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and

_ m T f(Su) Fiiffﬁi .
_ZZIC(x’L)/]\OJ]E[/S Tue du‘ffs dMs ,

t € [0,7T], where F“(t,Sy), F&(t,St), B¥"(t), Z,"" and M are defined in (4.4.2)
- (4.4.3), (4.4.13) and (4.4.15) - (4.4.16). The optzmal cost and risk processes are
given by

Ci () = E[AT | Sol + LY,
Ri(p) = E[(L} — L{)?| Gl

forte[0,T].

Proof. Let t € [0,T]. Then we have that

[A |9 LL’rL E[ szﬂs 9‘|7
T1Jt Zz:l Z / { >}B ‘t

and by Proposition 4.12 and 5.13 of Barbarin [4, Chapter 3], as well as Proposition
5.1.2 of Bielecki and Rutkowski [12] and (4.2.3) we have

f w a ¢ x;,] Z;,a
/ Lireiins) g ’9t = Uo" +/0 Ly AUy
_/ E [/ Merii—rii du ‘ 3:81 dMSm"’j,
10,4] s By
and
Ut El/ f ’-rft]
:/ E sﬂﬂz[e—“
0

fort € [0,T]andi=1,...,m,j=1,...,n%, where we have used Fubini’s theorem
and the independence of the underlying driving processes. We proceed similarly
as in the proof of Proposition 4.4.6. By (4.4.2) we have that

t] du,

Zp =E e T

t ~
t} zz(ﬂ)ci,u+/ ZSZ'iaUO.gJi/8$i7u(s)l{sgu}dWSV2($i)7
0

for 0 <t,u <T andi=1,...,m, where %" is given in (4.4.3). Then by the
stochastic Fubini theorem (see, e.g., Theorem 65 in Chapter IV of Protter [56])
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and again by integration by parts we obtain

T t T
Uit = / F™(0, 80) Zg"" du + / a(s,55) Xs / F(s,85) 28" dudW*
0 0 s

t g% T ~
+ / 5 / FU(s, Ss) ZZ1" B (s) du dW =)
0 s Js

T t pT
:/ F“(o,so)zg““dw// F(s, 8,) 75" du d X,
0 0 Js

t er(T—s) T
—I—/ —/ FY(s,85) 250" 5%"(s) dudYr?,
0 5T pmT(s) Js (5, 5%) ®)

where in the second equation we have used (4.2.6) and (4.4.23). Finally, we obtain
that

t X t Y
E[A4% | 9] = E[4% |90 + [ & dX,+ [ & av+Lp (4.4.29)

for t € [0,T], where the investment in the (discounted) risky asset X is given by
m v T
6 = Y Gl = NP [1 2 R S du,
i=1 t

and the investment in the family of (discounted) longevity bonds Y = (Y*1,... Y *m)
is given by £ = (&¥"™",..., &™), with

el"fi er(T—t

: | ) e
I = )t = N 5 Frs)z s du

A

and

a . T f(Su) J IS T;

LY = —Z{(mi)/ E / et T du(ffs dM%i,
=1 10,t] s u

t € [0, T]. By the same arguments as in the proofs of Propositions 4.4.5 and 4.4.6

we obtain that the terms in (4.4.29) are square integrable and strongly orthogonal,

hence (4.4.29) is indeed the GKW decomposition of E[A$ | 9], ¢ € [0,T]. O

Note that Proposition 5.1.2 and Corollary 5.1.3 of Bielecki and Rutkowski [12]
requires the process f(S;), t € [0,7], to be bounded. However, it can be easily
seen that this result also holds if E[supycjo 7y f (S1)?] < co and we may therefore
apply it in our setting.

4.5 Examples

We consider the two natural extreme cases of cohort dependency in a portfolio
of pure endowment contracts: one portfolio in which all individuals belong to
different age cohorts and one where all individuals belong to the same age cohort.
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Example 4.5.1. Consider a portfolio of pure endowment contracts as defined in
(4.2.8) and let m = n, i.e., all individuals belong to different cohort classes. We
write 7% = 7%l and M* = M%! for i = 1,...,n and assume that ((z;) = 1
fori=1,...,n, i.e., all classes are equally weighted. Then from (4.4.18) we have
that the investment in the (discounted) risky asset X is given by

X = Fy(t,9) Y Lipeispet Z80T, (4.5.1)
=1

and by (4.4.19) the investment in the family of (discounted) longevity bonds Y =
(Y*r, ..., Y®) is given by

& =& with &7 = F(,S)er T Ve spelt, (45.2)

fort € [0,T), i = 1,...,n, where I'}?, Zfi’T and F(t,Sy) are given in (4.2.1),
(4.4.2) and (4.4.1%). Note that in equations (4.5.1) and (4.5.2) the processes I'}" =
fg ptids and Z;"", t € [0,T], depend on the specification of the intensity process
(Ntxi)te[O,T}- For example, in the case of the Gaussian intensity field defined in
(4.3.1) we have that

Zg?z‘,T e fot Miidsea”i’T(t)-‘rﬂri’T(t)Ofi’ te [O,T],

where p*i, 0%, o1 and B%1 are given in (4.3.1), (4.3.2), (4.4.12) and (4.4.11),

as well as
—9\t—s|€—a|xi—m]~|,

Corr(pis 4, , ,uS’xj) =e
where t, s € [0,T] and i,j =1,...,n. For the x*-field defined in (4.3.12) we have
x;, T

where p*i is given in (4.3.12). Recall that in this case in general the functions o
and %1 cannot be explicitly computed (see also Remark 4.4.4). Furthermore

—20|t—s| —2alz;—x;
COrP{jit oy, o) = €201l 20lei=

where t,s € [0,T) and i,j5 =1,...,n.

Example 4.5.2. Consider a portfolio of pure endowment contracts as defined in
(4.2.8). Let m = 1 with B = {x} and n® = n, i.e., all individuals belong to the
same age cohort, and assume ((x) = 1. Then from Proposition 4.4.5 we have that
the investment in the (discounted) risky asset X is given by

& = Fo(t, S)(n" — Nf)e'i 27T,
and the investment in the (discounted) longevity bond Y* is given by

Y= (b, 5)e T (0 — N)e't
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fort € [0,T]. In the case of the Gaussian intensity field defined in (4.3.1) we have

COT’T'(/,Lt7x7 ,us,x) - 679‘t78|7
for the x?-field defined in (4.3.12) we have
Corr(lut,xa /UJS,x) — 6_20“_8‘7

fort, s €1[0,T].
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Appendix A

Risk-Minimization for Payment
Processes

The (local) risk-minimization method is a quadratic hedging approach that was
first introduced by Follmer and Sondermann [36] in the case of European type
contingent claims and later extended to the case of payment processes by Mgller
[54] and later Schweizer [59] and Barbarin [4, Chapter 4]. In this section of the ap-
pendix for the readers convenience we briefly review all aspects of the theoretical
background that are relevant for our purposes. Note that this borrows extensively
from Mpgller [54] and Schweizer [58].

For a finite time horizon T' > 0 consider a financial market defined on a filtered
probability space (2, F,F,P), where F = (F})yc[o,7) fulfills the usual conditions,
consisting of one risk-free asset or numéraire B = (By)e(o,7), as well as d risky
assets S¢ = (Sf)te[o,Tp i =1,...,d. We denote by X = (X1, ..., X% the di-
scounted asset prices, where X' = S'/B, i = 1,...,d, and we assume that X
is a local P-martingale. In particular we assume that the market is arbitrage-
free and we are working under a risk-neutral measure, i.e., the measure P itself
belongs to the set of equivalent local martingale measures. In this setting we
would like to find a hedging strategy for an F-adapted, square integrable pay-
ment process A = (At)te[O,T]a representing cumulative discounted payments up to
time ¢, t € [0,7]. Since the market is not necessarily complete, it is in general
not possible to find a self-financing hedging strategy that perfectly replicates the
payment process A. In this context the idea of risk-minimization is to relax the
self-financing assumption, allowing for a wider class of admissible strategies, and
to find an optimal hedging strategy with “minimal risk” within this class of strate-
gies that perfectly replicates A. In the following we now explain how to find the
risk-minimizing strategy and explain in what sense this strategy is optimal. We
begin with some definitions.

Definition A.0.3. An L>-strategy is a pair o = (£,€0) = (¢1,...,&%,€9), such

77
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that € = (&1, ...,€%) is a d-dimensional process belonging to L?(X), with

1/2
L*(X) = {f ‘ & F-predictable, (E [/ngd[X,X]S§S]> < oo} ,
0

and &9 is a real-valued F-adapted process, such that the discounted value process

d
Vilp) =& - X+ & =Y & X +&, te0,T],
i=1

is right-continuous and square integrable.

For an L2-strategy ¢ the discounted (cumulative) cost process C(yp) is defined as
t
Cily) =Vilo) — | &dXo+ 4, te 0T,

where fg £dX, =34, fg €1 dX¢, describing the accumulated costs of the trad-
ing strategy ¢ during [0,¢] including the payments A;. Note that V;(y) should
therefore be interpreted as the discounted value of the portfolio ¢; held at time
t after the payments A; have been made. In particular, Vp(p) is the value of
the portfolio upon settlement of all liabilities, and a natural condition is then to
restrict to 0-admissible strategies satisfying

Vr(e) =0 P-as.

The risk process of ¢ is given by the conditional expected value of the squared
future costs
Ri(¢p) = E[(Cr(p) — Culp)* |F], te[0,T], (A.0.1)

and is taken as a measure of the hedger’s remaining risk. We would like to find a
trading strategy that minimizes the risk in a sense we define now.

Definition A.0.4. An L2-strateqy o = (&,£°) is_called risk-minimizing for the
payment stream A, if for any L*-strategy @ = (€,£°) such that V(@) = Vr(p) =
0 P-a.s., we have

Rt(‘P) < Rt(¢)7 te [OvTL
i.e., @ pointwise minimizes the risk process introduced in (A.0.1).

The key to finding the strategy with minimal risk is the well-known Galtchouk-
Kunita-Watanabe (GKW) decomposition, see Ansel and Stricker [3]. Since A is
square integrable, the expected accumulated total payments may be decomposed
by use of the GKW decomposition as

E[Ar |F,] = E[Ar | Fo] + /] XL teloT) (A.0.2)
0,
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where ¢4 € L?(X) and LA is a square integrable martingale null at 0 that is
strongly orthogonal to the space of stochastic integrals with respect to X

7x) = { [wax|ve 2},

ie., for v € L*(X), L{* [ dX, t € [0,T), is a (uniformly integrable) martingale.

Theorem A.0.5. There exists a unique 0-admissible risk-minimizing L?-strategy
¢ =(£,€"), given by

gt = éiAa
& = Vile) — & - X4,

with discounted value process
Vi(o) = E[A7 | F)] — A = E[Ar | Fo] + /]O G XL = Ay

discounted optimal cost process
Ci(yp) = E[Ar | Fo] + L' = Colp) + L,
and minimal risk process
Ri(p) = E[(L7 — L{")? | F4),
t €10,T], where €4 and LA are given by (A.0.2).

Proof. See Schweizer [58] for the single payoff case or Mgller [54] and Schweizer
[59] for the extension to the case of payment streams. O

Note that the preceding approach relies heavily on the fact that the discounted
asset prices are local martingales under the original measure P. In a more general
setting, when the discounted asset price is merely required to be a semimartingale
under P, one finds the price by following the local risk-minimization technique,
see Schweizer [59] or Barbarin [4, Chapter 4]. For more information on (local)
risk-minimization and other quadratic hedging approaches we would like to refer
the interested reader to the survey paper of Schweizer [58].
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Appendix B

Affine Diffusion Processes

In this section of the appendix we give a brief review of some aspects of the
theory of affine processes that are relevant for this work. Note that this borrows
extensively from Section 3 and Appendix A of Biffis [13]. We would also like to
refer the interested reader to Duffie et al. [32] and Filipovi¢ and Mayerhofer [35].
An affine diffusion process X = (Xi);c(o,r) With values in R” is a Markov process
defined on a filtered probability space (2, F,F,P), where F = (F;).¢(o 7y fulfills the
usual conditions, solving (in the strong sense) the stochastic differential equation

dXt = 5(t,Xt) dt+0’(t,Xt) th, t e [O,T],

where W is an n-dimensional standard Brownian motion, and (¢, X;) and o (¢, X;)
are “affine” in X in the sense that

5(t,7) = do(t) + da (),
where dp : [0,7] — R™ and d; : [0,7] — R™*™ are continuous functions and
(o(t,2)a(t,z));; = (o(t))ij + (vr(B); 2, 5 =1,....m,

for continuous functions vy : [0,7] — R™™ and vy : [0,T] — R™*™*™, Let ¢ € C,
a,b e C" and

A(t,x) = Xo(t) + M1 (t)'z,

for Ao : [0,7] — R and Ay : [0,7] — R™ continuous. Under certain technical
conditions (see, e.g., Duffie et al. [31]) for 0 < ¢ < u < T the following expression
holds:

E e ftu A(S,Xs)dsea'Xu (b’Xu + C) ’ f}'t:| = ea"(t)+ﬁ“(t)’Xt [du(t) + Bu(t)/Xt}
(B.0.1)
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where o and 5% are functions uniquely solving the following ordinary differential
equations:

DUB"(1) = M () — i (15" (1) — 8" (1) 0a ()5 1),
010" (1) = Nolt) — do(B) 5" (1) — 3 5*(1)vo (1) 5" (1),

and &* and B* are functions uniquely solving the following ordinary differential
equations:

0" (1) = —di (1) B(£) — B(t) w1 (£) 5 (¢),
0 () = —do(t)' B*(t) — B() vo(t) B (1),

for t € [0,u] with boundary conditions a®(u) = 0, f%(u) = a and [%(u) = b,

a*(u) = c.



Appendix C

Random Fields

In this section of the appendix for the readers convenience we give a brief overview
of the theoretical concepts of the theory of random fields that are relevant for
our purposes. Note that this borrows extensively from Section 2 of Biffis and
Millossovich [14]. A standard reference is Adler [1].

A real-valued random field is a collection of random variables (X;):cr, with index
set I C RV, defined on a probability space (Q,F,P) together with a collection of
distribution functions

Ftl,...,tn(b:h' . 7bn) - P(th S bla" '7th S bn)7

formeN, b e R, t; € I,i=1,...,n. Given a square integrable random field
X = (Xt)ter, the mean function is defined as m(t) = E[Xy], t € I, and the co-
variance function is defined as ¢(s,t) = Cov (Xg, X¢), s,t € I. A square integrable
random field X is homogeneous or stationary if the mean function is independent
of t, i.e., m(t) = m, t € I, and the covariance function c(s,t) is a function of ¢t — s,
s,t € I, only. In this case we write ¢(h) = ¢(0,h) for h € I.

A Gaussian random field is a random field where all finite-dimensional distribu-
tions F}, . t., n € N are multivariate normal. Note that a Gaussian random field
is completely determined by specifying its mean and covariance functions, and it
is well known that given any function m : I — R and a symmetric non-negative
definite function ¢ : I x I — R, it is always possible to construct a Gaussian ran-
dom field for which m and c are the mean and covariance function, respectively.
A Brownian sheet is the natural generalization of a Brownian motion to a multi-
dimensional index set and is defined as the continuous version of a centered Gaus-
sian field W = (Wt)teRf with covariance function

N
c(s,t) = H (si Ntj), t=(t1,....ty), s=(s1,...,sn) € RV, (C.0.1)
i=1

In particular we have that for each i = 1,..., N and fixed ¢;, j # 4, the process

~1/2 . . .
(H#i - th,...,ti,...,tzv) is a standard Brownian motion.
7 t;€R4
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In many practical applications such as interest rate or credit risk modeling one is
often interested in random fields with non-negative values. In this context x2-fields
as positive transformations of Gaussian random fields have obtained increasing
popularity. A x2-field Y = (Y;)te; with parameter n € N is defined as

Y;:(Ztl)2++(zgl)2¢ tGI,

where Z',...,Z" are independent, stationary centered Gaussian random fields
with common covariance function c(h), h € I, and variance ¢(0) = 2. For each
t € I, the random variable Y; has y2-distribution with n degrees of freedom. It is

easily seen that
E[Y;] =no?, tel, (C.0.2)

the covariance structure of Y is given by
Cov(Ys,Y;) = 2nc?(s,t)  and  Var(Y;) = 2no?, (C.0.3)

for s,t € I, where c(s,t) is the covariance function of the Gaussian fields Z¢,
i=1,...,n (see, e.g., Adler [1]). Note that Y is stationary as a consequence of
the stationarity of the Gaussian fields Z*, i =1,...,n.
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