and their fermionic superpartners. The scalars can be
interpreted as Goldstone bosons associated to the breaking of ten-dimensional translations induced
by the Dp-brane. Note that for any p the p − 1 transverse polarizations of Aa combine with the 9 − p
scalars to give the eight bosonic degrees of freedom in the massless 8v of the NS sector of the open
string, see table 2.1.
It is also interesting to consider the case of N parallel Dp-branes, displaced arbitrarily along the
transversal 8 − p directions orthogonal to their world-volumes, see figure 2.1. It can be shown that
they all preserve the same half of spacetime supersymmetry. If we assign a label i = 1, . . . , N to each
Dp-brane, open string sectors are labeled by an ordered pair (ij), denoting a string starting on brane
i and ending on brane j. These labels are called Chan-Paton factors. The case i = j has just been
discussed and yields a U (1) gauge field. If i 6= j, the mass spectrum is shifted by an amount which is
interpreted as the energy required to stretch a string between brane i and brane j. Thus, these sectors
are not associated to massless vectors, but rather to massive ones. Nonetheless, we can consider
the limit in which all Dp-branes become coincident and get a total of N 2 massless vectors. This
suggests an enhancement of the gauge group living on their world-volume from U (1)N to U (N ). This
expectation is confirmed by the study of open string scattering amplitudes. We have thus encountered
another fundamental feature of string theory: a stack of coincident D-branes carries a non-Abelian
gauge theory on its world-volume.

2.1.7

String coupling to background fields

The Polyakov action (2.1) describes the propagation of a string in flat spacetime with metric ηµν . The
closed string spectrum, however, contains a massless spin-two excitation that is identified with the
graviton. This suggests to consider the propagation of a string on a curved spacetime with metric gµν ,
which can be interpreted as a coherent superposition of graviton states. By the same token, one is also
led to include a non-trivial background for the Kalb-Ramond two-form and the dilaton. The resulting
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generalization of (2.1) takes the form of a non-linear sigma model on the world-sheet. Focusing on
bosonic NSNS fields only, its action reads
Z
h
i
√
1
2
αβ
αβ
µ
ν
0
d
σ
Snlσ = −
−h
(h
g
+

B
)
∂
X
∂
X
+
α
Φ
R
,
(2.19)
µν
µν
α
β
4πα0 Σ
where αβ denotes the world-sheet Levi-Civita tensor and R is the world-sheet Ricci scalar. Let us
point out that in the Ramond-Neveu-Schwarz formulation of the superstring, which we have followed in
our review, there is no straightforward way to couple the world-sheet theory to background RR forms.
In alternative formulations, however, this can be achieved in such a way that all massless bosonic
fields of the closed superstring spectrum can appear as backgrounds for the string propagation.
As stressed in section 2.1.1, Weyl invariance of the quantum world-sheet action is necessary to
ensure that the world-sheet metric does not contribute any physical degree of freedom to the propagation of the string. The non-linear sigma model action (2.19) is not Weyl invariant at the classical
level, because of the dilaton term. At the quantum level, however, this classical non-invariance can
be cancelled by anomalous variations of the first two terms involving gµν and Bµν . If the background
fields are slowly varying in spacetime with respect to the string length scale (α0 )1/2 , the conditions
for quantum Weyl invariance can be written as differential constraints on gµν , Bµν , Φ in the form
of a derivative expansion, with higher-derivative terms suppressed by higher powers of α0 . These
constraints are referred to as (super)string equations of motion for the background fields. They can
be alternatively derived from a spacetime effective action for massless modes, as discussed below in
section 2.2.
A trivial example of a string background that solves the superstring equations of motion exactly
in α0 is furnished by flat space in ten dimensions,
gµν = ηµν ,

Bµν = 0 ,

Φ = Φ0 ,

(2.20)

with constant Φ0 . In this case the first two terms in the non-linear sigma model action (2.19) reproduce
the Polyakov action (2.1), while the dilaton term becomes the integral of a total world-sheet derivative.
This is most conveniently treated by analytic continuation to Euclidean signature on the world-sheet.
We then get the term
Z
√
1
Φ0
d2 σ h R = Φ0 χ ,
(2.21)
Sχ =
4π
Σ
where in the second step we have used the fact that the integral reproduces the Euler number of the
world-sheet, which is a topological invariant. For example, the Euler number of a Riemann surface is
given by χ = 2 − 2g, where g is the genus of the surface, i.e. the number of ‘handles.’ The topological
term Sχ in (2.21) has no effect on the string spectrum but it plays a crucial role in the study of string
interactions. Indeed, in the sum over topologically non-trivial world-sheets, each contribution comes
weighted by a factor e−Sχ = e−Φ0 χ . This implies that if eΦ0  1 string amplitudes can be computed
as a perturbative expansion organized by the Euler number. We are thus led to identify eΦ0 with
the string coupling constant. This conclusion is confirmed by the study of the effective actions for
massless modes, discussed below. As promised, string theory has no dimensionless tunable parameter:
the strength of string interactions is not a property of the theory itself, but rather of the background
or vacuum under consideration.
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2.2

Low-energy dynamics of massless modes

Consider a closed string scattering process in Type IIA or Type IIB with typical energy scale E 
(α0 )−1/2 . Since the mass of the first excited level in the string spectrum is α0 m2 = 4 only the massless
states summarized in table 2.2 will play a relevant role in the string dynamics. Effectively, we are thus
looking at strings in the so-called point particle limit α0 → 0. As a result, the information about the
interactions among these light states can be encoded in an effective action, according to the general
paradigm of section 1.3. In what follows, we record the effective actions for ten-dimensional fields and
for fields living on D-branes, without any derivation. The interested reader is referred to the textbooks
for more details.

2.2.1

Effective actions

The low-energy limit of Type IIA and Type IIB superstring theories at leading order in α0 yields
Type IIA and Type IIB supergravities, which are the two inequivalent theories with maximal local
supersymmetry in ten dimensions (32 supercharges). The corresponding actions up to two derivatives
are uniquely determined up to field redefinitions. In what follows, we will give only the bosonic part
of the effective actions, since fermionic terms are fixed by supersymmetry.
The effective action for the massless fields in the NSNS sector is the same for both Type IIA and
Type IIB. In differential form notation, it is given by

SNSNS

1
= 2
2κ10

Z
e

−2Φ

M10



1
R ∗ 1 − H3 ∧ ∗H3 + 4 dΦ ∧ ∗dΦ ,
2

(2.22)

where M10 denotes ten-dimensional spacetime, R is the Ricci scalar of the spacetime metric gµν , and
H3 = dB2 is the field strength of the Kalb-Ramond field. The constant κ10 is not fixed at the moment
and will be related to physical observables below. The effective action (2.22) is said to be written in
the string frame, because the metric gµν is the metric that enters the world-sheet non-linear sigma
model (2.19). In section 3.2 we will encounter a formulation of Type IIB in a different frame, the
Einstein frame. Note also that the dilaton prefactor e−2Φ signals that this effective action is obtained
at tree-level in closed string perturbation theory. Indeed, the relevant closed string topology is a
sphere, with Euler number χ = 2.
The actions for the RR sectors of Type IIA and Type IIB are different, but are both given by the
sum of kinetic terms and Chern-Simons terms. More precisely,
IIA
SRR
IIB
SRR


Z
1
1
= 2
− F2 ∧ ∗F2 −
2
2κ10 M10

Z
1
1
= 2
− F1 ∧ ∗F1 −
2
2κ10 M10

1
F4 ∧ ∗F4 −
2
1
F3 ∧ ∗F3 −
2


1
B2 ∧ dC3 ∧ dC3 ,
2

1
1
F5 ∧ ∗F5 − C4 ∧ H3 ∧ F3 ,
4
2

(2.23)
(2.24)
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where the field strengths are given by
F2 = dC1 ,

F4 = dC3 − dB2 ∧ C1 ,

F1 = dC0 ,

F3 = dC2 − C0 dB2 ,

1
1
F5 = dC4 − C2 ∧ dB2 + B2 ∧ dC2 ,
2
2

(2.25)

where B2 is the Kalb-Ramond two-form. The specific form of these field strengths is dictated by
invariance under the full set of RR gauge transformation—which we do not write down explicitly—
and implies that all of them, except F2 and F1 , satisfy non-trivial Bianchi identities, dFp+1 6= 0. Let us
remark that the RR actions also correspond to tree-level closed string amplitudes. One could extract
an overall factor e−2Φ by a suitable dilaton-dependent redefinition of the RR potentials. This is not
convenient, however, since it would render the RR gauge transformation and Bianchi identities dilaton
dependent.
The Type IIB action for RR fields (2.24) offers the opportunity to introduce the concept of pseudoaction, which will play a crucial role in chapters 7 and 10. Recall that a suitable self-duality
condition has to be imposed on the field strength of C4 in order to have the correct number of degrees
of freedom. More precisely, the self-duality constraint reads
∗ F5 = F5 .

(2.26)

If this relation holds, however, the kinetic term F5 ∧ ∗F5 vanishes identically. Indeed, there is no
simple covariant action that can yield the first-order differential constraint (2.26) upon variation of
the four-form potential C4 . Taking the exterior derivative of (2.26) yields
d ∗ F5 = H3 ∧ F3 ,

(2.27)

which precisely corresponds to the equation of motion that is derived from (2.24) if it is varied with
respect to C4 ignoring any constraint. In summary, the action (2.24) is a pseudoaction in the sense
that its equations of motion are compatible with the self-duality constraint (2.26), which however has
to be implemented by hand after taking variations of (2.24).
The RR actions (2.23) and (2.24) are written in terms of the form potentials of lowest degree. One
can, however, encode the degrees of freedom of a (p+1)-form Cp+1 into its magnetic dual C7−p , defined
by a relation of the form Fp+2 = ± ∗ F8−p , where the F ’s are the gauge invariant field strengths. The
full RR form content of Type IIA is indeed given by C1 , C3 , C5 , C7 , C9 , where (C1 , C7 ), (C3 , C5 ) are
dual pairs and C9 carries no propagating degrees of freedom. In a similar fashion, in Type IIB we have
C0 , C2 , C4 , C6 , C8 , C10 , with the dual pairs (C0 , C8 ), (C2 , C6 ), C4 self-dual, and C10 non dynamical.
Let us mention that there exists a so-called democratic formulation of Type II supergravities [49]
in which the effective action contains also the higher degree RR forms and which is useful in the
discussion of couplings to Dp-branes and in the study of string flux compactifications.
Let us now discuss the effective action for the massless fields living on the world-volume Wp+1 of
a Dp-brane. Recall that a Dp-brane respects half of the supersymmetry of the corresponding Type II
bulk action. Therefore, the action for the fermionic degrees of freedom living on Wp+1 is completely
determined by the action for the bosonic fields. The latter are conveniently described in terms of
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a U (1) gauge field Aa (a = 0, . . . , p) and the embedding functions X µ (ξ) (µ = 0, . . . , 9), where ξ a
are coordinates on Wp+1 . Intuitively speaking, out of the 10 directions in X µ , the 9 − p transversal
directions provide the degrees of freedom of the scalars living on the brane, while the other p + 1
directions are pure gauge. The Dp-brane effective action is given by the sum of the Dirac-Born-Infeld
action, describing the coupling of the world-volume degrees of freedom to the bulk NSNS fields, and
of the Chern-Simons action, which describes the coupling to the bulk RR forms.
The Dirac-Born-Infeld action reads
Z
p
dp+1 ξ e−Φ − det (gab + Bab + 2πα0 Fab ) ,
SDBI = −Tp

(2.28)

Wp+1

where Fab = 2∂[a Ab] , Φ is the dilaton restricted to the brane, gab and Bab are the pull-back of the
metric and Kalb-Ramond field,
gab =

∂X µ ∂X ν
gµν ,
∂ξ a ∂ξ b

Bab =

∂X µ ∂X ν
Bµν .
∂ξ a ∂ξ b

(2.29)

The parameter Tp is related to the tension of the brane and will be discussed below in more detail.
The dilaton prefactor e−Φ is once again a signal that the action encodes string amplitudes at tree-level:
for an open string the relevant topology is a disk, with Euler number χ = 1.
The action (2.28) can be seen as a non-linear generalization of the Maxwell action, to which it
reduces to lowest order in the field strength Fab ,


Z
p
1
p+1
−Φ
0 2 ab
SDBI = −Tp
d ξe
− det gab 1 + (2πα ) F Fab + . . . ,
(2.30)
4
Wp+1
where the dots represent higher order terms and contributions from the B-field and the 9 − p massless
scalars. For a stack of D-branes with non-Abelian gauge group, the full non-linear analog of (2.28) is
not completely known, but the lowest order action is given by the natural non-Abelian generalization
of (2.30), obtained with the replacements
Fab = 2∂[a Ab] → Fab = 2∂[a Ab] + 12 [Aa , Ab ] ,

F ab Fab → tr(F ab Fab ) ,

(2.31)

where tr denotes the trace in the fundamental representation of U (N ). Taking into account that a
stack of Dp-branes preserves 16 out of the 32 supercharges of the corresponding bulk theory, we then
find maximally supersymmetric U (N ) gauge theory living on Wp+1 .
The full form of the Chern-Simons action for a Dp-brane is quite involved and will not be displayed.
We rather consider only the case of a stack consisting of a single Dp-brane and focus on the simple
coupling
Z
SCS ⊃ µp

Cp+1 ,

(2.32)

Wp+1

which is the straightforward generalization of the coupling of a charged particle to a vector, which can
R
be written covariantly as q γ A, where γ is the world-line of the particle and q its charge. The physical
interpretation is the following: a Dp-brane has a minimal electric coupling to the RR bulk form Cp+1 ;
equivalently, it is magnetically charged under the dual form C7−p . This makes sense thanks to the
consistency of the even/odd grading of RR form degrees and D-brane dimensionalities in Type IIA
and Type IIB.
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The string coupling constant

Let us make some remarks on the coupling constants that enter the effective actions we have considered.
To begin with, note that all the bulk and brane effective actions and the functional form of the RR
field strengths (2.25) are left invariant by a simultaneous redefinition of the dilaton Φ, the RR fields
Cp , Fp , the parameters κ10 , Tp , and µp ,
Φ0 = Φ + a ,

Cp0 = Cp e−a ,

Fp0 = Fp e−a ,

κ010 = κ10 e−a ,

Tp0 = Tp ea ,

µ0p = µp ea ,

(2.33)

where a is an arbitrary constant. This ambiguity, however, does not affect measurable couplings.
Indeed, the physical gravitational coupling, Dp-brane tension, and Dp-brane electric coupling to Cp+1
are given respectively by
κ = κ10 ehΦi ,

τp = Tp e−hΦi ,

ep =

√

2 µp κ10 ,

(2.34)

where hΦi denotes the VEV of the dilaton. These quantities can be seen as the interaction vertices that
can be read off from the effective actions of the previous section after imposing canonical normalization
on the kinetic terms for metric and RR field fluctuations.
By comparing string amplitudes and tree-level effective field theory computations one can show
that the couplings (2.34) are not independent, but rather satisfy
2κ2 τp2 = e2p = 2π `2(3−p)
,
s

√
`s = 2π α0 ,

(2.35)

where the normalization of `s is chosen in order to absorb all the dependence on p in the unit of
measurement. The first equality in (2.35) can also be written in the form
Tp = |µp |

(2.36)

and shows that the forces between two parallel Dp-branes due to the exchange of NSNS and RR fields
have the same magnitude. In fact, they cancel exactly, leaving no net force between the branes. This
is common for BPS objects in theories with extended supersymmetry.
Because of the relations (2.35) there is only one independent physical coupling. Moreover, (2.34)
shows it is not a tunable parameter of the theory, but a property of the vacuum. As promised, there
are no free dimensionless parameters is string theory. The ambiguity related to the field redefinitions
(2.33) can be removed by choosing a conventional normalization. A standard choice is
1
= 2π `−8
s ,
2κ210

Tp = µp = 2π `−(p+1)
,
s

(2.37)

because in this way the VEV of the dilaton is related in a simple fashion to the ratio between the
fundamental string tension and the D1-brane tension, which is usually taken as the definition of the
string coupling constant gs :
Tstring
ehΦi =
= gs .
(2.38)
τ1
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The low-energy effective actions discussed in this section can be checked against string perturbation
theory only if gs is small. Thanks to the protection ensured by supersymmetry, however, their validity
can be extrapolated to low-energy but strongly coupled regimes. This observation will be crucial in
introducing F-theory in chapter 5.
Let us close this section with a remark about another kind of extended object in Type II string
theory, the NS5-brane. The non-linear sigma model action (2.19) contains the coupling
Z
1
B2 ,
(2.39)
Snlσ ⊃
2πα0 Σ
which can be seen as an electric coupling of the string to the NSNS two-form. We thus expect the
existence of a magnetic dual to the fundamental string, i.e. an extended objects with five spatial
directions coupling to the dual potential given locally by dB6 = ∗dB2 . Such an object is called NS5brane and can be constructed as a solitonic solutions of the source-free equations of motion derived
from the action (2.22). More precisely, the NS5-brane is a field configuration that admits a finite total
energy per unit area in the six longitudinal spacetime directions, i.e. a finite tension,
τNS5 =

2π`−6
s
.
gs2

(2.40)

The string coupling dependence 1/gs2 differs from the 1/gs factor for D-branes. This is consistent with
the interpretation of the NS5-brane as a closed string soliton. It is topologically stable against decay
thanks to a non-vanishing magnetic flux on the sphere S 3 in the four-dimensional transverse space,
Z
−2
`s
H3 = N ,
(2.41)
S3

where we have recored the expression for the general case of a stack of N coincident NS5-branes.
Finally, one can show that NS5-branes are BPS objects preserving half of the 32 supercharges of the
Type II bulk. In Type IIB, the 16 preserved supercharges have opposite chirality and the resulting
world-volume supersymmetry algebra is (1, 1). Fluctuations around the NS5-brane solution can then
be described in terms of an effective action for (1, 1) vector multiplets in six dimensions. In Type
IIA we find instead the chiral world-volume supersymmetry algebra (2, 0). Correspondingly, massless
fluctuations are described in terms of (2, 0) tensor multiplets. They will be described in detail in
chapter 11.

2.3

Orientifold projections

In this section we present some foundational material on orientifolds in Type II theories that will be
useful in chapter 8. The crucial ingredient of an orientifold projection is the world-sheet operator
Ωp which implements a parity transformation on world-sheet coordinates. For a closed string with
σ ∼ σ + 2π one has
µ
Ωp X µ (τ, σ) Ω−1
(2.42)
p = X (τ, 2π − σ) .

µ
A similar relation holds for the world-sheet fermions ψ±
in such a way to have compatibility with
world-sheet supersymmetry (2.8). Since world-sheet parity reverses left-moving and right-moving
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oscillations it is a symmetry of Type IIB string theory, but not of Type IIA string theory, since in the
latter different GSO projections are performed on the left-movers and on the right-movers.
We can, however, generalize the action of the world-sheet parity Ωp by combining it with a geometric action on spacetime coordinates. Let us consider the simple case in which the geometric action
is a reflection R(n) of n spatial directions, say x9 , x8 , . . . , x10−n :
[Ωp R(n) ] X µ (τ, σ) [Ωp R(n) ]−1 = +X µ (τ, 2π − σ)
µ

−1

[Ωp R(n) ] X (τ, σ) [Ωp R(n) ]

µ

= −X (τ, 2π − σ)

for µ = 0, 1, . . . , 9 − n ,
for µ = 10 − n, . . . , 9 .

(2.43)

For n = 2k, R(n) can be seen as the composition of k rotations with angle π in k different two-planes.
This is a Pin-even transformation, i.e. R(n) acts on ten-dimensional spinors preserving their chirality.
For n = 2k + 1, in contrast, R(n) is the composition of k π-rotations and a reflection, and this amounts
to a Pin-odd transformation that flips chirality. Recall also that a rotation of an angle π squares to
minus the identity on spacetime fermions. In summary, we have
R(2k) :

Pin-even ,

R(2k+1) :

Pin-odd ,

2
R(2k)
= (−1)k(FL +FR ) ,
2
R(2k+1)
= (−1)k(FL +FR ) ,

(2.44)

where FL,R denote the spacetime left- and right-moving fermion numbers, which are defined mod 2.
For instance (−1)FL is +1 on the (NS,R) sector and −1 on the (R,NS) sector. Please note that FL,R
should not be confused with the world-sheet fermions numbers FL,R discussed in section 2.1.4. Let
us remind the reader that the GSO projection in the Ramond sector amounts to selecting a definite
chirality for the ground state, which can be 8c or 8s , as can be seen from table (2.1). Taking into
account (2.44) we thus find the following symmetry operators for Type IIA and Type IIB:
O(2k+1) = Ωp R(2k+1) (−1)kFL ,

Type IIA:

O(2k) = Ωp R(2k) (−1)kFL ,

Type IIB:

(2.45)

2 = I for all n. As a result, we can restrict
in which the factors of (−1)kFL are inserted to ensure O(n)
the theory to the subspace invariant under the action of O(n) .

In the resulting theories the spacetime points related by the geometric action R(n) are identified.
The geometry of the quotient space, in the simple non-compact example (2.43), is given by R1,9−n ×
(Rn /Z2 ); the origin in of Rn /Z2 corresponds to the (10 − n)-dimensional subspace of R1,9 fixed under
R(n) . Moreover, after the O(n) projection we have theories of non-oriented strings, in which nonorientable world-sheet topologies have to be included in the path integral that defines the string
partition function. The effect of these new geometries on the low-energy physics of the system can
be attributed to a new kind of extended object, the O-planes. More precisely, for (2.43) an Op-plane
with p = 9 − n is located on top of the fixed space of R(n) .
We refrain from giving the full form of the effective action for an Op-plane. Let us mention,
however, that it couples to the NSNS sector via a non-vanishing tension TOp and to the RR form Cp+1
via a non-vanishing charge µOp . The values of TOp and µOp depend upon the specific action of Ωp on
string states. All Op-planes that we consider have negative tension and negative charge, given by
TOp = −2p−4 Tp ,

µOp = −2p−4 µp ,

(2.46)
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Ωp = +1

Φ, gµν , C1 , C2

Ωp = −1

Bµν , C0 , C3 , C4

Table 2.3: Intrinsic parities of NSNS and RR bulk fields under the action of the world-sheet parity
operator Ωp .
where Tp , µp are the tension and charge of a Dp-brane.
The previous discussion can be generalized from the reflection R(n) in Minkowski spacetime to a
geometric action σ acting on a more general background M with σ 2 = idM . For example, we will
encounter orientifolds of Calabi-Yau compactifications in section 5.4. The qualitative features of the
setup are the same as in the simplified case (2.43). If the geometric action admits a (p+1)-dimensional
subspace of ten-dimensional spacetime, an Op-plane is located there, with tensions and charges given
by (2.46).
In setups with compact directions the presence of RR charged objects can lead to inconsistencies,
since, intuitively speaking, on a compact space the flux lines generated by a source can only end on
sources with opposite charge and cannot ‘escape to infinity.’ In many situations is then necessary to
add D-branes to the construction to counterbalance the negative tension of the O-planes and cancel
all RR tadpoles. Note that the D-brane configuration included in the setup has to be compatible with
the geometric action σ in order to take the orientifold projection consistently. On way to achieve this
is to put a stack of N = 2p−4 Dp-branes on top of an Op-plane, for p = 5, . . . , 9. In this case the
spectrum of open strings starting and ending on the stack of Dp-branes is modified by the orientifold
projection. For O-planes with tension and charges given by (2.46) the gauge group is reduced from
U (N ) to SO(N ). The prototypical example of this kind of constructions is furnished by the orientifold
projection of Type IIB with respect to O(0) = Ωp . To balance the negative charge and tension of the
corresponding spacetime-filling O9-plane a stack of 32 D9-branes is introduced. The resulting theory
is a theory of closed and open unoriented strings with SO(32) gauge group known as Type I string
theory. It has minimal supersymmetry in ten dimensions, corresponding to 16 supercharges.
From the point of view of the low-energy effective action, the orientifold projection induces an
intrinsic Ωp -parity on all bulk fields. This parity is determined by equation (2.42) and can be combined
with parities induced by the geometric action σ to determine the fields that have total positive parity
and then survive the orientifold projection. The Ωp -parity of NSNS and RR bosons are collected in
table 2.3. On top of this, the contribution of localized sources such as O-planes and D-branes has to
be added to compute the total effective action. This program has been carried out for Calabi-Yau
compactifications in [50, 51, 52, 53].
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CHAPTER

3

T-duality, S-duality, M-theory

As recalled in the introduction in section 1.2, all known string theories and their compactifications to
lower dimensions are related by an intricate web of dualities, some of which are strong/weak dualities
and thus shed light on the dynamics of strings beyond perturbation theory. In what follows we refrain
from an account of the vast and fascinating subject of string dualities, and rather focus on those
elements that will be instrumental for our discussion of F-theory in chapter 5. Let us mention, however,
that the resulting picture sees all consistent, perturbative ten-dimensional string theories unified by a
new eleven-dimensional theory, called M-theory. More precisely, the five known superstring theories
can be though of as special limits in the moduli space of M-theory, see figure 1.2. For our purposes
we need to review in some detail important aspects of T-duality and S-duality in the contest of Type
II string theory. We also discuss briefly the low-energy limit of M-theory and elucidate its relation to
Type IIA and Type IIB.

3.1

T-duality of Type II superstring theories

T-duality is a perturbative duality relating string compactifications on spaces that admit continuous
isometries. One of the simplest examples of this situation is furnished by ten-dimensional Type IIA
or Type IIB compactified on a circle of radius R. The geometry of the circle is most conveniently
described in terms of the quotient R/(2πRZ): explicitly, one of the coordinates, say x9 , is periodically
identified,
x9 ∼ x9 + 2πR .

(3.1)

Crucially, this identification allows for a generalization of the closed string bosonic periodicity (2.12)
which reads
X 9 (τ, σ + 2π) = X 9 (τ, σ) + 2πw9 R ,
39

(3.2)
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where the integer w9 is referred to as winding number, since it counts the number of times that the
closed string winds around the compact direction x9 . Note also that the momentum of the string
along the x9 direction must be quantized,
p9 =

n9
,
R

(3.3)
9 9

in such a way that the spacetime translation operator eip x respects the circle identification (3.1). The
integer n9 is the Kaluza-Klein level of the circle compactification. In summary, closed string sectors
are labelled by two integers (n9 , w9 ). Fermionic periodicity conditions (2.13) are unaffected and still
yield a Ramond and a Neveu-Schwarz sector for each value of (n9 , w9 ).
We are now in a position to state T-duality in this simple example: Type IIA compactified on a
circle of radius R is equivalent to Type IIB compactified on a circle of radius
R̃ =

α0
.
R

(3.4)

More precisely, let X̃ 9 (τ, σ) denote the coordinate in the dual Type IIB setup with radius R̃, so that
we can introduce the dual winding numbers w̃9 and momentum units ñ9 by
X̃ 9 (τ, σ + 2π) = X̃ 9 (τ, σ) + 2π w̃9 R̃ ,

p̃9 =

ñ9
.
R̃

(3.5)

9 are
Then T-duality amounts to the statement the dual coordinate X̃ 9 and its fermionic partners ψ̃±
9 by
given in terms of X 9 , ψ±
9
X̃L9 (τ, σ) = XL9 (σ+ ) − XR
(σ− ) ,

9
9
ψ̃+
(σ+ ) = ψ+
(σ+ ) ,

9
9
ψ̃−
(σ− ) = −ψ−
(σ− ) ,

(3.6)

where we have made use of the decomposition (2.10) into left- and right-moving parts. We can thus
see that T-duality is a reflection x9 → −x9 acting on the right-moving sector only. One can show that
9 is
this transformation is such that the physics encoded in the world-sheet CFT for the fields X̃ 9 , ψ̃±
9 . This makes T-duality an exact perturbative symmetry
the same as the physics of the CFT of X 9 , ψ±
of Type II.
In order to make the spacetime implications of (3.6) more manifest, let us consider how the four
sectors of Type IIA are mapped to Type IIB: one can show that
(NS+ , NS+ ; n9 , w9 ) → (NS+ , NS+ ; ñ9 , w̃9 ) ,
(NS+ , R− ; n9 , w9 )

(R+ , NS+ ; n9 , w9 )
(R+ , R− ; n9 , w9 )

→ (NS+ , R+ ; ñ9 , w̃9 ) ,

→ (R+ , NS+ ; ñ9 , w̃9 ) ,

(3.7)

→ (R+ , R+ ; ñ9 , w̃9 ) ,

where we have used the notation of section 2.1.4 and where
(ñ9 , w̃9 ) = (w9 , n9 ) .

(3.8)

The change from Type IIA to Type IIB is due to the change in chirality of the right-moving Ramond
ground state. As in section 2.3, this is caused by the fact that x9 → −x9 is a Pin-odd transformation.
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Equation (3.8) states that Kaluza-Klein modes and winding modes are exchanged. This can also be
checked from inspection of the mass formula for closed string states, which reads schematically
 9 2  9 2
n
w R
2
m =
+
+ osc ,
(3.9)
R
α0
where the first term is the Kaluza-Klein mass, the second is the mass due to winding, and osc denotes
the contribution from the oscillation modes of the string around its center of mass. As we can see,
the combined replacements (3.4) and (3.8) leave the Kaluza-Klein and winding contributions to m2
invariant.
For our discussion of the relation between M-theory and Type IIB string theory in section 3.4 it
will be useful to know the explicit form of the T-duality map on massless bosonic fields. This map is
furnished by so-called Buscher rules, see e.g. [54, 55, 56, 57] for a review. Let us consider them in a
somewhat non-standard notation that is inspired by the interpretation of T-duality as a dimensional
oxidation ambiguity from nine to ten dimensions [58] and that is best suited for our purposes. Let y
be a compact dimensionless coordinate of period 1 along the T-duality circle. We adopt the following
parametrization of the Type IIA string frame metric, dilaton, NSNS two-form, and RR p-forms,
2
ds2IIA = ds29 + L2 (dy + `−1
s V) ,

CpIIA = Cp + Cp−1 ∧ `s dy ,

ΦIIA = ϕ +

L
1
log
,
2
`s

B2IIA = B2 + B1 ∧ `s dy ,

p = 1, 3 ,

(3.10)

where V is a vector. In a similar fashion, the massless bosonic fields of Type IIB are parametrized as
2
ds2IIB = ds̃29 + L̃2 (dy + `−1
s Ṽ ) ,

CpIIB = C̃p + C̃p−1 ∧ `s dy ,

ΦIIB = ϕ̃ +

L̃
1
log
,
2
`s

B2IIB = B̃2 + B̃1 ∧ `s dy ,

p = 0, 2, 4 ,

(3.11)

with the understanding C̃−1 ≡ 0. The Buscher rules can then be written in the following form,
`2s
,
L

ds̃29 = ds29 ,

L̃ =

B̃1 = −V ,

B̃2 = B2 − B1 ∧ A ,

C̃0 = C0 ,

Ṽ = −B1 ,

C̃1 = C1 − C0 V ,

ϕ̃ = ϕ ,

C̃2 = C2 + B1 ∧ (C1 − C0 V ) ,

1
1
C̃3 = C3 − C2 ∧ V − B2 ∧ (C1 − C0 V ) .
2
2

(3.12)

They can be easily inverted to obtain the map from Type IIB to Type IIA. Note that the period
of the compact coordinate y is unaffected, and the information about the length of the T-duality
circumference is encoded in the metric functions L, L̃. They are indeed related in such a way that
their vacuum expectation values 2πR, 2π R̃ satisfy (3.4). Let us point out that no rule was given for C̃4
as it is not independent, because of the self-duality constraint (2.26). From the vacuum expectation
value of the relation ϕ̃ = ϕ we can immediately read off the transformation rule for the string coupling
constant under T-duality,
`s
.
(3.13)
gsIIB = gsIIA
2πR
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T-duality is a perturbative duality in the sense that taking the limit gs → 0 on one side corresponds
to taking the same limit on the dual side. The change in the string coupling constant ensures that the
nine-dimensional gravitational coupling is the same in both dual descriptions.
So far we have discussed the action of T-duality on closed strings. As far as open strings are concerned, we can see that the left/right asymmetric reflection (3.6) interchanges Neumann and Dirichlet
boundary conditions (2.17). As a result, a Dp-brane extending along the x9 direction is turned into
a D(p − 1)-brane localized at a point along the T-dual coordinate x̃9 , and vice versa. Note that this
is consistent with the action on RR forms in (3.12). The same result holds for a stack of N coincident Dp-branes. In this case the information about the relative location of the dual D(p − 1)-branes
along the x̃9 direction is encoded, in the original Dp-brane picture, in a Wilson line. The latter is
a topologically non-trivial constant VEV of the component A9 of the non-Abelian gauge field living
on the brane. More precisely, the i-th brane on the Dp-brane stack (i = 1, . . . , N ) is mapped to a
D(p − 1)-brane located at
x̃9i = −2πα0 (A9 )ii ,

A9 = −

1
diag(θ1 , . . . , θN ) ,
2πR

(3.14)

where no sum over i is performed, the real parameters θi are defined modulo 2π, and an arbitrary
additive constant has been set to zero. It is also possible to consider more complicated setups with
magnetized branes and branes at angles, but we will not need to develop such generalizations.

3.2

S-duality of Type IIB superstring theory

Type IIB string theory is invariant under a Z2 transformation that inverts the string coupling constant
and thus maps a weakly coupled vacuum to a strongly coupled vacuum. This duality is called S-duality
and is actually a subgroup of a larger invariance under the action of the group SL(2, Z). A first hint
towards this duality is furnished by a judicious reformulation of the Type IIB effective action, given
by the sum of (2.22) and (2.24). Let us perform the metric redefinition
(E)
gµν
= e−Φ/2 gµν

(3.15)

and introduce the complex combinations
τ = C0 + ie−Φ ,

G3 = F3 − ie−Φ H3 = dC2 − τ dB2 .

The complex scalar τ is referred to as the axio-dilaton.
action takes the form

Z
1
1 dτ ∧ ∗dτ
1 G3 ∧ ∗G3
SIIB = 2
R∗1−
−
−
2 (Imτ )2
2 Imτ
2κ10 M10

(3.16)

With this notation the Type IIB effective

1
i
F5 ∧ ∗F5 −
C4 ∧ G3 ∧ G3 ,
4
4 Imτ
(E)

(3.17)

in which the Ricci scalar and the Hodge star are computed with the new metric gµν , but we drop
the superscript (E). This form of the action is referred to as action in the Einstein frame because
the new metric has a canonical Einstein-Hilbert term. Note, however, that the prefactor contains the

43

3.2. S-duality of Type IIB superstring theory

parameter κ10 and not the ten-dimensional physical gravitational constant κ given in (2.34), because
the full dilaton field, background and fluctuations, is reabsorbed in the metric redefinition (3.15). Let
us also point out that the self-duality constraint (2.26) is always understood. It takes the same form
when written in string frame or Einstein frame metric.
The form (3.17) is useful as it makes more transparent the invariance of the Type IIB classical
action under the action of SL(2, R). More precisely, let us consider an SL(2, R) matrix


a b
,
ad − bc = 1 .
(3.18)
c d
It acts non-trivially on the axio-dilaton τ and on the two-forms C2 , B2 as
 0 
 
aτ + b
C2
a b
C2
0
,
=
,
τ =
B20
c d
B2
cτ + d

(3.19)

while the Einstein frame metric and the RR four-form are inert.
Semiclassical arguments suggest that only the discrete subgroup SL(2, Z) of the classical invariance
group SL(2, R) can be realized in the quantum theory. For example, a rotation of the two-form
potentials with real coefficients as in (3.19) can be in conflict with semi-classical quantization of
fluxes. This can be seen as follows. The non-linear sigma model action (2.19) contains the coupling
Z
1
SF1 ⊃
B2 ,
(3.20)
2πα0 Σ
where F1 stands for fundamental string and Σ denotes the world-sheet. In order for the path integral
weight eiS to be invariant under large gauge transformations one has to impose the flux quantization
condition
Z
Z
1
−2
dB
=
`
dB2 ∈ Z ,
(3.21)
2
s
4π 2 α0 X3
X3
where X3 is an arbitrary three-cycle in spacetime. By a similar token, the D1-brane action contains
the coupling
Z
SD1 ⊃ µ1
C2 ,
(3.22)
W2

and therefore we have to require
µ1
2π

Z
dC2 =
X3

`−2
s

Z
X3

dC2 ∈ Z ,

(3.23)

where we have adopted the conventions (2.37) to express µ1 in terms of `s . As we can see, if we use
(2.37) and measure lengths in units of `s both B2 and C2 are integrally quantized. This property
is preserved by the action of SL(2, Z) but not by the action of SL(2, R). The same conclusion is
confirmed by the study of D-instantons, that break the classical shift symmetry C0 → C0 + b from
b ∈ R to b ∈ Z.
The group SL(2, Z) is generated by the transformations




1 1
0 1
T =
,
S=
,
0 1
−1 0

(3.24)
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which act on τ as

1
,
(3.25)
τ
respectively. The first transformation amounts to a shift in C0 and does not alter the string coupling.
The second transformation, however, acts non-trivially on the dilaton. Indeed, in a simple background
with C0 = 0 the second equation in (3.25) implies
τ0 = τ + 1 ,

τ0 = −

gs0 =

1
.
gs

(3.26)

Clearly, this is a weak/strong duality and cannot be checked within perturbation theory. Nonetheless,
the full group SL(2, Z), including the generator S, is believed to be an exact symmetry group of Type
IIB superstring theory.
Evidence in favor of this claim comes, for instance, from the study of the tension of a fundamental
(E)
string and a D1-brane in the Einstein frame. As noted above, the Einstein metric gµν depends on both
the VEV and the fluctuations of the dilaton. When the latter are neglected, we have schematically
(length)(E) = gs−1/4 (length) ,

(3.27)

where the length on the right hand side is computed with the original string frame metric. Using
(3.27) together with (2.37) we then find by dimensional analysis
(E)

1/2
TF1 = 2π `−2
,
s gs

(E)

−1/2
τD1 = 2π `−2
,
s gs

(3.28)

which are indeed exchanged under (3.26). This result is significant since both the fundamental string
and the D1-brane are BPS objects of the theory, so that their tension is related to their charge and is
therefore protected against quantum corrections. We can then safely extrapolate the weak-coupling
expressions for their tensions to strong coupling. A similar analysis can be carried out for all extended
BPS objects of Type IIB. For instance, a D5-brane is S-dual to an NS5-brane; their Einstein frame
tensions are consistent,
(E)
(E)
1/2
−1/2
τD5 = 2π `−6
,
τNS5 = 2π `−6
,
(3.29)
s gs
s gs
where we recalled the string frame NS5-brane tension (2.40). The D3-brane is expected to be selfdual, since it couples to C4 which is a singlet under SL(2, Z). Indeed, its Einstein frame tension is
independent of gs ,
(E)
τD3 = 2π `−4
(3.30)
s .
The behavior of D7-branes under SL(2, Z) will be discussed in detail in section 5.1.2.
In the weak coupling limit D-branes do not participate to the dynamics as they acquire infinite
tension. For finite or large coupling, however, we can consider dynamical BPS objects that can be
thought of as bound states of F1 and D1 strings. They are called (p, q) strings and couple electrically
to B2 with charge p and to C2 with charge q. Thus a (1, 0) string is a fundamental string, and a (0, 1)
string is a D1-brane. The expressions for the tensions of an F1 and a D1 in the Einstein frame (3.28)
can be generalized to an SL(2, Z) invariant expression
(E)

τ(p,q) =

|p + τ q|
1/2
τ2

2π`2s .

(3.31)
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More precisely, this is invariant under a combined SL(2, Z) action on τ as in (3.19) and on the charges
(p, q). The transformation of the latter is given by



 a b −1
0
0
q p = q p
,
(3.32)
c d
R
R
and is such that the bilinear p B2 + q C2 is invariant. Using (3.31) one can show that a (p, q)-string
is stable against decay provided that p and q are relatively prime.
Since a fundamental string can end on a D1-brane one expects to find (p, q) strings configurations
with several prongs. They are referred to as string junctions. Charge conservation demands that
P
P
p =
q = 0, where the sum extends over all prongs of the string junction. We will comment
briefly on the role of string junctions in F-theory in section 5.2.3.
Suppose we start from a weakly coupled setup with fundamental strings and ordinary D-branes. We
can perform an SL(2, Z) transformation (3.32) that turns the fundamental string into a (p, q) string.
What happens to D-branes under this transformation? By electric-magnetic duality, D5-branes are
mixed with NS5-branes into (p, q)-five-branes. On the contrary, since D3-branes are self-dual under
SL(2, Z) they are unaffected. A D7-brane couples magnetically to C0 = Re τ , which transforms nontrivially under SL(2, Z), see (3.19). We then expect to find (p, q) seven-branes, but their analysis is
more complicated and relies on the study of their backreaction on the geometry, which will be addressed
in section 5.1. We also expect that a (p, q) string can end on a (p, q) five-brane or seven-brane with
the same p, q, but on any D3-brane.

3.3

M-theory and Type IIA superstring theory

Inspection of (2.34) reveals that the physical tension τp of a Dp-brane is inversely proportional to the
string coupling constant. As a result, if we start from the perturbative regime gs  1 and we increase
the coupling, Dp-brane states become lighter and lighter and their dynamics starts to intertwine with
that of fundamental strings. As we have seen in the previous section, in Type IIB S-duality gives us a
way to describe the dynamics of D-branes at strong coupling. The situation is different in Type IIA:
its strongly coupled dynamics is captured by a new eleven-dimensional theory, called M-theory.
The emergence of an eleventh dimension can be seen from the spectrum of D0-branes of Type IIA.
Being the D-branes with the lowest dimensionality in Type IIA, they are the lightest ones. Working
in the string frame and using (2.37), the D0-brane tension—or rather mass—is given by
τD0 =

2π
.
`s gs

(3.33)

Compatibly with their BPS nature, D0-branes can form bound states whose energy is just the sum
of the energy of the constituents, since gravitational and RR interactions balance against each other.
A bound state of n D0-branes has therefore mass n τD0 . In summary, we have a tower of equally
spaced massive states that become light as the string coupling constant increases. As we will review in
section 4.2, this can be interpreted as a Kaluza-Klein spectrum of a circle compactification and thus
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constitutes a first hint of a hidden direction of spacetime. Below we will review further evidence in
support of M-theory.
A full formulation of M-theory at the quantum level is not known. Arguably, the best proposal
for a microscopic description of its fundamental degrees of freedom is based on the matrix theory
that describes a stack of D0-branes in a suitable kinematic limit [59, 60, 61]. Whatever the correct
description of M-theory at the fundamental level may be, its low-energy dynamics must be captured
by the unique eleven-dimensional supergravity theory. Its field content consists of the metric ĝµ̂ν̂ , a
three-form potential Ĉ3 , and a Majorana gravitino Ψ̂µ̂ . A hat is used to denote eleven-dimensional
quantities and spacetime indices. The bosonic part of the action of eleven-dimensional supergravity
reads


Z
1
1
1
SM = 2
R̂ ˆ∗ 1 − Ĝ4 ∧ ˆ∗Ĝ4 − Ĉ3 ∧ Ĝ4 ∧ Ĝ4 ,
(3.34)
2
6
2κ11 M11
where Ĝ4 = dĈ3 is the field strength of the three-form potential and κ11 is the eleven-dimensional
gravitational constant. It is useful to introduce the associated fundamental length scale by the relation
1
2π
= 9 ,
2
2κ11
`M

(3.35)

where the normalization is chosen for later convenience.
The interpretation of D0-brane bound states in terms of Kaluza-Klein modes suggests that Mtheory compactified on a small circle should reproduce weakly coupled Type IIA string theory. Indeed,
the eleven-dimensional low-energy effective action (3.34) reproduces the Type IIA supergravity action
upon dimensional reduction on a circle. Let us review in some detail the relation between elevendimensional and ten-dimensional quantities. As our starting point we take the following Ansatz for
the eleven-dimensional metric and three-form potential,
2

2

4

4

dŝ2 = λ 3 e− 3 Φ ds2 + µ2 λ− 3 e 3 Φ (`M dx + µ−1 λ C1 )2 ,
Ĉ3 = λ C3 + µ B2 ∧ `M dx ,

x∼x+1 ,
(3.36)

where the adimensional coordinate x parametrizes the circle direction and λ, µ > 0 are dimensionless
constants. The scalar Φ, the ten-dimensional metric ds2 , the forms C1 , C3 , B2 do not depend on x
and are identified with the Type IIA dilaton, string frame metric, RR forms and NSNS two-form,
respectively. The form of the Ansatz (3.36) is engineered is such a way to exactly reproduce the sum
of the NSNS effective action (2.22) and the RR effective action (2.23). In particular, the parameters
λ, µ enter the dimensionally reduced action only in the overall prefactor, which reads
2π
1
= 8 λ2 µ .
2
2κ10
`M

(3.37)

In order to reproduce the correct normalization for the dilaton, in such a way that (2.38) holds, this
prefactor must be matched with (2.37). As a result, we obtain a first relation between `s , `M and the
parameters λ, µ,
1

1

`s = `M λ− 4 µ− 8 .

(3.38)
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Another relation can be extracted by comparing the Kaluza-Klein mass and the D0-tension. The
former can be read off from the vacuum expectation value of the eleven-dimensional metric in (3.36),
2

− 23

hdŝ2 i = λ 3 gs



hds2 i + (λ−1 µ gs `M )2 dx2

,

(3.39)

where we made use of ehΦi = gs . From (3.39) one can conclude that the Kaluza-Klein masses measured
in the string frame metric are an integer multiple of
mKK =

2π
λ−1 µ gs `M

.

(3.40)

Kaluza-Klein masses will de discussed in more detail in section 4.2. Comparison with (3.33) yields
`s = `M λ−1 µ and therefore consistency with (3.38) imposes
2

µ = λ3 .

(3.41)

We are thus left with one free parameter only, identified with the ratio between the string length and
eleven-dimensional fundamental length,
1

`s = `M λ− 3 .

(3.42)

Note, however, that this parameter drops out from the expression of the circumference LM of the circle
measured by the background eleven-dimensional metric (3.39),
2

LM = `M gs3 .

(3.43)

This relation shows that the string coupling constant is unambiguously determined by the compactification geometry. As a final comment on the match between eleven-dimensional and ten-dimensional
bulk effective actions let us point out that the Ansatz (3.36) takes a transparent form if we trade the
parameter λ for the ratio `s /`M . In fact, we obtain
2

4

2
− 3 Φ −2
2
`−2
`s ds2 + e 3 Φ (dx + `−1
s C1 ) ,
M dŝ = e
−3
−2
`−3
M Ĉ3 = `s C3 + `s B2 ∧ dx .

x∼x+1 ,
(3.44)

This shows that eleven-dimensional and ten-dimensional quantities are matched naturally if the former
are measured in units of `M and the latter in units of `s . By the same token, if the eleven-dimensional
flux Ĝ4 is quantized in units of `M —or rather half-integrally quantized [62]—then Type IIA fluxes are
quantized in units of `s .
The eleven-dimensional supergravity action (3.34) admits half-BPS solutions that describe a membrane and a five-brane, see for instance the review [63]. The membrane acts as an electric source for
the three-form potential Ĉ3 , while the five-brane is a soliton with non-trivial magnetic flux Ĝ4 . In view
of the interpretation of eleven-dimensional supergravity as the low-energy limit of M-theory, we are
led to conclude that two kind of extended objects exist in M-theory, called M2-brane and M5-brane.
Our current understanding of M-theory is not sufficient to determine if M2-branes of M5-branes are
better understood as fundamental objects or as emergent excitations of some different microscopic
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constituent. Nonetheless, we can elucidate the role played by M-theory branes in the duality with
Type IIA string theory.
We have already argued that Type IIA D0-branes should be identified with excited Kaluza-Klein
modes of the eleven-dimensional graviton. The fundamental string F1 and the D2-brane are instead
uplifted to an M2-brane. More precisely, an M2-brane wrapping the circle yields an F1, while an
unwrapped M2-brane corresponds to a D2-brane. This picture is confirmed by the analysis of the
tension of these objects. The complete action for the embedding of a supermembrane in elevendimensional spacetime is known [64] but for our purposes it suffices to consider the schematic action
Z
p
(3.45)
d3 ξ −γ̂3 ,
SM2 = −TM2
W3

where γ̂ denotes the pullback of the eleven-dimensional metric to the world-volume W3 of the M2brane, parametrized by coordinates ξ, and TM2 is the M2-brane tension. If the action (3.45) is reduced
with one or no legs along the circle according to the Ansatz (3.44), it should reproduce the action for
the embedding of an F1 or D2-brane in ten dimensions. Indeed, one finds
Z
√
wrapped
3 −2
SM2
= −TM2 `M `s
d2 ξ −γ2 ,
ZΣ2
√
unwrapped
SM2
= −TM2 `3M `−3
d3 ξ e−Φ −γ3 ,
(3.46)
s
W3

where γ2 , γ3 denote the appropriate pull-back of the string frame metric. We can see that the NambuGoto action for F1 and the DBI action for D2-brane are correctly reproduced. The prefactors should
be matched with the string and brane tensions read off from (2.34), (2.37),
!

3 −2
TF1 = 2π`−2
s = TM 2 `M `s ,

!

−1
3 −3 −hΦi
τD2 = 2π`−3
,
s gs = TM 2 `M `s e

(3.47)

and indeed both these conditions can be simultaneously met if
TM2 = 2π`−3
M .

(3.48)

Note that this holds irrespectively of the value of the ratio `s /`M , or equivalently of the parameter
λ. In a completely analogous way the NS5-brane and the D4-brane are uplifted to the M5-brane. To
crude approximation, the embedding of a super five-brane is described by the action
Z
p
SM5 = −TM5
d6 ξ −γ̂6 ,
(3.49)
W6

and its schematic dimensional reduction yields
wrapped
SM5
= −TM5 `6M `−5
s
unwrapped
SM5

=

−TM5 `6M `−6
s

Z

d5 ξ e−Φ

√

W5

Z
W6

d6 ξ e−2Φ

−γ5 ,

√

−γ6 .

(3.50)

These results must be compatible with the D4-brane and NS5-brane tensions given in (2.34), (2.37),
(2.40). This is indeed the case, since both conditions
!

−1
6 −5 −hΦi
τD4 = 2π `−5
,
s gs = TM5 `M `s e

!

−2
6 −6 −2hΦi
τNS5 = 2π `−6
s gs = TM5 `M `s e

(3.51)
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hold provided that the M5-brane tension is furnished by
TM5 = 2π `−6
M .

(3.52)

The M-theory uplift of the Type IIA D6-brane does not involve M2-branes or M5-branes. This
can be expected by noting that a D6-brane couples magnetically to C1 , which is identified with the
Kaluza-Klein vector of the circle compactification. In fact the D6-brane is uplifted to a Kaluza-Klein
monopole, i.e. a regular solitonic solution of vacuum Einstein’s equations in eleven dimensions in
which the circle that connects M-theory and Type IIA is non-trivially fibered over ten-dimensional
spacetime. More precisely, the Kaluza-Klein monopole metric takes the form
ds2KK-mon = ηij dxik dxjk + ds2Taub-NUT ,

(3.53)

where xik , i = 0, . . . , 6 are coordinates along the flat, seven-dimensional world-volume of the D6-brane
and the four transverse directions are described by the Taub-NUT metric ds2Taub-NUT . The latter is a
four-dimensional U (1) fibration over R3 given by
~ · ~x)2 .
ds2Taub-NUT = V (~x) d~x · d~x + V (~x)−1 (dxM + A

(3.54)

In this expression ~x are flat coordinates in R3 with standard inner product and xM is the compact
coordinate that parametrizes the M-theory circle. A metric of the form (3.54) solves Einstein’s vacuum
~ = A(~
~ x) are chosen
equations provided that the scalar function V (~x) and the U (1) vector potential A
in such a way that
~ ×A
~ = −∇V
~ ,
∇
(3.55)
so that V is harmonic on R3 . A single D6-brane is lifted to a single-center Taub-NUT metric,
V (~x) = 1 +

R
,
2|~x|

(3.56)

but it is also possible to lift a stack of parallel D6-branes arbitrarily displaced along the transverse
direction by means of a multi-center Taub-NUT metric,
V (~x) = 1 +

RX
1
,
2 a |~x − ~x(a) |

(3.57)

~ describes
with the index a labeling branes. For the choices (3.56) or (3.57) for V , the vector potential A
one or more magnetic monopoles and it cannot globally defined on R3 . This signals the non-triviality
of the U (1) fibration. Let us point out that the length scale R in the previous equations is related to
the radius of the M-theory circle. In fact, regularity of the metric imposes that xM has period 2πR if
V is given by (3.56) or (3.57). Note, however, that the actual radius of the M-theory circle measured
by the Taub-NUT metric is V −1/2 R: it approaches the asymptotic value R as |~x| → ∞ and it goes to
zero at the locations ~x(a) of the branes, see figure 3.1.
An interesting configuration is furnished by a periodic array of centers along some fixed direction
in R3 . Let us write ~x = (x1 , x2 , x3 ) and consider the x3 direction for definiteness. An infinite array of
D6-branes along x3 can be equivalently interpreted as a single D6-brane localized at a point along a
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~0

~x(1)

R3

~x(3)

~x(2)

R3

Figure 3.1: Schematic representation of a single-center and of a multi-center Taub-NUT geometry.
The radius of the S 1 fiber varying over the base space R3 asymptotes to a fixed value for |~x| → ∞ and
goes to zero at the location of the centers of the Taub-NUT space. Note the presence of non-trivial
two-cycles in the case of a multi-center geometry.
circle extending in the x3 direction. This picture will be useful in clarifying the M-theory interpretation
of Type IIB D7-branes in section 5.3.
Let us close this section with a remark about the free parameter λ. In order to fix its value
and therefore determine the string length in terms of the fundamental length of M-theory we need
a prescription for the relation between lengths in ten dimensions and in eleven dimensions. In the
present context of M-theory on a circle a natural prescription consists in the requirement that distances measured by the background eleven-dimensional metric coincide with distances measured by
the background string frame metric. Equivalently, the prefactor in (3.39) should be equal to one. This
gives λ = gs , so that
− 31

`s = `M g s

.

(3.58)

In the next section we will find it convenient to adopt a different prescription to relate `s and `M .

3.4

M-theory and Type IIB superstring theory

We know from the previous section that M-theory on a circle gives ten-dimensional Type IIA string
theory. If we compactify on a further circle we obtain a nine-dimensional theory that can be equivalently though of as Type IIB on the dual circle, by means of T-duality, see section 3.1. We thus get that
M-theory on a torus is dual to Type IIB on a circle. This duality furnishes a geometric interpretation
of the SL(2, Z) invariance of Type IIB string theory in terms of the invariance of M-theory under large
diffeomorphisms of the compactification torus. Let us explore in more detail how this works.
An appropriate Ansatz for dimensional reduction of M-theory on a two-torus is
dŝ2 = ds29(M) +
(M)

Ĉ3 = C3

A `2M
−1
dx + `−1
M V(x) + τM (dy + `M V(y) )
Im τM
(x)

(y)

(xy)

+ C2 ∧ `M dx + C2 ∧ `M dy + C1

2

,

∧ `M dx ∧ `M dy ,

(3.59)
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where x, y are dimensionless coordinates with period 1, τM is the complex structure parameter of the
torus, A is its area in units of `M . We have decomposed the M-theory three-form in its components
with zero, one, or two legs along the torus and we have also included the Kaluza-Klein vectors V(x) ,
V(y) associated to the x- and y-cycles of the torus. Let us consider the coordinate transformation
y0

x0





 a b −1
= y x
,
c d

a, b, c, d ∈ Z ,

ad − bc = 1 ,

(3.60)

in which we have adopted a standard matrix notation. The integrality of coefficients is required to
ensure compatibility with the integral periods of y, x and the unimodular condition guarantees that
the volume form dy ∧ dx is preserved. If the SL(2, Z) matrix determined by the coefficients a, b, c,
d is non-trivial, this transformation describes a large diffeomorphism of the torus, since it cannot be
continuously deformed to the identity map. The reduction Ansatz (3.59) can be made invariant under
(3.60) provided that the nine-dimensional fields on the right hand side transform as
0
τM

a τM + b
,
=
c τM + d
(xy)

Note that C1





0
0
V(y)
V(x)
= V(y)



 a b −1
V(x)
,
c d

(y)0

C2
(x)0
C2

!

!


(y)
a b
C2
=
(x) .
c d
C2

(3.61)

does not transform thanks to the unimodular condition.

On the other side of the duality we have Type IIB compactified on a circle. Recall from section
3.2 that the S-duality properties of Type IIB are most conveniently studied in terms of the Einstein
frame metric (3.15). Therefore, we compactify Type IIB on a circle with Ansatz
2
ds2E = ds29(B) + L2(B) (dxB + `−1
s V(B) ) ,
(B)

+ B1

(B)

+ C1

B2 = B2
C2 = C2

(B)

∧ `s dxB ,

(B)

∧ `s dxB ,

(B)

C4 = C4

(B)

+ C3

∧ `s dxB ,

(3.62)

where ds2E is the Einstein frame metric in ten dimensions. In these expressions xB is a dimensionless
coordinate with period 1 that parametrizes the circle upon which Type IIB is compactified and V(B)
(B)
(B)
denotes the corresponding Kaluza-Klein vector. Let us stress that the components C4 and C3 of
the RR four-form are not independent because of the self-duality constraint (2.26). In what follows,
(B)
we will focus on C3 only. Finally, the Type IIB dilaton ΦIIB and axion C0 behave trivially under
circle compactification.
The x-cycle in the M-theory Ansatz (3.59) is identified with the circle that connects M-theory to
Type IIA. Correspondingly, the y-cycle is identified with the circle upon which Type IIA is further
compactified and T-dualized to Type IIB, so that we have xB = y. Combining the results of the
previous section with the transformations of Type IIA fields into Type IIB fields under T-duality
(3.12) we can establish the precise map between the quantities that appear on the right hand sides of
(3.59) and those that enter the right hand sides of (3.62). First of all, we obtain
C0 = Re τM ,

eΦIIB =

1
,
Im τM

(3.63)
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which shows that the complex structure parameter of the M-theory torus is identified with the Type
IIB axio-dilaton defined in (3.16). Correspondingly, the SL(2, Z) transformation (3.19) is identified
with the geometric action (3.61) on τM . Secondly, the Type IIB Einstein frame metric components
are determined by
1

ds29(B) =

`2s A 2 2
ds9(M) ,
`2M

3

(xy)

−1
`−1
s V(B) = `M C1

L(B) = `s A− 4 ,

.

(3.64)

These expression are SL(2, Z) invariant provided that the string length `s is related to the M-theory
length `M by means of an SL(2, Z) invariant prescription. The relation (3.58) used in the previous
section is not suitable in the present context, since it would imply
?

1

1

`s = `M hAi− 4 (Imhτ i) 4 ,

(3.65)

where as usual h...i denotes the vacuum expectation value. Equation (3.64) suggests a natural alternative,
1

`s = `M hAi− 4 .

(3.66)

This condition ensures that distances measured by the background value of the Type IIB Einstein frame
metric coincide with distances measured by the background metric in eleven dimensions. Finally, let
us record the match between Type IIB forms and M-theory forms,
!
!
!




(B)
(B)
(y)
V(x)
V(x)
(xy)
−1
−2 C2
−2
−1 C1
−2 C2
`s
= `M
,
`s
= `M
∧ C1
,
(B)
(B)
(x) + `M
−V
−V
(y)
(y)
B1
B2
C2
!
(y)

1
C
(M)
(B)
2
V(y) V(x)
.
(3.67)
− `−3
`−3
= `−3
s C3
(x)
M C3
2 M
C2
The same matrix notation used before has been adopted here in order to make the connection between
S-duality transformations in Type IIB (3.19) and large diffeomorphisms in M-theory (3.61) transpar(y)
(x)
ent. Note, in fact, that the column vector (V(x) − V(y) )T transforms in the same way as (C2 C2 )T ,
as can be easily checked from (3.61).

3.5

Low-energy dynamics of M-theory branes

No complete microscopic description of the M2-brane or the M5-brane is available at the quantum
level. Nonetheless, one can address the problem of the determination of the low-energy dynamics of the
massless fields localized along their world-volumes. In the case of D-branes in string theory, massless
fields on the branes can be read off from the open string spectrum. For M2-branes and M5-branes
we have to rely on a different, indirect approach: massless fields on their world-volumes are identified
as Goldstone bosons of spontaneously broken large diffeomorphisms and gauge transformations of the
membrane and five-brane supergravity solutions [65]. For a single M2-brane we find eight scalar fields,
corresponding to the eight transverse directions to the brane, together with their fermionic partners
in a multiplet of three-dimensional N = 8 supersymmetry (16 supercharges). For a single M5-brane,
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the five scalars associated with the transverse directions are accompanied by a self-dual two-form and
fermionic partners into a tensor multiplet of (2,0) supersymmetry (16 supercharges).
For a stack consisting of one brane only the effective action is uninteresting, since it describes the
free dynamics of the scalars that encode the position of the center of mass of the brane and their
superpartners. If several branes are on top of each other, however, non-trivial interactions take place
and the resulting theory is believed to be strongly coupled, since we can regard M2-branes and M5branes as the strong-coupling limit of D2-branes and D4-branes is Type IIA, respectively. Information
about the degrees of freedom of these interacting theories can be extracted indirectly, for instance by
analyzing the thermal properties of brane solutions in supergravity, the cross section for absorption
of a graviton, or anomaly cancellation in the case of the M5-brane. See e.g. [66] for a review. These
computations show that the number of degrees of freedom of a stack of N coincident branes grows
like N 3/2 for M2-branes and N 3 for M5-branes. For ordinary D-branes the scaling is N 2 and is readily
explained in terms of the dimension of the U (N ) gauge group on their world-volume.
It is interesting to consider the limit in which gravity is decoupled from the stack of M2-branes or
M5-branes. One then gets a three- or six-dimensional quantum field theory that flows in the IR to a
non-trivial superconformal fixed point with 16 supersymmetries. Effective actions are available that
capture the low-energy dynamics of a stack of M2-branes. It can be described by the ABJM model [67],
a matter-coupled three-dimensional Chern-Simons theory. The matter fields include the scalars that
parametrize the directions orthogonal to the world-volume of the brane, while the gauge vectors are
non-dynamical. The theory has one free coupling constant, the Chern-Simons level k, and is weakly
coupled for large k. From an M-theory perspective, k is not a parameter of the world-volume theory
of the M2-branes, but of the eleven-dimensional background in which they live. Indeed, the theory at
level k describes a stack of M2-branes on top of an orbifold singularity C4 /Zk in the eight-dimensional
transverse space. Therefore, the case of M2-branes in flat spacetime corresponds to the strongly
coupled regime k = 1. Let us also recall that in the case of a stack consisting of two M2-branes the
ABJM model has additional symmetries and is equivalent to the Bagger-Lambert-Gustavsson theory
[68, 69, 70, 71, 72]. The latter is based on a non-standard gauge symmetry formulated in terms of
three-algebras rather than Lie algebras.
The superconformal theory living on the world-volume of a stack of M5-branes remains largely mysterious. It will be considered in more detail in chapter 6 as it constitutes one of the main motivations
for the study of tensor theories in six and five dimensions.
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CHAPTER

4

Compactifications and effective actions

In this chapter we review some useful notions about compactification of higher-dimensional supergravity theories and the resulting lower-dimensional effective action. We focus in particular on the
cases of compactification on a circle and on Ricci-flat manifolds with special holonomy. The latter are
motivated by supersymmetry considerations. After some general results, we present an overview of the
classes of Ricci-flat manifolds we will be studying in more detail in the following chapters: Calabi-Yau
manifolds and manifolds with Spin(7) holonomy.

4.1

The compactification paradigm

As we learn from general relativity, in any theory that captures gravitational degrees of freedom the
geometry of spacetime is not fixed a priori but is rather determined dynamically. This allows for
the possibility that a D-dimensional theory admits vacua whose low-energy physics is effectively ddimensional, with d < D. One of the simplest ways to achieve this is to consider a spontaneous
compactification scenario: the full D-dimensional theory has a solution that describes the product of
a non-compact d-dimensional spacetime and a compact k-dimensional space, with D = d + k. We will
refer to the former as external space and the latter as internal space. In such a scenario the dynamics
of field fluctuations around the vacuum comes associated with an energy scale given by the inverse of
the typical length scale of the internal space `int . Physical processes with energies much lower than `−1
int
cannot excite fluctuations in the internal space and are therefore not able to probe all D dimensions
of spacetime, but rather only the d non-compact directions.
This observation is particularly relevant in the context of string theory and M-theory, since compactification appears as a natural way to extract lower-dimensional physics from ten or eleven dimensions. On the one hand, this is clearly necessary in order to discuss phenomenological implications
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of string theory. On the other hand, it can also provide powerful insights on more formal aspects of
quantum field theory. For instance, Type IIB compactifications to six dimensions shed some light on
the nature of interacting superconformal (2, 0) theories.
In the upcoming sections we examine in detail two compactification scenarios that play a crucial
role in the following chapters: circle compactifications and compactifications on Ricci-flat manifolds
with special holonomy. Let us stress that we address the compactification problem from a purely fieldtheoretical perspective: effects due to the extended nature of strings or membranes will be neglected
and our starting point consists of the low-energy supergravity actions discussed in sections 2.2, 3.3.
This approximation is self-consistent provided that a hierarchy of scales exists
−1
E  `−1
int  `s

or

−1
E  `−1
int  `M

(4.1)

among the typical energy scale E under consideration, the characteristic size of the internal space `int ,
and the string length `s or the M-theory fundamental length `M .

4.2

Circle compactification

The simplest example of compactification is obtained by choosing a one-dimensional internal space
with the topology of a circle. This setup was originally considered by Klein [73] in relation to Kaluza’s
proposal [74] of unifying gravity and electromagnetism in four dimensions by means of pure gravity in
five dimensions. For our discussion it is convenient to keep the dimensionality of the external space
arbitrary. We then start with a theory in D = d + 1 dimensions and we consider it on a background
Md+1 = Md × S 1 where Md is d-dimensional Minkowski spacetime. The background metric reads
hĝµ̂ν̂ (x̂)idx̂µ̂ dx̂ν̂ = ηµν dxµ dxν + R2 dy 2 ,

y ∼ y + 2π ,

(4.2)

where x̂µ̂ , µ̂ = 0, . . . , d, are (d+1)-dimensional coordinates that split into the d-dimensional coordinates
xµ , µ = 0, . . . d − 1, and the coordinate y parametrizing the circle. The constant R has dimensions of
length: 2πR is the circumference of the compactification circle measured by the (d + 1)-dimensional
metric.

4.2.1

Mode expansions and dimensional reduction of gravity

In the original (d + 1)-dimensional theory fields depend on both the external coordinates xµ and the
internal coordinate y. If we consider bosonic fields, consistency with the background (4.2) requires
periodicity in y with period 2π.1 As a result, (d + 1)-dimensional fields can be written in a Fourier
expansion with x-dependent coefficients. This is most clearly exemplified by the simple case of a real
scalar φ̂ in d + 1 dimensions,
X
φ̂(x, y) =
φ(n) (x) einy .
(4.3)
n∈Z
1
For fermions antiperiodicity is a viable option. More generally, the periodicity conditions can be twisted by the action
of a generator of a global symmetry in the original (d + 1)-dimensional theory, yielding generalized circle reductions à la
Scherk-Schwarz [75, 76, 77]. Our discussion is restricted to compactifications without any twist.
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The Fourier coefficients are interpreted as d-dimensional scalar fields and are referred to as KaluzaKlein modes of φ̂. They satisfy the reality condition φ̄(n) ≡ (φ(n) )∗ = φ(−n) . If we suppose that
the dynamics of φ̂ in d + 1 dimensions is governed by the massless Klein-Gordon equation in the
background (4.2)
hĝ µ̂ν̂ i∂µ̂ ∂ν̂ φ̂ = 0 ,
(4.4)
the d-dimensional dynamics of Kaluza-Klein modes is diagonal in the level n and is described by
η µν ∂µ ∂ν φ(n) −

n2 (n)
φ =0.
R2

(4.5)

We can then see that the zeromode φ(0) is a free massless scalar in d dimensions, while excited modes
are massive with mass mn = n/R. Note that the functions {einy }n∈Z constitute a complete set of
eigenfunctions of the internal Laplacian,
n2 iny
e
,
(4.6)
R2
and that the mass term in (4.5) precisely corresponds to the eigenvalue of this operator. This is a
general feature of compactifications which is valid also for more complicated internal spaces: higherdimensional fields are expanded onto eigenfunctions of suitable differential operators in the internal
space and modes associated to non-vanishing eigenvalues are massive, with a mass inversely proportional to the typical length scale of the internal geometry. This observation singles out zeromodes as
they are the only fields that can participate directly to the low-energy dynamics in any compactification
scenario.
g yy ∂y ∂y einy = −

The most general (d + 1)-dimensional metric on a space with topology Md+1 = Md × S 1 can be
written in the form
ĝµ̂ν̂ dx̂µ̂ dx̂ν̂ = gµν dxµ dxν + r2 (dy + Aµ dxµ )2 ,

y ∼ y + 2π ,

(4.7)

provided that the metric functions gµν , r, Aµ are allowed to depend both on x and on y. In view of
the discussion of the previous paragraph, however, we are led to consider the restricted case in which
gµν , r, Aµ are functions of x only, since this corresponds to retaining zeromodes and discarding excited
modes. Under this assumption the relation (4.7) is known as Kaluza-Klein Ansatz. The d-dimensional
fields gµν , r, Aµ are interpreted as the d-dimensional metric, a scalar usually called dilaton, and a
vector commonly referred to as the Kaluza-Klein vector. Note that the background metric (4.2) can
be recovered from (4.7) by setting
hgµν i = ηµν ,

hri = R ,

hAµ i = 0 .

(4.8)

Let us suppose for simplicity that the dynamics of gravity in d + 1 dimensions is governed by the
standard Einstein-Hilbert action
Z
1
SEH = 2
R̂ ˆ∗ 1 ,
(4.9)
2κd+1 Md+1
where R̂ is the Ricci scalar built from ĝµ̂ν̂ . If we plug the expression (4.7) for ĝµ̂ν̂ into the EinsteinHilbert action (4.9) we obtain the action for the d-dimensional fields gµν , r, Aµ ,


Z
1
1 3
SEH = 2
r R ∗ 1 − r F ∧ ∗F .
(4.10)
2
2κd Md
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In this expression R and ∗ denote the Ricci scalar and the Hodge star operator associated to the
metric gµν , κ2d = κ2d+1 /(2π), and F = dA. Note that all terms involving gradients of r organize into a
total derivative that has been discarded. Nonetheless a kinetic term for r is generated as soon as the
first term in (4.10) is brought into standard Einstein-Hilbert form by means of the Weyl rescaling
2

new
gµν
= r d−2 gµν .

Indeed, in terms of the new metric (but dropping the superscript ‘new’) we obtain


Z
d−1
1
1 2(d−1)
R∗1−
SEH = 2
d log r ∧ ∗d log r − r d−2 F ∧ ∗F .
d−2
2
2κd Md

(4.11)

(4.12)

The reduction of the Einstein-Hilbert term we have just considered is the prototype of the circle
reductions discussed in greater detail in chapters 7 and 8 in the context of F-theory compactifications.
The reduced action (4.12) is manifestly invariant under the expected gauge transformation of the
Kaluza-Klein vector, δA = dλ. This transformation can be given a geometrical interpretation in terms
of (d + 1)-dimensional diffeomorphisms. In fact, the functional form of the Kaluza-Klein Ansatz (4.7)
and the range of the periodic coordinate y are invariant under diffeomorphisms of the form
x0 µ = xµ ,

y 0 = y − λ(x) ,

(4.13)

with arbitrary function λ. These diffeomorphisms act trivially on gµν and r and precisely reproduce
the expected finite U (1) gauge transformation on the Kaluza-Klein vector,
0
gµν
= gµν ,

r0 = r ,

A0 = A + dλ .

(4.14)

Inspection of (4.13) reveals that excited modes transform non-trivially under this U (1) gauge transformation.

4.2.2

Circle compactification of p-forms

It is instructive to consider the Kaluza-Klein expansion of an Abelian p-form in d + 1 dimensions.
The study of this system provides also preliminary material for the discussion of self-dual p-forms in
chapter 10.
Let Ĉp be a (d + 1)-dimensional Abelian p-form with free action
Z
1
F̂p+1 ∧ ˆ∗F̂p+1 ,
F̂p+1 = dĈp ,
Sform = −
2 Md+1

(4.15)

which is invariant under the (d + 1)-dimensional gauge symmetry
δ Ĉp = dΛ̂p−1 ,

(4.16)

with arbitrary (p − 1)-form parameter Λ̂p−1 . Let us Fourier expand both the p-form and the gauge
parameter as
i
i
Xh
X h (n)
(n)
(n)
Ĉp =
Cp(n) + Cp−1 ∧ (dy + A) einy ,
Λ̂p−1 =
Λp−1 + Λp−2 ∧ (dy + A) einy . (4.17)
n∈Z

n∈Z
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In these expressions all fields on the right hand side of the equations depend on x only. Note also the
appearance of the combination dy + A, which is invariant under the combined transformations (4.13)
and (4.14). Using dy + A to expand (d + 1)-dimensional fields ensures simple U (1) transformation
laws, for instance
(n)0
(n)
Cp(n)0 = einλ Cp(n) ,
Cp−1 = einλ Cp−1 ,
(4.18)
and similarly for modes in the expansion of the gauge parameter Λ̂p−1 . This leads us to the introduction
of a U (1) covariant derivative D which acts on modes at level n as
D = d − inA .

(4.19)

The p-form action (4.15) written in terms of Kaluza-Klein modes takes the form


Z
1 −2 (0)
1 (0)
(0)
(0)
Sform =
2πr − Fp+1 ∧ ∗Fp+1 − r Fp ∧ ∗Fp
2
2
Md
Z
∞
i
h
X
(n)
(n)
+
2πr −F̄ p+1 ∧ ∗Fp+1 − r−2 F̄ p(n) ∧ ∗Fp(n) ,

(4.20)

n=1 Md

where we have not performed the Weyl rescaling (4.11) and we have introduced the d-dimensional
field strengths
(n)

(n)

(n)

Fp+1 = DCp(n) + (−)p−1 Cp−1 ∧ F ,

Fp(n) = DCp−1 + (−)p in Cp(n) ,

(4.21)

with n ∈ Z. They are invariant under the d-dimensional gauge transformations induced by (4.16)
(n)

(n)

δCp(n) = DΛp−1 + (−)p−2 Λp−2 ∧ F ,

(n)

(n)

(n)

δCp−1 = DΛp−2 + (−)p−1 in Λp−1 ,

(4.22)

which are again valid for any n ∈ Z. Let us clarify the physical implications of (4.20) and (4.22).
(0)

(0)

The zeromodes Cp , Cp−1 describe a massless p-form and a massless (p−1)-form, respectively. Note
(0)

that, while Cp−1 has standard gauge transformations and Bianchi identity, the gauge transformation
(0)

of Cp

implies a non-standard Bianchi identity
(0)

dFp+1 = (−)p−1 Fp(0) ∧ F .

(4.23)

This mechanism, for instance, is the source of the non-standard Bianchi identity for the Type IIA
four-form field strength (2.25) if it is interpreted as the circle reduction of the four-form field strength
of eleven-dimensional supergravity. It will also play an important role in the discussion of self-dual
p-forms on a circle in chapter 10.
(n)

Let us now turn to excited modes. For n 6= 0 the (p − 1)-form Cp−1 enjoys a shift symmetry with
(n)

parameter Λp−1 that makes it possible to completely gauge it away. The gauge-fixed action contains
(n)

the field Cp

only, has no residual local symmetries at level n, and its relevant terms read


∞ Z
X
n2 (n)
(n)
(n)
(n)
Sform ⊃
2πr −dC̄ p ∧ ∗dCp − 2 C̄ p ∧ ∗Cp
,
r
Md

(4.24)

n=1

(n)

From this expression we see that the gauge-fixed forms Cp describe massive fields with mn = nhri−1 =
n/R. Note that what we have described is a p-form generalization of the Stückelberg mechanism, which
(n)
corresponds to the case p = 1: C0 is the Stückelberg scalar with shift symmetry gauged by the vector
(n)
C1 .
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Some remarks

Let us conclude this section with some additional remarks about excited modes in circle compactifications. In the previous example of the Abelian p-form on a circle the original action in d + 1 dimensions
describes a free field and as a result in d dimensions Kaluza-Klein modes associated to different levels
are decoupled. This makes it easy to retain them all in our discussion. As soon as interactions in
d + 1 dimensions are considered, however, non-trivial mixing among Kaluza-Klein levels occurs in the
lower-dimensional theory.
This would be the case, for instance, if we allowed for a non-trivial y dependence of gµν , r, Aµ in
the Kaluza-Klein Ansatz, given the non-linear nature of gravity. Some preliminary information about
the associated massive spectrum can be extracted from the study of linearized Einstein’s equations
on the background (4.2). This analysis confirms the known fact that the massless states associated
to the y-independent part of gµν , r, Aµ are accompanied by a tower of massive spin-two2 particles of
mass mn = n/R, see for instance [78] for a discussion in d = 10.
By neglecting any y-dependence in the Kaluza-Klein Ansatz (4.7) we have effectively frozen to
zero all these massive modes. In chapters 7 and 8 we will consider circle reductions with both gravity
and matter fields and we will similarly switch off all excited modes. Can this procedure be justified?
This question can be addressed from two points of view.
According to the effective action paradigm, at low-energies the dynamics of the system is governed
by zeromodes only. Excited modes should then be integrated out and their presence affects the effective
action only indirectly, via corrections to the couplings among zeromodes. For the vast majority
of couplings all effects due to massive modes are suppressed by the Kaluza-Klein scale R−1 and
are therefore negligible for energies E  R−1 . Instead of properly integrating out massive modes
we can then simply set them to zero in this approximation. In chapter 9 we will study a notable
exception to this prescription: topological couplings among zeromodes in five-dimensions can receive
loop corrections from excited Kaluza-Klein modes that are independent of the scale R−1 . Some
implications of this peculiar effect will be explored in chapter 10.
From a purely classical perspective, the truncation of the full theory to zeromodes only is consistent
provided that any solution of the d-dimensional equations of motion for zeromodes can be uplifted to a
solution of the full (d+1)-dimensional theory. From this perspective, an Ansatz like (4.7) is interpreted
as a recipe to construct (d + 1)-dimensional solutions starting from d-dimensional solutions. In the
case of circle compactification, the truncation to zeromodes can be shown to be always consistent in
this sense [79, 80]. This can be understood recalling that all excited modes are charged under the
U (1) symmetry associated to the Kaluza-Klein vector. As a result, in the equation of motion for a
mode at level n all terms must have charge n and this forbids any term that is a function of zeromodes
only. This implies that if all excited modes are set to zero, all their equations of motion are satisfied
automatically.
2
The spin of a massive particle in d dimensions is defined as the maximum absolute value of the eigenvalues of the
Cartan generators of the massive little group SO(d − 1). Massive Kaluza-Klein modes of the graviton fall into the
symmetric traceless representation of SO(d − 1).
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4.3

More general compactification on Ricci-flat manifolds

In the typical compactification scenario in string theory or M-theory one is interested in the reduction
of a D-dimensional theory on a k-dimensional compact space Xk down to d dimensions. It is customary
to require that the external spacetime be a maximally symmetric space, i.e. Minkowski, de Sitter, or
anti-de Sitter. Under this assumption, the most general background value of the D-dimensional metric
that is compatible with all symmetries of external spacetime takes the form of a warped product,
hĝµ̂ν̂ (x̂)idx̂µ̂ dx̂ν̂ = e2w(y) gµν (x) dxµ dxν + gmn (y) dy m dy n .

(4.25)

In this expression x̂µ̂ , µ̂ = 0, . . . D − 1 are coordinates in D dimensions, while xµ , µ = 0, . . . d − 1
are coordinates in the external spacetime and y m , m = 1, . . . , k are coordinates in the internal space.
Moreover, gµν is the Minkowski, de Sitter, or anti-de Sitter metric, and gmn is the metric of the internal
space. Finally, w is a scalar function referred to as the warp factor.
In what follows we restrict our analysis to the simplest situation in which the warp factor is
constant (and can be set to zero with no loss of generality), external spacetime is Minkowski, and the
internal metric is Ricci-flat,
hĝµ̂ν̂ (x̂)idx̂µ̂ dx̂ν̂ = ηµν dxµ dxν + gmn (y) dy m dy n ,

Rmn = 0 .

(4.26)

This metric is a solution to D-dimensional vacuum Einstein’s equation. Note that if we consider the
Type II or M-theory effective actions at two-derivative level (2.22), (2.23), (2.24), (3.34) and we set
all matter fields to zero in the vacuum, the D = 10 or D = 11 equations of motion reduce precisely
to vacuum Einstein’s equation. Let us stress, however, that we are ignoring several complications
related to higher-derivative corrections [81, 82] and the possibility of quantum anomalies that impose
a half-integral quantization of fluxes, which prohibits to just set them to zero in the background [62].
Some of these crucial issues will be addressed in section 5.5 in the context of F-theory vacua, but will
be neglected for the time being.
According to the lesson learned in the study of circle compactification, D-dimensional fields have
to be expanded in eigenfunctions of some suitable operator in the internal space. Zeromodes of these
operators will then yield massless fields in d dimensions. In order to identify the relevant operators
we do not need to consider the full non-linear theory and we can rather analyze small perturbations
around the background (4.26),
ĝµ̂ν̂ = hĝµ̂ν̂ i + ĥµ̂ν̂ .

(4.27)

One finds that metric fluctuations should be expanded in eigenfunctions of the operators
∆0 Y = ∇p ∇p Y ,

(∆1 Y )m = ∇p ∇p Ym ,

(∆2 Y )mn = ∇p ∇p Ymn + 2Rmp nq Ypq .

(4.28)

In these expression and henceforth indices and raised and lowered with the background internal metric
gmn in (4.26), which is also used to build the covariant derivative ∇m . The operator ∆0 is the connection Laplacian acting on scalar functions, while ∆1 is the connection Laplacian acting on covectors.
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The latter actually coincides up to a sign with the Laplace-de Rham operator acting on one-forms in
a Ricci-flat manifold, by virtue of the identity
(∆dR Y )m = (d d† Y + d† dY )m = −∇p ∇p Ym + Rmp Y p .

(4.29)

Finally, ∆2 acts on symmetric tensors and is known as the Lichnerowicz operator. Note also that we
restrict the action of ∆1 and ∆2 to functions Ym , Ymn that obey the transversality and tracelessness
requirements
∇m Ym = 0 ,
∇m Ymn = 0 ,
g mn Ymn = 0 .
(4.30)
It is possible to prove that on a compact space ∆0 , ∆1 , and ∆2 admit a finite number of zeromodes
and an infinite tower of excited modes with strictly negative eigenvalues. As a result we find a spectrum
with the same qualitative features as the Kaluza-Klein spectrum of a circle compactification: a finite
number of massless fields is accompanied by an infinite tower of massive fields. In what follows we
focus on zeromodes only. It is interesting to note that, in analogy to the case of a p-form on a circle
in section 4.2, the masses of excited modes are generated via a Stückelberg-like mechanism.
Let us start our analysis of zeromodes by recalling that a zeromode of the scalar Laplacian ∆0 on
a compact manifold is constant. As a result, there is only one independent zeromode, which will be
denoted Y 0 . Secondly, the identification between −∆1 and ∆dR allows us to exploit Hodge theory of
harmonic forms and conclude that zeromodes of ∆1 are labelled by the first Betti number b1 of the
internal manifold: we thus have the zeromodes Ymβ (y) with β = 1, . . . b1 . In order to specify further the
zeromodes of the Lichnerowicz operator one needs additional information about the compact Ricciflat manifold. In the following sections we will explore in more detail zeromodes of ∆2 on Calabi-Yau
manifolds and Spin(7) manifolds, and in both cases they will be related to appropriate harmonic forms.
For the time being, it suffices to recall that ∆2 admits a finite number N2 of zeromodes, that will be
γ
denoted Ymn
(y), with γ = 1, . . . , N2 .
The expansion of the components of the metric fluctuation with respect to zeromodes of ∆0 , ∆1 ,
∆2 reads
0
ĥµν = γµν
Y0 ,

ĥµm =

b1
X
β=1

Aβµ Ymβ ,

ĥmn =

N2
X

γ
M γ Ymn
+ Φ0 Y 0 gmn ,

(4.31)

γ=1

0 identified with the graviton, a colwhere we have introduced a d-dimensional symmetric tensor γµν
lection of vectors Aβµ and a collection of scalars M γ , Φ0 . Note that, thanks to (4.30), the scalar
fluctuations M γ leave the volume of the internal space invariant. One can show that the same holds
for excited modes. As a result, the variation of the internal volume is entirely encoded in Φ0 . It is
possible to check that plugging the metric perturbations (4.31) into the linearized Einstein’s equation
0 , Aβ and M γ , Φ0 are recovered.
in D dimensions the expected massless equations of motion for γµν
µ
0
Let us just mention that one finds a mixing between the graviton γµν and the scalar Φ0 : it is the
manifestation at linearized level of the Weyl rescaling discussed below.

It is known that for compact Ricci-flat manifolds the first Betti number b1 receives contributions
from torus factors only, i.e. it is non-vanishing only if the space can be written as a product Zk−` ×
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T ` , with ` > 1. Equivalently, the only Killing vectors on a compact Ricci-flat manifold are those
associated to such torus factors [46]. In chapters 7 and 8 we will consider internal Ricci-flat manifolds
whose definition forbids torus factors. As a result, no massless vector appears in the spectrum of the
dimensionally reduced theory.
The scalars Φ0 and M γ are commonly referred to as metric moduli. Their masslessness reflects the
fact that they correspond to deformations of the internal manifold that respect Ricci-flatness and thus
they parametrize a vacuum degeneracy. In this respect they are analogous to Goldstone bosons. Note
that our discussion has considered only infinitesimal deformations. In many cases of interest, including
Calabi-Yau and Spin(7) manifolds introduced below, it is possible to prove that these deformations are
unobstructed and can be promoted to finite transformations. We therefore have a well-defined notion
of moduli space. It is a manifold with dimension N2 + 1 and can be parametrized by coordinates X M ,
M = 1, . . . , N2 + 1. From this perspective the background internal metric gmn in (4.26) is though of as
some point in moduli space, and the scalar fluctuations Φ0 and M γ are best understood as orthogonal
vectors in the tangent space to moduli space at that point.
The dynamics of moduli can be extracted from the dynamics of pure gravity in the higherdimensional theory. In fact, we will now discuss how the dimensional reduction of the D-dimensional
Einstein-Hilbert action
Z
1
R̂ ˆ∗ 1
(4.32)
S=
2 MD
yields a non-linear sigma model for the moduli X M coupled to d-dimensional gravity. For notational
simplicity we have set the D-dimensional gravitational constant to one, κD = 1. The starting point
of the dimensional reduction is the metric Ansatz
ĝµ̂ν̂ (x̂)dx̂µ dx̂ν̂ = gµν (x)dxµ dxν + gmn (y; X(x))dy m dy n ,

(4.33)

where the notation gmn (y; X(x)) indicates that the internal metric depends parametrically on the
coordinates X M on moduli space, which are in turn allowed to vary with the external coordinates
xµ . Note that we have included no d-dimensional vector in (4.33). This is because we are interested
in Ricci-flat manifolds with b1 = 0 for which the expansion of the internal metric yields no massless
vector, as we have seen above.
The dimensional reduction of (4.32) is performed in detail in appendix A.3. Let us stress that the
external metric has to be Weyl rescaled according to
2

old
new
gµν
= V − d−2 gµν

(4.34)

in order to achieve canonical normalization for the d-dimensional Einstein-Hilbert term. In terms of
the new external metric, but dropping the superscript ‘new,’ one finds


Z
1
d−1
1
M
N
S=
R∗1−
d log V ∧ ∗d log V − GMN dX ∧ ∗dX
,
(4.35)
2(d − 2)
2
Md 2
where V denotes the volume of the internal space and sigma-model metric GMN is given by an integral
over the internal space,


Z
1
k √
mp nq ∂gmn ∂gpq
mn ∂gmn pq ∂gpq
GMN =
d y g g g
−g
g
.
(4.36)
4V Mk
∂X M ∂X N
∂X M
∂X M
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The partial derivatives ∂gmn /∂X M encode the variations of the internal metric components with
respect to the moduli, thought of as parameters. Equivalently, under an infinitesimal variation δX M
of the moduli the metric varies according to
δgmn =

∂gmn
δX M .
∂X M

(4.37)

When a specific class of internal manifolds is considered there is usually a natural choice for the
coordinates X M in moduli space. Furthermore the geometry of the internal manifold allows one to
derive relations of the form (4.37), from which one can read off the quantities ∂gmn /∂X M and compute
GMN using (4.36). We will see how this works explicitly for the case of the moduli space of Calabi-Yau
manifolds and Spin(7) manifolds.
So far we have discussed the compactification of D-dimensional gravity. Another essential ingredient for our discussion in chapters 7 and 8 is furnished by the reduction of p-form fields. In this
case the appropriate differential operator in the internal manifold is the Laplace-deRham operator.
This can be seen by noting that the linearized equation of motion for a p-form Ĉp supplemented by
ˆ dR Ĉp = 0. In the factorized background
the Lorenz-like gauge condition d ∗ Ĉp = 0 reads simply ∆
metric (4.26) the Laplace-deRham operator of the total space splits into the sum of the corresponding
operators for external spacetime and for the internal manifold. As a result, zeromodes are obtained
by expanding onto a basis of harmonic forms of the compact space. Therefore we can make use of an
Ansatz of the schematic form
Ĉp (x̂) =

bs
X X
r+s=p I=1

CrI (x) ∧ ΨIs (y; X(x)) ,

(4.38)

where CrI are r-forms in external spacetime, ΨIs is a basis of harmonic s-form in the internal space,
with bs being the s-th Betti number. We have stressed that it is possible for the harmonic forms Ψs
to depend parametrically on the moduli X M , just like the internal metric does in (4.33).
We would like to stress a crucial difference between (4.33) or (4.38) and the Kaluza-Klein Ansatz
on a circle (4.7). Contrary to (4.7), in fact, (4.33) and (4.38) do not generically define a consistent
truncation, i.e. it is not true that any solution to the d-dimensional equations of motion for gµν , X M ,
CrI can be lifted to a solution of the D-dimensional equations of motion via (4.33) and (4.38). As a
result, our approximation of retaining zeromodes only is strictly speaking inconsistent at the level of
the classical equations of motion. We can still make sense of expressions like (4.33) and (4.38) within
the framework of the low-energy effective action paradigm. From this perspective, these relations are
convenient tools in the derivation of the effective action for massless fields in d-dimensions.
As mentioned above, in order to flesh out the content of formal expressions like (4.36) more
information is necessary about the structure of the moduli space of the theory. For our purposes, we
are interested in some features of the moduli spaces of Calabi-Yau manifolds and of Spin(7) manifolds.
Before discussing them, however, let us briefly motivate the emergence of these special geometries and
clarify the origin of their relevance for string and M-theory compactifications.
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4.4

Supersymmetry and special holonomy

As noted above, the background metric (4.26) solves vacuum Einstein’s equation in D dimensions and
is therefore a viable vacuum if we consider a two-derivative action and we switch off all matter fields. In
most cases of interest in string theory and M-theory the higher-dimensional action is supersymmetric
and one in interested in backgrounds that not only do solve the equations of motion, but also preserve
a fraction of the supersymmetry.
For definiteness let us consider supersymmetric compactifications of eleven-dimensional supergravity, whose two-derivative bosonic action was given in (3.34). We now need the expression for the
supersymmetry variations to lowest order in the gravitino: they read [45]
δ Ĉµ̂ν̂ ρ̂ = −3ˆ
 Γ̂[µ̂ν̂ ψ̂ρ̂] ,
δêâ µ̂ = ˆ Γ̂â ψ̂µ̂ ,


1
1
1
ν̂1 ν̂2 ν̂3
ν̂1 ν̂2 ν̂3 ν̂4
ˆ
δ ψ̂µ̂ = ∇µ̂ ˆ +
ˆ .
Ĝν̂ ν̂ ν̂ ν̂ Γ̂µ̂ Γ̂
− Ĝµ̂ν̂1 ν̂2 ν̂3 Γ̂
12 4! 1 2 3 4
2

(4.39)

In these expressions µ̂, ν̂, . . . are curved eleven-dimensional indices, â is a flat eleven-dimensional
index, and êâ µ̂ denotes the elfbein. The Majorana spinor ˆ is the anticommuting supersymmetry
ˆ µ̂ represents the Leviparameter and the Majorana vector-spinor ψ̂µ̂ is the gravitino. The symbol ∇
Civita connection acting on spinors. The quantity Γ̂µ̂1 ...µ̂p denotes the antisymmetrized product of p
gamma matrices in eleven dimensions. Finally, recall that Ĝ4 = dĈ3 .
As noted above, our discussion is restricted to vacua in which all matter fields are set to zero. In
the context of eleven-dimensional supergravity we then have
hĈ3 i = 0 ,

hψ̂µ̂ i = 0 .

(4.40)

As a result, the supersymmetry variations of the elfbein êâ µ̂ and of the three-form Ĉ3 are automatically
ˆ µ̂ ˆ. This
zero if evaluated in the vacuum and the gravitino variation takes the simple form δ ψ̂µ̂ = ∇
implies that a fraction of supersymmetry is preserved if and only if a non-trivial solution to the Killing
spinor equation
ˆ µ̂ ˆ = 0
∇
(4.41)
can be found. Since this is a linear equation, its solutions constitute a linear space whose dimension
determines the number of supercharges preserved by the compactification.
In order to search for solutions to the Killing spinor equation (4.41) on the background (4.26) we
need to decompose the eleven-dimensional spinor ˆ into a d-dimensional spinor and a k-dimensional
spinor. The details of this decomposition depend on the specific dimensionalities involved. However,
these complications can be avoided if we ignore temporarily the Majorana condition on ˆ and we treat
it as a Dirac spinor. We then search for solutions to (4.41) of the factorized form
ˆ(x, y) = (x) ⊗ η(y) ,

(4.42)

where (x) is a Grassmann-odd Dirac spinor in external spacetime and η(y) is a Grassmann-even Dirac
spinor in internal spacetime. The external component of the Killing spinor equation in Minkowski
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spacetime is simply solved by any constant , while the internal component gives the Killing spinor
equation on the internal manifold,
∇m η = 0 ,
(4.43)
where now ∇m denotes the spinor covariant derivative built with the internal metric gmn in (4.26).
This equation implies the integrability condition
1
0 = [∇n , ∇m ]η = Rmnpq Γpq η ,
4

(4.44)

where Γpq is the antisymmetric product of two internal gamma matrices, which in turn implies
Rmn = 0 ,

(4.45)

provided that η 6= 0 and making use of the Euclidean signature of the internal space. Ricci-flatness
of the internal space was already demanded on grounds of the D-dimensional equations of motion,
but we now see that it stems automatically from the requirement of unbroken supersymmetry in an
unwarped background of the form (4.26).
In order for the decomposition (4.42) to give a well-defined spinor in eleven dimensions we have
to demand that η be globally defined on the internal manifold. Since it is covariantly constant (4.43),
it must be in particular nowhere vanishing. This generically imposes topological conditions on the
internal manifold, such as a reduction of the structure group to a proper subgroup of SO(k). This
observation remains valid if the Killing spinor equation (4.43) is generalized, allowing for deformations
of the Levi-Civita connection acting on the spinor η. Pursuing further these ideas would lead us to
the discussion of G-structures in the context of string and M-theory compactifications, which however
lies beyond the scope of this work. We refer the reader to e.g. [83] for an introduction to the subject.
On top of topological considerations, the Killing spinor equation (4.43) restricts the holonomy
group of the Levi-Civita connection on the internal manifold. Since it plays a crucial role in our
discussion, it is useful to recall a few facts about the notion of holonomy. Let E be a vector bundle on
a Riemannian manifold. We are currently interested in the case in which E is an appropriate spinor
bundle, such as the bundle of Dirac or Weyl spinors. Let p be a point on the Riemannian manifold
and let γ be a piecewise smooth loop based at p. The Levi-Civita connection induces a well-defined
notion of parallel transport in the vector bundle E. We can then take an element η in the fiber Ep
and parallel transport it along γ all the way back to p. The outcome of this procedure will generically
be a different η 0 ∈ Ep , related to η by a linear transformation S ∈ GL(Ep ). The holonomy group
based at p, denoted Holp , is then defined as the subgroup of GL(Ep ) consisting of all transformations
S that can be obtained in this way. For a spinor bundle in a k-dimensional Riemannian manifold
Holp is generically contained in a (possibly reducible) spinor representation of SO(k). It can be shown
that the holonomy groups Holp , Holp0 based at points p, p0 are isomorphic on a connected manifold.
Therefore in what follows we will simply refer to the holonomy group as Hol. Let us point out that
Hol is a Lie group and that its identity component Hol0 , known as the restricted holonomy group, is
generated by considering parallel transport along contractible loops only. The Lie algebra of Hol0 is
related to the curvature two-form of the connection by the Ambrose-Singer theorem [84]: intuitively
speaking, curvature encodes the rotation induced by parallel transport along an infinitesimal loop.
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For simplicity we will restrict to simply connected manifolds, for which it is possible to show that
Hol = Hol0 . Let us now illustrate the relation between the Killing spinor equation and holonomy
using some examples that will be relevant to the F-theory compactifications discussed in chapters 7
and 8.
Let us consider the case in which the dimension of the internal manifold is k = 6. Minimal spinors
of SO(6) ∼
= SU (4) can be represented as Weyl spinors in the complex irreducible representations 4
and 4 of SU (4), with complex conjugation interchanging chiralities. Let η be a globally defined spinor
in the 4 representation satisfying the Killing spinor equation (4.43). Its complex conjugate η ∗ then
furnishes a covariantly constant spinor in the 4 representation. Clearly, both η and η ∗ are invariant
under the action of the holonomy group since they behave trivially under parallel transport. If the
holonomy group Hol of the manifold were all of SU (4), it would act irreducibly on η and η ∗ , and
the only possible invariant spinors would be η = η ∗ = 0. In order to have non-vanishing Killing
spinors Hol must be a proper subgroup of SU (4), Hol ( SU (4), such that in the decomposition of the
representations 4 and 4 under SU (4) → Hol a singlet of Hol is found. It is possible to show that the
existence of a pair of non-vanishing Killing spinors η, η ∗ forces Hol ⊆ SU (3). Indeed, we have
SU (4) → SU (3)
4 → 3+1 ,

(4.46)

and similarly for 4. By the same token, if we require the existence of two pairs of non-vanishing, linearly
independent Killing spinors η1 , η1∗ and η2 , η2∗ the holonomy group is further reduced to Hol ⊆ SU (2),
consistently with the fact that
SU (4) → SU (2)
4 → 2+1+1 .

(4.47)

It turns out that the existence of three pairs of independent non-vanishing Killing spinors forces the
holonomy group to be trivial, so that the space is a flat six-torus that actually admits four pairs of
such spinors, in accordance with the trivial decomposition
SU (4) → 1
4 → 1+1+1+1 .

(4.48)

The internal spinors η, η ∗ can be used to build an eleven-dimensional Majorana spinor according to
ˆ =

N
X
i=1

(i ⊗ ηi + ∗i ⊗ ηi∗ ) ,

N = 0, 1, 2, 4

for

Hol = SU (4), SU (3), SU (2), 1 ,

(4.49)

where i are constant Dirac spinors of SO(1, 4). This shows that for holonomies SU (4), SU (3), SU (2), 1
we have N = 0, 1, 2, 4 supersymmetry in five dimensions, respectively, corresponding to 0, 8, 16, 32 real
supercharges.
One can analyze in a similar fashion the amount of supersymmetry preserved by compactification
on 8-dimensional manifolds depending on their holonomy. We refrain from a complete account and
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we just discuss the two cases that will be relevant for F-theory compactifications. Recall that the
minimal spinors of SO(8) are Majorana-Weyl spinors. If we impose the existence of one non-vanishing
Majorana-Weyl Killing spinor of positive chirality η+ the holonomy group must satisfy Hol ⊆ Spin(7).
Indeed, it is possible to show that the two inequivalent Majorana-Weyl representations 8c and 8s of
SO(8) decompose as
SO(8) → Spin(7)
8c → 7 + 1 ,
8s → 8 ,

(4.50)

yielding only one singlet. (Chirality assignments are convention dependent.) This implies that if the
internal manifold has Spin(7) holonomy the eleven-dimensional Majorana supersymmetry parameter
can be written as
ˆ =  ⊗ η+ ,
(4.51)
where  is a Majorana spinor of SO(1, 2). The resulting three-dimensional theory has minimal N = 1
supersymmetry, corresponding to two real supercharges.
Next, we consider the case in which we have two non-vanishing Majorana-Weyl Killing spinors
of positive chirality η1+ , η2+ , which can also be combined into a single complex Weyl spinor η+ =
η1+ + i η2+ . In this case the holonomy group must satisfy Hol ⊆ SU (4) and the relevant grouptheoretical decomposition is
SO(8) → SU (4)
8c → 6 + 1 + 1 ,
8s → 8 .

(4.52)

In this case the have
ˆ = 1 ⊗ η1+ + 2 ⊗ η2+ ,

(4.53)

where 1,2 are once again Majorana spinors of SO(1, 2), so that three-dimensional theory has N = 2
supersymmetry, or four real supercharges.
We have encountered a few examples of manifolds with special holonomy. A complete classification
of these spaces is due to Berger [85]. More precisely, his classification applies to simply connected
Riemannian manifolds that are irreducible and not locally symmetric spaces. On the one hand,
irreducibility refers here to the requirement that the holonomy group act irreducibly on the tangent
bundle. On the other hand, a local symmetric space is a Riemannian manifold in which for every point
p is it possible to define an isometry in a neighborhood of p that fixes p and reverses geodesics through
p. It can be proven that a Riemannian manifold is locally symmetric if and only if its Riemann tensor
is covariantly constant, and that any locally symmetric space is locally isomorphic to a coset space
G/H. These space are not relevant for the present discussion. Taking into account these preliminary
remarks, Berger’s classification is shown in table 4.1.
Since it is instrumental for our discussion, let us state explicitly the definition of Calabi-Yau
manifold that we will be using henceforth: a Calabi-Yau n-fold is a compact Kähler manifold with
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holonomy
SO(n)
U (n)
SU (n)
Sp(n) × Sp(1)
Sp(n)
G2
Spin(7)

dimension
n
2n
2n
4n
4n
7
8

class
Riemannian manifold
Kähler manifold
Calabi-Yau manifold
Quaternionic Kähler manifold
Hyper-Kähler manifold
G2 manifold
Spin(7)-manifold

remarks

Ricci-flat, Kähler
non-flat Einstein, non-Kähler
Ricci-flat, Kähler
Ricci-flat
Ricci-flat

Table 4.1: Berger’s classification of the holonomy groups of simply connected, irreducible, non locally
symmetric Riemannian manifolds.
strict SU (n) holonomy (and not a proper subgroup of SU (n)). For example, with this definition
the complex torus T 2n with n > 1 is not a Calabi-Yau manifold. By the same token, by Spin(7)
manifold we will always mean a manifold of strict Spin(7) holonomy. The next sections are devoted to
a lightning account of some properties of Calabi-Yau threefolds and fourfolds and Spin(7) manifolds
that are relevant in the context of string theory and M-theory compactifications.

4.5

A brief overview of Calabi-Yau manifolds

This section is devoted to a brief account about the main geometrical and topological properties of
Calabi-Yau manifolds, together with a short summary of the distinctive features of their moduli spaces.
We would like to warn the reader that we will not attempt to make our review self-contained and that
some degree of familiarity with Kähler manifolds and (co)homology groups will be assumed. Books
and reviews such as [86, 87, 88, 89] are good references for background material as well as for the
properties of Calabi-Yau manifolds we are about to address.

4.5.1

Geometry and topology of Calabi-Yau manifolds

Consider a Kähler n-fold X, i.e. a complex manifold with dimC X = n endowed with a Hermitian
metric whose Kähler form J is closed. The Kähler condition ensures that the Levi-Civita connection
is compatible with the decomposition of the tangent bundle into holomorphic and antiholomorphic
parts, T X = T X 1,0 ⊕ T X 0,1 . As a result, the restricted holonomy group of X is contained in U (n) =
SU (n) × U (1). The U (1) factor is associated to the trace of the curvature two-form,
Rk ` = Rk `ī dz i ∧ dz̄ ̄ ,

tr R = Rk kī dz i ∧ dz̄ ̄ ,

(4.54)

where z i , i = 1, . . . , n are local complex coordinates on Xn and Rk `ī are the components of the
Riemann tensor. On a Kähler manifold they enjoy the symmetry property Rīk`¯ = Rk̄i`¯, so that the
components of tr R are proportional to the components of the Ricci tensor Rī = Rk ik̄ . One can then
conclude that the restricted holonomy group of a Kähler manifold is contained in SU (n) if and only
if the Kähler metric is Ricci-flat.
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The trace of the curvature two-form also enters the expression of the first Chern class of X,
c1 (X) ≡ c1 (T X 1,0 ) =

i
tr R .
2π

(4.55)

Therefore Ricci-flatness of the Kähler metric immediately implies c1 (Xn ) = 0. The converse for
compact Kähler n-fold was conjectured by Calabi and proved by Yau. More precisely, Yau’s theorem
states that if Xn is a compact Kähler n-fold with Kähler form J and c1 (Xn ) = 0, then there exists a
unique Ricci-flat metric in the same Kähler class as J. In what follows, we will always assume that
Xn is endowed with this unique Ricci-flat representative of its Kähler class. As noted above, we will
use the terminology Calabi-Yau n-fold to denote a compact Kähler n-fold whose restricted holonomy
is exactly SU (n) and not a proper subgroup. In what follows we will elucidate the consequences of
this restriction.
Recall that the canonical line bundle KX of a Kähler n-fold X is the n-th exterior power of
the holomorphic cotangent bundle, or equivalently the bundle of (n, 0)-forms. It can be shown that
c1 (KX ) = −c1 (X), so that the first Chern class of X vanishes if and only if its canonical line bundle is
trivial. The latter condition is in turn equivalent to the existence of a global nowhere vanishing section
of KX , i.e. a globally defined, nowhere vanishing (n, 0)-form, commonly denoted Ω. If X is endowed
with its Ricci-flat metric, Ω transforms as a singlet under the restricted holonomy group SU (n), and
is therefore covariantly constant. By virtue of the Kähler condition and Ricci-flatness this implies that
Ω is harmonic and holomorphic,
∂Ω = 0 ,
(4.56)
∆dR Ω = 0 ,
where ∆dR = d d† + d† d is the Laplace-de Rham operator and ∂ = ∂∂z̄ ı̄ dz̄ ı̄ . Two holomorphic (n, 0)forms can only differ by multiplication by a scalar holomorphic function, which must be constant on a
compact manifold. Therefore Ω is unique up to normalization. The (n, n)-form Ω ∧ Ω is proportional
to the volume form of the Calabi-Yau n-fold. More precisely, one can show that3
n(n−1) Ω ∧ Ω
1 n
J = in (−) 2
,
n!
kΩk2

where
kΩk2 =

(4.57)

1
i ...in
Ωi ...i Ω 1
.
n! 1 n

(4.58)

Let us also recall the identity
i ...ir k1 ...kn−r

Ωi1 ...ir j1 ...jn−r Ω 1

[k

k

]

n−r
= r!(n − r)! kΩk2 δ[j11 . . . δjn−r
] ,

(4.59)

which is valid for 0 ≤ r ≤ n.
The Kähler form J and the holomorphic (n, 0)-form Ω can be constructed as spinor bilinears using
the covariantly constant spinors introduced in section 4.4. More precisely, for a Calabi-Yau threefold
3
An algebraic identity like (4.57) is most easily derived in a convention-independent fashion by exploiting the fact
both the left hand side and the right hand side are covariantly constant so that if the relation holds at some specific
point p, it holds everywhere. We are then free to choose complex coordinates in a neighborhood of p in such a way that

ds2 |p = A δī dz i dz̄ ̄ ,

J|p = iA δī dz i ∧ dz̄ ̄ ,

with A, B constants that are eventually reabsorbed in kΩk2 .

Ω|p = B dz 1 ∧ · · · ∧ dz n ,

71

4.5. A brief overview of Calabi-Yau manifolds

we have a pair of conjugate Weyl spinors of opposite chiralities η, η ∗ . Supposing η has positive chirality
for definiteness, we write η+ = η and η− = η ∗ . It is then possible to check that the spinor bilinears
†
J = −i η+
γī η+ dz i ∧ dz̄ ̄ ,

Ω=

1 †
η γijk η+ dz i ∧ dz j ∧ dz k
3! −

(4.60)

satisfy all the expected properties of the Kähler form and of the holomorphic (3,0)-form. In particular,
they are covariantly constant since the spinors η± are, and algebraic relations such as J 2 = −I or (4.57)
can be derived by means of Fierz rearrangements. A similar construction holds for a Calabi-Yau
fourfold, which admits a complex Weyl spinor of positive chirality η+ ,
†
J = −i η+
γī η+ dz i ∧ dz̄ ̄ ,

Ω=

1 †
η γijk` η+ dz i ∧ dz j ∧ dz k ∧ dz ` .
4! +

(4.61)

Let us stress that the fact that η+ is complex is crucial in order to build the Kähler form J: if η+ were a
†
T Cγ η would vanish by virtue of the antisymmetry
Majorana-Weyl spinor the bilinear η+
γmn η+ = η+
µν +
of Cγµν in its spinor indices (which we do not write explicitly) and the commuting character of η+ .
Let us now discuss some topological properties of Calabi-Yau n-folds. Recall that the Hodge numbers hp,q of a complex manifold X are defined as the complex dimension of the Dolbeault cohomology
group H∂p,q
¯ (X, C) and that on any compact Kähler n-fold they satisfy
hp,q = hq,p ,

hp,q = hn−q,n−p ,

hp,p > 0 ,

(4.62)

where the first relation is a consequence of complex conjugation, the second is derived using Hodge
duality, and the third observation stems from the fact that J p is a closed but not exact (p, p)-form. We
will also always assume that X is connected, so that h0,0 = 1. As we have seen a Calabi-Yau n-fold
is endowed with a nowhere vanishing holomorphic (n, 0)-form Ω which is unique up to normalization.
As a result we have immediately
hn,0 = h0,n = 1 ,
(4.63)
but also
hp,0 = h0,n−p ,

(4.64)

i1 ...ip

since the map αi1 ...ip 7→ β̄1 ...̄n−p = Ω̄1 ...̄n−p
αi1 ...ip is a one-to-one map from (p, 0)-forms to
(0, n − p)-forms that preserves the harmonicity property. The equations we have written so far apply
to any compact Kähler n-fold with restricted holonomy contained in SU (n). As anticipated above,
we insist that the holonomy group be exactly SU (n) for a Calabi-Yau n-fold. As a consequence
hp,0 = 0

for

p 6= 0, n .

(4.65)

This can be seen as follows. On the one hand, the restricted holonomy group SU (n) acts on any (p, 0)V
form in the representation p , where  denotes the fundamental representation of SU (n). On the
other hand, on a Ricci-flat Kähler manifold a (p, 0)-form α is harmonic if and only if ∇m ∇m αi1 ...ip = 0,
which in turn is equivalent to ∇m αi1 ...ip = 0 if the manifold is compact. The (p, 0)-form α, being
V
parallel, should then transform as a singlet of SU (n), but the representation p  contains no such
singlet unless p = 0, n. Let us stress that the fact that h1,0 = h0,1 = 0 implies that the first Betti
number of X vanishes, b1 = 0. As a result, X cannot have any continuous isometries, since on a
compact Ricci-flat manifold any solution to the Killing equation determines a harmonic one-form.
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The observations made above imply that the Hodge diamond of a Calabi-Yau threefold is given by
h0,0
h1,0
h2,0
h3,0

1
h0,1

h1,1
h2,1

h3,1

0
h0,2

h1,2
h2,2

h3,2

h0,3

=

h1,2

1

h1,3

0
h1,1

0

h1,1

0

h2,3

0
h1,2

0

1 ,
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0
0

h3,3

1

and contains only two independent Hodge numbers h1,1 and h1,2 . The Euler characteristic is given in
terms of these Hodge numbers by
χ = 2(h1,1 − h1,2 ) .

(4.67)

In a similar fashion the Hodge number of a Calabi-Yau fourfold reads
h0,0
h1,0
h2,0
h3,0
h4,0

h1,1
h2,1

h3,1
h4,1

1
h0,1
h1,2

h2,2
h3,2

h4,2

0
h0,2
h0,3
h1,3

h2,3
h3,3

h4,3

h1,3

h1,2

0
h0,4

h1,3

= 1

0
h1,1

0

h2,4

h2,2
h1,2

0

h1,2

0

h4,4

0
h1,3

h1,1

0

h3,4

0
h1,2

1 ,
0

0
0

1
(4.68)

but there are only three independent Hodge numbers, because of the
h2,2 = 2(22 + 2h1,1 − h1,2 + 2h1,3 ) .

relation4
(4.69)

The Euler characteristic of a Calabi-Yau fourfold in terms of the independent Hodge numbers h1,1 ,
h1,2 , and h1,3 reads
χ = 6(8 + h1,1 − h1,2 + h1,3 ) .

(4.70)

Let us close this section by noting that Hodge diamonds are symmetric under reflection with respect to
their vertical and horizontal axes by means of (4.62). According to mirror symmetry [91] there exists
an additional reflection symmetry with respect to the main diagonal of the Hodge diamond. More
precisely, given any Calabi-Yau n-fold X, there exists a mirror Calabi-Yau X̃ whose Hodge diamond
is the same as that of X up to reflection with respect to the main diagonal. For Calabi-Yau threefolds
mirror symmetry exchanges h1,1 and h1,2 ; for Calabi-Yau fourfolds it exchanges h1,1 and h1,3 .
P
p p,q
This constraint can be derived by expressing the arithmetic genera χq = n
in terms of the Chern classes
p=0 (−) h
of X using the Hirzebruch-Riemann-Roch theorem [90]. Recalling c1 = 0 for a Calabi-Yau fourfold, one gets
Z
Z
Z
1
1
1
χ0 =
−c4 + c22 ,
χ1 =
−31c4 + 3c22 ,
χ2 =
79c4 + 3c22 .
720 X
180 X
120 X
R
R
The first two equalities allow us to express X c4 and X c22 in terms of h1,1 , h1,2 , h1,3 . Plugging these quantities back
into the equation for χ2 yields the desired expression for h2,2 .
4
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4.5.2

Moduli space of Calabi-Yau manifolds

In what follows we discuss some general features of the moduli space of Calabi-Yau n-folds with
n = 3, 4. The cases n = 1, 2 are special and require a separate treatment. Some of the results quoted
below are valid also for n > 4, but the physical relevance of Calabi-Yau manifolds beyond complex
dimension four is not clear.
The tangent space to the moduli space of a Calabi-Yau n-fold X can be thought of as the space of
infinitesimal deformations of the metric on X that respect the Ricci-flatness condition. Recall from
section 4.3 that such deformations are determined by zeromodes Ymn of the Lichnerowicz operator
∆2 defined in (4.28). The transversality condition ∇m Ymn imposed in (4.30) ensures in the present
context that Ymn encodes a deformation that is not generated by a diffeomorphism. The tracelessness
requirement g mn Ymn that we assumed in (4.30) will be henceforth relaxed, since in the discussion
of the moduli space of Calabi-Yau manifolds it is not convenient to single out the overall volume
fluctuation from volume-preserving deformations.
On a Kähler manifold the Lichnerowicz operator does not mix holomorphic and antiholomorphic
components, which can be therefore analyzed separately. Let Ymn be a symmetric tensor. The
components with mixed indices Yī can be used to define a (1, 1)-form
λY = Yī dz i ∧ dz̄ ̄ ,

(4.71)

while the components with two antiholomorphic indices can be used to build a (0, 1)-form with values
in the holomorphic tangent bundle T X 1,0 ,
αYi = g ī Ȳk̄ dz̄ k̄ .

(4.72)

The components Yij determine the components of the complex conjugate form ᾱı̄Y . A direct computation shows then that
(∆2 Y )ī = 0

⇔

(∆2 Y )ı̄̄ = 0

⇔

∆dR λY = 0 ,
∆∂¯αYi = 0 ,

where ∆dR = d d† +d† d is the Laplace-de Rham operator and ∆∂¯ = ∂¯ ∂¯† + ∂¯† ∂¯ is the Laplace-Dolbeault
operator acting on (0, p)-forms with values in T X 1,0 . Using the holomorphic (n, 0)-form Ω we can
encode all the information of the components of the vector-valued (0, 1)-form αYi in a conventional
(n − 1, 1)-form βY defined by
βY i1 ...in−1 ̄ = Ωi1 ...in−1 k αYk ̄ .
(4.73)
One can check that ∆∂¯αYi = 0 if and only if ∆dR βY = 0. In summary, on a Calabi-Yau n-fold metric
variations with mixed components are in one-to-one correspondence with harmonic (1, 1)-forms, while
metric variations with two antiholomorphic indices are in one-to-one correspondence with harmonic
(n − 1, 1)-forms. The former are referred to as Kähler deformations, since they can be interpreted
as arising from a variation of the Kähler form with complex structure kept fixed. The latter are
complex structure deformations, since they are induced by a variation of the complex structure of the
Calabi-Yau n-fold, as it will be discussed below in more detail.
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It has been proven [92, 93] that the infinitesimal metric deformations discussed above are unobstructed and can be integrated to yield finite deformations. This ensures the existence of an actual
moduli space for Calabi-Yau manifolds. The decoupling of mixed and purely antiholomorphic deformations Yī , Yı̄̄ signals that the moduli space of a Calabi-Yau n-fold with n > 2 can be written locally
as a product
M = MKähler × Mcstr ,
(4.74)
where the factor MKähler is referred to as Kähler moduli space, and Mcstr denotes the complex
structure moduli space. These are discussed in turn in what follows.
Suppose X is endowed with a fixed complex structure. Since c1 (X) = 0, Yau’s theorem ensures
that X admits exactly one Ricci-flat metric in each Kähler class. As a result, the Kähler moduli space
can be identified with the space of inequivalent Kähler classes that can be considered on X for a given
complex structure. A Kähler class is an element of J ∈ H 1,1 (X, R) that satisfies suitable positivity
requirements. More precisely, we have to demand that the volume of all holomorphic non-trivial
2k-cycles Ck inside X, k = 0, . . . , n, be positive,
Z
Jk > 0 .
(4.75)
C2k

Note that if J satisfies (4.75), so does λJ for any λ > 0, so that the Kähler moduli space has a natural
cone structure. At the boundaries of the cone some cycles collapse to zero volume and the Calabi-Yau
manifold can develop singularities.
Since we are considering Calabi-Yau n-folds with n > 2, h2,0 = 0. This ensures that any harmonic
two-form on X is automatically of (1, 1)-type. The Kähler class J can thus be expanded onto a basis
of the integral cohomology H 2 (X, Z) with real coefficients. More precisely, let ωΛ with Λ = 1, . . . , b2 =
1, . . . , h1,1 be a fixed basis in H 2 (X, Z). We write
J = v Λ ωΛ ,

(4.76)

and we refer to v Λ as (real) Kähler moduli of the Calabi-Yau manifold. The harmonic representative
of the class J is a (1, 1)-form whose components are given by the components of the Hermitian metric,
J = i gī dz i ∧ dz̄ ̄ . From (4.76) we can then conclude that the metric variation induced by a variation
of the Kähler moduli reads simply
δgī = −i ωΛ ī δv Λ

∂gī
= −i ωΛ ī .
∂v Λ

or

(4.77)

The Kähler moduli space is equipped with a natural metric determined by a positive-definite
pairing between two real (1, 1) forms. More explicitly,
Z
Z
1
1
Kähler
2n √
i`¯ k̄ ∂gī ∂gk`¯
GΛΣ
=
d y gg g
=
ωΛ ∧ ∗ωΣ ,
(4.78)
2V X
∂v Λ ∂v Σ
2V X
where

1
V=
n!

Z

n

J =
X

Z

d2n y

√

g

(4.79)
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is the volume of the Calabi-Yau n-fold.5 It is convenient to define the intersection numbers
Z
ωΛ1 ∧ · · · ∧ ωΛn ,
VΛ1 ...Λn =

(4.80)

X

which are integral because ωΛ ∈ H 2 (X, Z). The volume of the n-fold can thus be written as
V=

1
VΛ ...Λ v Λ1 . . . v Λn .
n! 1 n

(4.81)

The derivatives of the volume with respect to the real Kähler moduli v Λ can be expressed in terms of
the harmonic forms ωΛ as
Z
∂
1
V=
ωΛ ∧ J n−1 = −i(g ī ωΛ ī )V ,
∂v Λ
(n − 1)! X
Z
Z
∂ ∂
1
n−2
ī
k`¯
ωΛ ∧ ωΣ ∧ J
= −(g ωΛ ī )(g ωΣ k`¯)V −
ωΛ ∧ ∗ωΣ .
(4.82)
V=
∂v Λ ∂v Σ
(n − 2)! X
X
Note that in deriving these expressions we have exploited the fact that, for any harmonic (1, 1)-form
ω on a compact Ricci-flat Kähler manifold, g ī ωī is covariantly constant. Thanks to the identities
(4.82) we can write the metric (4.78) as the second derivative of a scalar function,
GKähler
=−
ΛΣ

1 ∂ ∂
log V .
2 ∂v Λ ∂v Σ

(4.83)

So far we have discussed pure geometry. In string theory and M-theory compactifications the real
Kähler moduli v Λ usually combine with further real scalars into complexified Kähler moduli. The
resulting moduli space is itself a Kähler manifold. Furthermore, care has to be taken in comparing
the abstract metric GKähler
and the physical metric GΛΣ that enters the non-linear sigma-model after
ΛΣ
Weyl rescaling, given in (4.36) for general dimensional reduction on a Ricci-flat manifold. In many
circumstances the coordinates v Λ have to be replaced by new coordinates in Kähler moduli space to
make the supersymmetry properties of the lower-dimensional action manifest. Since the details of
the computation depend on the compactification scenario, we refrain from a general discussion. In
chapter 7 we will study M-theory compactified on a Calabi-Yau threefold, while chapter 8 contains
some remarks on M-theory on a Calabi-Yau fourfold.
Let us now discuss the complex structure moduli space. We already know that the tangent space
to the complex structure moduli space is spanned by deformations associated to harmonic (n − 1, 1)forms. A convenient basis for such forms is introduced as follows. Let Z κ , κ = 1, . . . , hn−1,1 be local
complex coordinates on the complex structure moduli space (we anticipate that this space is naturally
a complex manifold). Under an infinitesimal change of the complex structure parametrized by δZ κ
the complex coordinates z i of the Calabi-Yau n-fold vary according to
δz i = Mκi (z, z̄) δZ κ ,

(4.84)

where the non-holomorphic functions Mκi are only locally defined. As a result, the holomorphic
differential dz i and the holomorphic tangent vector ∂i ≡ ∂z∂ i undergo the variations
δz i = δZ κ ∂j Mκi dz j + δZ κ ∂¯̄ Mκi dz̄ ̄ ,

δ∂i = −δZ κ ∂i Mκj ∂j − δ Z̄ κ̄ ∂i M̄ ̄κ̄ ∂¯̄ .

(4.85)

5
We adopt conventions such that dz 1 ∧dz̄ 1̄ ∧· · ·∧dz n ∧dz̄ n̄ = (−i)n dy 1 ∧· · ·∧dy 2n ≡ (−i)n d2n y. As a result Jī = i gī
√
implies the identity J n = n! g d2n y.
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As a consequence of the first equation we infer that a (p, q)-form is generically deformed into the sum
of a (p − 1, q + 1)-form, a (p, q)-form, and a (p + 1, q − 1)-form.
At any point in complex structure moduli space we have
g(∂¯ı̄ , ∂¯̄ ) = gı̄̄ = 0 ,

Ω(∂i1 , . . . , ∂in−1 , ∂¯̄ ) = Ωi1 ...in−1 ̄ = 0 .

(4.86)

Under an infinitesimal change δZ κ of the complex structure moduli the variations of g and Ω must
balance the variation of the (anti)holomorphic tangent vector ∂i , ∂¯ı̄ , in such a way that (4.86) still
holds after the deformation. One thus finds
(δg)(∂¯ı̄ , ∂¯̄ ) = δgı̄̄ = 2δZ κ g(ı̄|` ∂¯̄) Mκ` ,
(δΩ)(∂i1 , . . . , ∂in−1 , ∂¯̄ ) = δΩi1 ...in−1 ̄ = δZ κ Ωi1 ...in−1 ` ∂¯̄ Mκ` .

(4.87)

Crucially, symmetrization in indices ı̄, ̄ on the right hand side of the first equation can be dropped. In
fact, g[ı̄|` ∂¯̄] Mκ` would be the components of a closed but not exact (0, 2)-form, which must vanish since
¯
we are considering Calabi-Yau n-fold with n > 2 and h0,2 = 0. We thus have δZ κ ∂¯̄ Mκi = 21 g i` δg`ı̄
¯,
and since δgı̄̄ is a zeromode of the Lichnerowicz operator we infer from the discussion at the beginning
of this section that the (n − 1, 1)-forms
χκ i1 ...in−1 ̄ = Ωi1 ...in−1 ` ∂¯̄ Mκ`

(4.88)

are harmonic. In fact, the set {χκ } provides the anticipated basis of H n−1,1 (X, C).
As a consequence of the remark below (4.85) the holomorphic (n, 0)-form Ω varies under a change
in complex structure in the sum of a (n, 0)-form a (n − 1, 1)-form, δΩ = δΩ|n,0 + δΩ|n−1,1 . Equation
(4.5.2) tells us that δΩ|n−1,1 = δZ κ χκ , which is a harmonic and hence closed form. Since the complex
structure variation δ commutes with the exterior differential d, we have dδΩ = 0. As a result dδΩ|n,0 =
¯ n,0 = 0, i.e. δΩ|n,0 is holomorphic. It must therefore be a multiple of Ω. Furthermore, one can
∂δΩ|
check that δ Z̄ κ̄ does not enter the variation of Ω. In summary, we can write
∂
Ω = kκ Ω + χκ ,
∂Z κ

∂
Ω=0,
∂ Z̄ κ̄

(4.89)

where kκ is a scalar that does not depend on the Calabi-Yau coordinates but generically depends on
the complex structure moduli Z κ .
The metric variation encoded in (4.5.2) can be equivalently formulated in terms of the harmonic
forms χκ as
2
` ...`
δgı̄̄ =
χκ `1 ...`n−1 ı̄ Ω 1 n−1 ̄ δZ κ .
(4.90)
(n − 1)!kΩk2
Even though it is not manifest, the right hand side is symmetric in ı̄, ̄ by virtue of the absence of
harmonic (0, 2)-forms, as outlined above. The complex structure moduli space is naturally equipped
with the metric
Z
Z
1
2
cstr
2n √
kı̄ `̄ ∂gı̄̄ ∂gk`
Gκ1 κ̄2 =
d y gg g
=
χκ ∧ ∗χ̄κ̄2 .
(4.91)
2V X
∂Z κ1 ∂ Z̄ κ̄2
(n − 1)!VkΩk2 X 1

77

4.6. A brief overview of Spin(7) manifolds

This expression can be further manipulated recalling (4.57) and making use of the identity
∗ χκ = (−)

n(n+1)
2

in−2 χκ ,

(4.92)

which can be derived using the fact that χκ is a primitive (n − 1, 1)-form, see for instance [46]. We
are thus left with
Z
χκ1 ∧ χ̄κ̄2
2
cstr
X
Z
,
(4.93)
Gκ1 κ̄2 = −
(n − 1)!
Ω∧Ω
X

This form of the metric is manifestly independent of the volume of the Calabi-Yau n-fold and of any
Kähler modulus. Furthermore, it is useful to prove that the complex structure moduli space is itself
a Kähler manifold. Indeed, one can easily check that (4.89) implies
∂
∂Z κ

Z
X

Ω ∧ Ω = kκ

Z
X

Ω∧Ω ,

∂
∂
κ
1
∂Z ∂ Z̄ κ̄2

Z
X

Ω ∧ Ω = kκ1 k̄ κ̄2

Z
X

Ω∧Ω+

Z
X

χκ1 ∧ χ̄κ̄2 .

(4.94)

As a result, we have
Gcstr
κ1 κ̄2 =

∂
∂
Kcstr ,
∂Z κ1 ∂ Z̄ κ̄2

(4.95)

where the Kähler potential Kcstr is given by
K

cstr



Z
n(n−1)
2
n
log i (−) 2
Ω∧Ω .
=−
(n − 1)!
X

(4.96)

Note that the argument of the logarithm is a positive real number, because (4.57) shows that it equals
VkΩk2 .
The geometry of Calabi-Yau moduli space exhibits even richer structures than those we have
reviewed. For instance, both the complexified Kähler moduli space and the complex structure moduli
space in Calabi-Yau threefold compactification of Type II superstring constitute examples of so-called
special geometries. One of the key properties of these spaces is the fact that their Kähler potential can
be written in terms of a holomorphic prepotential. Since we will not need to develop this interesting
subject we refer the reader to e.g. [94, 95, 96, 97] for an account. We also refrain from a review of the
global structure of the complex structure moduli space, which is essential for explicit computations of
the Kähler potential Kcstr , see for instance [98].

4.6

A brief overview of Spin(7) manifolds

4.6.1

Geometry and topology of Spin(7) manifolds

Recall that by Spin(7) manifold we mean an eight-dimensional Riemannian manifold with restricted
holonomy group given by Spin(7), and not a proper subgroup thereof. The Spin(7) group is defined
as the universal cover of the rotation group SO(7), but it can be equivalently characterized as follows.
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Let y m , m = 1, . . . , 8 be Cartesian coordinates in R8 , and let dy mnpq = dy m ∧ dy n ∧ dy p ∧ dy q . Next,
define the self-dual four-form Φ0 by setting
−Φ0 = dy 1234 + dy 1256 + dy 1278 + dy 1357 − dy 1368 − dy 1458 − dy 1467

+ dy 5678 + dy 3478 + dy 3456 + dy 2468 − dy 2457 − dy 2367 − dy 2358 .

(4.97)

The right hand side is the mathematicians’ standard form of the Spin(7) structure in R8 . The minus
sign is introduced to agree with the physics literature, see e.g. [99]. The subgroup of SO(8) that
preserves Φ0 is isomorphic to Spin(7). This is related to the fact that the structure group of an
eight-dimensional Riemannian manifold X can be reduced from SO(8) to Spin(7) if and only if there
exists a self-dual four-form Φ such that, for any p ∈ X, there exists an isomorphism from Tp X onto
R8 such that Φ|p is mapped to Φ0 . In particular Φ is globally defined and nowhere vanishing. If it is
additionally covariantly constant with respect to the Levi-Civita connection, the restricted holonomy
group of X is contained in Spin(7). The converse is also true: if the restricted holonomy is contained
in Spin(7), there exists a four-form Φ with the expected properties. The four-form Φ is commonly
referred to as Cayley calibration.
Let us mention a minor point: we do not fix the normalization of the Cayley form, but we fix its
‘sign.’ This can be made precise as follows. An orthonormal frame eam induces at any p ∈ X a map
ep : Tp X → R8 given by v m 7→ eam v m . We then fix an orientation on X and we demand the existence
of a positively oriented frame eam such that Φ|p = λ e∗p Φ0 at any p ∈ X for some λ > 0. If we choose
the opposite ‘sign’ small modifications have to be performed in some of the equations recorded below.
For instance, the second term on the right hand side of (4.100) would change sign.
An alternative characterization of a manifold with restricted holonomy contained in Spin(7) is
furnished by the existence of a Majorana-Weyl covariantly constant spinor of positive chirality η+ , as
anticipated in section 4.4. The Cayley calibration can be constructed as a real Majorana bilinear as
Φ=

1 T
η C γmnpq η+ dy m ∧ dy n ∧ dy p ∧ dy q .
4! +

(4.98)

T C η , is the only bilinear that is not
Actually this bilinear, together with the norm of the spinor η+
+
trivially zero by virtue of the chirality and Majorana flip property of the commuting spinor η+ . In
particular, as already noted below (4.61), it is not possible to build any two-form bilinear with a
single Majorana-Weyl spinor. This is consistent with the fact that manifolds with restricted holonomy
contained in Spin(7) do not generically admit any complex structure.

An immediate consequence of self-duality of Φ is the relation
Φ ∧ Φ = kΦk2 ∗ 1 ,

kΦk2 =

1
Φmnpq Φmnpq .
4!

(4.99)

A Fierz rearrangement can be used to prove the more involved algebraic identity
3
9
[m m m ]
[m
m m ]
Φm1 m2 m3 p Φn1 n2 n3 p = kΦk2 δ[n11 δn22 δn33] − √ kΦkδ[n11 Φn2 n3 ] 1 2 .
7
14

(4.100)

Alternatively, (4.100) can be derived considering a fixed but arbitrary point p and choosing coordinates
in such a way that Φ|p = λ Φ0 (λ > 0) and ds2 |p = δmn dy m dy n .
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The Cayley calibration induces a split of the cohomology groups of X according to the reduction
of the structure group from SO(8) to Spin(7). One can show that
H 0 (X, R) = R ,
H 1 (X, R) = 0 ,
2
H 2 (X, R) = H21
(X, R) ,
3
H 3 (X, R) = H48
(X, R) ,
4
4
4
H 4 (X, R) = H1S
(X, R) + H27S
(X, R) + H35A
(X, R) ,

(4.101)

and similar relations hold for the cohomology group H p (X, R) with p = 5, . . . , 8 by virtue of Hodge
duality. The boldface subscripts denote the relevant Spin(7) representation, while S and A denote
self-dual and antiself-dual four-forms, respectively. Note that the Spin(7) singlet cohomology group
4 (X, R) is precisely generated by the Cayley calibration. Let us also remark that H 1 (X, R) = 0 is a
H1S
consequence of strict Spin(7) holonomy: as noted in section 4.3, the first Betti number of a Ricci-flat
manifolds receives contributions from torus factors only, and those are not allowed for a manifold
with strict Spin(7) holonomy. This also means that Spin(7) manifold cannot have any continuous
isometry. Let us close this section by recalling that a Spin(7) manifold has only three independent
Betti numbers, by virtue of the constraint
b2 − b3 − b4S + 2b4A + 25 = 0 ,

(4.102)

4 (X, R).
where bp = dimR H p (X, R), b4S = dimR HS4 (X, R), and b4A = dimR HA

4.6.2

Moduli space of Spin(7) manifolds

Global properties of the moduli space of Spin(7) manifolds are under considerably less control than
the corresponding properties for Calabi-Yau manifolds. Nonetheless, for the purpose of discussing
the effective action of M-theory compactified on a Spin(7) manifolds some local considerations on
infinitesimal deformations of the metric and Cayley calibration will suffice.
Let us begin by a simple class of metric deformations, given by an overall infinitesimal rescaling
of the metric, δgmn = gmn Y . It is easily checked that this deformation satisfies the Lichnerowicz
equation if and only if Y is a zeromode of the scalar Laplacian. As already noted in section 4.3, it is
therefore a constant on the internal manifold, and can be related to the variation of the volume. A
simple computation shows
1
δgmn = gmn δ log V
4

or

∂gmn
1
=
gmn ,
∂V
4V

(4.103)

where in the second equation we interpret the volume V as one of the coordinates of the Spin(7) moduli
space. To identify the remaining coordinates we need to consider metric deformations δgmn = Ymn
with Ymn transverse and traceless. It can be shown that such solutions of the Lichnerowicz equation
are in one-to-one correspondence with harmonic antiself-dual forms. We can then write
δgmn =

7
ξA mp1 p2 p3 Φn p1 p2 p3 δϕA
6kΦk2

or

∂gmn
7
=
ξA mp1 p2 p3 Φn p1 p2 p3 ,
A
∂ϕ
6kΦk2

(4.104)
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4 (X, R) and ϕA are local real coordinates on the Spin(7) moduli space
where ξA is a basis of HA
orthogonal to V. Although it is not manifest, the right hand side of (4.104) is symmetric and traceless
in indices m, n as a result of the fact that χA transforms in the 35 representation of Spin(7). We refer
the reader to [100, 99, 101] for a proof of this claim and for a thorough discussion of various useful
identities involving the Cayley calibration. The same antiself-dual four-forms ξA enter the variation
of the Cayley calibration, which reads

δΦ = KV Φ δV + (KA Φ + ξA ) δϕA ,

(4.105)

where KV , KA are constant on the Spin(7) manifold but generically depend on the moduli V and
ϕA . Note that the numerical factor in (4.104) is indeed chosen to ensure mutual compatibility among
(4.104), (4.105), and the identity (4.100).
The tracelessness of the metric variation in (4.104) ensures the absence of off-diagonal dVdϕA
terms in the metric of the Spin(7) moduli space. Let us focus on the metric components associated to
the moduli ϕA . We have
Z
Z
ξ ∧ ξB
∂gmn ∂gpq
7 X A
1
√
Spin(7)
Z
,
(4.106)
d8 y gg mp g nq
=
−
GAB
=
4V X
∂ϕA ∂ϕB
48
Φ∧Φ
X

where in the second step we have made use of (4.104), (4.99), (4.100), together with the antiself-duality
of ξB and the identity
ξA p1 p2 [mn Φp1 p2 rs] = 0 ,
(4.107)
which is proven e.g. in [99]. This concludes our general analysis of the local structure of Spin(7) moduli
space. In chapter 8 we discuss the full reduction of M-theory on a Spin(7) manifold, including the
dVdV component of the moduli space metric, which is not discussed here as it depends on the specific
compactification scenario.

CHAPTER

5

An introduction to F-theory from the M-theory perspective

F-theory constitutes a geometric formulation of a class of Type IIB string theory vacua in which the
SL(2, Z) symmetry of the theory is interpreted as the modular group of an auxiliary two-torus varying
over spacetime. The aim of this chapter is to clarify this statement and to elucidate the connection
between F-theory, the S-duality properties of Type IIB discussed in section 3.2, and the reduction of
M-theory on a two-torus introduced in section 3.4. Such an analysis will constitute the basis for the
duality between F-theory and M-theory and will provide a justification to the prescription to compute
the effective action of an F-theory compactification by means of the dual M-theory setup.
As we will see, the duality between F-theory and M-theory takes a simpler form when restricted to
the gravity and moduli sector of the compactification, while it is more subtle in the gauge and matter
sector. For instance, properties of charged matter will not be directly visible in the effective actions we
discuss in part II, and indirect arguments are need to extract them from the M-theory setup. For this
reason our exposition will only cover general aspects of the gauge and matter sectors of F-theory. In
particular we will not develop the technology necessary to engineer specific non-Abelian gauge groups
and therefore we will not be able to do justice to the vast and interesting subject of F-theory modelbuilding. By the same token, many intriguing features of F-theory will not be covered, such as the
duality with heterotic string theory, the geometry of singular genus-one fibrations, the development
of local GUT-modes and their connection to the global properties of the compactification, and the
rich physics of U (1) gauge fields in F-theory, to name a few. The reader is referred for example
to the lecture notes [102, 103] and the reviews [104, 105] for an account of the aspects of F-theory
compactifications that we do not address in what follows.

81

82

Chapter 5. An introduction to F-theory from the M-theory perspective

5.1

Seven-brane backreaction

Most conservatively, F-theory can be thought of as a geometrized framework to incorporate sevenbranes in a Type IIB compactification in a fully consistent, backreacted, and non-perturbative way.
Achieving this goal is desirable from several points of view. The rich interplay between bulk and brane
physics in Type II string theory is the key to many interesting directions for string phenomenology,
such as intersecting D6-brane models in Calabi-Yau orientifolds of Type IIA or magnetized D7/D3brane models in Calabi-Yau orientifolds of Type IIB, see e.g. for review [106]. In these compactification
scenarios D-branes are usually treated in a suitable probe approximation, neglecting their backreaction
in the large volume limit. As we will argue below this requires special care for D7-branes, and more
generically seven-branes. The framework of F-theory exploits in a clever fashion the SL(2, Z) duality
of Type IIB in order to address this problem in an elegant and powerful way. At the same time,
F-theory allows us to go beyond the scope of perturbative Type II superstring theory. As a result, for
example, exceptional gauge groups can be realized on the world-volume of seven-brane stacks, paving
the way to interesting GUT model building scenarios.

5.1.1

Problems with codimension-two branes

Localized objects with d⊥ ≥ 3 transverse spatial direction, such as Dp-branes with p < 7 in Type
II string theory, behave in a way that is qualitatively the same as point charges in ordinary threedimensional electrostatics. In the transverse directions to their world-volume these lower-dimensional
branes act as point-like sources for the bulk fields they couple to. Their effects are negligible far away
from the brane: if they are electrically charged with respect to a (p + 1)-form, the associated field
strength decays according to a power law r−(d⊥ −1) with the distance r from the source; the dilaton
approaches an asymptotic value that can be tuned to be small; the metric in a neighborhood of infinity
is simply the standard flat Euclidean metric.
The situation for codimension-two objects, like D7-branes and more generally seven-branes in Type
IIB, is qualitatively different. This can be anticipated from the fact that the Green’s function of the
Laplace operator in two dimensions is proportional to log r. Recall that a D7-brane couples electrically
to C8 and magnetically to C0 . As a result, it acts as a source term in the equation of motion for C8 ,
or equivalently in the Bianchi identity for C0 . Schematically we have
d ∗ F9 = dF1 = δD7 ,

(5.1)

where F1 , F9 are the field strengths associated to C0 , C8 respectively and δD7 = δ(x) δ(y) dx ∧ dy is a
two-form with legs along the transverse space to the D7-brane stack with coordinates x, y that has a
δ-function-like support on the world-volume of the D7-brane stack, which is located at the origin of
the (x, y)-plane.1
The presence of a source term in the Bianchi identity for F1 implies that F1 = dC0 can only hold
1
Objects such as δD7 can be though of as a generalization of distributions to p-forms and are most properly understood
in the framework of the theory of currents, see e.g. [107].
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locally or alternatively that C0 cannot be single-valued. This is readily seen integrating (5.1) over a
small disk in the transverse space to the D7-brane centered at the origin,
I
C0 = 1 ,
(5.2)
γ

where γ is the boundary of the disk with counterclockwise orientation. We thus learn that the axion
C0 undergoes the monodromy
C0 → C0 + 1
(5.3)
as we encircle once the location of a D7-brane. This implies that the D7-brane induces a non-trivial
profile for the axio-dilaton τ = C0 + ie−Φ in the transverse space.
The latter is most conveniently analyzed introducing the complex coordinate u = x + iy. In fact, it
is possible to show that supersymmetry arguments and the Type IIB bulk equations of motion impose
that τ is a holomorphic function of u. The monodromy (5.3) suggests therefore the following behavior
of the axio-dilaton near the location of the brane,
u→0

τ ∼

u
1
log ,
2πi
λ

(5.4)

where λ is a complex constant. This equation implies
u→0

e−Φ ∼ −

1
|u|
log
,
2π
|λ|

(5.5)

from which we see that the string coupling constant approaches zero near the location of a D7-brane.
In the region |u|  |λ| string perturbation theory is therefore valid. It is clear, though, that this
expression has to be modified for |u| & |λ|, as it would yield negative values for e−Φ .
Extreme care is required in constructing complete solutions of the Type IIB bulk equations of
motion that reproduce the desired behavior (5.4) near the location of a D7-brane. First of all, since τ
is multi-valued in the u-plane it is convenient to describe the u-dependence of the axio-dilaton using
the Klein invariant j-function j(τ ). It is worth to recall a few properties of this special function. This
is a meromorphic function defined on the upper half plane that provides a bijection of the fundamental
domain of τ onto the Riemann sphere. The cusp τ = i∞ is mapped to the point at infinity j = ∞;
more precisely, j admits a Laurent expansion in q = e2πiτ of the form
j(q) =

1
+ 744 + O(q) ,
q

(5.6)

which exhibits a simple pole at the cusp q = 0. Besides τ = i∞ the fundamental domain has two other
special points, which are fixed under the action of some element of the modular group P SL(2, Z): the
point τ = i is fixed under the action of S, while τ = e2πi/3 ≡ ρ is fixed under ST . The action of
generators T and S of the modular group on τ was given in (3.25). In a neighborhood of the special
points τ = i, ρ we have
z→i

j(τ ) ∼ 1728 + k1 (τ − i)2 + O((τ − i)3 ) ,
z→ρ

j(τ ) ∼ 0 + k2 (τ − ρ)3 + O((τ − ρ)4 ) .

(5.7)
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The inverse map w 7→ τ = j −1 (w) develops non-trivial monodromies around w = 1728 and w = 0,
j −1 (w) = τ → −

1
τ

j −1 (w) = τ → −1 −

around w = 1728 ,
1
τ

around w = 0 .

(5.8)

After these mathematical preliminaries we can go back to the problem of finding a solution matching
the asymptotic behavior (5.4). The simplest possibility is
j(τ (u)) =

λ
.
u

(5.9)

Indeed, as u → 0 the right hand side develops a simple pole, implying τ (u) → i∞. The Laurent
expansion (5.6) then reproduces (5.4). As we increase |u| we move away from the region of small
coupling, until we reach the point u = 1728/λ. There τ = i (thus gs = 1) and there is a non-trivial
monodromy τ → −1/τ . This special point breaks rotational invariance in the u-plane because of the
phase of the complex number λ. As we increase |u| further, up to a neighborhood of u = ∞, rotational
invariance is approximately restored and τ → ρ, with a non-trivial monodromy τ → −1 − 1/τ as we
encircle the point at infinity u = ∞. We have gone through a detailed analysis of this example in
order to highlight the subtleties that are typically encountered in studying the τ -profile generated by
a configuration of D7-branes at finite and large distances from the branes. In particular note that in
this example the asymptotic value of the string coupling constant at large distances from the brane
√
is fixed to the non-perturbative value gs = 2/ 3 ≈ 1.15. Obviously this effect cannot be neglected
appealing to the usual large volume argument.
Additional complications arise as soon as gravity is considered. Our problem is effectively (2 + 1)dimensional. In three dimensions the Riemann tensor is proportional to the Ricci tensor at every point
in spacetime. As a result, Einstein’s equation dictates that spacetime is everywhere locally flat, except
at the precise location of the sources of the energy-momentum tensor. Localized sources, however,
induce a deficit angle in the flat geometry that surrounds them: for instance, a point particle of mass
m induces a deficit angle δ = mκ2 , where κ is the effective gravitational constant in three dimensions.
The case of D7-brane is somewhat peculiar. The Einstein-frame DBI action of the D7-brane contains
the coupling
Z
√
2π
SDBI ⊃ 8
d8 ξ eΦ −g ,
(5.10)
`s W8
where ξ are coordinates of the D7-brane world-volume W8 and g is the pullback of the Einstein
metric of the Type IIB bulk. Note the positive power of the dilaton prefactor. Since gs → 0 as we
approach the location of the brane, the DBI action vanishes and the D7-brane behaves effectively as
a zero-tension object, leading to no deficit angle in the limit u → 0. The τ -profile generated by the
brane, however, does carry energy-momentum and generates a deficit angle in the asymptotic region
far away from the brane. Its effects can be dramatic: for example, a deficit angle δ = 4π turns the
transverse space from a plane to a compact sphere. The precise value of this angle depends on the
brane configurations and on the monodromy that are imposed on the functions that determine the
metric. For instance, in the case of a single D7-brane the classic analysis in [108, 109] predicts δ = π/6,
but this setup was revisited in [110] yielding δ = 2π/3. We do not need to discuss this interesting
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problem in detail. It has been mentioned to exemplify how subtle and difficult can be an explicit
construction of Type IIB solution with backreacted D7-branes in eight dimensions. As soon as we
consider lower-dimensional vacua the problem becomes soon intractable. Luckily, F-theory provides
an alternative route to the description of backreacted setup with D7-branes. Indeed, it also captures
naturally seven-branes beyond perturbative Type IIB.

5.1.2

Seven-brane monodromies

The only feature of (p, q)-seven-branes that we need to consider in detail is the monodromy they
induce in the τ -profile as we move along a small loop around their location. To begin with, we can
rewrite (5.3) in terms of the SL(2, Z) monodromy matrix


1 1
MD7 =
.
(5.11)
0 1
The monodromy of a more general (p, q)-brane is then computed recalling that a (p, q)-string can be
obtained from a fundamental string using a transformation of the form (3.32),



 r s
q p = 0 1
,
(5.12)
q p
where the integers r, s are such that pr−qs = 1 but otherwise arbitrary. If follows that the monodromy
matrix associated to a (p, q)-seven-brane reads

 

−1 

1 + pq
p2
r s
1 1
r s
,
(5.13)
=
M(p,q) =
−q 2 1 − pq
q p
0 1
q p
and indeed only depends on p, q. This monodromy matrix acts on the charges q̃, p̃ of a (p̃, q̃)-string as



q̃ p̃ → q̃ 0 p̃0 = q̃ p̃ M(p,q) .
(5.14)
Stated differently, if a (p̃, q̃)-string is carried once around the location of a (p, q)-seven-brane, it
reemerges as a (p̃0 , q̃ 0 )-string. If p̃0 = p̃, q̃ 0 = q̃ the string and the seven-brane are said to be mutually local. As a sanity check note that a (p, q)-string is mutually local with a (p, q)-seven-brane,
so that is can actually end on such a brane. The monodromy matrix (5.14) of seven-branes is a distinctive feature that can be used to detect their presence: if the τ -profile is known, an analysis of its
monodromies around some point reveals which kind of seven-brane configurations are located at the
that point.
For our following considerations we need also to consider the monodromy matrix associated to an
O7-plane. More precisely, the O7-plane sits at the fixed locus of the orientifold projection σhol Ωp (−)FL ,
where σhol : u 7→ −u reflects two real directions and thus requires the introduction of the (−)FL factor,
see (2.45). The monodromy matrix reads


−1 4
−4
MO7 = −MD7 =
.
(5.15)
0 −1
This can be justified as follows. Recall from (2.46) that an O7-plane carries eight units of D7-brane
tension and charge in the ‘upstairs’ picture, i.e. in the space which is acted upon by the involution σhol .
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We would thus need four D7-branes and their images to cancel the tension and charge of the O7-plane.
−4
This explains the power −4 in MD7
, since monodromies take place in the quotient space and thus
−4
count the number of brane/image brane pairs. The factor −1 in front of MD7
comes from the intrinsic
F
L
parities of Type IIB fields under the action of Ωp (−) . This is most easily seen looking at the
monodromy of a system of one O7-plane and four pairs of D7-branes and images,


−1 0
MO7/D7 =
.
(5.16)
0 −1
This monodromy acts trivially on τ , as it should be since the combined O7/D7 system is neutral with
respect to C0 . Nonetheless, (3.19) shows that both B2 and C2 change sign under the action of MO7/D7 .
This matches with the results of table (2.3) about Ωp -parities and the fact that (−)FL (B2 , C2 ) =
(B2 , −C2 ). Finally, let us mention that the deficit angle close to an O7/D7 system is δ = π, consistently
with the Z2 action of σhol on the transverse space.

5.2

Elliptic fibrations and seven-branes

In section 3.4 we have established the nine-dimensional duality between M-theory compactified on
a torus and Type IIB string theory compactified on a circle. One of the main outcomes of this
duality is the reinterpretation of the SL(2, Z) S-duality group of Type IIB as large diffeomorphism
of a torus, or equivalently modular transformations of its complex structure parameter. In essence,
the program of F-theory is to generalize this situation to lower-dimensional setups in which some of
the nine dimensions are compactified. The duality between M-theory on a torus and Type IIB on a
circle then becomes the duality between M-theory and F-theory, which we analyze in greater detail in
section 5.3.
For the time being we can simply make the observation that the reinterpretation of the SL(2, Z)
symmetry of Type IIB in terms of the modular parameter of a torus can be extremely convenient to
address the problem of Type IIB setups with seven-branes. Let us make this remark more precise.
Suppose we are interested in a Type IIB setup with 2n real dimensions compactified on a Kähler n-fold
Bn and 10 − 2n non-compact directions spanning Minkowski spacetime. We also allow for spacetimefilling seven-branes wrapping divisors in Bn , i.e. holomorphic cycles of complex codimension one. Our
task would be to solve the equations of motion for the metric and the axio-dilaton with a non-trivial
dependence on the coordinates of Bn and allowing for a multi-valued τ in order to account for the
monodromies induced by the seven-brane backreaction. Note that we do not expect Bn to be Ricci-flat,
since its curvature is counterbalanced by the non-trivial axio-dilaton profile.
An alternative strategy is to consider an auxiliary two-torus T 2 fibered over Bn , in such a way that
at any point p on Bn the value of the axio-dilaton is identified with the complex structure parameter
of the torus fiber at p. In this way we have an intrinsic description of the axio-dilaton profile and
the problem is translated into the determination of the geometry of the total space Xn+1 of the torus
fibration over Bn . As we will see in section 5.3 supersymmetry demands that Xn+1 be a Calabi-Yau
(n + 1)-fold and the fiber depend holomorphically on the space Bn , referred to as the base. We thus
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have to study Calabi-Yau spaces that admit a holomorphic genus-one fibration. In what follows we will
also make the assumption that the genus-one fibration comes with a global holomorphic section. The
fiber is thus a torus with a marked zero-point, and has therefore the structure of an elliptic curve. In
summary, we are left with the study of elliptically fibered Calabi-Yau (n + 1)-folds. Even though this
might seem as intractable as our original task, a lot of information about the geometry of Xn+1 can
be extracted using powerful techniques from algebraic geometry. This gives a handle on the dynamics
of seven-branes and automatically takes into account their backreaction. We can make the previous
discussion more concrete. To this end we need to recall a few facts about elliptic curves and elliptic
fibrations.

5.2.1

Weierstrass form of an elliptic curve

An elliptic curve can be realized as the vanishing locus of a homogeneous polynomial in the weighted
projective space P2,3,1 . The latter is defined as C3 \ {(0, 0, 0)} modded out by the C∗ -action
(x, y, z) ∼ (λ2 x, λ3 y, λz) ,

λ ∈ C∗ ,

(5.17)

where x, y, z are coordinates in C3 . The equivalence class of (x, y, z) will be denoted [x : y : z] and
determines a point in P2,3,1 . The coordinates x, y, z are referred to as homogeneous coordinates on
P2,3,1 . The equation that defines the elliptic curve reads
E :

y 2 = x3 + f x z 4 + g z 6 ,

(5.18)

and is known as Weierstrass form. The quantities f and g are complex parameters. Note that (5.18) is
compatible with (5.17) as all monomials have total weight 6 under the C∗ -action. In a patch of P2,3,1
where z 6= 0 we can make use of the C∗ -action to set z = 1. The remaining coordinates x, y are then
referred to as affine coordinates in the patch z 6= 0. The original equation (5.18) gives an equation in
x, y that describes a two-sheeted covering of the complex x-plane branched over the roots of the cubic
polynomial in x that enters the right hand side of (5.18). This space (including the points at infinity)
has the topology of a torus, with two non-trivial one-cycles, see figure 5.1.
It is possible to endow the elliptic curve E with an Abelian group structure giving a well-defined
prescription for determining the sum P + Q of two points P , Q on E. The point [x : y : z] = [1 : 1 : 0]
in P2,3,1 , which by (5.18) lies on E for any value of f , g, can be shown to be the neutral element of
this Abelian group action. Intuitively speaking an elliptic curve is thus a torus with a marked, special
point.
The complex structure parameter τ of the elliptic curve E defined by (5.18) is encoded in the
parameters f, g. More precisely, let us define the discriminant
∆ = 27 g 2 + 4 f 3 .

(5.19)

This quantity is engineered in such a way as to vanish whenever two roots of the cubic polynomial in
x on the right-hand side of (5.18) in the patch z 6= 0 coincide. In fact, one has
x3 + f x + g =

3
Y
(x − xi ) ,
i=1

∆ = −(x1 − x2 )2 (x2 − x3 )2 (x3 − x1 )2 .

(5.20)
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A

B
x1

x2

x3

Figure 5.1: Schematic representation of the two-sheeted covering of the complex x-plane with the
three roots x1 , x2 , and x3 of the cubic polynomial on the right hand side of (5.18). Black solid lines
denote branch cuts: one connects x1 and x2 while the other connects x3 to the point at infinity. We
also depict a basis for the independent, non-trivial one-cycles of the torus described by (5.18). A
dashed line and a solid line are used to distinguish the two sheets of the covering of the x-plane.
It is then possible to prove that the complex structure parameter of the elliptic curve is given by
j(τ ) =

4(24f )3
,
∆

(5.21)

where the j-invariant function has the same normalization as in (5.6).
Let us stress that the Weierstrass form is not the unique way of presenting an elliptic curve, even
though any alternative representation is birationally equivalent to the Weierstrass form. Roughly
speaking, birational equivalence is isomorphism up to lower-dimensional algebraic subsets. In what
follows we will only make use of the Weierstrass form and will not consider different representations.
Let us mention, however, that they can be extremely useful for the study of U (1) symmetries in
F-theory, see e.g. [111, 112, 113, 114, 115, 116, 117].

5.2.2

Weierstrass form of an elliptic fibration

An elliptic fibration Xn+1 over a Kähler base Bn can be described by the same Weierstrass equation
(5.18) provided we promote the constants f , g to objects depending of the base space Bn . More
precisely, one can first construct an ambient space An+2 by fibering P2,3,1 appropriately over Bn .
The Weierstrass equation (5.18) then cuts out a hypersurface in An+2 that yields the desired elliptic
fibration Xn+1 . In order to substantiate this program we would need to develop some technical tools
from algebraic geometry. Since they will not be needed in our discussion of F-theory effective actions,
we rather proceed with a heuristic account on elliptic fibrations.
We have seen that the patch z 6= 0 in P2,3,1 can be covered with two affine coordinates x, y. By the
same token an appropriate patch of the base space Bn can be parametrized by n affine coordinates
u1 , . . . , un . In this local picture, the Weierstrass equation that defines Xn+1 has the form
Xn+1 :

y 2 = x3 + f (u1 , . . . , un ) x + g(u1 , . . . , un ) ,

(5.22)
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f and g are polynomials in u1 , . . . , un . Let us stress that it can be proven that the marked point
[1 : 1 : 0] on the elliptic curve E is promoted in the present context to a global holomorphic section of
the total fibration Xn+1 . Intuitively speaking, as the torus fiber is varied on the base Bn its marked
point swaps a copy of Bn inside Xn+1 .
Since f and g now vary over the base Bn , the same happens to the complex structure parameter τ ,
which is still given by (5.19) and (5.21). A special locus on the base Bn is determined by the vanishing
of the discriminant,
∆=0.
(5.23)
These equation generically determines a hypersurface inside Bn , possibly made of more than one
irreducible component. Over this locus a one-cycle on the torus pinches. This can be seen from
figure 5.1: if two of the roots x1 , x2 , x3 of the cubic in the Weierstrass equation coincide, one of the
non-trivial cycles of the torus is shrunk to a point. The pinching of the torus signals the presence
of spacetime-filling seven-branes at the locus ∆ = 0. This can be argued as follows. Let A, B be a
basis of the one-cycles of the torus fiber. One-cycles are equipped with a skew-symmetric, bilinear
intersection pairing that satisfies
A·A=0 ,

B·B =0 ,

A·B =1 ,

B · A = −1 .

(5.24)

Suppose at some point along the ∆ = 0 locus on the base Bn the cycle
α = pA + qB

(5.25)

is pinched, with p, q integer and coprime. According to the Picard-Lefschetz theorem, as we move
around the point where α collapses an arbitrary cycle β = nA + mB with n, m ∈ Z undergoes a
monodromy
β → β − (β · α)α .
(5.26)
It is easily checked using (5.24) that this is equivalent to



 1 − pq
p2
m n → m n
,
−q 2 1 + pq

(5.27)

but the matrix on the right hand side coincides precisely with the monodromy matrix M(p,q) of a
(p, q)-seven-brane given in (5.14). In summary, at the vanishing locus of the discriminant of the
elliptic fibration the torus fiber pinches and a spacetime-filling seven-brane is located.
Suppose ∆ has a simple zero at a point p on Bn and that f is non-vanishing at p. From (5.21) we
see that the j-invariant function develops a simple pole. This is reminiscent of (5.9) considered in the
previous section. If we had only one seven-brane in our setup we could safely argue using (5.6) that
τ → i∞ and gs → 0 near the location of the brane, which would then be identified with a D7-brane.
Since generically we have several seven-branes (as it is also required by tadpole cancellation, addressed
below) it is not possible to choose globally an SL(2, Z) frame in which all of them look like D7-branes.
In this case the solution to j(τ ) = ∞ is no longer τ = i∞ but rather one of its SL(2, Z) images.
Incidentally, note that if we write τ = τ1 + iτ2 , the SL(2, Z) action (3.19) implies
τ2
τ20 =
.
(5.28)
(c τ1 + d)2 + c2 τ22
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If c = 0 the SL(2, Z) image of τ = i∞ still has τ2 = ∞ and thus gs = 0. But the subgroup of SL(2, Z)
with c = 0 is generated by T ,


  


a b
1 n
∈ SL(2, Z) : c = 0 = ±
,n ∈ Z ,
(5.29)
c d
0 1
and encodes the perturbative monodromies of D7-branes around each other. As soon as we act with
the generator S and we introduce non mutually local branes we have c 6= 0 and the image of τ = i∞
has τ2 = 0, corresponding to gs = ∞. Thus the string coupling constant defined with respect to
a reference D7-brane diverges near the location of a seven-brane that is not mutually local to that
reference D7-brane.
Let conclude this section with a discussion of the Calabi-Yau condition for the total space Xn+1 ,
which will be physically motivated in section 5.3. To enforce this requirement we need to express the
first Chern class of the total space Xn+1 in terms of topological data of the base space and of the
fibration. It was proven by Kodaira that2
12 c1 (Xn+1 ) = π ∗ (12c1 (Bn ) − PD([∆])) ,

(5.30)

where π ∗ denotes the pullback induced by the projection map π : Xn+1 → Bn , c1 (Bn ) is the first Chern
class of the base, and PD[∆] ∈ H 2 (Bn , Z) is the Poincaré dual to the divisor class of the vanishing
locus of the discriminant.
Let us give a brief and heuristic account on the terminology used in the previous sentence. Without
entering mathematical details, we can intuitively think of a divisor D in a complex variety Z as a
submanifold of complex codimension one that is locally described by an equation of the form h = 0,
with h holomorphic. It is possible to construct formal integral linear combinations of divisors, such
as n1 D1 + n2 D2 , n1 , n2 ∈ Z. If F is a globally defined meromorphic function on Z, it can be locally
written as F = F0 /F∞ , where F0 , F∞ are holomorphic and have no common factors. We can then
define the so-called principal divisor associated to F as
(F ) = {F0 = 0} − {F∞ = 0} .

(5.31)

Two divisors D, D0 are then called linearly equivalent if D − D0 = (F ) for some globally defined
meromorphic function F on Z. The equivalence class of D with respect to linear equivalence is
denoted [D]. The Poincaré dual PD([D]) of [D] is a cohomology class of two-forms defined by the
property
Z
Z
Z

PD([D]) ∧ α =

α,

(5.32)

D

where α is (the cohomology class of) an arbitrary 2(dimC Z − 1)-form. The concept of Poincaré duality
can be extended to higher-codimensions: if a subvariety is defined locally by f 1 = · · · = f p = 0, its
Poincaré dual is the class of the 2p-form that satisfies the analog of (5.32) where now α is (the
cohomology class of) an arbitrary 2(dimC Z − p)-form.
2
Strictly speaking this equation holds for n = 1, i.e. for elliptically fibered K3 surfaces. For n > 1 one has to take into
account degenerations of the fibration that occur at higher codimension. Nonetheless, these additional contributions do
not affect our argument [118, 119, 120].
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After this detour, we can come back to (5.30) and enforce that Xn+1 be a Calabi-Yau (n + 1)-fold,
12 c1 (Bn ) = PD([∆]) .

(5.33)

In many explicit constructions of elliptically fibered Calabi-Yau manifolds this equation has a simple
interpretation: the polynomials f , g entering (5.22) have to have a definite degree in the affine coordinates u1 , . . . , un on Bn . More precisely, (5.33) fixes x, y, z, f , g in the Weierstrass equation to be
sections of appropriate line bundles over Bn , but we will not develop this terminology any further.
Note that for non-trivial fibrations the right hand side of (5.33) does not vanish so that Bn is not
Ricci-flat. This confirms the physical intuition that the curvature of the base space has to balance the
non-trivial axio-dilaton profile described by the elliptic fibration.

5.2.3

Non-Abelian gauge groups and matter from singularities

As stressed above, at the vanishing locus of the discriminant the elliptic fiber degenerates, since one
of the one-cycles of the torus collapses. Given a point p ∈ Bn such that ∆(p) = 0, depending on the
vanishing orders of ∆, f , and g the total space may or may not be singular at p. The presence of a
singularity of the total space does not imply a breakdown of the setup we are considering: F-theory,
just like perturbative Type IIB, probes a geometry different from that of point-particles and can be
well-defined even on some classes of singular spaces. For many purposes, however, and most notably
in the framework of F-theory/M-theory duality discussed below, it is desirable to replace the singular
space Xn+1 with a smooth space X̃n+1 in a well-defined fashion, in such a way that the singular space
is recovered as a suitable limit of X̃n+1 . Furthermore we would like the smooth space to respect the
Calabi-Yau condition. Algebraic geometry offers various tools to address this task, but in what follows
we will only consider resolution of singular Calabi-Yau spaces. Other options, such as deformation,
are also useful in F-theory, see e.g. [121, 122] for recent progress.
Roughly speaking, a resolution of a singular Calabi-Yau space Xn+1 is a smooth Calabi-Yau space
X̃n+1 together with a map ϕ : X̃n+1 → Xn+1 , called the blow-down map. The preimage under the
blow-down map of the singular loci of Xn+1 are cycles in X̃n+1 such that, when they are collapsed to
zero volume, the smooth space X̃n+1 reproduces the singular space Xn+1 . In other words, the singular
Calabi-Yau is recovered as a limit point in the Kähler moduli space of the smooth Calabi-Yau sitting
on the boundary of the Kähler cone.
The possible singularities that can occur at codimension one in the elliptically fibered Calabi-Yau
Xn+1 described by the Weierstrass model (5.22) have been classified by Kodaira [123, 124]. The type
of singularity is determined by the vanishing orders of ∆, f , g. For all these singularities a resolution
ϕ : X̃n+1 → Xn+1 exists, such that the preimages of the singular loci under the blow-down map ϕ are
divisors in X̃n+1 . They are commonly referred to as exceptional divisors of the resolved space. It is
possible to provide a very pictorial description of exceptional divisors. Let p be a point on the base
space Bn such that in the original fibration Xn+1 the fiber over p is singular. After resolution, the
fiber over p turns out to be a reducible variety consisting of a collection of P1 ’s intersecting at various
points, see figure 5.2. One of these P1 ’s is identified with the original fiber, though of as a pinched
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Figure 5.2: Pictorial representation of a smooth elliptic fiber and of a degenerate elliptic fiber. In the
latter situation we have depicted the resolved geometry, characterized by a collection of P1 ’s with a
specific intersection pattern. The case depicted in the figure corresponds to the affine Dynkin diagram
of a singularity of the A series.
torus. The other P1 ’s are resolution cycles that are collapsed to zero volume when we recover Xn+1
from the smooth space X̃n+1 . Exceptional divisors are then realized by fibering these resolution P1 ’s
over the locus on the base where the fibration is singular.
The intersection pattern of the resolution P1 ’s in the fiber translates into the intersection pattern
of exceptional divisors. Remarkably, for the singularities in Kodaira’s classification this pattern reproduces exactly the affine Dynkin diagram of Lie algebras from the A, D, E series. Since we know
that singularities of the elliptic fibration encode the location of seven-branes, we are naturally led to
conclude that the Dynkin diagram determined by exceptional divisors should be identified with the
Dynkin diagram of the gauge group G living on the seven-brane. In particular exceptional divisors
are in one-to-one correspondence with the generators of the Cartan subalgebra of G, so that we can
denote them as
Di ,

i = 1, . . . , rank G ,

(5.34)

where rank G denotes the rank of the gauge group G. The duality between F-theory and M-theory
will clarify the physical origin of these Cartan degrees of freedom as well as of the degrees of freedom
associated to the roots of G.
In perturbative Type IIB with D7-branes and O7-branes it is only possible to engineer the gauge
groups U (N ), SO(N ), or Sp(N ). Kodaira’s classifications shows that, thanks to its non-perturbative
character, F-theory allows for more general groups, and in particular for the exceptional groups E6 ,
E7 , and E8 . These are particularly interesting for GUT phenomenology and have been extensively
exploited in heterotic string theory setups. F-theory is thus able to combine favorable features of
heterotic string theory for particle physics phenomenology with other properties inherited from Type
IIB and M-theory, such as a better control over moduli stabilization. The latter perspective on Ftheory is emphasized e.g. in the review [102].
Let us mention that it is possible to understand the emergence of exceptional gauge groups in
F-theory from BPS networks of string junctions [125, 126, 127]. The latter were briefly introduced
in section 3.2. In particular the fact that string junctions are multi-pronged objects—as opposed to
fundamental strings, which only have two ends—is instrumental for the realization of a larger class of
gauge symmetries than those of perturbative Type IIB. String junctions play also a crucial role in the
systematics of deformations of singularity in the recent works [121, 122].
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So far we have been discussing only singularities that can occur at codimension-one loci. If we
consider higher codimensions richer singularity structures are possible. For instance, at the intersection
of the location of two seven-brane stacks the elliptic fibration undergoes an additional degeneration
that corresponds to a codimension-two enhancement of the gauge groups associated to the stacks. The
degrees of freedom responsible for this enhancement are interpreted as charged matter under the gauge
groups living on the world-volume of the seven-branes. This is in complete analogy to the picture of
charged massless fermions emerging at the intersection of D7-branes in perturbative Type IIB. Let
us also remark that codimension-two singularities can sometimes trigger non-trivial monodromies on
the world-volume of a seven-brane stack. As a result, the associated gauge theory is modified and
non-simply laced gauge groups of the B and C series can be engineered, in addition to the A, D, E
groups found in Kodaira’s classification.
Finally, additional singularities are found at the codimension-three loci associated to the intersection of three seven-branes stacks. These are not present in F-theory compactification to six dimensions
(the base B2 is complex two-dimensional) but play a fundamental role in F-theory compactifications
to four dimensions, where codimension-three loci on the base B3 are just points. Indeed, these points
of triple intersection are associated to the trilinear Yukawa couplings that enter the four-dimensional
effective action. Once again, this constitutes a non-perturbative generalization of the corresponding
situation in perturbative Type IIB with intersecting D7-brane stacks, see e.g. [106] for a pedagogical
account.

5.3

Duality between F-theory and M-theory

In section 3.4 we have studied in detail the nine-dimensional duality between M-theory on R1,8 × T 2
and Type IIB on R1,8 × S 1 . The duality between M-theory and F-theory emerges as we replace the
direct product R1,8 × T 2 on the M-theory side with a non-trivial fibration of the torus over a base
manifold. More precisely, we consider M-theory on the space
ds2M = ηµν dxµ dxν + ds2Bn +

A `2M
|dx + τM dy|2 ,
Im τM

(5.35)

where µ, ν = 0, . . . , d − 1 with d = 9 − 2n, ds2Bn denotes the metric on the base space, x, y are
adimensional, period-one coordinates on the torus fiber, and the complex structure parameter of the
torus τM is now allowed to vary over Bn . We can therefore regard (5.35) as a generalization of (3.59),
where for simplicity we have suppressed the Kaluza-Klein vectors V(x) , V(y) . It is not hard, though,
to follow them in the duality from M-theory to F-theory applying the results of section 3.2 to the
present setup. Let us remind the reader that the x-cycle in (5.35) is interpreted as the M-theory circle
connecting M-theory to Type IIA, while the y-cycle is the T-duality circle that connects Type IIA to
Type IIB.
The validity of the extension of the duality between M-theory on a torus and Type IIB on a circle
to the case of non-trivial torus fibrations can be argued appealing to the so-called adiabatic argument
[128]: if the torus fiber varies adiabatically over the base space, the system under examination looks
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locally like an open patch of the simple product space R1,8 × T 2 . We can thus apply the duality
fiberwise.
The identification (3.63) between the complex structure parameter of the torus on the M-theory
side and the axio-dilaton of Type IIB remains valid. The duality thus predicts that a non-trivial
torus fibration corresponds to a non-trivial axio-dilaton profile on the Type IIB side. Of course this is
not unexpected, and it has actually been the observation that motivated the introduction of elliptic
fibrations in the section 5.2. The crucial difference between the M-theory and the Type IIB/F-theory
perspective is that in Type IIB/F-theory the torus is merely a mathematical artifact to describe the
axio-dilaton profile, while in M-theory it is part of physical eleven-dimensional spacetime. As a result
the amount of supersymmetry preserved by the setup under examination can be determined according
to the paradigm outlined in section 4.4. In particular, we already know that if we consider an unwarped
compactification to Minkowski spacetime (4.26) the compactification space has to be Ricci-flat. This
justifies the imposition of the Calabi-Yau condition (5.33) on the elliptic fibration. In section 5.5 we
will actually see that in compactifications to four dimensions a warp factor has to be included, but we
will argue that the Calabi-Yau condition is preserved in a suitable sense.
The area of the torus has a very different status compared to its complex structure parameter.
In an elliptically fibered Calabi-Yau manifold it must be constant over the base space, even for nontrivial fibrations. This follows from the fact that the fiber can be realized as a holomorphic complex
R
one-dimensional submanifold in the Calabi-Yau, so that its area is given by J, which cannot vary
over the base by virtue of dJ = 0. We known from (3.64), however, that the area A of the torus is
mapped to the circumference L(B) of the circle on the Type IIB side of the duality. Since A does
not vary over the base, we infer that the on the Type IIB side the circle fibration is trivial.3 This
observation is crucial. Using (3.64) and (3.66) it implies that the metric on the Type IIB/F-theory
side of the duality reads
ds2F = ηµν dxµ dxν + `2s A−3/2 dy 2 + ds2Bn ,

(5.36)

where the prefactor of dy 2 is a constant. We can thus take the limit A → 0 and decompactify one
direction on the Type IIB/F-theory side of the duality, in such a way that Lorentz invariance is
restored. This procedure is commonly referred to as the F-theory limit.
This program presents a clear difficulty. Since we do not know yet how to quantize M-theory, we
have to rely on its approximation by means of eleven-dimensional supergravity coupled to membranes
and five-branes. This approximation, however, makes only sense if M-theory is compactified on a
smooth space and if all volumes are large compared to the eleven-dimensional Planck length `M . Since
A is precisely the volume of the torus fiber measured in units of `M , it is clear that taking the F-theory
limit forces us to go beyond the regime of validity of the supergravity approximation. By the same
token we have seen in section 5.2.3 that interesting F-theory setups with non-Abelian gauge groups
require singular elliptic fibrations Xn+1 . In summary, if we want to achieve Lorentz invariance and
non-Abelian gauge symmetries on the F-theory side of the duality we must consider M-theory on a
singular space with some small or vanishing volumes.
3

In general this does not hold for the intermediate Type IIA step connecting M-theory and Type IIB.

5.3. Duality between F-theory and M-theory

95

In order to overcome this difficulty we have to refine our understanding of M-theory/F-theory
duality. Suppose we start with M-theory on the resolved elliptic fibration X̃n+1 where the volumes of
the torus fiber and of the resolution P1 ’s are large in units of `M . We can then reliably compute the
effective action of the resulting d-dimensional theory (d = 9 − 2n) using the effective action (3.34),
supplemented by suitable higher-derivative corrections addressed below. The light degrees of freedom
of the d-dimensional theory thus originate from the Kaluza-Klein zeromodes in the expansion of the
eleven-dimensional metric and three-form. In particular the expansion of the three-form along the
two-forms ωi = PD([Di ]) Poincaré dual to the classes of the exceptional divisors yields a collection of
rank G massless U (1) vectors,
Ĉ3 ⊃ Ai ∧ ωi .
(5.37)
These are interpreted as the Cartan vectors of the non-Abelian gauge group on the F-theory side.
The d-dimensional M-theory compactification on X̃n+1 also features massive BPS states originating
from M2-branes wrapping two-cycles of the geometry. More precisely, we can wrap an M2-brane along
the torus fiber or along the resolution P1 ’s, yielding massive particle states in d dimensions. Those are
automatically integrated out in the low-energy effective action in d dimensions obtained from KaluzaKlein reduction of eleven-dimensional supergravity. Let us follow these states through the duality to
the F-theory side.
An M2-brane wrapping the torus fiber becomes a winding string in Type IIA, which in turn after
T-duality becomes a string state carrying non-vanishing Kaluza-Klein momentum along the y-cycle.
As the torus fiber shirks on the M-theory side of the duality, the y-cycle grows large on the F-theory
side, and excited Kaluza-Klein states become light. We thus see that M2-branes wrapping the fiber
encode the degrees of freedom of the massive Kaluza-Klein states in the circle reduction of the (d + 1)dimensional F-theory effective action down to d dimensions.
To clarify the role of M2-branes wrapping the resolution P1 ’s we proceed as follows. A stack of
D7-branes in Type IIB that fills the xµ directions and wraps the y-cycle becomes, upon T-duality along
y, a collection of D6-branes extended along xµ and located at points along on the y-circle, see section
3.1. Such a D6-brane configuration is uplifted to M-theory to a multi-center Taub-NUT geometry, as
reviewed in section 3.3. This geometry possesses two-cycles obtained by fibering the M-theory circle
between the location of two centers of the Taub-NUT space, see figure 3.1. These two-cycles are
identified with the resolution P1 ’s of the F-theory geometry. As a result, M2-branes states wrapping
these P1 ’s are interpreted as Type IIA strings stretching between parallel D6-branes. As we recover
the singular fibration from the resolved space these D6-branes become coincident and gauge symmetry
is enhanced to a non-Abelian gauge group. Strings stretching between different branes provide the
degrees of freedom associated to the roots of the group, or equivalently to its ‘W-bosons.’ Even
though we have used the language of perturbative Type II and D-branes, this conclusion holds for
more general seven-branes configurations in F-theory. In summary, we have identified the M-theory
origin of all gauge bosons living on the world-volume of a seven-brane stack: the Cartan U (1)s come
from the M-theory three-form Ĉ3 expanded along exceptional divisors (5.37), while W-bosons come
from M2-branes wrapping the resolution P1 ’s. In the resolved elliptic fibrations the latter have finite
volume and W-bosons are massive: the associated gauge theory is pushed to its Coulomb branch and
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(d + 1)-dim. e↵. action
with Lorentz invariance and
non-Abelian gauge symmetry
M-theory on Xn+1

vol T 2 ! 0

vol P1i ! 0

integrate in
M2-brane states

F-theory on Xn+1

reduce on S 1
and push to the
Coulomb branch

integrate out
massive KK modes
and W-bosons

M-theory on resolved Xn+1
at large volumes

F-theory on Xn+1 ⇥ S 1

d-dim. e↵. action for
CY-zeromodes of ĝ, Ĉ3

d-dim. e↵. action for
S 1 -zeromodes and Cartan U (1)s

Figure 5.3: Schematic representation of M-theory/F-theory duality and of the resulting prescription
for the computation of the (d + 1)-dimensional effective action of F-theory on an elliptically fibered
Calabi-Yau (n + 1)-fold Xn+1 , where d = 9 − 2n. On the M-theory side, T 2 denotes the fiber, while
P1i denote the resolution P1 ’s.

the gauge group G is spontaneously broken to U (1)rank G . If we go back to the singular fibration, full
non-Abelian symmetry is restored.
Similar considerations apply to the codimension-two singularity enhancements in the elliptic fibration associated to charged matter. In order to have a smooth space on the M-theory side a suitable
resolution procedure has to be performed, which introduces additional resolution two-cycles in the geometry. Charged matter states originate from wrapped M2-branes that become massless in the limit in
which these resolution two-cycles are shrunk to zero size. In the Coulomb phase of the d-dimensional
gauge theory, however, these charged matter states are not directly accessible as they acquire a mass
from spontaneous gauge symmetry breaking and are automatically integrated out from the M-theory
effective action.
We are finally in a position to use the duality between M-theory and F-theory to determine a
prescription for the computation of the F-theory effective action in d + 1 dimensions. Figure 5.3 gives
a schematic overview of the setup under examination.
The sought-for F-theory effective action is a Lorentz-invariant theory with a non-Abelian gauge
group and some amount of supersymmetry, depending of the dimension d+1. This can be parametrized
in terms of some characteristic data, which can either be discrete (e.g. anomaly coefficients) or continuous (e.g. coupling functions). If we compactify this theory on a circle and we push it to the Coulomb
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branch we obtain a setup with both massless states, given by Kaluza-Klein zeromodes and Cartan vectors, and massive states, given by all excited Kaluza-Klein states and/or states that become massive
upon gauge symmetry breaking.
In the vast majority of cases the effects of these massive states on the low-energy d-dimensional
dynamics of massless states are suppressed by the inverse of the compactification radius and are
thus negligible. Instead of properly integrating out these states we can simply truncate them away.
Some d-dimensional couplings, however, are sensitive to the presence of massive states via quantum
corrections that are independent of the radius of the circle. We will analyze in detail an example of
such a coupling in chapter 9. In this case more care is needed in order to obtain the correct effective
action for d-dimensional massless states.
Performing the circle compactification on the F-theory side corresponds to inverting the blow-down
process that connects M-theory on the resolved fibration X̃n+1 to M-theory on the singular fibration
Xn+1 with vanishing fiber volume. As noted above, the d-dimensional effective action of M-theory on
X̃n+1 can computed in the supergravity approximation and the process of resolution automatically
integrates out all massive M2-branes states at the classical level. We thus have to compare the quantum
circle reduction of the sought-for F-theory effective action to the classical Calabi-Yau reduction of
eleven-dimensional supergravity. This comparison gives us the necessary information to fix all the
characteristic data that enter the parametrization of the F-theory effective action.
In chapter 7 this program will be carried out in detail in the case of F-theory compactified on
an elliptically fibered Calabi-Yau threefold. A suitable generalization of this prescription will also
be the starting point of our discussion of four-dimensional compactifications of F-theory on Spin(7)
manifolds.
As a final remark, let us stress that the relations (3.67) between the p-forms resulting from expansion of the M-theory three-form and the p-forms of Type IIB on a circle can still be applied to the
present context. We are therefore able to follow all light bosonic degrees of freedom through the duality between M-theory and F-theory. A similar analysis could be performed for fermions, but we will
not need to consider them explicitly and we can rely on supersymmetry for determining all fermionic
terms of the relevant effective actions in terms of their bosonic terms. The situation is more subtle in
the context of F-theory compactified on a Spin(7) manifold: a discussion of this topic is postponed to
chapter 8.

5.4

Sen’s weak-coupling limit

The power of F-theory resides in its ability to encode the physics of the gauge fields and charged
matter associated to seven-branes into the geometry of the elliptically fibered Calabi-Yau (n + 1)-fold.
Note in particular that from the perspective of the M-theory/F-theory duality seven-branes can be
seen as solitonic excitations of the bulk fields of M-theory. This is ultimately related to the fact that
Type IIA D6-branes are lifted to pure geometry in M-theory, as recalled in section 3.3.
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There exists, however, a suitable limit in the complex structure moduli space of the elliptically
fibered Calabi-Yau (n + 1)-fold in which the F-theory setup can be described with the language of
perturbative Type IIB superstring theory. This limit is due to Sen [129] and stems from the observation
that the most general f , g entering the Weierstrass equation (5.22) can be conveniently parametrized
as
f = C η − 3 h2 ,
g = h(C η − 2 h2 ) + C 2 χ ,
(5.38)
where η, h, χ are locally given by polynomials in the affine coordinates u1 , . . . , un on the base Bn of
the fibration, while C is a complex constant. The parametrization (5.38) is engineered in such a way
that the series expansion of the discriminant ∆ given in (5.19) as C → 0 has no O(C 0 ) and O(C 1 )
terms,
∆ = −9 h2 (η 2 + 12 χ h) C 2 + O(C 3 ) .
(5.39)
The Klein j-invariant of the elliptic fibration (5.21) has a Laurent expansion in C that starts with a
second order pole,
 
1
12 · 243 h4 1
.
(5.40)
+O
j(τ ) = 2
2
η + 12 χ h C
C
This expression shows that, away from the special loci h = 0 and η 2 + 12 χ h = 0, the string coupling
can be made arbitrarily small by taking the limit C → 0. In order to have control over the setup we
have to show that the special loci can be described in terms of objects of perturbative Type IIB.
From (5.39) we see that the dominant term in the discriminant expansion has a factorized form. It
thus described two distinct codimension-one loci on the base Bn . In order to identify the nature of the
objects sitting at these loci one has to study the monodromies around them, as outlined schematically
in section 5.1.2. We do not perform here this analysis, and rather state the result. The monodromy
around the component h = 0 is encoded in the matrix (5.15), signaling the presence of an O7-plane.
√
The locus η 2 + 12 χ h = 0 can be thought of in terms of its components η = ± −12 χ h; each of them
can be shown to have monodromy given in (5.11) corresponding to a D7-brane. In summary,
O7 : h = 0 ,

D7 : η 2 + 12 χ h = 0 .

(5.41)

The presence of an O7-plane suggests that the base of the fibration Bn should be though of as the
quotient of a suitable space Xn under the action of an involution whose fixed points lie at h = 0. This
expectation is indeed confirmed: the space Xn can be described introducing an additional variable ξ
together with an additional equation
Xn : ξ 2 = h .
(5.42)
Actually, the Calabi-Yau condition (5.33) for the elliptic fibration Xn+1 implies that Xn is a CalabiYau n-fold. From (5.42) we see that Xn is a double cover of the base space Bn branched over the
locus h = 0. The geometric involution acting on Xn is
σh : ξ 7→ −ξ ,

(5.43)

O1 = Ωp σh (−1)FL ,

(5.44)

and yields the full orientifold action

where Ωp is the world-sheet parity operator and (−1)FL is the spacetime left-moving fermion number.
The need for the inclusion of the latter was motivated in section 2.3.

5.5. Remarks on G4 -flux in four-dimensional F-theory setups
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In F-theory compactifications to six dimensions with minimal supersymmetry both the bulk physics
and the localized gauge and matter sectors can be understood purely in terms of the geometry of the
underlying elliptically fibered threefold. The situation is qualitatively different for four-dimensional Ftheory compactifications: the geometric data of the fourfold have to be supplemented by the inclusion
of a suitable G4 -flux, i.e. a background value for the field strength of the M-theory three-form. A
thorough analysis of the problem lies beyond the scope of this work, so we refer the reader to the
review [102] and references therein for an introduction.
Our discussion of compactification of eleven-dimensional supergravity on an unwarped product
background of the form (4.26) is valid only at the two-derivative level and is modified by the introduction of higher-curvature corrections. Some of them are known [81, 82] and can have a sizable effect
also in the large volume limit, i.e. in the limit in which all length scales of the internal manifold are
large compared to the eleven-dimensional fundamental length `M . When such effects are taken into
account the correct Ansatz for the dimensional reduction must include a non-trivial warp factor, like
in (4.25). A convenient parametrization for the problem at hand is
hĝµ̂ν̂ (x̂)idx̂µ̂ dx̂ν̂ = e−A(y) gµν (x) dxµ dxν + eA(y)/2 gmn (y) dy m dy n .

(5.45)

Collecting a prefactor eA(y)/2 in the internal part of the metric is useful because the requirement of
N = 2 supersymmetry in the three external dimensions (four real supercharges) implies that gmn is
still a Ricci-flat Calabi-Yau metric even for non-trivial warp factor A(y). Moreover, supersymmetry
requirements and three-dimensional Poincaré symmetry demand that the background G4 -flux be of
the form
1
(5.46)
Ĝ4 = − µνρ ∂m e−3A/2 dxµ ∧ dxν ∧ dxρ ∧ dy m + G4 ,
3!
where G4 has all four legs along the internal space. This internal flux has to satisfy the celebrated
tadpole cancellation condition
Z
1
χ
G4 ∧ G4 + NM2 =
,
(5.47)
24
2`6M X4
where χ is the Euler characteristic of the Calabi-Yau fourfold X4 and NM2 is the number of spacetimefilling M2-branes included in the compactification setup. (Since their world-volume fills external
spacetime they are compatible with three-dimensional Poincaré symmetry and there is no a priori
argument to exclude their presence.) As a consequence of (5.47) if the fourfold has χ > 0 we have
to turn on a non-vanishing G4 -flux and/or to include some spacetime-filling M2-branes in order to
have a consistent vacuum. If χ < 0 no supersymmetric vacua can be found, since the left hand side
to (5.47) can be shown to be non-negative. Finally, if χ = 0 it is consistent to turn off the flux and
to introduce no spacetime-filling M2-branes. This special case has been recently revisited in [130],
were it was found to have enhanced off-shell supersymmetry. The terminology ‘tadpole cancellation
condition’ comes from the observation that (5.47) constitutes the M-theory/F-theory generalization
of the Type IIB D3-brane tadpole cancellation condition reviewed e.g. in [131], which in turn can
actually be interpreted as a condition for the absence of tadpoles in string diagrams.
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The previous argument for the necessity of a non-trivial G4 -flux along some four-cycle of the
Calabi-Yau fourfold X4 is based on the physics of bulk fields and holds in M-theory irrespectively of
the duality with F-theory. In the latter context, however, a non-zero flux is also needed in order to
allow for massless fermions in chiral representations of the gauge group living on the world-volume
of seven-branes. This can already be seen in perturbative Type IIB. The generic intersection of
two spacetime-filling D7-brane stacks wrapping divisors on the base B3 is six-dimensional and carries
charged chiral fermions. In order for these six-dimensional chiral spinors to reduce to four-dimensional
chiral spinors it is necessary to introduce a non-vanishing magnetic flux along the world-volume of
the D7-branes. The same argument generalizes to seven-brane stacks in F-theory. The flux along the
world-volume of seven-branes is uplifted to suitable components of the M-theory G4 -flux. The latter
are related to chiral matter via the index formula [132, 133, 134, 135, 136, 137, 138, 139]
Z
1
G4 .
(5.48)
χ(R) = 3
`M SR
Let us comment this equation. Suppose we have a codimension-two locus on the base B3 of the
elliptic fibration, i.e. a curve CR ⊂ B3 , where two seven-branes stacks intersect yielding a singularity
enhancement that is associated to the representation R of the gauge group of the F-theory setup.
The quantity on the left hand side of (5.48) is the chiral index of the representation R, defined as the
net number of chiral massless four-dimensional fermions transforming in the representation R. The
resolution of the codimension-two singularity along CR introduces new resolution P1 ’s in the geometry
of the smooth fourfold X̃4 . By fibering these P1 ’s over CR we obtain a surface SR ⊂ X̃4 , which is
commonly referred to as matter surface and which is the four-cycle over which the G4 -flux is integrated
in the right hand side of (5.48).
As pointed out in section 5.3, charged matter is massive on the Coulomb branch of the threedimensional gauge theory on the M-theory side of the duality. It is therefore not possible to access
chiral fermions directly at the level of the effective action derived by means of F-theory/M-theory
duality. Nonetheless the identification between massive M2-brane states in M-theory and massive
Kaluza-Klein modes and W-bosons in F-theory allows one to make contact to (5.48) in the context of
F-theory/M-theory duality by taking into account quantum corrections of three-dimensional ChernSimons terms induced at one-loop by massive Kaluza-Klein modes and W-bosons, see e.g. [140]. This
three-dimensional mechanism is the direct analog of the five-dimensional mechanism that we will study
in greater detail in chapter 9.

CHAPTER

6

The puzzle of (2,0) theories

This chapter is devoted to a brief overview about some known results in the study of six-dimensional
theories with (2,0) supersymmetry. We first recall the string theory and M-theory arguments in
favor of the existence of non-trivial interacting field theories with this amount of supersymmetry.
Next, we consider some general features that can be inferred without any detailed knowledge of the
structure of interactions. Finally, we review in particular the connection between (2,0) theories and
five-dimensional maximally supersymmetric Yang-Mills. This is connected to the proposal for a fivedimensional description of (2,0) theories formulated in chapter 11.

6.1

Non-trivial infrared dynamics from string theory and M-theory

One of the most interesting insights provided by the so-called second superstring revolution has been
the discovery of a novel kind of interacting quantum field theory in six dimensions. Such theories
emerge as a non-trivial infrared fixed point in the RG flow of the dynamics of Type IIB compactified
on a singular K3 surface [141] or of a stack of coincident M5-branes in M-theory [142, 143]. Let us
briefly review the evidence in favor of the existence of these new theories.
Compactification of Type IIB superstring theory on a smooth K3 surface yields a six-dimensional
low-energy effective theory with (2,0) supersymmetry, i.e. with 16 real supercharges organized into
two complex Weyl spinors of the same chirality. It is useful to recall that in supergravity theories with
(2,0) supersymmetry there exist only two kinds of supermultiplets with spins lower than or equal to
two:
• supergravity multiplet, consisting of the graviton, five self-dual tensors, and two positive-chirality
complex Weyl gravitini;
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• tensor multiplet, consisting of one antiself-dual tensor, five real scalars, and two negative-chirality
complex Weyl spinors, referred to as tensorini.
In particular (2,0) supersymmetry forbids the presence of massless vectors in the low-energy spectrum
of the theory. In the case of Type IIB on a smooth K3 surface, the resulting six-dimensional theory
consists of the supergravity multiplet together with 21 tensor multiplets. Indeed, a smooth K3 surface
has three self-dual harmonic two-forms and 19 antiself-dual harmonic two-forms. Expansion of the selfdual four-form C4 of Type IIB onto harmonic two-forms of K3 yields therefore three self-dual tensors
and 19 antiself-dual tensors. Furthermore, the Type IIB two-forms B2 and C2 provide additional two
self-dual tensors and two antiself-dual tensors. In total we thus find the five self-dual tensors of the
gravity multiplet and the 21 antiself-dual tensors of the tensor multiplets. Let us mention that this
is the precise number of tensor multiplets needed for anomaly cancellation in six-dimensional (2,0)
theories, as we will see in section 10.2.1.
At special loci in its moduli space a K3 surface can develop orbifold singularities. Those have a
specific structure and can be classified in terms of ADE Dynkin diagrams. Intuitively speaking, these
singularities can be resolved by introducing a collection of resolution P1 ’s whose intersection pattern
contains the same information as the corresponding ADE Dynkin diagram. We have encountered a
very similar situation in chapter 5 when we discussed singularities of the elliptic fibration in the context
of F-theory. There we argued that M2-brane states wrapping the resolution P1 ’s can provide particlelike states in external spacetime that become light as the P1 ’s are shrunk to zero size. In the case of
Type IIB on a singular K3, one finds that D3-branes can wrap the resolution P1 ’s, yielding states in
the six-dimensional theory that become light as the P1 ’s collapse to a point. Crucially, however, these
are now string states in six-dimensions, rather than particle states.
These strings are commonly referred to as non-critical strings. Indeed they do not coincide with
the fundamental Type IIB superstring and their tension—proportional to the area of the resolution
P1 ’s—can be made arbitrarily small in units of the fundamental string tension. Furthermore, their
world-volume does not carry a propagating graviton, i.e. a massless spin-two state. Another crucial
property of these non-critical strings is the fact that they coincide with their own magnetic duals.
This property is inherited by the same property of D3-branes in Type IIB. As a result, these strings
couple naturally to (anti)self-dual tensors in six-dimensions, compatibly with (2,0) supersymmetry.
Another consequence of self-duality of these strings is the fact that their interactions are governed by
an order-one coupling, so that these objects are intrinsically non-perturbative.
As noted above, by tuning the volume of resolution P1 ’s it is possible to make the non-critical
strings arbitrarily light. Their influence on the background spacetime can therefore be neglected
and one expects that the dynamics of the system in the deep infrared can be studied decoupling
the gravitational degrees of freedom. We are thus left with an interacting six-dimensional quantum
field theory with (2,0) rigid supersymmetry. Since K3 singularities can be labelled by ADE Dynkin
diagrams, the same holds for (2,0) theories: we thus have theories of type An , Dn , E6 , E7 , E8 . Loosely
speaking we can then have ‘gauge groups’ SU (n + 1), SO(2n), E6 , E7 , E8 , but clearly this is not a
precise statement since there are no massless vectors in the spectrum and therefore we are dealing
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with a novel kind of theories.
Let us also stress that, since the theory does not have any mass scale, it is scale invariant and,
by virtue of general arguments found e.g. in [144], it is expected to be conformally invariant. It
is interesting to note that in Nahm’s classification of rigid superconformal algebras [30], the sixdimensional (2,0) superconformal algebra is special, in the sense that it is the superconformal algebra
with the highest possible dimension of spacetime.
An alternative realization of non-trivial (2,0) theories is furnished by the study of coincident M5branes in M-theory. First of all, note that an M2-brane can end on an M5-brane. One can check
that such a configuration is compatible with all charges possessed by these extended objects. This
can also be expected by noting that, upon a suitable circle reduction, an M2-brane stretching between
two M5-branes becomes a fundamental string of Type IIA stretching between two D4-branes, which
is undoubtedly an allowed configuration. The world-volume theory of a single M5-brane has (2,0)
supersymmetry. As a result, the only matter multiplet that can live on an M5-brane is a tensor
multiplet, with one antiself-dual tensor. The boundary of an M2-brane ending on a M5-brane defines
a string on the world-volume of the latter. It is natural to think that this string couples to the antiselfdual tensor on the world-volume of the M5-brane. Let us also point out that the five real scalars in
the tensor multiplet have a clear interpretation in terms of the M5-branes: these scalars encode the
fluctuations of the brane in the five spatial directions transverse to its world-volume.
Let us now consider a collection of N parallel M5-branes separated in the transverse five directions.
The light degrees of freedom of the system are those of the eleven-dimensional supergravity multiplet
and of the tensor multiplets on the world-volumes of the M5-brane. We can imagine to flow to the
deep infrared and decouple gravity: we are thus left with a non-interacting theory of tensor multiplets
of (2,0) supersymmetry. If we now put the N M5-branes on top of each other the states coming from
M2-branes stretching between them become massless. By analogy to the D-brane picture one is led
to conclude that these additional massless states are responsible for some sort of ‘gauge symmetry
enhancement’ that yields a non-trivial interacting theory. Indeed, if we reduce on a circle we get a
stack of N D4-branes in Type IIB with gauge group U (N ) = SU (N ) × U (1). The U (1) factor is
associated to the center-of-mass motion of the D-brane system and is thus uninteresting. We are led
to conclude that a stack of N M5-branes gives rise, upon decoupling gravity and the center-of-mass
degrees of freedom, to an interacting (2,0) theory of type AN −1 .

6.2

Some general features of (2,0) theories

Some properties of interacting (2,0) theories can be derived from general field theory arguments
without any detailed knowledge of the interactions of the system. Let us briefly review some of these
considerations, largely following [144] and [145].
As explained above, (2,0) theories emerge in the deep infrared dynamics of some Type IIB and
M-theory setups, so that they are non-trivial IR fixed points of the RG flow. As a result, they cannot
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possess any dimensionful parameter. They are also expected, however, to be isolated fixed points,
so that they do not have any dimensionless parameter either. This can be contrasted, for instance,
with four-dimensional N = 4 super Yang-Mills, which is a superconformal theory with vanishing
beta-function whose coupling can be tuned at will.
Supersymmetry forces the moduli space of vacua of a (2,0) theory to be locally flat. Away from
possible singularities in moduli space we have a free theory of r tensor multiplets. In the M5-brane
picture they can be thought of as the ‘Cartan’ tensor multiplets living on the world-volume of M5branes which are separated in the transverse directions (modulo the center-of-mass degree of freedom).
More precisely the moduli space is
R5r
,
(6.1)
M=
W
where W is a discrete group. It is identified with the Weyl group of a Lie group G whose Lie algebra
g is determined by the ADE type of the given (2,0) theory.1 By abuse of terminology we will refer to
G as the gauge group of the (2,0) theory.
Let B α , α = 1, . . . , r be the antiself-dual tensors in the free theory at a generic point in moduli
R
space. They have naturally mass dimension two, so that their integral C2 B α on a two-cycle C2 is
 R

dimensionless. In order for the ‘Wilson surface’ operator exp i C2 B α to be invariant under large
gauge transformations of B α , the field strengths H α = dB α must satisfy the quantization condition
Z
H α ∈ 2π Z ,
(6.2)
C3

where C3 is an arbitrary three-cycle in six-dimensional spacetime. The possible H-fluxes define therefore an r-dimensional lattice Γ known as the charge lattice of the (2,0) theory. It has been shown that
it has to be a self-dual lattice [147]. Moreover, it is identified with the weight lattice of the gauge
group G of the theory.
No six-dimensional Lagrangian description is known for the interacting theories at the singular
points in moduli space, and it is not even known if a Lagrangian can exist at all. This is due to the
fact that, since the theory is superconformal, the coupling does not run and is therefore always fixed
at some non-perturbative value. Nonetheless, it is possible to define the partition function of a (2,0)
theory without reference to any action, as shown in [148]. The analysis there also reveals that, in order
to define a (2,0) theory, a choice has to be made of suitable discrete topological data of six-dimensional
spacetime, which can be intuitively thought of as the tensor analog of the spin structure required for
defining fermions.
Different strategies can be applied to circumvent the absence of an action formulation for (2,0)
theories. For instance, (2,0) theories of type An admit a formulation in terms of matrix models
[149, 150, 151] that describes part of their dynamics. Gauge/gravity duality can also be used to infer
some general properties of the local operators of the full interacting quantum theory, see e.g. [152].
Anomalies provide another robust window on some aspects of (2,0) that do not depend on the details
1
Note that there can be different groups G with the same algebra g. A discussion of this subtle point is beyond our
scope, and we refer the reader to [146, 145] for further explanations.
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of the interactions. In particular the analysis of [153] reproduces the N 3 scaling of degrees of freedom
of a (2,0) theory, already mentioned in section 3.5. The same scaling behavior has been deduced
with different approaches in [154, 155, 156]. Anomalies are also related to proposals about certain
topological couplings that the full interacting theory should possess [157, 158].
Finally, let us mention that, even if we do not have full control over the dynamics of interacting
(2,0) theories, they have been successfully exploited to generate a rich class of four-dimensional N = 2
gauge theories. Arguably the most known example is furnished by the theories defined in [159] by
compactifying the A1 (2,0) theory of a punctured Riemann surface. This construction prompted many
further developments, most notably the AGT correspondence of [160].

6.3

(2,0) theories and five-dimensional super Yang-Mills

Let us consider the circle reduction of a (2,0) theory at a generic point in its moduli space, where we
have the non-interacting tensors B α , α = 1, . . . , r. As we will discuss in greater detail in section 10.1, a
(anti)self-dual tensor on a circle yields one massless vector and a Kaluza-Klein tower of massive tensors.
At sufficiently low energies these massive states can be neglected and we are left with a collection of
vectors Aα with gauge group U (1)r . Suppose we move to a singular point in the moduli space (6.1) of
the (2,0) theory. It is possible to argue that, from a five-dimensional perspective, additional vectors
become massless, which enhance U (1)r to a non-Abelian gauge group. If we start from a (2,0) theory
of type AN −1 , so that r = N − 1, the discussion of the previous section indicates that this group
is SU (N ). In summary, we obtain maximally supersymmetric Yang-Mills theory (MSYM) in five
dimensions with gauge group SU (N ).
The gauge coupling of MSYM is given by [144]
2
gYM
= 4π 2 R ,

(6.3)

where R is the radius of the compactification circle. This is consistent with the fact that gYM has mass
dimension −1/2 in five dimensions and that there are no dimensionful nor dimensionless parameters
in the (2,0) theory. In (6.3) we have adopted the normalization of e.g. [161] and [34], which is natural
in the discussion of Kaluza-Klein momentum and instanton number developed below.
From the Type IIB and M-theory analysis of section 6.1 we know that (2,0) theories possess sixdimensional string excitations. These are BPS states and become tensionless at the point of the moduli
space (6.1) where the theory is non-trivial. Let us follow these string states in the circle reduction of
the (2,0) theory.
If a six-dimensional string wraps the compactification circle it yields a particle state in five dimensions. We will always consider strings with winding number one along the circle. In the simplest
possible case the string lies in its ground state and carries no Kaluza-Klein momentum along the circle.
We identify such a state with a W-boson of five-dimensional MSYM. If instead the string has some
Kaluza-Klein momentum,
n
m=
,
n 6= 0 ,
(6.4)
R
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the associated particle state in five dimensions is a soliton of MSYM, which is conveniently thought
of as the uplift of a four-dimensional instanton. These solitons can therefore carry a non-vanishing
instanton number
Z
Z
1 1
tr(F ∧ F ) ,
(6.5)
p1 (E) = −
n=
2 (2π)2 Σ4
Σ4
where Σ4 is a spatial slice of five-dimensional spacetime, E denotes the non-Abelian gauge bundle,
p1 (E) is its first Pontryagin class, F is the non-Abelian field strength, and tr is the trace in the
fundamental representation of SU (N ). The integers n in (6.4) and (6.5) are actually identified: excited
Kaluza-Klein modes of a wrapped string are the same as Yang-Mills instantons with non-vanishing
instanton number [162]. In [34] these correspondence has been extended including states that carry
electric charge under the five-dimensional gauge group.
If a six-dimensional string does not wrap the compactification circle it yields a string in five
dimensions. These states can be realized in MSYM as an uplift of four-dimensional ’t Hooft-Polyakov
monopoles. As shown in [34] one can find BPS string-like states that have a non-vanishing instanton
number and magnetic charge: they can be identified with the modes of a six-dimensional string that
does not wrap the compactification circle, but has some Kaluza-Klein momentum along that direction.
Given the presence of BPS strings in six-dimensional (2,0) theories, it is not obvious a priori if
these theories are better understood as quantum field theories satisfying the usual locality axioms,
or rather as theories of strings, i.e. extended, non-local objects. The connection to five-dimensional
MSYM suggests that the former interpretation is the correct one [144]. In fact, we have seen that a
wrapped string with no Kaluza-Klein momentum is interpreted as a W-boson, which is an elementary
field of MSYM. Wrapped strings with Kaluza-Klein momentum, or unwrapped strings, are identified
with solitonic excitations of MSYM, which are intuitively speaking made out of W-bosons, and thus
do not represent new independent elementary objects. If we were to regard the six-dimensional string
as an elementary object we would overcount elementary degrees of freedom of MSYM.
It is important to recall that five-dimensional MSYM theory is power-counting non-renormalizable.
Thus it is not clear if its classical Lagrangian suffices to describe physics at high energies, or if it has
to be supplemented by additional information related to UV degrees of freedom. Note also that
(2,0) theories are expected to be finite quantum field theories: they would then provide a possible
UV completion for five-dimensional MSYM. In [33] it has been conjectured that this relation can
be reversed: five-dimensional MSYM theory in the infinite-coupling limit (with all non-perturbative
effects taken into account) is equivalent to the (2,0) theory, without the need of any new degree of
freedom. The fact that Kaluza-Klein excited modes are already present in the form of five-dimensional
solitons is consistent with this picture. If this conjecture is true it has deep implications on the structure
of perturbative divergences of five-dimensional MSYM [33], which has been proven to suffer from UV
divergences starting at six loops [163].
Other pieces of evidence in favor of a strong connection between (2,0) theories and five-dimensional
MSYM comes from the computation of suitable conformal indices of the latter theory on manifolds
such as S 5 or CP2 × S 1 , see for instance [164, 165, 166] and references therein. These computations
show that a path integral based on the classical action for the massless fields of the Yang-Mills theory
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is able to reproduce the N 3 scaling of the degrees of freedom of a six-dimensional (2,0) theory. As
a final remark we would like to draw the attention of the reader to [167], where the proposal of the
equivalence between (2,0) theories and MSYM is contrasted with deconstructing techniques, and [168],
where the relation between (2,0) theories and MSYM involves the emergence of a timelike, as opposed
to spacelike, direction.
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CHAPTER

7

Effective action for six-dimensional F-theory
compactifications

This chapter is devoted to the analysis of the six-dimensional effective action of F-theory compactifications on elliptically fibered Calabi-Yau threefolds. We will thus substantiate the duality between
F-theory and M-theory described in section 5.3 by implementing explicitly the prescription for the
extraction of the desired six-dimensional action from the dynamics of M-theory on the resolved CalabiYau threefold. In particular we will match the anomaly coefficients in six dimensions with topological
data of the elliptic fibration. A careful analysis of the five-dimensional Chern-Simons terms on both
sides of the duality reveals the importance of quantum corrections induced by massive Kaluza-Klein
states.

7.1

F-theory and the space of six-dimensional (1,0) supergravities

The study of effective theories arising in string compactifications is clearly of crucial importance both
from a conceptual as well as phenomenological point of view. It is now believed that there is a vast
landscape of four-dimensional effective theories with minimal or no supersymmetry arising in string
theory, but it is an open problem to systematically characterize these theories [169, 131, 102]. A
systematic study becomes more tractable in compactifications to higher dimensions and with more
supersymmetry. Highly supersymmetric compactifications have a more constrained effective theory,
and arise from restricted classes of candidate string constructions. In the maximally supersymmetric
case the theory and compactification geometry are in fact almost unique.
An intermediate scenario is provided by six-dimensional (1, 0) supergravity theories [170]. While
there are strong constraints both from supersymmetry and anomalies in this dimension, the moduli
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space of these theories still permits a rich structure and is not fixed by the symmetries. In particular
the effective action can feature various non-Abelian gauge groups and non-trivial matter representations. The (1, 0) multiplets in the spectrum are the gravity multiplet, a number of tensor and vector
multiplets, as well as hypermultiplets. The latter can be either neutral, i.e. transform as singlets
under the gauge group, or be charged, i.e. transform in non-trivial representations. We will refer to
the second class of hypermultiplets as matter hypermultiplets.
In the last years a systematic study of six-dimensional (1, 0) supergravity theories has been undertaken to study the consistency conditions imposed by quantum gravity [170]. In six dimensions there
are gravitational, gauge, and mixed gauge-gravitational anomalies. These impose constraints on the
number of multiplets, and link the matter spectrum to the anomaly coefficients; see e.g. [171, 172, 173].
A fruitful starting point has been to ask for a realization of these supergravity theories as a compactification of F-theory on Calabi-Yau threefolds [174, 175, 176, 177, 178, 179, 180, 181, 182, 183]. Indeed,
F-theory constructions cover a large part of the space of six-dimensional (1,0) theories that can be
obtained from string theory. Furthermore the elliptic fibration structure of the Calabi-Yau threefolds
entering the compactification makes it possible to undertake a classification of vacua based on the
classifications of the possible Kähler two-folds that can be chosen as a basis of the fibration [184].
Topological transitions among the various bases translate into extremal tensionless string transitions
from the point of view of the low-energy effective theory in six dimensions [185, 186].
These considerations constitute one of the main motivations for a detailed analysis of the duality
between F-theory and M-theory in six dimensions. In particular this framework provides an excellent
playground to get a better understanding of the correspondence between massive M2-brane states
on the M-theory side and massive Kaluza-Klein and W-bosons in the circle compactification of the
F-theory effective action. Indeed, we will be able to match the classical Chern-Simons terms of Mtheory on the resolved Calabi-Yau threefold with the quantum-corrected Chern-Simons terms of the
circle compactification. Our analysis applies to the case in which the gauge group is semi-simple,
with no Abelian factor. In [187] it has been extended it to include U (1) gauge bosons. The study
of the low-energy F-theory effective action performed there confirms some results previously found
in [182, 183] about the relation between geometry and anomalies in the presence of U (1) factors.
It also reveals interesting patterns in the quantum corrections to Chern-Simons levels induced by
Kaluza-Klein modes and W-bosons.
Another motivation for the study of six-dimensional F-theory models comes from the observation
that they can provide useful insights that can be successfully adapted to more complicated fourdimensional F-theory setups. For example, the relevance of quantum corrections to Chern-Simons
couplings in the context of F-theory/M-theory duality can already be appreciated in six dimensions.
The analysis of anomaly cancellation and Green-Schwarz mechanism for F-theory compactifications on
Calabi-Yau fourfolds performed in [140] can be seen as an interesting generalization to four dimensions.
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7.2

Elliptically fibered Calabi-Yau threefolds

The general features of an elliptically fibered Calabi-Yau space presented in Weierstrass form have
already been described in section 5.2.2. In order to derive the effective action of a (1,0) F-theory setup
in six dimensions, however, we need more information about the topology and geometry of elliptically
fibered Calabi-Yau threefolds.
Let π : X3 → B2 be a possibly singular elliptically fibered Calabi-Yau threefold described by the
Weierstrass equation (5.22). Recall from section 5.2.2 that the vanishing locus of the discriminant ∆
defined in (5.19) correspond to degenerations of the elliptic fiber. These may or may not correspond
to singularities of the total space X3 . We are thus led to represent the divisor class [∆] as
[∆] =

X

νA [SA ] + [∆0 ] ,

(7.1)

A

where [SA ] are the classes of the irreducible, effective divisors SA on which the Calabi-Yau threefold
develops a singularity, while [∆0 ] is the residual class associated to singularities of the fibration which
leave the total space smooth. Singularities of the Calabi-Yau threefold along SA correspond to stacks
of seven-branes on SA which admit a non-Abelian gauge theory on their world-volume. As already
mentioned in section 5.2.3, possible gauge groups can be classified looking at the possible singularities
which occur in X3 [175, 188, 189, 190]. The constants νA are related to group-theoretical invariants.
The divisor ∆0 is wrapped by a single seven-brane with no massless gauge bosons on its world-volume.
Furthermore, if [∆0 ] and some of the [SA ]’s have non-vanishing intersection, singularity enhancements
take place, which give rise to charged matter in the Type IIB picture. As explained in section 5.3 it
is useful to resolve the singularities of X3 to obtain a smooth Calabi-Yau threefold X̃3 . The canonical
way of doing that, both if the singularity locus is a point and if it is a smooth curve, is discussed in
[175, 188, 191]. For our purposes we do not need to perform the resolution explicitly, but we rather
need only some general patterns of the topology of the resulting smooth space X̃3 .
Let us collect some results about divisors and intersection numbers of an elliptically fibered CalabiYau threefold. Recall that strict SU (3) holonomy is always understood in our terminology. It is simpler
to start with the case of a smooth threefold X3 . On such a space there is a natural set of divisors
which span H4 (X3 , R). Firstly, one has the section of the fibration which is homologous to the base
B2 . Secondly, there is the set of vertical divisors Dα which are obtained as Dα = π −1 (Dαb ), where
Dαb is a divisor of B2 and π is the projection to the base π : X3 → B2 . For these smooth elliptic
fibrations one has h1,1 (B2 ) = h1,1 (X3 ) − 1 such divisors. Let ω0 , ωα be the two-form cohomology
classes Poincaré dual to the divisor classes [B2 ], [Dα ]. It is useful to record some facts concerning
intersections of divisors for smooth elliptic fibrations. Due to the fibration structure one has
Dα ∩ Dβ ∩ Dγ = 0 .

(7.2)

We also introduce the matrix ηαβ by defining
ηαβ = Dαb ∩ Dβb = B2 ∩ Dα ∩ Dβ .

(7.3)
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Note that ηαβ is a non-degenerate symmetric matrix of signature (+, −, . . . , −) with h1,1 (B2 )−1 minus
signs. Finally, let us recall the cohomological identity1
ω0 ∧ ω0 + c1 (B2 ) ∧ ω0 = 0 .

(7.4)

We also introduce the vector K α by expanding the first Chern class of the base B2 onto a basis
two-forms dual to vertical divisors as
− c1 (B2 ) = K α ωα .

(7.5)

Some basic formulas for the base B2 of X3 will be useful later. The Euler number χ(B2 ) and the
integral of c21 (B2 ) can be generally evaluated as
Z
Z
1,1
c21 (B2 ) = K α K β ηαβ = 10 − h1,1 (B2 ) ,
(7.6)
c2 (B2 ) = 2 + h (B2 ) ,
χ(B2 ) =
B2

B2

where we have used (7.5) and the fact that
manifold.

h1,0 (B

2)

= h2,0 (B2 ) = 0 for a base of a Calabi-Yau

Let us now take into account a singular Calabi-Yau threefold X3 and its resolution X̃3 . For the
sake of simplicity, we will restrict ourselves to the case of a single seven-brane stack, thus omitting the
sum over index A in (7.1). We thus have a simple gauge group G and we can write [∆] = ν[S] + [∆0 ].
Let Di be the exceptional divisors of the resolved threefold X̃3 . They were introduced in general
terms in section 5.2.3, where it was argued that the index i runs from 1 to rank G. Recall also that
the cohomology class Poincaré dual to [Di ] is denoted ωi . Furthermore, let us expand the divisor S
wrapped by the stack of branes in a basis two-forms dual to vertical divisors as
PD([S]) = C α ωα .

(7.7)

Note that, after resolution, this is replaced by
PD([Ŝ]) = C α ωα + ai ωi ,

(7.8)

where ai are the Dynkin numbers characterizing the Dynkin diagram of G.2 Exceptional divisors enjoy
the following properties
B2 ∩ Di = 0 ,
Dα ∩ Di ∩ Dj = −Cij B2 ∩ Dα ∩ S ,
Dα ∩ Dβ ∩ Di = 0 ,

(7.9)

where Cij is the Cartan matrix of the group G.
We are now in a position to summarize all intersection numbers on the resolved Calabi-Yau threefold X̃3 . We have found a cohomology basis {ω0 , ωα , ωi } which can be denoted collectively as {ωΛ }.
As in section 4.5.2 intersection numbers are defined as
Z
VΛΣΘ =
ωΛ ∧ ωΣ ∧ ωΘ .
(7.10)
X̃3

1

We will be slightly sloppy with the notation in the following, since we do not explicitly indicate that certain quantities,
e.g. the first Chern class c1 (B2 ), have to be pulled back from B2 to the Calabi-Yau threefold.
2
Note that after singularity resolution also (7.5) is modified by the addition of non-trivial ωi terms. Nonetheless,
these terms do not affect the following discussion on intersection numbers, thanks to identities (7.9)
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Identities and properties listed above imply that intersection numbers must satisfy
V000 = ηαβ K α K β ,

V0iΛ = 0 ,

V00α = ηαβ K ,

Vαij = −Cij ηαβ C ,

V0αβ = ηαβ ,

Vαβi = 0 ,

β

(7.11)
β

Vαβγ = 0 ,
where Λ = 0, α, j. As far as Vijk is concerned, in general it is non-vanishing, but otherwise unconstrained by our discussion so far. These intersection numbers arise from intersecting exceptional
divisors. In fact, as we will discuss below, they will be linked to group-theoretical factors depending
on the charged matter content of the gauge theory.

7.3

Generalities on six-dimensional (1,0) supergravity

In this section we review some basic facts about the spectrum and the dynamics of a generic sixdimensional supergravity model with (1, 0) supersymmetry, corresponding to 8 real supercharges.

7.3.1

Field content

Massless states in six dimensions are classified by representations of the little group SO(4) ∼
= SU (2) ×
SU (2) and are therefore labelled by a couple of integer or half-integer spins, (jL , jR ). Four different kinds of supersymmetric multiplets can be constructed, restricting to spin less or equal to two
[173]. We list them following the chirality conventions which are more common in the six-dimensional
supergravity literature, see e.g. [192]:
• gravity multiplet: (1, 1) ⊕ 2(1, 21 ) ⊕ (1, 0), i.e. the graviton, one Weyl3 left-handed gravitino, one
self-dual two-form;
• vector multiplet: ( 21 , 12 ) ⊕ 2( 21 , 0), i.e. one vector and one Weyl left-handed gaugino;
• tensor multiplet: (0, 1) ⊕ 2(0, 21 ) ⊕ (0, 0), i.e. one antiself-dual two-form, one Weyl right-handed
tensorino, one real scalar;
• hypermultiplet: 2(0, 21 ) ⊕ 4(0, 0), i.e. one Weyl right-handed hyperino and two complex scalars.
A general model features one gravity multiplet, nV vector multiplets, nH hypermultiplets, nT tensor
multiplets. The (anti)self-duality condition is incompatible with a naive Lagrangian formulation,
because the usual kinetic term for two-forms vanishes identically once it is taken into account. This is
a six-dimensional analog of the problem one faces in writing the Ramond-Ramond effective action for
3
An equivalent formulation makes use of a SU (2) doublet of Weyl left-handed gravitini (SU (2) is the automorphism
group of the supersymmetry algebra), supplemented by a symplectic Majorana condition. Similar remarks apply to all
other fermions. This explains why this model is sometimes referred to as N = 2 in the literature.
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C4 in Type IIB supergravity, see section 2.2. In six dimensions in the special case nT = 1 the antiselfdual two-form from the gravity multiplet and the self-dual two-form from the tensor multiplet can be
combined into a two-form without any self-duality property, and the standard Lagrangian formulation
applies. Nonetheless, a set of consistent, supersymmetric, two-derivative, classical equations of motion
is known for arbitrary nT [192]. We can still derive them from variation of a suitable pseudoaction,
imposing the self-duality condition after computation of functional derivatives, as usual.
We will always restrict ourselves to the bosonic content of the model, and adopt notations described
below. First of all, we denote all six-dimensional two-forms collectively as B̂ α , where α = 1, ...nT + 1.4
The scalars coming from the nT tensor multiplets parameterize the quotient
SO(1, nT )/SO(nT ) .

(7.12)

It is customary to describe this coset scalar manifold by means of a vielbein formalism. We refer the
reader to e.g. [192] for a detailed account. For our present discussion we need only to recall that a
constant SO(1, nT ) metric Ωαβ is introduced, along with a set of nT + 1 scalar fields j α . The metric
Ωαβ has mostly minus Lorentzian signature (1, nT ), and the scalars j α are subject to the constraint
Ωαβ j α j β = 1 .

(7.13)

Moreover, the scalar manifold is endowed with another non-constant, positive definite metric gαβ ,
which is given in terms of Ωαβ , j α by
gαβ = 2jα jβ − Ωαβ ,

(7.14)

where jα = Ωαβ j β . This metric is needed to write down the (anti)-self-duality condition for B̂ α in a
SO(1, nT ) covariant way, as we will see in equation (7.42).
As far as vectors are concerned, in this section we consider a supergravity model with semi-simple
Q
gauge group G = i Gi . For each simple factor Gi let gi be the corresponding Lie algebra. We denote
the gi -valued gauge one-form by Âi , and matrix multiplication will always be understood. Moreover,
we use anti-Hermitian generators so that the expression for the non-Abelian field strength two-form
reads
F̂i = dÂi + Âi ∧ Âi = dÂi + 21 [Âi , Âi ] ,

(7.15)

where here and in what follows no sum over i is understood. The field strength transforms covariantly
under the gauge transformation
δ Âi = dλ̂i + [Âi , λ̂i ] ,

(7.16)

where the gauge parameter λ̂i is a gi -valued zero-form. Let us recall the definition of the Chern-Simons
three-form


ω̂iCS = tr Âi ∧ dÂi + 23 Âi ∧ Âi ∧ Âi ,
(7.17)
4
Later on we will identify nT + 1 = h1,1 (B2 ) in the duality to M-theory. This provides the match of the indices of
the present section with the ones of section 7.2.
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where the trace is taken in a suitable representation of gi . More details about our normalization for
gauge traces will be given below when we review anomalies in six dimensions. It is also useful to recall
two key properties of the Chern-Simons three-form,
δ ω̂iCS = tr dλ̂i ∧ dÂi ,

dω̂iCS = tr F̂i ∧ F̂i .

(7.18)

Next, let us make some remarks about the hyper sector. Each hypermultiplet contains four real
scalars and therefore we use the notation q U (U = 1, ..., 4nH ). These scalar fields can be considered as
real coordinates for a quaternionic manifold, whose metric we write as hU V . The geometric structures
of quaternionic manifolds have been studied intensively, see e.g. [193, 194]. Since our main focus will
be on the tensor and vector multiplet structure, we will refrain from giving a detailed account of
these results here. However, in the following we will need to consider some aspects of charged hypermultiplets. The only piece of information relevant to our discussion is the six-dimensional covariant
derivative, which reads schematically
D̂q U = dq U + ÂI (TIR q)U ,

(7.19)

where the index I runs over all generators of the gauge group G, and TIR are the group generators
acting on the scalars q U in the representation R. Several examples of gauged six-dimensional (1, 0)
supergravities are known. We refer the reader to [195, 196, 197, 198] and references therein for a
detailed account on the subject.
Finally, gravitational degrees of freedom are described by means of the vielbein formalism. The
analogue of the one-form gauge connection Â is provided by the so(1, 5)-valued spin connection oneform ω̂, determined by the vielbein through the usual torsionless condition
dê + ω̂ ∧ ê = 0 ,

(7.20)

where matrix multiplication is understood. If `ˆ is a so(1, 5)-valued zero-form which we interpret as
infinitesimal parameter of a local Lorentz transformation, we have
ˆ .
δ ω̂ = d`ˆ + [ω̂, `]

(7.21)

The correct covariant field strength is the curvature two-form R̂, which is constructed out of the spin
connection according to
R̂ = dω̂ + ω̂ ∧ ω̂ ,
(7.22)
and is related to the components of the six-dimensional Riemann tensor R̂λ̂ τ̂ µ̂ν̂ by
R̂â b̂ = 21 êâλ̂ êτ̂b̂ R̂λ̂ τ̂ µ̂ν̂ dx̂µ̂ ∧ dx̂ν̂ ,

â, b̂, = 0, ..., 5 .

(7.23)

We also define a gravitational Chern-Simons three-form

CS
ω̂grav
= tr ω̂ ∧ dω̂ + 23 ω̂ ∧ ω̂ ∧ ω̂ ,

(7.24)

which satisfies
CS
δ ω̂grav
= tr d`ˆ ∧ dω̂ ,

CS
dω̂grav
= tr R̂ ∧ R̂ .

(7.25)
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Note that the right hand side of the last equation is proportional to a characteristic class build from the
curvature two-form. In general, the proportionality constant is fixed by the requirement that suitable
integrals of such classes take integer values. This standard normalization is achieved by inserting a
factor of (2π)−1 for each occurrence of the curvature two-form R̂ specified by (7.23). In order to
improve readability, we will never write down these factors of (2π)−1 in the following. Similar remarks
apply to the five-dimensional curvature two-form introduced in section 7.4.1.

7.3.2

Anomaly cancellation

As we have seen above, the spectrum of a general six-dimensional (1,0) supergravity model contains
chiral fermions and (anti)self-dual two-forms. As a result, gauge, gravitational, and mixed anomalies may appear once one-loop effects are taken into account. Nonetheless, a generalization of the
ten-dimensional Green-Schwarz mechanism [171], due to Sagnotti [172, 177], can be implemented to
generate consistent, anomaly-free theories. Let us review it in the case at hand of a semi-simple gauge
Q
group G = i Gi with no Abelian factor, using the notation of [170].
At the heart of the Green-Schwarz-Sagnotti mechanism lies the observation that tree-level exchange
of quanta of the tensor fields B̂ α can counterbalance one-loop anomalous diagrams. For this to be
possible, the total anomaly polynomial must be of the form
Iˆ8 = 21 Ωαβ X̂4α ∧ X̂4β ,

(7.26)

where we introduced the four-forms
X̂4α = 12 aα tr R̂ ∧ R̂ +

X
i

2bαi λ−1
i trf F̂i ∧ F̂i .

(7.27)

In these expressions aα , bαi are known as anomaly coefficients and transform as vectors in the space
R1,T with symmetric inner product Ωαβ . More precisely, aα , bαi can be shown to be vectors in a lattice,
commonly referred to as the anomaly lattice of the theory [180]. Furthermore, trf denotes the trace
in the fundamental representation, and λi are normalization constants depending on the type of each
simple group factor, as described in [178, 179, 180, 181].
If condition (7.26) is met, the theory can be made anomaly-free by introducing the generalized
Green-Schwarz term
Z
1
GS
Ŝ = −
Ωαβ B̂ α ∧ X̂4β .
(7.28)
2 M6
where M6 denotes six-dimensional spacetime. By computation of the anomaly polynomial Iˆ8 in
terms of the chiral matter content [199] and comparison with the factorized form (7.26), the following
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necessary conditions for anomaly cancellation are found:
nH − nV = 273 − 29nT
X
i
i
xiR BR
0 = Badj
−

(7.29)
(7.30)

R

Ωαβ aα aβ = 9 − nT

1 X i i
−Ωαβ aα bβi = λi
xR AR − Aiadj
6
R

X
1
β
i
i
xiR CR
− Cadj
Ωαβ bαi bi = λ2i
3
R
X ij
α β
xRS AiR AjS
Ωαβ bi bj = λi λj

(7.31)
(7.32)

RS

(no sum over i)

(7.33)

(i 6= j).

(7.34)

Recall that nH , nV , nT are the numbers of hyper-, vector and tensor multiplets in the model. The
i , C i are group theory coefficients defined through
constants AiR , BR
R
tr R F̂i2 = AiR trf F̂i2
tr R F̂i4

=

i
BR
trf F̂i4

(7.35)
+

i
CR
(trf F̂i2 )2 .

(7.36)

Finally, xiR , xij
RS denote the number of matter fields that transform in the irreducible representation
R of gauge group factor Gi , and (R, S) of Gi × Gj , respectively. Note that for groups such as SU (2)
i = 0 and there is no condition 7.30. In order to
and SU (3), which lack a fourth order invariant, BR
simplify the notation, in the rest of this chapter we absorb the group-theoretical prefactor λi into the
definition of the trace,
tr = λ−1
i trf .

(7.37)

In equations (7.17) and (7.18) the symbol tr should be interpreted in this fashion.
The Green-Schwarz term (7.28) contributes to the anomaly polynomial because the tensor fields
transform inhomogeneously under gauge transformations and local Lorentz transformations. More
precisely, we have
X
δ B̂ α = dΛ̂α − 12 aα tr `ˆdω̂ − 2
bαi tr λ̂i dÂi .
(7.38)
i

In this equation Λ̂α is a collection of one-forms which are the parameters of the usual Abelian gauge
invariance of two-form potentials. The correct, gauge-invariant field strength three-form for B̂ α turns
out to be
X
CS
Ĝα = dB̂ α + 21 aα ω̂grav
+2
bαi ω̂iCS ,
(7.39)
i

and satisfies a non-standard Bianchi identity,
dĜα = X̂4α .

(7.40)

120

7.3.3

Chapter 7. Effective action for six-dimensional F-theory compactifications

Effective action

For the sake of notational simplicity in the rest of this chapter we will consider the simpler case in
which the gauge group G consists of a single simple factor. It is straightforward to reintroduce several
simple factors labelled by the index i.
The bosonic terms of the pseudoaction for six-dimensional (1, 0) supergravity with simple gauge
group G is given by
Z
(6)
+ 12 R̂ˆ
∗1 − hU V D̂q U ∧ ∗D̂q V − 14 gαβ Ĝα ∧ ˆ∗Ĝβ − 12 gαβ dj α ∧ ˆ∗dj β
Ŝ =
M6

− 2Ωαβ j α bβ tr F̂ ∧ ˆ∗F̂ − 12 Ωαβ B̂ α ∧ X̂4β − V̂ ˆ∗1 .

(7.41)

The non-constant, positive-definite metric gαβ has been introduced in (7.14). In the second line, V̂ is
a potential generated by gauging the hypermultiplet scalars q U . Its explicit form can be found e.g. in
[198], but will not be crucial for our discussion. Let us stress that we have included some higherderivative terms connected with the Green-Schwarz mechanism described in the previous subsection.
In particular, note that some higher-derivative terms are implicitly contained in the definition of the
gauge and local Lorentz invariant field strength Ĝα (7.39). Let us remind the reader that (7.41) has
to be supplemented by the self-duality constraint of for the tensors B̂ α . It is written in terms of the
three-form field strengths as
gαβ ˆ∗Ĝα = Ωαβ Ĝβ ,
(7.42)
where gαβ is the positive-definite, non-constant metric introduced in (7.14).
The classical action (7.41) might fail to be gauge and local Lorentz invariant because of the GreenSchwarz term. Indeed,
Z


(6)
1
ˆ + 2bα tr λ̂dÂ ∧ X̂ β ,
(7.43)
δ Ŝ = 2
Ωαβ 12 aα tr `dω̂
4
M6

which in general is not just a surface contribution. Of course this is precisely the reason why the
Green-Schwarz mechanism can work. Nonetheless, let us point out that there is a special case where
the action is already classically gauge invariant. It is enforced by the conditions
Ωαβ aα aβ = 0 ,

Ωαβ aα bβ = 0 ,

Ωαβ bα bβ = 0 .

(7.44)

These conditions on aα , bα can be related to the spectrum of fields, in particular the charge matter
content, through the anomaly cancellation conditions (7.29)-(7.34) As we argue in section 7.6, the
match between the F-theory set-up and the M-theory compactification is simpler in this special case.

7.4

Circle compactification from six to five dimensions

In this section we discuss the circle reduction of a general six-dimensional (1, 0) supergravity theory.
This gives us the first opportunity to discuss the circle reduction of a six-dimensional pseudoaction for
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two-forms. In this chapter we retain only massless Kaluza-Klein modes. This topic will be revisited
in chapter 10, where both zeromodes and excited modes will be kept.
The reduction from six to five dimensions yields a non-Abelian gauge theory that is further pushed
to the Coulomb branch according to the paradigm explained in section 5.3. The five-dimensional action
is brought into canonical N = 2 form in subsection 7.4.3. We point out an intriguing generalization of
the N = 2 formalism which captures the full reduced action. Finally, in subsection 7.4.4 we perform
the reduction of a specific higher-order curvature correction that carries crucial information about
gravitational six-dimensional anomalies.

7.4.1

Kaluza-Klein reduction on the circle at two-derivative level

Let us now study the supergravity model outlined above on a background with one compact spatial
dimension, i.e. with topology R5 × S 1 . As anticipated above, we restrict ourselves to zeromodes only.
Some general features of circle reductions have been already discussed in section 4.2.
Ansätze for the reduction
The metric Ansatz reads
dŝ2(6) = g̃µν dxµ dxν + r2 Dy 2 ,

Dy = dy − A0 ,

y ∼ y + 2π

(7.45)

where A0 = A0µ dxµ is the Kaluza-Klein vector and all five-dimensional field are independent of the
coordinate y along S 1 . A twiddle on the five-dimensional metric is used to stress that a Weyl rescaling
will be necessary to cast the five-dimensional Einstein-Hilbert term into canonical form, as already
anticipated in section 4.2 for a general circle compactification. Note that (7.45) is a rewriting of (4.7)
in a slightly different notation which is better suited for the problem at hand. With the current
notation the U (1) symmetry coming from circle diffeomorphisms y → y + χ acts on the Kaluza-Klein
vector as A0 → A0 + dχ, in such a way that the one-form Dy is invariant. The field strength of A0
reads
F 0 = dA0 .
(7.46)
It is useful to write down the Kaluza-Klein Ansatz for the metric in the vielbein formalism, too. Up
to local Lorentz transformations, we can take
êa = ẽaµ dxµ ,

ê5 = r Dy ,

(7.47)

where Dy is given in (7.45), and ẽaµ , a = 0, . . . , 4 is the five-dimensional vielbein (independent of y)
before Weyl rescaling.
Let us now turn to the one-forms and two-forms, and take into account zeromodes only. As already
pointed out for general circle compactifications in section 4.2, in order to get lower-dimensional massless
fields that are uncharged under the aforementioned U (1) symmetry we have to expand all fields on
Dy defined in (7.45). To begin with, we set
Â = A + ζ Dy ,

(7.48)
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where ζ is a g-valued five-dimensional zero-form. The gravitational analogue of this relation consists
of the expression for the spin connection components, which can be computed from (7.47):
(0)

ω̂ab = ω̃ab + ãab Dy ,

(0)
ω̂a5 = b̃(1)
a + c̃a Dy ,

(7.49)
(0)

(0)

where ω̃ab is the five-dimensional spin connection determined by ẽaµ . The zero-forms ãab , c̃a , and the
(1)

one-form b̃a are given by
(0)

0
,
ãab = 21 r2 ẽµa ẽνb Fµν

µ
1 λ 0
b̃(1)
a = 2 rẽa Fλµ dx ,

λ˜
c̃(0)
a = −ẽa ∇λ r ,

(7.50)

˜ λ is the five-dimensional Levi-Civita connection before Weyl rescaling.
where ∇
We are now in a position to write down the Kaluza-Klein Ansatz for the two-forms B̂ α . Care has
to be taken because the six-dimensional transformation rule (7.38) entangles the degrees of freedom
encoded in B̂ α with those of vectors and gravity. Thus, we set
i
h
(7.51)
B̂ α = B α − Aα − 12 aα tr (ã(0) ω̃) − 2bα tr (ζA) ∧ Dy .
In this way Aα , B α have the simplest possible gauge transformations,
δAα = dµα

(7.52)

δB α = dΛα + µα F 0 − 12 aα tr (`dω̃) − 2bα tr (λdA) ,

(7.53)

where the infinitesimal parameters are a g-valued five-dimensional zero-form λ, a so(1, 4)-valued fivedimensional zero-form `, five-dimensional zero-, one-forms µα , Λα . The first relation implies that Aα
has a standard, Abelian field strength
F α = dAα .
(7.54)
However, the naive field strength dB α is not gauge invariant, and must be improved by setting
CS
Gα = dB α − Aα ∧ F 0 + 21 aα ω̃grav
+ 2bα ω CS ,

(7.55)


CS
ω̃grav
= tr ω̃ ∧ dω̃ + 32 ω̃ ∧ ω̃ ∧ ω̃ ,

ω CS = tr A ∧ dA + 23 A ∧ A ∧ A .

(7.56)

where

(7.57)

The corresponding non-standard Bianchi identity reads
dGα = −F α ∧ F 0 + 12 aα tr R̃ ∧ R̃ + 2bα tr F ∧ F .

(7.58)

Dimensional reduction of the two-derivative Lagrangian
In the rest of this subsection we will only focus on the two-derivative part of the total pseudoaction
(7.41). As a consequence, we drop higher curvature terms from the six-dimensional pseudoaction, and
we also neglect gravitational contribution to the gauge transformation of B α and to the field strength
Gα . A discussion of the higher curvature corrections is postponed to subsection 7.4.4.
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Let us stress that, even if we start with a pseudoaction in six dimensions, the resulting fivedimensional action is a proper action: it captures the dynamics of zeromodes without any need for
auxiliary conditions to be imposed at the level of the equations of motion. This is possible because the
six-dimensional two-forms B̂ α dimensionally reduce to two-forms B α and vectors Aα as seen in (7.51).
At the same time, we also have to dimensionally reduce the self-duality constraint (7.42). Explicitly
we find
r gαβ ˜∗Gβ = −Ωαβ F β ,
(7.59)
where we have introduced the shorthand notation
F α = F α − 4bα tr (ζF ) + 2bα tr (ζζ)F 0 .

(7.60)

The key point is that the five-dimensional duality condition (7.59) now relates two-forms and vectors.
Since it does not involve a self-duality, it can be imposed on the level of the action itself. Hence, in
computing the five-dimensional action we proceed in the two steps:
1. We perform a straightforward reduction of the pseudoaction (7.41) ignoring momentarily the
(5)F
self-duality constraint. The resulting five-dimensional pseudoaction, denoted Spseudo , should be
written in a form such that B α only appears through its field strength Gα . Moreover, Gα can
be treated as an independent variable which enters the action only algebraically.
(5)F

2. The five-dimensional pseudoaction Spseudo is modified by adding a term ∆S (5)F with the following
properties. If ∆S (5)F is regarded as a functional of Aα , B α it is a total derivative. If it is regraded
(5)F
as a functional of Aα , Gα it is engineered in such a way that variation of Spseudo + ∆S (5)F with
respect to Gα reproduces both the self-duality constraint and the Bianchi identity for Gα .
If we succeed in performing these two steps we can integrate out the five-dimensional three-forms Gα
by means of their classical equation of motion and thus obtains a proper action S (5)F for the vectors
Aα . In the remaining part of this subsection we provide a detailed derivation of S (5)F at two-derivative
level. Crucially, however, the two steps described above can be performed even if we reintroduce the
gravitational part of the generalized Green-Schwarz term, and all gravitational contributions to Gα ,
as discussed in section 7.4.4.
(5)F

To begin with, let us record the expression for the functional Spseudo obtained by naive dimensional
reduction of the two-derivative part of (7.41) according to the metric, vector, and two-form Ansätze
(7.45), (7.48), (7.51). One finds
Z
(5)F
∗1 − 14 r3 F 0 ∧ ˜∗F 0 − 12 rgαβ dj α ∧ ˜∗dj β − rhU V Dq U ∧ ˜∗Dq V
Spseudo =
+ 12 rR̃ ˜
M5

− 2rΩαβ j α bβ tr (F − ζF 0 ) ∧ ˜∗(F − ζF 0 ) − 2r−1 Ωαβ j α bβ tr Dζ ∧ ˜∗Dζ
− 41 rgαβ Gα ∧ ˜
∗Gβ − 14 r−1 gαβ F α ∧ ˜∗F β

− 21 Ωαβ Gα ∧ (F β − F β ) + Ωαβ bα Aβ ∧ tr F ∧ F

− 2Ωαβ bα bβ ω CS ∧ 2tr ζF − tr ζζF 0

− 2Ωαβ bα bβ tr ζA ∧ tr F ∧ F − 2tr ζF ∧ F 0 + tr ζζF 0 ∧ F 0


− rV̂ + r−1 hU V ζ I ζ J (TIR q)U (TJR q)V ˜∗1 .


(7.61)
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In this expression, Dζ = dζ + [A, ζ] is the gauge covariant derivative for the adjoint scalars ζ, while
Dq U = dq U + AI (TIR q)U are the five-dimensional gauge covariant derivatives for the scalars q U in the
hypermultiplets. The shorthand notation F α has been introduced in (7.60). Note that, by virtue of
(5)F
some integrations by parts, (7.61) has been cast in a form in which B α only enters Spseudo via Gα .
Next, we have to identify the suitable term ∆S (5)F for the implementation of the second step of
the program outlined above. The correct form of ∆S (5)F reads

∆S (5)F =

Z
ZM5

=
M5

− 12 Ωαβ dB α ∧ F β
− 12 Ωαβ Gα ∧ F β + 12 Ωαβ (−Aα F 0 + 2bα ω CS ) ∧ F β .

(7.62)

From the first line it is apparent that ∆S (5)F is a total derivative if it is regarded as a functional of
Aα , B α . Let us also stress that the Chern-Simons terms originating from the difference between dB α
and Gα in the second line of (7.62) are essential for our following discussion.
(5)F

If we now consider Spseudo + ∆S (5)F as a functional of Gα and Aα , the equations of motion ensure
both the self-duality condition (7.59) and the non-standard Bianchi identity (7.58). Moreover, Gα
(5)F
enters Spseudo + ∆S (5)F only quadratically, and is therefore readily integrated out. We thus obtain the
desired five-dimensional proper action,

S

(5)F

Z
=
M5

+ 21 rR̃ ˜
∗1 − 14 r3 F 0 ∧ ˜∗F 0 − 21 rgαβ dj α ∧ ˜∗dj β − rhU V Dq U ∧ ˜∗Dq V
− 2rΩαβ j α bβ tr (F − ζF 0 ) ∧ ˜∗(F − ζF 0 ) − 2r−1 Ωαβ j α bβ tr Dζ ∧ ˜∗Dζ

− 21 r−1 gαβ F α ∧ ˜
∗F β − 12 Ωαβ A0 ∧ F α ∧ F β + 2Ωαβ bα Aβ ∧ tr F ∧ F

− 2Ωαβ bα bβ ω CS ∧ 2tr ζF − tr ζζF 0

− 2Ωαβ bα bβ tr ζA ∧ tr F ∧ F − 2tr ζF ∧ F 0 + tr ζζF 0 ∧ F 0


− rV̂ + r−1 hU V ζ I ζ J (TIR q)U (TJR q)V ˜∗1 .

(7.63)

It is worth pointing out that − 41 rgαβ Gα ∧˜∗Gβ − 14 r−1 gαβ F α ∧˜∗F β vanishes identically after elimination
of Gα , and that the kinetic term for vectors − 12 r−1 gαβ F α ∧ ˜∗F β comes from the Chern-Simons term
− 12 Ωαβ Gα ∧ F β . Moreover, the term +2Ωαβ bα Aα ∧ tr F ∧ F has a different prefactor because two
different contributions must be taken into account: one was already present in (7.61), the other one
is found in ∆S (5)F .
The last step of the dimensional reduction consists of the Weyl rescaling
g̃µν = r−2/3 gµν ,

(7.64)

which is simply a special case of (4.11) written in a slightly different notation. The final form of the
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action is therefore
S

(5)F

Z
=
M5

+ 21 R ∗1 − 23 r−2 dr ∧ ∗dr − 21 gαβ dj α ∧ ∗dj β
− 2r−2 Ωαβ j α bβ tr Dζ ∧ ∗Dζ − hU V Dq U ∧ ∗Dq V
− 14 r8/3 F 0 ∧ ∗F 0 − 21 r−4/3 gαβ F α ∧ ∗F β

− 2r2/3 Ωαβ j α bβ tr (F − ζF 0 ) ∧ ∗(F − ζF 0 )

− 12 Ωαβ A0 ∧ F α ∧ F β + 2Ωαβ bα Aβ ∧ tr F ∧ F

− 2Ωαβ bα bβ ω CS ∧ 2tr ζF − tr ζζF 0

− 2Ωαβ bα bβ tr ζA ∧ tr F ∧ F − 2tr ζF ∧ F 0 + tr ζζF 0 ∧ F 0


− r−1 V̂ + r−8/3 hU V ζ I ζ J (TIR q)U (TJR q)V ∗ 1 .

7.4.2


(7.65)

Moving to the Coulomb branch

In the following sections, we will explore the dynamics of F-theory in six dimensions by means of the
duality with M-theory on a Calabi-Yau threefold, as introduced in section 5.3. In this framework,
we can access directly only the Coulomb branch of our non-Abelian gauge sector. The full gauge
group G is spontaneously broken down to U (1)rank(G) , which is spanned by the Cartan generators Ti ,
i = 1, ..., rank(G). We take them to be normalized in such a way that
tr (Ti Tj ) = Cij

(7.66)

where Cij is the Cartan matrix of G.
The spontaneous break down of gauge symmetry is triggered by non-vanishing VEVs of some
adjoint scalars ζ in the vector multiplets. In particular, inspection of the terms
− 2r2/3 Ωαβ j α bβ tr F ∧ ∗F − 2r−2 Ωαβ j α bβ tr Dζ ∧ ∗Dζ

(7.67)

in the non-Abelian five-dimensional action (7.65) shows that the usual Higgs mechanism originates a
mass term for the vectors lying outside of the Cartan subalgebra. As usual, we refer to these massive
vectors as W-bosons. Their scalar partners acquire a mass, as well. From an effective field theory
perspective, we are thus left only with the massless fields Ai , ζ i associated to the Cartan subalgebra
of the full gauge algebra. As a result, replacements such as
tr (F ∧ ∗F ) → Cij F i ∧ ∗F j ,

tr (Dζ ∧ ∗Dζ) → Cij dζ i ∧ ∗dζ j

ω CS → Cij Ai ∧ F j

(7.68)

have to be made in (7.65) to get the relevant five-dimensional action.
In a similar fashion, charged hypermultiplets acquire a mass through the five-dimensional scalar
potential
V = r−1 V̂ + r−8/3 hU V ζ I ζ J (TIR q)U (TJR q)V

(7.69)
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given in the last line of (7.65). Note that the second term originates directly from dimensional reduction of the six-dimensional kinetic term hU V D̂q U ∧ ˆ∗D̂q V . It is quadratic in the scalars of the charged
hypermultiplets and is the source for their masses once gauge symmetry is spontaneously broken.
Following the effective field theory paradigm, one should integrate out the massive hypermultiplets
and only keep neutral hypermultiplets in the five-dimensional action in the Coulomb branch. We use
lower-case indices u, v = 1, ..., 4nneutral
to enumerate them. Hence, we have the replacement rule
H
hU V Dq U ∧ ∗Dq V → huv dq u ∧ ∗dq v ,

(7.70)

where huv is a quantum corrected hypermultiplet metric. Determining huv after integrating out the
massive states is in general a complicated task, but we will later give the M-theory expression for huv
where certain corrections have been taken into account implicitly via the geometry. In accord with
supersymmetry we also drop the scalar potential from the effective action for the massless modes.
The explicit form of the five-dimensional action pushed to the Coulomb branch according to the
prescriptions above reads
Z
S (5)F =
+ 21 R ∗1 − 23 r−2 dr ∧ ∗dr − 21 gαβ dj α ∧ ∗dj β
M5

− 2r−2 Ωαβ j α bβ Cij dζ i ∧ ∗dζ j − huv dq u ∧ ∗dq v
− 41 r8/3 F 0 ∧ ∗F 0 − 21 r−4/3 gαβ F α ∧ ∗F β

− 2r2/3 Ωαβ Cij j α bβ (F i − ζ i F 0 ) ∧ ∗(F j − ζ j F 0 )

− 12 Ωαβ A0 ∧ F α ∧ F β + 2Ωαβ Cij bα Aβ ∧ F i ∧ F j
− 2(Ωαβ bα bβ )(Ckl ζ k ζ l )Cij ζ i Aj ∧ F 0 ∧ F 0

+ 2(Ωαβ bα bβ )(Cij Ckl ζ k ζ l + 2Cik Cjl ζ k ζ l )Ai ∧ F j ∧ F 0
− 6(Ωαβ bα bβ )C(ij Ck)l ζ l Ai ∧ F j ∧ F k .

(7.71)

In order to implement the F-theory lift discussed in section 7.6, however, it is essential to recast this
result in a more transparent form. The aim of the following section is precisely the reformulation
of the five-dimensional action in terms of new variables, in such a way to exploit the underlying
supersymmetric structure. Hence, we begin our analysis with a concise review of five-dimensional
N = 2 supergravity.

7.4.3

The five-dimensional effective action and its canonical form

Let us briefly recall the field content of five-dimensional N = 2 (8 real supercharges) supersymmetry
multiplets [200]:
• gravity multiplet: the graviton, one vector (referred to as ‘graviphoton’), one Dirac5 gravitino;
• vector multiplet: one vector, one scalar, one Dirac gaugino;
5
It is customary to replace one Dirac fermion by a SU (2) doublet of Dirac fermions satisfying a symplectic Majorana
condition. This explains the notation N = 2.
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• hypermultiplet: 2 complex scalars, one Dirac hyperino.
(5)

(5)

Let the spectrum consist of the gravity multiplet, nV vector multiplets, nH hypermultiplets, and
let us focus on the bosonic sector. We are not going to study gauged supergravity models, and therefore
the framework outlined in [201] is general enough for our purposes.6 As usual, each hypermultiplet
(5)
contributes four real scalars to the spectrum, and we will use notation q u with u = 1, ..., 4nH . The
hypersector is entirely specified once a quaternionic structure with metric huv is given. Since the
graviphoton and the vectors from the vector multiplets are naturally entangled by the dynamics of
(5)
the theory, let us denote them collectively as AI where I = 0, ..., nV . The scalars coming from the
(5)
vector multiplets parameterize a nV manifold which is most conveniently described in terms of so(5)
called very special coordinates M I . These are nV + 1 real coordinates which describe an auxiliary
(5)
(nV + 1)-dimensional manifold in which the actual scalar manifold is embedded as an hypersurface,
as explained below.
The dynamics of gravity-vector sector at two-derivative level is entirely specified once the cubic
potential
N =

I
J
K
1
3! CIJ K M M M

(7.72)

is given in terms of very special coordinates and of a constant symmetric tensor CIJ K . First of all,
the scalar manifold is identified with the hypersurface described by the so-called very special geometry
constraint
N =1.

(7.73)

Second of all, the gauge coupling function and the metric on the scalar manifold coincide and are
constructed out of second derivatives of the cubic potential,




GIJ = − 12 ∂M I ∂M J log N N =1 = − 12 NIJ + 21 NI NJ N =1 .

(7.74)

In this expression, and in the following, downstairs indices I, J denote partial derivative with respect
to coordinates N I , M J . Finally, the constant tensor CIJ K itself appears in the action as Chern-Simons
coupling. Indeed, the action is given by
Z
S (5)can =
+ 21 R ∗ 1 − 12 GIJ dM I ∧ ∗dM J − huv dq u ∧ ∗dq v
M5

− 21 GIJ F I ∧ ∗F J −

I
1
12 CIJ K A

∧ FJ ∧ FK .

(7.75)

Let us now discuss the relation between the spectrum of a six-dimensional supergravity model and
the spectrum of its Kaluza-Klein reduction on a circle. Suppose the numbers of six-dimensional tensor,
vector and hypermultiplets are nT , nV , nH respectively. To begin with, we note that the bosonic part
6

In order to compare formulae below with the reference, the reader should be aware that we have changed notation,
should recall our conventions on Riemann tensor contractions (cf. appendix A), and should also note that
√
6 here
there
CIJ
=
CIJ K .
K
8
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of a hypermultiplet behaves trivially under dimensional reduction on S 1 . Hence, we can conclude that
(5)
the number nH of five-dimensional hypermultiplets is given simply by
(5)

nH = nneutral
,
H

(7.76)

where the label ‘neutral’ has been added to remind the reader that charged six-dimensional hypermultiplets are integrated out and do not appear in the five-dimensional effective theory.
As far as five-dimensional vectors are concerned, they are generated by three different mechanisms.
First of all, one vector A0 is introduced by the off-diagonal component of the Kaluza-Klein Ansatz for
the six-dimensional metric. Second of all, nT + 1 vectors Aα come from the (anti)-self-dual two-forms
in six-dimensions. Finally, reduction of six-dimensional vectors gives us nV additional Ai . We thus
have a total of 1 + (nT + 1) + nV vectors, which we denote collectively as AI = (A0 , Aα , Ai ). They fit
into
(5)
nV = nV + nT + 1
(7.77)
five-dimensional vector multiplets, because one linear combination of {A0 , Aα } has to be identified
with the graviphoton and sits in the gravity multiplet.7 The corresponding scalar degrees of freedom
are provided by j α , ζ i , r for a total of (nT + 1) + nV + 1 variables. However, they are subject to one
constraint, which in six-dimensional language is given by (7.13). This counting is consistent with the
existence of very special coordinates M I = (M 0 , M α , M i ) satisfying (7.73).
In the remaining part of this section we discuss in which way, and to which extent, the results of
the dimensional reduction performed in 7.4.1 can be expressed in canonical form (7.75). The first step
towards this direction is provided by the correct identification of the very special coordinates M I on
the vector multiplet scalar manifold. It turns out that these new coordinates are defined in terms of
the old coordinates (r, j α , ζ i ) by
M 0 = r−4/3 ,

M α = r2/3 j α + 2bα r−2 Cij ζ i ζ j ,
M i = r−4/3 ζ i .

(7.78)

Next, let us define
N F = Ωαβ M 0 M α M β − 4Ωαβ bα Cij M β M i M j + 4Ωαβ bα bβ Cij Ckl

M iM j M k M l
.
M0

(7.79)

Expressions (7.78) and (7.79) are engineered in such a way that
N F = Ωαβ j α j β = 1

(7.80)

holds identically. In particular, note that this identity depends on the non-trivial interplay of the nonlinear bα -shifted redefinition of the coordinates M α (7.78) and the fact that there is a non-polynomial
term in the definition (7.79) of N F , including an inverse power of M 0 . This non-polynomial term in
7
We include Aα because we cannot exclude a contribution from the six-dimensional antiself-dual two-form in the
gravity multiplet.
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N is a significant deviation from the canonical case, in which N is a cubic polynomial, and will be
discussed further in the following. However, note that N F is still a homogeneous function of degree
three in the coordinates M I .
Once the new coordinates M I are introduced, the five-dimensional effective action takes the form
Z
(5)F
S
=
+ 21 R ∗ 1 − huv dq u ∧ ∗dq v − 12 GIJ dM I ∧ ∗dM J
M5

− 12 GIJ F I ∧ ∗F J −

I
1
12 XIJ K A

∧ FJ ∧ FK .

(7.81)

where the metric GIJ and the coefficients XIJ K = XI(J K) are functions of the scalar fields M I .
Note that the gauge coupling function and the metric in the kinetic term for scalars M I coincide,
as expected for a five-dimensional N = 2 theory. Moreover, both GIJ and XIJ K are completely
determined by the function N F introduced above, as explained in the following.
As far as the metric GIJ is concerned, it is given precisely by (7.74). It is interesting to point out
that the non-polynomial term in the definition of N F is crucial for (7.74) to hold for the Kaluza-Klein
reduced action.
The Chern-Simons term in (7.81),
(5)F
SCS

=

1
− 12

Z
M5

XIJ K AI ∧ F J ∧ F K ,

(7.82)

deserves more discussion. Its variation under an Abelian gauge transformation δAI = dλI can be
written as a boundary term, plus
Z
(5)F
1
λI dXIJ K ∧ F J ∧ F K .
(7.83)
δSCS = − 12
M5

For each value of indices I, J , K, two possibilities may occur:
1. XIJ K is constant: the corresponding contribution to the Chern-Simons term is gauge invariant
in five dimensions;
2. XIJ K depends non-trivially on the scalars M I : the corresponding contribution to the ChernSimons term breaks five-dimensional gauge invariance explicitly.
Usually, only the first case is encountered in supergravity models. As a consequence, only the totally
symmetric part of XIJ K effectively enters the action, because we are allowed to integrate by parts
and permute indices on the vector and the field strengths in (7.82). This symmetry argument breaks
down if some components of XIJ K are non-constant. In fact, the first slot of this tensor plays a
distinguished role: exactly those gauge symmetries are broken, whose gauge vector has index I such
that not all components {XIJ K }J ,K are constant, as can be see from (7.83).
As already mentioned, all data needed to construct (7.82) can be extracted from the function N F
introduced above. To this end, it is useful to note that N F naturally splits in a polynomial part NpF
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F,
and a non-polynomial part Nnp

NpF = Ωαβ M 0 M α M β − 4Ωαβ bα Cij M β M i M j
F
Nnp
= 4Ωαβ bα bβ Cij Ckl

M iM j M k M l
.
M0

(7.84)

On the one hand, since NpF is a homogeneous polynomial of degree three, its third derivatives with
respect to coordinates M I are constants. In fact, they turn out to be simply related to the coefficients
F are non-constant,
of the gauge invariant part of (7.82). On the other hand, third derivatives of Nnp
and indeed they are proportional to the coefficient functions appearing in the gauge-anomalous contributions to (7.82). More precisely, we have
Z
Z
(5)F
F
I
J
K
F
1
1
(Np )IJ K A ∧ F ∧ F − 16
(Nnp
)iJ K Ai ∧ F J ∧ F K .
(7.85)
SCS = − 12
M5

M5

Two remarks are due at this point. Firstly, observe that the first term fits into the canonical form
discussed above, since for a cubic polynomial as (7.72) one has precisely NIJ K = CIJ K . Secondly,
note that in the second term the first index never takes values 0, α. This means that the U (1) gauge
symmetries associated to vectors A0 , Aα are unbroken, while those associated to vectors Ai are broken.
It may be considered questionable, if not inconsistent, to construct a five-dimensional effective
action which fails to be gauge invariant. However, this should not come as a surprise. Our starting
point in six dimensions (7.41) is not gauge invariant as well, because of the introduction of the GreenSchwarz terms. As discussed in section 7.3, these terms are needed in order to implement the anomaly
cancellation mechanism: they introduce tree-level gauge violations which counterbalance one-loop
anomalous diagrams generated by the chiral matter content of the theory. As a result, the sum of the
tree-level and one-loop contributions to the six-dimensional effective action is gauge invariant, while
the two summands are not invariant separately. This suggests that a gauge invariant five-dimensional
effective action could be obtained supplementing the computation of this section with the reduction
of the one-loop six-dimensional effective action. However, we do not need to address this ambitious
task, since we will show that all relevant data about the effective action of F-theory in six dimensions
can already be extracted from the reduction of the tree-level action only.
It is worth mentioning a crucial distinction between anomalous terms in six and five dimensions.
It is well known that five-dimensional theories do not develop quantum anomalies. Indeed, possible
non-gauge invariant terms can always be cancelled by adding suitable local counter-terms to the tree
level action, in such a way that the full effective action at one-loop is gauge-invariant. This kind of
anomalies is referred to as ‘irrelevant’. The aforementioned counterterms in five-dimensional take the
R
form A ∧ ∗J, where A is one of the vectors whose gauge invariance is anomalous, and J is a gauge
invariant five-dimensional current, such that ∗J ∝ F ∧ F . It is precisely the gauge invariance of this
current which makes the anomaly irrelevant. If we were to implement a similar mechanism to treat
six-dimensional anomalies, we would have ∗J ∝ A ∧ F ∧ F , which is manifestly non gauge invariant.
From this point of view, the non-gauge invariant Chern-Simons term which appears in (7.85) has
the same form as the counterterms discussed above. More precisely, the corresponding gauge invariant

7.4. Circle compactification from six to five dimensions

131

current reads
F
1
∗ Ji = − 16
(Nnp
)iJ K F I ∧ F K .

(7.86)

F)
rank(G) after spontaneous
Note that all scalar fields in (Nnp
iJ K are neutral under the gauge group U (1)
symmetry breaking to the Coulomb branch.

In summary, we are able to cast the Kaluza-Klein reduced action in canonical form, even though
some subtle points have to be stressed:
• N has to be promoted from a cubic polynomial to a homogeneous function N F of degree three;
the very special geometry constraint N F = 1 and the metric GIJ are formulated in terms of
this non-polynomial N F ;
• the Chern-Simons term coming from Kaluza-Klein reduction and the Chern-Simons term obtained through the canonical prescription CIJ K = (N F )IJ K share the same gauge-invariant
part, and differ only for non gauge-invariant terms; these can be interpreted as local counterterms which make five-dimensional anomalies irrelevant.
Since counterterms are completely specified by the classical data of the model, all information about
the effective five-dimensional action is encoded in the polynomial part of N F and the corresponding
gauge-invariant Chern-Simons terms.

7.4.4

Higher order curvature corrections

As we have seen in subsection 7.3, anomaly cancellation requires the introduction of a higher curvature
term in the six-dimensional action,
Z
(6)
1
(7.87)
Ωαβ aα B̂ β ∧ tr R̂ ∧ R̂ .
ŜR2 = − 4
M6

Furthermore, local Lorentz transformations act non-trivially on the two-forms B̂ α , in such a way that
the corresponding field strength Ĝα receives a gravitational contribution, as can be seen from (7.39)
specialized to the simpler case of a single simple factor in the gauge group. Even if we are not going
to perform the dimensional reduction of the complete, higher-derivative action, we can make general
remarks about some interesting feature of the resulting five-dimensional action.
First of all, as stated in subsection 7.4.1, inclusion of gravitational contributions does not interfere
with the possibility to get rid of five-dimensional two-forms B α in favor of vectors Aα . Indeed,
gravitational terms modify the action in such a way that F β in
Z
(5)F
1
∆S
= −2
Ωαβ dB α ∧ F β
(7.88)
M5

is replaced by a more complicated expression, which is nonetheless exact. ∆S (5)F is still a total
derivative, and the elimination of B α can proceed along the same line as in the two-derivative case.

132

Chapter 7. Effective action for six-dimensional F-theory compactifications

Secondly, it can be verified that all possible non-gauge invariant terms in the final five-dimensional
action are proportional to
Ωαβ aα aβ

or

Ωαβ aα bβ

or

Ωαβ bα bβ .

(7.89)

This observation will be relevant for the discussion of F-theory lift, in section 7.6.
Finally, let us present one particular higher-curvature contribution to the five-dimensional action,
which will play a prominent role in the matching with M-theory on a Calabi-Yau threefold. It is
the ARR term coming from dimensional reduction of the B̂ R̂R̂ six-dimensional term written above.
In order to extract this term from the total five-dimensional action, we can effectively set A0 to
zero and treat r as a constant. Note that the Weyl rescaling (7.64) has no effect on the leading,
moduli-independent terms we are interested in. We thus obtain simply
R̂ab = Rab + . . . ,

R̂a5 = 0 + . . . ,

(7.90)

where a, b, = 0, . . . , 4 are five-dimensional flat spacetime indices, and ‘5’ refers to the compact direction.
As a consequence, we have
tr R̂ ∧ R̂ = tr R ∧ R + . . . .
(7.91)
A first contribution to the term we are looking for is then given by
Z
1
Ωαβ aα Aβ ∧ tr R ∧ R ,
4

(7.92)

M5

in which the change of sign comes from the Ansatz (7.51). Note however that an addition contribution
arises when ∆S (5)F is added in order to eliminate tensors from the five-dimensional action, as can be
seen recalling the definition of Gα (7.55):
Z
Z
Z
β
α
β
α grav
1
1
1
−2
Ωαβ dB ∧ F ⊃ + 4
Ωαβ a ωCS ∧ F = 4
Ωαβ aα Aβ ∧ tr R ∧ R .
(7.93)
M5

M5

M5

In summary, we find the five-dimensional higher curvature term
Z
(5)F
1
SARR = 2
Ωαβ aα Aβ ∧ tr R ∧ R .

(7.94)

M5

We conclude this subsection describing the effect of higher curvature terms on the canonical form of
five-dimensional supergravity. As done in [202], superconformal techniques can be used to construct the
five-dimensional supersymmetric completion of the ARR term. In this formalism, the supersymmetry
algebra closes off-shell, at the expense of introducing auxiliary fields in the gravity multiplet, vector
multiplets, and hypermultiplets. The scalar manifold associated to vector multiplets is still described
by constrained coordinates M I . However, the constraint is no longer
I
J
K
1
3! CIJ K M M M

=1,

(7.95)

but gets corrected by terms proportional to the constants c2I appearing in front of AI ∧ tr R ∧ R in
the higher derivative Lagrangian [203]. More precisely,

I
J
K
I
µν I
1
1
C
M
M
M
=
1
−
c
DM
+
v
F
,
(7.96)
IJ
K
2I
µν
3!
72
where D, vµν are the auxiliary bosonic fields in the gravity multiplet. It is possible to integrate them
out iteratively in a small c2I expansion; the result reads schematically CM 3 = 1 + cF 2 .
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7.5

M-theory on an elliptically fibered Calabi-Yau threefold

In order to implement the duality between M-theory and F-theory we need to compute the effective
action of M-theory on an elliptically fibered Calabi-Yau threefold. To begin with, we present the
reduction on a general Calabi-Yau threefold at two-derivative level. Next, we specialize to the case
of an elliptic fibration using the results collected before in section 7.2. Finally, we perform a partial
dimensional reduction of a suitable higher-derivative correction in order to extract the terms that will
be relevant for the matching with the F-theory side of duality.

7.5.1

Two-derivative effective action of M-theory on a Calabi-Yau threefold

This section is devoted to a review of the two-derivative five-dimensional effective action resulting
from compactification of eleven-dimensional supergravity on a smooth Calabi-Yau threefold X3 , see
for instance [204]. We will then specialize these results to the case of a resolved elliptic fibration in
section 7.5.2.

Outcome of the dimensional reduction
Our starting point is the two-derivative action (3.34) of eleven-dimensional supergravity, which we
record here again for ease of reference,
Z
(11)
1
1
∗1 − 14 Ĝ4 ∧ ˆ∗Ĝ4 − 12
Ĉ3 ∧ Ĝ4 ∧ Ĝ4 .
(7.97)
Ŝ
=
2 R̂ˆ
M11

The eleven-dimensional gravitational constant has been suppressed for convenience. Let us also fix
our notation for the metric and the three-form Ansätze. The former reads
ds211 = g̃µν (x)dxµ dxν + 2gı̄j (z)dz̄ ı̄ dz j

(7.98)

where z i (i = 1, 2, 3) are complex coordinates on the threefold and the twiddle on the external metric
is again a reminder of the necessity to perform a Weyl rescaling after reduction. As explained in
detail in section 4.5.2, deformations of the internal metric gī give rise to Kähler moduli and complex
structure moduli. Let us remind the reader that the former are obtained by expanding the Kähler
form of the threefold onto a basis {ωΛ } of H 2 (X3 , Z), with Λ = 1, . . . , h1,1 (X3 ),
J = v Λ ωΛ .

(7.99)

The complex structure moduli Z κ are instead associated to H 1,2 (X3 ), so that κ = 1, . . . , h1,2 (X3 ).
The Ansatz for the three-form reads
Ĉ3 = ξ K αK − ξ˜K β K + AΛ ∧ ωΛ + C3 .

(7.100)

In this equation αK , β K are elements of an integral basis of the middle cohomology H 3 (X3 ) of the
threefold, K = 1, . . . , h1,2 (X3 ) + 1. Some of their properties will be discussed below. The fields ξ K , ξ˜K
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are scalars in the external five-dimensional spacetime, while the fields AΛ are external five-dimensional
vectors. Finally, C3 is a five-dimensional three-form that will be later dualized into a real scalar Φ.
To begin with it is useful to discuss how the five-dimensional fields in (7.98), (7.100) fit into fivedimensional N = 2 supersymmetry multiplets. The gravity multiplet consists of g̃µν and of one (linear
combination) of the AΛ vectors. The remaining vectors fit into
(5)

nV = h1,1 (X3 ) − 1

(7.101)

vector multiplets, along with the Kähler moduli v Λ . It seems like there is a mismatch of degrees of
freedom, since we have h1,1 (X3 ) scalars. This seeming difficulty is overcome by the observation that
volume V of the threefold sits in a hypermultiplet. Recall from section 4.5.2 that V can be written as
Z
1
1
J ∧ J ∧ J = VΛΣΘ v Λ v Σ v Θ ,
V=
(7.102)
3! X3
3!
where VΛΣΘ are the intersection numbers
VΛΣΘ =

Z
X3

ωΛ ∧ ωΣ ∧ ωΘ .

(7.103)

We thus see that one of the degrees of freedom carried by the scalars v Λ has to be subtracted from
the counting of scalars in vector multiplets, in accord with (7.101).
To discuss hypermultiplets we need to recall the decomposition of the third cohomology into
complex cohomologies,

 

H 3 (X3 ) = H 1,2 (X3 ) ⊕ H 2,1 (X3 ) ⊕ H 0,3 (X3 ) ⊕ H 3,0 (X3 ) .
(7.104)
Real scalars ξ K , ξ˜K provide h1,2 (X3 ) + 1 complex degrees of freedom: h1,2 (X3 ) of these correspond
to the H 1,2 (X3 ) ⊕ H 2,1 (X3 ) component and combine with the complex structure moduli Z κ to give
h1,2 (X3 ) hypermultiplets; the remaining complex degree of freedom lives in H 0,3 (X3 ) ⊕ H 3,0 (X3 ) and
combines with V, Φ in the so-called universal hypermultiplet. In conclusion, we have found
(5)

nH = h1,2 (X3 ) + 1

(7.105)

hypermultiplets, which will be collectively denoted by q u .
We can finally record the result of the dimensional reduction of (7.97) according to the Ansätze
(7.98), (7.100). Since the overall volume sits in the universal hypermultiplet it is natural to define
scalar fields
1
(7.106)
LΛ = V − 3 v Λ ,
which are the real scalars in the vector multiplets. They only parameterize h1,1 (X3 ) − 1 degrees of
freedom, since due to their definition they are subject to the constraint
Λ Σ Θ
1
3! VΛΣΘ L L L

=1.

(7.107)

We are naturally led to interpret LΛ as five-dimensional very special coordinates, in term of which the
cubic potential reads
N = 3!1 VΛΣΘ LΛ LΣ LΘ .
(7.108)
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The reduced bosonic action is then given by
Z
(5)M
S
=
+ 12 R ∗ 1 − 21 GΛΣ dLΛ ∧ ∗dLΣ − huv dq u ∧ ∗dq v

(7.109)

M5

− 12 GΛΣ F Λ ∧ ∗F Σ −

Λ
1
12 VΛΣΘ A

∧ FΣ ∧ FΘ ,

where, as expected from section 7.4.3,


GΛΣ = − 12 ∂LΛ ∂LΣ log N N =1 ,

(7.110)

and where the hypermultiplet moduli metric reads
huv dq u ∧ ∗dq v = + dD ∧ ∗dD + gκ1 κ̄2 dZ κ1 ∧ ∗dZ̄ κ̄2
h
i2
+ 14 e4D dΦ + (ξ K dξ˜K − ξ˜K dξ K )

(7.111)

− 12 e2D (dξ˜K − MKM dξ M )(ImM)−1 KL (dξ˜L − MLN dξ N ) .

In this expression
D = − 12 log V ,

(7.112)

and we have made use of a complex matrix M that encodes the relevant data about the middle
cohomology of the threefold, to which we now turn.

Intermezzo: a few facts on the middle cohomology
As promised, let us take a short detour and discuss briefly some features of the middle cohomology of
a Calabi-Yau threefold. The elements {αK , β K } (K = 1, . . . , h1,2 (X3 ) + 1) are chosen in such a way
as to form an integral symplectic basis of the middle cohomology H 3 (X3 ) of the threefold. The only
non-vanishing independent wedge product among basis elements is
Z
αK ∧ β L = δLK .
(7.113)
X3

In order to discuss the metric on the moduli space of neutral hypermultiplets, we need to introduce
matrices AK L , BKL , C KL , such that
∗ αK = AK L αL + BKL β L ,

∗β K = C KL αL − ALK β L ,

(7.114)

where ∗ represents the Hodge star in X3 . These matrices can be conveniently expressed in terms of a
symmetric, complex matrix M,
AK L = (ReM)KH (ImM)−1 HL ,
BKL = −(ImM)KL − (ReM)KH (ImM)−1 HM (ReM)M L ,

C KL = (ImM)−1 KL .

Of course, this matrix M is the same that enters the hypermultiplet moduli metric (7.111).

(7.115)
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Derivation of the reduced action
We now discuss in detail the derivation of (7.109). The reader who is not interested in this computation
can safely skip the rest of this section.
We do not need to discuss at length the reduction of the Einstein-Hilbert term, which has been
discussed for general Ricci-flat manifolds in section 4.3 and appendix A.3. We only need to specialize
those results to the case of a Calabi-Yau threefold, making use of the facts about Calabi-Yau moduli
spaces collected in section 4.5.2. We also know already that after reduction we have to perform the
Weyl rescaling
g̃µν = V −2/3 gµν ,

(7.116)

which is the specialization of (4.34) to d = 5, written in a slightly different notation. The result of
the dimensional reduction of the Einstein-Hilbert term followed by the Weyl rescaling is
Z
Z
Λ
Σ
κ1
1
1
1
(7.117)
∧ ∗dZ̄ κ̄2 .
∗1 =
2 R̂ˆ
2 R ∗ 1 − 2 HΛΣ (v)dv ∧ ∗dv − gκ1 κ̄2 dZ
M11

M5

The metric gκ1 κ̄2 on the space of the complex structure moduli Z κ was derived in section 4.5.2 and is
recorded here again for ease of reference,
 Z

gκ1 κ̄2 (Z, Z̄) = ∂Z κ1 ∂Z̄ κ̄2 Kcs (Z, Z̄) ,
Kcs (Z, Z̄) = log i
Ω∧Ω .
(7.118)
X3

The metric on Kähler moduli space requires more care. The quantity HΛΣ (v) in (7.117) is defined by
HΛΣ (v) = −GΛΣ (v) − V −1 VΛΣ ,

(7.119)

where GΛΣ (v) is the natural metric on the Kähler moduli space of the threefold, derived in section
4.5.2,
GΛΣ (v) = − 12 ∂vΛ ∂vΣ log V(v) = − 12 V(v)−1 VΛΣΘ v Θ + 18 V(v)−2 VΛΩΘ VΣΨΞ v Ω v Θ v Ψ v Ξ .

(7.120)

As anticipated above, the natural variables in the Kähler moduli space are LΛ defined in (7.106).
Trading the scalars v Λ for LΛ we find
− 12 HΛΣ (v)dv Λ ∧ ∗dv Σ = − 12 GΛΣ (L)dLΛ ∧ ∗dLΣ − dD ∧ ∗dD ,

(7.121)

where D was defined in (7.112). The symbol GΛΣ (L) denotes the metric obtained by replacing v Λ by
LΛ everywhere in (7.120). It is easily checked that it coincides precisely with (7.110).
Next, let us consider the reduction of the other terms in the eleven-dimensional action (7.97). As
far as the three-form kinetic term is concerned, a straightforward computation shows that
Z
Z
1
− 4 Ĝ4 ∧ ˆ
∗Ĝ4 =
+ 41 (dξ˜K − MKM dξ M )(ImM)−1 KL ∧ ˜∗(dξ˜L − MLN dξ N )
M11

M5

− 12 VGΛΣ (v)F Λ ∧ ˜∗F Σ − 14 VG4 ∧ ˜∗G4 ,

(7.122)
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where F Λ = dAΛ , G4 = dC3 , and the matrix M is defined implicitly by the relations (7.115). For the
Chern-Simons term, we find
Z
Z
1
1
− 12
− 12
Ĉ3 ∧ Ĝ4 ∧ Ĝ4 =
VΛΣΘ AΛ ∧ F Σ ∧ F Θ + 14 (ξ K dξ˜K − ξ˜K dξ K ) ∧ G4 .
(7.123)
M11

M5

As anticipated above, we can dualize the three-form C3 into a real scalar Φ. To this end we add to
the five-dimensional action the term
Z
(5)M
1
∆S
=
(7.124)
4 dΦ ∧ G4
M5

which implements Bianchi identity dG4 = 0 if we consider G4 rather than C3 as independent variable.
After elimination of G4 via its equation of motion, we get
Z
(5)M
+ 41 (dξ˜K − MKM dξ M )(ImM)−1 KL ∧ ˜∗(dξ˜L − MLN dξ N )
Snon-grav
=
(7.125)
M5

1
− 12 VGΛΣ (v)F Λ ∧ ˜∗F Σ − 12
VΛΣΘ AΛ ∧ F Σ ∧ F Θ
h
i
h
i
1
ξ K dξ˜K − ξ˜K dξ K + dΦ ∧ ˜∗ ξ K dξ˜K − ξ˜K dξ K + dΦ .
− 16V

Let us stress that we still have to take into account the Weyl rescaling of the metric g̃µν . It is interesting
to note that it is crucial to get the equality between the inverse gauge coupling function and the metric
of the moduli space of scalars LΛ , since
2

− 12 VGΛΣ (v)F Λ ∧ ˜
∗F Σ = − 21 V 3 GΛΣ (v)F Λ ∧ ∗F Σ = − 21 GΛΣ (L)F Λ ∧ ∗F Σ ,

(7.126)

where GΛΣ (L) is the same as in (7.110). This concludes our derivation. Indeed, it is straightforward
to check that the hypermultiplet moduli metric (7.111) collects the kinetic terms of all scalars different
from the LΛ ’s after Weyl rescaling.

7.5.2

The case of an elliptic fibration

Let us now specify this result to the elliptically fibered geometry introduced in subsection 7.2. We
first split the index Λ into (0, α, i) and write
LΛ = (R, Lα , ξ i ) ,

AΛ = (A0 , Aα , Ai ) .

(7.127)

Combining this notation with the intersection numbers (7.11) of an elliptic fibration we get
N = 21 ηαβ RLα Lβ + 21 ηαβ K α R2 Lβ + 16 ηαβ K α K β R3
− 21 ηαβ C α Cij Lβ ξ i ξ j + 16 Vijk ξ i ξ j ξ k .

(7.128)

As we will discuss in section 7.6 couplings of the form R2 Lα in (7.128) are not compatible with
the uplift from five to six dimensions. However, there is as simple field redefinition which allows us to
get rid of these R2 Lα terms. More precisely, one introduces the shifted fields8
Ľα = Lα + 12 K α R ,

Ǎα = Aα + 12 K α A0 ,

(7.129)

8
This field redefinition is also crucial in the analogous treatment of F-theory on Calabi-Yau fourfolds as discussed in
[205, 206].
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where the shift of the vectors is required by supersymmetry. Clearly, the new Ľα and new vectors can
be obtained by expanding J and C3 in a new basis of two-forms
ω̌0 = ω0 − 12 K α ωα ,

ω̌α = ωα ,

ω̌i = ωi .

(7.130)

In fact, this new basis is better suited to identify the vectors Ǎα as dualizable into five-dimensional
tensors. The cubic potential in the new coordinates given by
N M = 12 ηαβ RĽα Ľβ +
−

α β 3
1
24 ηαβ K K R
α
β i j
α
β
i j
1
1
2 ηαβ C Cij Ľ ξ ξ + 4 ηαβ C Cij K Rξ ξ

+ 61 Vijk ξ i ξ j ξ k .

(7.131)

Using this expression of N the Chern-Simons term takes the form
Z
(5)M
SCS =
− 41 ηαβ A0 ∧ F̌ α ∧ F̌ β + 41 ηαβ C α Cij Ǎα ∧ F i ∧ F j
M5

−
−

α β 0
0
1
48 ηαβ K K A ∧ F ∧
i
j
k
1
12 Vijk A ∧ F ∧ F ,

F 0 − 18 ηαβ C α Cij K β A0 ∧ F i ∧ F j
(7.132)

where F̌ α is the usual field strength of the vectors Ǎα introduced in (7.129).

7.5.3

Higher order curvature corrections

Several higher-derivative corrections to the 11d M-theory action (7.97) are known [81, 82]. In the
following, we will focus on the mixed gauge-gravitational topological correction9
Z
i
h
(11)
1
(7.133)
ŜCR4 = 96
Ĉ3 ∧ tr R̂4 − 41 (tr R̂2 )2 .
M11

Rather than performing a complete dimensional reduction of (7.133), we will extract the relevant terms
and we will systematically neglect all contributions which involve gradients of the Kähler and complex
structure moduli. This means that we can effectively neglect fluctuations and compute curvature
invariants on the background, which is the product space M11 = M5 × X3 . As a result, we have
simply 10
R̂ = R + RX3 ,
(7.134)
where RX3 is the curvature two-form on the Calabi-Yau threefold, and R is the five-dimensional
curvature two-form. A straightforward computation gives then
(tr R̂2 )2 = 2tr R2 ∧ tr R2X3 + . . . ,

tr R̂4 = 0 + . . . ; ,

(7.135)

where the dots are a reminder of the moduli-dependent, neglected terms. It is useful to recall the
definition of the first Pontryagin class of the Calabi-Yau threefold X3 ,
p1 (X3 ) = − 21 tr R2X3 ,

(7.136)

9
As discussed in section 7.3, factors of (2π)−1 are understood in R̂. Moreover, the relative normalization of this
higher-derivative term and the two-derivative action (7.97) depends on the value of the eleven-dimensional gravitational
constant. It is suppressed everywhere, adopting a convention which is best suited to make contact with the six-dimensional
Green-Schwarz term, in which the six-dimensional gravitational constant has been equally suppressed.
10
Just like in the reduction from six to five dimensions, performing the Weyl rescaling on the five-dimensional metric
does not affect the moduli-independent terms in the expression of the curvature two-form.
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and its relation with the second Chern class,
p1 (X3 ) = −2c2 (X3 ) .

(7.137)

Combining these equations with the three-form expansion (7.100), we can deduce that the 11d correction (7.133) yields, among other terms, the following five-dimensional correction [207]
Z
(5)M
1
ǍΛ ∧ tr R2 ,
(7.138)
SARR = 48
čΛ
M5

where we have defined

Z
čΛ =
X3

ω̌Λ ∧ c2 (X3 ) .

(7.139)

To make further progress it is crucial to specialize to the case of an elliptically fibered Calabi-Yau
threefold X3 . Let us discuss a smooth fibration first. The second Chern class of the total space can
then be expressed in term of Chern classes on the base space B2 , by means of [208]
c2 (X3 ) = c2 (B2 ) + 11c21 (B2 ) + 12ω0 ∧ c1 (B2 ) .
Making use of (7.4) we get
Z
Z
ω0 ∧ c2 (X3 ) =
X3

X3

ω0 ∧ [c2 (B2 ) −

c21 (B2 )]

Z
=
B2

c2 (B2 ) − c21 (B2 ) .

(7.140)

(7.141)

This equation can be evaluated further by using the explicit expressions of the integrals of c2 and c21
on B2 given in (7.6) as
Z
ω0 ∧ c2 (X3 ) = 2h1,1 (B2 ) − 8 .
(7.142)
X3

Furthermore, we can also evaluate the second Chern class on the basis ωα as
Z
Z
ωα ∧ c2 (X3 ) =
ωα ∧ [c2 (B2 ) + 11c21 (B2 ) + 12ω0 ∧ c1 (B2 )] .
X3

(7.143)

X3

Since the first two terms have all their indices on the base, only the last term provides a non-vanishing
contribution. Using c1 (B2 ) = −K α ωα , as introduced in subsection 7.2, we compute
Z
čα =
ω̌α ∧ c2 (X3 ) = −12ηαβ K β ,
(7.144)
X3

where we have used ω̌α = ωα . In order to obtain č0 from (7.142), (7.143) we have to recall the definition
(7.130) of ω̌0 , and find
č0 = 52 − 4 h1,1 (B2 ) .

(7.145)

So far we have worked on a smooth elliptic fibration. We now include the effects of singularities
and their resolution. Clearly, the presence of resolved singularities induces new couplings
Z
či =
ω̌i ∧ c2 (X3 ) .
(7.146)
X̃3
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One expects that this expression evaluated for a given gauge group has a group theoretic interpretation.
Giving its precise form is beyond the scope of this work. However, let us note that also the other
couplings č0 and čα could be corrected by the inclusion of blow-up divisors. Indeed, a general shift of
c2 (X̃3 ) with the blow-up divisors induces
Z
Z
Z
ij
ωα ∧ ωi ∧ ωj ,
(7.147)
ωα ∧ ∆c2 (X̃3 ) = C
ω0 ∧ ∆c2 (X̃3 ) = 0 ,
X̃3

X̃3

X̃3

where we have used the vanishing of the intersections (7.11) with only one ωi and two ωα , and
ωi ∧ ω0 = 0. Note that a shift in č0 could still be induced due to the basis change (7.130) inducing a
term proportional to čα . We claim that also čα is uncorrected, and thus č0 and čα remain unchanged.
Despite that we do not have a general proof, we have checked for many examples that (7.144) and
(7.145) are still true:
čα = −12ηαβ K β ,
č0 = 52 − 4 h1,1 (B2 ) .
(7.148)
As we will show later, the fact that čα is not changed is consistent with the F-theory lift. The fact
that č0 does not change in this case follows from (7.147).

7.6

F-theory lift and one-loop corrections

In this section we compare the result of the circle reduction of the general six-dimensional (1, 0)
supergravity theory with the M-theory reduction on an elliptically fibered Calabi-Yau threefold. We
identify terms which appear at classical level on both sides and can be immediately matched as
discussed in subsection 7.6.1. We also comment on the matching of certain higher derivative terms.
It is crucial insight that both reductions contain additional terms which have no immediate analogue
in the dual reduction. We suggest in subsection 7.6.2 that these terms arise at the quantum level and
encode the same information about the underlying fully quantized theory. In particular, we argue
that certain intersections on the M-theory side correspond in the reduction from six to five dimensions
on a circle to one-loop corrections with charged matter fermions and Kaluza-Klein modes of all sixdimensional chiral fields running in the loop. In conclusion this allows us to extract all data from
M-theory required to specify the six-dimensional action including the complete information about
six-dimensional anomalies. In chapter 9 the loop computation will be explicitly performed and will
corroborate our present analysis.

7.6.1

Classical action in the F-theory lift

In order to extract information about F-theory in six dimensions, we have to compare the fivedimensional action coming from Kaluza-Klein reduction from six dimensions with the five-dimensional
action of M-theory on an elliptically fibered Calabi-Yau threefold. Our strategy will be similar to the
treatment of F-theory on Calabi-Yau fourfolds presented in [206].
As a first step, we present the match of the number of multiplets in five dimensions in order
to give the number of six-dimensional multiplets in terms of the topological data of the F-theory
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compactification manifold X3 . This was already implicit in our choice of indices in sections 7.4 and
7.5. More precisely, for the α-index we find that the number of six-dimensional tensors is given by
nT + 1 = h1,1 (B2 ) ,

(7.149)

where we recall that there are nT six-dimensional tensor multiplets and one tensor in the gravity
multiplet. In the F-theory reduction the tensors arise from the reduction of the Type IIB RR four-form
into a base of H 2 (B2 ). Since Ai parameterize the Coulomb branch of the circle-reduced six-dimensional
gauge theory, one finds
rank(G) = h1,1 (X̃3 ) − h1,1 (B2 ) − 1 ,

(7.150)

which counts the number of independent blow-up divisors induced to resolve the singular elliptic
fibration to obtain X̃3 . Note that for ADE gauge groups G the number of six-dimensional vector
multiplets is then given by
nV = (cG + 1)rank(G) ,

(7.151)

where cG is the dual Coxeter number of G. In F-theory these vectors arise from the seven-brane
gauge potentials. Finally, one can match the number of hypermultiplets, simply by noting that a sixdimensional hypermultiplet becomes a five-dimensional hypermultiplet in the circle reduction. This
leads to the following number of neutral six-dimensional multiplets
nneutral
= h2,1 (X̃3 ) + 1 .
H

(7.152)

In F-theory on X3 these neutral hypermultiplets contain the complex deformations of the seven-branes
and their Wilson line moduli.11 The universal hypermultiplet in the F-theory reduction contains as
one complex scalar the volume of the base together with the scalar of the Type IIB RR four-form
expanded in the volume form of B2 . The remaining two real scalar degrees of freedom in the universal
hypermultiplet arise in the expansion of the Type IIB RR and NSNS two-forms into the universal
two-form mode present for any B2 . The proof of the match (7.149)-(7.152) follows from the match of
the effective theories presented in the following.
In order to systematically approach the match of the effective action, we would first like to identify
the terms which are classical on both sides. This is not hard for the circle reduction from six to five
dimensions. More complicated is the distinction of the various terms in the M-theory potential. We
will address the two sides in turn.
In the reduction of the six-dimensional action on a circle performed in section 7.4 we found that
there is a potential N F given in (7.79) which encodes the kinetic terms of the gauge coupling functions
and the Chern-Simons terms in the five-dimensional reduced action. It is crucial to recall the natural
decomposition of N F in (7.79) into a polynomial and a non-polynomial part:
NpF = Ωαβ M 0 M α M β − 4Ωαβ bα Cij M β M i M j ,
F
Nnp
= 4Ωαβ bα bβ Cij Ckl
11

M iM j M k M l
.
M0

See ref. [209], for a detailed matching with the orientifold picture with D7-branes.

(7.153)
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The terms in NpF are cubic and hence encode a standard N = 2 five-dimensional action. In contrast
F is only homogeneous of degree three, but non-polynomial. As argued in section 7.4.3 it can be
Nnp
interpreted as a counterterm of the five-dimensional one-loop effective action. Its six-dimensional
origin is related to the classical lack of gauge invariance of the six-dimensional action. In fact, it
vanishes precisely when
Ωαβ bα bβ = 0 .
(7.154)
This corresponds to the case where the six-dimensional action is gauge invariant as inferred from
(7.44), and is consistent with the absence of six-dimensional anomalies, see section 7.3.2.
Let us now turn to the M-theory reduction. Here the identification of the classical terms is more
subtle. We have worked on the resolved space with finite size elliptic fiber. Recall from section 5.3
that the F-theory limit corresponds to both shrinking the blow-up divisors as well as the size of the
elliptic fiber. One expects that this selects classical terms in the potential N M of equation (7.131). It
turns out to be useful to introduce an -scaling to distinguish various terms in N M . For the volumes
v 0 , v α , v i appearing in the Kähler form J = v Λ ωΛ , we make the formal replacements
v 0 7→ v 0 ,

v α 7→ −1/2 v α ,

v i 7→ 1/4 v i .

(7.155)

Note that these scalings satisfy some important consistency checks. Firstly, the size of the elliptic
fiber v 0 and the blow-up fibers v i vanish for  → 0. Secondly, the total volume V of X3 is finite, which
is required by the fact that V sits in a five-dimensional hypermultiplet. Translated into the variables
R, Lα , ξ i one finds the replacements
R 7→ R ,

Lα 7→ −1/2 Lα ,

ξ i 7→ 1/4 ξ i .

(7.156)

Since the redefined scalars Ľα contain Lα linearly, they obey the same rescaling as Lα . In the limit
M . We thus divide the terms in (7.131) into
 → 0 two terms in (7.131) survive which we collect in Nclass
M
=
Nclass
M
Nloop

=

α β
α
β i j
1
1
2 ηαβ RĽ Ľ − 2 ηαβ C Cij Ľ ξ ξ ,
α β 3
α
β
i j
1
1
24 ηαβ K K R + 4 ηαβ C Cij K Rξ ξ

(7.157)
+

i j k
1
6 Vijk ξ ξ ξ

.

M with N F given in (7.153). Note that the second term N M
It is now straightforward to match Nclass
p
loop
in (7.157) will be later reinterpreted as a loop correction, which gives another justification of the split
induced by the F-theory limit (7.156).

Let us first start by matching the fields on the F-theory side and the M-theory side. In order to do
that we have to fix the normalization of the fields, which cannot be uniquely extracted by comparing
(7.153) and (7.157). Supersymmetry relates the normalization of the real scalars and vectors in the
vector multiplets. Hence, given a fixed normalization of the vectors the complete match of the scalar
components can be inferred. On the one hand, in the circle compactification from six dimension the
vectors are normalized by the Green-Schwarz term (7.28), and the fixed definition of the anomaly
coefficients bα , aα . On the other hand, in M-theory the normalization of the vectors is fixed by a
choice of integral basis in the expansion (7.100) of Ĉ3 . Appropriately rescaling the six-dimensional
vectors to also adopt to an integral basis, one can infer the map
M 0 = 2R ,

M α = 21 Ľα ,

M i = 12 ξ i ,

(7.158)
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while the constants are identified as
Ωαβ = ηαβ ,

bα = C α .

(7.159)

Note that our result are consistent with the findings of [177, 178, 179, 180, 181].
So far we have only discussed the vector and gravity sectors of the M-theory to F-theory matching.
Clearly, both the 6d/5d reduction as well as the M-theory reduction contain a hypermultiplet sector.
As discussed in section 7.4.2, we found that in the dimensional reduction from six to five dimensions
the charged hypermultiplets are massive in the Coulomb branch. Therefore, they are not visible in
the effective action of the massless modes of M-theory. We will include them in the study of loop
corrections in the next subsections. However, the neutral hypermultiplets are massless and their
moduli space could be matched straightforwardly also leading to (7.152).
Let us close this subsection by also comparing the classical parts of the higher curvature terms
dimensionally reduced in sections 7.4.4 and 7.5.3. We have focussed on the terms involving the fivedimensional vectors and two five-dimensional curvature forms R. In (7.92) and (7.138) we found that
such couplings are given by
Z
Z
(5)M
(5)F
β
α
2
1
1
A ∧ tr R ,
SARR = 48 čΛ
ǍΛ ∧ tr R2 .
(7.160)
SARR = − 2 Ωαβ a
M5

M5

Recall that the coefficients čΛ have been determined in (7.148), and (7.146). Since in the circle
reduction only the Aα appears, one suspects that, similar to the F-theory limit discussed above, that
these are the only classical terms in the reduction. Using čα = −12ηαβ K β , as given in (7.148), we can
apply the identification (7.159) to infer
aα = K α .
(7.161)
Note that this is precisely the identification dictated by anomaly cancellation conditions as found in
[177, 178, 179, 180, 181]. On the M-theory side we also found the non-vanishing couplings involving
či , č0 . Similar to the split found for N M we believe that these couplings are induced by one-loop
corrections on the F-theory side. The remainder of this chapter is devoted to the discussion of such
one-loop quantum corrections.

7.6.2

Completing the duality using one-loop corrections

As we have seen in the previous subsection, only some terms of the five-dimensional cubic potential
N M of M-theory compactified on a Calabi-Yau threefold admit a straightforward dual in the potential
N F arising from circle compactification of six-dimensional supergravity. In this subsection, we will
provide a framework for the interpretation of the remaining terms in N M , which we record here again
for the ease of the reader,
M
Nloop
=

α β 3
1
24 ηαβ K K R

+ 41 ηαβ C α Cij K β Rξ i ξ j + 16 Vijk ξ i ξ j ξ k .

(7.162)

Recall that five-dimensional N = 2 supersymmetry ensures that exactly the same amount of information is contained in the cubic potential N and in the Chern-Simons couplings of vectors. The following
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discussion is conveniently formulated in terms of the latter. As already anticipated, we relate these
couplings to one-loop effects in the reduction from six to five dimensions.
In order to clarify the precise meaning of this statement, let us analyze in more detail the origin
of Chern-Simons couplings in the effective five-dimensional theory arising from six-dimensional supergravity on a circle. A possible source of this kind of interactions is of course provided by dimensional
reduction of the Green-Schwarz term in the classical six-dimensional action. These interactions are
precisely the ones which we have considered in the previous subsection. However, additional contributions arise, which are understood in the framework of effective quantum field theory. In fact, from
a quantum perspective, the five-dimensional effective action resulting from compactification on a circle of six-dimensional supergravity encodes all information about the low-energy dynamics, including
interactions induced by massive fields which have to be integrated out when we restrict our attention
to the lightest states of the theory.
In the case under examination, we identify two different families of massive fields which can alter
five-dimensional effective couplings:
• Kaluza-Klein modes. As we know from section 4.2, all six-dimensional fields can be schematically
expanded into Kaluza-Klein modes as
X
ϕ̂(x, y) =
ϕ(n) (x)einy .
(7.163)
n∈Z

The modes ϕ(n) with non-zero n appear in the five-dimensional theory as massive fields, with
mass inversely proportional to the radius r of the compactification circle, m(n) ∼ |n|/r.12 Zeromodes only are sufficient to fix all data needed to specify the six-dimensional model we are
compactifying, and this is why we have systematically neglected excited modes so far. Nonetheless, Kaluza-Klein modes can run in five-dimensional loop diagrams.
• Fields which are given a mass by gauge symmetry breaking. Recall that F-/M-theory duality
can be applied in a geometric regime only if the five-dimensional gauge symmetry is spontaneously broken down to the Coulomb phase and the compactification threefold is resolved. This
amounts to giving non-vanishing VEVs to some scalars in the vector multiplets. As described in
subsection 7.4.2, these VEVs provide mass terms for the W-bosons and the scalars in charged
hypermultiplets. Supersymmetry implies that their fermionic partners, gaugini and hyperini,
get massive as well. We claim that these fields can run in five-dimensional loops in such a way
as to induce effective Chern-Simons couplings.
In chapter 9 we will demonstrate that five-dimensional massive spin-1/2 and spin-3/2 fermions,
as well as five-dimensional massive tensors, generate a shift of gauge and mixed gauge-gravitational
Chern-Simons terms. In order for this mechanism to work, these massive fields have to be minimally
coupled electrically to a massless five-dimensional vector. In the next subsection we will identify such
couplings and thus justify our claim about the one-loop origin of the terms in (7.162). A precise match
of one-loop Chern-Simons terms will be presented in section 10.2.
12

This holds before possible Weyl rescalings are taken into account.
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7.6.3

Identifying relevant couplings involving massive fields

We start discussing fermionic Kaluza-Klein modes. Let ψ̂(±) denote a general six-dimensional spinor
of given chirality. It is an 8-component spinor with complex entries, but the number of degrees
of freedom is halved by restriction to definite chirality. This counting agrees with the number of
degrees of freedom of the (off-shell) five-dimensional reduced spinor ψ, which can be represented as a
4-component vector with complex entries.
We can be more explicit. A representation of six-dimensional gamma matrices Γ̂â , {Γ̂â , Γ̂b̂ } = 2η̂âb̂ ,
â, b̂ = 0, 1, ..., 5 can be found, such that
Γ̂a = σ1 ⊗ Γa ,

Γ̂5 = σ2 ⊗ I4 .

(7.164)

In these equations, σi are the usual Pauli matrices, while Γa , {Γa , Γb } = 2ηab , a, b = 0, 1, ..., 4 are
five-dimensional gamma matrices, satisfying
iΓ0 Γ1 Γ2 Γ3 Γ4 = I4 .

(7.165)

As a result, the six-dimensional chirality matrix is simply given by
Γ̂ = Γ̂0 Γ̂1 Γ̂2 Γ̂3 Γ̂4 Γ̂5 = σ3 ⊗ I4 .

(7.166)

We can thus write ψ̂(±) in the factorized form
ψ̂(±) = ι(±) ⊗ ψ ,

(7.167)

where ι(±) is a unit vector in C2 , such that σ3 ι(±) = ±ι(±) , and ψ is a five-dimensional spinor.
Using these conventions, dimensional reduction of the six-dimensional standard kinetic term for
ψ̂(±) yields13
Z
XZ

6
µ̂ ˆ
ˆ
(7.168)
d x̂ ψ̄(±) Γ̂ ∂µ̂ ψ̂(±) ⊃ 2π
d5 x r ψ̄ (n) Γµ ∂µ ψ (n) ∓ nr ψ̄ (n) ψ (n) + inA0µ ψ̄ (n) Γµ ψ (n) .
n∈Z

On the left hand side, a hat denotes six-dimensional gamma matrices, indices, and coordinates. The
modes ψ (n) of the fermion ψ are defined as in (7.163). On the right hand side, we find a result
consistent with the general features of Kaluza-Klein models on a circle. In fact, the n-th excited
Kaluza-Klein mode has a mass proportional to n and is electrically charged with respect to the vector
A0 . The charge is proportional to n as well. Note that additional non-minimal Pauli-like couplings
0 ψ̄ (n) Γµν ψ (n) are generated in the reduction. They are not relevant for our current
of the form Fµν
purposes since, as we will show in chapter 9, the desired Chern-Simons one-loop correction is only
sensitive to minimal couplings.
A very similar computation shows that dimensional reduction of the Rarita-Schwinger term for six(n)
dimensional gravitini yields, among other terms, a mass term for the excited Kaluza-Klein modes ψµ
13
In order to keep the argument simple, we work in a flat background and we do not Weyl rescale the five-dimensional
metric.
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and a minimal coupling to the Kaluza-Klein vector A0 with charge proportional to the Kaluza-Klein
level n.
We can now turn to fermions in the vector multiplets. Let λ̂ be a six-dimensional spinor in the
adjoint representation of the simple gauge group G. Its gauge-covariant derivative is given by
D̂λ̂ = dλ̂ + [Â, λ̂] ,

(7.169)

where Â are the non-Abelian six-dimensional vectors introduced in section 7.3. In order to keep the
discussion as simple as possible, we restrict our attention to Kaluza-Klein zeromodes only in this
paragraph. As a consequence, dimensional reduction of the six-dimensional kinetic term for λ̂ is of
the form
Z
Z




6
µ̂
ˆ
(7.170)
d x̂tr λ̄Γ̂ D̂ λ̂ = 2π d5 x r tr λ̄Γµ D λ + i tr λ̄[ζ, λ] .
µ̂

µ

r

On the right hand side, Dλ = dλ + [A, λ] is the five-dimensional gauge-covariant derivative, while ζ is
the adjoint scalar introduced in the Ansatz (7.48). Note that the sign of the last term is determined by
the requirement of left-handedness for the gaugini, and that no A0 -coupling emerges for the KaluzaKlein zeromodes precisely thanks to the shift of five-dimensional vectors described by (7.48). When
the gauge symmetry is spontaneously broken to the Coulomb branch, the scalars ζ acquire a nonvanishing VEV orthogonal to the Cartan subalgebra. Furthermore, commutators [A, λ], [ζ, λ] vanish
for the components of λ lying in this subalgebra. However, they are non-trivial for the components
orthogonal to it. These components receive a mass from the second term in (7.170), while the first term
in the same equation provides electric coupling to the Abelian vectors Ai associated to the generators
of the Cartan subalgebra. We can thus see that Higgsed gaugini have the correct coupling to generate
the effective Chern-Simons interaction under examination.
A similar argument can be used to conclude that charged hyperini can run in the loop and furnish
a non-vanishing contribution. More precisely, dimensional reduction of their kinetic term gives
Z
Z



U
6
U µ̂
V
ˆ
d x̂tr hU V ψ̄ Γ̂ (D̂µ̂ ψ̂) = 2π d5 x r hU V ψ̄ Γµ (Dµ̂ ψ)V − ri hU V ψ̄ U ζ I (TIR ψ)V .
In this expression, the six-dimensional covariant derivative of the hyperino is defined as
ˆ µ̂ ψ̂ U + ÂI (T R ψ̂)U ,
(D̂µ̂ ψ̂)U = ∇
µ̂ I

(7.171)

and an analogous expression is understood for the five-dimensional covariant derivative on the right
hand side. Note that the sign of the last term has changed with respect to the gaugino reduction,
because hyperini are right-handed. Upon spontaneous gauge symmetry breaking to the Coulomb
branch, this term provides a mass for charged hyperini, while neutral hyperini are unaffected and
remain in the massless five-dimensional spectrum.
The reader might wonder whether there are massive fermions which are electrically coupled to
vectors Aα . Our analysis suggests that this is not the case. A thorough explanation would require
dimensional reduction of the full six-dimensional pseudoaction, including fermionic terms. Such a
pseudoaction can be found e.g. in [210]. However, it is crucial to recall that five-dimensional vectors
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Aα are obtained by dimensional reduction of six-dimensional two-forms B̂ α . Such two-forms enter the
six-dimensional action in a qualitatively different way as six-dimensional vectors. Geometrically, they
are not connection forms, and cannot be used to build six-dimensional covariant derivatives. Therefore, the reduced five-dimensional action lacks electric couplings of vectors Aα to fermions. Nonetheless, different couplings are possible, which can be referred to as magnetic. They read schematically
α ψ where ψ stands for a five-dimensional fermion. Even though these interactions may play
mα ψ̄Γµν Fµν
a role in the full one-loop five-dimensional effective action, in the absence of electric vertices they are
not able to generate contributions to the Chern-Simons couplings.
It is interesting to point out the connection between this argument and the shift of vectors performed in (7.129). As explained in section 7.5.1, this shift is crucial to identify properly five-dimensional
vectors coming from six-dimensional two-forms. As we can see by comparing (7.128) and (7.131), the
field redefinition (7.129) is such that in the cubic potential N M the term R2 Lα gets replaced by the
term Rξ i ξ j . As argued in the previous paragraph, it would be impossible to generate the former term
using five-dimensional fermion loops, while in the following we will show how the latter term can
emerge from such Feynman diagrams.
After these general remarks about massive fermions in the five-dimensional theory, let us discuss in
more detail each term in (7.162). The first term corresponds to a Chern-Simons coupling of the form
A0 ∧ F 0 ∧ F 0 . As we argued above, Kaluza-Klein modes are the fields which are electrically charged
under A0 . We therefore claim that this five-dimensional interaction is generated by diagrams in which
Kaluza-Klein excited modes coming from reduction of all chiral six-dimensional fields can run in the
loops. This claim will be verified in section 10.2.
The next term in (7.162) corresponds to a Chern-Simons vertex of the form A0 ∧ F i ∧ F j . In
order to reproduce this effective coupling using five-dimensional one-loop diagrams, we need fermions
which are electrically coupled both to the Kaluza-Klein vector A0 and to the Abelian vectors Ai in
the Coulomb branch. Our discussion above singles out Kaluza-Klein modes of Higgsed gaugini and
charged hyperini as natural candidates to run in the loop.
Finally, we focus our attention on the last term in (7.162), which gives rise to a Chern-Simons term
∧ F j ∧ F k . We identify the source of this coupling in the Higgsed gaugini and the massive charged
hyperini. The one-loop effect due to these fermions has been computed [211] for a five-dimensional
N = 2 supersymmetric gauge theory decoupled from gravity. The full result for the purely gauge part
of the five-dimensional cubic potential N , including quantum corrections, reads
X

X X
i j
i j k
3
3
gauge
1
1
1
|R · ξ| −
|w · ξ + mf | .
(7.172)
N
= 2 m0 Cij ξ ξ + 6 cclass dijk ξ ξ ξ + 12
Ai

R

f

w∈Wf

In this equation ξ is a vector whose component are the scalar fields ξ i associated to vectors Ai . In ξ · R
it is contracted with a root of the simple gauge group G, while in ξ · w it contracts with a weight of a
the representation in which the charged fermions transform. The first sum in (7.172) runs over all the
roots of G, and arises from integrating out the Higgsed gaugini, i.e. the fermionic partners of massive
W-bosons. The second sum in (7.172) runs over all massive charged fermions f and all weights in Wf ,
i.e. all elements of the set of weights of the representation in which the fermion f transforms. mf is
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the classical mass of the fermion f . Finally, the group theoretical invariants Cij and dijk are given by
Cij = tr Ti Tj ,

dijk = 21 tr Ti (Tj Tk + Tk Tj ) .

(7.173)

To apply the formula (7.172) to our circle compactification from six to five dimensions we recall
the classical expression (7.153) for N F . This leads to the identification
m0 = −8M α bβ Ωαβ ,

cclass = 0 ,

(7.174)

where we have used the fact that upon decoupling gravity the M α are simply parameters. Following
the discussion of section 7.6.1 this matches the classical M-theory result. A careful comparison of
the loop terms in (7.172) and the intersection numbers Vijk of the resolved Calabi-Yau threefold X̃3
would require the introduction of new technical tools and lies out of the main line of development
of this section. However, let us stress that the reader can find a detailed discussion of this point in
[137], appendix A: as explained there, the match can be performed successfully in many examples of
Calabi-Yau threefolds with SU (N ) singularities. The classical mass mf is zero in this case.
In summary, we are confident that all terms in the M-theory expression (7.162) arise from oneloop quantum corrections in the 6d/5d dual picture. Moreover, this analysis can be extended to
some higher-derivative couplings which appear naturally in the M-theory reduction on a Calabi-Yau
threefold, but seem to be absent in the reduction of six-dimensional supergravity on a circle. In
section 7.5.3 we have seen that M-theory higher-curvature correction induce a term (7.138) which has
a non-vanishing contribution involving the Kaluza-Klein vector A0 . It is proportional to the shifted
component č0 of the second Chern class of the Calabi-Yau threefold c2 (X3 ) and reads schematically
A0 ∧ tr R ∧ R ,

(7.175)

and corresponds to an amplitude with one Kaluza-Klein vector A0 and two five-dimensional gravitons.
It is impossible to extract such a coupling from the higher-curvature Green-Schwarz term (7.28) in
the six-dimensional pseudoaction. Hence, we are led to the conclusion that on the F-theory side this
interaction emerges as quantum effect, in a similar fashion as the A0 ∧F 0 ∧F 0 coupling analyzed above.
This claim will be substantiated in section 10.2, where a perfect match between one-loop effects and
classical threefold geometry will be presented.

CHAPTER

8

F-theory on Spin(7) manifolds

In this chapter we explore the possibility to compactify F-theory down to four dimensions on an
eight-dimensional Riemannian manifolds with Spin(7) holonomy. As explained in section 8.1 this idea
goes back to the early days of F-theory but has resisted a complete understanding so far. In order
to make some progress we are going to consider a special class of Spin(7) manifolds that are related
to Calabi-Yau elliptically fibered fourfolds. This will allows us to get some insight on F-theory on
these spaces. In particular we will be able to identify the Type IIB weak-coupling limit of a class
of Spin(7) geometries. They exhibit an intriguing interplay between supersymmetry breaking and
Lorentz symmetry breaking in four dimensions.

8.1

A long-standing challenge and a proposed duality

Over the last decades four-dimensional supersymmetric effective theories arising in string compactifications have been studied intensively. Minimally supersymmetric theories are considered as providing
interesting physics beyond the Standard Model. Therefore it has been a crucial long-standing task to
embed supersymmetric extensions of the Standard Model or Grand Unified Theories into string theory
as reviewed, for example, in [212, 131, 213, 103, 105]. As we have seen in section 4.4, the established approach is to consider compactifications of string theory on manifolds with special holonomy, such that
some of the underlying ten/eleven-dimensional supersymmetries are preserved in four dimensions and
allow a supersymmetric effective theory to be determined. Precisely these supersymmetry-preserving
geometries are also mathematically best studied and many powerful tools have been developed exploiting the interplay of geometry and low-energy physics. It is therefore natural to ask whether one can
find a rich set of string compactifications with non-supersymmetric four-dimensional effective theories,
and possibly interesting phenomenological properties, while still allowing the virtues of the remarkable
mathematical tools developed for special holonomy manifolds to be used.
149

150

Chapter 8. F-theory on Spin(7) manifolds

In section 5.3 we have reviewed the standard M-theory/F-theory duality, in which the fourdimensional theory is minimally supersymmetric (four real supercharges). This is achieved by choosing
the torus-fibered geometry relevant to F-theory to be a Calabi-Yau fourfold, i.e. to have SU (4) holonomy. On eight-dimensional manifolds, however, the classification by Berger reported in table 4.1 shows
that SU (4) is not the maximal possible special holonomy group within the local Lorentz group SO(8).
This maximal special holonomy group is instead given by Spin(7). For these geometries one therefore
is led to ask:
(1) Is there a controlled construction of Spin(7) manifolds that can serve as backgrounds for Ftheory?
(2) What are the characteristics of the four-dimensional effective theories arising from F-theory
compactifications on such Spin(7) manifolds?
(3) What is the weak coupling Type IIB string interpretation of these theories?
In this chapter we will address these questions. This problem is particularly interesting because
reduction of M-theory on a Spin(7) manifold yields a three-dimensional theory with half of the supersymmetries with respect to a Calabi-Yau compactification. One might therefore hope that in the
F-theory limit a four-dimensional theory emerges with no supersymmetry. It should be noted these
considerations were already mentioned in the original paper by Vafa [174], in connection with the
proposals of Witten [214, 215]. However, this link has not been concretized. In particular, it is hard
to characterize the most general Spin(7) geometry that allows for a four-dimensional theory to emerge
in the appropriate F-theory limit.
In fact, before entering any analysis of the effective action, we have to answer the question of
whether or not there are suitable Spin(7) manifolds that can be used for F-theory. In particular, it
will be crucial to single out geometries that have an appropriate torus fibration structure to identify
the F-theory compactification as a Type IIB string background. In building these manifolds we will
be motivated by the constructions described by Joyce [216]. These constructions begin by considering
a Calabi-Yau fourfold which is then quotiented in such a way that a Spin(7) manifold is generated.
We will then proceed with an analysis of F-theory on this class of Spin(7) manifolds. Clearly, one
expects that there exist many more examples of Spin(7) geometries that are not based on any CalabiYau fourfold. Definite statements about these more general cases turn out to be hard to extract,
nevertheless various results of our analysis may well extend beyond the context that we consider.
Importantly, these constructions based upon Calabi-Yau quotients give us control over the setup and
allow our intuition about Calabi-Yau fourfold compactifications of F-theory to be used. Other explicit
constructions of Spin(7) geometries appeared in [217, 218].
In section 5.3 we have outlined the program based on M-theory/F-theory duality to compute the
effective action for F-theory on an elliptically fibered Calabi-Yau manifold. In the previous chapter
this program has been successfully carried out for a Calabi-Yau threefold. The analogous discussion
of the effective action for a Calabi-Yau fourfold has been studied in [206]. In this chapter we aim at
a generalization of this program to the class of Spin(7) geometries mentioned above.
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4d F-theory
e↵ective action

11d M-theory
e↵ective action
Spin(7)
manifold
3d N = 1
e↵ective action

interval
comparison

3d N = 1
e↵ective action

Figure 8.1: Summary of the effective actions considered in this chapter. The left column corresponds
to the M-theory side of the duality (8.1), while the right column corresponds to the F-theory side.
The comparison between the three-dimensional N = 1 theories is performed in the case in which the
Spin(7) manifold arises as an antiholomorphic quotient of an elliptically fibered Calabi-Yau fourfold.
We consider a fibration structure that yields a simple non-Abelian gauge group. The match of
three-dimensional actions is carried out in the Coulomb branch at the level of zero modes.
Our starting point must be the compactification of M-theory on a smooth Spin(7) manifold. This
yields a three-dimensional effective theory with minimal supersymmetry, i.e. two supercharges [219].
In section 8.3.1 we describe the three-dimensional effective action of M-theory on a general Spin(7)
manifold with probe fluxes extending and applying earlier works [220, 221, 222, 223, 224, 225] and
determine the couplings in terms of the geometric data of the Spin(7) geometry.
According to the standard paradigm, the duality between M-theory and F-theory is based on a
circle uplift of the M-theory effective action. To take the F-theory limit for the Spin(7) geometries
under consideration we need a different prescription. More precisely, we propose the following duality:


Spin(7) manifold
∼
M-theory on Spin(7) manifold = F-theory on
× Interval
.
(8.1)
(with vanishing fiber)
In the context of this work we can only make this claim in cases where the Spin(7) manifold is
constructed from a Calabi-Yau fourfold as described in the previous paragraph. The extension of this
to more general geometries remains an interesting open problem.
The essential new feature of the proposed duality is the replacement of the circle with an interval.
This can be argued from different perspectives. First of all, the interval is crucial as the boundary
conditions that are imposed project out half of the zero mode degrees of freedom that would arise in
the circle reduction of a four-dimensional fermion. This observation will make it possible to obtain
minimal supersymmetry in three dimensions by reduction of a four-dimensional theory. In contrast,
it is impossible oxidize a minimally supersymmetric theory in three dimensions on a circle. Second of
all, the appearance of an interval is also natural from the construction of Spin(7) manifolds that we
have mentioned above for which the quotient of the fourfold may be associated with the quotient of
the circle that gives rise to the interval. It is crucial in (8.1) that the core features of the theory in
four dimensions and the boundary conditions for the interval are fixed by the Spin(7) geometry.
The presence of an interval presents some drawbacks, as well. In particular, we will find some
ambiguities in the uplift of the effective action from three dimensions to four dimensions. These
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cannot be resolved within the framework of supergravity, and other arguments have to be invoked.
Uplift ambiguities are essential, since they encode the fate of supersymmetry in the infinite interval
limit. To cast light on this subtle issue we will examine in greater detail a special class of Spin(7)
quotients that admit a clear Type IIB weak coupling limit. For these setups we will be able to establish
the following points:
• the topology of four-dimensional spacetime is R1,2 × I, where the size of the interval I is macroscopic and goes to infinity in the F-theory limit;
• localized objects sit at the boundaries of the interval, while wrapping suitable submanifolds in
the internal space;
• bulk physics is invariant under four real supercharges, while localized sources preserve only two
real supercharges;
• in the strict limit of infinite interval the endpoints of the interval effectively disappear from the
setup, four-dimensional Lorentz invariance is restored, and supersymmetry under four supercharges is achieved.
It is still an open problem to determine if these features are common for all compactifications of Ftheory on Spin(7) manifolds that are obtained as quotients of Calabi-Yau fourfolds. It is therefore not
possible to rule out the existence of Spin(7) manifolds that are able to yield a Lorentz invariant but
non-supersymmetric four-dimensional theory.

8.2

Geometries with Spin(7) holonomy for F-theory

To set the stage for the discussions that follow we describe the construction of Spin(7) manifolds as
antiholomorphic quotients of Calabi-Yau fourfolds. This construction is applied to elliptically fibered
Calabi-Yau fourfolds in subsection 8.2.2. We discuss the fiber structures which arise and comment on
seven-brane configurations that can appear.

8.2.1

Constructing Spin(7) manifolds from Calabi-Yau fourfolds

The key features of the topology and geometry of Spin(7) manifolds have been reviewed in section 4.6.1.
We will now recall the basic ideas underlying the construction of Spin(7) manifolds from Calabi-Yau
fourfolds performed in the work of Joyce [216]. Let Y4 be a Calabi-Yau fourfold and let σ : Y4 → Y4
be a antiholomorphic and isometric involution. In other terms, σ is required to satisfy
(
2

σ = 1l ,

isometric

σ ∗ (g) = g ,

antiholomorphic σ ∗ (I) = −I ,

(8.2)
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where g and I are the metric and complex structure on Y4 , respectively. These conditions translate
to the Kähler form J and on the holomorphic four-form Ω as
σ ∗ J = −J ,

σ ∗ Ω = e2iθ Ω̄ ,

(8.3)

where θ is some constant phase factor. It is then shown in [216] that the quotient space
Z8 =

Y4
σ

(8.4)

can be equipped with a natural Spin(7) structure. In particular, the Cayley calibration Φ of Z8 can
be expressed in terms of the Kähler form J and the holomorphic four-form Ω of Y4 as


1
1
1
−iθ
Φ= 2
Re(e Ω) + J ∧ J .
(8.5)
V ||Ω||
8
In this equation V and kΩk denote the volume of the Calabi-Yau fourfold and the norm of the holomorphic four-form, which we record again for ease of reference,
Z
1
1
i i i i
J4 ,
kΩk2 = Ωi1 i2 i3 i4 Ω 1 2 3 4 .
(8.6)
V=
4! Y4
4!
The derivation of the precise prefactors in front of Re(e−iθ Ω) and J ∧ J will be presented in section
8.3.2. The four-form Φ is invariant under the involution σ and an associated Spin(7) manifold may
then be constructed by quotienting Y4 by σ and resolving the singularities in a Spin(7) compatible
way [216]. In this way Y4 represents the double cover of Z8 which relates the volumes as V = 2V̂.
In preparation for the application to F-theory let us comment further on the geometries involved.
We note that when considering F-theory on a Calabi-Yau space Y4s , the space can be chosen to be
singular. The singularities arise, for example, when the four-dimensional theory has to have a nonAbelian gauge group. These non-Abelian singularities can be resolved in a way that is compatible with
the Calabi-Yau condition to yield a manifold Y4 . We denote the antiholomorphic involution on the
singular space Y4s by σ s and on the resolved space by σ. The respective quotient spaces are denoted
by Z8s = Y4s /σ s and Z8 = Y4 /σ. The Spin(7) resolution of Z8 will be denoted by Ẑ8 . By analogy
with the standard M-theory/F-theory duality we thus expect that the duality (8.1) relates F-theory
compactified on Z8s with M-theory compactified on Ẑ8 . It should be stressed that finding a resolution
of Z8 admitting a Spin(7) structure is a hard task and involves constructing local real Spin(7) ALE
geometries that can be used to resolve possible orbifold singularities [216]. The Betti numbers of the
resolved space can be computed as described in [216]. A stringy computation of the Betti numbers
on the quotient geometry Z8 can be found in [226]. In this work we will not be concerned with
this real resolution Ẑ8 , and mostly work with Z8 neglecting possible singularities. We will refer to
the Spin(7) manifold Z8 constructed in this way as a quotient torus fibration. Our goal is, however,
to formulate the results in a general Spin(7) language such that they can be equally applied to the
resolved geometries Ẑ8 . We summarize the relevant geometries in figure 8.2.
The construction that is carried out in [216] assumes certain additional properties of the orbifold
singularities that are required for the Spin(7) ALE resolutions which are considered there to be applied.
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Y4s

CY res.

Y4
σ

σs
Z8s

Z8

Spin(7) res.
Ẑ8

Figure 8.2: Construction of Spin(7) manifolds by using Calabi-Yau fourfolds with
antiholomorphic involutions.

One such condition is that the singularities introduced by quotienting with respect to σ must be isolated
points in Z8 which lie at points that are already holomorphic orbifold singularities of Y4 . However it
is anticipated that these resolution methods are by no means the only possibility. Therefore, in what
follows, we will not limit ourselves to considering only the sorts of singularities which are required in
[216], but will bear in mind these additional constraints. The analysis of the more general resolutions
that would then be required but the physics associated with their structure will not be discussed in
this work.

8.2.2

Spin(7) manifolds from elliptically fibered Calabi-Yau fourfolds

In order that the Spin(7) manifold Z8 can be used as a background of F-theory we require that the
Calabi-Yau fourfold Y4 is an elliptic fibration with Kähler base B3 . The general remarks of section
5.2.2 on Calabi-Yau with elliptic fibration structure apply to the present case of Y4 . In particular, we
suppose that Y4 is presented in Weierstrass form (5.22). We refer the reader to (5.19) for the expression
of the discriminant locus encoding the positions of seven-branes and to (5.21) for the complex structure
parameter of the elliptic fiber.
The involutive symmetry σ on the elliptic fibration is demanded to have a definite action on B3 ,
i.e. σ should be compatible with the fibration and induce a well-defined action on the base that we
denote σB . Diagrammatically we have

Y4

σ

π
B3

Y4
π

σB

B3

where π : Y3 → B3 is the canonical projection onto the base of the fibration. The preimage of a point
p on B3 under π, i.e. the fiber over p, will be denoted Cp .
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Let us denote by L̂σ the fixed-point space of σ in Y4 . Its projection to B3 is denoted by LB
σ = π(L̂σ )
and can equally be obtained as the fixed-point space of σB . On general grounds the space LB
σ can be
composed of several components that can be one- or three-dimensional. To see this we can perform
the following local analysis. Let U be a given local patch U on B3 containing a fixed point p of σB .
We introduce local complex coordinates (z1 , z2 , z3 ) in such a way that that the coordinates of p are
(0, 0, 0). A first possibility for the action of σB , referred to as case (a) in what follows, is given by
(a)

(z1 , z2 , z3 ) → (z̄ 1 , z̄ 2 , z̄ 3 ) ,

⇒

LB
σ (U ) is three-dimensional.

(8.7)

This is the simplest case, since the geometry of the base B3 around the fixed locus is smooth. A
possible alternative that we refer to as case (b) is when LB
σ is one-dimensional. In this situation B3
cannot be smooth and instead is replaced by an orbifold with singularities associated with a discrete
group G that contains Z2 . For simplicity we will focus here on the case where G = Z2 but the
extension to more general orbifold singularities may be easily performed. A patch U of B3 near such
a singularity takes locally the form C3 /Z2 and may be described locally by the complex coordinates
(z1 , z2 , z3 ) identified by ρU : (z1 , z2 , z3 ) → (−z1 , −z2 , z3 ). The action of σB on these coordinates is
given by
(b)

(z1 , z2 , z3 ) → (z̄ 2 , −z̄ 1 , z̄ 3 ) ,

⇒

LB
σ (U ) is one-dimensional,

(8.8)

which is an involution on the patch U as σB squares to the identification ρU . Let us point out two
special occurrences of case (b). Firstly, one could start with a non-singular threefold admitting a
global Z2 and quotient by this symmetry to find the base B3 . In fact, this sort of situation naturally
arises in toroidal orbifolds. Secondly, one may consider the case that B3 is described as a hypersurface
or complete intersection in a higher-dimensional ambient space exhibiting orbifold singularities as a
result of scaling identifications. This allows σB to act as an involution on B3 if it is induced by a
symmetry of the ambient space that squares to the identity upon using the scalings. Both types of
constructions appear in [216]. Finally, we would like to furnish an explicit example of freely acting
antiholomorphic involution σB ,
 z̄
z̄ 1
1
2
,− ,−
,
⇒
LB
(8.9)
(c)
(z1 , z2 , z3 ) →
σ (U ) is empty ,
z̄ 3 z̄ 3 z̄ 3
even though we will not analyze this case (c) in detail in the upcoming sections.
The fixed space L̂σ of Y4 can have components that are either two- or four-dimensional, or σ can
be freely acting. To investigate the action of σ on Y4 further we must analyze several cases which are
distinguished by the location of the point p on B3 :
(1) p ∈
/ LB
σ : For each point p on B3 that is not a fixed point of σB the corresponding elliptic curve
Cp is mapped onto another elliptic curve CσB (p) over the image point σB (p). However, since σ
is antiholomorphic the orientations of CσB (p) and σ(Cp ) will differ. In this case σ will be freely
acting on all points of Y4 that project to p or σB (p), see figure 8.3.
(2) p ∈ LB
σ and ∆(p) 6= 0: If a point p on B3 is a fixed point of σB the elliptic curve over this
point will be mapped to itself. In particular, this implies that if p is not on a seven-brane that

156

Chapter 8. F-theory on Spin(7) manifolds

Cp

p

CσB (p)

σB (p)

Figure 8.3: Generic torus fibers exchanged by the antiholomorphic involution.

a smooth two-torus is mapped onto itself. Recall that the fixed point set of an antiholomorphic
involution on a smooth complex two-torus either consists of up to two real lines or is empty.
(2.1) If the torus is fixed point free this implies that each point on Y4 that projects to p is actually
not fixed by σ and hence does not give rise to a singularity of Z8 . This means that σ will
be freely acting on all points of Y4 that project to p. If LB
σ is one-dimensional then the
2
additional singularities associated with the σ identification can be resolved using standard
tools in algebraic geometry. Interestingly, if σ is fixed point free on the torus but not on
the base then the quotient fiber at such p is a Klein bottle, see figure 8.4.

Cp

Cp /σ
p

Figure 8.4: Fiber modded by antiholomorphic involution to Klein bottle fibers.

Cp
p

Figure 8.5: Nodal fiber at fixed
point p. Involution fixes pinchpoint.

(2.2) If the torus has a fixed line on it then the dimension of L̂σ may be up to one greater than
B
the dimension of LB
σ , depending on the dimension of the subspace of Lσ over which the
fixed space on the torus is a line. Since L̂σ must then have even dimensions greater than
one, it must have dimension of either 2 or 4. The quotient of the elliptic curve by σ then
gives rise to a cylinder.1
(3) p ∈ LB
σ and ∆(p) = 0: The most interesting case is if a point p on B3 is both a fixed point
of σB and lies on a seven-brane. In this case Cp is actually a singular curve. There are various possibilities for such singular curves and a systematic study should investigate all possible
antiholomorphic involutions and their fixed points. Here, let us only consider the simplest case
1
We note that in certain cases an antiholomorphic involution of a smooth torus with a one-dimensional fixed space
can also yield a Möbius band.
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where Cp is a nodal curve (I1 type), as schematically depicted in figure 8.5. In this case there
can exist an involution σ that has one fixed point exactly at the node of the elliptic curve. One
can think of this nodal point as arising by shrinking the real one-dimensional fixed point set of
an antiholomorphic involution on a smooth elliptic curve. In this case the dimension of L̂σ may
be an even integer less than the dimension of LB
σ , so it can be either zero or two.
From this we see that if the action of σ on Y4 is to be fixed point free then it can have only points
for which situations (1) or (2.1) apply. Alternatively if we restrict the fixed space to consist only of
isolated fixed points, which is imposed in [216], then we find that situation (3) must apply in which
the torus is pinched at these points. In addition to this if we also wish to consider fixed points which
are already holomorphic orbifold singularities of Y4 , as is also imposed in [216], then we find that
LB
σ must be one-dimensional. An example of a space which has singularities of this sort is shown in
appendix C in section C.2.
Let us now analyze the action of the antiholomorphic involution σ on the elliptic fiber. To this
end, we consider the case in which the elliptic fiber is presented in Weierstrass form (5.18) without
specializing to the patch z 6= 0. We can then let the antiholomorphic involution σ act antilinearly on
the projective coordinates of P22,3,1 . Any σ action of this type may then be brought into the form
σ:

(x, y, z) → (x̄, ȳ, z̄)

(8.10)

by an appropriate coordinate redefinition. Comparison between (5.18) and (8.10) reveals that, in order
for the antiholomorphic involution to be well-defined on the Calabi-Yau fourfold Y4 , the sections f
and g have to satisfy
gσB (p) = gp ,
(8.11)
fσB (p) = fp ,
for every p on the base B3 . Recalling (5.21), we conclude that for any point p on the base B3
j(τσB (p) ) = j(τp ) = j(− τp ) .

(8.12)

In the last step we have made use of the fact that all coefficients entering the Laurent series (5.6) are
integers and therefore real. In summary, we can infer that
τσB (p) = − τp

up to SL(2, Z) transformations.

(8.13)

Note that this condition is perfectly compatible with a non-trivial holomorphic dependence of the
modular parameter on the base coordinates. In particular, it can be satisfied for τ profiles with nontrivial monodromies associated to the presence of seven-branes. Only in the special case in which τ
is constant over the base, as in the weak coupling limit away from orientifold planes, (8.13) enforces
a reality condition on τ , which has to be purely imaginary.

8.3

M-theory on Spin(7) spaces and Calabi-Yau quotients

Having discussed the geometry of the Spin(7) holonomy manifolds that we wish to consider, we will now
describe the effective theories which arise in the reduction of M-theory on these spaces. In subsection
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8.3.1 we will begin this analysis by considering the reduction on general Spin(7) manifolds. Then in
subsection 8.3.2 we will analyze how this may be related to the quotient of the effective theories that
arise from compactification on Calabi-Yau fourfolds. In subsection 8.3.3 we will then restrict to the
case where these Calabi-Yau manifolds are elliptically fibered and study the redefinitions that must
be made in order to move into a frame that can be lifted to the four-dimensional F-theory dual.

8.3.1

Effective action of M-theory on Spin(7) manifolds

The compactification of M-theory on a Spin(7) manifold Ẑ 8 yields a three-dimensional effective theory
with minimal N = 1 supersymmetry. The action, to quadratic order in the fermions, for a general
three-dimensional theory with N = 1 supersymmetry can always be written in the form [227, 228]

Z
1
1
1
1
(3)
L
Λ µ Σ
3
SN =1 = d x e R − ΘIJ µνρ AIµ (∂ν AJρ + fKL J AK
ν Aρ ) − gΛΣ Dµ φ D φ − V (φ)
2
4
3
2
1
1
1
− ψ̄ µ γ µνρ Dν ψr − gΣΛ χ̄Σ γ µ Dµ χΛ + gΣΛ χ̄Σ γ µ γ ν ψµ Dν φΛ
2
2
2

1
1
µν
µ Λ
I
J
Σ Λ
(8.14)
− F ψ̄ µ γ ψν + ∂Λ F ψ̄ µ γ χ + (gΣΛ F − 2DΣ ∂Λ F + 2XΣ XΛ ΘIJ )χ̄ χ ,
2
2
with covariant derivatives and scalar potential given by
Dµ φΛ = ∂µ φΛ + ΘIJ X IΛ AIµ ,

V (φ) = 2g ΛΣ ∂Λ F ∂Σ F − 4F 2 .

(8.15)

Here X IΛ is the Killing vector of the target space symmetry that is gauged via (8.15). The action (8.14)
contains the φΛ -dependent metric gΛΣ (φ) that is non-degenerate and positive definite. The coefficient
ΘIJ of the Chern-Simons term is symmetric in I, J, and constant which ensures the gauge invariance
of the action. This represents the embedding tensor for the three-dimensional gauged supergravity
theory. The real function F (φ) depends on the scalars φΛ and is required to satisfy ΘIJ X IΛ ∂Λ F = 0
for gauge invariance.
For smooth Spin(7) geometries Ẑ 8 the N = 1 vacua where studied in [219, 220, 229, 101]. The threedimensional effective theory can be derived by reducing the action for eleven-dimensional supergravity,
which we record here again,
Z
(11)
1
1
1
S
=
(8.16)
2 R ∗ 1 − 4 G4 ∧ ∗G4 − 12 C3 ∧ G4 ∧ G4 .
This reduction is discussed in [220, 221, 223, 225]. In the full reduction one must also take into
account the higher derivative terms along with the Spin(7) analog of the Calabi-Yau fourfold tadpole
cancellation condition (5.47). Since we do not consider spacetime-filling M2-branes, this constraint
reads
Z
χ(Ẑ 8 )
1
=
G4 ∧ G4 .
(8.17)
24
2 Ẑ 8
We will describe this reduction in the following and reconsider some aspects of the derivation presented
in [225]. We stress that this reduction is actually a warped compactification, and we will neglect this
backreaction in the following leading order analysis.
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We carry out the reduction by decomposing the metric and three-form of eleven-dimensional supergravity as
ds2 = gµν dxµ dxν + gmn dy m dy n ,

C3 = AI ∧ ωI ,

(8.18)

where gmn is the metric on Ẑ 8 and ωI form a basis for H 2 (Ẑ 8 , R) with I = 1, . . . , b2 (Ẑ 8 ). We will
restrict to the case of b3 (Ẑ 8 ) = 0 for simplicity. The three-dimensional theory will then admit U (1)
gauge symmetries associated with the vectors AI .
In performing the Kaluza-Klein reduction one has to allow the metric of the internal geometry
Ẑ 8 to vary without leaving the class of Spin(7) geometries. The analysis of such deformations was
performed in section 4.6.2. Let us remind the reader that zeromodes of the internal metric are in
one-to-one correspondence with the set of antiself-dual four-forms ξA , A = 1, . . . , b4A (Ẑ 8 ), along with
one additional zero mode that corresponds to a rescaling of the overall volume. This implies that there
will be b4A (Ẑ 8 )+1 real scalar fields ϕA and V̂ parameterizing the deformations of the Spin(7) structure.
We refer the reader to (4.103) and (4.104) for the expressions of the variations of the Spin(7) metric
in terms of scalars ϕA , V̂. The analogous expression for the Cayley calibration was given in (4.105)
but is repeated here for convenience,
δΦ = KV̂ Φ δ V̂ + (KA Φ + ξA ) δϕA .

(8.19)

Upon performing the dimensional reduction, followed by a Weyl rescaling of the three-dimensional
metric to move into the Einstein frame, the bosonic part of the effective action is given by
Z
(3)
I
J
I
J
A
B
1
1
1
1
1
S =
2 R ∗1− 2 hIJ F ∧∗F − 4 ΘIJ A ∧F − 2 gV̂ V̂ dV̂ ∧∗dV̂ − 2 gAB dϕ ∧∗dϕ −V (ϕ)∗1 , (8.20)
Ẑ 8

where
gV̂ V̂ =

9 −2
8 V̂

,

gAB

R
7 Ẑ 8 ξA ∧ ξB
=− R
,
2 Ẑ 8 Φ ∧ Φ

hIJ =

1
2V̂

Z
Ẑ 8

ωI ∧ ∗ωJ ,

(8.21)

and the scalar potential V (ϕ) is of the form (8.15). We do not discuss the details of the dimensional
reduction since they are conceptually similar to the Calabi-Yau threefold reduction of the previous
chapter. In particular, the reduction of the Einstein-Hilbert term can be performed by combining
the general results of section 4.3 with the observations about the Spin(7) moduli metric collected in
section 4.6.2
Let us point out that the action (8.21) is less general then (8.14). Firstly, we have only included
Abelian vectors. More importantly, we did not dualize all dynamical vector degrees of freedom into
scalar degrees of freedom as it is always possible in three dimensions. Therefore the kinetic terms
of the vectors with ϕA -dependent metric hIJ still appears in (8.20). Dualizing all vector degrees of
freedom yields new scalars ζI with metric hIJ , the inverse of hIJ . The presence of a Chern-Simons
term in (8.20) implies that the ζI are in general gauged with covariant derivative
DζI = dζI + ΘIJ AJ .

(8.22)
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Hence, the action (8.20) allows us to determine all couplings in (8.14): φΛ = (V̂, ϕA , ζI ), gΛΣ =
( 9 2 , gAB , hIJ ), and XJI = δJI , X IA = 0.
8V̂

So far we have not discussed the scalar potential V and the Chern-Simons coupling ΘIJ . In fact,
in a compactification without fluxes both vanish identically. They are, however, induced if one allows
for a non-trivial flux background of the field strength dC3 . Let us denote the background flux on
Ẑ 8 by G4 . A direct reduction of eleven-dimensional supergravity then implies that a flux-induced
Chern-Simons term takes the form
Z
G4 ∧ ωI ∧ ωJ .
(8.23)
ΘIJ =
Ẑ 8

More involved is the derivation of the flux-induced scalar potential from a real function F . After
dimensional reduction of the full action including the higher curvature term, one uses the tadpole
cancellation condition (8.17) to show that the scalar potential takes the form
Z
Z
Z

1
1 
A
G4 ∧ ∗G4 −
GA
(8.24)
G4 ∧ G 4 = −
V =
4 ∧ G4 ,
4V̂ 3 Ẑ 8
2V̂ 3 Ẑ 8
Ẑ 8
where GA
4 is the antiself-dual part of the background flux G4 . To generally derive F let us first note
R
that it was argued in [225] that F should be proportional to Ẑ 8 G4 ∧ Φ. The factor in front of this
flux integral can, however, be field-dependent. In fact the correct form of F is given by
√
Z
7
F = √
G4 ∧ Φ .
(8.25)
4 2||Φ||V̂ 2 Ẑ 8
In this expression we have made use of the quantity
kΦk =

1
Φmnpq Φmnpq ,
4!

(8.26)

which has been already introduced in section 4.6.1. The derivatives of F satisfy
√
Z
∂F
7
∂F
3
=
G4 ∧ ξA ,
=− F .
√
A
∂ϕ
4 2||Φ||V̂ 2 Ẑ 8
∂ V̂
2V̂

(8.27)

Note that the derivation of these results does not depend on the precise form of moduli-dependent
coefficients KV̂ and KA entering the variation of the Cayley calibration (4.105) as these cancel when
taking the derivative.2 Inserting (8.27), (8.25) and the inverse metrics g AB , g V̂ V̂ obtained from (8.21)
into the general form of the N = 1 scalar potential (8.15) one readily shows match with (8.24).
We conclude this section by performing a rearrangement of the Spin(7) moduli that will be useful
in the comparison to the Calabi-Yau reduction of section 8.3.2. To begin with, we divide the Spin(7)
˜
moduli ϕA into two subsets, ϕA = (ϕK , ϕI − ). This notation is chosen to make contact to section 8.3.2.
2

One can also show that given a general Cayley calibration Φ, which varies as (4.105), it is possible to define an
alternatively normalized self-dual four-form Φ̂ which is also a singlet of Spin(7) and satisfies
Φ̂ =

1
Φ,
||Φ||V̂ 2

K̂V̂ = − 23 V̂ −1 ,

This corresponds to the normalization for Φ chosen in (8.5).

K̂A = 0 .

(8.28)
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Note that this partition of the Spin(7) moduli is supposed to be such that the associated antiself-dual
four-forms satisfy the orthogonality condition
Z
(8.29)
ξK ∧ ξI˜− = 0 .
Ẑ8

Next we extend the range of the index I˜− by defining a new index I− that includes one additional
˜
entry and define φI− = (φ̂, φ̂ϕI− ). This definition is such that that the variation of Φ in (4.105) is now
given by
δΦ = KV̂ Φ δ V̂ + (KI− Φ + ηI− )δφI− + (KK Φ + ξK )δϕK ,

(8.30)

where
KI− =



˜

ϕJ− KJ˜− KI˜−
−
,
φ̂
φ̂




,

η I− =

˜

ϕJ− ξJ˜− ξI˜−
−
,
φ̂
φ̂


.

(8.31)

These definitions then imply the constraints
φI− KI− = 0 ,

φ I− η I− = 0 ,

(8.32)

which means that the action (8.20) develops a new local symmetry under under which
φI− → λφI− ,

Φ → λΦ .

(8.33)

As anticipated above, this constrained formulation will be helpful in section 8.3.2. It might also be
useful, however, in finding generalizations of the F-theory construction to Spin(7) manifolds that are
not obtained as Calabi-Yau quotients.

8.3.2

Effective action of M-theory on Spin(7) manifolds from Calabi-Yau quotients

In the following we would like to introduce Spin(7) geometries whose effective theories can be uplifted
to four dimensions via the M-theory to F-theory limit. It is an outstanding question to characterize
such geometries generally. In order to approach this problem we therefore restrict our analysis to
Spin(7) geometries arising from elliptically fibered Calabi-Yau fourfolds as introduced in Section 8.2.2.
Our aim is to first show, that the three-dimensional N = 2 theories arising in Calabi-Yau fourfold
compactifications of M-theory are truncated to N = 1 when performing the antiholomorphic quotient
Y4 /σ, with an involution σ as in (8.3). We note that the following steps bear many similarities to
the construction of four-dimensional Type IIA Calabi-Yau orientifold actions [51]. However, here we
are truncating three-dimensional N = 2 supersymmetry to N = 1 supersymmetry.3 Truncations of
N = 2 Chern-Simons theories to N = 1 induced by an antiholomorphic involution have been also
considered in [231].
Let us first recall the general form of a three-dimensional N = 2 action. The bosonic part of this
can always be brought to the form
Z
(3)
I
J
J K
L
A
B
1
1
2
SN =2 =
(8.34)
2 R ∗ 1 − 4 ΘIJ A ∧ (dA + 3 fKL A ∧ A ) − gAB̄ DM ∧ ∗D M̄ − Ṽ ∗ 1 ,
3

A systematic study of spontaneous N = 2 to N = 1 breaking in three dimensions can be found in [230].
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where gAB̄ = ∂A ∂B̄ K is a Kähler metric and Ṽ (M, M̄ ) is the scalar potential. This scalar potential is
generally of the form


Ṽ = eK K AB̄ DA W DB W − 4|W |2 + K AB̄ ∂A T ∂B T − T 2 ,

(8.35)

where W (M ) is a holomorphic superpotential and T is a real potential. One may also note that in
the N = 2 case the presence of a non-vanishing T is linked to the gaugings DM A .
The three-dimensional N = 2 effective action for a Calabi-Yau fourfold compactification of elevendimensional supergravity was derived in [232, 233]. For the case b3 (Y4 ) = 0 it takes a particularly
simple form. From our general discussion of the moduli space of Calabi-Yau n-folds with n > 2 in
section 4.5.2 we know that fluctuations of the internal metric yield both complex structure moduli and
Kähler moduli. The former are denoted z K in this chapter and are labelled by K = 1, . . . , h3,1 (Y4 ).
Real Kähler deformations v I are indexed by I = 1, . . . , h1,1 (Y3 ) and arise, as usual, from the expansion
of the Kähler form, J = v I ωI .
The expansion of the M-theory three-form C3 = AI ∧ ωI yields h1,1 (Y4 ) three-dimensional vectors
AI . The vectors AI together with v I form the bosonic components of three-dimensional N = 2 vector
multiplets. In contrast to the five-dimensional reduction of the previous chapter, the vectors AI and
dualized into scalars ζI that provide the degrees of freedom necessary for the complexification of the
real Kähler moduli v I . More precisely, the natural coordinates in the complexified Kähler moduli
space are
Z
TI =

1
3!

Y4

ωI ∧ J 3 + iζI .

(8.36)

They can be interpreted as the classical action of a Euclidean M5-brane wrapping the divisor class [DI ]
Poincaré dual to ωI . After dualization the kinetic terms of the three-dimensional N = 2 supergravity
theory are encoded by a Kähler potential
Z
K(z, T ) = − log
Ω ∧ Ω̄ − 3 log V ,
(8.37)
Y4

which is evaluated as a function of the h3,1 (Y4 ) + h1,1 (Y4 ) complex coordinates z K and TI .
In the presence of background fluxes G4 a non-trivial Chern-Simons term with ΘIJ exactly as in
(8.23) is induced. As above in (8.22) this also implies the presence of gaugings DTI = dTI + iΘIJ AJ .
Furthermore, a scalar potential arises from the functions
Z
Z
1
2
T =
G4 ∧ J ,
W =
G4 ∧ Ω ,
(8.38)
4V 2 Y4
Y4
where T is in accord with the gauged shift symmetries.
In order to implement the N = 1 truncation we first note that the relevant forms have to transform
under σ ∗ as
σ ∗ J = −J ,

σ ∗ (CΩ) = CΩ ,

σ ∗ C3 = C3 ,

(8.39)
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where the first two conditions already appeared in (8.3) when inserting the definition
C = e−iθ eK/2 ,

(8.40)

with K as defined in (8.37). To perform the reduction one thus has to split the cohomology of Y4 into
parity-even and parity-odd eigenspaces as
n
n
H n (Y4 , R) = H+
(Y4 , R) ⊕ H−
(Y4 , R) .

(8.41)

2 (Y ), while the surviving
The surviving vectors in the expansion of C3 only arise from elements of H+
4
2
Kähler structure scalars arise from elements of H− (Y4 ). Thus, one has

C3 = AI+ ∧ ωI+ ,

I+ = 1, . . . , h1,1
+ (Y4 ) ,

1,1
I− = 1, . . . , h−
(Y4 ) .

J = v I− ωI− ,

(8.42)

Applying this to the dual complex scalars TI introduced in (8.36) one finds the split
TI = (TI+ , TI− ) = (−iImTI+ , ReTI− ) ,

ImTI− = ReTI+ = 0 .

(8.43)

In other words, out of the h1,1 (Y4 ) complex coordinates TI only h1,1 (Y4 ) real coordinates survive in the
quotient theory. Similarly, the h3,1 (Y4 ) complex fields z K encoding complex structure deformations are
reduced to h3,1 (Y4 ) real complex structure deformations ϕK . This can be inferred by considering all
complex structure deformations of Ω preserving the condition (8.39). One can chose local coordinates
such that ϕK = Re z K . In summary, the involution truncates the N = 2 Kähler manifold spanned by
TI and z K to a real Lagrangian submanifold Lσ parametrized by ζI+ , ReTI− and ϕK .
To compare these degrees of freedom which survive the quotient with those described in the Spin(7)
reduction of subsection 8.3.1 it is necessary to redefine the fields. The vectors AI+ and the volume V
are simply identified with the vectors AI and the volume V in (8.20), while the b4A (Z8 ) scalar fields
ϕA in (8.20) parametrize the independent degrees of freedom of the constrained fields
φÂ = (ϕK , φI− ) ,

1

φ I− = V − 4 v I− .

Â = 1, . . . , 1 + b4A (Z8 ) ,

where

(8.44)

They satisfy the constraint
N≡

I− J− K− L−
1
φ
4! KI− J− K− L− φ φ φ

= 1,

(8.45)

as a result of the definition (8.44). This condition can be viewed as a gauge fixing of the additional
symmetry introduced in (8.33). In terms of these fields the bosonic part of the effective theory
describing the projected Calabi-Yau reduction is given by
Z
(3)
I+
1
1
∧ ∗F J+ − 14 ΘI+ J+ AI+ ∧ dAJ+ − 21 gVV dV ∧ ∗dV
SY4 /σ =
2 R ∗ 1 − 2 hI+ J+ F
− 12 g̃ I− J− dφI− ∧ ∗dφJ− − 12 g̃ KI dϕK ∧ ∗dϕI − V ∗ 1 ,

(8.46)

where the scalar metrics may be written as
gVV =

9 −2
,
8V

g̃ I− J− = −4V 3

h I+ J+

Z
Y4

ηI− ∧ ηJ− ,

1
=
2V

Z

ωI+ ∧ ∗ωJ+ ,

Y4

g̃ KL = −4V 3

Z
Y4

ξK ∧ ξL ,

(8.47)
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and where
1
PI− J− = δI− J− − KI− K− L− M− φK− φL− φM− φJ− ,
Z 4!
ωI− ∧ ωJ− ∧ ωK− ∧ ωL− .
(8.48)
KI− J− K− L− =

3

ηI− = 14 V − 2 PI− J− ωJ− ∧ Jφ ,
ξK = Re(CχK ) ,

Y4

We have used the definition Jφ = φI− ωI− . Note that the constraint (8.45) is responsible for the
projection matrices PI− J− that appear in the definition of the scalar metric. The Chern-Simons terms
in (8.46) are induced by G4 fluxes as in (8.23) and read
Z
1
ωI ∧ ωJ+ ∧ G4 .
(8.49)
ΘI+ J+ =
2 Y4 +
By considering the potential of the truncated theory and matching this with (8.15) we see that
Z

(8.50)
G4 ∧ Re(CΩ) + 18 V −2 J ∧ J .
F = eK/2 ReW + 21 T =
Y4


By comparing this with (8.25) we may then read off Φ = Re(CΩ) + 18 V −2 J ∧ J up to a choice of
normalization. This is the expression for Φ that we already quoted in (8.5). In the remainder of this
subsection we discuss the structure of the resulting Spin(7) field space in more detail.
To investigate the metric on the Spin(7) field space we need to determine its variations with respect
to the coordinates introduced in (8.44). This again requires the constraint (8.45) to be consistently
implemented. One way to achieve this is to first express Φ in terms of V and N before taking derivatives
and later impose (8.45). Concretely, one has


−iθ
1
1 Jφ ∧ Jφ 
Re(e Ω)
Φ = 3/2  R
.
(8.51)
1/2 + 8
V
N 1/2
Ω ∧ Ω̄
Y4

Then taking the variations of this with respect to V, φI− , and ϕK we find
δΦ|N =1 = − 23 V −1 Φ δV + ηI− δφI− + ξK δϕK ,
and in addition find that the normalization of Φ is such that
Z
7 −3
V .
Φ ∧ Φ = 16

(8.52)

(8.53)

Ẑ 8

Then by comparing the variation (8.52) with (8.19) we may identify the forms ξK and ηI− with the
Spin(7) forms ξA . More precisely, note that the constraint (8.45) implies φI− ηI− = 0. We thus identify
the coordinates φI− and forms ηI− with the quantities constructed after (8.29). Moreover, we find
that the projected Y4 moduli metric (8.47) matches the Spin(7) moduli metric (8.21). As expected
from the general Spin(7) analysis, ηI− and ξK also form a basis for the complete set of antiself-dual
four-forms of Y4 which are invariant under σ .4
4
In fact the set formed by ηI− and ξK is complete but also degenerate as a result of the projection matrix PI− J−
which appears in the definition of ηI− .
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8.3.3

Effective action of M-theory on Spin(7) quotients of elliptically fibered
Calabi-Yau fourfolds

In order to derive the four-dimensional effective action of F-theory on a Spin(7) manifold, we must
now restrict our M-theory reduction of section 8.3.2 to be based on elliptically fibered Calabi-Yau
fourfolds. In doing this we will denote the base of the elliptically fibered Calabi-Yau Y4 by B3 . Recall
that the Calabi-Yau condition for an elliptic fibration is (5.33), which can be written more precisely
as
(8.54)
12c1 (B3 ) = PDB3 ([∆]) ,
where we have stressed that Poincaré duality is performed with respect to the base B3 . We note that
both c1 (B3 ) and PDB3 ([∆]) have to transform with a negative sign under the antiholomorphic and
R
isometric involution σ. This requirement also ensures that ∆ has a finite volume, i.e. ∆ J ∧ J does
not vanish.
The two-form associated to the zero section of the elliptic fibration is denoted by ω0 . In this work
we will be only dealing with Calabi-Yau fourfold geometries with holomorphic zero sections. Note
that ω0 must transform with a negative sign under σ ∗ . In fact, as we discussed in section 8.2.2 the
homology class of the torus fiber is negative under σ, since σ reverses the orientation of the two-torus.
This property can also be seen by noting that the base intersects the fiber exactly once. As we will
discuss later, this allows us to perform the uplift by sending the coefficient φ0 in the expansion of J
to zero.
As the involution σ also descends to the base to σB , the cohomologies of B3 may be decomposed
p
p
under the action of σB as H p (B3 ) = H+
(B3 ) ⊕ H−
(B3 ). This means that one can write
(ωα ) = (ωα+ , ωα− ) ,

α± = 1, . . . , h1,1
± (B3 ) ,

(8.55)

2 (B ) to H 2 (Y ).
where ωα± are obtained by pulling back elements of H±
3
± 4

We will also allow for resolved singularities of the elliptic fibration of Y4 that correspond to simple
non-Abelian gauge groups G in the dual F-theory compactification on Y4 . The location of these nonAbelian singularities defines a divisor S in B3 . In the simple analysis that follows we will assume
that there is only one stack of seven-branes on B3 that describe a non-Abelian gauge group and so S
has only one connected component. This significant simplification by no means represents the most
general setup which we will not address here. As a result the actions that follow will not represent
the most general possibilities.
α

The Poincaré dual two form PDB3 ([S]) lifted to Y4 , admits the expansion bS− ωα− defining constant
α
coefficients bS− . As noted above, PDB3 ([∆]) and hence PDB3 ([S]) have negative parity under σ so
only the ωα− appear in the expansion. The non-Abelian singularities are resolved by introducing
new two-forms ωi , i = 1, . . . , rank(G). Assuming the absence of Abelian gauge factors one has
rank(G) = h1,1 (Y4 ) − h1,1 (B3 ) − 1. Let us note that all rank(G) forms ωi are in fact negative under
σ ∗ . To infer this we stress that each exceptional divisor is a P1 -fibration over the seven-brane locus
in the base B3 . Within B3 the seven-brane divisor S and its volume form are positive under σ by
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Poincaré duality.5 Since the antiholomorphic σ reverses the sign of the volume form of the P1 -fiber,
we conclude that the exceptional divisors and their Poincaré dual two-forms ωi are negative under σ.
In summary, we find that the two-forms representing H 2 (Y4 ) are split according to
(ωI− ) = (ω0 , ωα− , ωi ) .

(ωI+ ) = (ωα+ ) ,

(8.56)

1,1
This implies that the truncated spectrum of the three-dimensional N = 1 theory is given by h+
(B3 )
1,1
α
1,1
3,1
I
0
α
i
K
+
−
−
vectors A , and h (Y4 ) − h+ (B3 ) + h (Y4 ) scalars v = (v , v , v ) and ϕ .

One can now systematically study all intersection numbers that are not forbidden by the σ-parity.
The intersection numbers of the fourfold will be denoted
Z
KIJKL =
ωI ∧ ωJ ∧ ωK ∧ ωL .
(8.57)
Y4

Since the volume form on Y4 is positive under σ ∗ some of them vanish automatically,
KI+ J+ K+ L− = 0 ,

KI+ J− K− L− = 0 .

(8.58)

Combined with the intersection structure on elliptic fibrations one thus finds that for the potential
K̂ = K|Lσ the relevant non-vanishing intersections are
K0α− β− γ− ≡ κα− β− γ− ,
γ

Kijα− β− = −Cij bS− κγ− α− β− ,

K0α− β+ γ+ ≡ κα− β+ γ+ ,

(8.59)

γ

Kijα+ β+ = −Cij bS− κγ− α+ β+ ,

where κα− β− γ− and κα− β+ γ+ are the triple intersections on B3 . The matrix Cij is the Cartan matrix of
the non-Abelian gauge group G. Let us stress that there are numerous other intersection numbers that
are in general non-zero on Y4 /σ. In particular, intersection numbers involving (ω0 )n , n > 0 will play a
crucial role when matching the F-theory and M-theory reduction at the one-loop level [137, 140, 114].6
Crucially, this requires a redefinition of the coordinates
1
φ̂α− = φα− + K α− φ0 ,
2

(8.60)

where the coefficients K α− enter the expansion of c1 (B3 ) onto the basis {ωα− },
c1 (B3 ) = −K α− ωα− .

(8.61)

Clearly no coefficients K α+ are found because c1 (B2 ) is negative under the involution. The shift (8.60)
is analogous to the one in (7.129) in the previous chapter and to the shift found in [205].
The splitting of the v I− coordinates then induces a splitting of the constrained Spin(7) moduli φI−
defined in (8.44). After performing the redefinition (8.60) we may then move into a set of redefined
coordinates that are appropriate for performing the F-theory lift. Firstly, φ0 is mapped the length of
the interval and we set
3
1
= φ0 V − 4 ,
2
r
5
6

Recall that formally σ(B3 ) = −B3 , since σ reverses the orientation of B3 .
They can be reduced by repeatedly using (ω 0 )2 = −c1 (B3 ) ∧ ω0 , see (7.4).

(8.62)
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where r is the circumference of the circle in S 1 /Z2 . Hence, φ0 captures degrees of freedom of the
four-dimensional metric. The φ̂α− become four-dimensional scalars, while the φi are the scalar part
of four-dimensional vectors with index along the interval φib = Ai3 . It is convenient to set
α

2

1

φb − = (φ0 ) 3 φ̂α− − 12 (φ0 )− 3 bα Cij φi φj ,

1

9

φib = (φ0 )−1 φi .

Vb = (φ0 ) 2 V 8 ,

(8.63)

These redefinitions can be motivated by the fact that, when taking the F-theory limit with large r, the
α
constraint (8.45) only depends on φb − , while r and φib are unconstrained. In addition, following [206]
the vectors Aα+ will become four-dimensional scalars with a real shift symmetry. We will consider the
lift more explicitly in section 8.4.2.
Let us finally also consider the flux-induced Chern-Simons couplings ΘI+ J+ and potential F , given
in (8.49) and (8.50). From the split (8.56) we infer that the Chern-Simons coupling Θα+ β+ only
involves vectors that become four-dimensional scalars and therefore, by the considerations of [205],
have to be absent
Θα+ β+ = 0 .

(8.64)

The real potential F can be expressed in terms of ΘI− IJ as
Z
F =
Y4

G4 ∧ Re(CΩ) + 81 V −1 ΘI− J− φI− φJ− .

(8.65)

Again using (8.56) and following [205] one has to additionally impose
Θ00 = 0 ,

Θ0α− = 0 ,

Θ0i = 0 ,

Θα− β− = 0 ,

Θiβ− = 0 .

(8.66)

This choice of fluxes allows that a four-dimensional theory might exist, no fluxes are included in
reduction from four to three dimensions, and the gauge group G is unbroken in four dimensions.7
The resulting potential F will contain a term that is classical on the F-theory side and a one-loop
contribution as we will discuss at the end of the next section.

8.4

F-theory on Spin(7) manifolds

In the previous section we studied M-theory on Spin(7) manifolds and later focused on examples
constructed as quotients of elliptically fibered Calabi-Yau fourfolds by an antiholomorphic involution.
As a next step we discuss in subsection 8.4.1 the dual interval reduction of a four-dimensional theory.
Concretely, we will identify the boundary conditions on various four-dimensional fields on an interval
that have to be imposed in order to make a duality of the form (8.1) possible. Aspects of the nonsupersymmetric four-dimensional effective theories are discussed in subsection 8.4.2. We particularly
focus on the couplings of the uncharged scalar fields that are real both in three and four dimensions
and satisfy Neumann boundary conditions at the ends of the interval.
7

These conditions will be modified in the presence of U (1) gauge factors [137, 140, 114].
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Dimensional reduction of the four-dimensional theory on an interval

One of the crucial ingredients of the new kind of M-theory/F-theory duality claimed in (8.1) is the use
of an interval in the dimensional reduction from four to three dimensions on the F-theory side of the
duality. In this subsection we discuss some general features of dimensional reduction on an interval
and consider candidate four-dimensional parent actions.
Due to the presence of an interval I = S 1 /Z2 in (8.1) the uplift of a three-dimensional theory on
M3 to a four-dimensional theory on M4 = M3 × I is further complicated, since boundary conditions
have to be given for each field. These have to be appropriately specified in order that the duality
suggested in (8.1) holds. In the following we will discuss vectors, fermions, and scalars in turn.
Let us first consider a four-dimensional Abelian vector Am . Since its components satisfy a secondorder equation of motion we can choose Dirichlet or Neumann conditions. This choice, however, has
to be such that each component of the field strength Fmn has a definite parity under the Z2 action.
In particular, inspection of the the mixed component
Fµ3 = ∂µ A3 − ∂3 Aµ

(8.67)

reveals that if Aµ satisfies Dirichlet boundary conditions A3 has to satisfy Neumann boundary conditions, and vice versa. This gives the two choices
(A)

D:

Aµ |∂M4 = 0

and

N:

∂3 A3 |∂M4 = 0 ,

(B)

D:

A3 |∂M4 = 0

and

N:

∂3 Aµ |∂M4 = 0 ,

(8.68)

that may be made without over constraining the equation of motion. When carrying out the interval
reduction the Dirichlet boundary conditions will remove the would-be zero mode of the corresponding
four-dimensional field. So fields with Dirichlet boundary conditions will not be seen in the threedimensional effective theory. This implies that reduction of Am can yield either one massless scalar or
one massless vector in the three-dimensional effective action, but not both. This fact can be extended
to non-Abelian gauge fields for a four-dimensional gauge group G. To do this let us denote the
generators of the algebra of G by (Ti , TI ), with Ti labeling the Cartan generators. Then for each
vector Aim , AIm one can choose different boundary conditions.
To conform with the theory arising in the Spin(7) reduction it turns out that one needs to chose
option (A) in (8.68) for the Cartan vectors to keep three-dimensional scalars φib = Ai3 and option (B)
for the non-Cartan vectors in order to keep three-dimensional vectors AIµ .8 In this case one notes that
the non-Cartan three-dimensional vectors AIµ acquire a mass term for which the mass is determined
by the vacuum expectation value of the three-dimensional massless scalars φib . This mass term arises
in the effective theory from the reduction of the gauge kinetic term. This analysis is consistent with
the fact that the three-dimensional theory arising in the reduction described in section 8.3.3 is a
Wilsonian effective action with no non-Cartan vectors and only the scalars φi , i = 1, . . . , rank(G). Let
8
These boundary conditions imply that the gauge coupling constant should be effectively assigned odd parity under
the Z2 action.
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us stress, however, that we are still able to extract the classical couplings using the Spin(7) reduction
by uplifting the couplings of the scalars φib . The Lorentz transformations and gauge transformations
of the four-dimensional vector mix all components of Aim , AIm and thus allow to recover the couplings
of the four-dimensional vectors from the couplings of φib , for a large interval on which these symmetries
are restored.
Let us next consider a four-dimensional fermion given by a Majorana spinor χ. Since its equations
of motion are first-order, we can only impose a Dirichlet boundary condition of the form
1
2 (1

± γ 3 )χ

∂M4

=0

(8.69)

without over constraining the dynamics. The sign is related to the intrinsic parity of the spinor under
the Z2 action on the interval. For both choices, reduction of χ furnishes a massless Majorana spinor
in the three-dimensional effective action. This implies that when focusing on zero modes, the degrees
of freedom of the fermions are halved. However, there is no ambiguity when uplifting a fermion from
three to four dimensions. Four-dimensional Lorentz invariance implies that the three-dimensional
dynamics of the spinor encodes its four-dimensional couplings. A similar argument applies to the
gravitino.
The comparison can, however, be more involved if the four-dimensional fermion is charged under
the gauge group G. In an interval reduction the Coulomb branch scalars can give dimensionally
reduced fermions a mass proportional to φib if the coupling to φib is non-vanishing. This implies that
these fermions are not part of the low-energy effective theory and have to be integrated out. As with
the vectors we find that the Cartan fermions remain dynamical in the three-dimensional low-energy
effective theory. These then comprise the three-dimensional, N = 1 supersymmetric partners of φib
moduli.
Finally, we turn to the reduction of a four-dimensional scalar field φ with standard two-derivative
action yielding a second-order equation of motion. As a result, we can impose Dirichlet or Neumann
boundary conditions
φ |∂M4 = 0

or

∂3 φ |∂M4 = 0

(8.70)

without over constraining the equation of motion. As a result the degree of freedom of a fourdimensional scalar might be entirely lost (for Dirichlet b.c.) or kept (for Neumann b.c.) when considering only the zero mode in the three-dimensional effective theory. This is in contrast to the vectors
and fermions discussed above. In other words, one can add an arbitrary number of Dirichlet scalars
to a candidate four-dimensional action without changing the three-dimensional effective theory on a
small interval.
These features of interval reductions lead us to first specify a minimal four-dimensional Lorentz
invariant Ansatz for the four-dimensional action containing only those couplings that can be uniquely
fixed by comparison with the three-dimensional N = 1 zero mode action. This non-supersymmetric
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theory is given to quadratic order in the fermions by
Z
h
(4)
Smin = d4 x e − 12 R − 12 GAB ∂m ϕA ∂ m ϕB − 41 f Tr(Fmn F mn ) − V (4)
− 12 ψ̄ m γ mnr Dn ψr − 12 GAB χ̄A γ m Dm χB − 12 f Tr(λ̄γ m Dm λ) + 41 f ψ̄ m γ rs γ m Tr(λFrs )
+

1
√
G ψ̄ γ n γ m χA Dn ϕB
2 2 AB m

− 12 A3AB χ̄A χB +

+ 12 A1 ψ̄ m γ mn ψn +

1
√
A4 Tr(Fmn λ̄)γ mn χA
4 2 A

√1 A2 ψ̄ m γ m χA
2 A

i
− 21 G AB A4A A2B Tr(λ̄λ) ,

(8.71)

where the covariant derivatives of the Majorana fermions are given by
Dm ψn = ∂m ψn + 41 ωmrs γ rs ψn ,

Dm λ = ∂m λ + 14 ωmrs γ rs λ + [Am , λ] ,

Dm χA = ∂m χA + 41 ωmrs γ rs χA + Dm φB ΓBC A χC .

(8.72)

In this action GAB is a real metric for the scalar target space and V (4) , f are real functions of the
scalars ϕA . In addition to this A1 , A2A , A3AB and A4A are further functions of ϕA that will later be
determined by comparing the reduction of this action with the three-dimensional result. As this action
is not supersymmetric we could in principle have made a much more general proposal for the couplings
that appear. However, it will turn out that (8.71) is sufficiently general to allow for a matching with
the three-dimensional theory to be performed. For convenience we note here that performing this
calculation one finds that the potential is given in terms of a real function F by
V (4) = 2GAB ∂A F∂B F − 3F 2 ,

(8.73)

and that the A functions are given in terms of F and f by
A1 = F ,

A2A = ∂A F ,

A3AB = DA ∂B F − 12 GAB F .

A4A = ∂A f .

(8.74)

(4)

The action Smin given in (8.71) should be used with caution. It was constructed as the minimal
functional consistent with four-dimensional Lorentz invariance that yields the three-dimensional action
upon interval reduction. Note that this construction does not ensure conservation of the currents
coupling to gravitini and gauge fields. Recall from section 1.4 that this is needed in a consistent
theory of massless spin one or two particles in the purely bosonic case [31] and also spin 3/2 particles
in the supersymmetric case [32]. Furthermore, we point out that the interpretation of (8.71) as a
Wilsonian effective action is questionable, since it might not capture the dynamics of all light degrees
of freedom. All scalars satisfying Dirichlet boundary conditions have only massive excitations for a
finite interval length and do not enter the action (8.71). If they are actually present in the fourdimensional spectrum, however, they become arbitrarily light as the interval grows large.
This puzzle can be solved in the cases in which the Spin(7) quotients admit a weak-coupling limit
of the kind discussed below in section 8.5. The outcome of our analysis suggests the following picture.
(4)
(4)
A possible four-dimensional Wilsonian effective action SW completing SMin on a large interval could
(4)
be given by a N = 1 Lagrangian LN =1 for F-theory on the original Calabi-Yau space Y4 supplemented
by the boundary conditions or a boundary action L(3) . Hence, it takes the form
Z
Z
(4)
(4)
SW =
LN =1 +
L(3) .
(8.75)
M4

∂M4
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The restoration of the Calabi-Yau moduli space from the moduli space of the Spin(7) manifold in
the large interval limit is very non-trivial. We have strong evidence to support this claim in the
weakly-coupled setups of section 8.5 but we are not able prove that this is a general feature of Spin(7)
manifolds obtained from quotients of Calabi-Yau fourfolds.
Let us stress that the action (8.71) neglects the couplings of charged matter that will be present
in a general F-theory compactification. Furthermore, we have not displayed the terms of higher
order in the fermions. These can be added by making an Ansatz for these couplings and reducing
them to three dimensions with the boundary conditions described above. The coefficients are then
determined by comparing the zero mode result to a general three-dimensional N = 1 theory in which
the higher fermionic couplings are known in terms of the three-dimensional N = 1 characteristic
functions determined by the reduction of the terms in (8.71).
Let us conclude this section by noting that the inclusion of Dirichlet scalar is not the only ambiguity
in the uplift from three to four dimensions. One has also to analyze carefully the uplift of threedimensional scalars, since they can come both from a scalar or a vector in four dimensions. This
issue, however, is not specific to the Spin(7) setup and indeed already appears in the more familiar
case of F-theory on a Calabi-Yau fourfold. As we will see in the next section, we can solve all such
ambiguities in the setup under consideration appealing to the Calabi-Yau geometry that underlies the
Spin(7) quotients we study.

8.4.2

Effective action of F-theory on Spin(7) manifolds

Having described the three-dimensional effective theory obtained for the quotient torus fibered Spin(7)
geometry in subsections 8.3.2 and 8.3.3 and the details on the interval reduction in subsection 8.4.1 we
are now in the position to perform the reduction and read off the couplings of the four-dimensional theory (8.71). Clearly, proposing that the coupling functions take the same form in the four-dimensional
theory is a speculative part of the analysis. It amounts on the one hand to sending the size of the
interval I to infinity, and on the other hand shrinking the fiber volume. This means that one has to
be performing the M-theory to F-theory limit. In supersymmetric F-theory compactifications it has
become clear over the last years [206, 137, 234] that many couplings in the three-dimensional theory
obtained from M-theory appear to also have an F-theory interpretation. Motivated by these advances
we perform a similar oxidation for the Spin(7) compactification. However, it should be stressed that
we will only talk about zero modes in the following and many of the subtleties are, in fact, hidden in
the treatment of massive modes.
The first step is to implement the F-theory limit explicitly. Note that not all couplings arising in
the M-theory reduction are classical from the F-theory perspective on a small compact space. Various
couplings can be induced at loop level when integrating out massive Coulomb branch and KaluzaKlein modes. To extract the classical terms only, we proceed as in section 7.6.1 and we assign suitable
scalings to three-dimensional fields. In analogy with (7.155) the correct scalings are
v 0 → v 0 ,

v α− → −1/2 v α− ,

v i → 1/4 v i ,

r → −3/4 r .

(8.76)
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They ensure precisely that the couplings with intersection numbers (8.59), i.e. K0α− β− ,γ− , K0α− β+ ,γ+
and Kijα− β− , Kijα+ β+ are surviving the  → 0 limit. Translated into the coordinates φI− one thus
finds
φ0 → 9/8 φ0 ,

φα− → −3/8 φα− ,

V → −1/2 V .

φi → 3/8 φi ,

(8.77)

Combining these scalings with the coordinate redefinitions (8.63) one extracts the leading terms of all
α
fields. We first introduce the φb − defined as the leading term in (8.63). In the limit the normalization
constraint (8.45) translates to the condition
Nb ≡

α− β− γ−
1
3! κα− β− γ− φb φb φb

=1.

(8.78)

α

−
This implies that only h1,1
− (B3 ) − 1 coordinates φb are independent. The missing degree of freedom
is encoded by the base volume Vb arising as leading term in the definition (8.63). After the  → 0
limit the resulting three-dimensional action can be matched with a the reduction of a four-dimensional
theory reduced on an interval of length r with boundary conditions introduced in subsection 8.4.1.
This allows us to read off the data of the four-dimensional theory from the three-dimensional action.

We first note that all couplings containing three-dimensional vectors or fermions are formally lifted
from three-dimensional to four-dimensional in a Lorentz compatible way. For example, the kinetic
terms in (8.14) for the three-dimensional fermions χα− , which are in the same three-dimensional,
α
N = 1 multiplets as the scalars φb − , are given by
α− / β−
1
Dχ
2 g̃α− β− χ̄

.

(8.79)

These are lifted by completing the χα− into four-dimensional fermions and matching g̃α− β− with the
reduction of the equivalent four-dimensional terms after performing the reduction and Weyl rescaling
as well as implementing the  → 0 limit with (8.77). In this way we can read off
Z
3
(8.80)
Gα− β− = (g̃α− β− )=0 = 4Vb
ξαb− ∧ ∗ξβb− ,
B3

where the four-forms ξαb− are given by
−4

β

ξαb− = 41 Vb 3 Pα− γ− ωγ− ∧ ωβ− φb− ,

Pα− β− = δα− β− −

γ− δ− β−
1
3! κα− γ− δ− φb φb φb

.

(8.81)

The other components of the four-dimensional scalar metric GAB appearing in (8.71) may then be
deduced in a similar way by expanding ϕA = (Vb , φα− , ϕK , ζα+ ) and making the comparison with
(8.14) and (8.46). This gives GVb Vb = 64 Vb−2 and

−1
Z
Z
1
b
GKL = (g̃KL )=0 = 4Vb3
ξK
∧ ∗ξLb , G α+ β+ = (hα+ β+ )−1
=
ω
∧
∗ω
, (8.82)
α
β+
=0
2Vb B3 +
B3
Next we can consider the comparison of the kinetic terms for the scalars φi with the reduction of
the four-dimensional vector kinetic terms. In this way we find that the coupling function f is given
by
2/3

α

β

γ

f Cij = (r2 gij )=0 = Vb Cij bS− κα− β− γ− φb− φb− .

(8.83)
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Similarly the reduction of the potential for the four-dimensional theory may be compared with the
general three-dimensional N = 1 result (8.15) from which we find (8.73) where the function F is
related to the function F , which determines the potential of the quotiented Calabi-Yau reduction, by

 F Z
.
(8.84)
Re(Ω) ∧ G4
F = (rF )=0 = eK /2
Y4

Lσ

R
where K F = −2 log Vb − log Y4 Ω ∧ Ω̄. Finally we note that by comparing the fermionic couplings in
the reduction of (8.71) with (8.14) we find (8.74).
In the preceding analysis we did not include charged matter. Clearly, in a general F-theory
compactification with fluxes chiral matter will be part of the four-dimensional massless spectrum.
This matter can become massive when dimensionally reduced on an interval if the scalars φib get a
vacuum expectation value. This implies that these have to be integrated out in the three-dimensional
low-energy effective theory. We have already seen this mechanism at work in six dimensions in the
previous chapter. It is also present in the context of F-theory on elliptically fibered Calabi-Yau
fourfold. In this case chiral matter generates one-loop corrections to the Chern-Simons terms of the
three-dimensional N = 2 action [137, 140, 114], in very much the same spirit as what happens in five
dimensions, see chapter 9.
Since we are now considering a three-dimensional N = 1 action the appearance of quantum effects
due to massive states will be different. In particular we expect that part of the three-dimensional
potential F will admit a one-loop term
F ⊃ F class + F 1−loop .

(8.85)

This classical term will lift to the four-dimensional superpotential (8.84) in our simple configurations
with only one unbroken non-Abelian gauge group. The one-loop term can be obtained by considering
the general Spin(7) potential F with (8.50), imposing that up-lift conditions (8.66), and keeping the
term that vanish in the limit  → 0. This leads to the identification
Z
1−loop ? 1 −2
J ∧ J ∧ G4 = 18 V −1 Θij φi φj .
(8.86)
F
= 8V
Z4

It would be very interesting to check this match for an explicit example by computing both the general
one-loop contribution in field theory and the flux intersection Θij of the form (8.23).

8.5

Quotients in the weak-coupling limit

In this section we discuss the realization of Spin(7) geometries as quotients of elliptically fibered
fourfolds in the Sen’s weak-coupling limit introduced in section 5.4. In particular we analyze the
impact of the holomorphic quotient associated to Sen’s limit on the Spin(7) geometry. We will be thus
able to establish an explicit connection between the Type IIB orientifold action and a Z2 symmetry
acting on the M-theory geometry. This information will allow us to address the problem of Dirichlet
scalars in the interval uplift raised in section 8.4.1.
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8.5.1

Sen’s limit and the antiholomorphic quotient

Sen’s limit has been introduced for a general elliptically fibered Calabi-Yau (n + 1)-fold in section
5.4: all results quoted there can be applied to the present situation. For our present purposes it is
convenient to manipulate the Weierstrass equation in the patch z 6= 0, given in (5.22), as follows. In
the limit C → 0 equation (5.22) is conveniently rewritten in terms of the new coordinates
3

x = hx̃ ,

y = h 2 ỹ ,

(8.87)

where h is the polynomial on the base that encodes the position of the O7-plane in Sen’s limit, see
(5.38) and (5.41). Indeed, (5.22) reformulated in terms of x̃, ỹ reads
ỹ 2 = x̃3 − 3x̃ − 2 ,

(8.88)

which is manifestly independent of the base coordinates.
The harmonic one form of the torus Ω1 =

dx
y

is given in terms of these rescaled coordinates

− 21

by Ω1 = h dx̃
ỹ . The O7-action may then be seen by moving once around h = 0 and noting that
Ω1 → −Ω1 . The Calabi-Yau threefold Y3 which is present in the weak-coupling limit is then the double
cover of the base B3 such that Ω1 becomes single valued. This can be made more explicit as follows.
Recall from section 5.4 that the Calabi-Yau threefold Y3 is described by introducing a new coordinate
ξ and a new equation (5.42), which we record here again for convenience,
Y3 : ξ 2 = h .

(8.89)

Recall also that the holomorphic orientifold involution is given by
σ h : Y3 → Y3 ,

ξ → −ξ ,

(8.90)

and has O7-planes at the fixed points given by h = 0. Formally lifting Ω1 from the base to its double
cover Y3 we may then write Ω1 = dx̃
ξ ỹ and see the consistency of the O7-monodromy action Ω1 → −Ω1
with the map ξ → −ξ.
Next we observe that we can write Ω1 as Ω1 = dz where z is the complex coordinate of the
torus. If the two independent one-cycles of the torus are denoted A and B with corresponding real
coordinates xA and xB , then the complex coordinate z reads z = xA + τ xB , with τ the complex
structure parameter of the torus. This shows that the action of the holomorphic involution (8.90)
induces a reflection RAB of the coordinates of the A and B cycles given by (xA , xB ) → (−xA , −xB ).
This formal geometric action on the the torus coordinates encodes the intrinsic parities of the Type
IIB fields under the orientifold involution.
As a further step we study these effects in a setups in which the Calabi-Yau fourfold is also
quotiented by an antiholomorphic involution σ. By considering the action of the different involutions
on the ambient space of the fiber and demanding the invariance of the polynomial which defines the
Calabi-Yau fourfold we can deduce the action of σ on the Weierstrass coefficients and the functions
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which appear in the weak-coupling limit. We have already formulated suitable conditions on f and g
in (8.11). When Sen’s limit is considered these are supplemented with
hσB (p) = hp ,

ησB (p) = ηp ,

χσB (p) = χp ,

(8.91)

where p is an arbitrary point on the base B3 . Note that we do not have a rigorous proof that (8.11)
and (8.91) must always be satisfied in order to ensure compatibility between the fibration structure
and the antiholomorphic involution. Nonetheless, we have found this to be the case in all examples
we have constructed using simple involutions on hyper-surfaces in toric ambient spaces.
We now introduce an antiholomorphic involution
σah : Y3 → Y3 ,

(8.92)

induced by σ. However, we must note that the action of σB on h does not uniquely determine the
¯ Both choices are related by σh given in (8.90)
action of σah on ξ which can either be ξ → ξ¯ or ξ → −ξ.
¯ As a consequence the action of σah
and without loss of generality we can choose σah to act as ξ → ξ.
on the uplift of Ω1 is given by Ω1 → Ω̄1 . Writing Ω1 in terms of xA and xB and combining the action
of the two involutions σh and σah on Ω1 and τ we find the corresponding actions RAB , RA , and RB
on the coordinates (xA , xB ) of the A and B cycles. The set of combined quotients in the weak limit
may then be summarized by
σh : (ui , ξ) → (ui , −ξ) ,
¯ ,
σah : (ui , ξ) → (σB (ui ), ξ)
¯ ,
σh σah : (ui , ξ) → (σB (ui ), −ξ)

RAB : (xA , xB ) → (−xA , −xB ),
RB : (xA , xB ) → (xA , −xB ),
RA : (xA , xB ) → (−xA , xB ),

(8.93)

where ui denote collectively the coordinates on the base space B3 and each line lists the action on
Y3 along with the formally induced reflection on an auxiliary T 2 . By considering the form of these
quotients we see that σh and σah always commute on bosons and that the dimension of the fixed space
of σah in Y3 is always the same as the dimension of the fixed space of the product σh σah . We note
that in the case (b), in which σB has a one-dimensional fixed space, the orbifold singularities of B3
must also be up-lifted to the double cover Y3 . One can analyze these singularities in local patches
analogously to the description given in section 8.2.2.

8.5.2

Intrinsic parities of Type IIB fields from M-theory

Let us now investigate how the geometric reflections RA , RB , and RAB in (8.93) can be translated
into intrinsic parities of Type IIB fields associated to the corresponding geometric actions σh , σah , and
σh σah . Recall that M-theory/F-theory duality predicts that the B-cycle is identified, after T-duality
to Type IIB, with the fourth direction of spacetime that grows large in the F-theory limit, which
will be denoted x3 . Furthermore, we need the results (3.63), (3.64), and (3.67) derived in section 3.4
studying the duality between M-theory on a torus and Type IIB on a circle. By means of the usual
adiabatic argument we can extend the validity of those relations to a non-trivial fibration of the torus
over the base space B3 .
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Type IIB

Ωp (−1)FL R3 (−1)FL

R3 Ωp

M-theory

RAB

RB

RA

Φ

+

+

+

gAA

+

+

+

gµν

+

+

+

gµν

+

+

+

gµ3

+

+

+

+

−

CµAB

g33

−

+

gBB

+

−

−

Bµν

−

+

−

CµνA

+

gµB

C0

+
−

−

gAB

Cµν

−

Bµ3

Cµ3
Cµνρ3

−

−
+

−

−

+

CµνB
gµA

+

−

+

+

Cµνρ

+

+

−

+

−

+

−

−
−
−

+

−

+

−

+

+

+

+

−

−

Table 8.1: Summary of all components of bosonic fields of Type IIB with parities under the transformations Ωp (−)FL , R3 (−)FL , and R3 Ωp . For each component the M-theory origin is provided together
with its parities under the transformations RAB , RB , and RA . By slight abuse of notation indices µ,
ν, ρ refer both to the three external non-compact directions of spacetime and to the internal directions
along the base space B3 . On the Type IIB side the index 3 refers to the direction that grows large
in the F-theory limit. On the M-theory side the labels A, B denote components along the A- and
B-cycle of the torus, respectively. The former is the M-theory circle, the latter is the T-duality circle.
The components Cµνρσ of C4 in Type IIB are not listed in the table as their are not independent by
virtue of the ten-dimensional self-duality constraint (2.26).
Let R3 be the reflection of the x3 direction on the Type IIB side of the duality. We then have the
following correspondence:
M-theory
Type IIB
RAB
RB
RA

↔

Ωp (−1)FL

↔

R 3 Ωp

↔

R3 (−1)FL

(8.94)

To prove this correspondence we record in table 8.1 all components of Type IIB bosonic fields together
with their M-theory origins, inferred from (3.63), (3.64), and (3.67). As we can see, computing the
parity of all the Type IIB components using the Type IIB actions Ωp (−)FL , R3 (−)FL , R3 Ωp gives
exactly the same result as computing the parity of the associated M-theory fields under the reflections
RAB , RB , RA . This observation will be the starting point of our detailed analysis of Type IIB setups
originating from the weak-coupling limit of quotient Spin(7) manifolds.

8.5.3

Remarks on the geometry of fixed loci in M-theory

It is interesting to comment on the M-theory background that corresponds to the weak-coupling limit
we have described. Clearly one could compactify M-theory on Z8 directly and should recover the
above weak-coupling setup as a specific limit in the geometric moduli space. However one may instead
follow the prescription above by first going to the Sen limit of Y4 and then considering the additional
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quotient by σ. Having done this we will then take a further limit in which the M-theory circle becomes
small and may then consider the set of effective quotients in Type IIA. The local geometry near the
fixed points of the various involutions can then be analyzed separately.
The holomorphic involution σh has a four-dimensional fixed space on Y3 . Cutting out a patch of
the two-dimensional space normal to this fixed locus and considering the T 2 fibers over it we obtain
a four-dimensional space that is locally of the form
1
1
(SA
× SB
× R2 )/Z2 ,

(8.95)

1 , S 1 are independent cycles of the elliptic fiber
where R2 represents the normal space on Y3 and SA
B
1 is the M-theory circle and S 1 is the circle along which one applies T-duality to go
such that SA
B
to F-theory. Let us recall that the geometry of the normal space of a lifted O6-plane in M-theory
1 × R3 )/Z , where Z inverts all coordinates simultaneously. We may
is asymptotically given by (SA
2
2
1.
then infer that (8.95) signals the presence of an O6-plane localized at a point along the circle SB
This result is well known and is consistent with the fact that in Type IIB the holomorphic action is
associated with the presence of O7-planes in the geometry.

Similarly we can consider the fixed-point sets of the antiholomorphic involution. In doing this
we will focus on case (a) where the fixed space of σB is three-dimensional. It is then convenient to
combine the actions σah and σh σah with the induced reflections RB and RA to form the products
σah RA and σh σah RB . The normal space to the fixed-point sets of these total actions is locally given
by
1
(SB
× R3 )/Z2

and

1
(SA
× R3 )/Z2 ,

(8.96)

respectively. The corresponding Type IIA objects are then given by a six-dimensional orbifold plane
1 cycle. We will comment on this setup in more detail in the
Orb5 and a O6-plane that wraps the SB
next section. One can also perform this analysis for the case in which σB has a one-dimensional fixed
space. The objects that arise in this situation will be discussed in section 8.6.3.

8.5.4

More on Dirichlet scalars

In section 8.4.1 we have pointed out the ambiguity in the interval uplift related to the possibility of
adding four-dimensional scalars with Dirichlet boundary conditions without affecting the low-energy
theory for three-dimensional zeromodes. We can now revisit this issue from the perspective of the
antiholomorphic quotient σah of the Type IIB weakly coupled setup.
To begin with, note that the interval is realized by taking the coordinate x3 of the circle that grows
large in the F-theory limit and acting with the Z2 -action R3 : x3 7→ −x3 . Its fixed points are mapped
to the endpoints of the interval. When the interval is realized as S 1 /Z2 in this way, a scalar with
Dirichlet boundary conditions is equivalent to a scalar that has an intrinsic negative parity under the
action of R3 , or an R3 -odd scalar for short. The use the terminology R3 -even scalar for scalars that
have intrinsic positive parity.
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After this preliminary remark we can analyze the uplift of the three-dimensional action for Kähler
and complex structure moduli in turn. This will establish a match of the three-dimensional Spin(7)
moduli with the R3 -even scalars of the four-dimensional theory. Let us start with the Kähler moduli.
In Type IIB language these are given by
Z
Z
ωα ∧ Jb2 + i
ωα ∧ C4 .
(8.97)
Tα = 2!1
Y3

Y3

This expression is the analog of (8.36) but now ωα and Jb are understood as (1, 1)-forms on the double
cover Y3 of the base B3 . Recall the split introduced before (8.55) of H 2 (B3 ) that translates into a split
of H 2 (Y3 ) into positive and negative subspaces under the action of the antiholomorphic involution σah .
∗ (B ) = −B , which can be uplifted to σ ∗ (Y ) = −Y , an
As a result of the formal relation σB
3
3
3
ah 3
R
∗ . As far as
expression of the form Y3 λ6 survives the σah -projection only if λ6 is negative under σah
Re Tα is concerned, we can use the results of section 8.3.3—uplifted to the double cover Y3 —to infer
that
∗
∗
(ωα− ∧ Jb2 ) = −ωα+ ∧ Jb2 .
(8.98)
(ωα+ ∧ Jb2 ) = +ωα+ ∧ Jb2 ,
σah
σah

In order to analyze Im Tα geometric data must be supplemented by the intrinsic parity of the Type
IIB four-form C4 under σah . From the results of sections 8.5.1 and 8.5.2 we know that the geometric
action of σah on Y3 must be accompanied by the reflection RB in the auxiliary T 2 . The latter reflection
is in turn equivalent to R3 (−1)FL in Type IIB language. The intrinsic parity we need is determined
by the (−1)FL factor, so it is negative for C4 . As a result we have effectively
∗
σah
(ωα+ ∧ C4 ) = −ωα+ ∧ C4 ,

∗
σah
(ωα− ∧ C4 ) = +ωα− ∧ C4 .

(8.99)

R3 -odd : Re Tα+ , Im Tα− .

(8.100)

In summary, we find
R3 -even : Re Tα− , Im Tα+ ,

As anticipated above, the R3 -even scalars match exactly with the three-dimensional moduli that
survive the σ quotient on the Calabi-Yau fourfold Y4 on the M-theory side.
Let us now turn to complex structure moduli. From a Type IIB perspective they correspond to
complex structure moduli of the threefold Y3 , D7-brane moduli, and the axio-dilaton. The action of
the antiholomorphic involution σah on Y3 is such that
∗
σah
Ω3,0 = e2iθ Ω3,0 .

(8.101)

This is completely analogous to the corresponding σ-action on the fourfold Y4 . Imposing (8.101)
one infers that the R3 -even complex structure moduli span a real subspace of the four-dimensional
N = 1 moduli space. With similar arguments it is possible to check the correspondence between
three-dimensional Spin(7) moduli and four-dimensional R3 -even moduli related to D7-branes and the
axio-dilaton.
It is important to highlight the generic presence of R3 -odd scalars. Such scalar degrees of freedom
cannot have a constant non-vanishing profile along the x3 direction, and therefore do not correspond
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to moduli in the four-dimensional theory. From a four-dimensional perspective on a finite interval
such scalars arise only as massive excitations. In conclusion, we can state that the weakly coupled
Type IIB picture suggests that the four-dimensional moduli, which are R3 -even, are in one-to-one
correspondence with the Spin(7) moduli in the three-dimensional action (8.46). The interpretation of
the R3 -odd scalars is instead related to M2-brane states. We will comment further on this issue in
section 8.6.4.

8.6

Weak-coupling setups

In this section we introduce Type IIB and Type IIA string theory setups that can arise in the weakcoupling limit of the geometries introduced in section 8.2.2. In subsection 8.6.1 we first discuss the
case in which the fixed-point locus of σB is three-dimensional, i.e. the case (a) in (8.7). We find that
the Type IIB setup contains O5-planes and exotic orbifold five-planes. The case of a one-dimensional
fixed-point set of σB , case (b) in (8.8), is discussed in section 8.6.2. This yields exotic orientifold threeplanes and orbifold three-planes that we describe in detail on a torus background. In both setups our
strategy is to start with a proposed Type IIB setting and then stepwise translate the objects which
appear into the T-dual Type IIA setting and finally to the geometry of a Spin(7) manifold. That the
unusual objects that we have identified preserve mutual supersymmetry in both setups can be checked
explicitly in torus examples as shown in section 8.6.3. Collecting these insights we then comment on
the supersymmetry restoration in the large interval limit in section 8.6.4.

8.6.1

Weak-coupling setup with five-planes

The first setting under consideration is obtained by examining Type IIB on the background
1,2
MIIB
× S 1 × Y3 )/G ,
10 = (R

(8.102)

where R1,2 is three-dimensional Minkowski space, Y3 is a Calabi-Yau threefold, and the symmetry
group G is generated by the transformations9
O1 = Ωp σh (−1)FL ,

O2 = R3 σah (−1)FL .

(8.103)

Let us remind the reader that Ωp and FL are the world-sheet parity and the left-moving spacetime
fermion number and that R3 denotes the reflection of the coordinate x3 along the S 1 in (8.102).
This action turns the circle S 1 into the interval I = S 1 /Z2 . The geometric maps σh and σah are a
holomorphic and an antiholomorphic involution of the Calabi-Yau threefold Y3 , respectively. Both are
demanded to be isometries and required to commute on bosons, as we discuss in more detail below.
Of course, this specific choice of Type IIB setup is motivated by the considerations of the previous
sections. In particular, the geometric actions σh and σah will be identified with the actions introduced
in (8.90) and (8.92), while the stringy factors Ωp , (−1)FL are introduced according to our findings in
sections 8.5.1 and 8.5.2.
9

We follow the conventions of [46].
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Since σh is holomorphic its fixed-point set Hσh is holomorphically embedded in Y3 . In order to
connect to an F-theory setup we will demand in the following that Hσh is complex two-dimensional.
This ensures that the fixed points of O1 are O7-planes extending along R1,2 × I and wrapping Hσh . To
cancel the tadpoles induced by these negative tension objects the setup should also contain D7-branes
filling R1,2 × I. The setting obtained by O1 is known to arise as the weak-coupling limit of F-theory
compactified on a Calabi-Yau fourfold [235, 129], as we already recalled in section 8.5.
The action of O2 is more unusual as it represents a geometric orbifold action combined with a
(−1)FL action. These sorts of exotic orbifolds have been studied in [236, 237, 238, 239, 240, 241]. Let us
note also that the presence of the reflection R3 is necessary in the O2 action, since an antiholomorphic
involution σah alone is a Pin-odd transformation and hence would not be a symmetry of the chiral Type
IIB string theory. In the following we demand that σah has a real three-dimensional fixed-point set
Lσah . The space Lσah is a special Lagrangian submanifold due to the properties of σah . This implies
that the fixed-point set of O2 is real six-dimensional including the non-compact three-dimensional
spacetime R1,2 . The fixed points of O2 are located at the ends of the interval I. We call the resulting
fixed planes X5-planes and will describe their properties in more detail below.
The geometric actions σh and σah are required to satisfy the properties
σh R3 = R3 σh ,

σah R3 = (−1)FL +FR R3 σah ,

σh σah = (−1)FL +FR σah σh ,

(8.104)

where the factor (−1)FL +FR signals commutation on bosons and anticommutation on ten-dimensional
fermions. Under these assumptions one easily computes the algebra of operators O1 , O2 to be
O12 = O22 = 1l ,

O1 O2 = O2 O1 .

(8.105)

Consistently quotienting out by O1 and O2 implies that one has to also consider the fixed points of
the combined action
O3 ≡ O1 O2 = Ωp R3 σh σah .
(8.106)
The fixed-point loci of this action O3 are O5-planes that fill R1,2 and wrap the three-dimensional
special Lagrangian fixed-point set Lσh σah of σh σah in Y3 . As with the O7-planes, these O5-planes also
induce a non-trivial tadpole that has to be cancelled. This requires us to include D5-branes into the
setup that fill R1,2 , localize on I, and wrap a three-cycle in Y3 homologous to Lσh σah . In the following,
we will consider only D5-branes directly wrapping Lσh σah . A summary of the objects that occur in
this setup can be found in table 8.2.
This implies that the Type IIB weak-coupling limit contains the familiar orientifold planes as well as
X5-planes. The latter planes have been studied in detail in the literature [236, 237, 238, 239, 240, 241]
within a different context and given their prominent role it is worthwhile to recall their main features.
The X5-planes can be seen to be the S-dual of an O5-plane with a single D5-brane on top of it. Indeed,
since S-duality maps (−1)FL ↔ Ωp in Type IIB we see that the orbifold action maps to that of an
O5-plane. The presence of the D5-brane on top of it can be inferred from tadpole cancellation and the
presence of a U (1) symmetry supported on the X5-plane which is the S-dual of the gauge symmetry
on the D5-brane. The U (1) is part of the twisted sector, which is most easily identified in the Type
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symmetry

fixed object

location

tadpoles

O1

O7

R1,2 × I × Hσh

add D7

O2

X5

R1,2 × Lσah

no tadpole

O3

O5

R1,2 × Lσh σah

add D5

Table 8.2: Summary of the symmetry transformations acting on the Type IIB setup (8.102), together
with the objects appearing at the associated fixed-point loci, and their location.
IIA dual that is just a simple orbifold as we discuss in more detail below. In fact the local orbifold
singularity was studied in a global compact setting which is the orbifold limit of a K3 (which is in
turn dual to heterotic on T 4 ). In this global completion, the U (1) is one of the 16 U (1)s arising from
the twisted sector of the K3 orbifold limit, or in the geometric regime from dimensionally reducing C3
on one of the blow-up cycles and sits in a six-dimensional vector multiplet.
Having identified the weak-coupling objects in table 8.2 we now note that they can preserve threedimensional N = 1 supersymmetry along R1,2 . Indeed, compactification on the setup (8.102) before
performing the quotient with respect to G yields a theory with eight supercharges. This is reduced to
two supercharges by the presence of O7-planes, D7-branes, and X5-planes. The O7-D7 system does not
break supersymmetry completely because, in the simple case in which the D7-branes sit on top of the
O7-planes, all these object wrap the holomorphic cycle Hσh in Y3 . In a similar fashion, the X5-plane
and the O5-D5 system do not break supersymmetry completely because they wrap special Lagrangian
sub-manifolds Lσah , Lσh σah . Finally, mutual supersymmetry among these objects can be inferred by
noting that the calibration of the special Lagrangian sub-manifolds is adapted by construction to the
complex structure with respect to which Hσh is holomorphic. We will check mutual supersymmetry
explicitly in the case of toroidal models in section 8.6.3.
Let us now follow the various objects to Type IIA string theory and lift them to a geometric
Spin(7) setup of F-theory. Firstly, we T-dualize along the x3 direction, i.e. the direction associated to
the interval I = S 1 /Z2 . The resulting Type IIA background is
1,2
MIIA
× S̃ 1 × Y3 )/G̃ ,
10 = (R

(8.107)

where S̃ 1 is the T-dual circle and the symmetry group G̃ is generated by the T-duals of O1 and O2 ,
given by
Õ1 = Ωp R3 σh (−1)FL ,

Õ2 = R3 σah ,

(8.108)

respectively. We also record the T-dual of the combined action O3
Õ3 = Ωp σh σah (−1)FL .

(8.109)

These expressions for the T-dual actions will be tested in the explicit toroidal model discussed below.
We realize that both Õ1 and Õ3 are Type IIA orientifold involutions that admit O6-planes along
their fixed-point loci. On the one hand, the O6-planes associated to Õ1 span R1,2 and wrap the four˜ where I˜ = S̃ 1 /Z2 is
cycle Hσh in Y3 . On the other hand, the O6-planes arising from Õ3 span R1,2 × I,
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the T-dual interval, and wrap the three-cycle Lσh σah . In contrast Õ2 is simply an orbifold action on
the compact part of (8.107). Its fixed loci are six-dimensional orbifold planes denoted by Orb5. The
fixed-point objects which appear in Type IIA are summarized in table 8.3.
symmetry

fixed object

location

tadpoles

Õ1

O6

R1,2 × Hσh

add D6

Õ2

Orb5

R1,2 × Lσah

no tadpole

Õ3

O6

R1,2 × I˜ × Lσh σah

add D6

Table 8.3: Summary of the symmetry transformations acting on the T-dual Type IIA setup (8.107),
together with the objects appearing at the associated fixed-point loci, and their location.
In order to lift these quotients to M-theory we can make use of the correspondence
M-theory
R11
C

Type IIA
Ωp (−1)FL

↔

↔

(8.110)

Ωp

where, on the M-theory side, R11 is the reflection of the eleventh direction of spacetime and where
C is an involution that acts trivially on spacetime and reverses the sign of the three-form C3 . This
correspondence can be checked by testing the action on the M-theory side and on the Type IIA side
on all bosonic fields, in a similar spirit as what we have done explicitly in table 8.1 to test (8.94). As
a consequence we discover that the quotients (8.108) are descended from M-theory quotients which
act as
Õ1M = R3 R11 σh ,

Õ2M = R3 σah ,

Õ3M = R11 σh σah .

(8.111)

Identifying the 11 and 3 directions with the A and B cycles of the elliptic fiber respectively, these
quotients can then be matched to the quotients appearing in (8.93).
For many applications, such as checking the supersymmetry properties of the setup in section 8.6.3,
it turns out to be convenient to introduce the configurations on a six-torus T 6 instead of Y3 . Real
coordinates on the ten-dimensional background R1,2 ×S 1 ×T 6 are denoted by xm , m = 0, . . . , 9. In the
internal space T 6 they combine into complex coordinates zi , i = 1, 2, 3 as z1 = x4 + ix5 , z2 = x6 + ix7 ,
z3 = x8 + ix9 . We implement the holomorphic involution σh and the antiholomorphic involution σah
as
σh : (z1 , z2 , z3 ) → (z1 , z2 , −z3 ) ,

σah : (z1 , z2 , z3 ) → (z̄ 1 , z̄ 2 , z̄ 3 ) .

(8.112)

Hence the actions (8.103) take the form
O1 = Ωp R89 (−1)FL ,

O2 = R3579 (−1)FL ,

O3 = Ωp R3578 ,

(8.113)

where Rm denotes the reflection of the real coordinate xm , and Rm1 ...mN = Rm1 . . . RmN . This implies
that the extended fixed-point objects of O1 , O2 , and O3 = O1 O2 are extended along the xm -directions
as listed in table 8.4.
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symmetry

fixed object

x0

x1

x2

x3

x4

x5

x6

x7

O1

O7

×

×

×

×

×

×

×

×

O2

X5

×

×

×

×

×

O3 = O1 O2

O5

×

×

×

×

×

x8

x9

×
×

Table 8.4: The location of the fixed-point sets of the Type IIB involutions (8.113) are displayed in
coordinates xm for the toroidal model on R1,2 × S 1 × T 6 . The symbol × indicates that the object fills
this dimension. In all other directions the objects are at fixed points.
We can now study the dual Type IIA picture obtained by T-duality along x3 . The background is
M2,1 × S̃ 1 × T 6 , and the actions on this background read
Õ1 = Ωp R389 (−1)FL ,

Õ3 = Ωp R578 (−1)FL .

Õ2 = R3579 ,

(8.114)

In this toroidal model one can evaluate explicitly Õi = T3 Oi T3−1 , with T3 being the operator that
implements T-duality along the x3 coordinate, using the rules collected in section 8.6.5. The fixedpoint loci of Õ1 , Õ2 , and Õ3 extend along the real coordinates x0 , x1 , x2 , x̃3 , x4 , . . . , x9 as shown in
table 8.5.
symmetry

fixed object

x0

x1

x2

Õ1

O6

×

×

Õ2

Orb5

×

Õ3 = Õ1 Õ2

O6

×

x̃3

x4

x5

x6

x7

×

×

×

×

×

×

×

×

×

×

×

×

×

×

x8

x9

×
×

Table 8.5: The location of the fixed-point sets of the Type IIA involutions (8.114) are displayed in
coordinates xm for the toroidal model on R1,2 × S 1 × T 6 . The symbol × indicates that the object fills
this dimension. In all other directions the objects are at fixed points.
The M-theory lift of this toroidal Type IIA background is completely analogous to the general case
discussed in (8.111). For the convenience of the reader we summarize the quotients and objects that
lie at the fixed spaces in table 8.6.
Type IIB quotient

Type IIA quotient

M-theory quotient

O1 = Ωp R89 (−1)FL (O7)

Õ1 = Ωp R389 (−1)FL (O6)

σh RAB = R38911

O2 = R3579 (−1)FL (X5)

Õ2 = R3579

σah RB = R3579

O1 O2 = Ωp R3578

(O5)

(Orb5)

Õ1 Õ2 = Ωp R578 (−1)FL (O6)

σh σah RA = R57811

Table 8.6: Summary of the symmetry transformations modded out in Type IIB, Type IIA and Mtheory in the case that σB has a three-dimensional fixed space. The individual geometric actions have
been introduced in section 8.5.
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8.6.2

Weak-coupling setups with three-planes

This section is devoted to the situation in which the fixed-point locus of the antiholomorphic involution
on the base manifold is one-dimensional. This is described by case (b) as shown in (8.8). In this case
the fixed locus of σah sits on top of a Z2 orbifold singularity of Y3 . In the following we refrain from a
description of such setups for a general Calabi-Yau threefold, and rather discuss directly the toroidal
model. This allows us to identify the localized objects that appear in the weak-coupling limit and to
study in section 8.6.3 their mutual supersymmetry properties in a controlled way.
The Type IIB background we analyze is obtained starting from R1,2 × S 1 × T 6 /Z2 and taking the
quotient with respect to the symmetry group generated by the transformation O1 defined in (8.113)
b2 , where
and by the new transformation O
O1 = Ωp R89 (−1)FL ,

b2 = R3579 H (−1)FL ,
O

(8.115)

and where H denotes the holomorphic action
H : (z1 , z2 , z3 ) → (z2 , −z1 , z3 ) .

(8.116)

In this toroidal model the patch U described in (8.8) is extended to cover the whole of the internal space
so that the (z1 , z2 , z3 ) coordinates that we describe are identified by ρ : (z1 , z2 , z3 ) → (−z1 , −z2 , z3 ).
b2 gives rise to the interval I = S 1 /Z2 exactly as in the
The presence of the factor R3 inside O
b2 is not directly an involution on the (z1 , z2 , z3 )
previous sections. However in this case the action of O
b2 is given by
coordinates. Rather the algebra satisfied by O1 , O
O12 = 1l ,

b4 = 1l ,
O
2

b2 = O
b2 O1 ,
O1 O

(8.117)

b2 reproduces the identification ρ = R4567 .
where the operation O
2
The full symmetry group acting on the (z1 , z2 , z3 ) coordinates of the covering T 6 then consists of
the set of transformations
n
o
b2 , O
b22 , O
b23 , O1 O
b2 , O1 O
b22 , O1 O
b23
1l, O1 , O
(8.118)
with actions summarized in table 8.8. To each non-trivial element we can associate a localized object,
as follows.
• O1 : this involution is associated to O7-planes exactly as discussed in the previous section.
b2 : this transformation contains the factor (−1)FL and admits a fixed-point locus that is real
• O
four-dimensional, fills R1,2 , and is localized at the endpoints of the interval. We call the associated
objects X3-planes.
b2 : as mentioned above, this is a standard Z2 orbifold action. Its fixed-point locus is six• O
2
dimensional, fills R1,2 and the interval, and will be denoted by Orb5.
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b3 : this transformation gives another X3-plane that lies on top of the X3-plane associated to
• O
2
b2 . These two X3-planes are identified under ρ.
O
b2 : this action contains a factor Ωp but its geometric part squares to the identity only up
• O1 O
to the Z2 orbifold action. The associated fixed-point locus is four-dimensional, fills R1,2 , and is
localized at the endpoints of the interval. We refer to the associated objects as XO3-planes.
b2 : in this case we have a factor Ωp (−1)FL and the geometric action squares to one without
• O1 O
2
invoking the Z2 orbifold. We thus find standard O3-planes.
b3 : this action gives another XO3-plane that is located on to of the XO3-plane at the fixed
• O1 O
2
b2 . These two XO3-planes are identified under ρ.
points of O1 O
The fixed spaces of these quotients and the objects that lie at them are summarized in table 8.7.
symmetry

fixed object

x0

x1

x2

x3

x4

x5

x6

x7

O1

O7

×

×

×

×

×

×

×

×

b2
O1 O
2

O3

×

×

×

×

b2
O
2

Orb5

×

×

×

×

b2 & O
b3
O
2

X3

×

×

×

b3
b2 & O1 O
O1 O
2

XO3

×

×

×

x8

x9

×

×

×
×

b2 are displayed in
Table 8.7: Localized objects in the Type IIB setup with involutions O1 and O
coordinates xm for the toroidal model on R1,2 × S 1 × T 6 . The symbol × indicates that the object fills
this dimension. In all other directions the objects are at fixed points.
Let us note that the X3-planes encountered here are the analogs of the X5-planes of section
8.6.1, since they arise from an orbifold action dressed with an additional (−1)FL factor. However,
b2 action. A
the X3-planes can only exist if they are confined to lie within the Orb5 locus of the O
2
natural conjecture for the S-dual of an X3-plane appears to be a system of XO3-planes, as introduced
above, with suitable localized three-branes to cancel the tadpole. It would be desirable to study these
configurations in more detail.
Having described the Type IIB setup we can apply the rules of section 8.6.5 to determine the Tduals of all actions listed above. The M-theory uplifts are then inferred by using (8.110). The resulting
Type IIA actions and the objects that lie at their fixed points together with M-theory symmetries are
summarized in table 8.8. One can then make contact with the discussion of section 8.5 by matching
the A and B cycles with the 11 and 3 directions, respectively.
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Type IIB quotient
O1 = Ωp R89 (−1)FL

Type IIA quotient
Õ1 = Ωp R389 (−1)FL

(O7)

b2 = R4567
O
2

b̃ 2 = R
O
4567
2

(Orb5)

b2 = Ωp R456789 (−1)FL (O3)
O1 O
2

M-theory quotient
(O6)
(Orb5)

b̃ 2 = Ω R
FL
Õ1 O
(O2)
p 3456789 (−1)
2

σh RAB = R38911
ρ = R4567
σh ρRAB = R345678911

b2 = R3579 H(−1)FL
O

(X3)

b̃ = R
O
2
3579 H

(Orb3)

σah RB = R3579 H

b3 = R3469 H(−1)FL
O
2

(X3)

b̃ 3 = R
O
3469 H
2

(Orb3)

σah ρRB = R3469 H

b2 = Ωp R3578 H
O1 O

(XO3)

b̃ = Ω R H(−1)FL (XO4)
Õ1 O
2
p 578

σh σah RA = R57811 H

b3 = Ωp R3468 H
O1 O
2

(XO3)

b̃ 3 = Ω R H(−1)FL (XO4)
Õ1 O
p 468
2

σh σah ρRA = R46811 H

Table 8.8: Summary of the symmetry transformations modded out in Type IIB, Type IIA and Mtheory in the case that σB has a one-dimensional fixed space. The individual geometric actions have
been introduced in section 8.5.

8.6.3

Mutual supersymmetry in toroidal setups

This section is devoted to the study of the mutual supersymmetry properties of the localized objects
introduced in the above sections 8.6.1 and 8.6.2. Our analysis will be simplified by considering the
torus setups of table 8.4 and table 8.7. As a result, we do not perform any additional orbifold
quotient and we rather let Y3 be a simple six-torus, even though this implies a bulk sector with 32 real
supercharges. These arguments therefore do not prove the supersymmetry of the setups with more
complicated geometries. However, they do demonstrate that the unusual objects that we describe do
not automatically break supersymmetry completely either on their own or when combined with the
other sorts of fixed objects we consider.
Let us first study the setup of section 8.6.1 with weak-coupling objects listed in table 8.4. We
also expect that these localized objects do not break supersymmetry completely, since the for any
pair of them the number of different Dirichlet/Neumann directions is a multiple of four. This is a
general observation for localized objects intersecting at right angles proven for instance in [46]. As
a warm-up for the more involved case of section 8.6.2, we discuss a more explicit way to infer that
this setup preserves a finite amount of supersymmetry. To this end, it is useful to combine the two
ten-dimensional supersymmetry parameters into an R-symmetry doublet  = (L , R )T , where the
subscripts L, R refer to their world-sheet origin. Operators Oi are represented as elements of the
tensor product of the R-symmetry group with Spin(1,9). One has
O1 = iσ 2 ⊗ Λ(R89 ) ,

O2 = −σ 3 ⊗ Λ(R3579 ) ,

O3 = iσ 2 ⊗ Λ(R3578 ) ,

(8.119)

where the σ’s are Pauli matrices, and Λ(M ) denotes the Spin(1,9) element associated to M ∈ SO(1, 9).
Note that Ωp is realized as σ 1 , while (−1)FL corresponds to −σ 3 . Supersymmetry is preserved if a
non-vanishing solution  is found to the equations
O1  =  ,

O2  =  .

(8.120)
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The analogous condition with O3 is not independent. These equations can be studied explicitly
recalling that Λ(Rm ) = iΓΓm in the light-cone formalism. One indeed finds that the operator
λ1 (O1 − 1l) + λ2 (O2 − 1l)

(8.121)

has a non-trivial kernel of relative dimension 1/4 for λ1 , λ2 ∈ C. Taking into account that L , R
are Majorana spinors, we have proved that the toroidal setup under examination preserves 8 real
supercharges. This may then be further broken if the torus is replaced by a Calabi-Yau threefold. Note
also that the representation (8.119) can be used to check explicitly the algebra (8.105) on fermionic
fields.
With this preparation we can now also analyze the setup introduced in section 8.6.2. The mutual
supersymmetry properties of the localized objects listed in table 8.7 can be studied explicitly by
b2 on the ten-dimensional supersymmetry parameters. We do not
representing the actions of O1 and O
b2 . The action of O1 was
need to consider all other symmetries since they are generated by O1 and O
b2 reads
given in (8.119). The action of O
b2 = −σ 3 ⊗ Λ(R3579 ) Λ(H) ,
O

(8.122)

where
Λ(R3579 ) = Γ3579 ,

1
Λ(H) = (1l − Γ46 )(1l − Γ57 ) .
2

(8.123)

We can thus study the operator
b2 − 1l)
λ1 (O1 − 1l) + λ2 (O

(8.124)

and show straightforwardly that, for λ1 , λ2 ∈ C, it has non-trivial kernel of relative dimension 1/8,
thus proving that our toroidal setup preserves four real supercharges. Note that in this setup the
Dirichlet/Neumann direction rule is not applicable, since we have an orbifold action and the geometric
transformations under examination do not just consist of reflections. Let us stress again that the
amount of preserved supersymmetry will decrease further when replacing the torus by a Calabi-Yau
manifold. It would be interesting to investigate the rules for this breaking in this more general
situation.

8.6.4

Large-interval limit and supersymmetry restoration

In this section we discuss some properties of the Type IIB setup described above in the limit in which
the size of the interval I is sent to infinity. More precisely, we focus on the resulting four-dimensional
low-energy effective action and we argue that, for any observer in the bulk of I, such a theory is
indistinguishable from the four-dimensional N = 1 effective theory obtained by quotienting Type IIB
with respect to O1 only.
In order to simplify the discussion we suppose that the quotient under the action of G generated
by O1 and O2 is performed in two steps. In particular, we consider first the quotient under O2 and
later implement O1 , since the latter does not affect the following arguments. We are interested in
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the dynamics of excitations with wavelength much larger than the typical size of the internal space
parametrized by coordinates x4 , . . . , x9 . This size, in turn, is supposed to be large compared to the
string scale. As a result, the only states that become light as the interval I decompactifies are states
with no winding and with non-vanishing Kaluza-Klein mode along x3 only.
Such states are conveniently packaged into four-dimensional fields depending on x0 , . . . , x3 and
satisfying Dirichlet or Neumann boundary conditions at the endpoints of the interval. More precisely,
invariance under O2 implies that expansion of the massless fields of Type IIB supergravity onto
positive and negative cohomologies of Y3 under σah yields four-dimensional fields with definite parity
under reflection of x3 . As already noted in section 8.5.4, fields with negative parity satisfy Dirichlet
boundary conditions at the endpoints of the interval and for finite interval size cannot be accessed in
the low-energy theory, because they always carry at least one unit of Kaluza-Klein momentum along
the direction of x3 .
When the size of the interval becomes much larger than the typical wavelength of the excitations
we want to study, however, the states associated to four-dimensional fields with Dirichlet boundary
conditions become accessible again to the low-energy dynamics. This implies that we can excite
fluctuations of all four-dimensional fields, irrespectively of their parity under reflection of x3 .10 We
are thus led to argue that in the limit of infinite interval I the low-energy four-dimensional effective
action is the same as the one that would be obtained without performing the quotient with respect
to O2 . Thus, in this limit the group G effectively reduces to O1 only, and we have a Calabi-Yau
orientifold that yields a four-dimensional N = 1 effective action.
We conclude this section with a short remark about the Type IIA interpretation. The KaluzaKlein states that become light in the limit on the Type IIB side correspond to winding states on the
Type IIA side. Kaluza-Klein states of a four-dimensional field with Neumann or Dirichlet boundary
conditions at the endpoint of the interval have the schematic form
|ψ, n3 = N, w3 = 0i ± |ψ, n3 = −N, w3 = 0i ,

(8.125)

respectively. In this expression n3 , w3 are the Kaluza-Klein level and winding in the x3 direction,
N ∈ Z, and ψ is a shorthand notation for the oscillator structure of the state. T-duality along x3
maps such a state to
|ψ, ñ3 = 0, w̃3 = N i ± |ψ, ñ3 = 0, w̃3 = −N i ,
(8.126)
where ñ3 , w̃3 denote Kaluza-Klein level and winding along the T-dual coordinate x̃3 .
In the uplift to M-theory it is natural to presume that one finds a linear superposition of M2brane states with opposite winding on the two-torus spanned by x̃3 and the M-theory circle x11 . The
presence of such M2-brane states might help to explain how the moduli space of the Spin(7) manifold
with vanishing fiber can be enhanced to the moduli space of the Calabi-Yau fourfold with vanishing
fiber. In particular, this requires a complexification of the real Spin(7) moduli space to form a Kähler
manifold.
10
Strictly speaking, only Neumann fields can have a constant VEV. For a Dirichlet field the allowed profile with the
minimum energy is of the form sin(x3 /r), where πr is the length of the interval, and can be considered approximately
as a constant VEV in a sufficiently small region in the bulk of the interval.
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8.6.5

Some reference formulae

In the previous sections we have described several quotients which are built from a set of fundamental
symmetry actions. Let us now collect some reference formulae that are useful for checking many of
the results quoted before. The basic building blocks of all symmetry actions we have analyzed in the
toroidal setups of sections 8.6.1 and 8.6.2 are Ωp , (−1)FL , and Rm1 ...mn = Rm1 . . . Rmn , where Rm
describes the parity inversion xm → −xm . These satisfy the algebra
Ω2p = 1 ,

2
Rm
=1,

((−1)FL )2 = 1 ,

Ωp (−1)FL = (−1)FR Ωp , Ωp Rm = Rm Ωp , Rm (−1)FL = (−1)FL Rm ,
Rm Rn = (−1)FL +FR Rn Rm

if n 6= m ,

(8.127)

where FR is the right-moving spacetime fermion number. Let us mention a subtle point. Defining Rm
as a parity inversion implies a definition of the action of Rm on fermions that is only unique up to a
2 = 1. This convention is appropriate for the way we
phase. Here we have made a choice to discuss Rm
describe Op-planes and is consistent with the conventions of [46].11
It is also useful to collect the transformation properties of these actions under T-duality,
−1
Tm (−1)FL Tm
= (−1)FL ,

−1
Tm Ωp Tm
= Ωp Rm ,

−1
Tm Rm Tm
= Rm ,

−1
Tm Rn Tm
= Rn (−1)FL

if n 6= m ,

(8.128)

where Tm represents T-duality in the m direction. Finally, let us record the uplift of these actions
from Type IIA to M-theory,
Rm → Rm ,

(−1)FL → R11 C ,

Ω→C .

(8.129)

Recall that R11 is the inversion of the M-theory circle and C acts by reversing the sign of the M-theory
three-form C3 .

8.6.6

Comments on charged matter

The effective action derived in section 8.4.2 does not furnish an explicit description of the charged
matter spectrum of F-theory on the class of Spin(7) manifolds under consideration. This is related to
the general difficulty, already pointed out in section 5.3, that charged matter becomes massive after
the gauge group is broken to the Coulomb branch and is thus automatically integrated out on the
M-theory side of the M-theory/F-theory duality.
To get information about charged matter we can alternatively start looking at the weak coupling
limit of our F-theory setup. One can engineer charged matter by means of intersecting D7-branes
that wrap holomorphic cycles in the threefold Y3 and have (1, 1)-type world-volume flux to ensure
the presence of four-dimensional chiral fermions. We refer the reader to e.g. [106] for a review. As
11

2
Other conventions can lead to Rm
= (−1)FL +FR .
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we have seen, the crucial new ingredient is the antiholomorphic involution σh combined with the
transformation R3 to have a symmetry of Type IIB.
We can specialize further and consider a point in moduli space in which the Calabi-Yau threefold
Y3 is realized as a toroidal orbifold. In this toroidal setups the embedding of D7-branes is described
by one linear holomorphic equation for the flat complex coordinates of the torus. Information about
the charged matter spectrum can be obtained by first principles, by quantizing open strings stretching
between D7-branes. We can make some general remarks on the interplay between holomorphically
embedded D7-branes and the antiholomorphic involution. First of all, the image branes are also
holomorphically embedded, if the antiholomorphic action is linear in the flat coordinates of the torus.
Second of all, the world-volume flux of an image brane is still of (1, 1)-type, but its sign is reversed
compared to the original brane. These considerations imply that if we start with a supersymmetric
setup that contains only holomorphic branes with (1, 1) fluxes, these features are not spoiled by the
introduction of image branes under the antiholomorphic involution. Any intersection of any two branes
or image branes possesses at least one complex massless scalar. Of course, one has to take into account
the projection onto invariant states to determine if supersymmetry is actually present, or if different
number of bosonic and fermionic massless states is projected out.
It is possible to argue that the robust features of the charged matter spectrum are insensitive
to the details of the full compactification setup, and only depend on the local geometry around the
intersection of the two D7-branes. This can be effectively described by looking at a non-compact
model with flat D7-branes in R1,3 × C3 . It captures the neighborhood of a fixed locus on the base B3 .
Therefore the antiholomorphic action σ in local coordinates can be taken to correspond for instance
to case (a) or case (b) discussed in section 8.2.2. If σh does not square to the identity, its square is
included as an additional holomorphic orbifold action, in such a way that σh2 = 1l in the quotient space.
It is possible to perform explicitly the projection onto invariant states for the two linear actions of
cases (a) and (b). One can then compare the result with the purely orientifold projection without the
antiholomorphic involution σh and without R3 . We refrain from a detailed account of the computation,
and rather state our findings. For both case (a) and case (b) the same number of bosonic and fermionic
degrees of freedom survives the projection. This signals that the charged matter spectrum is N = 1
supersymmetric also after the antiholomorphic orbifold action is taken into account.
It can be checked that, irrespectively of the position of the D7-branes and their images under
the action of σh , no open string state can be invariant under the action of σh R3 , but rather that
open string states are always swapped in pairs. This seems to prevent an undemocratic truncation
of the spectrum in such a way that the same number of bosonic and fermionic degrees of freedom is
obtained. This general feature can be related to a mismatch between holomorphic embedding and
antiholomorphic involution. On the one hand, charged matter is localized at the intersection of two
D7-branes, which is a complex one-dimensional holomorphic subspace of the internal six-torus. On the
other hand, the fixed locus of the antiholomorphic involution is either a real one-dimensional subspace
(see case (b) in section 8.2.2), or a real three-dimensional subspace incompatible with the holomorphic
structure (see case (a)). It is therefore impossible to have the intersection inside the fixed locus of the
antiholomorphic involution.
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In light of the supersymmetry restoration in the bulk sector argued in section 8.6.4 these findings
about localized charged matter are not surprising. In the decompactification limit we therefore expect
the full four-dimensional action—bulk fields and charged matter—to be N = 1 supersymmetric. Let
us point out that there are many other interesting open questions that can be addressed in toroidal
models. For instance, it might be possible to relate closed string twisted sectors of the antiholomorphic
orbifold action to resolution modes of the Spin(7) geometry. This might shed some light on geometries
for which no resolution can be found in the mathematical literature.
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III

Tensor towers and Chern-Simons theories
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CHAPTER

9

Five-dimensional Chern-Simons terms at one loop

This chapter is devoted to a purely field-theoretical problem: the determination of the one-loop
corrections to Chern-Simons levels in five-dimensions. Our findings extend known results in the
literature [242, 211] by considering not only the corrections due to massive spin-1/2 fermions, but
also to massive spin-3/2 fermions and so-called massive self-dual tensors. The latter are defined in
section 9.2 and their importance for the study of tensor theories in six dimensions will be discussed
at length in chapter 10. The results of this chapter can find applications both in five-dimensional and
in six-dimensional contexts. Some examples are provided in chapter 10.

9.1

An exception to the decoupling paradigm

As we have briefly recalled in the introductory section 1.3, the derivation of a Wilsonian low-energy
effective action amounts to integrating out all excitations beyond a chosen cutoff energy scale and
obtaining a theory with modified couplings for the remaining degrees of freedom. The corrections to
the low energy effective action obtained by integrating out massive fields are organized in an expansion
in the inverse mass scale. In the limit of large cutoff scale corrections are typically strongly suppressed
and can be neglected. In this case all modes with masses above the cutoff scale become effectively
non-dynamical and can be decoupled from the theory. This is the subject of well known results in
quantum field theory, such as the Appelquist-Carazzone-Symanzik decoupling theorem [243].
This reasoning, however, breaks down for certain types of couplings. Four-dimensional examples
are furnished by Goldstone-Wilczek currents [244] and Wess-Zumino terms [245] generated by integrating out a fermion that becomes massive via Yukawa coupling to a scalar that gets a non-vanishing
VEV. They are independent of the fermion mass and have to be included in the low-energy effective action even in the limit in which it is taken to infinity. The couplings we will study in this chapter—gauge
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and gravitational Chern-Simons couplings in five-dimensional theories—exhibit similar features.
The five-dimensional quantum field theories under consideration will propagate both massless
and massive degrees of freedom. As mentioned above, we will study the effects of massive spin-1/2
fermions, spin-3/2 fermions, and self-dual tensors. The underlying common feature of these fields is
parity violation: their Lagrangians, discussed in section 9.3.1, are not invariant under parity.1 In
particular, fermions induce parity violation through their mass terms, while tensors violate parity via
their kinetic term. Let us stress that the latter is of a non-standard form and is different from the
kinetic term for massless tensors in five dimensions, which are dual to massless vectors.
The massive fields are minimally coupled to a massless U (1) gauge field A with field strength F .
We aim to derive the corrections to the gauge Chern-Simons term A ∧ F ∧ F and the gravitational
Chern-Simons term A ∧ tr (R ∧ R), where R is the five-dimensional curvature two-form, induced by
integrating out all massive fields. As we will demonstrate, after appropriate overall normalization each
of the massive fields yields an integer contribution to the quantum-corrected Chern-Simons couplings.
This is consistent with the topological nature of the Chern-Simons couplings that implies that their
prefactors are quantized and turn out to be independent of the mass scale of the fields that are
integrated out.
The effect we are interested in is one-loop exact, as argued in section 9.2. Indeed, it can be
interpreted as a parity anomaly matching in five dimensions, as follows. The original theory, containing
both massless and massive fields of the kind listed above, is parity-violating because of the latter.
The Wilsonian effective action for massless modes is parity-violating by virtue of a one-loop effect
generated integrated out massive fields. The connection between Chern-Simons terms and anomalies
is actually richer: in chapter 10 we will explore how five-dimensional Chern-Simons term can encode
six-dimensional anomalies. We will also test our one-loop results against the geometric predictions
inferred by means of the duality between F-theory and M-theory in chapter 7. Let us point out that
these results have also been shown to agree with the genus-one corrections to Chern-Simons terms
predicted in heterotic string theory. We refrain from giving here an account of the computation and
we rather refer the reader to [246] for more details.

9.2

Summary of the results

Let us start by summarizing the results of this chapter, which will be derived in the next sections.
The object of our investigation are five-dimensional theories in which some massive fields are coupled
to a U (1) gauge field Aµ and to the metric gµν . In particular, we study how quantum corrections due
to massive fields can generate the Chern-Simons couplings
Z
SAF F = kAF F

A∧F ∧F ,

Z
SARR = kARR

A ∧ tr (R ∧ R)

(9.1)

1
Note that in five dimensions the reflection of all four spatial coordinates is a transformation belonging to the identity
component of the Lorentz group. By parity in five dimensions we mean the reflection of one or three spatial directions.
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in the low energy effective action. In these expressions F = dA is the field strength of the U (1)
gauge field and R denotes the curvature two-form built from the metric gµν . More precisely, R is a
so(1, 4)-valued two-form with components
Ra b =

1
2

ea ρ eb σ Rρ σµν dxµ ∧ dxν ,

(9.2)

where ea µ is the five-dimensional vielbein and Rρ σµν is the Riemann tensor.
We show that three classes of massive fields are capable of generating the Chern-Simons terms
(9.1) in the quantum effective action: massive spin-1/2 fermions ψ, massive self-dual tensors Bµν , and
massive spin-3/2 fermions ψµ . By massive self-dual tensor we mean a complex two-form Bµν that
admits a non-standard first order kinetic term B̄ ∧ dB together with a mass term mB̄ ∧ ∗B. Its free
equation of motion thus reads schematically
∗dB ∝ mB .

(9.3)

These tensor fields and their coupling to a U (1) gauge field has been analyzed in [247] and will be
re-considered from a six-dimensional perspective in chapter 10. Further details about massive self-dual
tensors are given in section 9.3.1. We refer to these fields as self-dual because they can be thought of
as the excited Kaluza-Klein modes of a six-dimensional self-dual tensor compactified on a circle.
Spin-1/2 fermions, self-dual tensors, and spin-3/2 fermions can be characterized in terms of associated representations of the massive little group in five dimensions, SO(4) ∼
= SU (2) × SU (2).
Such representations are labelled by a pair of half-integer spins (j1 , j2 ). The correspondence between
massive fields and SO(4) representations is summarized in table 9.1.
field

free EOM

spin-1/2 fermion ψ

(∂/ − c1/2 m)ψ = 0

self-dual tensor Bµν

(∗d − icB m)B = 0

spin-3/2 fermion ψµ

(γ ρµν ∂µ + c3/2 mγ ρν )ψν = 0

SO(4) rep.


1
1
2 , 0 or 0, 2
(1, 0) or (0, 1)


1
1
,
1
or
1,
2
2

Table 9.1: Summary of massive representations considered in this chapter.
We have included the equation of motion that puts each field on-shell in the absence of interactions.
The coefficients c1/2 , cB , c3/2 can take the values ±1 and determine which SO(4) representation is
realized. Note that here and in the following m denotes the mass of the physical one-particle states
and is thus taken to be positive. The pairs of representations (j1 , j2 ) and (j2 , j1 ) are interchanged
under parity. Correspondingly, these classes of fields break parity at tree level. From this point of
view, let us stress again that the fact that couplings of the form (9.1) are generated in the effective
action can be interpreted as a parity anomaly: quantum effects compensate for the parity violation
originally induced by these families of massive fields, after they are integrated out.
The following table summarizes our findings for the coefficients kAF F , kARR of the induced ChernSimons couplings in (9.1). Coefficients c1/2 , cB , c3/2 correspond to those in table 9.1. The symbol
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q denotes the U (1) charge of the massive fields. It is a dimensionless quantity and its normalization
spin-1/2 fermion ψ
kAF F =

−

1
q 3 · c1/2
48π 2

kARR =

−

1
q · c1/2
384π 2

self-dual tensor Bµν
−

1
q 3 · (−4 cB )
48π 2

−

1
q · (8 cB )
384π 2

spin-3/2 fermion ψµ
−
−

1
q 3 · (5 c3/2 )
48π 2

1
q · (−19 c3/2 )
384π 2

Table 9.2: Summary of the one-loop contributions for various fields.
is fixed by the minimal coupling prescription ∂µ → ∂µ − iqAµ . The derivation of these results is
the subject of the upcoming sections. Nonetheless, let us stress here two crucial aspects of the
computation. Firstly, kAF F and kARR are quantum corrected at one-loop only. This is expected
by arguments involving locality of the effective action and quantization of the Chern-Simons couplings
[242] and is consistent with the interpretation in terms of parity anomalies in five dimensions.
Secondly, our results are derived using a simple quadratic action for the massive fields, which
only includes minimal coupling to the gauge field Aµ and the metric gµν . We argue that kAF F and
kARR are indeed insensitive to any fine detail of the interactions. For the kAF F coupling, the effect
of some non-minimal interactions is analyzed explicitly in section 9.3.4. It is shown there that such
non-minimal couplings do not affect the renormalized value of kAF F . These features are expected for
topological couplings such as (9.1) that can be interpreted as parity anomalies.
Note that we refrain from a discussion about the possibility to write down fully consistent interacting theories for the three classes of massive fields under examination. For instance, it is expected
that an interacting theory of massive spin-3/2 fermions is only possible in presence of (possibly spontaneously broken) supersymmetry, even though our findings are independent of the precise way it
is realized in the five-dimensional action. From this point of view, we do not consider other parityviolating representations of SO(4), such as ( 32 , 0) or (2, 0), because no example is known of consistent
interacting theories for the corresponding massive fields.

9.3

Feynman diagram computation

In this section we compute the coefficients of the Chern-Simons couplings (9.1) in perturbative quantum field theory. We start by reviewing the actions for the massive spin-1/2 fermion, self-dual tensor,
and spin-3/2 fermions minimally coupled to the U (1) gauge field and the metric. We then describe the
main points of the Feynman diagram calculations for the gauge and the gravitational Chern-Simons
terms. We conclude the section by studying the effect of some non-minimal couplings on the gauge
Chern-Simons term.

9.3. Feynman diagram computation

9.3.1
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Minimally coupled massive actions

The Chern-Simons couplings (9.1) can be captured by one-loop computations in a theory where the
massive fields considered above are minimally coupled to the U (1) gauge field Aµ and the metric gµν .
In this section we briefly review the corresponding actions.
A spin-1/2 fermion is described by a five-dimensional Dirac spinor ψ. In order to couple it to the
metric gµν we have to use the vielbein ea µ . The action for ψ minimally coupled to the U (1) gauge
field Aµ and the vielbein ea µ is taken to be
Z


S1/2 = d5 x e −ψ̄γ µ Dµ ψ + c1/2 m ψ̄ψ , c1/2 = ±1 ,
(9.4)
where e = det ea µ , γ µ = γ a ea µ , and where we have introduced the full spacetime and U (1) covariant
derivative
(9.5)
Dµ ψ = ∂µ ψ + 41 ωµab γ ab ψ − iqAµ ψ .
On the right hand side, ωµab is the Levi-Civita spin connection constructed from the vielbein, and q is
the U (1) charge of the fermion ψ. More details about our spacetime and gamma-matrix conventions
can be found in appendix A and in particular in section A.2. As stated in section 9.2, m is the positive
physical mass and c1/2 labels two inequivalent spinor representations of the massive little group SO(4)
in five dimensions. Under a parity transformation, the sign of c1/2 is reversed.
Let us now turn to massive self-dual tensors in five-dimensions. Their action, including the coupling
to a U (1) gauge field, can be written as
Z

√ 
SB = d5 x −g − 41 icB µνρστ B̄ µν Dρ Bστ − 21 mB̄ µν B µν , cB = ±1 .
(9.6)
The relevant part of the spacetime and U (1) covariant derivative reads
D[ρ Bµν] = ∂[ρ Bµν] − iqA[ρ Bµν] .

(9.7)

Note that g = det gµν and that µνρστ denotes the five-dimensional Levi-Civita tensor. In our con√
ventions, it satisfies 01234 = −1/ −g if 0, . . . , 4 are curved indices. Note that in this case parity
violation is not due to the mass term, but to the kinetic term. The form (9.6) of the action can be
argued from purely five-dimensional considerations, but it is most easily derived by means of circle
compactification from six dimensions. This reduction will be performed in chapter 10.
Finally, a spin-3/2 fermion is described by a Dirac vector-spinor ψµ with action
Z


S3/2 = d5 x e −ψ̄ ρ γ ρµν Dµ ψν − c3/2 m ψ̄ µ γ µν ψν , c3/2 = ±1 ,

(9.8)

where the antisymmetric part of the spacetime and U (1) covariant derivative is given by
D[µ ψν] = ∂[µ ψν] + 41 ω[µ|ab γ ab ψν] − iqA[µ ψν] .

(9.9)

In analogy with the spin-1/2 case, the two inequivalent representations of SO(4) differ by the sign of
the mass term.
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A(p1, e1)

k

A(p2, e2)

A(p3, e3)

Figure 9.1: One-loop Feynman diagram involved in the computation of the Chern-Simons coefficient
kAF F . The external lines are three vectors A with incoming momenta p1 , p2 , p3 and polarization
vectors e1 , e2 , e3 . The internal lines can represent a massive spin-1/2 fermion, a massive self-dual
tensor, or a massive spin-3/2 fermion. The loop momentum k flows in the direction of the arrow.

9.3.2

Computation of the A ∧ F ∧ F coupling

The U (1) Chern-Simons coupling A ∧ F ∧ F does not involve the gravitational field. As a consequence,
throughout this section we can ignore the coupling of massive fields to gravity and take gµν = ηµν . No
distinction between flat and curved indices is made. The coupling to Aµ can be treated perturbatively
in the framework of quantum field theory on flat spacetime.
The coefficient of the A ∧ F ∧ F term in the quantum effective action can be extracted from the
three-point function of the gauge field Aµ . More precisely, we work in momentum space and we denote
by ΓAAA the sum of 1PI Feynman diagrams with three external vectors with incoming momenta p1 ,
p2 , p3 and polarization vectors e1 , e2 , e3 . The Chern-Simons term
Z
Z
kAF F
A ∧ F ∧ F = −kAF F d5 x µνρστ Aµ ∂ν Aρ ∂σ Aσ
(9.10)
in the effective action corresponds to a contribution to ΓAAA of the form
ΓAAA ⊃ i3! × (−kAF F ) λτ µ1 µ2 µ3 pλ1 pτ2 eµ1 1 eµ2 2 eµ3 3 ,

(9.11)

where we have included a factor of i from the Feynman rules and the combinatorial factor 3! to take
into account symmetry under permutations of the three vectors. Contributions to ΓAAA different
from (9.11) will be ignored. They correspond to higher-derivative and non-local terms in the effective
action. As already mentioned, we expect that the right hand side of (9.11) is corrected at one loop
only. As shown in section 10.2 our one-loop results pass non-trivial tests in the framework of F-theory.
We can derive Feynman rules using the actions (9.4), (9.8) and (9.6) evaluated in flat spacetime
and extract the propagators for massive fields, together with the interaction tri-vertex among two
massive fields and one gauge field Aµ . These propagators and vertices are listed in appendix B.2.
At the one-loop level, only one class of diagrams can be built using the interaction vertices at
hand. A representative diagram is depicted in figure 9.1. Wiggly lines represent the external vectors,
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while solid lines represent massive fields. Each class of massive fields contributes separately to the
amplitude. To get the full answer, it has to be summed with the analog diagram where the orientation
of the loop is reversed. This is equivalent to swapping the labels 1 and 2 on the external legs. Since
the relevant structure in (9.11) is invariant under this relabeling, the loop-reversed diagram simply
gives an overall additional factor 2.
The denominator of the diagram (which is determined through its propagator factors) is the same
for all fields running in the loop. If the labeling of figure 9.1 is adopted, it is given by
D=

k2

1
1
1
,
2
2
2
+ m (k − p2 ) + m (k + p1 ) + m2

(9.12)

which is to be completed by a suitable numerator factor N which particularly encodes information
about the vertices and is strongly dependent on the fields running in the loop. In (9.12), the usual
Feynman i prescription is understood. We make use of Schwinger parametrization to unify denominators, and write
Z ∞
Z ∞
Z ∞
1
2
2
dα
dβ
dγ e−(α+β+γ)(` +∆)/m .
(9.13)
D= 6
m 0
0
0
In this expression, α, β, γ are dimensionless parameters, and we have made use of the shorthand
notations
∆ = m2 + 2yzp1 · p2 + y(1 − y)p21 + z(1 − z)p22 ,

` = k − yp2 + zp1 ,

(9.14)

where y = β/(α + β + γ) and z = γ/(α + β + γ). The full diagram is then given by
1
I=D·N= 6
m

∞

Z

∞

Z
dα

0

∞

Z
dβ

Z
dγ

0

0

d5 ` −(α+β+γ)(`2 +∆)/m2
e
N,
(2π)5

(9.15)

where, of course, the numerator is different for different species of massive fields running in the loop.
We also note that the sum of the diagram in figure 9.1 with the diagram with the opposite orientation
has a distinct symmetry with respect to exchanging the external points. On general grounds, one
can show that this symmetries restrict the parity violating part of the integrand in (9.15) at the
bilinear level in the external momenta to only depend on the Schwinger parameters in the combination
(α + β + γ). This is a useful consistency check we have applied throughout the computations.
By naive power-counting arguments, we do not expect any infrared divergence in this one-loop
diagram, but we cannot exclude the possibility of ultraviolet divergences. If Schwinger parametrization is used, the integral over the loop momentum ` contains an exponential factor and (after Wick
rotation) is convergent as long as α + β + γ is strictly positive. Ultraviolet divergences are translated
into divergences in the α, β, γ integration, coming from the region where these three parameters are
simultaneously small. We regularize the amplitude by cutting out this portion of the α, β, γ integration
domain with a step-function: in (9.15) we make the replacement
Z

∞

Z
dα

0

∞

Z
dβ

0

where  > 0 is the regulator.

∞

dγ
0

→

Z

∞

Z
dα

0

∞

Z
dβ

0

0

∞

dγ θ(α + β + γ − ) ,

(9.16)
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Recall from (9.11) that we are only interested in the coefficient of a term with two powers of
external momenta contracted with an -symbol. This allows us to simplify the computation of the
diagram.
First of all, only the terms that contain an -symbol have to be kept in the numerator. If a self-dual
tensor runs in the loop, the -symbol is introduced directly at the level of Feynman rules both in the
propagator and in the vertex. When a spinor runs in the loop, the -symbol is generated by traces of
gamma matrices. This follows from the identities
tr 1 = 4 ,

tr γ µ1 µ2 µ3 µ4 µ5 = 4i µ1 µ2 µ3 µ4 µ5 ,

tr γ µ1 ...µp = 0 for p = 1, 2, 3, 4.

(9.17)

We see that only those terms need to be retained that contain an odd number of gamma matrices
greater than or equal to five.
Second of all, we can perform a formal power series expansion of (9.15) in p1 , p2 and we can
neglect all terms that are not bilinear in p1 and p2 . In particular, this implies that we can use the
approximation ∆ ≈ m2 , since all other terms in the exact expression (9.14) for ∆ would generate
additional powers of external momenta of the form p21 , p22 , or p1 · p2 .
Finally, by symmetry arguments (not spoiled by our choice of regulator), we can make the following
R
replacements in the numerator under the d5 ` integral:
`µ1 . . . `µr → 0 if r is odd ,
`µ `ν →

1 2
5 ` ηµν

,

`µ1 `µ2 `µ3 `µ4 →

1
35

(`2 )2 (ηµ1 µ2 ηµ3 µ4 + ηµ1 µ3 ηµ2 µ4 ) ,

...

(9.18)

All tensor integrals in the loop momentum are thus reduced to scalar integrals.
The calculation of the diagram is now straightforward but tedious.2 After the numerator algebra
is performed and the replacements (9.18) are made, the integrals over the loop momentum and the
Schwinger parameters are computed using the formulae
Z
d5 ` −(α+β+γ)`2 /m2 2 n im2n+5
Γ(n + 5/2)
e
(` ) =
,
(9.19)
(2π)5
24π 3 (α + β + γ)n+5/2
Z ∞
Z ∞
Z ∞
e−(α+β+γ)
dα
dβ
dγ θ(α + β + γ − )
αn1 β n2 γ n3 =
a
(α
+
β
+
γ)
0
0
0
Γ(1 + n1 )Γ(1 + n2 )Γ(1 + n3 )
Γ(3 + n1 + n2 + n3 − a; ) .
(9.20)
=
Γ(3 + n1 + n2 + n3 )
We have performed the usual Wick rotation `0 → i`0 in the first integral and have introduced the
incomplete gamma function
Z ∞
Γ(x; ) =
dτ τ x−1 e−x
(9.21)


in the second integral.
Let us consider the diagram where the spin-1/2 fermion ψ runs in the loop. By power-counting
we expect a quadratic divergence, since the numerator has up to three powers of the loop momentum.
2

We made use of the Mathematica packages xTensor of the bundle xAct [248] and GAMMA [249].
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The parity-violating part of the numerator, however, turns out to be of zero-th order in the loop
momentum, thus giving a finite result without the need of any regulator.
This does not hold for the diagrams where Bµν and ψµ run in the loop. In fact, even though the
parity-violating part of the numerator has a better UV behavior than the full diagram, it still contains
terms proportional to `2 or (`2 )2 . This implies that both diagrams have a divergent piece. In our
regularization scheme such divergences appear as coefficients of negative powers of the regulator  in
a formal expansion of the diagram.
We can then give the -expansion for all the three species under
ψ, tensors Bµν , and spin-3/2 fermions ψµ ,

i
3
c q
(diagram)1/2 =
64π 2 1/2

15
i
3
+ √ −1/2
cB q
(diagram)B =
2
64π
π

i
105
15
(diagram)3/2 =
c q3
− √ −3/2 + √ −1/2
64π 2 1/2
4 π
4 π

consideration: spin-1/2 fermions

+4
− 16
+ 20


+ O( ) ,

1/2
+ O( ) ,

1/2
+ O( ) .
1/2

(9.22)
(9.23)
(9.24)

Note that the factor (−1) for a fermionic loop has been taken into account, but we have not inserted
the overall factor 2 due to the diagram with the reversed loop orientation.
In order to extract the physical observable kAF F from these expressions we adopt a minimal
subtraction prescription: negative powers of  in the expansion are discarded. This gives the results
of table 9.2. In section 9.3.4 we discuss the effect of non-minimal couplings and show how they can
be used to cancel divergences.

9.3.3

Computation of the A ∧ tr (R ∧ R) coupling

Let us now turn to the discussion of the mixed U (1)-gravitational Chern-Simons term A ∧ tr (R ∧ R).
To compute its coefficient we treat the coupling of massive fields to gravity perturbatively. The metric
is written as
gµν = ηµν + hµν ,
(9.25)
and computations are performed order by order in a formal power series in hµν around flat spacetime.
Indices µ, ν, . . . are thus raised and lowered with ηµν and its inverse and no distinction is made between
flat and curved indices. Further details about the expansion in hµν are collected in appendix B.1.
When A ∧ tr (R ∧ R) is expanded according to (9.25) terms with arbitrarily high powers of hµν are
generated, because of the non-linear dependence of the Riemann tensor on the metric. Nonetheless,
in order to read off the Chern-Simons coupling we can restrict to the lowest order term,
Z
kARR A ∧ tr (R ∧ R) =
(9.26)
Z
h
i
= − 12 kARR d5 x µ1 µ2 µ3 µ4 µ5 Aµ1 ∂λ ∂µ2 hτ µ3 ∂ τ ∂µ4 hλ µ5 − ∂ λ ∂µ4 hτ µ5 + O(h3 ) .
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As a consequence, the constant kARR can be extracted from the sum of 1PI Feynman diagrams with
one vector and two gravitons, denoted ΓAhh . More precisely, the sought-for Chern-Simons coupling
corresponds to the contribution
ΓAhh ⊃ i2! × 12 kARR µ0 µ1 µ2 λτ pλ1 pτ2 (p1 ν2 p2 ν1 − ην1 ν2 p1 · p2 ) eµ0 0 eµ1 1 ν1 eµ2 2 ν2 ,

(9.27)

where p1 , p2 are the incoming momenta of the gravitons, e0 is the polarization tensor of the vector,
and e1 , e2 are the symmetric polarization tensors of the gravitons. The prefactor i2! comes from the
standard Feynman rule prescriptions. Any term that does not match the structure of the right hand
side of (9.27) will be neglected, since it would correspond to higher-derivative and non-local terms in
the effective action.
It is interesting to note that the tensor structure in (9.27) is transverse with respect to both the
vector and the graviton polarization tensors, i.e. it vanishes if any of the replacements
eµ0 → pµ0 = −pµ1 − pµ2 ,

(µ ν)
eµν
,
1 → a p1

(µ ν)
eµν
2 → a p2

(9.28)

is made, for arbitrary aµ . It can be shown that this tensor structure is the only structure with an
-symbol and four powers of external momenta that has this transversality property and is symmetric
in the exchange of labels 1 and 2. Its appearance is a consequence of gauge invariance. Transversality
with respect to e0 reflects invariance of (9.26) under U (1) transformations. Transversality with respect
to e1 , e2 derives from invariance of (9.26) under diffeomorphisms. Recall that under an infinitesimal
diffeomorphism with parameter ξ µ we have
δhµν = 2∂(µ ξν) + O(h) .

(9.29)

Gauge invariance can be used as a self-consistency check of the Feynman diagram computation. Indeed,
we find that the desired contributions to ΓAhh organize into the structure (9.27) after all relevant
diagrams are summed.
The Feynman rules needed in the diagrammatic computation of ΓAhh are deduced by expanding
the actions (9.4), (9.8), (9.6) for the massive fields according to (9.25). This gives interaction vertices
of arbitrarily high powers in hµν but we only need an expansion up to second order in hµν . More
precisely, four kinds of vertices are relevant for the calculation of ΓAhh . If we denote any of the
massive fields ψ, Bµν , ψµ as Φ, we need: the gauge tri-vertex Φ̄ΦA, already considered in the previous
section; the gravitational tri-vertex Φ̄Φh; the purely gravitational quadri-vertex Φ̄Φhh; the mixed
gauge-gravitational quadri-vertex Φ̄ΦAh. All such vertices are collected in appendix B.2.
The presence of quadri-vertices enlarges the family of one-loop Feynman diagrams that can be
built. In particular, we have three different topologies, depicted in figure 9.2. The total amplitude is
given by the sum
2(a) + (b) + 2(c) ,

(9.30)

where diagram (a) is counted twice because of the two possible orientations of the loop, and diagram
(c) is counted twice according to which graviton is connected to the mixed quadri-vertex.
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A(p0, e0)

A(p0, e0)

h(p1, e1)

h(p1, e1)

h(p2, e2)
(a)

h(p2, e2)
(b)

A(p0, e0)

h(p1, e1)

h(p2, e2)
(c)

Figure 9.2: One-loop Feynman diagrams involved in the computation of the Chern-Simons coefficient
kARR . The external line on top represents a vector A with incoming momentum p0 and polarization
vector e0 . The other external lines are gravitons h with incoming momenta p1 , p2 and symmetric
polarization tensors e1 , e2 . The internal lines can represent a massive spin-1/2 fermion, a massive
self-dual tensor, or a massive spin-3/2 fermion.
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For each diagram, denominators can be unified by means of Schwinger parameters. In diagram
(a) three parameters are needed, as in the previous section, while diagrams (b) and (c) require only
two parameters. Up to minor changes, the methods described in the previous section can be applied
straightforwardly to the diagrams at hand. In particular, UV divergences in diagrams (b) and (c) are
regulated by means of the replacement
Z ∞
Z ∞
Z ∞
Z ∞
dα
dβ →
dα
dβ θ(α + β − ) ,
(9.31)
0

0

0

0

where α, β are the Schwinger parameters and  is the regulator. For the sake of completeness, we
record the two-parameter analog of the identity (9.20),
Z ∞
Z ∞
e−(α+β) n1 n2
dα
dβ θ(α + β − )
α β =
(9.32)
(α + β)a
0
0
Γ(1 + n1 )Γ(1 + n2 )
=
Γ(2 − a + n1 + n2 ; ) .
(9.33)
Γ(2 + n1 + n2 )
Let us stress an important difference between the present computation and the one discussed in
the previous section. In the case of the gauge Chern-Simons couplings, the relevant tensor structure
(9.11) does not contain any product of external momenta. This allowed us to use the approximation
∆ ≈ m2 in the computation of the diagram in (9.15). In the present case, one of the two parts of the
gauge invariant tensor structure (9.27) is proportional to p1 · p2 . This implies that we have to keep
2
2
2
2
the p1 · p2 term inside ∆ and expand e(α+β+γ)` /m (or e(α+β)` /m ) in a power series in the external
momenta. This is indeed crucial to obtain the gauge invariant structure (9.27) after all the three
diagrams are combined according to (9.30).
As in the case of the gauge Chern-Simons term, the parity violating part of the diagrams has a
better UV behavior than expected from naive power-counting. Nevertheless, the diagrams in which
the self-dual tensor and the spin-3/2 fermion run in the loop have some divergent parts. After all
diagrams are summed according to (9.30) and the total expression is organized in powers of , the 0
coefficient is proportional to the gauge-invariant combination (9.27), while negative-power coefficients
are not gauge-invariant. This leads us to apply a minimal subtraction prescription and simply drop
the unphysical divergent pieces. In this way the results of table 9.2 are obtained.
Let us conclude this section with a side remark. Recall from section 9.3.2 that the relative weight
between the diagram for spin-1/2 and spin-3/2 fermion contributions to kAF F is five. This result can
be derived straightforwardly from an alternative form of the massive action for a spin-3/2 ψµ ,
Z


0
S3/2 = d5 x e −ψ̄ ρ γ µ Dµ ψ ρ + c3/2 m ψ̄ ρ ψ ρ , c3/2 = ±1 .
(9.34)
Indeed, when this action is evaluated on a flat background, it gives exactly the same propagator and
vertex as the spin-1/2 action (9.4), up to a factor of the metric ηµν .
Remarkably, the alternative action (9.34) gives also the correct relative weight −19 between the
spin-1/2 and the spin-3/2 contributions to kARR . This claim has been checked against an explicit
Feynman diagram computation. To get the correct result is crucial to take into account the corrections
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to the vertices coming from the Christoffel symbols inside the covariant derivative Dµ ψ ρ . Indeed, the
vertices generated by the Christoffel symbol contribute a relative factor of −24 that combines with
five times the spin-1/2 result to give −19.
This finding resembles a similar result about gravitational anomalies in six dimensions [199]. In
order to compute the contribution of a massless chiral spin-3/2 field ψµ to gravitational anomalies in
six dimensions, one can use two different Lagrangians, proportional to
ψ̄ ρ γ ρµν ∇µ ψν

or

ψ̄ ρ γ µ ∇µ ψ ρ ,

(9.35)

where ∇ denotes the six-dimensional Levi-Civita covariant derivative. It is shown that the difference
between these Lagrangians cannot affect the anomalous part of the four-graviton one-loop diagram.
Note that if we compactify the six-dimensional Lagrangians (9.35) on a circle, the resulting actions for
the massive Kaluza-Klein modes have kinetic and mass terms as given in (9.8) and (9.34), respectively.
We are thus led to conjecture that corrections to the five-dimensional Chern-Simons terms (9.1) are
insensitive to the precise form of the differential operator in the kinetic term and the corresponding
form of the mass term.

9.3.4

Non-minimal couplings and renormalization

The aim of this section is to describe the effect of non-minimal couplings on the Chern-Simons term
A ∧ F ∧ F . Gravity is decoupled and the metric is taken to be ηµν . As far as fermions are concerned,
we consider Pauli couplings built by contracting a spinor bilinear with the U (1) field strength F = dA.
In particular, we have analyzed the couplings
µν
1
Lnm
1/2 = 2 iq̃1/2 Fµν ψ̄γ ψ ,

µνρσ
0
1
Lnm
ψσ + 12 iq̃3/2
Fµν ψ̄ µ ψ ν .
3/2 = 2 iq̃3/2 Fµν ψ̄ ρ γ

(9.36)

For massive self-dual tensors we have studied instead
νρ
µ
0
νρ
σµ
Lnm
.
B = q̃B B̄ µν F Bρ + q̃B B̄ µν F Bρσ F

(9.37)

The computation of section 9.3.2 can be repeated including these additional vertices. The corresponding Feynman rules can be obtained straightforwardly with the standard prescriptions. Note,
0 induces a quadri-vertex and therefore diagrams with a topology as
however, that the coupling q̃B
diagram (b) or (c) in figure 9.2 have to be included.
We refrain from a detailed account on the computation. Nonetheless, its outcome is remarkable:
0 drop from the 0 coefficient of the combination of all diagrams
all non-minimal couplings q̃1/2 to q̃B
and enter only the coefficients of negative powers in .
This implies that they can be used to cancel divergences in the spin-3/2 and tensor diagrams.
Recall from (9.24) that the triangle diagram with a spin-3/2 fermion running in the loop has two
non-vanishing negative powers of  if only the minimal coupling q is switched on. Our computations
0
reveal that turning q̃3/2 , q̃3/2
on does not introduce higher negative powers, i.e. higher divergences, and
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0
does not affect the coefficient of the 0 power. We can thus tune q̃3/2 and q̃3/2
and cancel divergences
without altering the finite part of the diagram.

The same strategy can be applied to tensors. The reader might wonder why we take into account
two non-minimal couplings for tensors, if the corresponding diagram has only one divergent part, as
can be seen from (9.23). This is necessary since it can be checked that inclusion of the coupling q̃B
0 to be cancelled.
introduces higher divergences that require the introduction of q̃B
Our findings suggest the interpretation of non-minimal couplings (9.36) and (9.37) as counterterms.
0 have
Dimensional analysis reinforces this claim, since it shows that non-minimal couplings q̃1/2 to q̃B
negative mass dimension. In the limit in which the masses of ψ, Bµν , and ψµ tend to infinity and these
fields are integrated out, non-minimal couplings are suppressed. A similar counterterm analysis for the
gravitational Chern-Simons term is a formidable task and is not addressed in this work. Nevertheless,
it is plausible that a similar mechanism can be implemented to cancel all divergences without changing
the results of table 9.2.

CHAPTER

10

Abelian tensor towers and five-dimensional supergravities

In this chapter we will discuss several applications of the one-loop corrections to Chern-Simons terms
in five dimensions computed in the previous chapter. To begin with, we discuss in detail how a selfdual tensor in six dimensions can be conveniently described in terms of a tower of massive tensors in
five dimensions. This observation constitutes the bridge that connects five-dimensional Chern-Simons
couplings and six-dimensional physics. We exploit this connection to complete our discussion about
the role of one-loop effects in the duality between M-theory and F-theory on a Calabi-Yau threefold,
started in chapter 7. Furthermore, we show how quantum-corrected Chern-Simons couplings can
provide a useful tool in the exploration of apparently consistent supergravities in five-dimensions.

10.1

A lower-dimensional action for chiral p-forms

Even though we are mainly interested in the dynamics of self-dual tensors in six dimensions, the
construction of this section applies straightforwardly to chiral p-forms in D = 2p + 2 dimensions,
i.e. p-forms with self-dual or antiself-dual field strength. We will therefore develop the formalism for
general p. Let us note that, since we consider Lorentz signature, p has to be even.
We have already seen in sections 2.2 and 3.5 two important example of the key role played by
chiral p-forms in string theory and M-theory. On the one hand, the massless spectrum of Type IIB
superstring theory contains a chiral four-form. On the other hand, the world-volume theory of an
M5-brane includes a chiral two-form, i.e. a self-dual tensor. From a field-theoretic point of view,
quantization of such fields is a non-trivial task, since it is notoriously hard to impose the duality
constraint at the level of the action [250]. Different solutions to this problem have been proposed,
based on breaking of manifest Lorentz invariance, introduction of auxiliary fields, or a holographic
approach [251, 252, 253, 254, 255].
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Our approach circumvents a direct description of chiral p-forms in D = 2p + 2 dimensions. We
perform a circle compactification that leads us to a (D − 1)-dimensional action which can be used to
study the dynamics of these p-forms. This approach is inspired by observations coming from the study
of string and M-theory effective actions. Firstly, six-dimensional (2,0) superconformal field theories
for a stack of M5-branes have been conjectured to be equivalent to five-dimensional super Yang-Mills
theories [33]. This conjecture has been reviewed briefly chapter 6. Secondly, six-dimensional effective
actions of F-theory compactifications with an arbitrary number of chiral tensors can been derived by
using the dual five-dimensional M-theory setups, as we have seen in chapter 7. In both frameworks
excited Kaluza-Klein modes are essential for the correspondence between the six- and five-dimensional
physics.
Our starting point is a D-dimensional pseudoaction, which has to be supplemented by the selfduality constraint at the level of the equations of motion, as usual. One spatial direction is compactified
on a circle, and chiral p-forms are expanded onto a Kaluza-Klein tower of (D − 1)-dimensional p- and
(p − 1)-forms. Both zeromodes and excited modes are retained, and are subject to duality constraints
coming from self-duality in D dimensions. These constraints can be implemented in a proper (D − 1)dimensional action, which is given explicitly in (10.14) below. The derivation of the next section can
be seen, on the one hand, as a generalization of the reduction performed in section 7.4.1 to include
all Kaluza-Klein modes, and, on the other hand, as a variant of the compactification of non-chiral
p-forms discussed in section 4.2.
Let us conclude this section by pointing out that this formalism can be also useful in the study
of systems other than six-dimensional tensors. For instance, it may be applied to the democratic formulation of Type II supergravities [49] or to four-dimensional Maxwell actions with manifest electricmagnetic duality, see e.g. [256].

10.1.1

Derivation of the action

A free chiral p-form B̂ in D = 2p + 2 dimensions (with p even) is subject to the self-duality condition
ˆ∗ Ĥ = cB Ĥ ,

(10.1)

where cB = ±1 and Ĥ = dB̂. This constraint is first-order, and is not easily derived from an action.
However, differentiation of (10.1) gives a second-order equation which is readily obtained from the
pseudoaction
Z
Ŝ =

− 41 Ĥ ∧ ˆ∗ Ĥ .

(10.2)

The prefactor is chosen to have canonical normalization in the following discussion. Note that the
pseudoaction formalism can be also applied to setups including several p-forms and their couplings to
other fields.
Let us now put the pseudoaction (10.2) on a circle, by means of the standard Kaluza-Klein Ansatz
for the metric. We write it as
dŝ2 (x, y) = ds2 (x) + r2 (x)[dy − A0 (x)]2 ,

(10.3)
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where x are the non-compact D − 1 coordinates, y ∼ y + 2π is the coordinate along the circle, r is
the compactification radius, and A0 is the Kaluza-Klein vector, with field strength F 0 = dA0 . We
do not consider the dynamics of gravity in D dimensions, so that the five-dimensional metric, the
scalar r, and the vector A0 are best understood as non-dynamical background fields. It is nonetheless
useful and by no means more difficult to keep track of these fields in the computation we are about
to perform.
We expand the D-dimensional p-form B̂ in Kaluza-Klein modes according to
X


B̂ =
einy Bn + An ∧ (dy − A0 ) ,

(10.4)

n∈Z

where Bn , An are (D − 1)-dimensional p-forms and (p − 1)-forms, respectively, and only depend on
the non-compact coordinates x. Our formalism requires p > 0, and hence is not applicable to chiral
scalars in two dimensions. Note that Kaluza-Klein modes are subject to a reality condition, e.g. B̄ n ≡
(Bn )∗ = B−n .
Dimensional reduction of the higher-dimensional field strength Ĥ is conveniently described in terms
of the lower-dimensional field strengths
Hn = DBn + An ∧ F 0 ,

Fn = DAn + inBn ,

(10.5)

where we have introduced the covariant exterior derivative D = d + inA0 acting on the nth mode.
These field strengths are invariant under the gauge transformations
δBn = DΛn − λn ∧ F 0 ,

δAn = Dλn − inΛn ,

(10.6)

where Λn is a p-form and λn is a (p − 1)-form. Let us point out that (10.5) and (10.6) are a special
case of (4.21) and (4.22).1 This has to be expected since we have not implemented the self-duality
constraint yet. A straightforward computation shows that the pseudoaction (10.2) is reduced to the
P
sum n S̃n , where
Z
S̃n =

− 41 r H̄n ∧ ∗ Hn − 14 r−1 F̄ n ∧ ∗ Fn .

(10.7)

Note that we have omitted and inconsequential prefactor 2π coming from the range of the compact
coordinate y. If necessary, it can be straightforwardly reinstated in all following expressions in (D − 1)
dimensions. Finally, the self-duality constraint (10.1) yields a constraint for each Kaluza-Klein level,
r ∗ Hn = cB Fn ,

(10.8)

In the following, we implement these constraints at the level of the lower-dimensional action. To this
end, zeromodes and excited modes are treated differently.
For the sake of simplicity, we will henceforth drop the Kaluza-Klein subscript on zeromodes,
B ≡ B0 , A ≡ A0 . As we can see from (10.6), the shift symmetry of the theory with parameters
Λn acts trivially on the zeromode A. Because of the self-duality constraint, B and A thus furnish a
1
To compare these expression, note that the Kaluza-Klein vector has now a minus sign relative to section 4.2 motivated
by our F-theory analysis if chapter 7. Note also that we are considering only the case in which p is even.
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redundant description of the same degrees of freedom, and no gauge-fixing condition can eliminate this
redundancy. Therefore, either A or B has to be eliminated by hand from the action. In the following,
we choose to remove B and construct an action in terms of A only.
To achieve this goal, we modify S̃0 given in (10.7) adding
Z
0
1
1
∆S̃0 =
2 cB H ∧ F − 2 cB A ∧ F ∧ F .

(10.9)

This term is a total derivative as a functional of A, B, A0 , and is such that the sum S̃0 + ∆S̃0 can be
written as a functional of A, H, A0 . Moreover, (10.9) is engineered to get the duality constraint (10.8)
for zeromodes upon variation with respect to H, which appears only algebraically. We are thus able
to integrate out H to get a proper (D − 1)-dimensional action depending on A, A0 only. It reads
Z
(10.10)
S0 = − 12 r−1 F ∧ ∗F − 12 cB A0 ∧ F ∧ F .
Note that (10.5) implies F = dA for n = 0. This action is a p-form generalization of the action in
section 7.4.1 for the zeromodes of a self-dual tensor.
Let us now turn to the discussion of the self-duality condition for the nth excited modes Bn , An .
For n 6= 0, the shift symmetry with parameter Λn in (10.6) acts non-trivially on An . As a result, the
redundancy of the formalism is simply a manifestation of gauge invariance. Both Bn and An are thus
allowed to enter the action in the gauge-invariant combination Fn given in (10.5). The distinctive
feature of the n 6= 0 case is the identity
DFn = inHn ,
which is immediately derived from (10.5). It allows us to modify S̃n in (10.7) by adding
Z
i
1
∆S̃n =
4 cB H̄n ∧ Fn + 4n cB F̄ n ∧ DFn + c.c.

(10.11)

(10.12)

Indeed, this quantity is a total derivative as a functional of An , Bn , A0 . However, the total action
S̃n + ∆S̃n can be seen as a functional of Fn , Hn , A0 , in which Hn enters only algebraically. As in the
discussion of the zeromodes, the duality constraint (10.8) is implemented through integrating out Hn .
We are thus left with the proper action
Z
i
Sn = − 12 r−1 F̄ n ∧ ∗Fn + 2n
cB F̄ n ∧ DFn ,
(10.13)
where An , Bn only appear through Fn .
We are now in a position to write down the total action in D − 1 dimensions. It reads
Z
Z
∞
P
S = − 21 r−1 F ∧ ∗F − 12 cB A0 ∧ F ∧ F +
−r−1 F̄ n ∧ ∗Fn + ni cB F̄ n ∧ DFn .

(10.14)

n=1

Note that we sum (10.13) over positive n only, thanks to the reality conditions on An , Bn . The action
(10.14) should be contrasted with the action (4.20) for a non-chiral p-form on a circle. At the level of
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zeromodes, we do not have any kinetic term for the p-form B, but we find a Chern-Simons coupling
to the Kaluza-Klein vector, which will be important later. As far as excited modes are concerned,
we do not find the expected term −rH̄n ∧ ∗Hn , but rather a non-standard kinetic term for Bn : it is
first-order in derivatives and it violates five-dimensional parity. In analogy with (4.20), however, it is
worth pointing out that the physical degrees of freedom of excited modes can be described in terms
of a massive p-form Bn only. In fact, the gauge symmetry (10.6) can be fixed imposing the condition
An = 0, thus setting Fn = inBn . As a result, the second integral in (10.14) becomes
∞
P
n=1

Z

−n2 r−1 B̄ n ∧ ∗Bn + icB n B̄ n ∧ DBn .

(10.15)

The classical mass parameter is mn = (n2 r−1 )(cB n)−1 = cB n r−1 . This action for p = 2 reproduces
the action (9.6) that has been used as starting point for our discussion of one-loop corrections induced
by massive tensors in five dimensions.
Note that (10.15) is invariant under local U (1) transformations of the complex p-form Bn gauged
by A0 . In [247] this gauging is absent, and therefore it is possible to integrate out the real or imaginary
part of Bn consistently. The resulting action is the standard massive Proca action for p-forms and
has no explicitly parity-violating terms. By contrast, the gauging in (10.15) introduces parity-odd
interactions that are essential for our analysis.
The action (10.15) is expected to be supersymmetrizable in many cases of interest, since our
findings are reminiscent of tensor hierarchies in supergravity. For N = 2 models in five dimensions,
we refer the reader to e.g. [257]. Note also that (10.15) has strong analogies with the Lagrangian of
Kaluza-Klein modes χn of a higher-dimensional spin-1/2 fermion on the circle,
Lferm
= −χ̄n γ µ Dµ χn + mn χ̄n χn + Lsupp
.
n
n

(10.16)

First of all, Dµ = ∂µ + inA0µ contains minimal coupling to A0 with charge n. Second of all, the
lower-dimensional mass parameter mn = c1/2 nr−1 depends on the higher-dimensional chirality c1/2 .
Finally, in Lsupp
couplings are collected which are suppressed by the mass scale r−1 . They are of the
n
same form as the non-minimal Pauli-like couplings discussed in section 9.3.4.

10.2

One-loop Chern-Simons terms and M-theory/F-theory duality

In this section we apply the results of chapter 9 to the context of M-theory/F-theory duality in six
dimensions. This has been analyzed in chapter 7, where we noticed that Chern-Simons terms in the
five-dimensional action of M-theory reduced on an elliptically fibered threefold fall into two distinct
categories, see (7.157). On the one hand, some terms can be straightforwardly reproduced on the
F-theory side by means of the classical circle reduction of a suitable six-dimensional pseudoaction. On
the other hand, some terms can never be obtained in this way, and in section 7.6.3 we have argued
that they are generated at one loop once massive Kaluza-Klein modes and W-bosons of the circle
reduction are integrated out. We are now in a position to substantiate this claim.
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(1, 0) theory

(2, 0) theory

gravity multiplet

+ , 2ψ + )
(gµν , Bµν
µ

gravity multiplet

+ , 4ψ + )
(gµν , 5Bµν
µ

tensor multiplet

− , φ, 2ψ − )
(Bµν

tensor multiplet

− , 5φ, 4ψ − )
(Bµν

vector multiplet

(Aµ , 2ψ + )

hypermultiplet

(4φ, 2ψ − )

Table 10.1: Schematic form of supersymmetric spectra of (1, 0) and (2, 0) theories. The symbols gµν ,
Bµν , ψ, φ represent the metric, a tensor, a Majorana-Weyl spinor, a real scalar field respectively. The
prefactor counts the number of fields of a given species within each multiplet. The superscript ±
denotes (anti)self-duality for the tensors B or chirality for the fermions ψ.
More precisely, our focus will be on the gauge and gravitational Chern-Simons actions in fivedimensional low energy effective supergravity theories with eight or sixteen supercharges. The latter
case is not directly related to our discussion of F-theory in six dimensions, but it is interesting since
it allows us to study the one-loop structure of the circle reduction of an Abelian (2,0) theory in six
dimensions. This constitutes a useful preliminary study for possible generalizations to non-Abelian
(2,0) theories, which will be addressed in chapter 11.

10.2.1

Field theory prediction

Let us apply the results of the one-loop computation of chapter 9 to the framework of (1, 0) and Abelian
(2, 0) six-dimensional theories compactified on a circle. The field content of their supersymmetry
multiplets is summarized in table 10.1 and features chiral fermions and (anti)self-dual tensors.
The requirement of anomaly cancellation imposes some constraints on the spectrum of these theories. For a review of anomaly cancellation in (1,0) theories, see section 7.3.2. The case of (2,0) theories
is simpler. We only have to consider purely gravitational anomalies and the anomaly polynomial takes
the form [199]


T − 21
1
1
(2,0)
4
2 2
I8
=
−
tr R +
(tr R ) ,
(10.17)
(2π)4
192
768
where T is the number of (2,0) tensor multiplets. From (10.17) we see that as soon as the coefficient of
the irreducible term tr R4 vanishes, the entire polynomial vanishes as well. In summary, the absence
of gravitational anomalies requires
(1, 0) :

H − V = 273 − 29 T ,

(10.18)

(2, 0) :

T = 21 ,

(10.19)

where T , V , H are the numbers of tensor multiplets, vector multiplets, and hypermultiplets, respectively.
Upon compactification on a circle, the massive Kaluza-Klein modes of chiral fields are precisely
given by the three families of massive fields summarized in table 9.1. More precisely, the excited
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modes of a symplectic Majorana-Weyl spinor are Dirac spinors and the modes of a (anti)self-dual
tensor are massive complex self-dual tensors. We adopt conventions such that a positive chirality
in six-dimensions correspond to a positive coefficient c1/2 , cB , or c3/2 in the mass term for excited
Kaluza-Klein modes.
Recall that the Ansatz for the metric reads
ds26 = ds2 + r2 (dy − A0 )2 ,

(10.20)

where r is the circle radius and A0 is the Kaluza-Klein vector. This choice of the sign of A0 in the
metric Ansatz implies that an excited mode with dependence einy on the internal coordinate couples
minimally to A0 with U (1) covariant derivative ∂µ + inA0µ . This has to be contrasted with the minimal
coupling prescription ∂µ − iqAµ used in the loop computation of chapter 9. If we identify A0 and A,
we infer that the electric charge q of chapter 9 is given by q = −n for the n-th Kaluza-Klein mode of
any six-dimensional field.
In order to compute kAF F and kARR defined in (9.1) we just have to sum the contributions of table
9.2 according to the spectra listed in 10.1. For a (1, 0) theory, we have


∞
9−T
1 X
(1,0)
3
(−n) 2(V − H − T ) + 2 · 5 + (1 − T )(−4) = −
,
(10.21)
kAF F = −
2
48π
24(2π)2
n=1


∞
1 X
12 − T
(1,0)
kARR = −
(−n) 2(V − H − T ) + 2 · (−19) + (1 − T )(+8) =
,
2
384π
24(2π)2
n=1

where we made use of the anomaly cancellation condition (10.18) and we employed zeta-function
P 3
P
regularizations
n → ζ(−3) = 1/120 and
n → ζ(−1) = −1/12 for the divergent sum over
Kaluza-Klein levels. In a similar fashion, for a (2, 0) theory we find


∞
1 X
(2,0)
3
(−n) 4(−T ) + 4 · 5 + (5 − T )(−4) = 0 ,
(10.22)
kAF F = −
48π 2
n=1


∞
X
1
T +3
1
(2,0)
kARR = −
(−n) 4(−T ) + 4 · (−19) + (5 − T )(+8) =
=
,
2
2
384π
96(2π)
4(2π)2
n=1

where we recalled T = 21 from (10.19).
Let us point out that the connection between six-dimensional anomalies and five-dimensional loop
corrections to Chern-Simons coupling can also be seen by means of the following heuristic argument.
Recall that six-dimensional anomalies emerge in one-loop diagram with four external massless states.
Consider an anomalous four-graviton one-loop amplitude and choose the polarization tensors in the external legs in such a way to extract the component hĝyy ĝµy ĝνy ĝρy i, where ĝ denotes the six-dimensional
graviton and y is the compact coordinate. As can be seen from (10.3), this four-point function in sixdimensions is related to rhA0µ A0ν A0ρ i in five dimensions, once the metric component ĝyy is replaced by
its background value r. In six dimensions, the anomalous part of the amplitude is generated by massless chiral fields running in the loop. In five dimensions, we are thus led to compute the contribution
to hA0µ A0ν A0ρ i coming from all Kaluza-Klein modes of these chiral fields. Similar arguments apply to
other one-loop corrected Chern-Simons terms in five dimensions.
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F-theory check

We have discussed at length the F-theory realization of (1,0) supergravities in chapter 7. Let us now
briefly review how (2,0) theories can fit in a similar context. In the standard F-theory paradigm the
fibration is non-trivial and the base space is not Ricci-flat. It is of course possible, however, to follow
the same chain of dualities from M-theory to F-theory on a six-dimensional internal space that is a
direct product of a torus with a Calabi-Yau two-fold, i.e. a K3 surface. The resulting Type IIB setup
is precisely a (2,0) theory with 21 tensor multiplets, in accord with the anomaly cancellation condition
(10.19). When this theory is reduced on a circle, it should reproduce the five-dimensional effective
action of M-theory on K3 × T 2 .
Since we are focussing on Chern-Simons coupling, we only need to consider the topological part
of the eleven-dimensional M-theory effective action. This contains both the familiar two-derivative
Chern-Simons term in (3.34) and the higher-derivative correction considered in section 7.133. Both
terms are conveniently written as


Z 
1
1
1
1 1
(11)
4
2 2
C3 G4 G4 −
C3 trR − (trR )
,
(10.23)
Stop =
−
6 (2π)2
192 (2π)4
4
where we have suppressed wedge products for brevity. This form of the action is written in a slightly
unusual normalization that is best suited to investigate the integrality properties of Chern-Simons
couplings. In particular the M-theory three-form C3 has mass dimension three. Furthermore, this form
R
of the action is consistent with the fact that G4 /(2π) is half-integrally quantized and that exp iS gives
a well-defined functional in the path integral, once all terms of the effective action and the gravitino
functional measure are taken into account [62]. This is crucial to match one-loop computations in
field-theory, since the standard Feynman rules are derived by an expansion of exp iSint , fixing the
absolute normalization of one-loop induced Chern-Simons terms.
Let X6 denote the internal space, for us Y3 or K3 × T 2 . The M-theory three-form is expanded on
a basis {ωA } of harmonic two-forms on X6 as
C3 ⊃ AA ∧ ωA ,

(10.24)

where AA are five-dimensional vectors. They have mass dimension one and their field strengths
R
F A = dAA are such that F A /(2π) is integrally quantized. Dimensional reduction of the action
(10.23) yields the five-dimensional topological terms [204, 207, 234]

Z 
1
1
1
A B C
A
2
S CS =
−
K
A
F
F
+
c
A
trR
,
(10.25)
ABC
A
(2π)2
6
96
where we have introduced
KABC =

Z
X6

ωA ∧ ωB ∧ ωC ,

Z
cA =
X6

ωA ∧ c2 (X6 ) .

(10.26)

Recall from section 7.5.2 that, if X6 = Y3 , it is essential to perform the shift (7.129), so that the
Kaluza-Klein vector on the F-theory side is matched with the linear combination of vectors AA along
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the direction of the two-form

1
ω0 = PD([B2 ]) + c1 (B2 ) ,
(10.27)
2
where PD([B2 ]) is the Poincaré dual two form of the divisor class of the base B2 of the elliptic fibration,
and c1 (B) is its first Chern class.2 The geometry of elliptically fibered Calabi-Yau threefolds ensures
Z
1
1
c1 (B2 )2 = (10 − h1,1 (B2 )) ,
K000 =
4
4
Z B2


c2 (B2 ) + 5c1 (B2 )2 = 4(13 − h1,1 (B2 )) .
(10.28)
c0 =
B2

This in turn implies that the Chern-Simons sector of M-theory on Y3 contains the terms

Z 
1
10 − h1,1 (B2 ) 0 0 0 13 − h1,1 (B2 ) 0
CS
2
S ⊃
−
A F F +
A trR .
(2π)2
24
24

(10.29)

We just have to recall that the number of tensor multiplets of the (1, 0) theory is related to the
geometry of Y3 by
h1,1 (B2 ) = T + 1 ,
(10.30)
see section 7.6.1, to recognize a perfect match with the field theory prediction of the previous section.
In the case of compactification of M-theory on X6 = K3 × T 2 , the Kaluza-Klein vector is identified
with the vector along the only two-form on the torus, which we denote ω0 . As a result,
Z
Z
K000 = 0 , c0 =
ω0 × c2 (K3 × T 2 ) =
c2 (K3) = 24 .
(10.31)
K3×T 2

K3

This implies that the gauge Chern-Simons term is absent, while the gravitational Chern-Simons is
given by
Z
1
1 0
S CS ⊃
A trR2 ,
(10.32)
2
(2π)
4
in agreement with the field theory computation.
So far we have focused on Chern-Simons coupling involving only the Kaluza-Klein vectors. There
are additional terms in the reduction of M-theory on Y3 that are interpreted as one-loop effects on the
F-theory side. They are of the form
Z
Z
0 i j
k0ij A F F + kijk Ai F j F k ,
(10.33)
where Ai are the five-dimensional vectors that are lifted to six-dimensional vectors. The index i labels
the Cartan generators of the gauge group, since the duality between M-theory and F-theory only works
in the Coulomb phase. The coefficients k0ij , kijk can be computed geometrically and are related to
the charged spectrum of the theory, see for instance [211, 137].
To compute the coefficient of these couplings in field theory we need to consider diagrams where
all massive fields charged under A0 and/or Ai run. Those are the Kaluza-Klein zeromodes and excited
modes of the fields that acquire a mass after the gauge group is broken by giving a non-vanishing VEV
2

Strictly speaking one has to pull back c1 (B) to Y3 , but we will suppress the pullback in the following.
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to the scalars in the five-dimensional vector multiplets. We do not perform here a similar analysis, but
the techniques developed so far can be applied to attack this problem. It has indeed been shown in
[211] that the Chern-Simons coefficient kijk receives one-loop corrections by massive gauge degrees of
freedom. Furthermore, [187] contains an analysis of Chern-Simons couplings k0ij in the more general
context of a possibly rational—as opposed to holomorphic—zero-section of the elliptically fibered
Calabi-Yau threefold.
Let us close this section with a comment about a special case that recently attracted interest [130].
Namely, let us consider an M-theory compactification with χ(Y3 ) = 0. When Y3 is elliptically fibered
one can lift the theory to a six-dimensional (1, 0) model. For simplicity, we assume that Y3 has no gauge
group singularities and hence the (1, 0) theory has no vector multiplets, V = 0. In this case the Euler
R
number is simply given by χ = −60 B2 c1 (B)2 = −60(9 − T ) and we see that χ = 0 implies T = 9.
The anomaly cancellation condition (10.18) requires then H = 12. Can this model be interpreted as
a spontaneously broken (2, 0) theory? Suppose we are given a possibly non-Abelian (2, 0) theory with
21 tensor multiplets, in accord with absence of gravitational anomalies. They correspond to 21 tensor
multiplets and 21 hypermultiplets in (1, 0) language, as can be seen from table 10.1. Let us further
imagine that the original theory undergoes a spontaneous supersymmetry breaking in such a way that
only T tensor multiplets out of 21 and and only H hypermultiplets out of 21 remain massless. In order
for the resulting (1, 0) theory to be free of gravitational anomalies, we must have H = 273 − 29T .
The requirement 0 ≤ H ≤ 21 together with the integrality of T determines T = 9, H = 12 as the
only possible breaking pattern. This agrees with the geometric setup with χ = 0. Furthermore, for
(1,0)
T = 9 we have kAF F = 0, see (10.21), and the term A0 ∧ F 0 ∧ F 0 , which is incompatible with 16
supersymmetries, does not enter the circle reduction of the (1, 0) theory. These might be considered
as hints in favor of the spontaneous symmetry breaking scenario. If such breaking is actually possible,
and how it may be realized, remains to be investigated.

10.3

Exploring the landscape of five-dimensional supergravities

As another application of the results of chapter 9 we would like to address the following question.
Suppose we are given a five-dimensional supergravity theory, in terms of its massless spectrum and
couplings in the effective action. Is it possible to determine if this theory can be understood as the
effective low-energy description of an anomaly-free six-dimensional supergravity theory on a circle?
This investigation can be motivated by the following considerations. On general grounds, it is an
interesting problem to study the constraints that gravity places on low-energy quantum field theories.
For instance, even-dimensional chiral theories are subject to the requirement of cancellation of gravitational anomalies. In the spirit of [18, 258, 178, 170], one can maybe look for analogue constraints in
odd-dimensional theories by exploring classes of models that cannot be seen as a circle reduction of
an anomaly-free even-dimensional theory. More specifically, five-dimensional quantum field theories
with coupling to gravity and their relations to six-dimensional theories play an important role in many
proposals for the low-energy description of the world-volume theory of a stack of M5-branes. This
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topic is the subject of chapter 11.
It would be desirable to classify those five-dimensional theories which are consistent at the quantum
level. This is a formidable task and therefore it is advantageous to first try to understand a subset
of these theories, namely those that come from a circle reduction from six dimensions (see figure 1).
Of course, not all consistent five-dimensional theories arise in such a circle compactification. Wellknown examples include Calabi-Yau threefold reductions of M-theory that in general do not admit a
six-dimensional lift if the threefold is not elliptically fibered, see [204, 176] and chapter 7.

apparently consistent
five-dimensional theories

five-dimensional theories
arising from six dimensions
five-dimensional theories arising
from known anomaly-free
six-dimensional theories

Figure 10.1: Five dimensional effective low-energy theories coupled to gravity which arise through
compactification of anomaly-free six-dimensional theories form a subset of all apparently quantumconsistent theories.

Deciding upon this question is generically a highly non-trivial task, for various reasons. On the one
hand, in order to extract the low-energy effective action of a six-dimensional theory on a circle one needs
not only to perform a classical dimensional reduction, but also to integrate out massive excitations
such as Kaluza-Klein modes. Five-dimensional quantum effects due to these massive excitations can
make a direct comparison to a possible higher-dimensional action prohibitively difficult. On the other
hand, the structure of six-dimensional supergravities is quite rich and is not completely under control.
The study of non-Abelian interactions among self-dual tensors, in particular, remains an open problem
in the context of (2, 0) theories and has been investigated in (1, 0) models in the regime where gravity
is decoupled [259].
Even if we do not have control over the full class of six-dimensional supergravities, we can still
formulate non-trivial conditions for a given five-dimensional theory to be lifted to a specific subset of
six-dimensional models. Moreover, there are objects at the quantum level of the theory that are robust
under dimensional reduction. Anomalies, and in particular gravitational ones, are examples of such
objects, since they are mostly sensitive to more general features of the theory rather than intricate
details of the action [199]. In this note, we discuss the possibility to study them using classical and
one-loop gauge and gravitational Chern-Simons terms in the theory obtained by compactification on
a circle. Reversing the logic, we try to argue that a careful study of Chern-Simons terms in a generic
five-dimensional gauge theory allows to obtain non-trivial information about the spectrum (and thus
also about the quantum-consistency) of a potential six-dimensional parent theory.
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The two setups that we investigate admit eight and sixteen supercharges, respectively. Firstly, we
suppose we are given a five-dimensional Abelian action with eight supercharges and we explore the
possibility to lift it to a (1, 0) theory with simple gauge group. We find that non-trivial necessary
conditions can be formulated in terms of the Chern-Simons sector only. Secondly, we take an Abelian
theory with sixteen supercharges and we search for a possible lift to an Abelian (2, 0) theory. As
before, a necessary condition on the Chern-Simons couplings, accompanied by suitable kinetic terms
to fix the normalization of the fields, is found.

10.4

Six-dimensional origin of five-dimensional theories

In this section we provide two examples to show that it is possible to quantitatively address the
problem of possible six-dimensional origins of a given five-dimensional theory. In particular, one can
find explicit constraints on the spectrum and supersymmetry content of the parent six-dimensional
theory in terms of the five-dimensional Chern-Simons couplings. Of course our findings based on
Chern-Simons terms alone cannot be viewed as a classification of all five-dimensional theories that
can arise in a circle compactification in the spirit of figure 10.1. We believe, however, that the content
of this section can be seen as a first step towards a systematic analysis of consistency conditions for
five-dimensional quantum field theories in the presence of gravity.

10.4.1

N = 2 supersymmetric theories

Let us remind the reader that in our notation N = 2 supersymmetry corresponds to minimal supersymmetry in five dimensions, i.e. eight real supercharges. We consider minimal supergravity coupled
to n Abelian vector multiplets and a number of massless neutral hypermultiplets. The supersymmetric
action of such a theory contains the topological couplings

Z 
1
(5)
A
B
C
A
kABC A ∧ F ∧ F + κA A ∧ tr (R ∧ R) ,
(10.34)
SCS =
(2π)2
where AA , A = 1, . . . , n + 1 denotes collectively the graviphoton and the vectors from the vector
multiplets, F A = dAA are the corresponding Abelian field strengths, and R is the curvature two-form.
Supersymmetrizations of the second term are discussed in [202, 260].
If an N = 2 theory can be seen as the circle reduction of a six-dimensional theory, it has to come
from a (1, 0) theory. On the one hand, if the six-dimensional theory had more supersymmetry, we
would find more than eight supercharges in five dimensions.3 On the other hand, it seems impossible
to lift the five-dimensional gravitino of an N = 2 theory to a consistent, interacting six-dimensional
theory with no supersymmetry. Note that a five-dimensional theory with massless U (1) gauge fields
can arise as low energy effective action of a possibly non-Abelian six-dimensional theory on a circle.
This is what happens when the gauge group is broken to the five-dimensional Coulomb branch by
3
Here we consider only simple compactifications on a circle. In particular, we do not discuss any compactification
mechanism which (partially) breaks supersymmetry.
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giving a VEV to the scalars in the five-dimensional vector multiplets. For simplicity, in the following
we study the possibility to lift the five-dimensional theory to a non-Abelian (1, 0) with simple gauge
group G. The generalization to semi-simple G is straightforward. The inclusion of U (1) factors is also
possible, but would make the analysis of the six-dimensional action and anomalies more involved.
The first step in the search for a parent six-dimensional theory is to determine if the five-dimensional
spectrum can be lifted to six dimensions. Five-dimensional hypermultiplets directly lift to sixdimensional hypermultiplets, which are allowed in the (1, 0) theory. To understand the possible lift of
the vector sector to six dimensions one has to divide the n + 1 five-dimensional vector fields AB into
three sets:
• the vector A0 that lifts to the Kaluza-Klein vector in the reduction of the six-dimensional metric
on a circle;
• the vectors Aα , α = 1, . . . , T + 1 that lift to components of T six-dimensional tensor multiplets
and a single tensor in the supergravity multiplet;
• the vectors Ai , i = 1, . . . , rank(G) that lift to Cartan elements of six-dimensional gauge group G.
Furthermore, to allow for a consistent six-dimensional parent theory, the constants kABC and κA in
(10.34) have to split in such a way to accommodate the following Chern-Simons terms for the above
mentioned classes of vector fields

Z 
1
1 α
1
1 α
(5)
0 α β
β i j
β
2
SCS =
− Ωαβ A F F + b Ωαβ Cij A F F − a Ωαβ A tr R
(10.35)
(2π)2
2
2
8

Z 
1
+
k0 A0 F 0 F 0 + kij A0 F i F j + kijk Ai F j F k + κ0 A0 tr R2 ,
(2π)2
where we suppressed wedge products for brevity. As discussed in chapter 7 and for example in [170],
only the Chern-Simons terms in the first line can be lifted to a classical six-dimensional action, while the
terms in the second line cannot be obtained by classical reduction on a circle. We know from sections
10.2.1 and 10.2.2, however, that they do come from a six-dimensional action as soon as quantum effects
are included in the dimensional reduction. It is precisely the interplay between these two subsets of
Chern-Simons terms that allows us to formulate necessary conditions for the five-dimensional theory
to come from an anomaly-free (1, 0) theory.
It is useful to recall from section 7.3 that the constant symmetric matrix Ωαβ has signature (1, T )
and is identified with the SO(1, T ) invariant metric associated to the moduli space SO(1, T )/SO(T )
of the scalars in the tensor multiplets in six-dimensions. The matrix Cij is identified with the Cartan
matrix of the gauge group G. The constant vectors bα and aα are the coefficients of the Green-Schwarz
terms that cancel factorizable anomalies, see section 7.3.2. Note also that the vector bα determines
the kinetic term of six-dimensional vectors, as can be seen from (7.41).
As mentioned above, the requirement of anomaly cancellation in the parent (1, 0) theory allows
us to formulate necessary conditions on the Chern-Simons terms for the lift to six-dimensions to be
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possible. In the following, we focus on six-dimensional gravitational anomalies, since they do not
depend on many details of the charged hypermultiplet spectrum in six dimensions. The conditions for
the absence of purely gravitational a anomalies in (1,0) theories have been give in section 7.3.2, but
we record them here again for convenience,
H − V = 273 − 29 T ,

aα Ωαβ aβ = 9 − T ,

(10.36)

where as usual T , V , H are the number of six-dimensional tensor multiplets, vector multiplets, and
hypermultiplets, respectively. To check the first condition in (10.36) directly we would need to know
the number of hypermultiplets H in six dimensions. This number, however, is in general different from
the number of neutral massless hypermultiplets in five dimensions, since some charged hypermultiplets
become massive after breaking of the gauge group, and therefore do not appear in the five-dimensional
effective action.
This problem can be circumvented by studying the Chern-Simons terms in (10.35). In particular,
the couplings k0 and κ0 encode information about the gravitational anomaly cancellation conditions
(10.36). To see this, let us first recall from section 10.2.1 that k0 and κ0 can be computed explicitly
by summing the contributions of all Kaluza-Klein modes of chiral fields in six-dimensions, with result
k0 =

1
(T − 9) ,
24

κ0 =

1
(12 − T ) .
24

(10.37)

These expressions hold under the assumption that the first condition in (10.36) is satisfied, but they
only involve the number T of tensor multiplets of the theory, which can be read off from range of
the α indices in (10.35). Combining (10.37) with the second condition in (10.36) we get the following
necessary conditions for the Chern-Simons terms (10.35) to be lifted to six-dimensional theory free of
gravitational anomalies:
24 k0 = −aα Ωαβ aβ = T − 9 ,

24 κ0 = aα Ωαβ aβ + 3 = 12 − T .

(10.38)

These equations encode three independent requirements and cannot be trivially satisfied by rescaling
A0 and Aα .
One can formulate similar tests on the Chern-Simons coefficients in (10.35) to check if the candidate parent theory is free of purely gauge anomalies. Such conditions involve a comparison between
bα Ωαβ bβ and the coupling kijk , which contains crucial information about the six-dimensional charged
hypermultiplet spectrum [211, 137]. While it was only shown for specific examples [137], and not
yet in general, that the knowledge of the Chern-Simons coefficients allows to check cancellation of
six-dimensional gauge anomalies, we believe that such a statement should hold in general. In a similar
way, we suspect that conditions involving aα Ωαβ bβ and the Chern-Simons coupling kij can be used to
test if the six-dimensional theory is free of mixed gauge-gravitational anomalies.

10.4.2

N = 4 supersymmetric theories

We can apply the strategy outlined so far also to five-dimensional theories with sixteen supercharges,
denoted N = 4. We restrict to the theory of n Abelian vector multiplets coupled to supergravity.
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Recall that the N = 4 supergravity multiplet contains six vectors. Five of them form the 5 representation of the SO(5)R R-symmetry group, while the sixth one is a singlet.4 The singlet will be
denoted A0 , and the remaining ones together with the n gauge fields from the vector multiplets are
denoted AA , A = 1, . . . , n+5. The collective index A is a fundamental SO(5, n) index. The associated
constant metric is denoted ηAB . With this notation the topological sector of the action reads

Z 
1
1
(5)
0
B
C
0
− ηAB A ∧ F ∧ F + κ0 A ∧ tr (R ∧ R) .
(10.39)
SCS =
(2π)2
2
To the best of our knowledge it has not been shown that the gravitational Chern-Simons coupling can
be supersymmetrized. We will see, however, that in some circumstances it can be generated at the
quantum level from a six-dimensional theory with sixteen supercharges on a circle. We thus expect it
to be an admissible coupling in the five-dimensional N = 4 action.
In contrast to the N = 2 case, the Chern-Simons sector of an N = 4 theory is too simple to provide
any test that cannot be trivially satisfied by means of rescaling of A0 , AA . Therefore, we also need
to record some kinetic terms in order to fix this ambiguity. This requires some additional notation.
Each vector multiplet contributes five scalars to the spectrum. These 5n scalars parametrize the coset
space SO(5, n)/SO(5) × SO(n). This is conveniently described in terms of matrices LA i , LA I , where
i, I are fundamental indices of SO(5), SO(n) respectively. These matrices satisfy
ηAB = δij LA i LB j − δIJ LA I LB J ,

GAB = δij LA i LB j + δIJ LA I LB J ,

(10.40)

where GAB is a non-constant, positive-definite matrix that enters the gauge coupling function. The
needed kinetic terms are

Z 
1
1 2σ/√6
1 −4σ/√6 0
1
(5)
A
B
0
R ∗ 1 − dσ ∧ ∗dσ − e
GAB F ∧ ∗F − e
F ∧ ∗F ,
(10.41)
Skin =
(2π)2
2
2
2
(5)

(5)

in which σ is the scalar in the gravity multiplet. The sum SCS + Skin can be supersymmetrized since
it coincides with part of the standard form of the five-dimensional N = 4 action as found e.g. in [261],
up to field redefinitions.5
The five-dimensional N = 4 theory under examination can come from circle reduction of a (2, 0) or
(1, 1) theory. Since (1, 1) theories are non-chiral, we cannot use anomalies as a check of the quantum
consistency of the candidate parent theory. For this reason, in the rest of this section we formulate
necessary conditions for the lift of the five-dimensional theory to a (2, 0) theory, and we do not give
conditions for the lift to a (1, 1) theory. Furthermore, since a six-dimensional action for non-Abelian
(2, 0) is not known, we explore the possibility to lift the five-dimensional theory to an Abelian (2, 0)
theory.
Recall that in such a theory the only matter multiplets are tensor multiplets. As we have seen
in section 10.2.1, cancellation of gravitational anomalies requires a number T = 21 of them. This
4

This structure is fixed by identifying the five-dimensional gravity multiplet.
√
More precisely,
√ weAhave performed
√ an overall rescaling of the action, together with the redefinitions σthere = σhere / 2,
0
0
A
Athere = Ahere / 2, Athere = Ahere / 2. Our form of the action is best suited for comparison between tree-level and one(5)
loop terms. It is such that the action and the vectors both have period 2π. It has been inferred by deriving SCS from
2
M-theory on K3 × T making use of the effective action discussed in [62].
5
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implies that the five-dimensional theory must have exactly 26 vectors in addition to the singlet A0 .
This provides a first elementary check on (10.39). A far less trivial check comes from the gravitational
Chern-Simons coupling κ0 . It cannot be generated by reduction of the classical Abelian (2, 0) action
on a circle, and it is rather generated by one-loop diagrams in which massive Kaluza-Klein modes run
in the loop. We can read off the value of this coupling from the results of section 10.2.1,
κ0 =
(5)

(5)

1
.
4

(10.42)

If in SCS + Skin a different value of κ0 appears, the theory cannot be lifted to an Abelian (2, 0) theory.

CHAPTER

11

Non-Abelian tensor towers and (2,0) theories

In this chapter we present a proposal for a five-dimensional action designed to capture some features
of interacting six-dimensional (2,0) theories. A five-dimensional approach allows us to elude some
of the immediate difficulties in formulating a Lagrangian for self-dual tensors. It is inspired by the
M-theory/F-theory duality for F-theory vacua in six dimensions, see section 5.3, but it can be also
related to the proposal of [33, 34] about (2,0) theories and five-dimensional maximally supersymmetric
Yang-Mills theory.

11.1

The search for a five-dimensional Lagrangian description

As we have seen in chapter 6, among the most interesting implications of M-theory and string theory
is the existence of interacting superconformal quantum field theories in six dimensions with (2,0)
supersymmetry. They are labelled by ADE Dynkin diagrams and reduce to maximally supersymmetric
Yang-Mills in five dimensions. Therefore, they are expected to possess some sort of gauge symmetry,
even though they do not have any massless vector in their spectrum. Crucially, they have instead
massless antiself-dual tensors.
There are some immediate complications that have to be addressed in the search for a Lagrangian
description of (2, 0) theories. Two separate problems are particularly prominent. Firstly, the naive
Lorentz covariant kinetic term for tensors vanishes identically upon imposing the (anti)self-duality
constraint. Different solutions to this problem have been proposed, based on breaking of manifest
Lorentz invariance, introduction of auxiliary fields, or a holographic approach [251, 247, 262]. Secondly,
the ‘gauge group’ structure of the theory is particularly elusive, as the absence of vectors prevents
any naive attempt to write down non-Abelian gauge covariant derivatives. Indeed, (2,0) theories are
believed to be connected to the formalism of gerbes, rather than vector bundles. Recent discussions
225
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free (2,0) theory

interacting (2,0) theory

compactify on S 1
keeping all KK modes

N = 4 Abelian Yang-Mills
coupled to KK towers
of massive tensors

?

deformation

N = 2 non-Abelian Yang-Mills
coupled to KK towers
of massive tensors

Figure 11.1: Schematic representation of the five-dimensional approach to interacting (2,0) theories
followed in this chapter. A free (2,0) theory can be described by a pseudoaction which can be compactified on a circle keeping all Kaluza-Klein modes. This has been done for (anti)self-dual tensors in
section 10.1. The resulting five-dimensional theory is maximally supersymmetric Abelian Yang-Mills
theory coupled to infinite towers of matter fields, including massive tensors. In this chapter we study
a deformation of this theory that preserves all degrees of freedom and switches on a non-Abelian
gauging. This deformed theory has manifest N = 2 supersymmetry. It can be the starting point for
an indirect exploration of interacting (2,0) theories.

about the various complications in formulating (2, 0) theories can be found in [263, 35, 264, 265, 37,
266, 267].
In this chapter we approach (2, 0) theories by studying a five-dimensional action for an infinite
tower of modes that can be interpreted as Kaluza-Klein states. We propose that using this perspective
one can address both the self-duality as well as the non-Abelian gaugings at the level of an action.
Our program is summarized in figure 11.1. The dynamics of an Abelian (2,0) theory is trivial and
can be captured by a simple quadratic pseudoaction. As we have seen in section 10.1 this can be
reduced on a circle keeping all excited Kaluza-Klein modes so that the resulting five-dimensional
theory has an infinite number of massive tensor fields, together with massless vectors. The latter are
crucial, because they allow us to study deformations of the five-dimensional theory that include some
non-Abelian gauge group. The resulting deformed action is hopefully able to capture a subset of the
couplings of the sought-for (2,0) theory, or some robust feature thereof.
More precisely, we will write a five-dimensional superconformal action with N = 2 supersymmetry,
i.e. with eight supercharges, whose spectrum contains all the expected degrees of freedom of the sixdimensional (2, 0) tensor multiplets compactified on a circle. The theory also features an additional
N = 2 vector multiplet containing the circle radius and the Kaluza-Klein vector of the six-dimensional
metric. The total gauge group is of the form G × U (1), where G is a simple simply-laced non-Abelian
group that is interpreted as the ‘gauge group’ of the (2,0) theory, while the U (1) factor is associated
to the Kaluza-Klein vector. The gauge bosons of G and their supersymmetry partners are contained
in N = 2 vector multiplets and hypermultiplets that are neutral under the Kaluza-Klein U (1), and
are thus interpreted as zeromodes. The remaining infinite collection of N = 2 tensor multiplets and
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hypermultiplets are labelled by an integer that also corresponds to their charge under the KaluzaKlein U (1). They are therefore regarded as excited modes. Our action fits in the general N = 2
superconformal framework of [268, 269] that extends and applies [270, 201, 271, 200, 257].1 It is
crucial, however, that all couplings in our theory are only given in terms of group theoretical constants
associated to G and the Kaluza-Klein levels.
The five-dimensional superconformal invariance of the N = 2 action is implemented in a way
compatible with a subgroup of the six-dimensional superconformal group. This implies that the
additional vector multiplet, containing the circle radius and the Kaluza-Klein vector, has to transform
in accord with the six-dimensional line element. However, in order to more directly interpret the
N = 2 superconformal action as a Kaluza-Klein theory, one has to fix superconformal invariance.
We consider a restriction of the action that preserves N = 2 Poincaré supersymmetry by giving a
vacuum expectation value to the entire multiplet containing the circle radius and the Kaluza-Klein
vector. After this gauge-fixing the infinite tower of tensor multiplets and hypermultiplets will gain
a mass proportional to the Kaluza-Klein scale set by the circle radius. The non-Abelian gaugings
and the realization of only half the maximal supersymmetry, however, prevent us from lifting the
five-dimensional theory directly to six dimensions.
In two special cases, however, our action has a clear six-dimensional interpretation, thus furnishing
a first simple sanity check of our formalism. Firstly, considering zero modes alone the restricted N = 2
action reduces to only maximally supersymmetric Yang-Mills theory with gauge group G. The zero
mode sector is automatically invariant under sixteen supercharges and is thus N = 4 supersymmetric.
Secondly, if non-Abelian gaugings are switched off the five-dimensional action including all excited
modes is again automatically invariant under N = 4 supersymmetry and coincides with the circle
compactification of the (2,0) pseudoaction for Abelian tensor multiplets.
The connection between six-dimensional anomalies and five-dimensional one-loop Chern-Simons
terms encountered in sections 10.2 and 10.4 hints to the fact that our action can be used to probe
anomalies of (2,0) theories. For instance, one can couple the five-dimensional theory to a background
vector gauging R-symmetry and use the quantum-corrected Chern-Simons terms for this vector as
window on the R-symmetry anomalies of the (2,0) theories. This is related to their conformal anomaly,
which has received a lot of attention recently [273, 153, 158, 274, 275, 276]. We refer the reader to [277]
for a first step in this application of the action proposed in this chapter, as well as for a discussion of
harmonic superspace inspired techniques to achieve R-symmetry and supersymmetry enhancement.

11.2

Supersymmetric spectrum and non-Abelian gauging

This section is devoted to the discussion of the supersymmetric spectrum of the five-dimensional
theories of non-Abelian tensors which will be constructed in the following sections. Our starting point
consists of a number of tensor multiplets of six-dimensional rigid (2, 0) superconformal symmetry. This
spectrum is dimensionally reduced on a circle and the resulting N = 4 supermultiplets are described.
1

Recent progress on the construction of (1, 0) superconformal theories in six dimensions can be found in [259, 272].
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Moreover, a mechanism for a non-Abelian gauging of tensors is implemented. The decomposition of
the N = 4 spectrum into N = 2 multiplets and the discussion of conformal invariance is relegated to
section 11.3.

11.2.1

(2,0) tensor multiplets

Let T I be a collection of (2, 0) tensor multiplets in six dimensions. The index I plays here the role
of a degeneracy index, but will be identified with an adjoint index of a non-Abelian gauge group in
subsection 11.2.4. Boldface symbols will be used throughout to denote six-dimensional quantities.
The field content of T I is given by
T I = (BIµν , σ I ij , λI i ) ,

(11.1)

where BIµν is a tensor (two-form), σ I ij are scalars, λI i are spin-1/2 fermions. In our conventions, the
supersymmetry parameter is a left-handed Weyl spinor, the tensors have negative chirality, i.e. their
field strength HI = dBI obey the antiself-duality constraint ∗HI = −HI , and the fermions λI i are
right-handed Weyl spinors. Indices i, j = 1, . . . 4 are indices of the 4 representation of U Sp(4)R , the
R-symmetry group of the (2, 0) supersymmetry algebra. The tensors BIµν are singlets of U Sp(4)R , the
fermions λI i transform in the 4 representation, while the scalars σ I ij belong to the 5 representation,
i.e. they are antisymmetric and traceless
σ I ij = −σ I ji ,

Ωij σ I ij = 0 .

(11.2)

In the last equation Ωij is the primitive antisymmetric invariant of U Sp(4)R . We refer the reader to
section A.2 in appendix A for our conventions. Tensor multiplets are pseudoreal, i.e. they satisfy

(T I )∗ = T I :



B̄I ≡ (BIµν )∗ = BIµν ,

 µν
σ̄ Iij ≡ (σ I ij )∗ = Ωik Ωjl σ I kl ,


 Ii
λ̄ ≡ (λIi )† γ 0 = Ωij (λIj )T C .

(11.3)

The last line encodes the usual symplectic-Majorana condition. The quantities γ 0 , C are the timelike
gamma matrix and the charge conjugation matrix in six dimensions, respectively.
The (2, 0) Poincaré superalgebra can be enlarged to the superconformal algebra OSp(8∗ |4) [278, 30].
This requires the introduction of new generators for dilatations, conformal boosts, special supersymmetry transformations, and R-symmetry transformations. The action of these generators on physical
fields can be found in [279, 280]. A more detailed discussion the rigid superconformal theory will be
given in sections 11.3 and 11.4.1 in the context of N = 2 supersymmetry in five dimensions. In this
section we just focus on the Weyl weights, which are the charges under dilatations. For the fields in
the tensor multiplets T I they are collected in Table 11.1.
Let us now discuss the Poincaré supersymmetry transformations and the pseudoaction of a collec-
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multiplet
TI
massless tensor
multiplet

fields

type

comments

U Sp(4)R

Weyl weight

BIµν

antiself-dual tensor

pseudoreal

1

0

σ I ij

scalar

pseudoreal

5

2

λI i

right-handed spinor

pseudoreal

4

5/2

Table 11.1: Field content of an on-shell tensor multiplet T of rigid (2, 0) superconformal symmetry
in six dimensions. The precise formulation of the reality properties of the fields is found in (11.3).
tion of non-interacting tensor multiplets T I . The (2, 0) supersymmetry transformations read [280]2
δ()BIµν = −¯i γ µν λIi ,
δ()λI i = 16 HIµνρ γ µνρ i + 2γ µ ∂µ σ I ij j ,


δ()σ I ij = −4 ¯[i λI j] + 14 Ωij ¯k λIk .

(11.4)

Recall that the tensor field strength is defined as HIµνρ = 3∂[µ B Iνρ] . Note that contraction with
γ µνρ i automatically selects the antiself-dual part of the field strength, because i is a left-handed
Weyl spinor in our conventions. The supersymmetry algebra closes only up to the free-field equations
of motion for B Iµν , λI i , σ I ij . They can be derived from the following supersymmetric pseudoaction:
Z
o
n
1
S (6) = d6 x dIJ − 12
HI µνρ HJµνρ − 12 ∂ µ σ I ij ∂µ σ Jij − 41 λ̄I i γ µ ∂µ λJi .
(11.5)
We stress that this is not a proper action, since the self-duality constraint on the field strengths of
tensors cannot be derived from it, and has to be imposed at the level of the equations of motion.
In order to write down kinetic terms, the symmetric, positive-definite, constant matrix dIJ has been
introduced.
Finding a non-Abelian deformation of the six-dimensional pseudoaction (11.5) is a formidable task.
In particular, there are no vectors in the spectrum which could be used as gauge connections. Indeed,
(2, 0) gauge theories of tensors are conjectured to be a non-Abelian generalization of gerbes, with
two-form connections [281, 282, 267] (see also [283]). As mentioned in section 11.1, our strategy is to
avoid these difficulties by performing the gauging in the reduced five-dimensional theory.

11.2.2

Compactification on a circle and five-dimensional N = 4 spectrum

We compactify one spatial dimension on a circle using the standard Kaluza-Klein Ansatz for the
metric,
gµν dxµ dxν = gµν dxµ dxν + r2 (dy − A0µ dxµ )2 .
(11.6)
On the right hand side gµν is the five-dimensional metric, r is the radius of the circle, y ∼ y + 2π
is the compact coordinate along the circle, and A0µ is the Kaluza-Klein vector with Abelian field
2
Compared to reference [280], the fields and the supersymmetry parameter have been rescaled by suitable factors to
achieve canonical normalization in the pseudoaction below.

230

Chapter 11. Non-Abelian tensor towers and (2,0) theories

strength F 0 = dA0 . In the rigid limit, gµν is the flat Minkowski metric, r is constant and A0 vanishes.
Later on, we will promote these quantities to fields, however, since they will play a crucial role in the
superconformal theories of section 11.4.
Upon compactification on a circle, the scalars σ I ij and the spinors λI i give rise to a Kaluza-Klein
tower of five-dimensional scalars σnI ij and spinors λIn i , where n ∈ Z. More precisely we write
σ I ij = r−1

X

einy σnI ij ,

λI i = r−1

n∈Z

X
n∈Z

einy λIn i ⊗ η ,

(11.7)

where η is a constant two-component spinor. Note that we have included a factor of r−1 in the
Kaluza-Klein Ansatz, in order to have five-dimensional fields σ I ij , λI i of canonical dimensions 1 and
3/2, respectively. These fields are also the natural variables compatible with the lower-dimensional
supersymmetry. As far as the tensors are concerned, reduction of BIµν furnishes both a tower of
tensors BnI µν and of vectors AIn µ in five dimensions, see section 10.1. We can write
BI =

X
n∈Z



einy BnI + AIn ∧ (dy − A0 ) .

(11.8)

As a consequence of the six-dimensional antiself-duality constraint, BnI µν and AIn µ do not contain
independent degrees of freedom. On the one hand, the antiself-duality constraint can be used to
eliminate the tensor zero modes B0I µν from the spectrum of the five-dimensional theory, keeping the
vector zero modes AIµ ≡ AI0 µ only. On the other hand, excited modes BnI µν , AIn µ are related by a
Stückelberg-like symmetry in the invariant derivative FnI = dAIn +inBnI , as in [247] and in section 10.1.
In this way BnI µν can ‘eat’ AIn µ and become a massive tensor field in five dimensions. In conclusion,
reduction of BIµν yields a massless vector AIµ and a tower of complex massive tensors BnI µν . A purely
bosonic Lagrangian for AIµ , BnI µν coupled to the Kaluza-Klein vector A0µ has been given in (10.14) and
(10.15). For our present purposes it is conveniently written as
i
h
I
I
J
Fρσ
(11.9)
Ltens = dIJ − 14 r−1 Fµν
F J µν − 18 µνλρσ A0µ Fνλ
h
i
∞
P
i µνλρσ I
+ dIJ − 12 r−1 F̄ In µν FnJ µν + 4n

F̄ n µν DλKK FnJ ρσ .
n=1

On the right hand side we have introduced the Abelian field strength F I = dAI and we have used the
Stückelberg gauge-fixed expression for the tensors
FnI µν = inBnI µν .

(11.10)

It will be convenient to use this rescaled FnI µν to represent the tensors in the remainder of this work.
Indices I, J are contracted with a constant metric dIJ . In section 11.2.4 it will be related to grouptheoretical invariants after the degeneracy index I is promoted to a gauge index. We have also made
use of the shorthand notation DµKK Xn = ∂µ Xn + inA0µ Xn for generic Kaluza-Klein modes Xn . More
information about this covariant derivative will be given in section 11.2.3.
The main purpose of our work is to provide a supersymmetric non-Abelian generalization of the
action (11.9). As a first step, we discuss how five-dimensional fields are organized in N = 4 multiplets.
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The R-symmetry group is again U Sp(4)R , and the transformation properties of the fields under Rsymmetry are unaffected by dimensional reduction. The vector zero mode AI combines with the zero
modes σ I ij ≡ σ0I ij and λI i ≡ λI0 i into a single vector multiplet which we will denote as
V I = (AIµ , σ I ij , λI i ) .

(11.11)

Each massive tensor FnI combines with the corresponding excited modes σnI ij , λIn i into a massive tensor
multiplet
TnI = (FnI µν , σnI ij , λIn i ) ,
n ∈ Z∗ .
(11.12)
As a consequence of the reality conditions (11.3) in six dimensions, the vector multiplet is pseudoreal,


ĀI ≡ (AIµ )∗ = AIµ ,

 µ
(V I )∗ = V I :
(11.13)
σ̄ Iij ≡ (σ I ij )∗ = Ωik Ωjl σ I kl


 Ii
λ̄ ≡ (λIi )† γ 0 = Ωij (λIj )T C ,
and the tensor multiplets satisfy

I
(TnI )∗ = T−n
:


I

F̄ I ≡ (FnI µν )∗ = F−n
µν ,

 n µν
Iij
Ikl ,
σ̄ In ij ≡ (σn )∗ = Ωik Ωjl σ−n


 Ii
λ̄n ≡ (λIn i )† γ 0 = Ωij (λI−n j )T C .

(11.14)

We can thus restrict our attention to positive n only, to avoid a redundant description of the same
degrees of freedom. Note that now γ 0 , C refer to spinors in five dimensions. Our conventions about
five-dimensional spinors are collected in an appendix in section A.2 along with some useful identities.
It is interesting to contrast the reality condition for spinors on zero modes and on excited modes:
the former is the usual symplectic-Majorana condition, but the latter relates two different symplectic
multiplets, λin and λi−n , and imposes no constraint on either of them separately. In this respect λin
is referred to as ‘complex.’ As discussed in section A.2, every complex symplectic spinor as λIn i is
equivalent to a doublet of symplectic-Majorana spinors.
Since there is no known extension of the five-dimensional N = 4 Poincaré superalgebra to a superconformal algebra [278, 30], there is no well-defined notion of Weyl weight for N = 4 supermultiplets.
Six-dimensional superconformal (2, 0) symmetry, however, implies a (classical) scaling symmetry of
the five-dimensional N = 4 theory. From the metric Ansatz (11.6) we infer that the compactification
radius r has scaling weight −1, as will be further discussed in section 11.3.2. The scaling weights
of all fields in vector and tensor multiplets can be extracted by comparing the six-dimensional Weyl
weights listed in Table 11.1 with the Kaluza-Klein Ansätze (11.7), (11.8). They are found in Table
11.2, together with a summary of U Sp(4)R representations.

11.2.3

Mass scale and Kaluza-Klein gauging

Let us analyze in more detail the role played by the compactification radius r and the Kaluza-Klein
vector A0 . The (2, 0) theory we started from has no mass scale. (Recall that we consider the deep IR
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multiplet
VI
massless vector
multiplet
TnI
massive tensor
multiplet

fields

type

comments

U Sp(4)R

scaling weight

AIµ ≡ AI0 µ

vector

pseudoreal

1

0

scalar

pseudoreal

5

1

λI i ≡ λI0 i

spinor

pseudoreal

4

3/2

FnI µν

tensor

complex

1

0

σnI ij

scalar

complex

5

1

λIn i

spinor

complex

4

3/2

σ I ij ≡

σ0I ij

Table 11.2: Field content of N = 4 vector multiplets V I and tensor multiplets TnI in five dimensions.
The precise formulation of the pseudoreality properties of the fields in V I is found in (11.13). The last
column collects the weights with respect to the five-dimensional scaling symmetry inherited from full
six-dimensional conformal invariance.
dynamics where gravity is decoupled.) In contrast, the dimensionally reduced theory has a mass scale
set by the inverse of the compactification radius r. In particular, the nth excited modes Fn µν , σnij , λin
have masses proportional to
mn = nr−1 ,
(11.15)
as can be seen by comparing the mass and kinetic terms for the respective fields as given below.
In order to infer this, we recall that Bn µν is related with Fn µν by the rescaling (11.10). It is worth
recalling the role of r in the conjectured equivalence between (2, 0) theories and five-dimensional superYang-Mills theories [263, 33]. Even if a complete formulation of (2, 0) theories in the non-Abelian case
is not available, upon compactification on a circle they have to yield super-Yang-Mills in the massless
sector, corresponding to the multiplets V I in our notation. The Yang-Mills coupling constant in five
dimensions has mass dimension [g] = −1/2, and is identified with the compactification radius,
g2 = r ,

(11.16)

consistently with the fact that (2, 0) theories have no tunable parameter and compactification is the
only source of a mass scale.
The Kaluza-Klein field can be interpreted as a five-dimensional gauge connection which is needed
when a global U (1) symmetry is promoted to a local symmetry. This U (1) symmetry will be denoted
U (1)KK . Since it will play a key role in our formulation of the non-Abelian five-dimensional action,
let us discuss this symmetry in more detail and introduce some useful notation. U (1)KK originates
from constant shifts of the compact coordinate y 0 = y − Λ. These can be undone by redefining the
nth Kaluza-Klein mode of a field X as Xn0 = einΛ Xn , as can be seen from (11.8), Thus, the nth
Kaluza-Klein mode of any field has electric charge n under U (1)KK . The associated infinitesimal
transformation reads
δKK (λ)Xn = inλXn .
(11.17)
If we demand
δKK (λ)A0µ = −∂µ λ ,

(11.18)
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we can gauge U (1)KK by introducing the covariant derivative
DµKK Xn = ∂µ Xn + inA0µ Xn .

(11.19)

From a six-dimensional perspective, A0 is identified with fluctuations of the off-diagonal components
of the metric, as can be seen from (11.6). Its gauge transformation (11.18) is just a special case of a
six-dimensional diffeomorphism along the circle, and the minimal coupling to Xn (11.19) is required
by six-dimensional covariance.
In section 11.4 it will prove useful to rewrite the U (1)KK gauging in terms of real fields. To this
end, we exploit the isomorphism U (1)KK ∼
= SO(2)KK and for any complex field Xn of charge n we
α
introduce the SO(2)KK doublet Xn , α = 1, 2 via

Xn = √12 Xnα=1 + iXnα=2 .
(11.20)
Since the action of U (1)KK on Xn is given by Xn0 = einΛ Xn , the corresponding action of SO(2)KK on
Xnα reads



cos n Λ − sin n Λ
β
α
0α
α
= δ αγ δγβ − nΛγβ + O(Λ2 ) .
(11.21)
M β=
Xn = M β Xn ,
sin n Λ cos n Λ
The Kaluza-Klein covariant derivative of the doublet Xnα is therefore
DµKK Xnα = ∂µ Xnα + nβγ δ γα A0µ Xnβ ,

(11.22)

where we have chosen the representation

αβ =

0 1
−1 0


(11.23)

for the antisymmetric invariant of SO(2)KK . In the last equations we have implicitly assumed that Xn
is a boson. As explained in the appendix section A.2, the same formalism can be applied to symplectic
spinors.
As a first application we present the reformulation of the bosonic action (11.9) with SO(2)KK
doublets instead of complex fields. Inserting (11.20) for the tensors FnI into (11.9) we find
h
i
I
I
J
Ltens = dIJ − 41 r−1 Fµν
F J µν − 18 µνλρσ A0µ Fνλ
Fρσ
(11.24)
h
i
∞
P
1
+ dIJ − 14 r−1 δαβ FnIαµν FnJβ µν − 8n
αβ µνλρσ FnIαµν DλKK FnJβρσ ,
n=1

where we have used the identities (A.28). These terms together with the Kaluza-Klein gauging, and
the non-Abelian gaugings that we introduce next, turn out to be sufficient to determine the key
characteristic data of the complete supersymmetric theory discussed in section 11.4.

11.2.4

Non-Abelian gauge transformation and covariant derivative

In our discussion of the five-dimensional spectrum zero modes and excited modes are treated on a
very different footing, at the expense of manifest six-dimensional Lorentz symmetry. However, this
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enables us to implement a non-Abelian gauging, since we can use massless vectors in five dimensions
as gauge connections, and treat all other fields as charged matter. This implementation is the only
straightforward gauging compatible with the Kaluza-Klein charges under the assumption that the
gauge parameter is neutral under U (1)KK . The same strategy has been proposed in the literature
in a similar context, see e.g. [35, 267]. Identifying a possible six-dimensional interpretation for this
non-democratic gauging is a non-trivial task that will not be addressed in this work.
To define a non-Abelian gauging we first identify the degeneracy index I with the adjoint index
of some non-Abelian group G. More precisely, we let I enumerate the elements tI of a basis of antiHermitian generators of the associated Lie algebra, so that I = 1, . . . |G| ≡ dim(G). We introduce the
structure constants and the Cartan-Killing metric by
[tI , tJ ] = −fIJ K tK ,

dIJ = Tr(tI tJ ) .

(11.25)

Both fIJ K and dIJ are real. We assume dIJ is non-singular and positive definite, and we use it together
with its inverse dIJ to raise and lower adjoint indices. For example, fIJK = dIL fJK L . Furthermore,
we take fIJK to be completely antisymmetric. The groups under consideration are taken to be of
A-D-E type.
In order to realize a non-Abelian gauging of the spectrum (11.11), (11.12), we interpret AI as a
gauge connection, while all other fields will be seen as adjoint matter. More precisely, we postulate
the following infinitesimal transformation rules under the action of the non-Abelian gauge group G,
δG (α)AIµ = ∂µ αI + fJK I AJµ αK ,

δG (α)X I = −fJK I αJ X K ,

(11.26)

where α is the scalar gauge parameter and X I is any field among σ I ij , λI i , σnI ij , λIn i , FnI µν (n > 0).
Recalling (11.19), we see that the full G × U (1)KK covariant derivative of any adjoint field XnI with
Kaluza-Klein charge n is given by3
Dµ XnI = ∂µ XnI + in A0µ XnI + fJK I AJµ XnK .

(11.27)

We note here that Dµ XnI has the same charge under U (1)KK as XnI itself. The non-Abelian fieldstrength of AI reads
I
Fµν
= 2∂[µ AIν] + fJK I AJµ AK
ν ,

(11.28)

I = 0, and enters the
transforms in the adjoint representation, satisfies the Bianchi identity D[µ Fνρ]
commutator of covariant derivatives as specified by
0
J
[Dµ , Dν ]XnI = inFµν
XnI + fJK I Fµν
XnK .

(11.29)

The algebra of gauge transformations closes on all fields, according to
[δG (α1 ), δG (α2 )] = δG (α3 ) ,
3

α3I = fJK I α1J α2K .

Since we work in flat space, we do not have to introduce a spacetime connection and covariant derivative.

(11.30)

11.3. Spectrum in terms of N = 2 superconformal multiplets

11.3
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Since non-Abelian gaugings of tensor multiplets are not consistent with standard N = 4 actions
determined in [284, 285, 261, 286], we first consider an N = 2 formulation. Upon reduction, we
get N = 2 vector, tensor and hypermultiplets, and we can exploit the N = 2 rigid superconformal
formalism of [268, 269].

11.3.1

Splitting of N = 4 multiplets

To rewrite the N = 4 spectrum in terms of N = 2 supermultiplets, we consider the splitting of the
original R-symmetry group U Sp(4)R according to
U Sp(4)R → SU (2)R × SU (2) ,

(11.31)

where the first factor is the R-symmetry group of the N = 2 algebra, and the second factor is an extra
global symmetry of the theory. We use indices a, b = 1, 2 for the 2 representation of SU (2)R , while
indices ȧ, ḃ = 1, 2 refer to the 2 representation of SU (2). Under (11.31) the branching rules for the
relevant representations of U Sp(4)R read
5

→ (1, 1) + (2, 2) ,

σnI ij →

φIn

, qnI aḃ ,

4

→ (2, 1) + (1, 2) ,

λIn i →

χIn a ,

(11.32)

ζnI ḃ ,

where the entries in the brackets correspond to the two SU (2)’s, and we have introduced the bosonic
fields φIn , qnI aḃ , and the fermionic fields χIn a , ζnI ḃ which will be discussed in more detail in the following.
Let us summarize the complete multiplets of rigid N = 2 supersymmetry originating from the
N = 4 spectrum of section 11.2.2. Firstly, we find the vector multiplets
b I = (AI , φI , χI a , Y I ) ≡ (AI , φI , χI a , Y I ) .
V
µ
0µ 0
0
ab
0 ab

(11.33)

The vector AIµ is still identified with the gauge connection. The real scalar φI is a singlet (1, 1)
under SU (2)R × SU (2) and originates from σ I ij . The spinor χI a belongs to the (2, 1) representation
I = Y I are auxiliary fields of the N = 2
and comes from the decomposition of λI i . The scalars Yab
ba
superconformal formalism and transform in the (3, 1) representation. They would arise from the
decomposition of auxiliary fields in the (linearized) off-shell N = 4 vector multiplet (see e.g. [287])
b I are pseudoreal,
that transform in higher irreducible representations of U Sp (4)R . The multiplets V


ĀI ≡ (AIµ )∗ = AIµ ,

 µ


 φ̄I ≡ (φI )∗ = φI ,
I
∗
I
b ) =V
b :
(V
(11.34)
I a ≡ (χI )† γ 0 = ab (χI )T C ,

χ̄

a
b



 I ab
I )∗ = ac bd Y I ,
Ȳ
≡ (Yab
cd
where ab is the primitive antisymmetric invariant of SU (2)R .
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Secondly, in a completely analogous fashion we have the tensor multiplets
TbnI = (FnI µν , φIn , χIn a , YnI ab ) ,

n>0,

(11.35)

with the scalars φIn in the (1, 1) representation, the spinors χI a in the (2, 1) representation, and the
b I , all fields in
auxiliary fields YnI ab in the (3, 1) representation. In contrast to their counterparts in V
Tbn are complex and will become massive after breaking of conformal invariance, as discussed in more
detail below.
Finally, we find the hypermultiplets
b0I ≡ H
b I = (q I aḃ , ζ I ḃ ) ≡ (q0I aḃ , ζ0I ḃ ) ,
H

bnI = (qnI aḃ , ζnI ḃ ) ,
H

n>0.

(11.36)

They consist of scalars qnI aḃ that are the (2, 2) component of σnI ij under the branching (11.32), and
of spinors ζnI ḃ that belong to the (1, 2) branch in the reduction of λIn i . For n > 0 the hypermultiplet
is complex and massive (in the broken phase of conformal symmetry). For n = 0 it is massless and
pseudoreal,
(
q̄ Iaȧ ≡ (q I aȧ )∗ = ab ȧḃ q I bḃ ,
I
∗
I
b ) =H
b :
(11.37)
(H
ζ̄ I ȧ ≡ (ζȧI )† γ 0 = ȧḃ ζḃI T C ,
where we have made use of the primitive antisymmetric invariants ab , ȧḃ of SU (2)R and SU (2).
The Weyl weights of all the fields introduced in this section are collected in Table 11.3, along with a
summary of SU (2)R × SU (2) representations. The matching of the Weyl weights of N = 4 fields and
N = 2 fields will be discussed in the next subsection.

11.3.2

Restoration of five-dimensional conformal symmetry

It is important to clarify the role of conformal symmetry in our discussion. Our goal is a fivedimensional action that is able to capture some crucial ingredients of a non-Abelian (2, 0) model. This
six-dimensional theory is invariant under rigid conformal transformations [279, 280], i.e. transformations that leave the six-dimensional line-element invariant up to a factor. We refrain from a complete
account on the transformation properties of the six-dimensional fields. In our discussion we restrict
our attention mostly to the Weyl weights of the fields as listed in Table 11.1.
If we compactify the six-dimensional theory on a circle using (11.6), we expect some generators of
the six-dimensional conformal symmetry to be spontaneously broken. The remaining generators are
those which act only on the five-dimensional line element. In particular, the Weyl invariance discussed
above will be broken, unless we also allow for a rescaling of the compactification radius, i.e. unless we
would consider transformations of the form
gµν dxµ dxν = ds2 7→ Ω−2 ds2 ,

r 7→ Ω−1 r .

(11.38)

Another way to see that Weyl invariance is compromised in the dimensionally reduced theory is to
bn have become massive with masses mn given in (11.15). Since Weyl
notice that the multiplets Tbn , H
invariance is incompatible with massive fields, the Kaluza-Klein masses mn break conformal invariance

11.3. Spectrum in terms of N = 2 superconformal multiplets

multiplet

bI
V
massless vector
multiplet
bI ≡ H
bI
H
0
massless hyperm.

TbnI
massive tensor
multiplet
bI
H
n
massive hyperm.

b0
V
massless vector
multiplet
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fields

type

comments

SU (2)R × SU (2)

Weyl weight

AIµ ≡ AI0 µ

vector

pseudoreal

(1, 1)

0

scalar

pseudoreal

(1, 1)

1

spinor

pseudoreal

(2, 1)

3/2

I ≡YI
Yab
0 ab

scalar

auxiliary

(3, 1)

2

q I aḃ ≡ q0I aḃ

scalar

pseudoreal

(2, 2)

3/2

ζ I ȧ ≡ ζ0I ȧ

spinor

pseudoreal

(1, 2)

2

FnI µν

tensor

complex

(1, 1)

0

φIn

scalar

complex

(1, 1)

1

χIn a

spinor

complex

(2, 1)

3/2

YnI ab

scalar

auxiliary

(3, 1)

2

qnI aḃ

scalar

complex

(2, 2)

3/2

ζnI ȧ

spinor

complex

(1, 2)

2

A0µ

vector

pseudoreal

(1, 1)

0

φ0

scalar

pseudoreal

(1, 1)

1

χ0 a

spinor

pseudoreal

(2, 1)

3/2

0
Yab

scalar

auxiliary

(3, 1)

2

φI ≡ φI0

χI a ≡ χI0 a

b tensor multiplets Tbn and hypermultiplets
Table 11.3: Field content of N = 2 vector multiplet V,
0
b
b
b
H, Hn in five dimensions. The additional multiplet V is included. The precise formulation of the
bI , H
b I is found in (11.34) and (11.37), respectively. The
pseudoreality properties of the fields in V
specification ‘massless’ or ‘massive’ applies to the broken phase of conformal symmetry.

238

Chapter 11. Non-Abelian tensor towers and (2,0) theories

explicitly. This can be remedied by allowing them to transform as mn 7→ Ω mn as can be inferred
from (11.38).
Note that the N = 2 Poincaré supersymmetry algebra does admit a superconformal extension,
given by the exceptional superalgebra F 2 (4) [278, 30]. This is in contrast with the N = 4 case considered before. In practice, five-dimensional rigid superconformal invariance is restored by introducing
additional five-dimensional degrees of freedom. Indeed, we can promote the radius r to the scalar
component of a full N = 2 vector multiplet
b 0 = (A0µ , φ0 , χ0 a , Y 0 ) ,
V
ab

(11.39)

where A0µ can be identified with the Kaluza-Klein vector introduced in (11.6). We can combine this
vector multiplet with the physical vector multiplets introduced in the last section and denote them
collectively as
b Ib = (V
b0, V
bI ) ,
V
Ib = 0, 1 . . . , |G| .
(11.40)
b 0 we can make the N = 4 to N = 2 split of the spectrum more explicit. We
Using the multiplet V
follow the split (11.32) and we match the scaling weights of Table 11.2 with the Weyl weights of Table
11.3 to infer that the proper map from N = 4 to N = 2 multiplets is of the form
!


0 )−1/2 q I aḃ
Ia
√1 ab φI
(φ
χ
n
n
I ij
Ii
n
2
,
λn 7→ √ 0 −1/2 I ȧ ,
n ≥ 0 . (11.41)
σn 7→
2(φ )
ζn
−(φ0 )−1/2 qnI bȧ − √1 ȧḃ φIn
2

Prefactors are chosen for later convenience. Note that the split (11.31) is not unique.
b 0 will couple to all other multiplets making
In the action of section 11.4.1 the additional multiplet V
the action superconformally invariant. To give a direct link with the Kaluza-Klein reduction it will be
convenient to return to the broken phase of the superconformal symmetry by setting the additional
fields to a fixed value. This requires to set
hφ0 i =

1
1
= 2 ,
r
g

0
i = hA0µ i = 0 ,
hχ0 a i = hYab

(11.42)

where g is the gauge coupling of the five-dimensional Yang-Mills theory. It is important to stress
that imposing the condition (11.42) corresponds to a restriction of the theory. Indeed not all values
0 and A0 can be mapped by a superconformal transformation to zero. Nevertheless we will
of χ0 a , Yab
µ
show below that a Poincaré supersymmetric theory arises after imposing (11.42). Moreover, the Weyl
rescaling (11.38) of r, as dictated by the six-dimensional conformal symmetry, is precisely compatible
with the Weyl weight of φ0 in the identification (11.42). In fact, we will show that the five-dimensional
action still retains a scaling symmetry if the radius is rescaled as in (11.38).
In the broken phase of conformal symmetry determined by (11.42) the hypermultiplets fields
are not convenient variables, since their mass dimensions are not canonical. As a consequence,
we define the rescaled fields

qnI aḃ , ζnI ȧ

hIn aḃ = g qnI aḃ ,

ψnI ȧ = g ζnI da ,

n≥0,

(11.43)

in such a way that all scalars have mass dimension and scaling weight 1, and all fermions have mass
dimension and scaling weight 3/2.
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11.4

Supersymmetric actions and conformal invariance

In this section we introduce a five-dimensional non-Abelian N = 2 supersymmetric action for the
Kaluza-Klein spectrum obtained in section 11.3. Our theory will include couplings which are only
specified in terms of group theoretical constants and the Kaluza-Klein levels. An N = 2 superconformal action is presented in section 11.4.1, while the Kaluza-Klein sums are made explicit in a restricted
action in section 11.4.2. We propose to interpret this theory as an N = 2 subsector of a dimensionally
reduced (2, 0) theory.

11.4.1

An N = 2 superconformal action for the Kaluza-Klein spectrum

In the following we introduce an N = 2 superconformal action for the spectrum discussed in section
b0,
11.3. Superconformal invariance is retained since we will include the additional vector multiplet V
defined in (11.39), containing the radius and the Kaluza-Klein vector. It will be necessary to introduce
some additional notation in order to make contact with the general N = 2 superconformal actions
introduced in [269]. The fields identified with the Kaluza-Klein zero modes are denoted as in Table
11.3:
vector multiplets:

(A0µ , φ0 , χ0 a ), (AIµ , φI , χI a )

hypermultiplets:

(q Iaḃ , ζ I ḃ ) .

(11.44)

For the fields identified with excited Kaluza-Klein modes it will be convenient to use the notation
(11.20) for complex fields introducing the SO(2)KK index α. This leads us to the following excited
spectrum:
tensor multiplets:
hypermultiplets:



{Iαn} {Iαn}
Iα a
Fµν
,φ
, χ{Iαn}a ≡ FnIαµν , φIα
n , χn


q {Iαn}aḃ , ζ {Iαn}ḃ ≡ qnIα aḃ , ζnJα ḃ .

(11.45)

The main complication in the notation arises from the multi-index {Iαn} which labels simultaneously
the non-Abelian components I, J = 1, . . . , |G|, the SO(2)KK labels α, β = 1, 2, and the Kaluza-Klein
levels n, m ≥ 1. To avoid cluttering of indices in the following expressions we will denote this multiindex by
M = {Iαn} ,
N = {Jβm} .
(11.46)
A summation over M, N then always amounts to summing over all indices including the infinite tower
of Kaluza-Klein modes. We will present the superconformal action as function of the four types of
multiplets in (11.44) and (11.45). To do that in an efficient way it is useful to introduce the following
index combinations
Ib ≡ (0, I)
Λ ≡ (0, I, M ) ,
I = (I, M )
(11.47)
b J,
b ... label all vector multiplets and run over |G|+1 values, Λ, Σ, ... run over all tensor
This means that I,
and vector multiplets including the Kaluza-Klein tower. The indices I, J , ... label all hypermultiplets,
or vectors and tensor multiplets without V 0 . Finally, we also define
Λ
I
M
I
Fµν
≡ (Fµν
, Fµν
) ≡ (Fµν
, nβγ δ γα BnIβµν ) .
b

b

(11.48)
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M = F Iα as given in (11.10). It is crucial to stress that the
where we have recalled the definition of Fµν
n µν
M with B Iα . The important
Kaluza-Klein interpretation dictates this non-trivial identification of Fµν
n µν
M admit a rescaling with the Kaluza-Klein level compared to B Iα , the
point is that while the Fµν
n µν
scalars and fermions in the same multiplet are trivially matched with the N = 2 formalism of [269].4
The non-trivial rescaling of BnIαµν turns out to be consistent with the dimensional reduction of the
supersymmetry variations as can be checked for the Abelian six-dimensional theory recorded in section
11.2.1.

We are now in the position to discuss the Lagrangian in detail. The vector-tensor sector of an
N = 2 superconformal theory can be specified by introducing a constant symmetric object CΛΣΘ , a
Σ [269]. The gauge parameters
constant antisymmetric matrix ΩM N , and the gauge parameters tKΛ
b
appear in the covariant derivatives
Σ
Λ
Dµ φΣ = ∂µ φΣ + tKΛ
AK
b
µ φ ,
b

Σ
aΛ
Dµ χaΣ = ∂µ χaΣ + tKΛ
AK
b
µ χ ,
b

N
N
N
M
Dµ Fνρ
= ∂µ Fνρ
+ tKM
AK
b
µ Fνρ .

(11.49)

b

Σ . This is
Note that strictly speaking only CIbJbKb encodes extra information in addition to ΩM N , tKΛ
b
due to the fact that CM ΛΣ are given by

CM ΛΣ = t(ΛΣ) N ΩN M ,

(11.50)

where one symmetrizes in the indices Λ, Σ including the usual factor 1/2. Here we have extended the
range of indices on generators tΛΣ Θ with the constraints
t(ΛΣ) I = 0 ,
b

tM Σ Θ = 0 ,

(11.51)

implying the absence of gaugings with a tensor index M .
Since we will later propose to use the N = 2 superconformal theory to describe the dimensional
reduced (2, 0) action we aim to use only couplings which are of group theoretic origin. We like to
identify a subsector of the theory as N = 4 super-Yang-Mills theory. This implies that components of
CIbJbLb have to encode the trace dIJ = C0IJ . The coupling C000 = kc will determine the kinetic term of
b 0 , and will be left undetermined at the moment. We choose C00I = 0.
the auxiliary vector multiplet V
More interesting are the couplings of the tensor multiplets. Here we are guided by (11.50). To
b 0 cannot be gauged, such that t b Λ = t b 0 = 0.
determine the gaugings we first note that the fields in V
I0
IΛ
Comparing the gaugings (11.22), (11.27) with (11.49), we consider the following identification:

 
 

fKI J
0
tKI J
0
tKI J
0
J
tKI =
=
=
,
(11.52)
0
tKM N
0
tK{Iαn} {Jβm}
0
fKI J δαβ δnm
and
t0I
4

J


=

0
0
0 t0M N




=

0
0
0 t0{Iαn} {Jβm}




=

0
0
J
0 n δI αγ δ γβ δnm


,

(11.53)

M
M
This implies that compared to [269] one has to adjust the notation, since there Fµν
and Bµν
are trivially identified.
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where SO(2)KK indices have been raised and lowered using δαβ . Here tKI J , tIM N parametrize the
non-Abelian gaugings with the vector zero modes and are thus given by the structure constants of G.
The matrix t0I J encodes the gauging of the massive tensor multiplets with A0 , which is interpreted
as charge under the Kaluza-Klein vector. In addition the antisymmetric matrix ΩM N can be read off
from the Chern-Simons type kinetic terms of the tensors F M in (11.24), and is given by
2
ΩM N = Ω{Iαn}{Jβm} = − dIJ αβ δnm ,
n

(11.54)

where n, m ≥ 1 as in the range of the multi-indices (11.46). As we can see, U (1)KK ∼ SO(2)KK plays
a key role in the construction of this object. While the trace dIJ is symmetric, one can use the indices
α, β and the antisymmetric αβ , corresponding to the complex number i, to introduce ΩM N . Using
(11.50) this will also allow us to introduce the symmetric tensor CM ΛΣ in terms of the antisymmetric
structure constants fIJK = dIL f L JK . To display the result, we introduce the matrix

CIJ =

CIJ
0

0
CM N




=

CIJ
0



0
C{Iαn}{Jβm}


=

dIJ
0



0
dIJ δαβ δnm

.

(11.55)

In summary, taking into account the total symmetry in all three indices, all components of CΛΣΘ are
determined by
C0IJ = CIJ ,

C000 = kc ,

1
CM N K = C{Iαn}{Jβm}K = − fIJK αβ δnm ,
n

C00I = CIJK = CM N P = 0 .

(11.56)

In evaluating these expressions we have used that αγ δ γδ δβ = −δαβ .
Let us now include the hypermultiplets into the discussion. In a general N = 2 superconformal
theory the hypermultiplets span a hypercomplex manifold. We choose the geometry of the hypercomplex manifold appearing in the reduction to be locally flat space. Since the dimension of this manifold
is related to the dimension of the gauge group G, it posses sufficiently many isometries to implement
a gauging compatible with (11.49). In coordinates q aȧI the metric is given by CIJ ab ȧḃ , with CIJ
as defined in (11.55).5 The kinetic term of the fermionic partners ζ ȧI is simply given by CIJ ȧḃ . The
gauging of the hyperscalars and fermions is
aḃI
J
,
Dµ q aḃJ = ∂µ q aḃJ + tKI
AK
b
µ q
b

J
ȧI
Dµ ζ ȧJ = ∂µ ζ ȧJ + tKI
AK
,
b
µ ζ
b

(11.57)

J given in (11.52) and (11.53).6
with constant tKI
b

Using these definitions we can now display the complete non-Abelian N = 2 superconformal
5

The three complex structures on this hypercomplex manifold are encoded in the SU(2) triplet J cċI ddJ
˙ (ab) , where
a
I ċ
a c
c a
J ddJ
=
δ
δ
(2δ
δ
−
δ
δ
).
˙
b
J d˙
d b
d b
6
J
I
cċL
The moment maps generating these gaugings are given by PKb ab = 21 CIJ tKL
c(a qb)
.
b
ċ q
cċI
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Lagrangian,


Λ Σ µν
Λ µ Σ
Λ Σ ab
1
/ Σ
L = φΘ CΘΛΣ − 14 Fµν
F
− 21 χ̄Λ a Dχ
a − 2 Dµ φ D φ + Yab Y
+

M
N
1 µνλρσ
ΩM N Fµν
Dλ Fρσ
16 

−

b Jb K
b
1 µνλρσ
CIbJbKb AIµ Fνλ
Fρσ
24 



Σ Θ
Θ
− 8i CΛΣΘ χ̄Λ a γ µν Fµν
χa + 4χ̄Λ a χbΣ Yab


Σ
Λ Υa Σ Ω
χa φ
+ 4i φΘ CΘΛΣ t[ΥΩ] Λ χ̄Υ a χΩ
a φ − 4t(ΥΩ) χ̄
M
N I J P Q
− 12 φK CKM
tJQ
φ φ φ φ
b N tIP
b
b


/ J
+ CIJ − 12 Dµ q I aḃ Dµ q Jaḃ − ζ̄ I ḃ Dζ
ḃ


b
b J
K
I J ȧ L
I L aḃ K
+
iφ
t
ζ̄
ζ
+ CIJ 2itKL
q
χ̄
ζ
b
b
ȧ
a ḃ
KL


b
J L aċ I b
K
I
J Ib Jb Kaḃ L
+ CIJ tKL
q
q ċ Yab
− 12 tIK
φ φ q q aḃ .
b
b tJL
b
b

b b

(11.58)

This Lagrangian transforms with weight 5 under Weyl rescalings of the fields with weights listed in
Table 11.3. Since the line element has Weyl weight −2 as in (11.38) this implies invariance of the
five-dimensional action. Furthermore, the Lagrangian (11.58) is invariant under the supersymmetry
transformations parametrized by a and the special supersymmetry transformations parametrized by
ηa given by7
δφΛ =

i a Λ
¯ χa
2

δAIµ =

b
1 a
¯ γµ χIa
2

b

,
,

Λ
Λ Σ a
a
Λ
δFµν
= −¯
a γ[µ Dν] χΛ
¯ γµν χΘ
a + it(ΣΘ) φ 
a + iη̄ γµν χa ,
Λ a
/ Λ a − Y Λ ab b + 12 t(ΣΘ) Λ φΣ φΘ a + φΛ η a ,
δχΛ a = − 41 γ µν Fµν
 − 2i Dφ


/ Λ|b) − 2i t[ΣΘ] Λ − 3t(ΣΘ) Λ φΣ ¯(a| χΘ|b) + 2i η̄ (a χΛ|b) ,
δY Λ ab = − 12 ¯(a| Dχ

δq I aḃ = −i¯
a ζ I ḃ ,
I J aḃ
/ I aḃ a − 21 φK tKJ
δζ I ḃ = 2i Dq
q
a − 32 q I aḃ ηa .
b
b

(11.59)

These transformation rules are consistent with Weyl rescalings of Table 11.3, if one assigns Weyl
weight −1/2 to the parameter a , and the weight +1/2 to η a . Note that the gamma-matrices with
lower indices γµ1 ...µk scale with weight −k.
This completes the specification of the five-dimensional superconformal action in terms of the
group theory invariants dIJ , fIJK , and the tensors δαβ , αβ for complex fields parameterizing the full
Kaluza-Klein tower. The crucial insight is that it is possible to combine the symmetric dIJ and the
7

b
Λ
The expression for δFµν
with Λ = Ib is not independent from the expression for δAIµ . To check their compatibility,
b
Ib
Ib
note that the second term in δFµν
vanishes thanks to t(ΛΣ) I = 0. In order to get the third term in δFµν
, one has to

promote δAIµ to its full x-dependent form before taking the covariant derivative. As explained in [269], this is done by
b
means of the prescription a 7→ a + ixρ γρ η a . The covariant derivative can thus act on an x-linear term in δAIµ and
Ib
produce the η-term in δFµν .
b
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antisymmetric αβ to define the antisymmetric ΩM N as in (11.54) for the massive Kaluza-Klein modes
which naturally are complex fields. This also permits us to combine the totally antisymmetric fIJK and
the antisymmetric αβ to define components of the totally symmetric CΛΣΘ . This implies that the nonAbelian version of the Kaluza-Klein theory fits naturally in the framework of N = 2 supersymmetry.
b0
Furthermore, superconformal invariance can be implemented by introducing the vector multiplet V
defined in (11.39).
b 0 in more detail. We
To close this section let us comment on the role of the additional multiplet V
have found that its kinetic term is determined by the constant kc . Identifying φ0 with the radius r as
in (11.42), one can derive the kinetic term of r after dimensional reduction of a six-dimensional gravity
theory. This is complicated by the fact that the proper supersymmetric fields in five dimensions involve
rescalings with r as described in detail in [262]. However, the choice
kc = 0

(11.60)

is natural from the point of view of N = 4 supersymmetry, since a Chern-Simons term kc A0 ∧ F 0 ∧ F 0
is absent in this case. Moreover, kc = 0 is consistent with non-dynamical gravity in six dimensions.
In the following discussion we work in the phase with (11.42) implying that kc drops from the action.

11.4.2

Supersymmetric Kaluza-Klein Lagrangian in the broken phase

We are now in the position to present the N = 2 action including all Kaluza-Klein levels. This amounts
to restoring the Kaluza-Klein indices for the fields and summing up an infinite tower of multiplets
Iα a
Iα aḃ , ζ Iα ḃ ) in (11.58). The resulting action is straightforwardly obtained but
(BnIαµν , φIα
n , χn ) and (qn
n
rather lengthy due to the fact that both CΛΣΘ and ΩM N appear in copies labeled by Kaluza-Klein
b 0 to the values (11.42), thus moving to the broken
indices. The result simplifies, however, if we set V
phase of conformal invariance. Discussing the resulting action will be the task of this section.
b 0 plays a special role in the
As discussed already in section 11.3, the Abelian vector multiplet V
b 0 has to be interpreted as part of the gravity multiplet
N = 2 spectrum. In a Kaluza-Klein theory V
with A0 being the graviphoton under which all excited Kaluza-Klein modes are charged. We decouple
gravity completely by imposing the condition (11.42). As we will argue below, ordinary N = 2
supersymmetry is preserved despite the breaking of superconformal invariance. Furthermore, we
make use of the rescaled hypermultiplet fields hIn aḃ , ψnI ȧ defined in (11.43).
The resulting Lagrangian including all Kaluza-Klein modes listed in Table 11.3 takes the form

L = L0 +

∞
X

ReLn ,

(11.61)

n=1

where L0 only involves massless multiplets, while Ln collects all terms constructed with the nth excited
modes. We discuss L0 and Ln in turn.
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To begin with, let us display the zero mode Lagrangian
h
i
J
J
/ Ja − ψ̄ I ȧ Dψ
/ Jȧ + Y I ab Y ab
g 2 L0 = dIJ − 41 F I µν Fµν
− 21 Dµ φI Dµ φJ − 12 Dµ hI aḃ Dµ hJaḃ − 21 χ̄I a Dχ
h
i
I J ȧ K
I aḃ J K
I aċ J b
K
+ fIJK + 2i φI χ̄J a χK
−
iφ
ψ̄
ψ
−
2ih
χ̄
ψ
+
h
h
Y
ċ
a
ȧ
a ḃ
ab
− 21 fIJ H fHKL φI φK hJ aḃ hLaḃ .

(11.62)

We recognize that the terms contracted with the trace dIJ are the kinetic terms of the massless
vectors, scalars and fermions, as well as the quadratic term for the auxiliary field. The terms involving
the structure constants fIJK are Yukawa-type couplings and a scalar potential quartic in the fields
φI , hI aḃ . We stress that for the massless fields such quartic coupling are only possible if they also
include scalars hI aḃ due to the asymmetry of fIJK . In section 11.5 we will discuss the properties of
(11.62) in more detail and relate it to N = 4 supersymmetric Yang-Mills theory.
Let us now turn to the discussion of the Lagrangians Ln in (11.61) for the Kaluza-Klein tower.
We insert (11.52)-(11.56) into the action (11.58), impose the condition (11.42), and extract the terms
for the Kaluza-Klein level n to find
h 1
i µνρλσ I
g 2 Ln = dIJ − F̄ In µν FnJ µν +

F̄ n µν Dρ FnJ λσ
2
4mn
/ Jn a − 2ψ̄ In ȧ Dψ
/ nJ ȧ
− Dµ φ̄In Dµ φJn − Dµ h̄In aḃ Dµ hJn aḃ − χ̄In a Dχ
− m2n φ̄In φJn − m2n h̄In aḃ hJn aḃ − mn χ̄In a χJn a − 2mn ψ̄ In ȧ ψnJ ȧ + 2Ȳ In ab YnJab
+

i

h i
1
I µν J
µ I
J
Fn µν − iφK Dµ φ̄In Dµ φJn + 2iφ̄K
fIJK − φK F̄ In µν FnJ µν + iφ̄K
nF
n D φ D µ φn
mn
2
K I ab J
Ia/ J
K I ab J
/ Jn a + 2iφ̄K
Yn ab
− iφK χ̄In a Dχ
n χ̄ Dχ
n a + 2iφ Ȳ n Yn ab − 4iφ̄n Y

1 I J a µν K
1
I ab J K
I ab J
+ Fµν
χ̄n γ χn a − F̄ In µν χ̄J a γ µν χK
χ̄n a χK
na + Y
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(11.63)

The terms contracted with the trace dIJ are kinetic terms and mass terms for all Kaluza-Klein excited
modes. We note that the tensors BnI µν = − ni FnI µν have Chern-Simons kinetic terms and a mass
term proportional to n2 . Consistent with a Kaluza-Klein reduction all complex scalars φIn , hIn aḃ with
n > 0 have mass terms proportional to n2 , and all fermions χIn a , ψnI ḃ with n > 0 have mass terms
proportional to n. More interestingly, this Lagrangian contains various terms at the non-Abelian level
containing fIJK . These include new kinetic terms for all singlets under the second SU (2) in (11.31),
Pauli terms coupling the tensors and gauge fields to the fermions, Yukawa type couplings, and a
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complicated scalar potential. The full scalar potential and four Fermi terms can only be determined
after eliminating the auxiliary fields YnI ab . We will discuss this elimination process in section 11.5.
It is important to stress that the action (11.63) preserves N = 2 supersymmetry but breaks
the special supersymmetries parametrized by η a in (11.59). This can be seen straightforwardly by
b0:
inspecting the superconformal variations of the fermion in V
0 a
/ 0 a − Y 0 ab b + φ0 η a .
δχ0 a = − 14 γ µν Fµν
 − 2i Dφ

(11.64)

Using the condition (11.42) we realize that the supersymmetry parameter a drops from (11.64) which
implies that the restricted action is still N = 2 supersymmetric. In contrast η a appears after imposing
(11.42) in the transformation δχ0 a = g −2 η a , which implies that χ0 a is needed to ensure invariance of
the action under special supersymmetry transformations. In other words, the condition (11.42) will
break the special supersymmetry transformations parametrized by η a . The ordinary supersymmetry
transformations in the restricted phase are given by
δAIµ =

1 a
¯ γµ χIa
2

δφIn =

i a I
¯ χn a
2

,

,

I J a
i
1
¯a γµν χIn a ,
δFnI µν = −¯
a γ[µ Dν] χIn a − 2i fJK I φJn ¯a γµν χK
¯ γµν χK
a + 2 fJK φ 
n a − 2 mn 
I a
a
i
/ In a − YnI ab b + 12 fJK I φJ φK
δχIn a = − 41 γ µν FnI µν a − 2i Dφ
n  + 2 m n φn  ,
I J (a| K|b)
/ I|b)
δYnI ab = − 21 ¯(a| Dχ
− 12 mn ¯(a| χnK|b) ,
¯ χ
+ 2i fJK I φJ ¯(a| χK|b)
n − ifJK φn 
n

δhnI aḃ = −i ¯a ψnI ḃ ,
aḃ
/ In aḃ a − 12 fJK I φJ hK
δψnI ḃ = 2i Dh
a − 2i mn hIn aḃ a ,
n

(11.65)

where n ≥ 0 labels both zero and excited modes. We close this subsection by pointing out that
the Lagrangian (11.61) possesses a scaling symmetry when using the Weyl weights of Table 11.3 and
additionally assigning scaling weight −1/2 to the gauge coupling constant g, in such a way that mn
has weight +1 for any n > 0. This can be interpreted as a remnant of the full six-dimensional (2, 0)
conformal symmetry as discussed in section 11.3.2.
This concludes our discussion of the general N = 2 action for the Kaluza-Klein tower. Our approach can be summarized as follows. While an action for full six-dimensional non-Abelian (2, 0)
theories is unknown the Abelian free six-dimensional (2, 0) theory admits a six-dimensional pseudoaction. It can be compactified on a circle with arbitrary radius yielding a five-dimensional action with
N = 4 supersymmetry. We proposed a gauged version of this theory preserving only half, namely
N = 2, supersymmetry, by interpreting the zero mode vectors AI as gauge potentials for the whole
Kaluza-Klein tower. In order to argue for a six-dimensional origin of this theory all higher-dimensional
symmetries need to be realized or appear in a gauge-fixed phase. Our five-dimensional actions (11.58)
and (11.61), however, clearly only realize part of the six-dimensional superconformal (2, 0) symmetries manifestly. In particular, we have singled out the zero modes for gauging which seems naively
incompatible with six-dimensional Poincaré invariance.
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It is precisely the non-Abelian gauging that prevents us to write down an N = 4 action. Nevertheless, we regard our Lagrangians as the starting point to give a lower-dimensional Lagrangian
formulation for (2, 0) theories. In the next subsection 11.5 we concentrate on two special cases in
which partial symmetry restoration is achieved.

11.5

Two special cases

We have just proposed a Lagrangian for all Kaluza-Klein modes in an N = 2 supersymmetric framework. In particular we made use of complete N = 2 vector and tensor multiplets including auxiliary
fields YnI ab . These fields appear only algebraically in the Lagrangian and can be eliminated consistently
by using their equations of motion. While the action (11.61) is a sum of terms Ln only involving fields
at the Kaluza-Klein level n and zero modes, the elimination of auxiliary fields will induce a non-trivial
mixing among excited modes. Despite the fact that it is interesting to investigate this structure in
more detail, we will focus here on only two special cases where the computation is straightforward
and the lift to N = 4 can be performed explicitly.
As a first special case we study the zero mode Lagrangian L0 given in (11.62), and drop all massive
modes. This is motivated physically with the dimensional reduction argument for small radius r where
massive Kaluza-Klein modes are dropped, or rather integrated out, that are above a certain energy
scale. The equation of motion for the auxiliary fields then simply reads
Y I ab = − 21 f I JK hJ aȧ hK b ȧ .

(11.66)

Inserting (11.66) into (11.62) a quartic potential in h is generated, and the zero mode Lagrangian L0
takes the form
h
i
J
/ Ja − ψ I ȧ Dψ
/ Jȧ
g 2 LYM = dIJ − 14 F I µν Fµν
− 21 Dµ φI Dµ φJ − 21 Dµ hI aḃ Dµ hJaḃ − 21 χ̄I a Dχ
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i
I J ȧ K
+ fIJK + 2i φI χ̄J a χK
ψ ȧ − 2ihI aḃ χ̄Ja ψ K
a − iφ ψ̄
ḃ
h
i
+ fIJ H fHKL − 41 hI aȧ hJ b ȧ hK a ḃ hL bḃ − 21 φI φK hJ aḃ hLaḃ .
(11.67)
This Lagrangian is a simple rewriting of N = 4 super Yang-Mills theory in terms of N = 2 multiplets.
In order to prove this claim we record the Lagrangian for N = 4 super Yang-Mills theory,
h
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J
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1 µ I ij
1 Ii/ J
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(11.68)

It is invariant under the following N = 4 supersymmetry transformations:
δAIµ = 21 ¯i γµ λIi ,

√ 
δσ I ij = −i 2 ¯[i| λJ|j] + 14 Ωij ¯k λIk
I µν i
δλI i = − 41 Fµν
γ  −

√i Dσ
/ I ij j
2

k
+ 21 f IJK σ J ij λK
jk  .

(11.69)
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In order to check that that (11.68) reproduces (11.67) one has to make use of (11.41), (11.42) and
(A.20).
As a second special case we consider the Abelian truncation of the full Lagrangian (11.61). This
is achieved by dropping all terms constructed with the structure constants fIJK . The equations of
motions for the auxiliary fields read simply YnI ab = 0, such that they can be trivially dropped from
the Lagrangian. The resulting theory is free and given by
h
i
J
/ Ja − ψ I ȧ ∂ψ
/ Jȧ
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4mn 
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i
− m2n φ̄In φJn + h̄In aḃ hJn aḃ − mn χ̄In a χJn a + 2ψ̄ In ȧ ψnJ ȧ .

(11.70)

This Lagrangian is the N = 2 supersymmetric extension of the purely bosonic Lagrangian (11.9) in the
gauge (11.42). In fact, this theory is actually N = 4 supersymmetric. This can be seen by comparison
to the Lagrangian
h
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/ Jn i − 12 m2n σ̄ In ij σnJ ij − mn λ̄In i λJn i .
− 12 ∂ µ σ̄ In ij ∂µ σnJ ij − λ̄In i ∂λ

(11.71)

Furthermore, (11.70) or equivalently (11.71) can be obtained by a compactification of the full (2, 0)
Abelian pseudoaction (11.5) on a circle and therefore admits non-manifest six-dimensional Poincaré
invariance. Five-dimensional Kaluza-Klein actions arising from such a compactification have been
considered before in [288]. We stress that it is hard to interpret the action (11.70) with the full
Kaluza-Klein tower as an effective action for the Coulomb branch of the five-dimensional theory. This
is due to the fact that it contains modes of arbitrary high mass mn that rather should be integrated
out above the cutoff scale.

11.6

A possible window on (2,0) conformal anomalies

In this section we would like to point out a possible application of the non-Abelian N = 2 action
in the broken phase of conformal symmetry given in (11.63). It is based on considerations about
anomaly matching for a system of N M5-branes when one brane is moved away from the stack [158].
In what follows we aim at conveying the basic idea that this anomaly matching might be accessible
via five-dimensional loop. For a refined discussion and a first computational step in this direction we
refer the reader to [277].
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Let us consider a single M5-brane in M-theory. The eleven-dimensional Lorentz group SO(1, 10)
is spontaneously broken to SO(1, 5) × SO(5), with the first factor being the Lorentz on the sixdimensional world-volume of the M5-brane and the second factor being identified with the R-symmetry
of the theory. Both the six-dimensional Lorentz group SO(1, 5) and the R-symmetry group SO(5) are
anomalous as a result of the chiral fields living on the world-volume of the M5-brane. The full elevendimensional setup is nonetheless consistent thanks to a subtle anomaly inflow mechanism explained
for instance in [148, 289]. In [153] this inflow mechanism was used to consider the case of a stack of
N M5-branes. In this case the Lorentz and R-symmetry anomalies cannot be computed directly since
we do not have an effective action for the six-dimensional world-volume theory, but can nonetheless
be inferred from the bulk contribution. The result is encoded in the anomaly polynomial


1
N3 − N
N
2
p2 (FN ) − p2 (R) + (p1 (R) − p1 (FR )) +
p2 (FR ) ,
(11.72)
I8 =
48
4
24
where p1,2 (R) are Pontryagin classes build from the six-dimensional curvature of the spin connection,
while p1,2 (FR ) are Pontryagin built from the curvature FR of the R-symmetry connection. Let us point
out that this connection is not a dynamical field of the theory, but rather a classical background, so
that no contradiction arises with the absence of vectors in the massless spectrum of (2,0) theories.
From an eleven-dimensional perspective the R-symmetry connection encodes topological data about
the normal bundle to the world-volume of the M5-brane stack. From a field theoretic perspective we
interpret (11.72) as the gravitational and R-symmetry anomalies of a (2,0) theory with ‘gauge group’
G = U (N ), so that rank(G) = N . This theory is obtained combining a (2,0) theory of type AN −1 with
an Abelian (2,0) theory, which is associated to the center-of-mass motion in the M5-brane picture.
The second term in (11.72) is generated by non-trivial interaction, so that it has to correspond to the
AN −1 (or equivalently SU (N )) part of the ‘gauge group.’
Suppose we move one of the M5-branes away from the stack, breaking the ‘gauge group’ from G to
H × U (1) with H = U (N − 1). At the same time R-symmetry is broken from SO(5) to SO(4). At low
energies the H factor and the U (1) factor in H × U (1) decouple, and we thus expect a free theory for
the latter. If this were the case, however, the anomaly polynomials before and after moving the brane
would not match. More precisely, the first in (11.72) does not change because the total rank of the
group is unaffected. The second term, however, changes: only the factor SU (N − 1) inside H × U (1)
contributes to this term, which is therefore given by the same expression in (11.72) with N replaced
by N − 1. In summary, the difference of the anomaly polynomials reads
I8 |G − I8 |H×U (1) =

N2 − N
p2 (FR ) .
8

(11.73)

This mismatch in anomalies suggests that the effective theory for the U (1) factor in H × U (1) contains
a Wess-Zumino term that has an anomalous variation under R-symmetry transformations in such a
way to reproduce the right hand side of (11.73). For an explicit expression of this term see [158].
Upon circle reduction the six-dimensional Wess-Zumino term should yield topological couplings
in five dimensions. By analogy with the lesson we have learnt studying M-theory/F-theory duality
we expect that these topological couplings are generated in five dimensions by one-loop diagrams
in which all relevant massive fields run in the loop. For the case at hand, those would be both
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excited Kaluza-Klein modes and the tensor analog of W-bosons. This suggests the possibility that,
by a suitable coupling of our action (11.63) to a background R-symmetry connection, the anomaly
mismatch (11.73) could be extracted (at least to leading order in N ) by computing one-loop corrections
to five-dimensional couplings. If this program can be substantiated it would show that our action
(11.63) correctly encodes the N 3 scaling behavior of (2,0) theories, since the latter is equivalent to the
N 2 scaling of the anomaly mismatch (11.73). The interested reader is referred to [277] for some first
steps in this direction. A thorough analysis of this subject is a possible interesting direction for future
work.
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CHAPTER

12

Closing remarks

In this last chapter we offer a retrospective look at the setups discussed in this thesis and we provide
some outlook for future developments.

12.1

A quick overview

In this work we have investigated various aspects of non-perturbative low-energy physics in the framework of string theory and M-theory. Thanks to the power of the duality between M-theory and
F-theory we have been able to determine the effective action of a class of six-dimensional and fourdimensional string compactifications in which the string coupling constant is geometrized and allowed
to vary in the internal space in a non-perturbative fashion. This has been possible by means of an
indirect approach based on a transdimensional treatment of the physical system under examination.
In order to study compactifications to six dimensions we have thus focussed on five-dimensional setups, while three-dimensional models have been the starting point for our exploration of F-theory
compactified to four dimensions on a Spin(7) manifold.
This strategy has been inspirational and has been applied to explore the dynamics of six-dimensional
theories with self-dual tensors. Our interest in these models comes from the puzzle raised by the lowenergy dynamics of a stack of M5-branes in M-theory, which, as we have seen, gives rise to a superconformal (2,0) theory whose dynamics has resisted an explicit description so far. Compactifying one
spatial direction on a circle the problem of determining the effective action for a theory with massless
self-dual tensors is mapped to the study of massive towers of tensors coupled to five-dimensional massless gauge fields. This approach has also led us to explore in greater detail the dynamics of massive
field at the quantum level and to discover an interesting extension of the known results about parity
anomaly in five dimensions.
253
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On general grounds an indirect, transdimensional approach to a d-dimensional problem has the
obvious drawback of obscuring Lorentz invariance in d dimensions. In some situations, however,
this might be a blessing in disguise, as it might open up the possibility to capture symmetries or
dynamics that cannot be realized manifestly at the same time as Lorentz symmetry. This would be
in the same spirit, for example, of exceptional symmetries in eleven-dimensional supergravity, which
are most conveniently analyzed by sacrificing manifest eleven-dimensional Lorentz invariance, see for
instance [290] and references therein. From this perspective the setups studied in this work can be
considered as examples of a more general program aiming at capturing non-perturbative systems that
elude conventional techniques by applying a transdimensional approach.
In our work we have considered the simplest possible situations in which the d-dimensional problem
one wants to address is mapped to a (d − 1)-dimensional problem by means of compactification on a
circle or on an interval. In principle, more complicated variants of this strategy are conceivable, relating
the d-dimensional setup under examination to a (d − k)-dimensional problem by compactification on
a k-dimensional space. For example, one might consider a six-dimensional tensor theory compactified
to four dimensions on a two-torus. In this case we would be left with the task of coupling a double
tower of massive tensors to four-dimensional vectors. Even though this construction is clearly more
involved than the circle case it might unveil interesting connections with S-duality in four dimensions,
as already pointed out and exploited in [33]. Furthermore, a transdimensional treatment can offer
the possibility to explore the effect of non-locality in d dimensions in a controlled way by tuning the
couplings of massive Kaluza-Klein modes to the massless field in the lower-dimensional setup.
Before considering these fascinating possibilities, however, there are many open interesting directions that are more directly related to the topics examined in this thesis. These are discussed in the
following two sections.

12.2

Exploring F-theory vacua

The compactifications we have considered in part II exemplify in two different ways the fascinating
aspects of the duality between F-theory and M-theory. In the case of six-dimensional (1,0) effective actions the constraints coming from supersymmetry and anomaly cancellation offer an enhanced control
with respect to four-dimensional F-theory setups. It allows us to appreciate explicitly the subtle interplay between perturbative and non-perturbative physics, quantum corrections and classical geometry.
Our analysis relies crucially on the fact that in the five-dimensional N = 2 theory all information about
the couplings in the vector-tensor sector is encoded in the Chern-Simons coefficients for the vectors.
By the same token, in the six-dimensional action the topological Green-Schwarz term can be used to
read off the anomaly coefficients aα , bα that also govern the kinetic terms for tensor multiplet fields.
In summary, topological terms in six and five dimensions are enough to reconstruct the dynamics of
vector and tensor multiplets. This is a powerful simplification, since quantum corrections to such
topological couplings are restricted and subject to non-renormalization arguments. As a result, they
can be computed perturbatively at one-loop without the need to address other difficulties related to
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higher orders in perturbation theory and the non-renormalizability of the models under examination.
We are confident that in principle also in the hypermultiplet sector of the theory the same match
between quantum corrections induced by massive Kaluza-Klein modes on the F-theory side and classical geometry on the M-theory side can be performed. It is nonetheless a hard task to verify this
explicitly since we have much less control over five-dimensional quantum corrections in this sector,
especially regarding the hypermultiplet moduli space metric. One is led to infer that classical geometry on the M-theory side contains more information about the quantum properties of the UV
completion of the five-dimensional theory than can be extracted from a field-theoretical analysis with
straightforward techniques.
Incidentally it is interesting to notice that similar considerations prevent us from a straightforward
generalization of the landscape analysis of section 10.3 from five to three dimensions. Note in fact that
in the three-dimensional theory Chern-Simons terms are also generated at one loop. It was shown in
[137, 140] that they capture information about the four-dimensional chiral spectrum and its anomalies.
Focussing as in five dimensions on the Coulomb branch, the Chern-Simons terms are specified by a
R
constant matrix ΘAB for the coupling ΘAB AA ∧ F B . These encode both the four-dimensional
gaugings of axions, as well as the one-loop contributions from integrated out massive matter. As in
five dimensions this matter includes modes that become massive in the Coulomb branch and fields
that are Kaluza-Klein modes. However, in contrast to five dimensions one cannot infer all relevant
information for the four-dimensional Green-Schwarz mechanism from the Chern-Simons terms alone
[291, 140]. The four-dimensional analogs of aα , bα introduced in (10.35) do not appear in Chern-Simons
terms and one needs to extend the analysis to other non-topological couplings of the effective action.
Including these couplings one could proceed in a similar manner as in the five-dimensional case and
check if a given three-dimensional theory can effectively arise from a four-dimensional anomaly-free
theory.
For the sake of simplicity we have restricted our analysis of six-dimensional (1,0) F-theory vacua
to the case of a semi-simple non-Abelian gauge group. The inclusion of Abelian factors makes the
anomaly pattern of the theory richer and opens up the possibility to extend the dictionary between
anomalies and geometry. We refer the reader to [183] for a detailed discussion. At the level of the
effective action obtained via M-theory/F-theory duality the effect of Abelian factors in the gauge group
has been analyzed in [187], where the generalization to a rational—as opposed to holomorphic—zero
section of the fibration has been discussed too. The one-loop results of chapter 9 have been used
to argue that, in the case of a rational zero section, a finite shift in the Chern-Simons terms can be
induced by a non-standard mass hierarchy between Kaluza-Klein excited modes and modes that get
massive upon gauge symmetry breaking.
F-theory vacua could also be useful in the study of interacting tensor theories in six dimensions.
In this work we have advanced a proposal for the study of non-Abelian tensor theories in relation
to (2,0) theories. It is nonetheless expected that non-Abelian tensor dynamics can be found also in
theories with (1,0) supersymmetry. The superconformal theories of [259, 292] provide an example
of (1,0) theories in which tensors are gauged under a non-Abelian group. It would be interesting to
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realize these model in F-theory and study their M-theory dual in five dimensions. This program is
closely related to the recent progress in engineering (1,0) theories with non-Abelian tensor in F-theory:
we refer to reader to [293] and references therein. In order to address these setups from the point
of view of the M-theory/F-theory duality it would be probably beneficial to generalize the one-loop
computations of chapter 9 to the case in which the external vectors are associated to a non-Abelian
gauge group. In particular, one might study the one-loop effects induced by minimal coupling to nonAbelian tensors and possibly test them against a geometric prediction. This program has the potential
to cast some light on five-dimensional interactions coming from circle reduction of non-Abelian tensor
theories.
The other F-theory setup we have studied in this work, four-dimensional compactifications on
Spin(7) manifolds, also presents many interesting open problems. Arguably, one of the most pressing
issues that deserves a better understanding is the study of Spin(7) resolutions for the geometries we
have considered in chapter 8. Let us remind the reader that the constructions of Spin(7) manifolds
originally proposed in [216] also included isolated orbifold points coinciding with the fixed points of
the antiholomorphic involution. Showing that these can be resolved in a Spin(7)-compatible fashion
was a crucial task in [216]. We have not included a study of these modes in this work, but it would be
very interesting to understand how they modify the four-dimensional effective theory. In particular,
we found that if the antiholomorphic involution has only isolated fixed points on the Calabi-Yau
fourfold the torus must be pinched over these points. This suggests an interesting link between the
gauge theory dynamics and the singularities that need to be resolved in a Spin(7)-compatible way
to obtain a smooth geometry. As for ordinary non-Abelian gauge theory singularities of elliptically
fibered Calabi-Yau fourfolds, F-theory might be well-defined on the singular Spin(7) geometry if one
can identify the new light states arising near the singularities.
The emergence of an interval in the duality between F-theory and M-theory for Spin(7) manifolds
that are quotients of Calabi-Yau fourfolds is one of the main insights of chapter 8. It is most clearly
understood in the situations in which the torus fiber is quotiented to a cylinder over the fixed loci
of the restriction of the antiholomorphic involution to the base of the elliptic fibration. As discussed
in section 8.2.2, however, other geometric setups are possible. The appearance of a Klein bottle as a
possible quotient of the torus is a particularly intriguing possibility. It might be possible to exploit,
for instance, some of the results of [294] to look for a physical interpretation of this case. Let us point
out that maybe compactification on an interval has to be replaced with another prescription such that
an N = 1 theory can be obtained in three dimensions. It would be interesting to explore different
possibilities, for instance circle Scherk-Schwarz reductions.
Some further insights about F-theory on Spin(7) manifolds can come from the study of the corresponding weakly coupled Type IIB setups, when they exist. Indeed, in chapter 8 we have been able
to identify the objects wrapping the singular loci of the antiholomorphic involution. As we have seen,
in some cases they have a simple interpretation in Type IIA language as O6-planes. It is known that
a Type IIA O6-plane lifts to a smooth geometry in M-theory described by the Atiyah-Hitchin metric.
It is thus conceivable that the information obtained from the analysis of weakly coupled setups might
provide valuable hints in the search for a Spin(7)-compatible resolution of singularities.
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From a more phenomenological perspective the fact that our Spin(7) constructions are based on
compactifications that, at a general point in moduli space, preserve only two supercharges means
they potentially could be useful for understanding vacua with high-scale supersymmetry breaking in
string theory. Although we argued that supersymmetry is restored in the simplest cases we cannot
exclude that more complicated constructions can be found where the four-dimensional limit preserves
no supersymmetry. Indeed if supersymmetry were completely broken on the boundary of the interval
on the M-theory side, for example by fractional branes, it could lead to a scenario where the size
of the interval on the F-theory side would interpolate between N = 0 and N = 1 four-dimensional
supersymmetry. The non-supersymmetric non-compact limit could be phenomenologically appealing.
It is also intriguing that some of the weakly coupled Spin(7) setups discussed in chapter 8 incorporate objects such as X5-planes. An interesting aspects of the latter is that they support non-BPS
but stable states [238, 239, 240]. Recall that the stability of the state is guaranteed as it is the lightest
state charged under the U (1) arising from the twisted sector of the X5-plane. It is a particle in Type
IIB, similar to a D0-brane in Type IIA, which is confined to lie on the X5-plane. Such a state can
be thought of as the S-dual to an open string stretching between the D5-brane and its orientifold
image across the O5-plane. The ground state of this string is projected out once the D5-brane sits
on top of the O5-plane, and so the lightest state is an excited oscillator. It is interesting that such a
stable non-supersymmetric state arises naturally in such setups. In our setups these non-BPS states
are localized at the boundaries of the interval, and therefore their phenomenological impact is diluted
by the interval length. However, it is conceivable that in alternative constructions one finds these
non-BPS states in the bulk such that this dilution does not occur.
In summary, we believe that F-theory, alongside with its numerous and powerful applications to
particle physics model building within the framework of the MSSM, is potentially interesting to address
different questions ranging from the exploration of the general structure of vacua in string theory to
the realization of unconventional setups that might be useful in extending the MSSM paradigm in
string phenomenology.

12.3

Uncovering tensor theories

The duality between M-theory and F-theory incorporates naturally a transdimensional treatment of
the dynamics. This has been inspirational for our proposal of studying six-dimensional theories with
tensors by means of five-dimensional constructions. The main idea underlying our strategy is the
consideration of the possibility that, for non-Abelian tensor theories in six-dimensions, a Lagrangian
formulation of the dynamics could be incompatible with a manifest realization of all spacetime symmetries.
Ideally, this approach would yield a five dimensional action that in a suitable limit is able to encode
correctly the dynamics of tensors and to realize in a non-manifest way all the expected symmetries.
A possible way to restore the symmetries that are not manifestly realized in the five dimensional
action has been suggested in [277]. Upon circle compactification, a subset of the generators of the
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six-dimensional superconformal group is spontaneously broken, leaving only a subalgebra of manifestly
realized symmetries in the five dimensional action. In order to restore all symmetries one might ‘average’ over the five-dimensional setups obtained by breaking the superconformal algebra in all possible
inequivalent ways. Clearly, it is not straightforward to make precise this notion of ‘average’ over fivedimensional theories. In [277], however, a first concrete step has been made. By exploiting techniques
inspired from harmonic superspace, the R-symmetry group SU (2)R of the five-dimensional action has
been enhanced to the expected R-symmetry group U Sp(4)R . This can be done by integrating over the
coordinates of an auxiliary four-sphere that can be intuitively though of as the space of all possible
breakings U Sp(4)R → SU (2)R . It was also argued that supersymmetry might be restored resorting
to this framework.
The restoration of Lorentz symmetry seems to be much more challenging. In particular, the undemocratic treatment of zeromodes as gauge connections is an essential ingredient in our construction
but seems to be in apparent contrast with six-dimensional Lorentz symmetry. Nonetheless the idea
of ‘averaging’ might be applied to this task as well. Recall that, from a purely five-dimensional perspective, all the dynamics about the vector-tensor sector of the theory is encoded in some invariant
tensors. Their components are labelled by collective indices that also contain Kaluza-Klein levels. It is
thus conceivable that a suitable integration over the space of such invariant tensors might be a way to
restore full six-dimensional Lorentz invariance. Ideally, the same strategy could be used to achieve the
full expected superconformal group. Unfortunately we do not have a concrete proposal to implement
this strategy, but it can represent an interesting direction for future investigation.
The problem of symmetry restoration is also linked to the role of gravity in this kind of constructions. Even though the usual definition of (2,0) theories implies a decoupling of gravitational degrees
of freedom, it might be beneficial to study five-dimensional approaches to matter-coupled (2,0) supergravity theories. This might shed light on the ultimate relevance of the compensating multiplets that
are needed to restore five-dimensional superconformal invariance. For instance, we have noticed in
section 11.3.2 that the Kaluza-Klein vector fits naturally into a compensating vector multiplet together
with the radius of the compactification. It can be interesting to explore what is the relation between
this compensator and the gravity multiplet. A five-dimensional approach to six-dimensional (2,0)
supergravities is likely to require control over massive gravitons and gravitini. The latter can also play
a role in supersymmetry restoration. For instance, it was argued in [130] in a different context that a
better understanding of massive spin-3/2 supermultiplets is needed to study off-shell supersymmetry
enhancement on Calabi-Yau threefolds with vanishing Euler number.
Another point that deserves a better comprehension is the relation between the Kaluza-Klein inspired approach followed in this work and instantons in maximally supersymmetric Yang-Mills theory,
or MSYM for short. As we know from [33, 34] among the non-perturbative states of MSYM there exists a tower of states whose masses have the form mn = 4π 2 n/g 2 and are identified with Kaluza-Klein
modes of the reduction on a circle with radius R = g 2 /(4π 2 ). According to the instanton interpretation, these massive degrees of freedom have a very different status compared to the massless degrees
of freedom of the Yang-Mills multiplet, since loosely speaking an instanton can be thought of as a
composite object made out of quanta of the gauge field and their superpartners. Our proposal treats
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zeromodes and excited modes undemocratically at the level of interactions but considers all of them
as fundamental fields in the Lagrangian formulation. This perspective might have the advantage of
making the study of interactions between massless and massive states easier.
It is a natural question whether the simultaneous inclusion of zeromodes and excited modes in
a five-dimensional Lagrangian yields to an overcounting of the massive states of a (2,0) theory on
a circle. In order to address this problem we need information over the non-perturbative states of
non-Abelian gauge fields coupled to an infinite tower of massive tensors, which lies beyond the scope
of this work but might be seen as an interesting future direction. As a preliminary step it could
be useful to study in closer detail some non-perturbative aspects of supersymmetric gauge theories
coupled to a finite number of massive self-dual tensors. For instance, it might be possible to formulate
these theories on suitable curved spaces (e.g. a five-sphere) while keeping a fraction of supersymmetry
and exploit localization techniques to compute five-dimensional indices. This sort of calculation might
shed light on the ‘building blocks’ associated to the degrees of freedom of massive tensors coupled to
a non-Abelian gauge group.
Since their discovery via string theory and M-theory, superconformal (2,0) theories have proven
to be a remarkable theoretical challenge. Nothing seems to be trivial about these theories and one
has to face several puzzles in the search for an explicit formulation of their dynamics. It is plausible
that all these difficulties will have to be overcome at once to get the desired answer. We can therefore
presume that, if we were able to achieve this goal, we would obtain deep insights about interacting
quantum field theories. It seems that string theory still has many valuable lessons to teach us.
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APPENDIX

A

Notation, conventions, and useful identities

This appendix collects our notation and conventions concerning (pseudo)Riemannian geometry, differential forms, five-dimensional spinors. We also present a detailed derivation of the dimensional
reduction of the Einstein-Hilbert term on a Ricci-flat compact manifold.

A.1

General conventions for metric, curvature, differential forms

In any number of dimensions we always adopt the mostly plus signature for the spacetime metric.
The Christoffel symbols Γρ µν , the Riemann tensor Rρ σµν , the Ricci tensor Rµν , and the Ricci scalar
R are defined in terms of the metric gµν by
Γρ µν = 21 g ρσ (∂µ gσν + ∂ν gσµ − ∂σ gµν ) ,

Rρ σµν = ∂µ Γρ σν − ∂ν Γρ σµ + Γρ λµ Γλ σν − Γρ λν Γλ σµ ,
Rµν = Rρ µρν ,

R = g µν Rµν ,

(A.1)

respectively. Unless otherwise stated, the symbol µ1 ...µN always refers to the Levi-Civita tensor in N
dimensions. In any local coordinate system x0 , . . . , xN −1 it satisfies
√
01...(N −1) = + −g ,
(A.2)
where g denotes the determinant of the matrix gµν of the metric components in the chosen local
coordinates. A useful identity obeyed by the Levi-Civita tensor is
[ρ

ρn ]

µ1 ...µn1 ρ1 ...ρn2 µ1 ...µn1 σ1 ...σn2 = −n1 ! n2 ! δ[σ11 . . . δσn2 ] ,
2

(A.3)

where indices are raised and lowered with the metric and its inverse and n1 , n2 are any non-negative
integers such that n1 + n2 = N . Let us stress that we always symmetrize and antisymmetrize indices
with weight one, for instance X[µν] = 21 (Xµν − Xνµ ).
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A differential p-form λ is expanded onto a basis of coordinate differentials according to
λ=

1
p!

λµ1 ...µp dxµ1 ∧ · · · ∧ dxµp .

(A.4)

The wedge product of differential forms is given in components by
(λ ∧ λ0 )µ1 ...µp+p0 =

(p+p0 )!
p! p0 !

λ[µ1 ...µp λ0µp+1 ...µ

p+p0 ]

,

(A.5)

where λ is a p-form and λ0 is a p0 -form. The exterior differential of a p-form λ satisfies
(dλ)µ0 µ1 ...µp = (p + 1)! ∂[µ0 λµ1 ...µp ] .

(A.6)

We adopt the following definition of the Hodge star operator
(∗λ)ν1 ...νq =

1 µ1 ...µp
λ
µ1 ...µp ν1 ...νq ,
p!

(A.7)

where λ is a p-form and q = N − p. As a result, given two p-forms λ and ω, we have
λ ∧ ∗ω =

1
p!

λµ1 ...µp ωµ1 ...µp ∗ 1 ,

∗1 =

√

−g dx0 ∧ · · · ∧ dxN −1 .

(A.8)

The vielbein ea µ (where a is a flat tangent index) is related to the metric by the familiar relation
gµν = ηab ea µ eb ν ,

(A.9)

where ηab is the flat metric diag(−, +, . . . , +). The torsionless spin connection one-form ω a b = ω a bµ dxµ
satisfies ωab = ω[ab] and is determined by the vielbein through
dea + ω a b ∧ eb = 0 .

(A.10)

The curvature two-form Ra b satisfies
Ra b = dω a b + ω a c ∧ ω c b =

1
2

ea ρ eb σ Rρ σµν dxµ ∧ dxν ,

(A.11)

where in the last expression Rρ σµν is the Riemann tensor and eb σ is the inverse vielbein determined
by eb σ ea σ = δba .

A.2

Spinors in five dimensions

Five-dimensional gamma matrices γ a (a = 0, . . . , 4) are constant, complex-valued 4 × 4 matrices
satisfying the anticommutation relation
{γ α , γ b } = 2η ab I .

(A.12)

We use the shorthand notation γ a1 ...ap = γ [a1 . . . γ ap ] , and we choose a representation of gamma
matrices such that
γ abcde = i abcde I .
(A.13)
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We further assume the hermiticity property
γ 0 γ a (γ 0 )−1 = −(γ a )† .

(A.14)

The charge conjugation matrix C in five dimensions acts on gamma matrices according to
Cγ a C −1 = +(γ a )T .

(A.15)

We use a representation such that C is real and satisfies
C T = −C = C −1 .

(A.16)

In our work we encounter three different kinds of symplectic indices. First of all, we have indices
i, j = 1, . . . , 4 of the 4 representation of U Sp(4)R . Secondly we find two different copies of the 2
representation of SU (2)R , labeled by indices a, b = 1, 2 and ȧ, ḃ = 1, 2. Each symplectic group is
endowed with a primitive antisymmetric invariant: Ωij for U Sp(4)R and ab , ȧḃ for the two copies of
SU (2).
For all symplectic groups we adopt the same conventions regarding the inverse of the antisymmetric
invariant, the raising and lowering of indices, and the reality properties. For definiteness, we write
down the conventions for U Sp(4)R . The inverse Ωij of Ωij is defined by the relation
Ωik Ωjk = δij .

(A.17)

Given any object T i with (at least) one symplectic index, raising and lowering of i are performed
according to the NW-SE convention:
T i = Ωij Tj ,

Ti = T j Ωji .

(A.18)

Complex conjugation interchanges upper and lower symplectic indices. The antisymmetric invariant
satisfies the reality property
(Ωij )∗ = Ωij .
(A.19)
An explicit realization of the invariants Ωij , ab with all required properties is furnished by


0 1
−1 0
Ωij = 




 = Ωij ,
0 1
−1 0


ab =

0 1
−1 0



= ab .

(A.20)

The second expression can also be applied to ȧḃ , ȧḃ .
Let us now discuss in more detail symplectic spinors, i.e. spinors carrying one of the three kinds
of symplectic indices listed above. For definiteness, we write down equations with i, j indices, but the
same conventions apply to a, b and ȧ, ḃ indices. The Dirac bar of a symplectic spinor λi is defined
according to
λ̄i = (λi )† γ 0 .
(A.21)
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If symplectic indices are omitted in a spinor bilinear, a NW-SE contraction is understood,
λ̄χ = λ̄i χi .

(A.22)

The Fierz rearrangement formula for anticommuting spinors in five dimensions reads
(ψ̄ 1 ψ2 )(ψ̄ 3 ψ4 ) = − 14 (ψ̄ 1 ψ4 )(ψ̄ 3 ψ2 ) − 14 (ψ̄ 1 γ a ψ4 )(ψ̄ 3 γa ψ2 ) + 18 (ψ̄ 1 γ ab ψ4 )(ψ̄ 3 γab ψ2 ) ,

(A.23)

where spinors ψ1 , ψ2 , ψ3 , ψ4 can carry arbitrary indices and/or labels (e.g. Kaluza-Klein levels). In our
conventions, complex conjugation acting on the product of anticommuting variables does not change
their order. Therefore, the reality of bilinears is determined by the basic relation 1
(λ̄i χj )∗ = χ̄j λi .

(A.24)

The Majorana condition for a symplectic spinor λi reads
λ̄i = Ωij (λj )T C .

(A.25)

As a result, if λi , χj are Majorana, we have the flip property
λ̄i γ µ1 ...µp χj = χ̄j γ µp ...µ1 λi .

(A.26)

Note that an extra minus sign is needed if the U Sp(4)R indices i, j are contracted on both sides
according to the NW-SE convention. This implies that λ̄i χi is purely imaginary for real λi , χi . Any
symplectic spinor λi can be decomposed in a SO(2) doublet of Majorana symplectic spinors λi α ,
α = 1, 2:

λ̄i α = Ωij (λαj )T C .
(A.27)
λi = √12 λi α=1 + iλi α=2 ,
Multiplication of λi by a U (1) phase is equivalent to an SO(2) rotation of the doublet λi α . With this
understanding, equations (11.21), (11.22) hold also if X is a symplectic spinor.
Let us conclude this section with some identities that are useful in chapter 11. With the definitions
(11.20) and (11.23) one infers the following identities to match the SO(2) and the complex notations.
They are written with SU (2)R indices for definiteness, but they hold for arbitrary symplectic indices.
One has
δαβ xα y β = 2Re(x̄y) ,

αβ xα y β = 2Im(x̄y) ,

δαβ χ̄a α λβa = 2iIm(χ̄a λa ) ,

αβ χ̄a α λβa = −2iRe(χ̄a λa ) ,

δαβ ψ̄ a xα λβa = 2iIm(ψ̄ a x̄λa ) ,

αβ ψ̄ a xα λβa = −2iRe(ψ̄ a x̄λa ) ,

(A.28)

where x, y are complex bosonic fields, χ, λ are complex spinors, ψ is a Majorana spinor. The same
identities hold when SU (2)R indices are contracted with a tensor that satisfies a pseudoreality condition
(e.g. Y I ab ).
1
Care has to be taken in raising/lowering indices with Ω in equations involving complex conjugation. For example,
moving the index j in (A.24) gives (λ̄i χj )∗ = −χ̄j λi .
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A.3

More details about the reduction of the Einstein-Hilbert term

This section is devoted to a detailed account on the dimensional reduction of the D-dimensional
Einstein-Hilbert action to d dimensions on a k-dimensional compact Ricci-flat manifold. For ease of
reference we record the Einstein-Hilbert action
Z
1
S=
R̂ ˆ∗ 1 ,
(A.29)
2 MD
together with the metric Ansatz
dŝ2 = gµν (x)dxµ dxν + gmn (y; X(x))dy m dy n ,

(A.30)

where xµ (µ = 0, . . . , d − 1) are coordinates in external spacetime, y m (m = 1, . . . , k) are coordinates
on the internal space, and X M are local coordinates on the moduli space of the internal metric. The
notation gmn (y; X(x)) signals that the internal metric depends parametrically on the coordinates X M ,
which are in turn allowed to have a non-trivial dependence on external spacetime. The index M runs
over all massless metric moduli of the compactification.
It is convenient to introduce the shorthand notation
HMN = g mp g nq

∂gmn ∂gpq
,
∂X M ∂X N

HM = g mn

∂gmn
.
∂X M

(A.31)

Making only use of the chain rule,
∂µ gmn =

∂gmn
∂µ X M ,
∂X M

(A.32)

and of the expression of the Ricci scalar in terms of derivative of the metric one can prove the identity


3
1
∂gmn
M µ N
M µ N
mn µν
M
R̂ = R + HMN ∂µ X ∂ X − HM HN ∂µ X ∂ X − g g ∇µ
∂ν X
. (A.33)
4
4
∂X M
In this expression and in the following R denotes the Ricci scalar of the external metric. The internal
Ricci scalar is dropped since it vanishes by assumption. Let us remark that all terms involving ∂µ gνρ
and ∂m gnp in the intermediate steps of the computation are rearranged into the external Ricci scalar,
the (vanishing) internal Ricci scalar, and the external covariant derivative ∇µ .
The last term in (A.33) can be manipulated to give


∂gmn
∂ 2 gmn
M
mn
− g mn g µν ∇µ
∂
X
=
−g
∂µ X M ∂ µ X N − HM ∇µ ∂µ X M .
ν
∂X M
∂X M ∂X N

(A.34)

In order to treat the last term we need an integration by parts with respect to integration over external
spacetime. We must take into account the fact that the D-dimensional Ricci scalar is multiplied by
volume form of the total space, and that the internal volume form depends on external coordinates,
Z
Z
Z
Z
√
√
√
√
dk y g HM ∇µ ∂µ X M = −
dd x −g
dk y ∇µ ( g HM )∂µ X M .
(A.35)
dd x −g
Md

Mk

Md

Mk
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One can then compute
√
∇ µ ( g HM ) =

∂ √
( g HM )∇µ X N
N
∂X

∂ 2 gmn
1
√
∇µ X N ,
= g
HM HN − HMN + g mn
2
∂X M ∂X N

and therefore infer that integration by parts justifies the replacement


1
∂ 2 gmn
µ
M
mn
− H M ∇ ∂µ X →
∂µ X M ∂ µ X N .
HM HN − HMN + g
2
∂X M ∂X N

(A.36)

(A.37)

Remarkably, the term containing the second derivative of the internal metric with respect to the
moduli drops out, and we are left with the simple result
1
R̂ = R − (HMN − HM HN ) ∂µ X M ∂ µ X N .
4
Integrating this quantity against the D-dimensional volume form gives the action
Z
√
1
dd x −g L
S=
2 Md

(A.38)

(A.39)

with a Lagrangian
1
L = V R − ∂µ X M ∂ µ X N
4

Z

where V is the volume of the internal space, V =

Mk

√
dk y g(HMN − HM HN ) ,

R
Mk

(A.40)

√
dk y g.

The next step is a Weyl rescaling of the external metric that casts the Einstein-Hilbert term for
d-dimensional gravity in canonical form. For the sake of completeness, we record the transformation
rules for the Riemann tensor, the Ricci tensor, and the Ricci scalar under the Weyl rescaling
old
new
gµν
= e2ω gµν
.

(A.41)

One finds, with obvious notation,
 ρ
old n ρ

R σµν
= R σµν − 2gσ[µ ∇ρ ω∇ν] ω − ∇ρ ∇ν] ω
onew

ρ
ρ
,
+ 2δ[µ
∇ν] ω∇σ ω − ∇ν] ∇σ ω − 2δ[µ
gν]σ ∇λ ω∇λ ω
n
h
i
onew
old
Rµν
= − gµν (d − 2)∇λ ω∇λ ω + ∇λ ∇λ ω + (d − 2) (∇µ ω∇ν ω − ∇µ ∇ν ω)
,
n
onew
Rold = e−2ω R − (d − 1)(d − 2)∇λ ω∇λ ω − 2(d − 1)∇λ ∇λ ω
.
(A.42)
The Lagrangian (A.40) in terms of the new metric reads


ω(d−2)
µ
µ
L=e
V R − (d − 1)(d − 2)∂µ ω∂ ω − 2(d − 1)∇ ∂µ ω
Z
1
√
− eω(d−2) ∂µ X M ∂ µ X N
dk y g(HMN − HM HN ) .
4
Mk

(A.43)
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As we can see, in order to achieve the canonical Einstein-Hilbert term we have to set
ω=−

1
log V .
d−2

(A.44)

With this assignment the term ∇µ ∂µ ω in (A.43) can be neglected because it is a total derivative. In
conclusion, we find
Z
d−1
1
√
µ
M µ N
(A.45)
L=R−
∂µ log V ∂ log V −
∂µ X ∂ X
dk y g(HMN − HM HN ) ,
d−2
4V
which corresponds to the result (4.35) given in the main text.
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APPENDIX

B

Material for the one-loop computation of chapter 9

This appendix collects results that have been useful in the computation of the one-loop corrections to
five-dimensional Chern-Simons couplings in chapter 9. As a result we always work in five dimensions
in this appendix.

B.1

Gravitational perturbative expansion

In this section we record some useful identities about the gravitational perturbative expansion around
flat spacetime. More precisely, we assume a metric of the form
gµν = ηµν + hµν ,

(B.1)

and compute some geometrical quantities derived from the metric in a formal power series in hµν . On
the right hand side of the following identities, indices are raised and lowered with the flat metric ηµν
and its inverse. For instance, hµν = hλτ η λµ η τ ν .
The total inverse metric and volume form are given by
g µν = η µν − hµν + hµλ hλ ν + O(h3 ) ,
√
−g = 1 + 12 hµ µ + 81 (hµ µ hν ν − 2hµν hµν ) + O(h3 ) .

(B.2)

The Christoffel symbols and the Riemann tensor are expanded as
Γρ µν = 21 (η ρσ − hρσ )(∂µ hνσ + ∂ν hµσ − ∂σ hµν ) + O(h3 ) ,
h
gρτ Rτ σµν = − 21 ∂ρ ∂µ hσν − 18 ∂λ hµρ ∂ λ hνσ + 81 ∂µ hσλ ∂ν hρ λ − 14 ∂ρ hµλ ∂ν hσ λ + 18 ∂ρ hνλ ∂σ hµ λ
i
+ 14 ∂µ hρλ ∂ λ hνσ − 41 ∂ρ hνλ ∂ λ hµσ − (µ ↔ ν) − (ρ ↔ σ) + O(h3 ) .
(B.3)
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In order to couple spinors to gravity we need to introduce a vielbein ea µ . It is determined by
the metric only up to local Lorentz transformations. We fix this ambiguity by imposing the gauge
condition
ηab δ b [λ ea µ] = 0 ,
(B.4)
where the Kronecker delta plays the role of the vielbein for the flat metric ηµν . We thus find the
following expansions of the vielbein and its inverse,


ea µ = η ab δb λ ηλµ + 12 hλµ − 18 hλτ hµ τ + O(h3 ) ,


ea µ = ηab δ b λ η λµ − 21 hλµ + 38 hλτ hµ τ + O(h3 ) .

(B.5)

Finally, let us record the expansion of the flat components of the spin connection, which enter the
fermion covariant derivatives:

ec τ ωτ ab = δc ρ δa µ δb ν − 21 ∂µ hνρ − 21 hντ ∂ τ hµρ + 21 hρτ ∂µ hν τ


+ 12 hντ ∂µ hρ τ + 14 hντ ∂ρ hµ τ − (µ ↔ ν) + O(h3 ) .

(B.6)
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B.2

Feynman rules

In this section we collect the Feynman rules that can be extracted from the massive actions (9.4), (9.8),
(9.6). The propagators are read from the free actions where Aµ = 0 and gµν = ηµν . The interaction
vertices are obtained by expanding (9.4), (9.8), (9.6) up to second order in the metric perturbation
hµν , introduced in (9.25).
In all Feynman rules symmetrization with weight one on graviton polarization indices is understood.
Moreover, the momenta of vectors and gravitons are always taken to be entering the vertex, while the
momenta of massive fields flow in the same direction as specified by the charge arrow.

B.2.1

Spin-1/2 fermion

p

=

−p
/ + ic1/2 m
p2 + m2

k
= −qγλ

λ
p
k
µν

=

1
2


/ ηµν − 14 γµ Pν ,
ic1/2 m + 12 P

=

1
4


/ (ηµ1 ν1 ηµ2 ν2 − 2ηµ1 µ2 ην1 ν2 )
ic1/2 m + 12 P

P ≡ 2p + k

p
µ1ν1

µ2ν2

p1

p2

p

+

µ1ν1

h

λ
1
16 γµ1 µ2 λ p1

− 18 γµ1 Pν1 ηµ2 ν2 +

P ≡ 2p + p1 + p2
p1

= − 21 qηµ1 ν1 γµ0 + 21 qηµ0 µ1 γν1
µ0

p0

p

3
16 γµ1 Pµ2 ην1 ν2

i
+ (1 ↔ 2) ,
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Massive self-dual tensor

In the following expression antisymmetrization with weight one on tensor polarization indices is understood.
o
n
1
p
λ
−1
0 σσ 0 λ p − 2imηρσ ηρ0 σ 0 − 4im
0 pσ 0
=
−ic

η
p
ρσ
B
′
ρρ
ρ
′
ρρ
σσ
p2 + m2
ρρ′

k

= − 14 icB qρρ0 σσ0 λ

λ
p

σσ ′
ρρ′

k

= − 14 imηµν ηρσ ηρ0 σ0 + imηµρ ηνσ ηρ0 σ0

µν
p
µ1ν1

µ2ν2

σσ ′

p1

p2

ρρ′
p

= − 18 im(ηµ1 ν1 ηµ2 ν2 − 2ηµ1 µ2 ην1 ν2 )ηρσ ηρ0 σ0 − imηµ1 ρ ην1 σ ηµ2 ρ0 ην2 σ0
σσ ′

+
µ1ν1

p1

1

0 0
2 imηµ1 ν1 ηµ2 ρ ην2 σ ηρ σ

ρρ′

=0
µ0

p0

p

σσ ′


− imηµ1 µ2 ην1 ρ ην2 σ ηρ0 σ0 + (1 ↔ 2)
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B.2.3

Spin-3/2 fermion

p

ρ

σ


pρ pσ 
1
= 2
η
+
(−p
/ + ic3/2 m)
ρσ
p + m2
m2




ipρ
ipσ
1
γρ +
(−p
+
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ρ

k

= −qγρλσ
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ρ
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=

µν
p

1
2



λ
1
2 γρλσ P


− ic3/2 mγρσ ηµν + 41 γρσµ Pν

σ

− 14 ηµν γρ kσ + 14 ηµν γσ kρ + 14 ηµρ γν kσ − 14 ηµσ γν kρ − 14 ηµρ γσ kν + 14 ηµσ γρ kν




+ 12 12 γσλµ P λ − ic3/2 mγσµ ηνρ − 12 12 γρλµ P λ − ic3/2 mγρµ ηνσ ,
µ1ν1

P ≡ 2p + k
p1

ρ

=
µ2ν2

p2

p

1
4



λ
1
2 γρλσ P


− ic3/2 mγρσ (ηµ1 ν1 ηµ2 ν2 − 2ηµ1 µ2 ην1 ν2 )

σ


+ − 18 γρ (p1 + p2 )σ (ηµ1 ν1 ηµ2 ν2 − 2ηµ1 µ2 ην1 ν2 )

+ 38 ic3/2 mγσµ1 ηµ2 ρ ην1 ν2 + 41 ic3/2 mγµ1 µ2 ην1 σ ην2 ρ

− 18 γσµ1 µ2 Pν1 ην2 ρ + 18 γσµ1 µ2 Pν2 ην1 ρ + 81 γµ1 µ2 λ P λ ην1 ρ ην2 σ − (ρ ↔ σ)


1
3
+ − 16
γρσµ1 µ2 λ pλ1 ην1 ν2 + 18 γρσµ1 Pν1 ηµ2 ν2 − 16
γρσµ1 Pµ2 ην1 ν2 + (1 ↔ 2)

1
3
+ − 81 γσ p1 µ1 ην1 ρ ηµ2 ν2 − 16
p
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+
+
−
+
µ1ν1

µ0

5
1
1
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1
1
1
4 γµ1 p1 µ2 ην2 ρ ην1 σ + 8 γµ2 p1 ρ ηµ1 σ ην1 ν2 − 8 γµ1 p1 ρ ην1 σ ηµ2 ν2
1
1
1
8 γµ2 p1 ρ ηµ2 σ ηµ1 ν1 + 4 γµ1 p1 ρ ηµ2 σ ην1 ν2 − 4 ic3/2 mγσµ1 ην1 ρ ηµ2 ν2
λ
3
16 γσµ2 λ P ηµ1 ρ ην1 ν2


− 81 γσµ1 λ P λ ην1 ρ ηµ2 ν2 − (ρ ↔ σ) + (1 ↔ 2) ,

P ≡ 2p + p1 + p2
p1

p0

ρ

p

= − 12 qηµ0 µ1 γν1 ρσ + 21 qηµ1 ν1 γµ0 ρσ − 12 qηµ1 ρ γµ0 ν1 σ + 12 qηµ1 σ γµ0 ν1 ρ
σ
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APPENDIX

C

Examples of Spin(7) manifolds for F-theory

This appendix collects two explicit examples of elliptically fibered fourfolds endowed with an antiholomorphic involution which is well suited for the Spin(7) construction outlined in section 8.2.1.

C.1

A hypersurface in a P2,3,1 fibration of P1,1,1,1

Let us consider a simple example of the construction described in Section 8.2 in which the Calabi-Yau
fourfold Y4 is described by a polynomial in a toric ambient space constructed by fibering the weighted
projective space P2,3,1 over P1,1,1,1 . In the language of toric geometry this is described by a reflexive
polyhedron with the set of rays given in Table C.1.
vertices
ν1 = ( 1,
ν2 = ( 0,
ν3 = ( −2,
ν4 = ( −2,
ν5 = ( −2,
ν6 = ( −2,
ν7 = ( −2,

coords.

0, 0, 0, 0 )
1, 0, 0, 0 )
−3, 0, 0, 0 )
−3, −1, −1, −1 )
−3, 1, 0, 0 )
−3, 0, 1, 0 )
−3, 0, 0, 1 )

x
y
z
u1
u2
u3
u4

Q1 Q2
8
12
0
1
1
1
1

2
3
1
0
0
0
0

Table C.1: Toric data for a reflexive polyhedron describing a P2,3,1 fibration of P1,1,1,1 .
This gives a smooth ambient space in which the Calabi-Yau fourfold will be defined by a homogeneous degree (24, 6) polynomial in the (Q1 , Q2 ) identifications. This polynomial may be brought into
Weierstrass form where now the coefficients f and g are degree 16 and 24, homogeneous polynomials
of the base coordinates u1 , . . . , u4 , respectively. A sufficiently general set of coefficients for these poly277
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nomials will then give a smooth Calabi-Yau fourfold. Next we impose a symmetry of this space under
the action of the antiholomorphic involution σ where
σ(u1 , u2 , u3 , u4 , x, y, z) = (ū2 , −ū1 , ū4 , −ū3 , x̄, ȳ, z̄) .

(C.1)

This restricts the coefficients of the polynomial. However these coefficients remain general enough
that a generic polynomial is still non-singular. The identification σ has no fixed space on the base, as
the would-be fixed space u1 = u2 = u3 = u4 = 0 is removed by the Stanley-Reisner ideal. Every point
of the base then represents an example of situation (1) as described in section 8.2 and so the Spin(7)
holonomy manifold1 produced upon quotienting by σ is non-singular. This means that no additional
resolutions need to be performed.

C.2

A complete intersection in a P1,1,1,1 fibration of P1,1,2,2

Next let us consider a second construction in which the ambient space is formed by fibering P1,1,1,1 over
P1,1,2,2 . In this case the Calabi-Yau is given by a complete intersection of two polynomials described
the following nef-partition in Table C.2.
vertices

nef-part.

coords.

Q1 Q2

∇1

ν1 = ( −1, −1,
ν2 = ( 0, 0,
ν3 = ( 1, 0,
ν4 = ( 0, 1,

0, −1, −2, −2 )
0, 1, 0, 0 )
0, 0, 0, 0 )
0, 0, 0, 0 )

y1
y2
x1
x2

1
1
1
1

0
0
1
1

∇2

ν5 = ( 0,

0,

0,

1,

0)

v1

2

0

ν6 = ( 0, 0, 0,
ν7 = ( −1, −1, −1,
ν8 = ( 0, 0, 1,

0,
0,
0,

0,
0,
0,

1)
0)
0)

v2
z1
z2

2
0
0

0
1
1

0,

Table C.2: Toric data for a nef-partition describing a complete intersection in a P1,1,1,1 fibration of
P1,1,2,2 .

The two polynomials P1 and P2 are then associated with the partitions ∇1 and ∇2 respectively.
These are both degree (4,2) under identifications (Q1 , Q2 ).
In this case the base P1,1,2,2 has a complex one-dimensional holomorphic orbifold singularity at
y1 = y2 = 0 before considering any antiholomorphic quotient. This lifts to two separate complex
two-dimensional singular spaces in the total ambient space. One, which is associated with the Q1
identification, lies at y1 = y2 = x1 = x2 = 0 and the other, which is associated with the Q1 − Q2
identification, lies at y1 = y2 = z1 = z2 = 0.
Let us first consider the singular space which lies at y1 = y2 = x1 = x2 = 0. At this locus the
1

Note that strictly speaking the quotient manifold is expected to have SU(4) × Z2 holonomy.

C.2. A complete intersection in a P1,1,1,1 fibration of P1,1,2,2
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polynomials can be written as
P1 = a1 z12 + b1 z1 z2 + c1 z22

P2 = a2 z12 + b2 z1 z2 + c2 z22

(C.2)

where a1,2 b1,2 and c1,2 are homogeneous quadratics in v1 and v2 . The singularities of the ambient
space will then intersect both polynomials at the places where one of the roots of P1 sits on top of one
of the roots of P2 . At these points the resultant of the pair of polynomials, given by
−a2 b1 b2 c1 + a1 b22 c1 + a22 c21 + a2 b21 c2 − a1 b1 b2 c2 − 2a1 a2 c1 c2 + a21 c22 ,

(C.3)

will vanish. This resultant is a homogeneous octic in v1,2 so gives eight Z2 singular points on the
Calabi-Yau fourfold at which the pair of the polynomials hit the two-dimensional space of singularities
in the ambient space.
Next let us consider the singular space which lies at y1 = y2 = z1 = z2 = 0. As before both polynomials will intersect the singularity of the ambient space when the resultant vanishes. This second
resultant is a homogeneous quartic in v1,2 so gives four Z2 singular points.
The Calabi-Yau fourfold may have extra singularities associated with the pinching of the torus. To
find out where this happens we may make use of the singularity classification described in [295]. This
shows that for a generic set of polynomial coefficients the torus pinches with a Type I1 singularity
over the intersection of a homogeneous degree (72, 0) polynomial in the (Q1 , Q2 ) identification, with
the two polynomials that define the Calabi-Yau. Furthermore we find that this space intersects each
of the Z2 singular points described above.
We now impose a symmetry under the action of the antiholomorphic involution σ defined by,
σ(y1 , y2 , v1 , v2 , x1 , x2 , z1 , z2 ) = (ȳ 2 , −ȳ 1 , v̄ 2 , v̄ 1 , x̄2 , −x̄1 , z̄ 2 , z̄ 1 ) .

(C.4)

As before this constrains the coefficients of the polynomials but does not alter the singularity structure
of the Calabi-Yau. We note also that in this case σ is not an involution on its own but that the
identification Q1 must be used to make σ 2 = 1l.
The action of σ on the base gives a real one-dimensional fixed line which sits inside the holomorphic
orbifold singularity of P1,1,2,2 . At most places over this fixed line the torus is unpinched and has no
fixed space. It represents an example of situation (2.1) described in Section 8.2. However when the
torus pinches over the fixed line of the base the pinched point on the torus becomes fixed under the
action of σ and so represents an example of situation (3). In additional, these fixed pinched points
on the torus also lie at the eight Z2 singular points at y1 = y2 = x1 = x2 = 0. By comparison the four
Z2 singular points, which lie at y1 = y2 = z1 = z2 = 0 are not fixed under σ but instead are mapped
pairwise into each other.
The quotient of this Calabi-Yau by σ then gives a singular Spin(7) manifold. The presence of
these singularities is not a problem in F-theory as this is defined on singular spaces. However in order
to use the M-theory duality we have described to find the effective action these singularities must be
resolved in an appropriate fashion. It is unclear how one would carry out this resolution or even if
such a resolution can be performed at all for this particular Spin(7) manifold. For this reason it would
be extremely important to investigate these resolutions further.
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[11] D. Lüst, S. Stieberger, and T. R. Taylor, “The LHC String Hunter’s Companion,” Nucl.Phys.
B808 (2009) 1–52, arXiv:0807.3333 [hep-th].
281

282

Bibliography
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[222] G. Curio, B. Kors, and D. Lüst, “Fluxes and branes in type II vacua and M theory geometry
with G(2) and spin(7) holonomy,” Nucl.Phys. B636 (2002) 197–224, arXiv:hep-th/0111165
[hep-th].
[223] B. S. Acharya, X. de la Ossa, and S. Gukov, “G flux, supersymmetry and spin(7) manifolds,”
JHEP 0209 (2002) 047, arXiv:hep-th/0201227 [hep-th].

Bibliography

295

[224] S. Gukov, J. Sparks, and D. Tong, “Conifold transitions and five-brane condensation in M
theory on spin(7) manifolds,” Class.Quant.Grav. 20 (2003) 665–706, arXiv:hep-th/0207244
[hep-th].
[225] M. Becker, D. Constantin, J. Gates, S. James, I. Linch, William Divine, W. Merrell, et al., “M
theory on spin(7) manifolds, fluxes and 3-D, N=1 supergravity,” Nucl.Phys. B683 (2004)
67–104, arXiv:hep-th/0312040 [hep-th].
[226] R. Blumenhagen and V. Braun, “Superconformal field theories for compact manifolds with
spin(7) holonomy,” JHEP 0112 (2001) 013, arXiv:hep-th/0111048 [hep-th].
[227] B. de Wit, I. Herger, and H. Samtleben, “Gauged locally supersymmetric D = 3 nonlinear
sigma models,” Nucl.Phys. B671 (2003) 175–216, arXiv:hep-th/0307006 [hep-th].
[228] B. de Wit, H. Nicolai, and H. Samtleben, “Gauged supergravities in three-dimensions: A
Panoramic overview,” arXiv:hep-th/0403014 [hep-th].
[229] D. Martelli and J. Sparks, “G structures, fluxes and calibrations in M theory,” Phys.Rev. D68
(2003) 085014, arXiv:hep-th/0306225 [hep-th].
[230] O. Hohm and J. Louis, “Spontaneous N = 2 —¿; N = 1 supergravity breaking in threedimensions,” Class.Quant.Grav. 21 (2004) 4607–4624, arXiv:hep-th/0403128 [hep-th].
[231] D. Forcella and A. Zaffaroni, “N=1 Chern-Simons theories, orientifolds and Spin(7) cones,”
JHEP 1005 (2010) 045, arXiv:0911.2595 [hep-th].
[232] M. Haack and J. Louis, “Duality in heterotic vacua with four supercharges,” Nucl.Phys. B575
(2000) 107–133, arXiv:hep-th/9912181 [hep-th].
[233] M. Haack and J. Louis, “M theory compactified on Calabi-Yau fourfolds with background
flux,” Phys.Lett. B507 (2001) 296–304, arXiv:hep-th/0103068 [hep-th].
[234] F. Bonetti and T. W. Grimm, “Six-dimensional (1,0) effective action of F-theory via M-theory
on Calabi-Yau threefolds,” JHEP 1205 (2012) 019, arXiv:1112.1082 [hep-th].
[235] A. Sen, “F theory and orientifolds,” Nucl.Phys. B475 (1996) 562–578, arXiv:hep-th/9605150
[hep-th].
[236] D. Kutasov, “Orbifolds and solitons,” Phys.Lett. B383 (1996) 48–53, arXiv:hep-th/9512145
[hep-th].
[237] A. Sen, “Duality and orbifolds,” Nucl.Phys. B474 (1996) 361–378, arXiv:hep-th/9604070
[hep-th].
[238] A. Sen, “Stable nonBPS states in string theory,” JHEP 9806 (1998) 007,
arXiv:hep-th/9803194 [hep-th].
[239] A. Sen, “Stable nonBPS bound states of BPS D-branes,” JHEP 9808 (1998) 010,
arXiv:hep-th/9805019 [hep-th].

296

Bibliography

[240] O. Bergman and M. R. Gaberdiel, “Stable nonBPS D particles,” Phys.Lett. B441 (1998)
133–140, arXiv:hep-th/9806155 [hep-th].
[241] S. Hellerman, “New type II string theories with sixteen supercharges,” arXiv:hep-th/0512045
[hep-th].
[242] E. Witten, “Phase transitions in M theory and F theory,” Nucl.Phys. B471 (1996) 195–216,
arXiv:hep-th/9603150 [hep-th].
[243] K. Symanzik, “Infrared singularities and small distance behavior analysis,”
Commun.Math.Phys. 34 (1973) 7–36.
[244] J. Goldstone and F. Wilczek, “Fractional Quantum Numbers on Solitons,” Phys.Rev.Lett. 47
(1981) 986–989.
[245] E. D’Hoker and E. Farhi, “Decoupling a Fermion Whose Mass Is Generated by a Yukawa
Coupling: The General Case,” Nucl.Phys. B248 (1984) 59.
[246] F. Bonetti, T. W. Grimm, and S. Hohenegger, “One-loop Chern-Simons terms in five
dimensions,” JHEP 1307 (2013) 043, arXiv:1302.2918 [hep-th].
[247] P. Townsend, K. Pilch, and P. van Nieuwenhuizen, “Selfduality in Odd Dimensions,”
Phys.Lett. B136 (1984) 38.
[248] J. Martı́n-Garcı́a, “xAct: Efficient tensor computer algebra for Mathematica,” 2002-2014.
http://www.xact.es/index.html.
[249] U. Gran, “GAMMA: A Mathematica package for performing gamma matrix algebra and Fierz
transformations in arbitrary dimensions,” arXiv:hep-th/0105086 [hep-th].
[250] N. Marcus and J. H. Schwarz, “Field Theories That Have No Manifestly Lorentz Invariant
Formulation,” Phys.Lett. B115 (1982) 111.
[251] W. Siegel, “Manifest Lorentz Invariance Sometimes Requires Nonlinearity,” Nucl.Phys. B238
(1984) 307.
[252] M. Henneaux and C. Teitelboim, “Dynamics of Chiral (Selfdual) P Forms,” Phys.Lett. B206
(1988) 650.
[253] B. McClain, F. Yu, and Y. Wu, “Covariant quantization of chiral bosons and OSp(1,1—2)
symmetry,” Nucl.Phys. B343 (1990) 689–704.
[254] P. Pasti, D. P. Sorokin, and M. Tonin, “On Lorentz invariant actions for chiral p forms,”
Phys.Rev. D55 (1997) 6292–6298, arXiv:hep-th/9611100 [hep-th].
[255] D. Belov and G. W. Moore, “Holographic Action for the Self-Dual Field,”
arXiv:hep-th/0605038 [hep-th].

Bibliography

297

[256] J. H. Schwarz and A. Sen, “Duality symmetric actions,” Nucl.Phys. B411 (1994) 35–63,
arXiv:hep-th/9304154 [hep-th].
[257] E. Bergshoeff, S. Cucu, T. de Wit, J. Gheerardyn, S. Vandoren, et al., “N = 2 supergravity in
five-dimensions revisited,” Class.Quant.Grav. 21 (2004) 3015–3042, arXiv:hep-th/0403045
[hep-th].
[258] H. Ooguri and C. Vafa, “On the Geometry of the String Landscape and the Swampland,”
Nucl.Phys. B766 (2007) 21–33, arXiv:hep-th/0605264 [hep-th].
[259] H. Samtleben, E. Sezgin, and R. Wimmer, “(1,0) superconformal models in six dimensions,”
JHEP 1112 (2011) 062, arXiv:1108.4060 [hep-th].
[260] M. Ozkan and Y. Pang, “Supersymmetric Completion of Gauss-Bonnet Combination in Five
Dimensions,” JHEP 1303 (2013) 158, arXiv:1301.6622 [hep-th].
[261] G. Dall’Agata, C. Herrmann, and M. Zagermann, “General matter coupled N=4 gauged
supergravity in five-dimensions,” Nucl.Phys. B612 (2001) 123–150, arXiv:hep-th/0103106
[hep-th].
[262] F. Bonetti, T. W. Grimm, and S. Hohenegger, “A Kaluza-Klein inspired action for chiral
p-forms and their anomalies,” Phys.Lett. B720 (2013) 424–427, arXiv:1206.1600 [hep-th].
[263] N. Lambert and C. Papageorgakis, “Nonabelian (2,0) Tensor Multiplets and 3-algebras,”
JHEP 1008 (2010) 083, arXiv:1007.2982 [hep-th].
[264] N. Lambert and P. Richmond, “(2,0) Supersymmetry and the Light-Cone Description of
M5-branes,” JHEP 1202 (2012) 013, arXiv:1109.6454 [hep-th].
[265] H. Linander and F. Ohlsson, “(2,0) theory on circle fibrations,” JHEP 1201 (2012) 159,
arXiv:1111.6045 [hep-th].
[266] S. Palmer and C. Saemann, “M-brane Models from Non-Abelian Gerbes,” JHEP 1207 (2012)
010, arXiv:1203.5757 [hep-th].
[267] P.-M. Ho and Y. Matsuo, “Note on non-Abelian two-form gauge fields,” JHEP 1209 (2012)
075, arXiv:1206.5643 [hep-th].
[268] E. Bergshoeff, S. Cucu, M. Derix, T. de Wit, R. Halbersma, et al., “Weyl multiplets of N=2
conformal supergravity in five-dimensions,” JHEP 0106 (2001) 051, arXiv:hep-th/0104113
[hep-th].
[269] E. Bergshoeff, S. Cucu, T. De Wit, J. Gheerardyn, R. Halbersma, et al., “Superconformal
N=2, D = 5 matter with and without actions,” JHEP 0210 (2002) 045,
arXiv:hep-th/0205230 [hep-th].
[270] E. Cremmer, “Supergravities in 5 Dimensions,”.

298

Bibliography

[271] M. Gunaydin and M. Zagermann, “The Gauging of five-dimensional, N=2 Maxwell-Einstein
supergravity theories coupled to tensor multiplets,” Nucl.Phys. B572 (2000) 131–150,
arXiv:hep-th/9912027 [hep-th].
[272] M. Akyol and G. Papadopoulos, “(1,0) superconformal theories in six dimensions and Killing
spinor equations,” JHEP 1207 (2012) 070, arXiv:1204.2167 [hep-th].
[273] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807 (1998) 023,
arXiv:hep-th/9806087 [hep-th].
[274] F. Bastianelli, S. Frolov, and A. A. Tseytlin, “Conformal anomaly of (2,0) tensor multiplet in
six-dimensions and AdS / CFT correspondence,” JHEP 0002 (2000) 013,
arXiv:hep-th/0001041 [hep-th].
[275] P. Yi, “Anomaly of (2,0) theories,” Phys.Rev. D64 (2001) 106006, arXiv:hep-th/0106165
[hep-th].
[276] T. Maxfield and S. Sethi, “The Conformal Anomaly of M5-Branes,” JHEP 1206 (2012) 075,
arXiv:1204.2002 [hep-th].
[277] F. Bonetti, T. W. Grimm, and S. Hohenegger, “Non-Abelian Tensor Towers and (2,0)
Superconformal Theories,” JHEP 1305 (2013) 129, arXiv:1209.3017 [hep-th].
[278] V. Kac, “Lie Superalgebras,” Adv.Math. 26 (1977) 8–96.
[279] P. Claus, R. Kallosh, and A. Van Proeyen, “M five-brane and superconformal (0,2) tensor
multiplet in six-dimensions,” Nucl.Phys. B518 (1998) 117–150, arXiv:hep-th/9711161
[hep-th].
[280] E. Bergshoeff, E. Sezgin, and A. Van Proeyen, “(2,0) tensor multiplets and conformal
supergravity in D = 6,” Class.Quant.Grav. 16 (1999) 3193–3206, arXiv:hep-th/9904085
[hep-th].
[281] L. Breen and W. Messing, “Differential geometry of GERBES,” Adv.Math. 198 (2005) 732,
arXiv:math/0106083 [math-ag].
[282] J. C. Baez and J. Huerta, “An Invitation to Higher Gauge Theory,” arXiv:1003.4485
[hep-th].
[283] C. Saemann and M. Wolf, “On Twistors and Conformal Field Theories from Six Dimensions,”
J.Math.Phys. 54 (2013) 013507, arXiv:1111.2539 [hep-th].
[284] M. Awada and P. Townsend, “N = 4 Maxwell-einstein Supergravity in Five-dimensions and Its
SU(2) Gauging,” Nucl.Phys. B255 (1985) 617.
[285] M. Gunaydin, L. Romans, and N. Warner, “Compact and Noncompact Gauged Supergravity
Theories in Five-Dimensions,” Nucl.Phys. B272 (1986) 598.

Bibliography

299

[286] J. Schon and M. Weidner, “Gauged N=4 supergravities,” JHEP 0605 (2006) 034,
arXiv:hep-th/0602024 [hep-th].
[287] P. S. Howe, “OFF-SHELL N=2 AND N=4 SUPERGRAVITY IN FIVE-DIMENSIONS,”.
[288] K.-M. Lee and J.-H. Park, “5-D actions for 6-D selfdual tensor field theory,” Phys.Rev. D64
(2001) 105006, arXiv:hep-th/0008103 [hep-th].
[289] D. Freed, J. A. Harvey, R. Minasian, and G. W. Moore, “Gravitational anomaly cancellation
for M theory five-branes,” Adv.Theor.Math.Phys. 2 (1998) 601–618, arXiv:hep-th/9803205
[hep-th].
[290] H. Godazgar, M. Godazgar, and H. Nicolai, “Einstein-Cartan Calculus for Exceptional
Geometry,” arXiv:1401.5984 [hep-th].
[291] T. W. Grimm and W. Taylor, “Structure in 6D and 4D N=1 supergravity theories from
F-theory,” JHEP 1210 (2012) 105, arXiv:1204.3092 [hep-th].
[292] H. Samtleben, E. Sezgin, R. Wimmer, and L. Wulff, “New superconformal models in six
dimensions: Gauge group and representation structure,” PoS CORFU2011 (2011) 071,
arXiv:1204.0542 [hep-th].
[293] J. J. Heckman, D. R. Morrison, and C. Vafa, “On the Classification of 6D SCFTs and
Generalized ADE Orbifolds,” arXiv:1312.5746 [hep-th].
[294] O. Aharony, Z. Komargodski, and A. Patir, “The Moduli space and M(atrix) theory of 9d N=1
backgrounds of M/string theory,” JHEP 0705 (2007) 073, arXiv:hep-th/0702195 [hep-th].
[295] M. Esole, J. Fullwood, and S.-T. Yau, “D5 elliptic fibrations: non-Kodaira fibers and new
orientifold limits of F-theory,” arXiv:1110.6177 [hep-th].

