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Zusammenfassung

Wir untersuchen das zweidimensionale Widom-Rowlinson-Gittermodell. Dieses
diskrete Spin-Modell beschreibt eine Oberflache, welche mit einem Gasgemisch im
Verhéltnis eins zu eins bespriiht wird. Hierbei soll die Mischung aus zwei sich
auf kurzer Distanz stark abstofenden Gasen bestehen. Die verwendete Gasmenge
wird mit einem positiven Parameter beschrieben, den wir Aktivitdt nennen.

Fiir unser Hauptergebnis hinterlegen wir den Stern-Graphen (72, X). Wir kon-
nen zeigen, dass hochstens zwei ergodische Widom-Rowlinson Mafe existieren,
falls die Aktivitdat den Wert 2 iibersteigt. Diese Aussage lésst sich in zwei Schrit-
ten beweisen:

Der erste Schritt verwendet recht allgemeine Argumente. Wir entwickeln eine
hinreichende Bedingung fiir die Existenz von héchstens zwei ergodischen Widom-
Rowlinson-Mafen. Die Bedingung besagt, dass mit nicht beliebig kleiner Wahr-
scheinlichkeit ein 1xLasso — ein zum Rand lxverbundener 1xKreis — existiert.
Unser Ansatz basiert auf der sogenannten ,infinite cluster method”: Wir verhindern
die (Ko-)Existenz von gewissen Arten unendlicher Cluster. Hierfiir verschérfen wir
zuerst die bisherigen Resultate in diese Richtung fiir allgemeine zweidimensionale
abhingige Perkolation.

Im zweiten Schritt zeigen wir, dass die im ersten Schritt hergeleitete hinre-
ichende Bedingung fiir Aktivitdten grofer 2 erfiillt ist. Dazu miissen wir die
Wahrscheinlichkeiten von Konfigurationen, die 1xLassos aufweisen, mit denen, die
OLassos aufweisen, vergleichen. Dies erreichen wir durch die Konstruktion einer
injektiven Abbildung von dem Raum der Konfigurationen mit einem OLasso in den
komplementiaren Raum. Bildlich gesprochen soll die Injektion gewisse Teile eines
OKreises mit 1Spins fiillen und dadurch ein 1xLasso bilden.
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Abstract

We consider the two-dimensional Widom-Rowlinson lattice model. This discrete
spin model describes a surface on which a one to one mixture of two gases is
sprayed. These gases shall be strongly repelling on short distances. We indicate
the amount of gas by a positive parameter, the so called activity.

The main result of this thesis states that given an activity larger than 2, there
are at most two ergodic Widom-Rowlinson measures if the underlying graph is the
star lattice (%% ). This falls naturally into two parts:

The first part is quite general and establishes a new sufficient condition for
the existence of at most two ergodic Widom-Rowlinson measures. This condition
demands the existence of 1xlassos, i.e, lxcircuits 1xconnected to the boundary,
with probability bounded away from zero. Our approach is based upon the infinite
cluster method. More precisely, we prevent the (co)existence of infinite clusters
of certain types. To this end, we first have to improve the existing results in this
direction, which will be done in a general setting for two-dimensional dependent
percolation.

The second part is devoted to verify the sufficient condition of the first part
for activities larger than 2. To this end, we have to compare the probabilities of
configurations exhibiting 1xlassos to the ones exhibiting Olassos. This will be done
by constructing an injection that fills certain parts of Ocircuits with 1spins and,
hereby, forms a 1xlasso.
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Chapter 1

Introduction

Some of the most interesting natural macroscopic phenomena can be explained by
their microscopic dynamics, like ferromagnetism or demixing of gases. Unfortu-
nately, the microscopic structure usually consists of many different aspects and,
altogether, is quite complex. Therefore, a natural question arises: which of these
microscopic interactions is sufficient or even responsible for the macroscopic phe-
nomenon? The answer is quite difficult to derive from physical experiments, since
it is not always possible to exclude all but one microscopic interaction. Fortunately,
concentrating on a single aspect is not a problem in mathematics.

For this task Lanford together with Ruelle and independently of them Do-
brushin introduced the elegant concept of Gibbs measures in the late sixties, see
[Do| and [LR]. From a probabilistic point of view Gibbs measures are “simply“
probability measures on a state space of infinitely many particles with some a priori
determined conditional probabilities, which implement the microscopic structure.
In this setup macroscopic phenomena are tail events, i.e, events that do not de-
pend on the state of finitely many particles. It is the case that Gibbs measures are
not necessarily uniquely specified by their microscopic structure. The existence
of multiple Gibbs measures — the so called phase transition — corresponds to the
existence of several possible distinct macroscopic states. Which macroscopic state
really occurs could (for example) depend on the past and not on the microscopic
structure. For a thorough introduction in the well-established theory of Gibbs
measures see [Geq|.

As the title of this thesis alludes to, we approach this question from the perspec-
tive of dependent percolation in two dimensions. More precisely, we will consider
interacting systems in which each node of the square lattice Z? is equipped with
a random “spin” taking value either 0 or 1. Two lattice nodes are called adjacent
if their Euclidean distance is 1, and sadjacent if their distance is 1 or v/2. The
lattice then splits into maximal connected or xconnected subsets, called clusters
resp. xclusters, on which the nodes take the same spin. In this way we obtain
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clusters of Ospins, called Oclusters, and xclusters of 1spins, called 1xclusters. The
analysis of these clusters is in the focus of percolation theory, where some of the
most beautiful proofs can be found. The charm of this mathematical area is in its
elegant proofs — mostly based upon simple geometric ideas — and in its elementary
— easily explained — problems, which a priori seem to be nearly impossible to solve
and, afterwards, appear to be so obvious.

In some lattice models of statistical physics the occurrence of interesting macro-
scopic phenomena can be investigated by percolation methods, since the existence
of an infinite cluster equipped with the same spin value is a macroscopic phe-
nomenon itself. This results in a physically rewarding and mathematically beau-
tiful area of research.

Ising Model

A well-known example is the (two-dimensional) Ising model introduced by Wil-
helm Lenz |Le|, which describes the phenomenon of ferromagnetism. It assumes
that the atomic structure of e.g. iron equals a graph. Furthermore, the so called
“spins of electrons of each pair of atoms can either differ or be in agreement.
Therefore, each node has spin value + or — and two nodes have the same “spin of
electrons” if their spin values coincide. On the one hand, adjacent atoms have the
tendency to align their spin values. On the other hand, an increasing tempera-
ture and, therefore, an increased movement implies the opposite effect. The Ising
model combines both contrary forces to one parameter that describes the level of
interaction between adjacent nodes. The parameter is called coupling constant and
is reciprocally proportional to the temperature, i.e, a smaller coupling constant
means less alignment and more chaos in form of higher entropy.

The Ising measures are modeled as Gibbs measures: Given a finite observation
window A C Z2, a fixed outside configuration 7 € {—1,+1}%", and a coupling
constant J > 0, the probability of a configuration o € {—1, —H}Z2 is

- 1
vp (o) = 7 Lio=r off A} H exp[J(—Lio@)£am)})]
A 2
RV
x adjacent to y

T or yeA
where 1{,—r o A} means that the configuration o coincides with 7 in A® and Zg, 7
is the normalising constant. This formalism describes our above microscopic struc-
ture, since each pair of adjacent nodes with different spin values is penalised and,
therefore, aligned ones are immediately rewarded. We call a probability measure
von {—1,+1}%" an Ising measure with coupling constant .J if it satisfies the DLR
equality for v ;(.), i.e, for all finite A C Z°

V([ Fae)(w) = v3 ,()



for v-almost all w € 2. The abbreviation DLR honors Dobrushin, Lanford, and
Ruelle for their fundamental papers [Do| and |[LR].

Because of the physical background we can expect the existence of a critical
coupling constant J. below which all +clusters and —clusters are finite. Above
this critical coupling constant we expect either a single infinite +cluster or a single
infinite —cluster, i.e, two different macrostates. The first of these macrostates
can be pictured as an infinite +ocean with finite —xislands; correspondingly, the
other macrostate can be thought of as an infinite —ocean with finite +xislands.
From a more probabilistic point of view, for J < J. we expect one unique Ising
measure exhibiting the above described typical configuration; in the case J > J.
the occurrence of multiple Ising measures can be anticipated, i.e, phase transition.
More precisely, the set of Ising measures should be a closed interval, where each of
the two extremal points typically exhibits one of the above described macrostates.
Even though Ernst Ising assumed otherwise, see [Isi|, our expectations are met if
the underlying graph is for example the two-dimensional lattice (Z2,0J), where [J
denotes the horizontal and vertical edges with length one.

Let us recall the historical milestones towards a proof that this is indeed the
case. First, Peierls showed in [Pe| that phase transition occurs in the Ising model.
Second, the fact that every translation invariant Ising measure is a convex com-
bination of only two extremal Ising measures was first derived for large J by
Gallavotti and Miracle-Sole in [GM]; later on, this result was completed for J > J,
by Messager and Miracle-Sole in [MM]|. Third, a remarkable approach to extend
the result of Messager and Miracle-Sole to all Ising measures was made by Russo
in [Ru]. Unfortunately, he did not quite achieve his goal, but, nonetheless, intro-
duced very useful methods. Fourth and last, based upon the seminal work of Russo
|[Ru], independently of each other Aizenman [Aiz] and Higuchi [Hig79] obtained
the existence of at most two extremal Ising measures.

In the year 2000 a simplified approach to the result of Russo, Aizenman, and
Higuchi was published by Georgii and Higuchi [GH|. In particular, they developed
a new geometrical approach — “the butterfly method” — for the result of Messager
and Miracle-Sole.

Widom-Rowlinson Model

Another well-known example for this beautiful area of research is the Widom-
Rowlinson lattice model, which is a discrete version of the continuous Widom-
Rowlinson model introduced by Widom and Rowlinson in [WR]. It was first anal-
ysed by Lebowitz and Gallavotti in [LG]. Based upon Peierls’ method, they showed
that phase transition occurs. This model explains the phenomenon of demixing of
two strongly repelling gases. Let us describe the situation for two dimensions more
precisely. Consider an equal (1:1) mixture of two gases that are strongly repelling
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on a short distance and spray it on a surface. The Widom-Rowlinson lattice model
assumes that the surface equates a graph and that at most one gas particle can
be attached to each node. Furthermore, the strong repulsion of the two gases is
implemented by suppressing that adjacent nodes have different types of particles.
This causes a tendency towards a loosely packed configuration of particles. We call
a configuration feasible if it satisfies this condition. The amount of gas sprayed
on the surface, which obviously also influences the number of vacant nodes, will
be modeled by an activity parameter. This situation is somewhat similar to the
one described by the Ising model. We strengthen this analogy by saying a node
is equipped with a +spin respectively —spin respectively Ospin if a particle of one
type of gas is attached to it, respectively a particle of the other type respectively
no particle at all.

Once again, the Widom-Rowlinson measures are modeled as Gibbs measures:
For a finite observation window A C Z2, a fixed outside configuration 7 €
{—1,O,~|—1}Z2, and an activity A > 0 the probability of a configuration o €
{—1,0,+1}7 is

T 1 o\x
pa(o) = Kﬂ{ﬂ'za ot aylp(o) [T A,
’ TEA

where F' stands for all feasible configurations in {—1,0,+1}%" and Zx » is the
normalising constant. This formalism was designed to coincide with the micro-
scopic structure described above. A probability measure p on {—1,0, +1}%" is
called a Widom-Rowlinson measure with activity A if it satisfies the DLR equality
regarding the microscopic structure 4 (1), i.e, for all finite A C Z2

Pl Fae)(w) = pRA()

for p-almost all w € {—1,0, +1}7".

Due to the physical background we would anticipate the existence of a critical
activity. More precisely, we would expect that below this critical activity only one
infinite Widom-Rowlinson measure exists. Its typical configuration should be one
single infinite Oxocean with finite +islands and finite —islands. Above the critical
activity we would expect two macrostates that exhibit either an infinite +ocean
with finite xislands or an infinite —ocean with finite xislands. Consequently, the
set of Widom-Rowlinson measures should have the same topological structure as
the set of Ising measures. Interestingly, the existence of a unique critical activity
depends on the underlying graph, see [BHW| and [HA02]. Nonetheless, there is a
widespread belief in the above described pattern for the square lattice.



Comparison of Both Models

Let us compare these two somewhat similar and also fundamental different mod-
els. Evident differences are that the Ising model exhibits two spin values and no
forbidden configurations, whereas the Widom-Rowlinson lattice model has three
spin values and forbidden configurations. Also the microscopic interaction of the
Widom-Rowlinson measure is significantly more complex: On the one hand, the
microscopic interaction of the Ising model only takes place on edges. More pre-
cisely, the knowledge which edges connect two nodes with different spin values,
together with the spin value of a single node, uniquely determines the whole config-
uration. On the other hand, the microscopic interaction of the Widom-Rowlinson
lattice model takes place on both edges and nodes. More precisely, the knowledge
which edges connect two nodes with different spin values, together with the spin
value of a single node, does not uniquely determine the whole configuration. In-
stead, only the nodes with Ospins are known. For the whole configuration we also
need to know the spin value of each cluster not equipped with Ospins.

These differences, especially the additional spin value, weaken the methods
developed for the Ising model. Consequently, we have considerably less insight in
the set of Widom-Rowlinson measures. Nonetheless, some methods can be carried
over. For example, Lebowitz and Gallavotti used Peierls’” method of [Pe| to show
the occurrence of phase transition in the Widom-Rowlinson lattice model in [LG].

The Last Attempt by Higuchi et alii

The lastl] attempt to show that there exist at most two ergodic Widom-Rowlinson
measures was undertaken by Higuchi and his PhD-student Takei in [HT] in 2004.
Primarily, it was based upon the butterfly method, which was developed by Georgii
and Higuchi to simplify the proof of the corresponding statement in the Ising
model. Unfortunately, the butterfly method does not provide the existence of at
most two ergodic Widom-Rowlinson measures. But it verifies the non-coexistence
of an infinite +cluster, an infinite Ocluster, and an infinite —cluster. Fortunately,
this is sufficient to compare ergodic Widom-Rowlinson measures with Bernoulli
percolation. This results in the existence of at most two ergodic Widom-Rowlinson
measures for activities larger than 8p./(1 — p.) ~ 12 if the underlying graph is
(72,0), where p. denotes the critical activity for Bernoulli percolation on (72, ).
Higuchi and Takei’s work of 2004 [HT]| proceeds with the findings of Higuchi from
1983, see [Hig83)|, that phase transition occurs if the activity exceeds 8p./(1—p,.) ~
12 and the underlying graph is (Z?,0). The integer 8 = 23 is a consequence of
the fact that at most 4 disjoint 4-clusters could be combined by adding one +spin.

LAt least to the best knowledge of the author.
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Moreover, in this framework Higuchi also showed the absence of phase transition
for activities smaller than p./(1 — p.) ~ 3/2.

These results could be carried over to the graph (7Z* X), where X denotes the
set of horizontal, vertical, or diagonal edges with length 1 or v/2. This would
derive the existence of exactly two different ergodic Widom-Rowlinson measures
for activities larger than 8(1 — p.)/p. ~ 5,5 as well as the existence of one unique
Widom-Rowlinson measure for activities smaller than (1 — p.)/p. ~ 0, 7.

Main Result

This thesis shows that there exist at most two ergodic Widom-Rowlinson measures
if the activity is at least 2 and the underlying graph is (Z? X). More formally,
let WRER(A) denote the set of ergodic Widom-Rowlinson measures with activity
A and p* respectively p* the measures with activity A and + respectively —
boundary condition, if the underlying graph is (Z* X). The main result of this

thesis is the following.
Theorem 1.1 Let A > 2. Then WRig(\) = {ui™, uy "}

Notice that this statement does not imply phase transition.

But how to deduce this theorem? Our aim for the next paragraphs is to
establish some intuition. Since the reader is probably more familiar with the Ising
model, we first argue how one can prove the result of Messager and Miracle-Sole
based upon (more or less) the core ideas developed in this thesis for the Widom-
Rowlinson model. We do this on an intuitive level, which easily could be made
rigorous. Therefore, any reader not familiar with the Ising model is advised to
skip the next two paragraphs.

Intuition

Let us begin by applying the Burton-Keane uniqueness theorem to derive the
uniqueness of the infinite +cluster, infinite +x*cluster, infinite —cluster as well as
the infinite —x*cluster for ergodic Ising measures. It is sufficient to show that an
ergodic Ising measure v that differs from vy exhibits an infinite —cluster on the
upper half plane {(z,y) : > 0} v-almost surely, since, by symmetry, additionally
assuming v # v, implies the coexistence of an infinite —cluster and an infinite
+cluster on the upper half plane. This, together with the ergodic theorem, con-
tradicts the uniqueness of the infinite clusters (see [GH, Proof of Cor. 3.2|) and,
therefore, proves the existence of at most two ergodic Ising measures.

For contradiction let v be an ergodic Ising measure that differs from vy and that
assigns positive v-probability to the absence of infinite —clusters on the upper half
plane. Since the absence of an infinite —cluster on the upper half plane is invariant



under any translation almost surely, see [GH) Shift Lemma 3.4|, the v-almost sure
absence of an infinite —cluster on the upper half plane follows. Nonetheless, v # vy
implies the v-almost sure existence of an infinite —cluster, see [GH, Proof of Lemma
2.1]. Due to extremal decomposition we can exchange the property "ergodic” with
the property “extremal”, since all considered events are tail events v-almost surely,
like uniqueness and existence of infinite clusters or absence of an infinite cluster
in half planes. Our next step towards a contradiction is the application of the
following new statement, see [Cars, Theorem 1].

There exists no probability measure on {0, 1}”* that satisfies the follow-
ing conditions: a) positive association, which roughly says that spins of
the same type are attracted to each other; b) bounded energy, which
is a bit stricter than finite energy; c) a single infinite Ocluster exists
almost surely; d) at most one infinite lxcluster exists almost surely;
e) the probability that a node is contained in the infinite 1xcluster is
bounded from below by a strictly positive constant not depending on
the node.

Fortunately, all Ising measures have bounded energy and all extremal Ising mea-
sures are positively associated. Consequently, it is sufficient to show condition
e) for v to derive a contradiction. To this end, let VZE’/\ denote the finite Ising-
measure on the finite reflection invariant observation window A with activity A
and +spins on the upper and —spins on the lower half plane as boundary condition.
Note that given any node (z,0) in A, by symmetry, the existence of a +x*circuit
around (x,0) +*connected to the boundary of A — a so called +x*lasso around
(x,0) — has VjAE,A—probability at least 1/2. The v-almost sure absence of infinite
—clusters on the upper half plane implies that any box [—n,n]? is surrounded by
a xcircuit equipped with +spins on the upper half plane. This, together with the
above observation with respect to VK ), and the strong Markov property, shows that
an infinite +xcluster exists v-almost surely and that with v-probability at least
v (0 <4 50)/2 > 0, any node of the z-axis is contained in the infinite +sxcluster.
Since there exists no infinite —cluster in any translate of the upper half plane
v-almost surely, see [GH) Shift Lemma 3.4|, this lower bound holds for all nodes
and not only for the ones on the x-axis. Consequently, all conditions of the above
theorem are satisfied, which leads to a contradiction and, therefore, to the result
of Messager and Miracle-Sole.

Let us take a brief pause to reflect on the core idea of this approach for the
Ising model.

The most crucial (well-known) observation based upon flip-reflection
symmetry was that with yi \-Probability at least 1/2, a +xlasso exists
in A.
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In order to apply this, we assumed the absence of an infinite —cluster in the
upper half plane. The new result for non-coexistence is also an essential building
block, which follows naturally if we come this far and want to achieve the result of
Messager and Miracle-Sole. But how to translate this approach into the Widom-
Rowlinson model? We try to convey some intuition for the answer in the next
paragraphs.

First of all, the Burton-Keane uniqueness theorem — once again — guarantees
the uniqueness of all kinds of infinite clusters, see [HT), Prop. 3.5.]. Consequently,
we can distinguish eight different scenarios depending on which type of infinite
cluster exists. A first fruitless attempt would be to copy the ansatz of the crucial
observation above. Hereby, the problem is that because of the Ospins the flip-
reflection symmetry lost its edge, since it only compares +xlassos to —xlassos.
We, however, would need to compare *lassos equipped with + or —spins to Olassos.
But how can we alter the core idea? Let us begin by recalling that the butterfly
method precludes the coexistence of an infinite —xcluster, an infinite Ocluster, and
an infinite +x*cluster. Furthermore, it is sufficient for our aim to preclude the
existence of infinite Oclusters, see [HT, Prop. 3.2.]. Hence, we only have to further
exclude three of the eight scenarios, namely

i) the sole existence of a single infinite Ocluster,
ii) the sole coexistence of an infinite Ocluster and an infinite +x*cluster, and

iii) the sole coexistence of an infinite —xcluster and an infinite Ocluster.

By symmetry, eliminating the second scenario also prevents the third scenario. So,
how can one preclude the first and the second scenario? Note that in both sce-
narios each finite subset is encircled by a circuit equipped with Ospins and +spins
almost surely. This observation, together with the stochastic domination and the
strong Markov property, leads us to consider Widom-Rowlinson measures on finite
subgraphs with Ospins as boundary conditions denoted by ,u%/\. Nonetheless, the
core idea of the Ising model should stay the same, only interpreted to the new
setting, i.e, the ,u&': y-probability of the existence of a +x*lasso should be bounded
away from zero. But how can we prove this? Let us answer this question in the
next paragraph and first check if it enables us to achieve our aim. Fortunately,
these +x*lassos either strangle infinite Oclusters (if the corresponding +x*circuits are
large enough) or imply the existence of an infinite +xcluster (if the corresponding
+xcircuits stay small). Consequently, they prevent scenario i), i.e, the existence of
a sole infinite Ocluster, and, therefore, we only have to consider the second scenario,
i.e, coexistence of a single infinite Ocluster and a single infinite +x*cluster. Once
again, the +xlassos help us. They show that condition e) of the above theorem
for non-coexistence is satisfied and, therefore, prevent the coexistence. Hence, this
approach leads to the proof of Theorem [I.1]



But why are the ,u% y-brobabilities of the existence of a +x*lasso bounded away
from zero? This is indeed a bit tricky. We have to consider the well-known col-
orblind version of the finite Widom-Rowlinson measures — called the site-random
cluster model, see [GHM, Sec. 6.7] — and prove the corresponding statement with
respect to lxlassos in this model. The advantages of this measure are that no
configurations are forbidden and that it can easily be retransformed into the cor-
responding Widom-Rowlinson measure. But how to control the probability of the
existence of a 1xlasso in a finite observation window A with respect to this mea-
sure? First, note that a configuration in {0,1}* exhibits either a 1xlasso or a
Olasso. Second, we will construct an injective map from the set of configurations
exhibiting a Olasso to its complement, i.e, the set of configurations exhibiting a
1xlasso. This construction is indeed quite complex and, therefore, we describe it in
more detail in the next paragraph. For now we are content with the idea that the
map fills certain parts of certain Ocircuits with 1spins, which results in a configu-
ration with a 1xlasso. Hereby, the number of Ixclusters joined together is (more
or less) smaller than the number of added 1spins. On the one hand, each finite
1xcluster in the site-random cluster model originally could have been a —xcluster
or a +x*cluster in the underlying finite Widom-Rowlinson model. On the other
hand, each added 1spin at least doubles the probability for activities larger than
2. Consequently, because of the map’s injectivity, the probability of the existence
of a 1xlasso is larger than the one for a Olasso.

Let us describe the construction of the injective map from the set of config-
urations exhibiting a Olasso to its complement more precisely: First, the map
should only add 1spins and never delete them, which makes it easier for us to
compare the probabilities of the argument and the mapped configuration. This is
the case because, hereby, the decrease of 1xclusters can be compensated by the
increase of 1spins. The injectivity is important because it enables us to compare
the probability of the whole set of Olassos to the probability of the set of 1xlassos.
Unfortunately, the injectivity is also the tricky part. This is the case because the
other conditions would be satisfied, for example, by simply equipping the maximal
Ocircuit with 1spins, which is obviously not injective. A first fruitless approach
towards the construction of such an injective map would only fill the parts of
the maximal Ocircuit that are essential to obtain a new lcircuit and, therefore, a
1xlasso. Unfortunately, this map is not injective either. The main reason for this
is that we consider lpaths in both the exterior and the interior of the maximal
Ocircuit. Consequently, our next approach would be to fill the parts of the maxi-
mal Ocircuit such that we obtain a new lcircuit in the union of the interior of the
maximal Ocircuit and the maximal Ocircuit itself. Fortunately, if we sufficiently
trim its domain the map is injective and all of its outputs exhibit a 1xlasso. So,
we just have to find a second map on the remaining domain that complements the
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first one. Recall that for the first map we only considered 1paths in the interior
of the maximal Ocircuit. Intuition suggests to complement this map by a second
map considering only Ipaths in the exterior of a certain Ocircuit. As we will see
later on, this approach indeed works. Unfortunately, this injection only achieves
our aim, i.e, the probability of the set of 1xlassos is bounded away from zero, for
activities larger than 2%/3. Fortunately, we can present a workaround by comparing
the probabilities of two (instead of only one) configurations exhibiting Olassos and
the corresponding configurations with 1xlassos for activities larger than 2.

Brief Overview

The remainder of this thesis is organised as follows. In Chapter [2] we introduce ba-
sic definitions and notations needed throughout the thesis. Chapter |3|is dedicated
to show the non-coexistence of different infinite clusters in the general setting of
dependent percolation theory. For our new result regarding non-coexistence in
Subsection the underlying probability measure does not have to be invariant
under translation, rotation, or reflection. The general setting tempts us to play a
little with infinite clusters, which leads to some other related resultsﬂ presented in
the rest of Chapter |3 The main part of Chapter |3|is published in |[Cars|. Chapter
first introduces the Widom-Rowlinson model. Then a sufficient condition for
the absence of phase transition in the two-dimensional Widom-Rowlinson model is
derived. Last, we establish the sufficient condition mentioned above for the exis-
tence of at most two ergodic Widom-Rowlinson measures. Chapter [5]constructs the
non-trivial injective map and, afterwards, establishes a connection to the Widom-
Rowlinson model. This already verifies the sufficient condition of Chapter [4] for
activities larger than 2%/° ~ 5 /2. Last, we show how to alter the injective map to
extend this result to activities larger than 2 and, therefore, verify Theorem [I.1]

All proofs presented in this thesis are based on simple geometric ideas, even
though some proofs can get a bit technical.

Further Thoughts

Obviously, there are some important questions that cannot be answered by the
author. Nonetheless, in this section the author tries to share his intuition for some
issues.

Is it possible to weaken the condition A > 27 This is a tough question and if the
author knew how to achieve this he would have done it. However, this condition
is "only" essential for Chapter [5, which compares the probability that a 1xlasso
occurs with the probability that a Olasso occurs. So, establishing this comparison

2These results are not really necessary for Theorem
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for lower activities would extend the main result of this thesis to these activities.
But, from the limited intuition of the author, this seems to be impossible, at least
based on the method of Chapter

Could the new method be used for other underlying graphs? Well, this depends.
Chapter [3] and Chapter [4] could be gerneralised to other graphs, like the standard
square or the triangular lattice. But Chapter [5| crucially depends on the fact that
the cardinality of the set of 1xlassos (more generally, 1lassos with respect to the
underlying graph) is larger then the cardinality of the set of Olassos (more generally,
Olassos with respect to the matching pair of the underlying graph), otherwise
an injection is impossible. Consequently, this chapter cannot be carried over to
the standard square lattice, where there are less configurations exhibiting 1lassos
than configurations exhibiting Oxlassos. On the bright side, we could use this
method for the triangular lattice. The author expects that the main result could
be derived for activities larger than 4, since flipping a single Onode of a Ocircuit
can join three disjoint 1clusters, of which two are inside the Ocircuit. On the other
hand, this result can also be derived by a simple standard comparison to Bernoulli
percolation. But some further new thoughts could decrease this boundary, just
like we will decrease the boundary from 2*° to 2 for the star lattice.

What’s New?

Since most of this thesis is original research, it is easier to point out which results
were already well-known or at least common knowledge:

e The uniqueness of infinite clusters, i.e, the Burton Keane uniqueness theo-
rem;

e Basic facts of the Widom-Rowlinson model, i.e, more or less the whole Sec-
tions [A.1] to 4.3}
e The butterfly method, i.e, Subsection

e Splitting the set of finite configurations regarding lassos, i.e, Lemma [4.28

In general, good indicators for a well-known statement are both the omission of a
proof and the explicit mentioning that it is well-known.

In this context the author would like to state that he and, therefore, this thesis
was influenced by many different mathematicians and their works, in fact, too
many to list here. Nonetheless, the author would like to explicitly mention Hans-
Otto Georgii, Kai Cieliebak, and Thomas Richthammer.
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CHAPTER 1.

INTRODUCTION




Chapter 2

Preliminaries

First of all, recall the usual order of operations "BIDMAS*, which stands for brack-
ets, indices, division, multiplication, addition, subtraction. To avoid several brack-
ets we add the rule that intersections apply before unions, i.e.

ANBUC=(ANB)UC AUBNC=AU(BNCQC).

In this chapter we establish the fundamental notations of graphs needed through-
out the thesis.

Let us begin by recalling that a graph G = (N, E) consists of a set of nodes N
and a set of edges E, each connecting two nodes. Furthermore, a set of nodes S is
called a cluster regarding G if it is a maximal connected component of this graph,
i.e, given any node of S as a starting point, each node of S and only nodes of S
can be reached by walking over edges from node to node.

Recall that our main result refers to the (realisation of the) graph (72 X),
where

X = {{z,y} CZ*: |z —y| € {1,V2}}

denotes the set of horizontal, vertical, and diagonal edges with length 1 or v/2.
Consequently, we only[] consider this graph (Z?,X) and its matching pair (Z2,0),
where the set of horizontal and vertical edges with length one is denoted by

O:={{a,y}C?: |z —yl=1}.

The main reason for this is that we want to stay as elementary as possible, even
though some generalisations could be made in Chapter [3 and [4]

These two graphs have a special relation to each other comparable to dual
graphs in edge percolation; they are matching pairs. For definitions and a rigorous

IThe exception that “proves” the rule can be found in Chapter 3| Section
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introduction, we refer the interested reader to [K|. A consequence of this relation is
that a cluster with respect to (7?2, ) cannot cross a cluster with respect to (72, X),
which is essential if an infinite cluster of one type shall preclude an infinite cluster
of the other type. More precisely, if we split Z? into two sets V and W, then either
there exists an infinite cluster in V' with respect to (Z?,0J), or every finite subset
of Z? is encircled by a cluster in W with respect to (Z?,X).

This thesis deals with interacting systems, in which each node of the square
lattice 72 is equipped with a random “spin”. In particular, we analyse whether
infinite clusters equipped with the same spin value exist if the underlying graph
is (7% X) or (Z*,0). For convenience, let us introduce a simple notation: we add
a star * to any graph theoretical object to indicate that the underlying graph is
(Z*,X); otherwise — if the object refers to (Z% ) — we refrain from using any
index.

The most fundamental term regarding graphs is when two nodes are connected
by an edge.

Definition 2.1 (adjacent, xadjacent) A node x € 7Z* is called adjacent to a set
B C 7* if x € 7Z* \ B and there exists a node y € B with |x — y| = 1. Likewise,
x € 72 is called xadjacent if x € Z?\ B and the Euclidean distance to some y € B

18 1 or \/§

In particular, a node is not adjacent or xadjacent to itself. We define the
boundary and sxboundary of a subset B as

OB = {x € 7* : z is adjacent to B}

and
O*B = {x € 7* : v is * adjacent to B}.

The following definition of a path includes the self-avoiding property, i.e, a
node does not appear twice.

Definition 2.2 (path, xpath) We call a finite sequence of nodes (xy,...,z,),
n > 0, a path if it is self-avoiding, i.e.,

T; =2Tj; = 1= j s
and if every pair of successive nodes is connected by an edge, i.e., foralll <i,7 <n
li — j| = 1 = x; is adjacent to z; .

Likewise, a xpath is defined on (Z* X). More precisely, exchanging adjacent
with xadjacent in the definition of a path leads to *paths.
The node xq (resp. x,) is called the starting (resp. ending) node.
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Note that by this definition, paths are always finite, which will be extended in
the following.

Definition 2.3 ((two-sided) infinite path, (two-sided) infinite *path) A
sequence of nodes (x;);>1 is an infinite path if for all n > 1, (z1,...,2,) is a
path. A sequence of nodes, (z;)icz, is called a two-sided infinite path if the se-
quences (z;)i>1 and (z;);<1 are two disjoint infinite paths, whose starting nodes are
adjacent to each other.

An infinite xpath and a two-sided infinite xpath is defined accordingly.

We say a path hits A C 72 if one of its nodes belongs to A and a path touches
A if it hits the boundary 0A.
Next, we define a special kind of path that encircles a finite subset of Z2.

Definition 2.4 (circuit, xcircuit) A path (x1,...,x,) is called a circuit if the
starting node x1 1s adjacent to or coincides with the ending node x,,.

Likewise, a xpath is called a *circuit if its starting node is xadjacent to or
coincides with its ending node.

The interior of a circuit C, denoted by intC, is the set of nodes in Z?\ C' that
is xenclosed by C, i.e, a node is contained in intC' if all infinite *paths starting
in this node hit C' eventually. The exterior of a circuit C, extC, is defined as
72\ (C UintC). For the sake of completeness, we explicitly define the interior of
a *circuit D, also denoted by intD, as the set of nodes in Z? \ D that is enclosed
by D and the exterior of D, extD, as Z?\ (D UintD).

Whenever a set A C Z? is contained in the union of a circuit (resp. *circuit)
C' and its interior intC' we say C'is a circuit (resp. xcircuit) around A. We add
the term “strictly” to indicate that A lies in the interior of C'. Most of the times,
circuits will be around the origin 0. Therefore, if we omit the phrase “around 2
we usually mean “around the origin”. Later on, we will compare (x)circuits with
respect to their interior, i.e, we say C is larger than D if C' is a (x)circuit around
D.

By misuse of notation, a path or a circuit is often interpreted as a set.

As mentioned earlier, we will consider interacting systems in which each node
is equipped with a random “spin” and analyse the occurrence of certain maximal
connected or xconnected subsets on which the nodes take the same spin. To this
end, we connect the purely graph theoretical objects to our spaces of configurations,
namely {0,1}%" and {—1,0,1}%".

Definition 2.5 (Opath, 1path ) Let o € {0,1}%°. We call a path P a Opatho]
if the configuration o equips its nodes with Ospins, i.e, P C o~ 1(0). Likewise, we
say a path P is a 1pathlo| if all of its nodes take spin value one.
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Definition 2.6 (—path, Opath, +path ) Let 7 € {—1,0,1}%*. We call a path
P a —path|x| (resp. Opath|w] resp. +path|r]) if P is contained in m*(—1) (resp.
7 1(0) resp. m1(1)).

Usually, we omit the underlying configuration if it is evident within the context.

We extend these definitions in the obvious way to Oxpaths, 1xpaths, —spaths,
+xpaths, Oxcircuits, and so on.

Let A, B,C C 72 We say A is Oconnected to B in C' and write A <5 BinC
for the existence of a Opath that belongs to C', starts in A, and ends in B. Analog
occurrences will be denoted by A <% B in C and called A is 1xconnected to B
in C, and so on. For C' = 72 the phrase “in Z?” is usually omitted. We exchange
B with oo to express that a corresponding infinite path, which is contained in C,
exists and starts in A.

Definition 2.7 (Ocluster) Let o € {0,1}%°. A Ocluster|o] is a subset S C o=*(0)
such that

a) all nodes of S are Oconnected in S, i.e, for all nodes x,y € S
T+ yin S;

b) no node of the complement S¢ is Oconnected to S, i.e., one cannot find a node
z € 5S¢ so that
0
24— S,

or equivalently all nodes of the boundary 0S take spin value 1.

In other words S is a mazimal connected component of o=1(0).
For m € {—1,0,1}%" we define a Ocluster[n] accordingly.

Once again, the configuration is usually omitted and we analogously define
Oxcluster, lcluster, 1xcluster, Ocircuit, 1xcircuit, —cluster, +cluster, and so on.

Let A be a finite subset of Z2. If a lxcircuit around the origin in A relative
to a configuration o exists we denote the largest of these by CR*1*(7); otherwise
CRax1*(g) is the empty set. Note that CR* (o) is indeed well-defined. Analo-
gously, we denote the minimal 1xcircuit by CR"*(g). Once again, we extend these
notations to other spin values and to circuits, e.g, the maximal Ocircuit around
the origin in A for a configuration ¢ is denoted by CR**%(c).

Last, let us write A € I to indicate that A is a finite subset of I".



Chapter 3

Planar Dependent Node Percolation

In this chapter we analyse the non-(co)existence of certain infinite clusters in two-
dimensional dependent node percolation. While the first section focuses on the
sufficiency of certain conditions for the non-coexistence, the second section provides
an example showing that certain conditions are not sufficient for the occurrence of
an infinite lcluster in the triangular lattice.

All probability measures of this chapter will be defined on the same measurable
space (€, F), where the sample space € is the set of configurations {0, 1}Z2 and
F is the o-algebra generated by the projections (p,).cz2.

3.1 Non-Coexistence of Infinite Clusters

This section deals with the question “Under which conditions (on the underlying
probability measure) does an infinite Ocluster preclude the occurrence of an infinite
1xcluster?”. For this task three approaches are outlined in the following.

First, we show that there exists no probability measure on (2, F) with the
following four properties. Spins of the same type are in some sense attracted to
each other, which later on will be formalised as positive association. A single
infinite Ocluster exists almost surely, at most one infinite 1xcluster exists almost
surely, and certain probabilities are bounded away from zero. The latter condition
contains a slightly stricter version of the finite energy, called the bounded energy.
Further, the bounded energy enables us to refrain from assuming invariance with
respect to translation, reflection or rotation.

Second, we show how to derive the non-coexistence of a sole infinite 1xcluster
and a sole infinite Ocluster if we assume the finite energy condition, positive asso-
ciation, and a kind of invariance under translation. In contrast to the well-known
argument of Zhang, see [GHM| Proof of Theorem 5.18|, these assumptions suit
the Burton-Keane uniqueness theorem better. Instead of additionally requiring
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invariance under rotation or reflection, we only need to further assume positive
association.

As positive association is often difficult to verify or does not hold at all, the third
part analyses the structure of an infinite Ocluster or an infinite 1xcluster under a
quite weak condition on the underlying probability measure. More precisely, under
this condition, the existence of infinitely many disjoint infinite 1xpaths follows from
the occurrence of an infinite 1xcluster. The same holds with respect to Opaths and
Oclusters. This result could be useful as a first step towards a proof by contradiction
of an analogue to Corollary that softens or alters the requirement of positive
association. As Haggstrom and Mester showed in [HM], in general dispensing with
positive association is not possible. A more detailed discussion of this can be found
at the beginning of Section [3.1.3] see page [28]

3.1.1 Dispensing With Invariance Under Translation, Re-
flection, and Rotation

As described above, we want to dispense with the assumptions of invariance under
translation, reflection, and rotation. Nonetheless, spins of the same type have to
be attracted to each other, which is formalised in the following definition.

Definition 3.1 (increasing event, positively associated) An event A is called
increasing if £ € A and n > & (pointwise) implies n € A.
We say a probability measure p on {0,1}% is positively associated, if

u(ANB) > p(A)u(B)
for all increasing events A and B.

Furthermore, we need to control the probabilities of certain local configurations
regardless of their exact position, which leads to the following definition.

Definition 3.2 (bounded energy) We say a probability measure i on {0, 1}22
satisfies the bounded energy condition if for alln € N, there exists a strictly positive
constant c,, such that

wu(n on AlE off A) > ¢,
for all A C 72 with |A| = n, all n € {0,1}*, and for p-almost all £ € {0,1}2°.

In fact, it is sufficient to verify this condition for n = 1, because the general case
then follows by induction with ¢, = c}.

Note that the bounded energy condition is quite weak. For example, it is
satisfied by Gibbs measures relative to any shift-invariant and absolutely summable
potential; cf. [Geo|. Nonetheless, it is stricter than the finite energy condition that
allows ¢, to be zero, rigorously defined on page [27]

Now, we are ready to state our first result.
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Theorem 3.3 There does not exist any probability measure p on {0, 1}Z2 satisfy-
ing all of the following conditions:

i) p is positively associated;
i) p satisfies the bounded energy condition;
iii) there exists a single infinite Ocluster p-almost surely;

iv) there exists at most one infinite 1xcluster p-almost surely;

v) there exists a constant ¢ > 0 such that p(x N o0) > ¢ for all x € 72,

Note that conditions iv) and v) imply that with pu-probability at least ¢, as defined
in v), a sole infinite 1xcluster exists. The occurrence of finite clusters of both types
is not precluded by any condition of Theorem Moreover, the conditions are
modelled on the ones of Sheffield’s theorem [Sheff, Theorem 9.3.1], which states
that an infinite 1cluster and an infinite Ocluster cannot coexist if the underlying
measure satisfies a kind of translation invariance (amongst others).

Proving Theorem

In the remainder of this subsection, we present a proof by contradiction of this
theorem. To this end, let © be a probability measure on {0, 1}Z2 satisfying all
assumptions 1)-v) of Theorem 3.3

We derive the contradiction in the following way: Let A @ Z? be an arbitrary
(but fixed) set containing the origin. We show that with probability at least ¢ > 0,
the infinite 1xcluster contains a 1xcircuit around A. Moreover, € does not depend
on the choice of A. So, if A @ Z? is large enough such that p(A U o0) > 1—€/2,
then the impossible event “there exists a Ixcircuit around A as well as an infinite
Opath starts in A” has probability at least €/2, which is a contradiction. Thus, an
infinite 1xcluster prohibits the existence of an infinite Ocluster.

But how do we deduce the existence of €7 Our strategy consists of the following
three steps: First, if z,y € Z? are sufficiently far away from A the event that there
exists a 1xpath from z to y in A° occurs with probability at least ¢?/2, where ¢
is as defined in property v). Second, a lxpath from x to y in A° could be either
clockwise or counterclockwise coiled around the origin and the existence of both
types implies the existence of a 1xcircuit around A. Third, there exist z,y € A°
such that with probability at least ¢?/4, a clockwise 1xpath from x to y in A®
exists and with probability at least ¢?/4 a counterclockwise 1xpath from z to y in
A¢ exists. This, together with the positive association and step two, implies that
with probability at least ¢!/2% = ¢, a 1xcircuit around A exists.

For the first step, we introduce a special xcircuit, which consists of a Opath and
a lxpath that are connected to form a xcircuit.
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Definition 3.4 (mixed }*circuit) Let n,m > 0 and (z1,...,2,) be a lxpath
and (y1,...,Ym) be a Opath with x, ~oy and T ~ Y. We call the composition
(s Ty Y1y -+ Ym) @ mized 3*circuit.

Note that a lkcircuit or a Ocircuit is also a mixed §*circuit.

The purpose of this definition is the following: Let A C I' € 7Z? and x,y € I'“.
The existence of both a mixed {*circuit in ' around A and a 1xpath from z to y
implies that one can also find a Ixpath from z to y not hitting A. Therefore, such
a circuit “shields” A from “outside” *xpaths.

The next definition simplifies the proof of the following lemma and, therefore,
will be stated right here, even though it is not really required till the next subsec-
tion.

Definition 3.5 (infinite boundary) Let us consider the event that a sole in-
finite Ocluster and a sole infinite 1xcluster coexist. Then fill the finite holes of
the infinite 1xcluster, i.e, flip the spin of all Oclusters xencircled by the infinite
Ixcluster. Let each node of this filled infinite 1xcluster be the centre of a square
with side length 3/2. Given all this, the infinite boundary, which is illustrated in
Figure[3.1, is defined as the topological boundary of the union of these squares.

Note that the infinite boundary is always well-defined, since all nodes *adjacent
to the infinite 1xcluster are contained in the infinite Ocluster. Furthermore, by def-
inition, it indicates which side contains the infinite Ocluster. We usually interpret
the infinite boundary as a curve.

Lemma 3.6 (Shield lemma) For all A @ 72, p-almost surely there exists a
mized §* circuit around A.

Proof: It is sufficient to take A = {—d, ..., d}*. We distinguish three cases.

First, we assume that all 1xclusters meeting 0*A are finite. Then there exists
a Ocircuit around A, which, in particular, is a mixed *circuit in A°.

The second case “only finite Oclusters meet 9*A” is solved analogously.

Now, we turn our attention to the remaining case that the infinite Ocluster and
the infinite 1xcluster (exist and) meet 0*A. Thus, the infinite boundary (exists
and) splits Z? into two sets Sy and S, such that the one side Sy consists of the
infinite Ocluster plus all its finite xholes, i.e, xclusters encircled by the infinite
Ocluster, and the other side Sy, consists of the infinite 1xcluster plus all its finite
holes, i.e., clusters encircled by the infinite 1xcluster.

Because of the case assumption the infinite boundary hits 0*A. Let z, 2’ €
J0*A NSy and y,y € 0*A N Sy, be the nodes such that the infinite boundary first
enters 0*A between x and y and last exits 0*A between 2’ and 3. In particular, x
is adjacent to y, x’ is adjacent to ¢/, the nodes x, 2" belong to the infinite Ocluster,
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Figure 3.1: Black (resp. white) balls represent the nodes equipped with spins of
value one (resp. zero). The horizontal, vertical, and diagonal lines from ball to
ball represent the xedges. The infinite boundary is illustrated by the green curve.

and vy, vy’ belong to the infinite 1xcluster. Since all 1xclusters in Sy are finite and
encircled by the infinite Ocluster, which contains x and z’, one can find a Opath
from x to 2’ in Sy N A°. Likewise, there exists a lxpath from y to ¢’ in Sy, N A°.
The Opath and the 1xpath are the two ingredients of a mixed }*circuit around A.
Therefore, we have shown the existence in the third case.

The lemma follows from the fact that almost surely one of these three cases
occurs. 0

Notice that only conditions iii) and iv) were used in this proof. The next lemma,
which completes our first step towards proving Theorem [3.3] relies on properties
i) and v) in combination with the shield lemma.

Lemma 3.7 For all A @ 72, there exists a set I' @ Z? such that for all x,y € ',
the event “z and y are 1xconnected in A°” occurs with probability at least ¢*/2.

Proof: Fix an arbitrary A @ Z2. Due to the shield lemma, we can choose I' € 72
such that with probability at least 1 —c?/2, a mixed j*circuit around A in T exists.
Let x,y € I'°. The uniqueness of the infinite 1xcluster yields the existence of a
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1xpath from z to y as soon as x and y belong to this infinite 1xcluster. Properties
i) and v) imply that the latter event has probability at least ¢>. Moreover, by the
choice of T', we can conclude that with probability at least ¢®/2, there exists in
addition a mixed }*circuit around A in T'. Under these conditions, a 1xpath from
x to y in A° can be found. O

In our next step, the *paths from x to y off A @ Z? are distinguished into two
classes according to whether they run clockwise or counterclockwise around the
origin. If xpaths of both types exist, one can also find a *circuit around A. To this
end, we introduce the winding number around the origin, which for convenience
will only be defined for polygons, i.e, for piecewise linear continuous curves in R?.

Definition 3.8 (winding number) Let n > 0 be a natural number and let P :
[0,1] — R?\ [-n,n]? be a polygon. We identify R? with C and rewrite P(t) in
polar form P(t) = r(t)e®®, where 6(.) is a continuous function. The winding
number

2T

describes the fractional turns of the polygon around the origin and, therefore,
around the box [—n,n]?.

We refer to [Bear| for an alternative definition and elementary properties.
Now, we are ready to define the two classes.

Definition 3.9 (clockwise and counterclockwise polygons) Let x and y be
two nodes and let P : [0,1] — R?\ [-n,n]* be a polygon from P(0) = z to
P(1) =y. When 20 (P) is negative P is called a clockwise polygon in ([—n,n]?)°.
When 20 (P) is positive P is called a counterclockwise polygon in ([—n,n]?).

The next lemma is a special case of the “Topological Lemma” in [GKR]. It says
that a *circuit exists if one can find a clockwise xpath as well as a counterclockwise
xpath. Therefore, it concludes our second step. Obviously, *paths can be thought
of as polygons.

Lemma 3.10 Let A := {—n,...,n}? and x,y € A°. We assume that there exist
a clockwise xpath P from x to y in A° and a counterclockwise xpath @ from x to
y i A°. Then a xcircuit around A in P UQ exists.

Proof: We consider the closed polygon C(t) := P(2t)1;c1/2 + Q(2 — 2t)14>1/9.
Standard properties of the winding number yield

W(C)=W(P)-W(Q),
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which is negative, because the first summand is negative and the second one is
positive. So the origin belongs to a bounded component of R?\ C. Consequently,
there exists a xcircuit around A that walks along a section of P in the direction
of y and then a section of ) backwards. OJ

The aim of our third step is to verify the existence of two nodes x,y such that
the probabilities of the events “there exists a clockwise 1xpath from z to y around

. 1x . .
A” in short x ~ y around A, and “there exists a counterclockwise 1xpath from z

to y around A”, in short x S y around A, are bounded from below by a strictly
positive constant, which does not depend on A.

The phrase “z is on the left side of A” means that one can find d € N such
that € {(z,7) : 1 < —d} and A C [—d, d]? hold. Accordingly, “a node is on the
right side of A” is used.

First we pursue the following idea: A 1xpath, that starts on the left side
and ends on the right side of the origin, becomes a clockwise polygon when it is
sufficiently shifted upwards.

The existential quantifier of the next lemma could be replaced with a univer-
sal quantifier, but stating the weaker version simplifies the modification for the
theorem in the next subsection.

Lemma 3.11 For all T' @ 72, there exist a node x on the left side and a node y
on the right side of I such that

Jh >0 u(xy, A yy around T') > ¢2/4 (3.1)
dh < 0: p(xy, G yy, around T') > ¢*/4, (3.2)

where xp, :=x + (0,h) and y, :==y + (0, h).

Proof: Since the proofs of and are obviously similar, we only verify
(-1). The idea is more or less the same as in Lemma

Fix an arbitrary I' € Z* and choose m € N such that I' C [—m,m]®. Let
x:=(—m—1,0) and y := (m+ 1,0), which, therefore, are on the left respectively
on the right side of I', and assume for contradiction that

Vh>0: u(x, A yy, around T') < ¢*/4. (3.3)
Let P(h) be the shortest path from x; to y, i.e,

P(h) :=((—m —1,h),(=m,h),...,(m,h),(m+1,h)) .
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The bounded energy condition ensures the existence of a constant § > 0 depending
on m such that with probability at least d, for all A > 0, all spins of P(h) take the
value 1. In particular, for all h > m

o <a:h A yp, around F) >4. (3.4)
Let 8’ := 6c?/4 and let A € Z? be such that A contains {—m, ..., m}? and

M<A<L>oo> >1-4"/2. (3.5)
Due to Lemma , there exists a square {—I, ..., 1}? including A such that for all

h>1
1 (xh LN yp, around A) > /2.

This, together with
{zp, A yp, around A} U {x, & yp, around A} = {x, LN yp, around A}

implies that for all h > [
max {u (xh A yp, around A> , (ach G yp, around A)} > /4. (3.6)
Additionally, considering (3.3 and

Vh>1: {z, A yp around A} C {zy, A yp around I'}

yields that for all h > [,
I (mh A yp around A)) < /4.
Hence, implies that for all A > [
p(xp & yy around A) > c?/4
which, together with and the positive association, yields
1 <xl+1 O Y11 around A, x; A Y141 around A> > 0c% /4= 10"

Given this event, Lemma [3.10| ensures the existence of a lxcircuit around A, a
contradiction to (|3.5)). O
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Notice that the proof of this lemma relies on all five conditions of w, but, for-
tunately, the bounded energy condition is used only once to verify the existence
of a constant 6 > 0 such that holds. Keeping this in mind will help us by
proving the result of the next subsection, where u’ does not satisfy the bounded
energy condition. Before we turn towards this, we obtain Theorem [3.3|by applying

Lemmas [3.7] [3.10] and B.11]

Proof of Theorem Let A @ Z? be large enough so that

(A 2 00) > 1 —¢*/2% . (3.7)
Lemma allows us to choose a square {—m,...,m}?> =: T with A C T such
that with probability at least ¢?/2, for any two distinct points z,y € T'°, z and
y are lxconnected in A°. This, together with {z, A yp, around A} U {xp, G
yn around A} = {x, <= y;, in A}, implies that

max {,u(xh A yp around A), pu(zp, G yp, around A)} > c?/4 (3.8)

for all h € Z. Applying Lemma [3.11] gives the existence of nodes x on the left side
and y on the right side of I such that

Jh > 0: p(zp, A yy, around A) > /4 (3.9)
Jh < 0: pu(xp & yp around A) > /4. (3.10)

The inequalities (3.8)), (3.9)), and (3.10]) yield that there exists a k € Z such
that

1] <$k+1 A Ypr1 around A) ) (:r;k G yr around A) > /4. (3.11)

. 1 1x . .
Moreover, since {xg+1 M Y41 around A} and {x O yg around A} are increasing
events, we can conclude that

L (:Ek+1 A Ypr1 around A, xy G yr around A) > c1/16.

Thus, because of Lemma/3.10[a 1xcircuit around A occurs with probability at least
¢*/16, a contradiction to ([3.7). So, the measure p cannot exist. O

3.1.2 [Exploiting translation invariance

This subsection gives an alternative to Zhang’s argument that dispenses with the
assumption of invariance under reflection and rotation.
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Both ways to verify non-coexistence — Zhang’s argument and our alternative
— are based upon the uniqueness of an infinite Ocluster and an infinite 1xcluster,
which can be derived by applying the Burton-Keane uniqueness theorem stated
later on in this subsection. Our approach to the non-coexistence is (more or less)
a version of Theorem [3.3| similar to Sheffield’s theorem [Sheff, Theorem 9.3.1]. In
order to minimise the assumptions, in this version the conditions ii) and v) of
Theorem are replaced by a kind of translation invariance.

The following theorem requires the infinite boundary as defined on page [20]

Theorem 3.12 There does not exist any probability measure 1’ on {0, 1}22 which
possesses all of the following properties:

i’) W' is positively associated;

ii’) there exists a single infinite Ocluster u'-almost surely;
i11’) there exists at most one infinite 1xcluster p'-almost surely;
iv’) the occurrence of an infinite 1xcluster has positive probability;

v’) the distribution of the infinite boundary — conditioned on its existence — is
translation-invariant.

This theorem is modelled on Sheffield’s theorem [Sheff, Theorem 9.3.1], which
proves the non-coexistence of an infinite Ocluster and an infinite 1cluster. Probably
Sheffield’s proof would be strong enough to verify Theorem [3.12} but since it is a
bit involved, we prefer to alter the proof of Theorem [3.3] which can be done with
only one small modification.

Proof of Theorem The strategy is to show that the conditions i) and iii)-
v) of Theorem are satisfied and that a sufficiently close analogon to equation
(3.4)), which is the only point where the bounded energy condition enters the proof,
can be verified.

The conditions i),iii) and iv) of Theorem [3.3| are equal to the first three condi-
tions of Theorem

Condition v) is a consequence of conditions ii’), iii’), iv’) and v’): Since the
set of edges is countably infinite and the infinite boundary exists with positive
probability, there exists an edge that intersects the infinite boundary with positive
probability n. Let a and b be the nodes connected by this edge and assume without
loss of generality that with probability 77/2, the infinite 1xcluster contains a and the
infinite Ocluster contains b. Because the infinite boundary is translation-invariant,
shifting does not change the probability and, consequently, for all z € Z?

u/(z&)oo)Zn/2>0.
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Next, we verify a sufficiently close analogue to equation (3.4)) with the notation
of the proof of Lemma [3.11}
Denote by ( the probability that an infinite 1xcluster exists, i.e,

¢ = p(Z 5 00) > 0.

Let = € 7Z? be large enough so that with probability at least 3¢/4, the infinite
boundary exists and hits =. We recall that A was defined in the proof of Lemma
3.11] as an arbitrary (but fixed) finite set of Z>. Take two translates Z’ and E” of
= such that every node of =’ is on the left side of A and every node of =" is on
the right side of A.

By subadditivity of p/, the infinite boundary hits both sets = and Z” with
probability at least (/2. Moreover, one can find two pairs z, 2" and y, ¢’ of adjacent
sites in =’ resp. =" such that the event

1 / 0 1% / 0
T 4+ 00,2 — 00,y +— 00,y +— 00

occurs with positive probability e, say.

Take a square [—i,1]? with = UZ" C [—4,i]* such that with probability at
least 0 := ¢/2, the part of the boundary that starts between x and 2’ and ends
between y and 3’ exists and is contained in [—4,:]?. Since the distribution of the
infinite boundary is translation-invariant, for all h € Z, the event that the part of
the infinite boundary starting between z;, and zj, and ending between y;, and y;,
exists and is contained in [—i, 4] X [—i+ h, i+ h] occurs with probability at least ¢,
where x, is defined by x + (0, h). Moreover, given this event, one can in fact find
a lxpath from xj, to yp, in [—i,4] X [—i + h, 7+ h|. This, obviously, implies that for
all h > 2max{i,m}

14 <:Ch A yp, around A) >0,
which is sufficiently close to (3.4]). O
An important building block for the main result of this subsection, namely the
next corollary, is the Burton-Keane uniqueness theorem. One of its assumptions
is the finite energy condition, which was discovered by Newman and Schulman in

[INewS], is rigorously defined below, and roughly says that every local configuration
is compatible with anything that happens elsewhere.

Definition 3.13 (finite energy) A probability measure p on {0, 1}Z2 satisfies
the finite energy condition if for every finite set A C 72,

p(n on Al¢ off A) >0
for alln € {0,1}2 and p-a.e. & € {0,1}2".



28 CHAPTER 3. PLANAR DEPENDENT NODE PERCOLATION

Now we are ready to state the Burton-Keane uniqueness theorem.

Theorem 3.14 (Burton-Keane uniqueness theorem) Let P be a probability
measure on (2, F). If P is invariant under translations and has finite energy, then
there exists at most one infinite Ocluster, infinite 1cluster, infinite Oxcluster, and
infinite 1xcluster.

For the elegant proof we refer the interested reader to the original paper [BK],
which is a must read for anyone interested in random geometry.

The Burton-Keane uniqueness theorem, together with Theorem [3.12] implies
our second result, namely the next corollary, which corresponds to the theorem of
Gandolfi, Keane and Russo. Instead of any kind of invariance under reflections or
rotations, it takes advantage of the finite energy condition.

Corollary 3.15 Let p be an ergodic and positively associated probability measure
on {0, 1}Z2 that satisfies the finite energy condition. Then, the coexistence of an
infinite 1xcluster and an infinite Ocluster has p-probability zero.

Proof: Because of the Burton-Keane uniqueness theorem at most one infinite
Ixcluster as well as at most one infinite Ocluster exist. We assume for contradic-
tion that both of them coexist with strictly positive probability. The ergodicity
yields that this event occurs with p-probability one. So, all conditions of Theorem
[3.12] are satisfied and the contradiction is shown. 0

Moreover, the proofs and definitions can be adapted to generalise this result to
a wide range of underlying graphs.

Remark 3.16 Let (G,G*) = ((N, E),(N,E*)) be a matching pair of amenable
and transitive graphs, in the sense of [K[. Let p be an ergodic and positively
associated probability measure on {0, 1}V that satisfies the finite energy condition.
Then, the coexistence of an infinite 1xcluster with respect to G* and an infinite
Ocluster with respect to G has p-probability zero.

3.1.3 A Single Infinite 1xCluster Has Unbounded Width

This section shows that the bounded energy condition and the occurrence of an
infinite 1xcluster is sufficient for the existence of infinitely many disjoint infinite
1xpaths.

The author hopes that this could perhaps lead to a similar statement as Corol-
lary with a weakened version of positive association. To this end, one would
“only” have to show that the number of disjoint 1xpaths, starting in the subset
A @ 72, is proportional to the cardinality of A, in order to reproduce the argument
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of the Burton-Keane uniqueness theorem. Given the limited imagination of the
author, this seems to be impossible. But we will discuss another — more promising
— ansatz after the following statement of the subsection’s main result.

Theorem 3.17 Let v be a probability measure on {0, 1}Z2 satisfying the bounded
enerqy condition. Then, v-almost surely on the event that an infinite 1xcluster
exists, one can find infinitely many disjoint infinite 1xpaths. Analogously, the ex-
istence of an infinite Ocluster guarantees the occurrence of infinitely many disjoint
infinite Opaths.

Before proving this theorem, let us first make two remarks.

First, if we assume — in addition to the bounded energy — the coexistence and
uniqueness of the infinite Ocluster and the infinite 1xcluster, then Theorem
even yields the existence of infinitely many two-sided infinite 1xpaths, see page
for the definition. These two-sided infinite 1xpaths exhibit a natural order.
The first one P; is contained in the boundary of the infinite Ocluster. The second
of these two-sided infinite 1xpaths is contained in the boundary of the union of
Py, the infinite Ocluster, and all finite Oclusters adjacent to P;. Since there exist
infinitely many 1xpaths, this procedure can be continued indefinitely. So, the
infinite 1xcluster looks like wall bars. An analogous statement holds for the infinite
Ocluster and the lattice splits into one 1xwall bar and one Owall bar.

Second, Theorem could also be useful as a first step towards a proof by
contradiction of an analogue of Corollary that weakens or alters the condition
of positive association. If the infinite boundary is not too rugged and both the
bounded energy condition and ergodicity hold, then it seems to be counterintuitive
that unique infinite clusters of both types coexist. For, on the one hand, the infinite
Ocluster is not allowed to intersect the intermediate space between the first and
the nth two-sided infinite 1xpath as above, which has infinite “length”, “width”
at least m, and is not too rugged. On the other hand, ergodicity suggests that
the infinite Ocluster should be evenly spread over Z? and, therefore, fray out the
infinite boundary.

This intuition can be made rigorous under the — absurd — further assumption
of negative association, which means that any two increasing events are negatively
correlated. Namely, subdivide the lattice into squares of the same size such that
these squares can be interpreted as nodes of a new lattice. Call two squares
adjacent if their distance is one. Furthermore, call a square occupied if it is met
by the infinite Ocluster; otherwise it is called vacant. Given the coexistence, the size
of the squares can be chosen so large that by exploiting the negative association, a
standard path counting argument shows the finiteness of all vacant square-clusters.
Let N be a number that exceeds the diameter of the squares. A two-sided infinite
square-path is formed by the squares that are hit by the N+ 1th two-sided infinite
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1xpath. By choice of N, these squares are contained in the random set of nodes
between the first and the 2N 4 1th two-sided infinite 1xpath. Therefore, all of them
are necessarily vacant, which is impossible because all clusters of vacant squares
are finite.

Proving Theorem [3.17]

In the rest of this subsection we prove Theorem [3.17] To this end, from now on let
v be a probability measure on {0, 1}%” satisfying the bounded energy condition.

Our aim is to show that given the existence of an infinite 1xcluster, one can
find infinitely many infinite 1xpaths. To this end, we first have to check the
measurability of the latter event, where the corresponding o-algebra is generated
by the cylinder sets.

Lemma 3.18 The number A of infinite 1xpaths is tail measurable.

Proof: The statement is a direct consequence of the identity

{Azn}:Uﬂ U ﬂ{Ak,izn}7

lEN k>l m>ki>m

which holds for all n € N. Here, Ay, is the maximal number of disjoint 1xpaths
in {—i,...,i1}>\{—k,..., k}? from *{—k,... .k}  to 0*{—i+1,...,i—1}2 O

Next, we show that configurations with a given number of disjoint infinite
1xpaths exhibit a necklet with this number of 1pearls around any finite set, as is
defined now.

Definition 3.19 (necklet with N lpearls around I') Let N € N, o € {0,1}%
and I' € 72. We call C' a necklet with N 1pearls around I' with respect to o if C
is a circuit around T with |C N o~ (1)| = N.

The proof of the following existence statement is more or less a direct conse-
quence of the well-known max-flow min-cut theorem of Ford and Fulkerson; cf.
[EE]. Since this is the only point where the max-flow min-cut theorem (and its
notation) is needed, we use the original notation of [FF| without defining it.

To avoid misunderstandings let us recall that an infinite *path is defined as
an infinite sequence whereas a two-sided infinite xpath requires a two-way infinite
sequence.

Lemma 3.20 (Bottleneck lemma) Leto € {0, 1}Z2 be a configuration that pos-
sesses exactly N disjoint infinite 1xpaths. Then, for all T € 72, there exists a
necklet with N 1pearls around T'.
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Proof: Fix an arbitrary I' € Z* and a configuration o such that one can find
exactly N disjoint infinite 1xpaths with respect to 0. Let the set S of sources be
the *boundary of a square {—s, ..., s}? large enough so that it contains I" and N
disjoint infinite 1xpaths starting in this square. Furthermore, the set T" of sinks is
defined as the xboundary of a square {—t,...,t}? large enough so that S C intT
and there exist IV disjoint 1xpaths from S to 7. The set of intermediate nodes R
is int7"\ (S UintS). An undirected arc {z,y} connects x and y if and only if these
two nodes belong to RUSUT and are xadjacent. We define the capacity function
c(.,.) of an arc {z,y} as

(2.1) 1 ifz,y Ccol(1),
C x? = .
4 0 otherwise.

Consequently, since there are N disjoint 1xpaths from S to 7', the maximal flow
value of this network is N. Applying the max-flow min-cut theorem, see [FE, page
11 plus section 7 and 10|, shows the existence of a cut C separating S from T,
whose cut capacity is V.

Let B be the set of nodes that are connected to S by a xpath not intersecting
an arc of the cut C'. The union of B and all its finite holes is a simple *connected
set that contains S. Therefore, erasing all loops of this union’s xboundary leads
to a uniquely determined circuit around S, denoted by B°. By definition of B,
the set B® of all nodes in the interior of B° xadjacent to B° form a circuit around
intS. Furthermore, a node of B and a node of B° xadjacent to each other are also
connected by an arc of the cut C.

Now we are ready to construct the necklet: First, take the set D of nodes of
B"No71(0) and combine it with the set E of nodes in B* N o~ !(1) *adjacent to
B°No~1(1). Since N disjoint 1xpaths connect S to T' and the capacity of C' is
N, the set E consists of exactly N nodes. Nonetheless, there may be more than
N nodes equipped with 1spins in B¢, which is equivalent to the case that D U E
is not a circuit. Fortunately, we can circumvent these nodes using Opaths in B°.
This is the case because by definition of E, the set F' of nodes in B° xadjacent to
B\ (DUE) is contained in ¢~!(0). A moment’s thought reveals that DU E U F
is a necklet with N 1pearls around I with respect to o. U

Now, let us gain some insight into the structure of infinite 1xclusters under
fairly general conditions on the measure.

Proof of Theorem Since ({0,1},P({0,1})) is a perfect space, Theorem
3.3 of [Sok| implies that v is a Gibbs measure for a suitable specification (y4)aezz-
Since v satisfies the bounded energy condition, there exist constants ¢, > 0 such
that ya(n|€) > ¢, for v-almost all configurations ¢ € {0,1}”°, whenever |A| = n
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and 7 is a local configuration on A. Applying the extremal decomposition [Geol
Theorem (7.26)| yields that the bounded energy condition holds for P,-almost all
extremal Gibbs measure specified by (ya)aez2, where P, is the unique weight on
the set of extremal Gibbs measure with barycentre v. So, we may assume without
loss of generality that v is trivial on the tail o-field.

We further assume without loss of generality v(Z? PRSI o0) > 0. The triviality

of v on the tail o-field then implies v/(7Z? & o0) = 1. Consequently, we just have
to verify that infinitely many disjoint infinite 1xpaths v-almost surely exist. The
proof of the other statement is similar.

By assumption, the number A of infinite 1xpaths is at least one v-almost surely.
We will show that (A = oco) = 1 or, equivalently, that v(A = N) = 0 for all
N > 1.

Suppose the contrary. Tail triviality, together with Lemma [3.18] implies the
existence of some N > 1 with v(A = N) = 1. Because v satisfies the bounded
energy condition we can choose an € > 0 such that

" (n on s'g off 5) > ¢ (3.12)

for all S C 7% with |S| < 5N, n € {0} and for v-almost all £ € {0,1}%. Let
I’ € Z? be large enough so that

V([ 5 00) > 1— /4. (3.13)

The bottleneck lemma ensures the v-almost-sure existence of a necklet with N
Ipearls around I' U 9*T". Let A € Z? be large enough so that with probability at
least 1 — €/2, there exists a Onecklet with N Ipearls around I' U &*T in A.
Denote by C' the maximal Onecklet with NV 1pearls around I' U 0*T" in A; if it
does not exist C'is (). Hence, intC is a well-defined random set, which is deter-
mined from outside. Let S be the set of nodes in intC' xadjacent to a 1pearl of C,
under the condition C' # (). Otherwise S is (). Once again S is a well-defined ran-
dom set, which is determined from outside of intC' and |S| < 5N always holds. If
C' # () and all spins of S take the value zero, a Ocircuit around I' exists. Hence, the
inequality yields that the existence of a Ocircuit around I" in A has proba-
bility at least (1—¢/2)e, a contradiction to (3.13). Consequently, v(A € N) = 0. O
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3.2 Non-Existence of Infinite Clusters

First of all, let us introduce a new definition exclusively for this section. Given a
distance R € R, we say a probability measure P on {0, 1}ZZ is R-independent if
the spin values of two regions at least R apart are P-independent of each other.

This section suggests that the conditions R-independence, positive association,
ergodicity, and large density p(py = 1) are not sufficient for the occurrence of an
infinite 1xcluster. More precisely, we will construct a probability measure p on
{0,1}%*, whose density u(pg = 1) is arbitrary close to one, that also satisfies all
other conditions, and which exhibits no infinite cluster py-almost surely. On a first
glance, this seems to be contrary to the findings of Liggett et alii in [LSS|. But
in fact it only stresses one important aspect in [LSS|, namely that the distance
R for the R-independence was fixed. In our example, however, R depends on the
density p(pg =1).

The amenability of the underlying graph plays a crucial role for our counterex-
ample. By dropping this condition Haggstrom was able to show that a sufficiently
large density ensures the existence of an infinite lcluster, see [Ha96]. More pre-
cisely, he considered regular trees and automorphism invariant probability mea-
sures.

This measure is based upon the Bernoulli Percolation with density 1/2 on the
triangular lattice graph (7?2, @), where [ is the set of horizontal and vertical edges
with length one and the diagonal edges with length v/2 looking like a slash, i.e,

O={{z,y} €Z*xZ*: |v—y|l=1orz+(1,1) =y}.

Note that the graph (72 @) is its own matching pair. To indicate the underly-
ing graph we add 7 in front of the corresponding graph theoretical objects, e.g,
Dadjacent, HMcircuit or 1Mcircuit. The existence of an infinite cluster on (Z*, 1)
is denoted by {72 +25 co}.

Now we are ready to construct the above described probability measure by
filling certain 1Acircuits with 1spins.

Theorem 3.21 For all € €]0,1], there exists an R.-independent, positively asso-
ciated, and ergodic probability measure p. on {0, 1}Z2 so that with p.-probability at
least 1 — €, each node is equipped with a 1spin, i.e.,

p{o € 0,137 o) = 1}) = 1 — e,
and, nonetheless, an infinite 1Acluster does not occur p.-almost surely, i.e.,

(72 25 o0) =0.
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Proof: Our proof starts with some well-known facts of the Bernoulli measure with
density p on {0, 1}Z2, denoted by ¢,. By definition, ¢, is translation invariant and,
moreover, by Kolmogorov’s 0-1-law, the tail events have probability one or zero.
It is the case that for each translation invariant event A, there exists a tail event
B with ¢,(A\ BU B\ A) = 0, which can be proved by an approximation of A
by local events. This fact, together with the tail triviality, verifies that translation
invariant events have ¢,-probability one or zero and, therefore, the ergodicity of
¢, follows. It is also well-known that ¢, is also positively associated, which can be
proved similar to the positive association of extremal Widom-Rowlinson measures
in Chapter [4]

Due to Remark [3.16] ¢,/, exhibits no infinite OBcluster or infinite 1&Acluster,
in short

b1 ({z? 42, sy u {72 <% oo}> —0.

Consequently, for any § €]0, 1] there exists a square A € Z? with 0 € A so that
with ¢y /o-probability at least 1 —J, a 1@circuit around the origin in A exists.

Next, we construct the measure . based upon ¢;/,. To this end, fix a square
A @72 with 0 € A so large that with ¢;/,-probability at least 1 — ¢, there exists
a 1@circuit around the origin in A. We denote the translation by tr, and call m
the map from the space of configurations {0, 1}%* to {0,1}”" that equips a node z
with spin value 1 if and only if there exists a 1Acircuit around z in tr,(A), i.e, z
has spin value 1 or there exists a 1circuit strictly around z in tr,(A). This leads
to the probability measure

He = G172 © m~!

with p({o € {0,1}% :0(z) =1}) > 1 — €.

Let us check that p. satisfies the remaining required conditions. Because of the
inheritance of ergodicity the measure . is ergodic. The positive association of .
follows from the monotonicity of the map m, i.e, the event m~'(A) is increasing if
Ais increasing. Furthermore, y. is R.-independent with R, = 2max, .ea |[y—z|+2.
This is the case because the underlying measure is a Bernoulli measure and the
mapped configuration on a set I' is independent of the underlying configuration in

{z € 7 : dist(z,T") > diam(A)}, i.e, for w € {0,1}%
m(w)|r = m(o)|r

for all o € {0,1}% with w = ¢ on {z € Z? : dist(z,T) < diam(A)}.

Last, we have to deduce the pu.-almost sure absence of an infinite 17cluster.
To this end, we will show that each ORcircuit with respect to o € {0,1}%* around
a finite subset A with A C A is also a OXcircuit with respect to m(o) around
A. For this it is sufficient to note that each ORcircuit[o] C' around A is also a
Ocircuit[m(o)]. This is the case because each node x of C' is Oconnected|o]
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to the boundary of tr,(A€) by C, which is equivalent to the non-existence of a
1@circuit around z in tr,(A) and, therefore, x has also Ospin[m(o)]. Furthermore,
recall that ¢/s-almost surely no infinite 1@cluster occurs. Consequently, each
[' € Z? is encircled by a 0Xcircuit around T' ¢, s2-almost surely, which, together
with the above observation, leads to the following fact: For each I' € Z2, there
exists a OlAcircuit around I' p.-almost surely. This concludes the proof. 0J

We give an interesting alternative to the last paragraph of the previous proof,
which could be called the Chain Mail approach. Instead of showing that the
absence of an infinite 1Xcluster is preserved by the map m, we can verify that
the occurrence of an infinite 1Acluster is preserved by the map m. More precisely,
given the occurrence of an infinite 1Acluster, there exists an infinite 1Apath P and,
therefore, each node x of this infinite Bpath P is encircled by a 1:Acircuit in tr,(A)

on m1({Z? <25 oo}). By construction, the largest of these 1Fcircuits intersect
or are Jadjacent to each other and, therefore, form an infinite 1Aconnected set in

Uyep try(A).
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Chapter 4

Two-Dimensional Widom-Rowlinson
Lattice Model

For a better understanding of the following brief outline of this chapter, recall
that the Widom-Rowlinson measures will be defined as Gibbs-measures, i.e, as
probability measures on the whole configuration space equipped with a certain
local structure.

The first section defines the local structure by probability kernels, called the
finite Widom-Rowlinson measures. As the name already alludes, these kernels
are certain probability measures on the configuration space of a finite observa-
tion window under arbitrary allowed boundary conditions. Subsequent to this we
give reason but no rigorous proof for some well-known properties, like positive
association.

The second section is dedicated to define the (infinite) Widom-Rowlinson mea-
sures and state some of their well-known properties. More precisely, probabil-
ity measures on the whole (infinite) configuration space will be called (infinite)
Widom-Rowlinson measures if they exhibit the above local structure, i.e, the prob-
ability measure conditioned on the outside of any local observation window has
to coincide with a finite Widom-Rowlinson measure. Following the definition, we
state (but do not prove) some well-known properties of the Widom-Rowlinson
measures, which fall naturally into three parts. First the local structure immedi-
ately implies some well-known properties. Then further properties follow from the
Gibbs theory. Last we link the occurrence of different Widom-Rowlinson measures
to percolation, which is also well-known.

After establishing the Widom-Rowlinson model, we turn to define a related
well-known finite model in the third section, called the site-random-cluster model.
It can be thought of as a color blind version of the finite Widom-Rowlinson mea-
sure, where color blind means that it cannot detect the difference between —1 and
1. Another point of view is to interpret it as a perturbation in favour of many
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clusters of the finite Bernoulli node percolation.

The fourth section is dedicated to a new (but not surprising) sufficient condition
for the uniqueness of the Widom-Rowlinson measures.

Last we show a new sufficient condition for the existence of at most two ergodic
measures £ and p;, which will be done in five subsections.

Nearly all statements of Section [4.1] to [4.3] except Lemma and Corollary
4.20| could be universalised to higher dimensions of the underlying mosaic.

Although the results of this chapter do not really depend on the underlying
two-dimensional graph, the results of the next chapter do; they were developed for
the graphs (72 0J) and (Z? X), especially the latter one. Furthermore, we have
to combine the results of Chapter [4 and [5] to reduce the activity, above which the
ergodic Widom-Rowlinson measures are known. Consequently, there is no need
to state the results of this chapter with respect to a more general matching pair.
Especially since they easily can be carried over to other adequate matching pairs.

4.1 The Finite Widom-Rowlinson Model

Since one of our main concerns is to stay as elementary as possible, we only in-
troduce the Widom-Rowlinson model for the graph (Z?,X) and, thus, will be able
to use the notations of Chapter [2| and . We choose the graph (Z?,X) instead of
(7Z2,0), because our main result Theorem refers to this graph.

Let us begin with the measurable space (€2, F) on which both the finite and
infinite Widom-Rowlinson measures will be defined. The sample space 2 is the set
of configurations {—1, 0, 1}Z2, where, by misuse of notation, we often refer to the
—1spins (resp. 1spins) as —spins (resp. +spins). The o-algebra F is generated by
the projections (p,)zez. But sometimes coarser o-algebras F, that are generated
by (pz)eer, A C 72, we be needed and called local if the observation window is
finite, i.e, A € Z2. Extending this terminology, an event is called local if it is
measurable with respect to a local o-algebra.

Now let us turn to the first task of this section: the definition of the finite
Widom-Rowlinson measures on (Z?,X). A configuration 7 € {—1,0, 1}Z2 is said
to be feasible if all xadjacent nodes z,y € Z? take spin values of the same algebraic
sign, i.e, they satisfy m(x)m(y) # —1. The set of feasible configurations is denoted
by F'.

Definition 4.1 (finite Widom-Rowlinson measure) Let A € Z?, A > 0 and
w € F. Then the probability kernel from (Q, Fac) to (2, F)

wk 1F<U) o(x
,MAQ\(U) - ]l{w:a off A} o H )\l @)l
A zEA
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is called the finite Widom-Rowlinson measure for the observation window A, activ-
ity A and boundary condition w, where o € € is the locally modified configuration,

Lo off ay 88 short for [T,ene Lion(w(®)) and

Z9 = Z H)\Io(r)\

o€F: x€A
w=0 off A

1s the normalising constant, often called the partition function.

Obviously, the three pure boundary conditions —(.) = —1, 0(.) = 0 and +(.) =
+1 are going to play an important role and, therefore, we denote the corresponding
finite Widom-Rowlinson measures by /LX;\, ,u?\’f)\ and g1\ and call them the finite
Widom-Rowlinson measure with +boundary condition, with Oboundary condition
and with —boundary condition.

Let us adjust two definitions of the first chapter to the new setting.

Definition 4.2 (increasing events) An event E € F is called increasing, if
o € E and m > o (pointwise) implies m € E.

Note that for all nodes x € Z* and i € {—1,0,1} the event {w € Q: w(z) > i} is
local and increasing and, therefore, the o-algebra F is also generated by the set of
local increasing events, which is closed under intersections.

Based upon the previous definition, we can redefine the “positive association”

property.

Definition 4.3 (positively associated) Let i be a probability measure on (€2, F)
and A C Z2. We say p is positively associated if for all increasing sets A, B € F

(AN B) = p(A)u(B).

The next definition is crucial for comparing probability measures, which is more
or less the content of this chapter.

Definition 4.4 (stochastically dominated) Let p and v be probability mea-
sures on (2, F). We say p stochastically dominates v if for all increasing sets
AeF
v(A) < u(A).
Note that two probability measures coincide if and only if they stochastically
dominate each other.
A closely related idea is the coupling of two measures.
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Definition 4.5 (coupling) Let X and Y be two Q-valued random variables, p
and ' their distributions and P a probability measure on Q x Q. We say P is a
coupling of X and'Y or of u and u' if

P({(w,w):we.})=pn()
P({(w o) :w'e.}) =4'(),

i.e, P has marginals p and .

The stochastic domination p < p’ is in fact equivalent to the existence of a
coupling P of p and g/, whose first coordinate is IP-almost surely smaller than its
second. This characterisation is called Strassen’s Theorem and the fact that the
existence of such a coupling can be derived from p < p’ is too involved to sketch
it here in full generality, see [Li, page 72| for a proof.

Now we are ready to list some well-known properties of the finite Widom-
Rowlinson measures.

Lemma 4.6 The finite Widom-Rowlinson measures satisfy the following condi-
tions:

i) uyy is Markovian, i.e, for A C A € 72 the pR\-probability of the con-

figuration in A only depends on the xboundary of A, which means for any
B e fA

MXTA(BLFAC)(@ = NXTA(BLFB*A)(g)
= Mi,\(3>
Jor pi*\-almost all €.

i) there exists a coupling Pn of X and Y with distributions i, and pj{/j with
P({(o,0"):0 <0d'}) =1, in short PA(X <Y) =1, ifw <w (pointwise);

iii) g < HE forw < W

w) pXYy, is positively associated;

v) ,uX*/\ < ,qu'j)\ for N C A € 7%
vi) piyy < pinsy for AC N € 7
vit) pyy o f = px’y for any A € 77,

where f:{—1,0, 1}Z2 —{-1,0, 1}Zz;w — —w denotes the spin-flip.
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As the lemma is well-known, we only present the core ideas of the proof and
refer the interested reader to [GHM) Proof of Theorem 4.8 and Theorem 4.11].

Idea of the proof: By definition, the first property is obvious.
The second property is a consequence of Holley’s inequality in [GHM], i.e, it
follows from the ergodic Markov theorem, the observation that for a € {—1,0,1}

1 (pe > a) (4.1)

is increasing in £ € F' and the following construction of two Markov chains (X,,),en
with values in {0 € 2 : 0 = w off A} and (Y,,)nen with values in {c € Q : 0 =
w' off A}. Pick X, according to p}*, and Y according to u"/(/j In each time-step
the values of both X, and Y, at some random node x is altered according to
the conditioned probability uﬁ’/{* respectively uzf/\*, where the same dice is rolled
for both modifications. Obviously, the Markov chain (Y},),en eventually hits the
maximal feasible configuration &, which is larger than the maximal configuration
v with uxlf\(u) > 0. From that moment on, the construction, together with the
monotonicity of , guarantees Y, > X,. Since the limiting distributions of
X,, (resp. Yy,) stays pg* (resp. p%%) as n tends to infinity, we have constructed
a coupling P, to HAS and ,uj(lj\ respectively to lim,, X,, and lim, Y,, that satisfies
Pa(lim, X,, <lim,Y,) = 1.

The third property is a direct consequence of the second one.

The fourth property follows from the idea used for the second property with
one little modification, namely instead of comparing p3", to u‘,(:f\ we compare {y"
to gug*\ for any increasing positive local function g such that guR™, is a probability
measure. Note that for u3*\ (p. = ¢(.) off ) >0

i (pe = alp. = £() off ) gui’\ (b 2 alp. = &(.) off x)

pi (pe < alp. = &(.) off ) = gug*\ (p. < alp. =§(.) off z)
holds and implies

1 (P = alp. = €() off 2) < guR’y (pe = alp. = £() off 2) .
Analogously to the previous idea we obtain ui*, < gug*, for any such g, which,

1p()+1
py (B)+1

<

in particular, is already sufficient if we consider g = for any local and

increasing B.
The next two properties are direct consequences of the previous two and the
last one follows immediately from the definition. ©

Calling p3*, Markovian refers to the possibility of interpreting 3™ (.|Fac) as a
Markov chain indexed by A @ Z?, where A\ 9*A is the past, 9*A the presence,
and A the future.
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4.2 The Infinite Widom-Rowlinson Model

In this section we first define the infinite Widom-Rowlinson measures and then
state some basic well-known properties.

4.2.1 Definition and Direct Consequences

Recall that an infinite Widom-Rowlinson measure should exhibit the accurate local
structure, which justifies the following definition.

Definition 4.7 (Widom-Rowlinson measure) Let A > 0. We call a probabil-
ity measure p on (2, F) an infinite Widom-Rowlinson measure with activity \ if
it satisfies the DLR equality regarding the finite Widom-Rowlinson measures, i.e.,
for all A € 7>
([ Fae)(w) = pia ()

for p-almost all w € Q.

The set of infinite Widom-Rowlinson measures with activity X\ on (Z* X) is
denoted by WR*(\). Recall that we omit the star if the underlying graph is (Z*,0J).

In particular, WR(\) denotes the set of Widom-Rowlinson measures with activity
A on (7%,00).

The abbreviation DLR honors Dobrushin, Lanford and Ruelle for their fundamen-
tal papers [Do| and |[LR]. This approach was developed in a more general frame-
work and leads to the theory of Gibbs measures. For a thorough introduction see
|Geol.

The existence of an infinite Widom-Rowlinson measure is in fact well-known,
but since it can be done on an elementary level establishing some insight, we will
discuss it in the next paragraph.

Due to property v) of Lemma , for any local increasing event B, the proba-
bility ,uj{z ,(B) converges to the same limit for all increasing sequences A,, of finite
subsets with |J, o An = Z?, which we refer to by writing limp sz py%(B) . Since
F is generated by local increasing events and 2 is compact, there exists a unique
probability measure on (2, F), denoted by ui*(.), that satisfies

(B) = lim pu/%(B
(3" (B) AI/(HZlQNA,)\( )

for all local events B. The independence from the explicit sequence A,, implies the
automorphism invariance of py*(.). Moreover, by property i) of Lemma , for
all local events B € Fj and C' € Fr C Fje
1o )psy(B)) = li (e (B
(Lo )NA,,\( ) Alfnzlg NA,,\( ol )MA,A( )

= Jim jN(BNC)=u(BNC)
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holds, which implies that p*(.) is in fact an infinite Widom-Rowlinson measure.
Consequently, the set of infinite Widom-Rowlinson measures with activity A on
(72, K) is non-empty.

The local structure entails that some properties of the finite Widom-Rowlinson
measures can be carried over to the infinite Widom-Rowlinson measures. For
example the spin-flip relation between between pj*)\ and p,’, see the seventh
property of Lemma [4.6] can be extended to the corresponding infinite Widom-
Rowlinson measures

pt o f =y

and also leads to

for all local events B. Furthermore, the third property of Lemma together
with the DLR equation, ensures the next well-known lemma.

Lemma 4.8 (Sandwich property) Fach infinite Widom-Rowlinson measure pu €
WR*(N) is stochastically dominated by py* and stochastically dominates ", i.e.,
ot <<

This leads to the following well-known characterisation of the existence of dif-
ferent infinite Widom-Rowlinson measures, which we called phase transition.

Lemma 4.9 The following four statements are equivalent:
i) [WR*(A\)| > 1
i) " F
i) Jx € 7% plF(pe =) > py (e = +)
w) Jw € Z?: [ pi(dw)w(x) >0
Additionally, the third condition is equivalent to
wi’) Jw € 22y (pe = —) < piy (pe = )
and the fourth item is equivalent to

w’) Jrx e 7?2 : [ py*(dw)w(z) < 0.
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Once again, we refer to [GHM| Proof of Theorem 4.15] and only describe the
core ideas.

Idea of the proof: The equivalence of the first two conditions follows from the
Sandwich property in combination with the fact that F is also generated by local
increasing events.

Symmetry implies that for all nodes x € Z?

Mi_*(px = Z) = :u)_\*(pa: = ])

holds if © = —j. Hence, the equivalence of the third and fourth condition follows.

The implication of the third to the second condition is obvious. The reverse
implication could be shown by a coupling argument, but we prefer a more elemen-
tary argument, used by Lebowitz and Martin-Lof in [LeMa-Ll Proof of Lemma 2.
To this end, let us assume condition ii), pi™ # py*, and, therefore, the existence
of an event B € F with u!*(B) # uy*(B). Because F is generated by local in-
creasing events, we can even pick a local increasing event A € Fa with A € 72
and pi*(A) # py*(A). Note that fa(o) ==Y, cA0(x) — 14(0) is also increasing.
The Sandwich property leads to both

py " (A) > py"(A)
and
]E#i*(fA) > Eu;*(fA).
A short calculation shows that the latter observation is equivalent to

i (A) = 3" (4)
N

By symmetry, the right side equals

20" (pg = +) — 21" (pg = —)

and the third condition follows. ©

The first statement of Lemma[4.6]is similar to the DLR equation, but there also
exists a somewhat stronger version, which is based upon the following definition.

Definition 4.10 (determined from outside) A finite random subset S of Z?
is said to be determined from outside if {S = A} € Fpe for any A € Z*. The
corresponding outside o-algebra s

Fse:={A€F:AN{S = A} € Fyc for all A € Z*}
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Due to the countability of the finite subsets of Z?, the — above announced —
next well-known property follows from the local structure.

Lemma 4.11 (Strong Markov property) Let u be an infinite Widom-Rowlin-
son measure and S a p-almost surely finite random set determined from outside.
Then p satisfies the strong Markov property, i.e, for p-almost all w € §2

P Fse) (@) = 1o al) -

4.2.2 Consequences of the Gibbs-Theory

Since we have defined the infinite Widom-Rowlinson measures as a special Gibbs
measures, we can benefit from the well-established Gibbs theory. In particular,
it is well-known that WR*(\) is a compact and convex set, if we consider the
topology of local convergence, see [Geo, page 59|. Hence, analysing this set can be
done by considering its boundary.

Definition 4.12 (extremal) We say an infinite Widom-Rowlinson measure with
activity A is extremal if it 1s not the non-trivial convex combination of two different
infinite Widom-Rowlinson measures with activity .

We denote the set of extremal infinite Widom-Rowlinson measures with activity
A by
WRE(A) .

Furthermore, if for all local events A the limit of 1"\ (A) is unique, then limy_z2 p{*,
denotes the unique infinite Widom-Rowlinson measure that coincides with these
limits. In other words, if we can write limy sz u3*\(A) for all local events A, then
limy—z2 3"\ denotes the unique infinite Widom-Rowlinson measure with

Jm, g (4) = lim, ig(4)

for all local events A, e.g.
li o=l
Ay HAN T Ha

The next characterisation follows from general Gibbs theory, see [Geo, Theorem
(7.7) and (7.12)].

Lemma 4.13 The conditions i)-iii) are equivalent:
i) 1€ WRa()

ii) p € WR*(X) is tail-trivial, i.e., all tail events have pu-probability one or zero.
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i1) limp_zz p"\ = p for p-almost all w
Idea of the proof: If A is a non-trivial tail event, then the identity

() = p(A)p(A) + p(A°)u(.|A%)

implies that p is not extremal because p(.|A) and p(.|A¢) are two different Widom-
Rowlinson measures.

The third condition follows from the second one on account of the following
two observations. By the definition of Widom-Rowlinson measures and the reverse
martingal theorem, for any local event B

lim p5(B) = u(B| [ Fac)w)

A 72
4 AEZ2

for pi-almost all w and by the tail triviality, pu(.|(acgze Fac) = u(.) -
Summing up, we know that

lim 3 () = pl.
A, () = ()
for p-almost all w.
The reverse implication iii)=-ii) is also a consequence of

a1 () Fa) = lim () = (), (4.2)

AEZ?

which still holds. More precisely, (.| (acze Fac) = p(.) implies that any event A
is p-stochastically independent of the tail-o-algebra, which implies that any tail
event B satisfies u(B) = pu(B)u(B) and, therefore, i is evidently tail trivial.

The implication of the second to the first condition follows from the fact that
an extremal Widom-Rowlinson measure is determined by the probability of its tail
events. More precisely, if we assume that a measure p € WR*()) is tail trivial and
= s + (1 —s)u”, then the Radon-Nikodym theorem guarantees the existence
of a density f with y/ = fu, which in fact is tail measurable. For the exact cal-
culations see [Geo, Proof 2) of Prop. (7.3)]. Hence, p-almost surely f = 1 and,
consequently, = p' = u”. ©

The equality of Lemma (4.13)) iii) especially holds for increasing events and,
therefore, the next remark follows from the positive association of finite Widom-
Rowlinson measures.

Remark 4.14 All extremal Widom-Rowlinson measures are positively associated.
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Recall that we are interested in the subset of all translation-invariant infinite
Widom-Rowlinson measures and, in particular, in the extremal points of this con-
vex subset.

Definition 4.15 (ergodic) We say a translation-invariant Widom-Rowlinson
measure with activity \ is ergodic if it is not the non-trivial convexr combination
of two different translation-invariant Widom-Rowlinson measures with activity X.
Let

WRER(V)

denote the set of ergodic infinite Widom-Rowlinson measures with activity \.

In Chapter 3| a probability measure was called ergodic if it is translation-invariant
and trivial on the translation-invariant o-algebra, i.e, all translation-invariant
events have probability one or zero. Fortunately, because of the following remark
we do not have to break with that habit.

Corollary 4.16 An infinite Widom-Rowlinson measure i is ergodic if and only if
it 1s translation-invariant as well as trivial on the translation-invariant o-algebra.

For the proof we refer the interested reader to |[Ged, Theorem (14.15)] and note
its similarity to the equivalence ii) <=> i) of Lemma [4.13

For example, the Widom-Rowlinson measures " and p} * are extremal as well
as ergodic, since the Sandwich property leads to

iy € WREx(A),
which, together with the translation-invariance of these measures, implies
" 13" € WRix (A) N WRER(A) -

It is the case that similarly to Lemma iii), there also exists a limit theorem
for ergodic Widom-Rowlinson measures, see [Ged, Theorem (14.20) (b)]. It states
that if p is an ergodic Widom-Rowlinson measure, then for any local event A,

lim 1/|A (@) (4) = p(A
Jim, 1) Igutrz(A),A( ) = u(A)

holds for p-almost all w, where tr, denotes the translation by x. However, this does
not imply positive association, as it is the case with extremal Widom-Rowlinson
measures, since this property can be lost by the arithmetic mean.

Another similarity of extremal and ergodic Gibbs-measures is that each Widom-
Rowlinson measure (resp. translation-invariant Widom-Rowlinson measure) is a
weighted average of extremal (resp. ergodic) Widom-Rowlinson measures, see [Geol
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Theorem (7.26) resp. Theorem (14.17)]. More precisely, any Widom-Rowlinson
measure (resp. translation-invariant Widom-Rowlinson measure) with activity A is
represented as the barycentre of a mass distribution on WR (M) (resp. WRER (M),
which is called the extremal (resp. ergodic) decomposition.

For the moment this similarity is the last statement that uses the general theory
of Gibbs measures and we return to more elementary arguments.

4.2.3 Connecting Phase Transition to Percolation

Before we begin with the characterisation of phase transition in terms of perco-
lation, let us first verify the uniqueness of pure infinite clusters regarding ergodic
Widom-Rowlinson measures, i.e, for any ergodic Widom-Rowlinson measure pu,
there exists at most one infinite —xcluster (resp. infinite Ocluster resp. infinite
+xcluster) p-almost surely. To this end, we introduce the following notation.

Definition 4.17 Forll € {—x%,0, 4%, —0,0+} the event that a sole infinite Ucluster
occurs is denoted by E, e.g, E~*. Accordingly, for L € {—x,0,+%,—0,0+} the
event of finiteness of all Uclusters is denoted by F“.

The letter E alludes to the existence of one corresponding infinite cluster and the
letter F' alludes to the finiteness of all corresponding clusters. Furthermore, all
events of this definition are translation-invariant.

For the next statement recall that intersections apply before unions.

Lemma 4.18 For each type of spin, there exists at most one pure infinite cluster
WRER (A)-almost surely.

Proof: Fix a measure 4 € WRyr(A\) and recall the Burton-Keane uniqueness
theorem, which assumes ergodicity and the finite energy condition. Unfortunately,
because a +spin and a —spin may not be xadjacent, ;1 does not satisfy the latter
assumption.

For a workaround of this problem, consider the following maps from {—1, 0, 1}Z2
to {0, 1}Z2. Denote by m_,,o the change of all —spins to Ospins, i.e.

m_ o {=1,0,1}% = {0,1}% 06— 1,10

and denote by mo-1 the change of all Ospins to 1spins and, afterwards, of all
—

—spins to Ospins, i.e,
moct + {=1,0,1}% = {0,130 = Losyue-10) -
—
The inheritance of ergodicity guarantees that the two resulting probability dis-

tributions o m~l,, and pomyl, are also ergodic. Moreover, both probability
——0
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distributions satisfy the finite energy condition, which will be proved rigorously
in the next paragraph. The intuitive reason for this is that the p-probability of
inserting a Ospin at a given node z conditioned on the outside is bounded away
from zero, i.e, one can find an € > 0 so that

M(px = O‘fd*z) Z €

p-almost surely.
By symmetry, it is sufficient to show that pom=
condition, i.e, for all x € Z? and j = 0,1

1., satisfies the finite energy

pom=Lo({o € {0,1}% : o(x) = j}|FL) > 0, (4.3)

where F.. stands for the o-algebra on {0,1}%" generated by projections on z¢. It
suffices to verify that for an arbitrary node o € 72, for j = 0,1, and for all A € .7:;8
with pom=(A) >0

/A Lo@@)—jy dnomZy >0 (4.4)

holds. To this end, fix an arbitrary node z € Z* and an arbitrary set A € FL.

with gom™(A) > 0. The case j = 0 follows from:

/ Lio(@)=0y dpom”l, = / - ewer-1on dp
A m_,,o(A)

——=0

:/m;m)“( o(x) € {~1,0}|m="o(FLe) ) du
/m1 m‘)\ (f)e{—l,()})jd,u>0.

—»—>0 Vv

>0

The more complicated case j = 1 remains to be shown, i.e,

!
/A]l{a(x)l} du o m:,l_)o >0. (45)
Let us first assume
" <m,H0 )N {oe{-1,0,1}% : o(y) > 0 for all y 8*:1:'}) (4.6)

and prove it rigorously later on. The intuitive reason for (4.6) is that the set

m~L,o(A) cannot distinguish between —spins and Ospins and, moreover, inserting
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Ospins is always possible. Considering  (o(x) = 1| Fye) > 0 on {o € {—1,0,1}%" :
o(y) >0 for all y € 9*x} leads to our aim (4.5)):

0 </ Lio(m)=1y dp
=10 (A){o ()20 for all yed"s} ~—e—

<
- /mi,om) Mo € (-1,01)7  o(a) = 3™

_—7n7>1_>0(06{0,1}z2 :o(x)=1)
= I d (@) 1
A

It remains to show ({.6). To this end, recall that the set m~!,,(A) has positive
p-probability. Hence, we can fix an w € {—1,0,1}?"® with

pm=L(A) Nw) >0,

where @ denotes {0 € {—1,0,1}*" : 6(y) = w(y) for all y € & x}. After fixing the
configuration on J*z, we forget all restrictions on

A=w({-1,0}),
i.e, we consider the set
B = m:}_}O(A) N ]1(8*x)\A € Fac.

By definition, m~1,,(A) N@ C B and, therefore, u(B) > 0. Moreover, it is the
case that

Bn{oce{—1,0,1}% :o(y) =0 for all y € A}
cm-o(A)N{oe{-1,0,1}% :o(y) >0 for all y € 0"z} .

Now we are ready to verify (4.6]):
o (m:LO(A) N{oe{-1,0,1}* :o(y) >0 for all y € @*x})

> W (B N{oe{-1,0,1}% :o(y) =0forall y € A})

N / pu({o € {~1,0,1}% : o(y) = 0 for all y € A}|Fac)du>0.
e

-~

>0

Consequently, we can apply the Burton-Keane uniqueness theorem to both

probability distributions g om~},, and pomyl,,.
——0
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Note that the +xclusters (resp. —Oclusters) for p coincide with the 1xclusters
(resp. Oclusters) for 4 om~!,, and the —xclusters (resp. O-+clusters) regarding y

coincide with the Oxclusters (resp. lclusters) regarding o my',,. Therefore, the
——0
Burton-Keane uniqueness theorem ensures the p-almost sure uniqueness of the

infinite +x*cluster, the infinite —Ocluster, the infinite —xcluster and the infinite
O+cluster.

The p-almost sure uniqueness of the infinite Ocluster follows from the unique-
ness of the infinite —Ocluster and the infinite O4cluster. More precisely, assume
for contradiction that with positive u-probability, the uniqueness of the infinite
Ocluster fails. Then, by ergodicity of pu, at least two infinite Oclusters exist u-
almost surely. Two non-exclusive scenarios can occur; these two infinite Oclusters
are separated by an infinite —xcluster or by an infinite +x*cluster. If the first sce-
nario occurs, then the infinite —xcluster has at least two infinite holes, i.e., at least
two infinite 0+clusters exist; otherwise (the second scenario) the infinite +xcluster
has at least two infinite holes, i.e., at least two infinite —Oclusters exist. Both
scenarios are contrary to the uniqueness of the infinite —Ocluster and the infinite
O+cluster. O

The xconnectedness of the boundary of a simply connected set is essential
for our argument that the infinite Ocluster is unique. An alternative proof that
modifies the original proof of the Burton-Keane uniqueness theorem and does not
depend on the xconnectedness of the boundary can be found in [HT, Prop. 3.5].

We can strengthen this uniqueness result for two-dimensional extremal and
ergodic Widom-Rowlinson measures, which was partially done in [HT), Prop. 3.6].
The planarity of the underlying mosaic is essential for the application of Corollary

0. 1ol

Lemma 4.19 There ezists at most one pure infinite cluster WREg (A)NWRE (A)-
almost surely, i.e., for any ergodic as well as extremal Widom-Rowlinson measure

€ WRER(A) N WRgx (), we know that
o) W(E+ 0 E0) = 0;
b) W(E N E~) =0.

Proof: Fix an arbitrary u € WREg(A) N WREx(A) and recall Corollary of
Chapter [3

Note that the map m_,,o of the proof of Lemma is increasing, so that
{m_—0 € A} is an increasing event if A was an increasing event. Thus, the
measure grom_L,, is — in addition to the finite energy condition and the ergodicity
— positively associated. Applying Corollary in the same way as the Burton-
Keane uniqueness theorem in the proof of Lemma [£.18] we can conclude that the
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coexistence of an infinite +x*cluster and an infinite —Ocluster has p-probability
zero, i.e,
WETNE?) =0.

Similar arguments based upon the monotone map my',, yield
——0

WE "N E™) =0.
This concludes the proof of Lemma [.19] O

Taking the statements of Lemma and Lemma together, we know that
p-almost surely for any ergodic as well as extremal Widom-Rowlinson measure
€ WRER(A) NWRE (A), there exists either a sole pure infinite cluster or no pure
infinite cluster at all.

Based upon symmetry, this statement can be strengthend regarding the mea-

— —+*
sure f1,”", 13"

Corollary 4.20 Let A > 0. Then u;*-almost surely there exists either a single
infinite +xcluster or a single infinite Ocluster or no pure infinite cluster at all, i.e,

(B UETUF NN E™) =1
(BTN ET) =0.

The analogous statements regarding (1, also hold, i.e,

H(EFUECUF NN E™) =1
(BTN EY) =0.

Proof: It is sufficient to prove the first part of the corollary regarding . The
second part then follows by symmetry.

Because p{* is both ergodic and extremal, Lemma and Lemma m guar-
antee that u *-almost surely there exists either a sole infinite pure cluster or no
pure infinite cluster at all. Consequently, it is sufficient to show that an infinite
—sxcluster occurs with i *-probability zero.

Assume the contrary, i.e, with positive u *-probability, there exists a sole infi-
nite —xcluster. By ergodicity, this cluster occurs p*-almost surely. This, together
with symmetry and stochastical domination, gives

1= p{"(E7) = py"(E7) < pi*(E™)

and verifies the p{*-almost sure coexistence of an infinite —xcluster and an infinite
+x*cluster, which have to be separated by an infinite Ocluster. This is a contradic-
tion to Lemma 19l O
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The following well-known lemma states that the existence of a certain cluster
is in fact equivalent to phase transition. For convenience, we include the items of
Lemma [4.9) and refer to [HT), Prop. 5.2.].

Lemma 4.21 Let A > 0. The following statements are equivalent:
i) [WR*(\)| > 1
i) " #
wi) Jx € Z2: plF(pe=+4) > py(pe = +)
') 3w € 2%y (pe = —) < 4y (pe = —)
w) Jx € Z?: [ pi(dw)w(z) >0
w’) Jr e 2?2 [ p ¥ (dw)w(z) <0
0) 1522 5 o0) = 1
V) 1 (22 S o) = 1

Idea of the proof: By symmetry, the equivalence of v) and v’) is obvious.
Corollary states that there ui*-almost surely exists either

a) a sole infinite +x*cluster or
b) a sole infinite Ocluster or
¢) no pure infinite clusters at all.

Consequently, for the equivalence i)-iv) <= v), it is sufficient to show that only
case a) implies phase transition.

Let us begin with i)<=v), i.e, case a) implies phase transition: By symmetry, the
i *-almost sure existence of an infinite +*cluster is equivalent to the p, *-almost
sure existence of an infinite —xcluster and, therefore, by Lemma I

The implication —iii)<= —wv), i.e, case b) and c¢) precludes phase transition,
can be verified as follows: The uj*-almost sure existence of an infinite Ocluster
(case b)) or the non-existence of a pure infinite cluster (case c¢)) guarantees that
any finite subset of Z? is encircled by a Ocircuit p3*-almost surely. Hence, for all
x € Z? and € > 0 there exists a ', . with x € T, so that with u{*-probability at
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least 1 — ¢, there exists a Ocircuit in I'; ¢ strictly around x. This, together with the
strong Markov property and symmetry, verifies the following identities:

B (e = =) = 1 (b = —, G0 £ 0)
— [ i () oy @S (B = =1 ) (@)
= / :u;\r*(d("))]l{cl'lﬁ’;o;ﬁ@}(W>Mio:t01&n;’:0(w),)\(px =-)
= / X () Lo 20y () it cqmoso oy 2 (P = +)

= 13 (pe = +,CE0 # 0)

By letting € tend to zero, we have

Py (P = =) = 1 (pa = +) -

This, together with symmetry, implies that for any node z € Z2,

i (pe = +) <l (pe = =) = 3 (pr = +)

holds (—iii)) and, therefore, the absence of phase transition [WR*(\)| = 1. ©
Note that already the existence of a Widom-Rowlinson measure p with

w(Z? 5 o) > 0

implies p}*(Z2 <5 o0) = 1 and, therefore, phase transition.

4.3 Site-Random-Cluster Measure

In this section we define and briefly analyse the (finite) site-random-cluster measure
with activity X and free (resp. wired) boundary condition on (7?2 X), denoted by

¢f\3 (resp. @R%).

Definition 4.22 (free site-random-cluster measure) Let A > 0 and A € Z>.

Then
orl*(0)

VES
ZA,)\ :I,‘EA

gbf\y,‘)\ 10, 1}Z2 = [0,1];0 = L0 off A} A7 (@)
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is called the free site-random-cluster measure with activity X on {0,1}*, where
Lio—oof Ay 15 short for ,cpe Lioy(o(x)), &/*(o) is the number of xclusters in
o~ (1) and Z/{T/\ is the normalising constant, i.e.,

VI M) ) )

06{0,1}Z2 z€A
o=0 off A

We can link this distribution to the finite Widom-Rowlinson measure with zero
boundary condition, see [HT) Lemma 5.1].

Remark 4.23 Let A > 0 and A € 7Z>.

a) It is the case that
Ox z? .
pa({w € {=1,0,1}" : Ty yuw—1(-1) € .}) = AA()

In other words, select X € {—1,0, 1}Z2 according to /L?C/\. The distribution
of X? then comcides with the free site-random-cluster measure with activity

A on {0, 1}, ¢l*

b) Let BL*(.|.) denote a stochastic kernel that conditioned on o € {0,1}%
with o = 0 off A, BL*(||o), is uniformly distributed on {w € {—1,0,1}%" :
w is feasible, 1,-1(1yuw-1(—1y = 0}. Then

/ o1\ (dw) B () = S5 88 () = 18 ()

holds.

In other words, choose Y € {0,1}* according to ¢f\i\. If we flip the spin
values of all xclusters of Y (.)71(1) independently of each other with probabil-
ity %, then the resulting distribution is the finite Widom-Rowlinson measure
with activity X and free boundary condition on {0,1}*, u%f/\.

After establishing this connection, it is natural to ask if we can define a site-
random-cluster measure with a link to the distribution p{* and, therefore, to the
occurrence of phase transition.

Definition 4.24 (wired site-random-cluster measure) Let A > 0 and A €
72. Then

w*(o_

o5 {0, 1% — [0,1);0 > To= loffA}

H)\aa}

A TEA
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is called the wired site-random-cluster measure with activity A on {0,1}*, where
Lio—1 o ay is short for [[,cac Liy(o(x)), £%*(0) is the number of xclusters in
o~Y(1) not xadjacent to A¢ and Z % the normalising constant, i.e,

K*;\ Z 25“’* (o) H /\U(:v) )

oe{0,1}A zeA
o=1off A
In analogy to Remark this measure corresponds to the finite Widom-
Rowlinson measure with plus boundary condition, see [HT, Lemma 5.1].

Remark 4.25 Let A > 0 and A € Z>.

a) It is the case that
* 2 Wk
/J/X)\({(JJ E {_1, O, 1}Z . ]].wfl(l)uwfl(_l) G }) — A,)\() .

In other words, select X € {—1,0,1}%" according to - If we flip all
spin values of X (.)"1(—=1), then the distribution of the resulting configuration

equals the wired site-random-cluster measure with activity A on {0, 1}%, A

b) We know that
¢A,\ A () = Mr:\()
holds, where By*(.].) is the stochastic kernel that conditioned on a configu-
ration o € {0, 1Y with o = 1 off A, i.e, B¥*(.|0), is uniformly distributed
on{w € {-1,0, 1}Z2 : w is feasible, w = 1 off A, 1,-1(1yuw-1(—1) = 0}

In other words, choose Y from {0, 1}22 according to ¢¥*\. If we flip the spin
values of all xclusters of Y (.)7*(1) that are not xadjacent to A° independently
of each other with probability %, then the distribution of the resulting config-
uration equals the finite Widom-Rowlinson measure with activity A and plus
boundary condition on {0,1}*, ui*.

Note that this remark would justify defining an infinite wired site-random-cluster
measure on {0, 1}Z by p* with flipped —1spins. This seems to be interesting
on its own right, but we prefer to directly analyse the infinite Widom-Rowlinson
measure.

As intended, we can add another equivalent condition to Lemma [4.21]

Lemma 4.26 The following statements are equivalent:
i) [WR*(\)| > 1

i) 3 x € 7% : imsupy sy o5 (@ RN o0) > 0.
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The proof is a direct consequence of the identity

+x +* — inf ut* +* e
p3" (@ < 00) F1;1Z2M,\ (z = I)

— inf inf u%(z <5 T
T 72 A 72 HaA( )

— inf inf ul*(x &5 T
N NA,A( )

Jnf fias (@ <= 00)

— lim sup % (2 <= o)
A T2 ’

= lim sup @3 (x AN 00)
AT
and Lemma [£.21]

A site-random-cluster measure can be thought of as a color-blind finite Widom-
Rowlinson measure and, therefore, some information is lost by considering a site-
random-cluster measure in comparison to the finite Widom-Rowlinson measure.
The advantage of this model is that all configurations are possible and, moreover,
it even has bounded energy, which enables us to change spin values without loosing
our grip on the probability, see chapter

4.4 A Condition for the Absence of Phase Transi-
tion

This section presents a new sufficient condition for the absence of phase transition,
closely related to ui*(x &5 00). At the end the analogous result regarding the
absence of phase transition on the graph (%2 ) will be stated.

First, let us recall the following notation. In order to specify the underlying
configuration of a mathematical object we add the configuration in brackets, e.g,
we write “the Ocircuit[o]” instead of “the Ocircuit w.r.t. o”.

To prepare the proof of the main result of this section, we first split the con-
figuration space {0,1}* with A € Z? into two disjoint sets depending on which
circuit around the origin is larger, the Ocircuit or the 1xcircuit. To this end, we
introduce the following definition.

Definition 4.27 (lasso, xlasso) Let A be a simply xconnected finite subset of 7
and fix a node x € A. Further, let C' be a circuit around x contained in A and let
P be a path starting in C, ending in O(A°) and contained in A. We call the union
C UP a lasso around x in A.

Analogously, a xlasso around x in A consists of a xpath attached to a *circuit.
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We extend this definition to Olassos|c], 1lassos[o], Oxlassos|c], and so on, where
o stands for the underlying configuration. Most of the times, lassos will be around
the origin 0. Therefore, if we omit the phrase “around z” we usually mean “around
the origin”. Furthermore, we omit “in A” if it clear from the context.

Now, we verify a slightly more general relation as the one announced above,
namely that a configuration o € {0,1}* on a local observation window A € 72
exhibits either a 1xlasso as well as a Oxlasso or a Olasso or a 1lasso.

Lemma 4.28 For all simply xconnected sets A € Z2 with 0 € A, the set of con-
figurations {0, 1} is a disjoint union of the following three sets

{0 €{0,1}* : 3 1lasso[o]}
{0 €{0,1}* : 3 Olasso[o]}
{o € {0,1}" : 3 1xlasso[o] A 3 Oxlasso[o]} .

Proof: First, we argue why it is sufficient to show

{0,1}* = {o € {0,1}* : 3 Olasso[o]} & {o € {0,1}* : I 1xlasso[o]} . (4.7)
Since flipping all spins is bijective, equality is equivalent to

{0,1}* = {o € {0,1}" : T 1lasso[o]} & {o € {0,1}" : 3 Oxlasso[o]} . (4.8)

Now Lemma follows from the intersection of and , because a lasso
is also a xlasso and it is impossible for a 1lasso and a Olasso to coexist. Therefore,
it is sufficient to verify (4.7), which will be done in the sequel.

Note that the origin can be interpreted as a 1xcircuit if it takes value 1; other-
wise it can be interpreted as a Ocircuit. Hence, we can always find a 1xcircuit or a
Ocircuit and compare the size of the maximal 1xcircuit to the size of the maximal
Ocircuit. This is the case because the non-existence of a 1xcircuit, i.e, C™* ¥ = (),
implies that even the smallest Ocircuit — the origin — is larger than every 1xcircuit.
Further, the absence of a Ocircuit implies that the origin has spin value 1 and —
interpreted as a xcircuit — is larger than every Ocircuit.

There are two types of configurations depending on whether the maximal
lxcircuit is larger than the maximal Ocircuit or the other way around. In the
first case, by case assumption, the maximal 1xcircuit is 1xconnected to 0*(A°) and
therefore, is part of a 1xlasso. In the second case, by case assumption, the maximal
Ocircuit is Oconnected to J(A€) and therefore, is part of a Olasso. Consequently,

{0,1}* = {0 € {0,1}" : 3 Olasso[o]} U {o € {0,1}* : I 1xlasso[o]} (4.9)
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holds. Since (Z?,0) and (Z?,X) are matching pairs, the existence of a 1xlasso
prevents the existence of a Olasso, i.e,

{0 € {0,1}* : 3 1xlasso[o]} C {o € {0,1}* : A Olasso[o]} . (4.10)
Combining the equations (4.9) and (4.10) yields (4.7])). O

Note that as an immediate consequence a configuration o € {—1,0,1}* on a
local observation window A & 7Z? exhibits either a Olasso or a — + xlasso, i.e, a
xlasso in o~ ({—1,1}). This implies that a configuration WR*(\)-almost surely
exhibits either a Olasso or a +x*lasso or a —xlasso in A @ 72, i.e, for any u €
WR*(\), the previous property holds u-almost surely.

Up to now, all statements of this chapter were more or less well-known. This
does not apply to the next theorem.

Theorem 4.29 Let A > 0. If

lim sup 1% (3 Olasso in A) > 0,
A T2 ’

then phase transition does not occur, i.e.,
[WR*(\)|=1.

Proof: Assume that the condition holds and for contradiction that phase transi-
tion occurs.

We note three direct consequences. First, we can fix a sequence of finite subsets
A, of Z? containing the origin with A,, ~ Z? and an € > 0 such that

limsup gy * (3 Olasso in A,) > e.
n—oo

Second, due to Lemma m there exists an infinite +xcluster u *-almost surely.
Third, the u; *-almost sure finiteness of all —Oclusters follows from Corollary .

Because of the last two statements we can find two integers k£, m with £ < m
so that with p}*-probability at least 1 — /2, the infinite +xcluster hits A and all
—Oclusters intersecting Ay are contained in A,,. Note that this event is increasing
and implies that for all ¢ > m with u{*-probability at least 1 —¢/2, a +xlasso in A;
exists, which is a local increasing event. Thus, for all 7 > m the ,uj{* y-probability
of the existence of a +xlasso is at least 1 — ¢/2, which leads to

limsup g3 * (3 Olasso in A,) < ¢/2,

n—72

a contradiction. O

Next, we translate this statement to the underlying graph (72 0J).
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Theorem 4.30 Let A > 0. If

limsup p} , (3 Oxlasso in A) >0,
A T2 ’

then phase transition does not occur, i.e.,
[IWR(A)|=1.
The proof of this theorem is almost a copy of the previous one.

4.5 A Condition for the Existence of at Most Two
Ergodic Measures

In this section the following new sufficient condition for the existence of at most
two ergodic Widom-Rowlinson measures, namely p,* and p*, will be shown. We
call a xlasso a +xlasso if all of its nodes have —spin or +spin.

Theorem 4.31 Let A > 0. If

liminf 4%, (3 +xlasso in A) >0,
IAH}‘lZI% piaa( asso in A)

O* A is a circuit

then
WRER(A) = {p3 " 1"}

Note that this theorem does not imply phase transition.

The proof falls naturally into four cases according to how many pure infinite
clusters can (co)exist, where by saying pure infinite cluster we mean the infinite
—xcluster, the infinite Ocluster and the infinite +x*cluster.

First of all, let us establish a sound basis for the following distinction of cases.

Lemma 4.32 Let A € Z? be the interior of a circuit and X > 0. Then for all
events A € Fa

MZTA(A) = MOKTA(A)
holds for allw € F with +spins on OA. In particular, nothing more than feasibility
is required of the spinsjw] in 0*A '\ OA.

Proof: The key observation is that each node in A xadjacent to 0*A is also
xadjacent to 0A, i.e,

{z € A: x xadjacent to 0"A} = {x € A : x xadjacent to A} . (4.11)
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The inclusion “ D “is obvious and “ C “ is a consequence of the following. If there
would exist a node = in A *adjacent to 0*A and not to A then we could connect
x to A¢ without hitting 0A, a contradiction to the definition of OA.

The same reasoning implies that all nodes of (0*A)\ (0A) are adjacent to JA.
Consequently, for an w € F' with +spins on A we know that

wie) = {o++ | ﬁi i ?aA*A) \ (9A). (4.12)

The lemma follows from the identity (4.11)) , the observation (4.12)) , and the

definition of the finite Widom-Rowlinson measures. ]

A direct consequence is a useful sufficient condition for identifying a Widom-
Rowlinson measure as ui* respectively u ™.

Corollary 4.33 Let € WR*(\). If each finite subset A € Z? is p-almost surely
surrounded by a +xcircuit (resp. a —xcircuit), then = pi™ (resp. p = py*).

Proof: Since, by symmetry, the statements are equivalent, we only show the first
one. To this end, assume that each finite subset A € Z? is encircled by a +x*circuit
p-almost surely. Further, let A be an arbitrary increasing local event and A € 72
so that 0 € A and A € FAa.

By our assumptions, for all € > 0 there exists a finite subset I' € Z? that
contains a +x*circuit in I' around A with p-probability at least 1 — e. Therefore,
the strong Markov property leads to

(A) = p(A, CRx ™ #0)

> [ ) epeg ooy g (A

A

_ +x
= /M(dw)l{c;n\a;+*¢@}(W)Mintogm\af* (4)
> [ ) g el ()

> (1= e)u"(A),

where the identity follows from Lemma [4.32]
By letting € tend to zero, we obtain that for all increasing local events A,

p(A) = p3"(A)

holds and the lemma follows from the sandwich property. OJ
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4.5.1 No Pure Infinite Cluster

This subsection analyses Widom-Rowlinson measures without pure infinite cluster.
Recall that we denote the absence of an infinite +xcluster (resp. —xcluster resp.
Ocluster) by F'* (resp. F'~* resp. F), where the letter F' alludes to the finiteness
of all corresponding clusters.
Because of Corollary it is not surprising that absence of pure infinite
clusters implies absence of phase transition.

Proposition 4.34 Let A > 0. If there exists a p € WR*(A\) with u(F~—* N F°N
Ft) >0, then [WR*(\)| = 1.

Proof: The basic idea is to show that each finite subset is p-almost surely
surrounded by both a —sxcircuit and a +xcircuit and, therefore, the conclusion
i = p = p follows from the previous lemma.

Note that the event F'~* N F°N F** is tail measurable. By extremal decompo-
sition, without loss of generality we can assume g € WREx(A) with u(F~* N F°N
Ft)=1.

We first prove that each finite subset is p-almost surely surrounded by a
Ocircuit. To this end, fix an arbitrary finite subset A € Z2. Because of the p-almost
sure finiteness of all —sxclusters and -+xclusters, the union of A, all —xclusters
meeting A, and all +xclusters meeting A is p-almost surely finite. Note that the
union’s outer xboundary, defined as the set of nodes of the xboundary that are
xadjacent to infinite xpaths never hitting the xboundary, is a Ocircuit surrounding
A.

Next, we show that each finite subset of Z? is p-almost surely surrounded by a
+xcircuit or a —xcircuit. Therefore, fix an arbitrary finite subset A @ Z?. Because
of (F°) =1, the union of A and all Oclusters meeting A is y-almost surely finite
and its boundary is either a +xcircuit or a —sxcircuit surrounding A. Since the
events “each finite subset is surrounded by a —sxcircuit” and “each finite subset is
surrounded by a +xcircuit” are tail events, at least one of them occurs p-almost
surely.

It remains to verify that both tail events occur p-almost surely. To this end,
fix A € 7% with 0 € A and without loss of generality assume that each finite
subset is p-almost surely surrounded by a +xcircuit. Consequently, for all € > 0
there exist finite subsets I', A @ Z? so that with p-probability at least 1 — €, we
can find a +xcircuit in I' surrounding A as well as a Ocircuit in A surrounding T'.
The strong Markov property, together with the symmetry of M?rfth\n\"li‘O, |, ensures

that with p-probability at least 1 — e, a —sxcircuit in I encircles A. More precisely,
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the strong Markov property guarantees
1—€e< u(Cer\aX** # 0, CXl\aFXO # 0)
— [ (O™ £ 0, OB # W Fmcyeny )
= /M(dw)]l{c,r\n\a;“;éw}(w)#?;tcgl\i*;()(w),x(cﬁagﬂ #0)
— [ )L ey OB £ 0

= /M(dw)lu’(ofr‘n\ag_* 7& ®7 Clr\n\alz‘(o 7é ®|f(intCX‘axo)°)<w>
= H(ORE T A 0.CRE° £ 0),

where the third equality follows from symmetry. Since A was arbitrary, the tail-
triviality of p concludes the proof. ([l

4.5.2 One Pure Infinite Cluster

We devote this subsection to analyse a Widom-Rowlinson measure with a sole pure
infinite cluster.

Recall that we denote the occurrence of one infinite +x*cluster (resp. —skcluster
resp. Ocluster) by E™* (resp. E~* resp. E°), where the letter E alludes to the
existence of one corresponding infinite cluster.

Recall Corollary on page [61] and let us begin with two immediate conse-
quences.

Proposition 4.35 Let p € WR*(X). If there exists a sole infinite —xcluster as
well as all Oclusters and +xclusters are finite p-almost surely, then the under-
lying probability measure p coincides with the Widom-Rowlinson measure with
—boundary condition, in short

WENFINFY) =1 = p=u".

The analogous result ;1 = py™* holds for the p-almost sure occurrence of a sole infi-
nite +*cluster as well as the p-almost sure finiteness of all Oclusters and —xclusters,
in short

WF*NF'NEY) =1 = p=ul*.

Proof: Our proof of the first implication starts with the observation that the
p-almost sure finiteness of all O+4clusters follows from u(E~* N F° N F) = 1.
This is the case because the xboundary of the infinite —xcluster is only equipped
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with Ospins. Consequently, the existence of an infinite 0+cluster would imply an
infinite hole in the infinite —xcluster and, therefore, an infinite Opath (contained
in both the infinite hole and the xboundary of the infinite —xcluster) would occur,
a contradiction to u(FY) = 1.

Hence, for any A € 72, the union of A and all 0+clusters meeting A is p-almost
surely finite and, therefore, any finite subset of Z? is surrounded by a —=xcircuit
p-almost surely. By Corollary , p=p," follows.

The second implication is a consequence of the first one and symmetry. 0

Unfortunately, we are not able to show that p is a convex combination of y,*
and p* if only a sole infinite Ocluster exists. This leads us to the search of a
condition that precludes this event.

Proposition 4.36 Let A > 0. If

lim inf %, (3 +xlassoin A) >0,
A2 MA,,\( )
0* A is a circuit
then F~* N E° N FY* is impossible WR*(\)-almost-surely, i.e, for any measure
€ WR*(N), this set F~* N E° N F™™ has p-probability zero.

Proof: We fix € €]0, 1] so that

liminf  pX,(3 +xlasso in A) > €
A MA,,\( ) =
0*A is a circuit
holds. Let I' € Z2 with 0 € T be so large that for any A with 9*A is a circuit
encircling I’

N (3 Exlasso in A) > ¢/2
holds, which due to Lemma [4.28| is equivalent to
N A (3 Olasso in A) < 1—¢€/2. (4.13)

We proceed by showing that FF~* N E° N F™ is a tail event WR*(\)-almost-
surely. To this end, note that the existence of an infinite Ocluster and the event
“any finite subset of Z? is encircled by a Ocircuit” are tail-events and, moreover,
the intersection of the previous two events equals F~*N E°N F™ WR*(\)-almost-
surely.

Consequently, it is sufficient to show that for any extremal Widom-Rowlinson
measure, the event F'~*NE°NF+* has probability zero. To this end, let us suppose
the contrary, i.e, assume the existence of an extremal Widom-Rowlinson measure
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€ WREy (A) with u(F~*NE°NF™) =1 and fix it. By case assumption, we also
know (72 <% 00) = 0. Thus, we can find ', I'5, T3 € Z2 with [ ¢ I, C I’y C T’y
so that with p-probability 1—e€/4, the infinite Ocluster meets I';, which is encircled
by a Ocircuit contained in I'y, and a Ocircuit contained in I's encircles I's, in short

0 max maX
(I’ < oo, FQ\F? # 0, F3\F2 #0)>1—¢€/4. (4.14)

Given the slight generalisation {CT%} # 0,T, AN Cmgixrg, CpAY) # 0} of the

event in (4.14) one can always find a Olasso in intCyi}), i.e
(Cmax 0 max Cmax
3\F2 7& @, Fl — OFg\ng FQ\F? 7§ (Z)}
nﬁ’}g # (), A0lasso in intCmaXO ) (4.15)
The strong Markov property ensures the identity in the following chain of inequal-
ities

@19 0 (Omax (max
1— 6/4 S/L(Fl < 00, Q\F? % (Z) 3\F(2) 7& (Z))

< [ ldo ey s T > CERES, CRRR, 7 91 Fmcp ) (@)

= [ () s, (D1 " RIS, CRRES £ 0

(4.15)
< / N(dw)ﬂcmaxo so(w )u?ntcaa\xr% (J0lasso in int(]ma\’;g)

(4.13)

2 [l o so@)(1 - €2

<1—¢/2,

which is a contradiction. [l

4.5.3 Two Pure Infinite Clusters

This subsection analyses a Widom-Rowlinson measure with two pure infinite clus-
ters.
Let us begin with the absurd case.

Lemma 4.37 Let A > 0. The event E=*NF°NE™™ is impossible WR*(\)-almost-
surely, i.e, for any Widom Rowlinson measures i, the event E=* N F°N E™* has
u-probability zero.
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Proof: Assume for contradiction that there exists an extremal Widom-Rowlinson
measure 1 € WRix(\) with u(E~* N F°N E™) > 0 and fix it. By tail triviality
of p1, the tail-event F° occurs p-almost surely, which implies that any finite sub-
set A €@ 7Z? is encircled by a —*circuit, i.e, a xcircuit equipped with —spins or
+spins. Since two *xadjacent nodes never have strict opposite spin values p-almost
surely, we can even state that any finite subset A @ Z? is encircled by a —x*circuit
or a +x*circuit p-almost surely. But this is a contradiction either to the existence
of an infinite —xcluster or to the existence of an infinite +x*cluster depending on
which xcircuit occurs infinitely often. O

Since the remaining two cases are similar, we deal with them in one proposition.

Proposition 4.38 Let A > 0. If

lim inf pN A(3 £ #lasso in A) >0,
A7
0*A is a circuit

then the set E=*NE°NF™UF*NE°NE"™ is impossible WR*(\)-almost surely.

Proof: We restrict ourselves to show that the set F~* N E° N E** is impossible
WR*(A)-almost surely, since the rest of the statement follows by symmetry. By
extremal decomposition, it is sufficient to show that for any extremal Widom-
Rowlinson measure p € WRjx()), the event F~* N E° N E™ has p-probability
zZero.

Let us begin by verifying that F~* N E° N E** is a tail-event WR*(\)-almost
surely, which will be done by applying the Shield Lemma of Chapter |3 see page
. To this end, we map the configurations of {—1,0,1}% to {0,1}%* by flipping
all —spins and denote this map by m_,... Since all finite —xclusters are encircled
by Ocircuits WR*(\)-almost surely, the event m_,,, (F~* N E° N E™*) exhibits a
sole infinite Ocluster and a sole infinite 1xcluster. Therefore, all conditions — the
uniqueness of both infinite clusters — of the Shield Lemma are met and, given the
“fipped* event m_,,, (F~* N E°N E™), any finite subset A € Z? is encircled by a
mixed }*circuit. Consequently, given the event F'~* N E° N E** any finite subset
A € 7?2 is encircled by a mixed § *circuit WR*(\)-almost surely, since any sequence
of subsets tending to Z? is met by the infinite +x*cluster eventually. Summing up,
we can characterise the event F'=* N E° N E** by the intersection of the tail-events
“an infinite Ocluster occurs”, “an infinite +xcluster occurs* and “any finite subset
A € 77 is encircled by a mixed {*circuit“, which implies that F~*NE°NET* itself
is a tail-event WR*(\)-almost surely.

Hence, fix a measure 1 € WREx (M) and let us assume for contradiction p(F~*N
E°N E**) = 1. Recall that there exists an € > 0 so that

liminf % \(3 £ dasso in A) > e. (4.16)

A 72
O*A is a circuit
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Fix an arbitrary node z € Z2. Inequality (4.16)), together with symmetry, enables
us to fix a I' € Z2 with 0,z € T so that for any A with 9*A is a circuit encircling
r

px (3 +xlasso around z in A) > €/3. (4.17)

Since all —xclusters are finite p-almost surely, for any A @ Z? with 9*A is a
circuit encircling I, there exists a A’ € Z? larger than A so that with probability
at least 1/2, one can find a O+circuit in A’ around A. Considering the strong
Markov property entails the following identities

0<c:=pu™0 &5 50)e/6

< (@ € 00)(¢/3) (OB £ 0)

— (o %5 50) [ ) g )(e/3)

ED L,
< u (e oo)/u(dw)]l{cmaxw#@}(w)

AV

WE ax 3 +xlasso around z
’ulntCA,a\AOJ'_,)\( + )

ANA ANA

IN

M(dw>]l{CrA“fi\x£+7é(Z),El+*lasso around z in intC’maonr}(w)

—+%
/N(dw)ﬂ{Cmaxo"';é@,ﬂ—I—*lasso around z in intC\* 0+}(w)ﬂj*<x — OO)

AN\A

—+ %
B 5 Gt ) (@)

< / N(dw)]l{CIA“f‘\"A()+7é0,3+*lasso around z in intCZf“\"AO"'} (w)
Wk +* max
Higgomasss (= Ol naos)

1
intCZ,a\XAO+ AN\A

_ max 0+ DO max 0+ +* max —+*
= /L(CA,\A # (), +xlasso around x in thA,\A T Cintcmaxo+)

ANA

< (x5 A%,

where the last but one inequality follows from Lemma (4.32)) and positive associ-
ation of y*. Summing up, if A tends to Z?, then with probability at least ¢ > 0,
any z is contained in the infinite +xcluster, i.e, for any x € 72

(x5 00) > c.

To apply Theorem on page |19 we have to map {—1,0,1}* to {0,1}*’
monotonously, which will be done by exchanging —spins for Ospins, denoted by
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m_.so. The advantage of this kind of mapping is that the event {m_,., € A}
is increasing if A is increasing and, therefore, the measure p' := o m~L,, has
positive associations. Furthermore, there still exists one infinite 1xcluster as well
as one infinite Ocluster y/-almost surely, since every finite —xcluster is encircled by
a Ocircuit p-almost surely. By construction of x4/, the bounded energy property is

also satisfied. This is the case because of the following two facts:

a) every Ospin[m_.o(§)] of a mapped configuration m_,,¢(§) could be a Ospin[¢]
in the underlying configuration &;

b) for any node y, the u-probability that y takes spin value 0 or + is strictly
positive if we condition on the event that 9%y is equipped with 0 or +spins.

Thus, we can apply Theorem and obtain a contradiction to our assumption
w(F*NE°NE™)=1. O

4.5.4 Three Pure Infinite Clusters

In this section we prove that the coexistence of all three pure infinite clusters has
probability zero WREg (M)-almost surely. This can be achieved by the butterfly-
method, which first appeared in [GHM]| and later on in [GH|, was developed by
Georgii and Higuchi for an analogous statement in the two-dimensional Ising-
model, and is originally based upon Zhang’s argument. It is straight forward to
apply this method to the Widom-Rowlinson model, as done in [HT| Lemma 6.5,
Prop. 6.6]. For self containment, we will modify this approach in such a way that
it is based upon our Theorem [3.12]

Our general aim is to show that given the event E~*NE°N E'*, Corollary
ensures the existence of a special kind of infinite —Ocluster, which is contrary to
the uniqueness of the pure infinite clusters and, therefore, to ergodicity.

Let us begin by stating a sufficient condition for flip-reflection-invariance, which
obviously is stronger than translation-invariance. To this end, we need the follow-
ing definitions.

Definition 4.39 (halfplane, boundary line, +x*arc, —xarc) Forn € (NUN+
1/2) ={r € R: 2r € N}, we call

H*™(n) = {(z,y) € Z° 1y > n}
the upper halfplane of level n and
lhor(n) = {(z,y) € R?:y = n}

the horizontal boundary line of level n. We define the lower, left, right halfplane
of level n, and the vertical boundary line of level n accordingly.
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For any A €@ 72, a +x*path P either in H'"(n) N A° or in HY""(n) N A° that
satisfies the following conditions is called a horizontal +xarc of level n around A.
The starting node of P lies on the left sidd]| of A and has Euclidean distance at
most 1/2 from lyor(n). The ending node of P lies on the right side of A and has
FEuclidean distance at most 1/2 from lpo(n).

A wvertical +xarc of level n around A is defined accordingly.

The above mentioned sufficient condition falls naturally in two parts: the flip-
reflection-stochastic-domination and the flip-reflection-stochastic-subordination.

Lemma 4.40 Let A >0, n € NU(N+1/2) and u € WR*(N). If for any arbitrary
A € 72 there exists pu-almost surely an

horizontal 4+ *arc of level n around A
horizontal — *arc of level n around A
vertical 4 *arc of level n around A

vertical — *arc of level n around A,

then

> po fo Rhor(n)( )

< po f o Rua(n)(.)

> po fo Rvert( )() ’

<pofo Rvert(”)(-)

where f flips the spin values, Ryo(n) is the reflection in the horizontal boundary
line of level n, lyor(n), and so on.

()

Proof: We restrict ourselves to the first case for n = 0, since the proofs of the
other cases are similar.

First of all, fix an arbitrary finite subset A € Z2 with 0 € A and an arbitrary
increasing event A € Fa.

Next, we introduce two nomenclatures. We say a circuit C' is reflection-
invariant if C' equals its reflection Ry, (0)(C). Furthermore, we say a random
circuit C', whose realisations C'(w) are reflection-invariant circuits, stochastically
dominates its flipped reflection if w|c () > f © Rhor(0)(W)|c(foRue(0)(w)) and, there-

fore,

W foR or( )(w)*
Mintc*(w)(~) Z Nmtc}E foRhor(O)(w))( )

Note that for two circuits C” and C” that stochastically dominate their flipped
reflection, the maximal circuit in ¢’ U C” is also such a circuit. This is the

IThe phrase "on the left side" was introduced on page
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case because a node of C' U C” belongs to C’ if and only if the reflected node
Ryor(0)(z) belongs to €', which follows from the fact that both circuits C’ and
C" are reflection-invariant. Consequently, given a finite subset I' @ 7Z? and the
existence of such a circuit in I', there exists a maximal circuit in I' stochastically
dominating its flipped reflection. By case assumption, for every € > 0 there exists
a ' @ Z? so that with p-probability at least 1 — ¢, one can find a horizontal +x*arc
of level 0 around A in I', denoted by P = P(e, A, T'); otherwise let P be the empty
set. Without loss of generality assume that P is contained in H"?(0). The union
of P and its reflection Ry (0)(P), denoted by C, is a xcircuit around A in I, if
P # (. In case P # () the expansion C" := §*(intC') is a random circuit around A
in I" that stochastically dominates its flipped reflection, which follows from Lemma
by an analogous argument as in Lemma More precisely (briefly recalling
the reasoning of Lemma , all nodes in intC' *xadjacent to C are also adjacent
to C and all nodes in C"\ C are adjacent to C. Therefore, for any w € {C' # 0}
and

I

() = +1 for x € C°NC" N H"™(0)
~ w(z) else

it is the case that

Mﬁio(w)(') = M;t*c(w)(') .

Consequently, the construction of C' and Lemma[4.6]ensures that C’ := 9*(intC) is
a random circuit around A in I" that stochastically dominates its flipped reflection.
Let C™** denote the maximal circuit around A in I that is reflection-invariant
and stochastically dominates its flipped reflection. Note that intC™** is determined
from outside and, by choice of I', exists with probability at least 1 — .
The strong Markov property guarantees the following first and last identity

1(A) > p(A, C™ £ 0)

- / ((dw) L gomax 29y (W) Uiy cmas (o) (A)
oRpor(0)(w)*
> / ,u(dw)]l{cmxﬁ}(W)Mﬁltc*}ﬁl;(}(olghm(O)(w))<A)

= / (10 f © Rior(0)) (dw)Lgemasepy (f © Rnor(0)(w)) piiomax ) (A)

= (o f o Ruor(0)) (4, (f 0 Ruor(0)(C™)) # 0)
> po foRpe(0)(A) —¢,

where the second inequality follows, since C™#* stochastically dominates its flipped
reflection. The lemma thus follows by letting € tend to zero and A to Z2. OJ
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Note that the sufficient conditions of Lemma are tail-events and, therefore,
the opposite events — the occurrence of butterflies — are also tail-events.

Definition 4.41 (butterfly) We say a butterfly exists if one can find two half-
planes H and H' with HW H' = 72 so that there exists either an infinite —0cluster
in both H and in H', or an infinite 0+-cluster in both H and in H'.

The next step is to show the existence of at least one butterfly under certain
conditions.

Lemma 4.42 (Butterfly Lemma) Let A > 0. Given the event E~*NE°N ET,
a butterfly exists WR*(\)-almost surely.

Proof: Pick a measure y € WRi(A\) with u(E~* N E° N E**) = 1. Moreover,
assume for contradiction that the absence of a butterfly has positive p-probability,
which — in fact — by tail triviality, has u-probability one.

Since all conditions of Lemma [4.40| are satisfied, p is flip-reflection invari-
ant at each level and, therefore, invariant under translations. This leads to u €
WRix (X)) N WRER (M), which, together with Lemma on page 1] is contrary
to u(E*NE°NE™) =1. O

Corollary 4.43 Let A > 0. The event E~* N E° N E** is impossible WREgr (\)-
almost surely.

Proof: Suppose the contrary, i.e, let p € WREr(A) be so that the translation-
invariant event £—* N E° N E™ has positive p-probability, which — in fact — by
ergodicity, has u-probability one. By extremal decomposition and Lemma [1.42]
there exists a butterfly p-almost surely. Without loss of generality assume that
one can find a —Ocluster in H"(0) as well as in H4"?(—1).

We denote by EJ£ down (2, 0) the event that the node (z,0) is contained in an
infinite —Ocluster in H"P(0) as well as in an infinite —Ocluster in H9°"*(0) and say
that given this event, (z,0) pins the “up,down —Obutterfly”.

Next, we show that E_° (0,0) has positive p-probability. To this end, fix

up, down

A € 72 with 0 € A so large that with p-probability at least 1 /2, the infinite
—Ocluster in H"P(0) as well as the infinite —Ocluster in H4""(—1) meet A and
denote this event by A. Note that A is measurable with respect to Fac and the
R -probability of the event B that all nodes of A are equipped with Ospins is
uniformly (in w € F') bounded away from zero by a positive constant §. Thus, the
Markov property ensures the following identity

0<cim6/2< [ (@) La@NE (B) = 1A B) < (B oual2:0).
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The ergodicity of u, together with the Ergodic Theorem, verifies that infinitely
many nodes of the positive x-axis pin the “up,down —Obutterfly” p-almost surely.
But since the Ergodic Theorem also implies that infinitely many nodes of the posi-
tive x-axis are contained in the infinite +x*cluster, this is contrary to the uniqueness
of the infinite +x*cluster. 0

4.5.5 Proof of Theorem [4.31]

For the sake of completeness, we give the formal proof of Theorem [£.31] To this
end, recall that Lemma states that for each spin, there exists WREg (A)-almost
surely at most one infinite pure cluster.

Proof: Fix u € WRER(A). Since each pure infinite cluster is unique, see Lemma
4.18] we can distinguish cases according to the number of pure infinite clusters.
These cases are obviously translation-invariant and by ergodicity, occur with pu-
probability one or zero.

First, let us consider the case that no pure infinite cluster F'~*NEFYNF** exists
at all. To this end, recall Proposition and note that p = pi™ = u;* follows
from p(F~*NF°NF™) = 1.

Next, we consider the events with at least one pure infinite cluster and discover
that all of them except E*NF°N F** and F~*N F°N E™ are p-null sets:

e Corollary yields that the existence of three pure infinite clusters £~ N
E° N E** has p-probability zero;

e Lemmald.37/and Proposition 4.38imply that the existence of two pure infinite
clusters F*NE°NET™UE*NF'NEY™UE*NE°NF** has u-probability
7Z€ero;

e Proposition [4.36] ensures that the occurrence of one sole infinite cluster,
namely the infinite Ocluster, has u-probability zero.

Consequently, we have either pu(F~* N E° N F™™) = 1, which by Proposition m
implies p = pi™*, or w(E~* N F°N F™) =1, which gives u = ;" O



Chapter 5

A Combinatorial Approach to the
Sufficient Condition

This chapter is dedicated to analyse the structure of the space of configurations
that are equipped with Ospins outside of a set A € Z2, in short {0 € {0,1}*" :
o = 0 off A}, when A is simply *connected. Recall that a configuration exhibits
either a 1xlasso or a Olasso in A, see Lemma on page and, therefore, this
configuration space can be split into {3 Olasso in A} and {3 1xlasso in A}. We
connect these two subsets with a non-trivial injection that (more or less) adds
more 1spins than it reduces the number of 1xclusters. This property enables us to
compare the gzﬁf\’f)\—probability of the domain with the gbf\[j}\—probability of the image
if the activity is at least two.

First let us recall and extend a useful notation. In order to specify the un-
derlying configuration of an object we add the configuration in brackets, e.g., we
write “the maximal Ocircuit[o] in A” instead of “the maximal Ocircuit in A w.r.t.
o”, which is denoted by CP*%(s). Multiple configurations in a bracket express
that a certain property holds for these configuration, e.g, C' is a Ocircuit|o, ).

For convenience, we only consider configurations in {0,1}*, which could eas-
ily be extended to {0, 1}ZZ equipped with Ospins off A. For example by writing
{3 Olasso} = {o € {0,1}* : 3 Olasso[o]} we actually mean {0 € {0,1}*" : ¢ =
0 off A,3 Olasso[o] in A}.
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5.1 A Non-Trivial Injection

This section’s goal is to construct an injection from
{3 0Olasso in A} = {o € {0,1}”" : o = 0 off A, 3 Olasso[o] in A}
into
{3 1xlasso in A} = {0 € {0,1}% : 0 = 0 off A, 3 1xlasso[o] in A}

in such a manner that we only add 1spins and are able to control the decrease
in the number of 1xclusters. Note that we cannot control the qﬁf\*/\—probability by
simply flipping all spin values in A. ’

First of all, let us define a special path P that is a unique connection from the
starting node x to the ending node y in P.

Definition 5.1 (induced path) We call a path (z1,...,x,) an induced path if
there exists only one path from xy to x, in the set {x1,...,x,}, i.e, for all 1 <
1,7 <n

li—j| =1 <= ux; is adjacent to ;.

Accordingly, we define an induced circuit, which is uniquely defined by its
interior, in the following way.

Definition 5.2 (induced circuit) A circuit (cq,...,cy) is called an induced cir-
cuit if (¢1,...,¢,) is a path and

1<i,7<nwithi—j=1modn <= uz;is adjacent to x;.
Furthermore, we denote by '€ (A) the set of induced circuits around 0 in A.

We extend these definitions in the obvious way to induced Opaths|c], induced
Ipaths|o], induced Ocircuits|o], induced lcircuits[o] for a configuration . An
induced circuit 'C' is also a circuit and, therefore, the interior of !C, denoted by
int'C, is the set of nodes encircled by 'C.

Recall that C**%(s) denotes the maximal Ocircuit|o] in A. From now on, we
add the index i to the left upper side of such an object to indicate that we mean
the maximal induced Ocircuit|o] in A, e.g,

[CR*9(g) :=max'€ (67 (0) N A) .

Let us state some obvious notes.
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Remark 5.3 As opposed to a circuit, an induced circuit is uniquely defined by
its interior, which is — in contrast to the interior of a circuit — always simply
xconnected.
Furthermore, for any configuration o € {0,1}", the mazimal induced Ocircuit|o]
iCnax0( ) 4s always smaller than and contained in the mazimal Ocircuitjo] CR0(q).
Last, the interior of the mazimal induced Ocircuit|o] around 0 in A, int'CP*0(),
1s a *xcluster that contains the origin or is xadjacent to it.

Next, let us consider the domain of our future injection: For an arbitrary simply
xconnected set A @ Z? with 0 € A, let

A% = A := {o € {0,1}* : 3 Olasso[o] in A, 0 € CP*>(0)}
AL = A= {3 Olasso in A, § ¢ CP20, 07 Cmaxtls gromat)
A2 = A% := {3 0Olasso in A, 0 ¢ OO0 g*Cmax0 LN orCpaiy
and note that these sets decompose the set {3 Olasso}, i.e,
{0 €{0,1}" : 3 Olasso[o]} = A w A} w A%
Now we define “the injection” and comment it afterwards:

Definition 5.4 (my, \C(a)) For an arbitrary simply *connected set A € 7?
with 0 € A, let

mp: {o € {0,1}* : 0 =0 off A,3 Olasso in A} —
— {0 €{0,1}* : 6 = 0 off A, 3 1xlasso inA};
o — ]10—1(1)Uicﬁ11(0.)

be “the injection”, where

—

0 for o € A}
IOy — { min'€ <O/I\naxo<0') Uo (1) N extC’ir;lnggaxo(a)(UD for o € A}
max '¢ <C':)1(itnchnaX1(U) U 0_1(1)> for o € A% .

The above presentation of the injection might suggest that a whole Ocircuit[o]
is filled with 1spins, but a closer look reveals that 'Cil(¢) is often equipped with
both Ospins[o] and 1spins[o]. This definition turns out to be convenient, since the
induced circuit 'C1(¢) is uniquely defined by its interior.

The first part of the following lemma roughly says that for i = 1,2 and o € A},
we could define !:C1(¢) with respect to the induced circuit 'C%*%(¢) respectively
iC'minC%,axl(U). The second part states some obvious consequences of the definition.

ext
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Remark 5.5 For an arbitrary simply xconnected set A € 72 with 0 € A, the map
my 1s well defined as well as

M () = min'€ ((CR0(0) U o™ (1) NextClifu,(0))  foro € Ay (5.1)
iC(5) = max'¢ (iCmir&%m(a) U 071(1)> for o € A3 (5.2

ext

and

g (iCﬁll(o.))c = m(o) (icﬁll(o.))c

o1 (1) Ui (o) = m(o) " (1)
hold.

Proof: Identity (5.1]) follows from 'CP*0(g) < CP**%(s), Equation (5.2) from

ngl(itnC%,axl(U) > C’erf(itnc(jr\naxl(o) . The last two equalities are evident. O
It remains to show that the map my, is injective. For this, the difference between

o and my (o) plays an important role, which is the content of the next definition.

Definition 5.6 (special paths) By definition, the set {z € A : o(z) # ma(o)(z)}
is part of an induced circuit in 0=(0). We interpret {x € A : o(x) # ma(0o)(z)}

as the union of Opaths|o], which we denote by P(0), ..., Py (o), and call special

paths.

Note that
m(‘T) = 10_1(1)&)@@@1\7(0) Pi(o) -

The proof of the injectivity of m, falls naturally into three steps by considering
the maps m,| A9 5 ma| a1 and ma| a2 separately. Each step consists of two parts.
First we show some properties of the image of the map in question, which will later
on imply that the three images are disjoint. Then we prove that the respective
map is injective.

Let us begin with the first map ma|q.

Proposition 5.7 For all simply xconnected sets A € 72 with 0 € A, the map
mA]Ag is injective and the image of mA\A% is a subset of

{3 1xlasso,0 € CRax1*}
This proposition simply relies on flipping the origin’s spin value and will be

proved in the Subsection [5.1.1]
Next, we consider ma| 41 .
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Proposition 5.8 For all simply xconnected sets A € 72 with 0 € A, the map
mA|A11\ is injective and the image of mA|Ak is a subset of

1x
{3 Txlasso, O # 0,0 ¢ CR™' /= s} -
Idea of the proof: Fix a configuration o € Aj.

The main idea is that we fill parts of the maximal induced Ocircuit[o] to turn
o into m(o) and we empty parts of a “maximal” induced lcircuit[m(o)] to change
m(o) to o. These parts are the intersections of both mentioned circuits.

More precisely, consider the maximal Ocircuit[o], add all 1clusters[o] adjacent
to it and take the smallest induced circuit of this set, which equals 'Cf!(s). By
the choice of o, there exists a node contained in both the maximal Ocircuit|o| and
ICl(5). Recall that m(co) is the configuration that matches o with the one ex-
ception that all spin values in 'Cfil!(¢) are one. Since Cil(g) N C™2*9(g) #£ (), the
configuration m(c) exhibits a 1xlasso. We will show that 'Cfll(¢) is the minimal
induced lcircuit[m(o)] in the exterior of the maximal Ocircuit|m(o)], which enables

us to locate ICH(7) by considering only the configuration m(¢). The maximal cir-

cuit in the union of 'Ci(¢) and all Oclusters[m(o)] adjacent to }Ci(s) equals the
maximal Ocircuit[o]. Therefore, the map mx |41 is invertible. ©

The complete proof will be given in Subsection [5.1.2]
Only the analysis of my| a2 is left.

Proposition 5.9 For all simply xconnected sets A € Z? with 0 € A, the map
ma|az is injective and the image of m|az is a subset of

n max1 , 1* max 1
{3 1xlasso,0 ¢ O™ «— Ciifmai } -

Idea of the proof: Fix a configuration o € A3.

The main idea is similar to the one for Proposition [5.8] The only difference is
that we fill parts of a “minimal” induced Ocircuit[o] to turn ¢ into m(c) and we
empty parts of the maximal induced Icircuit[m(o)] to turn m(o) into o.

More precisely, consider the minimal Ocircuit|o] in the exterior of the maximal
Lcircuit[o], add all 1clusters|o]| adjacent to it and take the largest induced circuit
of this set. The resulting induced circuit equals 'Ci(s). By the choice of o, there
exists a node contained in both the maximal Ocircuit[o] and 'Ci(s). Let m(o) be
the configuration matching o except that all spin values in 'Ci!(7) are one. Since
ICi () N Cmax0(g) #£ (), the configuration m(o) exhibits a 1xlasso. Obviously,
IC(7) is the maximal induced lcircuit[m(o)], which enables us to locate 'Ctil(o)
by looking at the configuration m (o). Consider the minimal induced circuit in the

union of 'Cil(s) and all Oclusters|m[o)] adjacent to Ci(s). We will show that
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this circuit equals the minimal induced Ocircuit|o] in the exterior of the maximal
Lcircuit[o]. Therefore, the map my |42 is invertible. ©

For the complete proof we refer to Subsection [5.1.3
Given these propositions, the following theorem and, therefore, the injectivity
of my is quite evident.

Theorem 5.10 For all simply *connected sets A € 72 with 0 € A, the map my
is injective and {o # mp(o)} C o71(0). In particular, we can interpret my as a
filling of some parts of a Ocircuit.

Proof: Theorem [5.10]is a direct consequence of Proposition [5.7] and 5.9 In
particular, {o # mu(o)} C o71(0) directly follows from the definition of the map
mp. O

Since flipping all spins is bijective, we can state a very close version of Theorem

B.10l

Theorem 5.11 For all simply *connected sets A @ Z2 with 0 € A, the map
fomyo f:{3 llasso} — {3 Oxlasso}

is injective and {o # fompo f(o)} C o= (1), where f flips the spin values. In
particular, we can interpret f omy o f as emptying some parts of a 1circuit.

A direct consequence of this Theorem is the following.

Corollary 5.12 For all simply *connected sets A @ 72 with 0 € A and for all
A<1
fix (3 lasso in A) < 2py (3 Oxlasso in A)

holds.

Proof: Choose an arbitrary configuration o € {Jllasso}. Let £ (o) be the number
of 1clusters[o] not adjacent to A°. Note that

K(0) <14+ k"(fomyo f(0))

holds, since f omy o f empties some parts of one lcircuit|o]. Consequently, we
know that for any A <1,

Zy %\ (0) — \2wen 9(2)9r¥ (o)
< \2wen 0 (@)gltr" (fomaof(a))
< \2zen fomaof(0)(@)gl+r" (fomaof (o))

=Z N 205 \(f omy o f(0))
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holds, where the latter inequality is a consequence of both 71(0) C (f o my o
f())71(0) and X <1 This concludes the proof. O

This, together with Theorem [4.30], implies the absence of phase transition of the
Widom-Rowlinson model on (Z?,0), i.e, [WR(A)| = 1 for A < 1. But the absence
of phase transition is already known for activities smaller than p./(1 — p.) ~ 3/2,

see [Hig83|, where p. denotes the critical probability of Bernoulli node-percolation
on (72,0).
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5.1.1 Proof of Proposition

We prove Propositions and using the same approach: First some
properties of the map’s image are shown. Then we verify that the considered
map is injective.

Lemma 5.13 For all simply *connected sets A € 72 with 0 € A, the image of
ma a0 is equal to
{3 1xlasso, 0 € CRax1*}

Proof: Let A € 7Z* be given and recall that the domain A} of the map mj| g
equals

{3 Olasso, 0 eCx0} =
—{3 Olasso, 0 € CP*° 90« 9" (A°)}
={3 Olasso, 0 € C™0, 50+ 9*(A°), 90 +—— I(A°)}
—{0 € OO 90+ 0% (A%), 90+ D(A)},

where the first identity holds because the origin is contained in the maximal
Ocircuit, whose nodes are all *weakly 1xconnected to A°. By saying a node x
is «weakly lxconnected to A® we mean that 0*x is lxconnected to 0*(A¢). The
second equality follows from the existence of a Olasso and the fact that the maximal
(Ocircuit contains the origin.

Since the map my| A9 simply flips the spin of the origin, the image of m,| A9 Is

{0 € O 9% 25 9*(A°), 00 + 2 O(A°)} =
= {3 1xlasso, 0 € OV 50 = 9" (A%), 90 +— (A°)}.
The same arguments as above — used in reverse — verify
mA\A%(A()\) = {3 1xlasso, 0 € O}
and therefore the lemma. O
It remains to observe that m, is injective, which will be done in the next
lemma. Here this is quite obvious, whereas in the next subsections the injectivity

requires more involved arguments, partly based upon observations made in the
first lemmas describing the image of my.

Lemma 5.14 For all simply xconnected sets A @ Z? with 0 € A, the map mA|A9\
1S 1njective.

Proof: Let A @ Z? be given and recall that m, simply flips the spin of the origin.
This is obviously injective. O
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5.1.2 Proof of Proposition |5.8

It may help the reader to refresh the core idea of this subsection, see page [77}

Let A € Z2 be a simply sconnected set with 0 € A. We only prove the
statement of Proposition for this fixed set A. Sometimes, we even omit the
index A, e.g., m denotes the map my in the sequel.

Recall that the domain A! of the map m is defined as

= 1%
{3 Olasso, 0 ¢ OO0, 9= OO Ly grCmax1)

The existence of a 0Olasso implies that the maximal Ocircuit, which is weakly
Oconnected to A€, is larger than every lcircuit (if a lcircuit exists at all), where
by saying is weakly Oconnected to A¢ we mean that its boundary is Oconnected to
9(A°). Moreover, one can find a second Ocircuit in intCP**Y again larger than any
lcircuit, since the origin is not contained in the maximal Ocircuit and the maximal
Ocircuit is not sxweakly 1xconnected to the maximal lcircuit. This implies (in fact
it is equivalent) that the maximal Ocircuit in intCY**? exists and is O*connected
to CR*0  Summing up, we can state

Al = {30lasso, 0 ¢ OX*>0 §*OR>*%rts g O
0
C/r\nax() > C[r\naxlj@ 7& Cir;lfg;gaxo <—)* C{r\nax(]’ Cir;l?g;\?laxo > C/r\naXI} (55)

Figure [5.1] illustrates the properties of a configuration of A'.

After analysing the domain, we state some useful fundamental relations be-
tween o € A and m(o).

For this task recall the definition of the circuit
iCﬁH(O') — mini€ <Clrxnax0(o-) U 0'_1(1) N eXtC;lfg}gaxo(g) (O')) (56)

for 0 € Al see page In other words, this circuit, \C(o), is the minimal
induced circuit that satisfies the following two conditions:

e It is contained in the union of the maximal Ocircuit[o], C¥*%(s), and the
set of nodes equipped with 1spins[o], o7!(1);

e It is strictly larger than the “second largest” Ocircuit[o], ﬁfgﬂaxo (U)(O').
A

Note that this description equates our definition.
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O
O
O
O
O
5

e

e

Figure 5.1: In this figure the white squares represent nodes with Ospins|o, m(o)]
and the black squares are nodes with 1spins[o, m(o)]. The gray squares are nodes
equipped with Ospins[o] and 1spins[m(c)]. The maximal Ocircuit[o] is indicated
by a blue curve and consists of white and gray squares. The circuit !C (o) is
indicated by a red curve and consists of black and gray squares. The “second

largest” Ocircuit|o], Cf:;fcxr?.axo )( 0), is indicated by a green curve.

Remark 5.15 Let o € A'. Then the following properties hold

(U CE™O(o) D m(o)7H(1) (5.7)
0‘1(0) =m(o)7}(0) U CF*(0) (5.8)
icilo)n Omaxo( ) # 0 (5.9)
940 (5) "W 9#(A) (5.10)
G (@) C o7 1(0) Nm(a)~1(0) (5.11)
Cr*%(o) > Cgltncmaw( (U))(m(a)). (5.12)



5.1. A NON-TRIVIAL INJECTION 83

Proof: Fix a configuration o € A!. By the definitions of both the configuration
m(a) = ]10.71(1)Uicﬁ11(0.) (513)
and the circuit

iCfll(5) = minic <CmaX0( YU Y (1) N eXtC;lfgr(r)nxO(g)( )) )

the statements ((5.7)) and (5.8) are evident.

For the next properties let us first define the "half-open” respectively "open”
annulus specified by the maximal Ocircuit[o] and the "second largest* Ocircuit[o]
by

]Cf;‘fgr?mo U)( o), OvxY(g )} = CP*0(g) UintCY™ (o )ﬂexth;‘fgrano(o)( o)
respectively

| Cmitoco (), CE0(0) | = ntCR>(0) O extCmBEuca (7).
Next, recall the description of 'Ci}(¢) after (5.6). In particular, the second con-
dition of this description said that the circuit 'Ci!(o) is strictly larger than the

"second largest" Ocircuit|o], Cf;gg,?,axo (a)(O'). Moreover, the first condition, together
A

with minimality of 'Ci!(s), immediately implies that }Cll(¢) is smaller than the
maximal Ocircuit[o], CP2*%(¢). Summing up, we know that Cfll(¢) lies in the
“half-open” annulus, i.e,

1

'CM(0) € | Oty (0), C2(0)] (5.14)

Further, by definition, we know that all nodes of 'Ci!(¢) not contained in the
maximal Ocircuit[o| are equipped with 1spins|o], i.e,

iC () N (CRx0(g))e C o 1(1). (5.15)

In other words, a node of 'Cl(¢) has 1spin[o] if and only if it belongs to the "open”

annulus, in short for all x € 'Cill(o)

1

o(z)=1 <= z¢€ Cr;ltagrgaxo ) (0), C= (o )[

Property (5.9 . is a consequence of these two Observations ) and -
together with the choice of

. (max max
Al {7T c {O ].}A lntcr(]?laxo(ﬂ.)( ) C 0( ), },
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i.e, the maximal Ocircuit|c] and the "second largest" Ocircuit|o]| are Oxconnected.
Since every node of C¥**%(g) is *weakly lxconnected[o] to A¢, Property
follows from Property .

As before 1C(q) is strictly larger than the "second largest" Ocircuit[o], see
5.14). Hence, since we only change spin values in }C(s), see (5.3), inclusion
5.11)) follows.

The last Statement is a direct consequence of the facts that 'C!(o) is
smaller than the maximal Ocircuit|o], see , and that }C1(¢) is a 1circuit[m(o)]

«weakly 1xconnected[m(o)] to A°, see and (5.10). O

These remarks enable us to describe the image of m/| 1.

Lemma 5.16 Let o € A'. Then mp(0) is an element of

{3 1xlasso,0 ¢ CRxL £ ¢ O™ axl%a Cincoms } -
Proof: Let 0 € A' and recall that
iCfll(5) = minic (CIAHMO(O) Uol(1)n extc;;fggaxo(g)(a)) .

A direct consequence of the definition of 'Cil(¢) is that the xboundary of every
node of 'Cil(7) is Oxconnected|o, m(o)] in (CH(5))¢ to CM2x0 (o), ie, for all

lntcmaxo
nodes z € 'Cill(q)

0z <2 Chnidmo(py(0) in (CH(0))° (5.16)

int

holds.

Since the circuit 'C'(o) is a 1circuit[m(c)], see (5.4)), which is *weakly 1xcon-
nected|m(o)] to A see (5.9) and (5.4)), the existence of a 1xlasso[m(o)] follows,
ie,

m(o) € {3 1xlasso} .
But we have already verified the existence of a Ocircuit[m(o)], e Cﬁfgﬂaxo )(0),
see ((5.10]), which, therefore, has to be smaller than the 1circuit[m ( )] ‘C’ﬁu( ) that
is *«weakly 1xconnected|m(c)] to A°. Consequently, the origin cannot be contained

in the maximal lcircuit[m(o)], i.e,

m(o) € {0 ¢ O™ £0}.

Recall that the circuit 'C(s) intersects the maximal Ocircuit|o], see (5.9),
which is Oconnected[o] to the boundary of A°, see (5.5]), and that the configuration
o equals m(co) outside of 'Cill(¢). Hence, there exists a node y € 'Cl(o) with

Ay 25 O(A°) in (CM ()",
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i.e, we can find a node y € }C1(o) that is weakly Oconnected[o, m(o)] to A¢. This,
together with (5.16)), implies that y € 'Cfill(7) satisfies

D(A) = "y = Citno (o) in (CH (o))" (5.17)

1

Thus, one cannot find two disjoint 1circuits[m(o)] in extClmagr?mo (0 o), since both

would have to intersect the node y. This, together with the fact that icill(g) is a
Lcircuit[m(o)], see (5.4), strictly larger than the Ocircuit|o, m(o)] C™2x9 )(0),

intCRpax0(o
see (5.11)), implies
1%
m(0) € {OX™! /= Cinidpa }
which concludes the proof. 0
It may help the reader to — once again — refresh the core idea of this subsection
described on page . Our next step is to “connect” a configuration m(o) to the

original configuration o € A'. More precisely, we want to determine both ‘Ci! ()
from m(o) € m(A') and

IO (m(0)) 1= max '€ <C’£ltnclmaxo( (o) (m(o)) U m(a)_1(0)>

— max'¢ ( O e ey (M) U m(o)_1(0)> (5.18)

€

from o € Al, where the identity follows from

1C(f,?:tncmaxO(m(a))(m( 0)) 2 Ceriltncmaw(m(a))(m("))

and
1CmiltnclmxO(m(a))( m(o)) C Criltnclmaxo(m(g))(m(a))-

Little is known, but 1C®"P% (m(0)) is the circuit that changes m(o) into o if it is
emptied.

Lemma 5.17 Let 0 € A'. Then the minimal induced 1circuitfm(o)] in the exte-

rior of the maximal Ocircuitm(o)], * g{%{naxo(m((}))(m(a)), equals 'C (o) and the
maximal induced Ocircuit[o] ‘CR>%(a) equals 'C™PY (m(0)), i.e,

1 g(lt%lmaxo( (o)(m(o)) = ici () (5.19)

[CPY (m(0)) = '1CP*0(0). (5.20)

Proof: Since 'C! (¢) is a lcircuit[m(o)], see (5.4)), that is *weakly lxconnect-
ed[o, m(o)] to A¢, see additionally (5.10]), we know that C™*%(m(o)) C int'CH(¢),
which, together with ([5.4)), leads to

sy (m(0) <OV (o).
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On the other hand

M (g) =min'€ (CR™(0) U o™ (1) N extCiiuma ) (7))
— mini¢ (cmaxo 071 (1)) N extC L) ()
<m1n1€( CRax0( o~ 1(1)) NextCy*>°(m(0)))

(5.7

<min'¢ (m(o)” ()ﬂextCmaXO( (0)))
= Coicaxo(m(oy) (M(0)) -

Both inequalities together give ([5.19). This in turn implies the following:

m(o) (1) & o7 (1) U'CH (m(0))

(5.19)

== m(0)7H(0) = 071 (0) \ PO o (o (@)

which verifies

77(0) € m(0) ™ (0) U Clithnc oy (). (5.21)
On the one hand
'C (11 (0) = max '€ (Cltiehuoc (o) () Um() 71 (0)
(5.21) .
>max '€ (67'(0))
:iCRnaXO(U)

and on the other hand

iCemPY (1)) = max '€ (cg;gaaxo(m(g))(m(a)) U m(a)—1<0))

€

<max '€ (CY*°(o) Um(a)~1(0)))
icv[I\naxO(O.) .

Considering both inequalities yields (/5.20)). O

Having established the above “connection” between o and m(co), we are ready
to see that

_ ! !
m~!: m(Al) =AY m(o) =1 - Lo -1 0)uicempty (m(o)) = O

is a well-defined promising candidate for the inverse map, which is illustrated in

Figure 5.1}
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Lemma 5.18 Let 0 € A'. Then 1 — ]].m(o-)fl(o)uicempty(m(a-)) = o, i.e, the map
malar is injective.

Proof: It is sufficient to show
') N o™ (0) = 1Y (m (o) Nm(e) (1)
if we want to prove 1— ﬂm(g)—l(o)uicempcy(m(a)) = 0.

"C" This inclusion is a consequence of

O a) B Oy (m(0)) € ) (D)

extCPax0(m

and

. (5.1) . .
1Oﬁll(o_) N 0'_1(0) i XlaXO(O_) 1Cempty (m(a)) )

">" This inclusion is a consequence of
o (o)) B2 i0p(0) < o7 (0)

and

i vem — (©.18) i Yymin (5-19) §
C pty(m(0)> N TTL(U) 1(1> C Cextc%\naxo(m(a))<m(o-)) - CﬁH(U) )

which concludes the proof. O
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5.1.3 Proof of Proposition

The structure of this subsection is similar to the previous two subsections. It may
help the reader to refresh the core ideas of this subsection, described on page [77]
Now, let us consider our domain
= {3 Olasso, 0*CP™x0 % gropaxty
= {3 Olasso, 0*CP™x0 = gropaxt, Opax0 > craxty (5.22)
where the second identity follows from the fact that the maximal Ocircuit is weakly

Oconnected to A° and, therefore, is larger than every 1circuit.
As before, we state some fundamental relations between o and m(o).

Remark 5.19 Let o € A%, Then the following properties hold:

(1) U Citnm oy (0) D m(o) (1) (5.23)
7H(0) = m(0)7H(0) U i () () (5.24)
lcﬁﬂ(a)mcglg%,axl( (o )ﬂCma"O(a) £0 (5.25)

Proof: First of all, recall that

m(a) = ]1071(1)Uicﬁ11(0.)
and that for our case

i (5) = max i€ ((Jggg‘%ml( (o )u(;—l(n) . (5.26)
These definitions immediately imply the first two Properties ((5.23]) and -
Recall that the maximal Ocircuit[o] is larger than the max1mal 1c1rcu1t[ |, since
it is weakly Oconnected[o] to A¢. Because of this, the minimal Ocircuit[o] in the
exterior of the maximal lcircuit[o], le%mxl (J)(a), exists and is contained in the

ext
annulus

| O (o), Cp™%(0)] = extCR™ (o) N intCR™ (o) U CF* (o).

Consequently, each node of the maximal Ocircuit[o] that is xweakly 1xconnected|o]
to the maximal lcircuit[o] also belongs to the minimal Ocircuit|o] in the exterior
of the maximal 1circuit[o]. Because of

. 22

o {a* maXO( )<—>8*Cma"1(0)}
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such a node exists and, therefore,

Ogl(itncf(/)r{.axl(a_) (U) ﬂ C«maxO(O_) % @
follows. Moreover, at least one of these nodes in

Cniltncgnaxl(o. ( ) m CmaXO(O-)

€

has to be weakly Oconnected[c] to A® in

]U%WHM)GA = extCRRY ey (0) N A

ext ext

This is the case because a Olasso[o] exists and, therefore, we could follow a Opath
from 8(AC) to the maximal Ocircuit[o]| and then through the maximal Ocircuit|o]
to C'™in0 )( 0); the first node z in le%mxl( )(0) reached this way satisfies the

extcmax 1(
requlred feature.

If a node of C' mmcmaxl( )( o) is *weakly Oxconnected to A® in the annulus

| Cttmesio (@), 0°A[

€

then it also belongs to 'Ci! (¢), since it cannot be “circumvented” by a 1path of

icw@ﬂgénmfe(oggw%)()UUAQ».

€

Consequently, the node x also belongs to the circuit Cf! ().
Summing up, the node = belongs to

iCﬁll ( ) CTcltnCOmaxl(g ( ) N CmaxO(O_) ’

€

which implies the last Property (5.25)). O

Once again, we need further (more involved) relations between a configuration
o € A? and the corresponding configuration m(c). More precisely, we have to find
a circuit 'C*™P%¥(m(c)) that changes m(o) to o if it is emptied. Our candidate is

iﬁmwmw»:mm@@mwwm@nmmﬂ(mmamgﬁQm@mmwﬁ
= min'€ (P (m(0) Um(o) ™ (0) N extCIies 0 (m()))
(5.27)

where the identity follows from \C¥*!(m(c)) < CP*>1(m(o)) and 'CY*>1(m(o)) C

Ccr=t(m(o)).
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Lemma 5.20 Let 0 € A% Then the mazimal induced 1circuitim(o)] equals the
circuit '\CW (o) and the minimal induced Ocircuit|o] in the exterior of the maximal
Lcircuit|o] equals '\C®™% (m(0)), in short

P (m(e) = '™ (o) (5.29
ICemPY (1m(g)) = iC’gitnc%axl(a)(a) : (5.29)

Proof: On the one hand, the inequality }C¥**!(m(s)) > ICH (5) follows from
o1 (1) U'CM (0) = m(a) 7} (1),

see (5.4). On the other hand, we also know that

M) "L max e (Cltfs oy (0) U o™ (1)

€

(5-23)

>'Cx™t(m(o))
holds. Both inequalities together imply , which immediately leads to
C’;l(it%%naxl(g)(a) NiICc (o) c'C™>(m(o)) c C™™>(m(0)). (5.30)
We further know that

C;l(incv(lr)\naxl( )( ) lcen;l(ltncfmaxl(a_)< ) S IOﬁH(O-) . (5.31)

holds. Indeed, the first inequality is obvious and the second one follows from the
definition of IC1(o) as max '€ (C’mmo NCHY 0*1(1)>. A further fact is

t(C'max 1

(15.25))

'O (o) N Ot (5 (0) 0. (5.32)

€

These two Relations and ([5.32)) prove that all 1xcircuits in int'C(o) have

to be contained in th’m‘tnC(ﬂmxl( )( o), which gives us the following inclusion

min max 1% (5.3) max 1%
Cextc?\nax 1(0_) ( ) C e tC C%ill ) (U) — tC C:}?l]] ) (m(O’))

int! int!
max 1 max 1x
mtlclmax Lm(o)) (m( )) eXtC’th’}‘aLX L(m(o)) (m(a)) :
Therefore,

0 s ) (0) N (CH(0))° € () 7H(0) N extCmEe o (m0)), (5.33)

ext int
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since the inclusion

Coxitpasi (¢ (@) N (C™(0))" € m(e) 7 (0)

follows from C™"0 (o) C o1(0) and (5.3)).

tcmaxl(o.)
Next, by definition of !C'(¢) and m(o), we know that }C(c) € m(o)~H(1) N
extCy**!(g), which immediately implies

cnaxl(y )<C§‘§gn£:xl mioy (1U()) (5.34)

1

So, on the one side,

ioemptY(m(a)):miniQt (Gt m(r)) Um(0) 1 (0) N exCEE L (o)) (m(0)) )

< min'¢ <C§;ﬁnc%lax1(a) (O’) N 1Cﬁll(o.> U Cer?(?cf(l)r{laxl(g)<o') N (1Cﬁ11(0_))c>

Ilencfmax 1 (0.) (O->

ext

holds. On the other side, it is the case that

F L min’e (O (m(9)) Um(0)™ (0) N extCeti ey (@)

int

o o)

(15.28)

Y minie (icﬁ“(a> Um(e)~1(0) N extC’f;‘f‘gI}]le(m(a))(m(U)))

15.31)
> min'€ (Clthnes ) () Um(0) 1 (0) N eXtCHELL s o (M(0)))

€

€

(5.34) .
2min1€<cn;t%9mx1( (@) Um(0)™1(0) N extCp™ (o ))

m(e) " (0)co™(0) . B )
> min'@ (cg;gmaxl( (@) U (0) NextCy™ (o ))

1 en;l(ltncfomaxl(a_) (U) .

Taking both inequalities together yields ([5.29)). O

Now, we have gathered enough to finally analyse the image of m| 42 .
Lemma 5.21 Let 0 € A%, Then

m(o) € {3 1xlasso, P> g‘fgmﬂ

Proof: By (5.4)), the circuit }C! (¢) is a lcircuit[m(o)], which, by (5.25)), inter-
sects the maximal Ocircuit[o]. The intersection is *weakly lxconnected[o] to A°.
Since also (1) € m(o)~'(1), we can conclude that

m(o) € {3 1xlasso} .
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So, it only remains to show that
!

m(A?) € {C’X‘a"l Cfgfér}«.aﬂ} (5.35)

Since C™n) (0) is the minimal Ocircuit[o] outside of the maximal lcircuit|o],

tcmdx 1 ( )

every node of Cg‘:t%%laxl( (o) is xweakly lxconnected[o, m(o)] to the maximal

Lcircuit|o], i.e, for all x € C'm““cmaxl ( )(0)

ext

Oz 5 Ol (g) (5.36)

with respect to o and, therefore, also with respect to m(o) = 1,-1q)uican(). A
further fact is

i ~fill 0 b2
IC ( ) Cen}l(ltncvmaxl(o) (U) @ (537)
A consequence of (5.36) and (5.37)) is
iCM (o) L5 Ol (o) (5.38)

with respect to o and m(c). Therefore, by -, the statement (5.35)) will be
proved once we have shown that the right side of ([5.38) equals C;fgr},axl (m(e)) (m(o)).
Summing up, we know everything but the last 1dent1ty in the following:

15.38)

C«maxl( (U)) <i> icrlrxnaxl(m(o_)) 6*icﬁll(0') (_*>
55 OF™ 1 (0) = Citiditons mioy) (M(0))

1

where the first 1xconnection is obvious. The latter identity will be proven in the
remainder.

"<": By the definition of 'Cl(s), we know that CP*1(g) C int'CH(0) &23

int'C**!(m(c)) . A consequence of this, together with m(c) = 1,-1(1yuicsn(y),
is C/I\naxl( ) maxl (m(o)) (m(a)) )

tcmax 1

">"- Tt is the case that

OllrllltagnEaxl(m(o.))( ( )) C;lgcmuxl(m(o_))(m<0->)

BB mast,  (m(0))

mt‘ Cﬁll

. max 1 (0_>

lntlcﬁll

<Cmax1( ) 7
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which concludes the proof. 0

Last, we have to show the invertibility of m|42. Our candidate for the inverse
map is

_ ! !
m 1 : m(AQ) — Az; m(o) — 1 — ﬂm(g)fl(o)uiCempty(m(o-)) =0,

which is illustrated in Figure [5.2]

A
EEEEEN
|

e
t 1]
t t 1]
t 1]
l 1]
1] ==l

1] o o o o o e Y 11

1] n n 11
oo n n E=E6)
| i | | n 0
I I 1] n 1]
| 1] e sdEEEEEE]
| i 1]
| i 1]
| 1] 1]
| I 1 1]
1] |
1] I
1] I
L= i = = =

Figure 5.2: In this figure the white squares represent nodes with Ospin|o, m(o)].
The gray squares stand for nodes with Ospin[o] and 1spin[m(c)]. The black squares
are nodes with 1spin[o,m(c)]. The circuit 'C(s) is indicated by a red curve.
The circuit 'C*™% (m(c)) is indicated by a blue curve. The maximal 1circuit[o] is
indicated by a green curve.

Lemma 5.22 Let 0 € A%, Then 1 — Lo(o)-1(0)Uicempty (m(s)) = O, @.€, the map
ma| a2 is injective.

Proof: It is sufficient to show that
iCil(g) Mo (0) = 1C™Y (m(0)) N m(o) (1)

for each o € A2
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"C" This direction is a consequence of
i " i,/ vymax —
C (o) == 1O (m(0) € m(o) 71 (1)

and -
(5-2) . : .
E OO iy (0) P IO (m (o).

extCnax1(q)

iCﬁll(O_) N 0_—1(0)
">" This implication follows from

icempty(m(o_)) iCmino (0)(0_) C 0_—1(0)

extCpax1
and
. 627 . .
o (o)) Nm(e) (1) TR (o) B e (o),
which concludes the proof. O

Consequently, we have proved the third and, therefore, all propositions.
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5.2 The Connection to the Widom-Rowlinson Model

The section is dedicated to establish a connection between the injection m and
the Widom-Rowlinson model. More precisely, we look at the number of 1xclusters
that are joined by filling the circuit !Cl(s).

In the sequel we often consider nodes of the xboundary of a node x. For this
we introduce the following notation that intuitively describes the relative location
of these nodes to x.

Definition 5.23 Let x € Z>. The nodes xadjacent to the node x are denoted by

[ ]
[ ]
xz, x, x, ez, e, .ZE, %'7 lL‘.,

where the bullet shall indicate the position of the node (in question) relative to x.

Note that we refrain from using the standard orientation, i.e, the node ex does not
have to be (x1 —1, x3). Instead we specify the orientation by explicitly determining
one of these nodes, e.g., set ox := (z1 + 1, x3).

Up to now we interpreted the injective map m of the last section as a filling of
the circuit }C1(o), which consists of Opaths[o] and 1paths|o]. These Opaths|o] are
within a Ocircuit[o], C“"""(m(c)). From another point of view this map m fills
Opaths[o] that are contained in the Ocircuit[o] C""¥(m(o)) and whose beginning
and ending nodes are adjacent to 1paths|[o]. These 1paths|[o] combined with the
above Opaths[o] form the circuit !C(¢). The difference of this to the former
approach is that we start with the Ocircuit[o] C*"%(m(o)) instead of 'Cill(c).

The setting of the next lemma describes a Opath[o] of 'Cl(a) N C™P (m (o))
and its surroundings. The statement, however, investigates how many 1xclusters
are combined by filling such a Opath[o]. Before approaching this question rigor-
ously, let us establish some intuition: Obviously, at most every second node of the
xboundary of the to-be-filled path can belong to a different 1xcluster. Moreover,
if we interpret the xboundary as a path, then it seems plausible that this path
makes turns as little as possible, since otherwise two non-consecutive nodes are
xadjacent. In the next lemma we pursue this intuition. To this end, we need paths
and circuits that may intersect themselves.

Definition 5.24 (non-self-avoiding (x)path, non-self-avoiding (x)circuit)
We call a finite sequence of nodes (x1,...,2,), n > 1, a non-self-avoiding path if
every pair of successive nodes is connected by an edge, i.e, for all 1 <i,7<mn

li — j| =1 = x; is adjacent to z; .

Once again, the node x1 (resp. x,) is called the starting (resp. ending) node.
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A non-self-avoiding path (x1, ..., x,) is called a non-self-avoiding circuit if the
starting node x1 is adjacent to the ending node x,,.
Accordingly, we define a non-self-avoiding xpath and a non-self-avoiding * circuit.

Let us prepare the first part of the following lemma by interpreting its setting
and, hereby, introducing some notation: Let k > 3, (p1,...,pr) an induced path,
P = (pa,...,pr—1) and A := 0*P U P. Set pm = p3 and py_o = epp_1. We

further assume that p; € {opQ,p.g} and p € {pk.,l,pk,lo}. We interpret 0*P as a

non-self-avoiding *circuit and 0*P \ {p1, px} as two non-self-avoiding *paths. The

non-self-avoiding xpath containing p, will be referred to as the “lower” part and
[ J

denoted by Agown; the other non-self-avoiding *path as the “upper part, Ayp.
Consequently, we can say the induced path (p1, ..., px) splits A into three disjoint
parts, an “upper” part Ay, a “lower” part Agown, and (pi, ..., pk)-

Lemma 5.25 a) As above, let k > 3 and (p1,...,pr) an induced path with p; €

o . .

{epa, p2} and px € {px-1,pr—18} if we set pp = p; and epy_o = py_1. Further,
let P:= (pa,...,pk—1), A = 0"PUP, Ay, the “upper part of A and Agown the
“lower” part of A. Further, let o € {0,1}* be such that

i) {p1s- . oi} Co7H0);
i) 32,y € Ddown With  # y, & ~ pa, y ~ pr1, {2,y} C o }(1), and z < y.
If there are at least |P| + 2 disjoint 1xclusters xadjacent to P, then

1) P forms a straight line, i.e, for all j with2 < j <k —1
pj=p2+(J —2)(ps — p2); (5.39)

2) the length of P is odd and at least 3;

3) if we set ep; :=p;_1 for all i with 3 <1i < k — 1, then it is the case that

° ° ° ° ° 1
D2, D2, P35 D4, Py - - - 5 Pk—3, Pk—2, Pk—1, Ph—1 C 0 (1)
[ ) [ ] [ ) [ ]
° . ° ° . ; (5.40)
®D2, D2, D3, Py - - - s Dko—ds Pk—3, Ph—25 Dk—1, Pi—1® C 0 (0)
[ ) [ ) [ ]

which is illustrated in Figure[5.5,

b) Let C' an induced circuit strictly around the origin. Furthermore, let m €
{0,1}°Y9°C be a configuration such that C is a Ocircuit|r]. Then the number of
Lkclusters|m] xadjacent to C' is at most |C| + 2.
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°p, P> Ps Pr—2 || Pr-

Figure 5.3: This graphic illustrates A\ (gp2 Upr—_14). The black squares are nodes
that have taken spin value 1. The white squares are nodes with spin value 0. The
gray squares are nodes, which spin values cannot be specified in generality.

Proof: Our strategy consists of three steps, where the second step decomposes into
four cases. First, given an arbitrary induced path @), we define a non-self-avoiding
circuit R(Q) such that its cardinality is 2|@Q| + 6 and it contains the xboundary of
Q. Second, we prove the first part of the lemma. More precisely, we (more or less)
take away both nodes x and y from R(P), together with all nodes *adjacent to
them. Note that the rest of R(P) decomposes into at most two non-self-avoiding
paths, called P; and P,. The lemma (more or less) follows from the fact that at
most every second node of P, or P, can be hit by a “new” 1xcluster. Third, with
the aid of the non-self-avoiding circuit R(Q) defined in the first step, we prove the
second part of the lemma.

Let us note, right here, that instead of defining R(Q) we could use 0*Q to
derive this lemma. This would be easier at the beginning, namely step one, but
later on we would have to argue more carefully. This is the case because 9*Q
depends more on the whole path @ than R(Q).

First Step: First we recursively define R(Q)) and simultaneously prove

[R(Q)] =2|Q[ +6
for all induced paths Q.
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If the path @ consists of one node (base case) we define R(Q) by 0*Q. A
moment’s thought reveals |0*Q| = 2|Q| +6 = 8. Furthermore, R(Q) = (r1,...,73)
satisfies the following additional (technical) property, called the “unique index”:
For all nodes z such that (@, z) is an induced path, there exists exactly one index

i such that r; = z and {r;_1,7ri11} = {;, %}, where ez shall be the ending node of

(@ and the indices i — 1 and 7 + 1 are to be understood modulo 8.
Figure [5.4] may help the reader to understand the inductive step n — 1 — n:
Let @ := (qu,...,qn—1) be an arbitrary induced path and let R(Q’) := (r1,...,7m)

a =
w ~
N
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Figure 5.4:  This graphic illustrates the non-self-avoiding circuits R(Q') =
(rl,...,r70) and R(Q) = (rl,...,769,7'70,7'71,7'72). The red node ¢33 = 70 =
r; is the node ¢, = @\ ', which is subtracted from R(Q’), and the red nodes 7’70,
7’71 and 1’72 are added to the result to get R(Q).

be the corresponding non-self-avoiding circuit, which contains 9*Q’, satisfies
[R(Q)] =2|Q" +6,

and exhibits the “unique index” property. Further, let ¢, be a node so that adding
the node ¢, to @ = (q1,...,q,_1) results in an induced path Q = (@', q,) =
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(q1,---,qn). Set oq, = q,_1 and let i be the unique index such that r; = ¢, and

{ric1,ri1} = {q.n,qn}. The cardinality of the path (ri1,...,7m,71,...,7_1) iS
[ ]

2|Q'| +5 = 2|Q| + 3. We define R(Q) by the non-self-avoiding circuit

o [ J
C = <Qn 7QTL.7QTLQJT7;+17 ey Ty Ty e e 77,1'71) )

whose cardinality is 2|Q| + 6. To check that C' exhibits the unique index property
take any z adjacent to ¢, and set ez = ¢, then, by definition of R(Q), the existence

of two different indices 4,75 with {r;_1, 741} = {rj_1, 741} = {;, %} implies that

the node 28 also belongs to (). Therefore, (Q, z) cannot be an induced path, since
the supposedly ending node z would have two adjacent nodes of (), namely ez
and ze. Consequently, the “unique index“ property is satisfied. Moreover, R(Q)
contains both *Q"\ ¢, and 9*Q \ 9*Q’, which, taken together, equals 9*Q). Thus,
R(Q) is well-defined for all induced paths Q.

Interlude: Before turning towards the second step, we exclude |P| = 1,2 by
testing all possibilities, which is done in Figure [5.5]

Second Step: Recall the setting of the first part of the lemma. From now on
assume |P| > 3 and R(P) = (r1,...,7m) and set pm = p3 and ep;_; = px_»2. Recall
that the node ps is adjacent to x € Agown, Pr_1 is adjacent to y € Agown, and x,y
have spin value 1. Further, there are only two possible locations for z, namely p,

[

or ep,, and two possible locations for y, namely pr_; or pi_1e.
[ ]

Before we subtract certain nodes of R(P) and, afterwards, split the remaining
set into two non self-avoiding paths, we try to establish some intuition by describing
this in an easier setting. To this end, assume that 0* P is a circuit C' = (cq, ..., ¢p).
A consequence of this assumption is R(P) = C. Pick the indices i and j so that
¢; = v and ¢; = y, which are uniquely determined in this setting. Recall that P
has at least three nodes and that we set p# = p; and ep;_1 = p;_o. Without loss
of generality let C' be enumerated so that 3 < ¢ < j7 < m — 2. Consequently, the
intersection

{Ci—z, Ci—1,C; = T, Cit1, Ci+2} N {Cj—z, Ci—1,Cj = Y, Cj+1, Cj+2}

is contained in
{Ci =T,C41,Ci+2,Cj—2,Cj—1,Cj = y}

Now, in a first step, if x = ep, then subtract the nodes ¢;_o = p.g, cic1 = *pa,

Cit1 = P2, and ¢;1o = po from C'\ ¢;, which are all xadjacent to ¢; = x, and denote
[ ]

the resulting set by C’, i.e,

[ ]
C'= Cl(x = ‘Pz) =C \ {Ci727 Ci—1,Ci, Ci+1, Ci+2} =C \ {P27 .P2> D2, .Pz,P.z};
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Figure 5.5: The figure illustrates all possibilities — up to rotation and reflection
— for |P| = 1,2. The black (resp. white) squares represent nodes that take spin
value 1 (resp. 0). The spin values of the gray and red squares cannot be specified
in generality. The path (p1, pa, p3) resp. (p1, P2, P3, p4) splits the left resp. the right
illustration in two parts, namely the upper half consisting of the red nodes and
the lower half consisting of the lower and right nodes.

Obviously, in both graphics at most one 1xcluster can hit the upper part, which is
the case if one of the red squares has spin value 1. Moreover, in the left graphic at
most one 1xcluster can hit the lower part, since the nodes x and y are xadjacent
and all other nodes of the lower part are adjacent to them. In the right graphic
at most two lxclusters can hit the lower part. This is the case if and only if the
node p3 has Ospin; otherwise one lxcluster hits the lower part, because the nodes

[ ]

x and y are lxconnected by ps. Summing up, on the left side there are at most
[ ]

two lxclusters xadjacent to P = (p2) and on the right side there are at most three
Ixclusters xadjacent to P = (pa, p3).

in the alternative case x = py subtract the nodes ¢;_o = ®py, ¢;_1 = ¢p2, and c; 41
[ J

from C'\ ¢;, which are all xadjacent to ¢; = z, and denote the resulting set by C’,
ie,

C'=C'z= Z?.Q) = C\{cia,¢io1,¢i, ¢} = O\ {opy, .p27p.27 a}.
Note that the set C” has lost at least four and at most five nodes in comparison to C'

depending on the exact position of x relative to p, with p# = p3. In a second step,
in the same manner we subtract the nodes ¢;_o = pr_1, ¢j_1 = Dr—14; Cj41 = Pr_1?,
[ J

and cjio = pk.—1 from C'\ ¢; if y = ¢; = py_® and denote the resulting set by C”;
in the case y = pr_1 we subtract the nodes c¢;_1, cjy1 = Dr—14, and cji1o = pi_1®
®
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from C”\ ¢; and denote the resulting set by C”; Note that 2 < |C"\ C"| < 5,

since the nodes ¢,y and c;4o are subtracted in any case. Moreover, the nodes x

and y may not be adjacent and, therefore, ¢;,; cannot coincide with y. Note that

|C"\ C"| = 2 can only occur if only the nodes ¢;;; and c¢j o are subtracted from

C'. This happens if ¢; 5 coincides with y and is already subtracted from C' to get

(', ie, v = opy and y = py_;. In particular, in this case, ¢;41 = ¢;—; and in total
[ ]

seven nodes are subtracted from C' to get C”. Summing up, the decrease of nodes
from C to C” is at least seven and at most ten, in short and more precisely

no_
|C \ C | - |O| -7 - ]]‘Ci-H?éCj—l - ]]“p2:x70i+17£0j—17Ci+27écj—1 - ]]‘p?:yvci+17éc_7'—l7Ci+17écj—2

Now let us return to our more general setting.
Similar as above, we determine the shape of certain parts of R(P) = (ry,...,7)
“around” z and y depending on the exact location of z and y:

[ ]
1. If x = epy, then there exists an index ¢ such that r;_s = ps, i1 = ®po,
Ti = T = ®Py, Tit1 = P2, and 749 = po, where the indices should be
[ ]

understood modulo |R(P)| = m. Consequently,

R(P) = (7’1, s ap27.p2a.p27.p27p2a s 7Tm)
[ ]

holds;

2. If z = po, then there exists an index ¢ such that r;_o = epy, 7,1 = ¢p2, and
[ ]
r; = & = pg, where the indices should be understood modulo |R(P)| = m.
[ ]

Consequently,
R(P) = (11, ..., D2, ¢D2, p.2,ri+1, ey Tm)
holds;

3. If y = pr_1e, then there exists an index i such that 7;_2 = pr_1, 7i-1 = Dk—14>
[ ]

T =T = Dp_1®, Tit1 = Pe_1", and rj o = pk.,l, where the indices should be
understood modulo |R(P)| = m. Consequently,

R(P) = (rla <+, Pk—1, Pk—1¢,Pk-19, pk—l.a Px-1,--. 7rm)
[}

holds;
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4. If y = pr—1, then there exists an index j such that r; = v = py_1, rj31 =
[ ] [ ]
Dk—1¢, and 7i11 = pr_1, where the indices should be understood modulo
[ ]

|R(P)| = m. Consequently,
R(P) = (7’1, <oy Tj—1, Pk—1, Pk—1¢;Pk-19, - .. 7rm)
°

holds.

Once again, without loss of generality assume 3 < i < j < m — 2, which implies
that the intersection

{ﬁ-z; Ti—1,Ti, Tit1, Tz‘+2} N {Tj—27 Ti—1,7T5,Tj+1, Tj+2}

has to be contained in
{ri, riv1, Tige, rj—2,7j-1, Tj} .

Note that r; = x and r; = y cannot coincide or be adjacent to each other. Now
subtract these at least seven entries from R(P), specified by the four statements
above and printed in bold type. This splits R(P) into at most two non-self-avoiding
paths P, and P; that satisfy the following:

|P1| + |P2| - ‘R(P>| —-7- ]17"1'+1757"j—1 - ]lI=OP277"z'+1757"j—1,7"i+2757“]’—1
—1

Y=Pk—18,Tit 17T —1,Ti+17Tj—2

=2|P|-1-1 -1

Tip17T -1 T=OP2, T 17T —1,Ti4 27T j -1

- ]ly:pk—l.:n-Fl?éTj—l77'i+15£7'j—2 )

where one of these paths is the empty set if 7,11 = 7,1 or r;4, is adjacent to 7;_;.

There are at most [|P;|/2] resp. [|P|/2] disjoint 1xclusters hitting P resp.
Ps, since at most every second node can be hit by a “new” 1xcluster.

We distinguish between four cases according to how many entries we subtract
from R(P):

First Case: If we subtract 10 entries, then |Pi| + |P2| = 2|P| — 4 follows.
Therefore, at most

(12721 + [182]/2] < IR/ 2+ | Bl /2] + 1 = [|P| = 2] +1 = |P[ = 1
——

—|P|—2

Ixclusters can hit P; or P,. Recall that the nodes x and y have 1spin and, therefore,
by construction, at most two disjoint 1xclusters can hit the nodes that were sub-
tracted from R(P). Summing up, one can find at most |P| + 1 disjoint 1xclusters
hitting 0* P. This is a contradiction to the assumption of the lemma that there are
|P| + 2 disjoint 1xclusters hitting 0* P, which means that this case is impossible.
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Second Case: If we subtract 9 entries from R(P), then |P| + |P2| = 2|P| — 3.
Note that either |P;| or |P5| is odd and

[P /2] + (12221 < T|P1/2 + [Pl /2] +1 = [|P| = 3/2] +1 = |P|
—_———

=|P|-1

is an upper bound for the number of disjoint 1xclusters hitting P, U P,. This upper
bound can only be reached if both |P;| and |P,| are odd, which is not the case.
Therefore, at most |P| — 1 disjoint 1xclusters hit P; U P;. Once again, since at
most two disjoint 1xclusters can hit the nodes that were subtracted from R(P),
one can find at most |P|+1 disjoint 1xclusters hitting 0* P. This is a contradiction
to the assumption of the lemma that there are |P|+ 2 disjoint lkclusters hitting
0*P. Again, this case is impossible.

Third Case: If we subtract 8 entries from R(P), then |Pi| + |P| = 2|P| — 2.
Thus, at most

[1P]/2] + 1P /2] < [|Al/2 + [Po|/2] +1 = [|P| = 1] +1 = | P|

—|P|-1

1xclusters can hit P; U P,. Note that the inequality above can only be an equality,

if both |P,| and |P| are odd. In particular, in this case neither P, nor P, are

the empty set and, therefore, the nodes r;4; and r;_; do not coincide and are

not adjacent to each other. Consequently, we know that p» = x and pr_; = y
[ ] [

holds. Further, assuming that | P| disjoint 1xclusters hit P; U P, implies that every
second node of both P; and P, has to be hit by a “new” 1xcluster, beginning at
the starting nodes and ending at the ending nodes.

Note that at most two disjoint 1xclusters can hit the nodes subtracted from
R(P). So, if at most | P|—1 disjoint 1xclusters hit P{UP, then this is a contradiction
to our assumption that at least |P| + 2 disjoint 1xclusters hit P. Thus, we only
have to consider the event that |P| disjoint lxclusters hit P, U P, in the sequel.
Recall all consequences of this, stated in the last paragraph.

Remember that we set p® = p3 and ep,_; = pi_o at the beginning of the
second step. Furthermore, we know that x = py, ¥ = pr_1, 741 # 7j-1, and the

[ [

nodes 7;1; and 7,_; are not adjacent to each other. Therefore, we subtracted the
following 8 nodes from R(P) to get P, U Py:

D2, @P2; P2, Ti+1,Tj—1, Pk—1,Pk—1¢> and pp_ie .
[ ) [}

Hence, P, or P, starts in ®p, and ends in p,_,®; without loss of generality say P;.
Recall that both nodes, namely ®p, and p;_1®, have 1spin, since every second node
of P; has to be hit by a “new” 1xcluster, beginning at the starting node and ending
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at the ending node. Because of the same reasoning the second node p.g and the

second to last node pl:—1 of P, have Ospin. We can even determine the position of py

as p® = p, if we set ep3 = po: Assume for contradiction p, € {p.g, ps}: I py = p.g
[ ]

then the starting node of P;, namely ®p,, is *adjacent to or coincides with the

third node of P;. This is a contradiction to the fact that every second node of P,
has to be hit by a “new” lxcluster, beginning at the starting node ®p,. Otherwise,

ps = p3 implies that the third node p.g of P, is xadjacent to both the fourth node
[ ]
p2® and fifth node p» of P;. Once again, we have derived a contradiction to the
fact that every second node of P; has to be hit by a “new” 1xcluster, beginning at
the starting node. Since now the position of p, is known, we can determine the
position of 7,1 as pa = p3 and, therefore, p3 C 071(0), as the starting node of P,
[ ] [ ]
has to be hit by a new 1xcluster, which, in particular, must not be lconnected to

x by 7r;41. Moreover, p.3, being the third node of Py, is equipped with a 1spin.
The last paragraph gives the induction base, i« = 3, of the following proof by
induction that P forms a straight line, i.e, , and that the configuration of

O P\ {oP2, Pk-14} 1s as in (5.40).

Our induction hypothesis is that for all 3 < j <i with ¢ < k —1,

piv1 =p2+ (5 — 1)(ps — p2)

and that for ep; = p;_1,

i) if j is even then the node p.J has Ospin and p; has 1spin;
[ ]

ii) if 5 is odd then the node p.j has 1spin and p; has Ospin.
[ J

We prove our induction step, ¢ — ¢+ 1 with i +1 < k— 1, only for even ¢, since
the case for odd i is obviously similar: Set p;_; = ep;. By induction hypothesis, the

node 52 has Ospin and p; has 1spin. So, the node p;,; being equipped with a Ospin
[ ]

cannot coincide with p;, which has 1spin. For contradiction assume p;; = ]’Z This
[ ]
implies that the (i-3)-th node of P5, namely p;, is *adjacent to both the (i-2)-th
[ ]

and the (i-1)-th node of P, namely p;o and pe. But this is a contradiction, since
the (i-3)-th node of P, is equipped with a lspin and every second node of P; has
to be hit by a “new” 1xcluster, beginning at the starting node.

Summing up, we have proved that P forms a straight line, i.e, , and the
configuration of 0*P \ {¢p2, Pk—1} €vidently is as in ([5.40)).
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Fourth Case: If we subtract 7 entries of R(P), then r;41 = r;_; and one path,
say P, is the empty set. Once again, one can find at most

[1P]/2] = [I1P] = 1/2] = |P|

1xclusters in P;. Note that this bound can only be reached if every second node of
Py is hit by a “new” 1xcluster, beginning at the starting node. If we further assume
that the nodes x and y are xadjacent then at most |P|+1 disjoint 1xclusters can hit
0* P, which is contrary to the assumption that at least |P| + 2 disjoint 1kclusters
hit 0*P. Hence, the node z is not *adjacent to the node y and, therefore, the
path (x,7r;11 = rj_1,y) forms a straight line. We have four possibilities to check:

Tit1 € {P2,D29: D2, P2}
.
i) If r;41 = po then, by construction of R(P), a node p; of P with [ > 3
coincides with the node ®p,. This is a contradiction to our condition that P
is an induced path.

ii) If ;11 = pog then the first part of the lemma follows from an easy sketch,
which is left for the reader to draw.

iii) If 741 € {p2, ¢P2} then at most |P|+ 1 disjoint lxclusters are *adjacent to
[
[ J

P. This is the case because the third node p.g, = py® of P, is *adjacent to the
fourth and fifth node of P;, namely p3® and ps. Therefore, not every second
node of P; can be hit by a “new” 1xcluster, beginning at the starting node.
It may help the reader to draw a sketch.

Consequently, the first part of the lemma follows.

Third Step: Fix an induced circuit C' and a configuration 7 as required in
the second part of the lemma. Our aim is to verify that at most |C| 4 2 disjoint
Ixclusters[r] can be *adjacent to C'. For this, it suffices to check that

6°C| < 20| + 1 (5.41)

holds, since at most 1 + ["9—20‘1 disjoint 1xclusters|r| can be *adjacent to C.

Recall that C' =: (¢4,...,¢,) is an induced circuit strictly around the origin
and, therefore, C' consists of at least 8 nodes, in short n > 8. Hence, the circuit
C has to make a turn, say at c;. More precisely, set ¢; := c# and without loss of
generality assume that c3 = cs.

[ ]
Figure[p.6|may help the reader in the following: The set C'\¢; can be interpreted
as an induced path and the non-self-avoiding circuit R(C'\ ¢3) of step one is well-
defined. Moreover, it is the case that

IR(C'\ e)| = 2|0\ ca] +6=2|C] + 4.
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By construction of R(C'\ ¢z) =: (71, ..., 7ac|+4), the node ¢, appears at least twice
in R(C'\ ¢2) and the nodes ¢; and ¢z each appear once in R(C'\ ¢2). Hence, it is
the case that
[R(C\ e2) \ Cf < 2/C].
The only node of 9*C not contained in R(C'\ ¢;) can be ®cy, in short
O*C\ R(C\ c3) C{®%c2}.

Summing up, we know that

.”

T g1
ry c, ¢,

Fiia
C3

Figure 5.6: The graphic illustrates 0*cy. The gray squares are not contained in C'.
Whereas, the white squares belong to C'. The red square can but does not have
to belong to R(C'\ cz). Without loss of generality we assume that R(C'\ ¢3) =
(11, Thy - - - Too)4a) Starts in coq.

0°C] < [R(C\ex) \Cl+1 < 2|01+ 1
holds and, therefore, (5.41)) follows, which concludes the proof. O

We will need a special observation regarding this lemma:

Corollary 5.26 In the situation of Lemma a) there are at most |P| + 1
disjoint 1xclusters in Agown *adjacent to P.

Proof: Once again, we exclude |P| = 1,2 by checking all possibilities. Since for

|P| > 3 the node p.g lies in A, our statement follows directly from Lemmal5.25( [J

Now, we are ready to establish the direct connection to the Site-Random-
Cluster model and, therefore, to the Widom-Rowlinson model. Hereby, the activity
has to be at least 2%3, which will be reduced to 2 later on. Nonetheless, the
following proof points out the problem for activities in [2,24/3].



5.2. THE CONNECTION TO THE WIDOM-ROWLINSON MODEL 107

Proposition 5.27 Let A @ Z* be a simply connected set with 0 € A. Then the
injective map my of Theorem [5.10 satisfies

8¢1\(ma(0)) Vo€ AL N> 2
(o) < 460 (ma(0) Vo € Af A > 2473 (5.42)
81\ (ma(0)) Vo€ A3\ > 2.

In particular,
1\ (3 Olasso in A) <8u*,(3 —+xlasso in A) VA > 243,

Proof: The proof falls naturally into three parts depending on whether o belongs
to A}, AL, or A3.

First Part: Let 0 € A and recall that m)| ¢ flips the spin of the origin. There-
fore, at most four disjoint 1xclusters[o| are combined, which verifies the statement
for m| .

Second Part: The statement for m|,1 is more involved: Let o € A}. Recall
that the induced Opaths[o| Pi(0),..., Py (o), N(o) > 1, are contained in the
maximal induced Ocircuit|o] and let them be numbered clockwise. Moreover, m| 41
flips the spin values of these special paths. For 1 < j < N, the starting node of P,
is weakly 1connected|o] to the ending node of P;_; in intC™**°(¢), where Py = Py.

In the following three paragraphs we will distinguish three cases to prove that

k(o) = k(m(0)) <2+ Y [P0+ Y (IP(o)+1), (5.43)
1<i<N(o) 1<i<N(o)
|P;(0)]<2 |P;(0)[>3

where k(o) is the number of 1xclusters|o].

If N(o) =1 and P;(0) is the maximal Ocircuit[o], i.e, the map m fills the whole
circuit CPa0(g) = 1CMl(g), then there are at most | P (o)| + 2 disjoint 1xclusters
xadjacent to Pj(0), see Lemma b). These lxclusters are combined into one
1xcluster by applying the map m. In this case Inequality follows.

If N(¢) =1 and P;(0) is the maximal Ocircuit[o] minus one or two nodes, then
at most |Py(c)| + 4 disjoint 1xclusters are *adjacent to C**°(c), see Lemma [5.25]
b), and, therefore, to Py(c). Because of 0 € A' C {0 ¢ O} the maximal
Ocircuit[o] consists of at least 8 nodes and, therefore, |P;(0)| > 6. Consequently,
in this case Inequality follows.

In the alternative case when |[CP*0(g) \ Uicicno) Fio)] > 2, for each path
P;(0) we are in the setting of Lemma a). Thus, for each 1 < j < N(o) there
are at most | P;| + 2 disjoint 1xclusters|o| *xadjacent to P; and this bound can only
be reached if |P;| > 3. Moreover, one can find at least one lcluster[o] adjacent to
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both P; and P;_; for each 1 < j < N(o). An evident consequence is that there

IR+ Y (AI+1)

are at most
1<i<N 1<i<N

|P;|<2 |P;|>3

disjoint 1xclusters[o] xadjacent to |J,.;cn Pi- Consequently, Inequality
holds in all three cases.
This inequality, together with A > 243, guarantees the following inequalities
for all o € Aj:
24564 (0) =AZeea 0
(5.43) k(ma(0)+24+2 1 <i<w [Pil+ 21 << (1Pi141)
A2zea o(@)9 |Pi<2 |P;[>3

A>2 Daen 0@+ i<icn 1Pl s(ma(0)+2 1<, <N ([Pi]+1)
<4\ |P;[<2 2 |P;[>3

A>24/3 3 A 0@+ <ian [P 1 <icn [P
<4\ |Pil<2 P23 gr(ma(a))

— 4 \2aen mA(0) (@) gr(ma(a))

:421{; f:/\(m,\(a))

This proves the corresponding inequality in ((5.42]).
Third Part: Last, we prove Inequality (5.42)) for the map m/| a2t Let 0 € A3
Recall that

A2 O £0)
and m| 42 flips the spins of the induced Opaths|o] Pi(0), ..., Py (o), N(o) > lﬂ

which are contained in C™90,....

In the case N =1 and |C’g1(itnc(fmxl \ Pi| <2 we can verify
k(o) — k(m(o)) < |Pi| +3 (5.44)

similar to the corresponding statement in the second part of this proof.
For the remaining cases we are in the setting of Lemma a) and all nodes
of

J*CIIR0 et N iNtC™RD L N (1)

ext

are 1xconnected[o] to CR**! and, therefore, to each other. In other words, there
exists only one lxcluster[o] in intC™%7..., *adjacent to J,.,«x Pi-

From now on we omit mentioning o if the underlying configuration is uniquely determined
by the context.
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By definition of 1C! for each 1 < j < N there exists at least one 1cluster[o] in
extC™nd .. adjacent to both P; and P;q with Py, := P;. This, together with

ext(Cmax

Corollary implies that there are at most ), ;v | P3| disjoint Lxclusters[o] in

in0 in0
a* Cé?(ltnc’max 1 ﬂ eXtCé?(ltnc’max 1

xadjacent to |J, o,y % Summing up, there are at most 1 + >,y |Fi| disjoint

: : : min 0 :
1xclusters *adjacent to | llgiSNPi’ one inside C3ihimax1 and > 1<i<N | P;| outside
0 )
Cltimax1, in short

k(o) - r(ma(o) < 3 IR, (5.45)

1<i<N

where (o) is the number of lxclusters[c]. These inequalities (5.44) and ((5.45])
lead to

Zapgi\(0) =ATwen7@25(0)

’)\ZIEA o—(a:)Qn(mA(a))-l—?)-i-ZlSiSN | P

A een 0@+ <oz IRl gr(ma (0))

—8\2zer Mma(0)(z)9r(ma(0))

:8ZA,>\¢£T)\(mA(U))
for all o € A% and A > 2, which proves the last part of (5.42). O

After this proof we can identify the exact point that undoes our above approach
to

(/55\;\(3 Olasso) < 8(;%}(3 1xlasso)

for A € [2,2%3[, namely the configurations that exhibit special paths P;(c) with
|Pi(0)| + 2 disjoint 1xclusters|o] xadjacent to them. The next section is dedicated
to bypass this problem.
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5.3 Compensation of Outliers
Recall that for all simply connected sets A @ 72, the map

ma : {w € {0,1}%" 1 w =0 off A, 3 a Olasso[w] in A} —
—{we{0,1}% :w=0off A,3 a Ixlassolw] in A}

A,)\ A,)\ m

for all A > 2%/3. If we consider activities A € [2,2%/3[, then, in general, this inequal-
ity is wrong, since the number of 1xclusters joined by mj, could be significantly
larger than the number of 1spins added. Fortunately, the subset

{m: ¢/f\i\<7r) > 89255[\’,6,\(”1(”))}

can be determined a bit more precisely. It is contained in A} as Proposition
shows. Moreover, it is very small in comparison to A} and, therefore, these outliers
will be compensated by other configurations. In particular, for every outlier 7 there
exists a configuration o, which has a one-to-one correspondence to 7, such that

A (m) < 861, (ma(0))

and
f\i\(‘ﬂ < 8¢{\T,\<mA(7T)>

for all A > 2. In this section we will make this rigorous.

5.3.1 Nullification Paths and Their Impact

Let A @ 72 be such that 9*A can be interpreted as a circuit. Without loss of
generality we assume the existence of a configuration 7 € A' C {0,1}%* with at
least |P(m)| +5 disjoint lxclusters sadjacent to P(m) = Pi(m)U. ..U Pyr(m) and
fix it. A moment’s thought, together with Lemma [5.25] reveals N(m) > 2, see the
second part of the proof of Proposition Moreover, it is the case that

Kﬁz(ﬂ) > 8¢f\*2(m(7r)) ;

where the configuration m(7) coincides with 7 off {C!(7r) and equips each node of
08 (1) with 1spins. The circuit 'Ci!(7) is the minimal induced circuit in the union
of the maximal Ocircuit|[o] and all 1clusters[o] adjacent to the maximal Ocircuit|o]
(vide Definition [5.4). Remember that we called C™2x9 (7) the “second largest”

intCRax 0 ()
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Ocircuit[7] and defined it as the maximal Ocircuit[r] in intCy**(7r). By definition,
ICH(7) is contained in the “half-open* annulus

| Comstco ey (), €0 ()| 1= extCIE oy () O ECE™0(m) U CR=0()

and its nodes are equipped with 1spins|r] if and only if they belong to the "open”
annulus

}Cfﬁfé%xo(ﬂ) (m), O™ () [ = extCimaxogm (1) N ItCR™0 ().

From now on we omit mentioning 7 if the context uniquely determines the under-
lying configuration.

Recall that the special paths Py, ..., Py are the induced Opaths[r] of maximal
length in

]

{x € A:7w(x) #m(r)(2)} =7 1(0) Nm(r) (1) C OOy

Note that the right side of the latter inclusion is contained in C™*9(7).

Definition 5.28 (fixed paths) The induced 1paths|r] of mazimal length in CH\
P are called the fixed 1paths and denoted by Q1,...,Qn. The induced Opaths|r]
of maximal length in C™>%(x) \ P are called the fized Opaths and denoted by
O4,...,0n.

Calling these paths “fixed paths” hints to the fact that 7 = m(m) along these paths.
The fixed and the special paths are illustrated in Figure [5.7

In this paragraph we enumerate the above fixed paths and the special paths:
First of all, order them clockwise such that

(P17Q17P27Q27'-'7PNaQN):icﬁu

and
(P17017P27027"'7PN7ON) :CmaX07

i.e, the starting nodes of ); and O; are adjacent to the ending nodes of P;. Now
we specify which path shall be (); and, therefore, disambiguate the indices. To
this end, take the xpaths that start in 0, end in

and are contained in int'Ci!(7) U Q. Interpret them as polygons and consider the
ones of minimal (euclidean) length. Note that these xpaths "of minimal length"
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Figure 5.7: In this figure the white squares represent nodes with Ospin[r]. The
black squares are nodes with 1spin[r]. The Opaths|[r| P, ..., Ps are indicated by
green curves. The Ipaths[r| @1, ..., Qg are indicated by red curves respectively a
red dot. The Opaths[n] Oy, ..., Og are indicated by blue curves respectively a blue
dot. The “blue and green® circuit is the maximal induced Ocircuit|n].

intersect () only at their ending nodes. Consider these ending nodes and let ()4
be the 1path in () containing the minimal (w.r.t. the lexicographic order) node of
the considered ones.

Let B(I') the number of 1xclusters xadjacent to I' C A. The map m, fills
P = ,<;<n P and, hereby, B(P) lxclusters[r| *adjacent|[r] to P are merged into
one lxcluster[my (7)]. Since only some special paths cause problems, we want to
fill one special path after another instead of filling them all at once, which should
give us a better leverage on the probability of a single special path. Thus, we are
interested in the number of 1xclusters that are assigned to a special path P; and,
therefore, merged by filling P;. A first (fruitless) attempt would be to consider
the number of 1xclusters xadjacent to P;. This would imply that >,y B(F)
1xclusters are joined by filling one special path after another. But since one can
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find 1xclusters xadjacent to several special paths (e.g. 1), the real number of
Ixclusters B(P) merged by filling P is smaller than this sum. Consequently, this
approach overestimates the number of merged 1xclusters. The lesson of this is
that we have to assign each 1xcluster xadjacent to P to a special path such that
each 1xcluster is only considered once.

Definition 5.29 (assignment of 1xclusters) A lxcluster xadjacent to the spe-
cial paths Pj ..., P, s assigned t0 Proax{j,....j.}-

Lemma implies that no more than |P;| + 2 disjoint lxclusters can be
xadjacent to a special path P;. In other words, there are at most |P;| + 2 disjoint
Ixclusters *adjacent to P;. Moreover, for j # N, the lxcluster containing @); is
always *adjacent to Pjy; and, therefore, is never assigned to P;. Consequently, the
maximal possible number of 1xclusters assigned to the special path P; is |P;|+1. As
for the excluded case j = N, the maximal possible number of 1xclusters assigned
tOPN 18 |PN|—|—2

Definition 5.30 (bad path) We call a special path P; with i # N a bad path if
|P;| + 1 disjoint 1xclusters are assigned to it.

Note that |P;| + 2 disjoint 1xclusters are xadjacent to a bad path P; and,
therefore, P; forms a straight line (vide Lemma [5.25). Furthermore, since filling
a bad path joins more assigned 1xclusters than it adds 1spins and the number of
bad paths is not known, up to now we were not able to control the probability for
any activity in [2, 24/3[.

Due to the choice of 7 at least one special path is bad. Without loss of generality
we assume P, =: (p1,...,pn) is bad[r], where the nodes of P, are enumerated
clockwise, and set pj® = p;1 for all j with 1 <j <n —1.

The following lemma has two main tasks: First, it shall identify the configura-

tion in O(p1, p2, p3) U 8(]9.1, p.g, p.g) Second, it ensures that there is some “distance”
between the bad path P; and Q U (P \ P;). Later on, we need this “space” to alter
the 7-th special path without influencing the other special paths.

Lemma 5.31 The following statements are true:

a) The bad|r] induced path P; = (p1,...,pn) consists of at least three nodes, i.e.,
n>3.

b) The xboundary of P; belongs to A, in short

0P, C A (5.46)
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c¢) If the node p.g belongs to A and is equipped with a Ospin, then the nodes
[ ]

[ ]
[ J e o e o ®
° ]?.1 ,p.l,p.l or the nodes p.g,p.g, p.3 e are not contained in A\, in short

( [
[ ] [ ] [ ]
[ ] [ ] [ ]
o p1|,pi,p1 €A°
[
e HO)NA = or (5.47)

Moreover, the spin values ofa(pl,pg,pg)U(?(p.l,p.g,p.g) are illustrated in Figure

2.6l
d) The union Q of all fized 1paths is not adjacent to the nodes p.1, p.g, or p.g, m
short
Q(r) N 0Py, P2 ps) = 0. (5.48)
e o o

e) No special path except P; meets O(p1, p2, p3) U d(p1, p2, P3), in short
e o o
(P\ )01 (D1, p2.ps) U (P, P2, ) ) = 0. (5.49)

Proof: Our strategy consists of three steps: First, we state some direct conse-
quences of Lemma , which prove Lemma a) and b). Next, Implication
5.47) and, therefore, Figure will be verified. Last, we turn to the Identities
5.48) and ((5.49).

First Step: First of all, the path P; is bad and, therefore, |P;| + 2 disjoint
1xclusters are xadjacent to P;. Hence, by definitions of P;, all assumptions of
Lemma [5.25] are satisfied and we can state some immediate consequences:

i) The length of the path P; is at least three, i.e, n > 3;

ii) The path P, forms a straight line, i.e, for all j with 1 < j <n

pi=p1+ (G —1)(p2—p1);
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iii) The configuration in (py, p2, ps) U 0*(p1, 02, p3) \ (eP1 U P3e) is known. More
precisely, if we set ep, = p,—1 and p® = p;41 for 1 < j < n then it is the
case that

[ ] [ ] [ ]
® D1, D1, P2 D3y Pas - - s Prss Pr—2, Pn—1s Pn1® C 7 (1)
o [ ] [ ) [ )

Y

° ° ) ) 1
®PL P13 P20 P35 -+ Prty Pns; Pn—2, Pn—1, P19 Cc 7 (0)
o [ )

which is illustrated in Figure [5.8}

iv) Each node of 771(1)N0* P\ (¢P1 Upne) is contained in a different 1xclusters.
In other words, the nodes of 771 (1)NO* P\ (¢p1Upne) are contained in disjoint
Ixclusters. In particular, the nodes ®py, p1, ps®, and ps are not 1xconnected

[ ] [ ]

and the nodes p.l and p.g are equipped with Ospins if they belong to A at all.

Next we show that a further consequence of Lemma is 0*P; C A: On the
one side, by the clockwise enumeration, the nodes

®D1, @P1:P2; - - -3 Pn;Pne)rPn®
[ J [ ]

are contained in C™*0(7r) U intC™**%(7) and, therefore, in A. On the other side,
due to item iii) the nodes

° o o ° °
P1,DP2,P4; -+, Pn—3,Pn—1,Dn

are contained in 7'(1), which is a subset of A. We still have to show that the

remaining nodes
[ [ ]

[} [ J
P1,P3,---,Pn-2,Pn

of 0*P; are also contained in A. To this end, note that each of these nodes is
adjacent to a node in A, namely pq,ps,...,Pn_2,pn. Hence, if p.l,p.g, . ,pn.,Q, or

p‘n belongs to A€ it is contained in the circuit 0*A. But this is impossible, because
[ ]

these nodes are dead ends for paths in A€, i.e, 8}% NA° C 131 fori=1,3,...,n.

Second Step: The aim of this step is to prove Implication (5.47)), which because
of the item iii) and iv) of the first step confirms Figure

Let us begin by proving that at least one of the two nodes p.l and p.3 is not
[ ]

contained in A if the node p.g belongs to A and is equipped with a Ospin: To this
end, recall that by definition, the nodes p;, ps, and ps are numbered clockwise and
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contained in the maximal Ocircuit. Now, assume for contradiction that the node
[ ] [ [ ] [ ]

p.g takes spin value 0 and that the nodes p.l, p.g, and p.g belong to A. On the one
hand, by the latter assumption and the fact 0*P; C A (proved in step one), the

clockwise path

(p1,p1,D1,D2, D3, D3, P3)

lies in A. It is also a Opath, which follows immediately from the statements iii) and
[ ]

iv) of step one and the assumption that the node p.g has Ospin. On the other hand,
we can interpret CP#%\ p, as a counterclockwise Opath starting in p; and ending
in p3. The construction of both Opaths, together with the opposite algebraic sign
of the winding numbers of both Opaths, guarantees the existence of a Ocircuit in
the union of both Opaths, whose interior contains the node ps, a contradiction to

the fact that py belongs to the maximal Ocircuit. Summing up, at least one of
[ [ [

the two nodes p.l and ]9.3 is not contained in A if the node ]9.2 belongs to A and is
equipped with a Ospin, see Figure [5.8|
Now, we are ready to conclude this step by proving Implication (5.47). To
[ J

this end, for the remainder of this paragraph assume that p.g is contained in A
and equipped with a 0 spin. By this assumption and step one, the following two
statements hold:

[ ] [ ]
{p1.p2} € 9P N A (5.50)
[ ] [ ]
{10.3a1?.2} - 320.3 nA (5.51)
[ ] [ J [ J

In particular, both nodes p.l and p.g are adjacent to a node in A, namely p.g. Hence,

[

the statement of the last paragraph implies that at least one of the two nodes p.l
[ ] [ J

and p.g belongs to the circuit 0*A. If p.l belongs to the circuit 9*A then because

of (5.50) the circuit 0*A has to hit e p.1 and p; before and after it hits p.l.

More precisely, this is the case because the above observation (5.50|) ensures that

[} [ J
the nodes p; and py belong to A and, therefore, are never contained in the circuit
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J*A. Analogously, p.g € 0*A and (j5.51)) implies

(5.47) follows.
Third Step: Next, we prove Identity (5.48)): Recall that @ is equipped with

3, | p3 | ® € 0*A. The Implication

3

Ispins and contained in int'CP**%(7). Consequently, the nodes in a(p°1, p.g, p.g) that
[ ] [ ]

are equipped with Ospins, namely py, p2, p3, p.g, and p.l, cannot be contained in Q.
®

Moreover, the node p.g € 3(]7.1, p.g, p.g) adjacent to p.g € extiCR*0(7) cannot belong

to @ C int'CY**0(xr), either. If the node ®*p; was in @ it would belong to @Q;_1, see
Figure [5.7] and, therefore, is weakly 1connected to the node p;, which is contrary
[}

to observation iv) above. Accordingly, p3® € Q implies p3® € Q; and, therefore,
is also contrary to the fourth observation above. This concludes the proof of the

desired Identity (5.48)).
Last, we verify Identity (5.49): Because of {p1, p2, p3} Ud(p1,pe2, p3) C OP,U P,
and ®py Ups® C 7 1(1)

(P\ P) N (9(p1,p2:p3) U{p1, p2. ps} U p1 Ups®) =0
holds.

The following three paragraphs are dedicated to verify p.l ¢ P\ P, by assuming
o °
the contrary p, € P \ P;. This assumption, together with <% prin extiC(7r)
[ ]

by p.l, implies that p.l is the ending node of P, _; or the starting node of P,,;.
Recall that we enumerated the nodes and paths clockwise, which, together with
[

the location of p, in P, yields that p.l is the ending node of P,_;, whose boundary
is lconnected to p; in intC™>%(71) by Q;_;. We distinguish two cases, namely
[}

[ ]
P |e= p.g € 71 (1)UA® and p.l e € 7 1(0)NA, and show that a contradiction

can be derived from both case assumptions. Figure (5.8) may help the reader in
the following:

First Case: Assume p.l e € 7 '(1) UA®. The third observation of the first

step, together with the fact that P; is clockwise enumerated, ensures that the node
p.g is equipped with a 1spin[r], see Figure , and belongs to extC™>%(x). By
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)
HaN
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Figure 5.8: The upper figure illustrates the surroundings of the first three nodes
[ ]

of the bad path P;() if the node p.g belongs to m~1(1) U A°. The (non-exclusive)

lower two figures illustrate the surroundings of the first three nodes of the bad
[ J

path P;(m) if the node p.g belongs to m~1(0). Black squares are nodes equipped
with 1spins. White squares are nodes with spin value 0. The spin value of the grey
squares cannot be specified in general. Red squares are nodes that are contained
in A¢. The striped red and black respectively white squares are either nodes with
1spin respectively Ospin or contained in A°.

case assumption, the node p.g either has 1spin or does not lie in A at all. If it has
[ J

1spin then the node p.g belongs to extCPa%(r), since it has 1spin and is adjacent
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[
to ps € extCT0(7). Summing up, the node py is contained in extCT0(7) U A°,
o
[ ] [

Consequently, the nodes p.l and p.l have to be the predecessor and successor of p.l
[

in the maximal Ocircuit and the node e p.l has to be the starting node of the

Ipath @;_; ending in p;. This is a contradiction to remark iv) above, which says
[ ]

“®p, and p; are not lxconnected”.
[ J

Second Case: Assume p.l e ¢ 7 1(0)NA. This, together with p.l € P\P,CA

and our above Implication ([5.47)), implies p.g € A°. Consequently, there are two

possible locations for the starting node of the 1path @);_;, namely e p.l and p.lz

i) The 1path @;_; ending in p.l starts in e p.l : As above, this is a contradic-

tion to remark iv).

®
®
ii) The 1path @;_; ending in p; starts in p.lz An immediate consequence of this
[ ]
[ J
[ J

assumption is that the node p.l —as a part of () — belongs to the interior of the

maximal Ocircuit. This, together with the facts that the maximal Ocircuit is
[ ]

numbered clockwise and goes through p.l from p.l to p1, gives that the node
[ ]

° p.l also belongs to the interior of the maximal Ocircuit. Summing up,

both nodes p; and e p.l belong to the interior of the maximal Ocircuit.

Therefore, because of p.l € intCP*0 the node p.g is belongs to the maximal
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Ocircuit. Moreover, because of p.3 € A and p.g € 7 1(1) the node p.g also has

to be contained in the maximal Ocircuit. But, by definition of 'C!(r), the
[ J
[ ] [ J

node p.l cannot be the ending node of P;_; as assumed, since ]9.2 belongs to
the special path P;_; and is also adjacent to ();_;.

The proof of p.g ¢ P\ P, is analogous.
[ ]
It remains to prove p.2 ¢ P\ P; and, therefore, Equality (5.49)), which concludes
[ J

the lemma. Let us assume the contrary, i.e, p.2 € P\ P,. Recall that we have
[ ]
[ ] [ [ ]

already shown that p.g is a dead end for special paths, i.e, 8(]).2) N(P\P) C p.g.

Hence, it is the ending or starting node of a special path. Moreover, because of
[ ] [ ]

Implication ([5.47)) one of the nodes p.l or p.g, lies in A¢; without loss of generality say
[ J

p.g. This, together with p.g € extC™>%(7), implies that the remaining two nodes
[}

adjacent to p.g, namely p.g and p.l, are the nodes in the maximal Ocircuit[r]| before
® ®

and after p.g. Thus, there exists no node adjacent to p.g that could be the starting
[ ]

or ending node of a fixed 1path, a contradiction to the fact that ]?.2 has to be the
ending or starting node of a special path. O

As mentioned earlier, we want to find a configuration ¢ such that transforming
7 into m(o) and o into m(7) adds roughly speaking more 1spins than 1xclusters
are merged. Our first step towards this is to define a configuration 7’ satisfying
this condition for the ¢-th special path.

Before rigorously defining 7’ in the next proposition, we first describe some of its
required properties to get a better understanding of its purpose: The configuration
7" shall be a local modification of 7, more precisely 7’ will be an element of A!

and will coincide with 7 outside of {pl,g;l,p.g,p.g,pg} ,l.e.,

e Al (R1)

{x e A:m(x) # 7' (2)} C{p1,p1,D2, D3, D3} - (R2)
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Furthermore, 'C!(7') should bypass p, using {p1, pa, p3}, i-e.,

'O (n') = {p1, P, s} U'CH () \ pa . (R3)
Note that because of (5.49) and ([5.48)) the right side of Equation (R3)) is an induced
circuit. Let Bj(m) the number of 1xclusters|n] assigned[r]| to P;(7) and B;(n’) the

number of 1xclusters|r| assigned|n’] to P;(n"). By changing 7 to 7’ only the bad
path P;(m) should be influenced, i.e.,

=Jpm@mu A (R4)
J#

Bj(m) = Bj(x')  Vj#i, (R5)
where P(r) was defined as (J,;,, P;(7). For the next property define mj,.(r) as
the configuration T -11yup,(x) and mj,. (') as the configuration 1,1,y p,mr)- We
can interpret m! .(.) as a map that fills the special path P;(.). If we change 7 to
m;, .(7'), then we “add” more 1spins than we “join” assigned lxclusters, i.e.,

[0 (7") (D] = I (1)] = Bi(m) = |P(m)| + 1. (R6)

If we change 7 to mi, (), then we “add” more 1spins than we “join” assigned
1xclusters, i.e.,

[Mie(m) (1) = |77 (1)] = Bi() . (R7)
The last required property is that
mj,.(7) and m],.(7") have the same number of 1*clusters. (R8)

The properties (R6), (R7), and confirm our intention to compare mj ()
with 7/ and m} . (7') with 7, since we “add“ more lspins than we join assigned
Ixclusters (at least) regarding the i-th special path.

Now, let us define 7": To this end set 7" := ]lﬂ—l(1)\p'2‘

Proposition 5.32 Let
=1

7 =1(1)U{p1,p1,p3,P3 }\ (C™2% O (/) Uext Cmax O (/1)) *

This configuration satisfies

L1 if p1,p1,ps, . ps & ItC™0 (")
L1 (1yup if p; € intC™>0(7") and py, ps, ps ¢ intC™#x0 (")
o L1 (1yUps if p3 € intC™*>%(7”) and pl,p.l,p.g ¢ ?ntC’maXO(ﬂ”)
Loty sy I pl,pg € intC™™>%(7") and py, ps ¢ intC™*>0(7")
Loy EPLp € intC™>0(7") and p3,p.3 ¢ intC™ax0 (7"
Lty L P3P 5 € IntC™>0(7”) and py, py ¢ intC™>0(7")
(5.52)
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and the requirements (R1)),..., (RS).

We demonstrate the change of the configuration 7 into n’ in Figure and
Figure [5.10, The accuracy of the illustrations will be proved in Lemma ((5.36)).
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Figure 5.9: This figure illustrates the case p.g € m 1 (1)UA°: The left side illustrates
7. The right side illustrates the four possibilities of 7’. Black squares are nodes
with spin value 1. White squares are nodes with spin value 0. Grey squares are
nodes, which will not concern us. The striped red and black respectively white
squares are either nodes with 1spin respectively Ospin or contained in A€
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Figure 5.10: This figure illustrates the case p.g € 7 1(0)NA: The left side illustrates
7. The right side illustrates the three possibilities of 7’. Black squares are nodes
with spin value 1. White squares are nodes with spin value 0. Grey squares are
nodes, in which we are not interested. Red squares are nodes in A°. The striped
red and black respectively white squares are either nodes with 1spin respectively
Ospin or contained in A°
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For now we take this proposition for granted and verify it in the next subsection,
since the proof is longish and technical. The downside of this is that until then
we have to believe the statement after “on the other hand” in the next paragraph
and convince ourselves of its correctness in the next subsection.

On the one hand, the configuration n’ is uniquely determined by m, since by
construction, 7’ is uniquely determined by 7" and 7" is uniquely determined by
7. On the other hand (this is the part we have to believe in until we read the
next subsection), 7 is uniquely determined by 7', since the shape of Pi(7') = R
uniquely defines 7 (vide Corollary . So there exists a one-to-one correspon-
dence between P;(7’) and P;(m) and the following is well-defined:

Definition 5.33 (nullification path) A nullification path is a special path like
P;(7"), which is the result of the transformation of a bad path P;(m), described in

Proposition [5.39,

The Inequality (R6|) ensures that a bad path can never be a nullification path
and vice versa.

Definition 5.34 (very special paths) A very special path is a special path that
is either a bad path or a nullification path.

The above Properties (R2)), (R3], (R4), and (R3] ensure that a nullification

path can always be changed into a bad path (and vice versa) without influencing
the other special paths. Hence, the configuration o in the next paragraph is indeed
well-defined.

The configuration 7 uniquely determines a corresponding configuration ¢ in the
following way: All nullification|[rn] paths are changed into the corresponding bad|o]
paths and all bad[r] paths are changed into the corresponding nullification|o]
paths.

Note that 7 and o could differ in more than one special path and all above
Inequalities , , , deal with configurations differing in only one special
path. So, if we want to compare these configurations we need to “connect” them
by configurations differing only in one special path: Let 1 < iy,...,i, < N(m)
the indices of the very special paths[r]. With the help of these indices we will
inductively define L + 1 configurations “connecting” 7 and o. Let my := 7. We
define 7; such that the only difference of 7; and m;_; is the i;-th special path: If
Pi,(m;j—1) is a bad[r;_1] path, then P (7;) is a nullification[r;] path. If P, (7;_1)
is a nullification[r;_;] path, then P (m;) is a bad[n;] path. In particular 77, = o.

Recall (vide the remark after Definition on page

By (o) < |Pr(mo)| + 2. (5.53)
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Next, we can use a telescope-argument:

ZJJ\CT)\(TF) f\*,\(ﬂ) = A7 (Digr(m
— )\‘Wal(1)|2“(W0)—21§i§1\1(w0) B;(mo) H 2Bi(ﬂ'0)
1<i<N(mo)

— A ' Wlgr(m(mo)) H 9Bi(m0)

1<i<N (o)

EBAZ2 s\ ()1+Buy (o) - By ) I1

1<G<N(mp):
J#{i1,iL}
R6)),(R
EED o tmo)) g 1Py ()15 (D4 By o)+ By (o)

1< <N (mp):

J#{i1, i}

g
B

9k (m(0)) \|Piy (o) |+ Piy (@) | +|m 7 (1)] H

1<j<N(mp):

J# {1,501}
22 grm(o) AP Py 1 (0) HE (D By (o)
S k() AP (@) - H Py 1)+ (Dl Py (7o) +2
27 grlm(e)) \m(e) V]2

I
N
Py

A (m(0))4g15 (m(0)) .
Summing up, for all A > 2,

/{T,\(W) < 4¢z{i\(m(0))
holds. For all A > 2,

ha(0) < 4o, (m(m))

can be derived in the same way. This, together with ([5.54)), yields
f\TA(7T> + ¢£T>\(U) < 4¢£Tx(m(0>) + 4(/55\3(7”(7)) VA > 2.

Now we are ready to prove the next theorem.

(5.54)

(5.55)

(5.56)

Theorem 5.35 Let A > 2 and A @ Z? so that O*A can be interpreted as a circuit.
Then eight times the qbﬁ)\-pmbability of the set {3 1xlasso} is larger than the

qﬁﬁ/\-pmbabz’lity of the set {3 Olasso}, i.e,

¢f\i\(3 Olasso) < 8¢f\i\(§| 1xlasso) .
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Proof: We split A! into three subsets A}, A}, and Al: Let A] the set of con-
figurations without a very special path. This definition immediately implies that
there exists no bad path in A]. Consequently, there are at most | P|+ 2 1xclusters
xadjacent to P and, therefore, for all A > 2

(A7) < 4077, (m(AY)) (5.57)

holds. Let A} the set of configurations such that the very special path with the
lowest index is a bad path. Let Al the set of configurations such that the very
special path with the lowest index is a nullification path.

Let g be the bijective map from A} to A} changing all bad paths to nullification
paths and all nullification paths to bad paths. So, for all A > 2

¢£:<301asso) = o33 (Ao) + 61 (A1) + 64 (42)
— YA )\(AO U A2) + ¢£*,\(Al) + ﬁbf\*A(Al) + ¢f\*>\(141)

< 8007y (m(Ao U A2)) + 045 (AD) + 3 (814(6) + 683 0(6)))
¢eAl
g- BoL' (m(Ag U A)) + 4¢4% (m(A}) + > ( A)\(g(f))>
¢eAl
< 8000, m( 49 U 4 U AD) +4 Y (65,0m(6) + 0l (m(9()))

¢eAl
= 861" (m(Ao U Ay U A})) + 401", (m(A3 U A}))
< 8¢f\f/\(5|1 xlasso)

holds, where the last inequality is a consequence of m(3 Olasso) C {3 1xlasso}.
This concludes the proof of the theorem. O

5.3.2 The Proof of Theorem [1.1I

Finally we are ready to prove the main result of this thesis:
Theorem Let A > 2. Then WRir(A) = {ni™, uy "}

Proof: Theorem [5.35] together with Lemma [4.28] Theorem [4.31] and Remark

[4.23] verifies Theorem [1.1] O

Nonetheless, we still have to verify Proposition [5.32
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5.3.3 The Proof of Proposition |5.32

First of all, we recall the statement of the proposition. We set n” := 1 L.
T (D\P2

Proposition Let
=1

/=1 (I)U{IH ,P.l D3 7p.?’}\(c’max 0 (ﬂ-//)UextCmax O(ﬂ-//)) .

This configuration satisfies

if p17p.17p37 7p.3 ¢ intCmaXO( ”)

=1
]lﬂ.//lilzupl if p; € intC™>*0(7”") and pl,p3,p3 ¢ intC™>0(71")
o L1 (1yUps if p3 € intC™*>%(7”) and pl,p.l,p.g ¢ ?ntCmaxo(ﬂ”)
Loty sy I pl,pg € intC™™>%(7") and py, ps ¢ intC™*>0(7")
Lot oot if pl,pl € intC™> (7"} and ps, p3 ¢ IntC™*0 (7"
LT, p3, Ps € ItC™>0(7") and py, py ¢ intC™>0(z")

((2.52))

and the Requirements (R1)),..., (R§]).

We illustrated the change of the configuration 7 into the configuration 7’ in

Figure [5.9 and Figure [5.10

First of all, let us recall some basic facts: We called Cmfg,gdxo( )( 7) the “sec-

ond largest” Ocircuit[r] and defined it as the maximal Ocircuit[r] in intCP*<0(7r).
Because of m € A! the “second largest” Ocircuit[r] is Oxconnected to the maximal
Ocircuit|[n], i.e,

Ol oy () <5 CR(r).

1

By definition, 'C!'(r) is contained in the “half-open* annulus
| Gttty (1), C20()| = extCTEE ey () O iNECESO () U C0)

and its nodes are equipped with 1spins|r] if and only if they belong to the "open”
annulus

| Crtestuco (1), CE™0(m) | 1= extCiieuco (%) N it CR=0(r) .

Moreover, by definition each node of 'Cil(7) is xweakly Oxconnected to the “second
largest* Ocicuit[r] in int!Ci(7r). The first three nodes of P;, namely p;, ps, and
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ps, are contained in CF9%9(x), the node py belongs to extC<(r), and the path
(p1, P2, p3) is contained in the “open” annulus
e o o

1

| Cmsuso (), C<0(m)

The latter statement follows from the clockwise enumeration and {py, p3} C 7 1(1)
e o

and {p1, pa, p3} C CR*O().

The rest of this subsection is dedicated to prove the proposition. For conve-
nience, we divide the proof into a sequence of 8 lemmas.
First of all, we note that 7’ obviously satisfies

{reA:m(x) #7'(x)} C {p1,p1, P2, D3, D3} - (R2)
Furthermore,
Cmax[)(ﬂ_/) — Cmax0<ﬂ_1/) (558)

follows from C™*9(7”) C 7'~1(0) C #”~1(0), where the first inclusion implies “>"
in (5.58)) and the second one implies “<”.
Now we tend to verify Identity (5.52)) and, hereby, establish some intuition.

Lemma 5.36 The configuration @ can be described in the following way:

(]lww—la) if p1,p1,ps, . ps & INtC™0(7");
L1 (1y0p, if p; € intC™x0(n”), p.l,p3,p3 ¢ intC™ax0(7");

o L1 (1y0ps if p3 € intC™ax0(7”), pl,pl,p;), ¢ intC™ax0(7"); )
Lot (yuiprpsy I D1, Ps € intC™ax0 (7", pl,pg ¢ intC™ax0(7");
Loy P p1 € intC™max0(7""), pd,pg ¢ intC™ax0(7");

LR ps, P3 € ItC™0 (") py Py ¢ intC™Hx0 (7).
Moreover, we know that for i =1, 3,
[ ]
p; € IntC™>0(7") and p; ¢ INtC™>0(7") = py € 7 1(1) U A® (5.59)
P € IntC™0(x") = py € 7 (0) N A. (5.60)

In particular, the Illustrations[5.9 and are correct.
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Proof: First of all, note that there are 2* = 16 cases which nodes of {pl,p.l,pg, ,p.g}
belong to intC™®%(7"). Our strategy consists of three steps: First, we show that
for i = 1,3, ]’Z € intC™>9(7”) implies p; € intC™*9(7”) and, therefore, seven
cases are excluded. Second, for {j,i} = {1,3}, we derive p; ¢ intC™>%(7") from

1’]- € intC™*>9(7"), which excludes another three cases. A side product is the proof
of Implication . Note that these two steps already verify Identity . Our
last step shows our remaining Addendum .

First Step: Because of 7~1(0) C 7#”7!(0) the maximal Ocircuit[r”] is larger than
the maximal Ocircuit[n], i.e,

CmaXO(W) S CmaxO(ﬂ_lI) ]

Note that the nodes p; and ps belong to C™0(r) U extC™<(r). So, if the node

p.l respectively p.3 is contained in intC™*9(7”) then p, respectively ps, being a
node of C™™0(r), also belongs to intC™*>9(7").

Second Step: For the second step it is sufficient to show the following two im-
plications:

i) p3 & intC™>%(7") follows from pl,p.l € intC™ax0(7");

ii) p; ¢ intC™>%(7") is a consequence of pg,p.g € intC™ax0 (7).

Both implications can be shown analogously and, therefore, we only prove the first
one in the sequel. Furthermore, as we will see, the proof of i) verifies Implication
5.60]) for i = 1 and, moreover, the proof of ii) would analogously verify Implication
5.60) for i = 3.

If the node p.g is contained in A€ then the nodes ps, p.3 are xweakly 1xconnect-
ed[mr, 7] to A° by p3®, which immediately gives us pg,p.g ¢ intC™>0(x"). So, it is
sufficient to show the following:

[
i’) A consequence of pl,p.l € intC™>x0(7") is p.3 € Ac.
Because the node ps belongs to the maximal Ocircuit|r], there exists a lkpath|[r]

in extC™>*0(r) starting *adjacent to p, and ending *adjacent to A¢. The only

possible starting node for this lxpath|[n] is p.z = O0%py N extC™>0(1) N 771(1).
[

Further note that p.g is the only node that could have a lspin[r] and is *adjacent

to p.g. These observations, together with {x € A : w(x) # 7"(x)} = p.Q, implies
that one of the following three scenarios has to occur:
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a) At least one of the nodes p.l and p.Q is contained in A€,
[ J

b) The node p.g is the starting node of a lxpath[r, 7”] ending xadjacent to A¢;
[ J

¢) The node p.g is contained in A°.

° . .
From now on assume pi,p; € intC™>%(7”): The first two scenarios a) and

b) are impossible, since in both scenarios the node p.l, which is contained in
intC™ax0(7") " is xweakly 1xconnected|n”] to A, a contradiction. Thus, the third
scenario has to occur and we have verified i’). Moreover, we have also proved Im-
plication for i = 1 by precluding scenarios a) and b) under the assumption
1Py € IntCmax0(x),

Third Step: We now turn to show Implication for ¢+ = 1, since in the other
case i = 3 the implication can be proved analogously. To this end, for contradiction

®

assume that p; € intC™>0(x"), p.l ¢ intC™>%(7"), and p.g e 7 1(0)NA. By
definition of 7" and p; € C™*0(7) < C™»0(x”), the first two assumptions are
equivalent to p; € 7'71(1) and

19.1 c CmaxO(ﬂ_//) — Cmax()(ﬂ_/) C 71_/—1(0)' (561)
°

Moreover, the nodes p.2 and p.l have to be the nodes before and after p.l in the

maximal Ocircuit[7”, 7’]. This is the case because the other two nodes ®p; and p;
[ J

adjacent to p.l are equipped with 1spins[n”, 7], i.e, 8p.1 N7"=10) = {p.l,p.Q}. But
[ ]
since the node p.2 is also equipped with a Ospin, belongs to A, and is adjacent to
[ ] [ ]

the nodes p.2 and p.l, the maximal Ocircuit[r”, 7'] would go through p.Q from p.g to
[ J [ ]

p.l instead of going through p.l from p.g to p.l. This is the case because this way
the node p.l belongs to the interior of the maximal Ocircuit[7”, 7’] instead of being

part of it. Hence, we know that the node p.l does not belong to C™*0(x") which
contradicts (5.61)). Implication (5.59) for i = 1 follows, which concludes the proof.
O

One of our aims is to show

iCﬁH(W/) = {p1,p2,p3} U iCﬁH(W) \ D2 (R3))
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and an important building block of the definition of !Cfi" is the maximal Ocircuit.
Consequently, it will be useful that a great part of the maximal Ocircuit|r] is
contained in the maximal Ocircuit[n’, 7”]. To this end and because we need the
following set a lot, we define it as

[ ] [ ]
K = p, UC™> (1) \ 0*py.
Note that the node p.g does not belong to 8*]7.2.

Lemma 5.37 The set K is contained in the mazimal Ocircuit[n”, '], in short
K C C™0(7") = C™0(7'). (5.62)

Proof: Because of (5.58)) only
KcC C«maxO(Tr//)

remains to be shown for (5.62)). This will done by verifying the following two
conditions:

i) All nodes of K are xweakly 1xconnected[n”] to A
ii) K is contained in a Ocircuit[n"].

Note that the second statement does not demand a Ocircuit|n’].
Let us begin with i): It may help the reader to look at Figures and

while reading the following paragraph, whose aim is to show that the node p.g is

xweakly lxconnected[n”] to A°.
e o [ ]

Let us assume without loss of generality that the nodes p.l, p.g, and ]).3 belong to
A; otherwise our aim is evident. Note that ps, as a node of C™%(7), is xweakly
Ixconnected[r] to A°. Consequently, there exists a 1xpath[r] in extC™9(7) start-
ing xadjacent to ps and ending xadjacent to A°. The only possible starting node

for this 1xpath[r] is p.g = O*poNextC™>9 ()N 7r~1(1). Further, since the only node
[ J [ J

equipped with a lspin[r] xadjacent to p.g is p.Q, this node p.g is also a starting node
of a lxpath[n] in extC™>9(7) \p.g to 0*(A°). This, together with the fact that the
[

configurations 7 and n” coincide off ]9.2, implies that the node p.g is a starting node
of a 1xpath[r”] to 0*(A°). Consequently, the node p.g is *weakly lxconnected|[n”
to A°. .

For i) we still have to show that K \ py is *weakly 1xconnected[r”] to A°. But
this is the case because of the following four observations:
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a) By definition, K \p.Q = C™*>0() \a*p°2 = Cmax0(7)\ (6’*p.2 Up.g) . Therefore,
each node of K \ p.g is xweakly lxconnected[r] to A® by a lxpath|[n] not

[
starting in ps;

b) By Figures|5.9/and [5.10} the node p.g is a dead end for 1xpaths|r], i.e, 8*]9.2 N
[ ]

1) C ]?.2 . Thus, if a 1xpath[r] of a) meets the node ]?.2 then it ends in p.z .

Consequently, subtracting the node p.g from such a lxpath|r| always results
[

in a lxpath[r]| that ends in p.g;

c¢) By definition, the configuration 7 coincides with 7" off ]).2. Hence, a shortened
Lxpath[n] of b) is also a lxpath[7”];

d) Because of 8*]9.2 NAc C {p.l,p.g,z;g}, which follows from Lemma [5.31|b), these
[ J

shortened 1xpaths|r]| ending in p.g still end *adjacent to A°.

The proof of condition ii) is a bit more involved, although it is straightforward
to identify the Ocircuit[7”] containing K

[ [
K':=KU{p1,ps} Upile Upsl e ;
pl ¢Cmax0(ﬂ-) p3¢0max0(ﬂ.)

where by misuse of notation

[ )
pl]l . _ PP ¢ CmaxO(ﬂ.);
P1¢CmaxO(r) ®  otherwise.

Obviously, K’ C #”71(0) holds. It remains to show that K’ is a circuit: Because
of py C 771(1) the node = in C™*9(7) \ py successive to p; is either ep; or .
[ ]

Analogously, the node y in C™*0(7)\ py successive to ps is either ps or p.3. On the
one hand, there exists a (counterclockwise) path in C™*%(7)\ {py, p2, p3} starting

in x and ending in y, which never hits p.g and which could hit, if at all, the nodes

p.l and ]9.3 only in {z,y}. On the other hand, by case-by-case analysis, the path
{z, 9,19.1,]9.2,]9.3} Upil e Upsl o is a (clockwise) path starting in z

pl ¢Cmax0(ﬂ-) p3¢Cmax0(7r)
and ending in y, which hits the other (counterclockwise) path only in its starting

and ending node. Hence, the union of both (clockwise and counterclockwise) paths
is a circuit, see Lemma and, by definition, equals K’. This implies the second
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condition. O

Now (more precisely, because of p.g € Cmax0(7)) we are ready to prove the
first requirement:

Lemma 5.38 The configuration ' of Proposition satisfies

o 1%
7€ A" {3 Olasso in A, 0 ¢ OO, 9*CP0% Ly gremax1y - (R)

Proof: First, let us verify the existence of a Olasso[r’]. Because of 7—1(0) C
7”~1(0) the maximal Ocircuit[r”] is larger than the maximal Ocircuit[r], i.e,

CRax0(g"y > ORax0( ) (5.63)

Since we have chosen 7 so that there exists a Olasso[r], the circuit CF**%(7r) is
weakly Oconnected|[n] to A® and, therefore, weakly Oconnected[n”] to A°. Fur-
ther, 7’ coincides with 7" off intC™®%(7"), see (5.52). Thus, the larger maximal

Ocircuit[7’, 7] CR&x0(7") Crax0(7') is also weakly Oconnected[n’, 7] to A°
and we know that there exists a Olasso[n'].
Second, the origin does not belong to C**9(7’) because

~ meA! " max
0 g_f C}\nax[)( ) Cmax[)( )-C 0( )

At last, it remains to show that the maximal 1circuit|n’] is not *weakly 1xcon-
nected to the maximal Ocircuit[n’], which means that a Ocircuit is squeezed in
between CP#!(7’) and CR**0(7'). Little is known, but the “second largest”
Ocircuit|n], Clmagn?axo (), does this job: It is the case that the “second largest”

Ocircuit[n] is also a 001rcuit (7], since by definition, 7 coincides with 7’ in the in-

terior of the maximal Ocircuit[r]. Second, by definition of Cil(7), all nodes of

08l (1) are *weakly Oxconnected to the “second largest” Ocircuit[r] in int!CH (7).

In particular, the node py has this feature. The only node *adjacent to p, that

both belongs to the interior of :C1(7) and is equipped with a Ospin[r] is py, Conse-
[

quently, a Oxpath[r, 7'] in int'!C!(7) starts in p, and ends xadjacent to the “second
[ ]

largest” Ocircuit[r]. This Oxpath can be extended by p, € 7'~1(0) and, therefore,
(6-62)
the node ]).2 € K C C™9(7) is xweakly Oxconnected[n’] to the “second largest”

Ocircuit[r], which is also a Ocircuit[n’]. Property (R1]) follows, which concludes this
lemma. U

The next lemma may be a bit technical, but for certain cases it provides insight
into the shape of P;(r).
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Lemma 5.39 If the node ps has 1spin|[r’], then P;(7) consists of {p1,p2, 03}, i.e,
ps € (1) = |P(n)|=n=3. (5.64)

Proof: For the proof, assume p3 € 7'~}(1) and, therefore, p3 € intC™™>%(x") =
intC™**%(7). Recall that there are |P;(r)| + 2 disjoint 1xclusters|r] *adjacent to
the bad (x| path P;(r), which, due to Lemma [5.25], determines the spin values|r|
in 0*P;(7) \ {¢P1,Pne} and further implies that |P;(7)| is odd, P;(7) is a straight
line segment, and |P;(7)| =n > 3.

We prove n = 3 by assuming the contrary n > 3 and, therefore, n > 5: Our
clockwise enumeration of P;(7), together with py = ps € OY*(x), implies that

the node p.3 belongs to extC™0(r).

On the one hand, this paragraph shows that the node p; is xweakly 1xcon-
nected[r’] to A° To this end, note that the definition of K, together with py €
Cpax0(r) and

)
K P CmaxO(ﬂ_//) 7

implies py € C™>%(7"). Consequently, the node p, is *weakly lxconnected[r”] to
A° by a lxpath[7”]. In other words, there exists a lspath[r”] that is contained in
extCPax9(7") and starts xadjacent to py. The starting node of this *path has to

be p.4 because
[ J

Ipy N (1) NextCP0(7") = py
holds, which follows from these three facts:
a) By {p3, ps,ps} C C™*0(x), the nodes ¢pa, ps, and pyq are contained in the
[ J

interior of the maximal Ocircuit[n] and, therefore in the interior of the max-
imal Ocircuit[7”] due to #1(0) C #”~1(0), i.e,

{ P4, D1, Pag} C intC™*0(7) C intC™*>O(7") .
[ ]
b) By case assumption, the nodes ep, = p3 and pe = ps are contained in the

maximal Ocircuit|r]| and, therefore, in the union of the maximal Ocircuit|r]
and its interior, i.e,

{.p4,p4.} — {p37p5} C Cmax0<ﬂ_) C Cmax(](,n_//) U intCmaXO(,n_//) )

c) Since P;(r) is a bad[n] path, the nodes ®*p,; and p4® have Ospin[r] and, there-
fore, have Ospin[7”], in short

{®pa, ps®} C 771(0) C 7"7H(0).
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Because of #”71(1) € 7/71(1) all 1xpaths[r”] are also 1xpaths[r’]. Consequently,

the node p3 is *weakly lxconnected|[n’] to A°, since p3 is *xadjacent to p.4.

On the other hand, because of p3 € 7'~1(1) the definition of 7’ implies that
p3 € iIntC™*>9(7”) = intC™**O(7’), which is impossible, since p3 is *weakly 1xcon-
nected[n’] to A°. O

It will turn out that the set

R:= (p17p17p27p37p37 s 7pn> N ﬂ-/_l(())

equals P;(7"). Right now, we are just able to describe R in an explicit way. To

this end, recall that by construction of 7', only the nodes p;, p.l, ps3, and p.g could
be contained in 7'71(1).

Corollary 5.40 The exact shape of R is determined by ':

( e o o
(P1, D1, D2, D3, D3, -+ - Pn)  D1,p3 € T(0)
e o o
(p17p27p37p37"'7pn) p1 € 77',_1(1),]73 € 7T/_1(0)
e o o —1 1
R— (p1, p1, D2, P3) p € 77H0),ps € (1)
- e o o
(p1,p2,13) p1,p3 € 771(1)
e o ° —1
(p27p37p37"'7pn) P1,P1 cm (].)
> 9 g -1
| (P1,P1,P2) ps,p3 € (1)
In particular, the set R =: (ry,...,Ty) can be interpreted as a path and fori=1,3
pi € R <= p; € C™*=9(x) (5.65)
P ER <> peC™™(r). (5.66)

Proof: The exact shape of R is a direct consequence of (5.64]) and the description

of ', see (5.52).

Note that for z € {pl,g;l,pg,p.g}, we know that x ¢ R is equivalent to x €
7'~1(1), which is equivalent to x € intC™**%(x’), see Description (5.52) of 7’
Summing up, it is a fact that

r¢ R < x € intC™ (1)
and, therefore,

r€R < xe€ ™) UextC™™ (7).
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So, on the one hand,
T € R« xe ™ (1)

is obvious.
On the other hand, assume for contradiction that

r € RNextC™0(x)

and, therefore, z ¢ C™™>%(7) because C™*%(7) < C™>9(x’). This, together
with pi,p3 € C™™%(x), implies = € {p.l,p.g}. We restrict ourselves to the case
xr = p.l, since deriving the contradiction for z = p.3 is similar. Recall that the node
r = p.l does not belong to the maximal Ocircuit|r], in short = 29.1 ¢ Cmax0(xr).

Therefore, because of p; € 7 1(1), the nodes ep; and pe = p, have to be the
[ J

nodes in C™*0(7r) \ p; adjacent to p;. Recall that the node ps3 is equipped with a
[ ]

Ispin[r] and distinguish two cases whether Py is a node in C™ax0(7) or not:

i) If p.g € C™»0(x), then the set {p.l,p.Q,p.g} U C™ax0(7) \ (py U p3) can be
interpreted as a Ocircuit[7”].

i) If p.3 ¢ C™>0(7r), then the set {p.l,p.g,p.;),} U C™ax0(7) \ py can be interpreted
as a Ocircuit[7"].

This holds (in both cases) because the set {p.l, p.2, p.g} U C™ax0(7) is contained in
7”71(0) and the maximal Ocircuit[r], C™®9(r), hits the nodes p;, ps, and p3 one

after another, but never hits the nodes p.l and p.g. In both cases x = p.l belongs to a
Ocircuit[7”] larger than C™*%(7) and, therefore, has to be contained in C™*%(7")U
intC™ax%(7"). This is a contradiction to the assumption z € extC™>0(n’) =
extC™@0 (7). Consequently, the implication

v € R=x¢cC™ 0y
holds, which concludes the proof. 0

Now let us define the right side of (R3) as M, i.e,

M := {p, 2, s} U'CH () \ pp = (P(x) \ Pi(m)) U RUQ(m) U {p1, 1, ps, P}

where the second identity follows from Ci(7) = P(7) U Q(7) and the explicit
description of R. Our aim is to show condition (R3)), i.e, M = CH(7’). To this
end, we need two fundamental relations between the set M and 7’
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Lemma 5.41 Take the "half-open® annulus
]Cﬁfgﬁm(ﬂ) (m), Cmaxo(w')} = exthQfégaxo(ﬂ)(ﬂ) N intC™>0(7) U C™*0(7")
and thin it by subtracting all nodes of the open annulus

1

| Cmestaca oy (), C0(") | 1= extCmstuaey () 1 int ™0 ()
equipped with Ospins[rt|. Then the resulting set contains M, in short

M C CmaXO(ﬂ./) U 7]',71(1) m intcmaxo(ﬂ-l) ﬂ eXtC'?:taglgaxo(n) (ﬂ-) . (567>

1

Furthermore, a node of M has Ospin|r’] value if and only if it belongs to P(m)\ P;(r)
or R, in short

Mn710)=(P(x)\ (7)) UR. (5.68)

Moreover, the paths Py, ..., Py, R, Pii1,..., P, are not adjacent to each other.
In other words they can be interpreted as clusters in (P(m) \ Py(m)) U R.

Proof: The definition of K, together with the explicit description of R and the
fact that the set P(m) \ P;(m) is not xadjacent to p.g, see ([5.49)), gives

(P(r)\ Pi(m)) UR C K U {p1,p1,ps, 05} N R.

Since the maximal Ocircuit[n’] contains K, see (5.62)), and also {p, p.l, D3, p.3} N R,
see (b.65]), we even know that the maximal Ocircuit[n’] contains the right side,

KU {pl,p.l,pg,,p.g} N R, of the latter inclusion. Summing up, we know that
(P(m)\ Pi(m)) U R C C™>%(x'). (5.69)

Recall that the part of 'C'(7) equipped with 1spins[r], denoted by Q(m), lies
between the maximal Ocircuit[r] and the "second largest” Ocircuit[r]. Further, the
maximal Ocircuit[7’, 7] is larger than the maximal Ocircuit[r]. These observations,
together with the fact that the nodes py, p.l, ps3, and p.g are always in extC’i‘fllfé,?,axo ()
and either in R or in 7#'~1(1) N intC™**%(7’); imply

(D1, P13, 3} N REUQ(T) C 1/~ (1) M extC 0oy N iNC™0(x) . (5.70)

These two Observations ((5.69)) and (5.70) prove (5.67)) and ([5.68)).

It remains to show that Py,..., P,_1, R, P,11,..., P, are not adjacent to each
other. By definition, we already know that the special[x| paths Py,..., P,_1, P;
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P;.q,..., P, are not adjacent to each other. Consequently, it is sufficient to show
that R is not adjacent to P; for all j # . But this becomes obvious if we consider

the explicit description of R, see Corollary [5.40, and the fact that the nodes p.l,

p.g, and p.g are not adjacent to P\ P;, see Identity (5.49)) of Lemma ([5.31]) on page
114 O

Now we are ready to verify the next two requirements:

Lemma 5.42 The configuration ' of Proposition satisfies

iCﬁH(W,) = {p1,p2,p3} U icﬁn(ﬂ) \ D2 (R3))

and

P(x') = JPi(m)u A(x), (R4)

J#i

where P(r) is defined as J, <<, P;(m).

Proof: We begin by outlining the structure of the proof: First, we state two items
connecting w with 7’ and characterising M. Then, we show that Equality
follows from these statements. Next, we prove the two items of the first step. As
a last step, we give the proof that the enumeration of special paths of 7 and 7’
starts at the same node, which implies Requirement .

First Step: Let us state the following two observations: First, the "second
largest* Ocircuit|r] is also the "second largest” Ocircuit[n’'], in short

Cir;lfgnqaw(w/)(ﬁl) = ﬁfégaxo(w) (7) (5.71)
Second, adding nodes of the exterior of the "second largest” Ocircuit[n]| equipped

with 1spins[7] to the circuit M will not result in a smaller induced circuit than M
itself, in short

M = min'€ (M U~ (1) N extCatumog (r) ) (5.72)
The next two steps verify that the Observations (5.71)) and (5.72)), which will be

proved afterwards in the fourth step, imply the lemma.
Second Step: Recall that M equals the right side of (R3|). Keeping this in mind,
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the Identity (R3)) is a direct consequence of

M ={p1,p2,p3} U'C™(x) \ ps (5.73)

(5.67) . 0 0
>min'€ <C’max (#HYyurt(1)n extCmagmaxom(ﬂ)>

int

B min'e (Cm0() U (1) 1 O (7))
Def i Cfil ( 7r')
.71 . max0/ _/ max 0
= min'® <C’ (rYyur 1) N eXtCthmaxO(ﬂ)(W))
> min'€ (M Um (1) 1 extCuer (7))
M. (5.74)

where the second inequality is a consequence of M < C™*0(z")  which follows
from ( , and 7'|ineps = 7|inear, Which is a consequence of the definition of M

and the fact that 7 coincides with 7’ off {p1, p1, p2, 3, P3}-

Third Step: Now let us turn towards proving our Assumptions - and (5 -
of the first step.

We begin with (5.71)), i.e, our first aim is to show that the “second largest”
Ocircuit[r] coincides with the “second largest” Ocircuit|[n’]: There exists no circuit
in the “open” annulus

| M, C™>O(x")[ == extM N intC™™(7")

- Def.
because M < CmaXO( ", p.g Cmax0(x/) and py € M. This observation,

together with M N intC™*>%(7") € 7'7(1), see (5.67), implies
Chaiemom (1) = Ciay (). (5.75)

Note that po is a dead end for paths in intM, i.e, |OposN M| = 3. Consequently, one
cannot find a circuit that is contained in int M and hits the node py. Additionally

considering int M et int!Cil(7) U py gives

Chuint (') = Ciiian () (1) - (5.76)

int!

Moreover, we can also state

CESCHH )( )<Cfl135(r91ax0 7r)< ') = Cmaérgaxo 7r)< ™) = Cmacﬁll )(7,)7

int int!
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where the inequality is a consequence of int!CH(7) C intC™*%(7) and the first
identity follows from 7|ipscmaxo(r) = 7' |ingomaxo(ry, Which, together with the defini-
tion of 'Clll(7) for m € A, also gives the last equality. In particular, it is a fact
that

6’11;11‘516'ﬁll 7r)( ) C’Slltaérgaxo 7r)( ) . (577)

Thus, Identity (5.71)) follows from Equalities (5.75)), (5.76)), and (5.77)).

In order to prove (5.72)), we first claim that the set M, which was defined as
the right side of (R3), i.e,

M = {p1,p2,ps} U'C™(7) \ p2 ,
is an induced circuit. Indeed, this is a consequence from the following three facts:
a) By definition, 'C(r) is an induced circuit;

b) By definition, 'C!(7) contains the nodes p;, po, and ps;

c¢) By (5.49) and (5.48)), \C(7) \ {p1, p2, p3} does not hit the set 8(]9.1,]9.2,]9.3).

Now we are ready to verify (5.72)), i.e, M is the minimal element of
i (M U (1) M extCmes o s )(m) .

First of all, let us characterise the minimal element, before we show that it coincides
with M: The fact 7'|ingasr = 7linear, together with the — already verified — Identity

(-71), implies

min'¢ <M ur (1) n extCmaé,ano(,T) (7T)>

int

— min'e (M U1 N extcgfgﬁax%,)(w’)) . (5.78)

It remains to prove that this minimal element ([5.78]) is indeed M: To this end, note
that by definition of 'Cl(7), each of its nodes is *weakly Oxconnected[r] to the
second largest circuit Cifiluco p (7) in int'C™ (7). As p, € 7'~1(0) N 7~'(0) and
7' lintar = Tlintasr, this implies that each node of M is sweakly Oxconnected[n’] to
the “second largest* Ocircuit[m, 7'], C"30. () () BID cmaxo A ('), in intM =

int intCmax 0 (7’

int!C (1) U py. Hence, M is the smallest circuit in
i (M U (1) M ext Ol ,)(w')) ,

which, together with (5.78]), implies (5.72)).
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Fourth Step: The following paragraphs show that the same node x is responsible
for the enumeration (vide the paragraph after Definition on page of the
special paths[r] and the special paths[7’].

To this end, we introduce some useful notation: Let W (.) be the set of *paths
that start in 0, end in Q(.), and are contained in int!C™'(.) U Q(.). Further, let
Wmin() be the set of *paths of T(.) with minimal (euclidean) length. Obviously,
the spaths of W™(.) hit Q(.) only in their ending nodes. Now we are ready to
note that in order to show that the same node z is responsible for the enumeration
of the special paths[r] and the special paths[n’], it is sufficient to verify

Wmin(ﬂ_) — Wmin(ﬂ_/) 7

which will be done in the sequel:
This paragraph shows W™ (7r) C W (x') : First of all, recall

[ ] [ ]
Q(ﬂ-/> = Q(ﬂ') U {p17p17p37p3} N RC (579)
and note that
int'C(7") = int'C™M(7) U py (5.80)

follows from (R3|), which was proved in the second step. An immediate consequence

of both Identities and is
W(r) c W(n').
This, together with W™ () C W (r), which follows from the definition, verifies
wmin(r)y ¢ W(r'). (5.81)
This paragraph shows W™(7') C W () : By definition, it is the case that
wmin(z'y ¢ W(r').

We take the fact for granted that a xpath of W (') \ W (n) is never a xpath with
"minimal length” of W (7'), in short

(W(x)\ W(r)) nW™n(z") =0, (5.82)

and prove it in the next but one paragraph. The Identity (5.82)) and the Observa-
tion W™in(7") C W (n') lead to our aim of this paragraph

W) C W (). (5.83)
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The two Observations (5.83)) and ([5.81]) imply that the *paths of W™ (7) have
the same length as the xpaths of W™(7) and, therefore, they verify our aim

W™ () = W™ (x)

It remains to prove Identity (5.82)), i.e, xpaths of W (z’) \ W () do not belong
to W™in(z’): Let us assume for contradiction that there exists a *path S belonging
to W(x') N (W (m))e N W™in(7"), in short

S e W)\ W(m)nwm(x).

So, because of (5.79) and (5.80) the xpath S has to hit py or has to end in Q(7’) \

Q(m), which is a subset of {pl,p.l,pg,p.g}. In both cases (S hits ps and S ends in
Q') \ Q(m)) we are going to derive a contradiction: To this end, we first note
that

. [ ] [ ] [ ]
0"py N 1C'ﬁu(W') = {]).17p17p17p27p3;p3} U p.3]lngQ(7r) (5.84)

follows from (R3|), which was proved in the second step.

i) Assume that S hits py. Due to (5.84) the spath S has to go through ps
[ J

Or pye to hit po. But such a xpath does not belong to W™ (7’), since we

can construct a strictly shorter path of W (x’): To this end, recall that the

xpaths were interpreted as polygons and we considered the ones with minimal

euclidean length, see page [[11 Now, shorten S by all nodes after ps and

po itself. Note that we cut off at least two nodes. Because of the

shortened *path has to end in py or psg. We consider these two cases in the
®

following and derive a contradiction in each case.

First, assume that the shortened xpath ends in pse. Obviously, its length

is at least v/2 4+ 1 shorter than the length of S. Hence, if we prolong the

shortened *path by p; and p; € Q(n’), the resulting *path is strictly shorter
® [ ]

than S. Moreover, it belongs to W (7'), a contradiction to S € W™ (7).
Second, assume that the shortened *path ends in py. Recall that this short-

[ ]
ened xpath has at least two nodes less than S. Prolonging this short-
ened xpath by one node, namely p; € Q(n'), leads to a *path that be-
®

longs to W (n'). Moreover, it is strictly shorter than S, a contradiction to
S e wmin(r').
Summing up, S does not hit ps.
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ii) It remains to show that S does not end in p.l, D1, 10.37 or ps. Because of (5.84))

and the fact that S does not hit p, we can exclude the nodes p.l, p.g as ending
nodes of S.

Further, the node p; can be eliminated: If S ends in p; then, due to (5.84))
and S N py, = 0, the node p, has to be the last but one node of S. Thus,
[ J

shortening S by its ending node cuts away an edge of length v/2. Prolonging
the shortened xpath by p; € Q(7’) adds an edge of length 1. Obviously, this
[ J

prolonged #path is an element of W (7n’) and, moreover, is strictly shorter
than S, a contradiction.

Last, p3 cannot be the ending node of S. This is the case because p3 € Q(7’)
and (5.64) imply ps3 € Q(n’), which, together with (5.84)), verifies
[ ]

" ; o o o
O*py NICM(n') = {p.l,pl,pl,pz,pg,pg,zig}-

So, if p3 is the ending node of S then the second but last node of S has to
be p,, since we already know S N p, = (). Hence, as before shortening S by
[ J

its ending node and prolonging the resulting xpath by p; € Q(7’) produces
[ ]
a xpath of W (') strictly shorter than S, a contradiction.

Thus, the enumeration of the special paths[r| and the special paths|z’] starts
in the same node x.

The identity M IO (7)) together with Lemma (5.41]), implies Require-
ment (R4)). O

Next we consider the other special paths and analyse if our modification of the
bad path influences the number of 1xclusters assigned to them.

Lemma 5.43 The configuration 7' of Proposition satisfies (RD), i.e, the
numbers of 1xclusters assigned to the special paths Py,...,Pi_1,Pii1,..., P, do
not change if w is replaced by 7'.

Proof: The Observation {pl,p.l,g;g,pg,p.g} C {m # 7'}, see (5.52)), and Figure
guarantee that at most five 1xclusters|r| are affected. Hereby, we can distinguish

three non-exclusive scenarios?t
[}

i) In the case p.g € AUr 1(0)NA the set ]9.2 is the whole 1xcluster|r| containing

p.g, which implies that changing 7 to 7’ deletes this 1xcluster|r] p.g completely.

2Tt may help the reader to compare these scenarios with Figures and
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ii) If p; € 7/~(1), then changing 7 to 7 joins two 1xclusters[n] that contain
the nodes p; and ®p;.
[ ]

iii) If p3 € 7~!(1), then changing 7 to 7’ joins two lxclusters[n] that contain
the nodes p; and p3®.
[ ]

All other 1xclusters are not affected. More precisely, their shapes stay the same
and they still touch the same special paths after changing 7 to 7’. Consequently,
we only have to consider the behaviour of these lxclusters|n| xadjacent to p; or
ps. Recall that these 1xclusters|r| are disjoint, since P;() is bad[n].

If the first scenario occurs, then the 1xcluster xadjacent to the other special

paths are not affected, since p.z is not *adjacent to U#i P; (vide (5.49)).
Let us consider the second scenario: We call K; resp. Kj the lxcluster|n]
containing the node ®p; resp. p;. Changing 7 to 7’ merges K; and K, into a new
[ J

Lxcluster|n’]

[ ]
K/ = Kl Upl U K2 Upl]lp.lew’*l(l) .

Note that P;() is the special path[r] with the highest index *adjacent to K; and

K, and, therefore, ¢p; and e p.l are not contained in (J,_, P;. Since also the

j>i

set 8*{p1,p.1}\ ol1,® p.l is not *adjacent to (J,; Pj (vide (5.49)) and K" is

adjacent to p.g € P;(7'), this implies that P;(7’) is still the special path with the
highest index xadjacent to the new lxcluster[n’] K’. Again the 1xclusters assigned
to the other special paths are not affected.
In a final step we consider the third scenario: Let’s call K3 resp. K, the
Lxcluster[r] containing p3® resp. ps. Since Pj(7) is bad, we know that i # N(m)
[ ]

and that P;(m) is the special path|r] with the highest index xadjacent to K3 and,

therefore, the node p.g e is not contained in |J;.; P;. By definition and (5.64),

K, contains @Q;(m) and, therefore, is adjacent to P q(m) = Piy1(n’) and is not
assigned[r] to P;(m). Recall that the 1xcluster[n’]

[ J
K// = K3 Upg U K4 Upgﬂp‘g’eﬂ_,,l(l)

is assigned[n’] to the special path with the highest index and, therefore, is as-
signed[7’] to the same special path K, was assigned[r] to, whose index is at least
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i+ 1. Once again this is the case because the set K3 U p3 UZ).‘?’]]'p.gETr’*l(l) is disjoint
and not xadjacent to a special path with higher index than the special path K,

was assigned[r] to. This follows from the following four facts:
a) K3 was assigned[r] to P;(m);
b) the node ps4 is adjacent to or contained in Kjy;
[
c¢) the node p.g e is not contained in J i~ Py, since it is adjacent to or con-

tained in Kj;

d) the set 8*{]93,]).3} \ D3 | @, D3 ¢ is disjoint to U#i P; (vide ([5.49)).

So, the number of 1xclusters assigned to any other special path is not affected by
changing 7 to 7’. O

After we negated our previous question, whether the number of Ixclusters
assigned to the other special paths is influenced by our modification, it remains
to prove the inequalities regarding the number of 1xclusters assigned to the bad
path. This will enable us to compare the gbfxfk—probabilities.

Lemma 5.44 The configuration 7' of Proposition satisfies

(Mo () (D) = 771 (1)] > By(w) = [Pi(m)] + 1 (R6)

and
[Mioe(m) (D] = 7 (1)] = Bi(x) (R7)

and
m},.(7) and m],.(7") have the same number of 1 x clusters. (RS)

Proof: By construction of 7/, all 1xclusters[n]| not *adjacent[r] to P;(7) are also
Ikclusters[n’] not xadjacent[n’] to P;(n’) (and vice versa), which proves Property

)

It is the case that

. e o
[moe () W\ 7 ()] = Hpi o1 ps,ps, - pad| =+ 1= |Pi(m)| + 1
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follows from Corollary (5.40)), together with the fact that R equates P;(7’), see
in combination with and the definition of M. Therefore, Property
(R6|) is satisfied.

Next, we verify Property (R7): By construction of 7", the identity

Mige(r) " () \ 7" (1) = P(m) Ups

holds and, therefore,

[mige(m) " (D] = 77" (1)] = [Pi(m)] + 1.

This, together with 7/~1(1) C 7/~!(1) and (Description (5.52)) may help the reader
to understand the following cases)

.

0 if p1, D1, s, , D3 ¢ intCmaXO( "
D1 if p; € intC™>%(7”) and pl,p3,p3 ¢ mt(jmaxo Z
D3 if p3 € intC™ax0 (7"

{p1,ps} if p1,p3 € intCmax0
{pi.p} if p1,p1 € intCmax0
\{]0.3,]?3} if pg, ps € IntC™>0(7”) and py,p; ¢ intC™>0 (7"

P\ () =

implies that

i (m) (V)] = |77 (1) =

(IP@] 41 i pr.prps, B § it O™ ()
| P;(m)| if p; € intC™>9(7”) and pl,pg,pg ¢ intC™ax0(7")
)P if p3 € intC™>0(7") and py, pr, ps ¢ intC™*x0 (")
TVIR 1 iy € O and g ¢ i)
|Py(m)| =1 if py, p1 € intC™>0(7") and ps, p3 ¢ intC™>0(7")
| Bi(m)] =1 if ps, P € intC™> (") and py, py ¢ intC™>0(x")
(5.85)

If p; € intC™>%(7"), then p; € o'~ '(1) and two disjoint Lxclusters[r] are merged
into one 1xcluster[n’] (this equates scenario 2 in the proof of the last lemma).
If ps € intC™>°(7"), then ps € «' '(1) and again two disjoint lxclusters|r]
are merged into one lxcluster[n’] (this equates to scenario 3 in the proof of the
last lemma). A consequence of such a merging is that the number of 1xclusters

[ ]
assigned|[n’] to P;(n’) decreases by one in comparison to B;(m). Moreover, p; or
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[ ]
p.g contained in 7'71(1) implies that p.Q € 7 10), see (5.60)), and, therefore, that a

Ixcluster[r] vanishes, namely the one only consisting of the node p.g, see Figures

and [5.10 Summing up, since B;(7) = |P;(7)| + 1, we know that

|Pi(m)| + 1 if pr,p1,ps,, ps € intC™x0(x")
| P;()| if p; € intC™>0(7") and py, ps, ps ¢ intC™#x0(7")
Bi(r) < | P; ()| if p3 € intC™>*0(7") and pl,p:l,p:g ¢ intC™x0(7'")
1 IP(m)| =1 if pr,p3 € intC™*>9(7”) and py, p3 ¢ intC™>0(7”)
|Pi(m)| =1 if pr,p1 € intC™>O(x”) and ps, ps ¢ IntC™0 (")
\ |Pi(7)| —1 if ps, p3 € intC™>O(x”) and py, py & IntC™0 (")

We write “<”) since the 1xcluster only consisting of ]9.2 could also completely vanish
[ ]

by changing 7 to 7’ if p.2 € A° (which could occur in the first four cases). However,
even without taking this into consideration, (5.85)) and (5.86)) imply (R7). O

At last all required properties of 7’ are shown and, therefore, Proposition [5.32)
is verified.



. and frustration!
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infinite boundary, 20
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