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Zusammentassung

Diese Arbeit befasst sich mit dem Studium von vier und sechs dimensionalen Niederenergie, effekti-
ven Wirkungen, die im Rahmen von F-Theorie Kompaktifizierungen entstehen. Motiviert durch den
Versuch der Beschreibung eines Stapels M5-Branen im Limes groler Wellenléngen, bilden sechs dimen-
sionale, super symmetrische Quantenfeldtheorien, welche selbst-duale Tensorfelder in ihrem Spektrum
beinhalten, den zweiten Focus. Beide Themen sind Beispiele fiir intrinsisch nicht pertubative physikali-
sche Systeme. Im Kontext von F-Theorie entspringt der nicht pertubative Charakter der geometrischen
Formulierung dieser Klasse von String Vacua, in welcher die komplexifizierte String Kopplungskonstan-
te im Raum variieren kann. Das infrarot Verhalten Infrarotverhalten von einem Stapel von mehreren
M5-Branen andrerseits, wird durch die noch nicht vollkommen verstandenen, sogenannten ,,(2,0) Theo-
rie“ beschrieben, fiir welche vermutlich kein schwach gekoppelter, pertubativer Sektor existiert. Es sei
angemerkt, dass es in der Literatur keine Beschreibung dieser Theorien in Form von Lagrange-Dichten
gibt.

Die iiberstehende Strategie, die hier angewendet wird, um dieser beiden Probleme Herr zu werden,
ist eine analoge trans-dimensionale Behandlung dieser Systeme. Hierbei werden Informationen iiber d
dimensionale Theorien aus dem Studium von d — 1 dimensionalen Theorien gewonnen. Im Falle von
F-Theorie Kompaktifizierungen gelingt dies durch die Dualitét von M-Theorie zu F-Theorie. Durch die
Wahl von elliptisch fibrierten Calabi-Yau Dreimannigfaltigkeiten als internen Raum ist es uns méglich
sechs-dimensionale F-Theorie Vacua zu analysieren. Unsere neuartige F-Theorie Konstruktion, welche
Spin(7) Holonomie Mannigfaltigkeit benutzt, bietet uns einen Zugang zu vier dimensionalen effektiven
Theorien. Die sechs-dimensionalen (2,0) Theorien studieren wir indirekt durch die Analyse von fiinf
dimensionalen Theorien. Diese trans-dimensionale Herangehensweise ermdoglicht uns eine Lagrange-
Dichte in fiinf Dimensionen zu konstruieren, die potentiell Aussagen iiber die sechs dimensionalen
Wechselwirkungen der (2,0) Theorien zuldsst. Diese Untersuchungen erweiterten unser Verstidndnis
des Zusammenhangs zwischen fiinf und sechs dimensionaler Physik, insbesondere fanden wir ein allge-

meines Resultat fiir die ein ,,Loop* Korrekturen der Chern-Simons Kopplungen in fiinf Dimensionen.






Abstract

In this thesis we study the low-energy effective dynamics emerging from a class of F-theory compactifi-
cations in four and six dimensions. We also investigate six-dimensional supersymmetric quantum field
theories with self-dual tensors, motivated by the problem of describing the long-wavelength regime
of a stack of M5-branes in M-theory. These setups share interesting common features. They both
constitute examples of intrinsically non-perturbative physics. On the one hand, in the context of
F-theory the non-perturbative character is encoded in the geometric formulation of this class of string
vacua, which allows the complexified string coupling to vary in space. On the other hand, the dy-
namics of a stack of multiple M5-branes flows in the infrared to a novel kind of superconformal field
theories in six dimensions—commonly referred to as (2,0) theories—that are expected to possess no
perturbative weakly coupled regime and have resisted a complete understanding so far. In particular,
no Lagrangian description is known for these models. The strategy we employ to address these two
problems is also analogous. A recurring Leitmotif of our work is a transdimensional treatment of
the system under examination: in order to extract information about dynamics in d dimensions we
consider a (d — 1)-dimensional setup. As far as F-theory compactifications are concerned, this is a
consequence of the duality between M-theory and F-theory, which constitutes our main tool in the
derivation of the effective action of F-theory compactifications. We apply it to six-dimensional F-
theory vacua, obtained by taking the internal space to be an elliptically fibered Calabi-Yau threefold,
but we also employ it to explore a novel kind of F-theory constructions in four dimensions based on
manifolds with Spin(7) holonomy. With reference to six-dimensional (2,0) theories, the transdimen-
sional character of our approach relies in the idea of studying these theories in five dimensions. Indeed,
we propose a Lagrangian that is formulated in five dimensions but has the potential to capture the
six-dimensional interactions of (2,0) theories. This investigation leads us to explore in closer detail
the relation between physics in five and in six dimensions. One of the outcomes of our exploration is

a general result for one-loop corrections to Chern-Simons couplings in five dimensions.
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CHAPTER 1

Introduction

This first chapter is devoted to a presentation of the main ideas underlying our work. After motivating
string theory from a theoretical perspective we highlight some general features of theories of strings
as opposed to point particles. We also recall the importance of the effective field theory approach, we
briefly comment on some features of supersymmetric theories, and we give a quick presentation of the

setups analyzed in the following chapters. We conclude with the outline of the rest of the thesis.

1.1 The quest for a fundamental theory

The long sequence of successes of theoretical physics from its origins to the turn of the 215 century
represents an extraordinary intellectual achievement. Current physical theories provide a powerful
framework that allows us to explain and predict a wide range of phenomena on length scales spanning
over forty orders of magnitude, from the deep subatomic distances probed at the LHC (~ 107! m) to
the size of the observable universe (~ 10?7 m). Such a remarkable quantitative understanding relies on
the possibility to identify the dominant aspects of the dynamics of a physical system at some energy
or length scale, neglecting subdominant effects. By this token we can, for instance, study particle
scattering processes ignoring gravitational forces, or analyze the large scale structure of the universe

approximating its content by a uniform, isotropic fluid.

From this perspective, a description of the world based on several, coexisting models applying to
different phenomena within different validity regimes is perfectly viable, as long as no experimental
evidence is found against it. In the history of physics, however, an antithetic pattern seems to emerge.
Indeed, a decisive element in the progress of this science has been the quest for a simple and unified
description of seemingly different aspects of Nature. Galilei and Newton demolished the distinction

between terrestrial and celestial mechanics, and Maxwell provided a unified framework for electric and
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magnetic phenomena, to mention some well-known examples from classical physics. Note that every
step in the direction towards unification not only has proven aesthetically appealing, but has also been

accompanied by a dramatic deepening of our understanding of the world.

During the 20*" century yet another paradigm beside unification acquired primary importance
in the development of theoretical physics: symmetry. FEinstein’s special relativity originated from
the analysis of the symmetry transformations of Maxwell’s equations, and was later extended to
general relativity following the symmetry principle of general covariance. Conservations laws, one
of the pillars of theoretical physics, were related to symmetries by Noether’s theorem. In quantum
mechanics, symmetries provide the quantum numbers that classify states in the system. They were
instrumental, for instance, to unveil hidden patterns in the zoo of ‘elementary’ particles discovered in
the 1960s. As a final example in this incomplete list, the role of symmetries and their spontaneous

breaking in the context of quantum field theory cannot be overestimated.

The holy grail of theoretical physics, according to this paradigm, would be a ‘theory of everything,’
i.e. a unified and coherent framework that allows a consistent description of all known interactions.
Ideally, such a theory would originate from a limited number of postulates combined with symme-
try arguments. All known physical theories could then be recovered, at least in principle, taking

appropriate limits of this underlying theory.

Modern-day theoretical physics is still far from the dream of a ‘theory of everything’ but embodies
the principles of unification and symmetry to a great extent. It is remarkable that three out of
the known fundamental interactions among the constituents of visible matter—the electromagnetic
force and the weak and strong nuclear forces—can all be understood within the same framework
of quantum field theories based on gauge symmetry. Even further, the electromagnetic and weak
interactions have already been unified in the Standard Model of particle physics. Its experimental
successes are compelling and even the most elusive of its ingredients, the Higgs boson, is likely to have
been recently detected at the LHC [I]. Unfortunately, the theoretical tools that have been so successful
in describing interactions at the subatomic scale are not directly applicable to the gravitational force.
Einstein’s general relativity, however, provides a beautiful theory of gravitation at the classical level,
in which dynamics is geometrized in an elegant fashion. Besides its aesthetic appeal, general relativity
has passed all direct tests at solar system scales [2], 3] and constitutes one of the main pillars of the
concordance model of cosmology (or ACDM model), which provides a coherent framework for the

history of the Universe from Big Bang nucleosynthesis up to the present day.

This optimistic account should not lead to the conclusion that our understanding of the funda-
mental principles of Nature is almost complete. Indeed, even though the current framework based on
the Standard Model (supplemented by neutrino masses) and the concordance model of cosmology has

not been falsified experimentally so far, it is unsatisfactory in many respects.

To begin with, there is evidence that some crucial physics is being missed by known theories. In
fact, cosmological data indicate that known particles account for only about 5% of the total energy
content of the Universe. The remaining part consists of so-called dark matter (27%) and dark energy

(68%) [2], whose properties can be effectively parametrized to explain observations on macroscopic
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scales, but whose microscopic interpretation is obscure. Many particles have been proposed as dark
matter candidates, but no conclusive answer has been found yet. Even more dramatic is the situation
for dark energy. It is usually identified with the effect of a non-vanishing cosmological constant
in Einstein’s equations and interpreted microscopically as the energy associated to the vacuum. The
theoretical prediction for this quantity in the Standard Model, however, differs from the observed value
by 120 orders of magnitude. Better results can be obtained, for instance, considering supersymmetric
extensions of the Standard Model, but the cosmological constant problem remains a pressing open

question in physics, see e.g. [4].

A second reason to be dissatisfied with the present framework is related to the free parameters
that enter known models. These constants cannot be predicted theoretically and have to be fixed by
means of experimental or observational input. On the one hand, we need quite a large number of
such free parameters: they are about 20 in the Standard Model (the precise number depending on the
details of neutrino mass mechanism) and six in the concordance model of cosmology. On the other
hand, some parameters require a high amount of fine-tuning that, although not inconsistent, appears
to be extremely unnatural. The hierarchy problem and the strong CP problem in the Standard Model,

along with the flatness problem in the hot Big Bang scenario, might be seen as examples of this issueH

Finally, from a purely formal point of view the theoretical frameworks of quantum field theory and
general relativity suffer from serious limitations that prevent us from viewing them as fundamental

theories.

According to the modern effective field theory point of view, quantum field theories are most
appropriately considered as effective descriptions valid only up to some definite energy scale. Beyond
that scale new physics becomes relevant that is not captured by the theory. Under some circumstances,
the formal properties of a quantum field theory allow us to extrapolate it to arbitrary high energies
while retaining consistency and predictive power. This happens, for instance, for renormalizable
asymptotically free gauge theories. In this case, the theory can be formulated without any reference
to a possible UV completion. It is noteworthy that the electromagnetic, weak, and strong interactions

can be described precisely in terms of renormalizable gauge theoriesE|

Any attempt to describe gravity along the same lines, though, is doomed to fail, due to the non-
renormalizability of the perturbative expansion resulting from the Einstein-Hilbert action. Strictly
speaking, this is not enough to rule out the possibility that gravity is described by a quantum field
theory at the fundamental level, as the theory may sit at a non-perturbative non-trivial UV fixed point.
In what follows, however, we will interpret the lack of renormalizability as a signal that the theory is
only an effective description that has to be modified at high energies. The natural expectation for the

scale at which quantum gravity effects are important is given by the Planck mass Mp; ~ 10'° GeV.

!The hierarchy problem can be addressed, for instance, by means of low-energy supersymmetry, see e.g. [5]. The
strong CP problem can be cured by introducing an axion according to the Peccei-Quinn mechanism, as reviewed for
instance in [6]. The flatness problem is solved by inflation, see e.g. [7].

2Note, however, that the U(1) hypercharge factor of the Standard Model gauge group is not asymptotically free and
can therefore suffer from pathologies in the UV (Landau pole). This problem can be cured within the framework of
quantum field theory. For instance, in GUT models the hypercharge U(1) factor is embedded in a simple gauge group
that leads to an asymptotically free gauge theory.
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We are thus left with the problem of finding a suitable candidate for a UV completion for energies
E 2 Mp.

Besides the difficulties of finding a microscopic theory of quantum gravity, general relativity seems
to determine its own limitations already at the (semi)classical level. Singularity theorems [8] show
that systems with well-behaved initial conditions—representing for example a realistic astrophysical
object—can undergo spontaneous gravitational collapse until a singularity in spacetime is formed, at
which the notions of geometry and general relativity break down. In the majority of cases (actually, in
any case, if one accepts the cosmic censorship conjecture [9]) the singularity produced by gravitational
collapse of physically sensible initial conditions is hidden behind the event horizon of a black hole. From
the classical point of view this is enough to guarantee that no inconsistency arises, as the singularity in
the interior of the black hole is causally disconnected to any external observer. If semiclassical effects
such as Hawking radiation are taken into account, however, severe difficulties emerge, as the so-called
information paradox. Discussion about this point is still ongoing and has been recently renewed with
the introduction of the firewall proposal suggested in [10].

In view of the observations made above, it would be desirable to have a new framework that
is able to overcome the difficulties of known theories and, ideally, provide the long-sought ‘theory of
everything.” In the next section we introduce the best known candidate of such a theory: string theory.
It can be seen as the epitome of the implementation of unification and symmetry in theoretical physics.
In fact, in string theory all different particles and interactions originate from a single kind of object,
the string. Furthermore, the dynamics of strings is so highly constrained by symmetry and consistency
that—as it will be clarified in section [B}—there is essentially a unique string theory. It is the opinion
of the author that these elements are enough to justify a thorough study of the subject. Such an
investigation has already provided powerful insights about formal aspects of theoretical physics and
intriguing connections to mathematics. It is worth pursuing the analysis further since string theory

might have the potential to provide a solution to some of the main open problems in physics.

1.2 From particles to strings

Let us start with some general observations about string theory. The underlying fundamental idea is
remarkably simple: replace point particles with extended, one-dimensional objects. More precisely,
we are interested in a relativistic quantum theory of interacting strings. Such a theory automatically
comes with a fundamental scale of mass, or equivalently, length. It is set by the string tension, or
energy per unit length. For historical reasons this scale is usually encoded in the so-called Regge slope
o, with dimensions of length squared. It is related to the string tension 7' by

1

2ral

T= (1.1)
Eventually, we would like to interpret string theory as a theory of quantum gravity. This suggests a

relation of the form (o/)_l/2

—-1/2

~ Mp. In some scenarios, however, this naive expectation is not met, and
the string scale () can be as low as the TeV scale, opening up the possibility of string detection

in colliders, see e.g. [11], 12].
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time time

17

space space

Figure 1.1: Pictorial comparison between the world-lines swept by interacting particles and the world-
sheets swept by interacting strings. In the particle case interactions take place at a definite event in
spacetime, but there is no Lorentz-invariant way of defining joining and splitting of relativistic strings.

Considering extended objects rather than point particles presents some advantages. First of all, a
single fundamental string can account for a variety of particles. This can be intuitively seen by noting
that the motion of a string can be decomposed into two parts: a translational displacement of its
center of mass, and a tower of discrete oscillatory modes around the center of mass. If a propagating

~1/2_its extended nature will not be detected. One will rather

string is probed with energies F < (o)
observe a point particle with mass and quantum numbers determined by the oscillatory motion of the

string.

Secondly, replacing particles with strings can improve the UV properties of the theory, as can be
argued heuristically by comparing interactions between point particles and strings (see figure . In
a local theory of point particles, interactions take place at definite spacetime events. Effectively, this
implies that spacetime is probed to arbitrarily high resolution when virtual states are considered in
the path integral that defines the quantized theory. This can be considered to be the origin of the
familiar UV divergences of quantum field theory. When particles are replaced by strings with typical
length scale (o )1/ 2 interactions are effectively smeared out. Stated differently, spacetime cannot be
probed to distances smaller than (o/)'/2? due to the extended nature of the string. One can thus
hope that interacting theories of strings free of UV divergences can be formulated. In the context of
superstring perturbation theory, consistency and finiteness of the terms in the expansion have been
proven up to two loops [13] and partial results such as [14] support the conjecture that the same holds

for higher-loop termsﬂ Further observations can be found in the review [10].

An extended one-dimensional object can have two distinct topologies, since it can be homeomorphic
to a circle or to an interval. In simpler terms, we can have closed strings, without endpoints, or open

strings, with two endpoints. It is a generic feature of string theory that one of the oscillation modes

3Note, however, that it has been proven that the perturbative expansion of bosonic string theory is not Borel re-
summable [I5], and the same is believed to be true for superstrings. This means that perturbative data are not sufficient
to define the theory completely and that suitable non-perturbative input, related e.g. to instantons, is needed.
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of a closed string is associated to a massless, spin-two particle, while for an open string one finds a
massless, spin-one particle. These are interpreted as the graviton and as a gauge boson, respectivelyﬁ
Gravitational and gauge interactions are thus beautifully unified thanks to the two different topologies
of the string. This picture can provide further insight. For instance, the universal character of gravity
can be seen from the fact that open strings can always join to form closed strings. As a result, closed
strings, and therefore gravity, must be always included in a sensible string theory. Moreover, it turns
out that the space of states of a closed string is, roughly speaking, the tensor product of two copies of
the space of states of an open string. This observation leads to a new look on gravity, which can be
seen as the ‘square’ of a Yang-Mills interaction. Remarkably, this heuristic picture has found concrete
realizations in explicit computations of open and closed string amplitudes starting from the work of

Kawai, Lewellen, and Tye [17].

Finally, the quantum theory of a relativistic string is much more constrained than its point particle
counterpart, to the extent that symmetries determine the dynamics of strings completely. As we will
see, perturbative string theory has no free parameters (except for the fundamental scale o) and
mild consistency conditions—as the absence of quantum anomalies and stability of the vacuum—
are powerful enough to single out five fundamental (super)string theories. When non-perturbative
arguments are taken into account, however, these five theories are seen to be limits of a single, unifying
theory, the so-called M-theory. This leads to the picture of the ‘M-theory star’ depicted in figure
This extreme degree of uniqueness should be contrasted to the situation in quantum field theory, in
which no argument can be used to single out a priori some specific model from the set of anomaly-free,

renormalizable, asymptotically free theories.

1.3 The effective action paradigm

Any candidate ‘theory of everything’ providing a unification of all known interactions is likely to
contain new degrees of freedom at high energies subject to some intricate microscopic dynamics. This
is the case of string theory, understood in a broad sense to include M-theory. In order to understand
the low-energy behavior of these theories, however, most of the detailed structure underlying their
microscopic fundamental degrees of freedom is probably unnecessary. We can indeed appeal to the
Wilsonian approach to the formulation of effective field theories and argue that, if we are only interested
in the dynamics of long-wavelength excitations around the vacuum, we should integrate out all states
associated to short-distance physics. The resulting effective theory is formulated in terms of light
degrees of freedom and the information about high-energy dynamics is encoded inside the couplings
among light modes. The validity of the effective action is clearly limited to processes at energies
much lower than the typical scale of the heavy degrees of freedom that have been integrated out. Its
predictive power is therefore restricted and if we want to probe dynamics beyond that scale we have

to resort to the original theory, which is referred to as the UV-completion of the effective theory.

4The situation is different in heterotic superstring theory, where both gravity and gauge interactions originate from
closed strings. String dualities, however, relate the heterotic string to different string theories in which the association
closed-gravity, open-gauge holds.
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Type 1

SO(32) Heterotic Type 1IB

M-theory

FEs x Eg Heterotic Type ITA

11d supergravity

Figure 1.2: An impressionistic sketch of the moduli space of M-theory, showing that the five known
consistent superstring theories and eleven-dimensional supergravity can be considered as special ‘cor-
ners’ in the ‘M-theory star.’

The effective field theory program is best understood in those situations in which the original
microscopic theory in the UV is a consistent, renormalizable quantum field theory. If we let the theory
follow its renormalization group flow to the deep IR we find an effective theory for its long-wavelength
dynamics. This is a quantum field theory whose properties and degrees of freedom might differ
substantially from the ones of the UV theory. For example renormalizability can be lost. Probably
the most familiar example of this phenomenon is furnished by the Standard Model of electroweak
interactions. Because of spontaneous symmetry breaking the W and Z bosons get massive and are
integrated out at sufficiently low energies. The resulting effective action is a non-renormalizable four-
Fermi theory. In some situations even the relation between UV and IR degrees of freedom is highly
non-trivial. Arguably the prototypical example is given by confining gauge theories, such as QCD: if
in the UV we have an asymptotically-free theory of quarks and gluons, in the IR the correct variables

for the description of the dynamics are mesons and baryons.

We can also reverse the logic of the last example and conclude that, given a low-energy effective
theory, its UV-completion can be formulated in terms of completely different entities and might not
be a quantum field theory. This is indeed the case in string theory, which is not a theory of relativistic

particles but contains extended objects.

On general grounds the existence of a UV-completion serves as a proof of principle of the full
quantum consistency of the effective action under examination. In this respect, effective theories that
are known to admit a UV-completion are singled out from the set of all effective theories that are
apparently consistent at low energies. From this perspective string theory, which is expected to be

a fully consistent UV-complete theory valid at all energy scales, is especially fruitful in at least two
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different ways. On the one hand, we can use string theory as a guiding principle in the search for
a consistent effective theory for some new physics. Instead of exploring the full set of apparently
consistent effective theories we can exploit string theory to single out a preferred subset for us, hoping
that this exploration will lead to phenomenologically viable models. On the other hand, we can also
consider the problem from a more formal point of view and regard string theory as a tool to learn more
about what conditions a low-energy effective field theory must meet in order to be a fully consistent
theory coupled to quantum gravity. This approach has led to the introduction of the concept of
‘swampland’ [18]: this is the set of low-energy theories that pass all known consistency checks at low
energies (for instance, absence of anomalies) but are nonetheless inconsistent if coupled to quantum
gravity. A study of the swampland might lead to the discovery of novel kinds of low-energy consistency
conditions that would restrict the set of allowed effective theories and would teach us something about

matter-coupled quantum gravity.

Let us point out that in some situations the relevance of the existence of a UV-completion goes
beyond formal considerations and can directly affect the physics. For example, in inflationary models
of cosmology the so-called eta-problem is extremely sensitive to some details of the UV-completion
[19, 20, 21]. In these cases string theory can be even more useful, since it actually furnishes a UV-

completion from which—at least in principle—low-energy data can be reliably computed.

1.4 The power of supersymmetry

In quantum mechanics “everything not forbidden is compulsory,” in the words of Murray Gell-Mann
[22]. From this perspective the role of symmetries is instrumental since they are usually the underlying
motivation for some physical process to be forbidden or some quantum correction to be absent. The
prototypical example is furnished by the connection established by Noether’s theorem between global
continuous symmetries and conserved charges in Lagrangian field theory. As another example we can
consider the photon in QED: gauge symmetry ensures that it remains exactly massless even when all

quantum corrections are taken into accountﬂ

Supersymmetry is one of the most powerful symmetries that can be enjoyed by a quantum field
theory and it emerges naturally from string theory. Its crucial feature is to take bosonic states
into fermionic states and wvice versa. Since it will often play a very important role in our following
considerations, we would like to draw the attention of the reader to a few general facts concerning

supersymmetry. Some textbooks on the subject are for instance [23| 24] 25| 26].

From a purely theoretical perspective supersymmetry is arguably the most appealing extension of
the familiar Poincaré symmetry of relativistic quantum field theory. A series of theorems, culminating
in the celebrated Coleman-Mandula theorem [27], have classified all possible symmetries of a non-

trivial relativistic field theory. Under mild assumptions about the spectrum of the model and its

5Gauge symmetries are actually best understood as redundancies of our description of the theory, rather than as
actual local symmetries enjoyed by the system under examination. For the sake of exposition, however, we will adopt
the common parlance and consider global/rigid and local/gauge symmetries in parallel.
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S-matrix, it has been proven that the most general symmetry algebra must be the direct sum of the
Poincaré algebra and of an internal algebra, i.e. an algebra acting on the internal quantum numbers
of fields (for instance, flavor). Thus in particular there cannot be conserved charges carrying Lorentz

indices different from the Poincaré generators[0|

Supersymmetry represents the natural way to avoid these theorems and uncover new possible
symmetries of interacting field theories. The crucial element that distinguishes supersymmetry al-
gebras from ordinary symmetry algebras is the inclusion of both bosonic and fermionic generators.
Correspondingly, the structure of a supersymmetry algebra is encoded by commutators and well as

by anticommutators, according to the schematic pattern
[B,B]=B, [B,F|=F, {F,F}=B, (1.2)

where B and F stand for boson and fermion, [-,-] is a commutator, and {-, -} is an anticommutator. A
series of results, such as the Haag-Lopuszaniski-Sohnius theorem [29] or the classification performed in
[30], have explored the features of supersymmetry algebras that are relevant in quantum field theory.
The fermionic generators of these superalgebras are called supercharges and turn out to carry spinor
indices, in accord with the correspondence between spin and statistic. From the theorist point of view
it is useful to consider not only supersymmetry in four dimensions, but also its generalizations to lower

and higher dimensions. These emerge naturally in string theory.

Since supercharges transform non-trivially under the Lorentz group, they connect states with
different spins and in particular mix bosonic and fermionic states. Indeed, in the representations of the
supersymmetry algebra on particle states we find an equal number of bosonic and fermionic degrees
of freedom, forming a so-called supermultiplet. If supersymmetry were an unbroken symmetry of
Nature, all members of the same supermultiplets would have the same mass in a Minkowski vacuum.
This would imply that every known particle of the Standard Model should be accompanied by a
particle of opposite statistic and same mass. Since this is clearly false, supersymmetry must be broken
in order to be compatible with experimental data. The phenomenology of supersymmetric theories
is a vast and rich subject that lies beyond the scope of our work. Let us mention that low-energy
supersymmetry can be used to solve the hierarchy problem of the Standard Model, improves gauge
coupling unification, and can provide dark matter candidates, just to name a few examples. The

interested reader is referred for instance to the review [5].

For the purposes of our work we will be mainly focused on unbroken supersymmetry, with the

exception of chapter [§|in which we will consider setups that break four-dimensional supersymmetry in

SNon-trivial interactions are an essential ingredient for these theorems. In free field theories it is not hard to construct
counterexamples. For instance, in the free theory of a real scalar field ¢ of mass m in d dimensions one can build the
tensorial current

Xp,l/ = sta’uaud) - 5u¢31,¢ .

It is conserved on-shell, since 9" X, = 0 for 9*9,6 = m>¢. Therefore it gives rise to the conserved charge

X, = /dd‘lmXOH ,

which transforms as a vector under the Lorentz group. By the same token one can actually construct conserved charges
Xp1..uy for any n > 1. Let us mention that an O(N) generalization of this construction in three dimensions proves to
be relevant in the study of the CFT dual to higher-spin theories in AdSy [2§].
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a specific way. As a result, we can exploit a series of remarkable properties implied by supersymmetry.
For example, we can specify only the bosonic part of the spectrum, since the fermionic part is fixed
by supersymmetry: this is what we will systematically do in the next chapters. Furthermore, super-
symmetry imposes powerful restrictions on the couplings of the theory. Thus, if we specify the purely
bosonic part of the effective action all fermionic terms are implied and need not be spelled out explic-
itly. Let us also point out that, on general grounds, supersymmetry offers protection against various
kinds of perturbative and non-perturbative quantum corrections and improves considerably the UV
properties of the theory. An example is furnished by a supersymmetric extension of four-dimensional
gauge theories known as maximally supersymmetric Yang-Mills, which is a non-trivial interacting field

theory free of UV divergences.

Supersymmetry has the peculiar feature that, if it is promoted from a global symmetry to a gauge
symmetry, it necessarily requires the inclusion of gravity and yields so-called supergravity theories.
This can already be seen by the fundamental anticommutator of the supersymmetry algebra, which

in crude approximation takes the form

{Q,Q}~P+..., (1.3)

where () are the supercharges, P are the components of momentum, i.e. the generators of transla-
tions, and we are neglecting possible other generators commonly referred to as central charges of
the supersymmetry algebra. If supersymmetry is made local, the same has to hold for translations.
But, intuitively speaking, a gauge theory of translations amounts to a theory with diffeomorphism
invariance, and thus gravity. This argument can be made precise, in the sense that it is possible to
construct supergravity theories by a suitable gauging of global supersymmetry algebras, see e.g. [26].
Supergravity provides a beautiful framework for the study of low-energy effective actions propagating
particles of all spin from zero to two and thus potentially accommodating all known interactions in a
unified fashion. The massless fields of spin 3/2 are referred to as gravitini and always belong to the

same supermultiplet as the graviton in interacting theories.

As a final remark, we would like to mention some general results about the connection between
massless particles of spin 1, 2, 3/2 and symmetries. In theories with a Lagrangian description it is
customary to postulate a symmetry principle such as gauge invariance, general covariance, or local
supersymmetry and deduce the properties of massless particles and their interactions. It is interesting
to recall that this logic can also be reversed to a certain extent. More precisely, a theorem by Weinberg
[31] states that if a massless particle of spin one has non-vanishing couplings at zero momentum, then it
necessarily couples to a conserved current. The theorem does not rely on perturbation theory: its only
assumptions are exact masslessness of the spin one particle, Lorentz invariance, and the pole structure
of the S-matrix. In the same paper Weinberg proves also the spin two version of the theorem: if a
massless spin two particle has couplings at zero momentum, then it couples universally to all particles

with a strength proportional (in the non-relativistic limit) to their inertial mass.

It is amusing that a similar result holds for spin-3/2 particles. As proven in [32], if a massless
spin-3/2 particle interacts at zero momentum, then it is coupled to a supersymmetry current and

consistency of the theory also requires the presence of massless spin-two particles with interactions at



1.5. Non-perturbative effective actions in string and M-theory 15

zero momentum. Loosely speaking, interacting massless gravitini require supersymmetry and gravity.

1.5 Non-perturbative effective actions in string and M-theory

This work is devoted to the study of low-energy effective actions arising in string theory and M-
theory is various contexts. In particular, we will be focusing our attention on two setups: F-theory
compactifications on manifolds with special holonomy and conformal theories in six-dimensions with

sixteen supercharges, commonly referred to as (2,0) theories.

Despite what the name might suggest, F-theory is not a fundamental theory but rather a refor-
mulation of a class of superstring vacua. This reformulation makes extensive use of the language of
topology and geometry to encode as much physical information as possible. More precisely, alongside
with the ten spacetime dimensions predicted by superstring theory in F-theory one considers two ad-
ditional auxiliary dimensions. The resulting twelve-dimensional space is a powerful mathematical tool
to describe in a compact and elegant fashion interesting string dynamics. In particular, the formalism
of F-theory is able to describe setups in which the parameter that governs the strength of string in-
teractions is not merely a constant, but varies in spacetime. This remarkable feature makes F-theory

intrinsically non-perturbative.

The interest in the study of F-theory compactifications can be motivated from different points of
view. To begin with, four-dimensional vacua constructed using F-theory possess various phenomeno-
logically appealing features. In fact, F-theory is able to combine the virtues of different corners of the
‘M-theory star’ (see figure thanks to its non-perturbative nature. On the one hand, it is able to
reproduce some of the features of the gauge and charged matter sector that can be constructed in het-
erotic string theories, which are particularly promising for the building of models of grand unification
(i.e. unification of electroweak and strong interactions). On the other hand, F-theory inherits from
Type IIB superstring theory some useful theoretical tools that improve our control on the gravitational
sector of the setup and on so-called moduli. The latter are scalar fields that are not charged under
the gauge group of the visible sector and that have to be made sufficiently massive in order not to

interfere with bounds on fifth force experiments and with the concordance model of cosmology.

From a more formal point of view, F-theory compactifications provide a rich class of string theoretic
constructions of consistent effective field theories. This makes F-theory an excellent playground for the
analysis of general questions regarding the consistency of low-energy actions and the possible existence
of a swampland of apparently consistent theories that are actually inconsistent, as mentioned in section
This analysis is most easily performed for F-theory compactifications to dimensions higher than
four. For instance, six-dimensional F-theory vacua provide a good balance between computational
feasibility and non-trivial structure. One can thus hope that six dimensions might teach us valuable
lessons that we will be eventually able to apply to the search for a realistic model of new physics in

four dimensions.

The approach to F-theory followed in this work is more closely related to this second, formal
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point of view. In particular, we will consider F-theory in six dimensions and we will see how this
more controlled setup allows us to have a better theoretical control over the compactification and to
gain valuable insights that can be also generalized to four-dimensional vacua. In a similar spirit, our
exploration of compactifications of four-dimensional F-theory vacua on so-called Spin(7) manifolds is
motivated by the curiosity to test to which extent the established theoretical framework of F-theory can
be pushed to probe new directions in the space of string vacua. As a consequence, we do not claim that
the four-dimensional effective theories we will be considering have any immediate phenomenological
value. Nonetheless the investigation of new F-theory constructions has the potential to provide new

tools that might be useful in the formulation of realistic theories.

The other main objects of interest of this work, six-dimensional (2,0) theories, share with F-theory
an inherently non-perturbative character. In fact they constitute an example of strongly coupled
quantum field theories that are expected to admit no perturbative expansion. The existence of these
theories is inferred from the study of suitable string theory and M-theory setups, in which they
emerge as the infrared conformal fixed points obtained by renormalization group flow and decoupling
of gravitational interactions. The study of (2,0) theories constitutes a theoretical challenge. They are
believed to be a novel kind of field theories possessing a peculiar sort of ‘gauge invariance’ that is far
from being understood. No direct Lagrangian description for these theories is known, and there are
arguments that suggest that it might not even exist. Nonetheless it would be extremely beneficial to
have a better comprehension of six-dimensional (2,0) theories since they are directly related to so-called
S-duality in four-dimensional gauge theories. An S-duality is a map connecting two seemingly distinct
quantum field theories in such a way that the weak-coupling regime of one theory is mapped to the
strongly-coupled regime of the other, and vice versa. By means of an S-duality transformation we can
thus explore strongly coupled quantum field theories by analyzing the weakly coupled dual description.
S-duality is best understood for theories with a too high degree of symmetry to be realistic, but it is
conceivable that this kind of duality might be usefully exploited to learn more about the universality

class of phenomenologically relevant quantum field theories such a QCD.

Given the non-perturbative nature of F-theory and (2,0) theories, how can we access their dynam-
ics? Since we cannot rely on perturbative techniques we have to resort to indirect approaches. It
is amusing that both for F-theory and for (2,0) theory a possible approach involves what might be

defined a transdimensional treatment. Let us comment further on this point.

Suppose we want to study an F-theory setup in d dimensions, for instance d = 4. Our goal is
the formulation of a low-energy effective theory that incorporates features such as Poincaré invariance
and non-Abelian gauge interactions. Unfortunately, there is no direct way to access the effective
action in this regime. What can be done instead is to appeal to a duality between F-theory and M-
theory to get information about a deformed setup. More precisely, d-dimensional Poincaré invariance
is broken by choosing a special direction in space and compactifying it on a circle of small radius.
This yields a (d — 1)-dimensional theory. Concurrently, non-Abelian gauge symmetry is broken to its
maximal Abelian subgroup. The duality between F-theory and M-theory then dictates a well-defined
prescription to recover the sought-for d-dimensional ‘unbroken phase’ from this (d — 1)-dimensional

‘broken phase.’
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In this work we advocate a similar transdimensional approach to the study of (2,0) theories in
six dimensions. As we will argue in chapter [L1]if a six-dimensional (2,0) theory is compactified on
a circle it yields a five-dimensional theory that is more tractable in several respects. In particular,
a Lagrangian description in five dimensions appears to be more feasible than in six dimensions. We
are indeed able to write down a supersymmetric Lagrangian that encodes the expected spectrum of
a (2,0) theory and incorporates non-Abelian gauge interactions. Our approach is inspired by the
considerations of [33] [34] and is similar to other strategies formulated in the literature [35] [36] 37, [38].
Clearly, once a five-dimensional description of the ‘broken phase’ is achieved one has to find a suitable
recipe to extract information about the six-dimensional ‘unbroken phase.” In the context of the F-
theory setups we will analyze in our work this step is under reasonable control, but for (2,0) theories
is necessarily much more conjectural given our limited understanding of the dynamics of these elusive
theories. Nonetheless we will argue that some robust features of (2,0) theories that do not depend on
the fine details of the interactions might be captured by our five-dimensional approach. The prominent

example of such a feature is given by anomalies, which play a pivotal role throughout our work.

A quantum anomaly occurs when a symmetry of a classical theory is lost upon quantization. There
are several kinds of anomalies, but we will be only concerned with so-called perturbative anomalies.
The interested reader is referred to e.g. [39, 40] for a review on the subject. Perturbative anomalies are
based on a subtle interplay between IR degrees of freedom and UV divergences. More precisely, they
are computed through the examination of UV divergent one-loop diagrams, but they only depend on
the massless spectrum of the theory. Let us stress that anomalies are a quantum effect that can be
reliably computed perturbatively even in non-renormalizable theories and that they provide a window
on matter-coupled quantum gravity. A close inspection of anomalies in six-dimensional F-theory setups
will be the key for the correct understanding of some features of the duality between F-theory and
M-theory. Recall that, according to this duality, a d-dimensional F-theory setup is studied in a (d—1)-
dimensional ‘broken phase.” In the case of six dimensions we are thus led to consider five-dimensional
theories. We will find an intriguing correspondence between six-dimensional anomalies and a specific
kind of one-loop corrections in five-dimensions. More precisely, these corrections involve topological
Chern-Simons couplings and can be though of as a parity anomaly. The same logic supports our claim
about the possibility of studying (2,0) theories using a five-dimensional action: loop corrections in five

dimensions can encode anomalies in six dimensions.

1.6 Outline of the thesis

The remaining part of this thesis is articulated in three parts. In part[[| we present an overview of some
preliminary material that will be useful in the rest of this work. In particular, we start in chapter
with a brief review of some basic aspects of string theory in general and Type II superstring in
particular and we then move in chapter |3 to a quick discussion of three ingredients that will prove
crucial in our following considerations: T-duality, S-duality, M-theory and its connections to Type II
superstring theory. Chapter [4|is devoted to a presentation of the idea of compactification focussing on

the cases in which the internal space is a circle or a Ricci-flat manifold with special holonomy. In the
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last two chapters of part [I[] we address more specific topics. In chapter [5] we introduce F-theory with
particular emphasis on its duality with M-theory. Finally, chapter [6] contains a brief overview about

six-dimensional superconformal (2,0) theories.

In part [[]] we perform a detailed analysis of two F-theory compactification setups. The subject of
chapter [7]is the study of the low-energy effective action of F-theory compactified to six dimensions on
an elliptically fibered Calabi-Yau threefold. A match between the data of the six-dimensional effective
action and the geometry of the threefold is presented and the importance of quantum effects generated
by massive Kaluza-Klein states is stressed. In chapter [8| we consider instead four-dimensional F-
theory setups obtained by compactification on a suitable class of manifolds with Spin(7) holonomy, or
Spin(7) manifolds for short. Our constructions represents a first concrete implementation of F-theory
on Spin(7) manifolds and exhibits interesting features. In particular, for the manifolds we consider
the resulting four-dimensional theory is formulated on a spacetime with codimension-one boundaries.
We argue that, while the bulk dynamics is supersymmetric in four dimensions, the dynamics of the
boundaries only respects half of this amount of supersymmetry. For those F-theory configurations that
admit a weakly coupled Type IIB interpretation we identify explicitly the objects that are localized

on the boundaries and we check the amount of supersymmetry that they preserve.

Part [[T] is devoted to a study of six-dimensional self-dual tensors from a five-dimensional perspec-
tive. In chapter [J] we present some general results about one-loop corrections to gauge and mixed
gauge-gravitational Chern-Simons terms in five dimensions. More precisely, we extend known results
in the literature by computing the contribution of massive gravitini and of massive tensors to the
quantum corrections to the aforementioned couplings. These results are applied to the study of six-
dimensional tensors in chapter in which we also discuss the possibility of exploring the space of
five-dimensional supergravity theories using one-loop corrected Chern-Simons terms. Finally, chapter
is dedicated to a proposal for a five-dimensional Lagrangian for six-dimensional (2,0) theories. In
particular we construct a five-dimensional action that contains an infinite number of massive fields, in
such a way to account for all the degrees of freedom of a six-dimensional (2,0) theory on a circle. We
argue that the couplings in our five-dimensional action are natural and have the potential to capture

robust features of (2,0) theories, such as anomalies.

We collect some conclusive remarks in chapter A series of appendices presents our notation

and conventions together with some useful technical results.
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CHAPTER 2

Basic notions about Type |l superstring theory

This chapter is devoted to a brief introduction to some fundamental aspects of Type II superstring
theory. This is such a rich and vast field that we do not aim at a complete overview. We would rather
like to guide the reader through a quick survey of the logical steps connecting the first principles upon
which string theory is formulated to the aspects that will be relevant for our discussion in the next
chapters. The interested reader is referred to textbooks such as [41} [42] [43], [44), 45|, [46] for a more
in-depth introduction and for a discussion of all the fascinating features of string theory that we are

not able to cover here.

2.1 World-sheet perspective and massless spectra

The natural starting point for our introduction to string theory is a lightning review of the fundamental
aspects of its world-sheet formulation. After some preliminary remarks about bosonic string theory, we

move on to discuss Type II superstring theories with particular emphasis on their massless spectrum.

2.1.1 World-sheet action for the bosonic string

A covariant description of the string motion is furnished by the embedding of its world-sheet ¥ in
spacetime. The latter is usually referred to as target space and for our present discussion it is taken
to be d-dimensional Minkowski spacetime, with d left arbitrary. In a flat coordinate system x*,
p=0,...,d—1, the world-sheet embedding is described by a set of functions X*(7,0), where 7, o are
the time and space coordinate on 3, respectively. We also use the notation ¢®, o = 0,1, with ¢ = 7

and ol = 0.

We would like to use an action principle to determine the dynamics of X#(7,0). A suitable action

21
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is the Polyakov action
1
Sp = / 2o/ BB 1, 0a X" D5 X7 | (2.1)
X

4o

where o is the Regge slope already introduced in , Ny 18 Minkowski metric with mostly plus
signature, h,g is a Lorentzian metric on the world-sheet ¥ and h = det h,g. Note that h,g enters
the action only algebraically. At the classical level it can be thus removed by means of its equation of
motion. If this is done, the Polyakov action becomes proportional to the area of the world-sheet
computed with the pull-back of the Minkowski metric. This is a natural generalization of the action
for a point particle, which is proportional to the proper time of its world-line. The introduction of
the auxiliary metric h,g renders quadratic in X* and is instrumental to the formulation of more

general string theories, as we will see shortly.

The Polyakov action ([2.1) is manifestly invariant under world-sheet diffeomorphisms. Crucially it

enjoys another local symmetry: it in invariant under Weyl rescalings of the world-sheet metric,
hag — e hag (2.2)

where w is any locally defined function on the world-sheet. Even though (2.1 is straightforwardly
generalized to higher-dimensional membranes, Weyl invariance is specific to two-dimensional extended

objects. This is one of the reasons why strings are singled out among extended objects.

A two-dimensional metric has three independent components. This is the same number of gauge
parameters of the theory: two parameters from world-sheet diffeomorphisms and one from Weyl
rescalings. As a result, any world-sheet metric hog can be locally gauge-fixed to the flat metric 7,4.
Since we are considering the free propagation of a string, the world-sheet 3 is a cylinder for a closed
string and a strip for an open string. In these simple cases the gauge-fixing of h,g to 1,4 can be
performed globally. The Polyakov action then yields

1

ViV ge%

Sn =

1
/ d*0 0, X190 X,, = — / oo, X"0_X,, , (2.3)
by ™™ Jx

where world-sheet indices are contracted with n*?, and spacetime indices with Nuv- In the second

+ = 69+ ! on ¥. The subscript ‘m’ stands for ‘matter’, as

equality we have introduced coordinates o
we can regard the embedding functions X* as scalar fields on the world-sheet carrying an additional
‘flavor’ index p. The corresponding ‘flavor’ global symmetry is nothing but Poincaré symmetry in the

target space.

The gauge-fixed action (2.3) is still invariant under suitable combinations of diffeomorphisms and

Weyl transformations. More precisely, if a diffeomorphism ¢® — ¢’/*(o) is such that

Mag(0') = N g () (2.4)

we can act with a compensating Weyl transformation to reabsorb the prefactor and restore the gauge
condition hag = 1,3. Diffeomorphisms satisfying (2.4) are called conformal transformations. At the

infinitesimal level, they are generated by conformal Killing vector fields £¢, satisfying

8015[3 + aﬁga = 8757 Nas - (2'5)
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+

This equation takes a particularly simple form if we use coordinates o = ¢° + ¢! on the world-sheet,

since we find

0_¢F =0, 0.6 =0. (2.6)
We can immediately see that in two dimensions the space of solutions to is infinite-dimensional:
the action thus admits an infinite number of conserved charges. This remarkable property allows
one to use the powerful methods of conformal field theory (CFT). Since we will not make use of CFT
techniques in what follows, we refer the reader to e.g. [47, 48] for introductions to the subject and its

applications to string theory.

Our starting point has been the geometric picture of the world-sheet embedding in spacetime.
From a more abstract point of view, a string theory is defined by the CFT living on its world-
sheet. The string theory based on is called bosonic string theory. It turns out that this theory is
unable to describe spacetime fermions and furthermore its perturbative vacuum suffers from tachyonic
instabilities. These difficulties can be overcome by introducing additional matter fields on the world-
sheet.

2.1.2 World-sheet action for Type II superstrings

In Type II superstring theories in the Ramond-Neveu-Schwarz formulation one supplements the world-
sheet scalars X* with a pair of opposite-chirality Majorana-Weyl world-sheet spinors wﬁ‘r, " . The

resulting world-sheet theory is supersymmetric.

More precisely, recall that in the Polyakov action the scalars X* are coupled to two-dimensional
gravity in a diffeomorphism and Weyl invariant way. In a similar fashion, one can couple X#, !, "
to two-dimensional superconformal gravity: a generalization of can be found that is invariant un-
der diffeomorphisms, local world-sheet Lorentz transformations, local supersymmetry transformations,
together with Weyl transformations and their supersymmetric partners, super-Weyl transformations.
This huge amount of local symmetries can be reduced by a suitable gauge-fixing procedure, as in the
previous bosonic discussion. The outcome is a generalization of that in coordinates o+ = %+ ¢!

reads

1 2 2 n . 7 . 2

5 Ed o &8+X O-Xy+ip 0y, +ipl0pp_, o (2.7)
The label ‘sm’ in (2.7)) stands for supersymmetric matter. Indeed, ([2.7)) is invariant under supersym-
metry transformations generated by the analog of conformal Killing vectors, the so-called conformal

Ssm =

Killing spinors. Explicitly, the transformations read

/
SXM = \/gi(eﬂpi +eyt), syl = —\%ﬁmm , = —\/36’3—?(“ o (28)

where the real anticommuting parameters e* satisfy the fermionic analog of (2.6]), which is
d_et =0, 0ye =0. (2.9)
In total analogy to the purely bosonic case, we see that the two-dimensional conformal Killing spinor

equation (2.9) admits infinite solutions. As a result (2.7 is invariant under an infinite-dimensional

superconformal algebra, and is therefore a superconformal field theory (sCFT).
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One easily verifies that the generic solutions to the classical equations of motion associated to ([2.7))

have the form
XM(T, U) = XZ(O-+) + X}%(J_) ) %ﬁi(ﬂ U) = dJi(J—’—) ) @ﬁﬁ(ﬂa) = ?l)li(ff_) . (210)

This is an important point: the dynamics of the string can be analyzed in terms of left-moving and
right-moving modes that have no local interactions. Indeed, the left-moving and right-moving sectors
are related only via considerations about the global topology of the world-sheet, to be discussed below.
This observation is the starting point for the construction of heterotic superstrings: the left-moving
sector of the bosonic string is combined with the right-moving sector of a superstring. We refrain
from a more detailed account of heterotic string theories and we refer the reader to the textbooks
[AT], 42, (43, 44, 45, [46].

2.1.3 Constraints and Weyl anomaly

The matter action (2.3) and its supersymmetric extension ([2.7)) describe two-dimensional free-field
theories that can be straightforwardly quantized. In deriving (2.3) or ({2.7]), however, one performs a

gauge-fixing and this requires special care in the quantization procedure.

First of all, note that the bosonic gauge-fixed action does not contain the information encoded
in the h,p equation of motion of the original Polyakov action , which imposes the vanishing of the
world-sheet energy-momentum tensor T,,5. Similarly, in the supersymmetric extension of the Polyakov
action one finds a two-dimensional gravitino, whose equation of motion imposes the vanishing of the
supercurrent (Tp)q, which is a two-dimensional vector-spinor. At the classical level T, = 0 and
(TF)o = 0 can be imposed by hand on the space of solutions. In the quantum theory we rather have

to impose
(V1]Tap [12) =0, (V1](TF)a [t2) =0, for any ¢1, %2 € Hphys » (2.11)

where Hpys denotes the physical Hilbert space of the theory. There are various equivalent ways to
construct Hppys and thus determine the spectrum of the physical oscillations of the string. We are not
going to discuss this procedure, but we will rather state the results in what follows. The interested
reader is referred to the textbooks for a thorough derivation. Before that, however, a crucial issue has
to be addressed.

As we have seen in the previous section, Weyl invariance of the Polyakov action is fundamental
to have enough gauge parameters to gauge-fix all local degrees of freedom of the world-sheet metric
hag. Nonetheless, nothing prevents this classical symmetry to suffer from quantum anomalies. Indeed,
this is to be expected: Weyl transformations are closely related to scale transformations, and the latter
are commonly violated in QFT due to a non-trivial RG flow of the couplings. In the supersymmetric
case a similar discussion applies. The Weyl anomaly can be analyzed with different techniques, but all
give the same results. For the bosonic string, if the target space is Minkowski the anomaly vanishes
if and only if d = 26; for the superstring, if and only if d = 10. By means of self-consistency, string

theory is thus able to predict the dimensionality of spacetime.
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2.1.4 Closed string sectors

For a closed string the world-sheet is a cylinder and therefore we require the scalars X* to be periodic

along the spatial direction on the world-sheet,
X (1,0 +2m) = XH(1,0), o~0o+27. (2.12)

Since any physical observable is quadratic in fermions, for wi, " we can either choose periodic or

antiperiodic boundary conditions, which are referred to as Ramond and Neveu-Schwarz, respectively:

Ramond: V(1,0 + 2m) = +YpH(T,0) ,
Neveu-Schwarz: V(1,0 +2m) = =¥ (7,0) , (2.13)

where * stands for ¢ﬁ or ¥* . If we want to preserve spacetime Lorentz invariance we have to choose
the same periodicity for all values of u, but we are still free to choose different periodicity for left- and
right-movers. As a result, the superstring contains four sectors, which can be denoted (R,R), (R,NS),
(NS,R), (NS,NS).

As noted after , left- and the right-moving classical solutions decouple. One can show that

a similar decoupling is valid at the level of the quantum constraints . The physical states of the

closed superstring are thus formed by combining the quantum states of left-moving and right-moving

oscillators, which can be analyzed separately. This is reflected in the mass formula for closed string

excitations. It is given by the sum of the contributions of left-moving and right-moving modes, which
have to be equal:

m? =m3 +m% mi =m% . (2.14)

The latter equation expresses the level-matching condition and is the only constraint relating left-

movers and right-movers. It originates from the requirement of invariance under o-translations on the

world-sheet, which is motivated by the fact that no point should be preferred on a closed string.

Let us examine in more details the quantum states in the left-moving sector; similar considerations
apply to the right-movers. One can show that both for Ramond and Neveu-Schwarz periodicities a
well-defined Zs-grading on the space of states is given by the world-sheet left-moving fermion number
operator .%y,. This grading induces a refinement of the R and NS sectors into subsectors with definite
eigenvalues for (—1)7~, which we denote R4, R_, NS, NS,. In tablewe collect the lightest states
for each of these subsectors. The entries of the table denote the representations of the corresponding
states with respect to the relevant little group in the critical dimension d = 10: this is SO(8) for
massless states and SO(9) for all other mass levels. We use the standard notation for distinguishing
the three eight-dimensional representations of SO(8): 8, is the fundamental, or vector, representation,
while 8. and 8; denote the two opposite-chirality Majorana-Weyl spinor representations. Note the
presence of a scalar with negative mass squared in the NS_ sector, the tachyon. Let us also point
out that all states in the NS, and NS_ sectors belong to representations with integer weights and
are associated to spacetime bosonic statistic, while all states in the R+ and R_ sectors transform in

representations with half-integer weights and correspond to spacetime fermionic statistic.
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o'm? NS, NS_ Ry R_
-1 1
0 8y 8 8¢
1 36
2 44 4 84 128 128

Table 2.1: Lightest states in the left-moving sector of a closed superstring.

(NS+, NS+) 8 x8, = 1+28+ 35, (I), BQ, Guv
(NS4, R_) 8, x8 = 8.+ 56, AU,
Type 1A (R, NS,) 8, x8, = 8,456, 0,
(R,Jr,Rf) 8 x8 = 8,+56, Cy, Cs
(NS;,NS,)  8,x8, = 1+28+35, & By, g
T 1B (NS+, R+) SU X 85 = Sc + 5GC )\, \I/u
ype (Ry,NS,) 8, x8, = 8. +56, A0,
(R4, Ry) 8, x8, = 1+28+35, (o, Co, Cy

Table 2.2: Sectors, massless representations, and associated ten-dimensional fields in Type ITA and
Type IIB superstring theories.

2.1.5 GSO projection and spacetime supersymmetry

Thanks to the Zs-grading induced by %, and #g on the left-moving and right-moving sectors, re-
spectively, one can construct tachyon-free superstring theories. More precisely, it is possible to consis-
tently restrict the theory to four out of 16 possible refined sectors (R4,Ry), (Re,NS4), (NS4, R4),
(NS4+,NSy). This procedure is known as GSO projection and can be shown to be compatible with
non-trivial string interactions. Furthermore, a GSO projection is also needed to ensure modular in-
variance of the one-loop string partition function. There exists two inequivalent GSO projections that
yield a tachyon-free spectrum. They correspond to Type ITA and Type IIB superstring theories. For
each of them table summarizes the sectors that survive the GSO projection and the associated
massless states, labelled by their SO(8) representations.

As we can see, the (NS,NS) sector is the same for both theories. The corresponding massless states
are interpreted as fluctuations of ten-dimensional fields, as follows. The singlet 1 is associated to a
real scalar field, the dilaton ®; the representation 28 is the antisymmetric rank-two representation and
corresponds to the degrees of freedom of a two-form, the Kalb-Ramond field B,,,; the notation 35,

denotes the symmetric traceless rank-two representation and is associated with the graviton, i.e. the
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fluctuation of the metric g,,. Let us stress that the identification of the representations 35, and 28
with the metric and the Kalb-Ramond two-form is consistent with the local symmetries enjoyed by
these two fields. For the metric, the local symmetry is furnished by diffeomorphisms, which ensure
that only the transverse traceless polarizations of the graviton are physical. For the Kalb-Ramond
field the local symmetry is a generalization of gauge symmetry of a U(1) vector. In differential form

notation it reads

By = By +dA; , (2.15)

where A is an arbitrary one-form. The gauge invariant field strength is Hs = dBy. Similarly to what
happens in Maxwell theory, this local symmetry renders timelike and longitudinal polarizations of the
Kalb-Ramond field unphysical.

The (R,R) sectors of both Type II theories contain massless states that are associated to p-form
potentials C), that enjoy an Abelian gauge symmetry completely analogous to (2.15)). More precisely,

we have

Type IIA: C1,Cs Type 1IB: Co, Co,Cy . (2.16)

The four-form Cjy is associated to the representation 35;. This implies that its five-form field strength
satisfies a self-duality constraint in ten dimensions, which will be given in (2.26)).

Finally, the (NS,R) and (R,NS) massless states comprise the degrees of freedom of fermionic fields.
They are Majorana-Weyl spin-3/2 fermions, the gravitini ¥, \ifu associated to the representations
56., 565, and two Majorana-Weyl spin-1/2 fermions, the dilatini A, A corresponding to 8., 8;. In
Type ITA the two spin-3/2 fermions have opposite chiralities, while in Type IIB their chiralities are
the same. Recall from section that if a massless spin-3/2 fermion has zero-momentum couplings
it interacts with a conserved supercurrent. Therefore, the presence of spin-3/2 massless fermions
hints towards the presence of spacetime supersymmetry. Indeed, one can show that for both Type II
theories the number of bosonic and fermionic degrees of freedom are equal at all mass levels. Further
evidence for spacetime supersymmetry comes from the vanishing of the one-loop partition function,
resulting from a cancellation between bosonic and fermionic degrees of freedom, and from the study

of the low-energy effective action for massless modes, discussed in section [2.2

2.1.6 Open strings and D-branes

For a freely propagating open string the world-sheet 3 has the topology of a strip and suitable boundary
conditions have to be imposed to ensure the vanishing of the surface terms in the variation of (2.7)).

Since the equation of motion for X* is second-order, two kinds of boundary conditions are possible,

Neumann: O XH|g=ox = 0,
(2.17)
Dirichlet: XH|y=p+ = const ,

where o* stands for the o-coordinate of one of the string endpoints. For both choices, at the endpoints

right-moving modes are reflected into left-moving modes, and vice versa.
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1 J k

Figure 2.1: Schematic representation of a collection of parallel Dp-branes displaced along their common
transverse directions. Fach brane is labelled by a Chan-Paton index, while strings are labelled by an
ordered pair of indices. String with labels (ij) with ¢ # j yield extra massless states when branes 4
and j come on top of each other.

Note that the conditions can be imposed independently at each endpoint and along different
directions in spacetime. If for an endpoint we choose Neumann boundary conditions for p+1 directions
and Dirichlet boundary conditions for the orthogonal d — p — 1 directions, that endpoint is bound to
lie on a (p+ 1)-dimensional subspace of the target space. Such a subspace is referred to as a Dp-brane.
Note that we can also set p = d — 1 in such a way that the D-brane becomes spacetime-filling: this
just corresponds to Neumann boundary conditions. In summary, the two endpoints of an open string

always end on (possibly different) D-branes.

For a closed string and for spacetime-filling D-branes Poincaré symmetry is unbroken and the
momentum and angular momentum of the string are thus conserved. In presence of a Dp-brane with
p < d—1, however, boundary conditions break Poincaré symmetry and conservation laws are violated.
The fact that Dp-branes can absorb and release momentum suggests that they should be considered

as dynamical objects of the theory. This is indeed the correct viewpoint, as we will see in section [2.2]

The world-sheet fermions ¢/, ¥ always satisfy a boundary condition of the form

¢i|0’=0’* = iwﬁ|a:o* 5 (2.18)

where a priori the sign on the right hand side can be chosen independently at each endpoint and along
each spacetime direction p. Note also that any condition of the form preserves only half of the
world-sheet supersymmetry transformations , and that different sign choices can correspond to
different preserved supercharges. For any given choice of Neumann or Dirichlet boundary conditions
for X*, however, the signs in can be chosen in such a way that the same half of world-sheet
supersymmetry is preserved by the whole system of boundary conditions. Actually, this choice can be
made in two inequivalent ways, corresponding to the Ramond and the Neveu-Schwarz sectors of the

open string.

We refrain from a detailed discussion of open strings and rather illustrate their main features. The
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spectrum of the open string contains states from both the Neveu-Schwarz and the Ramond sectors.
The details depend on the specific choice of boundary conditions, but the qualitative features are
similar to those of table so that in particular tachyonic states can emerge in the NS sector. Once
again, however, a well-defined Zs grading based on the world-sheet fermion number can be defined.
Thus there is the hope that the GSO projection will be able to eliminate the tachyon and leave a
massless spectrum invariant under spacetime supersymmetry. This expectation is indeed confirmed.
It can be shown that as a consequence of the GSO projections that define Type IIA and Type IIB
stable supersymmetric Dp-branes are found for p even in Type ITA and for p odd in Type IIB. By

supersymmetric brane we mean an object that preserves half of the spacetime supersymmetries.

Let us consider in more detail the illustrative example of an open string with both ends attached
to the same Dp-brane in the corresponding Type II theory. At the massless level, string states are
interpreted as the quantum fluctuations of (p+1)-dimensional fields confined along the world-volume of
the Dp-brane. The fact that D-branes carry localized degrees of freedom is an essential feature of string
theory. More precisely, on the world-volume of a Dp-brane we find a U(1) gauge field 4, (a =0,...,p),
a collection of scalars o/, (I = 1,...,9 — p) and their fermionic superpartners. The scalars can be
interpreted as Goldstone bosons associated to the breaking of ten-dimensional translations induced
by the Dp-brane. Note that for any p the p — 1 transverse polarizations of A, combine with the 9 — p
scalars to give the eight bosonic degrees of freedom in the massless 8, of the NS sector of the open
string, see table 2.1}

It is also interesting to consider the case of N parallel Dp-branes, displaced arbitrarily along the
transversal 8 — p directions orthogonal to their world-volumes, see figure It can be shown that
they all preserve the same half of spacetime supersymmetry. If we assign a label i =1,..., N to each
Dp-brane, open string sectors are labeled by an ordered pair (ij), denoting a string starting on brane
i and ending on brane j. These labels are called Chan-Paton factors. The case ¢ = j has just been
discussed and yields a U(1) gauge field. If i # j, the mass spectrum is shifted by an amount which is
interpreted as the energy required to stretch a string between brane 7 and brane j. Thus, these sectors
are not associated to massless vectors, but rather to massive ones. Nonetheless, we can consider
the limit in which all Dp-branes become coincident and get a total of N? massless vectors. This
suggests an enhancement of the gauge group living on their world-volume from U (1) to U(N). This
expectation is confirmed by the study of open string scattering amplitudes. We have thus encountered
another fundamental feature of string theory: a stack of coincident D-branes carries a non-Abelian

gauge theory on its world-volume.

2.1.7 String coupling to background fields

The Polyakov action describes the propagation of a string in flat spacetime with metric 7,,,. The
closed string spectrum, however, contains a massless spin-two excitation that is identified with the
graviton. This suggests to consider the propagation of a string on a curved spacetime with metric g,,,,,
which can be interpreted as a coherent superposition of graviton states. By the same token, one is also

led to include a non-trivial background for the Kalb-Ramond two-form and the dilaton. The resulting
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generalization of (2.1) takes the form of a non-linear sigma model on the world-sheet. Focusing on

bosonic NSNS fields only, its action reads
1

4ol

Snla = -

/ d*ov/—h [(haﬁ Guv + €PB) 0, X" 05 XY + o/ @ R] , (2.19)
b

where €*? denotes the world-sheet Levi-Civita tensor and R is the world-sheet Ricci scalar. Let us
point out that in the Ramond-Neveu-Schwarz formulation of the superstring, which we have followed in
our review, there is no straightforward way to couple the world-sheet theory to background RR forms.
In alternative formulations, however, this can be achieved in such a way that all massless bosonic

fields of the closed superstring spectrum can appear as backgrounds for the string propagation.

As stressed in section Weyl invariance of the quantum world-sheet action is necessary to
ensure that the world-sheet metric does not contribute any physical degree of freedom to the propa-
gation of the string. The non-linear sigma model action is not Weyl invariant at the classical
level, because of the dilaton term. At the quantum level, however, this classical non-invariance can
be cancelled by anomalous variations of the first two terms involving g,, and B, . If the background
fields are slowly varying in spacetime with respect to the string length scale (o’ )1/ 2 the conditions
for quantum Weyl invariance can be written as differential constraints on g,,,, B, ® in the form
of a derivative expansion, with higher-derivative terms suppressed by higher powers of o/. These
constraints are referred to as (super)string equations of motion for the background fields. They can
be alternatively derived from a spacetime effective action for massless modes, as discussed below in
section

A trivial example of a string background that solves the superstring equations of motion exactly

in o/ is furnished by flat space in ten dimensions,
uv = M B, =0, ¢ =P, (2.20)

with constant ®¢. In this case the first two terms in the non-linear sigma model action reproduce
the Polyakov action , while the dilaton term becomes the integral of a total world-sheet derivative.
This is most conveniently treated by analytic continuation to Euclidean signature on the world-sheet.
We then get the term

S, = 1c1>0/ d?oVhR =g x , (2.21)
47'(' »

where in the second step we have used the fact that the integral reproduces the Euler number of the
world-sheet, which is a topological invariant. For example, the Euler number of a Riemann surface is
given by x = 2 — 29, where g is the genus of the surface, i.e. the number of ‘handles.” The topological
term Sy in has no effect on the string spectrum but it plays a crucial role in the study of string
interactions. Indeed, in the sum over topologically non-trivial world-sheets, each contribution comes
weighted by a factor e=5x = e~®0X, This implies that if e®0 < 1 string amplitudes can be computed
as a perturbative expansion organized by the Euler number. We are thus led to identify e®0 with
the string coupling constant. This conclusion is confirmed by the study of the effective actions for
massless modes, discussed below. As promised, string theory has no dimensionless tunable parameter:
the strength of string interactions is not a property of the theory itself, but rather of the background

or vacuum under consideration.
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2.2 Low-energy dynamics of massless modes

Consider a closed string scattering process in Type ITA or Type IIB with typical energy scale F <
(of )_1/ 2. Since the mass of the first excited level in the string spectrum is a/m? = 4 only the massless
states summarized in table will play a relevant role in the string dynamics. Effectively, we are thus
looking at strings in the so-called point particle limit o/ — 0. As a result, the information about the
interactions among these light states can be encoded in an effective action, according to the general
paradigm of section In what follows, we record the effective actions for ten-dimensional fields and
for fields living on D-branes, without any derivation. The interested reader is referred to the textbooks

for more details.

2.2.1 Effective actions

The low-energy limit of Type IIA and Type IIB superstring theories at leading order in o yields
Type ITA and Type IIB supergravities, which are the two inequivalent theories with maximal local
supersymmetry in ten dimensions (32 supercharges). The corresponding actions up to two derivatives
are uniquely determined up to field redefinitions. In what follows, we will give only the bosonic part

of the effective actions, since fermionic terms are fixed by supersymmetry.

The effective action for the massless fields in the NSNS sector is the same for both Type ITA and
Type IIB. In differential form notation, it is given by

1

1
SNSNs = 2/ e 2 [R x1— ~Hz A*Hz +4d® A +dD| | (2.22)
2’%10 Mao 2

where Mg denotes ten-dimensional spacetime, R is the Ricci scalar of the spacetime metric g,,, and
Hs = dB> is the field strength of the Kalb-Ramond field. The constant x19 is not fixed at the moment
and will be related to physical observables below. The effective action is said to be written in
the string frame, because the metric g,, is the metric that enters the world-sheet non-linear sigma
model . In section we will encounter a formulation of Type IIB in a different frame, the
Einstein frame. Note also that the dilaton prefactor e~2® signals that this effective action is obtained
at tree-level in closed string perturbation theory. Indeed, the relevant closed string topology is a

sphere, with Euler number x = 2.

The actions for the RR sectors of Type ITA and Type IIB are different, but are both given by the

sum of kinetic terms and Chern-Simons terms. More precisely,

1 1 1 1
ng% = 252/ |:—2F2 N xFy — §F4 N xFy — 532 A dC3 A d03:| R (2.23)
10 Y Mo

1 1 1 1 1
SII:{IPP{)ZQQ/ |:—2F1/\*F1—2F3/\*F3—4F5/\*F5—204/\H3/\F3:| , (224)
Mo

K1o
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where the field strengths are given by

F,=dCy , Fy=dCs —dBy N C1
1 1
L =dCy , F3=dCy — CydBsy , s =dCy — 502 A dBs + 532 AN dCs (2.25)

where By is the Kalb-Ramond two-form. The specific form of these field strengths is dictated by
invariance under the full set of RR gauge transformation—which we do not write down explicitly—
and implies that all of them, except F5 and F7, satisfy non-trivial Bianchi identities, dF},+1 # 0. Let us
remark that the RR actions also correspond to tree-level closed string amplitudes. One could extract
an overall factor e=2® by a suitable dilaton-dependent redefinition of the RR potentials. This is not
convenient, however, since it would render the RR gauge transformation and Bianchi identities dilaton

dependent.

The Type IIB action for RR fields (2.24]) offers the opportunity to introduce the concept of pseu-
doaction, which will play a crucial role in chapters [7] and [I0] Recall that a suitable self-duality
condition has to be imposed on the field strength of Cy in order to have the correct number of degrees

of freedom. More precisely, the self-duality constraint reads
*F5:F5 . (226)

If this relation holds, however, the kinetic term F5 A xF5 vanishes identically. Indeed, there is no
simple covariant action that can yield the first-order differential constraint (2.26)) upon variation of
the four-form potential Cy. Taking the exterior derivative of ([2.26]) yields

d x Fs = Hy A\ F3 | (2.27)

which precisely corresponds to the equation of motion that is derived from if it is varied with
respect to Cy ignoring any constraint. In summary, the action is a pseudoaction in the sense
that its equations of motion are compatible with the self-duality constraint , which however has
to be implemented by hand after taking variations of .

The RR actions ([2.23]) and (2.24)) are written in terms of the form potentials of lowest degree. One

can, however, encode the degrees of freedom of a (p+1)-form Cp, 1 into its magnetic dual C7_p, defined
by a relation of the form Fj, o = £ x F3_,, where the F’s are the gauge invariant field strengths. The
full RR form content of Type ITA is indeed given by Ci, Cs, C5, C7, Cy, where (C1,Cr), (Cs,C5) are
dual pairs and Cy carries no propagating degrees of freedom. In a similar fashion, in Type IIB we have
Co, Ca, Cy, Cg, Cg, Cp, with the dual pairs (Cp, Cg), (C2,Cs), Cy self-dual, and Cjp non dynamical.
Let us mention that there exists a so-called democratic formulation of Type II supergravities [49]
in which the effective action contains also the higher degree RR forms and which is useful in the

discussion of couplings to Dp-branes and in the study of string flux compactifications.

Let us now discuss the effective action for the massless fields living on the world-volume W, of
a Dp-brane. Recall that a Dp-brane respects half of the supersymmetry of the corresponding Type 11
bulk action. Therefore, the action for the fermionic degrees of freedom living on W, is completely

determined by the action for the bosonic fields. The latter are conveniently described in terms of



2.2. Low-energy dynamics of massless modes 33

a U(1) gauge field A, (a = 0,...,p) and the embedding functions X*#(&) (u = 0,...,9), where £*
are coordinates on W, 1. Intuitively speaking, out of the 10 directions in X*, the 9 — p transversal
directions provide the degrees of freedom of the scalars living on the brane, while the other p + 1
directions are pure gauge. The Dp-brane effective action is given by the sum of the Dirac-Born-Infeld
action, describing the coupling of the world-volume degrees of freedom to the bulk NSNS fields, and
of the Chern-Simons action, which describes the coupling to the bulk RR forms.

The Dirac-Born-Infeld action reads

SDBI = —Tp/ dp+1§ e_<1>\/_ det (gap + Bap + 27’ Fyp) (2.28)
w

p+1

where Fj;, = 28[aAb}, ® is the dilaton restricted to the brane, g,, and By, are the pull-back of the
metric and Kalb-Ramond field,

0XH* oXY oXH* oXY

Jab = 875‘1875179’” ) Bay, = T@T&b

The parameter T, is related to the tension of the brane and will be discussed below in more detail.

B, . (2.29)

The dilaton prefactor e~® is once again a signal that the action encodes string amplitudes at tree-level:

for an open string the relevant topology is a disk, with Euler number y = 1.

The action (2.28) can be seen as a non-linear generalization of the Maxwell action, to which it
reduces to lowest order in the field strength Fy,

1
Sppr = —Tj / dPige®\/— det gab{l—l-4(27Toz/)2FabFab+...} , (2.30)
Wh+1

where the dots represent higher order terms and contributions from the B-field and the 9 — p massless
scalars. For a stack of D-branes with non-Abelian gauge group, the full non-linear analog of is
not completely known, but the lowest order action is given by the natural non-Abelian generalization
of , obtained with the replacements

Fy = Qa[aAb] — Fy = QG[QAb] + %[Aa, Ab} , FabFab — tI‘(FabFab) , (231)

where tr denotes the trace in the fundamental representation of U(N). Taking into account that a
stack of Dp-branes preserves 16 out of the 32 supercharges of the corresponding bulk theory, we then
find maximally supersymmetric U(N) gauge theory living on W 1.

The full form of the Chern-Simons action for a Dp-brane is quite involved and will not be displayed.
We rather consider only the case of a stack consisting of a single Dp-brane and focus on the simple
coupling

Scs D iy / Cpi1 (2.32)

Wpt1
which is the straightforward generalization of the coupling of a charged particle to a vector, which can

be written covariantly as ¢ f7 A, where « is the world-line of the particle and ¢ its charge. The physical
interpretation is the following: a Dp-brane has a minimal electric coupling to the RR bulk form C,11;
equivalently, it is magnetically charged under the dual form C7_,. This makes sense thanks to the
consistency of the even/odd grading of RR form degrees and D-brane dimensionalities in Type ITA
and Type IIB.
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2.2.2 The string coupling constant

Let us make some remarks on the coupling constants that enter the effective actions we have considered.
To begin with, note that all the bulk and brane effective actions and the functional form of the RR
field strengths are left invariant by a simultaneous redefinition of the dilaton ®, the RR fields
Cp, Fj, the parameters x19, 1), and p,,

& =d+a, C;:Cpe_aa F];:Fpe_a,

Ko = Koe *, T,=T,e", ty = Hpe® (2.33)

where a is an arbitrary constant. This ambiguity, however, does not affect measurable couplings.
Indeed, the physical gravitational coupling, Dp-brane tension, and Dp-brane electric coupling to Cj41

are given respectively by
K = k1o e'® | T, =T) e (P ep = \/iup K10 » (2.34)

where (@) denotes the VEV of the dilaton. These quantities can be seen as the interaction vertices that
can be read off from the effective actions of the previous section after imposing canonical normalization

on the kinetic terms for metric and RR field fluctuations.

By comparing string amplitudes and tree-level effective field theory computations one can show
that the couplings (2.34]) are not independent, but rather satisfy

2/@27'5 = 612, = 27 (23-P) by =2mVa' | (2.35)

where the normalization of ¢ is chosen in order to absorb all the dependence on p in the unit of
measurement. The first equality in (2.35)) can also be written in the form

Tp = |l (2.36)

and shows that the forces between two parallel Dp-branes due to the exchange of NSNS and RR fields
have the same magnitude. In fact, they cancel exactly, leaving no net force between the branes. This

is common for BPS objects in theories with extended supersymmetry.

Because of the relations ([2.35)) there is only one independent physical coupling. Moreover, ([2.34))
shows it is not a tunable parameter of the theory, but a property of the vacuum. As promised, there
are no free dimensionless parameters is string theory. The ambiguity related to the field redefinitions

(2.33) can be removed by choosing a conventional normalization. A standard choice is

%1%0 =078, Tp=p,=2m 0P (2.37)
because in this way the VEV of the dilaton is related in a simple fashion to the ratio between the
fundamental string tension and the D1-brane tension, which is usually taken as the definition of the
string coupling constant g,:

o@) _ Touing _ (2.38)

= =g .
1
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The low-energy effective actions discussed in this section can be checked against string perturbation
theory only if g4 is small. Thanks to the protection ensured by supersymmetry, however, their validity
can be extrapolated to low-energy but strongly coupled regimes. This observation will be crucial in

introducing F-theory in chapter

Let us close this section with a remark about another kind of extended object in Type II string
theory, the NS5-brane. The non-linear sigma model action (2.19) contains the coupling

1
S, B 2.39
nlo 2 271'04’4 25 ( )

which can be seen as an electric coupling of the string to the NSNS two-form. We thus expect the

existence of a magnetic dual to the fundamental string, i.e. an extended objects with five spatial
directions coupling to the dual potential given locally by dBg = *dBy. Such an object is called NS5-
brane and can be constructed as a solitonic solutions of the source-free equations of motion derived
from the action . More precisely, the NS5-brane is a field configuration that admits a finite total

energy per unit area in the six longitudinal spacetime directions, i.e. a finite tension,

2me; 6
TNS5 = g; . (2.40)

s

The string coupling dependence 1/g2 differs from the 1/g; factor for D-branes. This is consistent with
the interpretation of the NS5-brane as a closed string soliton. It is topologically stable against decay

thanks to a non-vanishing magnetic flux on the sphere S® in the four-dimensional transverse space,

(;2 | H3=N, (2.41)
S3

where we have recored the expression for the general case of a stack of N coincident NS5-branes.
Finally, one can show that NS5-branes are BPS objects preserving half of the 32 supercharges of the
Type II bulk. In Type IIB, the 16 preserved supercharges have opposite chirality and the resulting
world-volume supersymmetry algebra is (1,1). Fluctuations around the NS5-brane solution can then
be described in terms of an effective action for (1,1) vector multiplets in six dimensions. In Type
ITA we find instead the chiral world-volume supersymmetry algebra (2,0). Correspondingly, massless

fluctuations are described in terms of (2,0) tensor multiplets. They will be described in detail in

chapter

2.3 Orientifold projections

In this section we present some foundational material on orientifolds in Type II theories that will be
useful in chapter The crucial ingredient of an orientifold projection is the world-sheet operator
2, which implements a parity transformation on world-sheet coordinates. For a closed string with
o ~ 0 + 27 one has

Q, XH(1,0) Q;l = X*(1,2r — o) . (2.42)

A similar relation holds for the world-sheet fermions ¢} in such a way to have compatibility with

world-sheet supersymmetry (2.8]). Since world-sheet parity reverses left-moving and right-moving
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oscillations it is a symmetry of Type IIB string theory, but not of Type IIA string theory, since in the

latter different GSO projections are performed on the left-movers and on the right-movers.

We can, however, generalize the action of the world-sheet parity €2, by combining it with a geo-
metric action on spacetime coordinates. Let us consider the simple case in which the geometric action

is a reflection R, of n spatial directions, say 22, 28, .., 10

[Qp Riny] XH(1,0) [ R(n)]fl =+XH"(7,27n —0) for p=0,1,...,9—n,

[Qp Riny] XH(1,0) [ R(n)]*l = —XH#(1,2m — o) for y=10—n,...,9. (2.43)
For n = 2k, R,) can be seen as the composition of k rotations with angle 7 in k different two-planes.
This is a Pin-even transformation, i.e. R(,) acts on ten-dimensional spinors preserving their chirality.
For n = 2k+1, in contrast, R(,) is the composition of k m-rotations and a reflection, and this amounts

to a Pin-odd transformation that flips chirality. Recall also that a rotation of an angle 7 squares to

minus the identity on spacetime fermions. In summary, we have

Rap : Pin-even |, Rék) - (_1)k(FL+FR) 7
Riopy1) ¢ Pin-odd , R%2k+1) — (_1)k(FL+FR) 7 (2.44)

where Fy, g denote the spacetime left- and right-moving fermion numbers, which are defined mod 2.
For instance (—1)f% is +1 on the (NS,R) sector and —1 on the (R,NS) sector. Please note that Fy,
should not be confused with the world-sheet fermions numbers %, g discussed in section Let
us remind the reader that the GSO projection in the Ramond sector amounts to selecting a definite
chirality for the ground state, which can be 8. or 8;, as can be seen from table . Taking into
account ([2.44]) we thus find the following symmetry operators for Type ITA and Type I1B:

Type IIA: Or+1) = U Riapgry (1M
Type 1IB: Oy = Qp Rap) (=1)FFe (2.45)

in which the factors of (—1)*2 are inserted to ensure O(Qn) = I for all n. As a result, we can restrict

the theory to the subspace invariant under the action of O,).

In the resulting theories the spacetime points related by the geometric action R(,) are identified.
The geometry of the quotient space, in the simple non-compact example , is given by RM=" x
(R™/Zs); the origin in of R™/Zy corresponds to the (10 — n)-dimensional subspace of R fixed under
R(,). Moreover, after the O, projection we have theories of non-oriented strings, in which non-
orientable world-sheet topologies have to be included in the path integral that defines the string
partition function. The effect of these new geometries on the low-energy physics of the system can
be attributed to a new kind of extended object, the O-planes. More precisely, for an Op-plane
with p =9 —n is located on top of the fixed space of R,).

We refrain from giving the full form of the effective action for an Op-plane. Let us mention,
however, that it couples to the NSNS sector via a non-vanishing tension To, and to the RR form Cj 1
via a non-vanishing charge j.0p. The values of To, and uo, depend upon the specific action of €2, on

string states. All Op-planes that we consider have negative tension and negative charge, given by

Top = —2pr—* Ty, HOp = —2r—* Hp (2.46)
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Qp = +1 ‘ @, g, C1, O

Qp: -1 ‘ B,lLV? CO: 037 C(4

Table 2.3: Intrinsic parities of NSNS and RR bulk fields under the action of the world-sheet parity
operator 2.

where T}, p, are the tension and charge of a Dp-brane.

The previous discussion can be generalized from the reflection R, in Minkowski spacetime to a
geometric action ¢ acting on a more general background M with 02 = idas. For example, we will
encounter orientifolds of Calabi-Yau compactifications in section [5.4] The qualitative features of the
setup are the same as in the simplified case . If the geometric action admits a (p+ 1)-dimensional

subspace of ten-dimensional spacetime, an Op-plane is located there, with tensions and charges given

by (@T5)

In setups with compact directions the presence of RR charged objects can lead to inconsistencies,
since, intuitively speaking, on a compact space the flux lines generated by a source can only end on
sources with opposite charge and cannot ‘escape to infinity.” In many situations is then necessary to
add D-branes to the construction to counterbalance the negative tension of the O-planes and cancel
all RR tadpoles. Note that the D-brane configuration included in the setup has to be compatible with
the geometric action o in order to take the orientifold projection consistently. On way to achieve this
is to put a stack of N = 2P=% Dp-branes on top of an Op-plane, for p = 5,...,9. In this case the
spectrum of open strings starting and ending on the stack of Dp-branes is modified by the orientifold
projection. For O-planes with tension and charges given by the gauge group is reduced from
U(N) to SO(N). The prototypical example of this kind of constructions is furnished by the orientifold
projection of Type IIB with respect to Oy = {2p,. To balance the negative charge and tension of the
corresponding spacetime-filling O9-plane a stack of 32 D9-branes is introduced. The resulting theory
is a theory of closed and open unoriented strings with SO(32) gauge group known as Type I string

theory. It has minimal supersymmetry in ten dimensions, corresponding to 16 supercharges.

From the point of view of the low-energy effective action, the orientifold projection induces an
intrinsic 2,-parity on all bulk fields. This parity is determined by equation and can be combined
with parities induced by the geometric action ¢ to determine the fields that have total positive parity
and then survive the orientifold projection. The Qp-parity of NSNS and RR bosons are collected in
table On top of this, the contribution of localized sources such as O-planes and D-branes has to
be added to compute the total effective action. This program has been carried out for Calabi-Yau
compactifications in [50, 511, 52) 53].
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CHAPTER 3

T-duality, S-duality, M-theory

As recalled in the introduction in section all known string theories and their compactifications to
lower dimensions are related by an intricate web of dualities, some of which are strong/weak dualities
and thus shed light on the dynamics of strings beyond perturbation theory. In what follows we refrain
from an account of the vast and fascinating subject of string dualities, and rather focus on those
elements that will be instrumental for our discussion of F-theory in chapter[5l Let us mention, however,
that the resulting picture sees all consistent, perturbative ten-dimensional string theories unified by a
new eleven-dimensional theory, called M-theory. More precisely, the five known superstring theories
can be though of as special limits in the moduli space of M-theory, see figure [I.2] For our purposes
we need to review in some detail important aspects of T-duality and S-duality in the contest of Type
II string theory. We also discuss briefly the low-energy limit of M-theory and elucidate its relation to
Type IIA and Type IIB.

3.1 T-duality of Type II superstring theories

T-duality is a perturbative duality relating string compactifications on spaces that admit continuous
isometries. One of the simplest examples of this situation is furnished by ten-dimensional Type ITA
or Type IIB compactified on a circle of radius R. The geometry of the circle is most conveniently
described in terms of the quotient R/(2mRZ): explicitly, one of the coordinates, say x°, is periodically
identified,

¥ ~ 2%+ 27R . (3.1)

Crucially, this identification allows for a generalization of the closed string bosonic periodicity (2.12))
which reads
X%r,0 +2m) = X(1,0) + 2mu’R | (3.2)

39
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9 is referred to as winding number, since it counts the number of times that the

9

where the integer w
closed string winds around the compact direction z”. Note also that the momentum of the string

along the z” direction must be quantized,

p=—= (3.3)

in such a way that the spacetime translation operator eir’e® respects the circle identification (3.1). The
integer n? is the Kaluza-Klein level of the circle compactification. In summary, closed string sectors
are labelled by two integers (n”, w?). Fermionic periodicity conditions (2.13) are unaffected and still

yield a Ramond and a Neveu-Schwarz sector for each value of (n%, w?).

We are now in a position to state T-duality in this simple example: Type ITIA compactified on a
circle of radius R is equivalent to Type IIB compactified on a circle of radius

Oé/

R=—. 3.4
. (3.4)
More precisely, let X 9(7,0) denote the coordinate in the dual Type IIB setup with radius R, so that
we can introduce the dual winding numbers %° and momentum units 72° by
- - - n?
X970+ 2m) = X%(r,0) + 2mr0°R | P = T (3.5)
Then T-duality amounts to the statement the dual coordinate X° and its fermionic partners @Egi are

given in terms of X?, % by

Xi(ro)=X}(04) = Xg(o-) . 9(o4)=¢%(0s),  $(0-)=—2(0-), (3.6)

where we have made use of the decomposition (2.10)) into left- and right-moving parts. We can thus

9 — —2% acting on the right-moving sector only. One can show that

see that T-duality is a reflection x
this transformation is such that the physics encoded in the world-sheet CFT for the fields X?, Qﬁi is
the same as the physics of the CFT of X?, . This makes T-duality an exact perturbative symmetry

of Type II.

In order to make the spacetime implications of (3.6)) more manifest, let us consider how the four

sectors of Type ITA are mapped to Type IIB: one can show that

(NS+7 NS+7 n9, wg) —

(
(NS-‘HR—;nngg) - (NS+7R‘+;777'9’1D9) ) (3 7)
(R+,NS+;TL9,’U)9) - (R+aNS+aﬁ9,U~)9) ) ‘
(R+>R—;n97w9) - (R-HR—&-;ﬁ ’w9) )
where we have used the notation of section [2.1.4] and where
(72, w0%) = (w?,n?) . (3.8)

The change from Type IIA to Type IIB is due to the change in chirality of the right-moving Ramond
ground state. As in section this is caused by the fact that z° — —2 is a Pin-odd transformation.
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Equation (3.8 states that Kaluza-Klein modes and winding modes are exchanged. This can also be

checked from inspection of the mass formula for closed string states, which reads schematically

9\ 2 9 2
R
2 _ <T}L%> + <wo/ ) + osc , (3.9)

where the first term is the Kaluza-Klein mass, the second is the mass due to winding, and osc denotes

the contribution from the oscillation modes of the string around its center of mass. As we can see,
the combined replacements ([3.4) and (3.8)) leave the Kaluza-Klein and winding contributions to m?

invariant.

For our discussion of the relation between M-theory and Type IIB string theory in section it
will be useful to know the explicit form of the T-duality map on massless bosonic fields. This map is
furnished by so-called Buscher rules, see e.g. [54] 55, 56, 57] for a review. Let us consider them in a
somewhat non-standard notation that is inspired by the interpretation of T-duality as a dimensional
oxidation ambiguity from nine to ten dimensions [58] and that is best suited for our purposes. Let y
be a compact dimensionless coordinate of period 1 along the T-duality circle. We adopt the following

parametrization of the Type ITA string frame metric, dilaton, NSNS two-form, and RR p-forms,
1 L
dstiy =ds§ + LP(dy + (' V)?, @ua=g+glog . Byt =Byt BiAlydy,
S
C}?IA = Cp + Cp—l A Es dy , P= 173 ) (310)

where V' is a vector. In a similar fashion, the massless bosonic fields of Type IIB are parametrized as

o |z e _ 1. L L
dstig = d3§ + L*(dy + ¢;' V), Qg =@+ §10gf 5 BB = By + By Alsdy
S

P =Cp+Cpi ANlody , p=0,2,4, (3.11)

with the understanding C_1 = 0. The Buscher rules can then be written in the following form,

- 2 -
dst = ds? | L:fs, V =-B, G=¢p,
Blz—V, B2:B2—B1/\A,

CN'()ZC(), élzcl—COV, CN'QZCQ+BlA(Cl—COV),
~ 1 1
03203—502/\‘/—532/\(01—00‘/). (3.12)

They can be easily inverted to obtain the map from Type IIB to Type IIA. Note that the period
of the compact coordinate y is unaffected, and the information about the length of the T-duality
circumference is encoded in the metric functions L, L. They are indeed related in such a way that
their vacuum expectation values 27 R, 27 R satisfy . Let us point out that no rule was given for Cy
as it is not independent, because of the self-duality constraint . From the vacuum expectation
value of the relation ¢ = ¢ we can immediately read off the transformation rule for the string coupling

constant under T-duality,

14

I11B ITA s

= 2. 1
9s 9s 2R (3.13)
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T-duality is a perturbative duality in the sense that taking the limit g; — 0 on one side corresponds
to taking the same limit on the dual side. The change in the string coupling constant ensures that the

nine-dimensional gravitational coupling is the same in both dual descriptions.

So far we have discussed the action of T-duality on closed strings. As far as open strings are con-
cerned, we can see that the left /right asymmetric reflection interchanges Neumann and Dirichlet
boundary conditions ([2.17). As a result, a Dp-brane extending along the x? direction is turned into
a D(p — 1)-brane localized at a point along the T-dual coordinate #°, and vice versa. Note that this
is consistent with the action on RR forms in (3.12). The same result holds for a stack of N coinci-
dent Dp-branes. In this case the information about the relative location of the dual D(p — 1)-branes
along the z° direction is encoded, in the original Dp-brane picture, in a Wilson line. The latter is
a topologically non-trivial constant VEV of the component Ag of the non-Abelian gauge field living
on the brane. More precisely, the i-th brane on the Dp-brane stack (i = 1,...,N) is mapped to a
D(p — 1)-brane located at

. Lo
.%'Zg = —27TO/(A9)Z'Z' y Ag = —27[_Rdlag(01, ceey GN) y (3.14)

where no sum over i is performed, the real parameters 6; are defined modulo 27, and an arbitrary
additive constant has been set to zero. It is also possible to consider more complicated setups with

magnetized branes and branes at angles, but we will not need to develop such generalizations.

3.2 S-duality of Type IIB superstring theory

Type IIB string theory is invariant under a Zso transformation that inverts the string coupling constant
and thus maps a weakly coupled vacuum to a strongly coupled vacuum. This duality is called S-duality
and is actually a subgroup of a larger invariance under the action of the group SL(2,7Z). A first hint
towards this duality is furnished by a judicious reformulation of the Type IIB effective action, given
by the sum of (2.22)) and (2.24). Let us perform the metric redefinition

9l =g, (3.15)
and introduce the complex combinations
T = C() + i€_¢ y G3 = F3 — ie_q>H3 = dCQ — TdBQ . (3.16)

The complex scalar 7 is referred to as the axio-dilaton. With this notation the Type IIB effective

action takes the form

1 ldr Axd7  1G3AxGs 1 i —
Stup = —— R+l - - SRy AsFy— — CiAG3AG 3.17
B = 9k2, /Mw[ A S Tz 3 Iy al M T gy GeN G A Gy (3T

in which the Ricci scalar and the Hodge star are computed with the new metric ng), but we drop

the superscript (E). This form of the action is referred to as action in the Einstein frame because

the new metric has a canonical Einstein-Hilbert term. Note, however, that the prefactor contains the
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parameter k19 and not the ten-dimensional physical gravitational constant x given in (2.34)), because
the full dilaton field, background and fluctuations, is reabsorbed in the metric redefinition (3.15]). Let
us also point out that the self-duality constraint (2.26)) is always understood. It takes the same form

when written in string frame or Einstein frame metric.

The form (3.17)) is useful as it makes more transparent the invariance of the Type IIB classical
action under the action of SL(2,R). More precisely, let us consider an SL(2,R) matrix

a b
<c d) , ad—bc=1. (3.18)

It acts non-trivially on the axio-dilaton 7 and on the two-forms Cs, By as

, _aT+b Cy\ _ [(a b\ [(Co
T_CT—i—d’ (Bé “\e d) \By) '’ (3.19)

while the Einstein frame metric and the RR four-form are inert.

Semiclassical arguments suggest that only the discrete subgroup SL(2,7Z) of the classical invariance
group SL(2,R) can be realized in the quantum theory. For example, a rotation of the two-form
potentials with real coefficients as in can be in conflict with semi-classical quantization of
fluxes. This can be seen as follows. The non-linear sigma model action contains the coupling

1
SF1 D Bs 3.20
1 2o /2 2 ( )

where F1 stands for fundamental string and ¥ denotes the world-sheet. In order for the path integral
weight € to be invariant under large gauge transformations one has to impose the flux quantization

condition

1

——— | dBy =12 dBs €7 , 3.21

472¢/ /Xs 2 5 /X3 2 ( )
where X3 is an arbitrary three-cycle in spacetime. By a similar token, the D1-brane action contains
the coupling

Sp1 D | Cq, (3.22)
Wa

and therefore we have to require

L / dCh € 7, (3.23)
2 X3 X3

where we have adopted the conventions (2.37) to express p in terms of £;. As we can see, if we use
(2.37) and measure lengths in units of /5 both By and Cy are integrally quantized. This property
is preserved by the action of SL(2,Z) but not by the action of SL(2,R). The same conclusion is

confirmed by the study of D-instantons, that break the classical shift symmetry Cy — Cy + b from
beRtobeZ.

The group SL(2,7) is generated by the transformations

T— (é D . S= (_01 (1)) , (3.24)
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which act on 7 as
! / 1
T=7+1, ==, (3.25)
T

respectively. The first transformation amounts to a shift in Cy and does not alter the string coupling.
The second transformation, however, acts non-trivially on the dilaton. Indeed, in a simple background
with Cy = 0 the second equation in (3.25]) implies

Clearly, this is a weak/strong duality and cannot be checked within perturbation theory. Nonetheless,
the full group SL(2,7Z), including the generator S, is believed to be an exact symmetry group of Type
IIB superstring theory.

Evidence in favor of this claim comes, for instance, from the study of the tension of a fundamental
string and a D1-brane in the Einstein frame. As noted above, the Einstein metric g;(f:) depends on both

the VEV and the fluctuations of the dilaton. When the latter are neglected, we have schematically
(length)® = g=/4 (length) , (3.27)

where the length on the right hand side is computed with the original string frame metric. Using
(13.27) together with (2.37) we then find by dimensional analysis

TIS? =27 ZS_Q g;/Q , T](DEl) =27 €;2 gs_l/2 , (3.28)

which are indeed exchanged under . This result is significant since both the fundamental string
and the D1-brane are BPS objects of the theory, so that their tension is related to their charge and is
therefore protected against quantum corrections. We can then safely extrapolate the weak-coupling
expressions for their tensions to strong coupling. A similar analysis can be carried out for all extended
BPS objects of Type IIB. For instance, a D5-brane is S-dual to an NS5-brane; their Einstein frame
tensions are consistent,

TS? = om0 0 gl/% TIEIES)5 =070 g71% (3.29)

where we recalled the string frame NS5-brane tension (2.40). The D3-brane is expected to be self-
dual, since it couples to Cy which is a singlet under SL(2,7Z). Indeed, its Einstein frame tension is

independent of g,
T]()%) i (3.30)

The behavior of D7-branes under SL(2,7Z) will be discussed in detail in section

In the weak coupling limit D-branes do not participate to the dynamics as they acquire infinite
tension. For finite or large coupling, however, we can consider dynamical BPS objects that can be
thought of as bound states of F1 and D1 strings. They are called (p, q) strings and couple electrically
to By with charge p and to Co with charge q. Thus a (1,0) string is a fundamental string, and a (0, 1)
string is a D1-brane. The expressions for the tensions of an F1 and a D1 in the Einstein frame
can be generalized to an SL(2,Z) invariant expression

B _ lp + 74|

(pq) — T21/2

2ml? (3.31)
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More precisely, this is invariant under a combined SL(2,Z) action on 7 as in (3.19) and on the charges
(p,q). The transformation of the latter is given by

(¢ v)=1(q¢ p) <Z Z>_1 : (3.32)

and is such that the bilinear p [ By +¢ [ Cs is invariant. Using (3.31]) one can show that a (p, ¢)-string

is stable against decay provided that p and g are relatively prime.

Since a fundamental string can end on a D1-brane one expects to find (p, ¢) strings configurations
with several prongs. They are referred to as string junctions. Charge conservation demands that
>>p = > q = 0, where the sum extends over all prongs of the string junction. We will comment

briefly on the role of string junctions in F-theory in section [5.2.3

Suppose we start from a weakly coupled setup with fundamental strings and ordinary D-branes. We
can perform an SL(2,Z) transformation that turns the fundamental string into a (p, q) string.
What happens to D-branes under this transformation? By electric-magnetic duality, D5-branes are
mixed with NS5-branes into (p, ¢)-five-branes. On the contrary, since D3-branes are self-dual under
SL(2,7Z) they are unaffected. A D7-brane couples magnetically to Cp = Re 7, which transforms non-
trivially under SL(2,7Z), see (3.19). We then expect to find (p,q) seven-branes, but their analysis is
more complicated and relies on the study of their backreaction on the geometry, which will be addressed
in section We also expect that a (p,q) string can end on a (p, q) five-brane or seven-brane with
the same p, ¢, but on any D3-brane.

3.3 M-theory and Type IIA superstring theory

Inspection of reveals that the physical tension 7, of a Dp-brane is inversely proportional to the
string coupling constant. As a result, if we start from the perturbative regime g; < 1 and we increase
the coupling, Dp-brane states become lighter and lighter and their dynamics starts to intertwine with
that of fundamental strings. As we have seen in the previous section, in Type IIB S-duality gives us a
way to describe the dynamics of D-branes at strong coupling. The situation is different in Type IIA:

its strongly coupled dynamics is captured by a new eleven-dimensional theory, called M-theory.

The emergence of an eleventh dimension can be seen from the spectrum of DO-branes of Type IIA.
Being the D-branes with the lowest dimensionality in Type ITA, they are the lightest ones. Working
in the string frame and using (2.37)), the D0-brane tension—or rather mass—is given by
27
s 8s .

Do = (3.33)

Compatibly with their BPS nature, DO-branes can form bound states whose energy is just the sum
of the energy of the constituents, since gravitational and RR interactions balance against each other.
A bound state of n DO-branes has therefore mass npg. In summary, we have a tower of equally
spaced massive states that become light as the string coupling constant increases. As we will review in

section this can be interpreted as a Kaluza-Klein spectrum of a circle compactification and thus
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constitutes a first hint of a hidden direction of spacetime. Below we will review further evidence in

support of M-theory.

A full formulation of M-theory at the quantum level is not known. Arguably, the best proposal
for a microscopic description of its fundamental degrees of freedom is based on the matrix theory
that describes a stack of DO-branes in a suitable kinematic limit [59, 60] [61]. Whatever the correct
description of M-theory at the fundamental level may be, its low-energy dynamics must be captured
by the unique eleven-dimensional supergravity theory. Its field content consists of the metric g;», a
three-form potential ég, and a Majorana gravitino \ifﬂ. A hat is used to denote eleven-dimensional
quantities and spacetime indices. The bosonic part of the action of eleven-dimensional supergravity

reads
1

SM = —
M 2&%1

. 1 - . 1 . . .
/ l:R%l — =G4 AN*Gy — =C3 NGy NGyl (3.34)
Mis 2 6
where G4 = dég, is the field strength of the three-form potential and x1; is the eleven-dimensional

gravitational constant. It is useful to introduce the associated fundamental length scale by the relation

1 2

— = — 3.35
2 B, (3.35)

where the normalization is chosen for later convenience.

The interpretation of DO-brane bound states in terms of Kaluza-Klein modes suggests that M-
theory compactified on a small circle should reproduce weakly coupled Type IIA string theory. Indeed,
the eleven-dimensional low-energy effective action reproduces the Type ITA supergravity action
upon dimensional reduction on a circle. Let us review in some detail the relation between eleven-
dimensional and ten-dimensional quantities. As our starting point we take the following Ansatz for

the eleven-dimensional metric and three-form potential,

di2 = A5 e 3%ds® + 12 A3 3% (U do + NG, w~a A+l
032)\034-#32/\&\/[6[:(} , (3.36)

where the adimensional coordinate x parametrizes the circle direction and A, > 0 are dimensionless
constants. The scalar ®, the ten-dimensional metric ds?, the forms C;, C3, By do not depend on x
and are identified with the Type IIA dilaton, string frame metric, RR forms and NSNS two-form,
respectively. The form of the Ansatz is engineered is such a way to exactly reproduce the sum
of the NSNS effective action and the RR effective action . In particular, the parameters

A, 1 enter the dimensionally reduced action only in the overall prefactor, which reads
— =\ (3.37)

In order to reproduce the correct normalization for the dilaton, in such a way that (2.38) holds, this
prefactor must be matched with (2.37). As a result, we obtain a first relation between /4, £\; and the

parameters A, p,

ool

NS (3.38)
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Another relation can be extracted by comparing the Kaluza-Klein mass and the DO-tension. The

former can be read off from the vacuum expectation value of the eleven-dimensional metric in (3.36)),
_2

(d8%) = A3gs ® {(ds®) + (A" pgs bar)?da?)} (3.39)

where we made use of e!®) = g,. From (3.39) one can conclude that the Kaluza-Klein masses measured

in the string frame metric are an integer multiple of

_ 27
Al pgs b

Kaluza-Klein masses will de discussed in more detail in section Comparison with (3.33) yields
05 =y A1 and therefore consistency with (3.38]) imposes

MKK (3.40)

wlro

= A (3.41)

We are thus left with one free parameter only, identified with the ratio between the string length and

eleven-dimensional fundamental length,
NS (3.42)

Note, however, that this parameter drops out from the expression of the circumference Lyt of the circle
measured by the background eleven-dimensional metric (3.39)),

2
Ly = by gd (3.43)

This relation shows that the string coupling constant is unambiguously determined by the compacti-
fication geometry. As a final comment on the match between eleven-dimensional and ten-dimensional
bulk effective actions let us point out that the Ansatz (3.36]) takes a transparent form if we trade the

parameter A for the ratio £5/¢y1. In fact, we obtain
O ds? :e_%“P@desQ—|—e%q>(dx+€8_101)2 , x~z+1,
2 Cs =303 + 0,2 By Nda (3.44)

This shows that eleven-dimensional and ten-dimensional quantities are matched naturally if the former
are measured in units of #y; and the latter in units of /;. By the same token, if the eleven-dimensional
flux G4 is quantized in units of ¢y—or rather half-integrally quantized [62]—then Type ITA fluxes are

quantized in units of /5.

The eleven-dimensional supergravity action admits half-BPS solutions that describe a mem-
brane and a five-brane, see for instance the review [63]. The membrane acts as an electric source for
the three-form potential C’g, while the five-brane is a soliton with non-trivial magnetic flux Gy. In view
of the interpretation of eleven-dimensional supergravity as the low-energy limit of M-theory, we are
led to conclude that two kind of extended objects exist in M-theory, called M2-brane and M5-brane.
Our current understanding of M-theory is not sufficient to determine if M2-branes of M5-branes are

better understood as fundamental objects or as emergent excitations of some different microscopic
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constituent. Nonetheless, we can elucidate the role played by M-theory branes in the duality with

Type IIA string theory.

We have already argued that Type IIA DO0-branes should be identified with excited Kaluza-Klein
modes of the eleven-dimensional graviton. The fundamental string F1 and the D2-brane are instead
uplifted to an M2-brane. More precisely, an M2-brane wrapping the circle yields an F1, while an
unwrapped M2-brane corresponds to a D2-brane. This picture is confirmed by the analysis of the
tension of these objects. The complete action for the embedding of a supermembrane in eleven-

dimensional spacetime is known [64] but for our purposes it suffices to consider the schematic action

Snz = —Tviz / d3¢\/—A3 | (3.45)
W3

where 4 denotes the pullback of the eleven-dimensional metric to the world-volume Ws of the M2-
brane, parametrized by coordinates &, and T2 is the M2-brane tension. If the action (3.45)) is reduced
with one or no legs along the circle according to the Ansatz ([3.44]), it should reproduce the action for

the embedding of an F1 or D2-brane in ten dimensions. Indeed, one finds

s TPl = ~Taia €34 €5 / 6=
Yo
S]l\l/[rgWraPPEd — _TMQ gi/{ 653/ d3é~ 674) Vv 7 (346)
W3

where s, 3 denote the appropriate pull-back of the string frame metric. We can see that the Nambu-
Goto action for F1 and the DBI action for D2-brane are correctly reproduced. The prefactors should
be matched with the string and brane tensions read off from (2.34)), (2.37)),

Ty = 27032 = Top 03,052, pg = 2m033g7 = Toya 63,073 (@) | (3.47)
and indeed both these conditions can be simultaneously met if
Tz = 2mly, (3.48)

Note that this holds irrespectively of the value of the ratio ¢s/fyi, or equivalently of the parameter
A. In a completely analogous way the NS5-brane and the D4-brane are uplifted to the M5-brane. To

crude approximation, the embedding of a super five-brane is described by the action

Svis = —Tuis / db¢e/—46 | (3.49)
We

and its schematic dimensional reduction yields

d — —
SI\\R//[r;ppe — *TME) g?\/{ Es 5 /W d5£€ i} —5 ,
5

Sy PPl = Ty 65, 05 . dog e /=75 . (3.50)
6

These results must be compatible with the D4-brane and NS5-brane tensions given in (2.34)), ,
(2.40)). This is indeed the case, since both conditions

! -5 _ —6 —2 ! 6 —
o4 = 2m 5% g7 = s 08, 65° )| TNgs = 2m 050 972 = Tos 05, 056 = X®) (3.51)
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hold provided that the M5-brane tension is furnished by

Tys = 2m by (3.52)

The M-theory uplift of the Type ITA D6-brane does not involve M2-branes or M5-branes. This
can be expected by noting that a D6-brane couples magnetically to C7, which is identified with the
Kaluza-Klein vector of the circle compactification. In fact the D6-brane is uplifted to a Kaluza-Klein
monopole, i.e. a regular solitonic solution of vacuum FEinstein’s equations in eleven dimensions in
which the circle that connects M-theory and Type IIA is non-trivially fibered over ten-dimensional

spacetime. More precisely, the Kaluza-Klein monopole metric takes the form
2 i 7. 2
dsKK-mon = Mij 42| dz} + sty NuUT 5 (3.53)

where xﬁ, i =0,...,6 are coordinates along the flat, seven-dimensional world-volume of the D6-brane
and the four transverse directions are described by the Taub-NUT metric ds?raub_NUT. The latter is a

four-dimensional U(1) fibration over R? given by
dstapnur = V(F) dT - di + V(2) " (doy + A - 7). (3.54)

In this expression & are flat coordinates in R® with standard inner product and xy; is the compact
coordinate that parametrizes the M-theory circle. A metric of the form solves Einstein’s vacuum
equations provided that the scalar function V(Z) and the U(1) vector potential A = A(Z) are chosen
in such a way that

VxA=-VV, (3.55)

so that V is harmonic on R3. A single D6-brane is lifted to a single-center Taub-NUT metric,

R
r)=1+— .
V(Z) + i (3.56)
but it is also possible to lift a stack of parallel D6-branes arbitrarily displaced along the transverse

direction by means of a multi-center Taub-NUT metric,
R 1
( QE;W—wwl (357

with the index a labeling branes. For the choices or for V, the vector potential A describes
one or more magnetic monopoles and it cannot globally defined on R3. This signals the non-triviality
of the U(1) fibration. Let us point out that the length scale R in the previous equations is related to
the radius of the M-theory circle. In fact, regularity of the metric imposes that z\ has period 27 R if
V is given by or . Note, however, that the actual radius of the M-theory circle measured
by the Taub-NUT metric is V~1/2R: it approaches the asymptotic value R as |Z] — oo and it goes to
zero at the locations Z(,) of the branes, see figure

An interesting configuration is furnished by a periodic array of centers along some fixed direction
in R3. Let us write & = (21, 72, z3) and consider the z3 direction for definiteness. An infinite array of

D6-branes along x3 can be equivalently interpreted as a single D6-brane localized at a point along a
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Figure 3.1: Schematic representation of a single-center and of a multi-center Taub-NUT geometry.
The radius of the S! fiber varying over the base space R? asymptotes to a fixed value for |Z] — oo and
goes to zero at the location of the centers of the Taub-NUT space. Note the presence of non-trivial
two-cycles in the case of a multi-center geometry.

circle extending in the x5 direction. This picture will be useful in clarifying the M-theory interpretation
of Type IIB D7-branes in section [5.3

Let us close this section with a remark about the free parameter A. In order to fix its value
and therefore determine the string length in terms of the fundamental length of M-theory we need
a prescription for the relation between lengths in ten dimensions and in eleven dimensions. In the
present context of M-theory on a circle a natural prescription consists in the requirement that dis-
tances measured by the background eleven-dimensional metric coincide with distances measured by
the background string frame metric. Equivalently, the prefactor in should be equal to one. This
gives A = g5, so that

=

by =\ gs (3.58)

In the next section we will find it convenient to adopt a different prescription to relate £; and fy.

3.4 M-theory and Type IIB superstring theory

We know from the previous section that M-theory on a circle gives ten-dimensional Type ITA string
theory. If we compactify on a further circle we obtain a nine-dimensional theory that can be equiva-
lently though of as Type IIB on the dual circle, by means of T-duality, see section[3.I] We thus get that
M-theory on a torus is dual to Type IIB on a circle. This duality furnishes a geometric interpretation
of the SL(2,Z) invariance of Type IIB string theory in terms of the invariance of M-theory under large

diffeomorphisms of the compactification torus. Let us explore in more detail how this works.
An appropriate Ansatz for dimensional reduction of M-theory on a two-torus is
2

AL
d5* = dsjan + o - [de + ' Vi + ma (dy + Gy’ Viy)|

Cs = CM + S A typda + C Aty dy + CY A by da A by dy (3.59)
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where z,y are dimensionless coordinates with period 1, 7y is the complex structure parameter of the
torus, A is its area in units of ;. We have decomposed the M-theory three-form in its components
with zero, one, or two legs along the torus and we have also included the Kaluza-Klein vectors V),

Vy) associated to the z- and y-cycles of the torus. Let us consider the coordinate transformation

~1
(y 2)=(y 2 <CCL 2) , a,b,c,d €7 , ad —bc=1, (3.60)

in which we have adopted a standard matrix notation. The integrality of coefficients is required to
ensure compatibility with the integral periods of ¥,  and the unimodular condition guarantees that
the volume form dy A dx is preserved. If the SL(2,7Z) matrix determined by the coefficients a, b, c,
d is non-trivial, this transformation describes a large diffeomorphism of the torus, since it cannot be
continuously deformed to the identity map. The reduction Ansatz can be made invariant under
(13.60|) provided that the nine-dimensional fields on the right hand side transform as

-1 (y) (v)
, _amy+b p Y\ a b Cy _fa b\ [Cy
ham R () )= 0 ) (50) T (S0) - (0 ) (G) e
Note that Cfxy) does not transform thanks to the unimodular condition.

On the other side of the duality we have Type IIB compactified on a circle. Recall from section
that the S-duality properties of Type IIB are most conveniently studied in terms of the Einstein
frame metric (3.15). Therefore, we compactify Type IIB on a circle with Ansatz

dst, = dsg(gy + L) (do + £, Vig))?
By =B + B® Aty dap

Co=CP + P ntydog, Cu=CF + 0P Aty dag (3.62)

where dslzE is the Einstein frame metric in ten dimensions. In these expressions zg is a dimensionless
coordinate with period 1 that parametrizes the circle upon which Type IIB is compactified and V(g
denotes the corresponding Kaluza-Klein vector. Let us stress that the components C’iB) and C?()B) of
the RR four-form are not independent because of the self-duality constraint . In what follows,
we will focus on C?EB) only. Finally, the Type IIB dilaton ®115 and axion Cy behave trivially under

circle compactification.

The z-cycle in the M-theory Ansatz (3.59)) is identified with the circle that connects M-theory to
Type ITA. Correspondingly, the y-cycle is identified with the circle upon which Type ITA is further
compactified and T-dualized to Type IIB, so that we have xg = y. Combining the results of the
previous section with the transformations of Type IIA fields into Type IIB fields under T-duality
(3.12]) we can establish the precise map between the quantities that appear on the right hand sides of
and those that enter the right hand sides of . First of all, we obtain

1

C() = ReTM y e(I)HB = -—,
Im 7y

(3.63)



52 Chapter 3. T-duality, S-duality, M-theory

which shows that the complex structure parameter of the M-theory torus is identified with the Type
IIB axio-dilaton defined in . Correspondingly, the SL(2,Z) transformation is identified
with the geometric action on 1y. Secondly, the Type IIB Einstein frame metric components
are determined by

2 A 3 . o
dsjz) = 2 A3y, Ly =6A"1, Vg =6 O (3.64)

These expression are SL(2,7) invariant provided that the string length /5 is related to the M-theory
length ¢\; by means of an SL(2,7Z) invariant prescription. The relation (3.58) used in the previous

section is not suitable in the present context, since it would imply
? _1 1
by =y (A)" 4 (Im(7))% (3.65)

where as usual (...) denotes the vacuum expectation value. Equation (3.64]) suggests a natural alter-
native,

0y = by (A)T (3.66)

This condition ensures that distances measured by the background value of the Type I1B Einstein frame
metric coincide with distances measured by the background metric in eleven dimensions. Finally, let

us record the match between Type IIB forms and M-theory forms,

C(B) V C(B) C(y) V
E;l 1 — g—l < (z) > 7 5;2 2 — E—Q 2 +£—2 < (z) > A C(xy) ,
<B§B)> M A=V B ) M\l ) T Ay, T
5B s .00 1o g Y
(7O = by O3 — S by Viyy Viw) o) (3.67)
2

The same matrix notation used before has been adopted here in order to make the connection between
S-duality transformations in Type IIB (3.19) and large diffeomorphisms in M-theory (3.61]) transpar-
(v) C(x))T

ent. Note, in fact, that the column vector (V{,) — V(y))T transforms in the same way as (C5”’ Cs

)

as can be easily checked from (3.61]).

3.5 Low-energy dynamics of M-theory branes

No complete microscopic description of the M2-brane or the M5-brane is available at the quantum
level. Nonetheless, one can address the problem of the determination of the low-energy dynamics of the
massless fields localized along their world-volumes. In the case of D-branes in string theory, massless
fields on the branes can be read off from the open string spectrum. For M2-branes and M5-branes
we have to rely on a different, indirect approach: massless fields on their world-volumes are identified
as Goldstone bosons of spontaneously broken large diffeomorphisms and gauge transformations of the
membrane and five-brane supergravity solutions [65]. For a single M2-brane we find eight scalar fields,
corresponding to the eight transverse directions to the brane, together with their fermionic partners

in a multiplet of three-dimensional A/ = 8 supersymmetry (16 supercharges). For a single M5-brane,
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the five scalars associated with the transverse directions are accompanied by a self-dual two-form and

fermionic partners into a tensor multiplet of (2,0) supersymmetry (16 supercharges).

For a stack consisting of one brane only the effective action is uninteresting, since it describes the
free dynamics of the scalars that encode the position of the center of mass of the brane and their
superpartners. If several branes are on top of each other, however, non-trivial interactions take place
and the resulting theory is believed to be strongly coupled, since we can regard M2-branes and M5-
branes as the strong-coupling limit of D2-branes and D4-branes is Type IIA, respectively. Information
about the degrees of freedom of these interacting theories can be extracted indirectly, for instance by
analyzing the thermal properties of brane solutions in supergravity, the cross section for absorption
of a graviton, or anomaly cancellation in the case of the M5-brane. See e.g. [66] for a review. These
computations show that the number of degrees of freedom of a stack of N coincident branes grows
like N3/2 for M2-branes and N3 for M5-branes. For ordinary D-branes the scaling is N2 and is readily

explained in terms of the dimension of the U(N) gauge group on their world-volume.

It is interesting to consider the limit in which gravity is decoupled from the stack of M2-branes or
Mb5-branes. One then gets a three- or six-dimensional quantum field theory that flows in the IR to a
non-trivial superconformal fixed point with 16 supersymmetries. Effective actions are available that
capture the low-energy dynamics of a stack of M2-branes. It can be described by the ABJM model [67],
a matter-coupled three-dimensional Chern-Simons theory. The matter fields include the scalars that
parametrize the directions orthogonal to the world-volume of the brane, while the gauge vectors are
non-dynamical. The theory has one free coupling constant, the Chern-Simons level k, and is weakly
coupled for large k. From an M-theory perspective, k is not a parameter of the world-volume theory
of the M2-branes, but of the eleven-dimensional background in which they live. Indeed, the theory at
level k describes a stack of M2-branes on top of an orbifold singularity C*/Z;, in the eight-dimensional
transverse space. Therefore, the case of M2-branes in flat spacetime corresponds to the strongly
coupled regime k = 1. Let us also recall that in the case of a stack consisting of two M2-branes the
ABJM model has additional symmetries and is equivalent to the Bagger-Lambert-Gustavsson theory
[68, 69] [70], [7T], [72]. The latter is based on a non-standard gauge symmetry formulated in terms of

three-algebras rather than Lie algebras.

The superconformal theory living on the world-volume of a stack of M5-branes remains largely mys-
terious. It will be considered in more detail in chapter [6] as it constitutes one of the main motivations

for the study of tensor theories in six and five dimensions.
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CHAPTER 4

Compactifications and effective actions

In this chapter we review some useful notions about compactification of higher-dimensional super-
gravity theories and the resulting lower-dimensional effective action. We focus in particular on the
cases of compactification on a circle and on Ricci-flat manifolds with special holonomy. The latter are
motivated by supersymmetry considerations. After some general results, we present an overview of the
classes of Ricci-flat manifolds we will be studying in more detail in the following chapters: Calabi-Yau

manifolds and manifolds with Spin(7) holonomy.

4.1 The compactification paradigm

As we learn from general relativity, in any theory that captures gravitational degrees of freedom the
geometry of spacetime is not fixed a priori but is rather determined dynamically. This allows for
the possibility that a D-dimensional theory admits vacua whose low-energy physics is effectively d-
dimensional, with d < D. One of the simplest ways to achieve this is to consider a spontaneous
compactification scenario: the full D-dimensional theory has a solution that describes the product of
a non-compact d-dimensional spacetime and a compact k-dimensional space, with D = d + k. We will
refer to the former as external space and the latter as internal space. In such a scenario the dynamics
of field fluctuations around the vacuum comes associated with an energy scale given by the inverse of

-1

the typical length scale of the internal space £;,¢. Physical processes with energies much lower than £;

cannot excite fluctuations in the internal space and are therefore not able to probe all D dimensions

of spacetime, but rather only the d non-compact directions.

This observation is particularly relevant in the context of string theory and M-theory, since com-
pactification appears as a natural way to extract lower-dimensional physics from ten or eleven dimen-

sions. On the one hand, this is clearly necessary in order to discuss phenomenological implications

95
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of string theory. On the other hand, it can also provide powerful insights on more formal aspects of
quantum field theory. For instance, Type IIB compactifications to six dimensions shed some light on

the nature of interacting superconformal (2,0) theories.

In the upcoming sections we examine in detail two compactification scenarios that play a crucial
role in the following chapters: circle compactifications and compactifications on Ricci-flat manifolds
with special holonomy. Let us stress that we address the compactification problem from a purely field-
theoretical perspective: effects due to the extended nature of strings or membranes will be neglected
and our starting point consists of the low-energy supergravity actions discussed in sections

This approximation is self-consistent provided that a hierarchy of scales exists

E<il<i;t o Ex

int

L (4.1)

int

among the typical energy scale F under consideration, the characteristic size of the internal space fjys,

and the string length /5 or the M-theory fundamental length fy;.

4.2 Circle compactification

The simplest example of compactification is obtained by choosing a one-dimensional internal space
with the topology of a circle. This setup was originally considered by Klein 73] in relation to Kaluza’s
proposal [74] of unifying gravity and electromagnetism in four dimensions by means of pure gravity in
five dimensions. For our discussion it is convenient to keep the dimensionality of the external space
arbitrary. We then start with a theory in D = d + 1 dimensions and we consider it on a background

Mg = Mg x S* where My is d-dimensional Minkowski spacetime. The background metric reads
(940(&))d2"di” =y datda” + RPdy® . y~y+ 27, (4.2)

where &, 1 = 0,...,d, are (d+1)-dimensional coordinates that split into the d-dimensional coordinates
a*, u=0,...d —1, and the coordinate y parametrizing the circle. The constant R has dimensions of
length: 27R is the circumference of the compactification circle measured by the (d + 1)-dimensional

metric.

4.2.1 Mode expansions and dimensional reduction of gravity

In the original (d + 1)-dimensional theory fields depend on both the external coordinates z* and the
internal coordinate y. If we consider bosonic fields, consistency with the background requires
periodicity in y with period 27rE] As a result, (d + 1)-dimensional fields can be written in a Fourier
expansion with z-dependent coefficients. This is most clearly exemplified by the simple case of a real
scalar ¢ in d + 1 dimensions,

Ha,y) =Y o"(z)e™ . (4.3)

nez

1For fermions antiperiodicity is a viable option. More generally, the periodicity conditions can be twisted by the action
of a generator of a global symmetry in the original (d + 1)-dimensional theory, yielding generalized circle reductions a la
Scherk-Schwarz [75)], [76, [77]. Our discussion is restricted to compactifications without any twist.
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The Fourier coefficients are interpreted as d-dimensional scalar fields and are referred to as Kaluza-
Klein modes of ¢. They satisfy the reality condition ¢(™ = (¢(™)* = ¢(-™)_ If we suppose that
the dynamics of qg in d + 1 dimensions is governed by the massless Klein-Gordon equation in the

background (4.2)
(9")0n050 =0, (4.4)

the d-dimensional dynamics of Kaluza-Klein modes is diagonal in the level n and is described by
Wy g m _ T g

We can then see that the zeromode ¢(® is a free massless scalar in d dimensions, while excited modes
are massive with mass m,, = n/R. Note that the functions {€™¥},cz constitute a complete set of
eigenfunctions of the internal Laplacian,

TL2

g¥Y0,0, e = —ﬁeiny ) (4.6)
and that the mass term in precisely corresponds to the eigenvalue of this operator. This is a
general feature of compactifications which is valid also for more complicated internal spaces: higher-
dimensional fields are expanded onto eigenfunctions of suitable differential operators in the internal
space and modes associated to non-vanishing eigenvalues are massive, with a mass inversely propor-
tional to the typical length scale of the internal geometry. This observation singles out zeromodes as
they are the only fields that can participate directly to the low-energy dynamics in any compactification

scenario.

The most general (d 4 1)-dimensional metric on a space with topology Mgy1 = Mg x S' can be
written in the form

Gpp di"d3” = gy, datdz” + r*(dy + Audat)? Y~y 21, (4.7)

provided that the metric functions g, r, A, are allowed to depend both on x and on y. In view of
the discussion of the previous paragraph, however, we are led to consider the restricted case in which
9w, 7, A, are functions of x only, since this corresponds to retaining zeromodes and discarding excited
modes. Under this assumption the relation is known as Kaluza-Klein Ansatz. The d-dimensional
fields g, r, A, are interpreted as the d-dimensional metric, a scalar usually called dilaton, and a
vector commonly referred to as the Kaluza-Klein vector. Note that the background metric can
be recovered from by setting

<g;w> = Nuv » <T> =R, <AM> =0. (4'8)

Let us suppose for simplicity that the dynamics of gravity in d + 1 dimensions is governed by the

standard Einstein-Hilbert action

1 5 o
SEH = 5 2 / Rx1 y (4.9)
Rar1 IMa

where R is the Ricci scalar built from Gpp- If we plug the expression (4.7) for g into the Einstein-
Hilbert action (4.9) we obtain the action for the d-dimensional fields g, 7, A,

! / [rR*l— 1r3F/\*F} . (4.10)
My 2

Sn = —
EH 2,{;3
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In this expression R and * denote the Ricci scalar and the Hodge star operator associated to the
metric g, n3 = /<53 1+1/(2m), and F' = dA. Note that all terms involving gradients of r organize into a
total derivative that has been discarded. Nonetheless a kinetic term for r is generated as soon as the
first term in is brought into standard Einstein-Hilbert form by means of the Weyl rescaling

2

G =TT2 G - (4.11)

Indeed, in terms of the new metric (but dropping the superscript ‘new’) we obtain

1 d—1 1 2(a-1
SEH:? R*l—mdlogr/\*dlogr—§r =2 A xF| . (412)
d I Mg

The reduction of the Einstein-Hilbert term we have just considered is the prototype of the circle

reductions discussed in greater detail in chapters[7] and [§]in the context of F-theory compactifications.

The reduced action (4.12)) is manifestly invariant under the expected gauge transformation of the
Kaluza-Klein vector, d A = dA. This transformation can be given a geometrical interpretation in terms
of (d+ 1)-dimensional diffeomorphisms. In fact, the functional form of the Kaluza-Klein Ansatz (4.7))

and the range of the periodic coordinate y are invariant under diffeomorphisms of the form
't =ah v =y—\x), (4.13)

with arbitrary function A. These diffeomorphisms act trivially on g, and r and precisely reproduce

the expected finite U(1) gauge transformation on the Kaluza-Klein vector,
Gy =G, 1T =r, A=A+dx. (4.14)

Inspection of (4.13)) reveals that excited modes transform non-trivially under this U(1) gauge trans-

formation.

4.2.2 Circle compactification of p-forms

It is instructive to consider the Kaluza-Klein expansion of an Abelian p-form in d + 1 dimensions.

The study of this system provides also preliminary material for the discussion of self-dual p-forms in

chapter

Let C, be a (d + 1)-dimensional Abelian p-form with free action

1 A . ) )
Sform = _/ Fp+1 A *Fp+1 s Fp+1 = de s (415)
Mgt

which is invariant under the (d + 1)-dimensional gauge symmetry
6C, = dh,_1 , (4.16)

with arbitrary (p — 1)-form parameter f\p,l. Let us Fourier expand both the p-form and the gauge

parameter as

Co= e+ ntay+ )| e Ry =30 (A + AT, A (dy + A)] e (417)
nel nez
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In these expressions all fields on the right hand side of the equations depend on x only. Note also the
appearance of the combination dy 4+ A, which is invariant under the combined transformations
and (4.14). Using dy + A to expand (d + 1)-dimensional fields ensures simple U(1) transformation
laws, for instance

n) __ _in\ n (n)r m)\ (n)
o =emrofm ot =em e

p—1> (418)

and similarly for modes in the expansion of the gauge parameter /A\p,l. This leads us to the introduction

of a U(1) covariant derivative D which acts on modes at level n as

The p-form action (4.15)) written in terms of Kaluza-Klein modes takes the form
0 _
Storm = / 2y [— FO A+ES, — 27« 2O A *FISO)}
Mgy
+ Z / 27rr FU AFSD, — 1 2F0) A *Fp] , (4.20)

where we have not performed the Weyl rescaling (4.11) and we have introduced the d-dimensional
field strengths

F =DC + (- e aF F{ =D, 4 ()P inC (4.21)
with n € Z. They are invariant under the d-dimensional gauge transformations induced by (4.16)
608 = DA, + (—)P 2 AT, A F 50 = DAY, + (<) tin AT, (4.22)

which are again valid for any n € Z. Let us clarify the physical implications of (4.20) and (4.22).
(0) ~(0)
Y Cp

The zeromodes C), ', describe a massless p-form and a massless (p—1)-form, respectively. Note
that, while C]g(l)l has standard gauge transformations and Bianchi identity, the gauge transformation

of C’éo) implies a non-standard Bianchi identity
dF\) = (—P IO AF (4.23)

This mechanism, for instance, is the source of the non-standard Bianchi identity for the Type IIA
four-form field strength (2.25)) if it is interpreted as the circle reduction of the four-form field strength
of eleven-dimensional supergravity. It will also play an important role in the discussion of self-dual

p-forms on a circle in chapter

Let us now turn to excited modes. For n # 0 the (p — 1)-form C( )1 enjoys a shift symmetry with

n)

parameter Az(a—l that makes it possible to completely gauge it away. The gauge-fixed action contains

the field C’én) only, has no residual local symmetries at level n, and its relevant terms read
Storm 2 dC{M A xdCS — C(”) A +C5) 4.24
£ D Z / Tr [ * 2 * , ( )

n) 1

From this expression we see that the gauge-fixed forms C’é describe massive fields with m, = n(r)™" =

n/R. Note that what we have described is a p-form generalization of the Stiickelberg mechanism, which

(n)

corresponds to the case p = 1: C
L

is the Stlickelberg scalar with shift symmetry gauged by the vector
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4.2.3 Some remarks

Let us conclude this section with some additional remarks about excited modes in circle compactifica-
tions. In the previous example of the Abelian p-form on a circle the original action in d+ 1 dimensions
describes a free field and as a result in d dimensions Kaluza-Klein modes associated to different levels
are decoupled. This makes it easy to retain them all in our discussion. As soon as interactions in
d+ 1 dimensions are considered, however, non-trivial mixing among Kaluza-Klein levels occurs in the

lower-dimensional theory.

This would be the case, for instance, if we allowed for a non-trivial y dependence of g, 7, A, in
the Kaluza-Klein Ansatz, given the non-linear nature of gravity. Some preliminary information about
the associated massive spectrum can be extracted from the study of linearized Einstein’s equations
on the background . This analysis confirms the known fact that the massless states associated
to the y-independent part of g,,, 7, A, are accompanied by a tower of massive spin—tvv(ﬂ particles of

mass m, = n/R, see for instance 78] for a discussion in d = 10.

By neglecting any y-dependence in the Kaluza-Klein Ansatz (4.7)) we have effectively frozen to
zero all these massive modes. In chapters [7] and [§] we will consider circle reductions with both gravity
and matter fields and we will similarly switch off all excited modes. Can this procedure be justified?

This question can be addressed from two points of view.

According to the effective action paradigm, at low-energies the dynamics of the system is governed
by zeromodes only. Excited modes should then be integrated out and their presence affects the effective
action only indirectly, via corrections to the couplings among zeromodes. For the vast majority
of couplings all effects due to massive modes are suppressed by the Kaluza-Klein scale R~! and
are therefore negligible for energies E <« R™!. Instead of properly integrating out massive modes
we can then simply set them to zero in this approximation. In chapter [9] we will study a notable
exception to this prescription: topological couplings among zeromodes in five-dimensions can receive
loop corrections from excited Kaluza-Klein modes that are independent of the scale R~!. Some

implications of this peculiar effect will be explored in chapter [I0}

From a purely classical perspective, the truncation of the full theory to zeromodes only is consistent
provided that any solution of the d-dimensional equations of motion for zeromodes can be uplifted to a
solution of the full (d+1)-dimensional theory. From this perspective, an Ansatz like (4.7)) is interpreted
as a recipe to construct (d + 1)-dimensional solutions starting from d-dimensional solutions. In the
case of circle compactification, the truncation to zeromodes can be shown to be always consistent in
this sense [79, [B0]. This can be understood recalling that all excited modes are charged under the
U(1) symmetry associated to the Kaluza-Klein vector. As a result, in the equation of motion for a
mode at level n all terms must have charge n and this forbids any term that is a function of zeromodes
only. This implies that if all excited modes are set to zero, all their equations of motion are satisfied

automatically.

2The spin of a massive particle in d dimensions is defined as the maximum absolute value of the eigenvalues of the
Cartan generators of the massive little group SO(d — 1). Massive Kaluza-Klein modes of the graviton fall into the
symmetric traceless representation of SO(d — 1).
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4.3 More general compactification on Ricci-flat manifolds

In the typical compactification scenario in string theory or M-theory one is interested in the reduction
of a D-dimensional theory on a k-dimensional compact space X down to d dimensions. It is customary
to require that the external spacetime be a maximally symmetric space, i.e. Minkowski, de Sitter, or
anti-de Sitter. Under this assumption, the most general background value of the D-dimensional metric

that is compatible with all symmetries of external spacetime takes the form of a warped product,

(G0 (2))d2Pdi” = W) g,,, () da"dz” 4 gmn(y) dy™dy™ . (4.25)

In this expression &, i = 0,...D — 1 are coordinates in D dimensions, while z#, u = 0,...d — 1
are coordinates in the external spacetime and y™, m = 1,..., k are coordinates in the internal space.
Moreover, g, is the Minkowski, de Sitter, or anti-de Sitter metric, and g,y is the metric of the internal

space. Finally, w is a scalar function referred to as the warp factor.

In what follows we restrict our analysis to the simplest situation in which the warp factor is
constant (and can be set to zero with no loss of generality), external spacetime is Minkowski, and the

internal metric is Ricci-flat,
(G40(2))di"dz” = 1, dztdz” + gmn(y) dy™dy™ ,  Rum =0. (4.26)

This metric is a solution to D-dimensional vacuum Einstein’s equation. Note that if we consider the
Type II or M-theory effective actions at two-derivative level (2.22)), (2.23), (2.24), (3.34) and we set

all matter fields to zero in the vacuum, the D = 10 or D = 11 equations of motion reduce precisely

to vacuum Einstein’s equation. Let us stress, however, that we are ignoring several complications
related to higher-derivative corrections [81) [82] and the possibility of quantum anomalies that impose
a half-integral quantization of fluxes, which prohibits to just set them to zero in the background [62].
Some of these crucial issues will be addressed in section in the context of F-theory vacua, but will

be neglected for the time being.

According to the lesson learned in the study of circle compactification, D-dimensional fields have
to be expanded in eigenfunctions of some suitable operator in the internal space. Zeromodes of these
operators will then yield massless fields in d dimensions. In order to identify the relevant operators
we do not need to consider the full non-linear theory and we can rather analyze small perturbations
around the background ,

G0 = (Ga) + hyo - (4.27)
One finds that metric fluctuations should be expanded in eigenfunctions of the operators
AgY =VPV,Y | (AY)y, =VPV,Y0 o (DAY )mn = VPV, Y0 +2R,P 1Y), . (4.28)

In these expression and henceforth indices and raised and lowered with the background internal metric
gmn 10 (4.26)), which is also used to build the covariant derivative V,,. The operator A is the connec-

tion Laplacian acting on scalar functions, while Ay is the connection Laplacian acting on covectors.
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The latter actually coincides up to a sign with the Laplace-de Rham operator acting on one-forms in

a Ricci-flat manifold, by virtue of the identity
(AGRY ) = (dd'Y +dTdY),, = —VPV, Yo + RypYP . (4.29)

Finally, As acts on symmetric tensors and is known as the Lichnerowicz operator. Note also that we
restrict the action of Ay and As to functions Y;,, Y., that obey the transversality and tracelessness
requirements

v, =0, V"0 =0, g"Ymn=0. (4.30)

It is possible to prove that on a compact space Ag, A1, and A admit a finite number of zeromodes
and an infinite tower of excited modes with strictly negative eigenvalues. As a result we find a spectrum
with the same qualitative features as the Kaluza-Klein spectrum of a circle compactification: a finite
number of massless fields is accompanied by an infinite tower of massive fields. In what follows we
focus on zeromodes only. It is interesting to note that, in analogy to the case of a p-form on a circle

in section [4.2] the masses of excited modes are generated via a Stiickelberg-like mechanism.

Let us start our analysis of zeromodes by recalling that a zeromode of the scalar Laplacian Ay on
a compact manifold is constant. As a result, there is only one independent zeromode, which will be
denoted Y. Secondly, the identification between —A; and Aggr allows us to exploit Hodge theory of
harmonic forms and conclude that zeromodes of A; are labelled by the first Betti number by of the
internal manifold: we thus have the zeromodes Y;5 (y) with 8 =1,...b1. In order to specify further the
zeromodes of the Lichnerowicz operator one needs additional information about the compact Ricci-
flat manifold. In the following sections we will explore in more detail zeromodes of Ay on Calabi-Yau
manifolds and Spin(7) manifolds, and in both cases they will be related to appropriate harmonic forms.
For the time being, it suffices to recall that A, admits a finite number Ny of zeromodes, that will be
denoted Y, (y), with v = 1,..., No.

The expansion of the components of the metric fluctuation with respect to zeromodes of Ag, Ay,
Ay reads

b1 No
hyw =70, Y" hyn = Y _ABYS hn =Y _ MY}, + Y Og,, (4.31)
=1 =1

where we have introduced a d-dimensional symmetric tensor 72,, identified with the graviton, a col-
lection of vectors Ag and a collection of scalars M?, ®°. Note that, thanks to , the scalar
fluctuations M7 leave the volume of the internal space invariant. One can show that the same holds
for excited modes. As a result, the variation of the internal volume is entirely encoded in ®°. It is
possible to check that plugging the metric perturbations into the linearized Einstein’s equation
in D dimensions the expected massless equations of motion for ’ng Aﬁ and M7, ®° are recovered.
Let us just mention that one finds a mixing between the graviton 72,/ and the scalar ®°: it is the

manifestation at linearized level of the Weyl rescaling discussed below.

It is known that for compact Ricci-flat manifolds the first Betti number b; receives contributions

from torus factors only, i.e. it is non-vanishing only if the space can be written as a product Zj_, X



4.3. More general compactification on Ricci-flat manifolds 63

T*, with ¢ > 1. Equivalently, the only Killing vectors on a compact Ricci-flat manifold are those
associated to such torus factors [46]. In chapters|7|and [8| we will consider internal Ricci-flat manifolds
whose definition forbids torus factors. As a result, no massless vector appears in the spectrum of the

dimensionally reduced theory.

The scalars ®° and M” are commonly referred to as metric moduli. Their masslessness reflects the
fact that they correspond to deformations of the internal manifold that respect Ricci-flatness and thus
they parametrize a vacuum degeneracy. In this respect they are analogous to Goldstone bosons. Note
that our discussion has considered only infinitesimal deformations. In many cases of interest, including
Calabi-Yau and Spin(7) manifolds introduced below, it is possible to prove that these deformations are
unobstructed and can be promoted to finite transformations. We therefore have a well-defined notion
of moduli space. It is a manifold with dimension N+ 1 and can be parametrized by coordinates XM,
M =1,...,Na+1. From this perspective the background internal metric g, in is though of as
some point in moduli space, and the scalar fluctuations ®° and M"? are best understood as orthogonal

vectors in the tangent space to moduli space at that point.

The dynamics of moduli can be extracted from the dynamics of pure gravity in the higher-
dimensional theory. In fact, we will now discuss how the dimensional reduction of the D-dimensional
Einstein-Hilbert action

g1 R#1 (4.32)

2 Jmp
yields a non-linear sigma model for the moduli X coupled to d-dimensional gravity. For notational
simplicity we have set the D-dimensional gravitational constant to one, kp = 1. The starting point

of the dimensional reduction is the metric Ansatz
G (£)daFd2” = gy (x)dadaz” + gun (y; X (x))dy™ dy™ | (4.33)

where the notation ¢, (y; X(x)) indicates that the internal metric depends parametrically on the
coordinates X on moduli space, which are in turn allowed to vary with the external coordinates
x. Note that we have included no d-dimensional vector in . This is because we are interested
in Ricci-flat manifolds with b = 0 for which the expansion of the internal metric yields no massless

vector, as we have seen above.

The dimensional reduction of (4.32)) is performed in detail in appendix Let us stress that the

external metric has to be Weyl rescaled according to

old_v—ﬁ new 4.34
guy - g,ul/ ( N )

in order to achieve canonical normalization for the d-dimensional Einstein-Hilbert term. In terms of

the new external metric, but dropping the superscript ‘new,” one finds

1 d—1 1
S = “R¥l— —— dlogV A xdl - AXM A xd XN 4.35
/Md [2 w1 g g dlosV A xdlog = S0y . ] (4.35)

where V denotes the volume of the internal space and sigma-model metric Gaqns is given by an integral

over the internal space,

1 o ng O9mn O mn O9mn pg O
O = g5 [ dYa g™ S g g (4:36)
4V Jm,

OXM XN OXM7 XM
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The partial derivatives 0gp,/0X™M encode the variations of the internal metric components with
respect to the moduli, thought of as parameters. Equivalently, under an infinitesimal variation 6 XM

of the moduli the metric varies according to

agmn

DM SXM (4.37)

5gmn =

When a specific class of internal manifolds is considered there is usually a natural choice for the
coordinates X in moduli space. Furthermore the geometry of the internal manifold allows one to
derive relations of the form , from which one can read off the quantities 0gy,, /0X™ and compute
G MmN using . We will see how this works explicitly for the case of the moduli space of Calabi-Yau
manifolds and Spin(7) manifolds.

So far we have discussed the compactification of D-dimensional gravity. Another essential ingre-
dient for our discussion in chapters [7] and [§] is furnished by the reduction of p-form fields. In this
case the appropriate differential operator in the internal manifold is the Laplace-deRham operator.
This can be seen by noting that the linearized equation of motion for a p-form C'p supplemented by
the Lorenz-like gauge condition d x C'p = 0 reads simply AdRép = 0. In the factorized background
metric the Laplace-deRham operator of the total space splits into the sum of the corresponding
operators for external spacetime and for the internal manifold. As a result, zeromodes are obtained
by expanding onto a basis of harmonic forms of the compact space. Therefore we can make use of an

Ansatz of the schematic form

Cp(d)= Zcf YAy X () (4.38)

r+s=p =1

where C! are r-forms in external spacetime, W! is a basis of harmonic s-form in the internal space,
with bs being the s-th Betti number. We have stressed that it is possible for the harmonic forms Wy
to depend parametrically on the moduli X, just like the internal metric does in (4.33).

We would like to stress a crucial difference between or and the Kaluza-Klein Ansatz
on a circle (4.7). Contrary to (.7, in fact, (4.33) and (4.38) do not generically define a consistent
truncation, i.e. it is not true that any solution to the d-dimensional equations of motion for g,,,, X M,
C! can be lifted to a solution of the D-dimensional equations of motion via and (| - As a

result, our approximation of retaining zeromodes only is strictly speaking 1ncon51stent at the level of

the classical equations of motion. We can still make sense of expressions like and (| - within
the framework of the low-energy effective action paradigm. From this perspectlve, these relations are

convenient tools in the derivation of the effective action for massless fields in d-dimensions.

As mentioned above, in order to flesh out the content of formal expressions like (4.36)) more
information is necessary about the structure of the moduli space of the theory. For our purposes, we
are interested in some features of the moduli spaces of Calabi-Yau manifolds and of Spin(7) manifolds.
Before discussing them, however, let us briefly motivate the emergence of these special geometries and

clarify the origin of their relevance for string and M-theory compactifications.
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4.4 Supersymmetry and special holonomy

As noted above, the background metric (4.26)) solves vacuum Einstein’s equation in D dimensions and
is therefore a viable vacuum if we consider a two-derivative action and we switch off all matter fields. In
most cases of interest in string theory and M-theory the higher-dimensional action is supersymmetric
and one in interested in backgrounds that not only do solve the equations of motion, but also preserve

a fraction of the supersymmetry.

For definiteness let us consider supersymmetric compactifications of eleven-dimensional super-
gravity, whose two-derivative bosonic action was given in (3.34). We now need the expression for the
supersymmetry variations to lowest order in the gravitino: they read [45]

56" = el oy 5Chip = —3EL s ¥y
P VR 1 L - M. 102030y L M1eis | 2
57@[1 = V[LG + ﬁ IG171192173174 Fﬂl_‘ — §Gﬂ91g293 I €. (439)
In these expressions f[i,7,... are curved eleven-dimensional indices, a is a flat eleven-dimensional

index, and é% i denotes the elfbein. The Majorana spinor € is the anticommuting supersymmetry
parameter and the Majorana vector-spinor 1&,2 is the gravitino. The symbol @ﬁ represents the Levi-
Civita connection acting on spinors. The quantity r fi...i, denotes the antisymmetrized product of p

gamma matrices in eleven dimensions. Finally, recall that Gy = dCs.

As noted above, our discussion is restricted to vacua in which all matter fields are set to zero. In

the context of eleven-dimensional supergravity we then have

(C5)=0,  (¢p)=0. (4.40)

As a result, the supersymmetry variations of the elfbein & 5 and of the three-form Cs are automatically
zero if evaluated in the vacuum and the gravitino variation takes the simple form v, = Ve, This
implies that a fraction of supersymmetry is preserved if and only if a non-trivial solution to the Killing
spinor equation

V=0 (4.41)
can be found. Since this is a linear equation, its solutions constitute a linear space whose dimension

determines the number of supercharges preserved by the compactification.

In order to search for solutions to the Killing spinor equation on the background we
need to decompose the eleven-dimensional spinor € into a d-dimensional spinor and a k-dimensional
spinor. The details of this decomposition depend on the specific dimensionalities involved. However,
these complications can be avoided if we ignore temporarily the Majorana condition on € and we treat
it as a Dirac spinor. We then search for solutions to of the factorized form

é(z,y) = e(x) ®@n(y) , (4.42)

where €(z) is a Grassmann-odd Dirac spinor in external spacetime and 7(y) is a Grassmann-even Dirac

spinor in internal spacetime. The external component of the Killing spinor equation in Minkowski
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spacetime is simply solved by any constant e, while the internal component gives the Killing spinor
equation on the internal manifold,
Vin =0, (4.43)

where now V,, denotes the spinor covariant derivative built with the internal metric g, in (4.206]).

This equation implies the integrability condition

1
0= [vna Vm]n = ZRmnqupqn s (4.44)

where I'P? is the antisymmetric product of two internal gamma matrices, which in turn implies
Ryn =0, (4.45)

provided that 7 # 0 and making use of the Euclidean signature of the internal space. Ricci-flatness
of the internal space was already demanded on grounds of the D-dimensional equations of motion,
but we now see that it stems automatically from the requirement of unbroken supersymmetry in an

unwarped background of the form (4.26)).

In order for the decomposition to give a well-defined spinor in eleven dimensions we have
to demand that n be globally defined on the internal manifold. Since it is covariantly constant ,
it must be in particular nowhere vanishing. This generically imposes topological conditions on the
internal manifold, such as a reduction of the structure group to a proper subgroup of SO(k). This
observation remains valid if the Killing spinor equation is generalized, allowing for deformations
of the Levi-Civita connection acting on the spinor 7. Pursuing further these ideas would lead us to
the discussion of G-structures in the context of string and M-theory compactifications, which however

lies beyond the scope of this work. We refer the reader to e.g. [83] for an introduction to the subject.

On top of topological considerations, the Killing spinor equation restricts the holonomy
group of the Levi-Civita connection on the internal manifold. Since it plays a crucial role in our
discussion, it is useful to recall a few facts about the notion of holonomy. Let E be a vector bundle on
a Riemannian manifold. We are currently interested in the case in which F is an appropriate spinor
bundle, such as the bundle of Dirac or Weyl spinors. Let p be a point on the Riemannian manifold
and let v be a piecewise smooth loop based at p. The Levi-Civita connection induces a well-defined
notion of parallel transport in the vector bundle £. We can then take an element 7 in the fiber £,
and parallel transport it along -y all the way back to p. The outcome of this procedure will generically
be a different 1’ € E,, related to n by a linear transformation S € GL(E,). The holonomy group
based at p, denoted Hol,, is then defined as the subgroup of GL(E,) consisting of all transformations
S that can be obtained in this way. For a spinor bundle in a k-dimensional Riemannian manifold
Hol,, is generically contained in a (possibly reducible) spinor representation of SO(k). It can be shown
that the holonomy groups Hol,, Hol,s based at points p, p’ are isomorphic on a connected manifold.
Therefore in what follows we will simply refer to the holonomy group as Hol. Let us point out that
Hol is a Lie group and that its identity component Hol?, known as the restricted holonomy group, is
generated by considering parallel transport along contractible loops only. The Lie algebra of Hol® is
related to the curvature two-form of the connection by the Ambrose-Singer theorem [84]: intuitively

speaking, curvature encodes the rotation induced by parallel transport along an infinitesimal loop.
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For simplicity we will restrict to simply connected manifolds, for which it is possible to show that
Hol = Hol’. Let us now illustrate the relation between the Killing spinor equation and holonomy
using some examples that will be relevant to the F-theory compactifications discussed in chapters
and [8

Let us consider the case in which the dimension of the internal manifold is £k = 6. Minimal spinors
of SO(6) = SU(4) can be represented as Weyl spinors in the complex irreducible representations 4
and 4 of SU(4), with complex conjugation interchanging chiralities. Let 1 be a globally defined spinor
in the 4 representation satisfying the Killing spinor equation . Its complex conjugate n* then
furnishes a covariantly constant spinor in the 4 representation. Clearly, both 1 and n* are invariant
under the action of the holonomy group since they behave trivially under parallel transport. If the
holonomy group Hol of the manifold were all of SU(4), it would act irreducibly on n and n*, and
the only possible invariant spinors would be n = n* = 0. In order to have non-vanishing Killing
spinors Hol must be a proper subgroup of SU(4), Hol C SU(4), such that in the decomposition of the
representations 4 and 4 under SU(4) — Hol a singlet of Hol is found. It is possible to show that the

existence of a pair of non-vanishing Killing spinors 1, n* forces Hol C SU(3). Indeed, we have

SU(4) — SU(3)
4> 3+1, (4.46)

and similarly for 4. By the same token, if we require the existence of two pairs of non-vanishing, linearly
independent Killing spinors 7, nf and 72, 75 the holonomy group is further reduced to Hol C SU(2),
consistently with the fact that

SU(4) — SU(2)
4 5 2+1+1. (4.47)

It turns out that the existence of three pairs of independent non-vanishing Killing spinors forces the
holonomy group to be trivial, so that the space is a flat six-torus that actually admits four pairs of

such spinors, in accordance with the trivial decomposition

SUM4) — 1
45 1+14+1+1. (4.48)

The internal spinors 77, n* can be used to build an eleven-dimensional Majorana spinor according to
N
é=>Y (e@n+een), N=01,24 for Hol=SU@4),5U(3),5U(2)1, (4.49)
i=1
where ¢; are constant Dirac spinors of SO(1,4). This shows that for holonomies SU(4), SU(3), SU(2), 1
we have N’ = 0,1, 2, 4 supersymmetry in five dimensions, respectively, corresponding to 0, 8,16, 32 real

supercharges.

One can analyze in a similar fashion the amount of supersymmetry preserved by compactification

on 8-dimensional manifolds depending on their holonomy. We refrain from a complete account and
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we just discuss the two cases that will be relevant for F-theory compactifications. Recall that the
minimal spinors of SO(8) are Majorana-Weyl spinors. If we impose the existence of one non-vanishing
Majorana-Weyl Killing spinor of positive chirality 74 the holonomy group must satisfy Hol C Spin(7).
Indeed, it is possible to show that the two inequivalent Majorana-Weyl representations 8. and 8, of

SO(8) decompose as

SO(8) — Spin(7)
8 — 7T+1,
8 — 8, (4.50)

yielding only one singlet. (Chirality assignments are convention dependent.) This implies that if the
internal manifold has Spin(7) holonomy the eleven-dimensional Majorana supersymmetry parameter
can be written as

E=€e®ny, (4.51)

where € is a Majorana spinor of SO(1,2). The resulting three-dimensional theory has minimal A" = 1

supersymmetry, corresponding to two real supercharges.

Next, we consider the case in which we have two non-vanishing Majorana-Weyl Killing spinors
of positive chirality 114, n2+, which can also be combined into a single complex Weyl spinor 7y =
M+ + in24. In this case the holonomy group must satisfy Hol C SU(4) and the relevant group-

theoretical decomposition is

SO(8) — SU(4)
8, — 6+1+1,
8, — 8. (4.52)

In this case the have
E=€ QM4+ + €y, (4.53)

where €; o are once again Majorana spinors of SO(1,2), so that three-dimensional theory has N = 2

supersymmetry, or four real supercharges.

We have encountered a few examples of manifolds with special holonomy. A complete classification
of these spaces is due to Berger [85]. More precisely, his classification applies to simply connected
Riemannian manifolds that are irreducible and not locally symmetric spaces. On the one hand,
irreducibility refers here to the requirement that the holonomy group act irreducibly on the tangent
bundle. On the other hand, a local symmetric space is a Riemannian manifold in which for every point
p is it possible to define an isometry in a neighborhood of p that fixes p and reverses geodesics through
p. It can be proven that a Riemannian manifold is locally symmetric if and only if its Riemann tensor
is covariantly constant, and that any locally symmetric space is locally isomorphic to a coset space
G/H. These space are not relevant for the present discussion. Taking into account these preliminary

remarks, Berger’s classification is shown in table [4.1]

Since it is instrumental for our discussion, let us state explicitly the definition of Calabi-Yau

manifold that we will be using henceforth: a Calabi-Yau n-fold is a compact Kahler manifold with
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holonomy dimension class remarks
SO(n) n Riemannian manifold
U(n) 2n Kéhler manifold
SU(n) 2n Calabi-Yau manifold Ricci-flat, Kéhler
Sp(n) x Sp(1) 4n Quaternionic Kéhler manifold non-flat Einstein, non-K&hler
Sp(n) 4n Hyper-Kéahler manifold Ricci-flat, Kéhler
Gy 7 G manifold Ricci-flat
Spin(7) 8 Spin(7)-manifold Ricci-flat

Table 4.1: Berger’s classification of the holonomy groups of simply connected, irreducible, non locally
symmetric Riemannian manifolds.

strict SU(n) holonomy (and not a proper subgroup of SU(n)). For example, with this definition
the complex torus 72" with n > 1 is not a Calabi-Yau manifold. By the same token, by Spin(7)
manifold we will always mean a manifold of strict Spin(7) holonomy. The next sections are devoted to
a lightning account of some properties of Calabi-Yau threefolds and fourfolds and Spin(7) manifolds

that are relevant in the context of string theory and M-theory compactifications.

4.5 A brief overview of Calabi-Yau manifolds

This section is devoted to a brief account about the main geometrical and topological properties of
Calabi-Yau manifolds, together with a short summary of the distinctive features of their moduli spaces.
We would like to warn the reader that we will not attempt to make our review self-contained and that
some degree of familiarity with Ké&hler manifolds and (co)homology groups will be assumed. Books
and reviews such as [86], 87, 88, [89] are good references for background material as well as for the

properties of Calabi-Yau manifolds we are about to address.

4.5.1 Geometry and topology of Calabi-Yau manifolds

Consider a Kéahler n-fold X, i.e. a complex manifold with dim¢X = n endowed with a Hermitian
metric whose Kéhler form J is closed. The Kéahler condition ensures that the Levi-Civita connection
is compatible with the decomposition of the tangent bundle into holomorphic and antiholomorphic
parts, TX = TX"0 @ TX%!. As a result, the restricted holonomy group of X is contained in U(n) =
SU(n) x U(1). The U(1) factor is associated to the trace of the curvature two-form,

Ry = RFy;d2t NdZT v R = RFy;de' NdF (4.54)

where 2%, i = 1,...,n are local complex coordinates on X,, and ngi]— are the components of the
Riemann tensor. On a Kéhler manifold they enjoy the symmetry property R,z = Rz, so that the
components of tr R are proportional to the components of the Ricci tensor R;; = Rkik]—. One can then
conclude that the restricted holonomy group of a Kéahler manifold is contained in SU(n) if and only
if the Kéahler metric is Ricci-flat.
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The trace of the curvature two-form also enters the expression of the first Chern class of X,

7

c1(X) = e (TXM0) = o

trR . (4.55)

Therefore Ricci-flatness of the Kéahler metric immediately implies ¢;(X,) = 0. The converse for
compact Kéhler n-fold was conjectured by Calabi and proved by Yau. More precisely, Yau’s theorem
states that if X, is a compact Kéhler n-fold with Kéhler form J and ¢;(X,,) = 0, then there exists a
unique Ricci-flat metric in the same Kéahler class as J. In what follows, we will always assume that
X, is endowed with this unique Ricci-flat representative of its Kéahler class. As noted above, we will
use the terminology Calabi-Yau n-fold to denote a compact Kéhler n-fold whose restricted holonomy
is exactly SU(n) and not a proper subgroup. In what follows we will elucidate the consequences of

this restriction.

Recall that the canonical line bundle Kx of a Ké&hler n-fold X is the n-th exterior power of
the holomorphic cotangent bundle, or equivalently the bundle of (n,0)-forms. It can be shown that
c1(Kx) = —c1(X), so that the first Chern class of X vanishes if and only if its canonical line bundle is
trivial. The latter condition is in turn equivalent to the existence of a global nowhere vanishing section
of Kx, i.e. a globally defined, nowhere vanishing (n, 0)-form, commonly denoted Q. If X is endowed
with its Ricci-flat metric, Q transforms as a singlet under the restricted holonomy group SU(n), and
is therefore covariantly constant. By virtue of the Kéhler condition and Ricci-flatness this implies that
) is harmonic and holomorphic,

Agr2=0, N=0, (4.56)

where Agr = dd' 4 d'd is the Laplace-de Rham operator and 0 = 88?

forms can only differ by multiplication by a scalar holomorphic function, which must be constant on a

dz"'. Two holomorphic (n,0)-

compact manifold. Therefore € is unique up to normalization. The (n,n)-form Q A Q is proportional

to the volume form of the Calabi-Yau n-fold. More precisely, one can show thalﬁ

1, o, nee) QAQ
where 1
1% = ﬁgil,_inﬁ“""" . (4.58)
Let us also recall the identity
i1...0rk ~~-kn77' k knf'r
iy, QUM =rlin—n) Qo ..o (4.59)

which is valid for 0 < r < n.

The Kéhler form J and the holomorphic (n,0)-form € can be constructed as spinor bilinears using

the covariantly constant spinors introduced in section [£.4] More precisely, for a Calabi-Yau threefold

3An algebraic identity like (4.57) is most easily derived in a convention-independent fashion by exploiting the fact
both the left hand side and the right hand side are covariantly constant so that if the relation holds at some specific
point p, it holds everywhere. We are then free to choose complex coordinates in a neighborhood of p in such a way that

ds®|, = Adi;dz'dZ | Jlp =iAbi;dz" NdZ,  Ql,=Bdz' A---Ad2"

with A, B constants that are eventually reabsorbed in ||Q].
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we have a pair of conjugate Weyl spinors of opposite chiralities i, n*. Supposing 7 has positive chirality

for definiteness, we write ny = 1 and n— = n*. It is then possible to check that the spinor bilinears

4 ~ 1 , .

J=—i nl Yign4 dz' NdZ Q= 30 nT_ Vijk N4 dz' N dz? A dzF (4.60)
satisfy all the expected properties of the Kéhler form and of the holomorphic (3,0)-form. In particular,
they are covariantly constant since the spinors 7.+ are, and algebraic relations such as J2 = —I or (4.57)
can be derived by means of Fierz rearrangements. A similar construction holds for a Calabi-Yau

fourfold, which admits a complex Weyl spinor of positive chirality 74,
. _ 1 . .
J=—i nj_ Yign4 dz' NdZ Q= o nl Vijke N+ dz" N dz’ A dzF A d2t . (4.61)

Let us stress that the fact that ny is complex is crucial in order to build the Kahler form J: if n4 were a
Majorana-Weyl spinor the bilinear 77T+7mn7]+ = 77JTr Cvuwn+ would vanish by virtue of the antisymmetry

of C,, in its spinor indices (which we do not write explicitly) and the commuting character of 7.

Let us now discuss some topological properties of Calabi-Yau n-folds. Recall that the Hodge num-
bers hP? of a complex manifold X are defined as the complex dimension of the Dolbeault cohomology

group H g’q(X ,C) and that on any compact Kéhler n-fold they satisfy
RPU = pOP | pPd = RGP RPP s () (4.62)

where the first relation is a consequence of complex conjugation, the second is derived using Hodge
duality, and the third observation stems from the fact that J? is a closed but not exact (p, p)-form. We
will also always assume that X is connected, so that h%? = 1. As we have seen a Calabi-Yau n-fold
is endowed with a nowhere vanishing holomorphic (n,0)-form € which is unique up to normalization.

As a result we have immediately

RO = p0n =1 (4.63)

but also
WO = pOmP (4.64)
since the map a;y..i, = Bp..5,_, = ﬁj—l“,jn_pil'“ipailMip is a one-to-one map from (p,0)-forms to

(0,n — p)-forms that preserves the harmonicity property. The equations we have written so far apply
to any compact Kéhler n-fold with restricted holonomy contained in SU(n). As anticipated above,

we insist that the holonomy group be exactly SU(n) for a Calabi-Yau n-fold. As a consequence
P0=0  for p#0,n. (4.65)

This can be seen as follows. On the one hand, the restricted holonomy group SU(n) acts on any (p, 0)-
form in the representation AP OJ, where O denotes the fundamental representation of SU(n). On the
other hand, on a Ricci-flat Kahler manifold a (p, 0)-form « is harmonic if and only if V"V, ..4, = 0,
which in turn is equivalent to Va4, = 0 if the manifold is compact. The (p,0)-form «, being
parallel, should then transform as a singlet of SU(n), but the representation A” J contains no such
singlet unless p = 0,n. Let us stress that the fact that h'? = A% = 0 implies that the first Betti
number of X vanishes, by = 0. As a result, X cannot have any continuous isometries, since on a

compact Ricci-flat manifold any solution to the Killing equation determines a harmonic one-form.
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The observations made above imply that the Hodge diamond of a Calabi-Yau threefold is given by

-0 1
hl,O hO,l 0 0
h2’0 hl,l h0’2 0 hl’l 0
B30 B! B2 W3 = 1 2 A (4.66)
h3’1 h2,2 h1’3 0 hl’l 0
h3’2 h2,3 0 0
33 1

and contains only two independent Hodge numbers h''! and h'2. The Euler characteristic is given in

terms of these Hodge numbers by

x = 2(Rb — A2y (4.67)

In a similar fashion the Hodge number of a Calabi-Yau fourfold reads

o0 1
hl,O hO,l 0 0
h2,0 hl,l h0’2 0 hl’l 0
h3’0 h2,1 h1,2 h0’3 0 h1,2 h1,2 0
]’L4’0 h3,1 h2,2 h1,3 h0’4 -1 h1,3 h2,2 h1,3 1 ’
h4’1 h3,2 h2,3 h1’3 0 h1,2 h1,2 0
h4,2 h3,3 h2’4 0 hl’l 0
h4,3 h3,4 0 0
htA 1
(4.68)
but there are only three independent Hodge numbers, because of the relatiorﬁ
h%? = 2(22 + 2h1 — pb2 4 2p13) (4.69)

The Euler characteristic of a Calabi-Yau fourfold in terms of the independent Hodge numbers A1,
h'2, and h'3 reads

x = 6(8+hbt — b2 4 pl3y | (4.70)

Let us close this section by noting that Hodge diamonds are symmetric under reflection with respect to
their vertical and horizontal axes by means of . According to mirror symmetry [91] there exists
an additional reflection symmetry with respect to the main diagonal of the Hodge diamond. More
precisely, given any Calabi-Yau n-fold X, there exists a mirror Calabi-Yau X whose Hodge diamond
is the same as that of X up to reflection with respect to the main diagonal. For Calabi-Yau threefolds

mirror symmetry exchanges h! and h2; for Calabi-Yau fourfolds it exchanges h''! and A3,

“This constraint can be derived by expressing the arithmetic genera x4 = Z;zo(f)p hP>? in terms of the Chern classes

of X using the Hirzebruch-Riemann-Roch theorem [90]. Recalling ¢; = 0 for a Calabi-Yau fourfold, one gets

_ 1
720 S

-1
7180 Jy

1

_ 2
—120 X7964+362.

X0 —c4 + cg s X1 —3lecq + 303 , X2

The first two equalities allow us to express fX c4 and fX c3 in terms of h''!, A2 A3, Plugging these quantities back
into the equation for x» yields the desired expression for h%2.
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4.5.2 Moduli space of Calabi-Yau manifolds

In what follows we discuss some general features of the moduli space of Calabi-Yau n-folds with
n = 3,4. The cases n = 1,2 are special and require a separate treatment. Some of the results quoted
below are valid also for n > 4, but the physical relevance of Calabi-Yau manifolds beyond complex

dimension four is not clear.

The tangent space to the moduli space of a Calabi-Yau n-fold X can be thought of as the space of
infinitesimal deformations of the metric on X that respect the Ricci-flatness condition. Recall from
section [£.3] that such deformations are determined by zeromodes Y, of the Lichnerowicz operator
Ao defined in (4.28). The transversality condition VY, imposed in ensures in the present
context that Y}, encodes a deformation that is not generated by a diffeomorphism. The tracelessness
requirement ¢"™"Y,,, that we assumed in (4.30) will be henceforth relaxed, since in the discussion
of the moduli space of Calabi-Yau manifolds it is not convenient to single out the overall volume

fluctuation from volume-preserving deformations.

On a Kéahler manifold the Lichnerowicz operator does not mix holomorphic and antiholomorphic
components, which can be therefore analyzed separately. Let Y., be a symmetric tensor. The

components with mixed indices Y;; can be used to define a (1,1)-form
Ay =Y;de" AdE (4.71)

while the components with two antiholomorphic indices can be used to build a (0, 1)-form with values

in the holomorphic tangent bundle T X0,
ol = g7V dz" (4.72)

The components Y;; determine the components of the complex conjugate form &}. A direct compu-

tation shows then that

(A2Y);;
(A2Y )z

0 = AgqrAy =0,
0

= Agag/zo,

where Agr = d df+d'd is the Laplace-de Rham operator and A 5= 90" +0'0 is the Laplace-Dolbeault
operator acting on (0, p)-forms with values in TX'Y. Using the holomorphic (n,0)-form 2 we can
encode all the information of the components of the vector-valued (0,1)-form o4 in a conventional
(n —1,1)-form By defined by

BY i1.in_1j = Qil...in,lkalf/j ' (4.73)

One can check that Ajal. = 0 if and only if AqrBy = 0. In summary, on a Calabi-Yau n-fold metric
variations with mixed components are in one-to-one correspondence with harmonic (1, 1)-forms, while
metric variations with two antiholomorphic indices are in one-to-one correspondence with harmonic
(n — 1,1)-forms. The former are referred to as Kéhler deformations, since they can be interpreted
as arising from a variation of the Kéhler form with complex structure kept fixed. The latter are
complex structure deformations, since they are induced by a variation of the complex structure of the

Calabi-Yau n-fold, as it will be discussed below in more detail.
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It has been proven [92, 03] that the infinitesimal metric deformations discussed above are unob-
structed and can be integrated to yield finite deformations. This ensures the existence of an actual
moduli space for Calabi-Yau manifolds. The decoupling of mixed and purely antiholomorphic defor-
mations Yj;, Y3; signals that the moduli space of a Calabi-Yau n-fold with n > 2 can be written locally
as a product

M = MKéhler X Mcstr ) (474)

where the factor Mygnler is referred to as Kéhler moduli space, and Mg, denotes the complex

structure moduli space. These are discussed in turn in what follows.

Suppose X is endowed with a fixed complex structure. Since ¢1(X) = 0, Yau’s theorem ensures
that X admits exactly one Ricci-flat metric in each Kéhler class. As a result, the Kéhler moduli space
can be identified with the space of inequivalent Kéhler classes that can be considered on X for a given
complex structure. A Kéhler class is an element of J € H'!'(X,R) that satisfies suitable positivity
requirements. More precisely, we have to demand that the volume of all holomorphic non-trivial

2k-cycles Cy, inside X, k =0,...,n, be positive,

/ JE>0. (4.75)
Cag

Note that if J satisfies (4.75]), so does AJ for any A > 0, so that the K&hler moduli space has a natural
cone structure. At the boundaries of the cone some cycles collapse to zero volume and the Calabi-Yau

manifold can develop singularities.

Since we are considering Calabi-Yau n-folds with n > 2, h?% = 0. This ensures that any harmonic
two-form on X is automatically of (1,1)-type. The Kéahler class J can thus be expanded onto a basis
of the integral cohomology H?(X,Z) with real coefficients. More precisely, let wy with A = 1,... by =
1,...,hY! be a fixed basis in H?(X,Z). We write

J=v"wn, (4.76)

and we refer to v* as (real) Kihler moduli of the Calabi-Yau manifold. The harmonic representative
of the class J is a (1, 1)-form whose components are given by the components of the Hermitian metric,
J =igizdz' AdZz’. From (4.76]) we can then conclude that the metric variation induced by a variation
of the Kéahler moduli reads simply

agij

Ogiy = —iwnggovt or  SEE=—iwyg . (4.77)

The Kahler moduli space is equipped with a natural metric determined by a positive-definite
pairing between two real (1,1) forms. More explicitly,
1

) 7 1 00i7 097 1
GKahler _ / d2n il kj v ZIkE A 4.78

where

1
V= '/ J" —/dQ"y\/ﬁ (4.79)
n. X
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is the volume of the Calabi-Yau n—foldE It is convenient to define the intersection numbers
VAL A =/ WA, Ao Awa, (4.80)
X

which are integral because wy € H?(X,Z). The volume of the n-fold can thus be written as

1 Ay

V=—Vna ot i (4.81)

The derivatives of the volume with respect to the real Kéhler moduli v can be expressed in terms of

the harmonic forms wy as

9 _ 1 n—1 __ sy
8UAV_ (n—l)!/XwA/\J = —i(g"”wrip)V ,
0o 0 1

_ n—2 _ i7 ke _
gk 5= = (n=2)1 /XwA ANws AJ = —(9"wni7) (9" wsy )V — /XWA A xwy; . (4.82)

Note that in deriving these expressions we have exploited the fact that, for any harmonic (1, 1)-form

w on a compact Ricci-flat Kahler manifold, gijwi]— is covariantly constant. Thanks to the identities
(4.82) we can write the metric (4.78)) as the second derivative of a scalar function,

GKEalhler — _ =
A% 2 Ovh o=

So far we have discussed pure geometry. In string theory and M-theory compactifications the real

logV . (4.83)

Kihler moduli v* usually combine with further real scalars into complexified K&hler moduli. The
resulting moduli space is itself a Kahler manifold. Furthermore, care has to be taken in comparing
the abstract metric Gf\{%hler and the physical metric Gpx; that enters the non-linear sigma-model after
Weyl rescaling, given in for general dimensional reduction on a Ricci-flat manifold. In many
circumstances the coordinates v have to be replaced by new coordinates in Kéhler moduli space to
make the supersymmetry properties of the lower-dimensional action manifest. Since the details of
the computation depend on the compactification scenario, we refrain from a general discussion. In
chapter [7] we will study M-theory compactified on a Calabi-Yau threefold, while chapter |8 contains

some remarks on M-theory on a Calabi-Yau fourfold.

Let us now discuss the complex structure moduli space. We already know that the tangent space
to the complex structure moduli space is spanned by deformations associated to harmonic (n — 1,1)-
forms. A convenient basis for such forms is introduced as follows. Let Z%, k = 1,...,h" ! be local
complex coordinates on the complex structure moduli space (we anticipate that this space is naturally
a complex manifold). Under an infinitesimal change of the complex structure parametrized by §Z"
the complex coordinates 2% of the Calabi-Yau n-fold vary according to
62" = M (2,2) 62" , (4.84)
where the non-holomorphic functions M{ are only locally defined. As a result, the holomorphic
differential dz* and the holomorphic tangent vector 9; = % undergo the variations

028 =627 O;M:dz? + 525 0;MLdZ , 60, = —0Z% ;M7 0; — 2% 0; ML 9 . (4.85)

5We adopt conventions such that dz' Adz' A---Adz" Adz" = (—i)"dy* A---Ady?*™ = (—i)"d*"y. As aresult J;; =i gi;
implies the identity J" = n!\/§d2ny.
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As a consequence of the first equation we infer that a (p, ¢)-form is generically deformed into the sum

ofa (p—1,q+ 1)-form, a (p, q)-form, and a (p + 1,¢ — 1)-form.

At any point in complex structure moduli space we have
g(a}, 5j-) = ggj- = 0 y Q(@il, e ,82‘,171, g-) = Qi1---in71j_ = 0 . (486)

Under an infinitesimal change 6Z" of the complex structure moduli the variations of g and 2 must
balance the variation of the (anti)holomorphic tangent vector 9;, J;, in such a way that (4.86]) still
holds after the deformation. One thus finds

(9)(Dz,07) = 8915 = 202" gaye O M.
(6Q)(Diys -, 0y 15 07) = 0y i 15 =02 Quy i 1005 MYE . (4.87)

Crucially, symmetrization in indices 7, 7 on the right hand side of the first equation can be dropped. In
fact, gpe 5]—] M, ,f would be the components of a closed but not exact (0, 2)-form, which must vanish since
we are considering Calabi-Yau n-fold with n > 2 and h%? = 0. We thus have §Z% 9;M} = % 9" 89z,
and since d g7 is a zeromode of the Lichnerowicz operator we infer from the discussion at the beginning
of this section that the (n — 1, 1)-forms

Xriroin-17 = iy in_1t 55M£ (4.88)

are harmonic. In fact, the set {x,.} provides the anticipated basis of H"~1!(X,C).

As a consequence of the remark below the holomorphic (n,0)-form € varies under a change
in complex structure in the sum of a (n,0)-form a (n — 1,1)-form, 6Q = 69|, 0 + 69Q|,,—1,1. Equation
tells us that 6,11 = 02", which is a harmonic and hence closed form. Since the complex
structure variation § commutes with the exterior differential d, we have do§2 = 0. As a result déQ)|,, o =
559|n’0 =0, i.e. 0|y is holomorphic. It must therefore be a multiple of 2. Furthermore, one can

check that 6Z% does not enter the variation of 2. In summary, we can write

0

0
9z~ Q2=0, (4.89)

0ZF

Q=keQ+ X« »

where k, is a scalar that does not depend on the Calabi-Yau coordinates but generically depends on

the complex structure moduli Z*.

The metric variation encoded in (4.5.2)) can be equivalently formulated in terms of the harmonic
forms x, as

—l1.. 41

Q VAN (4.90)

o= 2 )
gl] - (n - 1)!HQ”2XI€€1..‘E7L_1Z

Even though it is not manifest, the right hand side is symmetric in 7,7 by virtue of the absence of
harmonic (0, 2)-forms, as outlined above. The complex structure moduli space is naturally equipped

with the metric

: 1 ~ 2 Ogi; Ogie 2 _
Getr — — [ g2n ko gty 24 I8 / A *Xr, - 4.91
R1RK2 2V / y\/gg g aznl 8 ZK,Q (n — 1)'1}”9”2 Xﬁl *XHQ ( )
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This expression can be further manipulated recalling (4.57) and making use of the identity

n(n+1)
2

* X = (—) "2y (4.92)

which can be derived using the fact that x, is a primitive (n — 1, 1)-form, see for instance [46]. We
are thus left with

2 / X"il A )Z"_'CQ
Gostr  — X (493)

T T
X

This form of the metric is manifestly independent of the volume of the Calabi-Yau n-fold and of any

Kaéahler modulus. Furthermore, it is useful to prove that the complex structure moduli space is itself
a Kéhler manifold. Indeed, one can easily check that (4.89) implies

0 5 = o 9 _ _ _
az= | AN =ke [ QAL —— [ QA =k kr, [ QNQ o A Xy - (494
aZH/AX /)( 8ZH18Z,§2/)( 1 2/)( +/‘;{X1 X2 ( )

As a result, we have

0 0
cstr  __ cstr
K1K2 — 8Z“1 8ZR2’C ) (4.95)
where the Kéhler potential X% is given by
gt — 2 g |im(—) " / QA (4.96)
I x | |

Note that the argument of the logarithm is a positive real number, because (4.57)) shows that it equals
V[Q?.

The geometry of Calabi-Yau moduli space exhibits even richer structures than those we have
reviewed. For instance, both the complexified Kéahler moduli space and the complex structure moduli
space in Calabi-Yau threefold compactification of Type II superstring constitute examples of so-called
special geometries. One of the key properties of these spaces is the fact that their Kéahler potential can
be written in terms of a holomorphic prepotential. Since we will not need to develop this interesting
subject we refer the reader to e.g. [94], 95], 96] [97] for an account. We also refrain from a review of the
global structure of the complex structure moduli space, which is essential for explicit computations of

the Kahler potential K%' see for instance [08].

4.6 A brief overview of Spin(7) manifolds

4.6.1 Geometry and topology of Spin(7) manifolds

Recall that by Spin(7) manifold we mean an eight-dimensional Riemannian manifold with restricted
holonomy group given by Spin(7), and not a proper subgroup thereof. The Spin(7) group is defined

as the universal cover of the rotation group SO(7), but it can be equivalently characterized as follows.
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Let 4™, m = 1,...,8 be Cartesian coordinates in R®, and let dy™"4 = dy™ A dy"™ A dyP A dy?. Next,
define the self-dual four-form ®g by setting

_(I)O _ dy1234 + dy1256 + dy1278 + dy1357 o dy1368 _ dy1458 _ dy1467
+ dy5678 + dy3478 + dy3456 + dy2468 o dy2457 _ dy2367 _ dy2358 ) (4‘97)

The right hand side is the mathematicians’ standard form of the Spin(7) structure in R®. The minus
sign is introduced to agree with the physics literature, see e.g. [99]. The subgroup of SO(8) that
preserves ®q is isomorphic to Spin(7). This is related to the fact that the structure group of an
eight-dimensional Riemannian manifold X can be reduced from SO(8) to Spin(7) if and only if there
exists a self-dual four-form ® such that, for any p € X, there exists an isomorphism from 7, X onto
R® such that ®|, is mapped to ®¢. In particular ® is globally defined and nowhere vanishing. If it is
additionally covariantly constant with respect to the Levi-Civita connection, the restricted holonomy
group of X is contained in Spin(7). The converse is also true: if the restricted holonomy is contained
in Spin(7), there exists a four-form ® with the expected properties. The four-form ® is commonly

referred to as Cayley calibration.

Let us mention a minor point: we do not fix the normalization of the Cayley form, but we fix its
‘sign.” This can be made precise as follows. An orthonormal frame e induces at any p € X a map
ep: T, X — R® given by v™ + e%,v™. We then fix an orientation on X and we demand the existence
of a positively oriented frame e, such that ®|, = Ae,®o at any p € X for some A > 0. If we choose
the opposite ‘sign’ small modifications have to be performed in some of the equations recorded below.
For instance, the second term on the right hand side of would change sign.

An alternative characterization of a manifold with restricted holonomy contained in Spin(7) is
furnished by the existence of a Majorana-Weyl covariantly constant spinor of positive chirality 7, as

anticipated in section 4.4l The Cayley calibration can be constructed as a real Majorana bilinear as

1
o= 1 nIC’ Ymnpg N+ Ay A dy™ A dyP A dy? . (4.98)
Actually this bilinear, together with the norm of the spinor nIC 7+, is the only bilinear that is not
trivially zero by virtue of the chirality and Majorana flip property of the commuting spinor 7. In
particular, as already noted below (4.61]), it is not possible to build any two-form bilinear with a
single Majorana-Weyl spinor. This is consistent with the fact that manifolds with restricted holonomy

contained in Spin(7) do not generically admit any complex structure.

An immediate consequence of self-duality of ® is the relation

1
PAC =[O 51, O = Ponpg @™ . (4.99)
A Fierz rearrangement can be used to prove the more involved algebraic identity

Dy = IR GO — R, (4.100)

Alternatively, (4.100|) can be derived considering a fixed but arbitrary point p and choosing coordinates
in such a way that ®|, = A®g (A > 0) and ds?|, = Spmndy™dy".
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The Cayley calibration induces a split of the cohomology groups of X according to the reduction

of the structure group from SO(8) to Spin(7). One can show that

HY(X,R)=R,

HY(X,R)=0,

H*(X,R) = H3(X,R),

H*(X,R) = Hig(X,R) ,

H*(X,R) = His(X,R) + Haps(X,R) + Hasr (X, R) , (4.101)

and similar relations hold for the cohomology group HP(X,R) with p = 5,...,8 by virtue of Hodge
duality. The boldface subscripts denote the relevant Spin(7) representation, while S and A denote
self-dual and antiself-dual four-forms, respectively. Note that the Spin(7) singlet cohomology group
H fs (X, R) is precisely generated by the Cayley calibration. Let us also remark that H'(X,R) =0 is a
consequence of strict Spin(7) holonomy: as noted in section the first Betti number of a Ricci-flat
manifolds receives contributions from torus factors only, and those are not allowed for a manifold
with strict Spin(7) holonomy. This also means that Spin(7) manifold cannot have any continuous
isometry. Let us close this section by recalling that a Spin(7) manifold has only three independent

Betti numbers, by virtue of the constraint
by — b3 — bys + 2bgn +25 =0, (4.102)

where b, = dimg HP(X, R), bys = dimg H§ (X, R), and byp = dimgH4 (X, R).

4.6.2 Moduli space of Spin(7) manifolds

Global properties of the moduli space of Spin(7) manifolds are under considerably less control than
the corresponding properties for Calabi-Yau manifolds. Nonetheless, for the purpose of discussing
the effective action of M-theory compactified on a Spin(7) manifolds some local considerations on

infinitesimal deformations of the metric and Cayley calibration will suffice.

Let us begin by a simple class of metric deformations, given by an overall infinitesimal rescaling
of the metric, d¢mn = gmnY . It is easily checked that this deformation satisfies the Lichnerowicz
equation if and only if Y is a zeromode of the scalar Laplacian. As already noted in section [4.3] it is
therefore a constant on the internal manifold, and can be related to the variation of the volume. A
simple computation shows

OGmn = igmnd logV or ag;n = égmn ,

where in the second equation we interpret the volume V as one of the coordinates of the Spin(7) moduli

(4.103)

space. To identify the remaining coordinates we need to consider metric deformations §gmn = Yimn
with Y}, transverse and traceless. It can be shown that such solutions of the Lichnerowicz equation

are in one-to-one correspondence with harmonic antiself-dual forms. We can then write

7 6gmn 7

0 ~ 6ll®l2 O, 1723 gt = &, P1p2p3 4.104
Imn 6]|2]2 EAmp1paps Pn 2 or DA 6|2 EAmp1paps P , ( )
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where &4 is a basis of Hi(X,R) and ¢” are local real coordinates on the Spin(7) moduli space
orthogonal to V. Although it is not manifest, the right hand side of is symmetric and traceless
in indices m, n as a result of the fact that x4 transforms in the 35 representation of Spin(7). We refer
the reader to [100], 99, 101] for a proof of this claim and for a thorough discussion of various useful
identities involving the Cayley calibration. The same antiself-dual four-forms €4 enter the variation
of the Cayley calibration, which reads

5 = Kp® oV + (KaA® + £4) 6™ (4.105)

where Ky, K4 are constant on the Spin(7) manifold but generically depend on the moduli V and
oA, Note that the numerical factor in (4.104)) is indeed chosen to ensure mutual compatibility among

(@.104)), ([@.105), and the identity (&.100).

The tracelessness of the metric variation in (4.104]) ensures the absence of off-diagonal dVdp?
terms in the metric of the Spin(7) moduli space. Let us focus on the metric components associated to
the moduli ¢?. We have

NEB
in 1 mn / ‘4
G5y = 1y /X By /ggmrgrsmn Oy _ T Ix " T (4.106)

7
A B T 48 ’
dpd O 48/(1)/\@
X

where in the second step we have made use of (4.104)), (4.99), (4.100)), together with the antiself-duality
of g and the identity

PP =0, (4.107)

5141711)2 [mn 7s]
which is proven e.g. in [99]. This concludes our general analysis of the local structure of Spin(7) moduli
space. In chapter |8 we discuss the full reduction of M-theory on a Spin(7) manifold, including the
dVdY component of the moduli space metric, which is not discussed here as it depends on the specific

compactification scenario.



CHAPTER b

An introduction to F-theory from the M-theory perspective

F-theory constitutes a geometric formulation of a class of Type IIB string theory vacua in which the
SL(2,7) symmetry of the theory is interpreted as the modular group of an auxiliary two-torus varying
over spacetime. The aim of this chapter is to clarify this statement and to elucidate the connection
between F-theory, the S-duality properties of Type IIB discussed in section [3.2] and the reduction of
M-theory on a two-torus introduced in section Such an analysis will constitute the basis for the
duality between F-theory and M-theory and will provide a justification to the prescription to compute

the effective action of an F-theory compactification by means of the dual M-theory setup.

As we will see, the duality between F-theory and M-theory takes a simpler form when restricted to
the gravity and moduli sector of the compactification, while it is more subtle in the gauge and matter
sector. For instance, properties of charged matter will not be directly visible in the effective actions we
discuss in part[[I] and indirect arguments are need to extract them from the M-theory setup. For this
reason our exposition will only cover general aspects of the gauge and matter sectors of F-theory. In
particular we will not develop the technology necessary to engineer specific non-Abelian gauge groups
and therefore we will not be able to do justice to the vast and interesting subject of F-theory model-
building. By the same token, many intriguing features of F-theory will not be covered, such as the
duality with heterotic string theory, the geometry of singular genus-one fibrations, the development
of local GUT-modes and their connection to the global properties of the compactification, and the
rich physics of U(1) gauge fields in F-theory, to name a few. The reader is referred for example
to the lecture notes [102, [103] and the reviews [104] [105] for an account of the aspects of F-theory

compactifications that we do not address in what follows.
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5.1 Seven-brane backreaction

Most conservatively, F-theory can be thought of as a geometrized framework to incorporate seven-
branes in a Type IIB compactification in a fully consistent, backreacted, and non-perturbative way.
Achieving this goal is desirable from several points of view. The rich interplay between bulk and brane
physics in Type II string theory is the key to many interesting directions for string phenomenology,
such as intersecting D6-brane models in Calabi-Yau orientifolds of Type ITA or magnetized D7/D3-
brane models in Calabi-Yau orientifolds of Type IIB, see e.g. for review [106]. In these compactification
scenarios D-branes are usually treated in a suitable probe approximation, neglecting their backreaction
in the large volume limit. As we will argue below this requires special care for D7-branes, and more
generically seven-branes. The framework of F-theory exploits in a clever fashion the SL(2,7Z) duality
of Type IIB in order to address this problem in an elegant and powerful way. At the same time,
F-theory allows us to go beyond the scope of perturbative Type II superstring theory. As a result, for
example, exceptional gauge groups can be realized on the world-volume of seven-brane stacks, paving

the way to interesting GUT model building scenarios.

5.1.1 Problems with codimension-two branes

Localized objects with d; > 3 transverse spatial direction, such as Dp-branes with p < 7 in Type
IT string theory, behave in a way that is qualitatively the same as point charges in ordinary three-
dimensional electrostatics. In the transverse directions to their world-volume these lower-dimensional
branes act as point-like sources for the bulk fields they couple to. Their effects are negligible far away
from the brane: if they are electrically charged with respect to a (p + 1)-form, the associated field
strength decays according to a power law r~(4~1) with the distance r from the source; the dilaton
approaches an asymptotic value that can be tuned to be small; the metric in a neighborhood of infinity

is simply the standard flat Euclidean metric.

The situation for codimension-two objects, like D7-branes and more generally seven-branes in Type
1IB, is qualitatively different. This can be anticipated from the fact that the Green’s function of the
Laplace operator in two dimensions is proportional to log r. Recall that a D7-brane couples electrically
to Cg and magnetically to Cy. As a result, it acts as a source term in the equation of motion for Cg,

or equivalently in the Bianchi identity for Cy. Schematically we have
d*FgZdFl :5D7 s (51)

where F, Fy are the field strengths associated to Cy, Cg respectively and dpy = §(z) 0(y) dz A dy is a
two-form with legs along the transverse space to the D7-brane stack with coordinates x,y that has a

o-function-like support on the world-volume of the D7-brane stack, which is located at the origin of
the (x, y)-planeE]

The presence of a source term in the Bianchi identity for F} implies that F; = dCy can only hold

1Objects such as dp7 can be though of as a generalization of distributions to p-forms and are most properly understood
in the framework of the theory of currents, see e.g. [107].
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locally or alternatively that Cy cannot be single-valued. This is readily seen integrating (5.1)) over a

small disk in the transverse space to the D7-brane centered at the origin,

fi Co=1, (5.2)

where ~ is the boundary of the disk with counterclockwise orientation. We thus learn that the axion
Cy undergoes the monodromy
Co—Co+1 (5.3)

as we encircle once the location of a D7-brane. This implies that the D7-brane induces a non-trivial

profile for the axio-dilaton 7 = Cy 4 ie~® in the transverse space.

The latter is most conveniently analyzed introducing the complex coordinate u = x+1y. In fact, it
is possible to show that supersymmetry arguments and the Type I1B bulk equations of motion impose
that 7 is a holomorphic function of u. The monodromy ([5.3)) suggests therefore the following behavior

of the axio-dilaton near the location of the brane,

u—s0 1 u

= -, 5.4
27 o8 A (5:4)
where A is a complex constant. This equation implies
—_p u—0 1 |U|
N ——log 5.5
e 27 8 [y (5.5)

from which we see that the string coupling constant approaches zero near the location of a D7-brane.
In the region |u| < |A| string perturbation theory is therefore valid. It is clear, though, that this

expression has to be modified for |u| > |)|, as it would yield negative values for e~®.

Extreme care is required in constructing complete solutions of the Type IIB bulk equations of
motion that reproduce the desired behavior near the location of a D7-brane. First of all, since 7
is multi-valued in the u-plane it is convenient to describe the u-dependence of the axio-dilaton using
the Klein invariant j-function j(7). It is worth to recall a few properties of this special function. This
is a meromorphic function defined on the upper half plane that provides a bijection of the fundamental
domain of 7 onto the Riemann sphere. The cusp 7 = 400 is mapped to the point at infinity j = oo;
2miT

more precisely, 7 admits a Laurent expansion in ¢ = e of the form

i(q) = ; + 744+ O(q) (5.6)

which exhibits a simple pole at the cusp ¢ = 0. Besides 7 = ico the fundamental domain has two other
special points, which are fixed under the action of some element of the modular group PSL(2,7Z): the
point 7 = 4 is fixed under the action of S, while 7 = ¢2™/3 = p is fixed under ST. The action of
generators T and S of the modular group on 7 was given in . In a neighborhood of the special

points 7 = 7, p we have

§(7) RE1728 + ki (7 — )2 + O((1 — i)?) |
§(1) R0+ ko — p)> + O((r — p)h) . (5.7)
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The inverse map w + 7 = j~!(w) develops non-trivial monodromies around w = 1728 and w = 0,

1
TN w) =71 — —= around w = 1728,
T
1
i w)=7— —-1-= around w=0. (5.8)
T

After these mathematical preliminaries we can go back to the problem of finding a solution matching
the asymptotic behavior (5.4). The simplest possibility is

J(r(u) = —. (5.9)

Indeed, as u — 0 the right hand side develops a simple pole, implying 7(u) — ico. The Laurent
expansion then reproduces . As we increase |u| we move away from the region of small
coupling, until we reach the point u = 1728/A. There 7 = ¢ (thus g; = 1) and there is a non-trivial
monodromy 7 — —1/7. This special point breaks rotational invariance in the u-plane because of the
phase of the complex number A. As we increase |u| further, up to a neighborhood of u = oo, rotational
invariance is approximately restored and 7 — p, with a non-trivial monodromy 7 — —1 — 1/7 as we
encircle the point at infinity u = co. We have gone through a detailed analysis of this example in
order to highlight the subtleties that are typically encountered in studying the 7-profile generated by
a configuration of D7-branes at finite and large distances from the branes. In particular note that in
this example the asymptotic value of the string coupling constant at large distances from the brane
is fixed to the non-perturbative value g, = 2/4/3 ~ 1.15. Obviously this effect cannot be neglected

appealing to the usual large volume argument.

Additional complications arise as soon as gravity is considered. Our problem is effectively (2 + 1)-
dimensional. In three dimensions the Riemann tensor is proportional to the Ricci tensor at every point
in spacetime. As a result, Einstein’s equation dictates that spacetime is everywhere locally flat, except
at the precise location of the sources of the energy-momentum tensor. Localized sources, however,
induce a deficit angle in the flat geometry that surrounds them: for instance, a point particle of mass
m induces a deficit angle § = mk?, where & is the effective gravitational constant in three dimensions.
The case of D7-brane is somewhat peculiar. The Einstein-frame DBI action of the D7-brane contains

the coupling

&

where £ are coordinates of the D7-brane world-volume Wy and g is the pullback of the Einstein

2
SDBI D 7T/ dgf e?® -g, (5.10)
Ws

metric of the Type IIB bulk. Note the positive power of the dilaton prefactor. Since g; — 0 as we
approach the location of the brane, the DBI action vanishes and the D7-brane behaves effectively as
a zero-tension object, leading to no deficit angle in the limit w — 0. The 7-profile generated by the
brane, however, does carry energy-momentum and generates a deficit angle in the asymptotic region
far away from the brane. Its effects can be dramatic: for example, a deficit angle § = 47 turns the
transverse space from a plane to a compact sphere. The precise value of this angle depends on the
brane configurations and on the monodromy that are imposed on the functions that determine the
metric. For instance, in the case of a single D7-brane the classic analysis in [108, 109] predicts § = /6,

but this setup was revisited in [110] yielding § = 27/3. We do not need to discuss this interesting
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problem in detail. It has been mentioned to exemplify how subtle and difficult can be an explicit
construction of Type IIB solution with backreacted D7-branes in eight dimensions. As soon as we
consider lower-dimensional vacua the problem becomes soon intractable. Luckily, F-theory provides
an alternative route to the description of backreacted setup with D7-branes. Indeed, it also captures

naturally seven-branes beyond perturbative Type IIB.

5.1.2 Seven-brane monodromies

The only feature of (p,q)-seven-branes that we need to consider in detail is the monodromy they
induce in the 7-profile as we move along a small loop around their location. To begin with, we can
rewrite (5.3)) in terms of the SL(2,Z) monodromy matrix

Mp7 = <(1) D : (5.11)

The monodromy of a more general (p, ¢)-brane is then computed recalling that a (p, ¢)-string can be
obtained from a fundamental string using a transformation of the form (3.32]),

(¢ p)=(0 1) (7" 3) | (5.12)

q p

where the integers r, s are such that pr —gs = 1 but otherwise arbitrary. If follows that the monodromy

matrix associated to a (p, ¢)-seven-brane reads

-1
[(r s 1 1\ (r s\ _ (l+pg p?

and indeed only depends on p, ¢. This monodromy matrix acts on the charges ¢, p of a (p, §)-string as
@ 2) = (@ P)=(7 P) My, - (5.14)

Stated differently, if a (p,q)-string is carried once around the location of a (p,q)-seven-brane, it
reemerges as a (p/, ¢ )-string. If p’ = p, ¢ = ¢ the string and the seven-brane are said to be mu-
tually local. As a sanity check note that a (p,q)-string is mutually local with a (p, q)-seven-brane,
so that is can actually end on such a brane. The monodromy matrix of seven-branes is a dis-
tinctive feature that can be used to detect their presence: if the 7-profile is known, an analysis of its
monodromies around some point reveals which kind of seven-brane configurations are located at the

that point.

For our following considerations we need also to consider the monodromy matrix associated to an
O7-plane. More precisely, the O7-plane sits at the fixed locus of the orientifold projection oy Qp(—)F L,
where 01,01 : u — —u reflects two real directions and thus requires the introduction of the (—)f~ factor,
see . The monodromy matrix reads

_ -1 4
Mo7 = —Mp7 = ( 0 _1) . (5.15)

This can be justified as follows. Recall from (2.46) that an O7-plane carries eight units of D7-brane

tension and charge in the ‘upstairs’ picture, i.e. in the space which is acted upon by the involution oy,;.
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We would thus need four D7-branes and their images to cancel the tension and charge of the O7-plane.
This explains the power —4 in M]S?, since monodromies take place in the quotient space and thus
count the number of brane/image brane pairs. The factor —1 in front of M]S;‘ comes from the intrinsic
parities of Type IIB fields under the action of Q,(—)fZ. This is most easily seen looking at the

monodromy of a system of one O7-plane and four pairs of D7-branes and images,

-1 0
Mo7/p7 = ( 0 1) : (5.16)

This monodromy acts trivially on 7, as it should be since the combined O7/D7 system is neutral with
respect to Cp. Nonetheless, shows that both By and Cy change sign under the action of Mg7/py.
This matches with the results of table about (),-parities and the fact that (—)fZ(By, Cy) =
(Ba, —C%). Finally, let us mention that the deficit angle close to an O7/D7 system is § = 7, consistently

with the Zo action of oy, on the transverse space.

5.2 Elliptic fibrations and seven-branes

In section [3.4] we have established the nine-dimensional duality between M-theory compactified on
a torus and Type IIB string theory compactified on a circle. One of the main outcomes of this
duality is the reinterpretation of the SL(2,Z) S-duality group of Type IIB as large diffeomorphism
of a torus, or equivalently modular transformations of its complex structure parameter. In essence,
the program of F-theory is to generalize this situation to lower-dimensional setups in which some of
the nine dimensions are compactified. The duality between M-theory on a torus and Type IIB on a

circle then becomes the duality between M-theory and F-theory, which we analyze in greater detail in

section [B.9]

For the time being we can simply make the observation that the reinterpretation of the SL(2,Z)
symmetry of Type IIB in terms of the modular parameter of a torus can be extremely convenient to
address the problem of Type IIB setups with seven-branes. Let us make this remark more precise.
Suppose we are interested in a Type IIB setup with 2n real dimensions compactified on a Kéhler n-fold
B, and 10 — 2n non-compact directions spanning Minkowski spacetime. We also allow for spacetime-
filling seven-branes wrapping divisors in B,,, i.e. holomorphic cycles of complex codimension one. Our
task would be to solve the equations of motion for the metric and the axio-dilaton with a non-trivial
dependence on the coordinates of B,, and allowing for a multi-valued 7 in order to account for the
monodromies induced by the seven-brane backreaction. Note that we do not expect B, to be Ricci-flat,

since its curvature is counterbalanced by the non-trivial axio-dilaton profile.

An alternative strategy is to consider an auxiliary two-torus T fibered over B,,, in such a way that
at any point p on B, the value of the axio-dilaton is identified with the complex structure parameter
of the torus fiber at p. In this way we have an intrinsic description of the axio-dilaton profile and
the problem is translated into the determination of the geometry of the total space X, 11 of the torus
fibration over B,,. As we will see in section supersymmetry demands that X, be a Calabi-Yau
(n + 1)-fold and the fiber depend holomorphically on the space B,,, referred to as the base. We thus
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have to study Calabi-Yau spaces that admit a holomorphic genus-one fibration. In what follows we will
also make the assumption that the genus-one fibration comes with a global holomorphic section. The
fiber is thus a torus with a marked zero-point, and has therefore the structure of an elliptic curve. In
summary, we are left with the study of elliptically fibered Calabi-Yau (n + 1)-folds. Even though this
might seem as intractable as our original task, a lot of information about the geometry of X, i can
be extracted using powerful techniques from algebraic geometry. This gives a handle on the dynamics
of seven-branes and automatically takes into account their backreaction. We can make the previous
discussion more concrete. To this end we need to recall a few facts about elliptic curves and elliptic

fibrations.

5.2.1 Weierstrass form of an elliptic curve

An elliptic curve can be realized as the vanishing locus of a homogeneous polynomial in the weighted
projective space Py 31. The latter is defined as C?\ {(0,0,0)} modded out by the C*-action

(z,y,2) ~ N2z, N3y, \z) , AeCr, (5.17)

where x,7, z are coordinates in C3. The equivalence class of (z,y, z) will be denoted [z : y : 2] and
determines a point in Py 31. The coordinates x,y, z are referred to as homogeneous coordinates on

P> 3.1. The equation that defines the elliptic curve reads
E: yP=a3+fazt4g2°, (5.18)

and is known as Weierstrass form. The quantities f and g are complex parameters. Note that is
compatible with as all monomials have total weight 6 under the C*-action. In a patch of P31
where z # 0 we can make use of the C*-action to set z = 1. The remaining coordinates x,y are then
referred to as affine coordinates in the patch z # 0. The original equation ([5.18)) gives an equation in
x,y that describes a two-sheeted covering of the complex z-plane branched over the roots of the cubic
polynomial in x that enters the right hand side of . This space (including the points at infinity)

has the topology of a torus, with two non-trivial one-cycles, see figure [5.1

It is possible to endow the elliptic curve E with an Abelian group structure giving a well-defined
prescription for determining the sum P + @ of two points P, @ on E. The point [z :y:z] =[1:1:0]
in P2 31, which by lies on E for any value of f, g, can be shown to be the neutral element of
this Abelian group action. Intuitively speaking an elliptic curve is thus a torus with a marked, special

point.

The complex structure parameter 7 of the elliptic curve E defined by (5.18) is encoded in the

parameters f,g. More precisely, let us define the discriminant
A=27Tg* +4f3. (5.19)

This quantity is engineered in such a way as to vanish whenever two roots of the cubic polynomial in
x on the right-hand side of (5.18)) in the patch z # 0 coincide. In fact, one has
3

Pt frtg=[[l@-z), A=—(z1—x2) (22— 23) (33— 11)" . (5.20)
=1
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Figure 5.1: Schematic representation of the two-sheeted covering of the complex x-plane with the
three roots z1, x2, and x3 of the cubic polynomial on the right hand side of . Black solid lines
denote branch cuts: one connects x1 and xo while the other connects x3 to the point at infinity. We
also depict a basis for the independent, non-trivial one-cycles of the torus described by . A
dashed line and a solid line are used to distinguish the two sheets of the covering of the x-plane.

It is then possible to prove that the complex structure parameter of the elliptic curve is given by

_A4(24f)3

i) =—x"" (5.21)

where the j-invariant function has the same normalization as in (5.6]).

Let us stress that the Weierstrass form is not the unique way of presenting an elliptic curve, even
though any alternative representation is birationally equivalent to the Weierstrass form. Roughly
speaking, birational equivalence is isomorphism up to lower-dimensional algebraic subsets. In what
follows we will only make use of the Weierstrass form and will not consider different representations.
Let us mention, however, that they can be extremely useful for the study of U(1) symmetries in
F-theory, see e.g. [111, 112) 113, 114, 115l 116l 117].

5.2.2 Weierstrass form of an elliptic fibration

An elliptic fibration X,, 11 over a Kahler base B,, can be described by the same Weierstrass equation
(5.18) provided we promote the constants f, g to objects depending of the base space B,. More
precisely, one can first construct an ambient space A, 2 by fibering P31 appropriately over B,.
The Weierstrass equation then cuts out a hypersurface in A, 12 that yields the desired elliptic
fibration X, 11. In order to substantiate this program we would need to develop some technical tools
from algebraic geometry. Since they will not be needed in our discussion of F-theory effective actions,

we rather proceed with a heuristic account on elliptic fibrations.

We have seen that the patch z # 0 in P2 31 can be covered with two affine coordinates x,y. By the
same token an appropriate patch of the base space B, can be parametrized by n affine coordinates

Uy, ..., Uy. In this local picture, the Weierstrass equation that defines X,,+; has the form

Xni1 y2 ::U3+f(ul,...,un)x+g(u1,...,un) , (5.22)
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f and g are polynomials in ui, ..., u,. Let us stress that it can be proven that the marked point
[1:1:0] on the elliptic curve E is promoted in the present context to a global holomorphic section of
the total fibration X,,41. Intuitively speaking, as the torus fiber is varied on the base B,, its marked

point swaps a copy of B, inside X, 41.

Since f and g now vary over the base B,,, the same happens to the complex structure parameter 7,

which is still given by (5.19) and (5.21]). A special locus on the base B, is determined by the vanishing

of the discriminant,
A=0. (5.23)

These equation generically determines a hypersurface inside B,,, possibly made of more than one
irreducible component. Over this locus a one-cycle on the torus pinches. This can be seen from
figure if two of the roots 1, x2, x3 of the cubic in the Weierstrass equation coincide, one of the
non-trivial cycles of the torus is shrunk to a point. The pinching of the torus signals the presence
of spacetime-filling seven-branes at the locus A = 0. This can be argued as follows. Let A, B be a
basis of the one-cycles of the torus fiber. One-cycles are equipped with a skew-symmetric, bilinear

intersection pairing that satisfies
A-A=0, B-B=0, A-B=1, B-A=-1. (5.24)
Suppose at some point along the A = 0 locus on the base B, the cycle
a=pA+gB (5.25)

is pinched, with p,q integer and coprime. According to the Picard-Lefschetz theorem, as we move

around the point where « collapses an arbitrary cycle § = nA + mB with n,m € Z undergoes a

monodromy
B—=p— (0 o). (5.26)
It is easily checked using (5.24]) that this is equivalent to
l-pg p° )
m n)—(m n , 5.27
(m )=o) (12507 (5.27

but the matrix on the right hand side coincides precisely with the monodromy matrix M, ,) of a
(p, q)-seven-brane given in (5.14). In summary, at the vanishing locus of the discriminant of the

elliptic fibration the torus fiber pinches and a spacetime-filling seven-brane is located.

Suppose A has a simple zero at a point p on B, and that f is non-vanishing at p. From we
see that the j-invariant function develops a simple pole. This is reminiscent of considered in the
previous section. If we had only one seven-brane in our setup we could safely argue using that
T — 100 and gs — 0 near the location of the brane, which would then be identified with a D7-brane.
Since generically we have several seven-branes (as it is also required by tadpole cancellation, addressed
below) it is not possible to choose globally an SL(2,Z) frame in which all of them look like D7-branes.
In this case the solution to j(7) = oo is no longer 7 = ioo but rather one of its SL(2,Z) images.
Incidentally, note that if we write 7 = 71 4 i1, the SL(2,Z) action implies

75 = e ,
(e +d)?+ 273

(5.28)
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If ¢ = 0 the SL(2,Z) image of 7 = ioco still has 79 = oo and thus g; = 0. But the subgroup of SL(2,Z)
with ¢ = 0 is generated by T,

(¢ D) esremie=oj={s(; 1) mezf, (5:29)

and encodes the perturbative monodromies of D7-branes around each other. As soon as we act with
the generator S and we introduce non mutually local branes we have ¢ # 0 and the image of 7 = ico
has 7 = 0, corresponding to gs = oco. Thus the string coupling constant defined with respect to
a reference D7-brane diverges near the location of a seven-brane that is not mutually local to that

reference D7-brane.

Let conclude this section with a discussion of the Calabi-Yau condition for the total space X, 41,
which will be physically motivated in section [5.3] To enforce this requirement we need to express the
first Chern class of the total space X1 in terms of topological data of the base space and of the
fibration. It was proven by Kodaira thatE|

12¢1(Xps1) = 7 (12¢1(B,) — PD([A))) , (5.30)

where 7* denotes the pullback induced by the projection map 7 : X,, 11 — By, ¢1(By,) is the first Chern
class of the base, and PD[A] € H?(B,,Z) is the Poincaré dual to the divisor class of the vanishing

locus of the discriminant.

Let us give a brief and heuristic account on the terminology used in the previous sentence. Without
entering mathematical details, we can intuitively think of a divisor D in a complex variety Z as a
submanifold of complex codimension one that is locally described by an equation of the form h = 0,
with A holomorphic. It is possible to construct formal integral linear combinations of divisors, such
as n1 D1 + noDo, ni,ne € Z. If F is a globally defined meromorphic function on Z, it can be locally
written as F' = Fy/Fy, where Fy, Fy are holomorphic and have no common factors. We can then

define the so-called principal divisor associated to F' as
(F) = {Fy = 0} = {Fse = 0} . (5.31)

Two divisors D, D’ are then called linearly equivalent if D — D' = (F) for some globally defined
meromorphic function F on Z. The equivalence class of D with respect to linear equivalence is
denoted [D]. The Poincaré dual PD([D]) of [D] is a cohomology class of two-forms defined by the

property

/ZPD([D])/\a:/ a, (5.32)

D
where « is (the cohomology class of) an arbitrary 2(dim¢Z — 1)-form. The concept of Poincaré duality
can be extended to higher-codimensions: if a subvariety is defined locally by f! = ... = fP = 0, its
Poincaré dual is the class of the 2p-form that satisfies the analog of where now « is (the
cohomology class of) an arbitrary 2(dim¢Z — p)-form.

2Strictly speaking this equation holds for n = 1, i.e. for elliptically fibered K3 surfaces. For n > 1 one has to take into
account degenerations of the fibration that occur at higher codimension. Nonetheless, these additional contributions do
not affect our argument [T118, 119} [120].
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After this detour, we can come back to (5.30) and enforce that X,,+1 be a Calabi-Yau (n + 1)-fold,
12 ¢1(By) = PD([A)]) . (5.33)

In many explicit constructions of elliptically fibered Calabi-Yau manifolds this equation has a simple
interpretation: the polynomials f, g entering have to have a definite degree in the affine coor-
dinates uq,...,u, on B,. More precisely, fixes z, y, 2z, f, g in the Weierstrass equation to be
sections of appropriate line bundles over B,, but we will not develop this terminology any further.
Note that for non-trivial fibrations the right hand side of does not vanish so that B, is not
Ricci-flat. This confirms the physical intuition that the curvature of the base space has to balance the

non-trivial axio-dilaton profile described by the elliptic fibration.

5.2.3 Non-Abelian gauge groups and matter from singularities

As stressed above, at the vanishing locus of the discriminant the elliptic fiber degenerates, since one
of the one-cycles of the torus collapses. Given a point p € B,, such that A(p) = 0, depending on the
vanishing orders of A, f, and g the total space may or may not be singular at p. The presence of a
singularity of the total space does not imply a breakdown of the setup we are considering: F-theory,
just like perturbative Type IIB, probes a geometry different from that of point-particles and can be
well-defined even on some classes of singular spaces. For many purposes, however, and most notably
in the framework of F-theory/M-theory duality discussed below, it is desirable to replace the singular
space X, 41 with a smooth space Xn—i—l in a well-defined fashion, in such a way that the singular space
is recovered as a suitable limit of Xn+1. Furthermore we would like the smooth space to respect the
Calabi-Yau condition. Algebraic geometry offers various tools to address this task, but in what follows
we will only consider resolution of singular Calabi-Yau spaces. Other options, such as deformation,

are also useful in F-theory, see e.g. [121), 122] for recent progress.

Roughly speaking, a resolution of a singular Calabi-Yau space X, 41 is a smooth Calabi-Yau space
Xn+1 together with a map ¢ : Xn+1 — Xpn41, called the blow-down map. The preimage under the
blow-down map of the singular loci of X,,41 are cycles in Xn+1 such that, when they are collapsed to
zero volume, the smooth space Xn+1 reproduces the singular space X, 1. In other words, the singular
Calabi-Yau is recovered as a limit point in the Kéhler moduli space of the smooth Calabi-Yau sitting

on the boundary of the Kahler cone.

The possible singularities that can occur at codimension one in the elliptically fibered Calabi-Yau
Xn+1 described by the Weierstrass model have been classified by Kodaira [123] [124]. The type
of singularity is determined by the vanishing orders of A, f, g. For all these singularities a resolution
¢ : Xnt1 — Xpp1 exists, such that the preimages of the singular loci under the blow-down map ¢ are
divisors in X, 11. They are commonly referred to as exceptional divisors of the resolved space. It is
possible to provide a very pictorial description of exceptional divisors. Let p be a point on the base
space B, such that in the original fibration X,,;1 the fiber over p is singular. After resolution, the
fiber over p turns out to be a reducible variety consisting of a collection of P!’s intersecting at various
points, see figure One of these P's is identified with the original fiber, though of as a pinched
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=

Figure 5.2: Pictorial representation of a smooth elliptic fiber and of a degenerate elliptic fiber. In the
latter situation we have depicted the resolved geometry, characterized by a collection of P'’s with a
specific intersection pattern. The case depicted in the figure corresponds to the affine Dynkin diagram
of a singularity of the A series.

torus. The other P!’s are resolution cycles that are collapsed to zero volume when we recover X, 41
from the smooth space Xn+1. Exceptional divisors are then realized by fibering these resolution P!’s

over the locus on the base where the fibration is singular.

The intersection pattern of the resolution P!’s in the fiber translates into the intersection pattern
of exceptional divisors. Remarkably, for the singularities in Kodaira’s classification this pattern re-
produces exactly the affine Dynkin diagram of Lie algebras from the A, D, E series. Since we know
that singularities of the elliptic fibration encode the location of seven-branes, we are naturally led to
conclude that the Dynkin diagram determined by exceptional divisors should be identified with the
Dynkin diagram of the gauge group G living on the seven-brane. In particular exceptional divisors
are in one-to-one correspondence with the generators of the Cartan subalgebra of GG, so that we can

denote them as
D, , i1=1,...,rank G , (5.34)

where rank G denotes the rank of the gauge group G. The duality between F-theory and M-theory
will clarify the physical origin of these Cartan degrees of freedom as well as of the degrees of freedom

associated to the roots of G.

In perturbative Type IIB with D7-branes and O7-branes it is only possible to engineer the gauge
groups U(N), SO(N), or Sp(N). Kodaira’s classifications shows that, thanks to its non-perturbative
character, F-theory allows for more general groups, and in particular for the exceptional groups FEg,
FE;, and Eg. These are particularly interesting for GUT phenomenology and have been extensively
exploited in heterotic string theory setups. F-theory is thus able to combine favorable features of
heterotic string theory for particle physics phenomenology with other properties inherited from Type
IIB and M-theory, such as a better control over moduli stabilization. The latter perspective on F-

theory is emphasized e.g. in the review [102].

Let us mention that it is possible to understand the emergence of exceptional gauge groups in
F-theory from BPS networks of string junctions [125 [126] 127]. The latter were briefly introduced
in section In particular the fact that string junctions are multi-pronged objects—as opposed to
fundamental strings, which only have two ends—is instrumental for the realization of a larger class of
gauge symmetries than those of perturbative Type IIB. String junctions play also a crucial role in the

systematics of deformations of singularity in the recent works [121], [122].



5.3. Duality between F-theory and M-theory 93

So far we have been discussing only singularities that can occur at codimension-one loci. If we
consider higher codimensions richer singularity structures are possible. For instance, at the intersection
of the location of two seven-brane stacks the elliptic fibration undergoes an additional degeneration
that corresponds to a codimension-two enhancement of the gauge groups associated to the stacks. The
degrees of freedom responsible for this enhancement are interpreted as charged matter under the gauge
groups living on the world-volume of the seven-branes. This is in complete analogy to the picture of
charged massless fermions emerging at the intersection of D7-branes in perturbative Type IIB. Let
us also remark that codimension-two singularities can sometimes trigger non-trivial monodromies on
the world-volume of a seven-brane stack. As a result, the associated gauge theory is modified and
non-simply laced gauge groups of the B and C series can be engineered, in addition to the A, D, E

groups found in Kodaira’s classification.

Finally, additional singularities are found at the codimension-three loci associated to the intersec-
tion of three seven-branes stacks. These are not present in F-theory compactification to six dimensions
(the base By is complex two-dimensional) but play a fundamental role in F-theory compactifications
to four dimensions, where codimension-three loci on the base Bg are just points. Indeed, these points
of triple intersection are associated to the trilinear Yukawa couplings that enter the four-dimensional
effective action. Once again, this constitutes a non-perturbative generalization of the corresponding
situation in perturbative Type IIB with intersecting D7-brane stacks, see e.g. [L06] for a pedagogical

account.

5.3 Duality between F-theory and M-theory

In section we have studied in detail the nine-dimensional duality between M-theory on R x T2
and Type IIB on RY® x S1. The duality between M-theory and F-theory emerges as we replace the
direct product R1® x T2 on the M-theory side with a non-trivial fibration of the torus over a base

manifold. More precisely, we consider M-theory on the space

AL
dsyy = nudrtds” + ds2Bn + I M| de + nydy)? (5.35)
m Ty
where p,v = 0,...,d — 1 with d = 9 — 2n, dsan denotes the metric on the base space, x,y are

adimensional, period-one coordinates on the torus fiber, and the complex structure parameter of the
torus 7y is now allowed to vary over B,. We can therefore regard as a generalization of ,
where for simplicity we have suppressed the Kaluza-Klein vectors V,), V(,). It is not hard, though,
to follow them in the duality from M-theory to F-theory applying the results of section to the
present setup. Let us remind the reader that the xz-cycle in is interpreted as the M-theory circle
connecting M-theory to Type IIA, while the y-cycle is the T-duality circle that connects Type IIA to
Type IIB.

The validity of the extension of the duality between M-theory on a torus and Type IIB on a circle
to the case of non-trivial torus fibrations can be argued appealing to the so-called adiabatic argument

[128]: if the torus fiber varies adiabatically over the base space, the system under examination looks
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locally like an open patch of the simple product space R x T2. We can thus apply the duality

fiberwise.

The identification between the complex structure parameter of the torus on the M-theory
side and the axio-dilaton of Type IIB remains valid. The duality thus predicts that a non-trivial
torus fibration corresponds to a non-trivial axio-dilaton profile on the Type IIB side. Of course this is
not unexpected, and it has actually been the observation that motivated the introduction of elliptic
fibrations in the section The crucial difference between the M-theory and the Type IIB/F-theory
perspective is that in Type IIB/F-theory the torus is merely a mathematical artifact to describe the
axio-dilaton profile, while in M-theory it is part of physical eleven-dimensional spacetime. As a result
the amount of supersymmetry preserved by the setup under examination can be determined according
to the paradigm outlined in section[d.4] In particular, we already know that if we consider an unwarped
compactification to Minkowski spacetime the compactification space has to be Ricci-flat. This
justifies the imposition of the Calabi-Yau condition on the elliptic fibration. In section we
will actually see that in compactifications to four dimensions a warp factor has to be included, but we

will argue that the Calabi-Yau condition is preserved in a suitable sense.

The area of the torus has a very different status compared to its complex structure parameter.
In an elliptically fibered Calabi-Yau manifold it must be constant over the base space, even for non-
trivial fibrations. This follows from the fact that the fiber can be realized as a holomorphic complex
one-dimensional submanifold in the Calabi-Yau, so that its area is given by [ .J, which cannot vary
over the base by virtue of dJ = 0. We known from , however, that the area A of the torus is
mapped to the circumference L(g) of the circle on the Type IIB side of the duality. Since A does
not vary over the base, we infer that the on the Type IIB side the circle fibration is trivialﬂ This
observation is crucial. Using and it implies that the metric on the Type IIB/F-theory
side of the duality reads

dst = ndatde” + CA3Pdy? +ds¥, (5.36)

where the prefactor of dy? is a constant. We can thus take the limit A — 0 and decompactify one
direction on the Type IIB/F-theory side of the duality, in such a way that Lorentz invariance is

restored. This procedure is commonly referred to as the F-theory limit.

This program presents a clear difficulty. Since we do not know yet how to quantize M-theory, we
have to rely on its approximation by means of eleven-dimensional supergravity coupled to membranes
and five-branes. This approximation, however, makes only sense if M-theory is compactified on a
smooth space and if all volumes are large compared to the eleven-dimensional Planck length #);. Since
A is precisely the volume of the torus fiber measured in units of £y, it is clear that taking the F-theory
limit forces us to go beyond the regime of validity of the supergravity approximation. By the same
token we have seen in section that interesting F-theory setups with non-Abelian gauge groups
require singular elliptic fibrations X, ;1. In summary, if we want to achieve Lorentz invariance and
non-Abelian gauge symmetries on the F-theory side of the duality we must consider M-theory on a

singular space with some small or vanishing volumes.

3In general this does not hold for the intermediate Type ITA step connecting M-theory and Type IIB.
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In order to overcome this difficulty we have to refine our understanding of M-theory/F-theory
duality. Suppose we start with M-theory on the resolved elliptic fibration Xn+1 where the volumes of
the torus fiber and of the resolution P!’s are large in units of £y;. We can then reliably compute the
effective action of the resulting d-dimensional theory (d = 9 — 2n) using the effective action ,
supplemented by suitable higher-derivative corrections addressed below. The light degrees of freedom
of the d-dimensional theory thus originate from the Kaluza-Klein zeromodes in the expansion of the
eleven-dimensional metric and three-form. In particular the expansion of the three-form along the
two-forms w; = PD([D;]) Poincaré dual to the classes of the exceptional divisors yields a collection of
rank G massless U(1) vectors,

C3D A Aw; . (5.37)

These are interpreted as the Cartan vectors of the non-Abelian gauge group on the F-theory side.

The d-dimensional M-theory compactification on X, also features massive BPS states originating
from M2-branes wrapping two-cycles of the geometry. More precisely, we can wrap an M2-brane along
the torus fiber or along the resolution P'’s, yielding massive particle states in d dimensions. Those are
automatically integrated out in the low-energy effective action in d dimensions obtained from Kaluza-
Klein reduction of eleven-dimensional supergravity. Let us follow these states through the duality to
the F-theory side.

An M2-brane wrapping the torus fiber becomes a winding string in Type ITA, which in turn after
T-duality becomes a string state carrying non-vanishing Kaluza-Klein momentum along the y-cycle.
As the torus fiber shirks on the M-theory side of the duality, the y-cycle grows large on the F-theory
side, and excited Kaluza-Klein states become light. We thus see that M2-branes wrapping the fiber
encode the degrees of freedom of the massive Kaluza-Klein states in the circle reduction of the (d+1)-

dimensional F-theory effective action down to d dimensions.

To clarify the role of M2-branes wrapping the resolution P!’s we proceed as follows. A stack of
D7-branes in Type IIB that fills the z* directions and wraps the y-cycle becomes, upon T-duality along
1y, a collection of D6-branes extended along x* and located at points along on the y-circle, see section
Such a D6-brane configuration is uplifted to M-theory to a multi-center Taub-NUT geometry, as
reviewed in section This geometry possesses two-cycles obtained by fibering the M-theory circle
between the location of two centers of the Taub-NUT space, see figure [3.1} These two-cycles are
identified with the resolution P'’s of the F-theory geometry. As a result, M2-branes states wrapping
these P!’s are interpreted as Type IIA strings stretching between parallel D6-branes. As we recover
the singular fibration from the resolved space these D6-branes become coincident and gauge symmetry
is enhanced to a non-Abelian gauge group. Strings stretching between different branes provide the
degrees of freedom associated to the roots of the group, or equivalently to its ‘W-bosons.” Even
though we have used the language of perturbative Type II and D-branes, this conclusion holds for
more general seven-branes configurations in F-theory. In summary, we have identified the M-theory
origin of all gauge bosons living on the world-volume of a seven-brane stack: the Cartan U(1)s come
from the M-theory three-form Cs expanded along exceptional divisors , while W-bosons come
from M2-branes wrapping the resolution P!'’s. In the resolved elliptic fibrations the latter have finite

volume and W-bosons are massive: the associated gauge theory is pushed to its Coulomb branch and
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(d+ 1)-dim. eff. action
with Lorentz invariance and
non-Abelian gauge symmetry

M-theory on X, 41 F-theory on X, 4+1
A
) ) ] reduce on S? integrate out
volT% =0 integrate in and push to the massive KK modes
vol P} — 0 M2-brane states Coulomb branch and W-bosons
V2

M-theory on resolved X, 41

3 1
at large volumes F-theory on X1 x §

d-dim. eff. action for - - d-dim. eff. action for
CY-zeromodes of g, C3 S1-zeromodes and Cartan U(1)s

Figure 5.3: Schematic representation of M-theory/F-theory duality and of the resulting prescription
for the computation of the (d + 1)-dimensional effective action of F-theory on an elliptically fibered
Calabi-Yau (n + 1)-fold X,,41, where d = 9 — 2n. On the M-theory side, T? denotes the fiber, while
P! denote the resolution P'’s.

the gauge group G is spontaneously broken to U (1)rankG. If we go back to the singular fibration, full

non-Abelian symmetry is restored.

Similar considerations apply to the codimension-two singularity enhancements in the elliptic fibra-
tion associated to charged matter. In order to have a smooth space on the M-theory side a suitable
resolution procedure has to be performed, which introduces additional resolution two-cycles in the ge-
ometry. Charged matter states originate from wrapped M2-branes that become massless in the limit in
which these resolution two-cycles are shrunk to zero size. In the Coulomb phase of the d-dimensional
gauge theory, however, these charged matter states are not directly accessible as they acquire a mass
from spontaneous gauge symmetry breaking and are automatically integrated out from the M-theory

effective action.

We are finally in a position to use the duality between M-theory and F-theory to determine a
prescription for the computation of the F-theory effective action in d + 1 dimensions. Figure[5.3| gives

a schematic overview of the setup under examination.

The sought-for F-theory effective action is a Lorentz-invariant theory with a non-Abelian gauge
group and some amount of supersymmetry, depending of the dimension d+1. This can be parametrized
in terms of some characteristic data, which can either be discrete (e.g. anomaly coefficients) or contin-

uous (e.g. coupling functions). If we compactify this theory on a circle and we push it to the Coulomb
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branch we obtain a setup with both massless states, given by Kaluza-Klein zeromodes and Cartan vec-
tors, and massive states, given by all excited Kaluza-Klein states and/or states that become massive

upon gauge symmetry breaking.

In the vast majority of cases the effects of these massive states on the low-energy d-dimensional
dynamics of massless states are suppressed by the inverse of the compactification radius and are
thus negligible. Instead of properly integrating out these states we can simply truncate them away.
Some d-dimensional couplings, however, are sensitive to the presence of massive states via quantum
corrections that are independent of the radius of the circle. We will analyze in detail an example of
such a coupling in chapter [9] In this case more care is needed in order to obtain the correct effective

action for d-dimensional massless states.

Performing the circle compactification on the F-theory side corresponds to inverting the blow-down
process that connects M-theory on the resolved fibration X,,41 to M-theory on the singular fibration
Xpn+1 with vanishing fiber volume. As noted above, the d-dimensional effective action of M-theory on
Xn+1 can computed in the supergravity approximation and the process of resolution automatically
integrates out all massive M2-branes states at the classical level. We thus have to compare the quantum
circle reduction of the sought-for F-theory effective action to the classical Calabi-Yau reduction of
eleven-dimensional supergravity. This comparison gives us the necessary information to fix all the

characteristic data that enter the parametrization of the F-theory effective action.

In chapter [7] this program will be carried out in detail in the case of F-theory compactified on
an elliptically fibered Calabi-Yau threefold. A suitable generalization of this prescription will also
be the starting point of our discussion of four-dimensional compactifications of F-theory on Spin(7)

manifolds.

As a final remark, let us stress that the relations between the p-forms resulting from expan-
sion of the M-theory three-form and the p-forms of Type IIB on a circle can still be applied to the
present context. We are therefore able to follow all light bosonic degrees of freedom through the du-
ality between M-theory and F-theory. A similar analysis could be performed for fermions, but we will
not need to consider them explicitly and we can rely on supersymmetry for determining all fermionic
terms of the relevant effective actions in terms of their bosonic terms. The situation is more subtle in

the context of F-theory compactified on a Spin(7) manifold: a discussion of this topic is postponed to
chapter

5.4 Sen’s weak-coupling limit

The power of F-theory resides in its ability to encode the physics of the gauge fields and charged
matter associated to seven-branes into the geometry of the elliptically fibered Calabi-Yau (n + 1)-fold.
Note in particular that from the perspective of the M-theory/F-theory duality seven-branes can be
seen as solitonic excitations of the bulk fields of M-theory. This is ultimately related to the fact that
Type ITA D6-branes are lifted to pure geometry in M-theory, as recalled in section
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There exists, however, a suitable limit in the complex structure moduli space of the elliptically
fibered Calabi-Yau (n + 1)-fold in which the F-theory setup can be described with the language of
perturbative Type IIB superstring theory. This limit is due to Sen [129] and stems from the observation
that the most general f, g entering the Weierstrass equation ([5.22)) can be conveniently parametrized
as

f=Cn—3n%, g=h(Cn—2h%)+C?x, (5.38)
where 7, h, x are locally given by polynomials in the affine coordinates w1, ..., u, on the base B, of
the fibration, while C' is a complex constant. The parametrization is engineered in such a way
that the series expansion of the discriminant A given in as C'— 0 has no O(C?) and O(C?)

terms,

A=-9h%(n? +12xh) C? + O(C?) . (5.39)
The Klein j-invariant of the elliptic fibration (5.21)) has a Laurent expansion in C' that starts with a
second order pole,
12-243 % 1 1
] = —=4+0(=] . 5.40
I = a2 T (C) (5.40)

This expression shows that, away from the special loci h = 0 and 5? 4+ 12 x h = 0, the string coupling
can be made arbitrarily small by taking the limit C' — 0. In order to have control over the setup we

have to show that the special loci can be described in terms of objects of perturbative Type I1B.

From we see that the dominant term in the discriminant expansion has a factorized form. It
thus described two distinct codimension-one loci on the base B,,. In order to identify the nature of the
objects sitting at these loci one has to study the monodromies around them, as outlined schematically
in section We do not perform here this analysis, and rather state the result. The monodromy
around the component A = 0 is encoded in the matrix , signaling the presence of an O7-plane.
The locus n? + 12 x h = 0 can be thought of in terms of its components 1 = 4/—12 x h; each of them
can be shown to have monodromy given in corresponding to a D7-brane. In summary,

O7: h=0, D7: n*+12xh=0. (5.41)

The presence of an O7-plane suggests that the base of the fibration B, should be though of as the
quotient of a suitable space X, under the action of an involution whose fixed points lie at A = 0. This
expectation is indeed confirmed: the space X,, can be described introducing an additional variable &
together with an additional equation

X,: &=h. (5.42)
Actually, the Calabi-Yau condition for the elliptic fibration X,,; implies that X, is a Calabi-
Yau n-fold. From we see that X, is a double cover of the base space B, branched over the

locus h = 0. The geometric involution acting on X, is
op € =&, (5.43)
and yields the full orientifold action
O1 = Qo (1) (5.44)

where Q, is the world-sheet parity operator and (—1) is the spacetime left-moving fermion number.

The need for the inclusion of the latter was motivated in section 2.3
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5.5 Remarks on G4-flux in four-dimensional F-theory setups

In F-theory compactifications to six dimensions with minimal supersymmetry both the bulk physics
and the localized gauge and matter sectors can be understood purely in terms of the geometry of the
underlying elliptically fibered threefold. The situation is qualitatively different for four-dimensional F-
theory compactifications: the geometric data of the fourfold have to be supplemented by the inclusion
of a suitable G4-flux, i.e. a background value for the field strength of the M-theory three-form. A
thorough analysis of the problem lies beyond the scope of this work, so we refer the reader to the

review [102] and references therein for an introduction.

Our discussion of compactification of eleven-dimensional supergravity on an unwarped product
background of the form is valid only at the two-derivative level and is modified by the introduc-
tion of higher-curvature corrections. Some of them are known [81], 82] and can have a sizable effect
also in the large volume limit, i.e. in the limit in which all length scales of the internal manifold are
large compared to the eleven-dimensional fundamental length £);. When such effects are taken into
account the correct Ansatz for the dimensional reduction must include a non-trivial warp factor, like

in (4.25). A convenient parametrization for the problem at hand is
(g,;,;(@))da%ﬂda%ﬁ = e 4W) Guv () datdx” + eAW)/2 Imn(y) dy™dy™ . (5.45)

Collecting a prefactor eA®)/2 in the internal part of the metric is useful because the requirement of
N = 2 supersymmetry in the three external dimensions (four real supercharges) implies that g, is
still a Ricci-flat Calabi-Yau metric even for non-trivial warp factor A(y). Moreover, supersymmetry
requirements and three-dimensional Poincaré symmetry demand that the background G4-flux be of

the form

A 1

where G4 has all four legs along the internal space. This internal flux has to satisfy the celebrated

tadpole cancellation condition

1 X

— Ga NG Nypp = &= 5.47
%16\/[ " 4 4+ Nm2 o1 ( )

where Y is the Euler characteristic of the Calabi-Yau fourfold X4 and Nype is the number of spacetime-
filling M2-branes included in the compactification setup. (Since their world-volume fills external
spacetime they are compatible with three-dimensional Poincaré symmetry and there is no a priori
argument to exclude their presence.) As a consequence of if the fourfold has x > 0 we have
to turn on a non-vanishing G4-flux and/or to include some spacetime-filling M2-branes in order to
have a consistent vacuum. If x < 0 no supersymmetric vacua can be found, since the left hand side
to can be shown to be non-negative. Finally, if x = 0 it is consistent to turn off the flux and
to introduce no spacetime-filling M2-branes. This special case has been recently revisited in [130],
were it was found to have enhanced off-shell supersymmetry. The terminology ‘tadpole cancellation
condition’ comes from the observation that constitutes the M-theory/F-theory generalization
of the Type IIB D3-brane tadpole cancellation condition reviewed e.g. in [I3I], which in turn can

actually be interpreted as a condition for the absence of tadpoles in string diagrams.
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The previous argument for the necessity of a non-trivial G4-flux along some four-cycle of the
Calabi-Yau fourfold X} is based on the physics of bulk fields and holds in M-theory irrespectively of
the duality with F-theory. In the latter context, however, a non-zero flux is also needed in order to
allow for massless fermions in chiral representations of the gauge group living on the world-volume
of seven-branes. This can already be seen in perturbative Type IIB. The generic intersection of
two spacetime-filling D7-brane stacks wrapping divisors on the base Bjs is six-dimensional and carries
charged chiral fermions. In order for these six-dimensional chiral spinors to reduce to four-dimensional
chiral spinors it is necessary to introduce a non-vanishing magnetic flux along the world-volume of
the D7-branes. The same argument generalizes to seven-brane stacks in F-theory. The flux along the
world-volume of seven-branes is uplifted to suitable components of the M-theory G4-flux. The latter
are related to chiral matter via the index formula [132] 133 [134] [135], (136} 137, 138 139]

1

x(R) = 3
M Y Sr

Gy . (5.48)
Let us comment this equation. Suppose we have a codimension-two locus on the base Bs of the
elliptic fibration, i.e. a curve Cr C B3, where two seven-branes stacks intersect yielding a singularity
enhancement that is associated to the representation R of the gauge group of the F-theory setup.
The quantity on the left hand side of is the chiral index of the representation R, defined as the
net number of chiral massless four-dimensional fermions transforming in the representation R. The
resolution of the codimension-two singularity along Cr introduces new resolution P!'’s in the geometry
of the smooth fourfold X4. By fibering these P's over Cr we obtain a surface Sg C X4, which is

commonly referred to as matter surface and which is the four-cycle over which the G4-flux is integrated
in the right hand side of (5.48)).

As pointed out in section 5.3 charged matter is massive on the Coulomb branch of the three-
dimensional gauge theory on the M-theory side of the duality. It is therefore not possible to access
chiral fermions directly at the level of the effective action derived by means of F-theory/M-theory
duality. Nonetheless the identification between massive M2-brane states in M-theory and massive
Kaluza-Klein modes and W-bosons in F-theory allows one to make contact to in the context of
F-theory/M-theory duality by taking into account quantum corrections of three-dimensional Chern-
Simons terms induced at one-loop by massive Kaluza-Klein modes and W-bosons, see e.g. [140]. This
three-dimensional mechanism is the direct analog of the five-dimensional mechanism that we will study

in greater detail in chapter [9]



CHAPTER O

The puzzle of (2,0) theories

This chapter is devoted to a brief overview about some known results in the study of six-dimensional
theories with (2,0) supersymmetry. We first recall the string theory and M-theory arguments in
favor of the existence of non-trivial interacting field theories with this amount of supersymmetry.
Next, we consider some general features that can be inferred without any detailed knowledge of the
structure of interactions. Finally, we review in particular the connection between (2,0) theories and
five-dimensional maximally supersymmetric Yang-Mills. This is connected to the proposal for a five-
dimensional description of (2,0) theories formulated in chapter

6.1 Non-trivial infrared dynamics from string theory and M-theory

One of the most interesting insights provided by the so-called second superstring revolution has been
the discovery of a novel kind of interacting quantum field theory in six dimensions. Such theories
emerge as a non-trivial infrared fixed point in the RG flow of the dynamics of Type IIB compactified
on a singular K3 surface [I41] or of a stack of coincident M5-branes in M-theory [142], 143]. Let us

briefly review the evidence in favor of the existence of these new theories.

Compactification of Type IIB superstring theory on a smooth K3 surface yields a six-dimensional
low-energy effective theory with (2,0) supersymmetry, i.e. with 16 real supercharges organized into
two complex Weyl spinors of the same chirality. It is useful to recall that in supergravity theories with
(2,0) supersymmetry there exist only two kinds of supermultiplets with spins lower than or equal to

two:

e supergravity multiplet, consisting of the graviton, five self-dual tensors, and two positive-chirality

complex Weyl gravitini;
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e tensor multiplet, consisting of one antiself-dual tensor, five real scalars, and two negative-chirality

complex Weyl spinors, referred to as tensorini.

In particular (2,0) supersymmetry forbids the presence of massless vectors in the low-energy spectrum
of the theory. In the case of Type IIB on a smooth K3 surface, the resulting six-dimensional theory
consists of the supergravity multiplet together with 21 tensor multiplets. Indeed, a smooth K3 surface
has three self-dual harmonic two-forms and 19 antiself-dual harmonic two-forms. Expansion of the self-
dual four-form Cy4 of Type IIB onto harmonic two-forms of K3 yields therefore three self-dual tensors
and 19 antiself-dual tensors. Furthermore, the Type IIB two-forms Bs and Cs provide additional two
self-dual tensors and two antiself-dual tensors. In total we thus find the five self-dual tensors of the
gravity multiplet and the 21 antiself-dual tensors of the tensor multiplets. Let us mention that this
is the precise number of tensor multiplets needed for anomaly cancellation in six-dimensional (2,0)
theories, as we will see in section

At special loci in its moduli space a K3 surface can develop orbifold singularities. Those have a
specific structure and can be classified in terms of ADE Dynkin diagrams. Intuitively speaking, these
singularities can be resolved by introducing a collection of resolution P’s whose intersection pattern
contains the same information as the corresponding ADE Dynkin diagram. We have encountered a
very similar situation in chapter 5] when we discussed singularities of the elliptic fibration in the context
of F-theory. There we argued that M2-brane states wrapping the resolution P!’s can provide particle-
like states in external spacetime that become light as the P'’s are shrunk to zero size. In the case of
Type IIB on a singular K3, one finds that D3-branes can wrap the resolution P!’s, yielding states in
the six-dimensional theory that become light as the P'’s collapse to a point. Crucially, however, these

are now string states in six-dimensions, rather than particle states.

These strings are commonly referred to as non-critical strings. Indeed they do not coincide with
the fundamental Type IIB superstring and their tension—proportional to the area of the resolution
P'’s—can be made arbitrarily small in units of the fundamental string tension. Furthermore, their
world-volume does not carry a propagating graviton, i.e. a massless spin-two state. Another crucial
property of these non-critical strings is the fact that they coincide with their own magnetic duals.
This property is inherited by the same property of D3-branes in Type IIB. As a result, these strings
couple naturally to (anti)self-dual tensors in six-dimensions, compatibly with (2,0) supersymmetry.
Another consequence of self-duality of these strings is the fact that their interactions are governed by

an order-one coupling, so that these objects are intrinsically non-perturbative.

As noted above, by tuning the volume of resolution P!’s it is possible to make the non-critical
strings arbitrarily light. Their influence on the background spacetime can therefore be neglected
and one expects that the dynamics of the system in the deep infrared can be studied decoupling
the gravitational degrees of freedom. We are thus left with an interacting six-dimensional quantum
field theory with (2,0) rigid supersymmetry. Since K3 singularities can be labelled by ADE Dynkin
diagrams, the same holds for (2,0) theories: we thus have theories of type A, D,,, Fs, E7, Eg. Loosely
speaking we can then have ‘gauge groups’ SU(n + 1), SO(2n), Es, E7, Es, but clearly this is not a

precise statement since there are no massless vectors in the spectrum and therefore we are dealing
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with a novel kind of theories.

Let us also stress that, since the theory does not have any mass scale, it is scale invariant and,
by virtue of general arguments found e.g. in [144], it is expected to be conformally invariant. It
is interesting to note that in Nahm’s classification of rigid superconformal algebras [30], the six-
dimensional (2,0) superconformal algebra is special, in the sense that it is the superconformal algebra

with the highest possible dimension of spacetime.

An alternative realization of non-trivial (2,0) theories is furnished by the study of coincident M5-
branes in M-theory. First of all, note that an M2-brane can end on an Mb-brane. One can check
that such a configuration is compatible with all charges possessed by these extended objects. This
can also be expected by noting that, upon a suitable circle reduction, an M2-brane stretching between
two Mb-branes becomes a fundamental string of Type ITA stretching between two D4-branes, which
is undoubtedly an allowed configuration. The world-volume theory of a single M5-brane has (2,0)
supersymmetry. As a result, the only matter multiplet that can live on an Mb-brane is a tensor
multiplet, with one antiself-dual tensor. The boundary of an M2-brane ending on a Mb-brane defines
a string on the world-volume of the latter. It is natural to think that this string couples to the antiself-
dual tensor on the world-volume of the M5-brane. Let us also point out that the five real scalars in
the tensor multiplet have a clear interpretation in terms of the Mb5-branes: these scalars encode the

fluctuations of the brane in the five spatial directions transverse to its world-volume.

Let us now consider a collection of N parallel M5-branes separated in the transverse five directions.
The light degrees of freedom of the system are those of the eleven-dimensional supergravity multiplet
and of the tensor multiplets on the world-volumes of the M5-brane. We can imagine to flow to the
deep infrared and decouple gravity: we are thus left with a non-interacting theory of tensor multiplets
of (2,0) supersymmetry. If we now put the N M5-branes on top of each other the states coming from
M2-branes stretching between them become massless. By analogy to the D-brane picture one is led
to conclude that these additional massless states are responsible for some sort of ‘gauge symmetry
enhancement’ that yields a non-trivial interacting theory. Indeed, if we reduce on a circle we get a
stack of N D4-branes in Type IIB with gauge group U(N) = SU(N) x U(1). The U(1) factor is
associated to the center-of-mass motion of the D-brane system and is thus uninteresting. We are led
to conclude that a stack of N M5-branes gives rise, upon decoupling gravity and the center-of-mass

degrees of freedom, to an interacting (2,0) theory of type Ay_1.

6.2 Some general features of (2,0) theories

Some properties of interacting (2,0) theories can be derived from general field theory arguments
without any detailed knowledge of the interactions of the system. Let us briefly review some of these

considerations, largely following [144] and [145].

As explained above, (2,0) theories emerge in the deep infrared dynamics of some Type IIB and

M-theory setups, so that they are non-trivial IR fixed points of the RG flow. As a result, they cannot
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possess any dimensionful parameter. They are also expected, however, to be isolated fixed points,
so that they do not have any dimensionless parameter either. This can be contrasted, for instance,
with four-dimensional N' = 4 super Yang-Mills, which is a superconformal theory with vanishing

beta-function whose coupling can be tuned at will.

Supersymmetry forces the moduli space of vacua of a (2,0) theory to be locally flat. Away from
possible singularities in moduli space we have a free theory of r tensor multiplets. In the M5-brane
picture they can be thought of as the ‘Cartan’ tensor multiplets living on the world-volume of M5-
branes which are separated in the transverse directions (modulo the center-of-mass degree of freedom).

More precisely the moduli space is
R57‘
M= —, 6.1
" (61)
where W is a discrete group. It is identified with the Weyl group of a Lie group G whose Lie algebra
g is determined by the ADE type of the given (2,0) theoryﬂ By abuse of terminology we will refer to

G as the gauge group of the (2,0) theory.

Let B* a = 1,...,r be the antiself-dual tensors in the free theory at a generic point in moduli

space. They have naturally mass dimension two, so that their integral fCQ B“ on a two-cycle Cy is

dimensionless. In order for the ‘Wilson surface’ operator exp (2 f02 Ba) to be invariant under large

gauge transformations of B, the field strengths H* = dB® must satisfy the quantization condition

HY e2nZ, (6.2)
Cs3
where C3 is an arbitrary three-cycle in six-dimensional spacetime. The possible H-fluxes define there-
fore an r-dimensional lattice I' known as the charge lattice of the (2,0) theory. It has been shown that
it has to be a self-dual lattice [I47]. Moreover, it is identified with the weight lattice of the gauge
group G of the theory.

No six-dimensional Lagrangian description is known for the interacting theories at the singular
points in moduli space, and it is not even known if a Lagrangian can exist at all. This is due to the
fact that, since the theory is superconformal, the coupling does not run and is therefore always fixed
at some non-perturbative value. Nonetheless, it is possible to define the partition function of a (2,0)
theory without reference to any action, as shown in [I48]. The analysis there also reveals that, in order
to define a (2,0) theory, a choice has to be made of suitable discrete topological data of six-dimensional
spacetime, which can be intuitively thought of as the tensor analog of the spin structure required for

defining fermions.

Different strategies can be applied to circumvent the absence of an action formulation for (2,0)
theories. For instance, (2,0) theories of type A, admit a formulation in terms of matrix models
[149, 150, 151] that describes part of their dynamics. Gauge/gravity duality can also be used to infer
some general properties of the local operators of the full interacting quantum theory, see e.g. [152].

Anomalies provide another robust window on some aspects of (2,0) that do not depend on the details

!Note that there can be different groups G with the same algebra g. A discussion of this subtle point is beyond our
scope, and we refer the reader to [146, [145] for further explanations.
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of the interactions. In particular the analysis of [153] reproduces the N3 scaling of degrees of freedom
of a (2,0) theory, already mentioned in section The same scaling behavior has been deduced
with different approaches in [I54] 155, [156]. Anomalies are also related to proposals about certain

topological couplings that the full interacting theory should possess [157, [158].

Finally, let us mention that, even if we do not have full control over the dynamics of interacting
(2,0) theories, they have been successfully exploited to generate a rich class of four-dimensional N' = 2
gauge theories. Arguably the most known example is furnished by the theories defined in [I59] by
compactifying the Ay (2,0) theory of a punctured Riemann surface. This construction prompted many

further developments, most notably the AGT correspondence of [160].

6.3 (2,0) theories and five-dimensional super Yang-Mills

Let us consider the circle reduction of a (2,0) theory at a generic point in its moduli space, where we
have the non-interacting tensors B*, o = 1,...,r. As we will discuss in greater detail in section a
(anti)self-dual tensor on a circle yields one massless vector and a Kaluza-Klein tower of massive tensors.
At sufficiently low energies these massive states can be neglected and we are left with a collection of
vectors A® with gauge group U(1)". Suppose we move to a singular point in the moduli space of
the (2,0) theory. It is possible to argue that, from a five-dimensional perspective, additional vectors
become massless, which enhance U(1)" to a non-Abelian gauge group. If we start from a (2,0) theory
of type Any_1, so that r = N — 1, the discussion of the previous section indicates that this group
is SU(N). In summary, we obtain maximally supersymmetric Yang-Mills theory (MSYM) in five
dimensions with gauge group SU (V).

The gauge coupling of MSYM is given by [144]
Gy = AR, (6.3)

where R is the radius of the compactification circle. This is consistent with the fact that gyn has mass
dimension —1/2 in five dimensions and that there are no dimensionful nor dimensionless parameters
in the (2,0) theory. In (6.3]) we have adopted the normalization of e.g. [I61] and [34], which is natural

in the discussion of Kaluza-Klein momentum and instanton number developed below.

From the Type IIB and M-theory analysis of section we know that (2,0) theories possess six-
dimensional string excitations. These are BPS states and become tensionless at the point of the moduli

space (6.1) where the theory is non-trivial. Let us follow these string states in the circle reduction of
the (2,0) theory.

If a six-dimensional string wraps the compactification circle it yields a particle state in five di-
mensions. We will always consider strings with winding number one along the circle. In the simplest
possible case the string lies in its ground state and carries no Kaluza-Klein momentum along the circle.
We identify such a state with a W-boson of five-dimensional MSYM. If instead the string has some
Kaluza-Klein momentum,

n#0, (6.4)
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the associated particle state in five dimensions is a soliton of MSYM, which is conveniently thought

of as the uplift of a four-dimensional instanton. These solitons can therefore carry a non-vanishing

1 1
n—/24p1(E)——2(27r)2/24tr(F/\F), (6.5)

where 34 is a spatial slice of five-dimensional spacetime, E denotes the non-Abelian gauge bundle,

instanton number

p1(FE) is its first Pontryagin class, F' is the non-Abelian field strength, and tr is the trace in the
fundamental representation of SU(N). The integers n in and are actually identified: excited
Kaluza-Klein modes of a wrapped string are the same as Yang-Mills instantons with non-vanishing
instanton number [162]. In [34] these correspondence has been extended including states that carry

electric charge under the five-dimensional gauge group.

If a six-dimensional string does not wrap the compactification circle it yields a string in five
dimensions. These states can be realized in MSYM as an uplift of four-dimensional ’t Hooft-Polyakov
monopoles. As shown in [34] one can find BPS string-like states that have a non-vanishing instanton
number and magnetic charge: they can be identified with the modes of a six-dimensional string that

does not wrap the compactification circle, but has some Kaluza-Klein momentum along that direction.

Given the presence of BPS strings in six-dimensional (2,0) theories, it is not obvious a priori if
these theories are better understood as quantum field theories satisfying the usual locality axioms,
or rather as theories of strings, i.e. extended, non-local objects. The connection to five-dimensional
MSYM suggests that the former interpretation is the correct one [I144]. In fact, we have seen that a
wrapped string with no Kaluza-Klein momentum is interpreted as a W-boson, which is an elementary
field of MSYM. Wrapped strings with Kaluza-Klein momentum, or unwrapped strings, are identified
with solitonic excitations of MSYM, which are intuitively speaking made out of W-bosons, and thus
do not represent new independent elementary objects. If we were to regard the six-dimensional string

as an elementary object we would overcount elementary degrees of freedom of MSYM.

It is important to recall that five-dimensional MSYM theory is power-counting non-renormalizable.
Thus it is not clear if its classical Lagrangian suffices to describe physics at high energies, or if it has
to be supplemented by additional information related to UV degrees of freedom. Note also that
(2,0) theories are expected to be finite quantum field theories: they would then provide a possible
UV completion for five-dimensional MSYM. In [33] it has been conjectured that this relation can
be reversed: five-dimensional MSYM theory in the infinite-coupling limit (with all non-perturbative
effects taken into account) is equivalent to the (2,0) theory, without the need of any new degree of
freedom. The fact that Kaluza-Klein excited modes are already present in the form of five-dimensional
solitons is consistent with this picture. If this conjecture is true it has deep implications on the structure
of perturbative divergences of five-dimensional MSYM [33], which has been proven to suffer from UV

divergences starting at six loops [163].

Other pieces of evidence in favor of a strong connection between (2,0) theories and five-dimensional
MSYM comes from the computation of suitable conformal indices of the latter theory on manifolds
such as S° or CP? x S, see for instance [164, [165], [166] and references therein. These computations

show that a path integral based on the classical action for the massless fields of the Yang-Mills theory
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is able to reproduce the N3 scaling of the degrees of freedom of a six-dimensional (2,0) theory. As
a final remark we would like to draw the attention of the reader to [167], where the proposal of the
equivalence between (2,0) theories and MSYM is contrasted with deconstructing techniques, and [16§],
where the relation between (2,0) theories and MSYM involves the emergence of a timelike, as opposed

to spacelike, direction.
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CHAPTER [

Effective action for six-dimensional F-theory
compactifications

This chapter is devoted to the analysis of the six-dimensional effective action of F-theory compacti-
fications on elliptically fibered Calabi-Yau threefolds. We will thus substantiate the duality between
F-theory and M-theory described in section by implementing explicitly the prescription for the
extraction of the desired six-dimensional action from the dynamics of M-theory on the resolved Calabi-
Yau threefold. In particular we will match the anomaly coefficients in six dimensions with topological
data of the elliptic fibration. A careful analysis of the five-dimensional Chern-Simons terms on both
sides of the duality reveals the importance of quantum corrections induced by massive Kaluza-Klein

states.

7.1 F-theory and the space of six-dimensional (1,0) supergravities

The study of effective theories arising in string compactifications is clearly of crucial importance both
from a conceptual as well as phenomenological point of view. It is now believed that there is a vast
landscape of four-dimensional effective theories with minimal or no supersymmetry arising in string
theory, but it is an open problem to systematically characterize these theories [169, 131, 102]. A
systematic study becomes more tractable in compactifications to higher dimensions and with more
supersymmetry. Highly supersymmetric compactifications have a more constrained effective theory,
and arise from restricted classes of candidate string constructions. In the maximally supersymmetric

case the theory and compactification geometry are in fact almost unique.

An intermediate scenario is provided by six-dimensional (1,0) supergravity theories [I70]. While

there are strong constraints both from supersymmetry and anomalies in this dimension, the moduli

111



112 Chapter 7. Effective action for six-dimensional F-theory compactifications

space of these theories still permits a rich structure and is not fixed by the symmetries. In particular
the effective action can feature various non-Abelian gauge groups and non-trivial matter representa-
tions. The (1,0) multiplets in the spectrum are the gravity multiplet, a number of tensor and vector
multiplets, as well as hypermultiplets. The latter can be either neutral, i.e. transform as singlets
under the gauge group, or be charged, i.e. transform in non-trivial representations. We will refer to

the second class of hypermultiplets as matter hypermultiplets.

In the last years a systematic study of six-dimensional (1, 0) supergravity theories has been under-
taken to study the consistency conditions imposed by quantum gravity [170]. In six dimensions there
are gravitational, gauge, and mixed gauge-gravitational anomalies. These impose constraints on the
number of multiplets, and link the matter spectrum to the anomaly coefficients; see e.g. [I71], 172} [173].
A fruitful starting point has been to ask for a realization of these supergravity theories as a compacti-
fication of F-theory on Calabi-Yau threefolds [174), (175l 176} 177, 178, 179, 180, 18T, [182], 183]. Indeed,
F-theory constructions cover a large part of the space of six-dimensional (1,0) theories that can be
obtained from string theory. Furthermore the elliptic fibration structure of the Calabi-Yau threefolds
entering the compactification makes it possible to undertake a classification of vacua based on the
classifications of the possible Kédhler two-folds that can be chosen as a basis of the fibration [184].
Topological transitions among the various bases translate into extremal tensionless string transitions

from the point of view of the low-energy effective theory in six dimensions [185] [186].

These considerations constitute one of the main motivations for a detailed analysis of the duality
between F-theory and M-theory in six dimensions. In particular this framework provides an excellent
playground to get a better understanding of the correspondence between massive M2-brane states
on the M-theory side and massive Kaluza-Klein and W-bosons in the circle compactification of the
F-theory effective action. Indeed, we will be able to match the classical Chern-Simons terms of M-
theory on the resolved Calabi-Yau threefold with the quantum-corrected Chern-Simons terms of the
circle compactification. Our analysis applies to the case in which the gauge group is semi-simple,
with no Abelian factor. In [I87] it has been extended it to include U(1) gauge bosons. The study
of the low-energy F-theory effective action performed there confirms some results previously found
in [I82] [I83] about the relation between geometry and anomalies in the presence of U(1) factors.
It also reveals interesting patterns in the quantum corrections to Chern-Simons levels induced by

Kaluza-Klein modes and W-bosons.

Another motivation for the study of six-dimensional F-theory models comes from the observation
that they can provide useful insights that can be successfully adapted to more complicated four-
dimensional F-theory setups. For example, the relevance of quantum corrections to Chern-Simons
couplings in the context of F-theory/M-theory duality can already be appreciated in six dimensions.
The analysis of anomaly cancellation and Green-Schwarz mechanism for F-theory compactifications on

Calabi-Yau fourfolds performed in [I40] can be seen as an interesting generalization to four dimensions.
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7.2 Elliptically fibered Calabi-Yau threefolds

The general features of an elliptically fibered Calabi-Yau space presented in Weierstrass form have
already been described in section In order to derive the effective action of a (1,0) F-theory setup
in six dimensions, however, we need more information about the topology and geometry of elliptically
fibered Calabi-Yau threefolds.

Let m : X3 — By be a possibly singular elliptically fibered Calabi-Yau threefold described by the
Weierstrass equation (5.22]). Recall from section that the vanishing locus of the discriminant A
defined in (5.19)) correspond to degenerations of the elliptic fiber. These may or may not correspond

to singularities of the total space X3. We are thus led to represent the divisor class [A] as
[A] = valSal+ (A7, (7.1)
A

where [S4] are the classes of the irreducible, effective divisors S4 on which the Calabi-Yau threefold
develops a singularity, while [A’] is the residual class associated to singularities of the fibration which
leave the total space smooth. Singularities of the Calabi-Yau threefold along S4 correspond to stacks
of seven-branes on S4 which admit a non-Abelian gauge theory on their world-volume. As already
mentioned in section [5.2.3] possible gauge groups can be classified looking at the possible singularities
which occur in X3 [175] [188] 189 [190]. The constants v4 are related to group-theoretical invariants.
The divisor A’ is wrapped by a single seven-brane with no massless gauge bosons on its world-volume.
Furthermore, if [A’] and some of the [S4]’s have non-vanishing intersection, singularity enhancements
take place, which give rise to charged matter in the Type IIB picture. As explained in section it
is useful to resolve the singularities of X3 to obtain a smooth Calabi-Yau threefold Xg. The canonical
way of doing that, both if the singularity locus is a point and if it is a smooth curve, is discussed in
[T75], 188, [191]. For our purposes we do not need to perform the resolution explicitly, but we rather

need only some general patterns of the topology of the resulting smooth space Xs.

Let us collect some results about divisors and intersection numbers of an elliptically fibered Calabi-
Yau threefold. Recall that strict SU(3) holonomy is always understood in our terminology. It is simpler
to start with the case of a smooth threefold X3. On such a space there is a natural set of divisors
which span H4(X3,R). Firstly, one has the section of the fibration which is homologous to the base
Bs. Secondly, there is the set of vertical divisors D, which are obtained as D, = 7~ 1(D}), where
Dg is a divisor of Bs and 7 is the projection to the base w : X3 — By. For these smooth elliptic
fibrations one has h!(Bs) = h1!(X3) — 1 such divisors. Let wp, ws be the two-form cohomology
classes Poincaré dual to the divisor classes [Ba|, [Dy]. It is useful to record some facts concerning

intersections of divisors for smooth elliptic fibrations. Due to the fibration structure one has
DoNDgNDy=0. (7.2)
We also introduce the matrix 7,3 by defining

N =Dy N DY =ByNDyNDg . (7.3)
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Note that 7,4 is a non-degenerate symmetric matrix of signature (+, —, ..., —) with A%*(By) — 1 minus
signs. Finally, let us recall the cohomological identityﬂ
wo N\ wo + Cl(BQ) ANwo=20. (74)

We also introduce the vector K® by expanding the first Chern class of the base By onto a basis
two-forms dual to vertical divisors as

— (1 (Bg) == Ko‘wa . (75)

Some basic formulas for the base By of X3 will be useful later. The Euler number x(Bz) and the

integral of c}(Bs) can be generally evaluated as

x(B3) = / co(By) =2+ hb(By) / A(By) = K*KPnop = 10 — Y (By) | (7.6)
BQ BQ

where we have used (7.5) and the fact that h?(By) = h?9(By) = 0 for a base of a Calabi-Yau

manifold.

Let us now take into account a singular Calabi-Yau threefold X3 and its resolution X;5. For the
sake of simplicity, we will restrict ourselves to the case of a single seven-brane stack, thus omitting the
sum over index A in (7.1)). We thus have a simple gauge group G and we can write [A] = v[S] + [A/].
Let D; be the exceptional divisors of the resolved threefold X3. They were introduced in general
terms in section [5.2.3] where it was argued that the index ¢ runs from 1 to rank G. Recall also that
the cohomology class Poincaré dual to [D;] is denoted w;. Furthermore, let us expand the divisor S

wrapped by the stack of branes in a basis two-forms dual to vertical divisors as
PD([S]) = C%, - (7.7)
Note that, after resolution, this is replaced by
PD([5]) = C%q + a'w; , (7.8)

where a’ are the Dynkin numbers characterizing the Dynkin diagram of G E| Exceptional divisors enjoy

the following properties

BonND; =0,
DaﬂDiﬂDj:—CingﬂDaﬂS,
DaﬂDﬁﬂDiZO, (79)

where Cj; is the Cartan matrix of the group G.

We are now in a position to summarize all intersection numbers on the resolved Calabi-Yau three-
fold X3. We have found a cohomology basis {wo, wq,w;} which can be denoted collectively as {wy }.

As in section [4.5.2] intersection numbers are defined as

Vase = / WA A ws; A we - (7.10)
X3

'We will be slightly sloppy with the notation in the following, since we do not explicitly indicate that certain quantities,
e.g. the first Chern class c1(B2), have to be pulled back from Bs to the Calabi-Yau threefold.

2Note that after singularity resolution also is modified by the addition of non-trivial w; terms. Nonetheless,
these terms do not affect the following discussion on intersection numbers, thanks to identities
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Identities and properties listed above imply that intersection numbers must satisfy

Vooo = 1K K” Voin =0, (7.11)
Vooa = NasK?” Vaij = —CijnapsC”

Voas = Nag Vapi =0,

Vapy =0,

where A = 0,a,j. As far as V;j; is concerned, in general it is non-vanishing, but otherwise un-
constrained by our discussion so far. These intersection numbers arise from intersecting exceptional
divisors. In fact, as we will discuss below, they will be linked to group-theoretical factors depending

on the charged matter content of the gauge theory.

7.3 Generalities on six-dimensional (1,0) supergravity

In this section we review some basic facts about the spectrum and the dynamics of a generic six-

dimensional supergravity model with (1,0) supersymmetry, corresponding to 8 real supercharges.

7.3.1 Field content

Massless states in six dimensions are classified by representations of the little group SO(4) = SU(2) x
SU(2) and are therefore labelled by a couple of integer or half-integer spins, (jr,jr). Four differ-
ent kinds of supersymmetric multiplets can be constructed, restricting to spin less or equal to two
[173]. We list them following the chirality conventions which are more common in the six-dimensional

supergravity literature, see e.g. [192]:
e gravity multiplet: (1,1)® 2(1, %) @ (1,0), i.e. the graviton, one Wey left-handed gravitino, one
self-dual two-form;
e vector multiplet: (%, %) < 2(%, 0), i.e. one vector and one Weyl left-handed gaugino;

e tensor multiplet: (0,1) & 2(0, %) @® (0,0), i.e. one antiself-dual two-form, one Weyl right-handed

tensorino, one real scalar;

e hypermultiplet: 2(0, %) @ 4(0,0), i.e. one Weyl right-handed hyperino and two complex scalars.

A general model features one gravity multiplet, ny vector multiplets, ny hypermultiplets, ny tensor
multiplets. The (anti)self-duality condition is incompatible with a naive Lagrangian formulation,
because the usual kinetic term for two-forms vanishes identically once it is taken into account. This is

a six-dimensional analog of the problem one faces in writing the Ramond-Ramond effective action for

3 An equivalent formulation makes use of a SU(2) doublet of Weyl left-handed gravitini (SU(2) is the automorphism
group of the supersymmetry algebra), supplemented by a symplectic Majorana condition. Similar remarks apply to all
other fermions. This explains why this model is sometimes referred to as A/ = 2 in the literature.
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Cy in Type IIB supergravity, see section [2.2] In six dimensions in the special case np = 1 the antiself-
dual two-form from the gravity multiplet and the self-dual two-form from the tensor multiplet can be
combined into a two-form without any self-duality property, and the standard Lagrangian formulation
applies. Nonetheless, a set of consistent, supersymmetric, two-derivative, classical equations of motion
is known for arbitrary np [192]. We can still derive them from variation of a suitable pseudoaction,

imposing the self-duality condition after computation of functional derivatives, as usual.

We will always restrict ourselves to the bosonic content of the model, and adopt notations described
below. First of all, we denote all six-dimensional two-forms collectively as B, where a = 1, ...np + 1

The scalars coming from the np tensor multiplets parameterize the quotient
SO(l, nT)/SO(nT) . (7.12)

It is customary to describe this coset scalar manifold by means of a vielbein formalism. We refer the
reader to e.g. [192] for a detailed account. For our present discussion we need only to recall that a
constant SO(1,n7) metric 2,4 is introduced, along with a set of ny + 1 scalar fields j*. The metric

243 has mostly minus Lorentzian signature (1,n7), and the scalars j* are subject to the constraint
Qupi®i® =1. (7.13)

Moreover, the scalar manifold is endowed with another non-constant, positive definite metric gqg,

which is given in terms of Q,3,7 by
9op = 2jajp — Qap (7.14)

where j, = Q,s5°. This metric is needed to write down the (anti)-self-duality condition for B*in a

SO(1,nr) covariant way, as we will see in equation ([7.42]).

As far as vectors are concerned, in this section we consider a supergravity model with semi-simple
gauge group G = [[, G;. For each simple factor G; let g; be the corresponding Lie algebra. We denote
the g;-valued gauge one-form by A;, and matrix multiplication will always be understood. Moreover,
we use anti-Hermitian generators so that the expression for the non-Abelian field strength two-form

reads
E :dAi—i-Ai/\Ai :d/iz—i-%[/iz,/iz] , (715)

where here and in what follows no sum over 7 is understood. The field strength transforms covariantly

under the gauge transformation
(5121@ = dj\l + [Az, j\l] , (7.16)

where the gauge parameter Niisa g;-valued zero-form. Let us recall the definition of the Chern-Simons
three-form

(Z)CS =tr <Al A dAZ + %AZ AN Az A Az) s (717)

i

“Later on we will identify ny 4+ 1 = h*!(Bz) in the duality to M-theory. This provides the match of the indices of
the present section with the ones of section
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where the trace is taken in a suitable representation of g;. More details about our normalization for
gauge traces will be given below when we review anomalies in six dimensions. It is also useful to recall

two key properties of the Chern-Simons three-form,

0SS =trdh\ ANdA;,  dofS =trFy AF; . (7.18)

Next, let us make some remarks about the hyper sector. Each hypermultiplet contains four real
scalars and therefore we use the notation ¢V (U = 1, ...,4ny). These scalar fields can be considered as
real coordinates for a quaternionic manifold, whose metric we write as hgy. The geometric structures
of quaternionic manifolds have been studied intensively, see e.g. [193, [194]. Since our main focus will
be on the tensor and vector multiplet structure, we will refrain from giving a detailed account of
these results here. However, in the following we will need to consider some aspects of charged hyper-
multiplets. The only piece of information relevant to our discussion is the six-dimensional covariant

derivative, which reads schematically
DqV = dg¥ + AN(TRq)Y | (7.19)

where the index I runs over all generators of the gauge group G, and TIR are the group generators

acting on the scalars ¢V

in the representation R. Several examples of gauged six-dimensional (1,0)
supergravities are known. We refer the reader to [195] 196, 197, 198] and references therein for a

detailed account on the subject.

Finally, gravitational degrees of freedom are described by means of the vielbein formalism. The
analogue of the one-form gauge connection A is provided by the so(1,5)-valued spin connection one-

form @, determined by the vielbein through the usual torsionless condition
dée+wNé=0, (7.20)

where matrix multiplication is understood. If £ is a so(1,5)-valued zero-form which we interpret as

infinitesimal parameter of a local Lorentz transformation, we have

S = di + [, 0] . (7.21)

The correct covariant field strength is the curvature two-form 7@, which is constructed out of the spin
connection according to
R=do+o A, (7.22)

and is related to the components of the six-dimensional Riemann tensor R” a0 by

FRA. dif Adi”, a,b,=0,..,5. (7.23)

Gy =tr (OAdD+ 20 NDAD) (7.24)
which satisfies
6wg(;1riv =tr dg/\ dw y d(‘:)griv = tr?@ A\ 7% . (725)
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Note that the right hand side of the last equation is proportional to a characteristic class build from the
curvature two-form. In general, the proportionality constant is fixed by the requirement that suitable
integrals of such classes take integer values. This standard normalization is achieved by inserting a
factor of (27)~! for each occurrence of the curvature two-form R specified by (7.23). In order to
improve readability, we will never write down these factors of (2)~! in the following. Similar remarks

apply to the five-dimensional curvature two-form introduced in section

7.3.2 Anomaly cancellation

As we have seen above, the spectrum of a general six-dimensional (1,0) supergravity model contains
chiral fermions and (anti)self-dual two-forms. As a result, gauge, gravitational, and mixed anoma-
lies may appear once one-loop effects are taken into account. Nonetheless, a generalization of the
ten-dimensional Green-Schwarz mechanism [171], due to Sagnotti [I72] [I77], can be implemented to
generate consistent, anomaly-free theories. Let us review it in the case at hand of a semi-simple gauge

group G = [[; G; with no Abelian factor, using the notation of [170].

At the heart of the Green-Schwarz-Sagnotti mechanism lies the observation that tree-level exchange
of quanta of the tensor fields B® can counterbalance one-loop anomalous diagrams. For this to be

possible, the total anomaly polynomial must be of the form

Is = 10, X5 A XY (7.26)
where we introduced the four-forms
X§ =30 RAR+ Y 20\ trpFi A F; (7.27)
i

In these expressions a®, b are known as anomaly coefficients and transform as vectors in the space
R with symmetric inner product Qp. More precisely, a®, b can be shown to be vectors in a lattice,
commonly referred to as the anomaly lattice of the theory [I80]. Furthermore, try denotes the trace
in the fundamental representation, and \; are normalization constants depending on the type of each
simple group factor, as described in [178, [179] 180} 181].

If condition ([7.26]) is met, the theory can be made anomaly-free by introducing the generalized

Green-Schwarz term

. 1 . R
S6S — —/ QupBY A X7 (7.28)
2

where Mg denotes six-dimensional spacetime. By computation of the anomaly polynomial I in
terms of the chiral matter content [199] and comparison with the factorized form (7.26)), the following
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necessary conditions for anomaly cancellation are found:

ng —ny = 273 — 2971T (729)
0=Biy— > =Bk (7.30)

R
Qapa®ad® = 9 —np (7.31)
—Qupa®h? = (ZxRA’R Aadj) (7.32)
Qapb?d? = 42(2 i O — c;dj) (no sum over 7) (7.33)
Qapbfb] = i) ngs : (i # j). (7.34)

Recall that ng,ny,np are the numbers of hyper-, vector and tensor multiplets in the model. The

constants AiR, Bﬁ, C’ﬁ are group theory coefficients defined through

tr RFZ-Q = iRtl”fﬁ'iQ (7.35)
trr [} = BitrpFit + Cg(trpF?)2. (7.36)

Finally, xiR, xﬁs denote the number of matter fields that transform in the irreducible representation
R of gauge group factor G;, and (R,S) of G; x G}, respectively. Note that for groups such as SU(2)
and SU(3), which lack a fourth order invariant, B = 0 and there is no condition In order to
simplify the notation, in the rest of this chapter we absorb the group-theoretical prefactor A; into the

definition of the trace,

tr= A\ "try . (7.37)
In equations ([7.17)) and ((7.18) the symbol tr should be interpreted in this fashion.

The Green-Schwarz term ([7.28]) contributes to the anomaly polynomial because the tensor fields
transform inhomogeneously under gauge transformations and local Lorentz transformations. More

precisely, we have

0B = dA® — a®trldd —2) b tr A dA; . (7.38)

i

In this equation A® is a collection of one-forms which are the parameters of the usual Abelian gauge
invariance of two-form potentials. The correct, gauge-invariant field strength three-form for B® turns

out to be

G* = dB” + a“05y, + 2 Z b oSS | (7.39)
and satisfies a non-standard Bianchi identity,

dG* = X . (7.40)
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7.3.3 Effective action

For the sake of notational simplicity in the rest of this chapter we will consider the simpler case in
which the gauge group G consists of a single simple factor. It is straightforward to reintroduce several

simple factors labelled by the index 1.

The bosonic terms of the pseudoaction for six-dimensional (1,0) supergravity with simple gauge

group G is given by
SO = / + 3R#1 — hyyDg” A xDq" — 19apGY N RGP — Sgapdi® A RdjP
Me
— 20,570t F ASEF — 1Q,5B% A XJ — Vil (7.41)

The non-constant, positive-definite metric g,5 has been introduced in . In the second line, V is
a potential generated by gauging the hypermultiplet scalars ¢V. Its explicit form can be found e.g. in
[198], but will not be crucial for our discussion. Let us stress that we have included some higher-
derivative terms connected with the Green-Schwarz mechanism described in the previous subsection.
In particular, note that some higher-derivative terms are implicitly contained in the definition of the
gauge and local Lorentz invariant field strength G . Let us remind the reader that has
to be supplemented by the self-duality constraint of for the tensors B2 It is written in terms of the
three-form field strengths as

GapiG® = Qu3GP (7.42)

where gop is the positive-definite, non-constant metric introduced in ([7.14)).

The classical action ([7.41]) might fail to be gauge and local Lorentz invariant because of the Green-

Schwarz term. Indeed,
550 = L /M Qug (3atr fdio + 207tr AdA) A XY, (7.43)
6

which in general is not just a surface contribution. Of course this is precisely the reason why the
Green-Schwarz mechanism can work. Nonetheless, let us point out that there is a special case where

the action is already classically gauge invariant. It is enforced by the conditions
Qagaaaﬁ =0, Qagaab’@ =0, Qagbab’@ =0. (7.44)

These conditions on a®,b“ can be related to the spectrum of fields, in particular the charge matter
content, through the anomaly cancellation conditions ([7.29)-(7.34) As we argue in section the

match between the F-theory set-up and the M-theory compactification is simpler in this special case.

7.4 Circle compactification from six to five dimensions

In this section we discuss the circle reduction of a general six-dimensional (1,0) supergravity theory.

This gives us the first opportunity to discuss the circle reduction of a six-dimensional pseudoaction for
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two-forms. In this chapter we retain only massless Kaluza-Klein modes. This topic will be revisited
in chapter where both zeromodes and excited modes will be kept.

The reduction from six to five dimensions yields a non-Abelian gauge theory that is further pushed
to the Coulomb branch according to the paradigm explained in section[5.3] The five-dimensional action
is brought into canonical ' = 2 form in subsection[7.4.3] We point out an intriguing generalization of
the A/ = 2 formalism which captures the full reduced action. Finally, in subsection [7.4.4] we perform
the reduction of a specific higher-order curvature correction that carries crucial information about

gravitational six-dimensional anomalies.

7.4.1 Kaluza-Klein reduction on the circle at two-derivative level

Let us now study the supergravity model outlined above on a background with one compact spatial
dimension, i.e. with topology R? x S!. As anticipated above, we restrict ourselves to zeromodes only.

Some general features of circle reductions have been already discussed in section

Ansatze for the reduction

The metric Ansatz reads
8l = Gudatda” +1°Dy* ,  Dy=dy— A", y~y+2m (7.45)

where A% = Agdx“ is the Kaluza-Klein vector and all five-dimensional field are independent of the
coordinate y along S'. A twiddle on the five-dimensional metric is used to stress that a Weyl rescaling
will be necessary to cast the five-dimensional Einstein-Hilbert term into canonical form, as already
anticipated in section for a general circle compactification. Note that is a rewriting of
in a slightly different notation which is better suited for the problem at hand. With the current
notation the U(1) symmetry coming from circle diffecomorphisms y — y + x acts on the Kaluza-Klein
vector as A — A% 4 dy, in such a way that the one-form Dy is invariant. The field strength of A°
reads

FO =qdA°. (7.46)
It is useful to write down the Kaluza-Klein Ansatz for the metric in the vielbein formalism, too. Up

to local Lorentz transformations, we can take

& = élda é> =rDy, (7.47)
where Dy is given in (7.45)), and €},,a = 0,...,4 is the five-dimensional vielbein (independent of y)
before Weyl rescaling.

Let us now turn to the one-forms and two-forms, and take into account zeromodes only. As already
pointed out for general circle compactifications in section[d.2] in order to get lower-dimensional massless
fields that are uncharged under the aforementioned U(1) symmetry we have to expand all fields on
Dy defined in . To begin with, we set

A=A+ (Dy, (7.48)



122 Chapter 7. Effective action for six-dimensional F-theory compactifications

where ( is a g-valued five-dimensional zero-form. The gravitational analogue of this relation consists

of the expression for the spin connection components, which can be computed from (7.47)):
. - ~(0 . = ~
Wabp = Wap + agb)Dy ) Was = bfll) + cgo)Dy , (7.49)

where wgp is the five-dimensional spin connection determined by €j;. The zero-forms Et((l%), EEP, and the
(1)

one-form by’ are given by

El((l%) — lTQéQéZFBV, [;Ezl) — %TéZ\F)(\),u dx/i7 EELO) — _ééﬁ/\r ’ (750)

where V is the five-dimensional Levi-Civita connection before Weyl rescaling.
We are now in a position to write down the Kaluza-Klein Ansatz for the two-forms B®. Care has

to be taken because the six-dimensional transformation rule ((7.38) entangles the degrees of freedom

encoded in B with those of vectors and gravity. Thus, we set

B =B - [A* — La®tr (@) — 2b% tr (gA)] ADy . (7.51)
In this way A%, B* have the simplest possible gauge transformations,

SAY = du® (7.52)
§B* = dA* + p*F° — La® tr (¢d@) — 26 tr (AdA) , (7.53)

where the infinitesimal parameters are a g-valued five-dimensional zero-form A, a so0(1,4)-valued five-
dimensional zero-form ¢, five-dimensional zero-, one-forms u®, A®. The first relation implies that A%
has a standard, Abelian field strength

F* =dA* . (7.54)

However, the naive field strength dB® is not gauge invariant, and must be improved by setting

G* = dB* — A* AN FO + La®05s, + 2b°w™ (7.55)

where
Doy =tr (OANdD+ 20 NG AD) (7.56)
w® =tr (ANdA+2ANANA) . (7.57)

The corresponding non-standard Bianchi identity reads

dG* = —F*NF"+ Ja®tr RAR +20*tr FAF . (7.58)

Dimensional reduction of the two-derivative Lagrangian

In the rest of this subsection we will only focus on the two-derivative part of the total pseudoaction
(7.41). As a consequence, we drop higher curvature terms from the six-dimensional pseudoaction, and
we also neglect gravitational contribution to the gauge transformation of B¢ and to the field strength

G“. A discussion of the higher curvature corrections is postponed to subsection [7.4.4]
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Let us stress that, even if we start with a pseudoaction in six dimensions, the resulting five-
dimensional action is a proper action: it captures the dynamics of zeromodes without any need for
auxiliary conditions to be imposed at the level of the equations of motion. This is possible because the
six-dimensional two-forms B® dimensionally reduce to two-forms B and vectors A® as seen in (7.51)).
At the same time, we also have to dimensionally reduce the self-duality constraint . Explicitly
we find

T Gop ¥G® = — Q5 F7 (7.59)
where we have introduced the shorthand notation

F = F — 4p%r (CF) + 2b%tr (CQ)F° . (7.60)

The key point is that the five-dimensional duality condition ((7.59)) now relates two-forms and vectors.
Since it does not involve a self-duality, it can be imposed on the level of the action itself. Hence, in

computing the five-dimensional action we proceed in the two steps:

1. We perform a straightforward reduction of the pseudoaction ([7.41)) ignoring momentarily the
self-duality constraint. The resulting five-dimensional pseudoaction, denoted Sl()iiido, should be
written in a form such that B® only appears through its field strength G“. Moreover, G% can

be treated as an independent variable which enters the action only algebraically.

is modified by adding a term AS®F with the following
properties. If AS®)F is regarded as a functional of A%, B it is a total derivative. If it is regraded

2. The five-dimensional pseudoaction SI()ZEd o

as a functional of A%, G¢ it is engineered in such a way that variation of Séiiﬁdo + ASOF with

respect to G reproduces both the self-duality constraint and the Bianchi identity for G.

If we succeed in performing these two steps we can integrate out the five-dimensional three-forms G
by means of their classical equation of motion and thus obtains a proper action S O)F for the vectors
A®. In the remaining part of this subsection we provide a detailed derivation of S®F at two-derivative
level. Crucially, however, the two steps described above can be performed even if we reintroduce the
gravitational part of the generalized Green-Schwarz term, and all gravitational contributions to G¢,
as discussed in section [[.4.4l

To begin with, let us record the expression for the functional Sé‘:iﬁd o

reduction of the two-derivative part of ([7.41]) according to the metric, vector, and two-form Ansétze
(7.45), (7.48), (7.51)). One finds

obtained by naive dimensional

(5)F
pseudo

= /M5 + 1rR 31— L3 FOANEFY — Lrgosdi® A%dj® — rhyyDeY A FDgY
— 277 VP tr (F — CFO) A F(F — CF°) — 27104550 tr D¢ A %DC
— 1rgapGO NFGP — Lr7lg s FO N FP
— QG N (FP = FP) + Qupb® AP Ntr FAF
— 2Q05b" W A (2tr (F — tr (CF)
— 20,50 btr CAN (tr F A F — 2t CF A FO + tr (CFO A FO)
= [V + T hov (TR )Y (T]e) V)51 (7.61)
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In this expression, D{ = d¢ + [A, (] is the gauge covariant derivative for the adjoint scalars ¢, while
D¢V = dqV + Al (TIRq)U are the five-dimensional gauge covariant derivatives for the scalars ¢V in the
hypermultiplets. The shorthand notation F¢ has been introduced in . Note that, by virtue of
some integrations by parts, has been cast in a form in which B® only enters S, OF i qe.

pseudo

Next, we have to identify the suitable term AS®¥ for the implementation of the second step of

the program outlined above. The correct form of AS®¥ reads
ASOF = / —1Q,3dBY N FP
Ms
_ /M 100G A FP 4 100 5(— ACFO 4 26%wC8) A FF (7.62)
5

From the first line it is apparent that AS®¥ is a total derivative if it is regarded as a functional of
A% B®. Let us also stress that the Chern-Simons terms originating from the difference between dB“
and G in the second line of ([7.62)) are essential for our following discussion.

If we now consider Séiiido + ASOGF a5 a functional of G* and A®, the equations of motion ensure

both the self-duality condition (7.59) and the non-standard Bianchi identity (7.58]). Moreover, G*
enters S©F + ASOF only quadratically, and is therefore readily integrated out. We thus obtain the

pseudo
desired five-dimensional proper action,

SOIF — / +irR %1 — 13 FOARFC — Lrg,sdi® A %djP — rhyvDgY A¥DgY
Ms

— 27 Q7 W tr (F — CF) A %(F — CF°) — 297104550 tr D¢ A %DC
— A gap FONFFP — 3003 AP NFONFP +2Q,50° AP Nt FAF
— 2Q,5b°bPwS A (2tr CF — tr (CFP)

—2Q,b°btr CAN (tr FAF — 2tr CF A FO 4 tr (CFO A FO)

= [PV 4 hov I (TR (TTg) V] 51 (7.63)

It is worth pointing out that —i?”ga/gGO‘/\;GB — %7“*1 GapF CN*F % vanishes identically after elimination
of G%, and that the kinetic term for vectors —%r‘l o F > A %FP comes from the Chern-Simons term
—%QQ/BGO“ A FB. Moreover, the term +2Q,30“A% A tr F' A F has a different prefactor because two
different contributions must be taken into account: one was already present in , the other one
is found in ASG®F,

The last step of the dimensional reduction consists of the Weyl rescaling
g,uzl = 74_2/39/141/ > (7.64)

which is simply a special case of (4.11]) written in a slightly different notation. The final form of the
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action is therefore

SOF — / + 3R *1 — %T*er A xdr — 3gapdi® N «dj®
M

— QT_ZQagjabﬁtr D¢ A xDC — hgyDgV A xDg"

— %T8/3F0 A*FO — %r74/3ga5]:°‘ A *FP

— 27230, tr (F — CFO) A #(F — CFO)

— 10,54 N FOANFP 4+ 2Q,50AP At F A F

— 2Q,5b°bPwS A (2tr CF — tr (CFO)

—2Q,5b°btr CAN (tr FAF — 2tr CF A FO 4 tr (CFO A FP)

— [V By (TR V(TR )V + 1. (7.65)

7.4.2 Moving to the Coulomb branch

In the following sections, we will explore the dynamics of F-theory in six dimensions by means of the
duality with M-theory on a Calabi-Yau threefold, as introduced in section [5.3] In this framework,
we can access directly only the Coulomb branch of our non-Abelian gauge sector. The full gauge
group G is spontaneously broken down to U(l)rank(G), which is spanned by the Cartan generators T,
i =1,...,rank(G). We take them to be normalized in such a way that

tr (T;T5) = Cjj (7.66)
where Cj; is the Cartan matrix of G.

The spontaneous break down of gauge symmetry is triggered by non-vanishing VEVs of some

adjoint scalars ¢ in the vector multiplets. In particular, inspection of the terms
— 212305705 tr F A %F — 2r~2Q,3jbPtr DC A %DC (7.67)

in the non-Abelian five-dimensional action shows that the usual Higgs mechanism originates a
mass term for the vectors lying outside of the Cartan subalgebra. As usual, we refer to these massive
vectors as W-bosons. Their scalar partners acquire a mass, as well. From an effective field theory
perspective, we are thus left only with the massless fields A%, (* associated to the Cartan subalgebra

of the full gauge algebra. As a result, replacements such as

tr (FA*F) — CyF' AxF7, tr (D¢ A*DC) — CiidCt A *d(?
w = O AT A FY (7.68)

have to be made in ([7.65)) to get the relevant five-dimensional action.

In a similar fashion, charged hypermultiplets acquire a mass through the five-dimensional scalar
potential
V=W Bhyy ¢ (TR (T )Y (7.69)
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given in the last line of . Note that the second term originates directly from dimensional reduc-
tion of the six-dimensional kinetic term hUvﬁqU A iﬁqv. It is quadratic in the scalars of the charged
hypermultiplets and is the source for their masses once gauge symmetry is spontaneously broken.
Following the effective field theory paradigm, one should integrate out the massive hypermultiplets
and only keep neutral hypermultiplets in the five-dimensional action in the Coulomb branch. We use

lower-case indices u,v = 1, ..., 4n}1f“tral to enumerate them. Hence, we have the replacement rule
huvDgY A «DqV — hywdg™ A +dq® | (7.70)

where h,, is a quantum corrected hypermultiplet metric. Determining h,, after integrating out the
massive states is in general a complicated task, but we will later give the M-theory expression for hy,
where certain corrections have been taken into account implicitly via the geometry. In accord with

supersymmetry we also drop the scalar potential from the effective action for the massless modes.

The explicit form of the five-dimensional action pushed to the Coulomb branch according to the

prescriptions above reads

SOF — / + IR 1 — %r_2dr A xdr — 3gapdi® N xdj”
Ms

— 29 2Q55 VP Ci5dCt A %dCT — hyydg® A xdg”

— %'rg/gFO AxFO — %7“_4/3ga5]:0‘ A *xFP

— 2r23Q,5C1 VP (FP — CFO) A %(F7 — (T FO)

—10,54° N F¥ N FP 4 2Q05C;5b“AP N F' N FI

= 2(Qab"b?) (Cri¢F¢h)Cij¢' AT A FO N FO

+ 2(Qub?07) (O3 CriCF ¢ + 20,0 ¢F¢H AT A FI A FO

— 6(Qapb®d”)C1;CryCt A NFI N FF (7.71)

In order to implement the F-theory lift discussed in section however, it is essential to recast this
result in a more transparent form. The aim of the following section is precisely the reformulation
of the five-dimensional action in terms of new variables, in such a way to exploit the underlying
supersymmetric structure. Hence, we begin our analysis with a concise review of five-dimensional

N = 2 supergravity.

7.4.3 The five-dimensional effective action and its canonical form

Let us briefly recall the field content of five-dimensional ' = 2 (8 real supercharges) supersymmetry
multiplets [200]:

e gravity multiplet: the graviton, one vector (referred to as ‘graviphoton’), one Diracﬂ gravitino;

e vector multiplet: one vector, one scalar, one Dirac gaugino;

°Tt is customary to replace one Dirac fermion by a SU(2) doublet of Dirac fermions satisfying a symplectic Majorana
condition. This explains the notation N = 2.
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e hypermultiplet: 2 complex scalars, one Dirac hyperino.

(5) (5)

Let the spectrum consist of the gravity multiplet, ny,” vector multiplets, n;;” hypermultiplets, and
let us focus on the bosonic sector. We are not going to study gauged supergravity models, and therefore
the framework outlined in [201] is general enough for our purposesﬁ As usual, each hypermultiplet
contributes four real scalars to the spectrum, and we will use notation ¢* with v = 1, ..., 4ng). The
hypersector is entirely specified once a quaternionic structure with metric h,, is given. Since the

graviphoton and the vectors from the vector multiplets are naturally entangled by the dynamics of

the theory, let us denote them collectively as AT where 7 = 0, ..., ng/s). The scalars coming from the

g?) manifold which is most conveniently described in terms of so-

called very special coordinates MZ. These are n%}r)) + 1 real coordinates which describe an auxiliary

(n%}%) + 1)-dimensional manifold in which the actual scalar manifold is embedded as an hypersurface,

vector multiplets parameterize a n

as explained below.

The dynamics of gravity-vector sector at two-derivative level is entirely specified once the cubic
potential
N = L0z M MI M* (7.72)

is given in terms of very special coordinates and of a constant symmetric tensor Cz7x. First of all,
the scalar manifold is identified with the hypersurface described by the so-called very special geometry

constraint

N=1. (7.73)

Second of all, the gauge coupling function and the metric on the scalar manifold coincide and are

constructed out of second derivatives of the cubic potential,
Grg = [—%8M18MJ 10gN]N:1 = [—%NIJ + %Nz./\/‘j]/\/zl . (7.74)

In this expression, and in the following, downstairs indices Z, 7 denote partial derivative with respect
to coordinates N7, MY . Finally, the constant tensor C7.7x itself appears in the action as Chern-Simons

coupling. Indeed, the action is given by

§(B)can _ / + %R *1 — %szdMI A xdM7 = hypdg® A xdg®
Ms
— 3Gz FE NFY — LCr7c AT NFI NFR. (7.75)
Let us now discuss the relation between the spectrum of a six-dimensional supergravity model and

the spectrum of its Kaluza-Klein reduction on a circle. Suppose the numbers of six-dimensional tensor,

vector and hypermultiplets are nr,ny, ng respectively. To begin with, we note that the bosonic part

In order to compare formulae below with the reference, the reader should be aware that we have changed notation,
should recall our conventions on Riemann tensor contractions (cf. appendix , and should also note that

\/6 here

there
CIJIC = ?CI]K: .
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of a hypermultiplet behaves trivially under dimensional reduction on S'. Hence, we can conclude that

the number ng) of five-dimensional hypermultiplets is given simply by

nly = njguerd (7.76)

where the label ‘neutral’ has been added to remind the reader that charged six-dimensional hyper-

multiplets are integrated out and do not appear in the five-dimensional effective theory.

As far as five-dimensional vectors are concerned, they are generated by three different mechanisms.
First of all, one vector A is introduced by the off-diagonal component of the Kaluza-Klein Ansatz for
the six-dimensional metric. Second of all, ny + 1 vectors A% come from the (anti)-self-dual two-forms
in six-dimensions. Finally, reduction of six-dimensional vectors gives us ny additional A*. We thus
have a total of 1 + (ng + 1) 4+ ny vectors, which we denote collectively as AT = (A%, A%, A?). They fit
into

n%f) =ny +nr+1 (7.77)

five-dimensional vector multiplets, because one linear combination of {A" A%} has to be identified
with the graviphoton and sits in the gravity multipletm The corresponding scalar degrees of freedom
are provided by j¢, (%, r for a total of (ny + 1) + ny + 1 variables. However, they are subject to one
constraint, which in six-dimensional language is given by . This counting is consistent with the
existence of very special coordinates M = (MY, M, M?) satisfying .

In the remaining part of this section we discuss in which way, and to which extent, the results of
the dimensional reduction performed in can be expressed in canonical form . The first step
towards this direction is provided by the correct identification of the very special coordinates M7~ on
the vector multiplet scalar manifold. It turns out that these new coordinates are defined in terms of
the old coordinates (r, 5, (%) by

MO — —4/3
ME — 7,2/3 (]a 4 2bozr72cvz]<lcj) ,
M =43¢ (7.78)

Next, let us define

N N i o MMIME M
NF = QoMM MP — 4Q,56"Ci; MP M M7 + 4Q,5b bﬁcijcklT . (7.79)
Expressions ([7.78)) and ((7.79) are engineered in such a way that
NF = Q5595 =1 (7.80)

holds identically. In particular, note that this identity depends on the non-trivial interplay of the non-
linear b“-shifted redefinition of the coordinates M ([7.78) and the fact that there is a non-polynomial
term in the definition (7.79) of AF, including an inverse power of M?. This non-polynomial term in

"We include A® because we cannot exclude a contribution from the six-dimensional antiself-dual two-form in the
gravity multiplet.
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N is a significant deviation from the canonical case, in which N is a cubic polynomial, and will be
discussed further in the following. However, note that A'F is still a homogeneous function of degree

three in the coordinates MZ.

Once the new coordinates MZ are introduced, the five-dimensional effective action takes the form

GGIF _ / + 1R w1 — hyydg® Asdg® — 1GrrdMZ A xdMT
M

5

—1G17FE NFY — L X7 AT NFT ANFR. (7.81)

where the metric Gz7 and the coefficients Xz7x = Xz(7x) are functions of the scalar fields MZ.
Note that the gauge coupling function and the metric in the kinetic term for scalars M?Z coincide,
as expected for a five-dimensional N' = 2 theory. Moreover, both Gz7 and Xz7x are completely

determined by the function N'F introduced above, as explained in the following.

As far as the metric Gz 7 is concerned, it is given precisely by ([7.74). It is interesting to point out
that the non-polynomial term in the definition of MY is crucial for (7.74)) to hold for the Kaluza-Klein

reduced action.

The Chern-Simons term in ([7.81]),

SOF — —L | XzxATAFI ANFR, (7.82)
Ms
deserves more discussion. Its variation under an Abelian gauge transformation A7 = d\. can be

written as a boundary term, plus

5SEF = — & y AdXzgc NFT ANFE (7.83)
5

For each value of indices Z, 7, KC, two possibilities may occur:

1. X7 7K is constant: the corresponding contribution to the Chern-Simons term is gauge invariant

in five dimensions;

2. Xz.7x depends non-trivially on the scalars MZ: the corresponding contribution to the Chern-

Simons term breaks five-dimensional gauge invariance explicitly.

Usually, only the first case is encountered in supergravity models. As a consequence, only the totally
symmetric part of Xz 7x effectively enters the action, because we are allowed to integrate by parts
and permute indices on the vector and the field strengths in . This symmetry argument breaks
down if some components of X777k are non-constant. In fact, the first slot of this tensor plays a
distinguished role: exactly those gauge symmetries are broken, whose gauge vector has index Z such
that not all components { X7k} 7 are constant, as can be see from (7.83).

As already mentioned, all data needed to construct (7.82)) can be extracted from the function ¥
introduced above. To this end, it is useful to note that A'F naturally splits in a polynomial part NpF
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and a non-polynomial part NV,

NE = QopM M MP — 4Q,5b°Ci; MP M M7
MEMIMEM!

Ny = 494,60 C15Cry 70

(7.84)
On the one hand, since NpF is a homogeneous polynomial of degree three, its third derivatives with
respect to coordinates M7 are constants. In fact, they turn out to be simply related to the coefficients
of the gauge invariant part of (7.82). On the other hand, third derivatives of Nan are non-constant,
and indeed they are proportional to the coefficient functions appearing in the gauge-anomalous con-
tributions to (7.82). More precisely, we have

SEF — 1 N zgKc AT ANFT AFR — L / (Ni)igcA' NPT A FR (7.85)

12 16
5 Ms

Two remarks are due at this point. Firstly, observe that the first term fits into the canonical form
discussed above, since for a cubic polynomial as ((7.72]) one has precisely N77x = Crgx. Secondly,
note that in the second term the first index never takes values 0, . This means that the U(1) gauge

symmetries associated to vectors A, A® are unbroken, while those associated to vectors A’ are broken.

It may be considered questionable, if not inconsistent, to construct a five-dimensional effective
action which fails to be gauge invariant. However, this should not come as a surprise. Our starting
point in six dimensions is not gauge invariant as well, because of the introduction of the Green-
Schwarz terms. As discussed in section these terms are needed in order to implement the anomaly
cancellation mechanism: they introduce tree-level gauge violations which counterbalance one-loop
anomalous diagrams generated by the chiral matter content of the theory. As a result, the sum of the
tree-level and one-loop contributions to the six-dimensional effective action is gauge invariant, while
the two summands are not invariant separately. This suggests that a gauge invariant five-dimensional
effective action could be obtained supplementing the computation of this section with the reduction
of the one-loop six-dimensional effective action. However, we do not need to address this ambitious
task, since we will show that all relevant data about the effective action of F-theory in six dimensions

can already be extracted from the reduction of the tree-level action only.

It is worth mentioning a crucial distinction between anomalous terms in six and five dimensions.
It is well known that five-dimensional theories do not develop quantum anomalies. Indeed, possible
non-gauge invariant terms can always be cancelled by adding suitable local counter-terms to the tree
level action, in such a way that the full effective action at one-loop is gauge-invariant. This kind of
anomalies is referred to as ‘irrelevant’. The aforementioned counterterms in five-dimensional take the
form [ A A xJ, where A is one of the vectors whose gauge invariance is anomalous, and J is a gauge
invariant five-dimensional current, such that *J oc F' A F. It is precisely the gauge invariance of this
current which makes the anomaly irrelevant. If we were to implement a similar mechanism to treat

six-dimensional anomalies, we would have *J o« A A F' A F', which is manifestly non gauge invariant.

From this point of view, the non-gauge invariant Chern-Simons term which appears in ([7.85)) has

the same form as the counterterms discussed above. More precisely, the corresponding gauge invariant
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current reads
x Ji = — g (N )igic FE A FS (7.86)

rank(QG)

Note that all scalar fields in (V)i are neutral under the gauge group U(1) after spontaneous

symmetry breaking to the Coulomb branch.

In summary, we are able to cast the Kaluza-Klein reduced action in canonical form, even though

some subtle points have to be stressed:

e N has to be promoted from a cubic polynomial to a homogeneous function N of degree three;
the very special geometry constraint N¥ = 1 and the metric Gz7 are formulated in terms of

this non-polynomial N'F;

e the Chern-Simons term coming from Kaluza-Klein reduction and the Chern-Simons term ob-
tained through the canonical prescription Cz7x = (N)z7x share the same gauge-invariant
part, and differ only for non gauge-invariant terms; these can be interpreted as local countert-

erms which make five-dimensional anomalies irrelevant.

Since counterterms are completely specified by the classical data of the model, all information about
the effective five-dimensional action is encoded in the polynomial part of N'¥ and the corresponding

gauge-invariant Chern-Simons terms.

7.4.4 Higher order curvature corrections

As we have seen in subsection anomaly cancellation requires the introduction of a higher curvature
term in the six-dimensional action,
56) = i/ Qopa®BP NMTRAR . (7.87)
Me
Furthermore, local Lorentz transformations act non-trivially on the two-forms 3“, in such a way that
the corresponding field strength G receives a gravitational contribution, as can be seen from (7.39))
specialized to the simpler case of a single simple factor in the gauge group. Even if we are not going

to perform the dimensional reduction of the complete, higher-derivative action, we can make general

remarks about some interesting feature of the resulting five-dimensional action.

First of all, as stated in subsection inclusion of gravitational contributions does not interfere
with the possibility to get rid of five-dimensional two-forms B® in favor of vectors A®. Indeed,

gravitational terms modify the action in such a way that F# in

ASOF = _1 / QupdB* A FP (7.88)
Ms

is replaced by a more complicated expression, which is nonetheless exact. ASOIF ig gtill a total

derivative, and the elimination of B% can proceed along the same line as in the two-derivative case.
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Secondly, it can be verified that all possible non-gauge invariant terms in the final five-dimensional

action are proportional to
Qupa®a’ or Qppa®d’ or  Qubb° . (7.89)
This observation will be relevant for the discussion of F-theory lift, in section 7.6

Finally, let us present one particular higher-curvature contribution to the five-dimensional action,
which will play a prominent role in the matching with M-theory on a Calabi-Yau threefold. It is
the ARR term coming from dimensional reduction of the BRR six-dimensional term written above.
In order to extract this term from the total five-dimensional action, we can effectively set A° to
zero and treat r as a constant. Note that the Weyl rescaling has no effect on the leading,

moduli-independent terms we are interested in. We thus obtain simply

ﬁab:Rab"i'---a 7A2a5:O—|-..., (790)
where a,b, =0, ..., 4 are five-dimensional flat spacetime indices, and ‘5’ refers to the compact direction.
As a consequence, we have

trRAR=trRARA+.... (7.91)

A first contribution to the term we are looking for is then given by
}1/ Qapa® AP ANtrRAR (7.92)
Ms

in which the change of sign comes from the Ansatz (7.51)). Note however that an addition contribution

(B)F

arises when AS is added in order to eliminate tensors from the five-dimensional action, as can be

seen recalling the definition of G* ([7.55)):
— ;/ QapdBY A FB > —i—i/ Qapa“wgs” A FB = 111/ QagaaAB ANrRAR. (7.93)
Ms M5 Ms
In summary, we find the five-dimensional higher curvature term

S =1 / Qapa®A° AT RATR . (7.94)

We conclude this subsection describing the effect of higher curvature terms on the canonical form of
five-dimensional supergravity. As done in [202], superconformal techniques can be used to construct the
five-dimensional supersymmetric completion of the ARR term. In this formalism, the supersymmetry
algebra closes off-shell, at the expense of introducing auxiliary fields in the gravity multiplet, vector
multiplets, and hypermultiplets. The scalar manifold associated to vector multiplets is still described

by constrained coordinates MZ. However, the constraint is no longer
Oz M*MIME =1, (7.95)

but gets corrected by terms proportional to the constants ca7 appearing in front of AZ AtrR AR in
the higher derivative Lagrangian [203]. More precisely,

L CracMIMI MY =1 — Lcor (DMT + 0" FL) (7.96)

where D, v, are the auxiliary bosonic fields in the gravity multiplet. It is possible to integrate them

out iteratively in a small co7 expansion; the result reads schematically CM?3 = 1 + cF2.
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7.5 M-theory on an elliptically fibered Calabi-Yau threefold

In order to implement the duality between M-theory and F-theory we need to compute the effective
action of M-theory on an elliptically fibered Calabi-Yau threefold. To begin with, we present the
reduction on a general Calabi-Yau threefold at two-derivative level. Next, we specialize to the case
of an elliptic fibration using the results collected before in section Finally, we perform a partial
dimensional reduction of a suitable higher-derivative correction in order to extract the terms that will

be relevant for the matching with the F-theory side of duality.

7.5.1 Two-derivative effective action of M-theory on a Calabi-Yau threefold

This section is devoted to a review of the two-derivative five-dimensional effective action resulting
from compactification of eleven-dimensional supergravity on a smooth Calabi-Yau threefold X3, see

for instance [204]. We will then specialize these results to the case of a resolved elliptic fibration in

section [7.5.2]

Outcome of the dimensional reduction

Our starting point is the two-derivative action (3.34]) of eleven-dimensional supergravity, which we

record here again for ease of reference,

S :/ 1R#1 —
M

The eleven-dimensional gravitational constant has been suppressed for convenience. Let us also fix

é4 VAN ¥G4 — leég VAN G4 VAN G4 . (7.97)

IS

our notation for the metric and the three-form Ansatze. The former reads
dsty = G (x)datde” + 2g5(2)dz"d2’ (7.98)

where 2% (i = 1,2, 3) are complex coordinates on the threefold and the twiddle on the external metric
is again a reminder of the necessity to perform a Weyl rescaling after reduction. As explained in
detail in section deformations of the internal metric g;; give rise to Kahler moduli and complex
structure moduli. Let us remind the reader that the former are obtained by expanding the Kéhler
form of the threefold onto a basis {wp} of H?(X3,7Z), with A = 1,..., hb1(X3),

J=v"w, . (7.99)
The complex structure moduli Z* are instead associated to H%?(X3), so that x = 1,..., hH23(X3).
The Ansatz for the three-form reads
Cy = Fap — ExBE + AN Awp + C5 . (7.100)

In this equation ag, % are elements of an integral basis of the middle cohomology H3(X3) of the
threefold, K = 1,...,h"2(X3) +1. Some of their properties will be discussed below. The fields £X, £k
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are scalars in the external five-dimensional spacetime, while the fields A® are external five-dimensional

vectors. Finally, C3 is a five-dimensional three-form that will be later dualized into a real scalar ®.

To begin with it is useful to discuss how the five-dimensional fields in ((7.98)), (7.100) fit into five-
dimensional N' = 2 supersymmetry multiplets. The gravity multiplet consists of §,,, and of one (linear

combination) of the A® vectors. The remaining vectors fit into
n\? = b (X3) — 1 (7.101)

vector multiplets, along with the Kéhler moduli v®. It seems like there is a mismatch of degrees of

freedom, since we have h''!(X3) scalars. This seeming difficulty is overcome by the observation that

volume V of the threefold sits in a hypermultiplet. Recall from section that V can be written as
1

1
V=g /X JNJTANJT = gVAg@vAvae , (7.102)
' x, !

where Vjxg are the intersection numbers
Vaso = / wpa ANwy Awg . (7.103)
X3

We thus see that one of the degrees of freedom carried by the scalars v® has to be subtracted from
the counting of scalars in vector multiplets, in accord with (7.101)).

To discuss hypermultiplets we need to recall the decomposition of the third cohomology into

complex cohomologies,
H3(X3) = [HY?(X3) @ H*' (X3)] @ [H*(X3) & H*O(X3)] . (7.104)

Real scalars €5, & provide hY2(X3) + 1 complex degrees of freedom: h'2(X3) of these correspond
to the H'2(X3) @ H>'(X3) component and combine with the complex structure moduli Z* to give
h12(X3) hypermultiplets; the remaining complex degree of freedom lives in H*3(X3) @ H*?(X3) and

combines with V), ® in the so-called universal hypermultiplet. In conclusion, we have found
n\®) = nl2(X3) + 1 (7.105)
hypermultiplets, which will be collectively denoted by ¢“.

We can finally record the result of the dimensional reduction of (7.97) according to the Ansétze
(7.98), (7.100). Since the overall volume sits in the universal hypermultiplet it is natural to define

scalar fields )
LA =V 30 (7.106)

which are the real scalars in the vector multiplets. They only parameterize h'!(X3) — 1 degrees of

freedom, since due to their definition they are subject to the constraint
AVAseLAL¥L® = 1. (7.107)

We are naturally led to interpret L* as five-dimensional very special coordinates, in term of which the
cubic potential reads
N = dVrsoLAL¥L® . (7.108)
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The reduced bosonic action is then given by
SOM — /M + iR %1 — LGAsd L A*dL® — hyydg® A *dg" (7.109)
T LGAsFA N F¥ — LVnso AN NFZ A FO
where, as expected from section
Gas = [—30140r=l0g N, (7.110)
and where the hypermultiplet moduli metric reads

huwdq® A xdq” =+ dD A *dD + gu,z,dZ"" A xdZ5? (7.111)
+ LD Ao + (R dg — Excde™) ’
— 5e*P(dék — Mueard€™) (TmM) = RE (e — My vdg™) .
In this expression
D=—-1logV, (7.112)

and we have made use of a complex matrix M that encodes the relevant data about the middle

cohomology of the threefold, to which we now turn.

Intermezzo: a few facts on the middle cohomology

As promised, let us take a short detour and discuss briefly some features of the middle cohomology of
a Calabi-Yau threefold. The elements {ax, 35} (K = 1,...,h"2(X3) + 1) are chosen in such a way
as to form an integral symplectic basis of the middle cohomology H?3(X3) of the threefold. The only

non-vanishing independent wedge product among basis elements is
/ ag A BE =K. (7.113)
X3

In order to discuss the metric on the moduli space of neutral hypermultiplets, we need to introduce
matrices AKL, By, CKE such that

xag = Alap + B S, wpE = CBlay — A KL (7.114)

where * represents the Hodge star in X3. These matrices can be conveniently expressed in terms of a
symmetric, complex matrix M,

Al = (ReM) g (ImM)~HHE

Bgr = —(ImM)kp — (ReM) g (ImM) "M (ReM )y,

CKL = (ImM) LKL (7.115)

Of course, this matrix M is the same that enters the hypermultiplet moduli metric (7.111)).
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Derivation of the reduced action

We now discuss in detail the derivation of ([7.109)). The reader who is not interested in this computation

can safely skip the rest of this section.

We do not need to discuss at length the reduction of the Einstein-Hilbert term, which has been
discussed for general Ricci-flat manifolds in section and appendix We only need to specialize
those results to the case of a Calabi-Yau threefold, making use of the facts about Calabi-Yau moduli
spaces collected in section We also know already that after reduction we have to perform the
Weyl rescaling

G =V g, (7.116)

which is the specialization of (4.34) to d = 5, written in a slightly different notation. The result of

the dimensional reduction of the Einstein-Hilbert term followed by the Weyl rescaling is

/Mn

The metric g, 5, on the space of the complex structure moduli Z" was derived in section and is

D=

R¥1 = / TR*1— %HAE(U)dUA T i W, AN A (7.117)
Ms

recorded here again for ease of reference,
Girin (2, Z) = Ozr1 027, Kes(Z, Z) Kes(Z,Z) = log [z / QAQ} : (7.118)
X3

The metric on Kéhler moduli space requires more care. The quantity Hax(v) in (7.117)) is defined by
Hps(v) = —Gas(v) — V Wy, (7.119)

where Gx(v) is the natural metric on the Kéhler moduli space of the threefold, derived in section

E5.2
Gax(v) = —%GUA@}E logV(v) = —%V(U)_l]//\g@l)@ + %V(U)_QVAQ@VE\I;EUQ’U@U‘I]UE . (7.120)

As anticipated above, the natural variables in the Kéhler moduli space are L* defined in ((7.106)).
Trading the scalars v® for L* we find

— L Hps(v)do* A xdv® = —1Gas(L)dLM A %dL¥ — dD A xdD | (7.121)

where D was defined in (7.112). The symbol Gxx(L) denotes the metric obtained by replacing v* by
LA everywhere in (7.120)). It is easily checked that it coincides precisely with (7.110]).

Next, let us consider the reduction of the other terms in the eleven-dimensional action ([7.97)). As

far as the three-form kinetic term is concerned, a straightforward computation shows that

/ ~1G NGy = / + L(dek — Mpcprde™)(ImM) B A (dép — Mpyde™)
M1 Ms

— WG s (0)FA NEFE - LVGy N3Gy, (7.122)
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where FA = dAM, G4 = dC3, and the matrix M is defined implicitly by the relations (7.115)). For the

Chern-Simons term, we find

/ —LOy NG NGy = / —aVane AN N FE NFO 4 (R dég —Exd€®) NGy (T.123)
Mai

5
As anticipated above, we can dualize the three-form Cs into a real scalar ®. To this end we add to

the five-dimensional action the term
ASCIM — / 1do A Gy (7.124)
Ms

which implements Bianchi identity dG4 = 0 if we consider G4 rather than C3 as independent variable.

After elimination of G4 via its equation of motion, we get

S o ray = /M + Y (dEx — Mycprde™)(ImM)~ KL A5 (dEy, — MpndeN) (7.125)
5 — WGAs () FA NFFE — LVpse A A F¥ A FO
~ oy [EKdEK — Exde® + d(I)] AF [ngéK S d(I)} _
Let us stress that we still have to take into account the Weyl rescaling of the metric g,,,. It is interesting
to note that it is crucial to get the equality between the inverse gauge coupling function and the metric

of the moduli space of scalars L*, since
2
— WGAs(0)FA NEF® = —LV3 G5 (0) FA A F¥ = 1G5 (L) FA A 5F> | (7.126)

where Gax(L) is the same as in ((7.110). This concludes our derivation. Indeed, it is straightforward
to check that the hypermultiplet moduli metric (7.111]) collects the kinetic terms of all scalars different
from the LA’s after Weyl rescaling.

7.5.2 The case of an elliptic fibration

Let us now specify this result to the elliptically fibered geometry introduced in subsection We
first split the index A into (0, a,7) and write

LA = (R, L%, €Y AN = (A0, A Ay, (7.127)
Combining this notation with the intersection numbers ([7.11]) of an elliptic fibration we get
N =LnagRLOLP + Inas K*R2LP + Ly s K*KPR?
— $0apCC LPEE + LV, eier (7.128)
As we will discuss in section couplings of the form R2L® in (7.128) are not compatible with

the uplift from five to six dimensions. However, there is as simple field redefinition which allows us to
get rid of these RZL® terms. More precisely, one introduces the shifted ﬁeldsﬂ

L*=1"+iK°R, A= A% + LK A", (7.129)

8This field redefinition is also crucial in the analogous treatment of F-theory on Calabi-Yau fourfolds as discussed in
[205, 206].
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where the shift of the vectors is required by supersymmetry. Clearly, the new L® and new vectors can

be obtained by expanding J and C5 in a new basis of two-forms
(Z}o = Wy — %Ko‘wa s (I)a = Wy (I)i = Wj . (7.130)

In fact, this new basis is better suited to identify the vectors A® as dualizable into five-dimensional

tensors. The cubic potential in the new coordinates given by
NM =1n.sRLYLP + $nas K KPR
— $00pCCi L' + 1napC*Ciy KPRE'EY + 3V e7¢" . (7.131)
Using this expression of N the Chern-Simons term takes the form
S = /M — 1ap A’ N F* N FP 4 4nagCOCiy A N FP N FY
T 51K KPAY N FONFO — InogCCi KPAY A FI N FI
— SV A" A FINFR (7.132)

where F'® is the usual field strength of the vectors A% introduced in (7.129).

7.5.3 Higher order curvature corrections

Several higher-derivative corrections to the 11d M-theory action (7.97) are known [81], [82]. In the

following, we will focus on the mixed gauge-gravitational topological correctionﬂ

SO — L [ Cyn [trfz“ — 7%2)2} . (7.133)
Miy

Rather than performing a complete dimensional reduction of , we will extract the relevant terms
and we will systematically neglect all contributions which involve gradients of the Kahler and complex
structure moduli. This means that we can effectively neglect fluctuations and compute curvature
invariants on the background, which is the product space M3 = M5 x X3. As a result, we have
simply E

R=R+TRx,, (7.134)

where Ry, is the curvature two-form on the Calabi-Yau threefold, and R is the five-dimensional

curvature two-form. A straightforward computation gives then
(trR*)? = 2r R At R, + ... trRY*=0+...;, (7.135)

where the dots are a reminder of the moduli-dependent, neglected terms. It is useful to recall the
definition of the first Pontryagin class of the Calabi-Yau threefold X3,

p1(Xs) = —$tr R, , (7.136)

%As discussed in section 7.3 factors of (2m)~! are understood in R. Moreover, the relative normalization of this
higher-derivative term and the two-derivative action depends on the value of the eleven-dimensional gravitational
constant. It is suppressed everywhere, adopting a convention which is best suited to make contact with the six-dimensional
Green-Schwarz term, in which the six-dimensional gravitational constant has been equally suppressed.

10 Just like in the reduction from six to five dimensions, performing the Weyl rescaling on the five-dimensional metric
does not affect the moduli-independent terms in the expression of the curvature two-form.
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and its relation with the second Chern class,
p1(Xs3) = —2c2(X3) . (7.137)

Combining these equations with the three-form expansion (7.100)), we can deduce that the 11d cor-
rection ([7.133)) yields, among other terms, the following five-dimensional correction [207]

SEM — L éA/ AN AR (7.138)
Ms
where we have defined
iy = / On A ea(Xs) . (7.139)
X3

To make further progress it is crucial to specialize to the case of an elliptically fibered Calabi-Yau
threefold X3. Let us discuss a smooth fibration first. The second Chern class of the total space can

then be expressed in term of Chern classes on the base space Bg, by means of [20§]

Cg(Xg) = CQ(BQ) + 116%(32) + 12wo A Cl(Bg) . (7140)
Making use of (7.4) we get
/ wo N CQ(Xg) = / wo N [CQ(BQ) — C%(Bg)] = / CQ(BQ) — C%(Bg) . (7.141)
X3 X3 B>

This equation can be evaluated further by using the explicit expressions of the integrals of cp and ¢?

on By given in ([7.6) as

wo A CQ(Xg) = 2h1’1(32) —8. (7142)
X3

Furthermore, we can also evaluate the second Chern class on the basis w, as

/ Wa N CQ(Xg) = / Wa N [CQ(BQ) + 110%(32) + 12wg A Cl(BQ>] . (7.143)
X3 X3

Since the first two terms have all their indices on the base, only the last term provides a non-vanishing

contribution. Using ¢1(B2) = —K“w,, as introduced in subsection we compute
Co = / @ A c2(X3) = —12n,5K° | (7.144)
X3

where we have used W, = wq. In order to obtain ¢y from ([7.142]), ((7.143]) we have to recall the definition

(7.130)) of wg, and find
¢o =52 —4h(By) . (7.145)

So far we have worked on a smooth elliptic fibration. We now include the effects of singularities

and their resolution. Clearly, the presence of resolved singularities induces new couplings

Ci = /~ W; /\CQ(Xg) . (7146)
X3
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One expects that this expression evaluated for a given gauge group has a group theoretic interpretation.
Giving its precise form is beyond the scope of this work. However, let us note that also the other
couplings ¢y and ¢, could be corrected by the inclusion of blow-up divisors. Indeed, a general shift of

¢o(X3) with the blow-up divisors induces

/~ wO/\ACQ(Xg) =0, [ wa/\ACQ(Xg) = CY /~ Wa ANw; ANwj (7.147)
X3 X3 X3

where we have used the vanishing of the intersections with only one w; and two w,, and
w; Awy = 0. Note that a shift in ¢y could still be induced due to the basis change inducing a
term proportional to ¢,. We claim that also ¢, is uncorrected, and thus ¢y and ¢, remain unchanged.
Despite that we do not have a general proof, we have checked for many examples that and

(7.145) are still true:
bo = —12n05K" | ¢ =52 —4hM(By) . (7.148)

As we will show later, the fact that ¢, is not changed is consistent with the F-theory lift. The fact
that ¢y does not change in this case follows from (|7.147)).

7.6 F-theory lift and one-loop corrections

In this section we compare the result of the circle reduction of the general six-dimensional (1,0)
supergravity theory with the M-theory reduction on an elliptically fibered Calabi-Yau threefold. We
identify terms which appear at classical level on both sides and can be immediately matched as
discussed in subsection We also comment on the matching of certain higher derivative terms.
It is crucial insight that both reductions contain additional terms which have no immediate analogue
in the dual reduction. We suggest in subsection that these terms arise at the quantum level and
encode the same information about the underlying fully quantized theory. In particular, we argue
that certain intersections on the M-theory side correspond in the reduction from six to five dimensions
on a circle to one-loop corrections with charged matter fermions and Kaluza-Klein modes of all six-
dimensional chiral fields running in the loop. In conclusion this allows us to extract all data from
M-theory required to specify the six-dimensional action including the complete information about
six-dimensional anomalies. In chapter [9] the loop computation will be explicitly performed and will

corroborate our present analysis.

7.6.1 Classical action in the F-theory lift

In order to extract information about F-theory in six dimensions, we have to compare the five-
dimensional action coming from Kaluza-Klein reduction from six dimensions with the five-dimensional
action of M-theory on an elliptically fibered Calabi-Yau threefold. Our strategy will be similar to the
treatment of F-theory on Calabi-Yau fourfolds presented in [206].

As a first step, we present the match of the number of multiplets in five dimensions in order

to give the number of six-dimensional multiplets in terms of the topological data of the F-theory
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compactification manifold X3. This was already implicit in our choice of indices in sections [7.4] and

More precisely, for the a-index we find that the number of six-dimensional tensors is given by
nr+1=hb1(By), (7.149)

where we recall that there are nr six-dimensional tensor multiplets and one tensor in the gravity
multiplet. In the F-theory reduction the tensors arise from the reduction of the Type IIB RR four-form
into a base of H?(By). Since A’ parameterize the Coulomb branch of the circle-reduced six-dimensional
gauge theory, one finds

rank(G) = hM (X3) — RY(By) — 1, (7.150)

which counts the number of independent blow-up divisors induced to resolve the singular elliptic
fibration to obtain X3. Note that for ADE gauge groups G the number of six-dimensional vector
multiplets is then given by

ny = (cg + 1)rank(G) , (7.151)

where cg is the dual Coxeter number of G. In F-theory these vectors arise from the seven-brane
gauge potentials. Finally, one can match the number of hypermultiplets, simply by noting that a six-
dimensional hypermultiplet becomes a five-dimensional hypermultiplet in the circle reduction. This

leads to the following number of neutral six-dimensional multiplets
npiral = p2L(X5) + 1. (7.152)

In F-theory on X3 these neutral hypermultiplets contain the complex deformations of the seven-branes
and their Wilson line moduliﬂ The universal hypermultiplet in the F-theory reduction contains as
one complex scalar the volume of the base together with the scalar of the Type IIB RR four-form
expanded in the volume form of Bs. The remaining two real scalar degrees of freedom in the universal
hypermultiplet arise in the expansion of the Type IIB RR and NSNS two-forms into the universal
two-form mode present for any By. The proof of the match — follows from the match of
the effective theories presented in the following.

In order to systematically approach the match of the effective action, we would first like to identify
the terms which are classical on both sides. This is not hard for the circle reduction from six to five
dimensions. More complicated is the distinction of the various terms in the M-theory potential. We

will address the two sides in turn.

In the reduction of the six-dimensional action on a circle performed in section [7.4] we found that
there is a potential N given in which encodes the kinetic terms of the gauge coupling functions
and the Chern-Simons terms in the five-dimensional reduced action. It is crucial to recall the natural
decomposition of N in into a polynomial and a non-polynomial part:

NE = QoM M*MP — 4Q,5b"Ci; MP MM
MM M*M!

i o
Nip = 494,566 C15Ciy 70

(7.153)

HSee ref. [209], for a detailed matching with the orientifold picture with D7-branes.
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The terms in ./\/'5 are cubic and hence encode a standard NV = 2 five-dimensional action. In contrast
./\/'fp is only homogeneous of degree three, but non-polynomial. As argued in section it can be
interpreted as a counterterm of the five-dimensional one-loop effective action. Its six-dimensional
origin is related to the classical lack of gauge invariance of the six-dimensional action. In fact, it
vanishes precisely when

Qusb™’ =0 . (7.154)

This corresponds to the case where the six-dimensional action is gauge invariant as inferred from
(7.44]), and is consistent with the absence of six-dimensional anomalies, see section m

Let us now turn to the M-theory reduction. Here the identification of the classical terms is more
subtle. We have worked on the resolved space with finite size elliptic fiber. Recall from section
that the F-theory limit corresponds to both shrinking the blow-up divisors as well as the size of the
elliptic fiber. One expects that this selects classical terms in the potential A™ of equation . It
turns out to be useful to introduce an e-scaling to distinguish various terms in N™. For the volumes

0 A

oY, v, v' appearing in the Kihler form J = vw,, we make the formal replacements

00 e v e V2 vt s €Ayt (7.155)

Note that these scalings satisfy some important consistency checks. Firstly, the size of the elliptic
fiber v° and the blow-up fibers v* vanish for € — 0. Secondly, the total volume V of X3 is finite, which
is required by the fact that V sits in a five-dimensional hypermultiplet. Translated into the variables

R, L%, £ one finds the replacements
R eR, LY W2L> ¢ /i, (7.156)

Since the redefined scalars L® contain L® linearly, they obey the same rescaling as L®. In the limit
e — 0 two terms in ((7.131)) survive which we collect in MY . We thus divide the terms in (7.131)) into

class*
Nihss = 3masRLOL — §napCoCiy LPE'E (7.157)
NY S = Hnas KO KPR + 1nasCCi KPREE + Lv,6¢¢h .

It is now straightforward to match NM  with le given in (7.153)). Note that the second term NM

class oop

in ([7.157)) will be later reinterpreted as a loop correction, which gives another justification of the split
induced by the F-theory limit ((7.156)).

Let us first start by matching the fields on the F-theory side and the M-theory side. In order to do
that we have to fix the normalization of the fields, which cannot be uniquely extracted by comparing
(7.153) and (7.157). Supersymmetry relates the normalization of the real scalars and vectors in the

vector multiplets. Hence, given a fixed normalization of the vectors the complete match of the scalar

components can be inferred. On the one hand, in the circle compactification from six dimension the
vectors are normalized by the Green-Schwarz term , and the fixed definition of the anomaly
coefficients 0%, a®.
choice of integral basis in the expansion of Cs. Appropriately rescaling the six-dimensional

vectors to also adopt to an integral basis, one can infer the map

On the other hand, in M-theory the normalization of the vectors is fixed by a

M°=2R, M =1L", M =1i¢, (7.158)
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while the constants are identified as
Qag = Nag » b =C* . (7.159)
Note that our result are consistent with the findings of [177), 178 179, 180} 181].

So far we have only discussed the vector and gravity sectors of the M-theory to F-theory matching.
Clearly, both the 6d/5d reduction as well as the M-theory reduction contain a hypermultiplet sector.
As discussed in section we found that in the dimensional reduction from six to five dimensions
the charged hypermultiplets are massive in the Coulomb branch. Therefore, they are not visible in
the effective action of the massless modes of M-theory. We will include them in the study of loop
corrections in the next subsections. However, the neutral hypermultiplets are massless and their
moduli space could be matched straightforwardly also leading to (7.152)).

Let us close this subsection by also comparing the classical parts of the higher curvature terms
dimensionally reduced in sections [7.4.4] and [7.5.3] We have focussed on the terms involving the five-
dimensional vectors and two five-dimensional curvature forms R. In ((7.92) and (7.138|) we found that

such couplings are given by

S = —1Qusd” | A AuR?, SR =ka [ AMAuR?. (7.160)

Ms M
Recall that the coefficients ¢y have been determined in ([7.148)), and (7.146)). Since in the circle
reduction only the A“ appears, one suspects that, similar to the F-theory limit discussed above, that
these are the only classical terms in the reduction. Using ¢, = —12n,5K B as given in (7.148)), we can

apply the identification ([7.159)) to infer
a® = K“. (7.161)

Note that this is precisely the identification dictated by anomaly cancellation conditions as found in
[1T77, 178, 179, 180, 181]. On the M-theory side we also found the non-vanishing couplings involving
¢i,Co. Similar to the split found for NM we believe that these couplings are induced by one-loop
corrections on the F-theory side. The remainder of this chapter is devoted to the discussion of such

one-loop quantum corrections.

7.6.2 Completing the duality using one-loop corrections

As we have seen in the previous subsection, only some terms of the five-dimensional cubic potential
NM of M-theory compactified on a Calabi-Yau threefold admit a straightforward dual in the potential
NF arising from circle compactification of six-dimensional supergravity. In this subsection, we will
provide a framework for the interpretation of the remaining terms in N™, which we record here again

for the ease of the reader,
NS = aasK KPR + InagCCi KPREE + Ly €¢eh . (7.162)

Recall that five-dimensional N/ = 2 supersymmetry ensures that exactly the same amount of informa-

tion is contained in the cubic potential N and in the Chern-Simons couplings of vectors. The following
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discussion is conveniently formulated in terms of the latter. As already anticipated, we relate these

couplings to one-loop effects in the reduction from six to five dimensions.

In order to clarify the precise meaning of this statement, let us analyze in more detail the origin
of Chern-Simons couplings in the effective five-dimensional theory arising from six-dimensional super-
gravity on a circle. A possible source of this kind of interactions is of course provided by dimensional
reduction of the Green-Schwarz term in the classical six-dimensional action. These interactions are
precisely the ones which we have considered in the previous subsection. However, additional contri-
butions arise, which are understood in the framework of effective quantum field theory. In fact, from
a quantum perspective, the five-dimensional effective action resulting from compactification on a cir-
cle of six-dimensional supergravity encodes all information about the low-energy dynamics, including
interactions induced by massive fields which have to be integrated out when we restrict our attention
to the lightest states of the theory.

In the case under examination, we identify two different families of massive fields which can alter

five-dimensional effective couplings:

o Kaluza-Klein modes. As we know from section[£.2] all six-dimensional fields can be schematically

expanded into Kaluza-Klein modes as
oz, y) = Z o™ (z)e™ (7.163)

nez

The modes go(”) with non-zero n appear in the five-dimensional theory as massive fields, with
mass inversely proportional to the radius r of the compactification circle, m(™ ~ |n| /7“ Ze-
romodes only are sufficient to fix all data needed to specify the six-dimensional model we are
compactifying, and this is why we have systematically neglected excited modes so far. Nonethe-

less, Kaluza-Klein modes can run in five-dimensional loop diagrams.

e [lields which are given a mass by gauge symmetry breaking. Recall that F-/M-theory duality
can be applied in a geometric regime only if the five-dimensional gauge symmetry is sponta-
neously broken down to the Coulomb phase and the compactification threefold is resolved. This
amounts to giving non-vanishing VEVs to some scalars in the vector multiplets. As described in
subsection these VEVs provide mass terms for the W-bosons and the scalars in charged
hypermultiplets. Supersymmetry implies that their fermionic partners, gaugini and hyperini,
get massive as well. We claim that these fields can run in five-dimensional loops in such a way

as to induce effective Chern-Simons couplings.

In chapter |§| we will demonstrate that five-dimensional massive spin-1/2 and spin-3/2 fermions,
as well as five-dimensional massive tensors, generate a shift of gauge and mixed gauge-gravitational
Chern-Simons terms. In order for this mechanism to work, these massive fields have to be minimally
coupled electrically to a massless five-dimensional vector. In the next subsection we will identify such
couplings and thus justify our claim about the one-loop origin of the terms in . A precise match

of one-loop Chern-Simons terms will be presented in section [10.2

12This holds before possible Weyl rescalings are taken into account.
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7.6.3 Identifying relevant couplings involving massive fields

We start discussing fermionic Kaluza-Klein modes. Let @2(1) denote a general six-dimensional spinor
of given chirality. It is an 8-component spinor with complex entries, but the number of degrees
of freedom is halved by restriction to definite chirality. This counting agrees with the number of
degrees of freedom of the (off-shell) five-dimensional reduced spinor v, which can be represented as a

4-component vector with complex entries.

We can be more explicit. A representation of six-dimensional gamma matrices s, {T's, lA“B} = 2145,
&,I; =0,1,...,5 can be found, such that

lo=01®0,, Is=0o®I,. (7.164)

In these equations, o; are the usual Pauli matrices, while 'y, {T's, s} = 214, a,b = 0,1,...,4 are

five-dimensional gamma matrices, satisfying
Dol oI'3l'y = Iy . (7165)

As a result, the six-dimensional chirality matrix is simply given by

AAAAAA

I =Tl DDyl =03 @1 . (7.166)
We can thus write @Z;(i) in the factorized form

1&(1) =14) Y, (7.167)
where (1) is a unit vector in C2, such that o3L(+) = (1), and ¥ is a five-dimensional spinor.

Using these conventions, dimensional reduction of the six-dimensional standard kinetic term for

’Lﬁ(i) yield

/ 5% ()T Opid sy D 2y / &Pz r{pMTr, ™ F 2Py ™) 4 in AQpMTrgp™ Y - (7.168)
nez

On the left hand side, a hat denotes six-dimensional gamma matrices, indices, and coordinates. The
modes (™ of the fermion ¢ are defined as in . On the right hand side, we find a result
consistent with the general features of Kaluza-Klein models on a circle. In fact, the n-th excited
Kaluza-Klein mode has a mass proportional to n and is electrically charged with respect to the vector
AY. The charge is proportional to n as well. Note that additional non-minimal Pauli-like couplings
of the form F] BV P are generated in the reduction. They are not relevant for our current
purposes since, as we will show in chapter [9] the desired Chern-Simons one-loop correction is only

sensitive to minimal couplings.

A very similar computation shows that dimensional reduction of the Rarita-Schwinger term for six-

dimensional gravitini yields, among other terms, a mass term for the excited Kaluza-Klein modes w&n)

13In order to keep the argument simple, we work in a flat background and we do not Weyl rescale the five-dimensional
metric.
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and a minimal coupling to the Kaluza-Klein vector A? with charge proportional to the Kaluza-Klein

level n.

We can now turn to fermions in the vector multiplets. Let A be a six-dimensional spinor in the

adjoint representation of the simple gauge group G. Its gauge-covariant derivative is given by

A A ~

DA=d\+[A, ], (7.169)

where A are the non-Abelian six-dimensional vectors introduced in section In order to keep the
discussion as simple as possible, we restrict our attention to Kaluza-Klein zeromodes only in this
paragraph. As a consequence, dimensional reduction of the six-dimensional kinetic term for \ is of
the form

/ dSztr (\PP D)) = 27 / Pz r{tr (\TFD,A) + Ltr (MG A]) ) (7.170)
On the right hand side, DA = dX + [A, )] is the five-dimensional gauge-covariant derivative, while ¢ is
the adjoint scalar introduced in the Ansatz . Note that the sign of the last term is determined by
the requirement of left-handedness for the gaugini, and that no Ag-coupling emerges for the Kaluza-
Klein zeromodes precisely thanks to the shift of five-dimensional vectors described by . When
the gauge symmetry is spontaneously broken to the Coulomb branch, the scalars { acquire a non-
vanishing VEV orthogonal to the Cartan subalgebra. Furthermore, commutators [A4, A], [(, A] vanish
for the components of A lying in this subalgebra. However, they are non-trivial for the components
orthogonal to it. These components receive a mass from the second term in , while the first term
in the same equation provides electric coupling to the Abelian vectors A’ associated to the generators
of the Cartan subalgebra. We can thus see that Higgsed gaugini have the correct coupling to generate

the effective Chern-Simons interaction under examination.

A similar argument can be used to conclude that charged hyperini can run in the loop and furnish

a non-vanishing contribution. More precisely, dimensional reduction of their kinetic term gives
/ dSztr [hyypUTH(Du)V] = 27 / Oz r{hy 0 T D)V — Lhpy U ¢(TR)V )
In this expression, the six-dimensional covariant derivative of the hyperino is defined as
(Da))V = VbV + AL(TR)Y (7.171)

and an analogous expression is understood for the five-dimensional covariant derivative on the right
hand side. Note that the sign of the last term has changed with respect to the gaugino reduction,
because hyperini are right-handed. Upon spontaneous gauge symmetry breaking to the Coulomb
branch, this term provides a mass for charged hyperini, while neutral hyperini are unaffected and

remain in the massless five-dimensional spectrum.

The reader might wonder whether there are massive fermions which are electrically coupled to
vectors A%. Our analysis suggests that this is not the case. A thorough explanation would require
dimensional reduction of the full six-dimensional pseudoaction, including fermionic terms. Such a

pseudoaction can be found e.g. in [210]. However, it is crucial to recall that five-dimensional vectors
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A% are obtained by dimensional reduction of six-dimensional two-forms B“. Such two-forms enter the
six-dimensional action in a qualitatively different way as six-dimensional vectors. Geometrically, they
are not connection forms, and cannot be used to build six-dimensional covariant derivatives. There-
fore, the reduced five-dimensional action lacks electric couplings of vectors A% to fermions. Nonethe-
less, different couplings are possible, which can be referred to as magnetic. They read schematically
maiﬁF"”Fﬁ‘V@Z) where v stands for a five-dimensional fermion. Even though these interactions may play

a role in the full one-loop five-dimensional effective action, in the absence of electric vertices they are

not able to generate contributions to the Chern-Simons couplings.

It is interesting to point out the connection between this argument and the shift of vectors per-
formed in . As explained in section this shift is crucial to identify properly five-dimensional
vectors coming from six-dimensional two-forms. As we can see by comparing and , the
field redefinition is such that in the cubic potential N the term R?L® gets replaced by the
term REET. As argued in the previous paragraph, it would be impossible to generate the former term
using five-dimensional fermion loops, while in the following we will show how the latter term can

emerge from such Feynman diagrams.

After these general remarks about massive fermions in the five-dimensional theory, let us discuss in
more detail each term in . The first term corresponds to a Chern-Simons coupling of the form
AY AN FO A FO. As we argued above, Kaluza-Klein modes are the fields which are electrically charged
under A°. We therefore claim that this five-dimensional interaction is generated by diagrams in which
Kaluza-Klein excited modes coming from reduction of all chiral six-dimensional fields can run in the

loops. This claim will be verified in section [10.2

The next term in corresponds to a Chern-Simons vertex of the form A° A F' A FJ. In
order to reproduce this effective coupling using five-dimensional one-loop diagrams, we need fermions
which are electrically coupled both to the Kaluza-Klein vector A° and to the Abelian vectors A’ in
the Coulomb branch. Our discussion above singles out Kaluza-Klein modes of Higgsed gaugini and

charged hyperini as natural candidates to run in the loop.

Finally, we focus our attention on the last term in , which gives rise to a Chern-Simons term
AP A FI A FF. We identify the source of this coupling in the Higgsed gaugini and the massive charged
hyperini. The one-loop effect due to these fermions has been computed [211] for a five-dimensional
N = 2 supersymmetric gauge theory decoupled from gravity. The full result for the purely gauge part

of the five-dimensional cubic potential A/, including quantum corrections, reads

NEE = LingCii€'el + becrassdijn €76 + 1 ( SR> D Wi+ mfP) . (1172)

R f wWeW;
In this equation ¢ is a vector whose component are the scalar fields & associated to vectors A*. In £-R
it is contracted with a root of the simple gauge group G, while in £ - w it contracts with a weight of a
the representation in which the charged fermions transform. The first sum in runs over all the
roots of GG, and arises from integrating out the Higgsed gaugini, i.e. the fermionic partners of massive
W-bosons. The second sum in ((7.172)) runs over all massive charged fermions f and all weights in W,

i.e. all elements of the set of weights of the representation in which the fermion f transforms. my is
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the classical mass of the fermion f. Finally, the group theoretical invariants C;; and d;;; are given by

Cyij = tr I;T; diji, = 3t T (1T, + Ty Tj) - (7.173)

To apply the formula (7.172)) to our circle compactification from six to five dimensions we recall
the classical expression (7.153) for AF. This leads to the identification

mo = —8M®b s, Coass =0, (7.174)

where we have used the fact that upon decoupling gravity the M® are simply parameters. Following
the discussion of section this matches the classical M-theory result. A careful comparison of
the loop terms in and the intersection numbers V;;;, of the resolved Calabi-Yau threefold Xg
would require the introduction of new technical tools and lies out of the main line of development
of this section. However, let us stress that the reader can find a detailed discussion of this point in
[137], appendix A: as explained there, the match can be performed successfully in many examples of

Calabi-Yau threefolds with SU(N) singularities. The classical mass my is zero in this case.

In summary, we are confident that all terms in the M-theory expression arise from one-
loop quantum corrections in the 6d/5d dual picture. Moreover, this analysis can be extended to
some higher-derivative couplings which appear naturally in the M-theory reduction on a Calabi-Yau
threefold, but seem to be absent in the reduction of six-dimensional supergravity on a circle. In
section we have seen that M-theory higher-curvature correction induce a term ([7.138) which has
a non-vanishing contribution involving the Kaluza-Klein vector A". It is proportional to the shifted

component ¢ of the second Chern class of the Calabi-Yau threefold c2(X3) and reads schematically
A"ANtrRAR, (7.175)

and corresponds to an amplitude with one Kaluza-Klein vector A? and two five-dimensional gravitons.
It is impossible to extract such a coupling from the higher-curvature Green-Schwarz term in
the six-dimensional pseudoaction. Hence, we are led to the conclusion that on the F-theory side this
interaction emerges as quantum effect, in a similar fashion as the A°A FOA F9 coupling analyzed above.
This claim will be substantiated in section where a perfect match between one-loop effects and

classical threefold geometry will be presented.



CHAPTER 8

F-theory on Spin(7) manifolds

In this chapter we explore the possibility to compactify F-theory down to four dimensions on an
eight-dimensional Riemannian manifolds with Spin(7) holonomy. As explained in section this idea
goes back to the early days of F-theory but has resisted a complete understanding so far. In order
to make some progress we are going to consider a special class of Spin(7) manifolds that are related
to Calabi-Yau elliptically fibered fourfolds. This will allows us to get some insight on F-theory on
these spaces. In particular we will be able to identify the Type IIB weak-coupling limit of a class
of Spin(7) geometries. They exhibit an intriguing interplay between supersymmetry breaking and

Lorentz symmetry breaking in four dimensions.

8.1 A long-standing challenge and a proposed duality

Over the last decades four-dimensional supersymmetric effective theories arising in string compactifi-
cations have been studied intensively. Minimally supersymmetric theories are considered as providing
interesting physics beyond the Standard Model. Therefore it has been a crucial long-standing task to
embed supersymmetric extensions of the Standard Model or Grand Unified Theories into string theory
as reviewed, for example, in [212] [131), 213], 103, [105]. As we have seen in section the established ap-
proach is to consider compactifications of string theory on manifolds with special holonomy, such that
some of the underlying ten/eleven-dimensional supersymmetries are preserved in four dimensions and
allow a supersymmetric effective theory to be determined. Precisely these supersymmetry-preserving
geometries are also mathematically best studied and many powerful tools have been developed exploit-
ing the interplay of geometry and low-energy physics. It is therefore natural to ask whether one can
find a rich set of string compactifications with non-supersymmetric four-dimensional effective theories,
and possibly interesting phenomenological properties, while still allowing the virtues of the remarkable

mathematical tools developed for special holonomy manifolds to be used.
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In section we have reviewed the standard M-theory/F-theory duality, in which the four-
dimensional theory is minimally supersymmetric (four real supercharges). This is achieved by choosing
the torus-fibered geometry relevant to F-theory to be a Calabi-Yau fourfold, i.e. to have SU(4) holon-
omy. On eight-dimensional manifolds, however, the classification by Berger reported in table [£.1] shows
that SU(4) is not the maximal possible special holonomy group within the local Lorentz group SO(8).
This maximal special holonomy group is instead given by Spin(7). For these geometries one therefore
is led to ask:

(1) Is there a controlled construction of Spin(7) manifolds that can serve as backgrounds for F-

theory?

(2) What are the characteristics of the four-dimensional effective theories arising from F-theory

compactifications on such Spin(7) manifolds?

(3) What is the weak coupling Type IIB string interpretation of these theories?

In this chapter we will address these questions. This problem is particularly interesting because
reduction of M-theory on a Spin(7) manifold yields a three-dimensional theory with half of the su-
persymmetries with respect to a Calabi-Yau compactification. One might therefore hope that in the
F-theory limit a four-dimensional theory emerges with no supersymmetry. It should be noted these
considerations were already mentioned in the original paper by Vafa [174], in connection with the
proposals of Witten [214], 215]. However, this link has not been concretized. In particular, it is hard
to characterize the most general Spin(7) geometry that allows for a four-dimensional theory to emerge

in the appropriate F-theory limit.

In fact, before entering any analysis of the effective action, we have to answer the question of
whether or not there are suitable Spin(7) manifolds that can be used for F-theory. In particular, it
will be crucial to single out geometries that have an appropriate torus fibration structure to identify
the F-theory compactification as a Type IIB string background. In building these manifolds we will
be motivated by the constructions described by Joyce [216]. These constructions begin by considering
a Calabi-Yau fourfold which is then quotiented in such a way that a Spin(7) manifold is generated.
We will then proceed with an analysis of F-theory on this class of Spin(7) manifolds. Clearly, one
expects that there exist many more examples of Spin(7) geometries that are not based on any Calabi-
Yau fourfold. Definite statements about these more general cases turn out to be hard to extract,
nevertheless various results of our analysis may well extend beyond the context that we consider.
Importantly, these constructions based upon Calabi-Yau quotients give us control over the setup and
allow our intuition about Calabi-Yau fourfold compactifications of F-theory to be used. Other explicit

constructions of Spin(7) geometries appeared in [217), 218§].

In section we have outlined the program based on M-theory/F-theory duality to compute the
effective action for F-theory on an elliptically fibered Calabi-Yau manifold. In the previous chapter
this program has been successfully carried out for a Calabi-Yau threefold. The analogous discussion
of the effective action for a Calabi-Yau fourfold has been studied in [206]. In this chapter we aim at

a generalization of this program to the class of Spin(7) geometries mentioned above.
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11d M-theory 4d F-theory
effective action effective action
Spin(7) :
t 1
manifold tuerva
3dN =1 . ompatson 3dN =1
effective action effective action

Figure 8.1: Summary of the effective actions considered in this chapter. The left column corresponds
to the M-theory side of the duality , while the right column corresponds to the F-theory side.
The comparison between the three-dimensional N = 1 theories is performed in the case in which the
Spin(7) manifold arises as an antiholomorphic quotient of an elliptically fibered Calabi-Yau fourfold.
We consider a fibration structure that yields a simple non-Abelian gauge group. The match of
three-dimensional actions is carried out in the Coulomb branch at the level of zero modes.

Our starting point must be the compactification of M-theory on a smooth Spin(7) manifold. This
yields a three-dimensional effective theory with minimal supersymmetry, i.e. two supercharges [219].
In section we describe the three-dimensional effective action of M-theory on a general Spin(7)
manifold with probe fluxes extending and applying earlier works [220], 221], 222] 223] 224, 225] and

determine the couplings in terms of the geometric data of the Spin(7) geometry.

According to the standard paradigm, the duality between M-theory and F-theory is based on a
circle uplift of the M-theory effective action. To take the F-theory limit for the Spin(7) geometries

under consideration we need a different prescription. More precisely, we propose the following duality:

Spin(7) manifold

M-theory on Spin(7) manifold = F-theory on {(with vanishing fiber)

X Intemal} . (8.1)

In the context of this work we can only make this claim in cases where the Spin(7) manifold is
constructed from a Calabi-Yau fourfold as described in the previous paragraph. The extension of this

to more general geometries remains an interesting open problem.

The essential new feature of the proposed duality is the replacement of the circle with an interval.
This can be argued from different perspectives. First of all, the interval is crucial as the boundary
conditions that are imposed project out half of the zero mode degrees of freedom that would arise in
the circle reduction of a four-dimensional fermion. This observation will make it possible to obtain
minimal supersymmetry in three dimensions by reduction of a four-dimensional theory. In contrast,
it is impossible oxidize a minimally supersymmetric theory in three dimensions on a circle. Second of
all, the appearance of an interval is also natural from the construction of Spin(7) manifolds that we
have mentioned above for which the quotient of the fourfold may be associated with the quotient of
the circle that gives rise to the interval. It is crucial in that the core features of the theory in

four dimensions and the boundary conditions for the interval are fixed by the Spin(7) geometry.

The presence of an interval presents some drawbacks, as well. In particular, we will find some

ambiguities in the uplift of the effective action from three dimensions to four dimensions. These
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cannot be resolved within the framework of supergravity, and other arguments have to be invoked.
Uplift ambiguities are essential, since they encode the fate of supersymmetry in the infinite interval
limit. To cast light on this subtle issue we will examine in greater detail a special class of Spin(7)
quotients that admit a clear Type IIB weak coupling limit. For these setups we will be able to establish

the following points:

the topology of four-dimensional spacetime is R? x I, where the size of the interval I is macro-

scopic and goes to infinity in the F-theory limit;

e localized objects sit at the boundaries of the interval, while wrapping suitable submanifolds in

the internal space;

e bulk physics is invariant under four real supercharges, while localized sources preserve only two

real supercharges;

e in the strict limit of infinite interval the endpoints of the interval effectively disappear from the
setup, four-dimensional Lorentz invariance is restored, and supersymmetry under four super-

charges is achieved.

It is still an open problem to determine if these features are common for all compactifications of F-
theory on Spin(7) manifolds that are obtained as quotients of Calabi-Yau fourfolds. It is therefore not
possible to rule out the existence of Spin(7) manifolds that are able to yield a Lorentz invariant but

non-supersymmetric four-dimensional theory.

8.2 Geometries with Spin(7) holonomy for F-theory

To set the stage for the discussions that follow we describe the construction of Spin(7) manifolds as
antiholomorphic quotients of Calabi-Yau fourfolds. This construction is applied to elliptically fibered
Calabi-Yau fourfolds in subsection [8.2.21 We discuss the fiber structures which arise and comment on

seven-brane configurations that can appear.

8.2.1 Constructing Spin(7) manifolds from Calabi-Yau fourfolds

The key features of the topology and geometry of Spin(7) manifolds have been reviewed in sectionm
We will now recall the basic ideas underlying the construction of Spin(7) manifolds from Calabi-Yau
fourfolds performed in the work of Joyce [216]. Let Y4 be a Calabi-Yau fourfold and let o : Yy — Y}

be a antiholomorphic and isometric involution. In other terms, o is required to satisfy

isometric c*(g) =g,
=1, { (9) (8.2)
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where g and I are the metric and complex structure on Yy, respectively. These conditions translate

to the Kahler form J and on the holomorphic four-form € as
o*J =—J, o*Q = ¥0Q) | (8.3)

where 6 is some constant phase factor. It is then shown in [216] that the quotient space

Y.
Zg =2 (8.4)

g

can be equipped with a natural Spin(7) structure. In particular, the Cayley calibration ® of Zg can

be expressed in terms of the Kéhler form J and the holomorphic four-form €2 of Y, as

1 1 , 1
= |—=-Re(e Q)+ -JAJ| . 8.5
o el "+ (5
In this equation V and ||€2|| denote the volume of the Calabi-Yau fourfold and the norm of the holo-
morphic four-form, which we record again for ease of reference,
1 1 —iinizia

V n J47 HQH2 = *Qi1i2i3i4Q

_ 8.6
ar Jy, 41 (86)

The derivation of the precise prefactors in front of Re(e~"Q) and J A J will be presented in section
8.3.2l The four-form @ is invariant under the involution ¢ and an associated Spin(7) manifold may
then be constructed by quotienting Y, by o and resolving the singularities in a Spin(7) compatible

way [216]. In this way Y} represents the double cover of Zg which relates the volumes as V = 2).

In preparation for the application to F-theory let us comment further on the geometries involved.
We note that when considering F-theory on a Calabi-Yau space Y, the space can be chosen to be
singular. The singularities arise, for example, when the four-dimensional theory has to have a non-
Abelian gauge group. These non-Abelian singularities can be resolved in a way that is compatible with
the Calabi-Yau condition to yield a manifold Y. We denote the antiholomorphic involution on the
singular space Y’ by 0° and on the resolved space by o. The respective quotient spaces are denoted
by Z§ = Y7 /o® and Zg = Ya/o. The Spin(7) resolution of Zg will be denoted by Zs. By analogy
with the standard M-theory/F-theory duality we thus expect that the duality relates F-theory
compactified on Z§ with M-theory compactified on Zs. It should be stressed that finding a resolution
of Zg admitting a Spin(7) structure is a hard task and involves constructing local real Spin(7) ALE
geometries that can be used to resolve possible orbifold singularities [216]. The Betti numbers of the
resolved space can be computed as described in [216]. A stringy computation of the Betti numbers
on the quotient geometry Zg can be found in [226]. In this work we will not be concerned with
this real resolution Zg, and mostly work with Zg neglecting possible singularities. We will refer to
the Spin(7) manifold Zg constructed in this way as a quotient torus fibration. Our goal is, however,
to formulate the results in a general Spin(7) language such that they can be equally applied to the
resolved geometries Zs. We summarize the relevant geometries in figure

The construction that is carried out in [216] assumes certain additional properties of the orbifold

singularities that are required for the Spin(7) ALE resolutions which are considered there to be applied.
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Figure 8.2: Construction of Spin(7) manifolds by using Calabi-Yau fourfolds with
antiholomorphic involutions.

One such condition is that the singularities introduced by quotienting with respect to o must be isolated
points in Zg which lie at points that are already holomorphic orbifold singularities of Y. However it
is anticipated that these resolution methods are by no means the only possibility. Therefore, in what
follows, we will not limit ourselves to considering only the sorts of singularities which are required in
[216], but will bear in mind these additional constraints. The analysis of the more general resolutions
that would then be required but the physics associated with their structure will not be discussed in

this work.

8.2.2 Spin(7) manifolds from elliptically fibered Calabi-Yau fourfolds

In order that the Spin(7) manifold Zg can be used as a background of F-theory we require that the
Calabi-Yau fourfold Yy is an elliptic fibration with Kéahler base Bs. The general remarks of section
on Calabi-Yau with elliptic fibration structure apply to the present case of Yy. In particular, we
suppose that Y is presented in Weierstrass form . We refer the reader to for the expression
of the discriminant locus encoding the positions of seven-branes and to for the complex structure
parameter of the elliptic fiber.

The involutive symmetry o on the elliptic fibration is demanded to have a definite action on Bs,
i.e. o should be compatible with the fibration and induce a well-defined action on the base that we

denote op. Diagrammatically we have

Y, Y,
s T
o
By — 2 . By

where 7 : Y3 — Bs is the canonical projection onto the base of the fibration. The preimage of a point

p on B3 under 7, i.e. the fiber over p, will be denoted C,.
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Let us denote by L, the fixed-point space of ¢ in Ys. Its projection to Bs is denoted by LB = W(ﬁg)
and can equally be obtained as the fixed-point space of og. On general grounds the space L2 can be
composed of several components that can be one- or three-dimensional. To see this we can perform
the following local analysis. Let U be a given local patch U on Bj3 containing a fixed point p of op.
We introduce local complex coordinates (z1, 22, 23) in such a way that that the coordinates of p are

(0,0,0). A first possibility for the action of op, referred to as case (a) in what follows, is given by
(a) (21,22, 23) = (21,22, 23) , = LB(U) is three-dimensional. (8.7)

This is the simplest case, since the geometry of the base B3 around the fixed locus is smooth. A
possible alternative that we refer to as case (b) is when LZ is one-dimensional. In this situation B3
cannot be smooth and instead is replaced by an orbifold with singularities associated with a discrete
group G that contains Zs. For simplicity we will focus here on the case where G = Zs but the
extension to more general orbifold singularities may be easily performed. A patch U of B3 near such
a singularity takes locally the form C3/Zy and may be described locally by the complex coordinates
(21, 22, z3) identified by py : (z1,22,23) — (—21, —22,23). The action of op on these coordinates is
given by

(b) (21,22, 23) = (Z2,—Z1,23) , = LB (U) is one-dimensional, (8.8)

which is an involution on the patch U as op squares to the identification py. Let us point out two
special occurrences of case (b). Firstly, one could start with a non-singular threefold admitting a
global Zs and quotient by this symmetry to find the base Bs. In fact, this sort of situation naturally
arises in toroidal orbifolds. Secondly, one may consider the case that Bs is described as a hypersurface
or complete intersection in a higher-dimensional ambient space exhibiting orbifold singularities as a
result of scaling identifications. This allows op to act as an involution on Bj if it is induced by a
symmetry of the ambient space that squares to the identity upon using the scalings. Both types of
constructions appear in [216]. Finally, we would like to furnish an explicit example of freely acting

antiholomorphic involution op,

= LB(U) is empty , (8.9)

Z9 21 1 )
— — — ’
Z3 Z3 z3

() (1,2,2) = (
even though we will not analyze this case (c¢) in detail in the upcoming sections.

The fixed space Ly of Yy can have components that are either two- or four-dimensional, or o can
be freely acting. To investigate the action of o on Yy further we must analyze several cases which are
distinguished by the location of the point p on Bs:

(1) pé LJB: For each point p on Bs that is not a fixed point of op the corresponding elliptic curve
Cp is mapped onto another elliptic curve C, () over the image point op(p). However, since o

is antiholomorphic the orientations of C and o(Cp,) will differ. In this case o will be freely

o5(p)
acting on all points of Y} that project to p or op(p), see figure

(2) p € LB and A(p) # 0: If a point p on Bj is a fixed point of op the elliptic curve over this

point will be mapped to itself. In particular, this implies that if p is not on a seven-brane that
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/\ P oB(D) 4

Figure 8.3: Generic torus fibers exchanged by the antiholomorphic involution.

a smooth two-torus is mapped onto itself. Recall that the fixed point set of an antiholomorphic

involution on a smooth complex two-torus either consists of up to two real lines or is empty.

(2.1) If the torus is fixed point free this implies that each point on Yy that projects to p is actually
not fixed by ¢ and hence does not give rise to a singularity of Zg. This means that o will
be freely acting on all points of Y; that project to p. If L2 is one-dimensional then the
additional singularities associated with the o2 identification can be resolved using standard
tools in algebraic geometry. Interestingly, if o is fixed point free on the torus but not on
the base then the quotient fiber at such p is a Klein bottle, see figure [8:4]

Figure 8.5: Nodal fiber at fixed
Figure 8.4: Fiber modded by antiholomor- point p. Involution fixes pinch-
phic involution to Klein bottle fibers. point.

(2.2) If the torus has a fixed line on it then the dimension of L, may be up to one greater than
the dimension of LZ, depending on the dimension of the subspace of L2 over which the
fixed space on the torus is a line. Since L, must then have even dimensions greater than
one, it must have dimension of either 2 or 4. The quotient of the elliptic curve by ¢ then

gives rise to a cylinder][T]

(3) p € LB and A(p) = 0: The most interesting case is if a point p on Bs is both a fixed point
of op and lies on a seven-brane. In this case C, is actually a singular curve. There are vari-
ous possibilities for such singular curves and a systematic study should investigate all possible

antiholomorphic involutions and their fixed points. Here, let us only consider the simplest case

"We note that in certain cases an antiholomorphic involution of a smooth torus with a one-dimensional fixed space
can also yield a Mobius band.
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where C, is a nodal curve (I type), as schematically depicted in figure In this case there
can exist an involution o that has one fixed point exactly at the node of the elliptic curve. One
can think of this nodal point as arising by shrinking the real one-dimensional fixed point set of
an antiholomorphic involution on a smooth elliptic curve. In this case the dimension of Ly may

be an even integer less than the dimension of LZ, so it can be either zero or two.

From this we see that if the action of ¢ on Y} is to be fixed point free then it can have only points
for which situations or apply. Alternatively if we restrict the fixed space to consist only of
isolated fixed points, which is imposed in [216], then we find that situation must apply in which
the torus is pinched at these points. In addition to this if we also wish to consider fixed points which
are already holomorphic orbifold singularities of Yy, as is also imposed in [216], then we find that

Lf must be one-dimensional. An example of a space which has singularities of this sort is shown in

appendix [C] in section

Let us now analyze the action of the antiholomorphic involution o on the elliptic fiber. To this
end, we consider the case in which the elliptic fiber is presented in Weierstrass form (5.18) without
specializing to the patch z £ 0. We can then let the antiholomorphic involution ¢ act antilinearly on

the projective coordinates of IP’%’&I. Any o action of this type may then be brought into the form
o (z,y,2) = (2,9,2) (8.10)

by an appropriate coordinate redefinition. Comparison between (/5.18]) and (8.10)) reveals that, in order
for the antiholomorphic involution to be well-defined on the Calabi-Yau fourfold Yy, the sections f

and g have to satisfy
fO’B(p) = fp ) gO'B(p) = % ) (811)
for every p on the base Bs. Recalling (5.21)), we conclude that for any point p on the base Bs

J(Topm) = (M) = i(—=7) . (8.12)

In the last step we have made use of the fact that all coefficients entering the Laurent series (5.6)) are

integers and therefore real. In summary, we can infer that
Topp) = — Tp up to SL(2,7Z) transformations. (8.13)

Note that this condition is perfectly compatible with a non-trivial holomorphic dependence of the
modular parameter on the base coordinates. In particular, it can be satisfied for 7 profiles with non-
trivial monodromies associated to the presence of seven-branes. Only in the special case in which 7
is constant over the base, as in the weak coupling limit away from orientifold planes, enforces

a reality condition on 7, which has to be purely imaginary.

8.3 M-theory on Spin(7) spaces and Calabi-Yau quotients

Having discussed the geometry of the Spin(7) holonomy manifolds that we wish to consider, we will now

describe the effective theories which arise in the reduction of M-theory on these spaces. In subsection
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we will begin this analysis by considering the reduction on general Spin(7) manifolds. Then in
subsection [8.3.2| we will analyze how this may be related to the quotient of the effective theories that
arise from compactification on Calabi-Yau fourfolds. In subsection [8.3.3] we will then restrict to the
case where these Calabi-Yau manifolds are elliptically fibered and study the redefinitions that must

be made in order to move into a frame that can be lifted to the four-dimensional F-theory dual.

8.3.1 Effective action of M-theory on Spin(7) manifolds

The compactification of M-theory on a Spin(7) manifold Zs yields a three-dimensional effective theory
with minimal N' = 1 supersymmetry. The action, to quadratic order in the fermions, for a general
three-dimensional theory with A/ = 1 supersymmetry can always be written in the form [227, [228]

1 1 1 1
S, = / &z e [QR — 1O AL@A) + 5 e AL AD) — S0asDud DG~V (9)

1 1 1
= 5" Dy - igmxzfy“DuxA + §gmxzv“’v”quu¢A

1 _ - - 1
= g FYuy™ iy + NP X + 5 (gmaF — 2DsOAF + 2X5 X{O0r) x| (8.14)
with covariant derivatives and scalar potential given by
D™ = 9,0™ + O, X0 AL V(¢) = 20\ Fos F — AF? . (8.15)

Here XA is the Killing vector of the target space symmetry that is gauged via . The action
contains the ¢*-dependent metric gax(¢) that is non-degenerate and positive definite. The coefficient
Or; of the Chern-Simons term is symmetric in 7, J, and constant which ensures the gauge invariance
of the action. This represents the embedding tensor for the three-dimensional gauged supergravity
theory. The real function F(¢) depends on the scalars ¢* and is required to satisfy 7, XA\ F =0

for gauge invariance.

For smooth Spin(7) geometries Zg the N = 1 vacua where studied in [219, 220, 229] TOT]. The three-
dimensional effective theory can be derived by reducing the action for eleven-dimensional supergravity,

which we record here again,
S _/;Ru— LGy A%Gy — 503 NGy NGy (8.16)

This reduction is discussed in [220, 221) 223| 225]. In the full reduction one must also take into
account the higher derivative terms along with the Spin(7) analog of the Calabi-Yau fourfold tadpole
cancellation condition (5.47)). Since we do not consider spacetime-filling M2-branes, this constraint

reads

x(Zs) 1
= — . '1
o1 5 5 Gy NGy (8 7)

We will describe this reduction in the following and reconsider some aspects of the derivation presented
in [225]. We stress that this reduction is actually a warped compactification, and we will neglect this

backreaction in the following leading order analysis.
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We carry out the reduction by decomposing the metric and three-form of eleven-dimensional su-

pergravity as
ds* = g, datde” + gmndy™dy" Cy= Al Nwr, (8.18)

where ¢, is the metric on Zg and wy form a basis for Hz(Zg,R) with I = 1,.. .,bQ(Zg). We will
restrict to the case of b3(Zg) = 0 for simplicity. The three-dimensional theory will then admit /(1)

gauge symmetries associated with the vectors A”.

In performing the Kaluza-Klein reduction one has to allow the metric of the internal geometry
Zs to vary without leaving the class of Spin(7) geometries. The analysis of such deformations was
performed in section Let us remind the reader that zeromodes of the internal metric are in
one-to-one correspondence with the set of antiself-dual four-forms 4, A =1,..., b4A(Zg), along with
one additional zero mode that corresponds to a rescaling of the overall volume. This implies that there
will be b% (Z3) +1 real scalar fields ¢ and V parameterizing the deformations of the Spin(7) structure.
We refer the reader to and for the expressions of the variations of the Spin(7) metric
in terms of scalars o4, V. The analogous expression for the Cayley calibration was given in

but is repeated here for convenience,

50 = K@ 0V + (Ka® + €4) ™ (8.19)

Upon performing the dimensional reduction, followed by a Weyl rescaling of the three-dimensional

metric to move into the Einstein frame, the bosonic part of the effective action is given by

S(Z?Z :/5R*1—%hUFI/\*FJ—}L@UAI/\FJ—%gﬁ,df//\*d)}—égABdgoA/\*dgoB—V(gp)*l, (8.20)

where

. 7 )5 EANEB 1

9v)—2 Zs

gop =35V 7, gAB = — 5~ hrj = — / wr A *wy (8.21)
2 7, PND Zs

and the scalar potential V() is of the form (8.15). We do not discuss the details of the dimensional

reduction since they are conceptually similar to the Calabi-Yau threefold reduction of the previous

chapter. In particular, the reduction of the Einstein-Hilbert term can be performed by combining

the general results of section with the observations about the Spin(7) moduli metric collected in
section [4.6.2)

Let us point out that the action (8.21)) is less general then . Firstly, we have only included
Abelian vectors. More importantly, we did not dualize all dynamical vector degrees of freedom into
scalar degrees of freedom as it is always possible in three dimensions. Therefore the kinetic terms
of the vectors with ¢4-dependent metric hr; still appears in (8.20). Dualizing all vector degrees of
freedom yields new scalars ¢; with metric k7, the inverse of hr;. The presence of a Chern-Simons
term in implies that the (7 are in general gauged with covariant derivative

D¢ =d¢r 4+ 05547 . (8.22)
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Hence, the action (8.20) allows us to determine all couplings in (8.14): ¢ = (f/,cpA,CI), gAY =
(&,gAB, h!7), and X§ = (5§, X4 = .

So far we have not discussed the scalar potential V' and the Chern-Simons coupling Gr;. In fact,
in a compactification without fluxes both vanish identically. They are, however, induced if one allows
for a non-trivial flux background of the field strength dCs. Let us denote the background flux on
Zs by G4. A direct reduction of eleven-dimensional supergravity then implies that a flux-induced

Chern-Simons term takes the form
Or5 = X GiNwr Awy . (8.23)
Zg

More involved is the derivation of the flux-induced scalar potential from a real function F. After
dimensional reduction of the full action including the higher curvature term, one uses the tadpole
cancellation condition (8.17)) to show that the scalar potential takes the form

1 1
V=— GiN+Gy— | G4NGy) = —— / GInGE 8.24
4v3(/zs S i ) v Jy 1T (8.24)

where Gf is the antiself-dual part of the background flux G4. To generally derive F' let us first note
that it was argued in [225] that F' should be proportional to |. 7, Ga A ®@. The factor in front of this

flux integral can, however, be field-dependent. In fact the correct form of F' is given by

V2| |@[[V? /24

In this expression we have made use of the quantity

1

”(I)H = I(I)mnpqq)mnpq y (8.26)
which has been already introduced in section [4.6.1} The derivatives of F satisfy
oF 7 oF 3
00 4/2(|®|[V2 J 24 oV 2V

Note that the derivation of these results does not depend on the precise form of moduli-dependent
coefficients K, and K4 entering the variation of the Cayley calibration (4.105) as these cancel when

taking the derivative Inserting (8.27)), (8.25) and the inverse metrics g4%, gm} obtained from (8.21]
into the general form of the AV = 1 scalar potential (8.15)) one readily shows match with (8.24)).

We conclude this section by performing a rearrangement of the Spin(7) moduli that will be useful
in the comparison to the Calabi-Yau reduction of section m To begin with, we divide the Spin(7)
moduli ¢* into two subsets, p4 = (¢, p!-). This notation is chosen to make contact to section

20One can also show that given a general Cayley calibration @, which varies as (4.103), it is possible to define an
alternatively normalized self-dual four-form ® which is also a singlet of Spin(7) and satisfies

1 N

- o .
Q_illéllfﬂ(b’ Ky =—-3v1, Ka=0. (8.28)

This corresponds to the normalization for ® chosen in (8.5)).
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Note that this partition of the Spin(7) moduli is supposed to be such that the associated antiself-dual

four-forms satisfy the orthogonality condition
A =0, (8.20)
Zs

Next we extend the range of the index I_ by defining a new index I_ that includes one additional
entry and define ¢/~ = ((;AS, gZ;gpL). This definition is such that that the variation of ® in (4.105)) is now
given by

60 = Kp® 0V + (K@ + 17 )0¢" + (Kx® + &c)de™ | (8.30)
where
oK; K; > < o€ & )
K - - 7A_, — 3 _ = - S _, — . 831
- ( P g 5 o (550

These definitions then imply the constraints
¢""K; =0, o-n =0, (8.32)
which means that the action develops a new local symmetry under under which
o= 5 Al O — \D. (8.33)

As anticipated above, this constrained formulation will be helpful in section It might also be
useful, however, in finding generalizations of the F-theory construction to Spin(7) manifolds that are

not obtained as Calabi-Yau quotients.

8.3.2 Effective action of M-theory on Spin(7) manifolds from Calabi-Yau quotients

In the following we would like to introduce Spin(7) geometries whose effective theories can be uplifted
to four dimensions via the M-theory to F-theory limit. It is an outstanding question to characterize
such geometries generally. In order to approach this problem we therefore restrict our analysis to
Spin(7) geometries arising from elliptically fibered Calabi-Yau fourfolds as introduced in Section [8.2.2]
Our aim is to first show, that the three-dimensional N' = 2 theories arising in Calabi-Yau fourfold
compactifications of M-theory are truncated to A/ = 1 when performing the antiholomorphic quotient
Yy/o, with an involution ¢ as in (8.3). We note that the following steps bear many similarities to
the construction of four-dimensional Type ITA Calabi-Yau orientifold actions [51]. However, here we
are truncating three-dimensional A/ = 2 supersymmetry to N' = 1 supersymmetryE] Truncations of
N = 2 Chern-Simons theories to N' = 1 induced by an antiholomorphic involution have been also
considered in [231].

Let us first recall the general form of a three-dimensional A/ = 2 action. The bosonic part of this

can always be brought to the form

s, = / IRx1— 101 ;AT A (dA7 + 2 i T AR N AY) — g (sDMANKDMP —V 1, (8.34)

3 A systematic study of spontaneous N = 2 to ' = 1 breaking in three dimensions can be found in [230].
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where g 45 = 040K is a Kahler metric and V(M , M) is the scalar potential. This scalar potential is

generally of the form
V = S (KAPDAWDEW — 4W|?) + (KBoATOsT — T?) (8.35)

where W (M) is a holomorphic superpotential and 7 is a real potential. One may also note that in

the N = 2 case the presence of a non-vanishing 7 is linked to the gaugings DMA.

The three-dimensional N = 2 effective action for a Calabi-Yau fourfold compactification of eleven-
dimensional supergravity was derived in [232, 233]. For the case b3(Y;) = 0 it takes a particularly
simple form. From our general discussion of the moduli space of Calabi-Yau n-folds with n > 2 in
section we know that fluctuations of the internal metric yield both complex structure moduli and
Kihler moduli. The former are denoted 2% in this chapter and are labelled by K = 1,...,h%1(Y}).
Real Kihler deformations v’ are indexed by I = 1,...,h"(Y3) and arise, as usual, from the expansion
of the Kahler form, J = vlwy.

The expansion of the M-theory three-form C3 = A’ A wy yields h''!(Y}) three-dimensional vectors
A!. The vectors A! together with v! form the bosonic components of three-dimensional N = 2 vector
multiplets. In contrast to the five-dimensional reduction of the previous chapter, the vectors A! and
dualized into scalars (; that provide the degrees of freedom necessary for the complexification of the
real Kéhler moduli v!. More precisely, the natural coordinates in the complexified Kéhler moduli

Space are

Ty = ?}!/ wr AJ3 +icr . (8.36)
Yy

They can be interpreted as the classical action of a Euclidean M5-brane wrapping the divisor class [Dj]
Poincaré dual to wy. After dualization the kinetic terms of the three-dimensional N' = 2 supergravity

theory are encoded by a Kahler potential

K(z,T):—log/YQ/\Q—?)logV, (8.37)
4

which is evaluated as a function of the h31(Y;) + A1 (Y}) complex coordinates z* and T7.

In the presence of background fluxes G4 a non-trivial Chern-Simons term with ©;; exactly as in
(8-23) is induced. As above in (8.22)) this also implies the presence of gaugings DT = dT7 + iO7;A”.

Furthermore, a scalar potential arises from the functions

1
=—— [ Gy4nJT? W= [ GsnQ 8.38
4V2 Y4 4 ) Y4 4 9 ( )

T

where T is in accord with the gauged shift symmetries.

In order to implement the A/ = 1 truncation we first note that the relevant forms have to transform

under o* as

T =—J | o*(CN) =00, o"Cy =y, (8.39)
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where the first two conditions already appeared in (8.3 when inserting the definition
C=e k2 (8.40)

with K as defined in (8.37)). To perform the reduction one thus has to split the cohomology of Yy into

parity-even and parity-odd eigenspaces as
H™(Y3,R) = HI(Y;,R) & H" (Y3, R) . (8.41)

The surviving vectors in the expansion of C3 only arise from elements of HJQr (Yy), while the surviving

Kihler structure scalars arise from elements of H2(Y}). Thus, one has
Ca=Al" Awr, . Lo=1,.. 08V, J=vlw , L=1,..r"W). (8.42)
Applying this to the dual complex scalars 77 introduced in one finds the split
Tr = (T7,,T7_) = (—idmTy, ,ReT7_) , ImT;_ = Rely, =0. (8.43)

In other words, out of the h!'!(Y;) complex coordinates T; only h':'(Y}) real coordinates survive in the
quotient theory. Similarly, the h3!(Y}) complex fields z* encoding complex structure deformations are
reduced to A1 (Y}) real complex structure deformations . This can be inferred by considering all
complex structure deformations of €2 preserving the condition . One can chose local coordinates
such that ¢ = Re 2X. In summary, the involution truncates the A" = 2 Kihler manifold spanned by
Tr and 2% to a real Lagrangian submanifold £, parametrized by (; +» ReTy_ and ok,

To compare these degrees of freedom which survive the quotient with those described in the Spin(7)
reduction of subsection it is necessary to redefine the fields. The vectors A+ and the volume V
are simply identified with the vectors A’ and the volume V in (8.20)), while the b%(Zs) scalar fields
o4 in parametrize the independent degrees of freedom of the constrained fields

A N 1
ot = (OF, 01 | where A=1,...,1+b4(Z), pl- =V 10l . (8.44)
They satisfy the constraint
N=4Kr gk ¢e ¢ o' =1, (8.45)

as a result of the definition (8.44]). This condition can be viewed as a gauge fixing of the additional
symmetry introduced in (8.33)). In terms of these fields the bosonic part of the effective theory
describing the projected Calabi-Yau reduction is given by

50, = [ ARt P T AT K00 AT AT gy A sy

- %LE]LLd(;SL A xdd?— — %g,czdgolc Asdp?t —V 1, (8.46)
where the scalar metrics may be written as

9y,-2
gvy =gV 7, hr g, = wr, AN*wy,

1
2V Jy,

gr_j_ = —4V3/ n_ AnJj_, Ger =4V | & née, (8.47)
Ys Yy
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and where
_3 1
.=V eP wy ATy, Pl =67 - I/CI,K,L,M, R
Ek = RG(CXIC) , Kk 1 = / Wi Nwj_ Nwig_ ANwr_ . (8.48)
Yy

We have used the definition J; = ¢'-w;_. Note that the constraint (8.45) is responsible for the

projection matrices P;_7- that appear in the definition of the scalar metric. The Chern-Simons terms

in (8.46|) are induced by G4 fluxes as in (8.23]) and read

1

@I+J+ = 2/ wI+ /\WJ+ A G4 . (849)

Yy
By considering the potential of the truncated theory and matching this with (8.15]) we see that

F=cfPReW + 1T = | GuA (Re(CQ) + V72T A ). (8.50)

Ya
By comparing this with (8.25) we may then read off & = (Re(CQ) + %V‘2J A J) up to a choice of
normalization. This is the expression for ® that we already quoted in (8.5). In the remainder of this

subsection we discuss the structure of the resulting Spin(7) field space in more detail.

To investigate the metric on the Spin(7) field space we need to determine its variations with respect
to the coordinates introduced in (8.44]). This again requires the constraint to be consistently
implemented. One way to achieve this is to first express ® in terms of V and NV before taking derivatives
and later impose . Concretely, one has

1 Re(e Q) 1Jy A J
V32 e;e Q )1/2 3 (?Vl/Z(b (8.51)
(S, Q)
Then taking the variations of this with respect to V, ¢!-, and ¢* we find
0B no1 = —3VTD SV + . 6¢T + & 5, (8.52)
and in addition find that the normalization of ® is such that
[ AP =LVP. (8.53)
Zs

Then by comparing the variation with we may identify the forms £ and n;_ with the
Spin(7) forms £4. More precisely, note that the constraint implies ¢~ n;_ = 0. We thus identify
the coordinates ¢!~ and forms 7n;_ with the quantities constructed after . Moreover, we find
that the projected Y; moduli metric matches the Spin(7) moduli metric . As expected
from the general Spin(7) analysis, n;_ and &k also form a basis for the complete set of antiself-dual

four-forms of Y which are invariant under o E|

4In fact the set formed by n;_ and &k is complete but also degenerate as a result of the projection matrix P;_ 7~

which appears in the definition of ny_.
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8.3.3 Effective action of M-theory on Spin(7) quotients of elliptically fibered
Calabi-Yau fourfolds

In order to derive the four-dimensional effective action of F-theory on a Spin(7) manifold, we must
now restrict our M-theory reduction of section to be based on elliptically fibered Calabi-Yau
fourfolds. In doing this we will denote the base of the elliptically fibered Calabi-Yau Yy by Bj3. Recall
that the Calabi-Yau condition for an elliptic fibration is , which can be written more precisely
as

12¢1(Bs) = PDp,([4]) , (8.54)

where we have stressed that Poincaré duality is performed with respect to the base Bs. We note that
both ¢;(B3) and PDp,([A]) have to transform with a negative sign under the antiholomorphic and
isometric involution o. This requirement also ensures that A has a finite volume, i.e. [ AJ A J does

not vanish.

The two-form associated to the zero section of the elliptic fibration is denoted by wg. In this work
we will be only dealing with Calabi-Yau fourfold geometries with holomorphic zero sections. Note
that wg must transform with a negative sign under ¢*. In fact, as we discussed in section the
homology class of the torus fiber is negative under o, since ¢ reverses the orientation of the two-torus.
This property can also be seen by noting that the base intersects the fiber exactly once. As we will
discuss later, this allows us to perform the uplift by sending the coefficient ¢° in the expansion of J

to zero.

As the involution ¢ also descends to the base to op, the cohomologies of Bs may be decomposed
under the action of op as HP(B3) = HY (Bs) & H” (B3). This means that one can write

(wa) = (Way,wa_),  ax=1,...,hy" (Bs), (8.55)
where w,, are obtained by pulling back elements of H2 (Bs) to H3 (Y4).

We will also allow for resolved singularities of the elliptic fibration of Y, that correspond to simple
non-Abelian gauge groups G in the dual F-theory compactification on Y;. The location of these non-
Abelian singularities defines a divisor S in Bs. In the simple analysis that follows we will assume
that there is only one stack of seven-branes on Bs that describe a non-Abelian gauge group and so S
has only one connected component. This significant simplification by no means represents the most
general setup which we will not address here. As a result the actions that follow will not represent

the most general possibilities.

The Poincaré dual two form PD g, ([S]) lifted to Y4, admits the expansion by~ w,— defining constant
coefficients bg~. As noted above, PDp,([A]) and hence PDp,([S]) have negative parity under o so
only the w,— appear in the expansion. The non-Abelian singularities are resolved by introducing
new two-forms w;, @ = 1,...,rank(G). Assuming the absence of Abelian gauge factors one has
rank(G) = hY1(Yy) — R (B3) — 1. Let us note that all rank(G) forms w; are in fact negative under

*

o*. To infer this we stress that each exceptional divisor is a P!-fibration over the seven-brane locus

in the base Bs. Within Bs the seven-brane divisor S and its volume form are positive under ¢ by
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Poincaré dualityﬂ Since the antiholomorphic o reverses the sign of the volume form of the P!-fiber,
we conclude that the exceptional divisors and their Poincaré dual two-forms w; are negative under o.

In summary, we find that the two-forms representing H?(Y,) are split according to

(wry) = (Way) s (wi) = (wo,Wa_,w;) - (8.56)

This implies that the truncated spectrum of the three-dimensional A/ = 1 theory is given by h}i_’l (B3)
vectors A%+, and hb1(Yy) — h}r’l(Bg) + h31(Yy) scalars vi- = (v0,v%,v?) and Q.

One can now systematically study all intersection numbers that are not forbidden by the o-parity.

The intersection numbers of the fourfold will be denoted
ICUKL:/YwI/\wJAwKAwL. (8.57)
1
Since the volume form on Yj is positive under ¢* some of them vanish automatically,
Krogrko. =0, Krook__=0. (8.58)

Combined with the intersection structure on elliptic fibrations one thus finds that for the potential

K = K|, the relevant non-vanishing intersections are

Koa_p_~- = Fa_g_y_ Koa_givs = Fa_ s » (8.59)
= o=
Kija_g_ = —Cijbg Ky_a_p_ Kijay, = =Cijbg Ky ayp,
where rq_g_~_ and k,_g,~, are the triple intersections on Bs. The matrix Cy; is the Cartan matrix of
the non-Abelian gauge group G. Let us stress that there are numerous other intersection numbers that
are in general non-zero on Yy /0. In particular, intersection numbers involving (wp)™, n > 0 will play a

crucial role when matching the F-theory and M-theory reduction at the one-loop level [137, [140, [114] H

Crucially, this requires a redefinition of the coordinates

PO = o™ + %K“vb“, (8.60)
where the coefficients K*~ enter the expansion of ¢;(Bs) onto the basis {w,_},

c1(Bs) = =K% wq,_ . (8.61)

Clearly no coefficients K+ are found because ¢1(Bs) is negative under the involution. The shift (8.60))
is analogous to the one in ((7.129)) in the previous chapter and to the shift found in [205].

The splitting of the v/~ coordinates then induces a splitting of the constrained Spin(7) moduli ¢;_
defined in (8.44]). After performing the redefinition (8.60) we may then move into a set of redefined
coordinates that are appropriate for performing the F-theory lift. Firstly, ¢° is mapped the length of

the interval and we set

1 _3
— =¢Vi, (8.62)
r

Recall that formally o(Bs) = —Bs, since o reverses the orientation of Bs.

SThey can be reduced by repeatedly using (w®)? = —c1(Bs) A wo, see (7.4).
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where r is the circumference of the circle in S'/Zs. Hence, ¢" captures degrees of freedom of the
four-dimensional metric. The éa— become four-dimensional scalars, while the ¢’ are the scalar part

of four-dimensional vectors with index along the interval (ﬁfo = Aé. It is convenient to set
a— 1oa_ -2 17 13,2 i -1 4
op = (%39 —5(@") T3 0Cye' . Ve =(8")2Vs, gL =(¢")""¢'.  (8.63)

These redefinitions can be motivated by the fact that, when taking the F-theory limit with large r, the
constraint (8.45) only depends on ¢, ~, while r and ¢! are unconstrained. In addition, following [206]
the vectors A%+ will become four-dimensional scalars with a real shift symmetry. We will consider the

lift more explicitly in section [8.4.2

Let us finally also consider the flux-induced Chern-Simons couplings ©y, ;, and potential F, given
in (8.49) and (8.50). From the split (8.56)) we infer that the Chern-Simons coupling ©,, s, only
involves vectors that become four-dimensional scalars and therefore, by the considerations of [205],

have to be absent

Oa 5. =0. (8.64)

The real potential F' can be expressed in terms of ©7_j, as

F= | GyARe(CQ)+ V'O, 5 ¢'-¢'- . (8.65)
Yy

Again using (8.56) and following [205] one has to additionally impose
©p =0, Ogo_=0, Op=0, O, =0, B, =0. (8.66)

This choice of fluxes allows that a four-dimensional theory might exist, no fluxes are included in
reduction from four to three dimensions, and the gauge group G is unbroken in four dimensionsm
The resulting potential F' will contain a term that is classical on the F-theory side and a one-loop

contribution as we will discuss at the end of the next section.

8.4 F-theory on Spin(7) manifolds

In the previous section we studied M-theory on Spin(7) manifolds and later focused on examples
constructed as quotients of elliptically fibered Calabi-Yau fourfolds by an antiholomorphic involution.
As a next step we discuss in subsection [8.4.1] the dual interval reduction of a four-dimensional theory.
Concretely, we will identify the boundary conditions on various four-dimensional fields on an interval
that have to be imposed in order to make a duality of the form possible. Aspects of the non-
supersymmetric four-dimensional effective theories are discussed in subsection We particularly
focus on the couplings of the uncharged scalar fields that are real both in three and four dimensions

and satisfy Neumann boundary conditions at the ends of the interval.

"These conditions will be modified in the presence of U(1) gauge factors [137, 140}, [114].
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8.4.1 Dimensional reduction of the four-dimensional theory on an interval

One of the crucial ingredients of the new kind of M-theory/F-theory duality claimed in (8.1)) is the use
of an interval in the dimensional reduction from four to three dimensions on the F-theory side of the
duality. In this subsection we discuss some general features of dimensional reduction on an interval

and consider candidate four-dimensional parent actions.

Due to the presence of an interval I = S1/Zy in (8.1)) the uplift of a three-dimensional theory on
M3 to a four-dimensional theory on My = M3z x [ is further complicated, since boundary conditions
have to be given for each field. These have to be appropriately specified in order that the duality

suggested in ({8.1) holds. In the following we will discuss vectors, fermions, and scalars in turn.

Let us first consider a four-dimensional Abelian vector A,,. Since its components satisfy a second-
order equation of motion we can choose Dirichlet or Neumann conditions. This choice, however, has
to be such that each component of the field strength F),,,, has a definite parity under the Z, action.

In particular, inspection of the the mixed component
F3 = 0,43 — 034, (8.67)

reveals that if A, satisfies Dirichlet boundary conditions A3 has to satisfy Neumann boundary condi-

tions, and vice versa. This gives the two choices

(A) D: Aulgp, =0 and N: 034390, =0, (8.68)
(B) D : A3‘8M4:0 and N : 83AM\6M4:0,

that may be made without over constraining the equation of motion. When carrying out the interval
reduction the Dirichlet boundary conditions will remove the would-be zero mode of the corresponding
four-dimensional field. So fields with Dirichlet boundary conditions will not be seen in the three-
dimensional effective theory. This implies that reduction of A,, can yield either one massless scalar or
one massless vector in the three-dimensional effective action, but not both. This fact can be extended
to non-Abelian gauge fields for a four-dimensional gauge group G. To do this let us denote the
generators of the algebra of G by (T;,Tr), with T; labeling the Cartan generators. Then for each

vector Al , AL one can choose different boundary conditions.

To conform with the theory arising in the Spin(7) reduction it turns out that one needs to chose
option (A) in for the Cartan vectors to keep three-dimensional scalars ¢f = A% and option (B)
for the non-Cartan vectors in order to keep three-dimensional vectors Ag In this case one notes that
the non-Cartan three-dimensional vectors Ag acquire a mass term for which the mass is determined
by the vacuum expectation value of the three-dimensional massless scalars ¢;. This mass term arises
in the effective theory from the reduction of the gauge kinetic term. This analysis is consistent with
the fact that the three-dimensional theory arising in the reduction described in section is a

Wilsonian effective action with no non-Cartan vectors and only the scalars ¢°, i = 1,...,rank(G). Let

8These boundary conditions imply that the gauge coupling constant should be effectively assigned odd parity under
the Z- action.



8.4. F-theory on Spin(7) manifolds 169

us stress, however, that we are still able to extract the classical couplings using the Spin(7) reduction
by uplifting the couplings of the scalars qﬁf). The Lorentz transformations and gauge transformations
of the four-dimensional vector mix all components of A? A,In and thus allow to recover the couplings
of the four-dimensional vectors from the couplings of gb]g, for a large interval on which these symmetries

are restored.

Let us next consider a four-dimensional fermion given by a Majorana spinor y. Since its equations
of motion are first-order, we can only impose a Dirichlet boundary condition of the form
1 3
2(1+y

)X [gar, =0 (8.69)

without over constraining the dynamics. The sign is related to the intrinsic parity of the spinor under
the Zs action on the interval. For both choices, reduction of x furnishes a massless Majorana spinor
in the three-dimensional effective action. This implies that when focusing on zero modes, the degrees
of freedom of the fermions are halved. However, there is no ambiguity when uplifting a fermion from
three to four dimensions. Four-dimensional Lorentz invariance implies that the three-dimensional
dynamics of the spinor encodes its four-dimensional couplings. A similar argument applies to the

gravitino.

The comparison can, however, be more involved if the four-dimensional fermion is charged under
the gauge group G. In an interval reduction the Coulomb branch scalars can give dimensionally
reduced fermions a mass proportional to d)]é if the coupling to gbfo is non-vanishing. This implies that
these fermions are not part of the low-energy effective theory and have to be integrated out. As with
the vectors we find that the Cartan fermions remain dynamical in the three-dimensional low-energy
effective theory. These then comprise the three-dimensional, N' = 1 supersymmetric partners of ¢fo

moduli.

Finally, we turn to the reduction of a four-dimensional scalar field ¢ with standard two-derivative
action yielding a second-order equation of motion. As a result, we can impose Dirichlet or Neumann

boundary conditions

¢ |BM4 =0 or 03¢ ’6/\/(4 =0 (8.70)

without over constraining the equation of motion. As a result the degree of freedom of a four-
dimensional scalar might be entirely lost (for Dirichlet b.c.) or kept (for Neumann b.c.) when consid-
ering only the zero mode in the three-dimensional effective theory. This is in contrast to the vectors
and fermions discussed above. In other words, one can add an arbitrary number of Dirichlet scalars
to a candidate four-dimensional action without changing the three-dimensional effective theory on a

small interval.

These features of interval reductions lead us to first specify a minimal four-dimensional Lorentz
invariant Ansatz for the four-dimensional action containing only those couplings that can be uniquely

fixed by comparison with the three-dimensional N’ = 1 zero mode action. This non-supersymmetric
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theory is given to quadratic order in the fermions by

W — / d'z e [— LR — L Gap 0mp?0™ P — L f To(Fp F™) — V)
- %&m’}/mnrl)n@/)r - %QABXA’YmDmXB - %fTr(XVmDm)\) + %f &m7r87mTr<AFrs)
+ 55G480mY" "X Dap® + 3 A ™ o + 5 A thimy™ X

— 3% + T AL T (B Ny = 3048 AL AR T (8.71)

where the covariant derivatives of the Majorana fermions are given by
Dm¢n = m¢n + iwmrs’YTS@Z)n s Dm)\ = 8m)\ + iwmrs’)ﬁs)\ + [Ama )\] ,
DX = 0 x™ + 20mrsy" XA + DBl C (8.72)

In this action G4p is a real metric for the scalar target space and V| f are real functions of the
scalars ¢4, In addition to this A', A%, A:Q’w and Aj are further functions of ¢ that will later be
determined by comparing the reduction of this action with the three-dimensional result. As this action
is not supersymmetric we could in principle have made a much more general proposal for the couplings
that appear. However, it will turn out that is sufficiently general to allow for a matching with
the three-dimensional theory to be performed. For convenience we note here that performing this

calculation one finds that the potential is given in terms of a real function F by
VW = 2GABYFOgF — 3F? (8.73)
and that the A functions are given in terms of F and f by

Al =F, A% = 04 F, A% = DA0BF — 3G ABF . Al =ouf. (8.74)

The action Sl(é)n given in should be used with caution. It was constructed as the minimal
functional consistent with four-dimensional Lorentz invariance that yields the three-dimensional action
upon interval reduction. Note that this construction does not ensure conservation of the currents
coupling to gravitini and gauge fields. Recall from section that this is needed in a consistent
theory of massless spin one or two particles in the purely bosonic case [31] and also spin 3/2 particles
in the supersymmetric case [32]. Furthermore, we point out that the interpretation of as a
Wilsonian effective action is questionable, since it might not capture the dynamics of all light degrees
of freedom. All scalars satisfying Dirichlet boundary conditions have only massive excitations for a
finite interval length and do not enter the action . If they are actually present in the four-

dimensional spectrum, however, they become arbitrarily light as the interval grows large.

This puzzle can be solved in the cases in which the Spin(7) quotients admit a weak-coupling limit

of the kind discussed below in section [8.5] The outcome of our analysis suggests the following picture.

A possible four-dimensional Wilsonian effective action S\(,é) completing Sﬁi)n on a large interval could

be given by a N’ = 1 Lagrangian [’/((4/):1 for F-theory on the original Calabi-Yau space Y; supplemented

by the boundary conditions or a boundary action £(). Hence, it takes the form

Si) = / £+ £® (8.75)
My OMy
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The restoration of the Calabi-Yau moduli space from the moduli space of the Spin(7) manifold in
the large interval limit is very non-trivial. We have strong evidence to support this claim in the
weakly-coupled setups of section but we are not able prove that this is a general feature of Spin(7)

manifolds obtained from quotients of Calabi-Yau fourfolds.

Let us stress that the action neglects the couplings of charged matter that will be present
in a general F-theory compactification. Furthermore, we have not displayed the terms of higher
order in the fermions. These can be added by making an Ansatz for these couplings and reducing
them to three dimensions with the boundary conditions described above. The coefficients are then
determined by comparing the zero mode result to a general three-dimensional A = 1 theory in which
the higher fermionic couplings are known in terms of the three-dimensional N' = 1 characteristic
functions determined by the reduction of the terms in .

Let us conclude this section by noting that the inclusion of Dirichlet scalar is not the only ambiguity
in the uplift from three to four dimensions. One has also to analyze carefully the uplift of three-
dimensional scalars, since they can come both from a scalar or a vector in four dimensions. This
issue, however, is not specific to the Spin(7) setup and indeed already appears in the more familiar
case of F-theory on a Calabi-Yau fourfold. As we will see in the next section, we can solve all such
ambiguities in the setup under consideration appealing to the Calabi-Yau geometry that underlies the

Spin(7) quotients we study.

8.4.2 Effective action of F-theory on Spin(7) manifolds

Having described the three-dimensional effective theory obtained for the quotient torus fibered Spin(7)
geometry in subsections [8:3:2] and [8.3-3] and the details on the interval reduction in subsection [8.4.1] we
are now in the position to perform the reduction and read off the couplings of the four-dimensional the-
ory . Clearly, proposing that the coupling functions take the same form in the four-dimensional
theory is a speculative part of the analysis. It amounts on the one hand to sending the size of the
interval I to infinity, and on the other hand shrinking the fiber volume. This means that one has to
be performing the M-theory to F-theory limit. In supersymmetric F-theory compactifications it has
become clear over the last years [206] (137, [234] that many couplings in the three-dimensional theory
obtained from M-theory appear to also have an F-theory interpretation. Motivated by these advances
we perform a similar oxidation for the Spin(7) compactification. However, it should be stressed that
we will only talk about zero modes in the following and many of the subtleties are, in fact, hidden in

the treatment of massive modes.

The first step is to implement the F-theory limit explicitly. Note that not all couplings arising in
the M-theory reduction are classical from the F-theory perspective on a small compact space. Various
couplings can be induced at loop level when integrating out massive Coulomb branch and Kaluza-
Klein modes. To extract the classical terms only, we proceed as in section and we assign suitable
scalings to three-dimensional fields. In analogy with the correct scalings are

W0 = el v e V2 vt — 61/42}7’, ro— e 3y (8.76)
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They ensure precisely that the couplings with intersection numbers (8.59)), i.e. Koa_s_ ~_, Koa_ g, s
and Kijo_g_,Kija,p, are surviving the ¢ — 0 limit. Translated into the coordinates ¢'= one thus
finds

¢ = B0 g o g g s S v o Y (8.77)

Combining these scalings with the coordinate redefinitions (8.63) one extracts the leading terms of all
fields. We first introduce the (;537 defined as the leading term in (8.63). In the limit the normalization
constraint (8.45)) translates to the condition

Ny = k0 g4 00 60 ¢ =1. (8.78)

This implies that only hEI(B:;) — 1 coordinates ¢§_ are independent. The missing degree of freedom
is encoded by the base volume )}, arising as leading term in the definition . After the e — 0
limit the resulting three-dimensional action can be matched with a the reduction of a four-dimensional
theory reduced on an interval of length r with boundary conditions introduced in subsection [8.4.1

This allows us to read off the data of the four-dimensional theory from the three-dimensional action.

We first note that all couplings containing three-dimensional vectors or fermions are formally lifted
from three-dimensional to four-dimensional in a Lorentz compatible way. For example, the kinetic
terms in for the three-dimensional fermions y®-, which are in the same three-dimensional,
N = 1 multiplets as the scalars gbg*, are given by

30a_p_ X" DX’ (8.79)

These are lifted by completing the x*~ into four-dimensional fermions and matching g,_g_ with the
reduction of the equivalent four-dimensional terms after performing the reduction and Weyl rescaling
as well as implementing the € — 0 limit with (8.77). In this way we can read off

o s = (G dmo = 4V3 [ €8 gl (8.80)
3
where the four-forms £ are given by

«

4
-3 - _ 0 B
e =3P, w, Aws ¢, Po P~ =00 P = Lk s b &y Sy (8.81)

The other components of the four-dimensional scalar metric G 45 appearing in (8.71)) may then be
deduced in a similar way by expanding p? = (Vp, ¢, *, o ) and making the comparison with
(8:14) and (8:46)). This gives Gy,y, = 2V, and

N N ~ 1 -1
Grr = (xc)emo = 4V} : AR, GO = (hayp )ty = [M/B Way A *Wm} ,  (8.82)
3 3

Next we can consider the comparison of the kinetic terms for the scalars ¢* with the reduction of
the four-dimensional vector kinetic terms. In this way we find that the coupling function f is given
by

fCij = (1" gi)e=0 = Vi/gCijb? Ra75777¢€7¢b7 : (8.83)
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Similarly the reduction of the potential for the four-dimensional theory may be compared with the
general three-dimensional N = 1 result (8.15)) from which we find (8.73) where the function F is
related to the function F', which determines the potential of the quotiented Calabi-Yau reduction, by

F = (rF)eco = (eKF/z/Y Re(Q) A G4>£g . (8.84)

where K¥' = —2log V), — log fy4 Q A Q. Finally we note that by comparing the fermionic couplings in

the reduction of (8.71]) with (8.14]) we find (8.74)).

In the preceding analysis we did not include charged matter. Clearly, in a general F-theory
compactification with fluxes chiral matter will be part of the four-dimensional massless spectrum.
This matter can become massive when dimensionally reduced on an interval if the scalars qb{') get a
vacuum expectation value. This implies that these have to be integrated out in the three-dimensional
low-energy effective theory. We have already seen this mechanism at work in six dimensions in the
previous chapter. It is also present in the context of F-theory on elliptically fibered Calabi-Yau
fourfold. In this case chiral matter generates one-loop corrections to the Chern-Simons terms of the
three-dimensional N' = 2 action [137, 140, 114], in very much the same spirit as what happens in five

dimensions, see chapter [0

Since we are now considering a three-dimensional A/ = 1 action the appearance of quantum effects
due to massive states will be different. In particular we expect that part of the three-dimensional

potential F' will admit a one-loop term
Fo Fclass _}_Flfloop ) (885)

This classical term will lift to the four-dimensional superpotential in our simple configurations
with only one unbroken non-Abelian gauge group. The one-loop term can be obtained by considering
the general Spin(7) potential F with , imposing that up-lift conditions , and keeping the
term that vanish in the limit € — 0. This leads to the identification

plloop L 1y=2 | INING=VTleye (8.86)
4
It would be very interesting to check this match for an explicit example by computing both the general

one-loop contribution in field theory and the flux intersection ©;; of the form ([8.23)).

8.5 Quotients in the weak-coupling limit

In this section we discuss the realization of Spin(7) geometries as quotients of elliptically fibered
fourfolds in the Sen’s weak-coupling limit introduced in section In particular we analyze the
impact of the holomorphic quotient associated to Sen’s limit on the Spin(7) geometry. We will be thus
able to establish an explicit connection between the Type IIB orientifold action and a Zs symmetry
acting on the M-theory geometry. This information will allow us to address the problem of Dirichlet

scalars in the interval uplift raised in section [8.4.1
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8.5.1 Sen’s limit and the antiholomorphic quotient

Sen’s limit has been introduced for a general elliptically fibered Calabi-Yau (n + 1)-fold in section
all results quoted there can be applied to the present situation. For our present purposes it is
convenient to manipulate the Weierstrass equation in the patch z # 0, given in (5.22)), as follows. In

the limit C' — 0 equation (5.22)) is conveniently rewritten in terms of the new coordinates
r=hi, y=h3j, (8.87)

where h is the polynomial on the base that encodes the position of the O7-plane in Sen’s limit, see
(5.38)) and (5.41). Indeed, (5.22)) reformulated in terms of Z, § reads

P =332, (8.88)

which is manifestly independent of the base coordinates.

The harmonic one form of the torus €y = df is given in terms of these rescaled coordinates

by @ = hfé%. The OT7-action may then be seen by moving once around h = 0 and noting that
Q1 — —€4. The Calabi-Yau threefold Y3 which is present in the weak-coupling limit is then the double
cover of the base B3 such that €2; becomes single valued. This can be made more explicit as follows.
Recall from section [5.4| that the Calabi-Yau threefold Y3 is described by introducing a new coordinate

¢ and a new equation , which we record here again for convenience,
Ys :62=h. (8.89)
Recall also that the holomorphic orientifold involution is given by
on:Ys =Yy, £ -, (8.90)

and has O7-planes at the fixed points given by h = 0. Formally lifting €2; from the base to its double
cover Y3 we may then write Q1 = 2 and see the consistency of the O7-monodromy action Oy — —Q4

3
with the map £ — —&.

Next we observe that we can write 7 as 1 = dz where z is the complex coordinate of the
torus. If the two independent one-cycles of the torus are denoted A and B with corresponding real
coordinates r4 and xp, then the complex coordinate z reads z = x4 + 7xp, with 7 the complex
structure parameter of the torus. This shows that the action of the holomorphic involution
induces a reflection Rap of the coordinates of the A and B cycles given by (z4,2p) — (—xa, —xpB).
This formal geometric action on the the torus coordinates encodes the intrinsic parities of the Type

IIB fields under the orientifold involution.

As a further step we study these effects in a setups in which the Calabi-Yau fourfold is also
quotiented by an antiholomorphic involution ¢. By considering the action of the different involutions
on the ambient space of the fiber and demanding the invariance of the polynomial which defines the

Calabi-Yau fourfold we can deduce the action of o on the Weierstrass coeflicients and the functions
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which appear in the weak-coupling limit. We have already formulated suitable conditions on f and g
in (8.11). When Sen’s limit is considered these are supplemented with

hop) = }TP , Nop(p) = Tp » Xog(p) = Xp » (8.91)

where p is an arbitrary point on the base Bs. Note that we do not have a rigorous proof that (8.11])
and (8.91)) must always be satisfied in order to ensure compatibility between the fibration structure
and the antiholomorphic involution. Nonetheless, we have found this to be the case in all examples

we have constructed using simple involutions on hyper-surfaces in toric ambient spaces.
We now introduce an antiholomorphic involution
Oan : Y3 — Y3, (8.92)

induced by o. However, we must note that the action of og on h does not uniquely determine the
action of o, on & which can either be & — € or € — —¢. Both choices are related by oy, given in
and without loss of generality we can choose o,y to act as & — 5 . As a consequence the action of o,y
on the uplift of € is given by Q; — Q;. Writing Q; in terms of 4 and 3 and combining the action
of the two involutions oy and o, on 1 and 7 we find the corresponding actions Rap, R4, and Rp
on the coordinates (z4,xp) of the A and B cycles. The set of combined quotients in the weak limit

may then be summarized by

on: (ui, &) = (ui, =€) Rap: (za,zB) = (—x4,—2xB),
Oah : (ulaf) - (O-B(ui)ag) ) Rp: (‘/EA’mB) - (:E/b _:EB)a
onoan ¢ (ui, &) — (op(u), =€) , Ry: (xa,xB) = (—xa,zB), (8.93)

where u; denote collectively the coordinates on the base space B3 and each line lists the action on
Y3 along with the formally induced reflection on an auxiliary 72. By considering the form of these
quotients we see that o}, and o, always commute on bosons and that the dimension of the fixed space
of o, in Y3 is always the same as the dimension of the fixed space of the product opo,,. We note
that in the case (b), in which op has a one-dimensional fixed space, the orbifold singularities of Bs
must also be up-lifted to the double cover Y3. One can analyze these singularities in local patches

analogously to the description given in section [8.2.2

8.5.2 Intrinsic parities of Type IIB fields from M-theory

Let us now investigate how the geometric reflections R4, Rp, and Rap in (8.93)) can be translated
into intrinsic parities of Type IIB fields associated to the corresponding geometric actions oy, 0,1, and
onoan. Recall that M-theory/F-theory duality predicts that the B-cycle is identified, after T-duality
to Type IIB, with the fourth direction of spacetime that grows large in the F-theory limit, which
will be denoted z3. Furthermore, we need the results , , and derived in section
studying the duality between M-theory on a torus and Type IIB on a circle. By means of the usual
adiabatic argument we can extend the validity of those relations to a non-trivial fibration of the torus

over the base space Bs.
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Type IB  Q, (-1)f R3(-1)ft  R3Q, M-theory Rap Rp Ra
¢ + + + gAA + + +
G + + + Guv + + +
Gu3 + - - CuaB + - -
g33 + + + 9dBB + + +
B - + - Cva - + -
Bys - - + 9guB — - +
Co + - - 9AB + - -
Cuv - - + Cuvp - - +
Cus - + — guA — + —
Cluvps + + + Cuvp + + +

Table 8.1: Summary of all components of bosonic fields of Type IIB with parities under the transfor-
mations Q, (=), R3 (—)f%, and R3 Q. For each component the M-theory origin is provided together
with its parities under the transformations R4p, Rp, and R4. By slight abuse of notation indices p,
v, p refer both to the three external non-compact directions of spacetime and to the internal directions
along the base space Bs. On the Type IIB side the index 3 refers to the direction that grows large
in the F-theory limit. On the M-theory side the labels A, B denote components along the A- and
B-cycle of the torus, respectively. The former is the M-theory circle, the latter is the T-duality circle.
The components C,,,s of Cy4 in Type IIB are not listed in the table as their are not independent by
virtue of the ten-dimensional self-duality constraint .

Let R3 be the reflection of the 23 direction on the Type IIB side of the duality. We then have the

following correspondence:

M-theory Type IIB
Rap < Qp (=Dt (8.94)
Rp & Ry (=1t )
Ry > R3 Q)

To prove this correspondence we record in table all components of Type IIB bosonic fields together
with their M-theory origins, inferred from , , and . As we can see, computing the
parity of all the Type IIB components using the Type IIB actions Q, (=), R3 (=)F2, R3Q, gives
exactly the same result as computing the parity of the associated M-theory fields under the reflections
Rap, Rp, Ra. This observation will be the starting point of our detailed analysis of Type IIB setups

originating from the weak-coupling limit of quotient Spin(7) manifolds.

8.5.3 Remarks on the geometry of fixed loci in M-theory

It is interesting to comment on the M-theory background that corresponds to the weak-coupling limit
we have described. Clearly one could compactify M-theory on Zg directly and should recover the
above weak-coupling setup as a specific limit in the geometric moduli space. However one may instead

follow the prescription above by first going to the Sen limit of Y; and then considering the additional
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quotient by o. Having done this we will then take a further limit in which the M-theory circle becomes
small and may then consider the set of effective quotients in Type ITA. The local geometry near the

fixed points of the various involutions can then be analyzed separately.

The holomorphic involution o}, has a four-dimensional fixed space on Ys. Cutting out a patch of
the two-dimensional space normal to this fixed locus and considering the T2 fibers over it we obtain

a four-dimensional space that is locally of the form
(84 x S5 x R?)/Z, , (8.95)

where R? represents the normal space on Y3 and S}l, 5}3 are independent cycles of the elliptic fiber
such that S is the M-theory circle and S}B is the circle along which one applies T-duality to go
to F-theory. Let us recall that the geometry of the normal space of a lifted O6-plane in M-theory
is asymptotically given by (S} x R?)/Zs, where Zs inverts all coordinates simultaneously. We may
then infer that signals the presence of an O6-plane localized at a point along the circle S}.
This result is well known and is consistent with the fact that in Type IIB the holomorphic action is

associated with the presence of O7-planes in the geometry.

Similarly we can consider the fixed-point sets of the antiholomorphic involution. In doing this
we will focus on case (a) where the fixed space of op is three-dimensional. It is then convenient to
combine the actions o, and o0, with the induced reflections Rg and R4 to form the products
o.nR4 and oo, Rp. The normal space to the fixed-point sets of these total actions is locally given
by

(SE xR3)/Zy and (S} x R3)/Z, , (8.96)

respectively. The corresponding Type IIA objects are then given by a six-dimensional orbifold plane
Orbb and a O6-plane that wraps the Sjg cycle. We will comment on this setup in more detail in the
next section. One can also perform this analysis for the case in which op has a one-dimensional fixed

space. The objects that arise in this situation will be discussed in section [8.6.3]

8.5.4 More on Dirichlet scalars

In section we have pointed out the ambiguity in the interval uplift related to the possibility of
adding four-dimensional scalars with Dirichlet boundary conditions without affecting the low-energy
theory for three-dimensional zeromodes. We can now revisit this issue from the perspective of the

antiholomorphic quotient o, of the Type IIB weakly coupled setup.

To begin with, note that the interval is realized by taking the coordinate 3 of the circle that grows
large in the F-theory limit and acting with the Zs-action R3 : 2% — —23. Its fixed points are mapped
to the endpoints of the interval. When the interval is realized as S'/Zy in this way, a scalar with
Dirichlet boundary conditions is equivalent to a scalar that has an intrinsic negative parity under the
action of Rj3, or an R3-odd scalar for short. The use the terminology Rs-even scalar for scalars that

have intrinsic positive parity.
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After this preliminary remark we can analyze the uplift of the three-dimensional action for Kéahler
and complex structure moduli in turn. This will establish a match of the three-dimensional Spin(7)
moduli with the R3-even scalars of the four-dimensional theory. Let us start with the Kahler moduli.

In Type IIB language these are given by

Ta:;!/ waAJ§+i/ wa A Cy . (8.97)
Y3 Y3

This expression is the analog of (8.36]) but now w, and .J;, are understood as (1, 1)-forms on the double
cover Y3 of the base Bs. Recall the split introduced before (8.55)) of H?(Bj3) that translates into a split

of H?(Y3) into positive and negative subspaces under the action of the antiholomorphic involution oy,.

As a result of the formal relation o} (B3) = —Bs, which can be uplifted to ¢} (Y3) = —Y3, an
expression of the form fy3 A survives the o,,-projection only if Ag is negative under o7, . As far as
Re T, is concerned, we can use the results of section [8:3.3}—uplifted to the double cover Ys—to infer
that

0 (Way ANJ2) = 4wa, NJE, o (Wa AJD) = —wa, AJE . (8.98)

In order to analyze Im T, geometric data must be supplemented by the intrinsic parity of the Type
IIB four-form C4 under o,;,. From the results of sections and we know that the geometric
action of o, on Y3 must be accompanied by the reflection Rp in the auxiliary T2. The latter reflection
is in turn equivalent to R3(—1)f% in Type IIB language. The intrinsic parity we need is determined

by the (—1)Fr factor, so it is negative for Cj. As a result we have effectively

Ton(Way NCy) = —wa, NCy Oap(wa_ ACy) =4wa_ ANCy . (8.99)
In summary, we find

R3-even: ReT,_, ImT,, , R3-odd: ReT,,, ImT,_ . (8.100)

As anticipated above, the Rs-even scalars match exactly with the three-dimensional moduli that

survive the o quotient on the Calabi-Yau fourfold Yy on the M-theory side.

Let us now turn to complex structure moduli. From a Type IIB perspective they correspond to
complex structure moduli of the threefold Y3, D7-brane moduli, and the axio-dilaton. The action of

the antiholomorphic involution o,;, on Y3 is such that
01,30 = 20 Q3.0 (8.101)

This is completely analogous to the corresponding o-action on the fourfold Y;. Imposing
one infers that the Rsz-even complex structure moduli span a real subspace of the four-dimensional
N = 1 moduli space. With similar arguments it is possible to check the correspondence between
three-dimensional Spin(7) moduli and four-dimensional Rs-even moduli related to D7-branes and the

axio-dilaton.

It is important to highlight the generic presence of R3-odd scalars. Such scalar degrees of freedom

cannot have a constant non-vanishing profile along the 23 direction, and therefore do not correspond
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to moduli in the four-dimensional theory. From a four-dimensional perspective on a finite interval
such scalars arise only as massive excitations. In conclusion, we can state that the weakly coupled
Type IIB picture suggests that the four-dimensional moduli, which are Rs-even, are in one-to-one
correspondence with the Spin(7) moduli in the three-dimensional action (8.46]). The interpretation of
the Rs-odd scalars is instead related to M2-brane states. We will comment further on this issue in

section [R.6.4]

8.6 Weak-coupling setups

In this section we introduce Type IIB and Type ITA string theory setups that can arise in the weak-
coupling limit of the geometries introduced in section In subsection [8.6.1] we first discuss the
case in which the fixed-point locus of op is three-dimensional, i.e. the case (a) in (8.7). We find that
the Type IIB setup contains O5-planes and exotic orbifold five-planes. The case of a one-dimensional
fixed-point set of o, case (b) in , is discussed in section This yields exotic orientifold three-
planes and orbifold three-planes that we describe in detail on a torus background. In both setups our
strategy is to start with a proposed Type IIB setting and then stepwise translate the objects which
appear into the T-dual Type IIA setting and finally to the geometry of a Spin(7) manifold. That the
unusual objects that we have identified preserve mutual supersymmetry in both setups can be checked
explicitly in torus examples as shown in section Collecting these insights we then comment on

the supersymmetry restoration in the large interval limit in section [8.6.4]

8.6.1 Weak-coupling setup with five-planes

The first setting under consideration is obtained by examining Type IIB on the background
MEB = (R} x ST x v3)/G (8.102)

where RY? is three-dimensional Minkowski space, Y3 is a Calabi-Yau threefold, and the symmetry

group G is generated by the transformationﬂ
O1 = Qpop (12, Oy = Rz o, (1)L . (8.103)

Let us remind the reader that €2, and F7, are the world-sheet parity and the left-moving spacetime
fermion number and that R3 denotes the reflection of the coordinate z® along the S!' in (8.102).
This action turns the circle S! into the interval I = St /Zo. The geometric maps oy, and o,y are a
holomorphic and an antiholomorphic involution of the Calabi-Yau threefold Y3, respectively. Both are
demanded to be isometries and required to commute on bosons, as we discuss in more detail below.
Of course, this specific choice of Type IIB setup is motivated by the considerations of the previous
sections. In particular, the geometric actions oy, and o,y will be identified with the actions introduced
in and , while the stringy factors 2, (—1)fr are introduced according to our findings in
sections and

9We follow the conventions of [46].
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Since oy, is holomorphic its fixed-point set H,, is holomorphically embedded in Y3. In order to
connect to an F-theory setup we will demand in the following that H,, is complex two-dimensional.
This ensures that the fixed points of O are O7-planes extending along R%? x I and wrapping H, o TO
cancel the tadpoles induced by these negative tension objects the setup should also contain D7-branes
filling RY2 x I. The setting obtained by O; is known to arise as the weak-coupling limit of F-theory
compactified on a Calabi-Yau fourfold [235, [129], as we already recalled in section

The action of Oy is more unusual as it represents a geometric orbifold action combined with a
(—1)FL action. These sorts of exotic orbifolds have been studied in [236], 237, 238, 239, 240, 241]. Let us
note also that the presence of the reflection Rj is necessary in the Qs action, since an antiholomorphic
involution o,}, alone is a Pin-odd transformation and hence would not be a symmetry of the chiral Type
IIB string theory. In the following we demand that o, has a real three-dimensional fixed-point set
L,,, . The space Ly, is a special Lagrangian submanifold due to the properties of o,,. This implies
that the fixed-point set of Oz is real six-dimensional including the non-compact three-dimensional
spacetime RY2. The fixed points of Oy are located at the ends of the interval I. We call the resulting

fixed planes X5-planes and will describe their properties in more detail below.

The geometric actions oy, and o, are required to satisfy the properties
on Ry = Ry oy, oan Ry = (1)L TR Ry oy, onoan = (-1 R g0y, (8.104)

where the factor (—1)fZT % signals commutation on bosons and anticommutation on ten-dimensional

fermions. Under these assumptions one easily computes the algebra of operators O, Oy to be
0I=02=1, 0105 = 0,0 . (8.105)

Consistently quotienting out by O; and Oy implies that one has to also consider the fixed points of
the combined action
03 = 0102 = Qp Rg OhOah - (8106)

The fixed-point loci of this action O3 are O5-planes that fill RY? and wrap the three-dimensional
special Lagrangian fixed-point set L, o, 0Of 0, 0, in Y3. As with the O7-planes, these O5-planes also
induce a non-trivial tadpole that has to be cancelled. This requires us to include D5-branes into the

setup that fill R™2, localize on I, and wrap a three-cycle in Y3 homologous to L In the following,

OhOah*
we will consider only D5-branes directly wrapping Lg,,,. A summary of the objects that occur in

this setup can be found in table

This implies that the Type IIB weak-coupling limit contains the familiar orientifold planes as well as
X5-planes. The latter planes have been studied in detail in the literature [236, 237, 238, 239], 240, 241]
within a different context and given their prominent role it is worthwhile to recall their main features.
The X5-planes can be seen to be the S-dual of an O5-plane with a single D5-brane on top of it. Indeed,
since S-duality maps (—1)F L ¢ Q) in Type IIB we see that the orbifold action maps to that of an
O5-plane. The presence of the D5-brane on top of it can be inferred from tadpole cancellation and the
presence of a U(1) symmetry supported on the X5-plane which is the S-dual of the gauge symmetry
on the D5-brane. The U(1) is part of the twisted sector, which is most easily identified in the Type
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symmetry fixed object location tadpoles
O1 07 RY2 x I x H,, add D7
@) X5 RY2 x Ly, no tadpole
O3 05 RY2 X Ly, o, add D5

Table 8.2: Summary of the symmetry transformations acting on the Type IIB setup (8.102]), together
with the objects appearing at the associated fixed-point loci, and their location.

ITA dual that is just a simple orbifold as we discuss in more detail below. In fact the local orbifold
singularity was studied in a global compact setting which is the orbifold limit of a K3 (which is in
turn dual to heterotic on 7%). In this global completion, the U(1) is one of the 16 U(1)s arising from
the twisted sector of the K3 orbifold limit, or in the geometric regime from dimensionally reducing Cs

on one of the blow-up cycles and sits in a six-dimensional vector multiplet.

Having identified the weak-coupling objects in table we now note that they can preserve three-
dimensional N = 1 supersymmetry along R, Indeed, compactification on the setup before
performing the quotient with respect to G yields a theory with eight supercharges. This is reduced to
two supercharges by the presence of O7-planes, D7-branes, and X5-planes. The O7-D7 system does not
break supersymmetry completely because, in the simple case in which the D7-branes sit on top of the
OT7-planes, all these object wrap the holomorphic cycle H,, in Y3. In a similar fashion, the X5-plane
and the O5-D5 system do not break supersymmetry completely because they wrap special Lagrangian
sub-manifolds Ly, , Ls,0,,- Finally, mutual supersymmetry among these objects can be inferred by
noting that the calibration of the special Lagrangian sub-manifolds is adapted by construction to the
complex structure with respect to which H,, is holomorphic. We will check mutual supersymmetry
explicitly in the case of toroidal models in section [8.6.3

Let us now follow the various objects to Type IIA string theory and lift them to a geometric
Spin(7) setup of F-theory. Firstly, we T-dualize along the 23 direction, i.e. the direction associated to
the interval I = S'/Zy. The resulting Type ITA background is

MEA — (RY2 x S % V3)/G | (8.107)

where S1 is the T-dual circle and the symmetry group G is generated by the T-duals of @1 and Oy,
given by

O = Q,Rz o, (— )% | Oy = R3 0y, » (8.108)

respectively. We also record the T-dual of the combined action O3
O3 = Q01 7ap (1) . (8.109)
These expressions for the T-dual actions will be tested in the explicit toroidal model discussed below.

We realize that both @; and O3 are Type IIA orientifold involutions that admit O6-planes along
their fixed-point loci. On the one hand, the O6-planes associated to O7 span RY? and wrap the four-
cycle Hy, in Y3. On the other hand, the O6-planes arising from O3 span RY2 x I, where I = St /73 is
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the T-dual interval, and wrap the three-cycle Ly, . In contrast Og is simply an orbifold action on
the compact part of (8.107)). Its fixed loci are six-dimensional orbifold planes denoted by Orb5. The
fixed-point objects which appear in Type IIA are summarized in table [8.3

symmetry fixed object location tadpoles
O, 06 R“? x H,, add D6
O Orbb RY2 x L, no tadpole
O3 06 RY2 X T X Loy oo, add D6

Table 8.3: Summary of the symmetry transformations acting on the T-dual Type ITA setup (8.107)),
together with the objects appearing at the associated fixed-point loci, and their location.

In order to lift these quotients to M-theory we can make use of the correspondence

M-theory Type ITA
R11 < Q (=Dt (8.110)
C > Qp

where, on the M-theory side, Rj; is the reflection of the eleventh direction of spacetime and where
C is an involution that acts trivially on spacetime and reverses the sign of the three-form Cs. This
correspondence can be checked by testing the action on the M-theory side and on the Type ITA side
on all bosonic fields, in a similar spirit as what we have done explicitly in table to test . As
a consequence we discover that the quotients are descended from M-theory quotients which
act as

@{V[ = R3Rq1 0y , @éw = R30. , @é% = Ri1 010an - (8.111)

Identifying the 11 and 3 directions with the A and B cycles of the elliptic fiber respectively, these
quotients can then be matched to the quotients appearing in (8.93)).

For many applications, such as checking the supersymmetry properties of the setup in section[8.6.3
it turns out to be convenient to introduce the configurations on a six-torus 70 instead of Y3. Real
coordinates on the ten-dimensional background R%? x S x T are denoted by ™, m = 0,...,9. In the
internal space T they combine into complex coordinates z;, i = 1,2,3 as z; = % +iz5, 29 = 26 4+ iz”,
23 = 2% +i2Y. We implement the holomorphic involution o, and the antiholomorphic involution oy,
as

on : (21,22, 23) = (21, 22, —23) , Tah : (21, 22, 23) — (21, 22, 23) . (8.112)
Hence the actions (8.103)) take the form
01 = Qp Rgo (1) Oy = Rysro (1)1, O3 = Qp, R3s7s (8.113)

where R, denotes the reflection of the real coordinate 2™, and Ry, .my = Rm, - .. Rm,. This implies
that the extended fixed-point objects of O1, Os, and O3 = 010, are extended along the x™-directions
as listed in table 8.4l
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symmetry  fixed object 22|zt 2 2b 2T 2 2f
04 o7 X | X x X X
Oy X5 X X X

O3 =010, 05 X X X

Table 8.4: The location of the fixed-point sets of the Type IIB involutions (8.113]) are displayed in
coordinates 2™ for the toroidal model on R"2 x S! x T6. The symbol x indicates that the object fills

this dimension. In all other directions the objects are at fixed points.

We can now study the dual Type IIA picture obtained by T-duality along z3. The background is
M2! x S1 x T and the actions on this background read

O1 = Qp Ragg (1)1 Oy = Rasrg | O3 = Qp Rszs (—1)L (8.114)

In this toroidal model one can evaluate explicitly O; = 130,15 ! with T3 being the operator that
implements T-duality along the x% coordinate, using the rules collected in section [8.6.51 The fixed-

point loci of O1, Oy, and O3 extend along the real coordinates z°, !, z2, 3, 2%, ..., 2 as shown in
table [R.5
symmetry  fixed object Bt 25 2 2T 2 2P
O, 06 X X X X
@2 Orbb5 X X X
(7)3 =0, 0, 06 X | x X X

Table 8.5: The location of the fixed-point sets of the Type IIA involutions (8.114)) are displayed in
coordinates 2™ for the toroidal model on R"2 x S! x T6. The symbol x indicates that the object fills

this dimension. In all other directions the objects are at fixed points.

The M-theory lift of this toroidal Type ITA background is completely analogous to the general case
discussed in (8.111]). For the convenience of the reader we summarize the quotients and objects that
lie at the fixed spaces in table

Type IIB quotient Type ITA quotient M-theory quotient

O1 = QpRso(—1)FE (07) 01 = QpRsgo(—1)F  (06) onRap = Rasonl

Oy = Razro(—1)IT  (X5) Oy = Rasro (Orbb) oanRB = R3s79

0102 = QpR3578 (05) 01049 = Q,Rs7s(—1)" (06) onoanlRa = Rss11

Table 8.6: Summary of the symmetry transformations modded out in Type IIB, Type IIA and M-
theory in the case that op has a three-dimensional fixed space. The individual geometric actions have

been introduced in section
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8.6.2 Weak-coupling setups with three-planes

This section is devoted to the situation in which the fixed-point locus of the antiholomorphic involution
on the base manifold is one-dimensional. This is described by case (b) as shown in . In this case
the fixed locus of o,y sits on top of a Zs orbifold singularity of Y3. In the following we refrain from a
description of such setups for a general Calabi-Yau threefold, and rather discuss directly the toroidal
model. This allows us to identify the localized objects that appear in the weak-coupling limit and to

study in section their mutual supersymmetry properties in a controlled way.

The Type IIB background we analyze is obtained starting from R? x S! x T%/Z, and taking the
quotient with respect to the symmetry group generated by the transformation O; defined in (8.113])

and by the new transformation (52, where
O1 = Qp Rgo (1) | Os = Rasrg H (—1)T (8.115)
and where H denotes the holomorphic action
H : (21, 29,23) = (22, —21, 23) . (8.116)

In this toroidal model the patch U described in ({8.8)) is extended to cover the whole of the internal space
so that the (21, 22, z3) coordinates that we describe are identified by p : (21, 22, 23) — (=21, —22, 23).

The presence of the factor R3 inside (52 gives rise to the interval I = S'/Zy exactly as in the
previous sections. However in this case the action of (52 is not directly an involution on the (z1, 22, 23)

coordinates. Rather the algebra satisfied by Oy, O, is given by
0?=1, O3=1, 010, =0,0 , (8.117)
where the operation @% reproduces the identification p = Rys67.

The full symmetry group acting on the (21, 22, z3) coordinates of the covering T then consists of

the set of transformations
{1, O1, O, 02, 03, 0, 0y, 0, 02, O, (5:}} (8.118)
with actions summarized in table [8.8] To each non-trivial element we can associate a localized object,
as follows.
e (J1: this involution is associated to O7-planes exactly as discussed in the previous section.

e Oy: this transformation contains the factor (—1)f2 and admits a fixed-point locus that is real
four-dimensional, fills R12, and is localized at the endpoints of the interval. We call the associated

objects X3-planes.

. @% as mentioned above, this is a standard Z, orbifold action. Its fixed-point locus is six-
dimensional, fills R? and the interval, and will be denoted by Orb5.
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53: this transformation gives another X3-plane that lies on top of the X3-plane associated to

O,. These two X3-planes are identified under p.

01 O,: this action contains a factor 2, but its geometric part squares to the identity only up
to the Zy orbifold action. The associated fixed-point locus is four-dimensional, fills R"?, and is

localized at the endpoints of the interval. We refer to the associated objects as XO3-planes.

O (5% : in this case we have a factor O, (—1)f7 and the geometric action squares to one without
invoking the Zs orbifold. We thus find standard O3-planes.

O (55’ this action gives another XO3-plane that is located on to of the XO3-plane at the fixed
points of O @2. These two XO3-planes are identified under p.

The fixed spaces of these quotients and the objects that lie at them are summarized in table

symmetry fixed object 20 2t 2?23 |2t 2® 28 2T 28 2P
01 o7 X X X | X | x x x X
0, 02 03 X X X | X
@5 Orbb X X X | X X X
Oy & @g’ X3 X X X X
o (52 & 04 (55’ X03 X X X X

Table 8.7: Localized objects in the Type IIB setup with involutions O; and (52 are displayed in
coordinates ™ for the toroidal model on R2 x S! x T6. The symbol x indicates that the object fills
this dimension. In all other directions the objects are at fixed points.

Let us note that the X3-planes encountered here are the analogs of the X5-planes of section
8.6.1, since they arise from an orbifold action dressed with an additional (—1)f% factor. However,
the X3-planes can only exist if they are confined to lie within the Orb5 locus of the @% action. A
natural conjecture for the S-dual of an X3-plane appears to be a system of XO3-planes, as introduced
above, with suitable localized three-branes to cancel the tadpole. It would be desirable to study these

configurations in more detail.

Having described the Type IIB setup we can apply the rules of section to determine the T-
duals of all actions listed above. The M-theory uplifts are then inferred by using . The resulting
Type IIA actions and the objects that lie at their fixed points together with M-theory symmetries are
summarized in table One can then make contact with the discussion of section by matching
the A and B cycles with the 11 and 3 directions, respectively.
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Type IIB quotient Type ITA quotient M-theory quotient
01 = QuRe(—1)T  (O7) 01 = QpR3s9(—1)Fr (06) owRap = Rasont
02 = Ryser (Orbb) (5% = Ryse7 (Orbs) p = Raser
01 03 = Q Ruserse(—1)™ (03) Oy 65 = O Raase7s0(— 1) (02) onpRap = Raasers911
O, = RssroH (1)1 (X3) 62 = Rasrg H (Orb3) oanlp = RasroH
0% = RaasoH(-1)T=  (X3) 65’ = Raaeo H (Orb3) anplp = HaagoH
0,0y = Q, Rysrs H (X03) Oy 0y = QR H(—1)Fr (XO4) onoanRa = Rersin H
0,03 = QRssH ~ (X03) 0,03 = QRigsH(-1)"r (XO4)  opownpRa = RugsuH

Table 8.8: Summary of the symmetry transformations modded out in Type IIB, Type ITA and M-
theory in the case that op has a one-dimensional fixed space. The individual geometric actions have
been introduced in section

8.6.3 Mutual supersymmetry in toroidal setups

This section is devoted to the study of the mutual supersymmetry properties of the localized objects

introduced in the above sections [8.6.1] and [8.6.2 Our analysis will be simplified by considering the
torus setups of table and table As a result, we do not perform any additional orbifold

quotient and we rather let Y3 be a simple six-torus, even though this implies a bulk sector with 32 real

supercharges. These arguments therefore do not prove the supersymmetry of the setups with more
complicated geometries. However, they do demonstrate that the unusual objects that we describe do
not automatically break supersymmetry completely either on their own or when combined with the
other sorts of fixed objects we consider.

Let us first study the setup of section with weak-coupling objects listed in table We
also expect that these localized objects do not break supersymmetry completely, since the for any
pair of them the number of different Dirichlet/Neumann directions is a multiple of four. This is a
general observation for localized objects intersecting at right angles proven for instance in [46]. As
a warm-up for the more involved case of section we discuss a more explicit way to infer that
this setup preserves a finite amount of supersymmetry. To this end, it is useful to combine the two
ten-dimensional supersymmetry parameters into an R-symmetry doublet ¢ = (er,eg)", where the
subscripts L, R refer to their world-sheet origin. Operators O; are represented as elements of the
tensor product of the R-symmetry group with Spin(1,9). One has

01 =i0® @ A(Rgg) , Oy = —0> @ A(R3s79) , 03 = io® @ A(Rss7s) , (8.119)

where the ¢’s are Pauli matrices, and A(M) denotes the Spin(1,9) element associated to M € SO(1,9).

3

Note that €1, is realized as ol while (—1)L corresponds to —o3. Supersymmetry is preserved if a

non-vanishing solution € is found to the equations

Ore=ce€, Ore=c¢. (8.120)
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The analogous condition with O3 is not independent. These equations can be studied explicitly

recalling that A(R,,) = iI'T,, in the light-cone formalism. One indeed finds that the operator
)\1(01 - ]1) + )\2(02 — ]l) (8.121)

has a non-trivial kernel of relative dimension 1/4 for Aj, Ay € C. Taking into account that €1, €r
are Majorana spinors, we have proved that the toroidal setup under examination preserves 8 real
supercharges. This may then be further broken if the torus is replaced by a Calabi-Yau threefold. Note
also that the representation can be used to check explicitly the algebra on fermionic
fields.

With this preparation we can now also analyze the setup introduced in section [8.6.2l The mutual
supersymmetry properties of the localized objects listed in table can be studied explicitly by
representing the actions of @7 and (52 on the ten-dimensional supersymmetry parameters. We do not

need to consider all other symmetries since they are generated by O; and @2. The action of O was
given in (8.119)). The action of (52 reads

Oy = —0° ® A(Rss70) A(H) | (8.122)
where
A(R3579) = I'3579 , AH) = %(]l —Tu6)(1—T57) - (8.123)
We can thus study the operator
A (O — 1) + X2(05 — 1) (8.124)

and show straightforwardly that, for A\, A2 € C, it has non-trivial kernel of relative dimension 1/8,
thus proving that our toroidal setup preserves four real supercharges. Note that in this setup the
Dirichlet /Neumann direction rule is not applicable, since we have an orbifold action and the geometric
transformations under examination do not just consist of reflections. Let us stress again that the
amount of preserved supersymmetry will decrease further when replacing the torus by a Calabi-Yau
manifold. It would be interesting to investigate the rules for this breaking in this more general

situation.

8.6.4 Large-interval limit and supersymmetry restoration

In this section we discuss some properties of the Type IIB setup described above in the limit in which
the size of the interval I is sent to infinity. More precisely, we focus on the resulting four-dimensional
low-energy effective action and we argue that, for any observer in the bulk of I, such a theory is
indistinguishable from the four-dimensional N' = 1 effective theory obtained by quotienting Type I11B
with respect to O; only.

In order to simplify the discussion we suppose that the quotient under the action of G generated
by Op and O, is performed in two steps. In particular, we consider first the quotient under Qs and

later implement 1, since the latter does not affect the following arguments. We are interested in
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the dynamics of excitations with wavelength much larger than the typical size of the internal space
parametrized by coordinates x?, ..., 2. This size, in turn, is supposed to be large compared to the
string scale. As a result, the only states that become light as the interval I decompactifies are states

with no winding and with non-vanishing Kaluza-Klein mode along x> only.

Such states are conveniently packaged into four-dimensional fields depending on 2V, ..., z? and

satisfying Dirichlet or Neumann boundary conditions at the endpoints of the interval. More precisely,
invariance under 2 implies that expansion of the massless fields of Type IIB supergravity onto
positive and negative cohomologies of Y3 under o, yields four-dimensional fields with definite parity
under reflection of z3. As already noted in section fields with negative parity satisfy Dirichlet
boundary conditions at the endpoints of the interval and for finite interval size cannot be accessed in
the low-energy theory, because they always carry at least one unit of Kaluza-Klein momentum along
the direction of z3.

When the size of the interval becomes much larger than the typical wavelength of the excitations
we want to study, however, the states associated to four-dimensional fields with Dirichlet boundary
conditions become accessible again to the low-energy dynamics. This implies that we can excite
fluctuations of all four-dimensional fields, irrespectively of their parity under reflection of x?’m We
are thus led to argue that in the limit of infinite interval I the low-energy four-dimensional effective
action is the same as the one that would be obtained without performing the quotient with respect
to Oy. Thus, in this limit the group G effectively reduces to @7 only, and we have a Calabi-Yau
orientifold that yields a four-dimensional N' = 1 effective action.

We conclude this section with a short remark about the Type ITA interpretation. The Kaluza-
Klein states that become light in the limit on the Type IIB side correspond to winding states on the
Type IIA side. Kaluza-Klein states of a four-dimensional field with Neumann or Dirichlet boundary

conditions at the endpoint of the interval have the schematic form
|,ng = N,ws =0) £|¢p,n3 = —N,w3 =0) , (8.125)

respectively. In this expression ns, ws are the Kaluza-Klein level and winding in the 2? direction,
N € Z, and v is a shorthand notation for the oscillator structure of the state. T-duality along z3
maps such a state to

|, g = 0,03 = N) £ |[¢,ng = 0,03 = —N) , (8.126)

where 713, 13 denote Kaluza-Klein level and winding along the T-dual coordinate 3.

In the uplift to M-theory it is natural to presume that one finds a linear superposition of M2-
brane states with opposite winding on the two-torus spanned by #3 and the M-theory circle z'!. The
presence of such M2-brane states might help to explain how the moduli space of the Spin(7) manifold
with vanishing fiber can be enhanced to the moduli space of the Calabi-Yau fourfold with vanishing
fiber. In particular, this requires a complexification of the real Spin(7) moduli space to form a Kéhler

manifold.

10 Strictly speaking, only Neumann fields can have a constant VEV. For a Dirichlet field the allowed profile with the
minimum energy is of the form sin(x?/r), where 7r is the length of the interval, and can be considered approximately
as a constant VEV in a sufficiently small region in the bulk of the interval.
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8.6.5 Some reference formulae

In the previous sections we have described several quotients which are built from a set of fundamental
symmetry actions. Let us now collect some reference formulae that are useful for checking many of
the results quoted before. The basic building blocks of all symmetry actions we have analyzed in the
toroidal setups of sections [8.6.1| and [8.6.2] are Qp,, (—1)f%, and R, m, = Rm, ... Rm,, where Ry,

describes the parity inversion ' — —a™. These satisfy the algebra

=1, Ry, =1, (-)fr)? =1,
Qp(-1) = (~1)"FQy , QR =Ry, Ru(-1)" = (1) Ry
Ry Ry = (—1)*™RR R, if n#m, (8.127)

where Fg is the right-moving spacetime fermion number. Let us mention a subtle point. Defining R,,
as a parity inversion implies a definition of the action of R,, on fermions that is only unique up to a
phase. Here we have made a choice to discuss R2, = 1. This convention is appropriate for the way we

describe Op-planes and is consistent with the conventions of [46HE|

It is also useful to collect the transformation properties of these actions under T-duality,

Tm(*l)FLTrzl = (*1)FL ) TmeTntbl =Ry,
TR Tyt = Ry TR, T, = Ro(—1)fT if n#m, (8.128)

where T, represents T-duality in the m direction. Finally, let us record the uplift of these actions
from Type ITIA to M-theory,

Ry — Ry (-1t - RyiC, Q—cC. (8.129)

Recall that Rj; is the inversion of the M-theory circle and C acts by reversing the sign of the M-theory
three-form Cs.

8.6.6 Comments on charged matter

The effective action derived in section does not furnish an explicit description of the charged
matter spectrum of F-theory on the class of Spin(7) manifolds under consideration. This is related to
the general difficulty, already pointed out in section that charged matter becomes massive after
the gauge group is broken to the Coulomb branch and is thus automatically integrated out on the
M-theory side of the M-theory/F-theory duality.

To get information about charged matter we can alternatively start looking at the weak coupling
limit of our F-theory setup. One can engineer charged matter by means of intersecting D7-branes
that wrap holomorphic cycles in the threefold Y3 and have (1,1)-type world-volume flux to ensure

the presence of four-dimensional chiral fermions. We refer the reader to e.g. [L06] for a review. As

" Other conventions can lead to RZ, = (1)t +Fr,
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we have seen, the crucial new ingredient is the antiholomorphic involution o}, combined with the

transformation R3 to have a symmetry of Type IIB.

We can specialize further and consider a point in moduli space in which the Calabi-Yau threefold
Y3 is realized as a toroidal orbifold. In this toroidal setups the embedding of D7-branes is described
by one linear holomorphic equation for the flat complex coordinates of the torus. Information about
the charged matter spectrum can be obtained by first principles, by quantizing open strings stretching
between D7-branes. We can make some general remarks on the interplay between holomorphically
embedded D7-branes and the antiholomorphic involution. First of all, the image branes are also
holomorphically embedded, if the antiholomorphic action is linear in the flat coordinates of the torus.
Second of all, the world-volume flux of an image brane is still of (1,1)-type, but its sign is reversed
compared to the original brane. These considerations imply that if we start with a supersymmetric
setup that contains only holomorphic branes with (1,1) fluxes, these features are not spoiled by the
introduction of image branes under the antiholomorphic involution. Any intersection of any two branes
or image branes possesses at least one complex massless scalar. Of course, one has to take into account
the projection onto invariant states to determine if supersymmetry is actually present, or if different

number of bosonic and fermionic massless states is projected out.

It is possible to argue that the robust features of the charged matter spectrum are insensitive
to the details of the full compactification setup, and only depend on the local geometry around the
intersection of the two D7-branes. This can be effectively described by looking at a non-compact
model with flat D7-branes in R'3 x C3. It captures the neighborhood of a fixed locus on the base Bs.
Therefore the antiholomorphic action ¢ in local coordinates can be taken to correspond for instance
to case (a) or case (b) discussed in section If o, does not square to the identity, its square is
included as an additional holomorphic orbifold action, in such a way that 0}21 = 1in the quotient space.
It is possible to perform explicitly the projection onto invariant states for the two linear actions of
cases (a) and (b). One can then compare the result with the purely orientifold projection without the
antiholomorphic involution oy, and without R3. We refrain from a detailed account of the computation,
and rather state our findings. For both case (a) and case (b) the same number of bosonic and fermionic
degrees of freedom survives the projection. This signals that the charged matter spectrum is N' = 1

supersymmetric also after the antiholomorphic orbifold action is taken into account.

It can be checked that, irrespectively of the position of the D7-branes and their images under
the action of oy, no open string state can be invariant under the action of oy, R, but rather that
open string states are always swapped in pairs. This seems to prevent an undemocratic truncation
of the spectrum in such a way that the same number of bosonic and fermionic degrees of freedom is
obtained. This general feature can be related to a mismatch between holomorphic embedding and
antiholomorphic involution. On the one hand, charged matter is localized at the intersection of two
D7-branes, which is a complex one-dimensional holomorphic subspace of the internal six-torus. On the
other hand, the fixed locus of the antiholomorphic involution is either a real one-dimensional subspace
(see case (b) in section , or a real three-dimensional subspace incompatible with the holomorphic
structure (see case (a)). It is therefore impossible to have the intersection inside the fixed locus of the

antiholomorphic involution.
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In light of the supersymmetry restoration in the bulk sector argued in section [8.6.4] these findings
about localized charged matter are not surprising. In the decompactification limit we therefore expect
the full four-dimensional action—bulk fields and charged matter—to be N’ = 1 supersymmetric. Let
us point out that there are many other interesting open questions that can be addressed in toroidal
models. For instance, it might be possible to relate closed string twisted sectors of the antiholomorphic
orbifold action to resolution modes of the Spin(7) geometry. This might shed some light on geometries

for which no resolution can be found in the mathematical literature.
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CHAPTER 9

Five-dimensional Chern-Simons terms at one loop

This chapter is devoted to a purely field-theoretical problem: the determination of the one-loop
corrections to Chern-Simons levels in five-dimensions. Our findings extend known results in the
literature [242] 211] by considering not only the corrections due to massive spin-1/2 fermions, but
also to massive spin-3/2 fermions and so-called massive self-dual tensors. The latter are defined in
section [0.2] and their importance for the study of tensor theories in six dimensions will be discussed
at length in chapter The results of this chapter can find applications both in five-dimensional and

in six-dimensional contexts. Some examples are provided in chapter

9.1 An exception to the decoupling paradigm

As we have briefly recalled in the introductory section the derivation of a Wilsonian low-energy
effective action amounts to integrating out all excitations beyond a chosen cutoff energy scale and
obtaining a theory with modified couplings for the remaining degrees of freedom. The corrections to
the low energy effective action obtained by integrating out massive fields are organized in an expansion
in the inverse mass scale. In the limit of large cutoff scale corrections are typically strongly suppressed
and can be neglected. In this case all modes with masses above the cutoff scale become effectively
non-dynamical and can be decoupled from the theory. This is the subject of well known results in

quantum field theory, such as the Appelquist-Carazzone-Symanzik decoupling theorem [243].

This reasoning, however, breaks down for certain types of couplings. Four-dimensional examples
are furnished by Goldstone-Wilczek currents [244] and Wess-Zumino terms [245] generated by inte-
grating out a fermion that becomes massive via Yukawa coupling to a scalar that gets a non-vanishing
VEV. They are independent of the fermion mass and have to be included in the low-energy effective ac-

tion even in the limit in which it is taken to infinity. The couplings we will study in this chapter—gauge
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and gravitational Chern-Simons couplings in five-dimensional theories—exhibit similar features.

The five-dimensional quantum field theories under consideration will propagate both massless
and massive degrees of freedom. As mentioned above, we will study the effects of massive spin-1/2
fermions, spin-3/2 fermions, and self-dual tensors. The underlying common feature of these fields is
parity violation: their Lagrangians, discussed in section are not invariant under parity[] In
particular, fermions induce parity violation through their mass terms, while tensors violate parity via
their kinetic term. Let us stress that the latter is of a non-standard form and is different from the

kinetic term for massless tensors in five dimensions, which are dual to massless vectors.

The massive fields are minimally coupled to a massless U(1) gauge field A with field strength F'.
We aim to derive the corrections to the gauge Chern-Simons term A A F' A F' and the gravitational
Chern-Simons term A A tr (R A R), where R is the five-dimensional curvature two-form, induced by
integrating out all massive fields. As we will demonstrate, after appropriate overall normalization each
of the massive fields yields an integer contribution to the quantum-corrected Chern-Simons couplings.
This is consistent with the topological nature of the Chern-Simons couplings that implies that their
prefactors are quantized and turn out to be independent of the mass scale of the fields that are

integrated out.

The effect we are interested in is one-loop exact, as argued in section [9.2] Indeed, it can be
interpreted as a parity anomaly matching in five dimensions, as follows. The original theory, containing
both massless and massive fields of the kind listed above, is parity-violating because of the latter.
The Wilsonian effective action for massless modes is parity-violating by virtue of a one-loop effect
generated integrated out massive fields. The connection between Chern-Simons terms and anomalies
is actually richer: in chapter |10 we will explore how five-dimensional Chern-Simons term can encode
six-dimensional anomalies. We will also test our one-loop results against the geometric predictions
inferred by means of the duality between F-theory and M-theory in chapter [7l Let us point out that
these results have also been shown to agree with the genus-one corrections to Chern-Simons terms
predicted in heterotic string theory. We refrain from giving here an account of the computation and

we rather refer the reader to [246] for more details.

9.2 Summary of the results

Let us start by summarizing the results of this chapter, which will be derived in the next sections.
The object of our investigation are five-dimensional theories in which some massive fields are coupled
to a U(1) gauge field A, and to the metric g,,. In particular, we study how quantum corrections due

to massive fields can generate the Chern-Simons couplings

SAFFIICAFF/A/\F/\F, SARR:]CARR/A/\U(R/\R) (9.1)

!Note that in five dimensions the reflection of all four spatial coordinates is a transformation belonging to the identity
component of the Lorentz group. By parity in five dimensions we mean the reflection of one or three spatial directions.



9.2. Summary of the results 197

in the low energy effective action. In these expressions F' = dA is the field strength of the U(1)
gauge field and R denotes the curvature two-form built from the metric g,,. More precisely, R is a

50(1,4)-valued two-form with components
RY = % ey ep” RP gy dat Ndx” | (9.2)
where €%, is the five-dimensional vielbein and R’ is the Riemann tensor.

We show that three classes of massive fields are capable of generating the Chern-Simons terms
in the quantum effective action: massive spin-1/2 fermions 1, massive self-dual tensors B,,,, and
massive spin-3/2 fermions v,. By massive self-dual tensor we mean a complex two-form B,,, that
admits a non-standard first order kinetic term B A dB together with a mass term mB A *B. Its free

equation of motion thus reads schematically
xdB x mB . (9.3)

These tensor fields and their coupling to a U(1) gauge field has been analyzed in [247] and will be
re-considered from a six-dimensional perspective in chapter[I0} Further details about massive self-dual
tensors are given in section [9.3.1 We refer to these fields as self-dual because they can be thought of

as the excited Kaluza-Klein modes of a six-dimensional self-dual tensor compactified on a circle.

Spin-1/2 fermions, self-dual tensors, and spin-3/2 fermions can be characterized in terms of as-
sociated representations of the massive little group in five dimensions, SO(4) = SU(2) x SU(2).
Such representations are labelled by a pair of half-integer spins (ji, j2). The correspondence between
massive fields and SO(4) representations is summarized in table

field free EOM SO(4) rep.
spin-1/2 fermion (@ —c1om)p =0 (1,0) or (0,3)
self-dual tensor B, (*d —icpm)B =0 (1,0) or (0,1)
spin-3/2 fermion v, (YPHY O + ez jamyP )by = 0 (3,1) or (1,3)

Table 9.1: Summary of massive representations considered in this chapter.

We have included the equation of motion that puts each field on-shell in the absence of interactions.
The coefficients ¢y /9, cp, c3/5 can take the values 1 and determine which SO(4) representation is
realized. Note that here and in the following m denotes the mass of the physical one-particle states
and is thus taken to be positive. The pairs of representations (ji,72) and (j2,71) are interchanged
under parity. Correspondingly, these classes of fields break parity at tree level. From this point of
view, let us stress again that the fact that couplings of the form are generated in the effective
action can be interpreted as a parity anomaly: quantum effects compensate for the parity violation

originally induced by these families of massive fields, after they are integrated out.

The following table summarizes our findings for the coefficients ksrp, karpg of the induced Chern-
Simons couplings in (9.1). Coefficients ¢/, ¢p, c3/2 correspond to those in table The symbol
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q denotes the U(1) charge of the massive fields. It is a dimensionless quantity and its normalization

spin-1/2 fermion self-dual tensor B,,, spin-3/2 fermion v,

1 1 1

_ 3 3 3
karp = U8R q -2 T u8n2 q° - (—4cp) 4872 q” - (5e32)
karn = ! g (8cz) g (—19c)
ARR = 38472 17172 38472 17\°CB 38472 1 /2

Table 9.2: Summary of the one-loop contributions for various fields.

is fixed by the minimal coupling prescription 9, — 0,, — iqA,. The derivation of these results is
the subject of the upcoming sections. Nonetheless, let us stress here two crucial aspects of the
computation. Firstly, karr and karpr are quantum corrected at one-loop only. This is expected
by arguments involving locality of the effective action and quantization of the Chern-Simons couplings

[242] and is consistent with the interpretation in terms of parity anomalies in five dimensions.

Secondly, our results are derived using a simple quadratic action for the massive fields, which
only includes minimal coupling to the gauge field A, and the metric g,,. We argue that karpr and
karr are indeed insensitive to any fine detail of the interactions. For the k4pp coupling, the effect
of some non-minimal interactions is analyzed explicitly in section It is shown there that such
non-minimal couplings do not affect the renormalized value of k4pr. These features are expected for

topological couplings such as (9.1) that can be interpreted as parity anomalies.

Note that we refrain from a discussion about the possibility to write down fully consistent inter-
acting theories for the three classes of massive fields under examination. For instance, it is expected
that an interacting theory of massive spin-3/2 fermions is only possible in presence of (possibly spon-
taneously broken) supersymmetry, even though our findings are independent of the precise way it

is realized in the five-dimensional action. From this point of view, we do not consider other parity-
3
interacting theories for the corresponding massive fields.

violating representations of SO(4), such as (5,0) or (2,0), because no example is known of consistent

9.3 Feynman diagram computation

In this section we compute the coefficients of the Chern-Simons couplings in perturbative quan-
tum field theory. We start by reviewing the actions for the massive spin-1/2 fermion, self-dual tensor,
and spin-3/2 fermions minimally coupled to the U(1) gauge field and the metric. We then describe the
main points of the Feynman diagram calculations for the gauge and the gravitational Chern-Simons
terms. We conclude the section by studying the effect of some non-minimal couplings on the gauge

Chern-Simons term.
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9.3.1 Minimally coupled massive actions

The Chern-Simons couplings (9.1)) can be captured by one-loop computations in a theory where the
massive fields considered above are minimally coupled to the U(1) gauge field A, and the metric g, .

In this section we briefly review the corresponding actions.

A spin-1/2 fermion is described by a five-dimensional Dirac spinor ¢. In order to couple it to the
metric g,, we have to use the vielbein e*,. The action for ¥» minimally coupled to the U(1) gauge
field A, and the vielbein e?, is taken to be

S]_/Q = /d5xe [—TE’}/'U’DMw + C]_/Qm ’l;'(/}] s 61/2 =41 s (94)

where e = dete?,, v* = y%e,", and where we have introduced the full spacetime and U(1) covariant

derivative

Duth = 0 + 2w Y™y —iqAu (9.5)
On the right hand side, wqs is the Levi-Civita spin connection constructed from the vielbein, and ¢ is
the U(1) charge of the fermion 1. More details about our spacetime and gamma-matrix conventions
can be found in appendix [A] and in particular in section As stated in section m is the positive
physical mass and ¢y /; labels two inequivalent spinor representations of the massive little group S O(4)

in five dimensions. Under a parity transformation, the sign of ¢y /5 is reversed.

Let us now turn to massive self-dual tensors in five-dimensions. Their action, including the coupling

to a U(1) gauge field, can be written as
Sp = /d‘:’x\/—g [—%icB e“"””BWDpBUT - %mBWBW] , cg==1. (9.6)
The relevant part of the spacetime and U (1) covariant derivative reads

D[PBMV] = 8[pB - iqA[pB (9.7)

) v -

Note that g = det g, and that e#”?°7 denotes the five-dimensional Levi-Civita tensor. In our con-
ventions, it satisfies €"1234 = —1/,/=¢ if 0,...,4 are curved indices. Note that in this case parity
violation is not due to the mass term, but to the kinetic term. The form of the action can be
argued from purely five-dimensional considerations, but it is most easily derived by means of circle

compactification from six dimensions. This reduction will be performed in chapter

Finally, a spin-3/2 fermion is described by a Dirac vector-spinor 1, with action

53/2 = /d5$e [_&p’}/pm’lpuwu — C3/2M 7]’#7“”@[}1/] y G372 = +1, (9'8)
where the antisymmetric part of the spacetime and U(1) covariant derivative is given by

Db = Oty + 500l V0] — 10 Ap Y - (9.9)

In analogy with the spin-1/2 case, the two inequivalent representations of SO(4) differ by the sign of

the mass term.
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A(p17 61)

A(pa, e2) A(ps, e3)

Figure 9.1: One-loop Feynman diagram involved in the computation of the Chern-Simons coefficient
karp. The external lines are three vectors A with incoming momenta pi, pa, ps and polarization
vectors e, ey, es. The internal lines can represent a massive spin-1/2 fermion, a massive self-dual
tensor, or a massive spin-3/2 fermion. The loop momentum k flows in the direction of the arrow.

9.3.2 Computation of the A A F' A F coupling

The U(1) Chern-Simons coupling AA F'A F does not involve the gravitational field. As a consequence,
throughout this section we can ignore the coupling of massive fields to gravity and take g,, = 1,,. No
distinction between flat and curved indices is made. The coupling to A, can be treated perturbatively

in the framework of quantum field theory on flat spacetime.

The coefficient of the A A F A F term in the quantum effective action can be extracted from the
three-point function of the gauge field A,,. More precisely, we work in momentum space and we denote
by I'4a4 the sum of 1PI Feynman diagrams with three external vectors with incoming momenta p;,

po, p3 and polarization vectors eq, ea, e3. The Chern-Simons term
k:AFF/ ANFAF = —kAFF/d%e““pﬂAM@,,ApaaAU (9.10)
in the effective action corresponds to a contribution to I'4 44 of the form

. )\ -
T 444 D i3l X (=KAFF) €xrpypuaps D1 D3 €)' €h°€5° (9.11)

where we have included a factor of ¢ from the Feynman rules and the combinatorial factor 3! to take
into account symmetry under permutations of the three vectors. Contributions to I'444 different
from will be ignored. They correspond to higher-derivative and non-local terms in the effective
action. As already mentioned, we expect that the right hand side of is corrected at one loop

only. As shown in section [10.2| our one-loop results pass non-trivial tests in the framework of F-theory.

We can derive Feynman rules using the actions ((9.4)), and evaluated in flat spacetime
and extract the propagators for massive fields, together with the interaction tri-vertex among two

massive fields and one gauge field A,. These propagators and vertices are listed in appendix @

At the one-loop level, only one class of diagrams can be built using the interaction vertices at

hand. A representative diagram is depicted in figure Wiggly lines represent the external vectors,
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while solid lines represent massive fields. Each class of massive fields contributes separately to the
amplitude. To get the full answer, it has to be summed with the analog diagram where the orientation
of the loop is reversed. This is equivalent to swapping the labels 1 and 2 on the external legs. Since
the relevant structure in is invariant under this relabeling, the loop-reversed diagram simply
gives an overall additional factor 2.

The denominator of the diagram (which is determined through its propagator factors) is the same

for all fields running in the loop. If the labeling of figure [0.1]is adopted, it is given by

1 1 1

D= ,
k2 +m? (k — p2)?2 +m?2 (k + p1) + m?

(9.12)

which is to be completed by a suitable numerator factor N which particularly encodes information
about the vertices and is strongly dependent on the fields running in the loop. In (9.12)), the usual
Feynman ie prescription is understood. We make use of Schwinger parametrization to unify denomi-

nators, and write
1 o [oe) o
D= /0 da /D a3 /0 dy e~ (@HB+N(E+2)m? (9.13)

In this expression, «, 3,7 are dimensionless parameters, and we have made use of the shorthand

notations

L=k—ypy+2zp1, A= m? + 2yzp1 - p2 +y(l — y)p% +2(1— z)p% , (9.14)

where y = 3/(a+ S+ ) and z = v/(a+ B8+ ). The full diagram is then given by

1 o0 o0 o0 d5€ —(a+B+ €2+A 2
}I:ID)-N:mﬁ/O da/o dﬁ/o dy/(%Pe(aﬁﬂ( )/m*N | (9.15)

where, of course, the numerator is different for different species of massive fields running in the loop.

We also note that the sum of the diagram in figure with the diagram with the opposite orientation
has a distinct symmetry with respect to exchanging the external points. On general grounds, one
can show that this symmetries restrict the parity violating part of the integrand in at the
bilinear level in the external momenta to only depend on the Schwinger parameters in the combination

(a4 B+ 7). This is a useful consistency check we have applied throughout the computations.

By naive power-counting arguments, we do not expect any infrared divergence in this one-loop
diagram, but we cannot exclude the possibility of ultraviolet divergences. If Schwinger parametriza-
tion is used, the integral over the loop momentum ¢ contains an exponential factor and (after Wick
rotation) is convergent as long as a + 8 + +y is strictly positive. Ultraviolet divergences are translated
into divergences in the «, 8,7 integration, coming from the region where these three parameters are
simultaneously small. We regularize the amplitude by cutting out this portion of the «, 3, v integration
domain with a step-function: in we make the replacement

/Oooda/ooodﬂ/ooodv - /Oooda/ooodﬁ/()oodvﬂ(a+6+'y—e), (9.16)

where € > 0 is the regulator.
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Recall from (9.11]) that we are only interested in the coefficient of a term with two powers of
external momenta contracted with an e-symbol. This allows us to simplify the computation of the

diagram.

First of all, only the terms that contain an e-symbol have to be kept in the numerator. If a self-dual
tensor runs in the loop, the e-symbol is introduced directly at the level of Feynman rules both in the
propagator and in the vertex. When a spinor runs in the loop, the e-symbol is generated by traces of

gamma matrices. This follows from the identities
trl =4, troyHtH2EsRals — fg fIR2H3HARS © pr ARt = () for p = 1,2, 3, 4. (9.17)

We see that only those terms need to be retained that contain an odd number of gamma matrices

greater than or equal to five.

Second of all, we can perform a formal power series expansion of (9.15) in pj, pe and we can
neglect all terms that are not bilinear in p; and py. In particular, this implies that we can use the
approximation A ~ m?, since all other terms in the exact expression (9.14)) for A would generate

additional powers of external momenta of the form p?, p3, or p; - pa.

Finally, by symmetry arguments (not spoiled by our choice of regulator), we can make the following

replacements in the numerator under the [ d°¢ integral:

lyy oo Ay, — 0if ris odd ,

b, — %EQ Nuv Cpn o lyus by — 3%:, (52)2(77#1@77#3#4 + M s Mpopea) e (9.18)
All tensor integrals in the loop momentum are thus reduced to scalar integrals.

The calculation of the diagram is now straightforward but tediousﬂ After the numerator algebra
is performed and the replacements (9.18]) are made, the integrals over the loop momentum and the

Schwinger parameters are computed using the formulae

/ Pl _(atp)@m? () = im*® _ T(n+5/2) (9.19)
o) 2473 (a1 B+ )52

e—(a+B+7)
/ da/ dﬁ/ dyO(a+ B+~ —e¢) (Oé—i-ﬁ—i-’y) Q™ B8 =
_ T'(14n)T(1 + ng)T(1 + n3)
I'(3 4+ n1 + na + n3)

I'(3+ny 4+ ne +ns —ase) . (9.20)

We have performed the usual Wick rotation ¢° — i¢° in the first integral and have introduced the

incomplete gamma function
oo
[(z;€) = / drr®le™® (9.21)
in the second integral.

Let us consider the diagram where the spin-1/2 fermion v runs in the loop. By power-counting

we expect a quadratic divergence, since the numerator has up to three powers of the loop momentum.

*We made use of the Mathematica packages zTensor of the bundle zAct [248] and GAMMA [249).
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The parity-violating part of the numerator, however, turns out to be of zero-th order in the loop

momentum, thus giving a finite result without the need of any regulator.

This does not hold for the diagrams where B, and 1, run in the loop. In fact, even though the
parity-violating part of the numerator has a better UV behavior than the full diagram, it still contains
terms proportional to ¢2 or (¢2)2. This implies that both diagrams have a divergent piece. In our
regularization scheme such divergences appear as coefficients of negative powers of the regulator € in

a formal expansion of the diagram.

We can then give the e-expansion for all the three species under consideration: spin-1/2 fermions

1, tensors By, and spin-3/2 fermions v,

. 1
(dlagl“am)1/2 = 642 C1/2 q3 +4 + 0(61/2) , (9.22)
) [ 15 |
(diagram)p = 642? s ¢ + ﬁe_lﬂ —16 4+ O], (9.23)

7 105 15
di _ v 3 _ AU 32 19 —1)/2
( 1agram)3/2 = 612 c1/24 _ fe + 4\/>€

+20 4+ O] . (9.24)

Note that the factor (—1) for a fermionic loop has been taken into account, but we have not inserted

the overall factor 2 due to the diagram with the reversed loop orientation.

In order to extract the physical observable k4pp from these expressions we adopt a minimal
subtraction prescription: negative powers of € in the expansion are discarded. This gives the results
of table In section we discuss the effect of non-minimal couplings and show how they can

be used to cancel divergences.

9.3.3 Computation of the A A tr (R AR) coupling

Let us now turn to the discussion of the mixed U(1)-gravitational Chern-Simons term A Atr (R AR).
To compute its coefficient we treat the coupling of massive fields to gravity perturbatively. The metric

is written as
Guv = Nuv + h;w ) (9.25)

and computations are performed order by order in a formal power series in h, around flat spacetime.
Indices 1, v, ... are thus raised and lowered with 7,,, and its inverse and no distinction is made between
flat and curved indices. Further details about the expansion in h,, are collected in appendix

When AAtr (RAR) is expanded according to (9.25)) terms with arbitrarily high powers of h,, are
generated, because of the non-linear dependence of the Riemann tensor on the metric. Nonetheless,

in order to read off the Chern-Simons coupling we can restrict to the lowest order term,
. / ANt (RAR) = (9.26)

— kang / 0P S A 0,0, 070,y — 07| + O
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As a consequence, the constant ksrg can be extracted from the sum of 1PI Feynman diagrams with
one vector and two gravitons, denoted I' 475, More precisely, the sought-for Chern-Simons coupling

corresponds to the contribution

. 1 A
FAhh D 22' X EkARR 6#0#1/1,2/\T p1p72- (pl V2p2 12 771/1V2p1 ° p2) egoelflVl 6521/2 3 (927)

where pi1, p2 are the incoming momenta of the gravitons, ey is the polarization tensor of the vector,
and eq, eo are the symmetric polarization tensors of the gravitons. The prefactor i2! comes from the
standard Feynman rule prescriptions. Any term that does not match the structure of the right hand
side of will be neglected, since it would correspond to higher-derivative and non-local terms in

the effective action.

It is interesting to note that the tensor structure in ((9.27) is transverse with respect to both the

vector and the graviton polarization tensors, i.e. it vanishes if any of the replacements

6'8 — pﬁ = —p’f —pg , 6’1“’ — a(“pl”) , eé“j — a(“pgl’) (9.28)
is made, for arbitrary a*. It can be shown that this tensor structure is the only structure with an
e-symbol and four powers of external momenta that has this transversality property and is symmetric
in the exchange of labels 1 and 2. Its appearance is a consequence of gauge invariance. Transversality
with respect to eg reflects invariance of under U (1) transformations. Transversality with respect
to e1, es derives from invariance of under diffeomorphisms. Recall that under an infinitesimal

diffeomorphism with parameter £&#* we have
5h/ﬂ/ = 28(M§,,) +O(h) . (9.29)

Gauge invariance can be used as a self-consistency check of the Feynman diagram computation. Indeed,
we find that the desired contributions to I'4p; organize into the structure (9.27) after all relevant

diagrams are summed.

The Feynman rules needed in the diagrammatic computation of I' 45, are deduced by expanding
the actions , , for the massive fields according to . This gives interaction vertices
of arbitrarily high powers in h,, but we only need an expansion up to second order in h,,. More
precisely, four kinds of vertices are relevant for the calculation of I' 4p;. If we denote any of the
massive fields v, B, ¥, as ®, we need: the gauge tri-vertex OD A, already considered in the previous
section; the gravitational tri-vertex ®®h; the purely gravitational quadri-vertex ®®hh; the mixed

gauge-gravitational quadri-vertex ®®Ah. All such vertices are collected in appendix

The presence of quadri-vertices enlarges the family of one-loop Feynman diagrams that can be
built. In particular, we have three different topologies, depicted in figure [0.2] The total amplitude is

given by the sum
2(a) + (b) +2(c) , (9.30)

where diagram (a) is counted twice because of the two possible orientations of the loop, and diagram

(c) is counted twice according to which graviton is connected to the mixed quadri-vertex.
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A(po, ep) A(po, €o)

h(p1,e1) h(p2, e2) h(p1, e1) h(p2, e2)

A(p07 60)

h(pbel) h(p2762)
(c)

Figure 9.2: One-loop Feynman diagrams involved in the computation of the Chern-Simons coefficient
karr. The external line on top represents a vector A with incoming momentum pg and polarization
vector eg. The other external lines are gravitons A with incoming momenta pi, po and symmetric
polarization tensors ej, es. The internal lines can represent a massive spin-1/2 fermion, a massive
self-dual tensor, or a massive spin-3/2 fermion.
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For each diagram, denominators can be unified by means of Schwinger parameters. In diagram
(a) three parameters are needed, as in the previous section, while diagrams (b) and (c) require only
two parameters. Up to minor changes, the methods described in the previous section can be applied
straightforwardly to the diagrams at hand. In particular, UV divergences in diagrams (b) and (c) are

regulated by means of the replacement

/Oooda/ooodﬁ — /Oooda/ooodﬁﬁ(a—i-ﬁ—e), (9.31)

where «a, 8 are the Schwinger parameters and € is the regulator. For the sake of completeness, we
record the two-parameter analog of the identity (9.20)),

e—(a+5)
/ da/ dB O+ B — )( T = (9.32)

(1 +n)I(1 + ng)
(24 ny +no)

I['(2 — a+ny + nagse) . (9.33)

Let us stress an important difference between the present computation and the one discussed in
the previous section. In the case of the gauge Chern-Simons couplings, the relevant tensor structure
does not contain any product of external momenta. This allowed us to use the approximation
A =~ m? in the computation of the diagram in . In the present case, one of the two parts of the
gauge invariant tensor structure is proportional to p; - po. This implies that we have to keep
the py - p2 term inside A and expand e(@FHNE/m* (o o(@+8)2/m* in 3 power series in the external
momenta. This is indeed crucial to obtain the gauge invariant structure after all the three

diagrams are combined according to (9.30)).

As in the case of the gauge Chern-Simons term, the parity violating part of the diagrams has a
better UV behavior than expected from naive power-counting. Nevertheless, the diagrams in which
the self-dual tensor and the spin-3/2 fermion run in the loop have some divergent parts. After all
diagrams are summed according to and the total expression is organized in powers of ¢, the €’
coefficient is proportional to the gauge-invariant combination , while negative-power coefficients
are not gauge-invariant. This leads us to apply a minimal subtraction prescription and simply drop

the unphysical divergent pieces. In this way the results of table are obtained.

Let us conclude this section with a side remark. Recall from section that the relative weight
between the diagram for spin-1/2 and spin-3/2 fermion contributions to kspp is five. This result can

be derived straightforwardly from an alternative form of the massive action for a spin-3/2 1),

:,3/2 = /dee [~ Dutp? + C3/2M PPl cgp =1 (9.34)

Indeed, when this action is evaluated on a flat background, it gives exactly the same propagator and
vertex as the spin-1/2 action (9.4)), up to a factor of the metric 1, .

Remarkably, the alternative action (9.34)) gives also the correct relative weight —19 between the
spin-1/2 and the spin-3/2 contributions to karr. This claim has been checked against an explicit

Feynman diagram computation. To get the correct result is crucial to take into account the corrections
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to the vertices coming from the Christoffel symbols inside the covariant derivative D,”. Indeed, the
vertices generated by the Christoffel symbol contribute a relative factor of —24 that combines with

five times the spin-1/2 result to give —19.

This finding resembles a similar result about gravitational anomalies in six dimensions [199]. In
order to compute the contribution of a massless chiral spin-3/2 field 1), to gravitational anomalies in

six dimensions, one can use two different Lagrangians, proportional to

bVt or PPV P (9-35)

where V denotes the six-dimensional Levi-Civita covariant derivative. It is shown that the difference
between these Lagrangians cannot affect the anomalous part of the four-graviton one-loop diagram.
Note that if we compactify the six-dimensional Lagrangians on a circle, the resulting actions for
the massive Kaluza-Klein modes have kinetic and mass terms as given in and , respectively.
We are thus led to conjecture that corrections to the five-dimensional Chern-Simons terms are
insensitive to the precise form of the differential operator in the kinetic term and the corresponding

form of the mass term.

9.3.4 Non-minimal couplings and renormalization

The aim of this section is to describe the effect of non-minimal couplings on the Chern-Simons term
ANF NF. Gravity is decoupled and the metric is taken to be 7,,. As far as fermions are concerned,
we consider Pauli couplings built by contracting a spinor bilinear with the U(1) field strength F' = dA.

In particular, we have analyzed the couplings
L% = 5112 Fu 070, L58 = 510372 Fuw $o"P %o + 5130 Fu PH97 (9.36)
For massive self-dual tensors we have studied instead

LY = Gp B F""B," + {y B P Bpe FO" . (9.37)

The computation of section [9.3.2] can be repeated including these additional vertices. The cor-
responding Feynman rules can be obtained straightforwardly with the standard prescriptions. Note,
however, that the coupling ¢ induces a quadri-vertex and therefore diagrams with a topology as
diagram (b) or (c) in figure have to be included.

We refrain from a detailed account on the computation. Nonetheless, its outcome is remarkable:
all non-minimal couplings ¢/, to ¢ drop from the € coefficient of the combination of all diagrams

and enter only the coefficients of negative powers in e.

This implies that they can be used to cancel divergences in the spin-3/2 and tensor diagrams.
Recall from (9.24]) that the triangle diagram with a spin-3/2 fermion running in the loop has two
non-vanishing negative powers of ¢ if only the minimal coupling ¢ is switched on. Our computations

reveal that turning g3 /9, qs /o 01 does not introduce higher negative powers, i.e. higher divergences, and
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does not affect the coefficient of the ¥ power. We can thus tune §; /2 and 7 /2 and cancel divergences

without altering the finite part of the diagram.

The same strategy can be applied to tensors. The reader might wonder why we take into account
two non-minimal couplings for tensors, if the corresponding diagram has only one divergent part, as
can be seen from (9.23)). This is necessary since it can be checked that inclusion of the coupling Gp

introduces higher divergences that require the introduction of ¢; to be cancelled.

Our findings suggest the interpretation of non-minimal couplings and as counterterms.
Dimensional analysis reinforces this claim, since it shows that non-minimal couplings ¢; /, to ¢ have
negative mass dimension. In the limit in which the masses of ¢, B, and 9, tend to infinity and these
fields are integrated out, non-minimal couplings are suppressed. A similar counterterm analysis for the
gravitational Chern-Simons term is a formidable task and is not addressed in this work. Nevertheless,
it is plausible that a similar mechanism can be implemented to cancel all divergences without changing
the results of table [9.2]
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Abelian tensor towers and five-dimensional supergravities

In this chapter we will discuss several applications of the one-loop corrections to Chern-Simons terms
in five dimensions computed in the previous chapter. To begin with, we discuss in detail how a self-
dual tensor in six dimensions can be conveniently described in terms of a tower of massive tensors in
five dimensions. This observation constitutes the bridge that connects five-dimensional Chern-Simons
couplings and six-dimensional physics. We exploit this connection to complete our discussion about
the role of one-loop effects in the duality between M-theory and F-theory on a Calabi-Yau threefold,
started in chapter [7} Furthermore, we show how quantum-corrected Chern-Simons couplings can

provide a useful tool in the exploration of apparently consistent supergravities in five-dimensions.

10.1 A lower-dimensional action for chiral p-forms

Even though we are mainly interested in the dynamics of self-dual tensors in six dimensions, the
construction of this section applies straightforwardly to chiral p-forms in D = 2p + 2 dimensions,
i.e. p-forms with self-dual or antiself-dual field strength. We will therefore develop the formalism for

general p. Let us note that, since we consider Lorentz signature, p has to be even.

We have already seen in sections and two important example of the key role played by
chiral p-forms in string theory and M-theory. On the one hand, the massless spectrum of Type IIB
superstring theory contains a chiral four-form. On the other hand, the world-volume theory of an
Mb5-brane includes a chiral two-form, i.e. a self-dual tensor. From a field-theoretic point of view,
quantization of such fields is a non-trivial task, since it is notoriously hard to impose the duality
constraint at the level of the action [250]. Different solutions to this problem have been proposed,
based on breaking of manifest Lorentz invariance, introduction of auxiliary fields, or a holographic
approach [251, 252, P53, 254, P55,

209
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Our approach circumvents a direct description of chiral p-forms in D = 2p + 2 dimensions. We
perform a circle compactification that leads us to a (D — 1)-dimensional action which can be used to
study the dynamics of these p-forms. This approach is inspired by observations coming from the study
of string and M-theory effective actions. Firstly, six-dimensional (2,0) superconformal field theories
for a stack of Mb5-branes have been conjectured to be equivalent to five-dimensional super Yang-Mills
theories [33]. This conjecture has been reviewed briefly chapter @ Secondly, six-dimensional effective
actions of F-theory compactifications with an arbitrary number of chiral tensors can been derived by
using the dual five-dimensional M-theory setups, as we have seen in chapter [7] In both frameworks
excited Kaluza-Klein modes are essential for the correspondence between the six- and five-dimensional

physics.

Our starting point is a D-dimensional pseudoaction, which has to be supplemented by the self-
duality constraint at the level of the equations of motion, as usual. One spatial direction is compactified
on a circle, and chiral p-forms are expanded onto a Kaluza-Klein tower of (D — 1)-dimensional p- and
(p — 1)-forms. Both zeromodes and excited modes are retained, and are subject to duality constraints
coming from self-duality in D dimensions. These constraints can be implemented in a proper (D —1)-
dimensional action, which is given explicitly in below. The derivation of the next section can
be seen, on the one hand, as a generalization of the reduction performed in section to include
all Kaluza-Klein modes, and, on the other hand, as a variant of the compactification of non-chiral

p-forms discussed in section [4.2]

Let us conclude this section by pointing out that this formalism can be also useful in the study
of systems other than six-dimensional tensors. For instance, it may be applied to the democratic for-
mulation of Type II supergravities [49] or to four-dimensional Maxwell actions with manifest electric-

magnetic duality, see e.g. [256].

10.1.1 Derivation of the action

A free chiral p-form B in D = 2p + 2 dimensions (with p even) is subject to the self-duality condition
$H =cpH, (10.1)

where ¢g = +1 and H = dB. This constraint is first-order, and is not easily derived from an action.
However, differentiation of ((10.1) gives a second-order equation which is readily obtained from the
pseudoaction

. Lt o

Sz/—ﬂ-[/\*?—l. (10.2)
The prefactor is chosen to have canonical normalization in the following discussion. Note that the

pseudoaction formalism can be also applied to setups including several p-forms and their couplings to
other fields.

Let us now put the pseudoaction ((10.2f) on a circle, by means of the standard Kaluza-Klein Ansatz

for the metric. We write it as

d.§2(x, y) = dsz(x) + 7‘2(93) [dy — Ao(x)]2 , (10.3)
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where x are the non-compact D — 1 coordinates, y ~ y + 27 is the coordinate along the circle, r is
the compactification radius, and A° is the Kaluza-Klein vector, with field strength F* = dA°. We
do not consider the dynamics of gravity in D dimensions, so that the five-dimensional metric, the
scalar r, and the vector A° are best understood as non-dynamical background fields. It is nonetheless
useful and by no means more difficult to keep track of these fields in the computation we are about

to perform.

We expand the D-dimensional p-form B in Kaluza-Klein modes according to
B=Y €™[By+ Ay A(dy— A%)] , (10.4)
nez

where By, A,, are (D — 1)-dimensional p-forms and (p — 1)-forms, respectively, and only depend on
the non-compact coordinates x. Our formalism requires p > 0, and hence is not applicable to chiral

scalars in two dimensions. Note that Kaluza-Klein modes are subject to a reality condition, e.g. B,, =
(Bp)* = B_,,.

Dimensional reduction of the higher-dimensional field strength H is conveniently described in terms

of the lower-dimensional field strengths
Hn =DB,+ A, NF° | F, =DA, +inB, , (10.5)

where we have introduced the covariant exterior derivative D = d + inA° acting on the nth mode.

These field strengths are invariant under the gauge transformations

6B, =DA, — M ANF°, 6A, =D\, —inA, , (10.6)

where A, is a p-form and A, is a (p — 1)-form. Let us point out that (10.5) and (10.6]) are a special
case of (4.21) and |D This has to be expected since we have not implemented the self-duality
constraint yet. A straightforward computation shows that the pseudoaction ((10.2]) is reduced to the

sum Sy, where

Sp = /—ir?—[n/\*Hn — LT AT, (10.7)
Note that we have omitted and inconsequential prefactor 2w coming from the range of the compact
coordinate y. If necessary, it can be straightforwardly reinstated in all following expressions in (D —1)
dimensions. Finally, the self-duality constraint ((10.1]) yields a constraint for each Kaluza-Klein level,

r*xH, =cpFn, (108)

In the following, we implement these constraints at the level of the lower-dimensional action. To this

end, zeromodes and excited modes are treated differently.

For the sake of simplicity, we will henceforth drop the Kaluza-Klein subscript on zeromodes,
B = By, A = Ag. As we can see from ((10.6)), the shift symmetry of the theory with parameters

A, acts trivially on the zeromode A. Because of the self-duality constraint, B and A thus furnish a

1To compare these expression, note that the Kaluza-Klein vector has now a minus sign relative to sectionmotivated
by our F-theory analysis if chapter E Note also that we are considering only the case in which p is even.
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redundant description of the same degrees of freedom, and no gauge-fixing condition can eliminate this
redundancy. Therefore, either A or B has to be eliminated by hand from the action. In the following,

we choose to remove B and construct an action in terms of A only.

To achieve this goal, we modify Sy given in (10.7)) adding
ASO—/;CBHMT—;CBAOAIA?. (10.9)

This term is a total derivative as a functional of A, B, A%, and is such that the sum Sy + ASy can be
written as a functional of A, H, A°. Moreover, (10.9) is engineered to get the duality constraint (10.8))
for zeromodes upon variation with respect to H, which appears only algebraically. We are thus able

to integrate out H to get a proper (D — 1)-dimensional action depending on A, A° only. It reads
So :/—;rlfm]-“— seg ANFAF . (10.10)

Note that (10.5) implies F = dA for n = 0. This action is a p-form generalization of the action in

section [T.4.1] for the zeromodes of a self-dual tensor.

Let us now turn to the discussion of the self-duality condition for the nth excited modes B,,, A,.
For n # 0, the shift symmetry with parameter A,, in acts non-trivially on A,,. As a result, the
redundancy of the formalism is simply a manifestation of gauge invariance. Both B, and A,, are thus
allowed to enter the action in the gauge-invariant combination F, given in . The distinctive
feature of the n # 0 case is the identity

DF, = inH, , (10.11)

which is immediately derived from (T0.5). It allows us to modify S, in (10.7) by adding
AS, = /icBHnAfn+£LchnADfn+c.c. (10.12)

Indeed, this quantity is a total derivative as a functional of A,, B,, A?. However, the total action
S‘n + AS’n can be seen as a functional of F,,, H,, A°, in which #,, enters only algebraically. As in the
discussion of the zeromodes, the duality constraint is implemented through integrating out H,.
We are thus left with the proper action

S, = / L Fy AkFa + fcp Fn ADF (10.13)

where A,, B, only appear through F,.

We are now in a position to write down the total action in D — 1 dimensions. It reads
o0 _ . —
S = /_;rlf/\ sF-leg ONFAF+ S [ =1 \Fy AwFo+ bep Fu ADF, . (10.14)
n=1

Note that we sum ([10.13)) over positive n only, thanks to the reality conditions on A,, B,. The action
(10.14)) should be contrasted with the action (4.20]) for a non-chiral p-form on a circle. At the level of
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zeromodes, we do not have any kinetic term for the p-form B, but we find a Chern-Simons coupling
to the Kaluza-Klein vector, which will be important later. As far as excited modes are concerned,
we do not find the expected term —rH,, A xH,, but rather a non-standard kinetic term for B,,: it is
first-order in derivatives and it violates five-dimensional parity. In analogy with , however, it is
worth pointing out that the physical degrees of freedom of excited modes can be described in terms
of a massive p-form B,, only. In fact, the gauge symmetry can be fixed imposing the condition
A, =0, thus setting F,, = inB,. As a result, the second integral in becomes

[e.9] _ —
S | —n*r B, AxB, +icgn B, ADB, . (10.15)
n=1

The classical mass parameter is m,, = (n?r~!)(cgn)~! = cgnr~!. This action for p = 2 reproduces

the action that has been used as starting point for our discussion of one-loop corrections induced

by massive tensors in five dimensions.

Note that is invariant under local U(1) transformations of the complex p-form B, gauged
by A°. In [247] this gauging is absent, and therefore it is possible to integrate out the real or imaginary
part of B, consistently. The resulting action is the standard massive Proca action for p-forms and
has no explicitly parity-violating terms. By contrast, the gauging in introduces parity-odd

interactions that are essential for our analysis.

The action (|10.15)) is expected to be supersymmetrizable in many cases of interest, since our
findings are reminiscent of tensor hierarchies in supergravity. For N' = 2 models in five dimensions,
we refer the reader to e.g. [257]. Note also that (10.15) has strong analogies with the Lagrangian of

Kaluza-Klein modes Y, of a higher-dimensional spin-1/2 fermion on the circle,
ﬁierm = _XHVMID/LXn + MpXnXn + Eiupp : <10'16)

First of all, D, = 0, + inAB contains minimal coupling to A? with charge n. Second of all, the
lower-dimensional mass parameter m, = c; /Zm"_l depends on the higher-dimensional chirality ¢y .
Finally, in £;'P? couplings are collected which are suppressed by the mass scale »~!. They are of the

same form as the non-minimal Pauli-like couplings discussed in section [9.3.4

10.2 One-loop Chern-Simons terms and M-theory/F-theory duality

In this section we apply the results of chapter |§| to the context of M-theory/F-theory duality in six
dimensions. This has been analyzed in chapter [7] where we noticed that Chern-Simons terms in the
five-dimensional action of M-theory reduced on an elliptically fibered threefold fall into two distinct
categories, see . On the one hand, some terms can be straightforwardly reproduced on the
F-theory side by means of the classical circle reduction of a suitable six-dimensional pseudoaction. On
the other hand, some terms can never be obtained in this way, and in section we have argued
that they are generated at one loop once massive Kaluza-Klein modes and W-bosons of the circle

reduction are integrated out. We are now in a position to substantiate this claim.
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(1,0) theory (2,0) theory
gravity multiplet (g, By, 2¢;)) gravity multiplet (g, 5B}, 4¢7F)
tensor multiplet (B, ¢, 2¢7) tensor multiplet (B, 5¢, 4¢7)
vector multiplet (A, 2¢7)
hypermultiplet (49, 2¢p7)

Table 10.1: Schematic form of supersymmetric spectra of (1,0) and (2,0) theories. The symbols g,
B, 1, ¢ represent the metric, a tensor, a Majorana-Weyl spinor, a real scalar field respectively. The
prefactor counts the number of fields of a given species within each multiplet. The superscript +
denotes (anti)self-duality for the tensors B or chirality for the fermions .

More precisely, our focus will be on the gauge and gravitational Chern-Simons actions in five-
dimensional low energy effective supergravity theories with eight or sixteen supercharges. The latter
case is not directly related to our discussion of F-theory in six dimensions, but it is interesting since
it allows us to study the one-loop structure of the circle reduction of an Abelian (2,0) theory in six
dimensions. This constitutes a useful preliminary study for possible generalizations to non-Abelian
(2,0) theories, which will be addressed in chapter

10.2.1 Field theory prediction

Let us apply the results of the one-loop computation of chapter@]to the framework of (1,0) and Abelian
(2,0) six-dimensional theories compactified on a circle. The field content of their supersymmetry
multiplets is summarized in table and features chiral fermions and (anti)self-dual tensors.

The requirement of anomaly cancellation imposes some constraints on the spectrum of these theo-
ries. For a review of anomaly cancellation in (1,0) theories, see section The case of (2,0) theories
is simpler. We only have to consider purely gravitational anomalies and the anomaly polynomial takes

the form [199]
(0 T —21 1

1
4 2\2
RE L 10.1
8 2ot | 102" 768 R (10.17)

where T is the number of (2,0) tensor multiplets. From ((10.17)) we see that as soon as the coefficient of
the irreducible term tr R* vanishes, the entire polynomial vanishes as well. In summary, the absence

of gravitational anomalies requires

(1,0) : H-V=273-29T, (10.18)
(2,0) : T=21, (10.19)
where T', V', H are the numbers of tensor multiplets, vector multiplets, and hypermultiplets, respec-

tively.

Upon compactification on a circle, the massive Kaluza-Klein modes of chiral fields are precisely
given by the three families of massive fields summarized in table More precisely, the excited
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modes of a symplectic Majorana-Weyl spinor are Dirac spinors and the modes of a (anti)self-dual
tensor are massive complex self-dual tensors. We adopt conventions such that a positive chirality
in six-dimensions correspond to a positive coefficient ¢y 9, cp, or ¢3/; in the mass term for excited

Kaluza-Klein modes.
Recall that the Ansatz for the metric reads
dsg = ds* + r2(dy — A°)? | (10.20)

where 7 is the circle radius and A° is the Kaluza-Klein vector. This choice of the sign of A° in the
metric Ansatz implies that an excited mode with dependence ™ on the internal coordinate couples
minimally to A° with U(1) covariant derivative 9, —H'nAg. This has to be contrasted with the minimal
coupling prescription 9,, — igA, used in the loop computation of chapter @ If we identify A° and A,
we infer that the electric charge g of chapter [9is given by ¢ = —n for the n-th Kaluza-Klein mode of

any six-dimensional field.

In order to compute karp and karpr defined in (9.1]) we just have to sum the contributions of table
according to the spectra listed in For a (1,0) theory, we have

- Z [ (V-H-T)+2- 5+(1—T)(—4)} :—2?1(;7;";2, (10.21)

487T2

B0 — 3847722 [ (V-H-T)+2 (- 19)+(1—T)(+8)]:24(27r)2,

where we made use of the anomaly cancellation condition (10.18) and we employed zeta-function
regularizations Y n® — ((=3) = 1/120 and Y.n — ((—1) = —1/12 for the divergent sum over

Kaluza-Klein levels. In a similar fashion, for a (2,0) theory we find

K = 487r2 [ T)+4-5+(5—T)(— )] =0, (10.22)
ki = 3847T2 Z [ +4- (19 + 6 -T) HS)} - 912(22?))2 - 4(2177)2

where we recalled T' = 21 from (|10.19).

Let us point out that the connection between six-dimensional anomalies and five-dimensional loop
corrections to Chern-Simons coupling can also be seen by means of the following heuristic argument.
Recall that six-dimensional anomalies emerge in one-loop diagram with four external massless states.
Consider an anomalous four-graviton one-loop amplitude and choose the polarization tensors in the ex-
ternal legs in such a way to extract the component (GyyJuyGvydpy), Wwhere g denotes the six-dimensional
graviton and y is the compact coordinate. As can be seen from , this four-point function in six-
dimensions is related to T<A2A3A2> in five dimensions, once the metric component g,, is replaced by
its background value r. In six dimensions, the anomalous part of the amplitude is generated by mass-
less chiral fields running in the loop. In five dimensions, we are thus led to compute the contribution
to (A% A% A% coming from all Kaluza-Klein modes of these chiral fields. Similar arguments apply to

v ip
other one-loop corrected Chern-Simons terms in five dimensions.
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10.2.2 F-theory check

We have discussed at length the F-theory realization of (1,0) supergravities in chapter [7} Let us now
briefly review how (2,0) theories can fit in a similar context. In the standard F-theory paradigm the
fibration is non-trivial and the base space is not Ricci-flat. It is of course possible, however, to follow
the same chain of dualities from M-theory to F-theory on a six-dimensional internal space that is a
direct product of a torus with a Calabi-Yau two-fold, i.e. a K3 surface. The resulting Type IIB setup
is precisely a (2,0) theory with 21 tensor multiplets, in accord with the anomaly cancellation condition
. When this theory is reduced on a circle, it should reproduce the five-dimensional effective
action of M-theory on K3 x T2.

Since we are focussing on Chern-Simons coupling, we only need to consider the topological part
of the eleven-dimensional M-theory effective action. This contains both the familiar two-derivative
Chern-Simons term in (3.34) and the higher-derivative correction considered in section [7.133] Both

terms are conveniently written as

ay_ [[_1_1 L i+ Lieney
Stop —/|: 6(271’)203G4G4 102 (27‘(’)403 trR 4(trR) , (10.23)

where we have suppressed wedge products for brevity. This form of the action is written in a slightly
unusual normalization that is best suited to investigate the integrality properties of Chern-Simons
couplings. In particular the M-theory three-form C3 has mass dimension three. Furthermore, this form
of the action is consistent with the fact that [ G4/(27) is half-integrally quantized and that exp iS gives
a well-defined functional in the path integral, once all terms of the effective action and the gravitino
functional measure are taken into account [62]. This is crucial to match one-loop computations in
field-theory, since the standard Feynman rules are derived by an expansion of exp Sy, fixing the

absolute normalization of one-loop induced Chern-Simons terms.

Let Xg denote the internal space, for us Y3 or K3 x T?. The M-theory three-form is expanded on

a basis {w4} of harmonic two-forms on Xg as
C3 DAY Awy (10.24)

where A4 are five-dimensional vectors. They have mass dimension one and their field strengths
FA = dA4 are such that JF 4/(2m) is integrally quantized. Dimensional reduction of the action
(110.23)) yields the five-dimensional topological terms [204], 207, 234]

CS A B nC A 2

where we have introduced

ICAB(;:/ wA ANwp Awe cA:/ wa A ca(Xg) - (10.26)
Xs Xs

Recall from section that, if X¢ = Y3, it is essential to perform the shift (7.129)), so that the
Kaluza-Klein vector on the F-theory side is matched with the linear combination of vectors A* along
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the direction of the two-form )

wo = PD([BQ]) + 501(32) s (1027)
where PD([Bs]) is the Poincaré dual two form of the divisor class of the base Bs of the elliptic fibration,
and c¢1(B) is its first Chern classE] The geometry of elliptically fibered Calabi-Yau threefolds ensures

1 1
,C[)oo = 4/ 61(32)2 = 1(10 — hl’l(Bg)) s
B>

co = / [c2(B2) + 5¢1(B2)?] = 4(13 — k' (By)) . (10.28)
Bo
This in turn implies that the Chern-Simons sector of M-theory on Y3 contains the terms

1 10 — hl’l(B ) 13 — hl’l(B )
CS 2 0 70 110 2 0 2

We just have to recall that the number of tensor multiplets of the (1,0) theory is related to the
geometry of Y3 by
R (By) =T +1, (10.30)

see section to recognize a perfect match with the field theory prediction of the previous section.

In the case of compactification of M-theory on Xg = K3 x T2, the Kaluza-Klein vector is identified

with the vector along the only two-form on the torus, which we denote wg. As a result,

Kooo =0 , Co= / wp X 62(K3 X T2) = / CQ(K3) =24 . (10.31)
K3xT? K3
This implies that the gauge Chern-Simons term is absent, while the gravitational Chern-Simons is
given by
1 1
598 5 / ~ A% R? 10.32
onz | 14 (10.32)

in agreement with the field theory computation.

So far we have focused on Chern-Simons coupling involving only the Kaluza-Klein vectors. There
are additional terms in the reduction of M-theory on Y3 that are interpreted as one-loop effects on the
F-theory side. They are of the form

Koij / A FUFI Ky, / A'FIFR (10.33)

where A’ are the five-dimensional vectors that are lifted to six-dimensional vectors. The index i labels
the Cartan generators of the gauge group, since the duality between M-theory and F-theory only works
in the Coulomb phase. The coefficients ko;;, k;ji can be computed geometrically and are related to

the charged spectrum of the theory, see for instance [211], [137].

To compute the coefficient of these couplings in field theory we need to consider diagrams where
all massive fields charged under A° and/or A® run. Those are the Kaluza-Klein zeromodes and excited

modes of the fields that acquire a mass after the gauge group is broken by giving a non-vanishing VEV

2Strictly speaking one has to pull back ¢; (B) to Y3, but we will suppress the pullback in the following.
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to the scalars in the five-dimensional vector multiplets. We do not perform here a similar analysis, but
the techniques developed so far can be applied to attack this problem. It has indeed been shown in
[211] that the Chern-Simons coefficient k;jj receives one-loop corrections by massive gauge degrees of
freedom. Furthermore, [I87] contains an analysis of Chern-Simons couplings kg;; in the more general
context of a possibly rational—as opposed to holomorphic—zero-section of the elliptically fibered
Calabi-Yau threefold.

Let us close this section with a comment about a special case that recently attracted interest [130].
Namely, let us consider an M-theory compactification with x(Y3) = 0. When Y3 is elliptically fibered
one can lift the theory to a six-dimensional (1,0) model. For simplicity, we assume that Y3 has no gauge
group singularities and hence the (1,0) theory has no vector multiplets, V' = 0. In this case the Euler
number is simply given by y = —60 f32 c1(B)? = —60(9 — T) and we see that y = 0 implies T = 9.
The anomaly cancellation condition requires then H = 12. Can this model be interpreted as
a spontaneously broken (2,0) theory? Suppose we are given a possibly non-Abelian (2,0) theory with
21 tensor multiplets, in accord with absence of gravitational anomalies. They correspond to 21 tensor
multiplets and 21 hypermultiplets in (1,0) language, as can be seen from table Let us further
imagine that the original theory undergoes a spontaneous supersymmetry breaking in such a way that
only T tensor multiplets out of 21 and and only H hypermultiplets out of 21 remain massless. In order
for the resulting (1,0) theory to be free of gravitational anomalies, we must have H = 273 — 297"
The requirement 0 < H < 21 together with the integrality of T" determines T' = 9, H = 12 as the
only possible breaking pattern. This agrees with the geometric setup with x = 0. Furthermore, for
T = 9 we have kj(ﬁll;?} = 0, see , and the term A° A FO A FO, which is incompatible with 16
supersymmetries, does not enter the circle reduction of the (1,0) theory. These might be considered
as hints in favor of the spontaneous symmetry breaking scenario. If such breaking is actually possible,

and how it may be realized, remains to be investigated.

10.3 Exploring the landscape of five-dimensional supergravities

As another application of the results of chapter [9 we would like to address the following question.
Suppose we are given a five-dimensional supergravity theory, in terms of its massless spectrum and
couplings in the effective action. Is it possible to determine if this theory can be understood as the

effective low-energy description of an anomaly-free six-dimensional supergravity theory on a circle?

This investigation can be motivated by the following considerations. On general grounds, it is an
interesting problem to study the constraints that gravity places on low-energy quantum field theories.
For instance, even-dimensional chiral theories are subject to the requirement of cancellation of gravi-
tational anomalies. In the spirit of [I8], 258] [178] [170], one can maybe look for analogue constraints in
odd-dimensional theories by exploring classes of models that cannot be seen as a circle reduction of
an anomaly-free even-dimensional theory. More specifically, five-dimensional quantum field theories
with coupling to gravity and their relations to six-dimensional theories play an important role in many

proposals for the low-energy description of the world-volume theory of a stack of M5-branes. This
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topic is the subject of chapter

It would be desirable to classify those five-dimensional theories which are consistent at the quantum
level. This is a formidable task and therefore it is advantageous to first try to understand a subset
of these theories, namely those that come from a circle reduction from six dimensions (see figure 1).
Of course, not all consistent five-dimensional theories arise in such a circle compactification. Well-
known examples include Calabi-Yau threefold reductions of M-theory that in general do not admit a
six-dimensional lift if the threefold is not elliptically fibered, see [204] [I76] and chapter

apparently consistent five-dimensional theories
five-dimensional theories arising from six dimensions

five-dimensional theories arising
from known anomaly-free
six-dimensional theories

Figure 10.1: Five dimensional effective low-energy theories coupled to gravity which arise through
compactification of anomaly-free six-dimensional theories form a subset of all apparently quantum-
consistent theories.

Deciding upon this question is generically a highly non-trivial task, for various reasons. On the one
hand, in order to extract the low-energy effective action of a six-dimensional theory on a circle one needs
not only to perform a classical dimensional reduction, but also to integrate out massive excitations
such as Kaluza-Klein modes. Five-dimensional quantum effects due to these massive excitations can
make a direct comparison to a possible higher-dimensional action prohibitively difficult. On the other
hand, the structure of six-dimensional supergravities is quite rich and is not completely under control.
The study of non-Abelian interactions among self-dual tensors, in particular, remains an open problem
in the context of (2,0) theories and has been investigated in (1,0) models in the regime where gravity
is decoupled [259].

Even if we do not have control over the full class of six-dimensional supergravities, we can still
formulate non-trivial conditions for a given five-dimensional theory to be lifted to a specific subset of
six-dimensional models. Moreover, there are objects at the quantum level of the theory that are robust
under dimensional reduction. Anomalies, and in particular gravitational ones, are examples of such
objects, since they are mostly sensitive to more general features of the theory rather than intricate
details of the action [199]. In this note, we discuss the possibility to study them using classical and
one-loop gauge and gravitational Chern-Simons terms in the theory obtained by compactification on
a circle. Reversing the logic, we try to argue that a careful study of Chern-Simons terms in a generic
five-dimensional gauge theory allows to obtain non-trivial information about the spectrum (and thus

also about the quantum-consistency) of a potential six-dimensional parent theory.
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The two setups that we investigate admit eight and sixteen supercharges, respectively. Firstly, we
suppose we are given a five-dimensional Abelian action with eight supercharges and we explore the
possibility to lift it to a (1,0) theory with simple gauge group. We find that non-trivial necessary
conditions can be formulated in terms of the Chern-Simons sector only. Secondly, we take an Abelian
theory with sixteen supercharges and we search for a possible lift to an Abelian (2,0) theory. As
before, a necessary condition on the Chern-Simons couplings, accompanied by suitable kinetic terms

to fix the normalization of the fields, is found.

10.4 Six-dimensional origin of five-dimensional theories

In this section we provide two examples to show that it is possible to quantitatively address the
problem of possible six-dimensional origins of a given five-dimensional theory. In particular, one can
find explicit constraints on the spectrum and supersymmetry content of the parent six-dimensional
theory in terms of the five-dimensional Chern-Simons couplings. Of course our findings based on
Chern-Simons terms alone cannot be viewed as a classification of all five-dimensional theories that
can arise in a circle compactification in the spirit of figure We believe, however, that the content
of this section can be seen as a first step towards a systematic analysis of consistency conditions for

five-dimensional quantum field theories in the presence of gravity.

10.4.1 N = 2 supersymmetric theories

Let us remind the reader that in our notation N/ = 2 supersymmetry corresponds to minimal super-
symmetry in five dimensions, i.e. eight real supercharges. We consider minimal supergravity coupled
to n Abelian vector multiplets and a number of massless neutral hypermultiplets. The supersymmetric

action of such a theory contains the topological couplings

1
Sé?;:w/ [kABcAAAFBAFC+ kA AM At (RAR)] (10.34)
m
where A4, A = 1,...,n + 1 denotes collectively the graviphoton and the vectors from the vector

multiplets, F'4 = dA# are the corresponding Abelian field strengths, and R is the curvature two-form.

Supersymmetrizations of the second term are discussed in [202, 260].

If an A/ = 2 theory can be seen as the circle reduction of a six-dimensional theory, it has to come
from a (1,0) theory. On the one hand, if the six-dimensional theory had more supersymmetry, we
would find more than eight supercharges in five dimensionsﬁ On the other hand, it seems impossible
to lift the five-dimensional gravitino of an N/ = 2 theory to a consistent, interacting six-dimensional
theory with no supersymmetry. Note that a five-dimensional theory with massless U(1) gauge fields
can arise as low energy effective action of a possibly non-Abelian six-dimensional theory on a circle.

This is what happens when the gauge group is broken to the five-dimensional Coulomb branch by

3Here we consider only simple compactifications on a circle. In particular, we do not discuss any compactification
mechanism which (partially) breaks supersymmetry.
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giving a VEV to the scalars in the five-dimensional vector multiplets. For simplicity, in the following
we study the possibility to lift the five-dimensional theory to a non-Abelian (1,0) with simple gauge
group G. The generalization to semi-simple G is straightforward. The inclusion of U(1) factors is also

possible, but would make the analysis of the six-dimensional action and anomalies more involved.

The first step in the search for a parent six-dimensional theory is to determine if the five-dimensional
spectrum can be lifted to six dimensions. Five-dimensional hypermultiplets directly lift to six-
dimensional hypermultiplets, which are allowed in the (1,0) theory. To understand the possible lift of
the vector sector to six dimensions one has to divide the n + 1 five-dimensional vector fields A® into

three sets:
e the vector A° that lifts to the Kaluza-Klein vector in the reduction of the six-dimensional metric
on a circle;

e the vectors A%, a=1,...,T + 1 that lift to components of T' six-dimensional tensor multiplets

and a single tensor in the supergravity multiplet;

e the vectors A%, i = 1,...,rank(G) that lift to Cartan elements of six-dimensional gauge group G.

Furthermore, to allow for a consistent six-dimensional parent theory, the constants kapc and k4 in
(10.34) have to split in such a way to accommodate the following Chern-Simons terms for the above

mentioned classes of vector fields

B) 1 1 o 1 ey i g 1 @
Sere = @ / [— iQaﬁAOF FP 4 50" QapCij APFIFT — 3¢ QupAltr R? (10.35)
1

+ / [ko AP FOF® 4+ kij AF'F7 4 kyjp A'FIFF + kg A%t 32] ,

(2m)?
where we suppressed wedge products for brevity. As discussed in chapter 7] and for example in [170],
only the Chern-Simons terms in the first line can be lifted to a classical six-dimensional action, while the

terms in the second line cannot be obtained by classical reduction on a circle. We know from sections

[10.2.7]and [10.2.2] however, that they do come from a six-dimensional action as soon as quantum effects

are included in the dimensional reduction. It is precisely the interplay between these two subsets of
Chern-Simons terms that allows us to formulate necessary conditions for the five-dimensional theory

to come from an anomaly-free (1,0) theory.

It is useful to recall from section that the constant symmetric matrix 0,4 has signature (1,7")
and is identified with the SO(1,T") invariant metric associated to the moduli space SO(1,T)/SO(T)
of the scalars in the tensor multiplets in six-dimensions. The matrix Cj; is identified with the Cartan
matrix of the gauge group G. The constant vectors bé* and a® are the coefficients of the Green-Schwarz
terms that cancel factorizable anomalies, see section Note also that the vector b* determines

the kinetic term of six-dimensional vectors, as can be seen from ([7.41]).

As mentioned above, the requirement of anomaly cancellation in the parent (1,0) theory allows

us to formulate necessary conditions on the Chern-Simons terms for the lift to six-dimensions to be
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possible. In the following, we focus on six-dimensional gravitational anomalies, since they do not
depend on many details of the charged hypermultiplet spectrum in six dimensions. The conditions for
the absence of purely gravitational a anomalies in (1,0) theories have been give in section but

we record them here again for convenience,
H-V=2713-29T, a“Qupa’ =9 1T, (10.36)

where as usual 7', V, H are the number of six-dimensional tensor multiplets, vector multiplets, and
hypermultiplets, respectively. To check the first condition in directly we would need to know
the number of hypermultiplets H in six dimensions. This number, however, is in general different from
the number of neutral massless hypermultiplets in five dimensions, since some charged hypermultiplets
become massive after breaking of the gauge group, and therefore do not appear in the five-dimensional

effective action.

This problem can be circumvented by studying the Chern-Simons terms in ((10.35]). In particular,
the couplings kg and kg encode information about the gravitational anomaly cancellation conditions
(10.36)). To see this, let us first recall from section [10.2.1| that ky and k¢ can be computed explicitly

by summing the contributions of all Kaluza-Klein modes of chiral fields in six-dimensions, with result

ko = 2i4(T —9), ko= i(m _7y). (10.37)
These expressions hold under the assumption that the first condition in is satisfied, but they
only involve the number T of tensor multiplets of the theory, which can be read off from range of
the « indices in . Combining with the second condition in ((10.36)) we get the following
necessary conditions for the Chern-Simons terms to be lifted to six-dimensional theory free of

gravitational anomalies:
2 ko = —a“Qupa’ =T -9, 2 kg = a"Qupa’® +3=12-T . (10.38)

These equations encode three independent requirements and cannot be trivially satisfied by rescaling
A% and A°.

One can formulate similar tests on the Chern-Simons coefficients in to check if the candi-
date parent theory is free of purely gauge anomalies. Such conditions involve a comparison between
baQagbﬁ and the coupling k;;;, which contains crucial information about the six-dimensional charged
hypermultiplet spectrum [211, [137]. While it was only shown for specific examples [137], and not
yet in general, that the knowledge of the Chern-Simons coefficients allows to check cancellation of
six-dimensional gauge anomalies, we believe that such a statement should hold in general. In a similar
way, we suspect that conditions involving aaQagbﬁ and the Chern-Simons coupling k;; can be used to

test if the six-dimensional theory is free of mixed gauge-gravitational anomalies.

10.4.2 N = 4 supersymmetric theories

We can apply the strategy outlined so far also to five-dimensional theories with sixteen supercharges,

denoted N' = 4. We restrict to the theory of n Abelian vector multiplets coupled to supergravity.
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Recall that the N/ = 4 supergravity multiplet contains six vectors. Five of them form the 5 repre-
sentation of the SO(5)r R-symmetry group, while the sixth one is a Singletﬁ The singlet will be
denoted A°, and the remaining ones together with the n gauge fields from the vector multiplets are
denoted A4, A =1,...,n+5. The collective index A is a fundamental SO(5,n) index. The associated

constant metric is denoted n4p. With this notation the topological sector of the action reads

1 1
S8 = (zﬂ)z/[—277ABA0/\FBAFC+/<;0AO/\tr(R/\R) . (10.39)

To the best of our knowledge it has not been shown that the gravitational Chern-Simons coupling can
be supersymmetrized. We will see, however, that in some circumstances it can be generated at the
quantum level from a six-dimensional theory with sixteen supercharges on a circle. We thus expect it

to be an admissible coupling in the five-dimensional ' = 4 action.

In contrast to the A/ = 2 case, the Chern-Simons sector of an A/ = 4 theory is too simple to provide
any test that cannot be trivially satisfied by means of rescaling of A?, A4. Therefore, we also need
to record some kinetic terms in order to fix this ambiguity. This requires some additional notation.
Each vector multiplet contributes five scalars to the spectrum. These 5n scalars parametrize the coset
space SO(5,1)/SO(5) x SO(n). This is conveniently described in terms of matrices L4’ La’, where
i, I are fundamental indices of SO(5), SO(n) respectively. These matrices satisfy

nap =0 La'Lp’ —61;La"Lg” , Gap =06;L4'Lp’ + 61504 L7, (10.40)

where G 2op is a non-constant, positive-definite matrix that enters the gauge coupling function. The

needed kinetic terms are

) _ 1 1 L 20/v6 A B_ 1 —40/v6 50 0
Spin = e / [R* 1- §d0 N *xdo — 3¢ oIVOG g FA N FP — 3¢ oNVORO N wFO| (10.41)
in which o is the scalar in the gravity multiplet. The sum Sg)g + Sl({i)l can be supersymmetrized since
it coincides with part of the standard form of the five-dimensional " = 4 action as found e.g. in [261],
up to field redefinitions ]

The five-dimensional N = 4 theory under examination can come from circle reduction of a (2,0) or
(1,1) theory. Since (1, 1) theories are non-chiral, we cannot use anomalies as a check of the quantum
consistency of the candidate parent theory. For this reason, in the rest of this section we formulate
necessary conditions for the lift of the five-dimensional theory to a (2,0) theory, and we do not give
conditions for the lift to a (1,1) theory. Furthermore, since a six-dimensional action for non-Abelian
(2,0) is not known, we explore the possibility to lift the five-dimensional theory to an Abelian (2,0)
theory.

Recall that in such a theory the only matter multiplets are tensor multiplets. As we have seen
in section [L0.2.1] cancellation of gravitational anomalies requires a number 7' = 21 of them. This

4This structure is fixed by identifying the five-dimensional gravity multiplet.

®More precisely, we have performed an overall rescaling of the action, together with the redefinitions there = Ghere/ V2,
Al e =AY /V2, Af e = AL /+/2. Our form of the action is best suited for comparison between tree-level and one-
loop terms. It is such that the action and the vectors both have period 27. It has been inferred by deriving 5(05 ; from
M-theory on K3 x T2 making use of the effective action discussed in [62].
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implies that the five-dimensional theory must have exactly 26 vectors in addition to the singlet A°.
This provides a first elementary check on . A far less trivial check comes from the gravitational
Chern-Simons coupling kg. It cannot be generated by reduction of the classical Abelian (2,0) action
on a circle, and it is rather generated by one-loop diagrams in which massive Kaluza-Klein modes run
in the loop. We can read off the value of this coupling from the results of section

1
Fo=7 - (10.42)

If in Sg% + Sﬁz a different value of ko appears, the theory cannot be lifted to an Abelian (2,0) theory.
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Non-Abelian tensor towers and (2,0) theories

In this chapter we present a proposal for a five-dimensional action designed to capture some features
of interacting six-dimensional (2,0) theories. A five-dimensional approach allows us to elude some
of the immediate difficulties in formulating a Lagrangian for self-dual tensors. It is inspired by the
M-theory /F-theory duality for F-theory vacua in six dimensions, see section but it can be also
related to the proposal of [33] 4] about (2,0) theories and five-dimensional maximally supersymmetric
Yang-Mills theory.

11.1 The search for a five-dimensional Lagrangian description

As we have seen in chapter [0 among the most interesting implications of M-theory and string theory
is the existence of interacting superconformal quantum field theories in six dimensions with (2,0)
supersymmetry. They are labelled by ADE Dynkin diagrams and reduce to maximally supersymmetric
Yang-Mills in five dimensions. Therefore, they are expected to possess some sort of gauge symmetry,
even though they do not have any massless vector in their spectrum. Crucially, they have instead

massless antiself-dual tensors.

There are some immediate complications that have to be addressed in the search for a Lagrangian
description of (2,0) theories. Two separate problems are particularly prominent. Firstly, the naive
Lorentz covariant kinetic term for tensors vanishes identically upon imposing the (anti)self-duality
constraint. Different solutions to this problem have been proposed, based on breaking of manifest
Lorentz invariance, introduction of auxiliary fields, or a holographic approach [251], 247, [262]. Secondly,
the ‘gauge group’ structure of the theory is particularly elusive, as the absence of vectors prevents
any naive attempt to write down non-Abelian gauge covariant derivatives. Indeed, (2,0) theories are

believed to be connected to the formalism of gerbes, rather than vector bundles. Recent discussions
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free (2,0) theory interacting (2,0) theory
A

compactify on St 2 :

keeping all KK modes I

I

N =4 Abelian Yang-Mills deformation N = 2 non-Abelian Yang-Mills
coupled to KK towers coupled to KK towers
of massive tensors of massive tensors

v

Figure 11.1: Schematic representation of the five-dimensional approach to interacting (2,0) theories
followed in this chapter. A free (2,0) theory can be described by a pseudoaction which can be com-
pactified on a circle keeping all Kaluza-Klein modes. This has been done for (anti)self-dual tensors in
section The resulting five-dimensional theory is maximally supersymmetric Abelian Yang-Mills
theory coupled to infinite towers of matter fields, including massive tensors. In this chapter we study
a deformation of this theory that preserves all degrees of freedom and switches on a non-Abelian
gauging. This deformed theory has manifest N' = 2 supersymmetry. It can be the starting point for
an indirect exploration of interacting (2,0) theories.

about the various complications in formulating (2,0) theories can be found in [263, 35 264, 265] [37,
266, [267).

In this chapter we approach (2,0) theories by studying a five-dimensional action for an infinite
tower of modes that can be interpreted as Kaluza-Klein states. We propose that using this perspective
one can address both the self-duality as well as the non-Abelian gaugings at the level of an action.
Our program is summarized in figure m The dynamics of an Abelian (2,0) theory is trivial and
can be captured by a simple quadratic pseudoaction. As we have seen in section [10.1] this can be
reduced on a circle keeping all excited Kaluza-Klein modes so that the resulting five-dimensional
theory has an infinite number of massive tensor fields, together with massless vectors. The latter are
crucial, because they allow us to study deformations of the five-dimensional theory that include some
non-Abelian gauge group. The resulting deformed action is hopefully able to capture a subset of the

couplings of the sought-for (2,0) theory, or some robust feature thereof.

More precisely, we will write a five-dimensional superconformal action with N/ = 2 supersymmetry,
i.e. with eight supercharges, whose spectrum contains all the expected degrees of freedom of the six-
dimensional (2,0) tensor multiplets compactified on a circle. The theory also features an additional
N = 2 vector multiplet containing the circle radius and the Kaluza-Klein vector of the six-dimensional
metric. The total gauge group is of the form G x U(1), where G is a simple simply-laced non-Abelian
group that is interpreted as the ‘gauge group’ of the (2,0) theory, while the U(1) factor is associated
to the Kaluza-Klein vector. The gauge bosons of G and their supersymmetry partners are contained
in N' = 2 vector multiplets and hypermultiplets that are neutral under the Kaluza-Klein U(1), and

are thus interpreted as zeromodes. The remaining infinite collection of N' = 2 tensor multiplets and
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hypermultiplets are labelled by an integer that also corresponds to their charge under the Kaluza-
Klein U(1). They are therefore regarded as excited modes. Our action fits in the general N' = 2
superconformal framework of [268], 269] that extends and applies [270} 201, 27T, 200, 257]EI It is
crucial, however, that all couplings in our theory are only given in terms of group theoretical constants

associated to G and the Kaluza-Klein levels.

The five-dimensional superconformal invariance of the N' = 2 action is implemented in a way
compatible with a subgroup of the six-dimensional superconformal group. This implies that the
additional vector multiplet, containing the circle radius and the Kaluza-Klein vector, has to transform
in accord with the six-dimensional line element. However, in order to more directly interpret the
N = 2 superconformal action as a Kaluza-Klein theory, one has to fix superconformal invariance.
We consider a restriction of the action that preserves N' = 2 Poincaré supersymmetry by giving a
vacuum expectation value to the entire multiplet containing the circle radius and the Kaluza-Klein
vector. After this gauge-fixing the infinite tower of tensor multiplets and hypermultiplets will gain
a mass proportional to the Kaluza-Klein scale set by the circle radius. The non-Abelian gaugings
and the realization of only half the maximal supersymmetry, however, prevent us from lifting the

five-dimensional theory directly to six dimensions.

In two special cases, however, our action has a clear six-dimensional interpretation, thus furnishing
a first simple sanity check of our formalism. Firstly, considering zero modes alone the restricted N' = 2
action reduces to only maximally supersymmetric Yang-Mills theory with gauge group G. The zero
mode sector is automatically invariant under sixteen supercharges and is thus N' = 4 supersymmetric.
Secondly, if non-Abelian gaugings are switched off the five-dimensional action including all excited
modes is again automatically invariant under N' = 4 supersymmetry and coincides with the circle

compactification of the (2,0) pseudoaction for Abelian tensor multiplets.

The connection between six-dimensional anomalies and five-dimensional one-loop Chern-Simons
terms encountered in sections and hints to the fact that our action can be used to probe
anomalies of (2,0) theories. For instance, one can couple the five-dimensional theory to a background
vector gauging R-symmetry and use the quantum-corrected Chern-Simons terms for this vector as
window on the R-symmetry anomalies of the (2,0) theories. This is related to their conformal anomaly,
which has received a lot of attention recently [273], [153] 158, 274, 275, 276]. We refer the reader to [277]
for a first step in this application of the action proposed in this chapter, as well as for a discussion of

harmonic superspace inspired techniques to achieve R-symmetry and supersymmetry enhancement.

11.2 Supersymmetric spectrum and non-Abelian gauging

This section is devoted to the discussion of the supersymmetric spectrum of the five-dimensional
theories of non-Abelian tensors which will be constructed in the following sections. Our starting point
consists of a number of tensor multiplets of six-dimensional rigid (2, 0) superconformal symmetry. This

spectrum is dimensionally reduced on a circle and the resulting N' = 4 supermultiplets are described.

'Recent progress on the construction of (1,0) superconformal theories in six dimensions can be found in [259, 272).
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Moreover, a mechanism for a non-Abelian gauging of tensors is implemented. The decomposition of
the N = 4 spectrum into A/ = 2 multiplets and the discussion of conformal invariance is relegated to
section [11.3

11.2.1 (2,0) tensor multiplets

Let 77 be a collection of (2,0) tensor multiplets in six dimensions. The index I plays here the role
of a degeneracy index, but will be identified with an adjoint index of a non-Abelian gauge group in
subsection Boldface symbols will be used throughout to denote six-dimensional quantities.
The field content of T is given by

T = (B, 0’7 A7), (11.1)
where BIIW is a tensor (two-form), o!% are scalars, A?? are spin-1/2 fermions. In our conventions, the
supersymmetry parameter is a left-handed Weyl spinor, the tensors have negative chirality, i.e. their
field strength H! = dB! obey the antiself-duality constraint *H! = —H', and the fermions A\’ are
right-handed Weyl spinors. Indices 4,5 = 1,...4 are indices of the 4 representation of USp(4)rg, the
R-symmetry group of the (2,0) supersymmetry algebra. The tensors B{w are singlets of USp(4)rg, the
fermions A’? transform in the 4 representation, while the scalars o/ ¥ belong to the 5 representation,

i.e. they are antisymmetric and traceless
olii = _glit Q0’7 =0. (11.2)

In the last equation €;; is the primitive antisymmetric invariant of USp(4)r. We refer the reader to
section in appendix [A] for our conventions. Tensor multiplets are pseudoreal, i.e. they satisfy

B{u/ = (B;’u/)* = B{u/ )

(TH =T7" " gl = (o) = QuQua (11.3)
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The last line encodes the usual symplectic-Majorana condition. The quantities 4", C are the timelike

gamma matrix and the charge conjugation matrix in six dimensions, respectively.

The (2, 0) Poincaré superalgebra can be enlarged to the superconformal algebra OSp(8*|4) [278 [30].
This requires the introduction of new generators for dilatations, conformal boosts, special supersym-
metry transformations, and R-symmetry transformations. The action of these generators on physical
fields can be found in [279] 280]. A more detailed discussion the rigid superconformal theory will be
given in sections [11.3] and [I1.4.1] in the context of N' = 2 supersymmetry in five dimensions. In this
section we just focus on the Weyl weights, which are the charges under dilatations. For the fields in
the tensor multiplets 77 they are collected in Table

Let us now discuss the Poincaré supersymmetry transformations and the pseudoaction of a collec-
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multiplet fields type comments USp(4)r  Weyl weight
1 BIIW antiself-dual tensor pseudoreal 1 0
massless tensor oli scalar pseudoreal 5 2
multiplet Al right-handed spinor pseudoreal 4 5/2

Table 11.1: Field content of an on-shell tensor multiplet T~ of rigid (2,0) superconformal symmetry

in six dimensions. The precise formulation of the reality properties of the fields is found in (|11.3]).

tion of non-interacting tensor multiplets 7. The (2,0) supersymmetry transformations read [280]
(5(6)Bfw = —Ei’yuu)\f ,

S(e)Al" = %'Hlpr,yuvpei + 2'7“8u0'”jej ,

§(e)olii = —4 (a[i,\fﬂ + ime’ug) . (11.4)
Recall that the tensor field strength is defined as ?-wap = 33[MB,I/ - Note that contraction with

~HVPel automatically selects the antiself-dual part of the field strength, because € is a left-handed
Weyl spinor in our conventions. The supersymmetry algebra closes only up to the free-field equations

of motion for BY A" ol They can be derived from the following supersymmetric pseudoaction:

puro

5O = /d696 dIJ{ —HIPH,, — 5 0! O — %5‘”’7“8#)\7{} ' (11.5)

We stress that this is not a proper action, since the self-duality constraint on the field strengths of
tensors cannot be derived from it, and has to be imposed at the level of the equations of motion.
In order to write down kinetic terms, the symmetric, positive-definite, constant matrix dy; has been
introduced.

Finding a non-Abelian deformation of the six-dimensional pseudoaction is a formidable task.
In particular, there are no vectors in the spectrum which could be used as gauge connections. Indeed,
(2,0) gauge theories of tensors are conjectured to be a non-Abelian generalization of gerbes, with
two-form connections [281) 282] 267] (see also [283]). As mentioned in section our strategy is to

avoid these difficulties by performing the gauging in the reduced five-dimensional theory.

11.2.2 Compactification on a circle and five-dimensional N' = 4 spectrum

We compactify one spatial dimension on a circle using the standard Kaluza-Klein Ansatz for the
metric,
guvdxtdx” = g, dxtdz” + r2(dy — Agdx“)2 ) (11.6)

On the right hand side g, is the five-dimensional metric, r is the radius of the circle, y ~ y + 27

is the compact coordinate along the circle, and Ag is the Kaluza-Klein vector with Abelian field

2 Compared to reference [280], the fields and the supersymmetry parameter have been rescaled by suitable factors to
achieve canonical normalization in the pseudoaction below.
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strength F0 = dA°. In the rigid limit, g is the flat Minkowski metric, r is constant and AV vanishes.
Later on, we will promote these quantities to fields, however, since they will play a crucial role in the

superconformal theories of section |[11.4

Upon compactification on a circle, the scalars oZ% and the spinors A'* give rise to a Kaluza-Klein

tower of five-dimensional scalars 05,/ and spinors A!?, where n € Z. More precisely we write

ol =1 Z emya,{fj , A=t Z emy)\,lli ®n, (11.7)

ne” nez
where 7 is a constant two-component spinor. Note that we have included a factor of »~! in the
Kaluza-Klein Ansatz, in order to have five-dimensional fields o/ %, \? of canonical dimensions 1 and
3/2, respectively. These fields are also the natural variables compatible with the lower-dimensional
supersymmetry. As far as the tensors are concerned, reduction of Bfw furnishes both a tower of

tensors B} v and of vectors Al , in five dimensions, see section We can write

B =) "¢ [B] + AL A (dy — A")] . (11.8)
nez

As a consequence of the six-dimensional antiself-duality constraint, B v and Afw do not contain
independent degrees of freedom. On the one hand, the antiself-duality constraint can be used to

eliminate the tensor zero modes Bé v from the spectrum of the five-dimensional theory, keeping the

vector zero modes A{L = Aé , only. On the other hand, excited modes B! s AL ., are related by a
Stiickelberg-like symmetry in the invariant derivative F! = dAL +inBl, as in [247] and in sectionm

1

n this w n n me a massive tensor in five dimensions. In conclusion
In this way B ca ‘eat’Afwadbeco e a massive tensor field in five dimensions. In conclusion,

n py

reduction of B{w yields a massless vector Aﬁ and a tower of complex massive tensors B. uv- A purely
. . I I . . .

bosonic Lagrangian for A, B;, ,,, coupled to the Kaluza-Klein vector Ag has been given in ((10.14]) and

(10.15)). For our present purposes it is conveniently written as
[ftens = dIJ |: - %TﬁlF;{VFJ'LW - éE“VApUA?L Fl{)\ F[;{Ti| (119)

[e.e] _ . —
+ ZldIJ [ - %T_ngzluuFﬁ]lw + ﬁEuVAPUF{m,uV DIA<KFT(L]pUi| :
n—
On the right hand side we have introduced the Abelian field strength F/ = dA’ and we have used the
Stiickelberg gauge-fixed expression for the tensors

Fl =Bl . (11.10)

n uv n puv

It will be convenient to use this rescaled F. v to represent the tensors in the remainder of this work.
Indices I, J are contracted with a constant metric dyy. In section [11.2.4] it will be related to group-
theoretical invariants after the degeneracy index I is promoted to a gauge index. We have also made
use of the shorthand notation D/IfKXn =0, Xy + z'nAan for generic Kaluza-Klein modes X,,. More

information about this covariant derivative will be given in section [11.2.3]

The main purpose of our work is to provide a supersymmetric non-Abelian generalization of the
action (11.9)). As a first step, we discuss how five-dimensional fields are organized in N/ = 4 multiplets.
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The R-symmetry group is again USp(4)g, and the transformation properties of the fields under R-
symmetry are unaffected by dimensional reduction. The vector zero mode A’ combines with the zero

modes o!¥ = U(I) U and M = Aéi into a single vector multiplet which we will denote as

V= (Al 0" A7) (11.11)

Each massive tensor F,! combines with the corresponding excited modes oLt , M7 into a massive tensor
multiplet

Th = (Flu.0lP N7,  nel'. (11.12)

As a consequence of the reality conditions ([11.3]) in six dimensions, the vector multiplet is pseudoreal,

A1 — (Al\x — Al
A, =(A) =4,
whr=v . ol = (01) = Qo™ (11.13)
i — (Z\VTA0 — Oij(Z[\T
M=) =a90)TC,
and the tensor multiplets satisfy

FI :(FI )*:FI

nuv — n pv —nuv
(7;;’)* = T—[n : 5’£,‘j = (07{01])* = Qiijlaﬂlﬁ , (11.14)

N i — (V] 0 — i\ T

We can thus restrict our attention to positive n only, to avoid a redundant description of the same
degrees of freedom. Note that now ~°, C refer to spinors in five dimensions. Our conventions about
five-dimensional spinors are collected in an appendix in section along with some useful identities.
It is interesting to contrast the reality condition for spinors on zero modes and on excited modes:
the former is the usual symplectic-Majorana condition, but the latter relates two different symplectic
multiplets, A}, and A\’ , and imposes no constraint on either of them separately. In this respect A%

ns

i

is referred to as ‘complex.” As discussed in section every complex symplectic spinor as AL? is

equivalent to a doublet of symplectic-Majorana spinors.

Since there is no known extension of the five-dimensional N' = 4 Poincaré superalgebra to a super-
conformal algebra [278] [30], there is no well-defined notion of Weyl weight for N' = 4 supermultiplets.
Six-dimensional superconformal (2,0) symmetry, however, implies a (classical) scaling symmetry of
the five-dimensional N = 4 theory. From the metric Ansatz we infer that the compactification
radius r has scaling weight —1, as will be further discussed in section The scaling weights
of all fields in vector and tensor multiplets can be extracted by comparing the six-dimensional Weyl
weights listed in Table with the Kaluza-Klein Ansétze , . They are found in Table
together with a summary of USp(4)g representations.

11.2.3 Mass scale and Kaluza-Klein gauging

Let us analyze in more detail the role played by the compactification radius r and the Kaluza-Klein

vector A°. The (2,0) theory we started from has no mass scale. (Recall that we consider the deep IR
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multiplet fields type comments USp(4)r scaling weight
I AL = Aé L vector pseudoreal 1 0
massless vector ol = U(I] g scalar pseudoreal 5 1
multiplet M=)\ spinor pseudoreal 4 3/2
71 F! v tensor complex 1 0
massivg tensor oht scalar complex 5 1
multiplet A spinor complex 4 3/2

Table 11.2: Field content of A" = 4 vector multiplets V! and tensor multiplets 7,/ in five dimensions.
The precise formulation of the pseudoreality properties of the fields in V! is found in (11.13). The last
column collects the weights with respect to the five-dimensional scaling symmetry inherited from full
six-dimensional conformal invariance.

dynamics where gravity is decoupled.) In contrast, the dimensionally reduced theory has a mass scale
set by the inverse of the compactification radius r. In particular, the nth excited modes F}, ,,, ol AL
have masses proportional to

My =nr * (11.15)

as can be seen by comparing the mass and kinetic terms for the respective fields as given below.
In order to infer this, we recall that B, ,, is related with F;, ,, by the rescaling . It is worth
recalling the role of r in the conjectured equivalence between (2, 0) theories and five-dimensional super-
Yang-Mills theories [263], 33]. Even if a complete formulation of (2,0) theories in the non-Abelian case
is not available, upon compactification on a circle they have to yield super-Yang-Mills in the massless
sector, corresponding to the multiplets V! in our notation. The Yang-Mills coupling constant in five

dimensions has mass dimension [g] = —1/2, and is identified with the compactification radius,
@ =r, (11.16)

consistently with the fact that (2,0) theories have no tunable parameter and compactification is the

only source of a mass scale.

The Kaluza-Klein field can be interpreted as a five-dimensional gauge connection which is needed
when a global U(1) symmetry is promoted to a local symmetry. This U(1) symmetry will be denoted
U(1)kk. Since it will play a key role in our formulation of the non-Abelian five-dimensional action,
let us discuss this symmetry in more detail and introduce some useful notation. U(1)xx originates
from constant shifts of the compact coordinate ' = y — A. These can be undone by redefining the
nth Kaluza-Klein mode of a field X as X/ = e™AX,,, as can be seen from (11.8), Thus, the nth
Kaluza-Klein mode of any field has electric charge n under U(1)kk. The associated infinitesimal

transformation reads

5KK()\)X’R = in/\Xn . (11.17)
If we demand
SKK(A)AD, = =9\ (11.18)
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we can gauge U(1)gk by introducing the covariant derivative
DX, = 0 X + inA) Xy, . (11.19)

From a six-dimensional perspective, A° is identified with fluctuations of the off-diagonal components
of the metric, as can be seen from ([11.6]). Its gauge transformation (11.18) is just a special case of a
six-dimensional diffeomorphism along the circle, and the minimal coupling to X, (11.19) is required

by six-dimensional covariance.

In section it will prove useful to rewrite the U(1)kk gauging in terms of real fields. To this
end, we exploit the isomorphism U(1)kx = SO(2)kk and for any complex field X,, of charge n we
introduce the SO(2)kk doublet X7, o = 1,2 via

Xn= 75 (X371 +iX077) (11.20)

Since the action of U(1)kk on X, is given by X/ = ¢™A X, the corresponding action of SO(2)kk on
X reads

cosnA —sinnA

oo « B o
X' = M7 X, Mg = (sinnA cosn A

> =67 (0,5 — nheys + O(A?)) . (11.21)
The Kaluza-Klein covariant derivative of the doublet X is therefore

DFEXY = 0,X0 + neg, 07 AXJ (11.22)

where we have chosen the representation

€as = (_01 (1)> (11.23)

for the antisymmetric invariant of SO(2)kk. In the last equations we have implicitly assumed that X,
is a boson. As explained in the appendix section[A.2] the same formalism can be applied to symplectic

spinors.

As a first application we present the reformulation of the bosonic action (11.9) with SO(2)kk
doublets instead of complex fields. Inserting (11.20)) for the tensors F! into (11.9)) we find

Lios = dig| = 4 Bl P — L 40 Bl F (11.24)
nurtn n po

o0
+> dry [ — Ll gFle IR L servivr pla DR S } ’
n=1

where we have used the identities (A.28]). These terms together with the Kaluza-Klein gauging, and
the non-Abelian gaugings that we introduce next, turn out to be sufficient to determine the key

characteristic data of the complete supersymmetric theory discussed in section [T1.4}

11.2.4 Non-Abelian gauge transformation and covariant derivative

In our discussion of the five-dimensional spectrum zero modes and excited modes are treated on a

very different footing, at the expense of manifest six-dimensional Lorentz symmetry. However, this
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enables us to implement a non-Abelian gauging, since we can use massless vectors in five dimensions
as gauge connections, and treat all other fields as charged matter. This implementation is the only
straightforward gauging compatible with the Kaluza-Klein charges under the assumption that the
gauge parameter is neutral under U(1)kk. The same strategy has been proposed in the literature
in a similar context, see e.g. [35], [267]. Identifying a possible six-dimensional interpretation for this

non-democratic gauging is a non-trivial task that will not be addressed in this work.

To define a non-Abelian gauging we first identify the degeneracy index I with the adjoint index
of some non-Abelian group GG. More precisely, we let I enumerate the elements ¢; of a basis of anti-
Hermitian generators of the associated Lie algebra, so that I = 1,...|G| = dim(G). We introduce the

structure constants and the Cartan-Killing metric by

[t],tj] = —fIJKtK y d[J = Tl"(t[tj) . (11.25)

Both f; JK and djy are real. We assume dy; is non-singular and positive definite, and we use it together
with its inverse d/’ to raise and lower adjoint indices. For example, fr;x = drrfrx”. Furthermore,
we take frjx to be completely antisymmetric. The groups under consideration are taken to be of
A-D-E type.

In order to realize a non-Abelian gauging of the spectrum (T1.11)), (I1.12), we interpret A’ as a
gauge connection, while all other fields will be seen as adjoint matter. More precisely, we postulate

the following infinitesimal transformation rules under the action of the non-Abelian gauge group G,
Sa(a)Al = 0.0l + fr'AT™ | Sa(a) X = —frla X5 (11.26)

where a is the scalar gauge parameter and X! is any field among of% A\ 7, UTILij, /\,Ili,F,{W (n > 0).

Recalling (11.19), we see that the full G x U(1)kk covariant derivative of any adjoint field X! with
Kaluza-Klein charge n is given byE|

DX} =0, X} +in DX + fr " ATXK (11.27)

We note here that D, X} has the same charge under U(1)k as X! itself. The non-Abelian field-
strength of A! reads

Fp, =20,,AL + [ AL AL (11.28)

transforms in the adjoint representation, satisfies the Bianchi identity D, F, qu} = 0, and enters the

commutator of covariant derivatives as specified by
[Dy, D)X} = inFD, X) + fr " F, XK. (11.29)
The algebra of gauge transformations closes on all fields, according to

ba(ar),da(an)] = d(as) ,  af = fr’afas’. (11.30)

3Since we work in flat space, we do not have to introduce a spacetime connection and covariant derivative.
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11.3 Spectrum in terms of N = 2 superconformal multiplets

Since non-Abelian gaugings of tensor multiplets are not consistent with standard N' = 4 actions
determined in [284) 285 261], 286], we first consider an N' = 2 formulation. Upon reduction, we
get N/ = 2 vector, tensor and hypermultiplets, and we can exploit the A" = 2 rigid superconformal
formalism of [268] 269].

11.3.1 Splitting of N' = 4 multiplets

To rewrite the N/ = 4 spectrum in terms of N/ = 2 supermultiplets, we consider the splitting of the
original R-symmetry group USp(4)g according to

USp(4)r — SU(2)g x SU(2) , (11.31)

where the first factor is the R-symmetry group of the N' = 2 algebra, and the second factor is an extra
global symmetry of the theory. We use indices a,b = 1,2 for the 2 representation of SU(2)g, while
indices a,b = 1,2 refer to the 2 representation of SU (2). Under (11.31]) the branching rules for the

relevant representations of USp(4)g read

5 — (1,1)+(2,2), 4 — (2,1)+(1,2), (11.32)
AT o N e

where the entries in the brackets correspond to the two SU(2)’s, and we have introduced the bosonic

fields ¢, qflai’, and the fermionic fields .2, C,[Li’ which will be discussed in more detail in the following.

Let us summarize the complete multiplets of rigid N/ = 2 supersymmetry originating from the
N = 4 spectrum of section [11.2.2] Firstly, we find the vector multiplets

V= (A;Iu(blﬂxla’yab) = (Aéw(b(l]vxéaﬂyojab) : (11.33)

The vector A,ﬂ is still identified with the gauge connection. The real scalar ¢! is a singlet (1,1)
under SU(2)r x SU(2) and originates from ¢/%. The spinor x/® belongs to the (2, 1) representation
and comes from the decomposition of A\'?. The scalars Yalb = }/b{l are auxiliary fields of the NV = 2
superconformal formalism and transform in the (3,1) representation. They would arise from the
decomposition of auxiliary fields in the (linearized) off-shell N' = 4 vector multiplet (see e.g. [287])
that transform in higher irreducible representations of USp (4)g. The multiplets VI are pseudoreal,

Al — I\x __ Al
Au = (Au) = Au ,
e N QEIE((ﬁI)*:(ﬁI,
(VI) =V cla — (I\tA0 ab( I\T <1134)
X = ()" =e"(x,) O
)_/Iab = (Ya]b)* _ Eacebd}/cld ,

where € is the primitive antisymmetric invariant of SU(2)g.
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Secondly, in a completely analogous fashion we have the tensor multiplets
,?\:1] - (Fé,uw ¢7Iw X£a7 Yn[ab) ) n>0, (11'35)

with the scalars ¢ in the (1,1) representation, the spinors x’¢ in the (2, 1) representation, and the
auxiliary fields Ynl b 10 the (3,1) representation. In contrast to their counterparts in VI , all fields in
7\; are complex and will become massive after breaking of conformal invariance, as discussed in more
detail below.

Finally, we find the hypermultiplets

Ho=H' = (@' ¢") = (@™ ", HL=(g"¢", n>0. (11.36)

n SN

They consist of scalars q,{bai’ that are the (2,2) component of U{Lij under the branching (11.32)), and
of spinors ¢!? that belong to the (1,2) branch in the reduction of A\Z?. For n > 0 the hypermultiplet
is complex and massive (in the broken phase of conformal symmetry). For n = 0 it is massless and

pseudoreal,
laa ) *

R R Al = — e IbB,
(HO =H" - { Toi = (0 i (11.37)

{1 = (i = e

where we have made use of the primitive antisymmetric invariants eab,e"‘i’ of SU(2)r and SU(2).
The Weyl weights of all the fields introduced in this section are collected in Table [I1.3] along with a
summary of SU(2)g x SU(2) representations. The matching of the Weyl weights of N' = 4 fields and

N = 2 fields will be discussed in the next subsection.

11.3.2 Restoration of five-dimensional conformal symmetry

It is important to clarify the role of conformal symmetry in our discussion. Our goal is a five-
dimensional action that is able to capture some crucial ingredients of a non-Abelian (2,0) model. This
six-dimensional theory is invariant under rigid conformal transformations [279, 280], i.e. transforma-
tions that leave the six-dimensional line-element invariant up to a factor. We refrain from a complete
account on the transformation properties of the six-dimensional fields. In our discussion we restrict
our attention mostly to the Weyl weights of the fields as listed in Table

If we compactify the six-dimensional theory on a circle using , we expect some generators of
the six-dimensional conformal symmetry to be spontaneously broken. The remaining generators are
those which act only on the five-dimensional line element. In particular, the Weyl invariance discussed
above will be broken, unless we also allow for a rescaling of the compactification radius, i.e. unless we

would consider transformations of the form
Gudrtdz” = ds* — Q 2ds?, roe Q7 (11.38)

Another way to see that Weyl invariance is compromised in the dimensionally reduced theory is to
notice that the multiplets ’72, 7-A[n have become massive with masses m,, given in ([11.15]). Since Weyl

invariance is incompatible with massive fields, the Kaluza-Klein masses m,, break conformal invariance
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multiplet fields type comments SU(2)r x SU(2) Weyl weight
Aﬁ = A} u vector pseudoreal (1,1) 0
% ¢! = ¢l scalar pseudoreal (1,1) 1
massless vector la Ia .
multiplet X “=xp spinor pseudoreal (2,1) 3/2
vi=v{d, scalar auxiliary (3,1) 2
4l = 7:26 q ab = @b ab scalar pseudoreal (2,2) 3/2
massless hyperm. ¢la=¢la spinor  pseudoreal (1,2) 2
F! v tensor complex (1,1) 0
7\;1,1 P! scalar complex (1,1) 1
massive tensor Ia .
multiplet Xr, spinor complex (2,1) 3/2
vI. scalar auxiliary (3,1) 2
;I ql ab scalar complex (2,2) 3/2
n
massive hyperm. Ta spinor complex (1,2) 2
Ag vector pseudoreal (1,1) 0
VY ¢° scalar pseudoreal (1,1) 1
massless vector
multiplet X% spinor pseudoreal (2,1) 3/2
Y9 scalar auxiliary (3,1) 2

Table 11.3: Field content of NV = 2 vector multiplet 9, tensor multiplets 7A;L and hypermultiplets
ﬁ,’ﬁn in five dimensions. The additional multiplet VO is included. The precise formulation of the
pseudoreality properties of the fields in VI, H! is found in and (11.37)), respectively. The
specification ‘massless’ or ‘massive’ applies to the broken phase of conformal symmetry.
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explicitly. This can be remedied by allowing them to transform as m, +— 2 m, as can be inferred

from (|11.38)).

Note that the N/ = 2 Poincaré supersymmetry algebra does admit a superconformal extension,
given by the exceptional superalgebra F2(4) [278,130]. This is in contrast with the N' = 4 case consid-
ered before. In practice, five-dimensional rigid superconformal invariance is restored by introducing
additional five-dimensional degrees of freedom. Indeed, we can promote the radius r to the scalar

component of a full A/ = 2 vector multiplet
VO = (4%, ¢° X%, YY) (11.39)

where Ag can be identified with the Kaluza-Klein vector introduced in 1' We can combine this
vector multiplet with the physical vector multiplets introduced in the last section and denote them

collectively as ~
V=00V, I=0,1...,|G|. (11.40)

Using the multiplet V° we can make the N’ = 4 to A/ = 2 split of the spectrum more explicit. We
follow the split ((11.32]) and we match the scaling weights of Table with the Weyl weights of Table
to infer that the proper map from N = 4 to N' = 2 multiplets is of the form

1 ab 4T 0\—1/2,1ab
O'Iijb—> ( \/§€a (z)n (d)) na> :

Ia
Ii Xn
n _(¢0)1/2g] bi _\1[65115(;51 Ap' <\/§(¢0)—1/2<1a> ) n>0. (11.41)
n B n n

Prefactors are chosen for later convenience. Note that the split ([11.31]) is not unique.

In the action of section|11.4.1{the additional multiplet VO will couple to all other multiplets making
the action superconformally invariant. To give a direct link with the Kaluza-Klein reduction it will be
convenient to return to the broken phase of the superconformal symmetry by setting the additional

fields to a fixed value. This requires to set
1 1
(@°) =

ro g%’

where ¢ is the gauge coupling of the five-dimensional Yang-Mills theory. It is important to stress
that imposing the condition corresponds to a restriction of the theory. Indeed not all values
of X%, Ya% and AB can be mapped by a superconformal transformation to zero. Nevertheless we will
show below that a Poincaré supersymmetric theory arises after imposing . Moreover, the Weyl
rescaling of r, as dictated by the six-dimensional conformal symmetry, is precisely compatible
with the Weyl weight of ¢ in the identification . In fact, we will show that the five-dimensional
action still retains a scaling symmetry if the radius is rescaled as in .

(X°%) = (Ya) = (4,) =0, (11.42)

In the broken phase of conformal symmetry determined by (11.42) the hypermultiplets fields

Iab I
A

we define the rescaled fields

are not convenient variables, since their mass dimensions are not canonical. As a consequence,
Iab Tab Ia Ida
b =9a,"" =96, n>0, (11.43)

in such a way that all scalars have mass dimension and scaling weight 1, and all fermions have mass

dimension and scaling weight 3/2.
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11.4 Supersymmetric actions and conformal invariance

In this section we introduce a five-dimensional non-Abelian N = 2 supersymmetric action for the
Kaluza-Klein spectrum obtained in section Our theory will include couplings which are only
specified in terms of group theoretical constants and the Kaluza-Klein levels. An N/ = 2 superconfor-
mal action is presented in section [11.4.1} while the Kaluza-Klein sums are made explicit in a restricted
action in section [I1.4.2] We propose to interpret this theory as an N = 2 subsector of a dimensionally
reduced (2,0) theory.

11.4.1 An N = 2 superconformal action for the Kaluza-Klein spectrum

In the following we introduce an N = 2 superconformal action for the spectrum discussed in section
Superconformal invariance is retained since we will include the additional vector multiplet §07
defined in , containing the radius and the Kaluza-Klein vector. It will be necessary to introduce
some additional notation in order to make contact with the general N' = 2 superconformal actions
introduced in [269]. The fields identified with the Kaluza-Klein zero modes are denoted as in Table
1o

vector multiplets: (Ag,qbo,xoa), (A,ﬂ,qﬁl,xla) hypermultiplets: (qlai’,(w). (11.44)

For the fields identified with excited Kaluza-Klein modes it will be convenient to use the notation
(11.20]) for complex fields introducing the SO(2)kk index a. This leads us to the following excited

spectrum:
tensor multiplets: (Fjia”},qb{lom},x{mn}a) = (Féﬁw@llaa){{zaa)

hypermultiplets: (q{I“”}ab,gW"}i’) = (qio‘ai’ Jo‘b) . (11.45)

r N

The main complication in the notation arises from the multi-index {/an} which labels simultaneously
the non-Abelian components I, J = 1,...,|G|, the SO(2)kk labels a, f = 1,2, and the Kaluza-Klein
levels n,m > 1. To avoid cluttering of indices in the following expressions we will denote this multi-
index by

M ={Ian} , N ={Jpm} . (11.46)

A summation over M, N then always amounts to summing over all indices including the infinite tower
of Kaluza-Klein modes. We will present the superconformal action as function of the four types of
multiplets in (11.44]) and . To do that in an efficient way it is useful to introduce the following
index combinations

T=(0,1) A=(0,1,M), I=(IM) (11.47)
This means that f, J. , ... label all vector multiplets and run over |G|+1 values, A, ¥, ... run over all tensor
and vector multiplets including the Kaluza-Klein tower. The indices Z, 7, ... label all hypermultiplets,
or vectors and tensor multiplets without V°. Finally, we also define

F = (FL,F)) = (FL, neg, 0Bl . (11.48)



240 Chapter 11. Non-Abelian tensor towers and (2,0) theories

where we have recalled the definition of F ;% = Flo as given in (T1.10]). It is crucial to stress that the

nuv
la

Kaluza-Klein interpretation dictates this non-trivial identification of F; /% with Bp9,. The important

point is that while the F% admit a rescaling with the Kaluza-Klein level compared to Bfffw, the
scalars and fermions in the same multiplet are trivially matched with the A" = 2 formalism of [269] [T
The non-trivial rescaling of BTIZO;W turns out to be consistent with the dimensional reduction of the

supersymmetry variations as can be checked for the Abelian six-dimensional theory recorded in section

IT2.1

We are now in the position to discuss the Lagrangian in detail. The vector-tensor sector of an
N = 2 superconformal theory can be specified by introducing a constant symmetric object Caxg, a
constant antisymmetric matrix {2/, and the gauge parameters ¢ AE [269]. The gauge parameters

appear in the covariant derivatives
DM¢E — 8/L¢Z +t[?AE Aff ¢A ’
DuXaE — 8#)(&2 +t}?AE A/If' XCLA’
Dulyy = 0uFy, +tg ™ AL Fyp (11.49)

Note that strictly speaking only C777 encodes extra information in addition to Qan, 1tz AE. This is

due to the fact that Cj;px are given by
Cuas = t(AE)NQNM ) (11.50)

where one symmetrizes in the indices A, Y including the usual factor 1/2. Here we have extended the

range of indices on generators t AEQ with the constraints

tasy' =0, tus® =0, (11.51)
implying the absence of gaugings with a tensor index M.

Since we will later propose to use the N' = 2 superconformal theory to describe the dimensional
reduced (2,0) action we aim to use only couplings which are of group theoretic origin. We like to
identify a subsector of the theory as N/ = 4 super-Yang-Mills theory. This implies that components of
C777 have to encode the trace dy; = Cory. The coupling Coop = k. will determine the kinetic term of
the auxiliary vector multiplet 170, and will be left undetermined at the moment. We choose Cyo; = 0.
More interesting are the couplings of the tensor multiplets. Here we are guided by . To

determine the gaugings we first note that the fields in VO cannot be gauged, such that ¢, A — tTAO = 0.

Comparing the gaugings ((11.22)), (11.27) with (11.49)), we consider the following identification:

J J J
Ttk 0 _( twr 0 _ [ kI 0

0 0 0 0 0 0
J - = —
o ( 0 ton™ ) N ( 0 togramy P ) - ( 0 n8]ea, 8778 ) ! (11.53)

M
%

and

4This implies that compared to [269] one has to adjust the notation, since there F% and B, are trivially identified.
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where SO(2)kk indices have been raised and lowered using d,5. Here trr’ tivY parametrize the
non-Abelian gaugings with the vector zero modes and are thus given by the structure constants of G.
The matrix tozY encodes the gauging of the massive tensor multiplets with A, which is interpreted
as charge under the Kaluza-Klein vector. In addition the antisymmetric matrix ;5 can be read off
from the Chern-Simons type kinetic terms of the tensors F™ in , and is given by

2
Qun = Q{Iom}{Jﬂm} = _ﬁ dIJEaﬁénm ) (1154)

where n,m > 1 as in the range of the multi-indices (I1.46). As we can see, U(1)kx ~ SO(2)kk plays
a key role in the construction of this object. While the trace dj; is symmetric, one can use the indices
a,  and the antisymmetric €,g, corresponding to the complex number 4, to introduce Qj;y. Using
this will also allow us to introduce the symmetric tensor Cysax in terms of the antisymmetric
structure constants f7yx = djr f Lk, To display the result, we introduce the matrix

Cry 0 > < Crs 0 ) < dry 0 >
Crr = = = . 11.55
7 < 0 Cun 0 C{Iom}{Jﬁm} 0 dIJéaﬁdnm ( )

In summary, taking into account the total symmetry in all three indices, all components of Cxyo are
determined by

1
Cozg = C17 Cooo = ke , Cunk = Cirany{ipmyx = _EfIJK €af0nm
Cooz = Cryk = Cunp =0 (11.56)
In evaluating these expressions we have used that eo,yéwse(w = —0qa8-

Let us now include the hypermultiplets into the discussion. In a general N' = 2 superconformal
theory the hypermultiplets span a hypercomplex manifold. We choose the geometry of the hypercom-
plex manifold appearing in the reduction to be locally flat space. Since the dimension of this manifold
is related to the dimension of the gauge group G, it posses sufficiently many isometries to implement
a gauging compatible with . In coordinates ¢®%Z the metric is given by Cr T€ab€s, With Cz 7
as defined in ﬂ The kinetic term of the fermionic partners (%% is simply given by Cz.7e o The

gauging of the hyperscalars and fermions is

Dug™™ = 0,47 + tp, 7 AR T Dyt = 0,607 + tp T AR (0T (11.57)

with constant . given in (I1.52) and (11.53)[]

Using these definitions we can now display the complete non-Abelian NV = 2 superconformal

®The three complex structures on this hypercomplex manifold are encoded in the SU(2) triplet .J el ad7 (ab), Where
Jcél' . a _515é 25a6c_5c5a
ddjb*Jd'(db a0 )-

6The moment maps generating these gaugings are given by Ppay, = %CIJ tf(ﬁ‘jec(a qu>C- g~
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Lagrangian,
£ = ¢%Cons (—4EDF™" — {30 D - %DMD%E YY)
+ Lo FMDFN - Lo AL RS PR
— i0rse (x Gy oG + 4>ZA“X”EY£)
+ 1 ¢%Coss (t[m]AXT “Nad” — dtera) X" aXaEQSQ)
— 3R Cp e Mg 0T 67 6 0%
+ C’Ij( iD anbD“q i CTIEﬁCJ)
+CIJ( Eab CJJFWKtA I<7a<a>
1 CIJ( gL at quéYafg _ 1tHCItJ£J¢I¢JqICanLCILb> _ (11.58)

This Lagrangian transforms with weight 5 under Weyl rescalings of the fields with weights listed in
Table Since the line element has Weyl weight —2 as in (11.38) this implies invariance of the
five-dimensional action. Furthermore, the Lagrangian (11.58) is invariant under the supersymmetry

transformations parametrized by €, and the special supersymmetry transformations parametrized by
Na given byl

B

0" = 5 exa

X

I

[VES

T i
5A# =35 € YuXa 5

—

5F;ﬁ\u = —&" 7[;1 V]Xa + it (zo) ¢ e ’Yul/Xa + ”7 ’.YHVXQ )
6XAa — _Z,YMVFIﬁ\V a 7«$¢ YAabeb + §t(26) QS ¢9€a + ¢A77a
syhab = _1lalpyy Alb) _ %(t[z@] ~ 3tze) )(ﬁz XOID) 4 LlayAb)

5ql'ab _ —i€a€1b

567 = 4B s~ 168t 107 e 3 (159

These transformation rules are consistent with Weyl rescalings of Table if one assigns Weyl
weight —1/2 to the parameter €%, and the weight +1/2 to % Note that the gamma-matrices with

lower indices 7y,...,, scale with weight —k.

This completes the specification of the five-dimensional superconformal action in terms of the
group theory invariants drs, frjK, and the tensors 6,3, €o3 for complex fields parameterizing the full

Kaluza-Klein tower. The crucial insight is that it is possible to combine the symmetric d;; and the

"The expression for §F, ‘ﬁ\l, with A = T is not independent from the expression for 5Af To check their compatibility,
note that the second term in 6F51, vanishes thanks to t(AE> = 0. In order to get the third term in §F, ;wv one has to
promote 5A{: to its full z-dependent form before taking the covariant derivative. As explained in [269], this is done by
means of the prescription €* — €* + ix”y,n“. The covariant derivative can thus act on an z-linear term in 5A£ and

produce the n-term in 5F5,,
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antisymmetric €,4 to define the antisymmetric {2/ as in for the massive Kaluza-Klein modes
which naturally are complex fields. This also permits us to combine the totally antisymmetric f7;x and
the antisymmetric €,3 to define components of the totally symmetric Caxg. This implies that the non-
Abelian version of the Kaluza-Klein theory fits naturally in the framework of A/ = 2 supersymmetry.

Furthermore, superconformal invariance can be implemented by introducing the vector multiplet A

defined in (|11.39)).

To close this section let us comment on the role of the additional multiplet V0 in more detail. We
have found that its kinetic term is determined by the constant k.. Identifying ¢° with the radius r as
in , one can derive the kinetic term of r after dimensional reduction of a six-dimensional gravity
theory. This is complicated by the fact that the proper supersymmetric fields in five dimensions involve

rescalings with r as described in detail in [262]. However, the choice
ke=0 (11.60)

is natural from the point of view of N' = 4 supersymmetry, since a Chern-Simons term k. A° A FO A FO
is absent in this case. Moreover, k. = 0 is consistent with non-dynamical gravity in six dimensions.
In the following discussion we work in the phase with (11.42)) implying that k. drops from the action.

11.4.2 Supersymmetric Kaluza-Klein Lagrangian in the broken phase

We are now in the position to present the AV = 2 action including all Kaluza-Klein levels. This amounts
to restoring the Kaluza-Klein indices for the fields and summing up an infinite tower of multiplets
(B,Il‘i‘w, Pl xIea)y and (gl ab éai’) in (11.58)). The resulting action is straightforwardly obtained but
rather lengthy due to the fact that both Cxyg and Qp;n appear in copies labeled by Kaluza-Klein
indices. The result simplifies, however, if we set V0 to the values , thus moving to the broken

phase of conformal invariance. Discussing the resulting action will be the task of this section.

As discussed already in section m the Abelian vector multiplet Yo plays a special role in the
N = 2 spectrum. In a Kaluza-Klein theory V0 has to be interpreted as part of the gravity multiplet
with A° being the graviphoton under which all excited Kaluza-Klein modes are charged. We decouple
gravity completely by imposing the condition . As we will argue below, ordinary N' = 2
supersymmetry is preserved despite the breaking of superconformal invariance. Furthermore, we
make use of the rescaled hypermultiplet fields h,ﬁ“b ,a defined in .

The resulting Lagrangian including all Kaluza-Klein modes listed in Table takes the form
L=1Lo+ Y ReLl,, (11.61)
n=1

where Ly only involves massless multiplets, while £,, collects all terms constructed with the nth excited

modes. We discuss Ly and £,, in turn.
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To begin with, let us display the zero mode Lagrangian
G*Lo = dys [ _ iFIWF;l]u _ %D%IDMJ _ %D#hl abDuhﬁb _ %21 a:’DX{L - WC@W@] Lyl abY&Ib]
e AR L G R T e e AT R S
- %fIJHfHKLQbIQthJabh(ng : (11.62)

We recognize that the terms contracted with the trace dj; are the kinetic terms of the massless
vectors, scalars and fermions, as well as the quadratic term for the auxiliary field. The terms involving
the structure constants f7yx are Yukawa-type couplings and a scalar potential quartic in the fields
ot n! ab. We stress that for the massless fields such quartic coupling are only possible if they also
include scalars h!% due to the asymmetry of fryx. In section we will discuss the properties of
in more detail and relate it to AN/ = 4 supersymmetric Yang-Mills theory.

Let us now turn to the discussion of the Lagrangians £, in (11.61)) for the Kaluza-Klein tower.

We insert ((11.52))-(11.56)) into the action (11.58)), impose the condition (|11.42)), and extract the terms

for the Kaluza-Klein level n to find

1
g2£n = dIJ|: 2F1MVFT{MV 4m EMW)/\UF’{HUJ,DPFT{)\U
n

— DUGLD, ) — DURLDh L — XX, — 201Dy,
mAGhon — mIRLRY M — 2ma bl 4 2V LY,
b i [ = GO PB4 G F I E, < 165D G D,0] + 206 D 6D,
— 1" XL DX o + 2008 X DX o + 200" Y VY — digh YY),

1 _
+ ZF]VX’VL ’yuuxffa - 7FI ,ul/X ’YMVXf’L(a + Ylabx;zfaxnb QYIabXaan

— 2im " XL o+ BimadE T X, — dimhL IR, — 2im ¢l ik,

nab

o 2m RS Y — 3im2el G0k — 2imEe Ry k]
b fur s = 3mad! 6 G0k — mod! SN ILIL 060N,

 Bh X X+ 200" X Xh 0 — BROR X X — 3BhoIR XL ]
- Trin fru h fro L fren ol o? K pH oL (11.63)

The terms contracted with the trace dj s are kinetic terms and mass terms for all Kaluza-Klein excited

modes. We note that the tensors B2 w = nF,{ v have Chern-Simons kinetic terms and a mass

term proportional to n?. Consistent with a Kaluza-Klein reduction all complex scalars ¢!, hl ab with

{Lb with n > 0 have mass terms

n > 0 have mass terms proportional to n?, and all fermions Xn ,
proportional to n. More interestingly, this Lagranglan contains various terms at the non-Abelian level
containing fryx. These include new kinetic terms for all singlets under the second SU(2) in (11.31),

Pauli terms coupling the tensors and gauge fields to the fermions, Yukawa type couplings, and a
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complicated scalar potential. The full scalar potential and four Fermi terms can only be determined

after eliminating the auxiliary fields Y,/ . We will discuss this elimination process in section m

It is important to stress that the action (11.63) preserves N' = 2 supersymmetry but breaks
the special supersymmetries parametrized by n* in (11.59). This can be seen straightforwardly by

inspecting the superconformal variations of the fermion in VO
o4 = =5y FD e — AP et — YOle, + ¢On* (11.64)

Using the condition we realize that the supersymmetry parameter ¢ drops from ((11.64)) which
implies that the restricted action is still A/ = 2 supersymmetric. In contrast % appears after imposing
in the transformation 6x°® = g~2n%, which implies that x°¢ is needed to ensure invariance of
the action under special supersymmetry transformations. In other words, the condition will
break the special supersymmetry transformations parametrized by n®. The ordinary supersymmetry

transformations in the restricted phase are given by

5A;IL = %ga’Yu)d )
56, = £ &% ha
OFy = —E“V[,ﬂ? Xha = 5 L5 00 @ 9ux S + Lo & @y — S @t
B =~y Bl et — DL — VI, + i 6T 0K e 4 dmolet
oY Lot = —LEPyID) — iy ol e KB 4 L gl g @@l KDY — L, el Kb

Iab . Ib
O0h, ™ = —i€e",” ,

(5wa Z«phfab €q — %fJKId)Jh'rIL(abECL _ %mnhéabea , (1165)

where n > 0 labels both zero and excited modes. We close this subsection by pointing out that
the Lagrangian possesses a scaling symmetry when using the Weyl weights of Table and
additionally assigning scaling weight —1/2 to the gauge coupling constant g, in such a way that m,,
has weight +1 for any n > 0. This can be interpreted as a remnant of the full six-dimensional (2, 0)
conformal symmetry as discussed in section

This concludes our discussion of the general N' = 2 action for the Kaluza-Klein tower. Our ap-
proach can be summarized as follows. While an action for full six-dimensional non-Abelian (2,0)
theories is unknown the Abelian free six-dimensional (2,0) theory admits a six-dimensional pseudoac-
tion. It can be compactified on a circle with arbitrary radius yielding a five-dimensional action with
N = 4 supersymmetry. We proposed a gauged version of this theory preserving only half, namely
N = 2, supersymmetry, by interpreting the zero mode vectors A’ as gauge potentials for the whole
Kaluza-Klein tower. In order to argue for a six-dimensional origin of this theory all higher-dimensional
symmetries need to be realized or appear in a gauge-fixed phase. Our five-dimensional actions
and , however, clearly only realize part of the six-dimensional superconformal (2,0) symme-
tries manifestly. In particular, we have singled out the zero modes for gauging which seems naively

incompatible with six-dimensional Poincaré invariance.



246 Chapter 11. Non-Abelian tensor towers and (2,0) theories

It is precisely the non-Abelian gauging that prevents us to write down an N = 4 action. Nev-
ertheless, we regard our Lagrangians as the starting point to give a lower-dimensional Lagrangian
formulation for (2,0) theories. In the next subsection we concentrate on two special cases in

which partial symmetry restoration is achieved.

11.5 Two special cases

We have just proposed a Lagrangian for all Kaluza-Klein modes in an N = 2 supersymmetric frame-
work. In particular we made use of complete N = 2 vector and tensor multiplets including auxiliary
fields Y,/ @, These fields appear only algebraically in the Lagrangian and can be eliminated consistently
by using their equations of motion. While the action (11.61)) is a sum of terms £,, only involving fields
at the Kaluza-Klein level n and zero modes, the elimination of auxiliary fields will induce a non-trivial
mixing among excited modes. Despite the fact that it is interesting to investigate this structure in
more detail, we will focus here on only two special cases where the computation is straightforward

and the lift to N’ = 4 can be performed explicitly.

As a first special case we study the zero mode Lagrangian Ly given in (11.62]), and drop all massive
modes. This is motivated physically with the dimensional reduction argument for small radius r» where
massive Kaluza-Klein modes are dropped, or rather integrated out, that are above a certain energy

scale. The equation of motion for the auxiliary fields then simply reads

ylab— _1fl  ploapKs, (11.66)

Inserting (11.66)) into (11.62) a quartic potential in h is generated, and the zero mode Lagrangian Ly

takes the form
GPLywi = dig| = FFI L, = 3D D,07 — DR D, 0T — LDy — o Py
+ fraxc | + 50T X — iUl = 2in Py
T — [ _ %hlaahjbahKathbb _ %¢I¢KhJabhzb} . (11.67)

This Lagrangian is a simple rewriting of N' = 4 super Yang-Mills theory in terms of N' = 2 multiplets.
In order to prove this claim we record the Lagrangian for N' = 4 super Yang-Mills theory,

g LY =dyy { — JF1Ey, = iD'e" D07 — %/_\HYWﬂ
— %f[JKO'IijS\‘i])\‘[j( — %fUKLa”jUKijaJklaLkl . (11.68)
It is invariant under the following A/ = 4 supersymmetry transformations:
SA], = $ey Al
60! = —i/2 (AW 4 Qi AL)

SN = —%Fl{lﬁ“"ei — %ﬁa“jej + %fIJKO-JZ'j)\‘Ij(kek . (11.69)
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In order to check that that (11.68|) reproduces (|11.67) one has to make use of (|11.41)), (11.42) and
(A20).

As a second special case we consider the Abelian truncation of the full Lagrangian . This
is achieved by dropping all terms constructed with the structure constants frjx. The equations of
motions for the auxiliary fields read simply Y,/? = 0, such that they can be trivially dropped from
the Lagrangian. The resulting theory is free and given by

9 Liree = dis [ ARt pd Lorgla,¢7 — LornT Da,nt. — LTy — w”&wﬂ

%)
+ Z dIJ|: IFI ;LVFJ + = e;wp)\aFI ) FnJ)\U

npy Mn n puv
— "0y — OO — X DX — 20 g,
—m? (hor + B PR ) = ma (Xl + 200 00) | - (11.70)

This Lagrangian is the A/ = 2 supersymmetric extension of the purely bosonic Lagrangian ((11.9]) in the
gauge (11.42). In fact, this theory is actually N/ = 4 supersymmetric. This can be seen by comparison
to the Lagrangian

LYy = dpg| = YFIE, — 10t 0,07 - INTGN]

o0
+Zdu[ Lplmwpd gl Bl g gl

npv Mn n pv

— 301,900,

J MpOp " Onij

—ALign . — Imigliig mnj\fli)\iz} . (11.71)

Furthermore, or equivalently can be obtained by a compactification of the full (2,0)
Abelian pseudoaction on a circle and therefore admits non-manifest six-dimensional Poincaré
invariance. Five-dimensional Kaluza-Klein actions arising from such a compactification have been
considered before in [288]. We stress that it is hard to interpret the action with the full
Kaluza-Klein tower as an effective action for the Coulomb branch of the five-dimensional theory. This
is due to the fact that it contains modes of arbitrary high mass m,, that rather should be integrated

out above the cutoff scale.

11.6 A possible window on (2,0) conformal anomalies

In this section we would like to point out a possible application of the non-Abelian A/ = 2 action
in the broken phase of conformal symmetry given in . It is based on considerations about
anomaly matching for a system of N M5-branes when one brane is moved away from the stack [I5§].
In what follows we aim at conveying the basic idea that this anomaly matching might be accessible
via five-dimensional loop. For a refined discussion and a first computational step in this direction we
refer the reader to [277].
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Let us consider a single M5-brane in M-theory. The eleven-dimensional Lorentz group SO(1,10)
is spontaneously broken to SO(1,5) x SO(5), with the first factor being the Lorentz on the six-
dimensional world-volume of the M5-brane and the second factor being identified with the R-symmetry
of the theory. Both the six-dimensional Lorentz group SO(1,5) and the R-symmetry group SO(5) are
anomalous as a result of the chiral fields living on the world-volume of the M5-brane. The full eleven-
dimensional setup is nonetheless consistent thanks to a subtle anomaly inflow mechanism explained
for instance in [148], 289]. In [153] this inflow mechanism was used to consider the case of a stack of
N Mb5-branes. In this case the Lorentz and R-symmetry anomalies cannot be computed directly since
we do not have an effective action for the six-dimensional world-volume theory, but can nonetheless
be inferred from the bulk contribution. The result is encoded in the anomaly polynomial

N 1 N3 - N

=& p2(FN) — p2(R) + = (p1(R) — p1(Fr))*| + o

I3 1

pQ(FR) y (1172)

where p; 2(R) are Pontryagin classes build from the six-dimensional curvature of the spin connection,
while py 2(Fr) are Pontryagin built from the curvature F of the R-symmetry connection. Let us point
out that this connection is not a dynamical field of the theory, but rather a classical background, so
that no contradiction arises with the absence of vectors in the massless spectrum of (2,0) theories.
From an eleven-dimensional perspective the R-symmetry connection encodes topological data about
the normal bundle to the world-volume of the M5-brane stack. From a field theoretic perspective we
interpret as the gravitational and R-symmetry anomalies of a (2,0) theory with ‘gauge group’
G = U(N), so that rank(G) = N. This theory is obtained combining a (2,0) theory of type Ax_; with
an Abelian (2,0) theory, which is associated to the center-of-mass motion in the M5-brane picture.
The second term in is generated by non-trivial interaction, so that it has to correspond to the
Apn—_1 (or equivalently SU(N)) part of the ‘gauge group.’

Suppose we move one of the M5-branes away from the stack, breaking the ‘gauge group’ from G to
H xU(1) with H =U(N —1). At the same time R-symmetry is broken from SO(5) to SO(4). At low
energies the H factor and the U(1) factor in H x U(1) decouple, and we thus expect a free theory for
the latter. If this were the case, however, the anomaly polynomials before and after moving the brane
would not match. More precisely, the first in does not change because the total rank of the
group is unaffected. The second term, however, changes: only the factor SU(N — 1) inside H x U(1)
contributes to this term, which is therefore given by the same expression in with N replaced
by N — 1. In summary, the difference of the anomaly polynomials reads
N? - N

8

This mismatch in anomalies suggests that the effective theory for the U(1) factor in H x U(1) contains

Isla — Islpxuq) = p2(FRr) - (11.73)

a Wess-Zumino term that has an anomalous variation under R-symmetry transformations in such a
way to reproduce the right hand side of ((11.73)). For an explicit expression of this term see [I5§].

Upon circle reduction the six-dimensional Wess-Zumino term should yield topological couplings
in five dimensions. By analogy with the lesson we have learnt studying M-theory/F-theory duality
we expect that these topological couplings are generated in five dimensions by one-loop diagrams

in which all relevant massive fields run in the loop. For the case at hand, those would be both
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excited Kaluza-Klein modes and the tensor analog of W-bosons. This suggests the possibility that,
by a suitable coupling of our action to a background R-symmetry connection, the anomaly
mismatch could be extracted (at least to leading order in N) by computing one-loop corrections
to five-dimensional couplings. If this program can be substantiated it would show that our action
correctly encodes the N3 scaling behavior of (2,0) theories, since the latter is equivalent to the
N2 scaling of the anomaly mismatch . The interested reader is referred to [277] for some first
steps in this direction. A thorough analysis of this subject is a possible interesting direction for future

work.
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CHAPTER 12

Closing remarks

In this last chapter we offer a retrospective look at the setups discussed in this thesis and we provide

some outlook for future developments.

12.1 A quick overview

In this work we have investigated various aspects of non-perturbative low-energy physics in the frame-
work of string theory and M-theory. Thanks to the power of the duality between M-theory and
F-theory we have been able to determine the effective action of a class of six-dimensional and four-
dimensional string compactifications in which the string coupling constant is geometrized and allowed
to vary in the internal space in a non-perturbative fashion. This has been possible by means of an
indirect approach based on a transdimensional treatment of the physical system under examination.
In order to study compactifications to six dimensions we have thus focussed on five-dimensional se-
tups, while three-dimensional models have been the starting point for our exploration of F-theory

compactified to four dimensions on a Spin(7) manifold.

This strategy has been inspirational and has been applied to explore the dynamics of six-dimensional
theories with self-dual tensors. Our interest in these models comes from the puzzle raised by the low-
energy dynamics of a stack of M5-branes in M-theory, which, as we have seen, gives rise to a super-
conformal (2,0) theory whose dynamics has resisted an explicit description so far. Compactifying one
spatial direction on a circle the problem of determining the effective action for a theory with massless
self-dual tensors is mapped to the study of massive towers of tensors coupled to five-dimensional mass-
less gauge fields. This approach has also led us to explore in greater detail the dynamics of massive
field at the quantum level and to discover an interesting extension of the known results about parity

anomaly in five dimensions.

253



254 Chapter 12. Closing remarks

On general grounds an indirect, transdimensional approach to a d-dimensional problem has the
obvious drawback of obscuring Lorentz invariance in d dimensions. In some situations, however,
this might be a blessing in disguise, as it might open up the possibility to capture symmetries or
dynamics that cannot be realized manifestly at the same time as Lorentz symmetry. This would be
in the same spirit, for example, of exceptional symmetries in eleven-dimensional supergravity, which
are most conveniently analyzed by sacrificing manifest eleven-dimensional Lorentz invariance, see for
instance [290] and references therein. From this perspective the setups studied in this work can be
considered as examples of a more general program aiming at capturing non-perturbative systems that

elude conventional techniques by applying a transdimensional approach.

In our work we have considered the simplest possible situations in which the d-dimensional problem
one wants to address is mapped to a (d — 1)-dimensional problem by means of compactification on a
circle or on an interval. In principle, more complicated variants of this strategy are conceivable, relating
the d-dimensional setup under examination to a (d — k)-dimensional problem by compactification on
a k-dimensional space. For example, one might consider a six-dimensional tensor theory compactified
to four dimensions on a two-torus. In this case we would be left with the task of coupling a double
tower of massive tensors to four-dimensional vectors. Even though this construction is clearly more
involved than the circle case it might unveil interesting connections with S-duality in four dimensions,
as already pointed out and exploited in [33]. Furthermore, a transdimensional treatment can offer
the possibility to explore the effect of non-locality in d dimensions in a controlled way by tuning the

couplings of massive Kaluza-Klein modes to the massless field in the lower-dimensional setup.

Before considering these fascinating possibilities, however, there are many open interesting direc-
tions that are more directly related to the topics examined in this thesis. These are discussed in the

following two sections.

12.2 Exploring F-theory vacua

The compactifications we have considered in part [[I| exemplify in two different ways the fascinating
aspects of the duality between F-theory and M-theory. In the case of six-dimensional (1,0) effective ac-
tions the constraints coming from supersymmetry and anomaly cancellation offer an enhanced control
with respect to four-dimensional F-theory setups. It allows us to appreciate explicitly the subtle inter-
play between perturbative and non-perturbative physics, quantum corrections and classical geometry.
Our analysis relies crucially on the fact that in the five-dimensional N/ = 2 theory all information about
the couplings in the vector-tensor sector is encoded in the Chern-Simons coefficients for the vectors.
By the same token, in the six-dimensional action the topological Green-Schwarz term can be used to
read off the anomaly coefficients a®, b* that also govern the kinetic terms for tensor multiplet fields.
In summary, topological terms in six and five dimensions are enough to reconstruct the dynamics of
vector and tensor multiplets. This is a powerful simplification, since quantum corrections to such
topological couplings are restricted and subject to non-renormalization arguments. As a result, they

can be computed perturbatively at one-loop without the need to address other difficulties related to
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higher orders in perturbation theory and the non-renormalizability of the models under examination.

We are confident that in principle also in the hypermultiplet sector of the theory the same match
between quantum corrections induced by massive Kaluza-Klein modes on the F-theory side and clas-
sical geometry on the M-theory side can be performed. It is nonetheless a hard task to verify this
explicitly since we have much less control over five-dimensional quantum corrections in this sector,
especially regarding the hypermultiplet moduli space metric. One is led to infer that classical ge-
ometry on the M-theory side contains more information about the quantum properties of the UV
completion of the five-dimensional theory than can be extracted from a field-theoretical analysis with

straightforward techniques.

Incidentally it is interesting to notice that similar considerations prevent us from a straightforward
generalization of the landscape analysis of section [10.3]from five to three dimensions. Note in fact that
in the three-dimensional theory Chern-Simons terms are also generated at one loop. It was shown in
[137, [140] that they capture information about the four-dimensional chiral spectrum and its anomalies.
Focussing as in five dimensions on the Coulomb branch, the Chern-Simons terms are specified by a
constant matrix © 4p for the coupling f Oap A2 A FB. These encode both the four-dimensional
gaugings of axions, as well as the one-loop contributions from integrated out massive matter. As in
five dimensions this matter includes modes that become massive in the Coulomb branch and fields
that are Kaluza-Klein modes. However, in contrast to five dimensions one cannot infer all relevant
information for the four-dimensional Green-Schwarz mechanism from the Chern-Simons terms alone
[291], T40]. The four-dimensional analogs of a®, b introduced in do not appear in Chern-Simons
terms and one needs to extend the analysis to other non-topological couplings of the effective action.
Including these couplings one could proceed in a similar manner as in the five-dimensional case and
check if a given three-dimensional theory can effectively arise from a four-dimensional anomaly-free

theory.

For the sake of simplicity we have restricted our analysis of six-dimensional (1,0) F-theory vacua
to the case of a semi-simple non-Abelian gauge group. The inclusion of Abelian factors makes the
anomaly pattern of the theory richer and opens up the possibility to extend the dictionary between
anomalies and geometry. We refer the reader to [183] for a detailed discussion. At the level of the
effective action obtained via M-theory/F-theory duality the effect of Abelian factors in the gauge group
has been analyzed in [I87], where the generalization to a rational—as opposed to holomorphic—zero
section of the fibration has been discussed too. The one-loop results of chapter [0 have been used
to argue that, in the case of a rational zero section, a finite shift in the Chern-Simons terms can be
induced by a non-standard mass hierarchy between Kaluza-Klein excited modes and modes that get

massive upon gauge symmetry breaking.

F-theory vacua could also be useful in the study of interacting tensor theories in six dimensions.
In this work we have advanced a proposal for the study of non-Abelian tensor theories in relation
to (2,0) theories. It is nonetheless expected that non-Abelian tensor dynamics can be found also in
theories with (1,0) supersymmetry. The superconformal theories of [259] 292] provide an example

of (1,0) theories in which tensors are gauged under a non-Abelian group. It would be interesting to
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realize these model in F-theory and study their M-theory dual in five dimensions. This program is
closely related to the recent progress in engineering (1,0) theories with non-Abelian tensor in F-theory:
we refer to reader to [293] and references therein. In order to address these setups from the point
of view of the M-theory/F-theory duality it would be probably beneficial to generalize the one-loop
computations of chapter [J] to the case in which the external vectors are associated to a non-Abelian
gauge group. In particular, one might study the one-loop effects induced by minimal coupling to non-
Abelian tensors and possibly test them against a geometric prediction. This program has the potential
to cast some light on five-dimensional interactions coming from circle reduction of non-Abelian tensor

theories.

The other F-theory setup we have studied in this work, four-dimensional compactifications on
Spin(7) manifolds, also presents many interesting open problems. Arguably, one of the most pressing
issues that deserves a better understanding is the study of Spin(7) resolutions for the geometries we
have considered in chapter |8l Let us remind the reader that the constructions of Spin(7) manifolds
originally proposed in [216] also included isolated orbifold points coinciding with the fixed points of
the antiholomorphic involution. Showing that these can be resolved in a Spin(7)-compatible fashion
was a crucial task in [216]. We have not included a study of these modes in this work, but it would be
very interesting to understand how they modify the four-dimensional effective theory. In particular,
we found that if the antiholomorphic involution has only isolated fixed points on the Calabi-Yau
fourfold the torus must be pinched over these points. This suggests an interesting link between the
gauge theory dynamics and the singularities that need to be resolved in a Spin(7)-compatible way
to obtain a smooth geometry. As for ordinary non-Abelian gauge theory singularities of elliptically
fibered Calabi-Yau fourfolds, F-theory might be well-defined on the singular Spin(7) geometry if one

can identify the new light states arising near the singularities.

The emergence of an interval in the duality between F-theory and M-theory for Spin(7) manifolds
that are quotients of Calabi-Yau fourfolds is one of the main insights of chapter [8] It is most clearly
understood in the situations in which the torus fiber is quotiented to a cylinder over the fixed loci
of the restriction of the antiholomorphic involution to the base of the elliptic fibration. As discussed
in section however, other geometric setups are possible. The appearance of a Klein bottle as a
possible quotient of the torus is a particularly intriguing possibility. It might be possible to exploit,
for instance, some of the results of [294] to look for a physical interpretation of this case. Let us point
out that maybe compactification on an interval has to be replaced with another prescription such that
an N = 1 theory can be obtained in three dimensions. It would be interesting to explore different

possibilities, for instance circle Scherk-Schwarz reductions.

Some further insights about F-theory on Spin(7) manifolds can come from the study of the corre-
sponding weakly coupled Type IIB setups, when they exist. Indeed, in chapter [8] we have been able
to identify the objects wrapping the singular loci of the antiholomorphic involution. As we have seen,
in some cases they have a simple interpretation in Type ITA language as O6-planes. It is known that
a Type ITA O6-plane lifts to a smooth geometry in M-theory described by the Atiyah-Hitchin metric.
It is thus conceivable that the information obtained from the analysis of weakly coupled setups might

provide valuable hints in the search for a Spin(7)-compatible resolution of singularities.
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From a more phenomenological perspective the fact that our Spin(7) constructions are based on
compactifications that, at a general point in moduli space, preserve only two supercharges means
they potentially could be useful for understanding vacua with high-scale supersymmetry breaking in
string theory. Although we argued that supersymmetry is restored in the simplest cases we cannot
exclude that more complicated constructions can be found where the four-dimensional limit preserves
no supersymmetry. Indeed if supersymmetry were completely broken on the boundary of the interval
on the M-theory side, for example by fractional branes, it could lead to a scenario where the size
of the interval on the F-theory side would interpolate between N' = 0 and N = 1 four-dimensional

supersymmetry. The non-supersymmetric non-compact limit could be phenomenologically appealing.

It is also intriguing that some of the weakly coupled Spin(7) setups discussed in chapter [8| incor-
porate objects such as X5-planes. An interesting aspects of the latter is that they support non-BPS
but stable states [238, 239, 240]. Recall that the stability of the state is guaranteed as it is the lightest
state charged under the U(1) arising from the twisted sector of the X5-plane. It is a particle in Type
1IB, similar to a DO-brane in Type IIA, which is confined to lie on the X5-plane. Such a state can
be thought of as the S-dual to an open string stretching between the D5-brane and its orientifold
image across the O5-plane. The ground state of this string is projected out once the D5-brane sits
on top of the O5-plane, and so the lightest state is an excited oscillator. It is interesting that such a
stable non-supersymmetric state arises naturally in such setups. In our setups these non-BPS states
are localized at the boundaries of the interval, and therefore their phenomenological impact is diluted
by the interval length. However, it is conceivable that in alternative constructions one finds these

non-BPS states in the bulk such that this dilution does not occur.

In summary, we believe that F-theory, alongside with its numerous and powerful applications to
particle physics model building within the framework of the MSSM, is potentially interesting to address
different questions ranging from the exploration of the general structure of vacua in string theory to
the realization of unconventional setups that might be useful in extending the MSSM paradigm in

string phenomenology.

12.3 Uncovering tensor theories

The duality between M-theory and F-theory incorporates naturally a transdimensional treatment of
the dynamics. This has been inspirational for our proposal of studying six-dimensional theories with
tensors by means of five-dimensional constructions. The main idea underlying our strategy is the
consideration of the possibility that, for non-Abelian tensor theories in six-dimensions, a Lagrangian
formulation of the dynamics could be incompatible with a manifest realization of all spacetime sym-

metries.

Ideally, this approach would yield a five dimensional action that in a suitable limit is able to encode
correctly the dynamics of tensors and to realize in a non-manifest way all the expected symmetries.
A possible way to restore the symmetries that are not manifestly realized in the five dimensional

action has been suggested in [277]. Upon circle compactification, a subset of the generators of the
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six-dimensional superconformal group is spontaneously broken, leaving only a subalgebra of manifestly
realized symmetries in the five dimensional action. In order to restore all symmetries one might ‘aver-
age’ over the five-dimensional setups obtained by breaking the superconformal algebra in all possible
inequivalent ways. Clearly, it is not straightforward to make precise this notion of ‘average’ over five-
dimensional theories. In [277], however, a first concrete step has been made. By exploiting techniques
inspired from harmonic superspace, the R-symmetry group SU(2)g of the five-dimensional action has
been enhanced to the expected R-symmetry group USp(4)g. This can be done by integrating over the
coordinates of an auxiliary four-sphere that can be intuitively though of as the space of all possible
breakings USp(4)r — SU(2)g. It was also argued that supersymmetry might be restored resorting

to this framework.

The restoration of Lorentz symmetry seems to be much more challenging. In particular, the un-
democratic treatment of zeromodes as gauge connections is an essential ingredient in our construction
but seems to be in apparent contrast with six-dimensional Lorentz symmetry. Nonetheless the idea
of ‘averaging’ might be applied to this task as well. Recall that, from a purely five-dimensional per-
spective, all the dynamics about the vector-tensor sector of the theory is encoded in some invariant
tensors. Their components are labelled by collective indices that also contain Kaluza-Klein levels. It is
thus conceivable that a suitable integration over the space of such invariant tensors might be a way to
restore full six-dimensional Lorentz invariance. Ideally, the same strategy could be used to achieve the
full expected superconformal group. Unfortunately we do not have a concrete proposal to implement

this strategy, but it can represent an interesting direction for future investigation.

The problem of symmetry restoration is also linked to the role of gravity in this kind of construc-
tions. Even though the usual definition of (2,0) theories implies a decoupling of gravitational degrees
of freedom, it might be beneficial to study five-dimensional approaches to matter-coupled (2,0) super-
gravity theories. This might shed light on the ultimate relevance of the compensating multiplets that
are needed to restore five-dimensional superconformal invariance. For instance, we have noticed in
section that the Kaluza-Klein vector fits naturally into a compensating vector multiplet together
with the radius of the compactification. It can be interesting to explore what is the relation between
this compensator and the gravity multiplet. A five-dimensional approach to six-dimensional (2,0)
supergravities is likely to require control over massive gravitons and gravitini. The latter can also play
a role in supersymmetry restoration. For instance, it was argued in [I30] in a different context that a
better understanding of massive spin-3/2 supermultiplets is needed to study off-shell supersymmetry

enhancement on Calabi-Yau threefolds with vanishing Euler number.

Another point that deserves a better comprehension is the relation between the Kaluza-Klein in-
spired approach followed in this work and instantons in maximally supersymmetric Yang-Mills theory,
or MSYM for short. As we know from [33] [34] among the non-perturbative states of MSYM there ex-
ists a tower of states whose masses have the form m,, = 47%n/g? and are identified with Kaluza-Klein
modes of the reduction on a circle with radius R = g?/(47?). According to the instanton interpreta-
tion, these massive degrees of freedom have a very different status compared to the massless degrees
of freedom of the Yang-Mills multiplet, since loosely speaking an instanton can be thought of as a

composite object made out of quanta of the gauge field and their superpartners. Our proposal treats
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zeromodes and excited modes undemocratically at the level of interactions but considers all of them
as fundamental fields in the Lagrangian formulation. This perspective might have the advantage of

making the study of interactions between massless and massive states easier.

It is a natural question whether the simultaneous inclusion of zeromodes and excited modes in
a five-dimensional Lagrangian yields to an overcounting of the massive states of a (2,0) theory on
a circle. In order to address this problem we need information over the non-perturbative states of
non-Abelian gauge fields coupled to an infinite tower of massive tensors, which lies beyond the scope
of this work but might be seen as an interesting future direction. As a preliminary step it could
be useful to study in closer detail some non-perturbative aspects of supersymmetric gauge theories
coupled to a finite number of massive self-dual tensors. For instance, it might be possible to formulate
these theories on suitable curved spaces (e.g. a five-sphere) while keeping a fraction of supersymmetry
and exploit localization techniques to compute five-dimensional indices. This sort of calculation might
shed light on the ‘building blocks’ associated to the degrees of freedom of massive tensors coupled to

a non-Abelian gauge group.

Since their discovery via string theory and M-theory, superconformal (2,0) theories have proven
to be a remarkable theoretical challenge. Nothing seems to be trivial about these theories and one
has to face several puzzles in the search for an explicit formulation of their dynamics. It is plausible
that all these difficulties will have to be overcome at once to get the desired answer. We can therefore
presume that, if we were able to achieve this goal, we would obtain deep insights about interacting

quantum field theories. It seems that string theory still has many valuable lessons to teach us.
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APPENDIX A

Notation, conventions, and useful identities

This appendix collects our notation and conventions concerning (pseudo)Riemannian geometry, dif-
ferential forms, five-dimensional spinors. We also present a detailed derivation of the dimensional

reduction of the Einstein-Hilbert term on a Ricci-flat compact manifold.

A.1 General conventions for metric, curvature, differential forms

In any number of dimensions we always adopt the mostly plus signature for the spacetime metric.
The Christoffel symbols I'?;,,,, the Riemann tensor R”,,,, the Ricci tensor R, and the Ricci scalar

R are defined in terms of the metric g, by
Fpp,l/ = %gpo- (augal/ + 8Vga;4 - aaguu) )
Rpaulf = 8“1—‘/)01, - 8urpa,u + Fp)\y F)\a'u - Fp)\u FAau )

Ruu = Rp,upu ) R = guu R;w ) (Al)

respectively. Unless otherwise stated, the symbol €, .., always refers to the Levi-Civita tensor in N

dimensions. In any local coordinate system 20, ..., zV"1

€1..(N-1) = tV—9, (A.2)

where g denotes the determinant of the matrix g,, of the metric components in the chosen local

it satisfies

coordinates. A useful identity obeyed by the Levi-Civita tensor is

U1 fhng P1e-pP _ (o1 Prg]
€ ny ng 6#1-..Mn10'1~~-‘7n2 = TL1! 77,2! 5[01 e 50n2] 5 (A3)

where indices are raised and lowered with the metric and its inverse and ni, ny are any non-negative
integers such that n; +ny = N. Let us stress that we always symmetrize and antisymmetrize indices
with weight one, for instance X|,,| = (X — Xup).
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A differential p-form A is expanded onto a basis of coordinate differentials according to
A= Nty AN A dat (A.4)
The wedge product of differential forms is given in components by

AAN) . R Y (A.5)

!
cHpypp! T )\[Hl-n#p ;Lp+1.‘.,up+p/} ’

where ) is a p-form and X is a p’-form. The exterior differential of a p-form A satisfies

(AN pogis oy = 0+ 1)1 0o Ay ] - (A.6)

We adopt the following definition of the Hodge star operator

where A is a p-form and ¢ = N — p. As a result, given two p-forms A and w, we have

AN xw = Z%)\“1"'“” Wyyoopry ¥ 15 w1 =+/—gda® A--- A daV 1. (A.8)

The vielbein e, (where a is a flat tangent index) is related to the metric by the familiar relation
Guv = Tlab eau eby > (Ag)

where 74 is the flat metric diag(—, +, ..., 4). The torsionless spin connection one-form w?, = w®,dz*

satisfies wqp = Wiy and is determined by the vielbein through
de® + Wiy Ne? =0 . (A.10)
The curvature two-form R%, satisfies
RY = dw®y + we AW = % e’y ey’ RP g dat N dx” | (A.11)

where in the last expression Rf;,, is the Riemann tensor and e;? is the inverse vielbein determined

by ;7 €5 = 6.

A.2 Spinors in five dimensions

Five-dimensional gamma matrices v* (a = 0,...,4) are constant, complex-valued 4 x 4 matrices

satisfying the anticommutation relation
{7*,7"} = 2y (A.12)

We use the shorthand notation v+ = ~lo1 4] and we choose a representation of gamma
matrices such that
,yabcde — ,L-Eabcde I. (A13)
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We further assume the hermiticity property
Py () = ()" (A.14)
The charge conjugation matrix C' in five dimensions acts on gamma matrices according to
CyC™t = 4+(v)T . (A.15)
We use a representation such that C' is real and satisfies

CT=-Cc=Cc"". (A.16)

In our work we encounter three different kinds of symplectic indices. First of all, we have indices
i,7 = 1,...,4 of the 4 representation of USp(4)r. Secondly we find two different copies of the 2
representation of SU(2)g, labeled by indices a,b = 1,2 and a,b = 1,2. Each symplectic group is
endowed with a primitive antisymmetric invariant: €2;; for USp(4)r and eq, €, for the two copies of
SU(2).

For all symplectic groups we adopt the same conventions regarding the inverse of the antisymmetric
invariant, the raising and lowering of indices, and the reality properties. For definiteness, we write

down the conventions for USp(4)g. The inverse Q¥ of €2;; is defined by the relation
Qi k= o7 . (A.17)

Given any object T% with (at least) one symplectic index, raising and lowering of i are performed

according to the NW-SE convention:
T =Q9T;, T, =T'Q; . (A.18)

Complex conjugation interchanges upper and lower symplectic indices. The antisymmetric invariant
satisfies the reality property
(Qi)* = QY . (A.19)

An explicit realization of the invariants €);;, €,5 with all required properties is furnished by
1 . 1
Qij = ! =07,  ew= < ! ) = (A.20)

b

The second expression can also be applied to €_;,

Let us now discuss in more detail symplectic spinors, i.e. spinors carrying one of the three kinds
of symplectic indices listed above. For definiteness, we write down equations with ¢, j indices, but the
same conventions apply to a,b and d,i) indices. The Dirac bar of a symplectic spinor A\’ is defined
according to
M= (N0 . (A.21)
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If symplectic indices are omitted in a spinor bilinear, a NW-SE contraction is understood,
Ax = Ny . (A.22)
The Fierz rearrangement formula for anticommuting spinors in five dimensions reads

(192) (P31pa) = — 2 (P130a) (W3t2) — 2 (V17"9a) (P37at2) + 3 (V17""%a) (V37Vapid2) (A.23)

where spinors 11, 12, 13, 14 can carry arbitrary indices and/or labels (e.g. Kaluza-Klein levels). In our
conventions, complex conjugation acting on the product of anticommuting variables does not change

their order. Therefore, the reality of bilinears is determined by the basic relation E|

(A = XN - (A.24)

The Majorana condition for a symplectic spinor A\’ reads
AN =Qi(\)TC . (A.25)

As a result, if A%, \/ are Majorana, we have the flip property
Niryhitbtp 3 d — 5 bt N1 (A.26)

Note that an extra minus sign is needed if the USp(4)r indices i,j are contracted on both sides
according to the NW-SE convention. This implies that \y; is purely imaginary for real A, x*. Any
symplectic spinor A can be decomposed in a SO(2) doublet of Majorana symplectic spinors \*®,
a=1,2:
. . o iy . T
No= s (NeThpide=?) . Ne=a7(\))C . (A.27)

Multiplication of A’ by a U(1) phase is equivalent to an SO(2) rotation of the doublet A*®. With this
understanding, equations ((11.21]), (11.22]) hold also if X is a symplectic spinor.

Let us conclude this section with some identities that are useful in chapter With the definitions
(11.20) and (11.23]) one infers the following identities to match the SO(2) and the complex notations.

They are written with SU(2)g indices for definiteness, but they hold for arbitrary symplectic indices.
One has

Sapry’ = 2Re(Ty) , €apr®y® = 2Im(zy) ,
SasX NS = 2iIm (Y \a) | €apX"*Ni = —2iRe(Y*\a) ,
Saph® NS = 2iIm (T N,) | €apP 2 NS = —2iRe(VZN,) (A.28)

where z,y are complex bosonic fields, x, A are complex spinors, ¥ is a Majorana spinor. The same
identities hold when SU (2) g indices are contracted with a tensor that satisfies a pseudoreality condition
(e.g. YTab),

!Care has to be taken in raising/lqwgring indices with ) in equations involving complex conjugation. For example,
moving the index j in (A.24) gives (A\'x?)* = —x;\i.
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A.3 More details about the reduction of the Einstein-Hilbert term

This section is devoted to a detailed account on the dimensional reduction of the D-dimensional
Einstein-Hilbert action to d dimensions on a k-dimensional compact Ricci-flat manifold. For ease of

reference we record the Einstein-Hilbert action

1

S == R%1, (A.29)
2 Jmp
together with the metric Ansatz
8% = gy (x)datdz” + g (y; X (x))dy™ dy" (A.30)
where z# (u=20,...,d — 1) are coordinates in external spacetime, y"™ (m = 1,...,k) are coordinates

on the internal space, and XM are local coordinates on the moduli space of the internal metric. The
notation gy (y; X (x)) signals that the internal metric depends parametrically on the coordinates XM,
which are in turn allowed to have a non-trivial dependence on external spacetime. The index M runs

over all massless metric moduli of the compactification.

It is convenient to introduce the shorthand notation

Ogmn 99 9y
Haw = 9" SR e - M= 9" S (A.31)
Making only use of the chain rule,
agmn M
8ugmn = W auX ) (A-32)

and of the expression of the Ricci scalar in terms of derivative of the metric one can prove the identity

, 3 1 9g

R=R+ Huy 8 XMorxN — THMHN B XMar XN — gmnghvyy ( pye a,,XM) . (A33)
In this expression and in the following R denotes the Ricci scalar of the external metric. The internal
Ricci scalar is dropped since it vanishes by assumption. Let us remark that all terms involving 9,,9.,
and Oy, gnp in the intermediate steps of the computation are rearranged into the external Ricci scalar,

the (vanishing) internal Ricci scalar, and the external covariant derivative V.
The last term in (A.33]) can be manipulated to give

2
_ gmnguuvu <g§(ﬁ;\2 8VXM> — _gmnMa XMauXN — Hpm vuaﬂXM ] (A.34)

OXMHXN ~H

In order to treat the last term we need an integration by parts with respect to integration over external
spacetime. We must take into account the fact that the D-dimensional Ricci scalar is multiplied by

volume form of the total space, and that the internal volume form depends on external coordinates,

/ ddgmﬁ—g/ d*y /g Hpm VHI, XM = _/ dz/=g dFy VH( g HM) O XM . (A.35)
Md Mk Md Mk
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One can then compute

VH(IHM) = o (VA TEXY

and therefore infer that integration by parts justifies the replacement
— HMM VPO, XM — }HMHN—HM/\/Jrgm"M d, XMor xN (A.37)
K 2 OXMOXN ) 7 ’ '

Remarkably, the term containing the second derivative of the internal metric with respect to the

moduli drops out, and we are left with the simple result
- 1
R=R - (Huy — HmHy) dXxMorxN | (A.38)

Integrating this quantity against the D-dimensional volume form gives the action

S = % /M dz/—g L (A.39)
d
with a Lagrangian
1
L=VR- Za“XMaﬂXN d*y/g(Hpan — HMHN) (A.40)

My,
. . _ k
where V is the volume of the internal space, V = [ M d"y./g.
The next step is a Weyl rescaling of the external metric that casts the Einstein-Hilbert term for

d-dimensional gravity in canonical form. For the sake of completeness, we record the transformation

rules for the Riemann tensor, the Ricci tensor, and the Ricci scalar under the Weyl rescaling
go = e gnev (A.41)

One finds, with obvious notation,

old

[R” ~{R? 0y = 2000 (V0¥ = V7V, 0)

Juu]
)\ new
+ 25{; (Vl,]wvgw — VV]VUw) — 25@gy]av wV,\w} ,
ReM = { . [(d ) VVaw + v*vw} +(d—2) (VwVow — YV, V) }new ,
RO o2 {R —(d—1)(d -2V Vw — 2(d — 1)vAvAw}neW . (A.42)

The Lagrangian (A.40) in terms of the new metric reads

L=ed=2y [R —(d —1)(d — 2)8,wd"w — 2(d — 1)V“8ﬂw}

1
- Ze“(d‘Q)E)MXMa“XN d*yJgHan — HaaHar) - (A.43)
My,
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As we can see, in order to achieve the canonical Einstein-Hilbert term we have to set

logV . (A.44)

w =

S d-2
With this assignment the term V#0,w in (A.43)) can be neglected because it is a total derivative. In

conclusion, we find

d—1 1
L=R- P JylogV 0" logV — v 8MXM8“XN/dky\/§(HMN — HMmHN) (A.45)

which corresponds to the result (4.35) given in the main text.



270 Appendix A. Notation, conventions, and useful identities




APPENDIX B

Material for the one-loop computation of chapter [9

This appendix collects results that have been useful in the computation of the one-loop corrections to
five-dimensional Chern-Simons couplings in chapter [9] As a result we always work in five dimensions

in this appendix.

B.1 Gravitational perturbative expansion

In this section we record some useful identities about the gravitational perturbative expansion around

flat spacetime. More precisely, we assume a metric of the form

Guv = Nuv + h/w ) (B.l)

and compute some geometrical quantities derived from the metric in a formal power series in hy,. On
the right hand side of the following identities, indices are raised and lowered with the flat metric 7,

and its inverse. For instance, h"¥ = hy,n*Mn™.
The total inverse metric and volume form are given by

9" =" — B+ By + O(h?)
V=g =1+ 30", + L(h",h", — 20" hy,) + O(RP) . (B.2)

The Christoffel symbols and the Riemann tensor are expanded as

%, = %(7790 — 177 (Ophvo + Ol — Oohyw) + O(h3) :
Gor B oy = | — %apauhau - %a/\hupa/\hw + %auhm\avhﬂ)\ - %@hﬂ’\&’h"/\ + %aph”’\a"h“)\

+ 10,020 e — 20, e — (1 V)| — (p > o) + O(RP) . (B.3)
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In order to couple spinors to gravity we need to introduce a vielbein e?,. It is determined by
the metric only up to local Lorentz transformations. We fix this ambiguity by imposing the gauge

condition
nabéb[)\eau] =0, (B4)

where the Kronecker delta plays the role of the vielbein for the flat metric 7,,. We thus find the
following expansions of the vielbein and its inverse,
60,# = nabéb)\ [nz\u + %hku - %hATh,uT + O(hg)} ’
ea” = napd’ A [ — ShM + 2R+ O(KP)] (B.5)
Finally, let us record the expansion of the flat components of the spin connection, which enter the
fermion covariant derivatives:
ec Wrah = 0cP8a" 0" [ — 20uhup — Shur0 hyp + ShprOuhy

+ 2hyrOuhy” 4 Thyr 0,k — (1 v) + O(RP)] . (B.6)
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B.2 Feynman rules

In this section we collect the Feynman rules that can be extracted from the massive actions (9.4)), ,
(9.6). The propagators are read from the free actions where A, = 0 and g, = 7u,. The interaction
vertices are obtained by expanding (9.4]), , up to second order in the metric perturbation

hyw, introduced in ((9.25]).

In all Feynman rules symmetrization with weight one on graviton polarization indices is understood.
Moreover, the momenta of vectors and gravitons are always taken to be entering the vertex, while the

momenta of massive fields flow in the same direction as specified by the charge arrow.

B.2.1 Spin-1/2 fermion

_p + 7:01/2771
p2 + m2

= —q7x

g % (i01/2m + %P) Nuv — %'YMPV , P=2p+k

iy 1

= % (icl/2m + %P) (Umul%zuz - 277#1#2771111/2)

RAAL

2l P2 p
A
+ {%’Ym;mpl - %7M1PV177M2V2 + 1%7ulpﬂ2771/1112 + (1 A 2) )
P=2p+pi+p2

H1V1 P1
1
M - _%qnmm%‘o + 390 Y
Ho Po p
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B.2.2 Massive self-dual tensor

In the following expression antisymmetrization with weight one on tensor polarization indices is un-

derstood.
, p - {—iCBe oD = 2iMpa o — 4im  pep fpa/}
pp —————— o' p2 + m2 144 pollp poLrp
/
N pp 1
A = —1CB4Cpp'o’ X
p oo’
/
1224 = —1MMNwNpoNp'o’ + VMNupNuep' o'
p oo’
Hil1 1 pp’
1 . .
M = _glm(nmm Nuove — 277u1u277V1V2)779077p’0’ = UMy pNMvioNpgp Mo’
P2l P2 p oo’
+ [di —i + (14 2)]
2 UMM NpapTlvao e’ o’ — UMMy o M pTlvao o’ o
Hil1 ” pp’
K 0
Mo Po P >So0!
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B.2.3 Spin-3/2 fermion

1 PpP .
p _ pPo .
p— ——— 0 - p2 +m2 { (npa + m2 ) ( ¢+203/2m)

1 ipp . 1Po
- 4 (% * 03/27”) ( ? 103/2m) (70 - 03/27”) }

P
k
1224 W< = % (%Vp)\UPA - iC3/2m'7po> Nuv + %’Ypa,upu
p o

— ke + 0w oky + ke — nuevkpy — Supveky + Inuevpky
+3 (%%,\MP)‘ - i03/2m70u> Nop — 5 (%’Yp,\up’\ - iCs/zm’Ypu) Mo
P=2p+k

pvi A py p
=1 (%%AUPA — i03/2m7pa> (Myrn Mz — 2y Thor )

H2l2 P2 P >o
+ [ - %’Vp(pl +p2)s (nmm Nuove — 277#1#2771111/2)
+ %i03/2m70u1 Nuop Mrvs + %i03/2m7mu2 Nvro Muap
- %meg Py My + %’Vﬁmuz Py Nurp + %'y/nuz)\ P Mvip use — (p < J)]
+ [ - %’yﬂfwlmk pi‘ Moyvy + %’VPUM Py Mpgws — %’VPUM Py vy + (1 2)]
+ [ = 70 D1y Torp Masvs — 161y Mz Morooap + 1570 PL sz Muap Moo
B YD1 Mg Morve — 5 VuaP1 s Moro Moap — SVo D s Moap Main
F 901 D1 s Mp Moo + 5 VaP1 p Tane Moave — 3P p Moro Muaws
— §%12P1 p Mo Muan + $YPLp Moo Mo — §1C3/2M Yoy Mo p Mo
+ 1%'70;12/\ P Nurp Trve — %'thﬁ\ P Mvrp NMpove — (pr o)+ (1« 2)} )
P=2p+pi+p2

pivi A py p
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APPENDIX C

Examples of Spin(7) manifolds for F-theory

This appendix collects two explicit examples of elliptically fibered fourfolds endowed with an antiholo-
morphic involution which is well suited for the Spin(7) construction outlined in section

C.1 A hypersurface in a Py 3, fibration of P; ;1

Let us consider a simple example of the construction described in Section in which the Calabi-Yau

fourfold Yj is described by a polynomial in a toric ambient space constructed by fibering the weighted

projective space P2 31 over IP1111. In the language of toric geometry this is described by a reflexive
polyhedron with the set of rays given in Table

‘ coords. ‘ Q1 Qo

vertices
141 :( ]-a Oa Oa
Vo = ( 0, 1, 0,
V3 = ( *2, *3, 0,
Vy= ( _2a _3a _17
Vs = ( —2, —3, 1,
Ve = ( _2a _3a 07
vr=(-2, =3, 0,

O = O = O OO

T

Y
z

U1
u2
u3
Ug

|
—_ O O = O OO
— O

8
12
0

1
1
1
1

2

OO OO = W

Table C.1: Toric data for a reflexive polyhedron describing a [P 31 fibration of Py 11 1.

This gives a smooth ambient space in which the Calabi-Yau fourfold will be defined by a homoge-

neous degree (24, 6) polynomial in the (Q1, Q2) identifications. This polynomial may be brought into

Weierstrass form where now the coefficients f and g are degree 16 and 24, homogeneous polynomials

of the base coordinates u1, ..., uy, respectively. A sufficiently general set of coefficients for these poly-
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nomials will then give a smooth Calabi-Yau fourfold. Next we impose a symmetry of this space under

the action of the antiholomorphic involution o where
O'(Ul, Uz, U3, Uq,T,Y, Z) = (a2a —u1,Uq, —U3, T, Y, Z) : (Cl)

This restricts the coefficients of the polynomial. However these coefficients remain general enough
that a generic polynomial is still non-singular. The identification ¢ has no fixed space on the base, as
the would-be fixed space u; = us = ug = ug = 0 is removed by the Stanley-Reisner ideal. Every point
of the base then represents an example of situation as described in section and so the Spin(7)
holonomy manifoldE] produced upon quotienting by ¢ is non-singular. This means that no additional

resolutions need to be performed.

C.2 A complete intersection in a P, ;;; fibration of P25

Next let us consider a second construction in which the ambient space is formed by fibering IP1 11,1 over

Py 129. In this case the Calabi-Yau is given by a complete intersection of two polynomials described

s L9y

the following nef-partition in Table

nef-part. ‘ vertices ‘ coords. ‘ Q1 Qo
Vi v=(-1, -1, 0, =1, =2, =2) Y1 10
vv=( 0, 0, 0, 1, 0, 0) Y2 1 0

vs=( 1, 0, 0, 0, 0, 0) x1 1 1

m=( 0, 1, 0, 0, 0, 0) ) 1 1

Va vs=( 0, 0, 0, 0, 1, 0) U1 2 0
vs=( 0, 0, 0, 0, 0, 1) U2 2 0

vi=(-1, =1, =1, 0, 0, 0) 21 0 1

vg=( 0, 0, 1, 0, 0, 0) 22 0 1

Table C.2: Toric data for a nef-partition describing a complete intersection in a Py ;1 fibration of
P22

)Ly &y

The two polynomials P; and P» are then associated with the partitions Vi and Vs respectively.
These are both degree (4,2) under identifications (Q1, Q2).

In this case the base P 122 has a complex one-dimensional holomorphic orbifold singularity at
y1 = y2 = 0 before considering any antiholomorphic quotient. This lifts to two separate complex
two-dimensional singular spaces in the total ambient space. One, which is associated with the @y
identification, lies at y; = yo = 1 = 22 = 0 and the other, which is associated with the Q1 — Q2

identification, lies at y; = yo = 21 = 20 = 0.

Let us first consider the singular space which lies at y; = yo = 1 = 22 = 0. At this locus the

Note that strictly speaking the quotient manifold is expected to have SU(4) X Z2 holonomy.
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polynomials can be written as
P = alzf + b1z120 + clz% Py, = (IQZ% + boz120 + CQZ% (02)

where a2 b1 2 and c12 are homogeneous quadratics in v; and ve. The singularities of the ambient
space will then intersect both polynomials at the places where one of the roots of P sits on top of one

of the roots of P5. At these points the resultant of the pair of polynomials, given by
—agblbzcl + alb%cl + a%cf + GQb%CQ — albleCQ — 2(11(120162 + a%cg s (03)

will vanish. This resultant is a homogeneous octic in vy 2 so gives eight Zs singular points on the
Calabi-Yau fourfold at which the pair of the polynomials hit the two-dimensional space of singularities

in the ambient space.

Next let us consider the singular space which lies at y; = yo = 21 = 29 = 0. As before both poly-
nomials will intersect the singularity of the ambient space when the resultant vanishes. This second

resultant is a homogeneous quartic in vy 2 so gives four Zs singular points.

The Calabi-Yau fourfold may have extra singularities associated with the pinching of the torus. To
find out where this happens we may make use of the singularity classification described in [295]. This
shows that for a generic set of polynomial coefficients the torus pinches with a Type I; singularity
over the intersection of a homogeneous degree (72,0) polynomial in the (Q1,Q2) identification, with
the two polynomials that define the Calabi-Yau. Furthermore we find that this space intersects each

of the Zy singular points described above.

We now impose a symmetry under the action of the antiholomorphic involution ¢ defined by,
U(yl, Y2,01,V2,21,22, 21, 22) - (gQ, —?317 @27 1_)17 j?, _'Tla 227 21) . (04)

As before this constrains the coefficients of the polynomials but does not alter the singularity structure
of the Calabi-Yau. We note also that in this case ¢ is not an involution on its own but that the

identification 7 must be used to make % = 1.

The action of o on the base gives a real one-dimensional fixed line which sits inside the holomorphic
orbifold singularity of IP1122. At most places over this fixed line the torus is unpinched and has no
fixed space. It represents an example of situation described in Section However when the
torus pinches over the fixed line of the base the pinched point on the torus becomes fixed under the
action of ¢ and so represents an example of situation In additional, these fixed pinched points
on the torus also lie at the eight Zs singular points at y; = y2 = x1 = x5 = 0. By comparison the four
Zy singular points, which lie at y; = y2 = 21 = 29 = 0 are not fixed under ¢ but instead are mapped

pairwise into each other.

The quotient of this Calabi-Yau by o then gives a singular Spin(7) manifold. The presence of
these singularities is not a problem in F-theory as this is defined on singular spaces. However in order
to use the M-theory duality we have described to find the effective action these singularities must be
resolved in an appropriate fashion. It is unclear how one would carry out this resolution or even if
such a resolution can be performed at all for this particular Spin(7) manifold. For this reason it would

be extremely important to investigate these resolutions further.
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