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Abstract ix

Zusammenfassung

Diese Doktorarbeit stellt eine Messung der Verzweigungsverhältnisse und CP Parameter
der Zerfallskanäle B0 → π+π−, B0 → K+π− und B0 → K+K− vor. Der gesamte Belle
Datensatz mit 772 Millionen BB Paaren wird untersucht. Die BB Paare wurden am
KEKB e+e− Speicherring bei einer Schwerpunktsenergie, die der Masse der Υ(4S) Resonanz
entspricht, erzeugt.

Die Analyse liefert folgende Ergebnisse für die Verzweigungsverhältnisse

B(B0→ π+π−) = (5.63± 0.16(stat)± 0.16(syst))× 10−6,

B(B0→ K±π∓) = (18.71± 0.25(stat)± 0.37(syst))× 10−6,

B(B0→ K+K−) < 14× 10−8 at 90% CL.

Für die CP -Asymmetrien ergeben sich folgende Werte

ACP (B0→ π+π−) = 0.33 ± 0.06 (stat) ± 0.03 (syst),
SCP (B0→ π+π−) = −0.64 ± 0.08 (stat) ± 0.03 (syst),
ACP (B0→ K±π∓) = −0.061 ± 0.014 (stat) ± 0.008 (syst),

wobei die Parameter ACP und SCP jeweils die direkte und die durch Mischung induzierte
CP Verletzung messen. Unsere Ergebnisse schließen eine Winkel φ2 des Unitaritätsdreiecks
zwischen 23.8◦ und 66.8◦ mit einer Signifikanz von 1σ aus. Eine Modell unabhängige
Suche nach neuer Physik beim Zerfall von B0→ K+π− zeigt eine kleine Abweichung vom
Standardmodel von −0.289± 0.139(stat)± 0.064(syst) mit einer Signifikanz von 1.9σ.



x Abstract

Abstract

We present measurements of the branching fractions and CP violation parameters for the
decay channels B0→ π+π−, B0→ K+π− and B0→ K+K−. The final Belle dataset of 772
million BB pairs produced at the Υ(4S) resonance at the KEKB asymmetric-energy e+e−

collider is used. For the branching fractions, we obtain

B(B0→ π+π−) = (5.63± 0.16(stat)± 0.16(syst))× 10−6,

B(B0→ K±π∓) = (18.71± 0.25(stat)± 0.37(syst))× 10−6,

B(B0→ K+K−) < 14× 10−8 at 90% CL.

For the CP -asymmetries, we obtain following values:

ACP (B0→ π+π−) = 0.33 ± 0.06 (stat) ± 0.03 (syst),
SCP (B0→ π+π−) = −0.64 ± 0.08 (stat) ± 0.03 (syst),
ACP (B0→ K±π∓) = −0.061 ± 0.014 (stat) ± 0.008 (syst),

where ACP and SCP represent direct and mixing-induced CP violation, respectively. For
the CP -violating weak phase φ2 we exclude the region 23.8◦ < φ2 < 66.8◦ at the 1σ level.
A model independent test of new physics using a sum rule in the Kπ system yields a
mild deviation from the standard model of −0.289± 0.139(stat)± 0.064(syst) with a 1.9σ
significance.



Chapter 1

Introduction

Astrophysical observations show that the universe today consists entirely out of matter.
According to the Big Bang theory [1, 2], equal amounts of matter and antimatter were
created initially. Without an asymmetry in particle and antiparticle production or decays,
they should either have annihilated each other leaving the universe composed only of
photons and neutrinos. Alternatively, one can imagine an Anti-Universe, made of antimater.
But this Anti-Universe would have to coexist spatially separated since we do not observe any
hints for matter anti-matter annihilation. While this latter possibility ssems quite articificial,
the exact mechanism that created the presently observed matter dominance in the universe
is still unknown. In the Big Bang model the universe starts with a very high energy density
and expands. Because of this expansion the energy density shrinks. In current particle
accelerator and collider experiments, we can reach an energy density corresponding to that
at 1× 10−10 s after the Big Bang. Particle physics is a good model for the history of the
universe from 1× 10−10 s until the present (Fig. 1.1). But how can we obtain a matter
antimatter asymmerty? The Russian physicist, Andrei Sakharov, postulated in 1967 [3] that
there are three necessary conditions that must be fulfilled to produce matter and antimatter
at different rates. The baryon number must not be conserved and the universe must be
in a state out of a thermal equilibrium. But most important for our searches is that the
symmetry of the C and CP operator must be violated. But what does CP violation mean?
There are three fundamental discrete symmetry operators, C,P,T, that can be applied
on a quantum mechanical state. The charge conjugate operator, C, basically transforms
a particle into its anti-particle. The parity operator, P, and the time reversal operator,
T, change the 4-vector of a particle. The operator P transforms (x, t) → (−x, t), which
is a mirroring around the origin, while the operator T transforms (x, t) → (x,−t). If a
process is equal before and after applying one of the operators, then the process conserves
the corresponding symmetry. Every Lorentz invariant quantum field theory conserves the
combined CPT symmetry [5].

Historically the violation of C or P or CP symmetry in elementary reactions was not
expected. Historically the θ − τ puzzle was the first hint of parity violation. A particle, τ ,
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Figure 1.1: History of the universe in the Standard Model of cosmology [4].

decaying into three pions was observed in cosmic rays. The parity of the pion is known
to be −1. Therfore the parity of the τ particle is calculated to be (−1)(−1)(−1) = −1.
Another particle, θ, was observed to decay into two pions, which consequently had to have
a parity of (−1)(−1) = 1. The puzzle is the fact that θ and τ had the same mass and
lifetime but because of their different parity could not be the same particle. Two theoretical
physicists Lee and Yang questioned parity conservation in weak interaction in 1956 [6]. The
θ − τ puzzle is resolved as the θ and τ can be the same particle which is nowadays called
K0. Lee and Yang also suggested an experiment to test parity using Co60 atoms.

In 1957, Wu et al. [7] indeed observed parity violation in the decay of Co60 → Ni59 + e−+ νe.
The experimental setup involved a sample of Co60 with aligned spins and detection of the
decay products. It was observed that almost all electrons were emitted opposite to the
spin direction. If one applies the P operator to this reaction, the space but not the spin
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direction of the atom is mirrowed. Then, in the new coordinate system, the electrons will
be emitted in the opposite direction. This means that the physical law is not invariant
under P transformation in this process. Later, this was explained by the weak force which
only couples to left-handed particles and right-handed-antiparticles. Therefore, C is also
maximally violated as a massless right-handed particle does not couple to the weak force
after C transformation when it becomes a left-handed antiparticle. After the shock of
observing that C and P symmetry are not preserved in elementary processes, the idea that
the combined symmetry CP seemed to be conserved appealed to physicist sensibilities. But
only a few years later, in 1964, small deviations to a perfect CP symmetry where observed
at the level of ε ≈ 2.3−3 [8]. This corresponds to a difference of the decay rates of

The Standard Model [9–11] is our currently best theory of particle physics. With a small
set of elementary particles and force carriers, it can describe all elementary processes except
gravity with good accuracy up to the currently reachable energy. In the Standard Model,
the source of CP violation is a mixing matrix that describes the mixture of quantum
mechanical flavour and mass eigenstates, the so called Cabibbo-Kobayashi-Maskawa(CKM)
matrix [12]. In 2008, the Nobel Prize was awarded to Kobayashi and Maskawa for this
discovery which predicted 3 generations of quarks and CP violation which was proven by
the B-factory experiments Belle and BaBar. The amount of CP violation predicted by
the Standard Model, however, is much too small to explain the lack of anti-matter in the
universe [13]. Thus we are looking for new sources of CP violation beyond the Standard
Model that could explain the matter asymmetry. These new sources are likely to show up
as deviations from the predictions of the Standard Model.

One way to find deviations from the Standard Model is to test the unitarity of the CKM
matrix. If the CKM matrix is not unitary, the theory does not conserve total probability
and can therefore be basically falsified. The unitarity condition can be visualized as a
triangle in the complex space (Fig. 1.2). By measuring the sides and angles of the triangle
independently we can overconstrain the triangle and look for “tensions”. These tensions
may be a hint for new physics beyond the Standard Model.

The Standard Model predicts the largest CP violation in the decay of B mesons. To make
precision measurements of B decays, two “B-factories” were build. BaBar at the PEP
storage ring in Stanford, USA, and the Belle experiment at the KEKB storage ring in
Tsukuba, Japan. The KEKB storage ring is the world record holder on both instantaneous
luminosity (2.11× 1034 cm−1s−1) and integrated luminosity (1 ab−1). We have the unique
possibility to analyse the final data set of Belle.

There are several ways of measuring CP violation at B-factories: A difference in the decay
rates of B mesons and B mesons to a specific final state is called direct CP violation,
which constraines the sides of the unitarity triangle. Quite challanging is the measurement
of a time-dependent difference in the decay rates of B mesons and B mesons. This
mixing-induced CP violation can be observed even in the absence of direct CP violation.

The analysis which is presented in this thesis focusses on B → h+h− decays where the
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Figure 1.2: Summary of experimental results to constrain the unitarity triangle
by the CKMfitter group [14]

h± represents a charged pion or kaon. These decays are especially interesting because the
decay rates cannot be predicted precisely by theory calculation and the experimental input
is therefore required. Also a tension exists in the measurements of the direct CP violation
between the two B-factory experiments in this channel that we hope to resolve.

We have measured the branching ratio of B0→ π+π− and achieved the worlds most precise
measurement of direct and mixing induced CP violation in this channel. The result is
used to determine one of the angles of the unitarity triangle, φ2. To perform a model
independent search for new physics beyond the Standard Model (BSM) we obtain the
direct CP violation in the channel B → Kπ and the branching ratio. Theories beyond the
Standard Model predict high branching fractions for the process B0→ K+K−. Our search
places a very restrictive limit on this process.

In the first chapter (Sec. 2), the Standard Model is introduced describing the mechanism
for CP violation in particular. A brief introduction to the Belle detector and the KEKB
storage ring is given in chapter 3. The technique of a “blind” analysis is presented in
chapter 4. We start with a introduction to the basic principles of analysis (Sec. 4.1) and
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the data set (Sec. 4.2) that is analysed. This is followed by a detailed description of the
reconstruction and event selection in section 4.3. A maximum likelihood fit is used to
extract the physics observables from the data set. The necessary models for the various
signal and background components are obtained from simulation. This is explained in
detail in section 4.4. Furthermore, we present a study of possible fit biases (Sec. 4.6)
on the branching fraction measurement and the CP parameters. The following chapter
5 demonstrates methods for correcting differences between simulation and data in the
likelihood fit models. We performed an unblinded analysis on a control sample (Sec. 5.1)
to obtain corrections from data for our signal model obtained from simulation. Also, a
new method is demonstrated (5.2), which corrects histograms which are used as data
models. Finally in chapter 6, the branching fractions and CP parameters are presented.
The discussion includes the estimation of systematic uncertainties (Sec. 6.2) and calculation
of the upper limit for the branching fraction of B0→ K+K− (Sec. 6.3). The combination
with other results measured with the Belle detector enables us to perform an analysis to
extract the angle φ2 of the unitarity triangle (Sec. 6.4). Model independent searches for new
physics beyond the Standard Model in the decay B0 → K+π− are performed exploiting
a sum rule using CP parameters and branching fractions from various B → Kπ decays
(Sec. 6.5). The thesis concludes with chapter 7.
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Chapter 2

CP Violation in the Standard Model

2.1 The Standard Model of Particle Physics

The Standard Model is a quantum mechanical theory that postulates a set of elementary
particles shown in Tbl. 2.1 and force carriers Tbl. 2.2. The elementary particles are spin-1/2
particles, fermions, and the constituents of matter. The force carries can be described by
integer spin bosons.

The electron and the neutrino, two fermions, form the first generation of the leptons. More
heavy versions of the electron, the muon and the tau with their corresponding neutrinos
form the second and third generations of leptons, respectively. In weak production and
decay processes the lepton and its associated neutrino are produced as pairs. Finally
the quarks are the constituents of compound particles (hadrons) e.g. the proton and the
neutron. The quarks to not have an integer charge but are charged −1/3 and +2/3 with
respect to the electron charge. Also the quarks can be ordered by their mass and charge
into three generations, where each generation is much more heavy than the proceeding
one. The six quarks are labeled by the flavour quantum number u, d, c, s, t, b. In addition
we can assign every quark a quantum number, called colour. Every quark can carry red,
green or blue and the corresponding anti colours. There are two ways of combining the
quarks to colour less hadrons. The combination of three quarks (red, green, blue) forms a
baryon. The best known example of these is the proton which consists of two up-quarks
and one down-quark (u u d). The other possibility is to combine a quark (colour) with and
anti-quark (anti-colour) to obtain a meson (colour-less). The combination of an up-quark
(u) with and an anti-down-quark (d) with the lowest energy is called pion (π+). Two
more important examples are the K+ meson, which consists of an up-quark (u) and an
anti-strange-quark (s), and the B meson which consists of a bottom-quark (b) and an
anti-down-quark (d).

Four forces, or interactions, are known in nature: electromagnetic, weak force, strong force
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Table 2.1: Elementary spin-1/2 particles (fermions) in the Standard Model.

charge 1st gen. 2nd gen. 3rd gen.
+2/3 u c t
−1/3 d s b
−1 e− µ− τ−

0 νe νµ ντ

Table 2.2: Integer-spin bosons in the Standard Model.

charge spin abbreviation
0 1 γ
+1 1 W+

−1 1 W−

0 1 Z0

0 1 g
0 0 H0

and gravity. The Standard Model describes the first three. In a quantum field theory a
force is described by the exchange of gauge bosons. The electromagnetic force is responsible
for all the atomic properties and shapes our daily experience the most. The mediator of the
electromagnetic force is the photon which couples only to charged particles. The weak force
is the source of e.g. the β-decays. The mediators of the weak force are either charged or
neutral with only the charged mediators having the possibility to change the flavour of the
quarks and leptons. The electromagnetic and the weak force can be unified to a combined
electroweak force [11]. The strong force is the dominant force in the atomic core. It keeps
the protons in the atomic core from exploding due to coulomb repulsion. The attractive
force between the quarks in the nucleon is mediated by the gluon. The last boson to be
described is the Higgs boson. It is not a mediator of a force, but it is rather the source
of mass for the fermions in the Standard Model. In every gauge invariant quantum field
theory, like the Standard Model, all particles have to be massless. Since measurements
show us that the particle do have mass, the theory has to be modified. Therefore a coupling
to the Higgs boson is introduced that yields mass to all remaining particles.

The Standard Model groups two major theories into a common description, the Quantum-
Chromo-Dynamics (QCD) which governs the strong interaction of quarks and gluons, and
the unification of electromagnetic and weak interactions, quantum flavour dynamics (QFD),
set up by Glashow, Weinberg and Salam [11]. The Standard Model is a locally gauge-
invarinat theory, incorporating the gauge symmetry groups SU(3)colour × SU(2)L × U(1)
essentially defines the Standard Model, where SU(3)colour and SU(2)L × U(1) are the QCD
and the electroweak part respectively. The Lagrangian of the Standard Model is given by

LSM = LEW + LQCD.
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The fundamental representation of SU(3)colour are triplets in the form Qi =

 Qred
i

Qgreen
i

Qblue
i


where the index i identifies the quarks i = 1, . . . , 6→ u, d, s, c, b, t. In addition we have an
adjoined representation of SU(3)→ N2 − 1 = 8 massless gluons which always carry two
colours. The Gell-Mann’s matrices T a act as generators for the group.

The electroweak part of the Standard Model is modelled as a spontaneously broken Yang-
Mills theory based on SU(2)L × U(1)Y [11]. The electroweak Lagrangian is composed by
four parts: The Lagrangian of the fermion fields, LfermEW , the Lagrangian of the gauge-fields,
LgaugeEW , which gives rise to the bosons of the electroweak theory, the Lagrangian of the
spontaneously broken symmetry, LSSBEW , which describes the Higgs sector, and the gauge
invariant Yukawa couplings, which generate the masses for the fermions, are described in
LYukawaEW .

LEW = LfermEW + LgaugeEW + LSSBEW + LYukawaEW .

The SU(2)L is the weak isospin group with a gauge coupling g and the three generators
T i = σi/2 (σi = Pauli matrices, i = 1, 2, 3). The three gauge bosons W µ

1 , W
µ
2 and W µ

3 are
required to be massless in order not to break the gauge symmetry. The fermion fields are
divided into left-handed doublets of SU(2) and right-handed singlets,

Ψl =
1

2
(1− γ5)Ψ Ψr =

1

2
(1 + γ5)Ψ

The U(1)Y group is the gauge group of the weak hypercharge (Q = T3 + Y ) with a gauge
coupling g′. The group has only one generator which assigns the hypercharge Y to each
field and one gauge boson Bµ.

For the first generation of fermions the following tuples can be written.

LL =

(
νeL
eL

)
Y=−1/2

(
νeR
)
Y=0

(
eR
)
Y=−1

,

QL =

(
uL
dL

)
Y=1/6

(
uR
)
Y=2/3

(
dR
)
Y=−1/3

.

Staying with the example of the first generation of particles we can write the following
Lagrangian for the fermion fields,

LfermEW = Q̄Li /DQL + L̄Li /DLL + ūRi /DuR + d̄Ri /DdR + ēRi /DeR + ν̄Ri /DνR.

Here, the covariant derivative Dµ is given by

Dµ = ∂µ − igW i
µT

i
µ − ig′

1

2
Y Bµ,
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where the index i identifies the quarks i = 1, . . . , 6 → u, d, s, c, b, t. Now rewriting the
Lagrangian LfermEW = Lkin + LCC + LNC, in terms of charged current and neutral current, we
can identify the bosons coupling to those currents.

Lfermkin = L̄L(i/∂)LL + ēR(i/∂)eR + . . . ,

LCC =
g√
2
W+
µ ν̄eLγ

µeL +
g√
2
W−
µ ēLγ

µνeL,

LNC =
g

2
W 3
µ [ν̄eLγ

µνeL − ēLγµeL] +
g′

2
Bµ[Y (L)(ν̄eLγ

µνeL

+ ēLγ
µeL) + Y (eR)ν̄eRγ

µνeR + Y (eR)ēRγ
µeR] + . . . ,

where W± = 1√
2
(W 1

µ ∓ iW 2
µ) are the mediators of the charged currents and W 3

µ and Bµ are
the mediators of the neutral currents. But none of the neutral Gauge-Bosons W 3

µ or Bµ can
be identified as the photon field Aµ because they couple to neutral fields while the photon
does not. Weinberg solved this problem by introducing a rotation by the weak mixing angle
(Weinberg angle) θW ,

B3
µ = sin(θW )Aµ + cos(θW )Zµ,

W 3
µ = sin(θW )Aµ − cos(θW )Zµ.

The rotation is chosen so that the kinetic terms are still diagonal. The Lagrangian for the
neutral current then becomes

LNC = ψ̄γµ
(
g sin θWT

3 + g′ cos θW
Y

2

)
ψAµ + ψ̄γµ

(
g cos θWT

3 + g′ sin θW
Y

2

)
ψZµ.

One can identify the electric charge Q, for ψT = (νeL, eL, νeR.eR, . . .) to be

eQ = g sin θWT
3 + g′ cos θW

Y

2
.

Using the information from e.g. the leptonic doublet LL, on can derive a relation between
the Weinberg angle and g

g sin θW = g′ cos θW = e,

which is the electroweak unification.

The Lagrangian of the gauge fields can be derived by dimensional analysis of the gauge
fields
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LgaugeEW = −1

4
W a
µνW

a,µν − 1

4
BµνB

µν ,

where

Bµν = ∂µBν − ∂νBµ,

W a
µν = ∂µW

a
ν − ∂νW a

µ + gεabcW b
µW

c
ν .

So far all fermions are massless in the Standard Model. The Higgs mechanism [10] provides
masses by spontaneously breaking the SU(2)L × U(1)Y symmetry (SSB). Therefore, a
complex scalar doublet of SU(2)L with Y = 1

2
is introduced:

φ =

(
φ+

φ0

)
.

The Lagrangian for a scalar particle is as follows

LSSBEW = (Dµφ)†Dµφ− µ2φ†φ− λ(φ†φ)2.

Following reference [10], the expectation value is chosen to be

〈φ〉 =
1√
2

(
0
v

)
with v =

(−µ2

λ

)−1/2

(µ2 < 0, λ > 0),

in order to spontaneously break the symmetry. The mass terms for the Gauge-bosons arise
from the term (Dµφ)†Dµφ. We obtain the following masses.

W±
µ =

1√
2

(W 1
µ ∓ iW 2

µ)→ MW = g
v

2
,

Zµ =
1√

g2 + g′2
(gW 3

µ − g′Bµ)→ MZ =
√
g2 + g′2

v

2
,

Aµ =
1√

g2 + g′2
(g′W 3

µ + gBµ)→ MA = 0.

Using the definition of cos θW = g/
√
g2 + g′2, the relation between the W and Z mass are

obtained,
MW = MZ cos θW .

Using the unitarity Gauge it is possible to derive

φ =
1√
2

(
0

v +H

)
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where H is the only remaining scalar field, the Higgs boson, with a massM2
H = −2µ2 = 2λv2.

The entire Higgs sector, LSSBEW , depends only on two theory parameters v and MH . The
v parameter can be measured in decays of the muon, while the Higgs mass is measured
at the LHC experiments [15–18]. In a press conference at CERN on the 4. July 2012 the
ATLAS and the CMS collaboration announced the discovery of a boson compatible with the
Standard Model Higgs Boson. The Higgs mass is found to be approximately MH ≈ 126GeV
[19, 20].

Coming back to the fermions in the Standard Model, we know from gauge symmetry that
the Standard Model forbids mass terms. But all fermions are massive from experimental
evidence. Therefore the fermion masses are generated via gauge invariant Yukawa couplings

LYukawaEW = −Γijµ Q̄
i
Lφ

cujR − Γijd Q̄
i
Lφd

j
R − Γije L̄

i
Lφl

j
R + h.c.

Upon spontaneous symmetry breaking, we obtain

LYukawaEW = −Γijµ ū
i
L

v +H√
2
ujR − Γijd d̄

i
L

v +H√
2
djR − Γije l̄

i
L

v +H√
2
ljR + h.c.

= −
∑
f,i,j

f̄ iLM
ij
f f

i
R

(
1 +

H

v

)
+ h.c.

where
M ij

f = Γijf
v√
2
,

is a non-diagonal mass matrix. To extract the fermion masses we have to diagonalize the
matrix. This is done using the unitary transformations UL and UR,

MD = (U f
L)†MfU

f
R.

We can then define the mass eigenstates and extract the fermion masses as the eigenvalues,

f ′
i
L = (U f

L)ijf
j
L and f ′iR = (U f

R)ijf
j
R.

Inserting the definitions in the Lagrangian,

LYukawaEW =
∑
f,i,j

f̄ ′L
i
[(U f

L)†MfU
f
R]f ′R

i

(
1 +

H

v

)
+ h.c.

=
∑
f,i,j

mf (f̄
′
Lf
′
R + f̄ ′Rf

′
L)

(
1 +

H

v

)
.

In terms of the new mass eigenstates, the quark component of LCC now reads

LCC =
g√
2
ū′L

i
[(Uu

L)†Ud
R]γµdjL + h.c.

where
VCKM = (Uu

L)†Ud
R,

is the Cabibbo-Kobayashi-Maskawa matrix (CKM) [12] which is the origin of flavour
mixing in the Standard Model.
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2.2 The CKM Matrix and the Unitarity Triangle

The Standard Model describes the mixing of mass and flavour eigenstates by the so called
CKM matrix. The elements of this matrix are not given by the theory, but must be
determined by experiment. There are some constraints on the matrix from the theory.
A very basic constraint is that the equations should preserve the total probability to be
unity. This property of the CKM matrix is called unitarity. The unitarity condition can
be geometrically represented as a triangle in the complex plane. All sides and angles can
be determined by experiment to overconstrain the unitarity triangle. If deviations from a
triangle shape appear it would be a clear hint on the failure of the mechanism. The CKM
matrix which is derived in section 2.1, describes the mixture of flavour and mass eigenstates:|d′〉|s′〉

|b′〉

 =

Vud Vcd Vtd
Vus Vcs Vts
Vub Vcb Vtb

|d〉|s〉
|b〉

 (2.1)

For three or more generations of quarks it can be shown that the CKM matrix is complex
(irreducible complex phase) in general. This is in contrast to the 2 generation case, where
the CKM matrix is a simple rotation matrix. It should be noted that the Lagrangian of the
electroweak force is not invariant under CP transformation if the matrix is complex, which
is the source of CP violation in the Standard Model.

The elements of the CKM matrix describe the transition probability of a quark into a
different flavour. To make the interaction strength of flavour changing weak currents visible,
the Wolfenstein parametrisation of the CKM matrix is used [21]

VCKM =

 1− 1
2
λ2 λ Aλ3(ρ− iη + i

2
ηλ2)

−λ 1− 1
2
λ2 − iηA2λ4 Aλ2(1 + iηλ2)

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ6), (2.2)

where λ is the sine of the Cabibbo angle [22] λ = sin θC ≈ 0.23. The degrees of freedom of
the CKM matrix are 3 real numbers λ, ρ, A and one complex iη. The unitarity condition
can be written as

∑
k VikV

∗
jk = 0 for all i 6= j. Every condition consists of 3 terms that can

be graphically represented as a triangle in complex plane. For the B-system (1. and 3. row)
this leads to the following condition

VudV
∗
ub

O(λ3)

+VcdV
∗
cb

O(λ3)

+VtdV
∗
tb

O(λ3)

= 0. (2.3)

The 3 complex numbers can be graphically represented as a triangle in complex space. It is
worth mentioning that all sides similar length O(λ3) which implies that all angles in the
triangle are large. That is not the case for the kaon triangle (1. and 2. column) which
is almost degenerate. The B0 decays are therefore the preferred laboratory for studying
CP violation. For convenience reasons, we normalize Eq. (2.3) by the magnitude of one
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Figure 2.1: The normalized unitarity triangle.

side |VcdV ∗cb|. This side becomes aligned with the real axis and its magnitude becomes unity.
The normalized triangle is shown in figure 2.1 where we introduce η and ρ to be

ρ̄ ≡
(

1− λ2

2

)
ρ, η̄ ≡

(
1− λ2

2

)
η. (2.4)

The angles in the unitarity triangle are described by the following equations,

φ1 ≡ π − arg

(−VtdV ∗tb
−VcdV ∗cb

)
, φ2 ≡ arg

VtdV
∗
tb

−VudV ∗ub
, φ3 ≡ arg

VudV
∗
ub

−VcdV ∗cb
. (2.5)

Two sides and the three angles can be measured independently in B-decays. By measuring
all 5 parameters which over constrains the triangle, we can test the unitarity of the CKM
matrix. The current limits on this measurement can be found in Fig. 1.2.

2.3 B0B0 Mixing

We are looking for CP violation in the decays of B mesons. There are two possible types
of CP violation in B meson decays. We can observe direct CP violation, which means that
the decay rates of a B meson and a B meson into a specific final state are different. The
other possibility is to observe mixing induced CP violation or mixing induced CP violation.
The mixing induced CP violation exhibits a time-dependent decay rate difference between
B0 and B0 decays although the time-integrated decay rate can be the same. Indirect
CP violation can be observed only if both the B0 and the B0 meson can decay into the
same final state, a CP eigenstate. Measurements of direct and mixing induced CP violation
have to take into account the time evolution of the neutral B meson which is explained in
the next section.
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2.3.1 Time Evolution of the neutral B Meson

In this section we are deriving the flavour oscillations of the neutral B meson. Neutral
B mesons B0 (b,d) and B0 (b,d) are pseudo-scalar mesons (JP = 0−) and C-conjugates.
In the strong interaction the mesons are produced as pure flavour eigenstates. Since the
mass-Eigenstate and the flavour-Eigenstate are different and both can reach the same final
states there is the possibility for time-dependent flavour oscillations in the Standard Model.
This can be observed for other heavy neutral mesons as well. This BB mixing is mediated
mainly by a second order process where the b and d quarks couple to W boson and a
top quarks, t (see Fig. 2.2). The time evolution of a quantum state is governed by the

d

d

u,c,t

W−

b

b u,c,t

W+B0 B0

Vtd Vtb

V ∗tb V ∗td

d

d

W+

u,c,t

b

b W−

u,c,tB0 B0

Vtd Vtb

V ∗tb V ∗td

Figure 2.2: Feynman box diagram showing the predominant time-dependent
flavour mixing diagrams

Schrödinger equation. A general B meson state can be written as a linear combination of
the flavour Eigenstates

|B(t)〉 = a(t) |B0〉+ b(t) |B0〉 , (2.6)

and by applying the Schrödinger equation on the state, we obtain

i
d

dt

(
|B(t)〉
|B(t)〉

)
= H

(
|B(t)〉
|B(t)〉

)
. (2.7)

The weak effective Hamiltonian H, is the sum of a hermitian 2 × 2 mass matrix and a
anti-hermitian 2× 2 decay matrix,

H = M− i

2
Γ =

(
M11 − i

2
Γ11 M12 − i

2
Γ12

M21 − i
2
Γ21 M22 − i

2
Γ22

)
, (2.8)

where M is the mass matrix and Γ is the decay matrix. The hermiticity of H (H = H†)
dictates for the off-diagonal elements H12 = H∗21. The off-diagonal elements are associated
with flavour changing transitions, meaning B0 ↔ B0. CP symmetry is violated when
H21 6= H∗21. The diagonal elements are associated with flavour conserving transitions,
B0→ B0 and B0→ B0. If CPT invariance is imposed, then H11 = H22 = M − 1/2Γ, which
means that the self coupling is independent of the flavour. The eigenvalues µ±, can be
determined from diagonalizing H,

µ± ≡M − i

2
Γ±

√(
M12 −

i

2
Γ12

)(
M∗

12 −
i

2
Γ∗12

)
. (2.9)
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The eigenstates corresponding to the eigenvalues are

|BL〉 ≡ p |B0〉+ q |B0〉 for µ−,
|BH〉 ≡ p |B0〉 − q |B0〉 for µ+,

(2.10)

where
q

p
≡
√
M∗

12 − i
2
Γ∗12

M12 − i
2
Γ12

and
√
p2 + q2 = 1. (2.11)

The eigenstates |BL,R〉, are the physical mass eigenstates. The L and H are a short-hand
notation for the light and heavy mass eigenstates, respectively. The masses and the decay
rates for |BL,R〉 are given by

mL = Re(µ−), ΓL = −2 Im(µ−), (2.12)
mH = Re(µ+), ΓH = −2 Im(µ+). (2.13)

The difference and the average of the masses and decay rates are given by

∆md ≡ mH −mL, ∆Γ ≡ ΓL − ΓH ,
mH +mL

2
= M,

ΓH + ΓL
2

≡ Γ. (2.14)

The time evolution of this two-state system, using equation 2.10 and 2.13, is as follows

|BL(t)〉 = eiµ−t |BL〉 = e−imLte−ΓLt/2(p |B0〉+ q |B0〉),
|BH(t)〉 = eiµ+t |BH〉 = e−imH te−ΓH t/2(p |B0〉+ q |B0〉).

(2.15)

By using Eq. 2.10, one can absorb the time dependency in the flavour state |B0〉,

|BL(t)〉 = p |B0(t)〉+ q |B0(t)〉 ,
|BH(t)〉 = p |B0(t)〉 − q |B0(t)〉 .

(2.16)

With Eq. 2.15, Eq. 2.16 and 2.14, the time evolution of B0 and B0 can then be extracted,

|B0(t)〉 = g+(t) |B0〉+
q

p
g−(t) |B0〉 ,

|B0(t)〉 = g+(t) |B0〉 − q

p
g−(t) |B0〉 ,

(2.17)

where
g± ≡

1

2
eiMte−Γt/4

(
ei∆mdt/2e−∆Γt/4 ± e−i∆mdt/2e∆Γt/4

)
. (2.18)

Commonly the lifetime difference between the light and heavy state is assumed to be zero
(∆Γ = 0) because the difference is so small (∆Γ/Γ = O(10−3). The decay rate is redefined
as ΓL = ΓH = Γ, and therefore, Eq. 2.18 becomes

g±(t) = e−Γt/2

(
ei∆mdt/2 ± e−i∆mdt/2

2

)
, (2.19)
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where the phase eiMt is removed by convention. Thus, the simplified time evolution of the
flavour states is

|B0(t)〉 = e−Γt/2

(
cos

∆mdt

2
|B0〉+ i

q

p
sin

∆mdt

2
|B0〉

)
,

|B0(t)〉 = e−Γt/2

(
cos

∆mdt

2
|B0〉 − iq

p
sin

∆mdt

2
|B0〉

)
.

(2.20)

2.3.2 Types of CP Violation

When observing CP violation, we are measuring a difference in the decay of a particle and
its anti-particle. For the decay probability one has to square the complex amplitude for
the decay. CP violation is observed in general when the magnitude of the amplitude is
different for the particle and its anti-particle. This is possible when the process is the sum
of two amplitudes with a weak and a strong phase where the weak phase is changed by the
CP transformation and the strong phase stays invariant.

When considering CP violation we can observe CP in three different processes. CP violation
can occur in the mixing amplitude itself and is called CP violation in mixing. This is
negligible in the case of the neutral B mesons because the masses of the BH and BL meson
are almost the same. Another possibility is to observe CP violation in the decay. This
is possible e.g. when there is a contribution from a weak and strong phase. The strong
phase is invariant under CP transformation while the weak phase changes sign when going
from particle to anti-particle decay. This phenomenon is called direct CP violation and it
can be empirically observed by different decay rates for the particle and its anti-particle.
For neutral B mesons there is a third possibility to have CP violation in the interference
between the mixing and decay amplitudes. Since the mixing amplitude is time-dependent
also the decay rate difference is time dependent. In this case we are taking about mixing
induced CP violation.

Consider the case where both B0 and B0 decay into the same CP eigenstate, fCP . The
decay amplitudes are

ACP = 〈fCP |H |B0〉 ,
ĀCP = 〈fCP |H |B0〉 .

(2.21)

Generalizing Eq. 2.21 to incorporate the time evolution (Eq. 2.20), one obtains the time
dependent amplitudes

ACP (t) = ACP e
−Γt/2

(
cos

∆mdt

2
+ iλCP sin

∆mdt

2

)
,

ĀCP (t) = ĀCP e
−Γt/2

(
cos

∆mdt

2
− i

λCP
sin

∆mdt

2

)
,

(2.22)
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where

λCP ≡
q

p

ĀCP
ACP

. (2.23)

To simplify Eq. 2.23, we take a look at the Feynman diagram showing BB mixing (Fig.
2.2). The b and d quarks couple to the W boson and u,c,t quarks. The t quark dominates
here because of Glashow, Iliopoulos and Maiani (GIM) cancellations. Theory indicates
that[[23],[24],[25],[26]],

M12 ∝ (VtbV
∗
td)

2m2
t , (2.24)

Γ12 ∝ (VtbV
∗
td)

2m2
b , (2.25)

where mt,b is the mass of the t and b quark. If we expand Eq. (2.11),

q

p
'
√
M∗

12

M12

+O
(

Γ12

M12

)
⇒
∣∣∣∣qp
∣∣∣∣ =

∣∣∣∣VtdV ∗tbV ∗tdVtb

∣∣∣∣+O
(
m2
b

M2
t

)
, but m2

b/M
2
t � 1, (2.26)

⇒
∣∣∣∣qp
∣∣∣∣ ' 1.

Using this information, we can simplify the equation for λCP (2.23) to

|λCP |2 =
|ĀCP |2
|ACP |2

, (2.27)

The time-dependent decay rates are therefore

Γ[B0(t)→ fCP ] = | 〈fCP |B0(t)〉 |2

=
e−Γt

2
|ACP |2

[
(|λCP |2 + 1)− (|λCP |2 − 1) cos ∆mdt− 2Im(λCP ) sin ∆mdt

]
,

(2.28)

Γ[B0(t)→ fCP ] = | 〈fCP |B0(t)〉 |2

=
e−Γt

2
|ACP |2

[
(|λCP |2 + 1) + (|λCP |2 − 1) cos ∆mdt+ 2Im(λCP ) sin ∆mdt

]
.

(2.29)

We define the time-dependent CP rate asymmetry as

aCP (t) ≡ Γ(B0(t)→ fCP )− Γ(B0(t)→ fCP )

Γ(B0(t)→ fCP ) + Γ(B0(t)→ fCP )

=
(|λCP |2 − 1) cos ∆mdt+ 2Im(λCP ) sin ∆mdt

|λCP |2 + 1

= ACP cos ∆mdt+ SCP sin ∆mdt,

(2.30)
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Figure 2.3: Theoretical ∆t distribution for maximal direct (a) and mixing
induced (b) CP violation. The red line indicates the distribution for B0 mesons
while the blue line indicates the distribution for B0 mesons. (a),[(b)] shows the
∆t distributions for a decay to a CP final state with the CP parameters ACP = 1
and SCP = 0 [ACP = 0 and SCP = 1].

where the CP parameters are defined as

ACP ≡
|λCP |2 − 1

|λCP |2 + 1
, SCP ≡

2Im(λCP )

|λCP |2 + 1
. (2.31)

To get an intuitive feeling about the CP parameters, it is useful to recall λCP (Eq. 2.23)
being defined as the product of q/p and ĀCP/ACP . These complex numbers can be written
as amplitude and phase of the mixing and decay part,

λCP ∝ e−iφM
|ĀCP |
|ACP |

e−iφD =
|ĀCP |
|ACP |

e−i(φM+φD), (2.32)

where φM is the phase difference from mixing and φD is the phase difference from the decay
amplitude.

Now consider a different decay rate for Γ(B0→ fCP ) and Γ(B0→ fCP ). As a consequence,
|ĀCP |2/|ACP |2 6= 1⇒ ACP 6= 0.

If there is a phase difference between the mixing and decay phase φM + φD 6= 0, then
Im(λCP ) 6= 0⇒ SCP 6= 0. This is called mixing induced CP violation.

For both cases (ACP ,SCP = 1, 0 and ACP ,SCP = 0, 1), the expected distributions of the
time-dependent decay rates are shown in Figure 2.3. The red line indicates the probability
for B0 decays and the blue line shows the probability for B0 decays to a CP final state.
From Fig. 2.3a it is clear that one does not need a time-dependent analysis to extract the
direct CP violation. Fig. 2.3b show the shift of the decay probability in time if mixing
induced CP violation is present. It becomes obvious that timing information is essential
the observe mixing induced CP violation.
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2.3.3 Coherent B0B0 Mixing

The rate asymmetry (Eq. 2.30) assumes that the flavour of the B-meson (b- or b-quark)
is known at the decay time. This is true for a decay like B0 → K+π− or B0 → K−π+

because we can determine from the final state which flavour the decaying B-meson had
at the moment of the decay. If the B-meson, however, decays into a CP eigenstate the
flavour of that B-meson is unknown. This is the case for e.g. the decay B0→ π+π−. At
the Belle experiment we can, however, exploit that the B mesons are produced in quantum
mechanically entangles states. This means the B and the B mesons oscillate coherently. If
one of the B mesons decays into a CP eigenstate and the other B mesons decays into a
flavour specific final state then we can determine the flavour of both B mesons at the decay
time of the flavour specific state. Afterwards, the remaining B meson continues to oscillate
as already demonstrated in section 2.3.1.

At electron-positron colliders the B-mesons are exclusively produced from the Υ(4S)
resonance which is a JPC = 1−− state. The B mesons are pseudoscalar mesons (JP = 0−).
In order to preserve the total angular momentum of the Υ(4S) meson, the B mesons must
have a relative angular momentum L = 1 (p-wave). The state is therefore antisymmetric.
Because of Bose-Einstein-statistics, the states |B0

1〉 |B0
2〉 and |B0

1〉 |B0
2〉 are forbidden.

Therefore the only possibility is that the B0 B0-pair oscillates coherently. The quantum
mechanically entangled state is

|B1(t1), B2(t2)〉 =
1√
2

(
|B0

1(t1)〉 |B0
2(t2)〉 − |B0

1(t1)〉 |B0
2(t2)〉

)
. (2.33)

Substituting Eq. 2.33 into Eq. 2.20, we obtain the following time evolution

|B1(t1), B2(t2)〉 =
1√
2
e−Γ(t1+t2)/2

[
cos

∆md∆t

2

(
|B0

1〉 |B0
2〉 − |B0

1〉 |B0
2〉
)

+i
q

p
sin

∆md∆t

2

(
|B0

1〉 |B0
2〉 − |B0

1〉 |B0
2〉
)]
, (2.34)

where ∆t = t2 − t1. Let ti be the decay time of each B meson. If we can determine the
flavour of one B meson at the time t1, then the know the flavour of the other B meson at
the time t1. Given the time evolution we derived here, a probability for the flavour at the
time t2 can be calculated. In the case of our analysis, we pick events where one of the B
mesons decays into a CP eigenstate. We can reconstruct the CP eigenstate and determine
the decay time of one B mesons, the so-called CP -side. If the other B meson decays into
a flavour specific final state, we can find the flavour at the moment of the decay and the
corresponding decay time. The procedure of determining the flavour of the other B meson
is called tagging. Therefore the other B meson is also called tag-side. Experimentally,
a lifetime measurement in the order of ps is impossible with current technology. The B
physics experiments use a Lorentz boosted center-of-mass system to translate the time
measurement into a spatial measurement. The precision of the spatial measurement has to
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∆z

Υ(4S)

e− e+

B0
CP

B0
tag

Boost

〈∆z〉 ∼ 200µm

t2

t1

∆tc = ∆z

Figure 2.4: Two entangled B mesons are produced from the Υ(4S) resonance.
One decays into CP eigenstate at time t2 (CP -side). The other B meson decays
into a flavour specific state at time t1 (tag-side). From the charge of the decay
products on the tag-side, the flavour of both B mesons can be determined at time
t1.

be in the order of 100µm for low energy e+e− experiments which is technically achievable
with modern silicon detectors. Figure 2.4 is a diagram summarising the essential idea of
the measurement. The time dependent decay rates take the form

Γ(fCP , fTag) = | 〈fCP , fTag|B0
CP (tCP ), B0

Tag(tTag)〉 |2

=
1

4
e−Γ(tCP +tTag)A2

CPA
2
Tag[

(|λCP |2 + 1)− (|λCP |2 − 1) cos ∆md∆t− Im(λCP ) sin ∆md∆t
]
, (2.35)

Γ(fCP , f̄Tag) = | 〈fCP , f̄Tag|B0
CP (tCP ), B0

Tag(tTag)〉 |2

=
1

4
e−Γ(tCP +tTag)A2

CPA
2
Tag[

(|λCP |2 + 1)− (|λCP |2 − 1) cos ∆md∆t− Im(λCP ) sin ∆md∆t
]
. (2.36)

λCP retains its definition from the non-coherent case. It is also noteworthy that the resulting
time dependent CP -asymmetry,

aCP (∆t) ≡ Γ(fCP , fTag)− Γ(fCP , f̄Tag)

Γ(fCP , fTag) + Γ(fCP , f̄Tag)

= ACP cos ∆md∆t+ SCP sin ∆md∆t,

(2.37)

keeps its form with t replaced by ∆t. Equation (2.30) is the corresponding equation for the
non-coherent decay. In the next step we want to obtain the physical limits of the parameters
ACP and SCP . The left side of Eq. 2.37 exposes the limits for aCP being −1 ≤ aCP (∆t) ≤ 1
by definition. The condition for aCP = 1 is found by solving

ACP 2 + SCP 2 +

(
2 Reλ2

|λ|2 + 1

)2

= 1. (2.38)
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When we ignore the unknown third term of Eq.2.38 we obtain the inequality

ACP 2 + SCP 2 ≤ 1, (2.39)

which limits the physical allowed values for ACP and SCP to the area of the unit circle in
the CP parameter plane.

To extract the parameters ACP and SCP from the ∆t distribution we need a probability
density function (PDF). To obtain this PDF, one has to integrate over the unmeasurable
values of tTag + tCP in Eq. 2.36. Also the function must be normalized in the region
− inf < aCP < + inf. The probability for finding a final state fCP at a time ∆t, for a given
flavour tag q, is

P(∆t, q) =
e
−|∆t|/τB0

4τB0

[1 + q (ACP cos ∆md∆t+ SCP sin ∆md∆t)] , (2.40)

where q = +1(−1) for BTag = B0(B0). To understand the CP violation parameters ACP
and SCP better, the phenomenology of the extreme cases of only direct CP violation and
only mixing induced CP violation are shown in figure 2.3.

2.4 CP violation in B Decays into light Hadrons

Charmless two-body decay branching fractions have been studied in various theoretical
approaches, but predictions for the expected CP violation vary widely [27–33]. b → u, s
transitions are only possible through higher order processes and therefore very sensitive to
theoretical approximations but also new physics. Thus, increasingly precise measurements
are important for our understanding of hadronic B decays. The decays that are mediated
predominantly by b → uud transitions are sensitive to the angle φ2 (Sec. 2.4.1). The
decay rates for the Kπ channels can also be used to place a constraint on φ3 [34–37] (Sec.
2.5.1). A puzzling result that has been observed is that the amount of direct CP violation
differs for B0→ K+π− and B+→ K+π0 although the leading diagrams differ only by the
spectator quark [38]. The CP parameters and branching ratios from these Kπ channels
can be used for a model independent search for new physics using a sum rule (Sec. 2.6).

2.4.1 CP violation in b→ uud Transitions

Belle [39] and BaBar [38] have reported time-dependent CP asymmetries in the channels,
B0 → π+π−, ρ±π∓, ρ+ρ−. The decay channels which are mediated by b → uud transition
are sensitive to the angle φ2 of the unitarity triangle as we will show in the following.

One important channel of this analysis is the decay B0 → π+π−. The decay amplitudes
can be visualised as Feynman diagrams. The charged current transitions are known as
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tree level diagram and the second order neutral current transitions are named “penguin
diagram”. The Feynman diagrams for the tree level decay and the penguin are shown
in Fig. 2.5. We can look at the suppression of the decay due to factors originating from
the CKM matrix in terms of the Cabibbo angle λ = sin θC . We find a suppression of
order λ3 for the tree diagram and λ3 for the penguin diagram. Since the magnitude of
the tree amplitude and the penguin amplitude are of almost same size we are expecting
a relatively large direct CP violation, but theoretical predictions vary widely [27–33]. In
addition, interference between the mixing amplitude and the decay amplitudes occurs which
results in time-dependent CP violation. The π+π− final state is an eigenstate of CP , with

W+

d
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d

u

d

u

Vub

Vud

(a) Tree diagram for the decay B → ππ.
d

b

d

u

u

du, c, t

(b) Penguin diagram for the decay B → ππ.

Figure 2.5: Feynman diagrams illustrating the tree and penguin decay of the
decay B → ππ.

an eigenvalue of CP = +1. As we know from Eq. 2.37, the time dependent rate asymmetry
is described with two parameters only, ACP and SCP . For the special case of the tree decay
of B0→ π+π−, we can derive their expected values in terms of the CKM matrix elements
and therefore also in terms of the angle φ2 of the unitarity triangle. This is explicitly done
in Sec. 2.4.1. Because ACP and SCP are also accessible by measuring the time dependent
rate asymmetry we can determine the angle φ2. The parameters ACP and SCP determine
the direct and the mixing-induced CP violation. In the case of no direct CP violation, the
angle φ2 is related to SCP in the following way [40]:

SCP =
2 ImλCP
|λCP |2 + 1

= sin(2φ2).

In general, where tree and penguin diagrams contribute to the amplitude, SCP for B → π+π−

is given by [40]
SCP =

√
1−ACP 2 sin (2φeff2 ).

Because of contributions from penguin decays we can only measure an effective angle φeff2 .
To extract the pure φ2 angle, we can perform an isospin analysis using the various charge
combinations in the di-pion final states, which are related by isospin symmetry. Using the
isospin analysis, the ∆φ2 = φ2− φeff2 can be determined. Details about the isospin analysis
procedure are shown in the next section 2.5.
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2.5 Determination of φ2 using Isospin correlated B →
ππ decays

In the previous section, we showed that it is possible to measure the angle sinφeff2 with the
decay B0→ π+π−. But the angle φeff2 is equal to the angle φ2 of the unitarity triangle only
if there is no contribution from loop corrections like penguin-diagrams in the decay. To
measure the value of ∆φ2 coming from the penguin diagrams we can utilize isospin symmetry.
This was shown by Gronau and London in 1990 [41] and we will follow their derivation.
Bose-Einstein statistics dictates that the ππ mesons, which are necessarily on an S wave
can have a total isospin I = 0 or I = 2, I = 1 is forbidden. The tree diagram (see Fig. 2.5a)
can lead to both a I = 0 and a I = 2 final state. The penguin diagram (2.5b), however,
can only lead to ππ states with I = 0 because the gluon carries no isospin [41]. Since the B
meson is isospin I = 1/2, the ∆I = 3

2
operator occurs only in the tree level diagram while

the ∆I = 1
2
operator is present in the tree-level and the penguin diagrams. Finally, the

π± π0 final state can have only I = 2. For this reason the process B±→ π±π0 is mediated
by the tree diagram only. The amplitudes A+−, A+0 and A00 for the decays B0→ π+π−,
B0→ π0π0 and B+→ π+π0, respectively, can be expanded in terms of isospin I = 0 and
I = 2 components. Writing π+π− as a linear combination π+π− = (π+

1π
−

2 + π−1π
+

2)/
√

2
and similar for π+ π0 and using the Clebsch-Gorden coefficients, we find

1√
2
A+− = A2 − A0, (2.41)

, A00 = 2A2 + A0, A
+0 = 3A2 (2.42)

where A0 and A2 denote the amplitude contributing to the isospin I = 0 and I = 2 di-pion
final state. These equations can be rewritten to yield a complex triangle relation.

1√
2
A+− + A00 = A+0. (2.43)

The corresponding triangle relation for the charge conjugated process reads:

1√
2
Ā+− + Ā00 = Ā−0. (2.44)

The amplitudes Ā+−, Ā00 and Ā−0, correspond to the processes B0 → π+π−, B0 → π0π0

and B− → π−π0. One can obtain the amplitudes A from the amplitudes Ā by changing
the sign of the CKM weak phase. The strong phase, however, stays the same. The A2

amplitude has only contributions from the tree level diagram, so that

A2 = |A2|ei(δ2+φt), Ā2 = |A2|ei(δ2−φt), (2.45)

where δ2 is the final-state-interaction phase coming from the I = 2 final state, and φt is the
tree-level CKM phase. We can conclude that the magnitude of the amplitudes A+0and
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(a) The isospin triangle for the Eq. 2.43.
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(b) The isospin triangle for the Eq. 2.44.

Figure 2.6: Isospin triangles.

A−0are the same (|A+0| = |A−0|). Also, it should be stated that there is no easy relation
between the other amplitudes. The magnitudes of the decay amplitudes are obtainable
from experiment. For the charged B meson, we obtain |A+0| and |A−0| directly from the
branching ratio. For the neutral B mesons, one has to take mixing into account. The
magnitude of the amplitudes |A+−|, |Ā+−|, |A00|, |Ā00| can be measured using Eq. 2.36.

Looking at the triangles defined in Eq. 2.43 and Eq. 2.44, we observe that the triangles are
congruent and have identical orientation in this limit.

The sin ∆mdt term arises due to interference of Af and Āf in the mixing. For the π+π−

final state, the interference λCP is given by

λCP =
q

p
e−2iφt

[
1− z̄
1− z

]
= e−2i(φt+φM )

[
1− z̄
1− z

]
, (2.46)

where Eq. 2.42 and Eq. 2.45 have been used and

z ≡ A0

A2

, z̄ ≡ Ā0

Ā2

. (2.47)

In the next step, we want to express the phases of the amplitudes with the angles of the
unitarity triangle (given in Eq. 2.5). We are using φM = φ1 and φt = φ3 where each
equations can be checked with the mixing or tree Feynman diagrams, respectivly. The
CKM matrix elements in the diagram are corresponding to the angle definition. Assuming
a closed unitarity triangle(φ3 + φ1 = π − φ2) we find

ImλCP+− = Im

(
e2iφ2

[
1− z̄
1− z

])
. (2.48)

If penguin contribution can be neglected (z = z̄) Eq. 2.48 simplifies to ImλCP+− = sin 2φ2.
In the general case of contributions from penguins. z is not equal to z̄. In this case. the
knowledge of their phases and magnitudes is necessary to evaluate φ2. To obtain z and
z̄ we perform a simple geometrical consideration on the isospin triangle. Looking at the
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triangle from Eq. 2.43 which are shown in figure 2.6a, we can see all the amplitudes in
the complex plane. Please note that the magnitudes of the sides can be extracted from
the branching ratios of the isospin related processes. With the knowledge of A+0, one can
immediately determine A2 with Eq. 2.42. With additional information of the magnitude of
the other two sides, one can determine the magnitude of A0 or more conveniently cos θ. It
is important to state that it is not possible to determine the sign of θ. This leaves us with
a twofold ambiguity where one solution is the triangle shown in the figure and the other
solution being the triangle mirrored at the A+0 axis. In an analogous way, we can proceed
with the CP -conjugated processes shown in figure 2.6b. Equation 2.48 can be parametrised
with the magnitude |z| and a phase θ to be

ImλCP+− = Im

(
e2iφ2

[
1− |z̄|e±iθ̄
1− |z|e±iθ

])
, (2.49)

with |z|, |z̄|, θ and θ̄ all known in principle. We convert the term between the square
brackets into a magnitude m+− which is unambiguously known from the four parameters
and four phases which are dependent on the choice of signs in Eq. 2.49. These four phases
are denoted by ±ε+− and ±η+−. The unbiased φ2 is a solution to one of the following four
equations,

sin (2φ2 ± ε+−) = (ImλCP+−)/m+−, (2.50)
sin (2φ2 ± η+−) = (ImλCP+−)/m+−. (2.51)

This leaves us with a four fold ambiguity in total.

Luckily, we can disentangle this ambiguity using the process B0 → π0π0. In a similar
approach the coefficient of the sin ∆mdt term is given by

ImλCP00 = Im

(
e2iφ2

[
1− |z̄|e±iθ̄
1− |z|e±iθ

])
. (2.52)

Denoting the magnitude and phase of the quantity within the square brackets gives us a
magnitude m00 and the four phases ±ε00 and ±η00. Analogous to the above, φ2 must be a
solution to one of the four equations,

sin (2φ2 ± ε00) = (ImλCP00)/m00, (2.53)
sin (2φ2 ± η00) = (ImλCP00)/m00. (2.54)

These two sets of equations determine sinφ2 unambiguously in general. Only in the very
special case where solutions of Eq. 2.51 and Eq. 2.54 overlap, we are left with a twofold
ambiguity.

The isospin analysis using our measured results is performed in section 6.4.
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2.5.1 CP violation in b→ sud transitions

A very puzzling observation in recent years has been made in b→ sud transitions. Although
the decay B0→ K+π− and the decay B+→ K+π0 only differ by the spectator quark (u,d),
a sizeable difference between the branching ratios and direct CP violation is observed. To
solve this so called “Kπ puzzle” [42], we need to further reduce the uncertainties on our
measurements. Our analysis contributes the measurement of the decay B0→ K+π−. The
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Figure 2.7: tree and penguin diagram of the decay B0→ K+π−

decay of B0→ K+π− is mediated by a tree level diagram and a penguin diagram shown in
Fig. 2.7. We can roughly determine the relative size of the amplitude of the tree diagram
and the penguin diagram by looking at the CKM factors in terms of λ = sin θC , at the
vertices. In the tree diagram, we obtain a suppression factor of λ3 for the b→ u transition
and a factor of λ in the W+→ su transition. The total suppression factor from the CKM
matrix is therefore λ4. For the penguin diagram, however, we find a λ2 suppression only.
This means that the B0 → K+π− decay is dominated by a penguin diagram and not a
tree level diagram. This has several implications. First, we expect direct CP violation
since a tree amplitude and a penguin amplitude contribute to the decay. But because the
magnitudes of the tree and penguin decay are so different a small ACP is expected. As
we have seen earlier, the direct CP violation can be measured without timing information.
Also we do not have to find the B-tag of the other B meson because the K+π− and K−π+

final states are flavour specific (self-tagging). This means that we can determine the flavour
of the decaying B meson by examining the charge of the final state particles the kaon and
pion. The direct CP violation can be measured using

ACP =
N(B0→ K−π+)−N(B0→ K+π−)

N(B0→ K−π+) +N(B0→ K+π−)
. (2.55)

Last but not least, the dominant penguin amplitude enhances our sensitivity to new physics
(NP). Heavy particles as virtual particles in the loop have measurable contributions to the
branching ratios and CP parameters. These NP particles can have a mass much higher
than the energy available in the collision. The mass reach is then limited by the available
statistics [40]. To test for new physics beyond the Standard Model, we are using the methods
described in the next section 2.6.
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2.6 Searches on Physics beyond the Standard Model in
B0→Kπ Decays

In this section we are going to present two ways to search for new physics beyond the
Standard Model in B0→ Kπ decays. In the first case, we are creating ratios of branching
fractions of all possible charged and neutral B0 → Kπ decays. We can compare the
resulting numbers with the predictions from the Standard Model. In the second case, we are
evaluating a Kπ sum rule [43–46]. If the sum rule is not fulfilled within the uncertainties,
we have a hint for new physics beyond the SM. In both cases we are exploiting the isospin
symmetry in the decays of B0→ Kπ.

Historically a discrepancy of the measured difference Rc −Rn and the SM expectation of
zero has been observed at a 2σ level. This 2σ discrepancy, also known as the “Kπ puzzle”
has gradually disappeared once more precise measurements have been published. This
analysis is contributing to solve the Kπ puzzle. The difference of the ratios Rc and Rn is
used to reduce systematics in both the theoretical and the experimental calculations. One
uses the following definitions [44]

Rc =
2B(B+→ K0π+)

B(B+→ K+π0)
(2.56)

Rn =
B(B0→ K+π−)

2B(B0→ K0π0)
(2.57)

Turning away from the branching ratios and having a look at the direct CP violation
parameters ACP (B0 → K+π−) = −0.094 ± 0.018 ± 0.008 [38] and ACP (B+ → K+π0) =
+0.07±0.03±0.01 [38], we find that they have a different magnitude and sign although they
differ only by the spectator quark. But the expectation is that the direct CP violation in
these channels should be of approximately the same magnitude and sign [47]. The difference
is ∆ACP = ACP (B+ → K+π0) − ACP (B0 → K+π−) = +0.148 ± 0.028, which is 5.3σ
different from the SM which predicts a vanishing difference. There are attempts to explain
this “∆ACP puzzle” with an enhanced colour-suppressed tree [30] or electroweak penguin
processes [48] or a combination [49] that may contribute only to B+→ K+π0 decays. But
all these explanations have in common that the predicted strong phase does not fit into the
theoretical framework of factorisation.

Gronau et. al. [43–46] suggested to evaluate a Kπ sum rule (Eq. 2.58)

ACP (K+π−)+ACP (K0π+)
B(K0π+)

B(K+π−)

τ0

τ+

= ACP (K+π0)
2B(K+π0)

B(K+π−)

τ0

τ+

+ACP (K0π0)
2B(K0π0)

B(K+π−)
,

(2.58)
where τ0(τ+) is the lifetime of the B0 (B+) meson. The derivation mainly exploits the
isospin symmetry and SU(3) flavour symmetry. No assumptions are made upon the size of
the colour-suppressed tree and electroweak penguin amplitudes. If NP is found it is most
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likely that a ∆I = 1 operator in the effective Hamiltonian, forbidden in the SM (see above),
is present [44].

2.7 The Decay B0→K+K−

The Standard Model provides an expectation for the branching ratio of the B0→ K+K−

decay of roughly B(K+K−) = (0.013+0.088
−0.013) × 10−6 [28, 50, 51]. The dominant Feynman

diagram is shown in Fig. 2.8. The main difficulty in making theory predictions on the
branching ratio is the hadronisation (see next section 2.8). It is not calculable perturbatively
and therefore can only be taken from experiments.
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Figure 2.8: The dominant Feynman diagram for the decay B0→ K+K−

2.8 Theory Predictions on Branching Fractions and CP

Parameters

The first studies to calculate predictions for the branching ratios and CP parameters of
B0→ h+h− decays use effective field theories [28]. The effective field theory usually works
in the limit of a meson containing one heavy quark (heavy quark limit) decaying into
two bodies (quasi two-body decays). The calculation is factorized into a perturbatively
calculable part, the Wilson coefficients, and a hadronization part. We summarise the
theory predictions of the branching fractions and direct CP violation in table 2.3 and 2.4
respectively.

Results from Beneke et al. [28] use QCD factorisation and determination of the Wilson
coefficients. Ciuchini et al. [31] contra dicts this approach and proposes to use charming and
GIM penguin contributions to reconcile the theoretical predictions with the experimental
evidence.

An extensive study performed by Buras et al. [29] claims to explain all features of B0→ h+h−

decays using the Standard Model. The experimental results can be accommodated within
the SM through non-factorisable hadronic interference effects. The study uses the branching
ratios and CP parameters of B0→ π+π− as input.
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Table 2.3: Theory predictions for CP averaged branching fractions

Mode branching ratio[10−6] source
B0→ π+π− 8.9+5.5

−4.7 [28]
B0→ π+π− 4.7± 0.8 [31]
B0→ π+π− 7.0+2.0

−1.5 [47]
B0→ K+π− 16.3+15.2

−8.5 [28]
B0→ K+π− 18.4± 1.3 [31]
B0→ K+π− 15.5+3.1

−2.5 [47]
B0→ K+K− 0.013+0.088

−0.013 [28]
B0→ K+K− 0.06 [47]

Table 2.4: Theory predictions for direct CP violation

Mode ACP [10−2] source
B0→ π+π− −6.5+13.7

−13.3 [28]
B0→ π+π− |52± 18| [31]
B0→ π+π− 23± 7 [47]
B0→ K+π− 4.5+9.1

−9.9 [28]
B0→ K+π− |21± 10| [31]
B0→ K+π− −17± 5 [47]
B0→ K+π− 14.0+13.9

−8.7 [29]
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2.9 Current Status of the Experimental Measurements

The Belle collaboration as well as the BaBar collaboration performed these branching
fraction measurements. Since very recent we also have results from the CDF and LHCb
collaborations.
Belle: [52, 53]

B(B0→ π+π−) = (5.1± 0.2(stat)± 0.2(syst))× 10−6, (2.59)
B(B0→ K+π−) = (19.9± 0.4(stat)± 0.8(syst))× 10−6, (2.60)
B(B0→ K+K−) = (9± 18(stat)± 1(syst))× 10−8. (2.61)

BaBar: [54, 55]

B(B0→ π+π−) = (5.5± 0.4(stat)± 0.3(syst))× 10−6, (2.62)
B(B0→ K+π−) = (19.1± 0.6(stat)± 0.6(syst))× 10−6, (2.63)
B(B0→ K+K−) = (4± 15(stat)± 8(syst))× 10−8, (2.64)

CDF: [56, 57]

B(B0→ π+π−) = (5.0± 0.3(stat)± 0.4(syst))× 10−6, (2.65)
B(B0→ K+K−) = (23± 10(stat)± 10(syst))× 10−8, (2.66)

LHCb: [58]

B(B0→ π+π−) = (5.1± 0.2(stat)± 0.4(syst))× 10−6, (2.67)
B(B0→ K+K−) = (11± 5(stat)± 6(syst))× 10−8. (2.68)

A summary of all measurements of B decays into light hadrons is shown in Fig. 2.9.

Historically, Belle determined values forACP incompatible with zero while BaBar determined
values compatible with zero. This historical discrepancy is not existing any more but a
tension remains. Fig. 2.10 show the status of the tension before the update of the CP
parameters by this analysis. Also some of the measurements could be performed by the
CDF and LHCb collaboration. We will also report their results here. Belle: [38, 39]

ACP (B0→ π+π−) = +0.55± 0.08(stat)± 0.05(syst) (2.69)
SCP (B0→ π+π−) = −0.61± 0.10(stat)± 0.04(syst) (2.70)
ACP (B0→ K+π−) = −0.094± 0.018(stat)± 0.008(syst) (2.71)

BaBar: [55]

ACP (B0→ π+π−) = +0.21± 0.09(stat)± 0.02(syst) (2.72)
SCP (B0→ π+π−) = −0.60± 0.11(stat)± 0.03(syst) (2.73)
ACP (B0→ K+π−) = −0.107± 0.018(stat)|+0.008

−0.004(syst) (2.74)
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CDF: [60]

ACP (B0→ K+π−) = −0.083± 0.013(stat)± 0.003(syst) (2.75)

LHCb: [61, 62]

ACP (B0→ π+π−) = +0.11± 0.21(stat)± 0.03(syst) (2.76)
SCP (B0→ π+π−) = −0.56± 0.17(stat)± 0.03(syst) (2.77)
ACP (B0→ K+π−) = −0.088± 0.011(stat)± 0.008(syst) (2.78)
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Chapter 3

The Belle Experiment

The Belle experiment [63] is located at the High Energy Accelerator Research Organization
(KEK) in Tsukuba, Japan. It consists of an accelerator, a storage ring (KEKB) and the
Belle detector.

The KEKB storage ring [64] is a electron positron collider and the current world record
holder in instantaneous luminosity (2.11× 1034 cm−1s−1). The luminosity is proportional
to the rate of physics events. The center-of-mass energy of the electrons and positrons is
10.58 GeV which corresponds to the mass of the Υ(4S) resonance. The interesting physics
events are decays of the Υ(4S) resonance into BB pairs. These events are recorded by the
Belle detector. To perform high precision CP measurements we need high event statistics
because many processes are very rare. This goes hand-in-hand with the high luminosity
delivered by KEKB.

The Belle detector is built around the interaction point of the positron and the electron
beam. The Belle detector is a large-solid-angle magnetic spectrometer. It is especially
designed to have a good spatial vertex resolution which is important for CP analysis. An
important competing experiment is the BaBar experiment [65] at the PEP-II storage ring.
BaBar is very similar to the Belle experiment, but completely independent. Having a second
experiment gives us a unique possibility to compare our results.

3.1 The KEKB Accelerator

The KEKB accelerator consists of a particle source, several pre-accelerators, a linear
accelerator (LINAC) and the KEKB storage ring [64]. The electrons and positrons are
accelerated in the LINAC to an energy of 3.5 GeV and 8 GeV respectively. After acceleration,
the electrons are injected into the High Energy Ring (HER) and the positrons are injected
into the Low Energy Ring (LER). The circumference of both rings is 3012 m and about
5000 bunches of particles reside in each ring when the storage ring is completely filled



36 3. The Belle Experiment

Figure 3.1: The KEKB accelerator ring. The Belle detector is located at the
Tsukuba area.

(Fig. 3.1). At the interaction point (IP), the bunches from the HER and LER collide at a
finite angle of 22 mrad. To compensate for the drop in luminosity due to the finite crossing
angle, crab cavities were installed. These crab cavities tilt the bunches before colliding in a
way that the luminosity of a head on collision can be restored (Fig. 3.2). The asymmetric
energy of the electrons and positrons leads to a Lorentz boost of the center-of-mass reference
frame of βγ = 0.425. This boost can be used later in the analysis to translate a spatial
difference between two points into a decay time difference. The center-of-mass energy is
tuned to be

√
s = 10.58 GeV which is the mass of the Υ(4S). The mass of the Υ(4S) is

right above the production threshold of BB pairs and decays exclusively into a pair of
quantum mechanically entangled B mesons.

3.2 The Belle Detector

The Belle detector is a large-solid-angle magnetic spectrometer built asymmetrically around
the interaction point (IP). It is built to identify most of the final state particles that can
occur in B meson decays. Figure 3.3 shows a cut-out of the detector with all important
subdetector components. The coordinate system of the Belle detector has the nominal IP
as the origin. The z-axis is defined to be opposite to the positron beam direction. The
y-axis points vertically upwards which defines the x-axis to be x ≡ y × z.
Starting from inside the detector consists out of a 4 layer silicon strip vertex detector
(SVD) to precisely measure the traces of charged particles coming from the decay at the
IP. The start point of a particle track is called its vertex. The main goal of the SVD is to
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Cross angle crossing

Crab crossing

Electron bunch Positron bunch

Electron bunch Positron bunch

Figure 3.2: In the left diagram, crab cavities compensate for the finite crossing
angle. Effectively, the whole bunch collides head-on, as would be the case without
a crossing angle. The right diagram shows luminosity improvements as a function
of the bunch current.

Figure 3.3: The Belle detector with all subdetector components.
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precisely measure these vertices. Together with the central drift chamber (CDC), which
determines the momentum of particles, the SVD and the CDC form the tracking system. To
identify the particle species, aerogel threshold Cherenkov counters (ACC) and time-of-flight
scintillation counters (TOF) are positioned in front of the calorimeter. The electromagnetic
calorimeter (ECL), which measures photon energy deposits, consists of CsI (Ti) crystals.
The ECL is located inside a superconducting solenoidal magnet with a strength of 1.5 T.
The iron return yoke is instrumented to detect K0

L and muons. The KLM information is
used in particle identification. The individual detectors are described briefly in the following
sections. We follow the detailed Belle detector description from reference [63] here. In the
first phase of the Belle experiment, a 2.0 cm beam pipe and a 3-layer silicon vertex detector
(SVD1) was used to take 152× 106 BB pairs data. In a second phase, the inner detectors
were upgraded to provide a better spatial resolution by moving the new components closer
to the IP. A 1.5 cm beam pipe, a 4-layer silicon vertex detector (SVD2) and a small-cell
inner drift chamber was used to record the remaining 620× 106 BB pairs. The geometry
and the detector response of both phases SVD1 and SVD2 have been transferred into a
Monte Carlo simulation. We use a GEANT3-based [66] Monte Carlo (MC) simulation to
model the response of the detector.

3.2.1 The Beam Pipe

The IP is in a vacuum inside the beam pipe. The beam pipe has to obey two constraints.
On one hand, it must keep the vacuum and therefore has to withstand the pressure from
the atmosphere. On the other hand, it should be thin to minimize the disturbance of the
traversing particles. The main cause of the disturbance is multiple scattering at the atom
cores. To reduce the effect, a material with a low atomic number, Beryllium, is chosen. The
beam pipe is made of two cylinders with a wall thickness of 0.5 mm at a radius of 20 mm
and 23 mm respectively (Fig. 3.4). The gap is filled with paraffin for cooling. The outer
cylinder contains a 50µm thick gold layer to catch low energetic photons. These photons
could, if not absorbed by the beam pipe, cause serious radiation damage to the silicon
detectors just outside of the beam pipe. The total thickness of the beam pipe corresponds
to 1% of a radiation length.

During the upgrade of the inner detector in 2003 (SVD2), the beam pipe was also replaced.
To get better spatial resolution, the inner silicon detectors were move closer to the IP.
Therefore, the beam pipe outer radius was shrunk to 15 mm.

3.2.2 The Silicon Vertex Detector

The innermost tracking detector plays a crucial role in determining the vertex resolution
because it is closest to the IP. Since we are interested in measuring time dependent
CP violation, we need to know the decay time difference of the B mesons which is in
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Figure 3.4: Geometry of the Belle beam pipe used for data taking of the first
152× 106 million B B pairs.

the order of ps. We use the Lorentz boost of the asymmetric collider to translate this
immeasurably small time difference into a spatial difference in the order of 100µm. This
spatial displacement is measurable with a good vertex detector.

Three concentric cylindrical layers make up the SVD1 [67]. The radii are 30 mm, 45.5 mm and
60.5 mm, respectively. The region 23◦ < θ < 80◦, in the polar angle is covered, corresponding
to a large 86% of the solid angle. The SVD1 layer 1, 2 and 3 consist of 8, 10 and 14 ladders
(Fig. 3.5), respectively, which are made up by two electrically independent half-ladders. A
support structure holds the two half-ladders together mechanically. Each ladder consists of
one or two double-sided strip detectors (DSSD) manufactured by Hamamatsu Photonics.
The geometrical shape of the DSSD is 57.5 mm times 33.5 mm, with a thickness of 300µm.
The DSSD consists of 1280 sense strips and 640 readout pads on each side. One side is
p-doped, grounded and the strips are parallel to the beam to measure the φ coordinate of
a traversing charged particle, whereas the other side is n-doped, biased with 75 V, with
the strips perpendicular to the beam and measure the z coordinate of a traversing charged
particle. In addition, p stops are implanted between the n doped strips to provide better
separation. The pitch of the strips is 42µm in z and 35µm in φ. A charged particle
traversing the DSSD will create electron-hole pairs. The charge carriers, electrons and holes,
will travel in the electrical bias field and create a signal which can be read-out.

After the accumulation of 152× 106 BB pairs, the SVD1 detector was replaced by the
successor SVD2. The SVD2 comes with many improvements. Among them is an additional
4th layer that is placed closer to the beam pipe. The new innermost layer moved 1 cm closer
to the IP to a radius of 2 cm. The acceptance was also increased to a polar angle coverage
of 17◦ < θ < 150◦. In addition, the central drift chamber (CDC) which is the outer shell of
the SVD had to be redesigned to accommodate the now larger SVD. A comparison in the
number of ladders and DSSDs between SVD1 and SVD2 can be found by viewing Tbl. 3.1
and Tbl 3.2.



40 3. The Belle Experiment

CDC

23
o139

o

IP
Be beam pipe

30

45.5
60.5

unit:mm

SVD sideview

SVD endview

BN rib
 re

inforced by C
FRP

Figure 3.5: Geometry of the Silicon vertex detector (SVD1) of Belle is il-
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Figure 3.6: Impact parameter resolution for charged muons from cosmic ray
data for SVD1. Each track is required to have associated SVD hits. The effective
momentum p̂ is p̂ ≡ pβ sin3/2 θ in the left plot and p̂ ≡ pβ sin5/2 θ in the right
plot. The red solid line indicates a fit to the data points with the parameters
shown in the plot.
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Table 3.1: Number of ladders in each layer and number of DSSDs in each
half-ladder of the SVD1

Layers # Ladders # DSSDs in forward/backward half-ladder
1 8 1/1
2 10 1/2
3 14 2/2

Table 3.2: Number of ladders in each layer and number of DSSDs in each
half-ladder of the SVD2

Layers # Ladders # DSSDs in forward/backward half-ladder
1 6 1/1
2 12 1/2
3 18 2/3
4 18 3/3

The particles traversing the SVD and the other tracking detectors follow a helix trajectory.
The reason for the bending of the tracks is the 1.5 T magnetic field which is generated
by a large solenoidal magnet (Sec. 3.2.7). The particle track helix is parametrised using
5 parameters. The 6 degrees of freedom, three from the position and three from the
momentum, can be expressed by 5 parameters because we assume the magnetic field to
be aligned to the detector z-axis. The track parametrization can be seen in Fig. 3.7. The
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Figure 3.7: The track parameters dρ, dz, κ, φ, λ.

best way to estimate the SVD performance is to look at the impact parameter resolution.
The resolution is determined from the distribution of the track parameters dρ and dz. The
resolution in z and φ is dependent on the momentum p and the polar-angle θ and can be
extracted from cosmic muon data to be

σz =

(
42.2⊕ 44.3

pβ sin5/2 θ

)
µm, σφ =

(
19.2⊕ 54.0

pβ sin3/2 θ

)
µm, (3.1)

for SVD1 where ⊕ is defined as the quadratic sum. Figure 3.6 shows the plot used for
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extracting the resolution parameters [67]. For SVD2 we obtain the following parameters

σz =

(
27.8⊕ 31.9

pβ sin5/2 θ

)
µm, σφ =

(
21.9⊕ 35.5

pβ sin3/2 θ

)
µm. (3.2)

For a time-dependent CP analysis, the z-separation between the B vertices, should be
known to an accuracy of at least 100µm. It can be verified in Fig. 3.6 that this is possible
in a wide momentum range with the Belle silicon detector system. To show the resolution
independent of the polar angle θ a effective momentum, p̂, is introduced which incorporates
the polar angle.

3.2.3 The Central Drift Chamber (CDC)

The Central Drift Chamber (CDC) is an instrumented gas volume used for measuring the
tracks of charged particles. The traversing particles ionize the gas volume and the ions are
measured by wires, which gives the measurement concept the name “wire chamber”. It is
situated around the SVD but still inside the solenoid magnet of Belle. The tracks of the
charged particles are bent by the magnetic field (Sec. 3.2.7) to follow a helix path. From
the curvature of these tracks and the exact knowledge of the magnetic field strength, it is
possible to calculate the momentum of particles. Another quantity which can be measured
is the energy loss (dE/dx) of the particles in the gas volume. This information is used to
provide an additional input to the particle identification.
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Figure 3.8: Mechanical design of the CDC including the acceptance angles.

The CDC covers a polar angle of 17◦ < θ < 150◦ which corresponds to a solid angle of
92%. The geometrical layout can be studied in Fig. 3.8. The CDC is divided into 50 layers
of sense wires and has 8400 drift cells in total. A drift cell is defined to be a positively
charged sense wire surrounded by 8 negatively biased field wires. If a traversing particle
ionizes the gas in the CDC the electrons drift along the field lines to a sense wire. The
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bias is adjusted to generate a sufficiently strong electric field for the drifting electrons to
generate secondary ionizations. These secondary ionisations result in a signal gain of about
106. Wires parallel to the z-axis are primarily used to measure the transverse momentum
pT . Other so called stereo-wires are rotated by ±50 mrad to the z-axis to deliver a spatial
information on the z-direction or the θ angle in the helix representation of the track. The
electronics readout uses the amplitude of the signal for measuring dE/dx. The drift time is
used to determine the distance of the particle, passing a sense wire. The different energy
depositions for different particle species are shown in Fig. 3.9a. A special gas mixture
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Figure 3.9: Energy depositions and tracking performance of the CDC.

composed of atoms with a low atomic number Z is used to reduce the effect of Coulomb
scattering which would degrade momentum resolution. A mixture with 50% helium and
50% ethane is chosen. The pT resolution is found to be

σ(pT ) = (0.2pT ⊕ 0.29/β)%, (3.3)

where ⊕ indicates the quadratic sum. Figure 3.9b shows the measurement of cosmic ray
data and the fit to extract the pT resolution.

To achieve this resolution the hits from the CDC are combined with the hits from the SVD.
A Kalman filter is used to get a very good track fit. The average track matching efficiency
between SVD and CDC is better than 98%.
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3.2.4 The Aerogel Cherenkov Counter (ACC)

The Aerogel Cherenkov counter (ACC) is used to identify different particle types. It is
especially effective to discriminate electrons and charged pions against kaons. The ACC
uses the Cherenkov effect. A particle emits light when traversing a medium with a velocity
vp, greater than the speed of light in this medium. The speed of light in a medium is
vem = c/n, where n is the refraction index of the material. Then,

vp > vem ⇒ n >
1

β
=

√
1 +

(
m

p

)2

, (3.4)

where β is the ratio between the particle velocity and the light speed in vacuum β = vp/c.
It is important to note here that the condition for Cherenkov light to be emitted, depends
on the mass and momentum of the particle. The angle of the Cherenkov light emission is

cos θ =
1

nβ
. (3.5)

The refraction index is chosen in a way such that kaons of typical momentum do not emit
light but electrons and pions of typical momentum do emit light. Because the center-of-mass
system is boosted in the lab frame, the mean of the momentum distribution of the particles
is not uniform in the detector. The choice of the refraction index, however, is dependent on
the mean momentum. Therefore, the refraction index of the material has to change with
the θ angle.
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Figure 3.10: Arrangement of the ACC modules in the barrel part and the
endcap.

The ACC is divided into the barrel part and the forward endcap. The barrel part consists
of 960 counter modules separated into sets of 60 in the φ direction. The endcap is divided
into 5 concentric layers with 228 modules in total. Each counter is geometrically arranged
in a way that it points to the IP. Fig. 3.10 shows the geometry of the ACC.
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A counter module consists of silica aerogel encased in an aluminium box of roughly
12 × 12 × 12cm2. One or two photomultiplier tubes capable of operating in the 1.5 T
magnetic field are attached to the sides of each aluminium case. Light pulses can be
detected and the number of photo electrons is assigned to the particle traversing the ACC.
As stated earlier, the refractive indices have to change as a function of the polar angle. In
the barrel region, these refractive indices n = 1.010, 1.013.1.015, 1.020 and 1.028, are used.
The ACC system gives the only particle identification in the forward endcap region. To
also encompass low momentum particles, a refractive index of n = 1.030 is chosen. The
backward endcap is not equipped with ACC modules because no high momentum tracks
are expected in this region because of the boosted center-of-mass system.
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Figure 3.11: Plot showing the distribution of pulse heights for pions (in
blue) and kaons (in red) in units of photo electrons. The four plots show the
discrimination between pions and kaons for different optical densities.

Figure 3.11 shows the measured pulse height distribution in the ACC barrel for π± and K±
candidates from D∗(2010)± decays. The clear separation between kaons and pions can be
seen, and the good agreement between Monte Carlo simulation and data is also demonstrated.
The overlap region between pions and kaons is the area where the identification is ambiguous
or, in other words, the separation is imperfect. The ACC is operated as a threshold device.
The number of photo-electrons Npe from the photomultiplier is compared to a threshold
N thres

pe . The likelihood for an unknown particle to be of type i is given by the step function

L =

{
εExpi if Npe ≥ N thres

pe

1− εExpi if Npe < N thres
pe ,

(3.6)

where the efficiency εExpi is determined from simulation.
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Figure 3.12: TOF module mechanical design.

3.2.5 The Time of Flight Counter (TOF)

In the momentum region below 1.2 GeV/c, the Belle experiment uses a Time of Flight
counter (TOF) to discriminate between different particle types e.g. pions and kaons. By
measuring the flight time T , of a particle from the collision to the TOF counter, we can
determine its mass m, with

T =
L

cβ
=
L

c

√
1 +

(
m

p

)2

, (3.7)

where p is the momentum of the track and L is the flight length.

The TOF modules consist of two plastic scintillators with a photomultiplier tube attached
to each. The pair of TOF counters is accompanied by a Trigger Scintillation Counter (TSC)
which is mounted directly in front. The TSC is a very thin plastic scintillator which is
connected to a photomultiplier tube via light guides. It provides an input for the data
acquisition trigger system. Figure 3.12 shows the layout of the TOF module.

To cover the acceptance of 34◦ < θ < 120◦ in polar angle, 64 TOF modules are located in
the barrel region at a radius of 1.2 m from the IP. Fig. 3.13a shows the mass distribution
that is obtained from data and compares it to the expectations from Monte-Carlo simulation.
It is note-worthy that the data points are consistent with the simulation predictions that
assume a time resolution of 100 ps. Figure 3.13b shows the K/π separation performance as
a function of the particle’s momentum.

The TOF information is not used in the reconstruction of the signal modes studied in this
thesis. In the two body decay B → h+h−, where the heavy B decays into two light hadrons.
The hadrons have a high momentum because of the high mass of the B meson. With a



3.2 The Belle Detector 47

(a) Mass distribution obtained from TOF data.
Expectations from MC match the data recorded.
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Figure 3.13: Performance plots for the TOF.

minimal momentum of about 1.7 GeV for pions, these particles are out of the momentum
region which is accessible for the TOF.

3.2.6 The Electromagnetic Calorimeter (ECL)

The Electromagnetic Calorimeter (ECL) is used to measure the energy of electrons, positrons
and photons. In a dense material, the electromagnetically interacting particles induce an
electromagnetic shower. The typical decay length of electromagnetic interacting particles is
X0. The decay products in the cascade carry a fraction of the energy of the primary particle.
The number of decay products is roughly proportional to the energy of the primary particle.

The ECL consists of 8736 thallium-doped (Tl) CsI crystal counters. Each CSI(Tl)crystal
has a tower shape and a height of 30 cm. This corresponds to 16.2 radiation length. Each
CSI(Tl)crystal is also pointing towards the IP. The ECL is divided into the barrel region
with 6624 crystals and the forward and backward endcap with 1152 and 960 crystals,
respectively. The detailed geometry is shown in Fig. 3.14.

When an electron or photon hits a crystal, its energy is deposited in electromagnetic showers
produced by bremsstrahlung and pair production. Scintillation photons are guided to
the photomultiplier tubes and measured. Other particles like protons do not start an
electromagnetic shower because their interaction is governed by the strong interaction (λI).
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Figure 3.14: The overall geometrical layout of the ECL.
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By calculating the ratio of measured cluster energy in the ECL and momentum in the
tracking system E/p for charged tracks, one can distinguish between particle types. For
electrons, the ratio E/p is close to unity while it is smaller for other particles e.g. the
proton. The electron identification exploits this behaviour. The energy resolution is given
by

σE
E

(
1.34⊕ 0.066

E
⊕ 0.81

E1/4

)
%, (3.8)

and the position resolution is

σpos =

(
0.27 +

3.4

E1/2
+

1.8

E1/4

)
mm, (3.9)

where E is in units of GeV. Figure 3.15 shows the energy and position resolution of the
ECL.
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Figure 3.15: Energy and position resolution of the ECL.

3.2.7 The Solenoid Magnet

To bend the tracks of charged particles in the tracking system, a superconducting solenoid
magnet with a field strength of 1.5 T is used. From the helix path of the particle, the
momentum can be determined in the CDC. The superconducting coil consists of a single
layer of niobium-titanium-copper alloy embedded in a high purity aluminium stabiliser.
The coil is wound around an aluminium support cylinder of 3.4 m in diameter and 4.4 m
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in length. To cool the niobium alloy to superconducting temperature, it is immersed in
circulating liquid helium. Figure 3.16 shows the layout of the superconducting solenoid and
the cryostat which is the thermal encapsulation.
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(a) Outlook of the magnet (b) Cross sectional view of the coil

Figure 3.16: Layout of the superconducting solenoid magnet of Belle including
the cryostat.

3.2.8 The K0
L and Muon Detector (KLM)

The K0
L and muon detector (KLM) is mainly used for muon identification. The momentum

of a charged particle must be higher than pT > 0.6 GeV/c to reach the KLM detector. It is
also used to identify neutral K0

L particles which do not generate electromagnetic showers
in the ECL. The interaction of the K0

L mesons is governed by the strong interaction. The
typical interaction length of the strong force is λI which is much larger than the electron
magnetic interaction length X0. These particle types only seldom interact with material
and therefore need a dense and large detector to be detected efficiently.

The KLM is geometrically embedded into the iron return yoke of the solenoid magnet
(instrumented return yoke). A return yoke is needed for the solenoid magnet to minimise
the stray field in the experimental hall. This return yoke is made of iron and guides the
magnetic field lines. It is a so-called instrumented return yoke which consists of alternating
layers of 4.7 cm thick iron plates and resistive plate counters (RPC). There are 15 RPC
superlayers interleaved by 14 steel plates in the barrel region and 14 RPC superlayers
in the two endcap region. This geometrical setup yields a coverage of the polar angle of
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20◦ < θ < 155◦. Two perpendicular RPC layers are combined to a superlayer which is then
capable of giving θ− φ positional information. A cut-out of an RPC superlayer is shown in
Fig. 3.17.
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Figure 3.17: Cut-out of a KLM super layer.

The operation principle for the KLM is the following. Amongst the few particles that can
leave the electromagnetic calorimeter (ECL), the muon and the K0

L are the most common
at Belle. The muon interacts electromagnetically with the material of the ECL and the
KLM. Because of its higher mass it does not initialize electromagnetic showers in the ECL
like the electron does. Therefore, the ionisation of the muon track can be measured in
the KLM. The K0

L, however, produces a hadronic shower in the KLM due to the strong
interaction with the atomic nuclei in the KLM material. The ionising secondary particles in
the shower can be detected by the RPCs. The cluster formation is fundamentally different
for muons and K0

L particles. The muons generate clusters which are thin and have a long
penetration depth while the K0

L particles generate wider and shorter clusters.

3.3 Trigger and Data Acquisition

The trigger system is used to identify physics events using the information of several sub
detectors. The data acquisition system, which works hand-in-hand with the trigger, is
responsible for reading out the data from all subdetectors. The trigger system is needed to
distinguish the interesting physics events from the huge amount of beam background using
fast signals from the subdetectors (data reduction). The background events result from
the high beam current of the KEKB accelerator which is needed to keep the luminosity
high. The background level is very sensitive to the accelerator conditions, demanding a
flexible solution for the trigger system. On one hand, the trigger has to keep the rate of
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accepted events at a tolerable level for the data acquisition which stores the event data. On
the other hand, the trigger must be efficient by using redundant information from different
subdetectors to keep the efficiency for interesting physics events high.

The Belle trigger system reduces the data rate in several steps. The first trigger is a Level-1
hardware trigger followed by a Level-3 software trigger that both operate in real-time. A
Level-4 trigger, event reconstruction and classification is performed offline. Fig. 3.18 shows
a flow diagram of the event data through the various triggers.
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Figure 3.18: Trigger system of the Belle detector.

The Level-1 trigger, Global Decision Logic (GDL), uses input from subdetector trigger
systems.The subdetector trigger systems can be grouped into track triggers and energy
triggers. The CDC and TSC, which is a component of the TOF, are responsible for the
charged track trigger while the ECL and the Extreme Forward Calorimeter (EFC) provides
triggers based on the total energy deposit. Information about the muon is collected from
the KLM. A summary of all trigger input to the GDL is provided in Fig. 3.19.

The GDL is build up by four main sub-triggers, namely the two track trigger, the three
track trigger, the cluster number trigger and the energy sum trigger. The two track trigger
requires two tracks with an opening angle greater than 135 ◦ and z vertex information for
at least one of the two tracks. In addition a minimum of 2 hits are required in the TOF.
The three track trigger is similar to the two track trigger, but no opening angle condition
is required. Furthermore hits in the inner tracking subdetector are required. The cluster
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Figure 3.19: Flow chart of the global decision logic (GDL) of the Belle trigger.

number trigger requires at least 4 isolated clusters in the ECL. If at least 1 GeV is deposited
in the ECL, the energy sum trigger is activated.

Within 2.2 us after the beam crossing, the GDL has to deliver a final decision to initiate
the readout of all subdetectors to the DAQ. Due to the exploitation of redundant triggers,
the trigger efficiency for BB events can be kept above 99.5 %, while keeping the trigger
rate in average at 2 00− 250 Hz.

The design goal of the Data Aquisition system (DAQ) is stay operational up to a trigger
rate of 500 Hz. The dead time fraction should not become bigger than 10 %. The following
tasks have to be carried out for every trigger event. First the data from all subdetectors
for a given event are collected on a central event builder machine. Then the events are
handed over to the Level-3 trigger. The Level-3 trigger is an online computing farm where
every event is assigned to a single computer for processing. The online computer performs
basic tracking and cluster reconstruction and rejects unwanted events according to the
information that was not available in the Level-1 trigger. The remaining events are sent to
a computer centre for offline processing.

The Level-4 trigger is the first step applied during offline processing. Events passing the
Level-4 trigger undergo full event reconstruction. Tracks are reconstructed using CDC
and SVD information. These tracks are also extrapolated to the outer detectors to search
for associated clusters. Further cuts are applied to ensure the quality of the recorded
events. Every event is required to have at least one track originating from the IP, meaning
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dr < 1.0 cm and dz < 4.0 cm, with a pT > 300 MeV/c. In addition to the improved tracking,
the particle identification information is assigned to the tracks. Clusters in the ECL are
reconstructed to form photons. All the calculated information from this full reconstruction
is stored together with the raw event data and is stored in a format available to the
collaborators for analysis.

To close the chapter about detector physics, data acquisition and reconstruction, we present
a plot of a reconstructed golden channel B → J/ψK0

S event in Fig. 3.20.
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Figure 3.20: Event display of a B → J/ψK0
S decay candidate (http: // www.

belle. jp/ belle/ events/ ). Cut through the detector r − φ plane.
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Chapter 4

Analysis of B0→ h+h−

4.1 Introduction to the Technique of a “Blind Analysis”

In this analysis we are measuring the branching ratios of B0 → h+h−, where the h±

represents a light charged hadron; either a pion or kaon. The measurement of the branching
ratio of B0→ K+K− would be a first observation. In addition to this, we are also extracting
CP parameters from these decays. The direct CP violation ACP (Kπ) is measured along
with the time-dependent CP parameters for direct (ACP (π+π−)) and mixing-induced
(SCP (π+π−)) CP violation. This is the first time at Belle that one is attempting to extract
branching fractions and time-dependent CP parameters in a combined maximum likelihood
fit.

The following section explains how to obtain the above physics observables using a maximum
likelihood fit. The analysis is performed as a blind analysis. The goal of a blind analysis
is to obtain an unbiased physics result. This means that we do not look into the data
until we have verified on generated data samples (Monte-Carlo samples) that the analysis
procedure works. If we would tune the analysis on the data sample, we could modify the
analysis until it yields desired results. As this would practically introduce a bias due to
our expectations, this is therefore forbidden in a blind analysis. After an internal referee
approval of the analysis method, the analysis software is run on the data set a single time.
This is referred to as the box-opening because we have treated the data as a black-box, and
after the box-opening have access to what is inside. After the box-opening, the analysis
method may not be changed to prevent us from biasing the results.

At the KEKB collider, electrons and positrons are brought to collision at a center-of-mass
energy corresponding to the mass of the Υ(4S) resonance. About three quarters of the
qq cross section consists of qq pairs, where q = u, dsc. These events are called continuum.
In the remaining quarter, an Υ(4S) is produced, which exclusively decays into a BB pair
(see section 4.2). In total, 772× 106 BB pairs are collected at Belle. From this data set
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we want to single out a few thousand signal events. The first step to reduce the amount
of background is the so-called event selection. The Υ(4S) decays exclusively into a BB
pair and we try to reconstruct one of the B mesons. Reconstruction in this context means
that we try to combine the four momentum of the final state particles to build the parent
particles in the decay chain. For the decay of B0→ h+h−, we only sum up the four momenta
of two oppositely charged tracks and obtain a B meson candidate. Now many criteria
(cuts) are applied to every decay event that is recorded. Details can be found in section
4.3. The next step is to select variables that give good discrimination between our signal
and the various backgrounds in this analysis, especially the continuum background. The
variable MBC, is the mass of the reconstructed B meson calculated by using the momentum
of the reconstructed B meson and the beam energy in the center-of-mass system. This
trick avoids using the relatively imprecise measurement of the particle’s momentum in
the tracking detectors compared to the well-known beam energy. A similar but almost
orthogonal variable is ∆E, which is defined as the difference between the reconstructed
energy and the beam energy in the center-of-mass system. For calculation of this quantity,
only the precise particle tracking detectors are needed. So to obtain the energy from the
momentum measurement, we have to use a particle hypothesis for the final state particles.
This analysis assumes every particle to be a pion. Therefore only the decays of B0→ π+π−

generate a distribution centered around zero in ∆E. For the decays containing one or two
kaons, too little energy is reconstructed. This means that the decay of B → Kπ is shifted in
∆E by m(π±)−m(K±) and the decay of B → K+K− is shifted by 2× (m(π±)−m(K±)).
For the positive and the negatively charged final state particles that are reconstructed to
the B meson, we obtain particle identification information. The likelihood ratio constructed
from the likelihood to be a kaon and the likelihood to be a pion is used in the fit later on.
It is denoted L+

K/π and L−K/π , depending on whether is was obtained for the positive or the
negative particle. Signal events decay in a spherical uniform directions, while continuum
events decay with a jet-like topology. The event shape variables are measures for the
sphericity and the jet-likeness of a event. For these inputs, we use a multivariate analysis
to calculate a single variable, the fisher discriminant, FS/B (Sec. 4.3.4). The distribution
of the fisher discriminant is different for signal events and continuum background events
providing discrimination between the two. Finally for the time-dependent CP violation
measurement, we reconstruct the vertex and flavour of the other B meson or tag-side. From
examining the decay topology of the other B meson, we obtain the decay vertex using an
iterative fitting procedure [68]. The flavour of the other B, q (q = +1 for B0 and q = −1
for B0), can be determined if the other B decays into a flavour specific final state [69]. The
spatial distance ∆z, between the decay vertices of the reconstructed B and the other B is
calculated and translated into a decay time difference ∆t, using the known boost of the
center-of-mass system. Overall, we are using 7 variables for the maximum likelihood fit:
MBC, ∆E, L+

K/π , L−K/π , FS/B, ∆t and q.

The next step in the analysis is to obtain probability density functions (PDFs) for signal
and background events. The three signal components are B0 → π+π−, B0 → K+π− and
B0→ K+K−. The dominant background by far, are continuum events. Continuum events
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are produced in e+ e− collisions that go directly into q q pairs, where q = u, d, s, c. Another
background consists of misreconstructed B and B± decays which happen to be in the
same kinematic region, especially three body decays into light hadrons. For all these 6
components, we have to find a probability density function which is a function of the 7
variables. Finding the PDFs through the fit procedure is called model building.

This is done using a maximum likelihood approach. In the special case of no correlations
between the 7 variables, the PDF factorizes and we can model every distribution individually.
For example, ∆E in one of the signal components can be described by a Gaussian function
with the mean and the sigma being the free parameters. A maximum likelihood fit on a pure
Monte-Carlo sample of the signal component yields us the parameters (mean and sigma)
for the Gaussian model. The maximum likelihood fit method varies the free parameters
and uses a gradient descending method to find the parameters that maximize the likelihood.
The pure Monte-Carlo sample which is needed for obtaining the PDFs, is taken from Monte-
Carlo full detector simulation for the signal components and the B decay backgrounds.
For the continuum component, a data sample recorded slightly below the Υ(4S) resonance
(off-resonance) is used. One advantage of parametric over non-parametric model descriptions
is the possibility to check and correct for differences between the Monte-Carlo full simulation
and the data. This can be done by investigating a second similar decay, a control sample
(Sec. 5.1). The correction factors for the parameters of the model can be determined
there and applied to the main analysis without biasing the results. For the non-parametric
models, we developed a bin-wise method for correcting the histogram for the differences
between data and Monte-Carlo (Sec. 5.2).
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4.2 Data Set

The branching fraction measurement and the time dependent CP violation measurement
are based on the final data sample of Belle containing 772× 106 B B pairs. The data
sample was collected with the Belle detector at the KEKB storage ring using e− e+ collisions
at the energy of the Υ(4S) resonance (

√
s = 10.58 GeV).
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Figure 4.1: Production cross sections around the center-of-mass energies of
the Υ resonances.

The production cross section of the Υ(4S) resonance is about 1/4 of the total hadronic
production cross section (Fig. 4.1). The remaining part of the production cross section is
called continuum. It is an irreducible physics background coming mainly from the process
where the electron and the positron produce q q pairs, where q = {u, d, s, c}. The KEKB
storage ring is operated at asymmetric beam energies of 3.5 GeV for the positrons and
8 GeV for the electrons, giving the center-of-mass system a Lorentz boost of βγ = 0.425
opposite to the positron beam direction, z. The peak instantaneous luminosity achieved
by KEKB is 2.11× 1034 cm−1s−1 which is the current world record. In total, an integrated
luminosity of 1 ab−1 was accumulated.

Another data sample which is used in the analysis is the off-resonance data sample. The
off-resonance data sample is recorded with a center-of-mass energy 80 GeV below the
Υ(4S) resonance (

√
s = 10.50 GeV). The physics of the continuum events is unchanged

by the small shift in center-of-mass energy, but the energy is not sufficient to generate
BB events. Therefore the off-resonance data sample is a pure continuum event sample.
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The integrated luminosity of the off-resonance data sample corresponds to a tenth of the
integrated luminosity of the on-resonance data sample.

4.3 Event Selection

The event selection is the first step in the analysis of B mesons decaying as B0→ π+π−,
B0→ K±π∓ and B0→ K+K−. The purpose of the event selection is to reduce the number
of events that are going to be analysed from the total Belle statistics of 772× 106 B B
events to a much smaller data set, which happens to be in the order of one million events.
It is noteworthy that we try to apply loose criteria on the selection to keep all interesting
events, but do not necessarily reject all background events. In other words this means we
do not want to obtain a very pure sample, but we want to keep the reconstruction efficiency
high.

The event selection is done in a two step procedure. First we perform a coarse search
for events that contain high momentum tracks, a skim. In the skim, we are requiring
that any two oppositely charged particles in the event can be reconstructed to a B meson.
The event is required to have MBC > 5.17 GeV/c2 and |∆E| < 0.55 GeV. After the skim,
we obtain a much smaller data sample where we can use more elaborate techniques for
event selection. We are concentrating the event selection now on the specific decays of
B0→ π+π−, B0→ K±π∓ and B0→ K+K− in the sample remaining after the skim. In the
reconstruction, we again combine the 4 vectors of a positively and negatively charged particle.
The energy is calculated from the momentum of the particles using a pion hypothesis for
the mass. All other particles in the event are assumed to be the other B. The following
sections describe in detail the criteria (cuts) we use to obtain the data sample for extracting
the branching ratios and CP parameters.

4.3.1 Track Selection

A very loose cut is placed on the impact parameters of the tracks. This helps to suppress
cosmic particles or beam gas events.

∆r <0.4 cm,

∆z <4 cm.

We require that the track was not produced by an electron. Therefore, we cut at 0.9 on
the electron-pion likelihood ratio. The electron-pion likelihood ratio is calculated from
several likelihoods. The ratio of energy deposited in the calorimeter and the particle’s
momentum measured in the drift chamber is used. The vertical spread of a calorimeter
cluster is quantized as the ratio of energy deposited in 3 × 3 crystals and 5 × 5 crystals
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at the calorimeter. Also we can extrapolate the track into the calorimeter assuming the
mass of an electron and compare the extrapolated position with the cluster position in the
calorimeter by calculating the χ2. Furthermore information from the ACC (Sec. 3.2.4), the
TOF (Sec. 3.2.5) and the central drift chamber (Sec. 3.2.3) is used. From the CDC the
energy loss, ∆E/∆x, is used to distinguish between electrons and pions.

It is also a requirement for the tracks to have hits in the SVD to improve the vertex
resolution. We apply the same cuts as those used to extract the official Belle detector
resolution description of ∆t, to be used:

number of hits in Z >=2,

number of hits in r − φ >=1.

4.3.2 Analysis Window

We place some criteria on every event, which if passed, is included in the analysis. The
most important ones are on MBC and ∆E,

MBC =
√
E2

beam − p2. (4.1)

MBC has a upper bound of the beam energy in the center-of-mass system. We choose the
lower limit to be 5.24 GeV/c2. This window includes the full distribution of our signal
modes π+ π−, K+ π− and K+ K− without loss of efficiency.

Almost independent to the variable MBC is ∆E,

∆E = Ereco − Ebeam. (4.2)

The reconstructed energy is taken from the momentum of the two tracks assuming a pion
particle hypothesis. In a first approximation, ∆E should be symmetric around 0 GeV.
There is, however, a tail to lower energies due to final state radiation. For the decay modes
K± π∓ and K+ K−, too little energy is reconstructed due to the pion hypothesis. To fully
include those two decay channels we used an asymmetric analysis windows in ∆E. It ranges
from −0.2 GeV to 0.15 GeV.

4.3.3 Vertexing and Tagging

The two tracks of the particles that form the B mesons are fitted to a common vertex
with a "beam tube constraint" to increase the energy and vertex resolution. The "beam
tube constraint" is a method to take advantage of our knowledge about the interaction
point(IP) without biasing the measurement of ∆t. The additional constraint also enables
us to find a vertex if vertex information is only available from one track. A virtual track



4.3 Event Selection 63

originating from the IP and pointing at 11 mrad angle with respect to the detector z axis
is added to the other two tracks in the vertex fit. The IP is determined regularly from
pre-scaled hadronic events as it varies with with time and accelerator conditions. It is
modelled by a three dimensional Gaussian with a typical spread of σx = 100µm, σy = 5µm
and σz = 3µm. To account for the finite flight length of the B mesons we introduce an
additional smearing in the r − φ plane, IPsmear = 21µm.

The other B or tag side B is fitted by the TagVK algorithm and B-tagging is performed
by the Hamlet algorithm [69]. The TagVK algorithm uses the tracks that are not used
for the reconstructed B meson and estimates the decay vertex of the other B with a
vertex fit without actually reconstructing the tag side. Therefore initially all tracks with
a bad position measurement, σz < 0.5 mm, are excluded from the vertex fit. Also it is
required that the tracks originate from a position close to the reconstructed vertex of the
reconstructed B meson. Therefore a cut is placed on the impact parameter of the track
helix, dr < 0.5 mm, with respect to the reconstructed B.

The vertex fit of the tag-side B meson is an iterative procedure starting with the remaining
tracks and the IP constraint. The χ2 of the vertex fit is determined and compared to an
empirical value of 20. If the χ2 > 20 the track which yields the highest contribution to
the χ2 is determined. The geometric interpretation is that we determine the track that
is displaced the most from the majority of the tracks. This track is removed and the
vertex fit, including the χ2 evaluation, is redone. It is noteworthy to state that the high
momentum leptons, pCMS

l > 1.1 GeV/c, are always kept because they are likely to originate
from semi-leptonic b → clν l decays. The re-fitting continues until a χ2 < 20 is reached.
The vertex from the last iteration is accepted as vertex of the other B.

The spatial difference in the z detector direction between the vertices of the reconstructed
BRec meson and the other B meson, BTag, is defined to be,

∆z ≡ zRec − zTag. (4.3)

We obtain the decay time difference ∆t by applying the Lorentz transformation with the
known boost of the center of mass frame,

∆t =
∆z

βγ
. (4.4)

Eq. 4.4 is an kinematic approximation exploiting that the BB pair is practically at rest
in the Υ(4S) rest frame. The Lorentz boost of the Υ(4S) is βγ = 0.425 at the Belle
experiment.

The flavour tagging routine, Hamlet, determines two values q and r. A description of the
flavour tagging algorithm can be found in Appendix B. The flavour tag q of the BTag is -1
or 1 for B or B respectively. The variable r, is associated flavour-tagging dilution factor. It
ranges from no information about the flavour r = 0 to unambiguous flavour assignment
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r = 1. The data for the time dependent CP analysis is divided into 7 regions in r (r-bins)
defined in table 4.1. The total effective tagging efficiency is determined to be 0.29± 0.01.

All B mesons and events that do not successfully finish this procedure are discarded.

Table 4.1: Definition of the r-bins regions.

r-bin,l r-region
0 0.0 ≤ r ≤ 0.1
1 0.1 < r ≤ 0.25
2 0.25 < r ≤ 0.5
3 0.5 < r ≤ 0.625
4 0.625 < r ≤ 0.750
5 0.750 < r ≤ 0.875
6 0.875 < r ≤ 1.0

4.3.4 Continuum Discriminating Variables

To further remove continuum background, we want to exploit the geometry of the decay. In
continuum events, the collision energy is distributed among the quark and the anti-quark.
In the center-of-mass system, the momentum of the quark and the anti-quark is basically
back-to-back. Therefore the continuum events have a more jet-like structure. The two B
mesons decay with no spatial preference and the decay topology is more spherical.

We used a set of variables that exploit the geometrical differences in the events to discriminate
between BB events and continuum events. These variables are combined to a single quantity
using a multivariate method. The performances of neuronal networks, boosted decision
trees and a fisher discriminant were estimated. Since we found no significant differences in
the discrimination performance, we used the most simple method, the fisher discriminant
[70]. The following variables are used as an input to the fisher discriminant.

We make use of the thrust of an set of particles, which is close to unity if the event is
jet-like. The thrust is given by

T =

∑
i |n · pi|∑
i |pi|

, (4.5)

where pi is the momentum of the particles and n is an arbitrary vector. The thrust axis is
the vector n which maximizes the thrust T . To get a more intuitive feeling of the thrust
and the thrust axis, we want explain two limit cases. Imagine a particle at rest decays
into two daughter particles. The momentum of the particles is back to back (180 ◦). In
this case the thrust axis is parallel to the momentum of the particles. Now imagine the
mother particle has a little initial momentum pm, perpendicular to the daughter particle
momentum pi, mathematically pm · pi = 0 and pm � pi. This will not change the direction
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of the thrust axis. For the second case we want the same scenario, except pm � pi. In this
case, the thrust axis is aligned with the momentum of the mother particle pm.

Another event shape variable we use is the Legendre Polynomial

L =
∑
i

|pi|
∣∣∣∣∣
(
n · pi
|n||pi|

)R∣∣∣∣∣, (4.6)

where n is an arbitrary axis, pi is the momentum of the particles of interest and R is the
order of the Legendre Polynomial. The order zero Legendre Polynomial is the sum of the
absolute momentum of the particles. The second order Legendre polynomial weights every
particle momentum by the angle between the particle momentum and the axis n. Particle
momenta being closer to aligned are weighted up and more perpendicular ones are weighted
down.

Another important difference is the angular distribution of the momentum of the two B
mesons. The Υ(4S) is produced via an electromagnetic interaction from a electron and a
positron. The photon can only be transversally polarized and carries spin one. The Υ(4S)
inherits the spin of the photon and is therefore polarized parallel to the beam axis, which is
close to the detector z axis. In the decay of the Υ(4S) into two spin zero B mesons, the
total angular momentum must be preserved, which means that the two B mesons are in a
p-wave configuration. As a consequence, the decay perpendicular to the detector z axis is
the most probable one.

The following event shape variables, Fi, are used to discriminate between BB events and
continuum events,

F1 =
|tB · tOB|
|tB||tOB|

(4.7)

F2 =
|tB · z|
|tB||z|

(4.8)

F3 =
|p(B) · z|
|p(B)||z| (4.9)

F4 =
∑
|pT | (4.10)

F5 = L (0,p(B) · p(OB charged)) (4.11)
F6 = L (0,p(B) · p(OB neutral)) (4.12)
F7 = L (2,p(B) · p(OB charged)) (4.13)
F8 = L (2,p(B) · p(OB neutral)) (4.14)

where B denotes the reconstructed B meson and OB denotes the other B meson.

Figure 4.2 shows the distribution of the event shape variables for signal Monte-Carlo events
from the decay B0→ π+π− and from off-resonance data. Off-resonance data is recorded
with a center-of-mass energy 80 MeV below the threshold of producing Υ(4S). Because of
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the lower center-of-mass energy, the off-resonance sample contains all the continuum decays
but no BB pairs are produced.

• The F1 (Eq. 4.7) event shape variable shows the cosine of the angle between the
thrust axis of the reconstructed B and the thrust axis of the other B, which are all
the charged and neutral particles not used in the reconstruction procedure. Because
the decays of the two B mesons are independent, we expect a flat distribution. For
continuum background, we know that it is created from the primary interaction.
The qq quarks create jets that are back-to-back in the center-of-mass system. When
reconstructing a fake B meson from these tracks, we expect the thrust axis to be
aligned with the jet axis. The same is true for the other B. Because of this, the
expectation for the continuum background is a cosine of one.

• When exchanging the thrust of the other B with the detector z axis we obtain the
event shape variable F2 (Eq. 4.8). If the B meson decays into two particles and one
is outside the Belle detector acceptance limit (see Sec. 3.2), the event can not be
reconstructed. Therefore we note a cut-off close to 0.85 which can be calculated using
the acceptance and the Lorentz boost. Because the jets from qq do have some angular
spread, we expect to catch more events close to the cut off region.

• The distribution of F3 (Eq. 4.9) is the angular distribution of the momentum of the
B meson. Here we can directly test the spin properties of the Υ(4S) decay into the
two B mesons as explained above. The theoretically expected 1− cos2 θ shape and
the flat distribution for continuum are shown in Fig. 4.2.

• The distribution F4 is showing the sum of the transversal momentum of all particles
on the tag side. The continuum distribution has in average a higher momentum with
respect to the BB distribution. The reason is the lower multiplicity of the continuum
events. Because of that the chance of loosing a track is lower in continuum events
compared to BB events. The reconstructed momentum of the continuum is higher in
average.

• The Legendre Polynomials utilise the thrust of the reconstructed B as the reference
axis. F5 sums over the momentum vector of the charged tracks of the other B and F6

sums over the neutral clusters of the other B. These distributions exhibit a similar
behaviour as the previous variable, F4.

• The variables F7 and F8 are constructed the same way as F5 and F6 but using a second
order Legendre Polynomial. The second order Legendre Polynomial incorporates
a weighting by the square of the cosine of the angle between the thrust of the
reconstructed B and the momentum vectors (Eqn. 4.6). In addition to the factors
explained in the previous variables the angular distribution of the momenta of the
other B plays a role here. For continuum events the momenta are aligned with the
thrust of the other B. From F1 we know that the thrust of the other B is parallel
to the thrust of the reconstructed B of jet-like continuum events. This explains the
additional discrimination visible in F7 and F8.
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Figure 4.2: Distribution of input variables for the Fisher discriminant. We
are showing normalized distributions of Monte-Carlo B0 → π+π− events and
off-resonance data in red and blue, respectively.

When studying the continuum suppression variables, F1 4.7 was observed to give the best
discriminating power between B decays and qq events (Ref. 4.2). The variable is the cosine
of the angle between the thrust axis of the reconstructed B and the other B. Only events
are taken into account with F1 <= 0.9. Approximately 90% of the signal events and 50%
of the background events survive this cut. A significance optimization on the cut would
suggest performing a harder cut on F1. However, we do not want to follow this path
because we intend to fit the shape of the resulting fisher discriminant rather than cutting
on it. Nevertheless applying this cut relieves us of having one order of magnitude more
background. Therefore we can relax the accuracy requirements of the background model.

When combining the four-vectors of charged hadron tracks with a pion hypothesis to a B0,
it is possible to get more than one combination that have an invariant mass and energy
in the analysis region. The analysis region is defined by the cuts on MBC and ∆E and all
other event selection criteria mentioned earlier. If we reconstruct more than one event then
a track from the other B0 (tag side) was used and misinterpreted as a CP side track. In
the case of this analysis, the average number of reconstructed B0 candidates is close to 1 as
shown in table 4.2. The plots in figure 4.3 show the distribution of the event multiplicity for
the different decay channels. In case we have more than one B0 candidate reconstructed

Table 4.2: Event multiplicity for different channels from Monte-Carlo.

SVD1 SVD2
π+ π− 1.017 1.017
K+ π− 1.017 1.016
K+ K− 1.016 1.016
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Figure 4.3: Event multiplicity for different channels.
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we have to perform a best B0 selection. Our method is to keep the B0 candidate that is
reconstructed from the highest momentum tracks. This seems to be a good assumption as
we expect that the tag side B0 decays, in general, into more than two final state particles.
The total momentum is then distributed over more final state particles and is in average
lower per particle.

4.3.5 Time Dependent Event Selection

As shown in Sec. 4.3.3, we can translate the spatial difference ∆z, between the decay
vertex of the reconstructed B, zRec, and the vertex of the other B, zTag, into a decay time
difference ∆t. The B mesons travel mainly in the boost direction, z, because the B mesons
are almost at rest in the center-of-mass frame,

∆t ≡ (zRec − zTag)
βγc

=
∆z

βγc
.

The ∆t distribution is determined in the range |∆t| < 70 ps. The goodness-of-fit h =
χ2/NDF, is required to be hRec,Tag < 500 for multi-track vertices. More information about
the vertex fitting quality and the detector resolution can be found in Appendix C. The
goodness-of-fit cannot be calculated for single track vertices although vertex information can
be obtained from single track events (Sec. 4.3.3). In order to reduce fitting biases from event
dependent PDFs, the Punzi effect [71], the vertex uncertainty must be σRec,Tagz < 200µm
for multi-track vertices and σRec,Tagz < 500µm for single-track vertices.

4.3.6 Detection Efficiency

After applying all the selection criteria above, we obtain the efficiencies shown in Tbl. 4.3.
Because we are fitting the particle identification information and do not cut on the distribu-

Table 4.3: Reconstruction efficiencies for all decay channels.

decay channel ε(SVD1) ε(SVD2)
B0→ π+π− 0.605± 0.002 0.677± 0.001
B0→ K±π∓ 0.593± 0.002 0.662± 0.001
B0→ K+K− 0.581± 0.002 0.647± 0.001

tion we have no further uncertainties and corrections. Please note that the reconstruction
efficiency is about 10 % higher than in the previous Belle analysis [39]. The downside of
this high reconstruction efficiency is that the purity of the data sample is very low. To still
obtain an excellent fit, we are building a complex model of the signal and background. This
is demonstrated in the following section 4.4.
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4.4 Data Models

The aim of this analysis is to obtain the branching fractions and CP parameters for the
signal channels B0→ π+π−, B0→ K+π− and B0→ K+K−. We first want to demonstrate
the basic principle here with a one dimensional example. Therefore we are looking into
the distribution of the variable ∆E, the difference between the reconstructed and the
beam energy. The ∆E distribution is different for all the signal components and for the
background components. We are describing the shape of the individual distributions for
every component. In the example of the ∆E distribution, we model the signal modes
with a Gaussian and the continuum background with a straight line. We are using these
parametrisations as probability distribution functions (PDFs), implying that they are
normalised in the fit region. The determination of the yields of the individual components
is performed using an extended unbinned maximum likelihood fit. The fit is a procedure
where we are determining the maximum likelihood by varying the floating parameters of
the PDFs including the yields and the CP parameters. Using the reconstruction efficiency
we can determine the branching fractions from the yield measurement.

Now we are leaving the example of a one dimensional fit and are coming back to the analysis.
Here, the branching fractions and CP parameters are determined using the same procedure
as described in the one dimensional ∆E example, except that the physics parameters
are extracted from a 7 dimensional extended unbinned maximum likelihood fit. We fit
∆E, MBC, L+

K/π , L−K/π , FS/B, q and ∆t in every r-bin and SVD configuration, l and s,
respectively. The complete Belle dataset was recorded in two run periods with different
tracking subsystems. We are calling the run period from experiment 7 to 29, SVD1 and
from experiment 31 to 65, SVD2. The probability density functions (PDFs) are built
independently in the two run periods. Every signal channel and background is modelled as
a independent component, l. In the following we are describing in detail how the PDFs for
the different components are build.

4.4.1 Signal B0→ π+π−

The model is determined from correctly reconstructed signal MC events. A sample of
1× 106 events were generated taking final state radiation into account. Then all events
were processed according to the event selection described in section 4.3. In the remaining
events, only 0.29 % were found to be misreconstructed according to Monte-Carlo truth
information. Therefore we do not need to implement a misreconstructed model. The same
is true for the models of K+ π− and K+ K−. The correlation table 4.4 shows very small
correlations except for L+

K/π with L−K/π , and the fisher discriminant FS/B with qr. The
probability density function (PDF) is constructed as a product of individual PDFs for all
variables except L+

K/π and L−K/π where a combined 2 dimensional PDF is used. For better
illustration of the correlations, Fig. 4.4 shows a Bayesian-probability network where the
modelled correlations are shown as arrows.
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Table 4.4: Correlation matrix for the π+ π− signal Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.03 -0.00 -0.00 0.00 -0.00 -0.00 -0.00
∆E 1.00 0.02 0.03 0.00 0.00 0.00 0.00
L+
K/π 1.00 0.05 -0.03 0.00 0.00 0.00
L−K/π 1.00 -0.03 -0.00 0.00 0.00
FS/B 1.00 0.00 0.05 0.00
q 1.00 0.01 0.05
qr 0.00 0.01
∆t 1.00

∆E

MBC

FS/B

L+
K/π

L−K/π
q

∆t

r-bin

Figure 4.4: Bayesian probability network for the component π+ π−. The directed
acyclic graph shows the fit variables as nodes and the modelled correlations as
arrows.

The PDF for MBC and ∆E is modelled by a triple Gaussian which is the sum of three
Gaussians which are defined in the following way,

Pπ+π−(MBC) ≡f1 ·G(MBC, µ
l
1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(MBC, µ
l
1 + µCF,l1 + µl2, σ

l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(MBC, µ
l
1 + µCF,l1 + µl2 + µl3, σ

l
1 · σCF,l1 · σl2 · σl3), (4.15)

Pπ+π−(∆E) ≡f1 ·G(∆E, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(∆E, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(∆E, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.16)

The triple Gaussian also incorporates correction factors (labelled with a superscript CF)
that may be floated in a final fit to data to compensate differences between data and
Monte-Carlo (MC). The correction factors may be determined by a fit to a control sample
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(Sec. 5.1). For the fit to π+ π− signal Monte-Carlo, the correction factors that modify the
mean are fixed to zero while the correction factors that change the width are fixed to unity.
The fit results can be found in figure 4.5.
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(a) Fit projection of the variable MBC from
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(b) Fit projection of the variable ∆E from
full detector simulation Monte-Carlo.

Figure 4.5: Fit results for the variables MBC and ∆E for component π+ π−.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.

As the L+
K/π and L−K/π variables are correlated, we model them with a two dimensional

histogram. Correction factors for cuts on L+
K/π or L−K/π are available from a previous

analysis. Starting with these correction factors, an algorithm explained in section 5.2 is
used to correct the histogram obtained from Monte-Carlo to resemble the data. The FS/B
fit results can be found in figure 4.6.

The Fisher discriminant that distinguishes between signal (B decays) and continuum
(e+e−→ qq , where q = u, d, s, c), FS/B, is modelled by a triple Gaussian in every r-bin, l.
This procedure handles the correlation of FS/B with the r-bin and is used for all components,
j. The parameters of the triple Gaussian are determined from Monte-Carlo of the decay
B0 → π+π−. The same parameters are used for the other signal decays B → Kπ and
B0 → K+K−. The triple Gaussian is a sum of three individual Gaussians, containing
correction factors which can be applied to incorporate the differences between data and
MC where necessary,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.17)

The fit results can be found in figure 4.7.
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Figure 4.6: Fit results for the variables L+
K/π and L−K/π for component π+ π−.

Data points with errors represent the MC from full detector simulation and the
solid blue histogram represents the fit result.
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Figure 4.7: Fit results for the variable FS/B for component π+ π−. The PDF
is shown in blue while the full detector simulation Monte-Carlo is plotted in
black including errors.
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The time dependent CP parameters ACP and SCP are determined by including the following
PDF,

P lπ+π−(∆t, q) ≡ e
−|∆t|/τB0

4τB0

{
(1− q∆wl + q(1− 2wl))×[
(ACP cos ∆md∆t+ SCP sin ∆md∆t)

]}
⊗RB0B0(∆t). (4.18)

The PDF accounts for the dilution from probability of incorrect flavour tagging, wl and the
difference between wrong flavour tagging in B0 and B0 decays, ∆wl. The CP asymmetry
PDF is convoluted with the detector resolution function RB0B0(∆t), for neutral B mesons.
The resolution function [68] is explained in appendix C. The PDF also depends on the B
lifetime τB0, and the mass difference between BH and BL, ∆md. The following values were
used to generate the π+ π− signal Monte-Carlo,

τB0 = 1.534 39 ps,

∆md = 0.507× 1012 ~s−1,

ACP = 0.36,

SCP = −0.65.

The fit results can be found in figure 4.8.

The total PDF for the π+ π− component is constructed to be

P lπ+π−(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡
Pπ+π−(MBC)Pπ+π−(∆E)Pπ+π−(L+

K/π ,L−K/π)

P lπ+π−(FS/B)P lπ+π−(q,∆t). (4.19)

Its shape can be determined by maximizing the following likelihood,

Lj ≡
∏
l,s

eN
s
j

∑
l,s f

l,s
j

Nl,s!

Nl,s∏
i=0

N s
j f

l,s
j P l,sj (MBC

i,∆Ei,L+
K/π

i
,L−K/π

i
,FS/Bi, qi,∆ti), (4.20)

where j is the component. The parameter N is the signal yield, f is the fraction of events
in r-bin and SVD configuration l, s. The fit results to π+ π− signal Monte-Carlo are shown
in Figs. 4.5, 4.6, 4.7, 4.8.
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ulation Monte-Carlo for events tagged as B0
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Figure 4.8: Fit results for the variable ∆t for component π+ π−. Data points
with errors represent the MC from full detector simulation and the solid blue
line (or histogram) represents the fit result.
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4.4.2 Signal B0→K+π−

In analogy to the signal model for B0 → π+π−, we are building the signal model for
B0 → K+π−. In fact we are creating two models, one model for the component K+ π−,
and one model for the component K− π+. The relative fraction of the two components is
parametrised using ACP . The definition of ACP in Eq. 2.55 is used. Unlike for the channel
B0 → π+π− where we are determining the CP parameters from the ∆t distribution, we
can obtain ACPKπ from the relative branching fraction measurement. The models for the
two components of B0/B0→ K±π∓ share all parameters except the particle identification
(PID) PDFs. Furthermore, the parameters for the FS/B, that discriminates between BB
events and continuum events, are identical to that we used to model B0→ π+π−.

Table 4.5: Correlation matrix for the K+ π− signal Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.09 0.01 -0.00 0.01 -0.00 0.00 -0.02
∆E 1.00 0.00 0.04 -0.00 0.00 -0.00 0.00
L+
K/π 1.00 -0.02 0.03 -0.00 0.01 0.00
L−K/π 1.00 -0.03 0.00 -0.00 0.00
FS/B 1.00 -0.01 0.05 -0.00
q 1.00 -0.21 -0.01
qr -0.38 0.01
∆t 1.00

Table 4.6: Correlation matrix for the K− π+ signal Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.10 -0.00 0.01 0.01 0.00 0.00 -0.02
∆E 1.00 0.04 0.01 -0.00 0.00 0.00 0.01
L+
K/π 1.00 -0.02 -0.03 -0.00 -0.00 -0.00
L−K/π 1.00 0.03 0.00 0.01 0.00
FS/B 1.00 0.01 0.05 -0.00
q 1.00 0.22 0.00
qr 0.38 0.01
∆t 1.00

For the K π model, we have to split up the data sample in the K+ π− component and the
K− π+ component. The correlation tables(4.5,4.6) look very similar except the correlation
of ∆E with the particle identification Likelihood ratio. We can see that only the pion-like
track is correlated with ∆E. Both components share the correlations MBC with ∆E, and
L+
K/π with L−K/π . The probability density function (PDF) is constructed as a product of
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individual PDFs for all variables except L+
K/π , L−K/π where a combined 2 dimensional PDF

is used. We construct two PDFs for K+ π− and K− π+, respectively. The two models
share the PDF models and parameters for all variables except L+

K/π and L−K/π . For better
illustration of the correlations, figure 4.9 shows a Bayesian-probability network where the
modelled correlations are shown as arrows.
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FS/B

L+
K/π

L−K/π
q

∆t

r-bin

(a) Bayesian probability network for the com-
ponent K+ π−.

∆E
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FS/B

L+
K/π

L−K/π
q

∆t

r-bin

(b) Bayesian probability network for the com-
ponent K− π+.

Figure 4.9: Bayesian probability network for the K π components. The directed
acyclic graph shows the fit variables as nodes and the modelled correlations as
arrows.

The PDF for MBC and ∆E is modelled by the sum of three Gaussians that are defined the
following way analogous to the model of B0→ π+π−,

Pπ+π−(MBC) ≡f1 ·G(MBC, µ
l
1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(MBC, µ
l
1 + µCF,l1 + µl2, σ

l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(MBC, µ
l
1 + µCF,l1 + µl2 + µl3, σ

l
1 · σCF,l1 · σl2 · σl3), (4.21)

Pπ+π−(∆E) ≡f1 ·G(∆E, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(∆E, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(∆E, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.22)

The triple Gaussian also incorporates correction factors that may be floated in a fit to
control sample data to compensate differences between data and Monte-Carlo (MC). We
use the same method for obtaining the correction factors as for the π+π− model. The fit
results can be found in figure 4.10.

As the L+
K/π and L−K/π are correlated, we model them with a two dimensional histogram.

We construct two 2D histograms for K+ π− (g = 1) and K− π+ (g = 2), respectively.
Correction factors for cuts on L+

K/π or L−K/π are available from an independent analysis.
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(a) Fit projection of the variable MBC from
full detector simulation Monte-Carlo.
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(b) Fit projection of the variable ∆E from
full detector simulation Monte-Carlo.

Figure 4.10: Fit results for the variables MBC and ∆E, for component K+ π−.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.

Starting with these correction factors, an algorithm explained in section 5.2 is used to
correct the histogram obtained from Monte-Carlo to resemble the data,

PgK+π−(L+
K/πL−K/π) ≡ H(L+

K/π

g
,L−K/π

g
). (4.23)

The fit results can be found in figure 4.11.

For the FS/B variable, we use the same model as for all B decays. It is described for the
π+π− model above,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3), (4.24)

The fit results can be found in figure 4.12.

The channel K+ π−, is not an eigenstate of the CP symmetry. For this reason, a mixing-
induced asymmetry SCP , cannot be observed. The direct ACP is determined from the ratio
between the K+ π− and K− π+ PDFs. The best discriminant is not ∆t, but the particle
identification likelihoods of the positively and negatively charges particles (L+

K/π ,L−K/π).
Nevertheless we have to model the ∆t PDF account for neutral B0B̄0 mixing,

P l,gK+π−(∆t, q) ≡ e
−|∆t|/τB0

4τB0(
1− q∆wl + q(1− 2wl) · ACP eff,g · cos ∆t∆m

)
⊗RB0B0(∆t)· (4.25)
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(a) Fit projection of the variable L+
K/π from

full detector simulation Monte-Carlo.
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(b) Fit projection of the variable L−K/π from
full detector simulation Monte-Carlo.

Figure 4.11: Fit results for the variables L+
K/π and L−K/π for component K+

π−. Data points with errors represent the MC from full detector simulation and
the solid blue histogram represents the fit result.
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Figure 4.12: Fit results for the variable FS/B for component K+ π−. The
PDF is shown in blue while the full detector simulation Monte-Carlo is plotted
in black including errors.
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The effective ACP is dependent on the component (K+ π− or K− π+), g, which means:

ACP eff = −1 for K+ π− g = 1, (4.26)
ACP eff = 1 for K− π+ g = 2. (4.27)

The PDF also depends on the B lifetime τB0, and the mass difference between BH and BL

∆md. The following values where used to generate the K+ π− signal Monte-Carlo,

τB0 = 1.534 39 ps,

∆md = 0.507× 1012 ~s−1,

χd = 0.1878 ,

ACP = −0.087.

The fit result from the ∆t dimension can be found in figure 4.13. The total PDF for the
K+ π− component is constructed to be

P l,gK+π−(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡

PK+π−(MBC)PK+π−(∆E)PgK+π−(L+
K/π ,L−K/π)P lK+π−(FS/B)P lK+π−(q,∆t). (4.28)

The likelihood is constructed differently for this channel than for the other channels.
Basically the B0 → K+π− and B0 → K−π+ components are treated as two independent
channels interconnected by ACP .

Lj ≡
∏
l,s

eN
s
j

∑
l,s f

l,s
j

Nl,s!
×

Nl,s∏
i=0

N s
j f

l,s
j (1−ACP j)P l,s,g=1

j (MBC
i,∆Ei,L+

K/π

i,g
,L−K/π

i
,FS/Bi, qi,∆ti)×

Nl,s∏
i=0

N s
j f

l,s
j (1 +ACP j)P l,s,g=2

j (MBC
i,∆Ei,L+

K/π

i,g
,L−K/π

i
,FS/Bi, qi,∆ti), (4.29)

where j is the component. The parameter N is the signal yield and f is the fraction of
events in r-bin and SVD configuration l, s. The fit results to K+ π− signal Monte-Carlo
are shown in Figs. 4.10, 4.11, 4.12, 4.13.
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Figure 4.13: Fit results for variable ∆t, for component K+ π−. Data points
with errors represent the MC from full detector simulation and the solid blue
line represents the fit result.
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4.4.3 Signal B0→K+K−

The decay B0→ K+K− is kinematically similar to the decay of B0→ π+π− except for the
mass difference between the kaon and the pion. Therefore, also the parametrisation forms
are identical in all dimensions. The ∆E distributions differs between the two channels. The
reconstruction and event selection (Sec. 4.3) assumes the pion mass as mass of the two
charged particles that are combined to a B meson. Therefore the reconstructed energy is
shifted by two times the mass difference between the kaon and the pion, 2 ·(m(K)−m(π)) =
2 · 354 MeV = 708 MeV, with respect to the channel B0 → π+π−. In addition, the PID
likelihood peaks at the opposite side. The correlation table 4.7 shows correlations for MBC

Table 4.7: Correlation matrix for the K+ K− signal Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.16 0.01 0.01 0.03 -0.00 -0.00 -0.03
∆E 1.00 -0.01 -0.01 -0.01 0.00 0.00 0.01
L+
K/π 1.00 0.02 0.03 -0.00 0.01 -0.00
L−K/π 1.00 0.03 0.00 0.01 -0.00
FS/B 1.00 0.00 0.05 -0.01
q 1.00 0.00 -0.00
qr -0.00 0.01
∆t 1.00

with ∆E, and L+
K/π with L−K/π . The probability density function (PDF) is constructed as a

product of individual PDFs for all variables except for L+
K/π and L−K/π , where a combined 2

dimensional PDF is used. For better illustration of the correlations, figure 4.14 shows a
Bayesian-probability network where the modelled correlations are shown as arrows.

∆E

MBC

FS/B

L+
K/π

L−K/π
q

∆t

r-bin

Figure 4.14: Bayesian probability network for the component K+ K−. The dir-
ected acyclic graph shows the fit variables as nodes and the modelled correlations
as arrows.
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The PDF for MBC and ∆E is modelled by the sum of three Gaussians that are defined in
analogy to the π+π− model the following way,

Pπ+π−(MBC) ≡f1 ·G(MBC, µ
l
1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(MBC, µ
l
1 + µCF,l1 + µl2, σ

l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(MBC, µ
l
1 + µCF,l1 + µl2 + µl3, σ

l
1 · σCF,l1 · σl2 · σl3), (4.30)

Pπ+π−(∆E) ≡f1 ·G(∆E, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(∆E, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(∆E, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.31)

The triple Gaussian also incorporates correction factors that may be floated in a fit to
control sample data to compensate differences between data and Monte-Carlo (MC). For
the fit to K+ K− signal Monte-Carlo, the correction factors that modify the mean are fixed
to zero while the correction factors that change the width are fixed to unity. The fit results
can be found in figure 4.15.
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(a) Fit projection of the variable MBC, from
full detector simulation Monte-Carlo.
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(b) Fit projection of the variable ∆E, from
full detector simulation Monte-Carlo.

Figure 4.15: Fit results for the variables MBC and ∆E, for component K+

K−. Data points with errors represent the MC from full detector simulation and
the solid blue line represents the fit result.

As the L+
K/π and L−K/π variables are correlated, we model them with a two dimensional

histogram. Correction factors for cuts on L+
K/π or L−K/π are available from an independent

analysis. Starting with these correction factors, an algorithm explained in section 5.2 is
used to correct the histogram obtained from Monte-Carlo to resemble the data. The fit
results can be found in figure 4.16.
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(a) Fit projection of the variable L+
K/π , from

full detector simulation Monte-Carlo.
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(b) Fit projection of the variable L−K/π , from
full detector simulation Monte-Carlo.

Figure 4.16: Fit results for the variables L+
K/π and L−K/π, for component K+

K−. Data points with errors represent the MC from full detector simulation and
the solid blue histogram represents the fit result.

For the FS/B variable, we use the same model as for all B decays. It is described for the
π+π− model above,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.32)

The FS/B fit results can be found in figure 4.17.
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Figure 4.17: Fit results for the variable FS/B for component K+ K−. The
PDF is shown in blue while the full detector simulation Monte-Carlo is plotted
in black including errors.
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The time dependent CP parameters ACP and SCP are determined by multiplying by the
following PDF, The ∆t distribution is modeled with the same parametrisation as in the
π+π− model. Since we expect to have very low statistics in the final fit, ACP and SCP are
fixed to zero. We use the ∆t PDF of

P lK+K−(∆t, q) ≡ e
−|∆t|/τB0

4τB0

{
(1− q∆wl + q(1− 2wl))×[
(ACP cos ∆md∆t+ SCP sin ∆md∆t)

]}
⊗RB0B0(∆t). (4.33)

The PDF accounts for the dilution from probability of incorrect flavour tagging, wl and
the difference between wrongly tagging B0 and B0, ∆wl. The CP asymmetry PDF is
convoluted with the detector resolution function RB0B0(∆t), for neutral B mesons. The
resolution function [68] is explained in appendix C. The PDF also depends on the B lifetime
τB0, and the mass difference between BH and BL, ∆md. The following values were used to
generate the K+ K− signal Monte-Carlo,

τB0 = 1.534 39 ps,

∆md = 0.507× 1012 ~s−1,

ACP = 0.0,

SCP = 0.0.

The fit results for the ∆t dimension can be found in figure 4.18.

The total PDF for the K+ K− component is constructed to be

P lK+K−(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡
PK+K−(MBC)PK+K−(∆E)PK+K−(L+

K/π ,L−K/π)

P lK+K−(FS/B)P lK+K−(q,∆t). (4.34)

Its shape can be determined by maximizing the following likelihood

Lj ≡
∏
l,s

eN
s
j

∑
l,s f

l,s
j

Nl,s!

Nl,s∏
i=0

N s
j f

l,s
j P l,sj (MBC

i,∆Ei,L+
K/π

i
,L−K/π

i
,FS/Bi, qi,∆ti), (4.35)

where j is the component. The parameter N is the signal yield and f is the fraction of
events in r-bin and SVD configuration l, s. The fit results to K+ K− signal Monte-Carlo
are shown in Figs. 4.15, 4.16, 4.17, 4.18.
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(a) ∆t PDF and full detector simulation
Monte-Carlo for events tagged as B0 (q = 1).
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(b) ∆t PDF and full detector simulation
Monte-Carlo for events tagged as B0 (q =
−1).

 t [ps]∆
-10 0 10

ev
en

ts
 / 

0.
29

7 
[p

s]

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

(c) K+ K− ∆t asymmetry

Figure 4.18: Fit results for variable ∆t for component K+ K−. Data points
with errors represent the MC from full detector simulation and the solid blue
line represents the fit result.
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4.4.4 Continuum Background

The by far dominant background is the combinatorial background from continuum events.
The continuum model is determined from off-resonance data taken 80 MeV below the Υ(4S)
resonance. The event selection criteria described in Sec. 4.3 is used. Because the continuum

Table 4.8: Correlation matrix for the continuum data taken from off resonance
data.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.00 0.01 -0.00 -0.01 0.00 -0.01 0.00
∆E 1.00 -0.00 -0.00 0.06 -0.00 -0.02 -0.00
L+
K/π 1.00 0.15 0.03 -0.06 0.01 -0.01
L−K/π 1.00 0.05 0.06 0.01 -0.01
FS/B 1.00 -0.00 -0.03 0.00
q 1.00 0.01 0.01
qr 0.01 0.00
∆t 1.00

is the largest background, we take into account as many correlations from table 4.8 as
possible. In the following, we describe our procedure to incorporate the correlations into the
model. For better illustration of the correlations, figure 4.19 shows a Bayesian-probability
network where the modelled correlations are shown as arrows.
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FS/B

L+
K/π

L−K/π
q

∆t

r-bin

Figure 4.19: Bayesian probability network for the continuum component. The
directed acyclic graph shows the fit variables as nodes and the modelled correla-
tions as arrows.

The PDF for MBC is modelled by an Argus function [72],

Pcont(MBC) ≡MBC ·
√

1−
(
MBC

Ebeam

)2

· eaeff·
(

1−
(

MBC
Ebeam

)2)
. (4.36)
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There is one event-dependent parameter in the MBC PDF, the Ebeam, which is the beam
energy of this event. The fit results for MBC can be found in figure 4.20a.
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(a) Fit results of the variable MBC, for the
continuum component.
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(b) Fit results of the variable ∆E, for the
continuum component.

Figure 4.20: Fit results of MBC and ∆E for continuum. Data points with
errors represent the off-resonance data and the solid blue line represents the fit
result.

Because ∆E exposes a flat structure in the signal region, we model it by a first order
Chebyshev polynomial. To incorporate the correlation between ∆E and the B-tag quality
qr, we fit ∆E in each r-bin,

P lcont(∆E) ≡ 1 + cleff∆E. (4.37)

We take into account the correlation of ∆E and FS/B by using a first order Chebyshev
polynomial and determine a correction to the slope of the ∆E straight line. All r-bins have
a separate correlation factor cfish,l∆E ,

cleff ≡
(

1 + cfish,l∆E

)
· FS/B. (4.38)

The free parameters are c1 and the correlation factor between ∆E and FS/B, cfish∆E. The fit
results for ∆E can be found in figure 4.20b. In addition, figure 4.21 shows the fits of ∆E
in every r-bin.

As the L+
K/π and L−K/π variables are correlated, we model them with a two dimensional

histogram. Correction factors for cuts on L+
K/π or L−K/π are available from an independent

analysis. On top of this, we model the correlation between L+
K/π ,L−K/π and q in each r-bin,

l. For a value of q = 1, we get an excess on K+π− on the reconstructed side and for q = −1,
we get an excess of K−π+. We model this with the manta-ray function we introduced in
Eq. 4.45 (see also Fig. 4.31). The c parameter defines the size of the plateau where mr is
almost zero, while a defines the amplitude at the points (1, 0) and (0, 1). a and c are free
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(a) ∆E fit for l = 0.
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(b) ∆E fit for l = 1.

 E [GeV]∆
-0.2 -0.1 0 0.1

ev
en

ts
 / 

0.
00

7 
[G

eV
]

140

160

180

200

220

240

260

280

300

(c) ∆E fit for l = 2.
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(d) ∆E fit for l = 3.
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(e) ∆E fit for l = 4.
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(f) ∆E fit for l = 5.
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(g) ∆E fit for l = 6.

Figure 4.21: Fit results of the variable ∆E, for the continuum component.
Data points with errors represent the off-resonance data and the solid blue line
represents the fit result. The slope of the first order Chebyshev polynome is
different in every r-bin. This is especially visible in plot (g), the r-bin with the
best B tagging purity, compared to the other plots.
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(a) Fit projection of the variable L+
K/π , from

the 2D PDF on off-resonance data.
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(b) Fit projection of the variable L−K/π , from
the 2D PDF on off-resonance data.

Figure 4.22: Fit results for the variables L+
K/π and L−K/π, for the continuum

component cumulated integrated over all r-bins. Data points with errors represent
the off-resonance data and the solid blue histogram represents the fit result.
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Table 4.9: Borders of the k-bin which are used to take into account the cor-
relation between L+

K/π,L−K/π and FS/B. The bin borders are located where no
discrimination between pion and kaon is possible.

k-bin borders
1 L+

K/π < 0.5 ∧ L−K/π < 0.5

2 L+
K/π ≥ 0.5 ∨ L−K/π > 0.5

parameters in the fit to the continuum sample. The parameters a and c are determined
independently in every r-bin, l,

P lcont(L+
K/π ,L−K/π , q) ≡ H(L+

K/πL−K/π) · 1

2
(1 + q ·mrl(L+

K/π ,L−K/π)). (4.39)

The fit results can be found in figure 4.22 and figure 4.26. The latter one contains the PDF
projections in every r-bin. The Fisher discriminant FS/B, distinguishes between signal (B

L+
K/π

L−K/π
1

0 1

0.5

0.5

Figure 4.23: The figure shows the bins of a 2D histogram of L+
K/π and L−K/π.

The area is divided according to the conditions from Tbl. 4.9. The blue area
corresponds to k = 1 while the larger orange area corresponds to k = 2.

decays) and continuum (e+e− → qq , where q = u, d, s, c). FS/B is modelled by a triple
Gaussian in every r-bin, l. To incorporate a correlation of L+

K/π and L−K/π with FS/B, we
decided to split the data into two bins, k. The bin k = 1, contains the events which look like
π+π− events. All other events are in bin k = 2. The k-bin borders are located exactly at 0.5,
where no discrimination between pion and kaon is possible. The parameters are shown in
Tbl. 4.9 and we added Fig. 4.23 to display the k-bin region geometrically. The parameters
of the triple Gaussian are determined from a fit to the off-resonance data separately in
every r-bin and every k-bin,

P lj(FS/B) ≡f1 ·G(FS/B, µl1, σl1)

+ f2 ·G(FS/B, µl1 + µl2, σ
l
1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µl2 + µl3, σ
l
1 · σl2 · σl3) (4.40)
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Figure 4.24: Fit results for the variable FS/B for the continuum component.
The PDF is shown in blue while the off-resonance data is plotted in black including
errors.

There is no need for correction factors because the model parameters are directly obtained
from data. The fit results can be found in figure 4.24.

The ∆t for continuum consists of a broad lifetime component which accounts for long
lived particles, for example charmed particles, and a delta function for single vertex events
(prompt decays),

P lcont(∆t) ≡
1

2

[
fδ · δ(∆t− µδ) + (1− fδ) ·

e−|∆t|/τeff

4τeff

]
⊗Rqq (∆t). (4.41)

As a model for the detector resolution Rqq (∆t), the sum of two Gaussians is used,

Rqq (∆t) ≡ fG(∆t;µmain, σmain) + (1− f)G(∆t;µmain, σmainσtail). (4.42)

The fit results can be found in figure 4.25.

The total PDF for the continuum component is constructed to be

P lcont(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡

Pcont(MBC,∆E)P lcont(L+
K/π ,L−K/π)P lcont(FS/B)P lcont(∆t). (4.43)

The fit results to off-resonance data are shown in Figs. 4.20a, 4.20b, 4.22, 4.24, 4.25.
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Figure 4.25: ∆t fit results for the continuum component. Data points with
errors represent the off-resonance data and the solid blue line represents the fit
result.
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(a) L+
K/π fit for l = 0.
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(b) L−K/π fit for l = 0.
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(d) L−K/π fit for l = 1.
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(h) L−K/π fit for l = 3.
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K/π fit for l = 4.
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(j) L−K/π fit for l = 4.
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(l) L−K/π fit for l = 5.
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Figure 4.26: Detailed fit results of the variables L+
K/π and L−K/π, for the

continuum component in every r-bin. Data points with errors represent the
off-resonance data and the solid blue line represents the fit result.
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4.4.5 Background from charmless B+B− decays

The charmless B+B− model describes a minor background and is determined from a
Monte-Carlo sample which is approximately 50 times the expected number of events. The
event selection criteria explained in Sec. 4.3 was used. The correlation table 4.10 show the

Table 4.10: Correlation matrix for the charmless B+B− Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.18 -0.05 -0.05 0.04 0.00 0.01 -0.01
∆E 1.00 0.04 0.03 -0.06 0.00 -0.01 -0.01
L+
K/π 1.00 0.03 -0.03 -0.09 -0.00 0.00
L−K/π 1.00 -0.03 0.09 0.01 -0.01
FS/B 1.00 0.01 0.04 0.01
q 1.00 0.01 0.01
qr 0.00 0.01
∆t 1.00

correlations between the fit variables. Because of the large size of the background, we have
to model it very well and take correlations above 2% into consideration. This leaves us
with a large number of correlations to treat. In the following, we show how we incorporate
the correlations into the model. For better illustration of the correlations, figure 4.27 shows
a Bayesian-probability network where the modelled correlations are shown as arrows.

∆E

MBC

FS/B

L+
K/π

L−K/π
q

∆t

r-bin

Figure 4.27: Bayesian probability network for the charmless B+B− component.
The directed acyclic graph shows the fit variables as nodes and the modelled
correlations as arrows.

The PDF for MBC and ∆E is modelled by a 2D histogram to incorporate the correlation
between MBC and ∆E. In figure 4.28, the resulting fit and projections into 1D MBC and
∆E histograms are shown.

PrareB+B−(MBC,∆E) ≡ H(MBC,∆E) (4.44)
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As the L+
K/π and L−K/π are correlated, we model them with a two dimensional histogram.

Correction factors for cuts on L+
K/π or L−K/π are known from independent studies. Starting

with these correction factors, an algorithm explained in section 5.2 is used to correct the
histogram obtained from Monte-Carlo to resemble the data. The fit results can be found in
figure 4.29.

On top of this, we model the correlation between L+
K/π ,L−K/π and the B-tag q, in each

B-tag quality r-bin, l. For a value of q = 1 (B0
tag), we get an excess of K+ π− on the

reconstructed side and for q = −1 (B0
tag), we get and excess of K− π+. This is graphically

shown in Fig. 4.30. We model this with the following function (see also Fig. 4.31),

mr(x, y) =

{
a · (x− y)c if x− y ≥ 0

− a · (−x+ y)c if x− y < 0.
(4.45)

The c parameter defines the size of the plateau where mr is almost zero, while a defines
the amplitude at the points (1, 0) and (0, 1). a and c are free parameters in the fit to the
charmless B0B0 sample. The parameters a and c, are determined independently in every
r-bin, l,

P lrareB+B−(L+
K/π ,L−K/π , q) ≡ H(L+

K/πL−K/π) · 1

2
(1 + q ·mrl(L+

K/π ,L−K/π)). (4.46)

For the FS/B variable we use the same model as for all B decays. It is described for the
π+π− model above,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.47)

The fit results can be found in figure 4.32.

The ∆t PDF is modelled by the lifetime PDF with an effective lifetime τeff, as free parameter,

P lrareB+B−(∆t) ≡ e−|∆t|/τeff

4τeff
⊗RB0B0(∆t). (4.48)

The life time PDF is convoluted with the detector resolution function RB+B−(∆t) for
charged B mesons. The resolution function [68] is explained in the Appendix C. The fit
results can be found in figure 4.33. The total PDF for the charmless B+B− component is
constructed to be

P lrareB+B−(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡
PrareB+B−(MBC,∆E)P lrareB+B−(L+

K/π ,L−K/π , q)
P lrareB+B−(FS/B)P lrareB+B−(∆t). (4.49)
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(a) Fit projection of the variable MBC, from
the 2D PDF on full detector simulation
Monte-Carlo.
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(b) Fit projection of the variable ∆E, from
the 2D PDF on full detector simulation
Monte-Carlo.
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(c) 2D PDF for MBC ∆E.

Figure 4.28: Fit results for the variables MBC and ∆E, for the charmless
B+B− component. Data points with errors represent the MC from full detector
simulation and the solid blue line represents the fit result.
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(a) Fit projection of the variable L+
K/π , from

the 2D PDF on full detector simulation
Monte-Carlo.
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(b) Fit projection of the variable L−K/π , from
the 2D PDF on full detector simulation
Monte-Carlo.

Figure 4.29: Fit results for the variables L+
K/π and L−K/π, for the charmless

B+B− component. Data points with errors represent the MC from full detector
simulation and the solid blue histogram represents the fit result.
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L−K/π
1
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Figure 4.30: The figure shows the bins of a 2D histogram of L+
K/π and L−K/π.

We observe an excess of events in the blue bin (1,0) if we select events with a B
tag of q = +1. For events with a B tag of q = −1 an excess in the green bin
(0,1) is observed.

The fit results to charmless B+B− signal Monte-Carlo are shown in Figs. 4.28, 4.29, 4.32,
4.33.
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Figure 4.31: Manta-ray function to correct the particle identification histogram
for its correlation with q. In the plot, a = 1 and c = 5 are taken for illustrative
purposes.
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Figure 4.32: Fit results for the variable FS/B for component charmless B+B−.
The PDF is shown in blue while the full detector simulation Monte-Carlo is
plotted in black including errors.
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Figure 4.33: ∆t fit results for the charmless B+B− component. Data points
with errors represent the MC from full detector simulation and the solid blue
line represents the fit result.



100 4. Analysis of B0→ h+h−

4.4.6 Background of charmless B0B0 decays

The charmless B0B0 model describes a minor background and is determined from a Monte-
Carlo sample that is approximately 50 times the expected number of events, analogous to
the charmless B+B− model. Again the event selection criteria explained in Sec. 4.3 was
used.

Table 4.11: Correlation matrix for the charmless B0B0 Monte-Carlo.

MBC ∆E L+
K/π L−K/π FS/B q qr ∆t

MBC 1.00 -0.10 -0.03 -0.03 0.02 -0.01 -0.00 -0.00
∆E 1.00 -0.01 -0.02 -0.04 -0.01 0.00 0.01
L+
K/π 1.00 0.01 -0.04 -0.05 -0.00 -0.00
L−K/π 1.00 -0.03 0.05 0.00 0.00
FS/B 1.00 0.00 0.05 0.00
q 1.00 0.01 -0.00
qr 0.01 0.01
∆t 1.00

The correlation table 4.11 shows the correlations between the fit variables. Because of
the large size of the background, we have to model it very well and take correlations
above 2% seriously. The large number of correlations have to be taken into consideration
when building the model. For better illustration of the correlations, figure 4.34 shows a
Bayesian-probability network where the modelled correlations are shown as arrows.

∆E

MBC

FS/B

L+
K/π

L−K/π
q

∆t

r-bin

Figure 4.34: Bayesian probability network for the charmless B0B0 component.
The directed acyclic graph shows the fit variables as nodes and the modelled
correlations as arrows.

The PDF for MBC and ∆E is modelled by a 2D histogram to incorporate the correlation
between MBC and ∆E. In figure 4.35, the resulting fit and projections into 1D MBC and
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∆E histograms are shown.

PrareB0B0(MBC,∆E) ≡ H(MBC,∆E) (4.50)
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(a) Fit projection of the variable MBC, from
the 2D PDF on full detector simulation
Monte-Carlo.
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the 2D PDF on full detector simulation
Monte-Carlo.

Figure 4.35: Fit results for the variables MBC and ∆E, for the charmless
B0B0 component. Data points with errors represent the MC from full detector
simulation and the solid blue line represents the fit result.

As the L+
K/π and L−K/π variables are correlated, we model them with a two dimensional

histogram.
P lrareB0B0(L+

K/π ,L−K/π , q) ≡ H(L+
K/πL−K/π). (4.51)

Correction factors for cuts on L+
K/π or L−K/π are available from independent studies. Starting

with these correction factors, an algorithm explained in section 5.2 is used to correct the
histogram obtained from Monte-Carlo to resemble the data.

On top of this, we model the correlation between L+
K/π ,L−K/π and the B-tag, q, in each

B-tag quality r-bin, l. For a value of q = 1, we get an excess on K+ π− on the reconstructed
side and for q = −1, we get and excess of K− π+. This correlation is taken into account in
the PDF of ∆t.

The fit results can be found in figure 4.36.

For the FS/B variable, we use the same model as for all B decays. It is described for the
π+π− model above,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (4.52)
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(a) Fit projection of the variable L+
K/π , from

the 2D PDF on full detector simulation
Monte-Carlo.
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(b) Fit projection of the variable L−K/π , from
the 2D PDF on full detector simulation
Monte-Carlo.

Figure 4.36: Fit results for the variables L+
K/π and L−K/π, for the charmless

B0B0 component. Data points with errors represent the MC from full detector
simulation and the solid blue histogram represents the fit result.

The fit results can be found in figure 4.37.

The ∆t distribution is described by the following PDF. It takes into account the correlation
between L+

K/π , L−K/π and q using the function 4.45. The parameters a and c, of the mr
function are determined separately in every r-bin.

P lrareB0B0(∆t, q) ≡ e−|∆t|/τeff

4τeff
×[

1 + q ·mr(L+
K/πL−K/π) cos ∆md∆t)

]
} ⊗RB0B0(∆t). (4.53)

Because for l = 0, 1, the parameters a and c are consistent with 0 and 1, respectively,
we fixed them to these values to obtain a better convergence of the fit model. The ∆t
distribution is convoluted with the detector resolution function RB0B0(∆t), for neutral B
mesons. The resolution function [68] is explained in appendix C. The life time PDF depends
on the effective B lifetime τeff, and the mass difference between BH and BL, ∆md. The
following values were used to generate the charmless B0B0 signal Monte-Carlo,

τB0 = 1.534 39 ps,

∆md = 0.507× 1012 ~s−1.

The fit results of the ∆t dimension can be found in figure 4.38.
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Figure 4.37: Fit results for the variable FS/B, for the charmless B0B0 compon-
ent. The PDF is shown in blue while the full detector simulation Monte-Carlo
is plotted in black including errors.

The total PDF for the charmless B0B0 component is constructed to be

P lrareB0B0(MBC,∆E,L+
K/π ,L−K/π ,FS/B, q,∆t) ≡
PrareB0B0(MBC,∆E)PrareB0B0(L+

K/π ,L−K/π , q)
P lrareB0B0(FS/B)P lrareB0B0(q,∆t). (4.54)

The fit results to charmless B0B0 signal Monte-Carlo are shown in Figs. 4.35, 4.36, 4.37,
4.38.



104 4. Analysis of B0→ h+h−

 t [ps]∆
-10 0 10

ev
en

ts
 / 

0.
29

7 
[p

s]

1

10

210

310

(a) ∆t PDF on full detector simulation
Monte-Carlo for events tagged as B0 (q = 1).
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(b) ∆t PDF on full detector simulation
Monte-Carlo for events tagged as B0 (q =
−1).
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(c) Charmless B0B0 ∆t asymmetry.

Figure 4.38: ∆t fit results for the charmless B0B0 component. Data points
with errors represent the MC from full detector simulation and the solid blue
line represents the fit result.
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4.5 Full Data Model - all Components combined

This section shows the fit of the full model with all components to a toy Monte-Carlo pseudo-
experiment. This chapter shows the condensed summary of section 4.4. All components of
the fit e.g. B0→ π+π−, continuum and BB̄ backgrounds are scaled to their expected yields
(Tbl. 4.12). The expected yields and a more detailed description of the pseudo-experiments
which are performed with the full data model can be found in section 4.6. In this chapter,
all plots use the same colour coding. The black dots show the number of events in the
corresponding bin from the pseudo-experiment data. The continuum, which is by far the
dominant contribution, is shown as red line. The π+π− and Kπ− component are brown
and magenta respectively. The charmless B decays from charged and neutral B decays are
colour-coded blue and green, respectively. All plots contain the normalized residuals at the
bottom. This sub-plot of the normalized residuals shows the difference between the data
bin from a toy Monte-Carlo pseudo-experiment and the PDF, divided by the error of the
data bin. The one and two σ bands are highlighted. Counting the bins in the normalized
residual plot which deviate from the 2σ band helps to verify how well the PDF fits. This
could also be done by calculating a global χ2 value for the histogram. But our method can
observe systematic shifts that are only local in addition e.g. around the signal peak.
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Figure 4.39: MBC and ∆E projections from a fit to Toy Monte-Carlo. The
Toy MC is shown as black crosses including the errors. The black histogram
represents the summed PDFs of all components. The individual components are
the continuum (red), the B0 → K+π− decay(magenta), the B0 → π+π− decay
(gold), the charmless decays of B0 (green) and B± (blue).
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Figure 4.40: L+
K/π and L−K/π projections from a fit to Toy Monte-Carlo. The

Toy MC is shown as black crosses including the errors. The black histogram
represents the summed PDFs of all components. The individual components are
the continuum (red), the B0 → K+π− decay(magenta), the B0 → π+π− decay
(gold), the charmless decays of B0 (green) and B± (blue).
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Figure 4.41: FS/B projection from a fit to Toy Monte-Carlo. The Toy MC is
shown as black crosses including the errors. The black histogram represents the
summed PDFs of all components. The individual components are the continuum
(red), the B0 → K+π− decay(magenta), the B0 → π+π− decay (gold), the
charmless decays of B0 (green) and B± (blue).
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Figure 4.42: ∆t projection from a fit to Toy Monte-Carlo. The Toy MC is
shown as black crosses including the errors. The black histogram represents the
summed PDFs of all components. The individual components are the continuum
(red), the B0 → K+π− decay(magenta), the B0 → π+π− decay (gold), the
charmless decays of B0 (green) and B± (blue).
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4.6 Study of Fit Biases

In toy Monte-Carlo ensemble tests, we want to check for biases in the fit results as a result
of our procedure. Therefore, we generate a number of pseudo-experiments and use the fitter
to extract the physics parameters. This technique is called ensemble tests.

4.6.1 Pseudo-Experiment Setup

For every pseudo-experiment, we determine the number of events per component, the yield,
with the following procedure. We use the current world average branching ratios as starting
value for the toy Monte-Carlo ensemble tests. The expectations of the event yield are
calculated assuming the full Belle statistics and the reconstruction efficiencies described
in section 4.3. The resulting yields for every component are shown in table 4.12 and then
distributed around these values according to Poisson statistics.

Table 4.12: Expected yield in every component.

component SVD1 SVD2
π+ π− 471 2152
K π 1747 7948
K+ K− 0 0
charmless B± 82 369
charmless B0 307 1383
continuum 89353 455907

There are two methods of how to generate the events. We can either pick random events
from a big set of events that are generated using full detector simulation, GSIM, or we can
generate the events from the PDF. In the following we will refer to event that are picked
from a set as GSIM events, and to the other method as PDF events. For the continuum
component the number of events in the off resonance sample is not sufficient to apply the
picking procedure, so these events will be taken from PDF in any case. For the CP violation
parameters, the following values are used in the pseudo-experiments.

ACP (π+π−) = 0.36, (4.55)
SCP (π+π−) = −0.65, (4.56)
ACP (Kπ) = −0.087. (4.57)

A set of 500 pseudo-experiments is generated for both GSIM events and PDF events.

The full fitter is modified to determine a branching ratio for the components π+ π−, K π
and K+ K−. This is done by replacing the two separate yields for the SVD1 and SVD2
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data sample by a common branching ratio times the efficiency and the number of BB pairs
in this data subsample (Eqn. 4.58).

YSVD1 = B ×
(
εSVD1N

SVD1
BB

)
YSVD2 = B ×

(
εSVD2N

SVD2
BB

) (4.58)

We also fixed the ratio between the charmless B± component and the charmless B0

component because the shapes look very similar in each dimension. In the fit to the
pseudo-experiments, all yields and branching ratios are free parameters as well as the CP
parameters for the π+ π− and K π channels. For all branching ratios and CP parameters,
the asymmetric errors are determined. To determine the asymmetric error of a floating
parameter of interest we use the following method. The parameter is varied around its
central value and fixed. Then the minimization procedure is redone and the −2 logL is
re-evaluated. With this procedure we scan the −2 logL until it changes by exactly one.
This position marks the positive or negative error depending on whether the probed value
for the parameter was greater or smaller than the central value. For every free physics
parameter in the fit, a histogram showing the distribution of the fit result is created. A
red line is added to indicate the generated value. This way one can judge the absolute
value of possible biases. The results are also shown as distributions of the pull. The pull is
determined as

pull =
Xfit −Xgenerated

∆Xfit
, (4.59)

where ∆X is the error of the fit result and the corresponding asymmetric error is chosen
according to the equation

∆Xfit =

{
∆X−fit if Xfit −Xgenerated ≥ 0

∆X+
fit if Xfit −Xgenerated < 0.

(4.60)

4.6.2 Fit Results and Pull Distributions

Figures 4.43 and 4.44 show the pull distributions for the pseudo-experiments using PDF
events, and figures 4.45, 4.46 show the results for the pseudo-experiments using GSIM
events.
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Figure 4.43: Fit central value and pull distributions of the CP parameters in
the PDF ensemble tests. The black dots including the error represent the results
from the toy MC pseudo experiments. The solid black line is the result of a
Gaussian fit. The read line indicates the generated value.
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Figure 4.44: Fit central value and pull distributions of the branching ratio in
the PDF ensemble tests. The black dots including the error represent the results
from the toy MC pseudo experiments. The solid black line is the result of a
Gaussian fit. The read line indicates the generated value.
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Figure 4.45: Fit central value and pull distributions of the CP parameters
in the GSIM ensemble tests. The black dots including the error represent the
results from the toy MC pseudo experiments. The solid black line is the result of
a Gaussian fit. The read line indicates the generated value.
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Figure 4.46: Fit central value and pull distributions of the branching ratio
in the GSIM ensemble tests. The black dots including the error represent the
results from the toy MC pseudo experiments. The solid black line is the result of
a Gaussian fit. The read line indicates the generated value.
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4.6.3 Interpretation

The pull distributions from PDF pseudo-experiments expose no bias except for the branching
ratio of B0 → K+K−. The mean of the pull distribution of the branching ratio of
B0 → K+K− is not shifted, but the width of the distribution is wider than unity. The
error calculation is done using the symmetric Gaussian errors from the minimisation
procedure. Since the branching ratio is close to zero, the assumption of Gaussian errors is
not satisfactory. When we use the asymmetric errors from a scan of the likelihood the pull
distribution for the B0 → K+π− branching ratio recovers a width of unity. Because the
errors are underestimated, the width of the pull distribution is wider than unity. For GSIM
pseudo-experiments the results are more diverse. The CP parameters show very little bias
as in the case of PDF pseudo-experiments. On the other hand, the bias of the branching
ratios is quite significant. The absolute size of the bias, however, is on a tolareable level and
is included as a systematic error. Later in the calculation of the systematic uncertainties,
we are going to see that only the B0→ π+π− measurement is dominated by the uncertainty
resulting from the bias. For future analyses, one would probably want to reduce the fit bias.
Therefore we will study in the next section the source of the bias in the fitter and possible
remedies.

4.6.4 Possible Sources of the Fit Biases

By systematically removing components from the pseudo-experiments, the bias was identified
to be in the signal components π+π− and Kπ itself. In a next step, we removed the fit
variable ∆E with the result of the bias vanishing. The same happens if the PID likelihoods
are removed from the fit. Figure 4.47 shows the PID likelihood in slices of ∆E. Implementing
these correlations and the correlation of ∆E with MBC might be lead to a reduced fit result.
We leave the task to implement the correlations and search for an improvement open for
future analyses.
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Figure 4.47: PID likelihood L+
K/π and L−K/π for the π+ π− component in slices

of ∆E. When comparing the histograms starting with (a) going down to (g)
one can observe an increase of events outside the peak at (0,0). This feature is
especially pronounced in the row defined by L+

K/π = 0 and the row L−K/π = 0.
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Chapter 5

Differences between Monte-Carlo and
Data

5.1 Control Sample Measurement

5.1.1 Control Sample B →Dπ, D →Kπ

Our main analysis is B → h+h− where h is either a pion or a kaon. This section shows a
way of checking and correcting possible differences between the full Monte-Carlo simulation
and the data. The signal models for the B → h+h− analysis are obtained purely from
Monte-Carlo simulation. To correct these models, we are using the following method. We
are identifying a decay channel which is as similar as possible to our main analysis. The
data collected for this decay channel is called our control sample. We perform an event
selection in a similar way as for the main analysis and build a model for the signal and the
background components. It is important to keep the models for the main analysis and the
control sample sufficiently similar. We introduce correction factors into the signal model
which can account for differences (shifts, change in shapes) between the signal model and
the data. In a fit to the control sample, we float the correction factors. The obtained
corrections can then we applied to the main analysis signal models. We extract correction
factors for the mean and width of the MBC, ∆E and FS/B of the signal model. Because the
fisher discriminant FS/B, is different in every r-bin, we are extracting seven sets of correction
factors. Corrections to the yields in every r-bin (r-bin fractions) are also obtained.

The main analysis examines a scalar particle decay into two scalar particles where both
resulting scalar particles are charged. As a suitable control sample, we look into decays
with a similar topology and a sufficiently high branching ratio to exclusively reconstruct it.
The obvious candidate is B± → D0π± where the D0 decays into charged pion and kaon
(D0 → K−π+). The branching ratios are reasonably high with (4.81 ± 0.15) × 10−3 for
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B+→ D0π+ or B−→ D0π− and (3.88± 0.05)× 10−2 for D0→ K−π+. This allows us to
use tight cuts on the D0 mass to obtain a clean sample.

5.1.2 Event Selection

Basically the same event selection is used as for the main analysis B → h+h− (see section
4.3). This is necessary to transfer the obtained correction factors from the control channel
to the main analysis. The differences and similarities are discussed in the following.

The reconstruction of B+→ D0π+ begins with the reconstruction of the D0 or D0 meson
from a charged pion and a charged kaon. We apply a loose requirement on the likelihood
ratio between the kaon likelihood and the sum of the kaon and pion likelihoods,

LK
LK + Lπ

< 0.4 for pions, (5.1)

LK
LK + Lπ

> 0.6 for kaons. (5.2)

In addition, an electron veto is placed on the tracks used for reconstruction,

Le± > 0.9. (5.3)

The analysis window of ∆E is chosen to be the same as it is in the π+ π− study,

−0.2 GeV < ∆E < 0.15 GeV. (5.4)

An additional 3σ cut on the mass of the D meson is placed,

1.828 GeV/c2 < m(D0) < 1.9 GeV/c2. (5.5)

The resulting distribution is shown in figure 5.1.

5.1.3 Data Model

The branching fraction and the correction factors for the shape are extracted from a 5
dimensional extended unbinned maximum likelihood fit. We fit ∆E, MBC, FS/B, q and ∆t
in every r-bin and SVD configuration l, s. The first three variables are in the fit for obvious
reasons because we want to obtain correction factors for the signal shapes. The variables
q and ∆t are included because they are strongly correlated with the B-tagging quality r
and we want to cross check that no time-dependent CP violation is present in the control
sample. To obtain correct r-bin fractions we want to keep the model for the control sample
as close as possible to model of the main analysis.
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Figure 5.1: Distribution of the D0 mass inside the analysis window.

Truth Model

The model is determined from correctly reconstructed signal MC events. A sample of
1× 106 events was generated with full detector simulation [66], taking into account the
effect of final state radiation. Then all events were processed as described in Sec. 5.1.2. In
the remaining events, only 3.00 % were found misreconstructed according to Monte-Carlo
truth information. Therefore we can neglect the misreconstructed events and build the
signal truth model from the correctly reconstructed events.

The PDF for MBC and ∆E is modelled by the sum of three Gaussians that are defined the
following way,

PDπ(MBC) ≡f1 ·G(MBC, µ
l
1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(MBC, µ
l
1 + µCF,l1 + µl2, σ

l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(MBC, µ
l
1 + µCF,l1 + µl2 + µl3, σ

l
1 · σCF,l1 · σl2 · σl3), (5.6)

PDπ(∆E) ≡f1 ·G(∆E, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(∆E, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(∆E, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (5.7)

This is the same definition used for the signal models in the main analysis. The triple
Gaussian also incorporates correction factors that may be floated in a fit to data to
compensate differences between data and Monte-Carlo (MC). These correction factors are
then applied to the signal models of the B → hh PDFs in the main analysis. For the fit to
Dπ signal Monte-Carlo, the correction factors that modify the mean are fixed to zero while
the correction factors that change the width are fixed to unity. The fit results can be found
in figure 5.2. Later in the fit to the control sample data, these correction factors are floated.
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Figure 5.2: Fit results for the variables MBC and ∆E, for the component Dπ.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.

The Fisher discriminant that distinguishes between signal (B decays) and continuum
(e+e−→ qq , where q = u, d, s, c) FS/B, is modelled by the same parametrisation throughout
the whole analysis. In every component j, the FS/B is modelled by the sum of three
Gaussians in every r-bin l, containing correction factors which can correct differences
between data and MC where necessary. The parameters for of the three Gaussians are the
same for all B decays and are different for the continuum background,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (5.8)

The fit results can be found in figure 5.3.

The time-dependent CP parameters ACP and SCP , are by including the following PDF,

P lDπ(∆t, q) ≡ e
−|∆t|/τB±

4τB±
{(1− q∆wl + q(1− 2wl))×[

(ACP cos ∆md∆t+ SCP sin ∆md∆t)

]
} ⊗RB+B−(∆t). (5.9)

Although we know that there is no mixing of charged B mesons, we interpret the data as if
there could be mixing as a cross check. The PDF accounts for the dilution from probability
of incorrect flavour tagging wl, and the difference in incorrect tagging between B0 and
B0, ∆wl. The CP asymmetry PDF is convoluted with the detector resolution function
RB+B−(∆t), for charged B mesons. The resolution function [68] is explained in appendix C.
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(a) PDF and full detector simulation Monte-Carlo
for variable FS/B.

Figure 5.3: Fit results for the variable FS/B, for the component Dπ. Data
points with errors represent the MC from full detector simulation and the solid
blue line represents the fit result.

The PDF also depends on the B lifetime τB±, and the mass difference between BH and
BL, ∆md. The following values where used to generate the Dπ signal Monte-Carlo,

τB± = 1.638 ps,

∆md = 0.507× 1012 ~s−1,

ACP = 0.0,

SCP = 0.0.

The fit results can be found in figure 5.4.

The total PDF for the Dπ component is constructed to be

P lDπ(MBC,∆E,FS/B, q,∆t) ≡ PDπ(MBC,∆E)PDπ(FS/B)P lDπ(q,∆t). (5.10)

Its shape can be determined by maximizing the following likelihood,

Lj ≡
∏
l,s

eN
s
j

∑
l,s f

l,s
j

Nl,s!

Nl,s∏
i=0

N s
j f

l,s
j P l,sj (MBC

i,∆Ei,FS/Bi, qi,∆ti), (5.11)

where j is the component. The parameter N is the signal yield and f is the fraction of
events in r-bin and SVD configuration l, s. The fit results to Dπ signal Monte-Carlo are
shown in figs. 5.2, 5.3, 5.4.
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(a) ∆t PDF on full detector simulation
Monte-Carlo for events tagged as B0 (q = 1).
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(b) ∆t PDF on full detector simulation
Monte-Carlo for events tagged as B0 (q =
−1).
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Figure 5.4: Fit results for variable ∆t, for the component Dπ. Data points
with errors represent the MC from full detector simulation and the solid blue
line represents the fit result.
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Charmed B+B− Model

The charmed B+B− Monte-Carlo events were taken from full detector simulation. A
Monte-Carlo sample corresponding to ten times the Belle statistics is generated. Then all
events were processed according to Sec. 5.1.2.

The PDF for MBC and ∆E is modelled by a 2D histogram to incorporate the correlation
between MBC and ∆E,

PB+B−(MBC,∆E) ≡ H(MBC,∆E). (5.12)

In figure 5.5, the resulting fit and projections into 1D for MBC and ∆E are shown.
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Figure 5.5: Fit results for the variables MBC and ∆E, for the charmed B+B−

component. Data points with errors represent the MC from full detector simula-
tion and the solid blue line represents the fit result.

We are using the same triple Gaussian PDF for the fisher discriminant FS/B, as we use in
the truth signal model. The parameters including the mean, width and fractions, are also
shared between all B meson components in the control sample,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (5.13)

The fit results can be found in figure 5.6.

The ∆t PDF is modelled by a lifetime PDF with an effective lifetime τeff, as free parameter,

P lgenericB+B−(∆t) ≡ e
−|∆t|/τB0

4τB0

⊗RB0B0(∆t). (5.14)
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for the variable FS/B.

Figure 5.6: Fit results of the variable FS/B, for the charmed B+B− component.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.

The lifetime PDF is convoluted with the detector resolution function RB+B−(∆t), for
charged B mesons. The resolution function [68] is explained in appendix C. The lifetime
PDF depends on the effective B lifetime τeff. The fit results can be found in figure 5.7.

The total PDF for the charmed B+B− component is constructed to be

P lB+B−(MBC,∆E,FS/B, q,∆t) ≡ PB+B−(MBC,∆E)PB+B−(FS/B)P lB+B−(∆t). (5.15)

The fit results to charmed B+B− signal Monte-Carlo are shown in figs. 5.5, 5.6, 5.7.
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Figure 5.7: Fit results for the variable ∆t, for the charmed B+B− component.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.
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Charmed B0B0 Model

The charmed B0B0 Monte-Carlo events were taken from full detector simulation. A Monte-
Carlo sample corresponding to ten times the Belle statistics is generated. Then all events
were processed according to Sec. 5.1.2.

The PDF for MBC and ∆E is modelled by a 2D histogram to incorporate the correlation
between MBC and ∆E,

PgenericB0B0(MBC,∆E) ≡ H(MBC,∆E). (5.16)

In figure 5.8, the resulting fit and projections into 1D histograms for MBC and ∆E are
shown.
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Figure 5.8: Fit results for the variables MBC and ∆E, for the charmed B0B0

component. Data points with errors represent the MC from full detector simula-
tion and the solid blue line represents the fit result.

We are using the same triple Gaussian PDF for the fisher discriminant FS/B, as we use in
the truth signal model. The parameters including the mean, width and fractions, are also
shared between all B meson components in the control sample,

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3). (5.17)

The fit results can be found in figure 5.9.
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Figure 5.9: Fit results for the variable FS/B, for the charmed B0B0 component.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.

The time-dependent CP parameters ACP and SCP , are determined by multiplying by the
following PDF,

P lgenericB0B0(∆t, q) ≡ e−|∆t|/τeff

4τeff
{(1− q∆wl + q(1− 2wl))×[

(ACP cos ∆md∆t+ SCP sin ∆md∆t)

]
} ⊗RB0B0(∆t). (5.18)

The PDF accounts for the dilution from probability of incorrect flavor tagging wl, and
the difference in wrong tagging between B0 and B0, ∆wl. The CP asymmetry PDF is
convoluted with the detector resolution function RB0B0(∆t), for neutral B mesons. The
resolution function [68] is explained in appendix C. The lifetime PDF depends on the
effective B lifetime τeff, and the mass difference between BH and BL, ∆md. The following
values where used to generate the charmed B0B0 signal Monte-Carlo,

τB0 = 1.534 39 ps,

∆md = 0.507× 1012 ~s−1.

The fit results from the ∆t dimension can be found in figure 5.10.

The total PDF for the charmed B0B0 component is constructed to be

P l
B0B0(MBC,∆E,FS/B, q,∆t) ≡ PB0B0(MBC,∆E)PB0B0(FS/B)P l

B0B0(q,∆t). (5.19)

The fit results to charmed BB Monte-Carlo are shown in figs. 5.8, 5.9, 5.10.
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Figure 5.10: Fit results for the variable ∆t for the charmed B0B0 component.
Data points with errors represent the MC from full detector simulation and the
solid blue line represents the fit result.
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Continuum Model

The model is determined from off-resonance data taken a 80 MeV below the Υ(4S) resonance.
All events were processed with the procedure described in section 5.1.2. We used the same
parametrisation as for the continuum model of the main analysis.

The PDF for MBC is modelled by a Argus function [72],

Pcont(MBC) ≡MBC ·
√

1−
(
MBC

Ebeam

)2

· eaeff·
(

1−
(

MBC
Ebeam

)2)
. (5.20)

The fit results for MBC can be found in figure 5.11a.

Because ∆E in the signal region has no structure, we model it by a first order Chebyshev
polynomial. To incorporate the correlation between ∆E and qr, we fit ∆E in every r-bin,

P lcont(∆E) ≡ 1 + cleff∆E. (5.21)

The fit results for ∆E can be found in figure 5.11b.
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(a) Fit results for the variable MBC.
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Figure 5.11: Fit results of the continuum component of the Dπ control sample.
Data points with errors represent the off-resonance data and the solid blue line
represents the fit result.

The Fisher discriminant that distinguishes between signal (B decays) and continuum
(e+e−→ qq , where q = u, d, s, c) FS/B, is modelled by the same parametrisation throughout
the whole analysis. The parameters of the Gaussians, however, are different for the
continuum model compared to the B decay models. In every component j, the FS/B is
modelled by the sum of three Gaussians in every r-bin, l.

P lj(FS/B) ≡f1 ·G(FS/B, µl1 + µCF,l1 , σl1 · σCF,l1 )

+ f2 ·G(FS/B, µl1 + µCF,l1 + µl2, σ
l
1 · σCF,l1 · σl2)

+ (1− f1 − f2) ·G(FS/B, µl1 + µCF,l1 + µl2 + µl3, σ
l
1 · σCF,l1 · σl2 · σl3) (5.22)



130 5. Differences between Monte-Carlo and Data

But there is no need for correction factors because the continuum model is built from off-
resonance data as we do not expect a difference between off-resonance data and on-resonance
data in the continuum. The fit results can be found in figure 5.12.
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Figure 5.12: Fit results for the variable FS/B, for the continuum component
of the Dπ control sample. Data points with errors represent the off-resonance
data and the solid blue line represents the fit result.

The ∆t for continuum consists of a broad lifetime component which accounts for long lived
particles, for example charmed particles, and a delta function component for single vertex
events (prompt decays),

P lcont(∆t) ≡ fprompt · Pprompt + (1− fprompt) · P llifetime, (5.23)

where the lifetime PDF Plifetime, is given by

P llifetime(∆t) ≡
e−|∆t|/τeff

4τeff
⊗Rl

B+B−(∆t). (5.24)

The detector resolution function Rl
cont(∆t), for continuum is convoluted onto the exponential

function modelling the lifetime. For the prompt component, the convolution of the detector
resolution function with the delta function yields the sum of two Gaussians as a model,

Pprompt(∆t) ≡ f ·G(FS/B, µmain, σmain)

+ (1− f) ·G(FS/B, µmain + µtail, σmain · σtail). (5.25)

The fit results can be found in figure 5.13.

The total PDF for the continuum component is constructed to be

P lcont(MBC,∆E,FS/B, q,∆t) ≡ Pcont(MBC,∆E)Pcont(FS/B)P lcont(∆t). (5.26)

The fit results to off resonance data are shown in Figs. 5.11a, 5.11b, 5.12, 5.13.



5.1 Control Sample Measurement 131

 t [ps]∆
-10 0 10

ev
en

ts
 / 

0.
58

8 
[p

s]

0

200

400

600

800

1000

Figure 5.13: Fit results for the variable ∆t, for the continuum component of
the Dπ control sample. Data points with errors represent the off-resonance data
and the solid blue line represents the fit result.
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5.1.4 Fit of Dπ Model to the Control Sample

To correct the differences between Monte-Carlo and data, we use a two step procedure.
First we obtain our Dπ model from full detector simulation Monte-Carlo. In a second step,
we fit our Model to data and free correction factors that allow changes in the shape of
the model. This way we can obtain correction factors for MBC, ∆E, FS/B and the r-bin
fractions. We assume that our main analysis channel B → π+π− is similar enough to the
control sample to carry the correction factors over and apply them to the shapes there as
well.

We include correction factors into our Dπ model of MBC, ∆E and FS/B. The correction
factor for the mean of the primary Gaussian is added onto the mean obtained from the fit
to the Dπ signal sample. The correction factor for the width, however, is multiplied onto
the width obtained from the fit to the signal sample. Allowing the correction factors to
float in the fit to data enables us to determine them. The plots show a good agreement
between data and MC after floating the correction factors (Fig. 5.14). The correction
factors obtained from the fit are applied to the full-fitter (π+ π−) for the final fit to data.
Corrections for ∆E, MBC, FS/B and the r-bin fractions obtained from the Dπ-truth-model
are applied to the PDF shape of the signal component π+ π−, K π and K K . The correction
factors for the FS/B PDF shape are also applied to the FS/B PDF shape of the charged
and neutral B meson components. Table 5.1 shows a summary of the correction factors
obtained on the Dπ sample.

The correction factor and the corresponding errors with more digits can be found in the
parameter listing in the appendix D.
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Figure 5.14: Fit projections of all variables to the control sample. The black
points show the data of the full Belle statistics including the errors. The black
solid line represents the total PDF of all components. The red dotted line
represents the total background while the green broken line is the background
from three body charmed decays.
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Table 5.1: Correction factors obtained from truth model of the Dπ fit.

model parameter r-bin CF for SVD1 CF for SVD2
r-bin frac. 0 0.98 1.02
r-bin frac. 1 1.07 1.03
r-bin frac. 2 0.99 0.98
r-bin frac. 3 0.96 1.03
r-bin frac. 4 0.98 0.98
r-bin frac. 5 1.05 0.95
MBC mean 1.59 MeV 1.37 MeV
MBC σ 96 % 101 %
∆E mean −3.94 MeV −1.29 MeV
∆E σ 117 % 122 %
FS/B mean 0 0.00 -0.01
FS/B σ 0 100 % 100 %
FS/B mean 1 -0.02 -0.01
FS/B σ 1 103 % 102 %
FS/B mean 2 -0.01 -0.01
FS/B σ 2 104 % 102 %
FS/B mean 3 0.00 -0.01
FS/B σ 3 98 % 103 %
FS/B mean 4 -0.01 -0.01
FS/B σ 4 103 % 105 %
FS/B mean 5 -0.00 -0.01
FS/B σ 5 105 % 103 %
FS/B mean 6 0.01 -0.01
FS/B σ 6 108 % 103 %
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5.2 Corrections to the Particle Identification

In this analysis, we incorporate the particle identification (PID) likelihood ratios L+
K/π and

L−K/π , into the fit. The PID likelihood ratio of the kaon over the sum of kaon and pion
likelihoods are described as histograms in all components. The histograms, however, are
determined from Monte-Carlo for BB components and we expect a difference between
data and Monto-Carlo. In contrary to the previous analysis, we intend to correct for the
differences between data and Monte-Carlo. There is a set of correction factors ρ, available
from an independent analysis (PID group). These correction factors are meant to correct
the efficiency calculation. The correction factors can be used for a discrete set of cut values,
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9. Also, the correction factors are given as a function
of the angle of the particle to the detector z-axis θ, and the particle momentum, p. The
correction factors are obtained in the independent analysis from an inclusive D∗(2010)±

sample. The flavour of the D meson can be determined from the charge of the slow pion
in the decays D∗(2010)±→ D0π+ and D∗(2010)∓→ D0π−. Since the D0 (D0) decays into
K+π− (K−π+), we know whether the positive or negative track is the kaon or vice versa.
This information is compared to the information from the PID system. The analysis is
performed in bins of the particle momentum and polar angle θ, in the detector.

In the following we will show how to calculate the expected bin heights in data of the L+
K/π

and L−K/π histogram from the cut correction factors.

We want to introduce the method in the simpler one dimensional case and then later
generalize it to the two dimensional case. Now imagine a histogram that looks like the
one shown in figure 5.15. The number of events in the first bin is NMC

1 and is known from
Monte-Carlo. Now imagine we would cut at the bin border, 0.1, we would be left with only
these events in the first bin. Then using the correction factor for this cut ρ1, we can obtain
the expected number of events in data N1,

N1 = NMC
1 · ρ1. (5.27)

Moving on to a cut at the bin border of the second bin, 0.2, we can set up the following
equation

N1 +N2 = (NMC
1 +NMC

2 ) · ρ2, (5.28)
N2 = (NMC

1 +NMC
2 ) · ρ2 −N1. (5.29)

The value of N2 depends now only on NMC , which is known from Monte-Carlo, ρ2, which
is our input from the PID experts group, and N1, which we calculated above. We can
generalize this recursive procedure and obtain

Ni =
i∑
u

NMC
u · ρi −

i−1∑
u

Nu. (5.30)
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Figure 5.15: Likelihood ratio of a kaon given the pion hypothesis in a B0→
π+π− Monte-Carlo sample.

In the extension to the 2D case we are looking at the PID likelihood ratio of the kaon given
the pion hypothesis again, but this time for the positive and the negative particles that
together form the B meson. Figure 5.16 shows the distribution obtained from Monte-Carlo.
We need to redefine slightly the variables that we introduced for the 1D case. The correction
factors for cuts on L+

K/π or L−K/π are combined into a single ρij,

ρij = ρ+
i · ρ−j , (5.31)

∆ρ2
ij = (∆ρ+ρ−)2 + (∆ρ−ρ+)2. (5.32)

Then we can start our recursive procedure with the bin (1, 1),

N11 = NMC
11 · ρ11. (5.33)

Moving away from this bin to the neighboring bins yields the same equations as for the 1D
case. Finally we obtain

Nij =
i∑
u

j∑
v

NMC
uv · ρij −

i∑
u

j∑
v

Nuv +Nij, (5.34)

for the general case. Please note that the expression on the right is independent from Nij

because it is subtracted in the sum, but explicitly added afterwards to make it vanish from
the term. By using the relation

i∑
u

j∑
v

Nuv =
i∑
u

j∑
v

Nuv · ρij, (5.35)
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Figure 5.16: Likelihood ratio of the kaon given the pion hypothesis for the
positive particle L+, and the negative particle L−.

which is just the definition of the correction factors for the cuts ρ, we can remove the
recursion from the formula and obtain the final result,

Nij =
i∑
u

j∑
v

NMC
uv · ρij −

i−1∑
u

j∑
v

NMC
uv · ρi−1j

−
i∑
u

j−1∑
v

NMC
uv · ρij−1 +

i−1∑
u

j−1∑
v

NMC
uv · ρi−1j−1.

Another question is the error of the expected number of events in each bin. This can be
calculated using error propagation. The resulting error in each bin for the 2D case is

∆N2
ij =

[
i∑
u

j∑
v

NMC
uv

]
·∆ρ2

ij −
[
i−1∑
u

j∑
v

NMC
uv

]
·∆ρ2

i−1j

−
[

i∑
u

j−1∑
v

NMC
uv

]
·∆ρ2

ij−1 +

[
i−1∑
u

j−1∑
v

NMC
uv

]
·∆ρ2

i−1j−1.

This statement holds only if the number of events in each bin are uncorrelated. Because
this is not necessarily true we did some Toy Monte-Carlo studies where we modelled the
correlation explicitly (Data not shown). We used, however, a different method for calculating
the systematic errors of this procedure (Sec. 6.2) which is even more conservative. For the
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component π+ π−, the procedure is illustrated now with the aid of plots. The correction
factors in each bin ρNij , are provided by a independent analysis as a function of θ and p for
every particle N . The average in every bin is shown in figure 5.17. The errors of those

Figure 5.17: Cut efficiency correction factors (ρ) for each bin in the L+L−

histogram.

correction factors ∆ρij (Fig. 5.18), are also provided by the PID expert group as a function
of θ and p. They are needed as input to the error propagation to determine the final error
on the number of events. Finally the applied recursive procedure produces the following
expectation for the data histogram (Fig. 5.19). The blue lines indicate the Monte-Carlo
histogram while the black crosses show the expectation in data with the corresponding error
estimation. To get a better feeling about the differences between data and Monte-Carlo we
build a ratio (Fig. 5.20). Please note that the biggest discrepancies are in the bins with the
lowest statistics.



5.2 Corrections to the Particle Identification 139

Figure 5.18: Errors of the correction factors for each bin in the L+L− histo-
gram.

Figure 5.19: Monte-Carlo histogram(blue) and corrected data-like histogram
with errors(black) of L+L−.
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Figure 5.20: Bin-wise ratio between data-like histogram and Monte-Carlo
histogram of L+L−.



Chapter 6

Results from B0→ h+h−

6.1 Measurement of B0 → h+h− from the full Data
Sample

6.1.1 Box Opening

The previous time-dependent CP violation analysis [39] analysed at a dataset of 535× 106 BB
events. We are using the full Belle dataset which contains 772× 106 BB events. This will
enable us to compare our results with the results of the previous analysis on the same
dataset. First we performed a fit without correcting the PID histograms obtained from
Monte-Carlo. The PID histogram correction accounts for the differences between data and
Monte-Carlo and is described in section 5.2. In the fit to data, we float the branching ratios
and the CP parameters.

It turns out that the fit of the signal components π+ π−, K π and K K to on-resonance
data shows a discrepancy between the PDF and the data in the variable MBC, particularly.
This demonstrates that the B0 → h+h− decays and the Dπ decay are kinematically not
similar enough to obtain perfect correction factors. Therefore the correction factors for
MBC are floated on the final fit to data. The control sample analysis is still useful because
start parameters for the fit of all signal components can be obtained. The correction factors
obtained from the control channel for the mean and the width of ∆E and FS/B are applied
and fixed. Also, the ratio between the yield of the charmless B0 and B± decays is fixed
while floating the combined yield. The yield of the continuum is floated. Because we are
strongly dominated by continuum events, we can determine the continuum shape in the
fit to data. Therefore we float the ∆E slope in all r-bin’s. Also for the MBC PDF, the
parameters of the Argus function are determined from the fit. The chance is also taken to
float the FS/B shape and the r-bin fractions. A complete list of all floated parameters in
the final fit can be found in the appendix D.
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Table 6.1: Cuts applied to data to enhance the B0→ π+π− signal.

Dimension lower limit upper limit
MBC 5.27 GeV 5.29 GeV
∆E −0.04 GeV 0.04 GeV
FS/B 0.0
r 0.5
L+
K/π 0.4

L−K/π 0.4

Table 6.2: Cuts applied to data to enhance the B → K±π∓ signal. The colour
code in the cuts of the likelihood ratios means (L+

K/π > 0.6 ∧ L−K/π < 0.4) ∨
(L+

K/π < 0.4 ∧ L−K/π > 0.6).

Dimension lower limit upper limit
MBC 5.27 GeV 5.29 GeV
∆E −0.08 GeV 0.00 GeV
FS/B 0.5
r 0.0
L+
K/π 0.6 0.4

L−K/π 0.6 0.4

Table 6.3: Cuts applied to data to enhance the B0→ K+K− signal.

Dimension lower limit upper limit
MBC 5.27 GeV 5.29 GeV
∆E −0.12 GeV −0.08 GeV
FS/B 0.0
r 0.5
L+
K/π 0.6

L−K/π 0.6
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The following plots show projections of the data and the PDF onto the various fit dimensions
e.g. MBC, ∆E, etc. The plots are signal enhanced by applying various cut to amplify
one of the three signal modes B0 → π+π−, B0 → K+π− and B0 → K+K−. To enhance
B0→ π+π−, we apply the cuts shown in Tbl. 6.1.

For the decays B0→ K+π− and B0→ K−π+, we differentiate between the decays by the
charge on the kaon. Therefore we have to cut on the PID variables which we connect with
a logical or. This is shown in Tbl. 6.2.

The cuts for the decay B0→ K+K− are very much the same as for B0→ π+π−, except for
the ∆E region and the PID likelihood cuts (see Tbl. 6.3).

The following plots are all using the same color code, showing the data points with their
corresponding errors in black. The solid black line shows the total PDF being the sum of
all separate component PDFs. The continuum PDF is shown as a red slashed line. The
green line is the sum of the PDFs of the charmless decays. Possible peaking backgrounds
are indicated with a blue area. Beneath the plot, we decided to put a plot showing the
normalized residuals in every bin. The normalized residual is the difference between data
and PDF in the bin of interest divided by the error of the data point. The red and
blue dotted lines in the normalized residual plot show the 1 and 2 sigma deviation levels,
respectively.

Table 6.4: Physics results from the full Belle data set of 772× 106 BB-pairs.

Observable Value× 106 Statistical error
BR(π+π−) 5.63 ±0.16
BR(Kπ) 18.71 ±0.25
BR(K+K−) 0.03 ±0.05
ACP (π+π−) 0.33 ±0.06
SCP (π+π−) −0.64 ±0.08
ACP (Kπ) −0.061 ±0.014

By studying the projections of the data and PDF in the plots (Fig. 6.3-6.19), we can
summarize that the agreement between data and the PDF is within the statistical uncer-
tainties. Table 6.4 shows the physics results from the fit. For all physics observables, we
determine the asymmetric error by examining the Likelihood function (MINOS). Because
the statistical uncertainties are close to symmetric, we symmetrise the statistical error by
taking the larger one. One side effect of the determination of the six physics observables in
one likelihood maximization, is that we can obtain a full correlation matrix. The correlation
parameters are interesting for a later isospin analysis. The correlation matrix of the physics
observables is shown in table 6.5. The two strongest correlations are between the ACP and
SCP parameters for π+ π−, and the branching ratios between the decays B0→ π+π− and
B → Kπ. Both are in the order of 10%. The fit of the likelihood ratios L+

K/π and L−K/π
are shown in Fig. 6.13,6.14 for K+π− and Fig. 6.18 6.19 for K+K−. We observe that the
normalisation of the total PDF is not optimal. The reason is that we project out the PID
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likelihood by cutting on the fisher discriminant. The continuum model of the PDF of the
fisher discriminant seams to mismatch the data which results in a bad normalization of the
total PDF after the cut. This is also believed to be the reason for the shape of the residuals
in Fig. 6.3.

Table 6.5: Correlation factors obtained from a simultaneous fit of all 6 physics
observables.

BR(ππ) BR(Kπ) BR(KK) ACP (ππ) SCP (ππ) ACP (Kπ)
BR(ππ) 1
BR(Kπ) −0.093 1
BR(KK) +0.009 −0.063 1
ACP (ππ) −0.058 +0.017 −0.001 1
SCP (ππ) +0.034 −0.010 +0.001 +0.095 1
ACP (Kπ) −0.003 +0.006 −0.003 −0.041 −0.000 1

6.1.2 Comparison with previous Results

At the Belle experiment, the branching ratios and the CP parameters have been measured
before with a data set of 532 million BB pairs. The results are summarized in section 2.9.
For better comparison, we again divided the full data set into a first part of 532 million BB
pairs and a second part containing the remaining 237 million BB pairs. In the following,
the first part is going to be called partial box and the second part, the new data set. With
our analysis, we obtain the values shown in table 6.6 from the partial box measurement. In
addition we provide the signal enhanced ∆t plot, showing the results from our fit on the
partial box data in Fig. 6.9. We observe a difference in the branching ratio measurement

Table 6.6: Physics results from the partial box opening of 535× 106 BB-pairs.

Observable Value× 106 stat. error
BR(π+π−) 5.57 0.18
BR(Kπ) 18.43 0.29
BR(K+K−) 0.077 0.06
ACP (π+π−) 0.47 0.07
SCP (π+π−) −0.63 0.08
ACP (Kπ) −0.073 0.016

of BR(π+π−) and BR(Kπ) with respect to the previous measurement. Judging from the
numbers, it seams to be a migration of K π events to π+ π− events. The CP parameters are
in agreement within the statistical errors. Now we performed a separate fit of the new data
set and found the results given in table 6.7. We can clearly see that the difference in the CP
parameters shows a downward fluctuation in the new data set. Fig. 6.10 shows the signal
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enhanced projections of the ∆t dimension for the last 237× 106 BB pairs. An independent
Belle analysis [73] is observing the same down fluctuation in the CP parameters in this
last data set. This independent analysis is using cuts on the Kaon-Pion Likelihood ratio to
obtain the data sample which is then used in a three dimensional maximum likelihood fit.
The branching ratios are unchanged in the old and new dataset within the statistical errors.
To estimate the probability for a statistical fluctuation of ACP (π+π−) and SCP (π+π−), the

Table 6.7: Physics results from the last 237× 106 BB-pairs taken at Belle.
This is the data set that has not been analyses in previous analysis

Observable Value× 106 stat. error
BR(π+π−) 5.82 0.28
BR(Kπ) 19.41 0.45
BR(K+K−) −0.12 0.078
ACP (π+π−) 0.058 0.10
SCP (π+π−) −0.62 0.13
ACP (Kπ) −0.034 0.023

data set was divided into the first 535× 106 BB-pairs and the last 237× 106 BB-pairs.
We performed Toy-Monte-Carlo experiments with the central values obtained from the full
data set. The values obtained from the previous analyses we marked with arrows. The
previous analysis used data with a different track reconstruction procedure, called case
A. This analysis uses data processed with an improved track reconstruction procedure,
called case B. For better comparability with the previous analysis we colour coded the
expectations from case A data and case B data with blue and red respectively. We obtain
the probabilities for statistical fluctuations shown in table 6.8. The corresponding plots are

Table 6.8: Chances for statistical fluctuation of the ACP (π+π−) value in various
data sets.

Dataset quantity probability
535× 106 case B ACP = +0.47 3.2%
535× 106 case A ACP = +0.55 0.1%
237× 106 case B ACP = +0.058 0.47%

shown in Figs. 6.1 6.2.
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Figure 6.1: Distribution of ACP (π+π−) (top) and its error (bottom) from
Toy-Monte-Carlo studies in the first 535 million (b) and the remaining 237 (a)
million BB pairs. The blue arrow denotes expectations from case A while the
red arrow denotes expectations from case B.
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Figure 6.2: Distribution of ACP (π+π−) (top) and its error (bottom) from
Toy-Monte-Carlo studies in the first 535 million (b) and the remaining 237 (a)
million BB pairs. The blue arrow denotes the expected values from the full
dataset.
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Figure 6.3: ∆E distribution of the π+ π− signal enhanced data from the full
Belle data set. Black crosses denote the data; the total PDF is shown as a black
solid line. The total background is the red dashed line, containing the background
from charmless B decays displayed as green dotted line. The blue hashed area is
the contribution from the peaking background of B0→ K+π− decays.
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Figure 6.4: MBC distribution of the π+ π− signal enhanced data from the full
Belle data set. Black crosses denote the data; the total PDF is shown as a black
solid line. The total background is the red dashed line. The blue hashed area is
the contribution from the peaking background of B0→ K+π− decays.
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Figure 6.5: FS/B distribution of the π+ π− signal enhanced data from the full
Belle data set. Black crosses denote the data; the total PDF is shown as a black
solid line. The total background is the red dashed line. The blue hashed area is
the contribution from the peaking background of B0→ K+π− decays.
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Figure 6.6: L+
K/π distribution of the π+ π− signal enhanced data from the full

Belle data set. Black crosses denote the data; the total PDF is shown as a black
solid line. The total background is the red dashed line, containing the background
from charmless B decays displayed as green dotted line.
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Figure 6.7: L−K/π distribution of the π+ π− signal enhanced data from the full
Belle data set. Black crosses denote the data; the total PDF is shown as a black
solid line. The total background is the red dashed line, containing the background
from charmless B decays displayed as green dotted line.



6.1 Measurement of B0→ h+h− from the full Data Sample 153
E

v
e

n
ts

 /
 (

1
.5

 p
s
)

50

100

150

200

250

300
q = +1

q = ­1

t (ps)∆

­7.5 ­5 ­2.5 0 2.5 5 7.5

0
B

+
N

0
B

N

0
B

­N
0

B
N ­0.5

0
0.5
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Figure 6.10: ∆t distribution of the π+π− signal enhanced data from the new
data set of the latest 237 million BB pairs. The blue points correspond to data
with a Btag identified as B0, the red triangles correspond to data with a Btag

identified as B0. The solid lines show the PDF for the given class of events.
The green dotted line is the contribution from backgrounds. The time-dependent
asymmetry is shown in the lower part of the plot.
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(a) B0→ K+π− decays
E

v
e
n
ts

 /
 (

0
.0

1
2
5
 G

e
V

)

50

100

150

200

250

300

350

400

E (GeV)∆

­0.2­0.15 ­0.1­0.05 0 0.05 0.1 0.15R
e
s
id

u
a
ls

N
o
rm

a
lis

e
d

­2
0
2

(b) B0→ K−π+ decays

Figure 6.11: ∆E distribution of the K+ π− signal enhanced data from the full
Belle data set. Data is shown as black crosses; the total PDF is the solid black
line; the total background is the red dashed line which includes the contribution
from charmless B decays in green. The hashed blue area is the peaking background
contribution from the decay B0→ π+π−.
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(a) B0→ K+π− decays
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(b) B0→ K−π+ decays

Figure 6.12: MBC distribution of the K+π− signal enhanced data from the full
Belle data set. Data is shown as black crosses; the total PDF is the solid black
line; the total background is the red dashed line. The hashed blue area is the
peaking background contribution from the decay B0→ π+π−.
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(a) B0→ K+π− decays
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(b) B0→ K−π+ decays

Figure 6.13: L+
K/π distribution of the K+π− signal enhanced data from the full

Belle data set. Data as black crosses; the total PDF as solid black line; the total
background is the red dashed line which includes the contribution from charmless
B decays in green. The hashed blue area is the peaking background contribution
from the decay B0→ π+π−.
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(a) B0→ K+π− decays
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(b) B0→ K−π+ decays

Figure 6.14: L−K/π distribution of the K+π− signal enhanced data from the full
Belle data set. Data as black crosses; the total PDF as solid black line; the total
background is the red dashed line which includes the contribution from charmless
B decays in green. The hashed blue area is the peaking background contribution
from the decay B0→ π+π−.
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(a) B0→ K+π− decays
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(b) B0→ K−π+ decays

Figure 6.15: FS/B distribution of the K+π− signal enhanced data from the full
Belle data set. Data is shown as black crosses; the total PDF is the solid black
line; the total background is the red dashed line. The hashed blue area is the
peaking background contribution from the decay B0→ π+π−.
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Figure 6.16: ∆E distribution of the K+K− signal enhanced data from the full
Belle data set. Data is shown as black crosses; the total PDF is the solid black
line; the total background is the red dashed line. The green solid line is the signal
component from the B0→ K+K− decay.
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Figure 6.17: MBC distribution of the K+K− signal enhanced data from the
full Belle data set. Data is shown as black crosses; the total PDF is the solid
black line; the total background is the red dashed line. The green solid line is the
signal component from the B0→ K+K− decay.
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Figure 6.18: L+
K/π distribution of the K+K− signal enhanced data from the

full Belle data set. Data is shown as black crosses; the total PDF is the solid
black line; the total background is the red dashed line including the background
from chramless B decays displayed as green dashed line.
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Figure 6.19: L−K/π distribution of the K+K− signal enhanced data from the
full Belle data set. Data is shown as black crosses; the total PDF is the solid
black line; the total background is the red dashed line including the background
from chramless B decays displayed as green dashed line.
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Figure 6.20: FS/B distribution of the K+K− signal enhanced data from the
full Belle data set. Data is shown as black crosses; the total PDF is the solid
black line; the total background is the red dashed line.
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6.2 Estimation of Systematic Uncertainties

To carefully estimate the systematic errors, we are closely following the procedures that
have been established in the Belle collaboration. For those cases where we introduced new
analysis methods, e.g. the particle identification histogram corrections (see section 5.2), we
devote more time in the discussion of the calculations performed to evaluate the systematic
uncertainty. Many procedures are standard procedures performed at the Belle experiment.
This chapter explains all the contributions to the systematic error of both the branching
fractions and the CP parameters. In a final section, a table of all the contributions to the
systematic uncertainty are presented and we are discussing the relative size of them.

6.2.1 Number of BB pairs

The determination of the number of BB pairs is done directly with the Belle detector.
Basically it is determined from the increase in the cross section when recording data 80 MeV
below the Υ(4S) resonance (off-resonance) from on the Υ(4S) resonance (on-resonance).

N(BB) = N(on)− acN(off) (6.1)

The ratio c, of efficiency for recording background q q events in an on and off-resonance
sample is determined from Monte-Carlo. The scale factor a, for on and off-resonance q q
background is calculated from Bhabha pairs and muon pairs from data. Systematics are
determined globally for the final data set of Belle. The procedure is described elsewhere
[74].

6.2.2 Tracking Systematics

The tracking systematics is an uncertainty that effects the efficiency of the reconstruction.
Depending on the momentum of a particle track, there is an uncertainty that a track is
found or not. This uncertainty is 0.35% for a particle track with a momentum higher than
200 MeV. For the two body decay of our channel B → hh, the particles always have more
than 200 MeV. Nevertheless we estimated the average tracking systematic on a per event
basis on the Monte-Carlo sample which we used for the calculation of the reconstruction
efficiency. The resulting systematic error is 0.7% of the resulting branching fraction for all
channels.

6.2.3 IP Profile

In the reconstruction of the event, we are performing a beam tube constrained fit on the
z-vertex of the CP side and tag side B meson. The beam tube constrained fit is explained in
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more detail in Sec. 4.3.3, but basically it is a vertex fit which constrains the tracks to come
from a common vertex lying on the interaction point but being free in the z direction. The
IP or beam spot, however, is defined as a ellipsoid with a central point and uncertainties
giving the size of the principal axes. In the r− φ plane the IP ellipsoid has a uncertainty of
21µm. By varying the uncertainty by ±10µm, we are accounting for the finite lifetime of
the B meson.

6.2.4 Selection Criteria of the B-tagging Algorithm

Once the reconstruction of the CP side B meson is done, we run the tagging algorithm
on the event. The tagging algorithm tries to extract the information about the flavour
and vertex of the other B meson which is sometimes named the tag B meson. Therefore
a set of selection criteria depending on decay vertex of the CP side B meson is used to
remove tracks with poor z-position measurements. The selection criteria in the z direction
are σz < 0.5 mm and dr < 0.5 mm in the r − φ plane. The effect on the physics results is
investigated by a variation of ±10% of the selection criteria.

6.2.5 Track Helix Error

The tracking which is done in the full simulation of the Belle detector is taking many
detector effects into account. But it is still a simplification of the real detector. Therefore
the resolution of the helix parameters is too optimistic. Correct errors for the tracks are
obtained by studying cosmic ray data. During the simulation, the track helix errors are
scaled up. To estimate the systematic uncertainty coming from this procedure, we are
performing the reconstruction with and without the error scaling applied and compare the
results.

6.2.6 ∆t Selection

During the reconstruction, we are applying a cut on the ∆t variable to veto cosmic particles
or misreconstructed tracks (|∆t| < 70 ps). By varying the cuts by ±30 ps we evaluate the
impact of the selection criterion.

6.2.7 Vertex Quality

Since the vertex fit of the CP side and tag side is crucial to the ∆t measurement, we are
estimating systematic effects due to the quality of the fit. Therefore we vary the selection
criteria, h < 50 and the zerr < 200(500)µm of the multi (single) track vertices. The selection
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of the fit quality h, is varied by +50
−25 and zerr is varied by ±100µm. The impact on the fit

result with respect to the nominal fit result is taken as a systematic uncertainty.

6.2.8 ∆z Bias

The ∆z bias is observed due to intrinsic detector effects and misalignment between SVD
and CDC and many other sources. Moreover, it directly affects the extraction of the
time-dependent CP parameters. We can use the golden channel B0→ J/ψK0

S to measure
the bias of the ∆z distribution. The bias is depending on charge, momentum and the angle
of the track. Because it is thought to be independent of the decay channel, the systematic
uncertainty study is taken from the golden channel.

6.2.9 Misalignment

The effects of not perfectly aligned silicon and gas detectors has a big impact on tracking.
Although alignment of the detector is performed and taken into account, we still have
uncertainties. In addition, the alignment can change during the data taking. To study the
effect of a misaligned detector on the physics quantities, we use a special Monte-Carlo data
set which is misaligned intentionally.

6.2.10 Physics Parameters

In the models for the ∆t PDFs, we are using parameters like the lifetime τB0, of the B
meson or the mass difference ∆md, between the heavy and light eigenstates of the B meson.
These parameters are not measured in this analysis. Therefore we are using the current
world averages from the particle data group [4]. By changing these parameters by their
error we study the effect of these uncertainties on our results.

6.2.11 Data/MC Shape

For the signal components, we determine the systematic error due to imperfections of the
model. Therefore all parameters that are obtained from Monte-Carlo or the control channel
are varied according to their uncertainties. For the histogram of L+

K/π and L−K/π , we are
using a different approach. The procedure of correcting this PID histogram bin-wise is
explained in Sec. 5.2 in more detail. If one looks at Fig. 5.17 in that section, one can
see how the efficiency correction parameters ascend and reach unity in the last bin. To
incorporate the uncertainty of this procedure in our systematic error estimation, we are
assuming, depending on the error of the first bin (L+

K/π = 0∧L−K/π = 0), two different sloped
planes. To incorporate effects that act differently depending on the charge of the particle,
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we repeat this procedure for the two bins, L+
K/π = 1 ∧ L−K/π = 0 and L+

K/π = 0 ∧ L−K/π = 1.
This change is propagated back into our PDF. With these changed PDFs, we are refitting
the data and calculate the difference of the fit results with the nominal fit result. These
differences are added in quadrature to determine the systematic error coming from the PID
correction procedure.

6.2.12 ∆t Resolution Function

The detector resolution function is depending on parameters that are obtained from Monte-
Carlo and Data. These parameters are varied within 1σ or 2σ depending on whether the
parameters are obtained from data or from Monte-Carlo. The change of our measurement
results is a direct measure for the systematic uncertainty due to the determination of the
detector resolution function.

6.2.13 Flavour Tagging

In the time-dependent part of our analysis, we are using the data binned in the B-tag
quality r. Within these bins, the fractions of wrongly tagged events w, and the wrong tag
fraction difference between B0 and B̄0, ∆w, is determined. The error of this method is
determined by the Belle flavour tagging group [69]. We are varying the wrong tag fractions
according the errors and determine this way the impact on the physics results.

6.2.14 Parametric Shape

In this analysis we try to use analytical functions everywhere possible in the background
model to describe the background shapes. We determine the parameters of these analytical
function PDFs by fitting a Monte-Carlo set or off-resonance data. The maximum Likelihood
method does not only provide us with the central value for our model parameters but also
yields an uncertainty on every parameter. To determine the systematic error due to the
determination of the model parameters, we vary the parameters of the PDFs by their errors
and repeat the fit to data. The uncertainties on the results are given by the difference to
the nominal fit results. The total systematic error on the parametric shape is calculated by
adding up the uncertainties of all fits in quadrature.

6.2.15 Non-parametric Shape

In all background models, we describe some dimensions of the PDF by histograms. For
example, the ∆E and MBC PDFs for the rare decays of neutral and charged B mesons
are described by histograms. These histograms are created from a Monte-Carlo data set
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that corresponds to 50 times the luminosity of the Belle experiment. For the continuum
model, data taken slightly below the Υ(4S) resonance (off-resonance) with statistics of
approximately 1/10 of the on-resonance dataset is used. An uncertainty can be assigned to
every bin due to the statistical Poisson distribution of the events in our counting experiment.
In analogy to the parametric shapes, we vary every bin by its error and refit our data. The
differences of our fitting results with the nominal fit result are added in quadrature and
are our measure of the uncertainty due our choice of a histogram PDF. For the histogram
of L+

K/π and L−K/π determined from Monte-Carlo, we are using a different approach. The
procedure of correcting this PID histogram bin-wise is explained in Sec. 5.2 in more detail.
Fig. 5.17 in that section shows how the efficiency correction parameters ascend and reach
unity in the last bin. To incorporate the uncertainty of this procedure in our systematic error
estimation, we are assuming, depending on the error of the first bin (L+

K/π = 0∧L−K/π = 0),
two different sloped planes. To incorporate effects which act differently depending on the
charge of the particle, we repeat this procedure for the two bins L+

K/π = 1 ∧ L−K/π = 0 and
L+
K/π = 0 ∧ L−K/π = 1. This change is propagated back into our PDF. With these changed

PDF we are refitting the data and calculate the difference of the fit results with the nominal
fit result. These differences are added in quadrature to determine the systematic error
coming from the PID correction procedure.

6.2.16 Fit Bias

To determine the fit bias of our model, we performed Toy-Monte-Carlo ensemble tests (see
Sec. 4.6). Using events from full simulation, we showed that we are expecting biased results
due to imperfections of our parametric description of the Monte-Carlo. These biases can, in
principal, be determined with arbitrary precision. One, however, cannot know if the bias is
the same on data as it is on Monte-Carlo. Therefore we are using the following method to
determine a systematic error for this fitting bias. Our systematic error calculation is based
on the assumption that a small bias or no bias is a hint for a good PDF description of the
Monte-Carlo and therefore also deserves the assignment of a small error. We are confident
in the source of the fit bias being the parametric description of the PDF and the neglecting
of some correlations. We do not correct the fit bias and assign the full bias as systematic
uncertainty.

6.2.17 Tag-side Interference

The B-tagging algorithm tries to identify the flavour of a B meson by identifying the
charges of the decay products. For example, one observes the decay of B0 → D+π− on
the tag-side where the D+ decays into K−π+π+. This decay would be usually associated
with a B0 meson. But the same final state can be reached through a b → ucd transition.
The probability for the later process is in the order of a few percent of the dominant decay
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amplitude. Long et al. [75] propose a procedure of how to estimate the uncertainties that
come from neglecting the tag-side interferences.

6.2.18 Discussion of the Contributions of the total Systematic Er-
ror

After performing all the studies that where mentioned in the previous sections, we obtain
the full table of systematic uncertainties for our 6 physics observables (Table 6.9). Every
physics observable measurement is dominated by one or more systematic errors. In the
following, we want to discus this for every observable.

The measurement of the branching ratio of π+ π− is dominated by the fit bias. This fit bias
is discussed in Sec. 4.6. In future analyses, we suggest to further increase the number of
correlations that are modelled in the PDFs. The second biggest contribution the systematic
errors is the error on the measurement of the number of B B pairs.

The systematic uncertainty on the branching ratio of the decay B0→ Kπ is dominated by
the number of B B pairs.

The search for the decay B0 → K+K− obtains its biggest systematic uncertainties from
the PDF model shape that we use. Also, a noteworthy contribution comes from the ∆t
resolution function.

The CP parameters for the π+ π− decay are dominated by different sources. For ACP (π+π−),
the tag-side interference is the largest contribution. For SCP (π+π−), however, the systematic
uncertainties originate mainly from the uncertainties on the ∆t resolution function. Not
surprisingly, the IP profile is a big contributor for the systematic error for the time-dependent
quantity of SCP (π+π−).

Finally the dominant systematic error by far for ACP (Kπ), is the shape of the L+
K/π L−K/π

histogram obtained from off-resonance data.

In table 6.10, we are showing the absolute systematic error for every physics observable.
The statistical error (see table 6.4) is also shown for comparison. The results including the
correlations are also used by the Heavy Flavour Averaging Group (HFAG) to create a plot
of the error ellipse for the various experiments including this analysis, denoted as Belle
(Fig. 6.21). The new world average is shown in red.
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Table 6.10: Summary of absolute systematic and statistical uncertainties on
the physics observables.

Physics observable Central value statistical error systematic error
B(π+π−)[10−6] 5.63 ±0.16 ±0.16
B(πK)[10−6] 18.71 ±0.25 ±0.37
B(K+K−)[10−6] 0.03 ±0.05 ±0.05
ACP (π+π−) 0.33 ±0.06 ±0.03
SCP (π+π−) −0.64 ±0.08 ±0.03
ACP (πK) −0.061 ±0.014 ±0.008

π
+
 π

-
 S

CP
 vs C

CP

Contours give -2∆(ln L) = ∆χ
2
 = 1, corresponding to 60.7% CL for 2 dof
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Figure 6.21: Direct CP violation vs. mixing induced CP violation parameters
for the decay B0 → π+π− determined from this analysis, BaBar and LHCB
experiments [59]. This can be compared to the results from the previous measure-
ment in Fig. 2.10. Other experiments use a different definition of the direct CP
violation parameter ACP = −CCP .
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6.3 Upper Limit Calculation for B0→K+K−

The branching ratio of the decay B0→ K+K−, was observed to be compatible with zero.
As a consequence, we determined the upper limit bound for the branching ratio. We use
the method of likelihood scans which yields a more accurate result. For the likelihood scan,
we are fixing the branching ratio of K+K− in the range 0 ≤ B(K+K−) ≤ 30 × 10−8 in
steps of 1× 10−8. At each fixed point, the other physics observables are floated and a new
parameter set that maximizes the likelihood is determined. In practice, we are minimizing
the inverted quantity −2 logL which has two important mathematical properties. On one
hand, the −2 logL behaves like a χ2 quantity, meaning that the change by 1 or 4 marks
the 1 or 2σ confidence interval for a normally distributed quantity. The absolute value
of −2 logL is meaningless. On the other hand, the minimization of the logarithm of the
likelihood is numerically much more stable because the likelihood is sharply peaking close
to the maximum and is almost flat everywhere else. Figure 6.22 shows the −2 logL in the
above range. It is interesing to note that the black solid line is taking the blue line and
convoluting it with the systematic error. We assume the systematic error to be of Gaussian
shape. Converting the −2 logL back to a likelihood results in Fig. 6.23. We find the 90%
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Figure 6.22: Logarithm of the likelihood as a function of the branching ratio
B(K+K−). The blue dotted line shows only the statistical likelihood. The solid
black line shows the statistical likelihood convoluted with the systematic error
modelled as a Gaussian.

confidence level from the likelihood convoluted with the systematic Gaussian determined as
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being the point where area under the curve from zero corresponds to 90%. The confidence
level is B(K+K−) < 13× 10−8.
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Figure 6.23: Likelihood as a function of the branching ratio B(K+K−). The
blue dotted line shows only the statistical likelihood. The solid black line shows
the likelihood convoluted with the systematic error modelled as a Gaussian. The
black arrow denotes the position of the 90% exclusion limit



6.4 Results from Isospin Analysis of B → ππ 171

6.4 Results from Isospin Analysis of B → ππ

The isospin analysis is aimed at isolating the contributions of penguin level diagrams from
the measurement of the angle φ2 of the unitarity triangle. The theoretical derivation of
the method is found in Sec. 2.5. For the first time, we are using only quantaties measured
at the Belle detector to perform the measurement of φ2 and the contribution from the
penguin diagrams causing ∆φ2. All branching ratios and CP parameters of decays which
are associated to the decay B0→ π+π−, by isospin symmetry are used. The isospin triangle
(Fig. 6.24) shows how the different amplitudes add up in the complex space. We are
performing a χ2 minimisation to obtain the best value for φ2 and ∆φ2.

In order to construct such a χ2 quantity, we look at the difference between the theoretical
predictions of the isospin analysis and the experimental results divided by the experimental
uncertainties. In table 6.11, all experimental results taken from the publications [73][76] are
summarised including their errors. All results from the decay of B0→ π+π− are taken from
our analysis. In addition to the bare parameters, we can implement correlations into the

Table 6.11: Branching ratios and CP parameters of decays associated by isospin
symmetry.

Quantity central value stat. error sys. error
B(π+π−) 5.63× 10−6 ±0.16× 10−6 ±0.16× 10−6

B(π0π0) 2.30× 10−6 0.50× 10−6 0.30× 10−6

B(π+π0) 5.86× 10−6 0.26× 10−6 0.38× 10−6

ACP (π+π−) 0.33 ±0.06 ±0.03
SCP (π+π−) −0.64 ±0.08 ±0.03
ACP (π0π0) 0.44 0.53 0.17
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Figure 6.24: The isospin triangles for the B0 decay and the CP conjugated B0

decay. The contribution of the penguin diagram to the φ2 measurement can be
geometrically obtained by measuring ∆φ2.
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isospin analysis. The correlation coefficent between ACP (π+π−) and SCP (π+π−) is usually
known because it is extracted in the same analysis. But for the first time in Belle, we also
obtained the correlation between the branching ratio and the CP parameters (Tbl. 6.12).
From the correlations ρ, in table 6.12 and the total error σ =

√
σ2
stat. + σ2

sys., from table

Table 6.12: Correlation matrix of branching ratios and CP parameters of the
decay B0→ π+π−.

B(π+π−) ACP (π+π−) SCP (π+π−)
B(π+π−) 1
ACP (π+π−) −0.057 1
SCP (π+π−) +0.032 +0.097 1

6.11, we obtain the correlation matrix Σ.

We are using a −2 logL ansatz and use a multivariate normal distribution as a likelihood.
The −2 logL is equal to the χ2 definition in the case of normal distributed values,

χ2 = −2 logL = −2 log

[
1

(2π)n/2|Σ|1/2 exp

(
−1

2
(xtheo − xexp)TΣ−1(xtheo − xexp)

)]
. (6.2)

The vector of the predictions made by the fitter constrained by theory xtheo, of dimension
n = 6, is substracted from the vector of experimental results xexp. It is multiplied by
the inverted covariance matrix Σ−1 and normalized by the determinant of the covariance
matrix. In the minimisation procedure, we are varying the geometrical parameters in the
two isospin triangles (Fig. 6.24) of the B0 decay and the B0 decay. These parameters
are related to the length of the sides of the triangles, a+−, a+0 (which is the same as a−0)
and ACP = ACP (π+π−), and these represent internal angles, ω, κ = 2∆φ2 and φ2. The
amplitudes are constructed from the geometrical parameters as shown in Eqn. 6.8.

A+− =
√
a+−(1−ACP ), (6.3)

Ā+− =
√
a+−(1 +ACP ), (6.4)

A+0 =
√
a+0, (6.5)

A2
00 =

A2
+−

2
+ A2

+0 −
√

2A+−A+0 cos(ω − κ

2
), (6.6)

Ā2
00 =

Ā2
+−

2
+ A2

+0 −
√

2Ā+−A+0 cos(ω +
κ

2
). (6.7)

(6.8)

Knowing the theoretical amplitudes from the geometrical parameters, we can then calculate
the theoretical observables as shown in Eqn. 6.14. These observables can then be compared
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to the experimental results in the χ2 minimization.

B(π+π−) =
1

2
(Ā2

+− + A2
+−), (6.9)

B(π0π0) =
1

2
(Ā00 + A00), (6.10)

B(π+π0) = A2
+0 · τB+/τB0, (6.11)

ACP (π+π−) = ACP , (6.12)

SCP (π+π−) =
√

1−ACP 2 · sin (2φ2 + κ), (6.13)

ACP (π0π0) =
Ā00 − A00

Ā00 + A00

. (6.14)

To create a plot of the confidence level(CL) as a function of the angle φ2, we have to scan
through all possible values of φ2. At every value of φ2, we reminimise the χ2, determining a
new set of parameters. In a second step we can translate the χ2 for 1 degree of freedom
into a confidence level,

1− CL =
1√

2nΓ(n/2)

∫ inf

∆χ2

e−
t
2 t

n
2
−1dt. (6.15)

The result is shown in Figure 6.25. Our measurement excludes a range of 23.8◦ < φ2 < 66.8◦

at the 1σ level. With a similar method, we create a plot of the confidence level of the
penguin contribution ∆φ2, to the φ2eff measurement (Fig. 6.26). The shift of the φ2

measurement due to the penguin contribution is contrained to be |∆φ2| < 44.8◦ at a 1σ
level.
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Figure 6.25: 1−CL plot of the angle φ2. The eightfold solution can clearly be
seen. There is no clear preference for one of the solutions visible.
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Figure 6.26: 1− CL plot of the angle |∆φ2|.



6.5 Results from the Kπ Sum Rule 175

6.5 Results from the Kπ Sum Rule

Direct CP violating asymmetries have been studies rigorously in B → Kπ decays. The
observation that the direct CP violation in B0→ K+π− differs from the direct CP violation
that is found in B+ → K+π0 decays is very puzzling. This is especially fascinating
because the two decay diagrams differ only by the spectator quark. This feature could
be explained be either an enhanced colour-suppressed tree contribution [30, 77] or could
indicate significant contributions from electroweak penguins in various NP scenarios [78–81].
A short introduction on the origin of the Kπ sum rule is given in section 2.6. A violation
of the relation (Eq. 6.16) between branching fractions and CP violation asymmetries of
Kπ decays,

ACP (K+π−) +ACP (K0π+)
B(K0π+)

B(K+π−)
= ACP (K+π0)

2B(K+π0)

B(K+π−)
+ACP (K0π0)

2B(K0π0)

B(K+π−)
,

(6.16)
would be a model-independent indication of new physics (NP).

To evaluate the Kπ sum rule we use a Monte-Carlo method. We generate sets of all 8
observables found in Eq. 2.58. The observables and their corresponding uncertainties
are taken from this analysis and other Belle results [82, 83]. The distribution of the
observables is modelled using a Gaussian distribution with the mean being the central value
of the measured observable and the width corresponding to the ststatistical uncertainty
of the observable. If we encounter correlations between the observables, we are using a
multivariate Gaussian to model the distribution. For each set, we calculate the sum rule
and take the central values and their uncertainties. The systematic error is evaluated with
the same procedure by generating uncorrleated distributions of observables with a width
corresponeding to their respective systematic errors. Comparing the left and right side of
Eq. 2.58 we obtain a deviation from zero of −0.289± 0.139(stat)± 0.064(syst) with a 1.9σ
significance.
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Chapter 7

Summary and Outlook

Summary

One of the most puzzling questions in modern physics is the large matter antimatter
asymmetry observed in our universe today. The matter dominated universe can be explained
by a large asymmetry in the decay rates of particles and anti-particles, so-called CP
asymmetry or CP violation, after the Big Bang. Our currently best model of the elementary
physics is the Standard Model of particle physics (SM). But the CP violation explained
by the SM is too small to account for the large matter antimatter asymmetry observed
today. Therefore we look for new physics beyond the SM. We are performing precision
measurements on the time dependent decay rates of B and anti-B mesons to verify the
predictions of the standard model and to observe possible deviations. The CP violation
in the SM comes from the mixing of quark flavours, described by the CKM matrix. One
way to test the standard model is to check whether the CKM matrix is unitary. A unitary
matrix ensures that the sum of all probabilities for all processes is unity. The unitarity
condition can be visualised as a unitarity triangle in complex space. The method of choice
is to overconstrain the unitarity triangle for B decays by experimentally measuring the
sides and angles independently and searching for tensions.

The Belle experiment in Japan is dedicated to CP violation measurements. It is located
at the KEKB storage ring. The KEKB is an electron positron collider and is the world
record holder in both the instantaneous and the integrated luminosity. The KEKB is an
asymmetric collider with an electron beam energy of 8 GeV and a positron beam energy of
3.5 GeV. Therefore the Υ(4S) resonance, which is produced almost at rest in the center-
of-mass system is boosted. This resonance decays exclusively into quantum mechanically
entangled BB pairs.

The Belle detector has recorded 1 ab−1 of integrated luminosity mostly at the Υ(4S)
resonance. This analysis uses the final Belle dataset of 772× 106 BB pairs to measure the
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angle φ2 of the unitarity triangle and search for new physics beyond the Standard Model.
To access this angle, we are reconstructing B meson decays from light charged hadrons like
pions and kaons.

A new analysis strategy is used in this thesis. We are minimising the amount of data quality
requirements (cuts) used during the event selection of our data sample. As a result, the
reconstruction efficiency is 10% higher (0.67) than in the previous Belle analyses (0.57)
[39], which means that we are effectively analysing more events. This can reduce the
statistical error on the branching fraction measurements. The drawback of the new method
is that the purity of the reconstructed data sample is lower than with tight cuts. We try to
compensate this with an increase in the fitting dimensions. This also implies that a more
precise study of the background is needed. We try to find 2500 B → π+π− decay events on
an enormous background of 450000 continuum events after the event selection. To extract
the branching ratios and CP parameters in such an environment is extremely challenging.
We use a multi-variate maximum likelihood fit to simultaneously extract the branching
ratio of the decays B → π+π−, B → K+π− and B → K+K−, but also the time-dependent
CP violation parameters ACP (π+π−) and SCP (π+π−) and ACP (K+π−).

To counteract the background increase, we increased the number of dimensions of the
maximum likelihood fit. We are using the beam constrained mass of the B meson MBC, and
the difference of the reconstructed energy with the beam energy ∆E, as primary dimensions.
Then we added information from the particle identification systems that discriminates
kaons from pions. The likelihood ratio of the kaon likelihood and the pion likelihood is
obtained for the positive (L+

K/π) and the negative (L−K/π) constituent of the reconstructed B
meson. To discriminate B decays from the continuum background, we exploit the topology
of the decays. B mesons decay with no preferred direction spherically, while continuum
background (e+e−→ qq events) have a jet-like topology. Event shape variables contain the
information about the event topology. We combine several of these event shape variables
into a fisher discriminant FS/B, which is then used in the maximum likelihood fit. Finally,
we are partially reconstructing the other B meson which originates from the Υ(4S) decay.
If the other B decays into a flavour specific final state, we can determine the flavour of
the reconstructed B at the decay time of the other B. The flavour q, of the B meson is
included as one dimension of the maximum likelihood fit. This is possible because the
two B mesons coming from the Υ(4S) resonance are quantum mechanically entangled.
For the determination of the time-dependent CP parameters, we are also calculating the
difference of the decay vertex of the reconstructed B meson and the other B meson. This
spatial difference can be converted to a time difference because we know the boost of
the center-of-mass system. The time difference ∆t, is crucial in the determination of the
time-dependent CP parameters of the signal decays.

The observables connected to the decay of B → π+π− are needed to determine the angle φ2

of the unitarity triangle, while the Kπ branching ratio and CP asymmetry is used in a sum
rule to perform a model independent search for new physics (NP). The combined approach
to all these quantities is tried for the first time at Belle in this thesis. In addition to the bare
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branching fractions and CP parameters, the correlation coefficients are also determined. The
correlation coefficients between the branching ratios and the CP parameters are included
in the calculation of the angle φ2, and the Kπ sum rule. Taking into account the full
covariance matrix yields more precise results than ignoring the correlations coefficients as
the previous analyses have done.

A major part of the analysis is to determine the fit biases which arise from imperfections
in the parametric modeling of the signal and background components. Toy Monte-Carlo
ensemble tests were performed to check the impact of such imperfections on the physics
observables. Correlations between the different fit dimensions have to be modeled with
great care, especially. We incorporated more correlations than any Belle analysis before
to reduce the bias due to model imperfections to an acceptable level. We had to model
every correlation down to 2% to ensure that the systematic uncertainty due to model
imperfections is not the dominant one.

A weak point of many blind analysis is the dependence on Monte-Carlo simulations. We
tried to use parametric models of signal and background components wherever possible.
Afterwards, we tried to determine as many parameters as possible in the final fit to the
data itself. Where this was not possible, we determined correction factors from the control
sample B± → D0π±. A bin-wise correction to the non-parametric histogram shapes of
L+
K/π and L−K/π was developed in this analysis.

All these new techniques and careful studying of systematic effects render it possible to
simultaneously obtain the branching fractions for the decays B → π+π− and B → K+π−,
and the world’s most precise CP parameters ACP (π+π−) and SCP (π+π−). Also we obtain
a very restrictive upper limit on the decay B → K+K−. Our results rule out the angle
φ2 of the unitarity triangle in the range 23.8◦ < φ2 < 66.8◦ at the 1σ level. A model
independent test of new physics using a sum rule in the Kπ system finds a mild deviation
from the Standard Model expectation of zero of −0.289± 0.139(stat)± 0.064(syst) with a
1.9σ significance.

Outlook

In the near future, we are expecting results from the LHCb experiment in the channels
B → h+h−. The LHCb experiment has collected 1.79 fb−1 of data as at October 2012. This
corresponds to a signal yield of approximately 5205 events extrapolated from Ref. [58]. This
is already almost twice of our signal yield with the full Belle statistics. We are expecting
the statistical uncertainties of the branching fraction measurement to become smaller than
the Belle uncertainties very soon. The systematic uncertainties, however, are going to
dominate the LHCb results. This is because LHCb does not know the total number of
BB pairs created. Only ratios between branching fractions are measured. To obtain an
absolute measurement of the branching fractions, the ratios have to be normalised by an
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absolute branching fraction measured at a B-factory. The uncertainty of the absolute
branching fraction is inherent in the LHCb measurement and can be taken as an irreducible
error on the branching fraction measurement. The time-dependent CP parameters for
B0→ π+π− can be measured at LHCb as well. For the time-dependent measurement, we
are crucially depending on the tagging algorithm which identifies B0 and B0 decays. The
tagging efficiency for Belle is about 30% [69], while it is 4.5% [84] for LHCb. To reach a
similar statistical precision LHCb has to collect about 10 times more data than a B-factory.

A way out to reach even higher precision is a super-B-factory like Belle II [85]. The
main goal of Belle II is to search for new physics beyond the Standard Model. To reach
this goal, it is planned to record 50 times more integrated luminosity than Belle. This
can be achieved by upgrading the accelerator to provide 20 times more instantaneous
luminosity(8.5× 1035 cm−2s−1) than the KEKB collider used for the Belle experiment. This
can be achieved by the accelerator by using even smaller beam diameters in the order of nano
meters (Nano-beam option). The statistical errors on the branching fractions are expected
to shrink to 14% of the current values. For the time-dependent CP parameters the effect is
expected to be even more dramatic. Due to a new silicon-pixel-vertex-detector(PXD), the
time resolution is going to increase by a factor of 2. This comes in addition to the reduction
of the statistical uncertainties to 14% of the Belle level. In contrast to LHCb, the Belle II
experiment is capable of studying decays that contain photons and neutrinos. This holds
exciting, rich, new physics ready for us, just waiting to be explored.



Appendix A

Toy Monte-Carlo Plotting Method

The standard method for plotting correlated probability density functions (PDFs) is the
following. For every dimension of the plots e.g. MBC, ∆E or ∆t we want to plot a projection
of the PDF. When plotting e.g. MBC we have to evaluate the PDF at several points in our
plotting window. We commonly want to compare to binned data an therefore evaluate the
PDF at the bin center of every bin. Because we have correlations with other dimensions
we also have to loop over the bins of the other dimensions. This leads to nested for-loops
which mean the number of evaluations of the PDF exponentially grows with the number of
dimensions. In addition we have to loop over all events if we are plotting an event-dependent
PDF like ∆t. The ∆t resolution depends on the goodness of the vertex-fit of CP- and
tag-side and because of this the PDF is different for every event. In our case the plotting of
our 7D PDF takes weeks for one plot.

Generating a big toy Monte-Carlo sample from the PDF with the values obtained from the
fit to data takes only a few hours. In the limit of infinitely high statistics in the toy MC
sample it describes the PDF perfectly. Our toy Monte-Carlo ensemble tests show that there
is no discrepancy between the PDF and the toy Monte-Carlo. To plot the data and the
PDF we perform the following steps. First we generate a sufficiently large toy Monte-Carlo
sample. Then we plot the binned data points with their corresponding error. On top we
are plotting the binned toy MC sample normalized to the yield obtained from the fit to
data. We choose a continuous drawing style to distinguish between data and PDF. One
has to make sure that the same cuts are applied to data and the toy MC sample. This is
especially important when producing signal enhanced plots by cutting e.g. on the particle
identification likelihood ratio.
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Appendix B

Flavour Tagging

Flavour tagging is the method of determining whether a B meson is a B0 or a B0 meson.
This information, “tag”, can be obtained if the B meson decays into a flavour specific final
state. This appendix closely follows the description in Ref. [86]. A more detailed information
can be found in Ref. [69].

B.1 Track-Level Flavour Tagging

Flavour tagging is a Belle procedure common to many analyses. It is implemented in the
Hamlet software package. After a BRec meson is reconstructed the remaining final state
particles are assumed to belong to the other B meson, BTag. The tracks belonging to the
BTag meson are used to determine the flavour of the B meson. The basic procedure is
to search for particular charged tracks within the set of final state particles to determine
the flavour, q. The Feynman diagrams of some of the processes are shown in Fig. B.1. In
general the tracks are required to originate from the IP within 2 cm in the r − φ plane and
10 cm in the z direction. An exception are the tracks which are associated to the kaon or Λ
categories which are described in the following.

B.1.1 Slow Pion Category

Tracks with a momentum smaller than 0.25 GeV/c in the center of mass system (CMS) are
assigned to this category. The charge of the slow pion track is used to identify the b-flavour
of the tag side. Several variables are used to discriminate the slow pion from background
processes: The charge of the track, the momentum in the laboratory frame, the polar angle
in the laboratory frame, the angle between the slow pion and the thrust axis of the rest of
the tag side particles in the CMS, θthr, and a pion/electron identification likelihood ratio,
Rπ/e. The angle, θthr is used to suppress the background from non-D decays. The ratio,
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Figure B.1: Some of the decay processes from which the flavour of the Btag
can be determined.

Rπ/e, is used to remove fake slow pions. These fake slow pions mainly originate from photon
conversions into electrons. This category has a low tagging efficiency and poor tagging
quality. A major effort is ongoing for the Belle II experiment to improve especially the
tagging efficiency in this category. This is going to be achieved by an increased track finding
capability in the low momentum regime.

B.1.2 Lambda Category

If two tracks from oppositely charged particles can be combined to have an invariant mass,
Mpπ , between 1.1108 GeV/c2 and 1.1208 GeV/c2 it is assigned to the Λ category. The
flavour information from the Λ, Λ or Λ, is used to determine the b-flavour of the tag side. In
addition to the matching invariant mass, one of the tracks has to be identified as a proton.
The angle between the momentum vector of the Λ candidate and the vector formed by the
IP and the vertex of the Λ candidate, θdefl, must be less than 30 ◦. The minimum distance
between the tracks in the z axis, ∆z, is required to be less than 4 cm, and the flight length
of the Λ in the r − φ plane must be less than 0.5 cm. The flavour of Λ, Mpπ , θdefl and the
presence of K0

S candidates are included as discriminants.
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B.1.3 Kaon Category

A charged track that is not positively identified as a lepton or proton is assigned to this
category. The decays b → c → s carry over the b-flavour information to the kaon. From
the charge of the kaon we can obtain the b-flavour. Since no kaon identification is required
also the fast pions from the decay of B → D(∗)π± are included. The charge of the kaon,
the presence of K0

S candidates, the kaon momentum in the CMS, the polar angle of the
kaon in the laboratory frame and the K/π ID likelihood ratio are includes as discriminants.
This category has a high tagging efficiency but a poor tagging quality.

B.1.4 Lepton Category

This category differs between electron candidates and muon candidates. The electron
candidates are required to have a momentum larger than 0.4 Gev/c and an elctron likelihood
larger than 0.8. The muon candidates are required to have a momentum of 0.8 Gev/c or
larger and a muon likelihood larger than 0.95. It is assumed that the high momentum
leptons originate from the decay B → X`±ν and intermediate momentum leptons from
B → D → K`±ν. Again the charge of the lepton is used to determine the b-flavour on
the tag side. Several variables are included as discriminants: the lepton momentum in the
CMS, p`CMS, the polar angle of the leptons in the laboratory frame, θlab, the recoil mass,
Mrecoil and the missing momentum in the CMS, pCMS

miss . We discriminate between primary
and secondary leptons using the variable p`CMS. The recoil mass, Mrecoil, can indicate the
presence of a D meson. If neutrinos are present their momentum cannot be reconstructed.
Therefore missing momentum in the CMS can indicate the presence of neutrinos in the
decay. This category has a low tagging efficiency but a high tagging quality.

B.2 Event-Level Flavour Tagging

From the track level flavour tagging we obtain several flavour tag informations. It is also
obvious that the track level flavour information is not always accurate due to incorrect
particle identification of suppressed physics processes. The task of the event-level flavour
tagging is to combine all the information and provide a flavour information and a measure
for the reliability of the flavour information, also called flavour tag quality. We define a
flavour reliability, r, which is defined as

q · r ≡ N(B0)−N(B0)

N(B0) +N(B0)
, (B.1)

and ranges from r = 0 for no flavour discrimination to r = 1 for unambiguous flavour
assignment. The flavour reliability is determined from Monte-Carlo and the variables N(B0)
and N(B0) are the number of B0 and B0 events that occupy a “bin”. A bin is meant to
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be an element in a multi-dimensional flavour tagging histogram prepared from MC. The
histogram depends on the flavour tagging category and the discriminates described above.

The event-level flavour tagging combines the results, (q · r)x where x is the tagging category
for each track to determine a single highest q · r output for each event. For the lepton and
slow pion categories, the track with the highest r in each category is chosen as an input.
For the kaon and Λ categories, the flavour and dilution factors of each track are combined
by calculating the product of the flavour dilution factors in order to account for possible
cases where there are multiple s quarks in the final state. By using a three-dimensional
look-up table, the correlations between the flavour information for the four categories in
track-level are correctly taken into account. A schematic of these procedures is shown in
Fig. B.2.

Information on charged tracks

Slow Pion Lambda Kaon Lepton

with highest r

select track calculate a combined q · r

Event-level look-up table

with highest r

select track

Flavour information q and r

track level look-up table

Figure B.2: Flavour tagging algorithm.

B.2.1 Flavour Tagging Performance

We define two parameters to describe the tagging performance, ε and w. The parameter ε
is the uncorrected tagging efficiency and parameter w is defined to be wrong tag fraction,
which is the probability that a obtained flavour tag is wrong.

In this analysis we are observing time-dependent CP violation as a combined function of
∆t and the b-flavour q,

Pobs
Sig (∆t, q, ε, w) = ε · [(1− w)PSig(∆t, q) + w(PSig(∆t,−q))] (B.2)
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taking into account the imperfect flavour tag we have to rewrite the observed CP violation
as

Aobs
CP =

Pobs
Sig (∆t, q, ε, w)− Pobs

Sig (∆t,−q, ε, w)

Pobs
Sig (∆t, q, ε, w) + Pobs

Sig (∆t,−q, ε, w)
= (1− 2w)ACP . (B.3)

The statistical significance of the asymmetry is proportional to the square root of the
effective number of events, (1− 2w)

√
ε. We can introduce an effective efficiency which takes

into account both the raw efficiency and also the effective reduction of the statistics due to
the wrong tag fractions,

εeff = ε(1− 2w)2 (B.4)

The effective efficiency, εeff, was the figure of merit when optimizing the tagging algorithm.
The total effective efficiency for MC is estimated to be 29.72± 0.17%.

The average flavour reliability can be determined to be r = 1−2w if the MC represents data
perfectly. A procedure which is totally dependent on the quality of the MC is not desirable
because there is no way of checking the quality of the MC. Therefore also data is used to
check the tagging efficiency and the wrong tag fractions. The data is subdivided into seven
regions, r-bins, depending on their r values: 0 < r ≤ 0.1, 0.1 < r ≤ 0.25, 0.25 < r ≤ 0.5,
0.5 < r ≤ 0.625, 0.625 < r ≤ 0.75, 0.75 < r ≤ 0.875 and 0.875 < r ≤ 1. These r-bins are
labeled in this analysis from l = 0 to l = 6. The wrong tag fractions, w, and the difference
in w between B0 and B0, ∆w, are obtained by fitting the time-dependent B0B0 mixing
oscillation of B0→ D∗−`+ν̀ , B0→ D(∗)−π+ and B0→ D∗−ρ+ self tagging events as shown
in Fig. B.3. The data channels used for obtaining the wrong tag fractions are self tagging,
which means that we can determine the flavour from the final state. This flavour can be
compared to the flavour determined from the tagging algorithm and the events can be
grouped by whether the reconstructed side and the tag side have the same flavour (SF) or
the opposite flavour (OF). The time evolution of the BB pairs is given by

POF =
e
−|∆t|/τB0

4τB0

[1− q∆w + (1− 2w) cos (∆md∆t)] (B.5)

PSF =
e
−|∆t|/τB0

4τB0

[1 + q∆w − (1− 2w) cos (∆md∆t)] , (B.6)

and the OF-SF asymmetry is given by

AMix =
POF − PSF

POF + PSF
= −q∆w + (1− 2w) cos (∆md∆t). (B.7)

We summarize the obtained wrong tag fractions, w, and the differences of the wrong tag
fractions for B0 and B0, ∆w in Tbl. B.1. w and ∆w are determined independently for
SVD1 and SVD2 data samples. The total effective tagging efficiency for data is determined
to be 29.20± 1.37%.
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Figure B.3: Time-dependent B0B0 mixing oscillation fit result to the control
sample data. Each plot from the top-left to the bottom right, corresponds to the
subsample in each r-bin region from 1 to 6. The amplitudes in the oscillation
become larger due to less dilution from incorrect tagging.

Table B.1: Wrong tag fractions and wrong tag fraction differences for each
r-bin.

r-bin w (SVD1) w (SVD2) ∆w (SVD1) ∆w (SVD2)
0.0 < r ≤ 0.1 0.5± 0.0 0.5± 0.0 0.0± 0.0 0.0± 0.0
0.1 < r ≤ 0.25 0.423+0.008

−0.007 0.429± 0.005 0.058+0.010
−0.009 −0.039+0.006

−0.007

0.25 < r ≤ 0.5 0.337± 0.008 0.327± 0.006 0.012± 0.010 −0.036± 0.006
0.5 < r ≤ 0.625 0.235+0.010

−0.008 0.223+0.011
−0.006 −0.012± 0.010 0.018± 0.007

0.625 < r ≤ 0.75 0.166+0.008
−0.007 0.161+0.010

−0.006 −0.011+0.010
−0.009 0.002± 0.006

0.75 < r ≤ 0.875 0.105+0.008
−0.007 0.105+0.007

−0.008 0.008± 0.009 −0.027± 0.006
0.875 < r ≤ 1.0 0.026+0.006

−0.005 0.019+0.004
−0.005 0.003± 0.006 −0.001± 0.004



Appendix C

∆t Resolution Function

The ∆t distribution obtained from the measurement differs in many aspects from the
theoretical predictions. The reasons are mainly the smearing because of the detector
resolution, the vertex smearing on the tag side because of inclusion of secondary tracks into
the primary vertex and the approximation that the B mesons are at rest in the center of
mass frame. We provide a brief description in the following closely following Ref. [86]. The
detailed information can be found in Ref. [68].

C.1 Detector Resolution

We differentiate the detector resolution for B mesons originating from the reconstructed
side, RRec, and from the other B or tag-side, RTag. The vertex of these B mesons can be
determined by a multi-track vertex fit or a single-track vertex fit using the beam tube
constraint. Because the resolution for multi-track vertex fits is significantly different from
the resolution for single-track vertex fits, they are treated separately.

The detector resolution function for the BRec for a multi-track event is given by a double
Gaussian,

RRec(δzRec) ≡ (1− f tailRec)G
(
δzRec, (S

0
Rec + ξRecS

1
Rec)σRec

)
+ f tailRecG

(
δzRec, S

tail
RecS

main
Rec

)
. (C.1)

The corresponding resolution function for multi-track events for the tag side BTag is modeled
with a single Gaussian,

RTag(δzTag) ≡ G
(
δzTag, (S

0
Tag + ξTagS

1
Tag)σTag

)
. (C.2)

The single-track vertex resolution is described by the same model, a double Gaussian, for
both the reconstructed B meson and the tag side B meson,

Ri(δzi) ≡ (1− f taili )G
(
δzi, S

main
i σi

)
+ f taili G

(
δzi, S

tail
i σi

)
, i = Rec,Tag. (C.3)
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Table C.1: RDet resolution function parameters for single-track and multi-track
vertices

Track Multiplicity Parameter Value(SVD1) Value(SVD2)
Mutli-track S0

Rec 0.910+0.463
−0.080 0.656+0.453

−0.098

S1
Rec 0.023± 0.004 0.035+0.008

−0.006

f tailRec - 0.101+0.040
−0.053

S0
Tag 0.667+0.339

−0.398 0.790+0.494
−0.260

S1
Tag 0.010+0.001

−0.004 0.014+0.003
−0.006

Single-track Smain
i 0.906+0.278

−0.069 1.022+0.445
−0.079

f taili - 0.108+0.042
−0.045

Stail
i - 3.596+4.462

−0.803

In the equations C.1-C.3 δz is defined as the difference between the true position of the
vertex and the reconstructed position. The vertex quality, ξ, and the z-positional error, σ,
are event dependent quantities. The vertex quality, ξ, is basically a projection of the χ2 of
the vertex fit onto the z-direction of the detector and defined as

ξ ≡ 1

2n

n∑
i=1

[
zibefore − ziafter

εibefore

]2

. (C.4)

The parameters zibefore and ziafter are the vertex position of each track before and after the
fit, respectively. The error of the z-position of every track before the vertex fit is given by
εibefore. Please note that ξ cannot be defined for single-track vertices because the information
content on the z-position is not increased by the vertex fit. It is also interesting to note that
the correlation between the multi-track resolution function width, Smain

i ≡ (S0
i + ξiS

1
i )σi,

and the vertex error, σi, is corrected with a linear polynomial in the vertex quality. The
detector resolution parameters are determined from the lifetime fit to the data of control
samples like, B0→ D∗`ν̀ , B0→ D(∗)π and B0→ D∗ρ. A summary is given in Tbl. C.1.

C.2 BTag Vertex Smearing from Non-Primary Tracks

The vertex of the tag-side B meson can be smeared by the inclusion of additional tracks
from secondary vertices. These vertices are displaced from the primary vertex because of
the finite lifetime of the decay products. The simple algorithm for tag-side vertex finding is
explained in Sec. 4.3.3.

To cover the effect of the tracks from non-primary tracks we define a resolution function,
RNP, to be

RNP(δzTag) ≡ fδδ(δzTag) + (1− fδ)
[
f+E+(δzTag, τ

+
NP) + (1− f+)E−(δzTag, τ

−
NP)
]
. (C.5)
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The first part of the equation is a Dirac delta function which models the vertices without
contamination from non-primary tracks. The second part describes vertices which have
a contribution from non-primary tracks. These non-primary tracks originate from decay
products with a finite lifetime which create a secondary vertex. Therefore their distribution
is modeled by two exponential functions, E+ and E−, on both sides of the delta function,

E+(δzTag, τ
+
NP) ≡


1

τ+
NP

exp−δzTag/τNP if δzTag > 0

0 if δzTag < 0

(C.6)

E−(δzTag, τ
−
NP) ≡


1

τ−NP
exp−δzTag/τNP if δzTag > 0

0 if δzTag < 0.

(C.7)

In both equations C.5 and C.7 δzTag is defined as the reconstructed vertex with and without
contamination from non-primary tracks. The effective decay length, τ±NP, is depending on
the vertex quality, ξNP, because the secondary tracks which are further away from the other
tracks also contribute more to ξNP and the vertex has a larger error, σNP. For a multi-track
vertex we model this correlation between σNP, ξNP and τ±NP,

τ+
NP ≡ S3

NP

[
τ+

0 + τ+
1 (1 + S2

Tagξ)σTag
]
, (C.8)

τ−NP ≡ S3
NP

[
τ−0 + τ−1 (1− S2

Tagξ)σTag
]
. (C.9)

The effective decay length, τNP, for single-track vertices is must be defined differently
because ξNP is not defined,

τ+
NP ≡ S3

Tag[τ
+
0 + τ+

1 σTag], (C.10)
τ−NP ≡ S3

Tag[τ
−
0 + τ−1 σTag]. (C.11)

To determine the parameters of RNP we compare two Monte-Carlo sets. One MC set
contains B decays into charmed particles and the second MC set contains the same decays
but with the lifetime of all daughter particles artificially set to zero. With the second
Monte-Carlo set it is possible to study the δzTag distribution separately. The parameters
obtained from this procedure are given in the tables C.2 and C.3.

C.3 Kinematic Approximation

The ∆t distribution is calculated from Eq. 4.4 which assumes that the B mesons are at
rest in the rest frame of the Υ(4S) resonance. We can analytically derive the smearing due
to this approximation. One can show that the difference between the reconstructed ∆t,
Eq. 4.4, and the true ∆t, ∆tTrue ≡ tRec − tTag, is given by

x ≡ ∆tRec −∆tTrue =
[
(βγ)Rec/(βγ)Υ(4S)− 1

]
tRec −

[
(βγ)Tag/(βγ)Υ(4S)− 1

]
tTag,
(C.12)
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Table C.2: RNP resolution function parameters for B0.

Parameter Value (SVD1) Value (SVD2)
Global S2

Tag 0.020± 0.0004 0.034± 0.0004
S3
Tag 0.954+0.104

−0.053 0.877+0.201
−0.077

Multi-track fδ 0.251+0.062
−0.067 0.297+0.088

−0.038

f+ 0.792± 0.005 0.770± 0.002
τ+

0 (cm) 0.071± 0.004 0.111± 0.002
τ+

1 0.070± 0.005 0.101± 0.002
τ−0 (cm) 0.062± 0.008 0.129± 0.004
τ−1 0.011± 0.009 0.092± 0.004

Single-track fδ 0.598+0.041
−0.141 0.706+0.029

−0.082

f+ 0.734± 0.010 0.841± 0.012
τ+

0 (cm) 0.641± 0.047 1.450± 0.030
τ+

1 0.314+0.066
−0.063 0.886± 0.033

τ−0 (cm) 0.314+0.065
−0.060 1.002+0.074

−0.070

τ−1 0.196+0.097
−0.085 0.519+0.081

−0.073

Table C.3: RNP resolution function parameters for B+.

Parameter Value (SVD1) Value (SVD2)
Global S2

Tag 0.020± 0.0004 0.034± 0.0004
S3
Tag 0.954+0.104

−0.053 0.877+0.201
−0.077

Multi-track fδ 0.166+0.090
−0.077 0.385+0.082

−0.052

f+ 0.775± 0.007 0.762± 0.003
τ+

0 (cm) 0.607± 0.009 0.640± 0.006
τ+

1 0.627± 0.010 0.571± 0.006
τ−0 (cm) 0.530± 0.016 0.589± 0.009
τ−1 0.617± 0.020 0.561± 0.010

Single-track fδ - -
f+ 0.745± 0.017 0.834± 0.028

τ+
0 (cm) 1.045+0.055

−0.028 -
τ+

1 1.057+0.086
−0.083 -

τ−0 (cm) 1.199± 0.089 -
τ−1 1.307± 0.155 -
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where the Lorentz boost factors of BTag and BRec are (βγ)Tag and (βγ)Rec, respectively.
Their ratios to the Υ(4S) Lorentz boost are,

(βγ)Rec
(βγ)Υ(4S)

=
ECMS
B

mB

+
pCMS
B cos θCMS

B

βΥ(4S)mB

≡ aK + cK , (C.13)

(βγ)Tag
(βγ)Υ(4S)

=
ECMS
B

mB

−
pCMS
B cos θCMS

B

βΥ(4S)mB

≡ aK − cK , (C.14)

where ECMS
B , mB0, pCMS

B and θCMS
B are the energy, mass, momentum and polar angle of

the reconstructed B in the center of mass frame. The probability density of simultaneous
obtaining x and ∆tTrue incorporates the exponential distribution, E+

i , of tRec and tTag and
is calculated to be

P(x,∆tTrue) =

∫ ∞
0

∫ ∞
0

dtRecdtTagE
+(tRec, τB)E+(tTag, τB)δ(∆tTrue − [tRec − tTag])

δ (x− {[ak + ck − 1]tRec − [a+ k − ck − 1]tTag}) , (C.15)

and the probability density function for only obtaining ∆tTrue is

P(∆tTrue) =

∫ ∞
0

∫ ∞
0

dtRecdtTagE
+(tRec, τB)E+(tTag, τB)δ(∆tTrue − [tRec − tTag]). (C.16)

Using the previous results we obtain the resolution function that accounts for the kinematic
approximation, RK. RK is defined as the probability density of obtaining x for a given
∆tTrue. Thus, it is expressed as RK = P(x,∆tTrue)/P(∆tTrue), which evaluates to,

RK =


E+(x− {(ak − 1)∆tTrue + ck|∆tTrue|}, |ck|τB) if ck > 0

δ(x− ak − 1∆tTrue) if ck = 0

E−(x− {(ak − 1)∆tTrue + ck|∆tTrue|}, |ck|τB) if ck < 0.

(C.17)

C.4 Outlier

Although the above resolution functions cover many effects but there still exists a long tail
in ∆t which is not described. We model these outlier tail with a Gaussian with zero mean
and a width independent of the event,

POut(∆t) ≡ G(∆t, σOut). (C.18)

Vertices reconstructed from single-tracks contain a larger outlier contribution.One reason
may be the worse resolution of the single-track vertices. We model this by a different outlier
fraction, fOut, depending on whether the vertex was reconstructed by a single-track or by
multiple tracks.

The parameters of the outlier fraction are determined in the same fit as the detector
resolution function, RDet. The parameters are summarised in Tbl. C.4.
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Table C.4: POut resolution function parameters.

Parameter Value (SVD1) Value (SVD2)
Global σOut(ps) 37.4+6.8

−9.0 33.6+6.8
−9.0

Multi-track fOut 0.0003± 0.0001 0.0002± 0.0001
Single-track fOut 0.042+0.007

−0.008 0.026+0.007
−0.004

C.5 Combined Resolution Function

The total resolution function RSig is a convolution of the three individual resolution functions
explained earlier,

RSig ≡ RDet ⊗RNP ⊗RK. (C.19)

When we are describing the data modeling in section 4.4 the total resolution function RSig

is simply referred to as the detector resolution function. But one should keep in mind that
e.g. RDet and RNP are event depending because they strongly depend on the vertex quality.
Also the resolution function differs between B0B0 decays and B+B− decays.



Appendix D

Parameters of the Fit Model for all
Components

In the following section we are presenting all parameters used in the fit to data. This
information is useful if a future analysis is going to analyse the same channel e.g. at the
Belle II experiment. A few conventions are used for naming the parameters. The first digit
of the parameter defines if the parameter is used for the SVD1 or the SVD2 model. This is
usually followed by an abbreviation for the channel e.g. pp for the π+π− model or qq for
the continuum model. The fit dimension e.g. MBC or ∆E is appended and followed by the
parameter names found in the data model section 4.4. The yields or branching fractions are
abbreviated with N followed by the channel abbreviation. In an analogous way the r-bin
fractions are indicated with an f.

We list all parameters with their value and the corresponding error. If no error is given the
parameter is fixed or shared with a different channel.
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