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Introduction

Three different types of systems will be studied in this work. The three model
cases are as follows: The model case for Chapter 1 is the inhomogeneous p-Laplace
equation

(0.1) —Apu = —div(|Vul[’*Vu) = —divf.
In Chapter 2 it is the incompressible p-Stokes equation
—div(|eu[’"?eu) + Vrr = —divf

0.2
(02) divu =0

where eu = 1(V+V7T)u is the symmetric gradient. In Chapter 3 it is the parabolic
p-Laplace equation

(0.3) O — Apu = —divf.

The basic question of the inhomogeneous regularity theory is what impact do the
qualities of f have on u. We will demonstrate the technique on Poisson’s equation
which is the natural starting point for all partial differential equations studied in
this work.

(0.4) —Auy = —divVu = —divf.

Although our estimates will be stated in local form (and for local solutions), we
will discuss the case of the entire space in the introduction, which is easier to state
and therefore better to get insights.

If f € L*(R";RY), then there exists a unique u € W, >(R*;RY) which is a
minimizer of the following functional

u=arg min 1/\VU|2daL‘ — /f - Voudz
W2 ()N 2

The first regularity statement is therefore f € L?(R"™) implies Vu € L?(R"™). But
in fact many more qualities of f can be transferred. Indeed, the mapping f — Vu
can be characterized by a singular integral operator and the classical Calderén
Zygmund theory implies the following regularity.

(1) f € LYR™) implies Vu € LY(R™) for 1 < ¢ < o0

(2) f € CH*(R™) implies Vu € C**(R™) for k € N and o € (0, 1).

(3) f € BMO(R") implies Vu € BMO(R") but f € L>®(R™) does not imply

Vu € L*(R").
The function space BMO(R™) is the space of bounded mean oscillation which is of
special interest. It is the right substitute of L> in the regularity theory of equations
in divergence form. We want to provide a different insight in this theory which is
closer to the non-linear setting.
However, the non-linear Calderén Zygmund theory found a way of interpreting

the matter above. It was founded by Iwaniec [27, 28]. By refining his technique
we were able to show the following for Poisson’s equations.

Theorem 0.1. Letu € Wy > (R*;RN) be a solution to (0.4). Then for almost every
x e R”

M(Vu)(x) < eM(f)(x).
Mg is the Fefferman Stein mazimal operator defined in (0.10) and ¢ only depends
on the dimensions.



The beauty of the proof provided here, is that it is done purely by tools of the
non-linear Calderén-Zygmund theory. Theorem 0.1 implies (1) immediately by
the bounds of MZ in L7 for ¢ > 2 (see [54]). As f € BMO(R") if and only if
M2rl (f) € L*°(R"™), we gain (3). By refining M2ti by additional powers of the radii,
we gain (2) for k = 0. These are precisely the regularity properties that can be
shown in the non-linear case of the p-Laplacian. Analogous to the case p = 2, we
have that if f € L (R";R™V), there exists a unique solution of (0.1). For these
solutions Iwaniec [28, 29] proved that f € LI(R™) implies |Vu|’ *Vu € LI(R™)
for ¢ > p’. The case 1 < ¢ < p’ can not be treated by this technique. However,
in [29, 36] the authors, using different techniques, were able to treat the case
p—8 < qg<p forasmall § > 0. The case 1 < ¢ < p’ — § is an important
open problem up to now. As a consequence to Chapter 1 f € BMO(R") implies
IVul’?Vu € BMO(R®) and f € C*(R") implies |[Vu[’ " *Vu € C*(R") for (0.1)
and « small. Therefore the conjecture, which we believe to be true, but are unable
to prove is that

ME(IVul"™2u)(x) < M () ()

for almost every z € R™ and u € Wy P (R™; RN) a solution to (0.1). See Remark 1.21
for a further discussion on that matter.

In Chapter 1 we present the result of [15]. The difference to this article is, that
we allow systems with coeflicients. We can use that to show BMO results up to
the boundary (see Section 1.5). It is part of a collaboration with Dominic Breit,
Lars Diening and Andrea Cianchi. The two following chapters are two extensions
of the techniques presented in Chapter 1. First we will suit it such that we can
prove BMO and Campanato estimates for local solutions of (0.2), this is a work
together with Lars Diening and Petr Kaplicky [16]. Although our techniques are
independent of the dimension, we have to restrict to the 2-dimensional case. In
Chapter 3 we discuss the borderline case ¢ — oo for the parabolic p-Laplace, which
is still to be published in a scientific journal.
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General Notation

Within this work we will use - as the standard scalar product on R” or R¥*" and
|-| as the induced norm on R™ or R¥*™ We use ¢ as a generic constant which may
change from line to line, but does not depend on the crucial quantities. Moreover
we write f ~ g if and only if there exist constants ¢, C' > O such that ¢ f < g < C'f.
Note that we do not point out the dependencies of the constants on the fixed

dimensions n and N. For v € L} _(R") and a measurable set £ C R" we define

(0.5) (v)E ::][v(x)dx = % /v(x)dm,
B E

where |E| is the n-dimensional Lebesgue measure of E. For A > 0 we denote by
AB the ball with the same center as B but A-times the radius. By rp we mean the
radius of B. By B, we mean a ball with radius r. For a set M C R"™ we denote
XM as the characteristic function of the set M, i.e. x(z) =1 if x € M otherwise it
equals zero. We write R=% = [0, +00) and R>? = (0, +00). We denote by
oscp(f) == sup [f(z) = f(y)]
x,yE
the oscillations of f on E. We say that a function p : [0,00) — [0,00) is almost
increasing if there is ¢ > 0 such that for all 0 < s < ¢ the inequality p(s) < cp(t) is
valid. We say that p is almost decreasing if there is ¢ > 0 such that for all 0 < s < ¢
the inequality p(s) > cp(t) is valid. We say that p is almost monotone if it is almost
increasing or almost decreasing.
We now will discuss N—functions.

Definition 0.2. A real function ¢ : RZ° — R20 is said to be an N-function
if it satisfies the following conditions: There exists the derivative ¢ of ¢. This
derivative is right continuous, non-decreasing and satisfies ¢’ (0) = 0 and ¢'(t) >0
fort > 0. Especially, ¢ is convex.

The complementary function ¢* is given by
" (u) := sup (ut — ¢(t))
>0
and satisfies (p*)(t) = (¢')71(¢). For any t > 0 we have
t

(0.6) p(t) < @' (D)t < p(20), 0™ (' (1) < p(20).
Moreover, (¢*)* = .
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Definition 0.3. We say that the N-function o satisfies the Ao—condition, if there
exists ¢1 > 0 such that for all t > 0 it holds ¢(2t) < c1(t). By As(p) we
denote the smallest constant c1. For a family @ of N-functions we define Aqg(®P) :=

Sup,eq Ao (p)-

For all 6 > 0 there exists ¢s (only depending on As(p*)) such that for all
t,u>0

(0.7) tu <dp(t)+csp*(u).
This inequality is called Young’s inequality. For all t > 0

(0.8) %«p’(%) < p(t) <te'(t), so((p*ft)) <p*(t) < w<2w*(t)>.

t

Therefore, uniformly in ¢ > 0

(0.9) p(t) ~ (W)L, 9" (1) ~ o(t),
where the constants only depend on As(p, ¢*).

For an N-function ¢ with Ay(¢) < 0o, we denote by L¥ and W% the classical
Orlicz and Sobolev-Orlicz spaces, i.e. u € L¥ if and only if [ ¢(|u|)dz < oo and
w € Wh¢ if and only if u, Vu € L?. By Wy'?(€) we denote the closure of C5°(£2)
in Whe(Q).

We define for B a ball and g € L{ _(R")

loc

MTf = ( g <g>B‘fdx)q,
/

(M*1g)(x) = sup MEg.
B>z

(0.10)

We define M]g = Mgl and M* = M*%!'. Finally we define the Hardy Littlewood
maximal operator by

My(9)(x) = sup Jg|") o

The space BMO of bounded mean oscillations is defined via the following semi norm
(for © open)

I9llBmo(e) = sup ][ |9 — (9)p|dz = sup M}g;
BCQ e BCQ

saying that ¢ € BMO(B), whenever its semi norm is bounded. Therefore g €
BMO(R™) if and only if M¥g € L>(R™).

Throughout the work we will need the following typical estimate for mean
oscillations, which we will refer to as best constant property. For f € LP(Q), p €
[1,00) we have that

1

ngf < 2<][|f—c|qu> ’ for all c € R.

We will also need the famous John-Nierenberg estimate [30], see also [20, Corol-
lary 6.12],

ME'f < ¢ | flpaos)
for 1 < g < .
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We introduce the refined BMO spaces, see [53]. For a non-decreasing function
w : (0,00) = (0,00) we define
1
M g = —~ d
9= g 19— ta)sle
B

where Rp is the radius of B. We define the semi norm

HQHBMON(Q) = sup Mi,BQ-
BCQ

The choice w(r) = 1 gives the usual BMO semi norm. When w(r) = r# with 0 <
B < 1, we gain by Campanato’s characterization that BMOg := BMO,s = C%#.
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CHAPTER 1

Elliptic Systems

We study solutions of an inhomogeneous elliptic system
(1.1) —div(A(Vu)) = —divf

on a domain Q C R”, where u : Q@ — RY and f : Q@ — RYX", We assume that
f € BMO, where BMO is the space of functions with bounded mean oscillation,
and A is given by

Vu

[Vul

for a suitable N-function ¢. Throughout the chapter we will assume ¢ satisfies the
following assumption.

A(Vu) = ¢'(|Vul)

Assumption 1.1. Let ¢ be a convex function on [0,00) such that ¢ is C* on [0, c0)
and C? on (0,00). Moreover, let ©'(0) = 0, lim;_, ¢’ (t) = co and

&)~ 1 ()
(s +0) "] < e (21’

uniformly in t > 0 with |s| < 1t and o € (0,1]. The constants in (1.2) and o are
called the characteristics of .

(1.2)

The assumptions on ¢ are such that the induced operator —div(A(Vu)) is
strictly monotone. If we define the energy

J () ::/90(|Vv|)dm—/f~Vvdx,

then the system (1.1) is its Euler-Lagrange system and solutions of (1.1) are local
minimizers of J.

A significant example of the considered model is the p-Laplacian system, for
which p € (1,00), ¢(t) = ]%tp, A(Vu) = |Vul|’"*Vu, and the system (1.1) has the
form

—div(|Vul’?Vu) = —div /.
Note that ¢(t) = %t” satisfies! Assumption 1.1.

We know from the linear theory of Poisson’s equation (corresponding to p = 2)
that f € L°° cannot imply Vu € L°°. The natural question is, does f € BMO imply
A(Vu) € BMO? The first BMO result was done by DiBenedetto and Manfredi in
[12]. Their result, however, only treated the super-quadratic case p > 2. Our
inequalities are more precise and therefore valid for all p € (1,00) and even for
more general growth.

—2
L Also o(t) = %fg(,u + 5)P72sds and ¢(t) = %fot(uz + 32)1)7st with u > 0 satisfy
Assumption 1.1.
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Theorem 1.2. Let B C R™ be a ball. Let u be a solution of (1.1) on 2B, with ¢
satisfying Assumption 1.1.
If f € BMO(2B), then A(Vu) € BMO(B). Moreover,

[AVW)llgpom) < ¢ ][ [(A(Vu)) = (A(Vu))2p| dx + ¢l fllgymo2m)-
2B

The constant ¢ depends only on the characteristics of .

This theorem is a special case of our main result in Theorem 1.23.

Additionally to Theorem 1.2, we are able to transfer any modulus of continuity
of the mean oscillation from f to A(Vu). This includes the case of VMO, see Corol-
lary 1.25. Moreover, f € C%#(2B) implies A(Vu) € C%#(B) with corresponding
local estimates, see Corollary 1.26. The [ is restricted by the regularity of the
p-harmonic functions.

Our results also hold in the context of differential forms on Q C R", where
we get the corresponding estimates, see Remark 1.30. By conjugation we can also
treat solutions of systems of the form d*(A(dv + g)) = 0.

The special case f = 0 in Corollary 1.26 allows us to derive new decay estimates
for p-harmonic functions. On one hand we get decay estimates for A(Vu), see
Remark 1.27. On the other hand by conjugation, see Remark 1.30 we also get
decay estimates for Vu, see (1.25).

We study systems, where the right-hand side is given in divergence form, since
it simplifies the presentation. The results can also be applied to the situation, where
the right-hand side divf of (1.1) is replaced by a function g. Note that any func-
tional from (VVO1 #(Q))* can be represented in such divergence form. Whenever,
such g can be represented as g = divf with f € BMO,, (a refinement of BMO,
see Section 1.4), then our results immediately provide corresponding inequalities.
For example we show in Remark 1.28 that g € L™ implies locally A(Vu) € VMO.
This complements the results of [8, 22], who proved A(Vu) € L> for g € L™!
(Lorentz space; subspace of L™), where the result of [8] is for equations only but
up to the boundary; just recently the same authors extend their result to sys-
tems: “Global boundedness of the gradient for a class of nonlinear elliptic systems,
Arch.Rat.Mech.Anal.”

All these above results where first published in [15]. In this chapter we allow
an additional perturbation by a Holder continuous matrix. For that we denote
T2 : R? — R™WXnN yniformly elliptic

2
||

5 < ztT?x < )\|x|2.

In Theorem 1.23 we show BM O,-regularity for solutions of

T*Vu
~div (¢ (VIPVu - Vi) e ) = —div(f).
o v v )
We can write T2 = MTA2M, where M is orthonormal and A a diagonal matrix.
We define T := AM, then T? = T'T, then the system above can be written as

(1.3) —div(Ap(Vu)) = —div(f), for Ap(Vu)=T'A(TVu).

We will be able to show BMO estimates also for these equations, as long as T is
“close” to a rank one matrix.
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Assumption 1.3. We require
(a) T = (Tyj ) = (t*t)) : @ — RN “yhere T* = (¢F) : Q — RVN and
T, = (tj) : @ — R™™ with full rank.
(b) T = AM, where M is orthonormal and A a diagonal matriz with strict
positive entries % < Ay <A
(c) T € CO(Q) for a~v e (0,1). Le.|T(z) — T(y)| < clx —y|".

The quantities v, A and c are called the characteristics of T.

To include these perturbation a refined decay for homogeneous solutions of (1.3)
with constant matrix T' was shown; Corollary 1.19 which might be interesting on
its own. One major advantage of these estimates, is that can be used to prove
regularity up to the boundary. In Section 1.5 we proof local BMO,, estimates up to
the boundary for systems. It can be regarded as non-linear Schauder theory. The
BMO,, case has not been studied before. Higher integrability results have been
studied before. Kinnunen and Zhou [37] studied perturbed equations (N = 1)
for the p-Laplacien in divergence form. They prove higher integrability for T €
VMO(Q). In [38] they where able to show higher integrability for equations up to
the boundary; the authors neither covered systems nor the BMO-case.

1.1. Preliminary Results

Assumption 1.1 (see for example [3]) implies that ¢ and ¢* are N-function and
satisfy the As-condition i.e. p(2t) < cp(t) and *(2t) < c*(t) uniformly in ¢ > 0,
where the constants only depend on the characteristics of ¢.

As a further consequence of Assumption 1.1 there exists 1 < p < ¢ < oo and
K7 > 0 such that

(1.4) p(st) < Ky max {sP, s9}p(t)
for all s,t > 0. The exponents p and g are called the lower and upper index of ¢. We

say that ¢ is of type T'(p, ¢, K1) if it satisfies (1.4), where we allow 1 <p < ¢ < o0
in this definition. Note that (1.4) implies

(1.5) min {s?, s7}p(t) < Kyp(st)

for all a,t > 0. Every ¢ € T(p,q, K1) satisfies the As-condition; indeed p(2t) <
Ky 29¢(t).

Lemma 1.4. Let ¢ be of type T(p,q, K1), then o* € T(¢,p', K3) for some Ky =
KZ(p7q7K1)'

This lemma is well know. However, for the sake of completeness the proof is found
in the Appendix. In particular, if ¢ € T(p,q, K) with 1 < p < ¢ < oo, then also
©* satisfies the Ag-condition. Under the assumtion of Lemma 1.4 we also get the
following versions of Young’s inequality. For all 6 € (0,1] and all ¢,s > 0 it holds

ts < K3 Kg_l §t—a p(t) +dp*(s),

(1.6) 1 e
ts < dp(t) + KoKV 77 67 7P ¢*(s).

For an N-function ¢ we introduce the family of shifted N-functions {¢.},~o by
oL(t)/t =@ (a+1t)/(a+1t). If psatisfies Assumption 1.1 then ¢ (¢) ~ ¢"(a +t)
uniformly in a,t > 0. The following lemmas show important invariants in terms of
shifts.
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Lemma 1.5 (Lemma 22, [17]). Let ¢ hold Assumption 1.1. Then (@|p)*(t) ~
(¢*)ja(p)|(t) holds uniformly in t > 0 and P € RN*". The implicit constants
depend on p, q and K only.

We define

(1.7) P := min {p, 2} and § := max {q, 2}.

Lemma 1.6. Let ¢ be of type T(p,q, K1) and P € RNX" then @|p| is of type
T(p,q, K) and (pp|)* and (¢*)|apy| are of type T(7,p', K).

The proof of this lemma is postponed to the Appendix. We define V' : RV*" —
Ran by
V@) _ AlQ) _ @

2 _ . an — —_ v
vr=A@re md ) T el T el

in particular we have

= ve'(leDlQl \Ql P(lQl) | B
In the case of the p-Laplacian, we have ¢(t) = %t”, AQ) = QPP ?Q and V(Q) =

QI Q
The connection between A, V', and the shifted N-functions is best reflected in
the following lemma, which is a summary of Lemmas 3, 21, and 26 of [13].

Lemma 1.7. Let ¢ satisfy Assumption 1.1. Then

(1.8a) (A(P)~ A@Q) - (P~ Q) ~ [V(P) - V(@)
(1.8b) ~ ¢ (1P -Ql)
(1'8C) ~ (@*)‘A(Q)‘(‘A(P) _A(Q)D

uniformly in P,Q € RNX". Moreover,

AQ)-Q=1V(Q ~(Ql), and
[A(P) = AQ)] ~ (#10)) (1P - Ql),
uniformly in P,Q € RN*",

The following lemma is a simple modification of Lemma 35 and Corollary 26 of [17]
by use of Young’s inequality in the form (1.6) and Lemma 1.5.

Lemma 1.8 (Shift change). For every e € (0,1], it holds
p1pi(t) < et pigi(t) +elV(P) - VQ,
(pip)* () < e’ Upig)" (1) +elV(P) = V(Q)I,

(©)1acp)(t) < e (") aq) (1) +lV(P) = V(Q)I%,
for all P,Q € RN*" and allt > 0. The constants only depend on the characteristics
of .
By L% and W% we denote the classical Orlicz and Sobolev-Orlicz spaces, i.e.
f € L¥ if and only if [¢(|f|)dr < co and f € W'¥ if and only if f,Vf € L¥. By
Wy?(€2) we denote the closure of C§°(Q) in W1H#(1).
We can prove the following substitute for Lemma 1.7 for perturbated systems.

(1.8d)
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Lemma 1.9. For all Q,P € R™ and T, = A;M; we find
(47(@) = 42(P)) - (@ = P) ~ V(@) - V(P)?
and
A7, (Q) — Ar,(P)| < ofTs ~ Tolo (IT:Q]) + (o a1) (IT:Q — ToP),
especially for |Ty — Ty| < 1
A7, (Q) = A, (Q)] < |Ty = ToP ¢/ (1Q)).

The constants depend only on the characteristics of ¢ and \.

PrOOF. The first inequality is proved by Lemma 1.7. We find that

(47(@) — Ar(P)) - (Q - p)
= (*(¢ (ITQI)|TQ| TP ) - (@~ P)

= ((v0r@rg =< (TP )) - (TQ-7P)
~ orq(IT(Q — P)|)
~V(Q) — V(P

For the second statement we use (1. 8d)

(1.9)

/ 1Y) , T,P
< \(Tf—Té)soﬂTlQ\ 7 Q‘\HTQ (|T1Q\)|T o~ TP

< Ty = Tl (TiQD + e(opriq) ) (T:Q — ToP)).

The last statement follows by Lemma 1.6, as

/ —
(v2) (T2 - Tall@QD < T — T~ (1QD),
whenever |17 — Ty| < 1. O

Let us introduce the right condition for the perturbation matrix such that
regularity is preserved. If one shows Hoélder regularity, one can only assume Holder
perturbations. In elliptic systems this is the classical Schauder theory.

A function T is a BMO,,-multiplier, if T f € BMO(Q) for all f € BMO(Q). We
introduce BM O-multipliers with following lemma. Its proof can be found in the
appendix of this chapter.

Lemma 1.10. IfT € LOO(Q) and holds

1T =Tl oo (5,0 iy ][ fdz <[ fllgpo, @) + elflliq)
B (v)
for all B, C Q, then T is a BMO,,(Q2) multiplier.
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We say, that T € L°°(Q) satisfies the vanishing BMO,,-multiplier condition on
if there is a function §(r) positive continuous quasi increasing, such that é(r) — 0
for r — 0 and

1
c||T - T(y)HLOO(B,‘)M ][ fdx < 6(r)l| fllmo, @) + el fllrq)-
Br(y)

We need the following calculation:

(9)y5 — (9}l < f 19 (g)nlde < 2" Mg
1B

By m iterations of the previous we find

m—1
n #
(1.10) (g)2-mp — (9)B] <2 ; M-ipg <m2" | max 1M v

Note also, that the best constant property implies
(1.11) ][Ilgl — (lglp)dx < 2][ llgl — g}l dz < 2][ |9 —(9)B|dz.
B B B

This can be used to show the following refined BMO-multiplier lemma

Lemma 1.11. Let w : (0,00) — (0,00) be non decreasing, such that w(r)r—"
is almost decreasing, then for v > B we find that if T € C%V(Q), then T holds
the vanishing BMO,,-multiplier condition on Q. Moreover, for B(x) C  and
B; :=27'B(x) it holds

1

_ - - < —m(y—5) #
I = Tl o) sy o < o209 e MF -t — ),

the constant ¢ only depends on v — 8 and on the Hélder continuity constant of T'.

PRrOOF. Without loss of generality we assume the radius of B to be one. We
use the above iteration (1.10), (1.11), the assumptions on 7" and the assumption on
w to estimate

1 1
T =T(@) Lo (B,,) Zrg=my 9D B, < 2777 91)B.. = (lgl) sl +(lg) 5
| (@)l (Bm)w@_m)ﬂ i (Q_m)(Kl ) (lgh sl + (lg)5)
< cm2™™ ! max M., g+mm<|g|>
- w(2=m) o<ism-1~ 27'B w(l1)

§cm2_m(7_5) 0<1123;5L( 1M 2— LBgJ’_ ( )<|g|>B>

as B < 7. O
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1.2. Reverse Holder estimate

In this section we refine the reverse Holder estimate of Lemma 3.4 [19], where the
case f = 0 was considered. For this we need the following version of Sobolev-
Poincaré from [13, Lemma 7].

Theorem 1.12 (Sobolev-Poincaré). Let ¢ be an N-function such that ¢ and @*
satisfies the Ag-condition. Then there exists 0 < 6y < 1 and ¢ > 0 such that the
following holds. If B C R" is some ball with radius R and v € W (B,RY), then

(1.12) ][¢<“"}§’>B|) iz < c (][<p90(|w|)da;> &
B B

For gradients of solutions of (1.1) and (1.3) we can deduce the following reverse
Holder inequality.

Lemma 1.13. Let u be a solution of (1.3). There exists @ € (0,1) such that for
all P, fo € RN*" and all balls B satisfying 2B C

ks
[

][|V(Vu) —V(P)Pdx <c <][ V(Vu) — V(P)|* d:c>

e @amilf = fa de+ o7 - TEIEYE f o(ub + (P do
2B 2B

for z € B. The constants ¢ and 6 only depend on A and the characteristics of .

PRrROOF. Let n € C§°(2B) with xp <1 < x2p and |V7| < ¢/R, where R is the
radius of B. Let o > @, then (o — 1)p’ > a. We define ¢ := n*(u — 2), where z is a
linear function such that (u — z)op = 0 and Vz = P. Using £ as a test function in
the weak formulation of (1.1) we get for all fo € RV*"

(Ia) := |B]" A7 (V) — Apy (P),n*(Vu — P))
= |B|7(f = fo.,n™(Vu— P)) + |B| " (f — fo,an® " (u— 2) @ Vi)
— | BTN Ar (V) — Apoy(P), an® Hu — z) @ Vi)
=: (IT) + (IIT) + (IV).

With the help of Lemma 1.7 and Lemma 1.9 we get

(Ia) > c][ |V (Vu) — V(P dx — c][ T —T(z) P (|Vu|)|Vu — Pln®dz.
2B 2B

By (1.6) for ¢|v,| and Lemma 1.6 we find that

(10) 2 (e~ &) f w*[V(Va) = V(P)P dx = ¢ f (o) (IT = TN o) #(1Tu))

2B 2B
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By Lemma 1.6 we have (¢|v,)* € T(7', 7', K). Consequently

() ::][77“|V(Vu) —V(P)da
2B
< o7 - T()| P2 ), ][ o(IVaul)de + e(IT) + o(I1T) + e(IV).

We used (¢|vy))*(|Vul|) ~ ¢(|Vul), which is a consequence of Lemma 1.7. By (1.6)
for pp; and § € (0,1), by (¢p|)* ~ (¢*)jacpy due to Lemma 1.5, (a — 1)§' > «a
and by Lemma 1.7 we estimate

(1) < co'7 ][ Va1 = fol) da + 6 ][ 1 opy([Vu — P|) de
2B

2B

<" L@ ham(1F - oo+ 3 f *V(Ta) = V(P da.

2B 2B

Similarly, we estimate with Lemma 1.7

(IIT) <c ][(w*)\A(P)|(|f*fo|)dI+C][ o <URZ|) dz.

2B 2B

To estimate (I'V) we take

vy < c][ an® YAr(Vu) — Ar(P |
2B

e f 14z(P) —AT(Z><P>|\“—;]dm = (V) + (VI).
2B

With Lemma 1.9, Young’s inequality with ¢ p|, (o —1)g > a and (0.6) (second
part) in combination with Lemma 1.7 we deduce analogously

V) < e f elpan) - P
2B
1— lu — 2|
<5][ (e1p)” (<p‘P|(|Vu—P|))dx+05 q][<pp|( 7 )dx.
2B
< 5][na|V(Vu) —V(P)2dx+c51q][¢p|<uR > dz.
2B 2B

As before we find by Young’s inequality for ¢|p| and Lemma 1.6,

i) < et - 1@IF, f P+ e f o (M) an

2B 2B
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Moreover, it follows from Theorem 1.12 for ¢|p| for some 6 € (0, 1), Lemma 1.7
and the facts that (u — 2z)op = 0 and Vz = P that

][ o1p| (u}; Z') dx <c (][ (¢1p1(IVu — P]))° d$>é
2B 2B
e 4 V(vu) = v(P)* dx
(f )

For small 0 we can absorb corresponding terms into (I) such that the claim follows.
O

=

Our aim is to give estimates in terms of A(Vu). We will give estimates exploit-
ing reverse Holder inequalities as well as BMO properties. These will enable us to
replace the right hand side of Lemma 1.13 with adequate quantities. At first we
need the following lemma for improving reverse Holder estimates. It follows from
[24, Remark 6.12] and [21, Lemma 3.2].

Lemma 1.14. Let B C R" be a ball, let g,h : © — R be an integrable functions
and 6 € (0,1) such that

1

e
futae<eo(fiaac) + f las
B 2B 2B

for all balls B with 2B C Q. Then for every v € (0,1) there exists ¢; = c1(co,7y)

such that
1
][\g| de < ¢ <][ lg|” dx) +c ][ |h| dz.
B 2B 2B

We will use this result to prove the following inverse Jensen inequality.

Corollary 1.15. Let Q C R™ and 1 be an N-function of type T'(1,q, K), g € L¥(Q)
and h € L} _(Q). If there exists 0 € (0,1) such that

][w<|g|>dx <o (][w<|g>9dac)é +][ |h] de,

for all balls B with 2B C Q, then there exists ¢y = ¢1(co, K, q) such that

][¢ 9l) dx<c1w<][|g|dx>+cl][h|da:

PrOOF. By Lemma 1.14 we gain for a fixed v < é

folahde<e ( f w<|gwa:)# +ar f Ihldo
B 2B 2B

Due to Lemma 1.34, which can be found in the appendix, the function (v(¢))?)~!
is quasi-convex; i.e. it is uniformly proportional to a convex function. Therefore
the result follows by Jensen’s inequality. (]
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The estimate of Lemma 1.13 can be improved in the following way.

Corollary 1.16. Let u be a solution of (1.1). For all P € RN*" and all balls B
such that 2B C Q

][|v (Vu) — V(P)2dx < ¢ (9" (][|A (Vu) — (P)dx)

(") acen (I lmogen) + elT = TITZLT (e[ Vul))az + ()
for z € B. The constants only depend on the characteristics of p and .

ProoOF. If follows from Lemma 1.7 that
[V (Vu) = V(P)]* ~ (0") apy (|A(Vu) — A(P))).

Therefore we can apply Corollary 1.15 on the inequality proven in Lemma 1.13 to
gain

][|v (V) = V(P)2de < (" |A(p)|<][A (Va) (P)|dm>

e ][ @ aee(If = fol) do + €lIT = T8 (Va2 + £(P))
2B

for any fo € RV, The result follows by using Lemma 1.32 to the last integral

F@an1r = b do < (@) oo )
2B
This inequality reflects the reverse Jensen property of the BMO norm. ([

Lemma 1.17. Let u be a solution of (1.3). We find

][w(IVUI) dr < (™) a@) ((A(Vu)28) + (©")14@) (1 flppoes))

B
for A(Q) = (A(Vu))p. The constants ¢ only depend on \ and the characteristics
of p.

PROOF. The proof goes analogously (but simpler) as was done for the oscilla-
tion integrals. We only give the important details. One uses £ = (u — (u)2p)n® as
a test function and find for fo = (f)an

(A (Vu), Vun®) = (Ar(Vu),an® ™ (u = (u)ap) @ Vi) + (f — fo, VE).

The difference to Lemma 1.13 is that all terms that include Vu can be absorbed.
One uses Young’s inequality 1.6 on || and the fact that Lemma 1.7 and Lemma 1.33

imply (¢(IVul)) 5 ~ (@10 VuD)5 ~ ()74 (A(Vul) 5. This leads to

][so(\VUI)dx < c(¢")1a@) (I fllgmoeny) + C][ ] (|$|) dz.

B 2B
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Now the result follows analogous to the oscillation case by Poincaré’s inequality
and Corollary 1.15. (]

1.3. Comparison

The key idea of the proof of our main result is to compare the solution u
with a suitable p-harmonic function h. Later we transfer the good properties of
h to u. Regularity of p-harmonic functions is well known in the case of p-Laplace
system with ¢(t) = t? for p € (1,00). Recently, the result was extended in [19,
Theorem 6.4] for general ¢ satisfying Assumption 1.1:

Theorem 1.18 (Decay estimate for p-harmonic maps). Let Q@ C R™ be an open set,
let @ satisfy Assumption 1.1, and let h € WH%(Q,RYN) be o-harmonic on Q. Then
there exists a« > 0 and ¢ > 0 such that for every ball B C ) and every 6 € (0,1)
holds

][ V(Vh) — (V(VR))os? da < c62° ][ V(Vh) — (V(Vh) 2 da.
0B B

Note that ¢ and a depend only on the characteristics of .

The last Theorem can be extended. We take T' € R™V*"N elliptic. Let us look
at local minimizers of functionals of the type

1
(113) 1w = [ oo volt) = [o(vu),
Q Q
for v € WLe(Q; RY).

Again T? = T*T and T = AM, with M being orthonormal and A being diagonal
with all values strictly positive. We want to regain a ¢—minimizer, on which we
can apply Theorem 1.18. We define 9(z) := T*v(T.z), where T* € RY*Y and
T, € R™*" with full rank.

Now 0y, (v*(Tuz)) = Y7, (950%)(Tux)tj;. This implies, that

N

&-ﬁl = Z itlktﬁaz—vk(ﬂx).

k=1 j=1
Therefore whenever T' € R*™V XN hag the form Tij ki = t”“tji we find that
(1) [erVuhds = et [ o(1u(Ta)) = [ GV = I(0).
Q T,'Q Q

Corollary 1.19. Let h be a minimizer of (1.13) with T is of the form as stated
above and B C Q). Then

][ V(Vh) — (V(VA))gs|? de < c62° ]1 V(Vh) — (V(Vh)) 5[? da.
0B B

Here «, ¢ only depend on the constants of Theorem 1.18 and |det Ty|.
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PrROOF. By (1.14) we find that every local minimizer & of J can be represented
by a local minimizer h of J. Now V(Vh)(z) = V(TDh)(T,z). This implies by
Lemma 1.9 , (1.9) and Theorem 1.18

][|v (Vh) = (V(VR))es|? dx ~ ][ V(TVR) — (V(TVR))os 2 do

<c [ V) - V(s ds
0T 'B
< ch* ][ |V(Vh) — (V(Vh))g|? dz
T 'B

~ e ][ V(Vh) = (V(VR)) 5 da.

For a given solution u of (1.3) let h € W¥(B) be the unique solution
—divAp)(Vh) =0 in B,
h=u ondB

where z is the center of the ball. The next lemma estimates the distance of h to u.

(1.15)

Lemma 1.20. Let u be a solution of (1.1). Further let h solve (1.15). Then for
every & > 0 there exists cs > 1 such that

f\v (V1) = VT do < 5 (") cacwyn f A(Va) ~ (A(T))e]

+ ¢t (p* Jicaww)as! (IflBpoes)) + T = T(= )||Loo 2B) < (IVul))2z
holds.

PROOF. We have for any f, € RV*"
Bl AT (Vu) = Ag()(Vh), Vu = Vh) = |B]7(f = fo, Vu— Vh)
We find by Lemma 1.9

][ (A7) (Vu) — A (Vh)) (Vu — Vh) + (A7 (Vu) — Arey(Vu)) (Vu — Vh)

][|V Vu) — V(Vh)[ dz —l—][ (Ar(Vu) — Ap)(Vu)) - (Vu — Vh).
B
Consequently

() = W(Fw) - V(T0)ds < e f 17 = fllTu - T
B

(1.16) B

+e ][ Az (V) — Ay (V) [V — VH| = (1) + (ITT).



1.3. COMPARISON 13

We estimate (/11) using Lemma 1.9 and Young’s inequality (1.6) with oy,

(IIT) < c][ T —T(2) "¢ (|Vu])|[Vu — Vh|dz

—p 1
e(I) + e 7T = T(2 )H%;(B) (e(IVul)) s
We estimate (/1) by Young’s inequality (1.6) with ¢y, Lemma 1.7 and Lemma 1.5

(11) < &)+ f (") acoun (1F = fol) do
B
With the shift change of Lemma 1.8 with A(Q) := (A(Vu))2p we get for § > 0

(L17) (1) < () + 8" () (F = fo o+ 1V(Va) = V(@) o
B B

We set fo = (f)2p and estimate the first integral by Lemma 1.32. The second
integral is estimated by Corollary 1.16 with P := Q. Then ¢(|Q]) < ¢{¢(|Vul|))2B5,
such that the claim follows by choosing d,e > 0 conveniently. a

Remark 1.21. Here we consider u € Wy ¥ (R™;RN) a global solution of (1.1). We
gain by (1.17) and Theorem 1.18 and Lemma 1.33,

][|v Vu) — (V(Va)op2de
< com ][ V(Va) - V(VR)2de + ][ WV (Vh) — (V(VR))en|?da

ot q][< Veawaysilf = fol) dw+5][IV (V) = (V(Vu)) | da.
B

This estimate is very much in the spirit of Iwaniec [28]. We can deduce some
global estimates from this inequality. First we discuss the case p(t) = tP. In the
case of p = 2 we find that (¢*)|(a(vu)) | (t) ~ t2. Therefore the last estimate implies
Theorem 0.1 by taking the supremum over all radii and absorption (which is possible
for almost every x).

If p > 2 we find (©*)javuy s < (¢*). Now the estimate implies (after taking
the suprema over all radii and absorbation) for almost every x

M*2(V(Vu)(2) < eMy(|f]7)(a)
For general ¢ we (only) find by Lemma 1.8 that there is a uniform § > 0 such that
MA2(V(Vu)(z) < eMa(*(|£)7) () + OMa(V (V).
By the maximal theorem’s we find for 2 < q < oo and general ¢
IV(Voll, < elle” (£,

especially for p > 2

2 *
IV (Vu)llgmo < elle™(Hll
Theorem 1.23 will later imply proper global BMO-estimates for general .
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1.4. BMO estimates for A(Vu)

Proposition 1.22. Let B C R™ be a ball. Let o be the decay exponent for -
harmonic functions as in Theorem 1.18. Then for every m € N there exists ¢, > 1
such that

Mj_ 5 (A(Vu)) < 27" m max ML, 5(A(Va) + e || fllpaoes)

2—mB 0<i<m
-1
+Cm||T*T(Z)||Loo j_% ([AVul)2p

The constant ¢, is depending on o and the characteristics of p andT. The constant
c is independent of m and a.

PRrROOF. Define A(Q) := (A(Vu))ep and A(Qn) = (A(Vu))y-mp. With
Lemma 1.6 we find (¢*)a(p)| is of type T'(7', 7, K) for some K independent of P.

Let h be the p-harmonic function on B with v = h on the boundary 0B as
defined by (1.15). Then V(Vh) satisfies the decay estimate of Theorem 1.19

(1.18)
D= W(T0) = (V(Tu)s ol do
2-mB
<ec \V(Vh) = (V(Vh))o-mp|> dz + ¢ V(Vu) — V(Vh))? dz
1, .,

< cz—m?a][ \V(Vh) — (V(Vh))g|* dz + 2™ ][ \V(Vu) — V(Vh)|? dz
< 02—m2a][ V (V) = (V(Va) 5|2 do + c2m ][ WV (V) — V(VR)[? da.
< czfmm][ V (V) = V(Q) do + 2™ ][ WV (V) — V(TR da.

Now using Corollary 1.16, Lemma 1.20 and Lemma 1.17 we get
(1.19)
(1) < ez 482 )y ( f 1A(V0) - Q)] o)
2B

+¢2"5 T ((0) 4@ (1 fllmoes)) + IIT = T(= )\\fm§23>< (IVul))25)
< e(27™2 4+ 62 (%) 40| ( ][ |A(Vu) — A(Q)| dm)

+ 269 (0") A (”fHBMOQB))

+ 2 T = T(2)|| P )h (0@ ((A(V))28)-
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We use Lemma 1.8 to change the shift A(Q) to A(Q,) (for the first integral with
€ = 1 and for the second and third integral with e = 7).

(I) < (272 4+ 62 (o) a@m)| (M 5 (A(Vu)))
+c2mngttd Tl_a(‘p*)\A(Qm)l(Hf”BMO(QB))
+e2m § T T - T (2) | P2 0E (09 @ (A(VY) ).
+e (27 452 4 1) [V(Q) — VI(Qm)I.

From Lemma 1.7 we know that

V(Q) = V(Qm)I” < c ()4 |AQ) — A(Qm)])

and from (1.10) that

IA(Q) — A@m) <27 > M} (A(Vu)).

0<i<m-—1

The previous two estimates and (¢*)|a(q,.) € (7,7, K) imply

V(Q-V(@u)l < e (s |A<Qm>< S M w)))

0<i<m-—1

Overall, we get

(I) < c(27™2 +62™" + 7) (™) a( Qm)l( Z 3 V“)))

0<i<m
+c2mmstTi =y )1 Qm)l(Hf”BMO(ZB))

+ 2§ T T — ()| P2 T (0%) Ao ((A(T))2s).

We fix 7 := 272 and § := 272277 {0 get

(1) < c27m(p IA(Qm)\( > Mg V“)))

0<i<m

+ cgmnt(miatmm@=1) (o, @l fllsmoes))

+ et imiatmm) @) | _ 7 )||(me(12)]q3 (@ )1a@u) (A(VY))2B).

Note that for all b € [0,1/K] and ¢ > 0 we have by (1.5)

S

(6" at@u (1) = 72 (0K (") 4@ (1) < ()40l (BK) 1)
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Without loss of generality we can assume in the following that m is sufficiently
large so c27™2% < 1/K. Therefore

(1) < a2 3 Mip(A(VW))
+ (@")1a@m)I (em ||f||BMO 2B))
nL

(1.20) + () a@m(emlI T = T(z >QB||LOQ(23 (|A(Vu))25)
< (@a@un (277 D0 M p(A(TW) + el fllpaiogee)
0<i<m

b enlT = T 0E (AT ) 2n).

On one hand

F @)ia@u (A(T0) - A@Qu)) dz

2-mB

<c f (A(V) = AQu) - (Vu— Qu)do

2-mB

<e ][ V(Va) — V((Va)gom ) d
2-mpB
by Lemma 1.7 and (A(Vu) — A(Qm))2-np = (Vu — (Vt)g-mp)o-mp = 0.
Consequently we get using Lemma 1.4, Jensen’s inequality and Lemma 1.33

(") 1A4(@u1 (¢ M. 5 (A(V)))

1a1) SC(w*>|A<Qm)|( ][ IA(VU)—A(Qm)I)dx>

2-mB

<o f @ aauilATD) - A@u)) dr < (1),
2-mB
If we apply the inverse of (¢*)|4(q,,) to the combination of (1.20) and (1.21)
we obtain the claim. g

We can now prove our main result. It shows that the BMO,-regularity of f
transfers to A(Vu). Note that the case w = 1 is just Theorem 1.2.

Theorem 1.23. Let B C R™ be a ball. Let u be a solution of (1.3) on 2B, with
¢ satisfying Assumption 1.1 and T satisfying Assumption 1.3. Let w : (0,00) —
(0, 00) be non-decreasing such that for some 3 € (O,min{%‘?‘,’y( 1)5—}) the func-
tion w(r)r=? is almost decreasing. Then

(1A(Vu) )2

maxM w(2R) + |l fllpmow(zs)-

i>0 27 w5l

A(Vu)) <c

Moreover,

([A(Vu)])2p
AV srowm) < “TLRBR) + |l fllpmow (@)
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The constants depend on the characteristics of ¢ and T, 8 and cy.

PROOF. Let o := ,,, then 0 < 8 < 0. We divide the estimate of Proposi-
tion 1.22 by w(2™™R), Where R is the radius of B.
1—i
t < cgmo w2 'R) A
Mw,2—mB(A(vu)) c2” m01<nf£§n W(Q mR) w,21—lB(

1 (N
st o) + 1T = TE o) (1 A(Tw)2n)

< 2—ma (21_ZR)ﬂ

<c m OISH%); 7(2*mR)5
w(2R) 1% 1

+em iy (Mo + 1T = TG xeh) o (AT 2s)

< ¢g—mlo- B)mo%ag;zMw o1-ig(A(Vu))

A(Vu))
+ Cm

ME 1 g (A(Vu))

+em 200 (o + 17— TGN o) — e AT :s)

Since ¢ > A, we find mg such that ¢2=™(@=Fm < % for all m > mg. This implies

1
Mﬁ w,2— mB(A(Vu)) < - max M w,21— zB( (VU))+COI|f||BMOw(2B)

0<i<m
+eol|T —T(2 )I(Lpoc:zmwm

Since the above estimate is independent of the ball, we find for j € N
1
(A(Vu)) < 1 olg?ng ij,glﬂB(A(vu)) + CO”fHBMOw(QB)

||(p 1) 7 <‘A(V’UJ)|>2713
LB 0iR)

We want to remind the reader, that z is the center of 2/ B for all i. By our assump-

tion on S we find for every 0 € (0,1) a ko € N such that

max M’
mo<m<j w2 "B

+co ongl%xj 1T —T(z)

B ME-DE-B) o 5
for all kg < k. We therefore can choose kg such that for kg < k < j Lemma 1.11
implies
(1.22)
0L (JA(Vu)l)o-rp _ 1 ([A(Vu)|)2s

< = max M* (A(Vu)) + ¢ “(2R)

T =Tl e em ™ok gy = 7888 Momin

Using this estimate we find after absorbation for all j € N

max M P mp(A(Vu)) < c max M 21 . 5(A(Vu)) + ¢ max (AN a-ip

mo<m<j 0<i<myg 0<i<kgo W(2_1R)
+ cmo |l f lBMOw2B)-

The estimate

(|A(Vu)|)2-ip (|A(Vu)])2B
< <
X Ml g (A(V) S e max el S et oh
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proves the first claim of the theorem. A standard covering argument proves the
second claim. ([

If T is not dependent on x, then the estimate can be sharpened.
Corollary 1.24. If T is a constant matriz, then we find

max MY, (A(Va)) < MY 55 (A(VW) + €l lentonany

Moreover,

1AV [ pyowe) < € ME 25(AVW) + ¢l fllpyowes) -

Corollary 1.25. Let B be a ball in R™, u be a solution of (1.3) on 2B, ¢ satisfy
Assumption 1.1 and T Assumption 1.53. If f € VMO(2B), then A(Vu) € VMO(B).

PROOF. Since f € VMO(2B), there exists a non-decreasing function @ : (0, 00) —
(0,00) with lim,o@(r) = 0, such that |f|pyom,) < @(r), for all B, C 2B.
The result follows by Theorem 1.23 by defining w(r) = min{&(r),r?}. For B €
(0,min {2, 4(p — 1)L }). 0

The next result is a direct consequence of Theorem 1.23 with the choice of w(r) = r”
and the equivalence of BMOg := BMO,s and C%F.

Corollary 1.26. Let ¢ hold Assumption 1.1 and T hold Assumption 1.3. Let u be
a solution of (1.3) on a ball 2B C R™. Let o be the Holder coefficient (defined in
Theorem 1.18) for p-harmonic gradients.

If f € COP2B) for B < (0,min {2, y(F—1)T}), then A(Vu) € CO4(B).

Moreover,

([A(Vu)|)2B
”A(VU)HBMOB(B) < C”fHBMOB(QB) + CT'

The constant depends on (3,7, the characteristics of ¢ and T.

Let us remark that the result in the Corollary 1.26 is optimal in the sense that
any improvement of « in the decay estimate Theorem 1.18 transfers directly to the
inhomogeneous case in the best possible way.

Remark 1.27. If h is p-harmonic on the open set Q@ C R™, then for any ball
B C Q we have the following decay estimate for A(Vh). For any 8 < Qﬁ—‘,‘ (where «
is from Theorem 1.18) and any X € (0, 1] holds

][ JA(VR) — (A(VR))as] < ¢s (OR)|AYD) I p0, sy
6B

< cy0? ][ A(TR) — (A(V)) 5.
B
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Remark 1.28. Let us consider the system

—div(A(Vu)) =g with A(Vu) = cp'(Vu)|§Z|,

where the right-hand side function g is not in divergence form. If g € L™, then
there exists locally f € W™ with divf = g by solving the Laplace equation. Since
W embeds to VMO, it follows by Corollary 1.25 that A(Vu) € VMO locally.

Let us compare this to the situation of [8] and [22], who studied the case g € L™*
(Lorentz space) and proved A(Vu) € L. Since L™ embeds to L™, we conclude
that for such g additionally holds A(Vu) € VMO locally.

Cem‘ainly, if g € L*® with s > n, then we find f € Wb* and therefore f € C%°
with 0 =1 — 2. Hence, by Corollary 1.26 we get Holder continuity of A(Vu).

Remark 1.29. Let us explain that our result includes the estimates of [12] in
the super-quadratic case p > 2 with p(t) = t*. Let A(Q) := (A(Vu))p. Then
p > 2 implies p(t) = t* < @g((t) and (¢*)ja@)(t) < ¢*(t) = cpt? . Hence, with
Lemma 1.5, Lemma 1.32, Theorem 1.2 we estimate

][ |Vu — QP dx S][W‘Q‘UVU —Q|)dz

B B
<o ][ (") @) (A(Vu) — AQ))) de
B
<e ][ (") (|A(V) — AQ)]) de
B

< c[|A(V) [Bos

<c ||f||13M0(213) + ¢ (Mip(A(Vu))”

Now, the estimate
P P
(f Vu— (V) 5| d:c) < (2 ][ Vu—0Q) d:z:)
B B

1

]Z Vu— Qldz < el flfnto + ¢ (Mip(A(Vu) 77

implies

This is the same result as of Manfredi DiBenedetto [12].

Remark 1.30. Our result also generalizes to the case of differential forms on

Q C R™. In this Euclidean setting, we have the isometry A* = R(Z), so the case of
differential forms is just a special case of the vectorial situation. In particular, if
g € BMO(Q; A¥) and d* A(du) = d*g, with u € W1#(Q; AF=1), then Theorem 1.23
(same w) provides

(1.23) 1A(dw) llpyio, 8y < cllgllsuo, o8 + ML 25 (A(dw)).
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Let us show that a simple conjugation argument (see also [29, 26]) provides another
interesting result: We start with a solution v € W1#(Q; A*=1) of

d*(A(dv +g)) =0
which is a local minimizer of [ (|dv+ g|)dx. By Hodge theory we find w €
WLe™(Q, A*+1) such that

A(dv +g) = d"w.
Applying A~1 and then d we get the dual equation

dg = d(A™ (d*w)).
If we define A* := (—1)F("=F) x A=V then we can rewrite this equation as

d* (A*(dw)) = £d*(*g).

Moreover, we have (see [26]) that A*(dw) = ((p*)’(|dw|)|‘;—$|. In particular, we are

in the same situation as with u if we replace by ¢* and dw by du. Therefore,
by (1.23)

HA*(dw)”BMOw(B) < cHgHBMOW(QB) + CME,QB(A*(dw))-
This and A(dv + g) = d*w implies

ldv + 9llgmo. By < clgllpmo,, 28y + CME,QB(dU + 9).

The triangle inequality gives

(1.24) ldvligpo, B < eldllpumo, @n) + EME 25 (dv).

In particular, we can apply this argument to p-harmonic function h. Then (1.24)
(with g = 0) implies the decay estimate

(1.25) ][ |Vh — (Vhyep| < caﬁ][ |Vh — (Vh)g|
0B 2B

for all 0 € (0,1] with 8 = 2.

7

1.5. A boundary result

Let us consider zero boundary values. We take Q C R™ with C!-boundary. Now
we consider the following system with boundary values

—div(Ap(Vu)) = —div(f) in 2

(1.26) w =0 on 9N

Higher integrability up to the boundary was shown for equations by Kinunnen and
Zhou [38]. They used a boundary decay by Lieberman [45]. This does not exist
in the case of systems, so we will proceed differently. At first we will follow the
calculations of [38] to transfer the boundary problem to a half space problem. We
take a boundary point; since solutions are translation invariant we can take it to
be 0 and the outer normal to be (0,...,0,—1). We will now imply a coordinate
transform ¥ : Q N Br(0) — {z, > 0}, a C1°—diffeomorphism, such that ¥(9Q N
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Br(0)) C {x, =0} and ¥(0) = 0. We fix (J;;) = 9;¥7. We define y = ¥(z) and
3(y) = go ¥~1(y). We will use the following calculations (also found in [38])
V.g(x) = Jo U (y)V,g(y) and div,g(x) = div,(J" o U1g)(y),

for a differentiable function g. This implies that |Vg| ~ |Vg|, where the constants
only depend on |J|,|J 1]

Now we define v’(z) = (T'Vu)!. This implies that % holds for y € Br(0)*. We
take Vu = (01ul, ..., Oput, 01u?, ..., OulY ). We write the matrix T = (T?, ..., TV),
T € R™™N then we write T; = (T7,...,T4)", T} € R™™ such that TVu =

. . . A
(S, Tivui, ., S, T Vui) . Then we find

TV, u(z (Zlev ul ZTNJV wi(y ))t = T(y)V,ily).

For the vector field A% (TVu) = (T )t%Tlvxui we have

ol / u . .
—div, (A](V,u)) = — Zdivy (Jt(T;)t(w'(TTVWT;Wz) @)

¥ (|TV ul) i i
ZdlvybﬂL ] fW<T]JVUU/ )(y)

Therefore we gain the following system

TV i D
\Tvylﬂ = —div,(f) in B(0)"

%@ =0 on {x, =0} N Br(0),

—div, (A;V,i(y)) = —div,T'' (|TV,a|)

(1.27)

where f7(y) = J'f(¥~(y)). Now we have a system on B} (0). We define
v=1aif y, > 0 and v(y) = —u(Ryy) if y, < 0.

Here R, is the reflection on the y,-axes. Consequently all v’/ are odd with respect
to y,. This implies that d,v (and therefore Vv) is well defined. Indeed, on the
critical line {y, = 0} we find that v = 0 and

v (y1, ..y ) B v (y1, ..., —h)

h B —h
Then we find (Vo')(R,(y)) = —R.Vi(y), as R;' = R,. We reflect T as well
such that v is a solution on Bg(0). For h positive we define (7;)(y1, ..., —h) =

—Rn(T;)(yl, ...,h) else T = T. Then we find for y,, < 0that Vv'(y) = —R,(Va')(Rny),
as R, = R,,. With the same calculations as before we have

-
)

now 7j(y1, wv—h) = —=Rn fi(y1, ..., h) and ?j(yl, .h) = fi(yy, ..., h) for h positive
1 < j < N. On Bg(0) we can apply the local theory which provides the following
Theorem.

(1.28)  —div,(ArVo) = _dw(ﬂp (17 V) = —div,(F) in Br(0)
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Theorem 1.31. Let u be a solution of (1.26). Let ¢ satisfying Assumption 1.1 and
T satisfying Assumption 1. 3 Let w : (O o0) = (0,00) be non-decreasing such that
for some B € (0, mln{2, Y ( - 1), —(77 1)}) the function w(r)r=" is almost
decreasing in the sense that there is co > 0 that w(r)r=F < cow(s)s™” for allr > s.
If f € BMO(Q), then Ap(Vu) € (). Moreover, we find for x € Q an R > 0 such
that

([AVU D 2pp)na
HA(VU)||BMow(BR(x)n§) <c w(2R)R - + CHfHBMow(zBR(x)mﬁ)-

The constant depends on: the characteristics of ¢, the properties of T, the the
CYo —properties of OQ and |Br N €.

PROOF. We can assume that 2 = 0 and that we have a C'1“—diffeomorphism
U : QN2B(0) — 2B*(0) with the desired properties. We define v to be the solution
of (1.28) on 2B(0). As T € C™" {27} (2B) we can apply Theorem 1.23 on v.

We find by Lemma 1.7, the definition of @(y) = u o ¥~1(y), the fact that
consequently |Vi(y)| ~ |[Vuo $~1(y)| and the best constant property

¢ — —
Mig o AT) < oD |A(Vu) 0 U1 — (A(Vu) 0 ™Y gy (o) |dy
w,2=™B+(0)
¢ e'(val) o, vl o
< ALY iy vyl i d
~ w2 ][ z_;‘ va Ve~ e JV“>B+<0>‘ Y
w,2=m B+(0)
¢ PV ;o (Vi) o
< - J(O)(———+= d
T w(2m) ][ Z;‘ Vi TV = JOx Vi v >B*<0)’ 4
w,2=™ B+(0)
¢ 77 -~ ~
D) ][ IJ\\A(V@ - <A(Vu)>B+<o>\ + 1T = JO)[(A(VE) g+ (o) |dy
w,2=™mB+(0)

<eMf, m o)+ (AV)) +cllJ = T ()| oo (o-m o)+ [ (A(VV))2-m B0+ |

< ME 50y (AV0)) + €l = TO) | o gmm oy (AT 2 m5(0)|
=1+1I.

I can be estimated by Theorem 1.23. On I we can apply Lemma 1.11 just like in
(1.22). This implies

(A(VY)[)2m

sup M* T o(2Rs) + C||7||BM0w(2B)'

meN

2 mB(O)mQ(A(VU)) S c
The left hand side is now immediately estimated by the wanted. Let us fix B = Bpg.
We find for every x C BN and Bgr(x) C 2B. Consequently, the last estimate
implies

([A(Vu))opra
1AV lpyo, (Brm) < CW(T)QB“Q + el fllpmo,, 2rnm)-
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1.6. Appendix

The classical John Nirenberg estimate [30] proves the following lemma in the case
P(t) = tP. We give an extension to N-functions 1.

Lemma 1.32. If ¢ is an N-function, which satisfies the Ao condition, B C R™ a
ball and g € BMO(B), then

Fotlg— (el do < cvlglnom):
B

where ¢ only depends on Ay (1)).

PROOF OF LEMMA 1.32. Because 1 € A,, there exists ¢ < co only depending
on As(p) such that

Y/ (st) < ¢y max {1,577} (1),

where ¢; only depends on As(v)).
Since g € BMO(B) we find by the classical John-Nirenberg estimate which can
be found in [30]:

[{z € B : [g(x) — (9)| > A} —CoA
IB] <exp (>

”9”]31\/10(13)

where ¢y € (0, 1] only depends on the dimension. This implies

e [ HEEB @) — )l > A,
]iwg (G)h)d —0/ o YO A

< fon (= Yoo
) ||9||BM0(B)

oo
S
_ 90l Bros) /exp(_s)d),( lgBMO(B)) ds
0

C2 C2

C2

g g
|| ||BMO(B>w <“ ”BMO(B>>/e s)max {1,571} ds
0

. l9llzno ) v ( l9leno > (1+T(q)).

C2 C2

<0+ F(q))w<2 ”gHBMO(B))

C2

<+ T@) (2 ) Wllalhosiorm
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PROOF OF LEMMA 1.4. It has been shown in [25] that if ¢ € T'(p, q, K), then
01 eT(1/q,1/p, K1), where K; only depends on p, ¢ and K. From this, (1.5) and

t < () (")) < 2

it follows, that (¢*)~! € T(1 — 1/p,1 — 1/q,2K;) and as a consequence ¢* €
T(¢,p', Ks2) with Ko = Ky(p, ¢, K). O

PrRoOOF OF LEMMA 1.6. Let ¢ € T(p,q,K). Then ¢, is of type T(p,q, K5),
where K5 only depends on K, p,q. Recall that every N-function v satisfies ¥(t) <
P ()t < 1(2t), see for example [51]. This and ¢ € T(p, ¢, K) implies

p(2st) ©(t)
st

o' (st) < < K27 max{sp,sq}—t < K29max {sP1, 5771/ ().
s

We define 7 = “£SE. This implies

¢'(r(a+1))

!
t) =
Pa(st) .
= K2%smax {7772, 7972}/ (1)
< K2%smax {7772 7772} ¢! (t)

for all s,t > 0. Now we split the cases s > 1 and s € (0,1) and apply p <2 <q. It
follows

st < K2%7max {77~ 7771} (a + t)

a + st

max {7772, 7972} < max {sP 2,17 ?}.

This and the previous estimate proves the claim for ¢|p|. Since ¢ € T'(p, q, K), we
have ¢*(¢',p’, K2) by Lemma 1.4. This proves the claim for (¢*)4(py. Now, the
equivalence (p|p|)*(t) ~ (©*)|a(p)|(t) of Lemma 1.5 concludes the proof. O

PrOOF OF LEMMA 1.10. Let g € BMO,,(f2) and B, C Q.

AL ][ng ()5 (9)5,
B,

< ATl s, ][ 9- T =T, oy 573 ][ glda.

By the assumption we find that the right hand side is uniformly bounded. (|

dx

x<c

In the following equivalence Lemma is used in the proof of Proposition 1.22. Tt
allows to express the mean oscillation of V(Vu) in terms of different mean values.

Lemma 1.33. Let ¢ satisfy Assumption 1.1. Let B C R"™ be a ball and g €
L?(B;RN*"). Define ga € RN*™ by A(ga) := (A(g))p. Then

][\V |dx~][\V |dx~][\V Vg do

holds. The constants are independent of B and g; they only depend on the charac-
teristics of .
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PROOF. Define gy € RVN*" by V(gy) := (V(g))p. We denote the three terms
by (I), (II) and (III). Note that

= inf ][|V )—P|* da,

PeRN xn

which proves (I) < (II) and (I) < (UI).

We calculate with Lemma 1.7 and (A(g) — A(ga))p =0
(11) ~ f (Alg) = Alga)) - (g~ 9a)do = f (Alg) = Alga)) - (g — 9v)
B B

Again, by Lemma 1.7, Young’s inequality with o), in combination with (0.6) (sec-
ond part) and again Lemma 1.7 we estimate

(1) < C][wim(lg — gal)lg — gv| dz

oo (lg — gaD) dz + cé][%mg ) de

I
(o9
W —— @

B
<5c][\v Viga)? dx-i—c(;][ﬂf ~Vigy)2 dz

< (50([[) + es(I).

It follows that (II) < c¢(I).
On the other hand with Lemma 1.7 and (g — (9)p)p = 0 follows

(ITT)~ ][ (Alg)—A((0)5)) (9 (g) ) da = ][ (A(g)—Algv)) (9 (9) ) da
B B

By Young’s inequality with ), follows analogously to the estimates of (/1) that
(IIT) < es(I)+dc(II1). Now, (IIT) < c(I) follows. O

Lemma 1.34. Let ¢ be of type T(p,q,K) and let v € (0,1) such that vg < 1.
Then the function (¢7)~! is quasi-convez, i.e. there exists a convex function k :
[0,00) = [0,00) such that (¥7)~1(t) ~ k(t). The implicit constant only depends on
q and K.

PrOOF. Define p(t) := 47 (t). Since ¢ is of type T'(p, ¢, K), there holds w(st) <
Ks%)(t) for all t > 0 and s > 1. This implies sy~ (u) < 1~ (Ks%) for all u > 0
and s > 1. From p~'(u) = ¢~ (u'/7) and ¢~ (t) = p~1(t7) we get sp 1(u) <
p~H(K7s7). In particular, with g < 1 follows

p~(w) _ pT (KT su) _ pm (K7 su)
U - Su - Su
for all w > 0 and s > 1. Therefore Lemma 1.1.1 of [39] implies that p~! is quasi-

convex. O






CHAPTER 2

Degenerate Stokes

Let Q C R? be a domain. In this chapter we study properties of the local weak

solution u € W4#(Q) and m € L¥ (Q) of the generalized Stokes problem
—divA(eu) + Vr = —=divf in Q,

(2.1) divu =0 in Q
for given f : Q — RZ2%2.
part of the gradient of u, i.e. eu = (Vu + (Vu)?)/2 and 7 for its pressure. We
do not need boundary conditions, since our results are local. The model case is
A(Q) = v(k + |Q])P72Q corresponding to power law fluids with v > 0, K > 0,
1 < p < oo and @ symmetric. But we also allow more general growth conditions,
which include for example Carreau type fluids A(Q) = pe@ + v(k + |Q)P72Q
with oo > 0 (see Section 2.1). In this chapter we are interested in the qualitative
properties of A(eu) and 7 in terms of f. The divergence form of the right-hand
side is only for convenience of the formulation of the result, since every g can be
written as —divf with f symmetric, see Remark 2.12.

System (2.1) originates in fluid mechanics. It is a simplified stationary variant
of the system

(2.2) up — divA(eu) + [Vulu + Vi = =divf, divu =0,

where u stands for a velocity of a fluid and n for its pressure. The extra stress
tensor A determines properties of the fluid and must be given by a constitutive
law. If A(Q) = 2vQ with constant viscosity v > 0, then (2.2) is the famous Navier-
Stokes system, which describes the flow of a Newtonian fluids. In the case of Non-
Newtonian fluids however, the viscosity is not constant but may depend non-linearly
on eu. The power law fluids and the Carreau type fluids are such examples, which
are widely used among engineers. For a more detailed discussion on the connection
with mathematical modeling see e.g. [47, 50]. The existence theory for such type
of fluids was initiated by Ladyzhenskaya [43, 44] and Lions [46].

The main result of the chapter are the following Campanato type estimates for
the local weak solutions of (2.1).

Here u stands for the velocity of a fluid, eu the symmetric

Theorem 2.1. There is an o > 0 such that for all 8 € [0, «) there exists a constant
C > 0 such that for every ball B with 2B C )

[A(ew) lmo 8y + I llBro, B) < C (||f||BMOﬁ(2B) + Rfﬂ][ |A(eu) — <A(€U)>23|dl’>-
2B

In particular, f € BMOg(2B) implies A(eu), 7 € BMOg(B).

The spaces BMOg(B) are the Campanato spaces, see Section 2.1. Our main
theorem in particular includes the BMO-case (bounded mean oscillation), since

27
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BMO = £12. Theorem 2.1 is a consequence of the refined BMO,-estimates of
Theorem 2.9, which also includes the case VMO (vanishing mean oscillation). The
upper bound « is given by the maximal (local) regularity of the homogeneous
generalized Stokes system. Our estimates hold up to this regularity exponent. Due
to the Campanato characterization of Hélder spaces C%% our results can also be
expressed in terms of Holder spaces.

Theorem 2.1 is the limit case of the nonlinear Calderén-Zygmund theory, which
was initiated by [27, 28]. The reduced regularity for (2.1) with f = 0 is the reason,
why we can only treat the planar case n = 2 in this chapter. The crucial ingredient
for Theorem 2.1 are the decay estimates for the homogeneous case f = 0 in terms
of the gradients. In this chapter we are able to prove such decay estimates in the
planar case n = 2, see Theorem 2.8. If such estimates can be proven for n > 3,
then Theorem 2.1 would directly generalize to this situation. Unfortunately, this is
an open problem, even in the absence of the pressure.

Theorem 2.1 can be used to improve the known regularity results for the station-
ary problem with convective term [Vu|u, see Section 2.4, and for the instationary
problem (2.2), see Section 2.4. The first Ct®-regularity results for planar flows

were obtained in the series of the articles [32, , 34] under various boundary
conditions under the restriction k > 0. See also [52, 2]. The stationary degenerate
case £ > 0 was treated in [56] for 1 < p < 2. To our knowledge the only result for

n > 2 is the one obtained in [9] with £ > 0 and 1 < p < 2 and small data and zero
boundary values. Because of the zero boundary values (combined with the small
data), we are not able to use this result for the higher regularity of the case f = 0.

Note that our result is optimal with respect to the regularity of f. All other
planar results mentioned above need much stronger assumptions on the regularity
of f. This is one of the advantages of the non-linear Calderén-Zygmund theory.
This is the basis for our improved results in Section 2.3 and Section 2.4 for the
system including the convective term. It is based on the fact, that the convective
term can be written as div(u ® u) using divu = 0 and therefore can be treated as
a force term divf.

2.1. Preliminary results and notation

For a mapping u : Q — R? we define cu = (Vu + (Vu)T)/2, Wu = (Vu —
(Vu)?)/2 and ([Vu]u); = Zi:l upOku;. In the parts of the chapter dealing with
evolutionary problems we will assume that u : Q x (0,7) — R2. In this case all
operators V, €, W and div are understood only with respect to the variable z € €.

For P,Q € R™ with n > 1 we define P-Q = }°7 | P;Q;. The symbol R2x2
denotes the set of symmetric 2 X 2 matrices.

Throughout the chapter we will assume that ¢ satisfies Assumption 1.1. We
remark that if ¢ satisfies Assumption 1.1 below, then As({p, v*}) < oo will be
automatically satisfied, where As({p, »*}) depends only on the characteristics of
©, see for example [3] for a proof. Most steps in our proof do not require that ¢’ is
almost monotone. It is only needed in Theorem 2.7 for the derivation of the decay
estimates of Theorem 2.8.

Let us now state the assumptions on A.
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Assumption 2.2. Let ¢ satisfy Assumption 1.1. The vector field A : R?*? —
R2%2 A € COY(R?*2\ {0}) N CO(R?*?) satisfies the non-standard ¢-growth condi-
tion, i. e. there are c,C > 0 such that for all P,Q € R2X2 with P # 0

sym
(A(P) = 4@Q) - (P = Q) 2 e (IP| + QD) P - @I,
|A(P) = A(Q)| = C¢"(IP| +1QI) IP - Q|
holds. We also require that A(e) is symmetric for all ¢ € RZX2 and A(0) = 0.

sym

(2.3)

Let us provide a few typical examples. If ¢ satisfies Assumption 1.1, then both
AQ) = <p'(|Q|)|%8| and A(Q) = w’(|stm|)% satisfy Assumption 2.2. See [13]
for a proof of this result. In this case, (2.1) is just the Euler-Lagrange equation
of the local W #-minimizer of the energy J(w) := Jo e(lew|) da + (f, Vw). Here
Wdli’f is the subspace of functions w € Wh¢ with divw = 0. The pressure acts as a
Lagrange multiplier. This includes in particular the case of power law and Carreau
type fluids:

(a) Power law fluids with 1 < p < 0o, K >0 and v >0
t
AQ =vle+[QP2Q  and gl = [ v+ 52 sds
0

or

p—2

t
AQ) =v(2+1QD) " Q and  p(t) = / V(k? + %)% s ds.
0

(b) Carreau type fluids with 1 < p < 00, K, fieo > 0 and v > 0
t
AQ) = poQ +v(k+ Q)P 2Q and  p(t) = /uoos +v(k+s)P 2 sds.
0
(¢) For 1 < p < 00, fieec >0, and v > 0

Q

Q)

t

and  o(t) = /uoos + varcsinh(s) ds.
0

A(Q) = 110 + v arcsinh(|Q))

2.2. A BMO result for p-Stokes
Let u, 7 be the local weak solution of (2.1), in the sense that u € W;i’f(ﬂ),
7€ L¥ (Q), and
(2.4) VE € Wy (Q) : (Aleu), e€) — (m, dive) = (f, £€),

where we used that A(eu) and f are symmetric. To omit the pressure, we will use
divergence free test function, i.e.

1, . —
(2.5) VE € Wy fi () : (Aleu), €8) = (f, &)
The method of the proof of Theorem 2.1 is like it was for the elliptic case in Chapter
1. It is based on a reverse Holder inequality, a local comparison to a solution with
zero right hand side and a decay estimate for this homogenous solution. These three
properties are discussed in the subsequent subsections. Note that the restriction to
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the planar case and ¢’ almost monotone is only needed for the decay estimate of
Subsection 2.2.3. The first two subsections are valid independently of these extra
assumptions.

2.2.1. Reverse Holder inequality. In this section we show the reverse Holder
estimate for solutions of (2.1). To prove the result we need a Sobolev-Poincaré in-
equality in the Orlicz setting from [13, Lemma 7]. See Theorem 1.12 Remark,
that it is not possible to replace the full gradient on the right hand side with the
symmetric one only. Consider v = (z2, —z1) on the unit ball.

We also need the following version of the Korn’s inequality for Orlicz spaces,
which is a minor modification of the one in [18, Theorem 6.13]. See [6] for sharp
conditions for Korn’s inequality on Orlicz spaces.

Lemma 2.3. Let B C R"™ be a ball. Let v be an N-function such that v and *
satisfy the As-condition (for example let v satisfy Assumption 1.1). Then for all
v € WEY(B) with (Wv)p = 0 the inequality

/ $(|Vo]) de < © / (lev]) da
B B

holds. The constant C > 0 depends only on Ay({1),9*}) < oo.

PrOOF. From [18, Theorem 6.13] we know that

(2.6) /¢(|Vu —(Vo)gl|)dx < C/w(|sv — (ev)B|) dz.
B B

Using (Wv)p = 0 we have Vv = (Vuo—(Vv) g)+(ev) g. Thus, by triangle inequality
and (2.6) we get

Jovehds <c [ w0~ opmbdo -+ [ (el de,

where we also used Ay(9)) < co. Now, the claim follows by triangle inequality and
Jensen’s inequality. O

As in the elliptic case we need a reverse Holder estimate for the oscillation of
the gradients. Additional difficulties arise due to the symmetric gradient and the
hidden pressure (so that the test functions must be divergence free).

Lemma 2.4. Let u be a local weak solution of (2.1) and B be a ball satisfying
2B C Q. There exists 0 € (0,1) and ¢ > 0 only depending on the characteristics
of @, such that for all P, fo € R2X2

sym’

][ V(eu) — V(P)2dz < <][ IV (cu) — V(p)|2"dx) ’

B 2B

e (@ ami(lf - fobde
2B

holds. The constant ¢ > 0 depends only on the characteristics of ¢ € T(p,q, K)
and the constants in Assumption 2.2.
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ProOF. Let € Cg°(2B) with xp < n < x3p/2 and |Vy| < ¢/R, where
R is the radius of B. We define ¢y = n%(u — z), where z is a linear function
such that (u—z)op = 0, ez = P, and Wz = (Wu)2p. We cannot use ¢ as
test function in the pressure free formulation (2.5), since its divergence does not
vanish. Therefore we correct ¢ by help of the Bogovskil operator Bog from [4]. In
particular, w = Bog(divy)) is a special solution of the auxiliary problem

divw = divy) in 2
w=0 in 9(3B).
We extend w by zero outside of 2B. It has been shown in [18, Theorem 6.6] that

Vw can be estimated by divi) in any suitable Orlicz spaces. In our case we use the
following estimate in terms of ¢|p|.

F errileuhds < €  eip(dive) de
2B

2B

The constant C' > 0 depends only on the characteristics of ¢.
Using divu = 0, we have

divey = V(n?) (u — 2) + nldiv(u — 2) = gn? 'V (u — 2) — n%trP.

This implies

(2.7) fmﬁwmmscfmp(
2B

2B

u— 2|

) do +C ][ o1 (162P)) do.
2B

We define ¢ := ¢ — w = n?(u — 2) — w, then div€ = 0, which ensures that £ is
a valid test function for (2.1). We get

(2.8)
(A(eu) — A(P),n%(eu — P)) = (f = fo,n"(eu — P)) + (f = fo, (u = 2) @sym V(n7))
— (A(eu) = A(P), (u = 2) @sym V(n7))
—(f = fo,ew) + (A(eu) — A(P), ew).

The symbol @y, denotes the symmetric part of ®, i.e.(¢®sym9)i; = (9:9;+9;9:)/2
for g,g € R%. We divide (2.8) by |2B| and estimate the two sides. Concerning the
left hand side we find by Lemma 1.7

2B (A(eu) — A(P),n"(eu — P)) ~ ][ |V (ew) = V(P)|de =: (I).
2B
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We estimate the right hand side of (2.8) by Young’s inequality (1.6) for ¢|p| with
0 € (0,1) using also (¢[p))* ~ (¢*)ap)| (see Lemma 1.5).

(1) §05][( Naey (Lf = fol d$+5][77 ¢ip|(lew — Pl)dx

2B

u—
+ 05][ o\p| <R|>d$ + 05][ o|p|(|ew])dx

2B

+5][ @D (%) 4y (| Aleu) — A(P)]) da

= (II) (ITT) + (IV) + (V) + (V).

Now we use Lemma 1.7 to estimate (I11) + (VI) < §¢(I), so these terms can be
absorbed. Moreover, by (2.7)

(IVY+(V)<c(IV)+ec ]l ¢p|([trP|) dz
2B

Since P is constant, trP = divz and divu = 0, we can estimate
(2.9)

: :
Jemterhas = f e aiva- o) < ( f m(eu - ehas) "
2B 2B 2B

It remains to estimate (IV). We use Sobolev-Poincaré inequality of Theorem 1.12
with ¢ = ¢|p| such that (<p‘p|)9 is almost convex and

(IV) = ¢ ![B@IP (WJ_%Z')dx <ec (ig;fp(vu - VZ|)da:> !

with 6 € (0,1). The constants and 6 are independent of | P|, since the Az ({¢a},>0)
is bounded in terms of the characteristics of .

As (W(u — 2))25 = 0 we find by Korn’s inequality (Lemma 2.3) with ¢ = @IQPI
(almost convex) and ez = P that

(IV)<c (][ gofpl(k:u - ez)dx> %.

2B

The above estimates and Lemma 1.7 show that

(IV) + (V) < ¢ <][ e (leu - sz|)da:>é <c (][ WV (eu) — V(P)|29da:> ’

2B 2B

The lemma is proved. ]

Lemma 2.4 allows to obtain the next corollary, in the same way Lemma 1.13 implied
Corollary 1.16
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Corollary 2.5. Let the assumptions of Lemma 2.4 be satisfied. Then for all P €

R2X2
][IV eu) — V(P))Pdz < ¢ (p* A(P)|<][|A cu) (P)|dx>

sym
+clp )\A(P)l(HfHBJVIO@B))'

The constants only depend on the characteristics of ¢ and the constants in Assump-
tion 2.2.

2.2.2. Comparison. Let u be a local weak solution of (2.1) and B be a ball
satisfying 2B C 2. We consider a solution h, p of the homogeneous problem

—divA(eh) +Vp=0 in Q,
(2.10) divu =0 1in Q,
h=wu on 0.

The next lemma estimates the natural distance between u and its approximation

h.

Lemma 2.6. For every 0 > 0 there exists cs > 1 such that
][\v cw) — V(em)2de < 8 () (aeuan, (][ |Aeu) 6u)>2de)

+es(p” )|(A(su)>23\(||fHBM0(zB))

holds. The constants depend only on the characteristics of ¢ and the constants in
Assumption 2.2.

PROOF. The estimate is obtained by testing the difference of the equations for
u and h by u— h. The proof is exactly as for Lemma 1.20. One just needs to replace
the gradient by the symmetric gradient. ([

2.2.3. Decay estimate. In this section we derive decay estimates for our
approximation h. The main ingredient is the following theorem which can be found
in [14, Theorem 3.6]. It is valid in any dimension but needs ¢” to be almost
monotone. This is the only place in the chapter, where we need this assumption
on .

Theorem 2.7. Let ¢" be almost monotone. If h is a weak solution of (2.10), then
there is an r > 2 such that for every ball Q C B with radius R > 0

R2<][ YV (h)| d:v) ’ <c][|v (eh) — (V(eh))o|*da.
Q

The constants C and r depend only on the characteristics of ¢ and the constants
in Assumption 2.2.
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The regularity V € WH" with 7 > 2 ensures in two space dimensions that V'
is Holder continuous. This is the reason, why our estimates can only be applied
to planar flows. It is an open question if V(Vu) is Holder continuous in higher
dimensions.

This provides the following decay estimates in the plane:

Theorem 2.8. There exists v > 0 such that for every A € (0,1]

][ V(eh) — (V(eh))os|?dz < cw][ V(2h) — (V(eh)) 5 *da.
6B B

The constant C' and v depend only on the characteristics of ¢ and the constants in
Assumption 2.2.

ProoF. The result is clear if A > %, so we can assume A € (0, %) Let R denote
the radius of B. We compute by Poincaré inequality on AB, Jensen’s inequality
with r > 2, enlarging the domain of integration and Theorem 2.7

][|V(5h) —(V(eh))on Pz < C(AR)Q][ YV (eh) da
0B AB

§C(AR)2(][ |VV(eh)|’”dx> | < OR2N20-2 <][ |VV(gh)|’“dx) ’
6B %B

< (JA?U—%)][ V(eh) — (V(ch)) 5 |2da.
B

As r > 2 the proof is completed. O

2.2.4. BMO-Estimates. Theorem 2.1 is a corollary of the following more
general theorem.

Theorem 2.9. Let B C R be a ball. Let u, m be a local weak solution of (2.1) on
2B, with ¢ and A satisfying Assumption 2.2. Let w : (0,00) — (0,4+00) be non-
decreasing such that for some 8 € (0, %’7) the function w(r)r=" is almost decreasing,
where v is defined in Theorem 2.8 and p in (1.7). Then

(2.11) Imlsmo, i) + 1AW Ipyo, B) < ¢ M, p(Aleu)) + cll fllsmo., 2B)-
The constants depend only on the characteristics of ¢ and the constants in Assump-

tion 2.2.

PROOF. The proof of the estimate of A(eu) follows line by line the proof of
Theorem 1.23 as we do not consider a perturbation T here we get then the result
by Corollary 1.24. It is based on Corollary 2.5, Lemma 2.6 and Theorem 2.8.

To estimate the pressure we define H = A(eu) — f. It holds H € BMO,,(B) C
BMO(B). We fix a ball Q C B. Then equation (2.1) implies that

(2.12) VE € WP () : (m — (1), dive) = (H — (H)g, VE).
Let € € W, %(Q) be the solution of the auxiliary problem
divi =7 — (m)g in Q, &=0 on 0Q.
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The existence of such a solution is ensured by the Bogovskil operator [5] and we
have |[V¢][[12q) < Cllm — (W)QHLQ(Q). The constant C' > 0 is independent of Q.
Inserting such ¢ into (2.12) we get

I — (M)l () = (7 — (m)q, dive) = (H — (H)q, VE).

This and [|V¢|| 12 () < Clim — (m)qll 2 () implies [|1 — () qll 12(q) < cllH — (H)ll 12 (q)-
We find by Jensen’s inequality

(Mhr)® < ][ I — () oldz < c][ H = (H)o*d < Ol H o0
Q
In the last inequality we used the John—Nlrenberg estimate. It follows that 7 €
BMO(B) and ||7|lgyvo(q) < CllH lpmo(q)- This implies that

1
Mf;@( )<C (R )”HHBMO(Q) < ClH|[gmo. ()

using the monotonicity of w. Since @ is arbitrary, we have ||7|gyo, ) < 1H [lBmo,, 5)-
Now H = A(eu) — f and the estimate for A(eu) concludes the proof. O

The choice w(t) =1 in Theorem 2.9 gives the BMO estimate. However, the choice
w(t) = t%, B € (0,2y/p') Theorem 2.9 gives the estimates in Campanato space
BMOg, compare Corollary 1.26.

Remark 2.10. [t is possible to transfer the Hélder continuity of A(eu) to eu and
Vu. Let us discuss the case of power-law and Carreau type fluids. This follows
from the fact that A= € Cloo’g for some o > 0. If k =0, then 0 = min{1,p’ — 1}.
If K > 0, then 0 = 1. Now, A(cu) € C%® implies eu € C%P?. Due to Korn’s
inequality we get Vu € C*P7 as well.

Remark 2.11. Note that if f € VMO(2B) in Theorem 2.9 we get that A(eu) €
VMO(B). Indeed, since f € VMO(2B) there exists a nondecreasing function & :
(0,00) = (0,00) with lim,—,0&(r) = 0, such that | fllgyoem,) < @(r), for all B, C
2B. Defining w(r) = min{o(r), r%} we obtain by Theorem 2.9 the BMO,,-estimate
for A(eu) and w, which implies that both are in VMO (compare to Corollary 1.25).

Remark 2.12. Let us now assume that the right hand side of (2.1) is not given
in divergence form —divf with f symmetric, but rather as g € L® with s > 2.

Let w € W25(2B)NW,*(2B) and o € W'*(2B) with (0)ap = 0 be the unique
solution of the Stokes problem —divew + Vo = g and divw = 0 in 2B with w =0
on O(2B). Then g = —divf for f :=ew — old and [ is symmetric. If s =2, then
f e Wh2(2B) < VMO(2B). If s > 2, then f € Wh(2B) — £-2+(01-2)(2B) =
C’O’l_g(ZB). In particular, Theorem 2.9 is applicable and for all s > 2

HWH£1,2+B(B) + ||A(5u)||£1,2+ﬁ(3) < CR_ﬂMﬁB(A(EU)) + cl|g] Ls(2B)

fors>2and B € (0,1—2]N(0, %—7) We additionally get VMO estimates if s = 2.
The case s = 2 is obviously the limiting one in this setting. In the case of

the p-Laplacian, i.e. no symmetric gradient and no pressure, it has been proven
in [8, 22] that g € L™ (R™) (Lorentz space; subspace of L™) implies A(Vu) € L.
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It is an interesting open problem, if this also holds for the system with pressure
and symmetric gradients (at least in the plane). Note that our results imply in this
situation A(eu),m € VMO for n = 2.

2.3. An application to the stationary Navier-Stokes problem

In this section we present an application of the previous results to the gen-
eralized Navier-Stokes problem. We assume that v € W1#(Q), divu = 0 and
mE L”*(Q) are local weak solutions of the generalized Navier-Stokes problem, in
the sense that

(2.13) VE € Wy ?(Q) : (A(eu), e€) — (m,dive) = (f +u @ u, &)

for a given mapping f :  — R2X2

sym*
In order to handle the convective term we need the condition

(2.14) lim inf #(s) >0 for somer > 3.

s—+oco 87

We have the following result

Theorem 2.13. Let ¢ and A satisfy Assumption 2.2 and (2.14). Let u be a
local weak solution of (2.13) on Q. Let 5 € (0, 25—0,‘) (o is defined in Theorem 2.8
and D in Lemma 1.6). If B is a ball with 2B C Q and f € BMOg(2B), then
A(eu),m € BMOg(B).

PRrROOF. According to [14, Remark 5.3] we get that eu € L(3B/2) for all
q > 1. Consequently by the Korn inequality and the Sobolev embedding we get
that u ® u € £LY"*+#(3B/2). Applying Theorem 2.1 we get the result. O

Exactly as in Remark 2.10 it is possible to transfer the Hoélder continuity of A(eu)
to eu and Vu.

Remark 2.14. A similar result has also been proved in [33], provided k > 0, by a
completely different method, which requires the stronger assumption divf € L1(2B)
for some q > 2.
The same result was also proved in [56] for power law fluids with p € (3/2,2]
and k > 0, again under the stronger assumption divf € LI(2B) for some q > 2.
By our method we reprove these known results and improve them by weakening
the assumption on the data of the problem.

2.4. An application to the parabolic Stokes problem

Now we apply the previous results to the evolutionary variant of the problem
(2.1). Weset T > 0and I = (0,T), Q7 = Q x I and assume that u € L>=(I, L*())
with eu € L?(Qr) is a local weak solution of the problem

Oru —div(A(eu)) + Vr =g in Qp,

(2.15) divu =0 in Qr.
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If the system of equations (2.15) is complemented by a suitable boundary and
initial condition and if the data of the problem are sufficiently smooth it is possible
to show existence of a solution that moreover satisfies

(2.16) dyu € L>(1,L*(9)),

see for example [35, 31, 7]. If we know such regularity of d;u and g is smooth, it is
easy to reconstruct the pressure 7 in such a way that =7 € L(Qp) with some ¢ > 1
and

T

T
(217) Ve CE(Qr): /—(@u,f) + (Aleu) — T, VE)dt = / (9.€) dt.
0 0
The constant ¢ is determined by the requirement A(su) € L(Qr).
Applying the results from the previous sections of this chapter we obtain the
next simple corollary.

Corollary 2.15. Let A and ¢ satisfy Assumption 2.2. Let u € L>(I,L*(Q)) with
eu € L?(Qr) and divu = 0 in Qp solve the problem (2.15) and satisfy (2.16). Let
B be a ball with 2B C Q and g € L>=(I, L?(Q)). Then A(cu),m € L*(I,VMO(B)).

PROOF. The result is immediate consequence of dyu € L>(I, L?(£2)) and Re-
mark 2.12. O

Remark 2.16. Certainly, we can obtain a similar result for the problem (2.15)
with convection, as soon as u@u € L (I, VMO(Q)). This follows for example from
the fact that V(eu) € WH2(1,L?(Q)) N L2(I, W12(Q2)). Such kind of reqularity is
obtained, if it is possible to test with d?u and Au.

In [35] a method was developed to construct regular solutions of (2.15). The
essential assumption was that the growth of A is sufficiently fast. It was necessary
to assume that

(2.18) iminf 2% 5 0 for some r > 1

s—+oco 8T
This assumption was not due to the presence of the convective term in the analysis
of [35]. It was necessary to overcome problems connected with the anisotropy of
the evolutionary problem (2.15). The previous corollary is a first step to improve
these results. If it is possible to show dyu € L*(I, L*(f2)) for some s > 2. Then
for g € L>=(I,L*(9)), we find by Remark 2.12 that A(eu) € L*(I,C%#(Q)) for
Be(0,1-2]n(0, 2}3—7) This implies (locally) bounded gradients Vu. So far the
results of this chapter are of local nature. An extension of this technique up to the
boundary would imply globally bounded gradients Vu and we could reconstruct
the result of [35] for the generalized Stokes problem without the restriction (2.18).






CHAPTER 3

Parabolic p-Laplace

We study local behavior of solutions u : Q@7 — RY to the inhomogeneous parabolic
p-Laplace system.

(3.1) Ayu — Apu = dyu — div(|Vul" > Vu) = —divg.

Ifge v’ (Qr), then this problem is well-posed and local solutions exist; here Qr
is a space time cylinder. Solutions with this type of term on the right hand side are
called energy solutions. In [1] it was proven, that if g € LP' for 1 < ¢ < oo, then
Vu € LP? for solution of (3.1) including local estimates. On the other hand side
Misawa [48] proved that if ¢ is Hélder continuous, then Vu is Holder continuous for
conveniently small Hélder exponents. Later this result was refined and extended by
Kuusi and Mingione [40] (see also [49]). Tt is the concern of this chapter to close
the gap between higher integrability and Holder continuity, especially the limit
case ¢ = co. In Chapter 1, we showed that ¢ € BMO implies |Vu|p_2Vu € BMO
(locally). The task to find a satisfactory limit space in the parabolic setting turns
out to be difficult. We introduce this matter by looking at the inhomogeneous heat
equation. For the linear theory we have the natural space of parabolic bounded
mean oscillation. We say that f € BMOp,,(Q2), if f € L(Q2) and

1flBMO,. () = SUP ][ |f=(fa,.,dz < oo.
Q.2 ,.CQ

2

ré,r

If p = 2, then we find that ¢ € BMOpa, (Qr) implies Vi € BMOpar (Qr).
The non-linear version of this result is the boundedness over mean oscillation

of the so called natural scaled cylinders: Qx2-p,2, =: A where
(3.2) AP > ][ |VulPdz.
Q>

We carefully construct cubes of the above type and are able to bound the mean os-
cillations of Vu over these natural scaled cylinders for p > 2: see Proposition 3.11.
However, these oscillation estimates are not very satisfactory. They depend very
strongly on the solution itself. We will overcome this by proving some Bochner
estimates. To motivate this result, we want to mention a result on which we
worked simultaneously. There we will prove that |g|” e L*(I,L9(B)) implies
|Vul" € L>=(I, LY(B)) (locally). If ¢ — oo on this quantity we realize that the right
borderline space should be a Bochner space of type L (I, X). The first guess is of
course X = BMO(B). It turns out that this space is too small. Instead we obtained
the following main theorem.

39
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Theorem 3.1. Let u be a solution on I X B, for p > 2. If g € L*°(I,BMO(B)),
then u € L2, (I,CL . (B)). Moreover, for every parabolic cylinder Q2. C I x B

1
||u||L°°(IT2 CLUB)) S CHgHz;OI(I,BMO(B)) + chu||LP(Q2T) +,

where the constant ¢ only depends on n, N, p.

Here C! is the 1-Holder-Zygmund space (see [57] and Section 3.1 for the exact
definition). It is a known substitute for C! in the setting of PDE’s. To fortify this
we mention the following order of spaces on a bounded set B C R”

CY(B)cWHBMO(B) ccl(B)c () WhU(B).

All estimates can be found in Triebel’s book [55]. The difference between these
spaces and details will be discussed in Section 3.1 and interpolation estimates, that
follow from our estimates can be found in Remark 3.14.

Theorem 3.1 is the limit case which has not been proven before. To the authors
knowledge these estimates are new even for the linear case p = 2. Our estimates are
general enough that we can go beyond. Indeed, all our estimates can be stated in
the form of weighted BMO,, (see Section 3.1 for details). Those imply, for example,
that Holder continuity can be transferred from g to Vu (see Proposition 3.15).
This was already proven for all n2f2 < p in [48] and more recently in [40] and
[49]. However, for the case (3.1) and p > 2 considered here, all such estimates are
regained by our technique. Moreover, we can weaken the condition on g. Indeed,
if g € L>(I,C7*=Y(B)), then this already implies that Vu € C,.(I x B) locally
for small ~; see Proposition 3.15 at the end of the chapter.

The sub-quadratic case requires more difficult analysis. This can be seen in the
elliptic case, where the sub-quadratic case was much more problematic to treat (see
[15] for details on that matter). In the parabolic case it is not a straightforward
extension, but needs other sophisticated tools. We hope that we can present these in
a future work. Some advances for the f—& < p < 2 are achieved. The first important

step to gain BMO estimates is a decay estimate for homogeneous solutions (called p-
caloric). In Theorem 3.3 we prove a decay in the spirit of Giaquinta and Modica [23]
for p-caloric solutions. This decay is a distinctively stronger estimate on the Holder
behavior for the gradients of p-caloric solutions than other estimates known before.
It refines the famous result of DiBenedetto and Friedman [11].

Let us mention some results if the right hand side of (3.1) can be characterized
by Radon measures. In the case of systems little is known. In the case where u
is scalar valued, Kuusi and Mingione provided pointwise estimates, which allow a
direct control of Vu by the right hand side, such that many regularity properties
can be carried over. See [41],[42].

The structure of this chapter is as follows: first we prove the decay for p-caloric
solutions (for all f—& < p < o0). This is done in Section 3.2. In Section 3.3.3
we derive a comparison estimate on so-called intrinsic cylinders (see Lemma 3.10).
This leads to the boundedness of the intrinsic mean oscillations, which implies the
Holder-Zygmund estimate.

3.1. Spaces and notation

Through the chapter we will denote by I a time interval and B to be a ball in space.
We define I, B, as a time interval or ball in space with radius r. A time space
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cylinder with “center point” (t,z) Qs (t,z) == Qs ,(t,x) := (t,t —s) x By(x) and
its parabolic boundary as OparQs (¢, ) := [t,t — s] x OB, (z) U (t — s) x B,(z). We
introduce the \-scaled cylinders Q}(¢, ) := (t,t — \?"2r2) x B,.(z), where p is the
exponent of (3.1). For § € R>? we define 0Q} (¢, x) := (t,t—A\27P(r)?) x By,.(z). If
A = 1, then we have a standard parabolic cylinder and we write QL(t, z) =: Q,(t,z).
As solutions are translation invariant and our estimates are local, the center (¢, z) of
the cube is mostly of no importance and will often be omitted, to shorten notation.
Finally, we call a cylinder K-intrinsic with respect to f, when

A

1
)7 </(|Df|” )p < K\ and K-sub-intrinsic w.r.t f, when
(3.3)

<|Df|”>§¢ < KA.

We say (sub-)intrinsic if K = 1.

We have to introduce a few parabolic function spaces. Let w : Ry — Ry almost
increasing. This means, that there is a ¢ > 0 fixed, such that w(r) < cw(p) for all
r < p. We say that f € BMOP™(Q) the weighted space of mean oscillations, if

1
[ fllBaorer(q) = sup o) ][ |f = (fa,. |dxdt < co.

Q,2,cQw(r

2

re,r

For w(r) = 1, we get the space of parabolic bounded mean oscillation: BMOy,,(Q).
By the Campanato characterization, of Holder spaces we find for 8 € (0,1) and
w(r) = r? the space of Holder continuous function in the parabolic metric.

We look at the Bochner spaces of refined BMO. Let w : RE — Ry. We say
that f € BMO,, (I x B) if

Hf”BMOw(Q) = B CQCU 5, 7’ ][][ ‘f B7 |dl‘dt < Q.

If w = 1, then we have the space L>°(I, BMO(B)). More general, if w only depends
on r, then we have the L>°(I,BMO,,(B)) spaces.
Let us introduce the Holder-Zygmund spaces. We say that f € C7(Q) if

|f(z +2h) —2f(x+h) + f(z)]
flery =sup  sup
I ller o : 2€Q [z,0+2h]CQ |h|”

This is a Banach space. By [55, Sec. 1.2.2] we find that C7(Q2) = C7(Q) if vy ¢ N
but C1(Q) C CL(Q).

We find in [55, Section 1.7.2], that C! has a Campanato space like interpreta-
tion. Analogous to the spaces of BMO,, we define the space of weighted bounded
linear oscillation BLO,, by the semi-norm

. 14
||f||BLOi£(Q) = sup inf <][ )fi‘ dx) 1<g<oo.

B,CQtEP(B,) w

F [ flloe <00

Here P! is the set of all polynomials with degree 1. For ¢ = 2 we define £,.(f)
as the best linear approximation of f on B, in with respect to [-||,, which is
well defined for all » > 0 and f € LloC We find by [55, Section: 1.7.2] that
BLO(2) := BLO;(Q) = BLOY(Q) = C'(Q) for all 1 < ¢ < oo; more general, for
v € (0,1) and w(r) =77 the space BLOZ(Q2) = C1T7(Q) for 1 < g < co. We define
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that f is in the space of vanishing linear oscillations VLO if || f||gr.0(p, () — 0 for
r — 0 uniform in z. Please note
1

1
w(r) ||f||BMOq(Br) < C”fHBMog(Br) or meHBLOq(B,,) < ”fHBLOE,(BTW

because w is almost increasing. We will use this in this chapter without further
reference.

3.2. Decay for p-Caloric functions

In this section we consider h : Q7 — R to be locally p-caloric on a space time
domain Q7. L.e. h is a solution to the following system

dh — div(|[VR[P>Vh) =0
locally in Q7. In this section we provide a decay for the natural quantity V(Vh) =
—2

\Vh|pTVh. It is an extension to the known result of DiBenedetto and Friedmann
[11] providing finer estimates for the continuity behavior. Our results are very much
in the spirit of Giaquinta and Modica [23, Proposition 3.1-3.3]. We will prove a
parabolic version of their decay for the p-caloric setting.

The first theorem we will need is the well-known weak Harnack inequality first

proved by DiBenedetto and Friedmann [11], see also [10, VIII]. We will use the
K-sub-intrinsic version of [1, Lemma 1+2].

Theorem 3.2. Let p > nz—fQ and h be p-caloric on Q7. If for Q) C Qr

][ |VhPdz < KNP,
Q»
then

sup |[Vh| < cA.
FQ}
The constant only depends on K,p and the dimensions.

PROOF. If p > 2 it is the same statement as in [1, Lemma 1]. But also in the
case of 2% < p < 2 the statement holds. In [1, Lemma 2] it is proved that if

n+2
][ |Vh[Pdz < KNP,
Qs2,xpz;2§
it follows
sup |Vh| <eA.
52,)\%725

Now we define 7 = \*=" s which implies, that s = A27Pr2. Therefore the estimate
holds for all 7%2 <p < oo. a

The main theorem of this section is the following.

Theorem 3.3. Let 8,h — div(|[VA["">Vh) =0 on Q) such that

A ][|Vh|pdz o
K_ - b

Q0
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then there exists a ¢ > 0 and o, 7 € (0,1) depending only on n, N,p, K, such that
for every 6 € (0, 7]

sup  |V(Vh(w)) — V(Vh(2))]” < 6 ][ [V (Vh) = (V(VR))oa | dz.

00>
FRIS Qp Q;}

We start with a K-intrinsic cube Q;)\ C Q7 fixed. To be able to state the result
neatly we define for r < p

(3.4) M (r) := sup|Dh|
Q

2 \?
dz) .

The classic elliptic result of Giaquinta and Modica [23] was that there is a
uniform constant ¢ and an « € (0,1), such that ®(6p) < c*P(p). It is then a
standard procedure to gain the estimate of the oscillations. It actually follows by
Lemma 3.18 which can be found in the appendix.

(3.5) B(r) = < ][ ‘V(Dh) — (V(VE)) g
Q)\

Theorem 3.4. Let h be p-caloric on Q}, such that

(][ Vhpdz> "< K,

Q}
then there exists an a,c > 0 depending only on n,N,p, K, such that for every
0 € (0,1
sup  |V(Vh(w)) — V(Vh(2))]> < NP
z,weHQ

The theorem is a consequence of [10, IX, Prop 1.1,1.2], resp. [40, Prop. 3.1-
3.3]. We combine these statements in the following proposition, as we will use
them.

Proposition 3.5. Let h be p-caloric. Let
M(p) < KA.

Then one of the two alternatives hold:
Case 1, non degenerate: There exist 3,00 € (0,1) depending only on n, N,p, K
such that

< inf |Vh| < sup |[Vh| < KA

A
4 7 250Q2 280 Q

and ochgp(V(Vh))% < c6P®(p) for all § € (0,5).

Case 2, degenerate: There exist o,m € (0,1) depending only on n, N,p, K such
that

M(op) < nKA.

PrOOF. We only have to show that in Case 1, oscqa (V(Vh))2 < ¢68®(p) for
P
0 € (0,00). Anything else can be found in [40, Proposition 3.1-3.3].
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, Proposition 3.1] we know, that if Case 1 does not hold, there exists

By [
(0,1) such that for every sub cube Q(z) C 61Q) we have

A
— < inf |Vh| < sup |Vh| < KA.
47 Qxx) QX (=)

Therefore we have for all these sub cubes

][ V(VR) — (V(VA))posco) 2 < 6% f V(Vh) — (V(TR) s

0Q} (2) QX (=)
because of [40, Proposition 3.2]. This implies the result by Lemma 3.18 with
o = 3. O

PRrROOF OF THEOREM 3.3. Before we can prove the decay we have to do some
preliminary work. If for Qg Case 1 of Proposition 3.5 holds, we have the desired
decay.

If Case 2 holds, we shall iterate. In this case the degenerate alternative of
Proposition 3.5 holds for Q;‘. We will now construct another smaller cube on which
we can apply Proposition 3.5 again.

We find for A\; = ),

Qu%p cQcQrifp<2 and @ ,. CcQM,, CQ), ifp>2.
P P P

on on 2 on 2
We define
pl:apwherea=<7f0rp<2andazcr77p2;2 forp > 2
andrl=bpwithb=n277paifp<2andbzaifp22.
We find

M(r1) < sup|Vh| < M(op) < KA = KAy,
Qt
Thus Qf;ll satisfies the assumption of Proposition 3.5. If Case 2 holds for this cube
we can iterate further with
(3.6) N = n'\; pi = api—1 and 7; = bri_q,
and a, b defined above. If Case 2 holds also for Q;‘j and 1 < j <i—1, then we find

i‘i C Q>‘ C Q! and sup|Vh| < sup |Vh| < Knhi_y = Kn'\.

Pi—1
Q! Qi
Let us fix m € N, such that nK? < % This implies that if the degenerate
alternative holds for all ¢ < m, then

1
(3.7) sup |Vh| < sup |Vh| < Kn™A < §<|Vh|p>
Qi\m Am

Pm

1

P
A

@5

by the assumption that @) is intrinsic.

Now we are able to prove the decay. Let us first assume, that for one ¢ €
{0,...,m} the non-degenerate Case 1 of Proposition 3.5 holds. This implies for
d € (0,7), where 7 = %, that

0SCsQA (V(Vh))% < 08Cspm QA (V(Vh))% < PPN (p;) < e8P (p),
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as A A
|Qf,| < |Q;
|Qp: Qo
This leaves the case, that if for all ¢ € {0, ..., m} the degenerate alternative (Case 2)
holds. In this case we know by (3.7)

)\i A .
» C @, and < ¢ depending only on n, N, p, K.

1 1
sup [Vh| < Kn™\ < S(|VA[") .
A 2 ’

Pm

This implies that

=

(V(VR) gam | < =5 (IV(VR))

1

2
-

%

[\
(NS

Therefore we gain by Lemma 3.17.

W < KP(VA) gy < e f 1V(VR) = (V(Th)gy ez
Q)\

again, as
N o) Q) _ 1@ :
»i CQp and —— < —— < ¢ depending only on n, N, p, K.
1Qpil — |Qpr|
Finally, the last estimate combined with Theorem 3.4 implies the decay also in this
case. (I

3.3. A BMO result for p > 2

Theorem 3.1 is a consequence of a more general result. From this we will conclude
other Campanto like estimates.

Before proving the main result we will have to prove some intermediate results.
The key ingredient is to carefully choose a family of intrinsic cylinders.

3.3.1. Finding a scaled sequence of cubes. To treat the scaling behavior
in a way to gain a BMO result for (3.1) is quit delicate. Our estimates are based on
comparison principles: Whenever one knows that ||g[| 1« ; smos,)) is small, then
u is ”close” to a p-caloric comparison solution.

In the following we will construct sub-intrinsic cubes with properties convenient
for our needs.

Lemma 3.6. Let p > 2. Let Qs,r(t,z) C Qr and b € (0,2). For every 0 <r < R
there exists s(r), A and Q. (t,x) with the following properties. Let r,p € (0, R]
and r < p, then

(a) 0<s(r) < S and s(r) = \27Pr2. Especially Qsryr(t,x) = Q) C Qr.

(b) s(r) < (%)bs(p), the function s is continuous and strictly increasing on
[0, R]. Especially Q) C Q,),“’.
(©) forr VulPdz < NB, d.e. Q) is sub-intrinsic.

(d) if s(r) < (%)bs(p), then there exists r1 € [r, p) such that Q?I” is intrinsic.

(e) if for all v € (r1,p), Q) is strictly sub-intrinsic, then A, < (K)B)\p for

p
allr € [r1,p] and B = i—zg € (0, p%)
(f) for 6 € (0,1], 09\, < Nor < 255

0 2
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(g) for 6 (0,1],]Q)| " < o~ (mFD+25H) QA1

2

(h) for 6 € (0,1], we find QXar C Q" for o =05

The constant only depends on the dimensions and p.

PROOF. Let Qg r(t,z) C Qr. In the following we often omit the point (¢, ).
We start, by defining for every r € (0, R]

2

(3.8) 3(r) = max s < S’(/ / |Vu|pdz> ) s2 < r2p|BT|p72}.

f‘;B

The function 3(r) is well defined and strictly positive for r > 0. We define A by
the equation 72X\2~P = 3(r). We will first show, that Q) := Qs(r),r holds (c). By
construction we find, that

(3.9) ( / |Vu|pdz)p_2§(r)2§T2p|BT|p—2.

Qr.5(r)

This implies that

( ][ |Vu|pdz)p_2§(r)p < = (AP=25(r))P

which implies

(3.10) ][ |VulPdz < NP, and if ][ |VulPdz < AP, then 5(r) = S.
Qr.é(r) QE(r),r

Next we will show, that §(r) is continuous for r € (0, R]. For e < §(r) < S — ¢ and
ro > 0, we find that (f:_g(r) I \Vu|pdz)p_252 is growing of order 2. Because the
growth rate is explicitly bounded by

t
‘BR|p_2R2p p—2 T2p|BT |p—2
— > |VulPdz >0l 520 ,
t—35(r) B (x)

for r € [ro, R]. This implies that there exists a d.,, > 0, such that for all r,r €
[r0, R] with |r — 1] < de.ro

t
p—2
|Vu|pdz) (3(r) —e)? < r1p|B 2

t—5(r) Bry (x)
t

<</ / |Vu|pdz)p2(§(r)+s)2

t=5(r) By, (x)
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as ([ JB. () |Vu|pdz)p_2 and 7%|B,|P"* are both uniformly continuous in r.
Now we gain immediately
t

( / /vu|sz)p_2(§() &) < 12| B

t—3(r)+¢€ By, ()
t p2
< < / / |Vu|pdz> (3(r) +¢)?,
t—5(r)—e Bry ()
which implies that |5(r) — §(r1)] < 2e.
Let us define s.(r) = max {e,min{5(r), S — e}}. By the previous calculations

we find that s. is uniformly continuous, especially |s:(r) — s:(r1)| < 2¢ for r,r; €
[ro, R] with |r — 71| < dc,r,- Therefore

[3(r1) = 8(r)[ < 18(r1) = se(r) + [se(r1) = sc(r)] + [se(r) = 3(r)] < 4e.

As 1o was arbitrary we find that 5(r) is continuous on (0, R].
Now it might happen, that r < p and 5(r) > 3(r). To avoid that we define for
be(0,2)

s(r) = min (z>b§(a).

R>a>r \Q

b
The minimum exists, as (g) 5(a) is continuous in a. As for p € (r, R]

(3.11) s(r) = min{ min (f)bg(a), (f)bs(p)}

p>a>r \Q P

we find that s(r) < s(p). Now we define A, := ( (i))” 2 > ), and Q) = Qs(r,r

By this definition we find (a) and (b), as lim, .o s(r) < lim, .o (%)"S(R) = 0.
We show (c), by (3.9)

: . ~
12 » < 50 ][ P= (% ][ PNINTZ <P,
) f v <SE = () [Vl < X072 <

Qs(ry,r Qs(ry,r Qs(ry,r

To prove (d) we assume that s(r) < (%)bs(p). Then there exist a r1 € [r, p), such

that
r\b_ . \0_ r\b 1 T\
_ _ _ - < (= _
(5) st =0 = min, (2) st < (1) i, () 5000 = (1) st
Now because §(ry) > s(ry) we find 51 = s(r1). Since also s(r) (%)bs

(%)bS we find by (3.9) that Q¢ ),r, = Qﬁl’l is intrinsic. This implies (d).
To prove (e) we gain by (d) that if Q) is strictly sub-intrinsic for all a € (r, p),
then s(a) = (%)bs(p) for all a € (r, p). Now we calculate

)\p—Q = 701 = 701 = (g)zibAg_27
P

this proves (e), with g = 2=b.

S
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To prove (f) we take 6 € (0,1). If s(0r) = 0°s(r) we are finished. If s(fr) <
0°s(r), we find by (d) that there is a o € [0, 1) with s(6r) = (g)bs(ar) and Qo is
intrinsic. This implies using also (c)

2
2 o— ¢ / Vulrds < <) ][|w|"d A,

(Jr)nJrZ 2 n+2 — 9n+2

Qs(or),or s(r),r

By the definition of A, we find for 5 = f}—:g and the previous that

C
Ar <O07PNg and Mg, < —5
2

Ar,

which implies (f) and (g). To prove (h) we take 0Q (), = Qg2s(r),6r We define
o < 0, such that o® = 62. Now we find by (3.11), that s(or) < o®s(r) = 62s(r). O

3.3.2. Comparison. In this section we will derive a comparison estimate
which will allow us to gain BMO estimates. Let u be a solution to (3.1) on I x B.
As we want to use Theorem 3.3, we will have to start with an intrinsic cylinder.
We therefore take any intrinsic cylinder Q?%O(Z) c I x B, ie.

][ IVl =

QX (2)

In this section we define Q" as the sub-intrinsic cylinders all sharing the same cen-
ter, which are constructed by Lemma 3.6. For the next result we will use Lemma 1.7,
which states in our case for P,Q € RN*" and 1 < p < oo

(3.13) (IQP2Q — |PIP2P) - (Q — P) ~ [V(Q) — V(P)|?
NQP?Q — |PPP*P| ~ (1Q| + 1Q — P))P2|P — Q.

This implies for p > 2

(3.14) P - QI <cV(Q) - V(P)].

By comparison we mean the local comparison to a p-caloric function. I.e. for
r € (0, R) we will compare u to solutions of
Ah — div(|[VA[P">Vh) = 0 on Q)

3.15
( ) h = u on aparQ?"'

Lemma 3.7. Letp > 2, (t,t—\2"P)x B,(z) =: Q) C IxB and g € L>(I,BMO(B)).
For h the solution of (3.15) and u the solution of (3.1) we have

- |lu—h|"(t) h| 2 '
P ][ 2 d + |V (Vu) = V(Vh)["dz < cllgll} = (1 sro, o))
B, (z)
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PROOF. We take u — h as a test function for both systems (3.1) and (3.15).
We take the difference and find

2
][ oG s+ ][ (IVul*~2Vu — [VhI"2Vh) - V(u — h)dz
A7

Ap
r T

- ][ g+ V(u— h)dydr = ][ (g — (g(r))B.) - V(u — h) dydr.

We find by (3.13), (3.14), (1.6) and as p’ <2

2
—o [lu—h["() 2
AP ][ngﬂr IV (Vu) — V(Vh)|2dz
B, A

<c f (9ul+1g = o) o= Gr)s, e dudr

A

+5][ V(Vu) = V(Vh)[2dz

< ][ ][ |g—<g<7>>BT<x)\p’dydT+5][ V/(Vu) - V(Th)Pd=.

t—AF"Pr2 Br(x) T

We absorb and use John-Nirenberg to find that

][ 19— (g5, P do < ellg(™) Baros. o
B, (x)

which leads to the result. O

Proposition 3.8. Let Q;‘%O be intrinsic and r € (0, R) and g € L*>(I,BMO(B)).
Let § < ﬁ, such that B < p—EQ, where « is defined by Theorem 3.4. Then
there exist K,c > 1 depending only on n, N,p, 8, such that one of the following two
alternatives holds: ,

Case 1: \Y < K||g]l7~ (1 BmoB.))

Case 2: For the p-caloric comparison function h of (3.15) there exist a p € [r, R]
such that

oscgrer (V(Th))? < c(”p’”)ﬁ ][ V() — (V (V) g, [z

+co” Hg‘lim(l,BMO(Br))
for every o € (0,6] and Q) defined by Lemma 3.6. The constant § € (0,1) only
depends on n, N, p.

PrOOF. Suppose Case 1 does not hold. We find for € = %

(3.16) 912 (1. B7oO(B,)) < EAT-
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Now let h be the solution of (3.15) on Q}, then Lemma 3.7 implies

i) f APz <2 | Vs el o, < N

Ar Ar
r r

We therefore can apply Theorem 3.4 and find for 6 < %

(3.18) 0SCyar (V(VR))? < NP
We define
(3.19) p:=min {a > 7|Q} is intrinsic}.

By construction p < R exists as Q;‘%" is intrinsic. Moreover, (see Lemma 3.6,(e)),
we find that )\, < (%)6)\,) for every r < a < p.
If £ >r, we find

1
(Vul) 5y, <2, < 55 (VU
3o
Therefore Lemma 3.17 implies
B B )
p MARSY: , _
(3.20) NP < c(p) M < c(p) ]l IV (V) = (V(T0)) 5, [Pz,
Ap

If £ <r < p, we either find that
1
(Vul)gar < 5{Vul) o
in which case we have (3.20) again by Lemma 3.17. Otherwise we have
1
P p
(9} gpe > 5 (Vul) 1o > N
We find by Lemma 3.7 and as Case 1 does not hold
e f vul <e f TR+ elgllo o)

Ap Ap
r r

(3.21)
< c][ |Vh|P + csAP.

Ar
T

We gain (if ¢ is small enough) through the previous combined with (3.17)

(3.22) A~ ][ Vh|Pdz.
A

Now we can apply Theorem 3.3. This implies together with Lemma 3.7 for § € (0, 7)

0SCyoar (V(Vh))? < c@a][ [V (Vu) = (V(Vu)) oo ?dz + 0|91~ (1. BrmO(BL)) -

Ar
r
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Combining the last estimate with (3.18) and (3.20) we find

oscygu (V(VR))? <ct( ][ V(Va) = (V(Va) o, Pz

+ ”gHLOO(I,BMO(Br))'

To conclude the proof we use Lemma 3.6, (h): For 0% = 6 we have Qrar C 0Q,
therefore

0SCoAar (V(Vh))?

ba (T\B 2 ba /
<cr'® () § W70 = V(T P+ o ol s masorsn

or B 2 /
<c(Z)" f V(T0) = V(T g0l + oIl 1 mraors

by the choice of 5 = ;2)%3 < %0‘ which is a consequence of our assumptions on 5. [

3.3.3. An intrinsic BMO result. The next proposition gives an intrinsic
BMO estimate. We will prove it for the refined spaces BMO,,. In the following let
w : [0,00) = [0,00) be almost increasing. Moreover,

. 2
< c¢ro? for o € (0,1] where v < min{L 7}

3.23 :
(3.23) 1+ak2 p—2

Lemma 3.9. Let Q)Y be intrinsic, w hold (3.23) and g € L>®(I,BMO,/(B)), with
W' = wP™L. Then there exist constants ¢, 8 depending on v, c1,n, N,p such that

2 ’
S22, 575 ] V150 V<l

C 2
+ o ][ [V (V) = (V(T0) oo,

where Q" is defined by Lemma 3.6 for a 3 > v fized.

PROOF. We fix v < 8 < min {#, ﬁ} Now we take o € (0,1). We will
a5

define the size of o in the end of the proof. If r > oR, we find by Lemma 3.6, (g)

(3.24) ][ V(Vu) — (V(T) o

—(V(Vu)) 20|2.
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Now we will prove the estimate for or € (0, UR} We apply Proposition 3.8 on the
cylinder Q. If Case 1 holds, we find as Qs is sub-intrinsic, that
c(o)
o |Pdz < AP
V() gy Pz < S0

(3.25) 7"
cKP
< fp(r) Hg||L°°(I,BMO(B Ny = C||g||L°° I,BMO,,/ (B;))

where we used that w is almost increasing and that w’' = W .
If Case 2 of Proposition 3.8 holds, we find using the best constant property,
Lemma 3.7, (3.23) and Lemma 3.6 (g)

(3. 26
o ][ V(Vu) = (V(T0) Py, d2
A(77‘
2 c(o)
V(T P+ 52 ][ WV (V) — V(Vh)dz
/\ar
c /
< OSCQggr(V(Vh)) +C||9||Z£oo(1,BMow,(Br))'

wP(oT)
By Proposition 3.8 and (3.23) we find for o € (0,9) and p > r

1
][ |V (V) = (V(Va)) 0 *dz

wP(or)

oscorg- (V(Vh)) < o=

+ Uﬁ—’)’

wP (7") (B:))"

Combining the last estimate with (3.24),(3.25) and (3.26) leads to

2
- <c||g||Lw(IBMO ][ V(Va) — {V(Va))

+ o7 sup
2<r<Rr WT

V(Vu))or [°.

Now fix o conveniently, such that we can absorb the last term. The result follows
by a — 0. O

In Proposition 3.11 we show the intrinsic BMO estimate. Before we need an-
other lemma on cylinders.

Lemma 3.10. Let Q)I‘%" be sub-intrinsic. For every z € QR/2 there exist a sub-

intrinsic cube QR%2( 2) C QY and ARr/2 ~ Ao-
Let Qr = (t,t — R?) x Br(x). Then for every z € Qry2 there exists a sub-
1
intrinsic cube QR%2( z) C Qr and Ay ~ max{(fQR [Vul")?,1}.
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PROOF. We start with the first statement. Since Qj\;io is sub-intrinsic we find
for fixed z € Q7
2

1

— [VulP < AB.
Q] / 0

QY (2)
2

Hence, for 2555 Ao = ARry2 = Ao we find

< ][ VU|p> ’ < Agye < 2%)\0

AR
Qr* (2)

2
To prove the second statement we define Ay by fo, IVul” = A2, If A < 1, then
fo, [Vul” <17, in this case we define Ao = 1. If Ao > 1 (and X277 < 1), we define
Ao = o and find for any Q3 (t) := (t,t — Ao PR?) x Br C Qg that Foroq IVul’ <

R

Af. Now we gain the result by proceeding as before. O
Proposition 3.11. Let Q) be sub-intrinsic, w hold (3.23) and g € L>(I, BMO,,(B)),

with w' = wP~'. Then there exist a constant c,3 depending on v,c1,n,p, N such
that

1 ][ 2\ 7
sup sup [V (Vu) = (V(Vu)) oar (| )
2 7*T(Z)

=T cAo
< cllgllz=< Mo, Br)) T o(R)

where Q)I\%%Z (2) is defined by Lemma 3.10 and Q}(z) C Q)é%z (2) is defined by
Lemma 3.6 for B > v fized.

Proor. We fix p := sup{a < Z|Q)*(z) is intrinsic}. By (e) of Lemma 3.6,
(3.23) and Lemma 3.10 we find for p < r < %

1 2
S0 F VT = (V(Tu) g, () <
Q" ()
For r» < p we can apply Lemma 3.9 and find by the previous that

2 | VOO VTl
Q7 (2)

p
c\P

rBuwP(R) Agjo < e
wP(r)

RBwP(r)wP(R) ~wP(R)’

<c(o

C

wT(p) ][ |V(VU)—<V(vu)>Q2‘)(Z)|2

Q)" (2)

< C”g”IL),‘X’(I,BMOw/(BR)) +

p/ C)\g
< C”g”LOO(I,BMOw/(BR)) + wP(R)’

This finishes the proof. ([

We can generalize this result by the following purely intrinsic result.
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Corollary 3.12. Let Q)I‘?f) be sub-intrinsic, w hold (3.23) and for every cube Q) (z)
constructed as in Proposition 3.11

1

P’ p
WP (1) - r = < ,
SllIio 7Sl<112 wP(r) J lg <g>Qi‘ (z)| lllgll o0
2€EQR QA,,.(Z)

then there exist a constant c, B depending on -y, c1,n,p such that

Fvvn - v
QM7 (2)

e
(R

sup sup —
ceqo r<d W)
2

< clllgll” +

PROOF. One simply replaces [|g]| .« ; pmos,)) by [ll¢/ll in Lemma 3.7, Lemma 3.8
and Proposition 3.11. Anything else follows analogously. ([l

3.3.4. Main Results. We are now able to prove the main theorem on weighted
BLO spaces.

Theorem 3.13. Let p > 2 and the wight w : R>% — R>? be almost increasing and
satisfy (3.23). Let u be a solution to (3.1) on I X B and g € L*>(I,BMO,,(B)), with
W' =wPt thenu € L°°(I, BLO,(B)) locally. Moreover, there exists c,§ depending
onn,N,p,v,c1 such that for every sub-intrinsic cylinder Q}\?" CcIxB

[l poe

IA37PR2/4vBLOw(BER/2))

< s swp — <][ ‘u(t,w—zr(u)(t)fdy)%

(t,m)GQAEO TG(O,%] W(T)
2

B, (z)

=T C)\O
< ellgl i u,mmo, ) + Ry
ProoOF. We fix (t,z) € Q;\{’/z and construct Q;%Z (t,x) by Lemma 3.10. Then
we define Q) := (t,t — A277r2) x B,(z) C Q) for £ > r > 0 by Lemma 3.6 with
respect to Q;‘%%Q (t,z) for a convenient 8. In the following all balls in space are
centered in (¢,2). Our aim is to estimate

f |Hed=tw@or,

r

N7 (u)(t,z) =

w?(r)
Br(z)

Here /£, (u)(t) is the best linear approximation of u on {t} x B,(z). We show the
result for ér € (0, ‘%R). The constant ¢ is fixed by Proposition 3.8. We will divide
the proof in the two cases of Proposition 3.8.

Case 1: A\ < K||gl7< (1. Bmo(B.))-

Case 2: ||g||1£°°(I,BMO(B,)) < %Af'
If Case 1 holds, we find (|Vul")ar < A2 < il =t K|[g]7< (1 Bros, ) AS Ar < fir
we find that Q¥ C Q" and by (3.12) that (|Vul")gur < pP. We take h to be the
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solution of (3.15) on @#~. Now Lemma 3.7 provides

_ 2
(3.28) =2 ][ ‘%‘ dz + ][ IV (Vu) — V(Vh)[2dz < ep?.
{tixB, o

We use 5. (u) as the best linear approximation of u on By, := {t} x Bs,(x) and
Poincaré’s inequality to gain

(3.29)
) 657" u—nh 2 h 657"
w0 = by [ 2 e [
BST B(h
c(9) u—h? c 2
< d hl"=1+11I.
- w2(r)][‘ r ‘ x+w2((5r) S];;IT)|V | +

For I we find by (3.28)
(5)

W2(r ) HgHLOO(I BMO,,/(B,))"

1<
To estimate I we find by (3.2

8)
(IVRP) gur < (|Vul?)gur ][ \V(Vu) = V(Vh) | dz < cpb.

Q/Lr
Now Theorem 3.2 implies
c c
—~— sup |VA< SupIVhI 2 < clgli
w?(07) {t}x Bsy (x) w?(or) o ( ) £ (13O, ()

This closes Case 1.
In the following Case 2 holds. Remember, that or € (0, 5%). We start similar
o0 (3.29). we take h to be the solution of (3.15) on Q. Now Lemma 3.7 gives

(3.30) A2 ][ ][ [V (Vu) - V(Vh)Pdz < cllglfoe (1 B7O(B,))-
{tixB, Ar

Similar to Case 1 we find

eér U — 2 h eér( )
NJT(U) — ][ ‘ ‘ d 5r ][ ‘ . ‘ dx
Bér B,
c(8) [lu—h) c )
< L= ¢ _ |
~ w3(r) ][ ’ r ’ dz + w?(0r) oscg,,. (Vh) I+11

Here we used the Poincaré’s inequality. We estimate I by Lemma 3.7; as Case 2
holds we deduce from (3.30)

][u
B’F

and consequently

)) S ||g||§(I,BMO(Br))7

2
(3.31) I'<clgli< 1 mmo,, m.)
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We estimate I1 by using p > 2 and Proposition 3.8. As in the proof of Proposi-
tion 3.11 we fix p := sup{a < &|Q}=(t,z) is intrinsic}. If r < p Proposition 3.8
provides an r; < p such that

57" B /
ose, (V(VR)? < o ) ][ V(Vu) = (V(T)) o P2 + 5”91 w1 mrsos,
Qn

This implies using (3.14)
c

w?(dr)
( ][ [V (Vu) = (V(Vu)) Qo dz + ||9||ZL)oo(1,BMO(Br)))
>‘T1

II = —oscp, (Vh)? < oscp, (V(Vh))?

(57“)

1
c—
— w?(or)

< o)1 Mo f W0 - v a:)

2
+ C”g”z;ol(],BMow,(Br))
as w holds (3.23). On this we can apply Proposition 3.11 and find as v <
cA3

3.39 171 < oo
( ) C||9||L (I,BMO,,/(BRr)) T A (R)

If p <7 < £ we have by (e) of Lemma 3.6 and the construction of QR%Q( ,x), that
B
Ar < (RL/2> Ao and therefore we find by (3.30) and it’s consequences (3.17) and

(3.18)

c c c B
II< —— h P —= A
< 2 (or) 0BV )< w2(0r)"" = W2(R) (R) J
Combining the last estimate with (3.31) and (3.32) closes case 2. As all estimates
are independent of (¢,x) € Q)g, the result is proved. O
2

PROOF OF THEOREM 3.1. One fixes w(r) = 1 and combines Lemma 3.10 with
Theorem 3.13. Then the result follows by the Campanato characterization of

C'(Bpry2()). O
Remark 3.14. In [55, Section: 1.7.2] we find that BLO = C' = F.

00,007

FL _ is the Triebel-Lizorkin space. The space W1BMO = FolO 5. Consequently we

00,00

find by our estimates that, if g is in L>(21, BMO(2B)), then u € LP(I, WYP(B))N

here

L>*(I,BLO(B)) = LP(I, F, o(B))NL>(I, F}, .,(B)). By interpolationu € LI(I, W' (B))

for every 1 < g < oo, 1 <r <oo (see [55, Section: 1.6.2]); natural local estimates
are avatlable.

Proposition 3.15. Let yp < min {W’ o 2} If g € L=(I,C"*=1)(B)), then

Vu e C’gar(f x B). Moreover, for every sub-intrinsic cylinder Q}\{’ we find

1 1
”Vuncw Q;O ) < C(ﬁ + (KQ_pRQ)%>’
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_1_
—1

where K = c\o + cR"YHgHzoc(Lm(p_l)(BR))

and c depends on y,n,p, K.

PrROOF. We start by showing Holder continuity in space. By Theorem 3.13
and w(r) = 7 we gain by the Campanato characterization that

C)\o

1
=T
(3.33) HvuHLOC(I,\g—pRZM;C“’(BR/z)) < C”g”LOC(I,CV(pfl)(BR)) + Ry

This implies that Vu is Holder continuous in space. It implies also, that Vu is
bounded in Q}\%"/Q. Moreover, the previous implies

max |[Vu| < K < o0
QY
R/2

1
for K= cho + ¢RI 7L 1 et (B )y
In the following we prove Holder continuity in time. I.e. we show for (¢,2) €
Ao
R/4’

1

a3 (W0 - V) s lar) < K ()

ol
2

for all s € (0,5), S := KP~2R%. From this estimate the Holder continuety in time
follows by (3.14) and the Campanato characterization of Holder spaces.

In the following we prove (3.34). We take (¢,z) € Q%"M, fix S(R) = K* PR and
take Q§/4(t,x) C Q>I‘%0/2 as starting cylinder. Then for all r < £ we take Q)" (¢, z)
constructed by Lemma 3.6. We have that A, < K, (as A < K by (3.10)). Therefore
Proposition 3.11 provides for all r € (0, %]

V(Vu) = (V(Va) gar ) I
(3.35) t—s(r) Br(z)

()=o) (2 < ()

as A\ < K. Now we find by Lemma 3.6, (b), that s(r) = A27Pr? is continuous and
s(0) = 0 and s(R) = S(R). Therefore we can choose an r(s) for every 0 < s < S
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such that s = s(r) = )\i( ’)’ r2(s). We estimate for x € By and s fixed

][ V(Vu)(r,2) — (V(V) (7, 2)) (.0 il

2
Moy | dT
()
Qrie)

<e ][ IV (Vu)(r,2) — (V(Tu))

<c [ W(T0(r.) = (V (V05,00 r

s UV 50~ V(T

r(s)
t—s

I can be estimated by the L>(Igz/q, C'7(Bz)) estimate

rerr ()" < we(5)”

IT can be estimated by (3.35)

Ug][ ][ V(T — (V) o P<e(3)” K7,

t—s By(s)

where we used that QT(”;) = (t,t — s5(r)) X By(s)(x). This finishes the proof of

(3.34). O

Remark 3.16. The last result can be weakened. As long as the modulus of conti-
nuity is strong enough to imply the boundedness of |Vu| we find the same natural
estimates as in Proposition 3.15. We expect that the sharp bound would be the Dini
continuity. Le. f is Dini continuous on Bp if it’s modulus of continuity w holds
Y, w(27'R) < co. We conjecture that in this case BLO,, = CY*. If this would

be true, then the Dini result of [40] could be gained similar to Proposition 3.15 with

a weaker condition on g, i.e. g € L>(I,Cyp—1)(B)), but restricted to (3.1) and

p 2> 2.

If we follow the estimates of [15, Corr. 5.4], we find directly, that g € L* (I, VMO(B))

implies that locally w € L (I, VLO(B)).

3.4. Appendix
For Q1 C @2 and ¢ € [1,00) we find that

330 1o (el < (f1r-thlr) < (122 ][ - thalt)”
Q1
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This estimate can be iterated for ¢ = {0...%k} and Q; C Q;—1 with ‘?éfll‘ <c

1

k k :
330 e, - (el < X100~ ol =eX (£ 17-esl’)
i=1 i=1 Qi

Lemma 3.17. Let Q1 C Q be two Cylinders and f € L1(Q) for q € [1,00). For
e € (0,1) we find:

1 1(f)au] < (195, then

(el <7 < 7 (1+ (1) (][u qux> |

PrOOF. We find

1

U < (F17 - hatae) "+l

Q
< ( fir- <f>Q|qu) "1 — (Nl + e,
Q
This implies that
1 1 . i 1
119 < 1= (1 = alde) "+ I(ha - (flal.
Q

We estimate the second integral by

Q|<][\f folde < <][|f Q|qu)
(%l][ 7= qu) '

Lemma 3.18. Let f € LY(Qg) with q € [1,00). Suppose that w : R7% — R>? s
increasing and holds the following Dini condition: Y ;c w(27'R) < K (e.g. w(r) =

™). If 1 1
(][u Ponl")" < et (][u i)
w0 f - )’

for all 6 € (0, %), p < R and c depending only on q,n,c;.

then
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PROOF. We only proof the first statement. For k € N we define for z € 6Q,
we define Q;(2) 1= 27"1Qp,(z) for i = 1,...,k and Qo(z) = 6Q,. We estimate by
(3.37)

k—1 1
[(Nawe — (ol <D ( ][ |f - <f>Qi(z)|q)
1=0 QL(Z)
this can be estimated by assumption and because w is increasing

(Pawe — eQ|<cZ “op)( f 17 Qe,,)

0Q,

< cwa)(][ - <f>Q,,q) "
Qp

the constant is independent of k; this implies that

1£(2) = (Fog,| < cmg)( ][ T qu);
Qp

Consequently, we find for z,w € l@Qp

F() = f(w)] < eKu(® (][f )
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