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Zusammenfassung

Die vorliegende Dissertation befasst sich mit verschiedenen Aspekten und Tech-
niken zur Konstruktion von String-Modellen. In diesem Kontext ist es notig die
Topologie von Calabi-Yau Mannigfaltigkeiten zu verstehen, da diese ausschlag-
gebend fiir die Nullmodenstruktur des entsprechenden Differenzialoperators und
damit fiir das Teilchenspektrum der kompaktifizierten Niederenergietheorie ist.
Fiir diejenigen Calabi-Yau Raume, die als Unterrdume torischer Varietdten de-
finiert werden, sind alle topologischen Gréften in der Kohomololgie von Linien-
biindeln iiber der entsprechenden torischen Varietét verschliisselt. Aus diesem
Grund umfasst ein Teil dieser Dissertation die Entwicklung eines effizienten Al-
gorithmus’ fiir ihre Berechnung. Nach der mathematischen Vorbereitung wid-
men wir uns der Herleitung und dem Beweis des auf diese Weise entstandenen
mathematischen Theorems. Wir untersuchen zudem eine Verallgemeinerung auf
Réume, die durch das Herausteilen einer Z,-Symmetrie konstruiert werden. An-
schliefend demonstrieren wir die zahlreichen Anwendungen dieser Methoden zur
Konstruktion von String-Modellen. Auferdem finden wir einen Zusammenhang
zwischen Kohomologiegruppen von Linienbiindeln und getwisteten Sektoren von
Landau-Ginzburg Modellen.

Als néchstes nutzen wir die entwickelten Methoden um so genannte Zielraum
Dualitédten zwischen heterotischen Modellen zu untersuchen. Diese Modelle weisen
eine asymmetrische (0, 2)-Weltflachensupersymmetrie auf und kénnen iber ge-
eichte lineare Sigma-Modelle formuliert werden, in welchen sie eine Phasenstruk-
tur ausbilden. Es lasst sich nun zeigen, dass die Phasenrdume verschiedener
physikalischer Modelle durch nicht-geometrische Phasen miteinander verbunden
sind, was eine hochgradig nicht-triviale Dualitdt der entsprechenden Geometrien
implizieren konnte. Unser Beitrag ist nun die Untersuchung der hierdurch ver-
bundenen und daher potentiell dualen Modelle. Wir entwickeln ein Verfahren,
welches die Konstruktion aller dualer Modelle zu einem beliebigen (0,2) Modell
erlaubt und finden Evidenz dafiir, dass es sich hierbei um eine echte Dualitét
und nicht bloR um einen Ubergang verschiedener physikalischer Modelle ineinan-
der handelt. In diesem Kontext untersuchen wir verschiedenste Szenarien, u.A.
Modelle mit den Eichgruppen Eg, SO(10) und SU(5), sowie mit Kompakti-
fizierungsrdumen der Kodimension eins und zwei. In einer Untersuchung der

Stringlandschaft werden dazu {iber 80.000 Rdume auf diese Dualitédt untersucht.
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Chapter 1 -

Introduction

We are living in exciting times for particle physics. The large hadron collider
(LHC) at CERN in Geneva has been running for a while now and has reconfirmed
almost every detail we know about the standard model of particle physics (SM) at
energy scales beyond those tested in the past. Still one quite important question
which remained unanswered within the SM is the existence of the Higgs Boson
whose detection is top priority of the experiment and might be answered soon. At
the moment, both experiments, ATLAS as well as CMS, find signals that might
have been caused by the Higgs particle but are yet to be validated. The SM
describes the three particle interactions, i.e. electromagnetic, weak and strong
interaction via quantum field theories with (non-)Abelian gauge symmetries [8—
10] and is based on the full gauge group SU(3) x SU(2) x U(1). It successfully

describes the first two of these interactions in a combined framework, called
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electroweak interaction, with gauge group SU(2) x U(1) containing the leptons,
i.e. electrons, muons, taus and their neutrinos. On the other hand, the quarks
align into multiplets of SU(3) color symmetry. Based on these concepts, in the

past various SM predictions have been confirmed by experiments.

Potential issues and extensions of the standard model

Though the SM is very successful in many ways there are also quite some prob-

lems as well as open questions coming with it.

Quantum gravity. The first and most important issue of the SM is that though
it describes three of the fundamental interactions, it lacks the description of grav-
ity within this framework. The attempt to include gravity on the same footing
as other interactions leads to a non-renormalizable theory. Hence, if one wants
to get a sensible theory, unifying all the four interactions, one has to come up

with a different approach.

Dark matter and energy. Cosmological observations as the orbital velocities
of stars inside galaxies lead to contradictions with the theory and in order to
overcome these one has to introduce a new kind of matter and energy that is not
visible to us. It is, hence, called dark matter and dark energy and they make
up 74 % and 22% of the overall amount respectively while the visible part of the
universe covers less than 5 %. The SM has no explanation for both dark matter

and dark energy.

Cosmological constant. Einsteins equations allow for an extra term that is pro-
portional to the metric. Its coefficient is called the cosmological constant, whose
value basically describes the energy of the vacuum and the prediction by the SM
differs from measurements by 120 orders of magnitude [11]. This does not imply
that the value is small since the universe contains a fair amount of dark energy
as we stated above. The mismatch in the value of that constant, however, is one

of the biggest puzzles in theoretical physics.

Grand unification. The SM is no unified theory of strong and electroweak
interactions. In order to unify them one has to introduce a gauge group that
contains the SM group as a subgroup and whose full symmetry is broken at low

energies. Such theories are referred to as grand unified theories (GUTs) and may
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come with an SU(5) [12] or SO(10) [13] gauge group.

Parameters. Another issue is that there is some sort of arbitrariness in the SM
since there are around twenty independent parameters that describe the Fermion
masses, the mixing angles, the gauge couplings as well as the Higgs mass and the
Higgs self-coupling. These parameters cannot be predicted by the SM but have to
be measured and put into the theory by hand. Furthermore, the original version
of the SM predicted the neutrinos to be massless. The measurement of neutrino
oscillations requires a modification of the SM that contains massive neutrinos.
Also, their masses as well as mixing angles enter as free parameters that cannot
be predicted.

Open questions. There are a couple more question that are not answered by
the SM itself, for instance, why are there three generations of Fermions, why are
we living in four dimensions, why is the low-energy gauge group SU(3) x SU(2) x
U(1), why is there a confinement of the quarks in hadrons and why is the weak

force so much stronger than gravity (hierarchy problem), just to name some.

Supersymmetry

One possible extension of the SM is the introduction of a symmetry that relates
Bosons and Fermions, so-called supersymmetry (SUSY) (see e.g. [14-16]). It was
shown by Coleman and Mandula [17] that under certain mild conditions on the
S-matrix of a quantum field theory there is no way to produce any theory with
a symmetry group different from the direct product of the Lorentz group and
the internal gauge group. This is the first thing that SUSY is able to bypass
via introducing a set of Grassman odd generators forming the generalized version
of a Lie algebra called super algebra. SUSY relates Bosons with Fermions that
are transforming in the same group representation and since the SM does not
provide any such multiplet, all the SM fields in a supersymmetric SM will obtain
a superpartner. Here to each Boson is added a new Fermion and to each Fermion
a new Boson. The most studied supersymmetric extension of the SM is called

the minimal supersymmetric standard model (MSSM) [18] that realizes N = 1

n Georgi-Glashows model [12] the GUT group SU(5) is used to accommodate the SM gauge
group SU(3) x SU(2) x U(1). In this model the quarks and leptons are arranged in the
representations 5 @ 10 @ 1 of SU(5). Nevertheless at least this particular model has been
excluded since it predicts a decay of the proton that could be disproved by experiments.
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SUSY. It contains a vector multiplet that accommodates the SM gauge fields as
well as their superpartners, called gauginos and a chiral multiplet that contains
all the Fermions, i.e. quarks and leptons along with their superpartners called
squarks and sleptons, as well as the Higgs and its superpartners, the Higgsinos.
Moreover, if SUSY is present at high energies, it has to be broken at some energy
above the observed scales, otherwise the particles supersymmetric to the SM par-
ticles would have the same mass as the SM particles and we would have observed
them by now. SUSY breaking allows them to be heavier at low energies. The

MSSM has several nice features:

Hierarchy problem. If the SUSY braking scale is in the TeV range which means
that the superpartners of the SM are not significantly heavier than the Higgs,
one can see that the Higgs mass is not only corrected by Bosonic loop diagrams,
but also by Fermionic loop diagrams with the opposite sign. This could explain
why the Higgs mass is so much lighter than the Planck mass and is a possible

solution of the aforementioned hierarchy problem.

Gauge coupling unification. A second nice feature of the MSSM is that, assum-
ing again the SUSY breaking scale is near the TeV scale, the three gauge coupling
constants are unified at high energies [19] while they miss without SUSY.

Dark matter. The third issue that can be resolved by such a scenario is the
description of dark matter. The lightest superparticle of the MSSM is stable and
massive, assuming R-parity is conserved. If it is furthermore neither strongly nor

electromagnetically interacting, it can provide a candidate for dark matter.

Although the MSSM seems to solve a lot of problems, one major drawback of
such a theory is that the space of free parameters increases to about one hundred
and the question arises where the values of these parameters have their origin.
One should also mention that recently an extensive search for SUSY particles was
performed at the LHC and so far no evidence for their existence has been found.
But even though some parts of the parameter space of MSSMs have been scanned,
there is still room left and so far the MSSM is not yet excluded. However, even
if low-energy SUSY is not realized by nature, many nice properties still hold for
high-energy SUSY. What cannot be addressed in this scenario, though, is the
solution of the hierarchy problem without fine tuning.

Besides the MSSM, there are also other possible extensions with SUSY and the
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most canonical one right after the MSSM is the NMSSM (next to MSSM). Here
additional chiral superfields appearing as singlets are present [20-23|.

In theories with non-Abelian symmetries, promoting them to local symmetries
i.e. gauge symmetries provides interaction terms. So it seems reasonable also to
turn on local SUSY. This implies diffeomorphism invariance which allows for the
inclusion of a spin two field to the theory. Every quantum theory of gravity has
to contain such a field that represents the exchange particle of the gravitational
interaction and is referred to as the graviton. In a supersymmetric framework it
is possible to include the graviton along with its Fermionic superpartners called
gravitini which carry spin 3/2 in a supermultiplet. Such a supersymmmetric
graviational theory is called supergravity (SUGRA) and can be seen as low-energy

effective field theory of some UV completed theory.

String theory

Every quantum field theory including the SM contains a very fundamental as-
sumption. Namely they consider the smallest object to be zero-dimensional,
hence a point. Assuming instead the fundamental object to be one-dimensional,
i.e. a string, yields a new kind of theory, called string theory. Consequently in
string theory the one-dimensional world line of the point particle will be replaced
by a two-dimensional surface, called the worldsheet. Going from point to string is
of course compatible with our observations as long as the string is small enough.
If this is the case it cannot be distinguished from a point particle and in fact,
besides the argument of simplicity, there is no reason to favor the “point assump-
tion” over the “string assumption”. One might be worried about the fact that this
change destroys locality but it turns out that this even results in the advantage
that particular Feynman diagrams remain finite. Some relevant features of string
theory for us are the following:

String theory naturally carries the graviton, the spin two quantum of the grav-
itational interaction, furthermore can be reduced to general relativity in a low-
energy limit and therefore describes a quantum theory of gravity. The amazing
thing is that the only requirement to obtain general relativity is the seemingly
completely unrelated invariance of the world sheet under conformal, i.e. angle
preserving, transformations.

SUSY is not only natural but even crucial to a string theory that shall admit for
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Bosons as well as for Fermions. The former ones are called Bosonic string theories
while the latter are referred to as superstring theories. Hence superstring theories
can provide all the nice features of supersymmetic theories and furthermore, allow
for a derivation of the low-energy parameters for a given string vacuum.? Then
the only remaining free input parameter of the theory is the length of the string
or equivalently its tension. Consequently since string theory combines SUSY
and gravity it provides a UV completion of low-energy SUGRA. Furthermore,
in general there appear conformal anomalies on the worldsheet and in order to
cancel them one has to impose a certain dimension of our space time which means
that string theory predicts its own dimensionality.

Nevertheless one should mention that so far no consistent version of a string
theory that completely reproduces all the features of the SM is known and there-
fore is yet to be found. Here, even though there are no conceptual problems,
there are technical diiiCeulties that so far obstructed the construction of such
a model. One of the major challenges is to avoid the appearance of additional
massless fields, called moduli, that are not observed by experiments.

As already mentioned, a Bosonic string theory is not suited to describe nature
since it will only allow for space time Bosons. Moreover it also predicts tachyonic
states, violating causality. In such a scenario we would find the critical dimension
of the string to be 26. Superstring theories on the other hand do allow for space
time Fermions and M. Green and J. Schwarz [24] could show that if one chooses
the critical space time dimension to be ten, there are no quantum anomalies and
one can get rid of all the tachyons [25]. Furthermore, there is at first sight not
a unique way to implement a superstring and one can see that there are five
different ways to do so. These five string theories are called type I, type IIA, type
IIB, heterotic SO(32) and heterotic Eg x Eg that finally turn out to be related
via string dualities and therefore are basically five different viewpoints of the

same thing [26]. They all differ in some way, for instance in the type II theories

2We will see below how the string vacuum can be identified with a geometric space of very
special properties. In the early years it was hoped that there might be a unique choice for
such a space but in the last years it turned out that this choice is far from unique. There is a
large number of geometries to choose from and one might reason that the choice of the space
is no better than the choice of the parameters. On the other hand the set of geometries is
at least discrete and probably even finite. Furthermore, all the parameters arising from it
have a very nice geometrical meaning which is also an esthetical improvement and moreover
there might still be some reason behind the particular choice and maybe even a mechanism
exists that singles out the right one.
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we have open strings as well as closed strings. Here the open strings end on
higher dimensional objects referred to as D-branes and they describe the gauge
interactions of the theory whereas the closed strings give rise to the gravitational
interactions. On the other hand heterotic string theories only contain closed
strings and the gauge fields arise due to the presence of a so-called gauge bundle
that comes along with the ten dimensional space time. Such a gauge bundle is
basically like a vector bundle, i.e. a construction that attaches a vector space
to every point in space time and the gauge fields here arise as the so-called
connection of the gauge bundle which roughly speaking tells us how to connect
the attached spaces at nearby points. Furthermore, there is an eleven-dimensional
theory called M-theory that also can be connected to the five superstring theories
whereas itself does not have strings as fundamental objects but two-dimensional
membranes. It can moreover be considered to be the limit of type ITA where the
string coupling is large. Then using string dualities all five string theories can
be recovered starting from M-theory and, hence, it is a more general framework

that reduces to string theory in certain limits.

GUTs in string theory

From now on we will be concerned mostly with heterotic string theories in which
the aforementioned GUTs arise quite naturally. One of the advantages of Eg x Eg
heterotic string theories is that they naturally come with an exceptional gauge
group that can be broken down to some GUT group Eg, SO(10) or SU(5) in the
four-dimensional theory. This broken gauge group can then be used to reproduce
the SM at some lower scale and in contrast to the model of Georgi-Glashow, which
was ruled out, the SU(5) model in this context may still be realized by nature.
In fact MSSM-like models have been constructed explicitly within the context of
heterotic strings [27-34], in the type II setting using intersecting D-branes (for a
review see [35]) as well as in various other scenarios [36-48].

One advantage comparing with the plain MSSM is that in principle all the infor-
mation of the model, e.g. the parameters of a string-based model may be obtained
for instance by the geometry of the extra dimension which for the heterotic case
works as follows: We already mentioned the critical dimension of the heterotic
string to be ten and if we consider this ten-dimensional space time to split into a

direct product of four-dimensional Minkowski space with a six-dimensional space
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R3! x M, we have to choose these six extra dimensions small, in order to meet
the experimental observation of a four-dimensional universe. This procedure is
referred to as compactification. Sure enough the size of M has to be chosen below
the length scale observed in experiments. Considering wave equations on a ten-
dimensional space R*! x M one can see that e.g. massless ten-dimensional fields
will give rise to additional massive and massless fields in four dimensions corre-
sponding to those with momentum components in the compact directions. Their
masses usually scale with the inverse “radius” of the compact manifold. Hence,
in the limit where M is small these masses become too large to be detected and
only the massless modes will survive. The former ones are called Kaluza-Klein
modes after T. Kaluza and O. Klein who first considered such a compactification
scenario almost a hundred years ago, where they tried to unify electromagnetism
and general relativity by introducing a compact fifth dimension. The number of
zero modes we obtain from a given compact geometry at the end depends on the

topology of that manifold.

In the heterotic setting we can find these zero modes as follows. As long as the
string length is much smaller than the size of the internal compactification space,
we can give an effective description of string theory in terms of ten-dimensional
SUGRA which is also called heterotic SUGRA. Here the internal dimensions of
the heterotic string form indeed a smooth manifold M together with a gauge
bundle and it is possible to derive the properties of the four-dimensional theory
such as the GUT group, the spectrum, Yukawa couplings etc. only from the
topology of the six-dimensional manifold. In particular the chiral spectrum can
be derived by computing the zero modes of the Dirac operator. Only these zero
modes will survive the Kaluza-Klein compactification process and in fact one can
state a relation between such zero modes and certain cycles of the compact space.
For instance a torus has two different one-dimensional cycles corresponding to the
two circles that span the torus. The set of independent cycles is referred to as
homology of the manifold whereas its dual version is called the cohomology and
contains differential forms. Hence, the task of finding the surviving zero modes
will be equivalent to finding particular differential forms defined on M which are
completely determined by its topology. So at the end in order to understand the
physics of the models we build we will not be able to avoid the investigation of

the topological data of M. In fact we will find some topological constraints that
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we can impose more easily than others. For instance preserving SUSY requires a
compactification space that allows for a nowhere vanishing covariantly constant
spinor. This property is known to mathematicians that called such spaces Calabi-
Yau spaces after E. Calabi and S.T. Yau. Studying Calabi-Yau spaces in detail

is, hence, crucial to model building in string theory.

String model building with toric geometry

Usually Calabi-Yau manifolds are quite abstract and it is very hard to obtain
any information about them. But there is one mathematical framework in which
Calabi-Yaus are accessible and this is where they are realized as sub-spaces of
so-called toric varieties. Pedagogical introductions for physicists can be found
e.g. in [49,50] and more advanced ones in [51-53]. In this setting the requirement
of M to be Calabi-Yau is rather easy to meet but the phenomenological require-
ment to give the right number of generations, for instance, is highly non-trivial
and needs explicit calculations. A realistic model will need quite a variety of
particular phenomenological properties. These are realized as topological prop-
erties of the corresponding geometry and have subtle connections. Thus changing
the geometry in favor of some of the requirements might also change others and
one has to choose the geometry such that all the requirements are fulfilled si-
multaneously. In other words, it is quite involved to engineer such a model from
scratch. Therefore many attempts are to take a given set of geometries and scan
them for the right configuration or at least to learn more about the problems
that come with the process [32-34,54-64|. Howsoever one might approach the
matter of model building, at the end there is no way to get around the task of
calculating topological quantities of the compactification space. If we work with
toric varieties one can see that these topological quantities are all encoded in the
topology of holomorphic vector bundles of rank one, i.e. holomorphic line bundles
which are spaces constructed by attaching a complex space C to each base point.
Hence, the task one is left with is the calculation of cohomology groups of line
bundles which basically represent the topological structure of the line bundles.
So we will need efficient ways to calculate line bundle cohomology in order to
handle the physics behind these models. For the case that the Calabi-Yau space is
given as a transverse intersection of hypersurfaces in products of projective spaces,

which are the very simplest set of toric varieties, there exist index formulse. Thus
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there is no need to calculate the line bundle cohomology precisely since one can
take the shortcut via the corresponding index. Even though this opens a variety
of possibilities to build string models, these spaces are still fairly constraint and do
not carry all the subtle structure of generic toric varieties. Hence, certain features
that are present for the generic case will never be present in those more simple
cases and at the end we might not be able to find the correct compactification
space within this set of geometries. For these reasons it is necessary to go beyond
the most elementary set of products of projective spaces which raises the task of

calculating line bundle cohomology properly.

Content of this thesis

This brings us to the actual research content of this thesis. The unavoidable task
of calculating line bundle cohomology on toric varieties requires efficient tools
since it has to be performed possibly hundreds of times for single models. There
are a lot of tools around to calculate various things within the framework of toric
geometry [65-72| but so far no sufficiently efficient algorithm existed which is
why we started working on this. We proposed a conjecture along with a Wolfram
Mathematica implementation of such an algorithm [1] which was later on proven
by our group [2] and independently by the UPenn math department [73]. Later we
also provided an even faster C++ implementation of the algorithm which we called
cohomCalg and in addition a Wolfram Mathematica interface that also contains
the routines to obtain the cohomology of higher-rank vector bundles restricted to
the intersection of hypersurfaces in the toric variety, named cohomCalg Koszul ex-
tension. The full package including a very explicit manual is available online [7].
Furthermore, we investigated generalizations of this algorithm to equivariant co-
homology |3, 4] that makes it possible to consider a further discrete action on
the base manifold which in string theory are called orbifolds [74-77|. There we
also investigated the relation of line bundle cohomology to the different con-
tributions of the formula of Batyrev [78]. This formula makes use of a purely
combinatorial approach to calculate the Hodge numbers of a Calabi-Yau space
and relates certain line bundle cohomology groups to the so-called twisted sector
of the corresponding Landau-Ginzburg orbifold theories. These sectors are spe-
cial to orbifold constructions and arise due to the identification via the discrete

action. Finally the algorithm also found its application in the investigation of
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so-called target space dualities that relate different heterotic GUT models with
one another. This shed light on many different aspects of the duality and it was
tested in the scan of a large landscape of models [5,6] where cohomCalg had to be

used tens of millions of times.

Outline

The content of this thesis is organized as follows:

Chapter 2: We will first introduce some basics on the heterotic string and
model building in that context. We will see how the physical spectrum is related
to the geometry of the internal dimensions and provide the requisites needed in
chapter 9 . Furthermore, we will see that this motivates the need to study the

insights to the theory of toric varieties and line bundles.

Chapter 3: In this chapter we will give a very basic introduction to toric va-
rieties that were motivated by chapter 2. Here toric varieties will be built up as
generalizations of projective spaces and we will try to give an intuition in addition
to the abstract definitions. Especially we will focus on the computational side of
it and try to provide the reader with everything that is needed for model building
in string theory. Furthermore, we also explain the concepts of divisors and line

bundles on toric varieties.

Chapter 4: Next we are going to introduce the notion of cohomology and in
particular the cohomology of line bundles. The whole chapter is devoted to the
task of deriving and proving the algorithm for the calculation of line bundle coho-
mology, finally stated in theorem 4.6.1. It will therefore cover the content of [1,2]

and will also comment on [7].

Chapter 5: One nice feature of the algorithm is that it provides explicit rep-
resentatives of the cohomology groups. Therefore it is possible to see how a
discrete action affects these representatives. The explicit procedure to obtain
the equivariant cohomology of such a discrete action is explained in this chapter.
We conclude with a conjecture which is based on the observation comparing our
results with the Lefschetz theorem which is an index theorem for such equivari-

ant cohomologies. It can be found in its original version among other things in [3].
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Chapter 6: Since we are also interested in the cohomology of line bundles that
live on a subvariety of a toric variety, e.g. a Calabi-Yau manifold, we have to
understand how one can get these cohomology groups from calculations on the
ambient space. The way to do it is well known and makes use of the Koszul
resolution. We will show how one can break this down to a set of short exact se-
quences that allow us to perform the calculations. Several examples are provided
in order to demonstrate the techniques to those that are not familiar with them
and may be skipped by the experienced reader. The extended implementation

cohomCalg Koszul extension [7] is making excessive use of these methods.

Chapter 7: The next step is to use holomorphic line bundles (rank one) and to
build up vector bundles of higher-rank (rank three, four or five). It turns out that
also for this matter one can employ short exact sequences to boil the calculation
of vector bundle-valued cohomology down to the case of line bundle cohomology.
The monad vector bundles mentioned in chapter 2 that are used to find the chiral
spectrum of a heterotic model are introduced and all the techniques that are cru-
cial to the physical analysis in chapter 9 are described and demonstrated. Again
cohomCalg Koszul extension 7] is making use precisely of these methods and it is

worth to have a look at it before using the program blindly.

Chapter 8: This chapter is a little bit off the scope of the rest of the the-
sis. There are formulee from Batyrev and Borisov [78,79] that allow one to use
a purely combinatorial approach to the calculation of the Hodge numbers of
Calabi-Yau manifolds realized as subvarieties in toric varieties. They provided a
formula to calculate the so-called stringy Hodge numbers defined on potentially
singular Calabi-Yau spaces that are basically coinciding with the Hodge numbers
of a smooth crepant resolution in case that it exists. Using our algorithm we
found that actually particular contributions to these numbers can be traced back
to certain cohomology groups of line bundles on the ambient space [3|. In cases
where a Landau-Ginzburg phase exists, these contributions correspond to states
in the twisted sector and, hence, we can assign to the cohomological degree a
particular physical meaning. Furthermore, we extend these ideas to codimension
two cases and as a byproduct also provide an explicit combinatorial formula for
Hodge numbers of a Calabi-Yau four-fold that may become useful in the F-theory
setting.


http://wwwth.mppmu.mpg.de/members/blumenha/cohomcalg/
http://wwwth.mppmu.mpg.de/members/blumenha/cohomcalg/

25

Chapter 9: Finally in the last chapter we apply our algorithm to construct
heterotic models. In particular we investigate target space dualities of het-
erotic models with (0,2) worldsheet SUSY. The fast computational abilities of
cohomCalg Koszul extension allowed us to calculate many explicit examples and,
hence, to give an explicit description of the construction of these models. In
particular we focused on heterotic models where the holomorphic vector bundle
is given by a deformation of the tangent bundle which is a rank three bundle [5].
We furthermore explain how one can employ conifold transitions to relate the
base manifolds of the initial model to the base manifolds of the dual models. We
also show how chains of dual models can be produced and provide data of a scan
of a large landscape of models. This indeed provides strong evidence for the con-
jecture that target space duality is indeed a duality of the full string models. The
more general situations of Eg, SO(10) and SU(5) GUTs where the holomorphic
vector bundle is no longer a deformation of the tangent bundle [6] are considered,

too.
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Chapter

Heterotic String Compactifications

We have pointed out in the introduction that there are different types of string
theories. For example, the Bosonic string which is forced to be defined in a 26-
dimensional space time, due to anomaly cancellation conditions. On the other
hand, consistency of string theories with space time supersymmetry such as the
type ITA/IIB and type I require in a ten-dimensional environment. Both Bosonic
as well as superstring theories involve independent left and right movers in the

mode expansion of the closed string.
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An idea that seems on first sight a little counter intuitive is to combine these
two concepts to a so-called heterotic model firstly introduced by Gross et al.
[80,81]. This hybrid model merges left-moving modes of the Bosonic string and
the right-moving modes of the superstring into one single theory. While the type
II string theories have N/ = 2 supersymmetry in ten dimensions, the heterotic
string theory only preserves N' = 1 SUSY in ten dimensions. As in the type
IT setting, anomalies arise and they have to be canceled out which, as one can
show, enforces the gauge group to be either SO(32) or Eg x Eg. The standard
model gauge group SU(3) x SU(2) x U(1) can be embedded into Es and hence
heterotic string theories provide a natural environment for GUT model building.
The other Eyg can be considered invisible and this way does not influence the
observable physics.

In string theory we usually have two different viewpoints of the same scenario
in hand, the spacetime description and the worldsheet description of the string.
The space time description is valid once the string scale is small compared to the
size of the compactification space. If this assumption is not valid anymore, string
effects apply and the geometric description may no longer be appropriate. In the
following we will give a quick review for both, the spacetime and the worldsheet
perspective of the heterotic string.

In both descriptions we will see how all the mathematical concepts, we are
going to introduce in chapters 3 to 8, will beautifully arise and hence motivate
the need to explore mathematical techniques in order to calculate quantities for
real-world physics. Here the cross-fertilization between mathematics and physics
manifests itself. In fact some of the mathematical concepts were motivated and
even properly formulated because of the underlying physics and on the other
hand the physicists made also extensive use of mathematics to understand the
physics better. Taking advantage of these two perspectives is precisely what we

did for the investigation of target space dualities as described in chapter 9.
2.1 Spacetime description of the heterotic string
For the spacetime description of the heterotic string we assume that all length

scales defining our internal dimensions are large compared to the string length.

Due to this assumption we don’t have to deal with string effects and hence our
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string theory is effectively simply described by a field theory which is given by ten-
dimensional SUGRA coupled to Yang-Mills theory. The massless string spectrum

is then governed by an effective action

-G 1/2 1 /
S= /dl%% (R+ 4|0®[* — §|H3|2 - &Z {tr (|Ff?) —tr (|R2|2)})

+ Fermions
(2.1)
which can be derived calculating for instance on-shell scattering amplitudes and

contains the following fields:
Dilaton ®,  10d metric G,  B-field By,  gauge field A, (2.2)

and defined from those furthermore contains the three form flux Hs, the Riemann
two-form Ry, the Ricci scalar R and the gauge field strength F, corresponding
to the gauge fields A. Furthermore the three-form Hj3 can be written in terms of
the B-field as

Hy = dB, + % (CS., — CS,) (2.3)

where CS,, and CS,4 are the Lorentz and theYang-Mills Chern-Simons forms of
spin and gauge connection w and A respectively. They are given in terms of their

connections in such a way that they obey the Bianchi identity:
/
dH; = % (tr {RA R} —tr {F AF}) . (2.4)

As one can see from (2.1), the gauge fields in the action are suppressed and come
only into play at higher order in the string coupling. There are also Fermions in
the above action (2.1), namely a gravitino ¥ a dilatino A and a gaugino y. All
the fields in the (2.1) accommodate a SUGRA multiplet and a vector multiplet
where the fields G , By , ®, U, X\ belong to the SUGRA multiplet while the
A, x belong to the vector multiplet and transform in the adjoint representation

of the gauge group Eg X Fg or SO(32). In order to preserve supersymmetry, the
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variation of these Fermions have to vanish, i.e.

1 1
e = (ac + (ZWABC - _HABC> FAB) e=0,

8
P L <8AFA<I> _ iHABCFABC) e=0 (2.5)
2v/2 12 ’
1
Sy = —ZFABFABE =0.

It turns out that in order to find solutions to the equations of motion of (2.1)
which do actually preserve N' = 1 space time supersymmetry and furthermore
d = 4 Poincare invariance, it is sufficient to solve the system of equations (2.5).
Doing that we still need to satisfy the Bianchi identity given in (2.4) but after

taking this into account we are done.

We are actually only interested in compactifications where globally no fluxes
are present which means that in all our equations above we can formally put
H; = 0. We also assume that our ten-dimensional space time splits into a flat

four-dimensional one and a six-dimensional manifold
Mg =R x M. (2.6)

Then the first SUSY variation in (2.5) simplifies to

1
(80 -+ ZwABCFAB) € = VME =0 (27)

and reflects the fact that the spinor ¢ has to be covariantly constant on the
internal six-dimensional manifold M that constraints the manifold to be a so-
called Calabi-Yau manifold which we will introduce later in definition 6.2.1. The
existence of such a spinor immediately forces the tangent bundle of the manifold
M to have SU(3) structure and it is also referred to as Killing spinor. Notice
that the spinor € lives in SO(1,9) which is broken to SO(1,3) x SO(6) for a space
of the form (2.6) and its six-dimensional part has right and left chiral pieces that
transform under SO(6) = SU(4) as 4 and 4 respectively. Since the spinor of the
space M gets rotated by elements of the holonomy group H, we need to make
sure that the 4 decomposition under H contains singlets. Otherwise we could

not meet condition (2.7). This can be accomplished if we choose the holonomy
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group H to be SU(3). Then we get the decomposition

4su(a) = 3su) + Lsum) (2.8)

and we can guarantee the existence of exactly one spinor satisfying (2.7).

After making sure that the gravitino variation is satisfied we still have to deal
with the SUSY variations for the dilatino and the gaugino. The one for the
dilatino is actually not to hard to accomplish. Since our flux Hj is already
formally put to zero, it suffices to just put the dilaton to a constant and we are
done. However solving the equation for the gaugino in (2.5) we have to work
harder. On first sight one might think that we could simply put F, to zero
but this would contradict the Bianchi identity (2.4). This can be seen once we

integrate on both sides over a four cycle, which gives zero on the left hand side:

O:/tr(R/\R)—/tr(F/\F)
< Co (TM) = C2 (V) ,

(2.9)

where V is the vector bundle corresponding to the gauge connection. Since one
can show that the second chern class of a Calabi-Yau manifold cannot vanish, it is
clear that we cannot simply put F;, to zero without violating (2.4). Furthermore
we can constrain this non-vanishing field strength by the SUSY variation for the

gaugino. This results into the constraints

F:q¢9=0. (2.11)

The first two equations (2.10) simply state that the bundle we choose has to be
a holomorphic vector bundle and is actually not too hard to satisfy. The third
equation (2.11) is called the specialized Hermitian Yang-Mills equation and it is
much less trivial to solve for this equation. Our internal manifold M has to be
a Calabi-Yau manifold and up to now there is not even one single Calabi-Yau
known, where one can explicitly write down the Hermitian metric, even though its
unique existence was proven in Yau's theorem [82] as stated in definition 6.2.1.
Luckily there also is a similar theorem that proves the existence of a solution

to the Hermitian Yang-Mills equations. It is due to Donaldson, Uhlenbeck and
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Yau [83,84] and states the following:

Theorem 2.1.1 (Donaldson-Uhlenbeck-Yau Theorem). For a holomorphic vec-

tor bundle V there exists a solution to the hermition Yang-Mills equation
F; g7 =0, (2.12)

iff V is p-stable. This means that the slope of every subsheaf F C V is strictly
smaller than the slope of V itself:

H(F) = % /M TAJTAe(F) < p(V). (2.13)

For V), since its first Chern class vanishes, the slope of every subsheaf has
actually to be negative. Since we cannot put F; to zero we have to come up with

another choice and the simplest one is
V="Tu\. (2.14)

This is called the standard embedding, it is automatically stable and the gauge
connection is identified with the spin connection. Nevertheless we will see in the
next section that the standard embedding is rather constraint for the purpose of
model building because the structure group of the tangent bundle is always equal
to SU(3) and hence the resulting four-dimensional gauge group will always be
Eg. In order to construct theories different GUT groups as gauge groups we have

to consider more generic vector bundles.

2.2 The massless spectrum

In this section we want to see how the massless spectrum of a heterotic Calabi-
Yau compactification arises in the supergravity approximation. The ingredients
that will be necessary to do so are topological and we can say quite a lot about
spectra etc. without the explicite knowledge of the Ricci flat metric that lives
on the Calabi-Yau. As we saw in the last section, if we want to obtain N =

1 supersymmetry in four dimensions, we have to compactify on a Calabi-Yau
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manifold M coming with a holomorphic and stable vector bundle V
V- M. (2.15)

In the following we will restritct ourselves to the case where in the ten-dimensional
theory we have an Eg X Eg gauge symmetry rather than an SO(32). Furhtermore
one Fjy can always be hidden and we will only consider the remaining non-hidden
Ey. Compactifying this 10d theory on a Calabi-Yau will result in a 4d theory in
which the visible Eg will be broken by the structure group

H = SU(3), SU(4) or SU(5) (2.16)

of the holomorphic vector bundle V. The unbroken gauge group is then given by
the commutant G of H in Eg which yields

G = Eg, SO(10) or SU(5) (2.17)

for the gauge group respectively. The case of the standard embedding is here
quite a specific one. Since our manifold has SU(3) holonomy, the tangent bundles
structure group is forced to be SU(3) and hence the four-dimensional GUT group
to be Fg. The more general cases of SO(10) and SU(5) GUT groups coming from
higher rank vector bundles were first explored by [85-87|. The breakdown of Ej
into G and H can nicely be read off from the corresponding Dynkin diagram as
show in figure 2.1. If we build a physical model this way, eventually we want
to calculate its physical quantities. For instance we would like to know what
kind of Fermionic fields will appear in the four-dimensional low-energy theory.
The relevant Fermionic fields arise then in the decomposition of the gaugiono
vector supermultiplet that comes from the breakdown of the Eg gauge group via
the structure group H. The relevant representation of Eg here is the 248 which
decomposes according to table 2.1. In the large volume limit the only part that
will survive the Kaluza-Klein compactification process are the massless modes of
the Dirac operator on M. In [85] it was described how to obtain these massless
modes simply by calculating certain bundle-valued cohomology groups. The idea
is the following: We have to find the massless modes of the Dirac operator. On

a complex Kéahler manifold we can decompose it with respect to the complex
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(a) The Dynkin diagram of Eg. (b) The Dynkin diagrams of the broken gauge
groups Eg x SU(3), SO(10) x SU(4) and
SU(5) x SU(5) respectively.

Figure 2.1.: Breakdown of the gauge group FEg via “breaking” of its Dynkin diagram
into an SU(n) part and its commutant.

# zero modes in | Zero mode are counted by h}w(o) of the following bundles:

reps of H x G 1 1% 1% A%V A2VF End(V)
Es 248
\J 1

SU(3) x FEg (1,78)® (3,27) @ (3,27) @( 8

SU(4) x SO(10) | (1,45) @ (4,16) & (4,
SU(5) x SU() | (1,24) @ (5,10) & (5, 10)

Table 2.1.: Matter zero modes in representations of the GUT group.

structure as
v'D; = "Dy +~" Dy, (2.18)

where D is the covariant derivative with respect to the Hermitian metric of the
Kéhler manifold. One can now show that spinors do in fact correspond to (0, ¢)-
forms of the Calabi-Yau manifold, meaning forms that are made of a wedge prod-
uct of ¢ purely anti-holomorphic one-forms ~ dzz. Furthermore, the differential d
that acts on forms can be decomposed into a holomorphic and anti-holomorphic
part

d=0+0 (2.19)

either as we will explain in a little more detail in chapter 4. Furthermore one

can show that acting on spinors with 'ykD,-C corresponds to acting on (0, ¢)-forms
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with @ and acting with v*Dj, corresponds to acting with 0* which is the adjoint

operator to 0 and for the compact case given by
0" =—%0% . (2.20)

A (0, g)-form n that represents a zero mode of the Dirac operator must hence
obey
On=0 and On=0 (2.21)

and is called harmonic. If we introduce an equivalence relation in the space of
(0, g)-forms that identifies all forms that differ only by a form that is given as the

derivative of a (0,q — 1)-form 7/, i.e.
ne~n+on = Il=n+on], (2:22)

one can show that in every equivalence class is exactly one harmonic form. There-
fore Counting harmonic forms and hence zero modes of the Dirac operator cor-
responds to counting equivalence classes of (0,¢q) forms. The set of all such
equivalence classes is called a cohomology group in particular the ones we just
described, i.e. the “pure” (0, ¢)-forms are taking values in the structure sheaf O,y

of M! and its ¢'" cohomology group is denoted by
HY(M;Onp) or HY (Onm). (2.23)

Similarly we can also have the (0, ¢)-forms to take values not only in the structure
sheaf but rather in some higher rank vector bundle V and calculate the zero modes
of the Dirac operator of these forms which will differ from the former ones. We
will call the set of harmonic functions due to the arguments above the ¢ vector

bundle-valued cohomology groups and denote them by
HI(M;V) or Hy (V). (2.24)

As it turns out the zero modes of the broken four-dimensional gauge group with

respect to different representations can then all be found as vector bundle-valued

1O is basically the set of the nowhere vanishing holomorphic functions that play the role of
the coefficients of the (0, ¢)-form.
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cohomology groups where each representation is determined belongs to a specific
bundle. For the chiral spectrum, e.g. in case of bundles with SU(3) structure, the
massless modes that correspond to the Fermionic components of chiral superfields
of the four-dimensional theory transform in the 27 and 27 of Ej respectively and
their number can be obtained by the dimensions of the vector bundle-valued

cohomology groups V and V*:
nar = h'(M;V) and ngy = h'(M;V*). (2.25)

Which bundle-valued cohomology contains which zero modes can for all possible
cases can be read of from table 2.1. As one can see, there are also gauge singlets
that correspond to one-forms with values in endomorphism bundle, i.e. they live
in H'(M;End(V)) and are counted by

hY(M;End(V)). (2.26)

These singlets are basically the infinitesimal deformations of the holomorphic
vector bundle and will potentially be moduli of the theory. Besides those there
are also the infinitesimal deformations of the Calabi-Yau base manifold which are
counted by the Hodge numbers, i.e. by the tangent and cotangent bundle-valued

cohomology groups:
Wy =h' (M;Th)  and bl = WY (M TY). (2.27)

Here the Hodge number hf\’j counts the possible deformations of the complex
structure and h}\’j counts all possible Kéhler deformations. For the standard
embedding, (2.25) and (2.27) obviously agree, i.e. the zero modes in the chiral
multiplets in the 27 and 27 correspond to the number of complex structure and
Kéhler deformations respectively which is really only happening for the standard

embedding.

2.3 Worldsheet description of the heterotic string & GLSMs
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2.3.1 The non-linear sigma model:

The description of a perturbative heterotic string compactification is given by
a non-linear sigma model (NLSM) that lives in two dimensions and maps the

worldsheet to the ten-dimensional target space geometry. The maps
XN.¥ 5 M xRY, N=0,..9 (2.28)

are the embedding of the worldsheet in the target space M. Furthermore there
are Fermions 1" and 44 which are right and left-handed worldsheet Fermions
respectively. Here the ¥ couple to the pullback of the tangent bundle T, of the
target space M and the v* couple to the pullback of the vector bundle V of the
target space M. The number of left and right handed supersymmetries can be
chosen independently but in order to obtain A/ = 1 space time supersymmetry we
need at least two right handed but no left handed ones. We denote such left-right
handed worldsheet supersymmetry by (0,2). The action of such a sigma model

is given in terms of the metric and the B-field as

S

4o

/ d*z ((GMN(X) + Bun(X)) 0, XMo. XN
(2.29)
+ Gun (XYM N + .. )

Since GG and B are rather non-trivial functions in the worldsheet embedding X,
this action is fairly non-linear and in fact it is quite hard to deal with NLSMs
directly and the only way to get the spectrum is in the large volume limit we
described above. Furthermore we need our NLSM to be a conformal field theory.
Consequently in order to preserve (0,2) world-sheet super symmetry plus the
condition that all diffeomorphism anomalies vanish, namely the model is modular
invariant, can the be seen as the following (topological) conditions on the target
space

ci(M)=0, «(V)=0 mod2, ch(M)=ch(F) (2.30)

which are compatible with the conditions derived in the SUGRA picture. For
the specific choice of the tangent bundle for V one can see that now ten of the
left-handed Fermions ¥4 transform in the same way as the right-handed U» and

hence the worldsheet supersymmetry has enhanced to (2,2).
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2.3.2 The gauged linear sigma model

Another way to construct super conformal field theories is using a two-dimensional
abelian gauge theory, called the gauged linear sigma model (GLSM) and was first
introduced by Witten in [88]. Let us briefly review a couple of important aspects
thereof. For a more thorough introduction we refer to the original literature [88|
and extensions [89] or to review articles, e.g. [90,91|. The idea is basically to in-
troduce a two-dimensional abelian gauge theory that is chosen in such a way that
it can be traced down to an infra red fixed point, via the renormalization group
flow, which has to be conformal. This conformal fixed point will then give us for
instance an NLSM that has a Calabi-Yau manifold equipped with a holomorphic
vector bundle as target space right in the way we described above. The quantities
that do not change under the renormalization group flow can be used to study
properties of the NLSM making use of the much easier GLSM. Furthermore the
GLSM provides even more general prospects since, depending on the choice of pa-
rameters, it will provide scenarios where the target space, i.e. the classical vacuum
of the GLSM, cannot be interpreted as a smooth manifold but rather by some
singular configuration which might be even only one single point. This means
that these parameters give rise to a cone structure which is not unique. The way
how to choose this cone structure can then be identified with possible triangu-
lations of a lattice polytope and the different triangulations are called phases of
the GLSM [89]. This has a mathematical interpretation as we will see in 3.3 and
the triangulations containing the maximal number of cones can be interpreted
by smooth geometries. Therefore at low energies, these phases will correspond
to NLSMs with a smooth target space geometry and phases corresponding to
non-maximal triangulations may correspond to non-geometric Landau-Ginzburg

orbifolds or some other more peculiar theories like hybrid models.

More concretely, let us first list the fields in the GLSM equipped with (0, 2)
supersymmetry, using superspace coordinates (z,z,0%,67). We will have r dif-
ferent U(1) gauge symmetries, labeled by a = 1,...,7. Then there are two sets of

chiral superfields:

X, withi=1,...,n and P withi=1,...,n,. (2.31)
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In superspace coordinates we can decompose them as

Xi =x; + 0+’¢}Z + 0+9_+a§l'i s (232)
P=p+ 9+7Tl + 9+§+65pl . (233)

Here z;, p; are the Bosonic components of X;, P, and the v;,, m;, denote their
Fermionic super partners. Furthermore they are charged under the U(1)" gauge
group by

Q™ and — M (2.34)

respectively. Chirality here simply means that the fields obey

We assume that we can choose QEO‘) > 0 as well as Ml(a) and that for each 7, there
exist at least one r such that QEO‘) > 0. Furthermore we have two additional

Fermi superfields
A witha=1,...,ny and I';withj=1,... ¢ (2.36)

that have similar super space expression as (2.32) where the first components are
then Fermions A* and +; respectively. They are also charged under the U(1)"

gauge symmetry with charges
N and — S (2.37)

respectively. We also assume that the charges N and S](a) satisfy the same
(semi-)positivity constraints as the QZ@ and Ml(a). For the case (2,2) worldsheet
supersymmetry, (2.34) and (2.37) agree and the (0.2) chiral and Fermi superfields
(2.32) and (2.36) combine to form (2,2) chiral superfields. In the following we
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will specify such a GLSM by writing all the above data in a table of the form

Z; Fj
1 1 1 1 1 1
W ol || —s s s
2 2 2 2 2 2
DY .. | -8 —sP ... —s? (2.38)
oy QY | -8 —sy . —s!
A® jZ
NYOND N MY - Y
N® NP N2 | -M® M —MP) (2.39)
NOONS NS =M MY =M
The index a@ = 1,...,r may be suppressed at some points throughout the re-

mainder but will always be there. In the subsequent sections also the notation
VNl 77777 N, [Ml,...,Mn ] —>]P>Q1 ..... Q,,L[Sl,...,Sc] (240)

may be used for such a configuration for reasons that will become clear in the
following. Anomaly cancellation of the two-dimensional GLSM requires the fol-

lowing set of quadratic and linear constraints to be satisfied
N ST ~ @) _ N gl
SIS SEVCHNNND SRR St
. a=1 lznlA zil j=1 § (241>
Z Ml(a)Ml(ﬁ) . Z Néa)Néﬁ) _ Z Sj(a)sj(ﬂ) N Z QEQ)QEB) ’
=1 a=1 j=1 i=1

for all o, 3 =1,...,r which corresponds to (2.30).
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2.3.3 The superpotential

The action of the GLSM contains generically a non-trivial superpotential for the
chiral and Fermi super fields which has to be invariant under the U(1)" gauge

transformations and its most general form is
S = / d*zdf [Z D7 Gy(X) + > PAFNX)| (2.42)
J lLa

where the sub- and superscripts ¢, j, [, as well as a take values as above and G
and F,' are (quasi-)homogeneous polynomials whose multi-degree is fixed by the
requirement of gauge invariance of S. The multi-degrees of the polynomials G

and F,' are given by

F,!
- My—N, M —Ny ... M —N,,
J
My—Ny, My—N, ... My—N,, (2.43)
Sy S, S,
M, —Ny M, —N, ... M, —N,,

For the right-moving Fermions we can derive the following set of Yukawa cou-

plings from the superpotential (2.42):

- 0G.:
> &C? . (2.44)
i !

This way we obtain a mass for a linear combination of the ;’s if the derivatives

of the hypersurface satisfy a transversality constraint which can be written as

ch? (21, ..., 7,) = 0 Vi and for some & 0
7 Ti (2.45)

ifand only if 2y = ... =2, =0.

If (2.45) was not true we could not guarantee that every linear combination

appearing in (2.44) is really present and it would not be clear whether or not
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the corresponding v does obtain a mass indeed. Furthermore the superpotential
(2.42) induces couplings for the left-moving Fermions A\* of the Fermi superfields
Aa
Linass = »_ m A" F,! (2.46)
a,l

which means that a linear combination of the A® receives a mass by pairing up
with one Fermionic component 7; of the chiral superfield P,. Again this is only
guaranteed if we also put transversality constraints upon the F,' in the sense that

they do not vanish simultaneously

chFal (z1,...,x,) = 0 Va and for some ¢ # 0
I (2.47)
if and only if z; = ... =2, =0.

We will see below that depending on the choice of the Fayet-Iliopoulos parameters,
the set of x; might be constraint in order to minimize the Bosonic potential which
we are about to introduce. In this case the conditions (2.45) and (2.47) might
be relaxed a little since the set of x; may be restricted to form a Calabi-Yau
manifold M given by a constraint in some higher dimensional ambient space. In
such a case all the G; are forced to vanish and define these constraints. Moreover
since each m; pairs up with a linear combination of the A\, the massless remaining
combinations of the left-moving fermions \* couple to the kernel of the map F
that connects the two spaces of Fermions. Adding the inclusion map we can this
way connect three spaces of Fermions in a way such that each map maps Fermions

to the kernel of the next one:

Y ey E ooy (2.48)
Vi=ker F,'. (2.49)

This is not the end of story and once we have a look at the superpotential (2.42)
again we can recognize that we are still free to choose an additional gauge sym-
metry that acts only on the Fermi superfields and leaves the Bosonic chiral su-
perfields unchanged. To define it we introduce np new X! Fermi superfields that
are not chiral, along with the same number of chiral Fermi superfields {2; that

are neutrally charged under the U(1)" gauge group and define the new gauge



43 2.3. Worldsheet description of the heterotic string & GLSMs

0 = VB -0 - 00 - @ E LY w0 - o

Figure 2.2.: Pictorial illustration of the massless Fermions (massless in orange, massive
in blue). The horizontal axes display the spaces of Fermions and the vertical one their
dimension. On the left hand side the situation of only one kind of mass term is drawn
(2.48) and on the right and side the additional Fermionic gaugings are included and V
appears as a quotient space (2.53).

transformations as
I — IV 4+ 2E)Q" A" — A+ 2B,°(X;)Q, Y — N+ Q) (2.50)
for some constants EY/. This is only true once we impose that also

ZElOJGJ + ZEiaFal =0, Vi = L...np. (251)

J

Furthermore, the X! give rise to an extra contribution to the scalar potential
which does not play any role for our analysis. The Fermionic components o of

¥¢ can now also provide mass terms for the \* via couplings

Linass = »_ 0N E',. (2.52)

Hence via this construction the remaining massless left-moving Fermions are those
that are in the kernel of F' and hence obtain no mass from (2.46), but at the same
time do not receive a mass term from (2.52) which means that they do not lie in
the image of the map E. Hence as we obtain the massless Fermions as a quotient
space of {\*}:

(o'} 22 (A7} 2% (m) (2.53)
ker F.!
V= H(:Ej . (2.54)

A pictorial way of seeing the difference between (2.48) and (2.53) is given in figure
2.2.
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2.3.4 The scalar potential

For the scalar components of the chiral superfields X; and P, we have two kind
of potentials. An F-term potential and a D-term potential where the latter one
will contain as many parameters as U(1) gaugings are present. The F-term scalar

potential reads
2

: (2.55)

where x; and p; are the Bosonic complex scalars of the corresponding chiral

> o F ()
=1

superfields. ? Introducing the Fayet-Iliopoulos parameter £(*) € R for each U(1)

the D-term potential can be written as
' n ’le 2
Vp = Z(Z QW a* =Y MV py? - 5(”)) , (2.56)
a=1 “i=1 =1

In order to find the classical vacuum we hence have to minimize these two po-

tentials i.e.

Ve =Vp=0 (2.57)

which in particular implies that

Gj(xl, ...71'”) =0 \V/j,
Zpl EMNwy, ..., 2,) =0 Va,
l

(2.58)
SOl =3 M pif? — € = 0 Var,
i=1 =1
where the second condition can always rewritten using (2.47) as
{p1,.spn,} ={0,...,0} or {a1,..,z,} ={0,...,0} . (2.59)

2Here we would in principle get another scalar contribution due to the additional Fermionic
gaugings. But the values of the additional scalar fields coming with such a term are forced
to be zero everywhere but at the boundary between phases and since we are only working
inside proper phases we will simply not write that term explicitly.
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2.3.5 Geometric interpretation

For a concrete choice of charges one can now determine the classical vacua of
the F-term and D-term potential. It turns out that the structure of this vacuum
depends crucially on the Fayet-Iliopoulos parameters. In fact the R” parametrized
by them splits into cones, also called phases, whose boundaries separate different
vacuum configurations.

There are certain choices of FI parameters that are particularly interesting and
that is for instance where all of them are positive (supposing all the x; have only
positive charges and the p; have only negative charges). In this case we need
some of the z; not to vanish in order to cancel the £(*) and minimize the D-term
potential. In order to minimize the F-term, too, the GG; have to vanish and since
the F,' are due to (2.47) not allowed to vanish we need the p; to be all zero.

Hence the D-term vanishing constraints the set of Bosonic fields x; to obey

n (@) 12 _ ¢(a)
Py := {{xl, ey T} | 2z Q’U(%Zl ¢ ‘v’a} (2.60)

and the F-term constraints the set of these x; further to
M= {z1,...,z} | {z1,..., 20} € Py and Gj(zy,...,2,) =0 Vj} . (2.61)

The space Py is also called a symplectic quotient and the space M defines a
subspace of Py. In this case M will describe a smooth manifold. Furthermore
one can show that the Fermions o, A, 7 do correspond to sections of line bundles
that live on that manifold. We will denote them corresponding to their U(1)
charges as

Om, Om(Na) s Opm(M).

Furthermore the space of massless Fermions we derived above in (2.48) and (2.53)
corresponds to a non-trivial subspace of the direct sum of line bundles that cor-
respond to the A/ s i.e.
VP OmN,). (2.62)
a=1

This will then be a vector bundle® and the term non-trivial above means that

3Actually it is also possible the V is not entirely smooth and hence no longer a vector bundle
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this vector bundle is no longer a direct sum of line bundles. More precisely, the

vector bundle will be given by

nA np
0=V~ EPOm(N,) 2 D Om(M;) — 0, (2.63)
a=1 =1
as V = ker F,! or from
) nA Np
0 — 0% 2% (Y Ou(N,) 2 @D Oum(M) -0, (2.64)
a=1 =1

as V = % Since V is given by this quotient one can conclude that V defines

a vector bundle of rank
rk(V) = #)\,S - #77-,8 . #O'/S e nA — np . nF

over M.
The construction of a vector bundle this way is well known to mathematicians
and referred to as the monad construction and we will discuss it in a mathematical

framework in 7.4.1.

Example 2.3.1 (One single U(1) action). Let us briefly discuss the phases of the
GLSM for the most simple choice of a single U(1) and n, = 1. In this case there
is only a single Fayet-Iliopoulos parameter and one only obtains two different
phases:

For £ > 0 the D-term condition Vp = 0 i.e.

> Qi = MIp]* —¢ =0 (2.65)
=1

implies that not all z; are allowed to vanish simultaneously. Thus not all F,
do vanish due to the transversality condition (2.47) and hence vanishing of the

F-term potential Vy =0 i.e.

Z‘Gj (25)

but a so-called coherent sheaf. On the other hand in all the cases we consider this will not
be the case.

2

=0 (2.66)

DY A
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implies G(z;) = 0 and p = 0. Thus in this phase one gets a (0,2) non-linear
sigma-model on a complete intersection of hyper surfaces that belong to the con-

straining equations {G; = 0} in an ambient space that is given by the symplectic

,_ zylei|xi|2:§
fo .= { @il =€), oo

which is a geometric space where the coordinates are given by the Bosonic fields

quotient

x;. In fact one can show that this symplectic quotient is equivalent to different
construction that is given by a holomorphic quotient. Such holomorphic quotients
are well known in mathematics and referred to as toric varieties. Many tools
to calculate topological quantities of such spaces are known and they are quite
convenient to work with. This particular example would correspond to a so-
called weighted projective space which is a straight forward generalization of a
complex projective space. Furthermore the G, represent (quasi-)homogeneous

polynomials that describe the subvarieties
S; ={(x1,....,2,) €Pg, 0, | G; =0} (2.68)

which describe, due the transversality constraint (2.45), a complete intersection

of hypersurfaces in the ambient space (2.67)
]P)Qlyn'yQ’n [Slv tr Sc] = m Sj (269)

as the target space. In general, the constraints (2.41), guarantee that the complete
intersection defines a threefold with vanishing first Chern class which in our case

can be stated by
j=1 i=1

and it means that our space M is a Calabi-Yau manifold. In addition the vec-
tor bundle V is implied to have SU(n) structure group (if it is stable) and the

quadratic constraint

nA c

M2—ZN3:ZSJ2—iQ§, (2.71)
=1

a=1 j=1
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implies the integrated Bianchi-identify
CQ(V) = CQ(TM) (272)

which for more involved cases applies to each geometric phase. Depending on the

the number n, and on the polynomials F, we will obtain either the monad

na
0=V - POmN) Z3 Op(M) -0, (2.73)
a=1
or the monad
0— 0 2y EBOM N,) 255 O (M) — 0. (2.74)
a=1

The vector bundle of our model will therefore be either given as the ker (F,) or
as ker (F,)/im (E*,).

The second phase arises for ¢ < 0. In this case the D-term potential already
implies that (p) # 0. Then the F-term potential forces all the F, to vanish
simultaneously which is according to (2.47) equivalent to the vanishing of all the
x;. Hence this phase is non-geometric since the classical vacuum is given by a
single point obtained from the vev of p. Then, the low-energy physics is described

by a Landau-Ginzburg (LG) orbifold with a superpotential

W(X;, A%, T7) ZFJG )+ AF,(X). (2.75)

Methods have been developed to deal with such (0,2) LG-models [92,93], which
means in particular the generalization of the BRST methods for the computation
of the massless spectrum from (2,2) LG orbifolds to the (0,2) case.

Remark. It was first observed in [94] that in this superpotential the constraints
G; and F, appear on equal footing, so that in particular an exchange of them
does not change the Landau-Ginzburg model as long as all anomaly cancellation
conditions are satisfied. In [95] this duality was further investigated showing that
this exchange is still possible after resolving the generically singular base manifold
(see [96] for another kind of (0,2) duality). It is precisely this duality we have

studied and we will present our analysis in chapter 9.
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In order to be able to analyze GLSM’s in their geometric phase it is easier,
as already mentioned, to work with the corresponding holomorphic quotients i.e.
with toric varieties. A lot is known about them and the next chapters will give
techniques to calculate topological quantities thereof. In order to get evidence
for a duality it is in particular important to be able to calculate the massless
spectrum of the compactification. As argued above the massless fermions will
be describing sections in a vector bundle and the way to identify such sections
is by calculating cohomology groups. As it turns out at the end we will always
be forced to calculate line bundle cohomology which is the reason why we put
our effort in developing an algorithm that is able to calculate them fast and
a fair part of the following chapters will be devoted to deriving this algorithm
as well as the ways to apply it to scenarios we just described, before we turn
back to the underlying physics and investigate target space dualities of heterotic

compactifications.






Chapter 3 -

Toric Geometry

C

Toric varieties are a very accessible set of algebraic varieties with the outstand-
ing property that they are completely defined in terms of combinatorial informa-
tion. In particular also their topological properties are encoded in combinatorics
and a lot of these quantities that are usually not calculable for generic algebraic
varieties become quite easy to access. Nevertheless, even though all these quan-
tities can be calculated in principle, one can still reach calculable limits once one

turns to higher-dimensional complicated cases. In order to push these limits as
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far as possible it is important to have algorithms of high efficiency in hand. Also
vanishing theorems help to avoid unnecessary lengthy calculations. In this chap-
ter we will introduce all the basics on toric geometry required in the remainder

of this manuscript.

3.1 Physical motivation: Gauged linear sigma models and
flux compactifications

Before we start diving deep into the formal mathematics of toric varieties let
us first give a little motivation where toric varieties arise in string theory. The
most prominent appearance of toric varieties is the one we just explained in
chapter 2 in the context of heterotic string theory where they arise as vacuum
configuration of the GLSM introduced by Witten in [88]. This two-dimensional
field theory is chosen in such a way that there exists an infrared conformal fixed
point where it describes the worldsheet of a string, propagating in some geometric
or non-geometric background. The vacuum configurations in the geometric case
are given by a symplectic quotient which can be shown to coincide with the
holomorphic quotient defining toric geometries. Due to that equivalence it is
very important to understand the mathematical concepts of toric geometry very
well if one wants to work with such theories. Moreover also in the context of
type II superstring theories toric varieties can become important once fluxes are
introduced in order to stabilize the moduli of the theory. Here complex spaces
with an SU(3) structure are required and toric varieties provide a convenient

class of such spaces (see e.g. [97| and references thereof).

3.2 From projective spaces to toric varieties

In this section we want to introduce the notion of a toric variety in a way one
can quickly work with. We will motivate the definition by going through three
different examples. We only introduce and use what we actually need later on
and therefore the definitions are mathematically not fully rigorous. For a more
detailed and very careful introduction to the topic we refer the reader to the book
of Cox, Little and Schenck [53].
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(a) The complex projective space P1. All the (b) The weighted projective space Py 5. All
points of the different lines through the origin  points of different parabola through the ori-
are identified with one another. The origin gin are identified with one another. The
itself is excluded. origin is excluded.

Figure 3.1.: Two examples of a toric variety both having only one C*-action.

3.2.1 Complex projective spaces

Let us start off with a very simple toric variety namely the complex projective
space. Consider n copies of C as a starting point. The idea of a complex projective
space, denoted by CP? or P? is to consider a set of equivalence classes inside C"
where for the projective spaces we always have p = n—1. The equivalence relation
identifies all complex straight lines through the origin in this space. For instance
consider a point z € C" as an element of P?, then an arbitrary multiple of this
point by a non-zero constant A # 0 corresponds to one and the same element of

P?. Hence the equivalence relation ~ is defined by
(1, ooy ) ~ (AT, .oy Azy) VA € CF := C\{0} . (3.1)

So really all points on a straight line are identified by one another with one
exception, the origin. Since all these lines intersect at the origin we have to
exclude it. Otherwise we would identify all points in our space with the origin and
we would never obtain anything non-trivial. For the case n = 2 we can actually
visualize the space P! as shown in figure 3.1a . The action that multiplies every
coordinate of a point with a non-zero constant complex number is called a C*-
action for obvious reasons. Since algebraic geometers refer to C* as an algebraic
torus it is also called a torus action. When physicists talk to each other, this

action can also take the role of an abelian gauge group acting on some two-
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dimensional field theory as was explained in chapter 2 and may therefore also be
called the U(1) action. Taking everything we just said into account we can quote

the proper definition of P?.

Definition 3.2.1 (Complex Projective Space). A complex projective space P? is

defined as the quotient space

o C"—{0}
L (3.2)

where the C*-action is defined via the equivalence relation ~:
(21, ..., 1) ~ (AN g, .., A 2,) VA € CF = C\{0}. (3.3)

A point in P4 can be written by (z; : ... : z,,) (sometimes also simply denoted as
(21, ..., Ts), keeping (3.3) in mind) where z1, ..., x, are then called the homoge-

neous coordinates of P,

3.2.2 Weighted projective spaces

After defining the complex projective spaces it is quite straight forward to define
more general spaces having a C*-action different from the one of a complex pro-
jective space. The picture is more or less the same with just one difference. As
we have identified straight lines through the origin to define a complex projective
space, the spaces we are considering now are defined by identifying point sets
that correspond to, not necessarily linear, polynomials through the origin. This
means that we identify points with one another that are related by multiplying
every component with the same constant but a different power of this constant,
ie.

(T4, ) ~ (A9, . A9m2,) VA € CF, (3.4)

where the (); are arbitrary numbers in Z that are called weights. Hence such a
space is called a weighted projective space. For different choices of ();’s we obtain
different weighted projective spaces. One simple example for the one-dimensional
case is given where (J; = 1 and ()3 = 2. Then the identification reads for the
point (1,1)

(L, 1) ~(AMA)VAreC. (3.5)
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This point set is a complex parabola in C? and similarly for every starting point
different from (1, 1) we get a differently shaped parabola which is drawn in figure
3.1b. The formal definition is very much like the one for the complex projective

space:

Definition 3.2.2 (Weighted Projective Space). A weighted projective space, de-
noted by Pg,, .o, for Q; € Z ¥V 1 <i <n is defined as the quotient space

a_ C"—{0}
Pl= — (3.6)

where the C*-action is defined via the equivalence relation ~:

(21,0 ) ~ (A9y, . A9m2,) VA € CF. (3.7)

Now we have already a large number of toric varieties that we can construct
using definitions 3.2.1 and 3.2.2. So far we only motivated the construction and
visualized their definition. We have not shown any relation to algebraic vari-
eties or smooth manifolds here. In fact one can show that these are algebraic
varieties and furthermore that the complex projective spaces are even smooth al-
gebraic varieties and hence they are algebraic manifolds. The weighted projective
spaces on the other hand can be shown to be singular spaces and hence are not
represented by some smooth manifold. Nevertheless they might contain smooth
subvarieties as we will see in section 6. Also, we may perform a blowup of points

in the weighted projective space in order to resolve singularities.

3.2.3 Toric varieties

The step to a toric variety is not very big now and simply given by an introduction
of various C*-actions inside the same space C". An example for a one-dimensional

toric variety in C? is given by the C*-actions in the rows of the matrix

1 10
Q%) = (3.8)
0 21
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Figure 3.2.: The one dimensional toric variety corresponding to the charge matrix
in equation (3.8). Since r = 2, points on sheets, i.e. complex two-dimensional spaces
are identified with one another. Here the exceptional set which has to be removed
corresponds to the union of the two horizontal axes.

which gives the following two equivalence relations:

(.Tl,ZEQ, 5(33) = ()\.Tl, A(L’g,.f:g), VieC 5 (39)
(z1, 79, 73) = (21, W?20, pv3), ¥V p e C*. (3.10)

Plugging in any values for z;, x5 and x3 one can see that these equations just
parametrize complex two-dimensional surfaces that span inside C? and are built
out of two kinds of curves. The curves that correspond to the first row of the
matrix (3.8) intersect the horizontal plane at the axis where z; and z2 equal to
zero which is the x5 axis. Similarly intersect the curves that belong to the second
row of (3.8) the horizontal plane at the x; axis. This scenario is plotted in figure
3.2 where the horizontal axes are x; and x3. Since all the points on these complex
surfaces are identified with one another we have to exclude the sets where they
intersect in order to get something non-trivial. This set, which is here given by
the x; and the x3 axis is called the exceptional set. 1t is closely related to the
so-called Stanley-Reisner ideal which will be defined in a second. Let us first
quote the general definition of a toric variety which is analog to the one of the

projective and weighted projective space:
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Definition 3.2.3 (Toric Variety). Let d, r € N and n = d+r. A d dimensional

toric variety Py, is defined as the quotient space

Ccr—-Zz
Ps =
oy

(3.11)

where Z is the exceptional set. The (C*)" actions correspond to the equivalence

relations that are given by a matrix (Q%;) which is defined according to
(21,0 xp) ~ (A9, A ) Va=1,..,r, YA C*, (3.12)
which identifies points on r-dimensional subspaces in C".

Remark. The exceptional set is a crucial part of the toric variety that encodes
a lot of information on its topology. It basically tells us which combination
of homogeneous coordinates are not allowed to vanish simultaneously. In the
framework of the GLSM this task corresponds to minimizing the Bosonic potential
which was done by solving equations (2.58). The exceptional set is here given by
the solution of equation three in (2.58) and this relation between toric varieties
and the classical vacuum of a two-dimensional field theory helps many physicists

to loose their fear of these spaces.

What we specifically usually need is the quite closely related notion of the

following.

Definition 3.2.4 (Stanley-Reisner Ideal). Let Z be the exceptional set of a toric
variety Py;. The Stanley-Reisner ideal Iy is the minimal ideal containing square-

free monomials corresponding to the different subsets of the exceptional set:
Iy =(x" | {x,=0}C Z), (3.13)

where we defined 7 := {iy, ..., } along with
k
X" = Hxij and X, = {x;, ..., } (3.14)
=1

Example 3.2.1. For the complex projective space and the weighted projective

space we had only to remove the origin. So the exceptional set Z has only this
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one defining subset:
Z ={(x1,29,...,x,) € C" | (x1,22,....,2,) = (0,0,...,0)} . (3.15)
Therefore we get a Stanley-Reisner Ideal which contains only one monomial:

Is = (x1-xo - .- ) . (3.16)

Example 3.2.2. As a second example let us consider the toric variety defined
by the matrix in (3.8) above. As we saw, we had to remove the z; and the x3

axes. Therefore the exceptional set of this example is
7 = {(21, 29, 73) € C*: (29, 23) = (0,0) or (x1,25) = (0,0)}, (3.17)
and from that we obtain the Stanley-Reisner ideal which has two elements:

[E = <£L'2 X3, I1 - .CC2> . (318)

As one can imagine, these sets might get very complicated to derive once
we choose a matrix @ that does not look as nice as the one in (3.8) and at
some point it is impossible to simply read off the exceptional set and hence the
Stanley-Reisner ideal. But there is a very convenient way to calculate these sets
systematically in terms of d dimensional polytopes which we are going to explain

in the next section.

Remark. We have not said anything about smoothness of a generic toric variety
so far. While we know that the projective spaces are always smooth and the
weighted projective spaces are always singular, for a generic toric variety it is
a priory not clear. There are smooth ones that are in particular no products of
complex projective spaces and there are also singular ones which are not products
of weighted projective spaces. How one can check for smoothness of a toric variety

in a combinatorial way will also be content of the next section.
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3.3 Lattice polytopes and fans

After we learned in the last section what the idea of a toric variety is and already
saw a few fairly simple examples, we want now to turn to methods and techniques
that allow us to handle more complicated toric varieties. In fact we want to
have an explicit description of a method to calculate the Stanley-Reisner ideal
and hence also the exceptional set for in principle arbitrarily complicated toric

varieties.

3.3.1 Toric varieties from lattice polytopes

In order to achieve that we will introduce a very useful description of the com-
binatorial data of the toric variety as an n dimensional lattice polytope. The
identification is as follows: Consider a d dimensional toric variety given by defi-

nition 3.2.3. Now consider a d dimensional lattice
M =174 (3.19)

and define a set of vectors in this lattice as follows:

{'LU e M : i@aiwi = O} . (320)

This is nothing else but the kernel of the matrix () that defines our toric variety.
This set of vectors in the lattice M can be interpreted as an d dimensional lattice
polytope as follows: The set of vertices denoted by A° is given by the rows of the

transposed kernel of the matrix )
A° = ker(Q). (3.21)

Since A° is just the kernel of the ()-matrix, the dimension of the polytope can
always be identified with the complex dimension of the toric variety. In fact in
order to obtain information about the topology we usually need both the polytope

A° and the matrix (). In the literature usually the polytope is the data provided
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and from that we can also obtain the matrix () as the kernel of A°:
Q = ker(A°H)T (3.22)

and in fact to define it this way round is a bit more general since it may happen,
e.g. for non-compact toric varieties, that there is a polytope defining the toric
variety in a slightly different way as we did above that does not give rise to a

matrix (). But in all cases we consider this will always be possible.

Example 3.3.1. Let us consider as an easy example the two-dimensional space
P? living as a quotient in C3 hence having one equivalence relation. It is is given

by the quotient (3.2.3) where @) is given by

Q=(1,11). (3.23)

Therefore we find the transposed kernel to be

-1 -1
A°=ker{(L, L,D}=| 0o 1. (3.24)
1 0

Hence we got three vertices for the corresponding polytope,
V1 = (1,0), Vg = (O, 1), V3 = (—1, —1) . (325)

They are plotted in figure 3.3a. In quite the same way one could construct the
polytope of a weighted projective space e. g. [P 12 by simply moving the vertex
(—1,—1) to (=1, —2). This scenario is shown in figure 3.4 and as one can observe
that there is now one point, namely the point (0, —1) that actually lies inside the
polytope without being a vertex of it. We will see later on that precisely that is

what causes the toric variety to be singular.

3.3.2 Cones and fans

So far we only considered examples where the toric variety is uniquely described

by the matrix () or equivalently the polytope A°. It turns out that this is actu-



61 3.3. Lattice polytopes and fans

¢ ¢ ¢ ¢ ¢ < [ ¢ ¢ (3
¢ ¢ ¢ ¢ [ ¢ ¢ ¢
© © = [ [ ¢ ¢

© c ¢ ¢ ¢ © Q ¢ © ¢

© ° © e ¢ o © e o ©
(a) Vertices as vectors that sum to zero (b) Vertices of the lattice polytope
Figure 3.3.: The toric diagram of P?; the vertex in the center of the image marks the

origin (0,0). The sum of all three vectors with coefficients 1 is zero. Hence we have the
1-weighted projective space Py 11 = P2.

0 ¢ © © ¢

(a) Vertices as vectors that sum to zero (b) Vertices of the lattice polytope

Figure 3.4.: The toric diagram of P190; the vertex in the center of the image marks
the origin (0,0). The sum of all three vectors with coefficients 1, 2 and 2 respectively is
zero. The lattice point in 3.3b that lies inside the polytope corresponds to a singularity
of the space.
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ally not quite enough in general. As we defined the toric variety in (3.2.3), we
explained how the equivalence relation ~ can be defined in terms of the matrix
Q. At that time we always supposed that we know how the exceptional set looks
like and in the simple examples we considered, it was always possible to just
write it down uniquely. In fact this choice is in general not at all unique and
one might have even hundreds equally valid ways to choose this set. Every such
choice will then stand for an a priory topologically distinct toric variety. In this
subsection we want to see how we can systematically derive all possible choices of
this exceptional set and also how we can compute certain topological properties

from it.

Definition 3.3.1 (Cone). We define a (strongly convex rational polyhedral) cone

o to be a set spanned by a finite number of vectors v, ..., v, like

o= {Z a;v; : a; > 0} , (3.26)

i=1

with the property that ¢ N (—o) = 0. Hence the apex of each such cone is
always the origin. A cone is called simplicial if its dimension equals the number

of generating vectors, i.e. k = dim(o).

Definition 3.3.2 (Fan). A fan 3 is a collection of cones such that for every two
cones 0;, 0; € X, the intersection o; N o; is also a cone which is itself an element

of ¥. By X(k) we denote the subset of all k-dimensional cones in 3.

We have seen in the last subsection that we can define a polytope representing
information of the toric variety by taking the kernel of the @-matrix. Therefore
every vertex of the polytope is associated to one homogeneous coordinate of the
variety. In figure 3.5 we can see, exemplary for P2, that such a polytope gives
rise to a fan where the origin is the apex, the vectors to the vertices span the
one-dimensional cones and combinations of two vectors span the maximal cones
which are in this case the three two-dimensional cones. The idea is now that
the different regions of the fan tell us where on the toric variety we are located
in terms of which coordinates may or may not vanish in that particular region.
Every maximal cone corresponds then to an affine toric variety which is simply a
topologically trivial one and can be described by one single patch U; i.e. by one

single copy of C? in case of P2. In practice these are the regions where some of
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012

Figure 3.5.: The fan of P2. There are three two-dimensional cones o;, three one-
dimensional cones o;; and one zero-dimensional cone, the origin.

the homogeneous coordinates of the variety are allowed to take any value and the

remaining ones are not allowed to vanish according to the following rule:

A coordinate z; is not allowed to vanish on the subset Ps|y, of the toric
variety belonging to the cone o € 3, if the one-dimensional cone wv;,

corresponding to x;, is not a generator of o.

A fan therefore provides instructions on how these affine toric varieties are to
be glued together consistently. Here the lower-dimensional cones encode along
which loci the affine toric varieties are glued together and the resulting topology
may then no longer be trivial, i.e. the resulting toric variety may no longer be an
affine one. Since the information of which homogeneous coordinates are allowed
to vanish on the loci corresponding to the cones is completely determined by this
construction, the problem of finding the exceptional set is just the problem of
finding a fan for a given polytope. Those vectors that do not span any cone of
the fan correspond to coordinates that are never allowed to vanish simultaneously
on Py:

{zeC": (z,...,2;)=(0,..,0)} C Z

(3.27)
< {viy,...,v;, € X(1)} do not span a cone in X,
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were v;, is the one dimensional cone associated to the homogeneous coordinate

Ly, of PE-

Example 3.3.2. Let us come back to our example of P? to see how it explicitly
works. As shown in figure 3.5 we have three cones of dimension two, three cones
of dimension one and the origin as zero dimensional cone. The open cover of P?
corresponding to the maximal cones is then given by

T2 T3

Uy := {(z1,29,73) € P* | 21 # 0}, with local coords. (—, ) eC?,

1 I1

Us := { (21,22, 13) € P* | 25 # 0}, with local coords. (ﬂ, —3) e C?,
4op)

T2

Us := {(z1,22,33) € P* | 23 # 0}, with local coords. (ﬂ, ﬁ) e C?,

xr3 T3

where U; corresponds to the maximal cone ;. According to the fan given in figure

3.5, these patches are glued together along loci
L{ij = Z/{Z ﬂZ/lJ = {(l’l,fﬂg,.’ﬂg) S ]P)Q ’ ZT; 7é O, X 7é O} (328)

which correspond to the one-dimensional cones o;; and furthermore connected
via the one zero-dimensional cone o193 that corresponds to the intersection of all

three patches
Z/{123 = ?/ﬁ QUQ ﬂu;:, = {($17I2,$3> € P2 | T 7é O, ) 7é 0, T2 7& 0} . (329)

So we can see that we always find patches where any combination of homogeneous
coordinates are allowed to vanish simultaneously with the only exception of the

case where they all vanish at at the same time.

Definition 3.3.3 (Stanley-Reisner ideal revisited). Using these notions we can

define the Stanley-Reisner ideal as

Iy = <Hx RO - z> . (3.30)
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We furthermore define the irrelevant ideal which we will need later on as

By, = < ﬁ z; | (Viy, .. 05,) € E> , (3.31)

JFk,
k=1,...m

to be generated by monomials that correspond to complements of cones.

Definition 3.3.4 (Triangulation). Let A° be an d-dimensional lattice polytope.
A triangulation of A° is a partition of this polytope into maximal-dimensional
cones that form a fan. A mazimal triangulation T of A° is a triangulation such

that no other triangulation 7" of A° has more maximal cones than 7.

Each maximal triangulation 7 of a polytope A° gives therefore rise to a toric
variety and since the maximal cones are glued together differently in two different
maximal triangulations of the same polytope, they will give rise to different topo-
logical spaces. Tools to calculate the triangulations that belong to a polytope as
well as its Stanley-Reisner ideal are for instance [65], [66] and a nice interface to
both [71]. For model building in string-theory we will be faced with toric varieties
of at least three dimensions and the techniques even though straightforward get

very tedious and it is in fact not possible to avoid tools like these.

3.4 Line bundles and divisors

In this last section of the toric geometry chapter we want to introduce the notion
of coherent sheaves as well as line bundles, divisors and their relation to each
other. All these objects are closely related to the topology of the ambient toric
variety and can be used as tools to calculate such topological quantities. How

this can be done explicitly will be dedicated to later chapters.

Definition 3.4.1 (Holomorphic line bundles and sheaves). A rank one vector
bundle £ over a toric variety Py, that has holomorphic transition functions is
called a holomorphic line bundle'. A section or global section of a line bundle

is defined to be a map that maps every base point to a fiber of the line bundle

IThroughout the remainder we might drop the adjective holomorphic from time to time, but
those line bundles are always understood to be holomorphic.
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which is isomorphic to C:

s: Py — L, (3.32)
s(z) e L, = C. (3.33)

This means every point x € Py, takes a value in some complex line over the base.
Therefore such a section can be represented by a polynomial in the homogeneous

coordinates:

s(z) = Z Aoy an@it e xem (3.34)

al,...,an
with some coefficients A, ., € C. Since the homogeneous coordinates are only
defined up to r different U(1)-actions given by @), we can rewrite (3.34) as
S(I) — Z Aal,...,an)\al.Qla . Aan‘Qnax(i,l ..... xan17 v)\ c (C ) (335>

n
QA1 ,e.,Qn
So if we want this map to be a well defined section in a rank one bundle, we
cannot allow arbitrary terms in (3.35) but we have to restrict to those such that
the sum of the U(1) charges of the coordinates always gives a unique number

Qe for every a, i.e. the following coefficients have to vanish:
Ao, =0 if A\@@1 e tan-Qn® A\ for some o . (3.36)

A polynomial that satisfies (3.36) for all » U(1)-charges Qg., is called homoge-
neous and the 7 numbers Qg are called the multi degree of the homogeneous
polynomial.

In contrast to a vector bundle that attaches a vector space to each base point,
there is the related concept of a so-called sheaf that attaches a group to each
open set of the base space instead. In fact for the precise definition one has
of course to put some restrictions on this to make sure that it behaves fine by
intersecting open sets etc. but we will not state these formal definitions here since
we will not need them. The important point for us is that the set of sections in a
vector bundle that are defined on the open cover of Py, define a sheaf. Therefore
in the remainder if we talk about sheaves we always mean the sheaf of sections

associated to the corresponding vector bundle.

Remark. The set of homogeneous polynomials form a vector space and in chapter
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4 we will see that the dimension of this vector space is a topological quantity
referred to as cohomology of the line bundle. Here we will see that besides the
homogeneous polynomials, also so-called homogeneous Laurent polynomials will
become important. These differ from the homogeneous polynomials only by the
fact that the terms are no longer monomials but quotients of monomials. So the
homogeneous multi degree may besides positive numbers and zero also contain
negative numbers. So there may also appear cases where no global sections can
be written down at all and only Laurent polynomials will determine the topology
of the line bundle.

Definition 3.4.2. As we saw in 3.4.1, the sections of a line bundle have to have
a certain multi degree Q... This multi degree is also called the first Chern
class and one can show that in smooth cases it identifies line bundles that are
isomorphic to each other. Hence from now on we will often simply refer to a line
bundle £ over Py with first Chern class Qg as

‘C = OPE (Qgeg) :

Definition 3.4.3 (Toric and effective divisors, Picard group). Since we defined
line bundles over toric varieties we would now like to define the closely related

2

concept of divisors in Px. A divisor® on a toric variety defined as the formal sum

of irreducible codimension one subvarieties, i.e.

n

= Y aD;, a; € Z, where (3.37)
=1

D
D, = {xePy|x;=0}. (3.38)

The subvarieties D; are called toric divisor. Since a divisor is a sum of codi-
mension one subvarieties it should be possible to obtain it (maybe patch wise)
by one single equation in the homogenous coordinates that is put to zero. This
seems similar than defining the sections of a line bundle where we also needed
C-valued functions to define them. It turns out that there is actually precise

correspondence of line bundles and divisors and we can use either language to

2In the remainder we will mostly be dealing with smooth manifolds and hence we will not use
the distinction between so- called Weyl and Cartier divisors since they are the same is such
a setting.
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describe these objects. The homogeneous multi degree of the equation that we
use to define the divisor is then of course given by the first Chern class of the
corresponding line bundle.

Due to our linear relations between the coordinates we can see that equation
that defines the divisor in (3.37) is not always unique and that we might get a
linear equivalence between some of them. As one might guess it turns out that the
number of independent divisors, also called the Picard group, is just given by the
number of U(1) charges defining the toric ambient variety. Therefore the divisor
will only depend on r different constants defining the formal sum of subvarieties.

If all these constants are larger or equal to zero, we call the divisor effective.



Chapter 4 -

Cohomology of Line Bundles

cohom(alg

fast sheaf cohomology computation
for Iine bundles on toric varieties

++Koszul

extension

In the last section we have introduced divisors and line bundles and argued
why they are basically the same. In this chapter we want to present one of the
main results we accomplished. Since line bundles and divisors naturally appear
at various places in string theory it is quite important to better understand the
topology of these objects. For this purpose we have to calculate their cohomology.
This task is in principle possible but it can take a lot of time doing by hand.
Furthermore the so far known ways to compute them via plain Cech complexes
take into account all open sets of the corresponding base space and can, hence,
become very lengthy. Especially for our purposes that involve calculating a large
number of them one needs more efficient ways as well as vanishing theorems to

keep the time efforts manageable. That is exactly the goal of this chapter.
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4.1 Physical motivation: Heterotic GUTs, line bundles

on D7 branes and type IIB/F-theory instantons

Line bundles can be used to calculate many topological quantities of toric vari-
eties. They can also be used to obtain the topological structure of vector bundles
over such spaces or subspaces and are therefore very useful for heterotic string
model building as we saw in chapter 2. For chapter 9, scans of large sets of geome-
tries were performed and needed an efficient way to calculate the basic ingredient
of these topologies, i.e. the line bundle cohomology. But also in type II string
theory line bundles find their application since they are carried by D7-branes.
The cohomology of these line bundles is crucial to the construction, see for in-
stance the review [35] for more details. Furthermore in the type IIB setting and
also its non-perturbative version, F-theory, instantons are present and manifest
themselves as zero modes of certain line bundles that live on three- and four-folds

respectively [98,99].

4.2 Cohomology: The idea

Let us first of all talk about the idea behind the word cohomology and try to

develop an intuition for what it stands.

4.2.1 De Rham cohomology

In the probably most intuitive case, the topology we would like to investigate is
determined by the cotangent bundle T, and hence determines the “shape” i.e.
the topology of a base manifold M itself. Here calculating cohomology groups
means that we consider differential forms of a certain degree p which are nothing

but sections in the p'" exterior power of the cotangent bundle

/\m = QP(M). (4.1)
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Then we look at those forms that are closed with respect to the differential

0
d:= de, A — 4.2
2 donh g (4.2)

but not exact, i.e. are not the derivative of another form. For a p-form w, for

instance this would mean that
dw,=0 and # (p— 1)-form w, ; s.t. dw, 1 = w,. (4.3)

This set of forms is called the p'* de Rham cohomology group of M and we will
denote it by Hin (M).

How does this set of differential forms tell us anything about the topology of
the bundle? In order to get an idea why this is indeed the case, we consider an

example.

Example 4.2.1. Let M be the two-torus 7% and (6, ¢) be local coordinates that
parametrize the two circles, 6, ¢ € [0, ..., 27). In order to specify its topology let us
derive its cohomology. Since its real dimension is two, we can at most write down
an anti symmetric tensor with two indices. Hence we have at most two-forms on
this space. Let us start with Hig (7T?). We are looking for smooth functions wy
with vanishing differential. Since there are no differential forms with negative
degree, every closed function is non-exact, therefore lie in the cohomology and
must satisfy
Owp Owo

This can only be the case if wy is a constant in R and hence the dimension of the
0*" de Rham cohomology is simply the number of connected components of the

manifold which is in our case one:
dimg (HYR (T?)) =: h*(T?) = 1. (4.5)

For H}(T?) we have to find all closed non-exact one-forms. The most general

one-form is given by

wi=fdi+gde e QUT?) f,gecC=(T?. (4.6)
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The requirement of closeness of w;

_of
NPT

do A do + @demm =0 (4.7)

dw 96

forces the coefficient functions to be either constants or to satisfy

0 0

9f _ 99 (4.8)

a0 0o
In fact one can show that the second possibility represents either an exact one-
form, or it differs from the case where f = fy € R and g = go € R by an overall
constant. Furthermore df and d¢ are non-exact, because 6 and ¢ are multi-valued

due to the fact that they parameterize the two circles of the torus. Hence we can

write an arbitrary one-form in H}y (7?) as
w1 = fo df 4 go dp € Hig(T?) (fo.90) € R? (4.9)

which spans a vectorspace with real dimension hly (7?) = 2. In a similar way we
can find that the dimension of H3;(7T?) is again one. The dimensions of the de

Rham cohomology groups are also referred to as Betti numbers.

This example already demonstrates that the cohomology groups that can be
counted by sections into certain bundles give information about the topology
and hence the shape of the underlying space. Let us now define the de Rham
cohomology in a little more rigorous way. To do that we need a couple of other

definitions

Definition 4.2.1 (Complex, exact sequence, cohomology). We define a complex

to be a sequence of vector bundles A, B, C, D..., connected via maps f1, fa, f3, fa...,
- — A" B-"5C 2D (4.10)

in a way such that
im (f;) Cker (fit1),Vi < fiofi1=0. (4.11)

If the image of one map is always precisely equal to the kernel of the following
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NN

A fs

UE>A4> z 3 4 s %GgUUiAg z 3 4 5 —PGEPU

&

(a) A long exact sequence. Only the image of(b) A non-exact complex. The yellow (light

the previous map is mapped to zero gray) part is the cohomology, i.e. the part of the
kernel that lies not in the image of the previous
map.

Figure 4.1.: Pictorial representation of a long exact sequence and a long complex
with cohomology. On the horizontal line the spaces are shown whereas the vertical
direction indicates the dimension of the space. The connecting between two spaces in
the sequence indicates the image of the map. The fact that f; o fiy1 = 0 can be seen
nicely.

map, i.e.

we say the complex is ezact. A pictorial way to imagine complexes can be found
in figure 4.1. For non-exact complexes, we define the failure of the complex to
be exact as the cohomology of the complex at that specific position. For instance

the cohomology of the complex (4.10) at position B is given by

ker (f2)
im (f1)

(4.13)

As it turns out everything that we ever call cohomology is cohomology in this
sense. This means that we will always have some complex that contains the

cohomology as the measure of the failure of this complex to be an exact sequence.

Definition 4.2.2 (De Rham Complex). As an example we take the de Rham
cohomology. It is quite straight forward to see what kind of complex it comes

from. It is called the de Rham complex and is given as

s OM) LM S22 M) L IM) L (4.14)

Since we know that the differential d satisfies d*> = 0, this is indeed a complex
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where the cohomology is the de Rham cohomology

ker (d)

HélR<M) = m (d) )

(4.15)

where the d here is the corresponding mapping d : QF — Qif!,

4.2.2 Dolbeault cohomology

The concept of de Rham cohomology is valid for all smooth manifolds. Never-
theless sometimes we do have some more structure on our manifold that allows
us to derive a more refined version of de Rham cohomology. Especially when we
have a complex manifold which means that we have a complex structure that tell
us how complex conjugation has to be performed and ultimately every patch in
our open cover can be represented locally as C. It follows that the differential
d defined in (4.2) now decomposes with respect to the complex structure of the

complex manifold as

0
Zi

5 (4.16)

_ 0 _
d:8+8::;dzi/\ 7 +;dzi/\
Hence we can assign now two indices (p, ¢) to differential forms where the first

denotes the 0-degree and the second the O-degree.

Definition 4.2.3 (Dolbeault complex/cohomology, Hodge diamond). Making
use of this idea, we can treat both operators 0 and 0 separately to define co-
homology. This means we have p-forms that can be 0-closed but not J-exact
along with differential forms that may be d-closed but not d-exact. This splits
the aforementioned de Rham cohomology into two subsets which actually have

no overlap. The two Dolbeault complexes are then given by with

e 0 (M) =S QY (M) =L 2 (M) S 3 (M) L

_ _ _ _ (4.17)

_>QP70(M) &Qp,l(M) &QP’Q(M) i>9n3(M) i>
and the corresponding cohomology groups H?4(M) are given by the cohomologies
of these complexes. Comparing to the de Rham cohomology we will find that

the splitting of the differential forms into complex conjugate parts also applies
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for the cohomology and hence

Hfp (M) = € H™(M). (4.18)

p+Hq=k

Sometimes people arrange the Dolbeault cohomology groups in a table which is
called the Hodge diamond

Y -,
1,0 0,1
H b H = Hjy
HY @ 0y o  HyY = Hy
, (4.19)
g2 g gt g pgld o g
d,d—1 d-1d d—
HY o H, = HU!
i -
where we used the notation
HRYl = H"(M) and H}, = Hjz(M). (4.20)

4.3 Sheaf cohomology

After we have seen the quite instructive examples of de Rham and Dolbeault
cohomology we want to come now to the very generic concept of sheaf cohomology

and especially the cohomology of line bundles.

4.3.1 Cech cohomology

The most generic way to perform cohomology computations is that of Cech co-
homology. It is formulated without any fancy objects such as differential forms

etc. and is only making use of the open cover

(Uli=1,..n}=U (4.21)
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of the topological space Py, and a sheaf £ on it. Let I'(U; £) be the set of sections
in £|y where U C U.

Definition 4.3.1 (Cech cochain, compelx and cohomology). A sheaf is com-
pletely determined by a set of sections, called global sections, and by the set
of possible sections that can be defined on subsheaves of the original sheaf, we
may call them local sections in the remainder. The cohomology of a sheaf tells
us then which particular sections of the sheaf can be associated to topologically
non-trivial pieces of the total space. In order to see whether or not a particular
section gives rise to such a non-trivial region of the space, we have to calculate
the so-called Chech cochain complex to each potential section of the sheaf. The
cochains contain the information about all the possible ways to define that par-
ticular global or local section of the sheaf. Furthermore, each cochain comes with
a degree which gives information about the open sets on which the section in
question is defined on. Doing this for all sections, the plain definition of the p*™

cochain can be stated as follows:

Cp(uyﬁ) = @ F<£ Uil.‘.ip) ) (422>
10<...<ip
where Ly, . = Ly, n.nv,,- This means we consider a subsheaf L|y, , over

some subset of the toric variety which is given by the intersection of p different
“maximal” open sets U, N ... N U;,, where the term maximal indicates that these
open sets are, in our cases, corresponding to the maximal cones in the fan as
introduced in chapter 3. Then the p'" cochain contains all local sections that
are defined over subsets of “depth” p. The (p+ 1)* cochain will therefore always
contain a subset of the p'™ cochain and we can hence map the p'® to the (p+ 1)

cochain by restricting to that subset
dr . cr — P! (4.23)

which fulfills the property
d?od”™ =0. (4.24)

Therefore connecting all cochains this way we arrive at a complex called the Cech
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cochain complex or simply Cech complex
U L) - 0 —s COU; £)-SC s £) S 0) s (4.25)

Now we can see which of these open sets that the section in question is defined
on, is in fact topologically non-trivial by calculating the cohomology of the Cech
complex (4.25) at position p, as described in section 4.2, which is then called the
p Cech cohomology group and is given by

ker(d”)

YU L) = 4 ot

(4.26)

There is one very important theorem that we will use all the time in the
following chapters. In order to state that theorem we have to introduce one

specific property of the Cech cochains.

Theorem 4.3.1 (C'(-) preserves exactness). The operation C'(-) that maps a
sheaf to its Cech complex has the nice property that it preserves evactness of a

sequence of sheaves. This means that if
a R
0 —R—L—>T —0 (4.27)

is an exact sequence and hence im (G) = ker (R), then their p™ cochains also

form a short exact sequence and the following diagram commutes:

0 —— CP(U; R)—E— CP(U; L) — L CP(U; T) ——0

» ” » (4.28)

0 — CPH(U; R)—E> CrHY (Y £) — B CP (U T) —0

With this theorem in hand we can state the following:

Theorem 4.3.2 (Long exact sequences from short ones). As above consider an
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exact sequence of sheaves
G R
0 —R—L—>T —0. (4.29)

From theorem 4.5.1 we can derive a long exact sequence in cohomology of these

three sheaves as

0— HU; R)) <L HOWU; £) 2 HOWU; T)
50

51

D
<—>H1(u;n) G YU L) B HY U T ﬁ : (4.30)

<—>H2(U;R) LU L) - U T
Here the maps GP and RP are induced by the corresponding ones in (4.29).

Construction of the coboundary maps. The only thing we have to do is to con-

truct the maps 6” that connect the rows in (4.30). These maps
6" HP(U; T) — HPPH U R) (4.31)

are usually referred to as connecting homomorphism or coboundary maps. They
are constructed in the following way. Take an element [t| € H*(U; T) whose class
has a representative in CP(U; T). Since R in (4.28) is surjective, we can find an
element in s € CP(U; L) such that R(s) = t. We can then map this element
5 to an element d”s € CP*'(U; £). Due to the fact that ¢ is an element in the
cohomology, it is mapped to zero by d” and due to commutativity of the diagram
(4.28) we have

R(d’s) =0. (4.32)

Since also the (p + 1)™ row of (4.28) is exact, d’s must be an element of the
image of GG in this sequence. Furthermore again due to exactness G is injective
and hence d”s is uniquely associated to an element 7’ in CP*'(U; R) which also
belongs to a class [r| of the corresponding cohomology group. This finalizes the
map 0” and we have a long exact sequence of cohomology groups indeed. In fact
to be precise we would have to show that the coboundary maps that we just

defined are actually independent of the choice s € R™*(t) which can be done
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similarly. O

4.3.2 The toric Cech complex

What we now want is to explicitly calculate the cohomology of a line bundle in
a toric variety. To do that we want to make use of the Cech complex. Let Ps,
be a toric variety with fan 3. We consider the open cover that is given by the
maximal cones g; € X:

U ={U,)i=1,...,m} . (4.33)

We will use this open cover to calculate the Cech cohomology of a line bundle

corresponding to a formal sum of the toric divisors D; = {z; = 0} C Py :
D= aD;, a€L. (4.34)
i=1

To determine the Cech complex for the sheaf Op (D) we have to count (local)
sections living on some intersection of elements of the open cover. Since the
set of sections on an open set U of this open cover is equivalent to the zeroth
cohomology group on that open set (they are global sections of the corresponding
subsheaf)

D(U; Oy (D)) = H'(U; 02, (D)), (4.35)

we have the following identity for the ptt Cech cochain with respect to U:

C*U; Op (D)) = P H(Us,y..c0,; Ors (D)) (4.36)

10<...<lp

Hence we have to successively count sections for all possible intersections of ele-
ments of . But these contributions are just counted by holomorphic functions in
the homogeneous coordinates which is roughly speaking the reason why there is
actually a grading of the space of sections and hence a grading of cohomology. It
is not only a grading of the cohomology but also one of the Cech cochains them-
selves. This grading is now precisely coming from the M-lattice we introduced in
3.3.1 but we have to generate a little different objects than simply the polytope
we considered there. Each lattice point m € M is associated to a specific Laurent

monomial which represents a section in the sheaf as we will see below. For every
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such Laurent monomial we can derive Cech cochains C?(U; Op,,(D)),, and hence

a cochain complex
OO (Us L) : 0 — CO U: £) 2L (U £) 20562 (U £) 2 (4.37)

Since the differential d* defined before arose from the restriction map it is clear
that it respects the grading of the cochain complex and hence gives rise to a
differential d?, of the graded complex. Therefore one can determine the graded

cohomology which can be summed up to the full cohomology of the toric variety

H(Py; O(D)) = (P H;,(Py; O(D)). (4.38)

meM

Due to the fact that the cohomology groups are of finite dimension, it is clear
that only a finite number of lattice points in M can contribute. Furthermore
since it would be quite a pain to calculate the Cech complex and its cohomology
for each lattice point we are going to divide the lattice M into certain regions,
called chambers in which each point gives rise to the same Cech complex and
cohomology. We denote these chambers by Cy where the e stands for a string of
plus and minus signs, one for each coordinate. A chamber that has a “+” at the
ith position and a “—" at the j' is defined as

C.o . :={me M. (muv)>—a,.. (mv) <—aj, ..}, (4.39)
where the a; are the coefficients of the divisor given in (4.34). So each sign stands
for a certain half-space that includes the hyperplane (m,v;) = —a; in case of a
plus sign, and excludes it in case of a minus sign. The chamber is then given by
the intersection of all half-spaces that come from the signs in the subscript of Cl.
As one can see from the definition (4.39), some of the chambers that correspond
to certain sign strings may be empty for a specific choice of signs. Therefore the
chamber decomposition of a sheaf Op,, (D) certainly depends on the coefficients

a; in D.

As mentioned earlier, each lattice point m corresponds to a Laurent monomial
which may define certain sections in a sheaf Op (D) restricted to an intersection
of open sets of U, i.e. global or local ones. We can actually write down the

corresponding Laurent monomial in terms of the homogeneous coordinates. For
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simplicity let us first of all consider the sheaf Op,(0) where all hyperplanes /; in
the lattice go through the origin. Here the origin itself stands for the Laurent

monomial

[[=0=1. (4.40)

Now we can move away from the origin in some direction. The exponent of a
specific coordinate at such a point is then simply given by the inner product of

the point with the corresponding vertex vector
: R . (m,vi)
Laurent monomial(m) := LM(m) = H T; : (4.41)

Twisting the sheaf to Op,, (D) results then in shifting the hyperplanes /;. Still the
hyperplane /; that belongs to a coordinate x; contains all the lattice points where
the corresponding Laurent monomial has x; only with exponent 0. Now moving
the hyperplane away from the origin would result in increasing or decreasing the
power of x; at a fixed lattice point. The distance to the hyperplane, so to say,

represents the power. Hence we get the following identification

LM(m) = [ a0 (4.42)

i=1

From this one can see that the sequence of signs that correspond to a chamber
tells us which coordinates are elements of the enumerator, namely those that have
a plus sign and which are in the denominator, namely those that have a minus
sign. For instance the Laurent monomials of the chamber C' , _  from above

would correspond to a set of Laurent monomials of the form

T(,,IZ,)
c L W(...,ij7 ) ’

LM(m¢) = — me €C ... (4.43)

Notice that we keep the sign of the power of each homogeneous coordinate
as long as we stay in a chamber since a sign flip only happens by crossing the
hyperplanes ;. On the other hand, whether a Laurent monomial can at all
define a section on some subsheaf L[y, , certainly depends on the poles the

Laurent monomial carries and whether these poles are compatible with the open
set Ui, i

i,- 1f so, it may give rise to a section but does not have to. Since the
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pole structure in one and the same chamber is the same for all lattice points, it is
reasonable that every point gives rise to the same Cech complex and hence to the
same cohomological contribution. Dimensionally we obtain the full cohomology
of the sheaf by summing over all chambers and weight each chamber contribution

by the number of lattice points therein:

W(Pg;O(D)) = > #points(Ce) - hi,, (Pg; O(D)) (4.44)

chambers C¢

where {C¢} is the set of all chambers, i.e. LMs and m, is some lattice point in
chamber Ck.

Example 4.3.1. Before we move on to the actual calculation of Cech cohomology,
let us first consider an example. Let Ps. be the projective space P? again. The

three vectors v; are given by
v; = (1,0), ve = (0,1), v3=(=1,—-1). (4.45)
Let us consider the sheaf that corresponds to the divisor
D=0-D;+0-Dy+4-Ds, (4.46)

which means that (ay, as,a3) = (0,0,4). Here in two dimensions, the hyperplanes
are lines and the lines /; and /s run through the origin in (0, 1) and (1,0) direction
respectively while [3 is parallel to the line through (1, —1) and the origin. Now we
can perform the chamber decomposition of this sheaf in seven different chambers
which is shown in figure 4.2a. As one can see there is only one chamber with a
finite number of lattice points. We can also write down all the Laurent monomials

as
LM(m) := a:Yn’(l’O)) -xém’(o’l» -milﬂm’(_l’_l» (4.47)

which you can look up in figure 4.2b. So the cohomology of this divisor can at

most depend on these monomials.

Now we are ready to turn to the calculation of the cohomology of a sheaf.
Everything we are interested in is actually the factor hfns that belongs to each
chamber. As one will see, in most cases this factor is either zero or one and calcu-

lation of the full sheaf cohomology is nothing but counting Laurent monomials.
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(a) Chamber decomposition of Op2(4). The(b) Chamber decomposition of Op2(—7). The
chamber Cy; contains 15 points. chamber C___ contains 15 points.

Figure 4.2.: The two chamber decompositions (4.39) of Op2(4) and Op2(—7). Every
dividing line denotes power zero of the corresponding coordinate and moving towards
‘7 or “+” means to decrease or increase its power respectively.

But there are also subtle examples where this factor is greater than one.

Theorem 4.3.3. The Laurent monomial LM(m¢) and hence every LM of lattice
points of the chamber Cg¢ provides a section in the sheaf Opy (D) over U, :=

Ugil,,,%, if for all one-dimensional cones p; € o it holds that
(me,v;) > —a;,  where v; is the vector that belongs to p; . (4.48)

This is basically the condition we mentioned earlier that the degree and the pole
structure of the Laurent monomial is compatible with the sheaf and the open set
respectively. With this rule in hand we have everything we need to calculate the
Cech cochain complex. We write down the chamber decomposition for the sheaf
Op (D) in question, derive the Cech cochain complex for a representative of each
chamber, derive the cohomology via the differentials and sum up all contributions

in the end.

Example 4.3.2. Let us get back to the complex projective space P? and see
how we can derive the cochain complex explicitly. We already did the chamber

decomposition in example 4.3.1 so let us stick with this example. Actually there
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is only one chamber that has a finite number of points so it is enough to derive
the Cech cochain complex for this chamber because the result hast to be finite.

First of all we have the open cover
U: {Ul,UQ,Ug} (449)

corresponding to o1, 09, 03. So intersecting two an three of them leaves us with

the following set of open sets:
{U1, Uz, U3, Urg, Uz, Uaz, Uras} (4.50)

corresponding to the fan of P2. If we consider a lattice point m in C,, . This
corresponds to the case where all homogeneous coordinates are in the enumerator
so there is no chance that this Laurent monomial has a pole anywhere. Therefore
Laurent monomials of this kind define sections on every single set in (4.50).
Hence the Cech cochains have all maximal dimension and hence we can count
the dimension of the cochain complex simply from the corresponding number of
cones in the fan. We have three two-dimensional cones three one-dimensional

cones and one zero-dimensional cone and hence obtain

=1-—0, &, =dim[C],(U;04))] .
(4.51)

To avoid writing the same things over and over again we will in the remainder

often just write down only the dimensions of the space and suppress everything

else which would be here
0 —3—3—1—0. (4.52)

Before we move on to calculate the cohomology we need another theorem.

Theorem 4.3.4 (Serre duality). Let Px be a toric variety. For the cohomology
of a sheaf Op, (D) the following isomorphism holds:

HP (Py; O, (D)) ~ H"?(Py; Op, (K — D)), (4.53)

where K = =" | Q;.
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Example 4.3.3. Now let us do the last step and determined the cohomology
for one chamber from example 4.3.1. The cochain complex was given in (4.51).
In order to obtain the cohomology, we would in principle have to calculate the
maps of (4.51) and see what the quotient of the kernel by the image is. Usually
we are only interested in the dimension of the cohomology groups and therefore
we can make use of the fact that (4.51) is a complex in order to determine this
dimension without actually writing down the maps. But here there is no unique
solution if we only argue with dimensions. So here there would be no way around
calculating the maps but there is a trick to avoid calculating the explicit maps in
this case which is using Serre duality 4.3.4. The Serre dual to the sheaf Op2(4)

is given using the formula in 4.3.4 and reads
Op2(—1—1—-1—-4) = Op2(—T7). (4.54)

If we perform a chamber decomposition with respect to this sheaf, we we notice
that there is only one chamber that is bounded containing 15 lattice points, too.
This chamber is C'___ which makes it easier to calculate the cohomology. Since
these Laurent monomials have all the coordinates in the denominator, we can
only use it to define a section on a patch that prevents each single coordinate
to vanish. Since Uj; is the patch where x; # 0, the only patch that satisfies this

requirement is the patch Ujs3. Hence the cochain complex here reads
0—0—0—1—70. (4.55)

The full space C?(U; O(—7)) is mapped to zero by d?, and since d!, had no image,

all of it is in the cohomology. So we find
dim [C*(U; O(=T))] = h*(P?; Op2(—T)) "= hO(P?*; Op2(4)) (4.56)

This is only the contribution from one Laurent monomial and in fact we have the

following 15 monomials in C , that all contribute in the same way:

{LM<m>’m € C+++} = { ‘1/117 x?x%7x%x§7$lwga xg,.fl?i)l‘g, x%$2x37 xlxgx& (4 57)

3 2,2 2 .22 3 3 .4
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The final result is hence
dim [H*(P* 0(4))] = (h°, ', 1?) = (15,0,0) (4.58)

As we could see it was rather easy to calculate the cohomology of the sheaf
for P2. Even calculating the maps would not have been such a big challenge.
But as one moves to more complicated examples it happens quite soon that the
dimension of the Cech cochains becomes very large and hence the mappings may
become quite complicated. Here we avoided calculating the maps completely via
considering the Serre dual sheaf but also this becomes impossible fairly soon and
one can not only use these dimensional arguments anymore. At that point one
is forced to take the maps into account which slows down the computation a lot.

That is one of the reasons why it is worth to look for a different and better
algorithm to calculate cohomologies of sheaves and that is what we will present
in the remainder of this chapter. The algorithm we propose will allow us to
work with much more complicated spaces and still to argue dimensionally only.
We achieved this by replacing the presented Cech cochain complex by a certain
simplex and will show that certain combinatorial numbers we will calculate corre-
spond to the dimension of the cohomology. This way we exclude a lot of “trivial”
sections (cochains) that would usually contribute to the Cech complex, from the
very beginning and we will go around the task of explicitly calculating mappings,
which takes an lot more time, for a much longer time than one could in ordinary
Cech cohomology. This is the reason at the end, what makes the algorithm so

fast and hence powerful.

4.4 Sheaf-module correspondence

In order to make use of algebraic concepts, we have to reformulate the computa-
tion of sheaf cohomology on the variety Py, in terms of module theory of the Cox
coordinate ring S. In fact in the last sections of this chapter we have already
made use of the correspondence between sheaves and modules by making use of
the explicit representatives of global and local sections. There we used them in
order to get an intuition for sheaf-cohomology. In fact this correspondence can

be made rigorous and we will use it extensively in the remainder.
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The sheaf-module correspondence enables us to construct quasicoherent sheaves
on Py from any module M over S that is graded by the class group' Cl(Py) =
Z™ . For the details of the construction, see e.g. §5.3 of [53|. Since we deal with
line bundles, the only important observation is that the coordinate ring S itself

is Cl(PPx)-graded, i.e. it has a decomposition

S = @ Sp, Sp - Spr C S’D+D’ (459)

DeCI(Py)

and that the graded pieces Sp are naturally isomorphic to the sections of twisted

line bundles, namely
Sp 2 I'(Ps, Op. (D)) . (4.60)

This means that the shift S(D) of S defined by the grading S(D)p = Spip
gives rise to the line bundle Op, (D) and therefore sheaf cohomology should also
be computable from S(D). As it turns out, the algebraic equivalent of sheaf
cohomology on a toric variety is so-called local cohomology with support on the
irrelevant ideal. The reason for this lies in the fact that the map from modules to
sheaves is not injective, since starting with S-modules M that fulfill (Bg)l M =20
for [ > 0 leads to trivial sheaves. Taking global sections on the sheaf side
therefore in a certain way corresponds to looking at elements with support on the
irrelevant ideal on the module side. Local cohomology is then defined completely
analogous to sheaf cohomology as the right-derived functor of the operation of
taking supports.

For the remainder we will mostly use the finer grading of the Cox coordinate
ring S, namely the Z"-grading that is given by degx; = e; € Z". The connection
to the class group grading is given by the map

Q:7" —CUX) 27" e Q- e, (4.61)

where the ) denotes the matrix that defines the C*-action of the toric variety
Py.

Definition 4.4.1 (J-torsin submodule, local cohomology). We now introduce the

necessary notions and then state the relevant special case of theorem 9.5.7 in [53].

I'Note that we always identify Picard group and class group of Py, since in the smooth case
all Weil divisors are already Cartier.
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For an S-module M and an ideal J C S one defines the J-torsion submodule or

submodule supported on J by
Iy(M)={ye M|Jy=0forsomel € N}. (4.62)

The ™" local cohomology module of M with support on J is then defined to be

the module H%(M) obtained from any injective resolution
0—=1"—=T" — ... (4.63)
of M by taking the i*" cohomology of the subcomplex
0—=T (1% =Ty — - . (4.64)

In particular, if M is graded by CI(Py), then also I';(M) and all H(M) will
inherit this grading.

Theorem 4.4.1 (Line bundle cohomology from local cohomology). The precise

connection between line bundle cohomology and local cohomology is then given by®
H'(Pg, Op, (D)) = H ' (S)p  fori>1,D e Cl(Py). (4.65)

Furthermore, there is an exact sequence
0— Hy (S)p — Sp — H(Pg, Op, (D)) = Hp_(S)p — 0, (4.66)

which is necessary to determine the 0% rank of sheaf cohomology. Because of
(4.60) and H°(Pys,, Opy (D)) = I'(Ps;, Op,. (D)), the middle map is an isomorphism.
Furthermore H%E (S) =0, since S has no zero divisors and so in the special case

of line bundles we get
H'(Pg, Op, (D)) = H ' (S)p  fori>0,D e Cl(Py). (4.67)

The grading of the Cox ring, mentioned earlier, is also inherited by the local

2The shift in the rank comes from a shift between the ordinary and the local Cech complex,
see also theorem 9.5.7 in [53].
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cohomology modules, we may write eq. (4.67) as

H'(Ps,0p, (D)) = P HE'(S)u (4.68)
uezm
Q-u=D

for any D € CI(PPs;). So the procedure would be to try and compute all Z"-graded
pieces of local cohomology and at the end determine sheaf cohomology of Op,. (D)
by summing up the contributions fulfilling () - u = D, which is a matrix equation
over the integers solvable by standard techniques using Ehrhart polynomials.
In fact, this is nothing but the Laurent monomial counting procedure of our

algorithm, but we will state this later in a more precise form.

4.5 Commutative algebra

Before we go on and present the algorithm we have to introduce some definitions
and notions from commutative algebra in order to be able to formulate and prove
it. The reader who is not interested in the mathematical background and the
proof of the algorithm may actually skip these sections and move on to section
4.7 right away. There are detailed instructions on how to use the algorithm
explicitly, containing also a lot of examples and in fact no knowledge of section

4.5 and 4.6 is necessary to understand and use the procedure.

Definition 4.5.1 (Simplicial complex, faces). A simplicial complex ¥ over a
set of vertices {vy,...,v,} is defined as a collection of subsets ¥ = {0y, ...,00¢}
such that every combination of vertices {vy,...,v;;} which spans a subset of an

arbitrary element o; € X is itself again an element of the simplicial complex i.e.
Vi s.t. o; € ¥ and {Um ...,vij} Co; = {Um ...,vij} ex. (4.69)

For simplicity we will denote a vertex set {U,-l, e vij} by {i1,...,4;} and further-
more define

im] = {1, ...,m}. (4.70)

The elements of X are called faces or simplices and their dimension is defined by
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Figure 4.3.: The simplicial complex from example 4.5.1. It contains faces of every
dimension and has maximum dimension three.

the number of elements they contain decreased by one:
dim(o) := |o| — 1 := #elements(c) — 1. (4.71)

We also define the dimension of a simplicial complex and the dimension of the

empty simplicial complex, i.e. the void complez, respectively as

dim(X) := max({dim(c) : 0 € ¥}),

(4.72)
dim(¥) := -0 for ¥ ={}.

Notice the difference between the dimension of the empty set () as an element of

a simplicial complex which is
dim(@) :=-1 forfeX =dimX=-1, for ¥ = {0} (4.73)
and the dimension of the void complex containing no elements at all as in (4.72).

Example 4.5.1. An example for a simplicial complex of dimension three is shown

in figure 4.3.
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Example 4.5.2. Another example comes from the projective space P? we con-

sidered in 3.2.3 and whose polytope read
v = (_]'7 _]')7 Vg = (07 ]-)7 V3 = (170) . (474)

This is the vertex set for the simplicial complex and the set of subsets is given by
those faces that are the bases of the cones in the fan. Here we had three kinds of

cones:

1 zero-dim cone 0193 ¢+~ —I1-dimensional face,
3 omne-dim cones 0;;  «~ zero-dimensional faces (vertices), (4.75)

3 two-dim cones 0; e~ one-dimensional faces (edges) .

Since we considered the cones over faces belonging to a fan it is clear that the
face that corresponds to a particular cone has one dimension less than that cone.

The simplicial complex is given by

5= {0, {1} {2}, {3} {1, 2}, {1,3},{2,3}} . (4.76)

Where the it" vertex i of the complex corresponds to the i*" vertex v; of the
polytope. Since it is clear from the definition that all subsets of a given set
of simplices are included in a complex, we may suppress writing down all faces

besides the maximal ones in the remainder. Here we may simply write

Y = {{1,2},{1,3},{2,3}} . (4.77)

In fact one can derive a simplical complex as in example 4.5.2 for an arbitrary
toric variety. Due to the correspondence of simplicial complexes and fans defining
toric varieties, we can also give a meaning to the notions of Stanley-Reisner ideal
and the irrelevant ideal for simplicial complexes from the ones we defined for toric
varieties. In the remainder we will continue denoting the simplicial complex with
the same letter X as the fan. It should be clear from the context which one we

are referring to.

Definition 4.5.2 (Stanley-Reisner and irrelevant ideal). Let ¥ be a simplicial
complex over the vertex set [n] and let S = C[zy,...,z,] be the corresponding

polynomial ring over C. For some subset 7 € [n] we denote the square-free
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monomial in S by

X = H T . (4.78)
Now we define the Stanley-Reisner ideal of a simplicial complex ¥ to be
Iy = (x"|T¢ %) . (4.79)

Hence the generators of the Stanley-Reisner ideal are precisely made of (a minimal
set of) monomials containing variables that do not span any particular simplex

which agrees with definition 3.2.4.

An object, quite closely related to the Stanley-Reisner ideal just defined is
the so-called irrelevant ideal. While we defined the SR ideal to be generated
by monomial that correspond to “non-faces” of the corresponding simplex or
equivalently to non-cones of the corresponding fan, the irrelevant By, ideal is
defined as the ideal generated by monomials that correspond to complements of
faces or cones:

By :=(x"| 0 €X), where 7 := [n]\o. (4.80)

Definition 4.5.3 (Alexander duality). The ideals that are generated by single

coordinates are called monomial prime ideals which we define by
m’ = (x;)i € T C [n]) . (4.81)

In fact the SR ideal and the irrelevant ideal of a simplex X contain the same
information in the sense that there exists a duality transformation that relates
both. This duality transformation is called Alezander duality and is defined for
arbitrary monomial ideals

I=(x", .. x") (4.82)
by

I o= (\m. (4.83)
j=1

One can now show that

I; =By and B =Is (4.84)
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i.e. it is indeed a duality and furthermore

Iy = X'|T¢ %) = ﬂm and Bg::<x3|062>:ﬂm7. (4.85)

oEY T¢Y

Furthermore since SR and irrelevant ideal are on equal footing, there is a simpli-

cial complex X* such that their roles interchange, i.e.
[Z* = I; = BJ and Bz* = B; = IZ (486)

We call ¥* the Alexander dual simplicial complexr of 3 and it is given by the

complements of non-faces of the original simplex:

S = {7 |r¢ 3}, (4.87)

Example 4.5.3 (The projective space P?). Let us consider a couple of examples
to see how it goes. First we start with the example of P? where we know that
the SR ideal is given by

Is = (z12073) . (4.88)

Furthermore following definition (4.80), the irrelevant ideal of P? is now given by:

By,

(x| pex)
= <I1, Xo,X3,T1T2, 13, L2T3, I1$2$3> (4-89)

— <Jf17 T, ZL'3> .

Here we saw that actually the only cones we have to consider are the maximal
ones since all the non-maximal ones will give generators that are producing sub
ideals and hence do not influence the ideal at all. This is always the case. Here
we can already see that SR and irrelevant ideal are dual objects, but let us check
explicitly that Alexander duality holds indeed which is actually trivial for the

case where we have only one SR generator. From (4.85), for the SR ideal we get

]E = m{1’2’3} = <?L’1, $2,$3> = BE (490)
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and furthermore for the irrelevant ideal
Bg = <£IZ’1> N <£C2> M <LIZ’3> = <.I'1l'2.fL'3> = [E (491)

which confirms Alexander duality (4.85) for this case. The Alexander dual sim-
plex is given by the empty set ¥* = {0} which makes sense once we interpret

(x1,x9,23) as an SR ideal.

Example 4.5.4 (The del Pezzo surface dP;). In the above example we could not
see the effect of performing the Alexander dual very good since the projective
spaces are somewhat simple examples of toric varieties. So let us take a look at
the less simple example of dP, that we have mentioned in chapter 3 already. Its

fan was shown in 4.4a and its SR ideal can be read off as
I, = (7123, 0124, TaT3, ToT5, T4T5) - (4.92)
Our fan or simplex in this case is the collection of maximal cones:

Y ={{1,2},{2,4},{4,3},{3,5},{5,1}} (4.93)
The irrelevant ideal can be computed from (4.80) for dP; as:
By, = <XE | o€ Z> = (T3w4T5, T1T3T5, T1ToTy, T1ToTq, TaL3Ty) - (4.94)
Now the Alexander dual of the SR ideal can be calculated by (4.85) to be

I =m3 Am A m3 Amon mits)
= (w1, x3) N (21, 24) N (T2, T3) N (T2, T5) N (T4, T5) (4.95)

= <9€1$29€4, T1T2T5, T1X3T5, T1X3L2T4, T3T4T2, $3$4$5>

= (212224, 1225, T1T3T5, T3TaT2, T3247) = By
and the Alexander dual of the irrelevant ideal, also from (4.85), as

B —m{345} {135} [ (1258} {20 234
= (23, 24, x5) N (T1, T3, T5) N (X1, T, T5) N (X1, T, T4) N (T, T3, 24) (4.96)

= (2371, T3T2, ToT1, TaTs, TpTo) = I .
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Hence Alexander duality also holds in this case.

Definition 4.5.4 (Reduced (co)chain complex and (co)homology). Let ¥ be a
simplicial complex on [n]. For each i > —1 denote by F; the set of i-dimensional
faces as defined in 4.5.1, i.e. subsets o C [n] of cardinality i + 1, and let C*% be
the complex vector space whose basis elements e, correspond to all o € F;, i.e.

CFi =0 for i < —1 or i > n. The reduced chain complex of ¥ is the complex

Cu(Y): 0¢—CFrd P 2 &gk g, (4.97)

Here the boundary maps 0; are defined by setting sign(j,0) = (—1)""! when j is

the r*® element of o C [n] written in increasing order, and
Oies) =Y _sign(j, o)eqn (- (4.98)
jE€o

One has 9; 0 9;;1 = 0 and therefore defines the i® reduced homology of 3 (with

coefficients in C) as
~ ker(@l)
H(Y) = —F—+~.
(%) im(0;41)

Taking the vector space dual of the chain complex (and the transpose of all maps)

(4.99)

one gets the reduced cochain compler of ¥ as C*(X) = (Co(X))* with coboundary
maps 0" = O;:

C*(X): 0 CFr Lychr 2 T o g, (4.100)

One similarly defines the i*" reduced cohomology of ¥ as

Hi(%) = % . (4.101)

Since we have coefficients in C, there is a canonical isomorphism

Hi(S) = H(D)* (4.102)

and thus an equality of their dimensions

dime H'(X) = dime H; (%) (4.103)
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(a) Vertices as vectors that sum to zero (b) Simplex of the fan of dPs
Figure 4.4.: The toric diagram of dP»; the vertex in the center of the image marks the

origin (0,0). From 4.4a we can already read off the cones in the maximal triangulation
of dP2

Example 4.5.5 (Reduced (co)chain complex of dP). Let us consider the exam-
ple of the del Pezzo surface dP,. It is given by a blowup of P? in two points. Its

vertices are given as the following vectors
v =(1,0), va=(0,1), v3=(—1,-1), vy =(—1,0), vs = (0,—1) (4.104)

and are shown in figure 4.4b. We want to see how the reduced (co)chain complex
works out for the simplical complex that corresponds to its fan. From figure 4.4

we can read off the maximal cones to be

¥ ={{1,2},{2,4},{4,3},{3,5},{5,1}} . (4.105)

So we can see from 4.4b that we have five one-dimensional faces, five zero dimen-
sional faces and as always the empty set as face of dimension minus one. Hence
(4.97) becomes

0+ C& & o «—o. (4.106)

The base vector corresponding to the one-dimensional face {1,2} € X, for in-
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stance, is then mapped by the boundary map 0' as
Oi(eqay) = —eqy +eqy, (4.107)

where {1} and {2} are vertices of 3. From (4.105) we can see that there is exactly

one element in the kernel of ' which is given by
ker ((91) = 6{172} + 6{274} + 6{473} + 6{375} + 6{5’1} . (4108)

Since 9% = 0 we can see that this kernel is already in the reduced homology of
the complex. On the other hand, clearly the full four-dimensional image of 9! is

mapped to zero by 0y, e.g.
o (O1(e12) = 0o (—eqy +ey) = —egy +eg =0 (4.109)

and there is only one linearly independent vector left that is mapped to eg; (one
can choose any linear combination that is not antisymmetric in the ¢;). So there

is no more room for homology and we find

HY(S)=C and HY(X)=0, for i#1. (4.110)

Definition 4.5.5 ((Minimal) free resolution). We still need some more definitions
and terminology. Let V;,0 < i < /¢ be a collection of free S-modules, where free

simply means that they are a direct sum of shifted Cox rings i.e.
V; = @,,5(—a,) (4.111)
with all a,, € Z" and S(a) denoting the degree shift of S by a. A sequence
Fai 06— Vo Vie— e Vi <2 Vo e—0 (4.112)
of free modules with maps fulfilling
$; 0 dir1 =0 (4.113)

is called a complex like we defined for vector spaces before. Such a complex is

called Z"-graded if each homomorphism is of degree 0, i.e. for a homomorphism ¢;
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all elements r; € V; one has degr; = deg ¢;(r;) in Z". The length of the complex
Fo equals £ if Vy £ 0 and V, # 0.

A complex F, is called a free resolution of an S-module M if F, is acyclic
which simply means that it is exact everywhere except in homological degree 0

and there, the homology reproduces the S-module i.e.
M = H(F,) = Vo/ im(¢y). (4.114)

There is a theorem from David Hilbert, called Hilbert’s syzygy theorem, which
says that every S-module has a free resolution with length at most n. Since we
will only look at modules M of the form I or S/I, where I is a monomial ideal of
S, e.g. the SR ideal, we always get free resolutions that are naturally Z"-graded.

Define a partial order on Z" by letting a < b if the components fulfill a; < b;
for all i € [n]. To state when a free resolution is minimal, we need to have a look
at the maps between the free modules in the resolution. Since the free modules
are basically given by Laurent monomials monomials, the map also have to be

given by matrices of such a kind. Consider the map ¢ as
P s(-a,) += P S(-a,), (4.115)
q p

between two free S-modules. A monomial matriz consists of entries A\, € C
arranged in columns labeled by the source degrees a, and rows labeled by the
target degrees a, and whose entry )y, is zero unless a, > a, in the partial order
of Z". The map ¢ will then send the basis vector 1,, of S(—a,) to the element

)\qpxap*aq

-1, in S(—a,). The condition a, > a, then just guarantees that
x?*~% ¢ S and the image of ¢ makes sense.

Such a monomial matrix is called minimal if Ay, = 0 whenever a, = a,. Sim-
ilarly, a free resolution of some module M is called a minimal free resolution if
all the maps in the resolution can be represented by minimal monomial matrices.
This means that if we compare some free resolution to a minimal free resolution
we would see that the ranks of the free modules V; in the latter are all simul-
taneously minimized compared to the former. In particular, any free resolution
of M contains the minimal resolution, which is unique up to isomorphisms, as a

subcomplex.
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Definition 4.5.6 ((Full) Taylor resolution). As an example of a free resolution,
take a monomial ideal I = (my,...,m;) in S and write m, = lem{m,; | j € 7} for
any 7 C [t]. Furthermore, set a, = deg(m,) € Z™. The full Taylor resolution of

I is based on the reduced chain complex

Tolt) 1= Co(S) : 04— CFr & o 2 22 cfi . (4.116)
of the full simplex ¥ consisting of all subsets of [t]. In contrast to those simplexes
we considered so far, here we have only one maximal face consisting of all ¢
elements in the monomial ideal.

We can now define the full Taylor resolution by replacing every vector space
C* in 7,(t) by the free module of the form &,cp,S(—a,) and puts the boundary
maps 0; into a sequence of monomial matrices M (0;) with source and target
labels a, corresponding to faces 7 € ¥y and entries A, -\ 1y = sign(k, 7) equal to
the sign factors from eq. (4.98). One arrives at an acyclic complex of the form

FIo 04— S D 5(—a,) ¥ 0 g(cay) 0, (4.117)

TeF)

whose 0! homology equals S/, so this is a free resolution of S/I of length t. For
applications, we will use this to derive the full Taylor resolution of S/Iy where
Iy, is the SR ideal of the toric variety corresponding to 3 and hence to get it, we

only need the full power set of the simplex corresponding to the SR ideal.

Remark. Unfortunately, the Taylor resolution is almost never minimal. More
precisely, one can show that the Taylor resolution is minimal if and only if for all

faces o € X and all elements ¢ € o, the monomials m, and meq\ (; are different.?

Example 4.5.6 (Taylor resolution of dP,). Coming back to our example of the
del Pezzo surface, we notice that its SR ideal (4.92) contains five elements and
hence describes a simplex containing all subsets of [5]. Hence the reduced chain

complex of this simplex is given by

0+ Cl+—C°«+—C¥+—-CY«—C°«+—C'<+—0. (4.118)

3For example, the Taylor resolution of the Stanley-Reisner ring of Py, = dPs is not minimal,
since the subset {mj, mo, m3} = {z129, x123, 2223} is among the generators of its Stanley-
Reisner ideal, cf. the examples in [1].
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And reading of the degrees from table 4.1 we find the full Taylor resolution to

vertices of the | coords | GLSM charges | divisor class
polyhedron / fan Q' Q* @
n=_ 1, 0) T 1 0 1 H+Y
Vg = ( O, 1 ) ) 1 1 0 H + X
V3 = ( —1, -1 ) T3 1 0 0 H
vy= (-1, 0) T4 0 0 1 Y
Vs = ( O, -1 ) Ts 0 1 0 X
Is, = (2123, T124, ToT3, ToT5, T4Ts5) -
Table 4.1.: Toric data for the del Pezzo-2 surface
be
0«— F «— Fl «— F] «— F] «— F] «— F] ,+—0 (4.119)
where
T 2 2 1 1 0
‘FO =S o| B S 1| B S o| B S 2| D S 1
1 0 2 0 1
T 3 2 3 2 3
Fl =81 BS|o|DS|2|DS|1|BS|:|D
1 2 1 2 2
Sla| B S|2| B S|2|BS|1]| P S|-
0 1 2 2 1 (4120)
T 3 3 3 5 2 2 2
./—"2251 @Sz @Sz EBS 1)@52)@8(2)

1 2
2\ D5

FT =5,

N W

Fl =85

2

Definition 4.5.7 (Betti numbers). Basically all information about the minimal

free resolution of an S-module can be encoded in a collection of integer numbers.
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If we take the complex F, from (4.112) to be a minimal free resolution of an
S-module M and write the V; as

Vi= P S(—a)=, (4.121)

aczn
then the (3, o(M) is called the i™ Betti number of M in degree a.

Betti numbers can also be characterized more categorically in terms of the Tor-
functor®. For two S-modules M and N one can describe the modules Tor? (M, N)
by applying the functor ~ ®g N to a free resolution of M and taking homology
of the resulting complex. Since all relevant notions have a generalization to
the Z"-graded setting, also the Tor-modules can be given a natural Z"-grading.

Intuitively speaking, the Betti numbers of M then describe what survives when

tensoring any free resolution with C and taking homology:
Bia(M) = dimg (Tor] (M, C)a) - (4.122)

Note that the tensor product over S of a shifted free module S(—a) with the
ground field C = S/m is equal to a copy of the ground field in degree a € Z":

S(—a) ®s C = C(—a) (4.123)

This means that one has an easy description of the degree a piece of a tensored
resolution F, ®g C. All copies of S(—a) for some a € Z™ that were present in
the resolution become one-dimensional vector spaces C(—a) and since all maps
between source and target degrees with a, # a, become zero, one can restrict to
degree a by just looking at the subcomplex of F, ®¢ C made up of the spaces

C(—a). These considerations will play a role in the proof of our theorem later.

Definition 4.5.8 (Link, restriction). For any o C [n] the link of o inside the

simplicial complex ¥ is the simplicial complex given by
linky (o) ={r€eX|7Uc e ¥ and TNo = 0}. (4.124)

Furthermore for each o C [n] define the restriction of a simplicial complex ¥ to

4See [100] for more details on these categorical issues.
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(a) In yellow a zero dimensional face o of the (b) In yellow the link (o) which consists of
simplex. six two-dimensional faces and their subfaces.

Figure 4.5.: An example of the link of a zero-dimensional face in a simplex ¥ of
dimension two.

o by
Y|, ={reX|rCa}. (4.125)

As an illustration for the link have a look at 4.5

The Betti numbers of a monomial ideal I, C S may be calculated in dif-
ferent ways. One possibility is to take the (co)homology of certain simplicial
subcomplexes of the associated complex ¥ (resp. the Alexander dual ¥*). This

is described by the Hochster formulze:

Theorem 4.5.1 (Hochster formulae). For o C [n] write 6 € Z™ for the (square-
free) degree with components o; = 1 if i € o and 7; = 0 otherwise. Since the
meaning can always be inferred from the context, we subsequently omit the tilde
and write o also for the element in Z". Treating Is, and S/Is as (graded) S-
modules, their Betti numbers lie only in squarefree degrees o and can be calculated

by the Hochster formula
Bicro(Is) = Biw(S/Is) = dime HIZ71(3,). (4.126)

There is also a description of these Betti numbers in terms of the Alexander dual
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complex ¥*. Then the dual Hochster formula states that

BioIs) = Bit1,0(5/Iy) = dime H;_1(links+ (7)) . (4.127)

Because of eq. (4.103), in all of these formule simplicial homology may be treated

for cohomology when computing Betti numbers.

4.6 Cohomology of line bundles: The algorithm

Let us get one step further towards the connection to cohomology and let us state
the relation between the Betti numbers we introduced in definition 4.5.7 in the
last section and local cohomology from section 4.4. For details we refer to the
original paper [101]. For a vector a € Z" let us define the negative entries in that
vector by

neg(a) :={i € [n] | a; <0} C[n]. (4.128)

We have motivated quite early in this chapter why Lautent monomials can be
used to measure cohomology. Furthermore we found it quite intuitive that degree
to which these LMs contribute only depended on the corresponding local patches
on which they could be defined and hence only depended on the coordinates that
were in the enumerator of the LMs. So it is in fact not so surprising to find the
graded parts of local cohomology of S with support on the irrelevant ideal of
some toric variety to be only depending on the negative entries in their degree®.
This means that for a, b € Z™ with matching neg, neg(a) = neg(b) the graded

parts of the local cohomology match, too:
Hy (S)a = Hp (S (4.129)

Hence all relevant graded parts are given by the faces o of the simplex [n] an
hence

Hy (S) = €D Hp (9)-0 (4.130)

oCln]

°In the fine grading we are using, every entry in the grading corresponds to a homogeneous
coordinate and thinking of Laurent monomials, the negative entries just tell us which of
them are inverted.
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As we have seen in section 4.4 these graded pieces of local cohomology can be use
to obtain sheaf cohomology, which is where we want to arrive after all. Making
use of Alexander duality allows us now to obtain a relation between these graded
pieces of local cohomology and the Betti numbers of S/Ix, which will change the
task of calculating sheaf cohomology basically to the one of finding all these Betti
numbers. From [101] it follows that

Hp (S)—¢ = Tory ;4,(5/Is,C), (4.131)
and application of (4.122) then gives
dime (Hp, (S)-0) = Bio—i+1,0(S/I5) - (4.132)

Inserting this into (4.68), we finally get a closed formula for the line bundle
cohomology hp (D) := dim¢ H*(Pg, Op, (D)) in terms the Betti numbers as

Iy (Ops (D)) = > dime HEHS) - negw) = Y (D, 0)] - Bioj—i(S/I5)
ucz oCln]
Q-u=D
(4.133)

Here |(D, 0)| counts the number of elements in the set
(D,0) ={ueZ"|Q -u="D, neg(u) =0}, (4.134)

where () is the matrix that defines the C*-action of the toric variety Py. Since u

can be interpreted as a Laurent monomial by
LM(u) = [ ]« (4.135)

the set (D, o) simply corresponds to the collection of all such Laurent monomials

that are of the degree D and hence boils down to counting lattice points in some

polytope.

Remark. To catch up with the notation of subsection 4.3.2, what we call ¢ here
corresponds precisely to what we denoted by {C¢} and called chamber back there.
Furthermore what we denoted by (D, o) above is nothing but the number of lattice

points in the corresponding chamber.
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Now we have almost everything collected and put at the right place to state
the algorithm of calculating line bundle cohomology which we first conjectured
in [1]. Due to (4.133) we already know how to obtain line bundle cohomology
from certain Betti numbers and the theorem we derived gives a very efficient
method to calculate these Betti numbers. When the conjecture was formulated
we did not know about the right terminology and referred to the Betti numbers
as “remnant” or “secondary” cohomology. Here also a vanishing of many Betti
numbers is implied and therefore, we divide our theorem into two parts, where
the first part refers to the possible restriction to degrees in the power set of the
Stanley-Reisner ideal by a vanishing of Betti numbers while the second gives a
mathematically precise way to compute the sequences that determine the Betti

numbers. But before we can state it we need one more definition.

Definition 4.6.1 (Simplicial subcomplex). Let Py, be a complete simplicial smooth
normal toric variety and
IE = <m1, ...,mt) (4136)

be its Stanley-Reisner ideal. Let us furthermore denote
P(Is) :={a, |7 € [t]} (4.137)

to be the “square-free power-set” of SR ideal generators according to the definition
of a, in 4.5.6. Also Recall from definition 4.5.6 that the full Taylor resolution
FI of S/Iy is based on the Taylor complex 7,(¢) which is just the reduced chain
complex of the full simplex Ap. For some o C [n] define the (relative) simplicial
subcomplex

" ={refltl|a, =0} (4.138)

of the full simplex Ap. One can define maps between the sets F;(I') of j-

dimensional faces of this subcomplex similar to (4.98) by

¢j: Fj(T7) — F;_a(T7), e — Y _sign(k, T)en gy , (4.139)

ket
where en gy = 0 if 7\ {k} ¢ I and sign(k,7) = (—=1)*"! when k is the s™
element of 7 C [t] written in increasing order. Since this is just the restriction

of the boundary maps in 7,(t), it is easy to see that this yields a well-defined
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complex C,(I'?) with associated (reduced relative) homology H,(I'7).
Now we are ready to state the theorem:

Theorem 4.6.1 (Cohomology of Line Bundles). Let Py be a toric variety as
above and Iy, its Stanley-Reisner Ideal. Let us furthermore consider a divisor
D € ClPs) and set hp (D) := dim (H*(Py, Op,(D))).

1. ¥V o C [n] where o ¢ P(Zs) the associated Betti numbers vanish, i.e.
Bio(S/Is) =0 ¥j>0. (4.140)
Therefore the full contribution reduces to

hpy (D)= Y (D, 0)] Bioj-i0(S/15) - (4.141)

ceP(Ix)

2. The remaining Betti numbers [5—; »(S/I5) can be calculated from the de-
gree o part of the full Taylor resolution. In terms of the relative subcomplex

introduced above, we obtain
Bj(S/Is) = dim H;_; (I) . (4.142)

Proof of the theorem: To get the desired Betti numbers, we can tensor the Taylor
resolution of S/Ix with C = S/m, extract the degree 7 part and take homology,
see (4.122). As we have described around (4.123), the tensored resolution will just
be made up of vector spaces C(—a) of degree a at the locations of S(—a) in the
original resolution. Considering the maps of the tensored resolution, note that
all entries A\, , with a, # a, become zero, since they correspond to multiplication
by x*~2 = ( in S/m. So we can easily extract graded parts. In particular, since
we started with a Taylor complex, the restriction of the tensored resolution to its
degree 7 part will consist of all occurrences of C(—a,) with a, = ¢ and therefore

be equivalent to the (relative) complex I'” with maps as in (4.139), i.e.
(FT @5 C)_ 2= Coy(I7). (4.143)

The shift by one in the homological degree on the right hand side comes from

the fact that the empty set in the Taylor complex lies in homological degree —1
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while the corresponding free module S in the full Taylor resolution of (4.117) lies
in homological degree 0. To get Tor?(S/Ix, C),, we still have to take homology,
yielding

Tor®(S/Is,C), = H, (), (4.144)

which finally implies eq. (4.142) by taking dimensions. If 7 ¢ P(Iyx), the complex
['? is void and therefore has zero homology. This implies that the respective Betti

numbers vanish and the expression for hp_(D) then follows from eq. (4.133). [

4.7 Explicit computations

In this section we want to give a quick overview of the steps that has to be
performed to calculate the cohomology of line bundles on a toric variety avoiding
the more involved Cech complex and by making use of the restricted Taylor

resolution. One can read this part without any knowledge about the last section.

4.7.1 Compactified instructions

The more or less lengthy derivation of the theorem 4.6.1 in last section is at
the end not crucial for the actual computation and it is possible to state the

instructions without understanding the full theory behind.

The setup

In the following we are to calculate the cohomology for the line bundle Op (D)
defined over the ambient toric variety Py with homogeneous coordinates x; ,i =

1,...,n that carry the homogeneous multi-degree ;*. Denote the Stanley-Reisner
ideal of Py by
Is =(S1,...,81) , (4.145)

where each S; corresponds to one generator of the ideal and hence is given by
a square free monomial of homogeneous coordinates. This is all we need to

determine the desired cohomology groups

H* (Py; Opy (D)) - (4.146)
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For the following, define for some 7 = {i1,...,43,,} C {1,...,n} := [n]

X, = {xy, .. 2, } (4.147)
to be the set of coordinates belonging to the index set 7 and

X" =@y ey, (4.148)

the corresponding monomial, as defined earlier.

Determine the full contribution to cohomology

Cohomology of line bundles is basically determined by holomorphic sections in
sub-line bundles of that line bundle. Such a (local) section, say s can be writ-
ten by a Laurent monomial, i.e. a fraction of two monomials depending on the

homogeneous coordinates of the ambient space:

T (Xpa)\r)
s (4.149)

S =

The homogeneous degree of this section has to be equal to the first Chern class

of the line bundle according to the definition in chapter 3, namely
[Isl| = [T = [IW]] = D. (4.150)

Then every such section gives its contribution (possibly zero) to the full line

bundle cohomology which means that we have

W (Py; Opy (D)) = Y hi(Py; Opy (D)) (4.151)

lIsll=D

As we have already seen in 4.3.2 these numbers are not all independent and only
depend on the pole structure of the LM which we called chamber there. Hence

we can simplify this to

B (Py; Opg (D)) = 3 #(LME )L, (Py; Ogy (D)) (4.152)
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where #(LMET) is the number of LMs that have the coordinates x, in the de-
nominator and whose degree is equal to D. This is precisely what we called the
chamber decomposition in 4.3.2 and as we already saw there, the hard bit is to

calculate the Rl .

Determine the cohomological part

To determine the value A% _ for all 7 we can use a complex that is not given by the
Cech complex as we did in 4.3.2. It provides the combinatorial Betti numbers
that are given by the dimension of the homology of that complex, called the
restricted Taylor resolution. Then the Betti numbers determine hl as we will

state in the following. Let
Iy = (x™,..,x™) and Ap i={Xp,...X; } (4.153)

which means that Ay, simply contains the sets of coordinates that correspond to

the monomials of the SR ideal. We can now take the power set of this set

L
P(Ar) = Pe(Ar), (4.154)
k=0
where P, denotes the subset of the power set that corresponds to the disjoint

union oft k£ elements:
X, € Pu(Ar) & %, =%, U...U b S (4.155)

By disjoint we simply mean that x, may appear more than once in Py if there
are multiple ways to unite k£ elements resulting in x, Theorem 4.6.1 states then
that

R #0 onlyif x,€P(Ay) (4.156)

and we can drop all terms in (4.152) where this is not the case which is already
quite a simplification. In order to calculate the remaining ones, we build a com-

plex of vector spaces for x, according to

C*: 0 <0 O ePolbry) (B ctxrePiArg) (B (4.157)
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i.e. where the i space in the complex has dimension equal to the number of
possible ways to obtain x, from a union of elements in Ay,. The Betti numbers

Bj can then be extracted from the homology of this complex as

Brj = H;(T*) = %. (4.158)

Finally the h can be related to the Betti numbers via

e, = Biri—ir - (4.159)

Hence, we have collected everything that is needed to determine the full line

bundle cohomology according to equation (4.152).

4.7.2 Examples

Example 4.7.1 (Cech cohomology for P?). As the first example let us consider
the complex projective space P? which we examined in section 4.3. First of all
let us determine all LMs that might give any contribution at all. As a reminder

the Stanley-Reisner Ideal of P? is given by just one generator, namely
Iy = (r1maz3) = A, = {X123}- (4.160)
So generating the power set of these generators is rather trivial and given by
P(AL) ={Po, P1} ={0,x123} . (4.161)

Here we can already see that there are only two local sections that might con-

tribute to any cohomology namely according to (4.161)

1

X123 .

1

It is also clear that the corresponding complexes that will determine the coho-
mology contribution have to be trivial since each element in the power set (4.161)
appears exactly once. This determines the Betti numbers of these LMs uniquely

by the homology of the sequences shown in table 4.2. Identifying
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LM  : 0+— T «— T' < 0,
1 0+— 1 «— 0 «—— 0,

0+— 0 «— 1 «— 0.
T1T9X3

Table 4.2.: Sequences corresponding to the two contributing LMs of P?

Bopg=nhy" and  Bipes =hi'  =hl (4.163)

X{1,2,3} X{1,2,3}’

we can summarize the contributions of general Laurent monomials to the coho-

mology of an arbitrary line bundle as follows:

Cotribution to Laurent monomial
H0<]P2,O]p2(k')) . T(Q?l,l'g,l'g) y
H'(P% 0p(k)) : 0. (4.164)

1

H2 ]P)QO 2 k :
( y VP ( )) T1ToXL3 * W(SU171:27'T3) ’

where T" and W are monomials of degree k and k + 3 respectively. If we want to

1
T1T2T3

calculate for instance Op2(—4) we see that only the second LM will give a

contribution since it is the only way to produce a negative degree. Hence we find

1 1 1
BB 0D = 00 ()
TiToky T1T5T3 XT1T2X5 (4.165)

h*(P%; Op2(—4)) = (0,0,3).

Example 4.7.2 (del Pezzo-1 surface). As an example not as trivial as the pro-
jective space, we have a look at a complete generic line bundle over dP; which
has the toric data given in table 4.3. Forming the power set according to its

Stanley-Reisner ideal,
P(Ar) ={Po,P1, P2} = {0, x13, X24, X1234} , (4.166)

we can see that as before, every element appears again precisely once which gives

again only trivial sequences as shown in table 4.4 whose non-vanishing Betti



4. Cohomology of Line Bundles 112

vertices of the | coords | GLSM charges | divisor class
polyhedron / fan Q! Q?
V= ( ]-7 0) | 1 O H
V9 = ( O, 1 ) T 1 1 H + X
V3 = ( —]_, -1 ) Z3 1 0 H
Vy = ( O, -1 ) Ty 0 1 X
intersection form: HX — X?
Is(dPy) = (w173, T974) = (S1,S2)
Table 4.3.: Toric data for the del Pezzo-1 surface
LM: 0+— T° «— T!' «— 7% «— 0,
1: 0«— 1 <— 0 «— 0 «— 0,
1
0+— 0 <« 1 «— 0 «— 0,
13
1
0+— 0 <« 1 «— 0 «— 0,
LTy
1
—  0¢+— 0 «— 0 <— 1 «— 0.
T1T2X3T4

Table 4.4.: Sequences corresponding to the contributing LMs of dP;

numbers are all equal to one. For the cohomology this translates to

1

Boo =hy, Bz = h>1<{1,3} o Prgzay = hag, o Prpesay = h2

X{1,2,3,4}

(4.167)
which directly yields the following possible contributions to cohomology for an
arbitrary line bundle O(D) = O(m,n) is given by the divisor D = mH + nX.

Ho(dpl,O(m,n)) : T($17x27x3’x4)7
T (29, x4) T(xy1,x3)
31 * W(J}l,x3) ’ Loy - W($2,$4) ’ (4168)
1

T1X2X3T4 - W(l’b X2, T3, $4)

H'(dP;; O(m,n)) :

H*(dPy; O(m,n)) :

Note that the rational functions representing the top cohomology class always
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involve the denominator monomial []z; of all homogeneous coordinates z; € H,
which is basically Serre duality manifest in “monomial” form, since the canonical
class K = — Y D; is the negative sum of all coordinate divisor classes.

In order to get the dimensions of all cohomology groups, one only has to read off
the charges of the coordinates from the table to get the degrees of the respective
polynomials, equate them to the degrees (m,n) of the line bundle and do the
remaining combinatorics, i.e. count all possible exponents. Writing h’(m,n) for
the dimension of H*(dPy; O(m,n)) and ||z;|| for the multi-degree of the coordinate
x; in the polynomials 7" and W these steps can be schematically described as

follows:

e Contributions to h°(m, n) from all combinations of exponents with

!
deg T(w1, w2, 23, x4) = ([[zs]| + 2]l + [lz2]l [lz2]l + [[24l]) = (m, n).

(4.169)
This gives the two different non-zero cases
1. 0<m<n: ho(m,n):(mgz).
2.0<n<m: Ko (m,n) = (") = tm—n)(m—n+1).

e The degrees of the LMs contributing to h'(m,n) can be evaluated as

T($2,$4)
d = -2- -
o8 B (aall =2~ laal = ] el + el
T'(21,23)
d = —1- -9 — )
o8 ) (laall + el = 1= =2~ aal = el
(4.170)
Equating the right hand sides to (m,n), this yields the cases
I.n>0An>m+2: h'(m,n) = i(n—m)(n—m—1).
2.n<—-2An<m-—1: h'(mn)=35m—-n)(m—n+1).
e Contributions to h*(m,n) come from a LM with degree
1
deg
w1293 - Wy, 22, T3, 74) (4.171)
= (=3 = llsll = [lzall = llzall , =2 = llwall = llal]) -

Setting this equal to (m,n) we get
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IN

m—+1

IN

1. n 0: h2(m,n) = (")

2.0

v

n>m

_|_

I: R(m,n)= (""" —tn—m)(n—m—1).

N =

It is easy to check that Serre duality 4.3.4 holds. Since the canonical divisor is

given by the negative sum over all toric divisors of dP;

K=-)D,, (4.172)
)

peX(1

we get K = —3H — 2X from the table of dP;. Serre duality can then be written

- H'(dPy; O(m,n)) = H* " (dPy; O(K) @ O(m,n)Y)

‘ (4.173)
> H>Y(dP;; O(—m — 3, —n — 2)) .
And indeed, the computed dimensions obviously satisfy the identity
h'(m,n) = h*>""(—m — 3,—n — 2). (4.174)

In this case the computation could still be performed just with pencil and pa-
per but clearly for more involved higher dimensional cases a computer code is
necessary. As we have explained in 4.3 is there is a correspondence of Laurent
monomials and lattice points 4.42 and counting them is really reduced to counting

points inside particular polytopes.

Example 4.7.3 (del Pezzo-3 surface). Let us take two steps further and look at
dP;, the del Pezzo-3 surface coming from three consecutive blowups of P2, This
is the first example we considered, for which the simplexes that determine the
cohomology contributions really matter and give rise to cohomology groups of
dimension two that belong to one single LM. Its toric data are given in table 4.5.
First of all, the elements of the Stanley-Reisner ideal are no longer disjoint. The
powerset

P(Ar,) = {Po, P1, P2, Ps, Pu, Ps, Ps, Pr, Ps, Po} (4.175)

and we don’t want to write down all the P; explicitly since they contain many
elements. Let us rather consider a specific element and calculate its cohomological
contribution. The element x 53y € P for instance is not a unique element in the

powerset but can rather be obtained in four different ways from elements of Ay,
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vertices of the | coords | GLSM charges | divisor class

polyhedron / fan Q' @Q* @ @t

n=(-1, -1)| = 1 0 0 1 H+Z
w=( 1, 0)| 1 0 1 0 H+Y
vs=( 0, 1) T3 1 1 0 0 H+X
v=( 0, —1) T4 o 1 0 0 X
vs=(—1, 0) x5 0O 0 1 0 Y
ve=( 1, 1) Tg o 0 0 1 Z

intersection form: HX + HY +HZ —2H? — X? —-Y? - 7?

I5(dPs) = (x129, X123, T1X¢, Tals, Toks, T3l, T4Ts, TaTe, T5Te)

Table 4.5.: Toric data for the del Pezzo-3 surface.

LM: 0+— T' «— T2 «— T3 <« 0,

0<+— 0 <«— 3 — 1 «— 0.
T1T2T3

Table 4.6.: Sequences corresponding to a particular LM of dPs

ie.
X{1,23} = X{12} UX{3) € Pa,
X{1.23} = X{12} UX[23} € Pa, (4.176)
X{1,23} = X{13} UX(23) € Pa,
X(1,23} = X{12) UX{133 UXqazy € Ps.
This determines the induced complex which can be found in 4.6 and since it is a
complex it has to have a two-dimensional homology group at position two which
due to shift between the cohomology and the Betti numbers results in

2= 62,3(1,2,3 = h|{1’273}|72 = hl . (4.177)

X1,2,3 X1,2,3

Hence, we will find two cochains that will be in the first cohomology group of

1
12223

the corresponding Cech cochain complex. So for the LM we get a two

dimensional space which contributes for instance to the line bundle cohomology
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Oap,(—3,—-1,-1,—1)

X1,2,3

dim [Hl (dPS;Odpg(—s,—1,—1,—1))] —2. (4.178)

1

T1T2T3

defined in two different non-trivial ways that both lie in the cohomology of the

In terms of cochains this roughly means that the local section can be

Cech cochain complex. In more subtle examples which means in examples with
extraordinary Stanley-Reisner ideals we could also find that even cases appear

where one single LM contributes a space of dimension three to the cohomology.



Chapter 5 -

Equivariant Cohomology

Toric varieties as we introduced them in chapter 3 sometimes allow for a dis-
crete group action, e.g. a Z,-action, in addition to the C*-actions. In chapter
4 we have shown how to derive the cohomology of line bundles defined on the
toric variety. Since taking a finite quotient of the toric variety is usually reflected
in a discrete coordinate transformation, we want to generalize our theorem 4.6.1
to this new setting. Since we could provide for a representation of the cohomol-
ogy of line bundles in terms of Laurent monomials (LMs), our attempt and our
conjecture will be that one can calculate the cohomology of line bundle over the
quotient space, i.e. the equivariant cohomology, by simply performing the dis-
crete action on the corresponding LMs. We claim that only the invariant LMs
under this discrete action will give rise to a contribution in cohomology of the line

bundle over the quotient space. The non-invariant parts will simply be projected
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out. We will develop and test this conjecture using index theorems involving the
holomorphic Euler character and its graded pieces, so-called Lefschetz numbers,
where the grading is introduced by the discrete actions. Starting with discrete
Zo-actions we will work our way up to a finite G-action over a toric variety.

A particularly subtle point in these considerations will be the case where the
LM contributes to cohomology with a two- or three-dimensional space. One has
to distinguish whether this space is itself divided into invariant and non-invariant
pieces or whether it contributes consistently to one of them. As we will see, the
latter one seem to be the case which leads to a conjecture on the computation of

these equivariant cohomologies.

5.1 Physical motivation: Orientifolds in type IIA/B and
heterotic orbifolds

In order to reduce N' = 2 space-time supersymmetry of a type ITA /B superstring
theory on Calabi-Yau three-folds' down to A/ = 1, one needs to consider so-
called orientifolds which are Zs quotients. Often, only the ingredients invariant
under this symmetry survive the subsequent orientifold projection, such that the
theory actually lives on the quotient space. For matter zero modes, using the
usual splitting into the eigenvalues of this Zs-action, it is necessary to consider
the invariant and anti-invariant parts of the corresponding cohomology groups.
A second important application of equivariant cohomology is found in orbifold
constructions, i.e. more general Z,-quotients, often performed in heterotic string
compactifications. Since in naive Calabi-Yau compactifications quantities like the
Euler characteristic are directly tied to physical properties like e.g. the number
of matter generations, orbifold constructions are often used to build spaces with
suitable topological numbers. Usually one finds an abundance of “plain” spaces
with huge topological invariants, whereas the phenomenologically interesting ar-
eas of the topological moduli space are sparsely populated. Orbifolds can greatly
help in this aspect. For example, letting Zs act freely on the quintic Calabi-Yau

three-fold shows x(P*[5]/Zs) = +x(P*[5]).

In fact we have not yet introduced Calabi-Yau spaces but will do so in chapter 6, where we
will show that they are easily constructed as submanifolds of toric varieties
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5.2 Topological invariants for Z, involutions

A very useful tool in complex geometry is the Riemann-Roch-Hirzebruch theorem.
Given a holomorphic vector bundle V on some complex manifold X of dimension
n, it allows to compute the Euler characteristic of this bundle via its Chern

character and the Todd class of the base manifold, i.e.

n

XX V) =Y (—1) dim H'(X; V) REH/Xch(V) Td(X), (5.1)

1=0

where ch(V) refers to the Chern character of V, a polynomial expression of the

Chern classes

ch(V) = dim(V) + e, (V) + Cl(V)Q; (V)
(5.2)

N c1(V)? — 301(V2362(V> +3¢3(V) +...,

satisfying ch(V & W) = ch(V) + ch(W) as well as ch(V @ W) = ch(V) ch(W) and
Td(X) = Td(Tx) is the Todd class of the base space’s tangent bundle, which can
for a holomorphic vector bundle also be represented by a Chern class polynomial

TAW) =1+ za W) + 7 (a0 + W) + .. (5.3)

Note that for line bundles the Chern character simplifies to the simple Taylor

expansion

C1 (£)2
2

= 1+Cl(£)+

ch(L) = e1®) = Z Cl('/f)k +... (5.4)

k

that naturally truncates at the dimension of the base space, leaving only a finite

number of non-zero terms in the sum.

Naturally, one would like to extend the index formula (5.1) in some way to
settings subject to a symmetry action on the base space, e.g. the Zy space-time
involution (2o of a typical orientifold operation. The vector bundle ¥V must be
compatible with the Z, action ¢ of the orientifold involution, i.e. we require the

induced mapping ¢* to fulfill m o ¢* = ¢ where 7 : V — X is the bundle’s
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projection mapping. Then ¢ induces the splitting
H(X;V)=H (X;V)® H (X;V) (5.5)

of the cohomology groups. Following a general theorem, the Euler characteristic
of the orientifold’s “downstairs” quotient space X' /o, i.e. the invariant part of the

splitting, can be expressed as

d
X(X/0;V) = x4 (X; V) = ) (1R (X5 V) =

=0

XX V) +x7(X; V)
2 )

(5.6)

where ¢ and x? are Euler characteristica associated to the two group elements
of Zy = {e,o}. Here V corresponds to the bundle V on the quotient space
X /o. Since e is the unit element, x¢ actually corresponds to the ordinary Euler

characteristic

X(X5 V) = x(X5 V) =D (=1)'R(X; V)
; =0 (5.7)
= (-1 (dim B2 V) + dim B (X))

and from the splitting on the right hand side of this equation one directly obtains

d
V(X3 V) = 01 dim HY (X5 V) — dim B (X;)) (5.8)

=0
which gives us a sort of measure for the dimensional asymmetry of the splitting.
This quantity is called the holomorphic Lefschetz number and is related to the
fixpoint set of ¢, i.e. to the so-called O-planes in an orientifold setting. The simple
split of the cohomology groups also allows to provide the Euler characteristic of

the anti-invariant part. From (5.7) and (5.8) it follows

d

() = S0 () = X

=0

(X;V) —x7(X; V)
2

(5.9)

in obvious similarity to (5.6). Both x,(X;V) and x_(X;V) are used as highly

nontrivial checks for the computations carried out in the next section.
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Analogous to the Riemann-Roch-Hirzebruch theorem (5.1) the holomorphic
Lefschetz theorem and the Atiyah-Bott theorem allow to compute the Lefschetz

number via an index formula

(X Y) = / chy (V) — L) (5.10)

. chy (A1 (Nao))

which, as mentioned before, only depends on the fixpoint set of the involution o.
In this expression the A_;(Nyo) refers to the formal alternating sum of the exte-
rior powers of the complex conjugate normal bundle of the orientifold involution
fixpoint set X7 C &, i.e.

d

A_i(Nye) =) (=1)'A'(Nx-). (5.11)

=0
In order to define the equivariant Chern character ch,()), the vector bundle V is

first decomposed into a direct sum of o,-eigenbundles, i.e. bundles V};, which are

either invariant or anti-invariant under the induced o,-action.

One of the main simplifications for Zs-involutions derives from the fact that

the induced action on the normal bundle is simply
U*(NXU) = —NXJ. (512)

For the vector bundle V one first decomposes it into a direct sum of eigenbundles
V=V & dYV, with eigenvalues p, = £1 and then defines

che(V) =) prch(Vi) . (5.13)

Some further information on these definitions can be found in the appendix of
[99] and references therein. It should be noted that the holomorphic Lefschetz
theorem can be regarded as a special case of the Atiyah-Singer fixed point theorem
and the index formula is also referred to as the Atiyah-Bott theorem, see §17
of [102].
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5.3 An algorithm conjecture for Zs-equivariance

The algorithm for the computation of line bundle cohomologies on toric varieties
which we introduced in chapter 4 provides actual representatives for the cohomol-
ogy group generators in the form of local sections, i.e. Laurent Monomials (LMs),
i.e. rational functions with a single monomial in the numerator and denominator,
as long as only trivial multiplicities for the individual LMs are involved. Consider

for example the complex projective space P? and the “sign flip” involution
(o (I1,$2,$3,I4) — (—$1,$2,$3,LE4) (514)

on the homogeneous coordinates of the base, which due to the projective equiv-

alences is equivalent to the involution
T (21, X9, w3, 4) > (21, —X2, —T3, —4) . (5.15)

The fixpoint set of this involution therefore consist of two components: The
divisor {z; = 0} = P? and the isolated fixpoint (1,0, 0,0). Due to the simplicity
of the Stanley-Reisner ideal

I5(P°) = (120234) (5.16)

the contributing LMs for the computation of h*(P?; O(k)) are of a particularly

simple form:

for k > 0: {x‘fxgxgmff:a—kb—i-c—l—d:k},

1

xéll-ﬁ-lxg-&-lxgﬁ-lxg-i-l

(5.17)

for k < —4: { :a+b+c—|—d=—k‘—4}.
In order to identify the overall sign each rationom picks up, one can simply apply
the involution o to it. However, consider for example the bundle O(—5) and the

corresponding sign under the involutions ¢ and 7:

1 1 1 1 o (14,32)
2 ) 2 ) 2 2 ~ (518)
TIT2T3Ly X1X3T3T4 T1X2X3T4 T1X2X3TYy T (3+7 17)
—_———— ——— — ) N—
o—+ o—— T—— o——

T—— T—+ T—+ T+
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There is obviously a mismatch in the counting of signs between the two equivalent

involutions of the base, which can be seen in almost all bundles O(k).

Ultimately, this is due to the naive application of the base involutions to the
representatives of the bundle cohomology. In mathematical terms, one needs to
uplift the Zy-action on the base to an Zs-action on the bundle £ = O(k), which

is called an equivariant structure and makes the diagram

j_ ~ >$ (5.19)
]P>3 L_PB

commutative. More precisely, for a generic group G, each element g € G induces
a mapping g : X — X on the base geometry and has a corresponding uplift
¢y + L — L compatible with the bundle structure. This uplift defines an
equivariant structure, if it preserves the group structure, i.e. if ¢, 0 ¢y = ¢4, such

that the mapping is a group homomorphism.

The apparent inconsistency of (5.18) therefore stems from the false assumption
that the equivalent involutions ¢ and 7 in the base geometry give rise to equivalent
equivariant structures ¢, and ¢, on the bundle O(k). For such a setting it is
therefore important to specify the equivariant structure, i.e. the uplift of the base

involution to the bundle, as well.

A second non-trivial aspect in the computation of equivariant cohomology
comes from the non-trivial multiplicities appearing for some denominator mono-
mials of our algorithm. One could question, if the invariant and anti-invariant
monomial contributions with non-trivial multiplicities might nevertheless con-
tribute unconventionally to the invariant and anti-invariant cohomology groups.
As a highly non-trivial check for this issue, we consider the non-standard del Pezzo-
5 surface, which has a toric description similar to dP;, dP, and dP3. The relevant
toric data is summarized in table 5.1. Due to the high number of 20 Stanley-
Reisner ideal generators, this example yields 200 potentially contributing mono-
mial denominators, where 56 of these have multiplicity 2 and two have multiplic-

ity 3. Now, consider the involution

g:T1— —I (520)
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vertices of the | coords GLSM charges divisor class

polyhedron / fan Q™ Q" QQF Q1 Q" @

vp=(-1, -1) x 1 o o 1 0 o0 H
ve=( 1, 0) T 1 0 1 0 0

vs=( 0, 1) T3 1 1 0 0 0 0

v=(0 —-1)| 24 |0 1 0 0 1 0 E,
vs=(—1, 0) x5 0 o 1 0 0 0 E,
ve=( 1, 1) T 0 0o o 1 0 o0 E.
vr=(—1, 1) 7 0 o o0 o0 1 1 E,
vs=( 1, —1) g 0 0 0O 0 0 1 E.

I = HE, + HE, — H> — E? — 2E? — 2E} + E,E, + E,E, — E} — E?

SR(dP5) = <$1$2, xr1x3, r1le, T1l7, T1Xg, T3, T2X4,
ToXs5, Tady, T3Ty4, T3Ts, T3Tg, Tals, T4Te,
Tyl7, T5Tg, T5Ts, Telr, TeLs, TrLs)

Table 5.1.: Toric data for the non-generic 81\55 surface, which arises via two additional
blowups from the standard dPs and differs from the standard dPs = P°[2,2].

which is equivalent to 64 different “sign flips” due to the projective equivalences.

The fixpoint set in the base can be determined to be
X = FP,(dPs) = {1 = 0} U {z = 0} U {7 = 0} U {zs = 0}, (5.21)

giving four non-intersecting P's inside the dfl\% For the equivariant structure
we use the canonical uplift of (5.20). Via a proper computation of (5.10) the

resulting Lefschetz number is

X7 (dPs; O(m, ..., s)) = <i+w> N (}ﬁu)

1 n+p—
4 (= 1)mn (Z + %) (5.22)

m+n+r+s 1 r—=3s

which allows to check whether a multiplicity-3 local section like

1 1
T1TELT7IS ToTITALS
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entirely contributes to the invariant or anti-invariant cohomology. Likewise, we
checked an abundance of other examples. The empirical data therefore leads us

to pose the following:

Conjecture 5.3.1 (Zy-equivariant cohomology computation). Let Py be a toric
variety and Op, (D) some line bundle over Py. Let furthermore o : Py, — Py
be a Zs involution acting on the base which induces an equivariant structure on
the line bundle Op, (D). The cohomology of Op, (D) decomposes according to
theorem 4.6.1 into a direct sum of spaces that arise according to its contributing

Laurent monomials:

Contributing LMs = {s1,...,Sn}

H*(Py; Op, (D @H (Py; Op, (D)) - 2

k=1

The equivariant cohomology groups are then given by the direct sum of contribut-
ing spaces that correspond to Laurent monomials that are themselves invariant
under the Zs involution, i.e. if we put the s in (5.23) in order such that the first
k are invariant and the last N — k are anti-invariant by applying the involution

on the homogeneous coordinates in the LM, we find

H*(Ps; Op, (D)) =H: (Px; Opy (D)) @ H® (Px; Opy (D)), where

k

Ps; O (Ps; Op,.( d

H? (Pg; O, (D @ £; Opy (D)) an (524
N

(PE7 OIP’Z; @ PZ7 OPE ))

The simplicity of this (conjectured) algorithm to compute Zs-equivariant co-
homologies ultimately stems from the fact that one can basically use the same
involution mapping specified for the coordinates of the base toric variety directly
on the LMs that represent the cohomology group—provided the used uplift of
this mapping in the form of the equivariant structure has been specified appro-
priately. While we were writing up our results which we published in [3], the

same conjecture was also posed and developed in the appendix of [103], where
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the authors focused on the computation of the Lefschetz numbers—whose com-
putation can become somewhat involved due to the equivariant Chern characters
in (5.10)—and also considered the standard examples P!, P? dP, and dP; in
detail. In the context of orientifolds we refer to their nice presentation of the

Zo-equivariant material.

5.4 Invariants for finite group actions

The mathematical background presented in section 5.2 can be applied to more
involved finite group actions. However, some of the aspects loose their specific
clarity that the special case of the two-element group Z, offers. Given a finite
group

G={91,92 -, 9m} (5.25)

of m elements acting holomorphically on X, the relation (5.6) between the Euler
characteristic of the orbifold space X /G and the sum of the different Lefschetz

numbers generalizes to

X(X/GV) = S0 v) = SN &) (5.26)

geG =0

The index formula for the individual Lefschetz numbers (5.10) remains unchanged,
but has to be computed separately for the individual fixpoint sets of each group
element. In the decomposition of the vector bundle V into g,-eigenbundles more
general eigenvalues p; € C can now arise. The computation of those eigenvalues
rests on the group action on the conjugated normal bundle Ny, of each compo-

nent of the fixpoint set. Due to the decomposition
Tx|xs = Txo © Nxo (5.27)

of the ambient space tangent bundle, the g-action on Nyg is given by a proper

decomposition of the differential mapping

dg, : T,X — T, X (5.28)
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over a fixpoint p = gp € X9. In order to obtain the Lefschetz numbers, this then
allows for the computation of the action’s eigenvalues on Nys and the evaluation
of the integral in (5.10).

5.0 Some explicit examples for finite group equivariance

Example 5.5.1 (Example: P?/Z3). As an example for a generalization of the
conjecture 5.3 for Z, involutions, we consider the line bundle0 cohomology over
the orbifold space P?/Zs. Here the group action of Zz = {e, g1,g>} on P? is
defined by the generator

g1 : (z1, 79, 73) = (@xy, 0Pxy, 23) fora:=v1=e7 . (5.29)

Due to the projective relations between the homogeneous coordinates x; the map-

ping is equivalent to

qy : (z1, 29, 13) = (71, ax9, a’x3) and

(5.30)

g (21, 29, 73) > (021, To, 3),

i.e. g1 ~ g) ~ ¢! describe the same involution on the base space. Considering the

Stanley-Reisner ideal Ix(P?) = (z;z5x3) this action therefore has three fixpoints
P =(0,0,1), P/ =(1,0,0), P!=(0,1,0) (5.31)
in P2. The second group element’s involution is given by the square

gs 1= g% : (561,$2,.T3) — (a2$1,al’2,$3)
9o (21,29, 73) = (21, 0P, ) (5-32)

gy i (21, 29, 23) > (1, T, &P13)

leading to the same three fixpoints P, = P, P, = P| and Py = P{. Since
for both non-trivial group elements the fixpoint sets consist of three components
of maximal codimension which means the they the fixpoints are isolated, this
example is particularly simple.

In order to determine the (conjugated) normal bundle’s eigenspace decompo-
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sition under the induced Zs-action, we utilize that for fixpoints the general split
(5.27) leads to the direct identification (Nyo), = T,X, i.e. it suffices to compute
the eigenvalues of the differentials (5.28) at the fixpoints. For the first fixpoint
P, € Us = {x3 # 0} C P? we use the local chart given by

qbg : U3 i) (Cz
(1'1,332,.’133) —> (ﬂ &) (533)

.%3’.1'3

The involution mapping ¢; within this chart then takes the form

ff’::gbgoglogbgl:(CQ—)CQ

5.34
(z,y) = (az,o’y), 531

and the differential mapping at ¢3(P;) = (0,0) € C? is then easily computed to

Offe  Ofis a0 0

an= 2 "= ) (5.35)
of,  of, 0 o
ox oy P

Via det (d(f{)p, — A1) = (¢ —A)(a® =) = 0 this leads to the eigenvalues A\; = «
and X\, = a2, such that the action on the 2d¢ conjugated normal bundle induces

the split into Zs-irreducible representations
Np, = N & N3 = N & Np (5.36)

on the fixpoint P;. The analogous computation yields the same result for all
three fixpoints of both ¢ and ¢%. Since dim X9 = dim X9 = 0 the expansion of

the equivariant Chern character reduces to

Chg(Alepl) = chg(O - Npl + AQNPI)
= dim O — (adim N§ + o?dim Ng ) + a - o dim A2 Np, (5.37)
=l-(a+a®)+a’=1—-(-1)+1=3.

Using Td(X9) = 1 and chy(L) = g,(L; P) € C* for each fixpoint component, it
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follows
Td(/‘(g)
IP* L) = / +/
X ) p Je Jpy g(A 1NX9)
_ 09(L; 1) 4 04(L P’)+Qg( ; PY) (5.38)
92(]P’2;L): 0g2(L; 1) + 042 (LP)+99 (L; P”)

3

It remains to compute the eigenvalues g,4(L; P) that originate in the equivari-
ant Chern character ch,(O(k)) of the line bundle, i.e. we need to determine the
irreducible representation of O(k) under the Zs-action. Using the so-called pro-
cess of homogenization (see section 5.4 of [53]) the divisor D = kH that defines

the bundle O(D) can be represented by a monomial
Qpe (kH) = aizhah o, (5.39)

where a,b, k € Z. Whereas the strict definition of those monomials utilizes an
inner product between certain lattice points related to the fan of P? and the
lattice points of the divisor D, the above form of such monomials can be easily
read of from the GLSM charges, see (5.50) and (5.56) in the later examples. One
can interpret the space of global sections of O(kH) as generated by monomials of
the form z¢x%x§ where a + b+ ¢ = k, i.e. we can effectively use the monomial as
a representation of the bundle. This representation bears a striking resemblance
to our rationoms, cf. (5.17). The idea is then to apply the different (equivalent)
base involutions g1, g1, ¢} associated to the fixpoints P, Pj, P/’ on this monomial
and determine the value picked up relative to the involution that we choose
for the equivariant structure, i.e. the involution g; in this example. The choice
of the equivariant structure for the bundle is therefore reflected in the bundle

representation eigenvalues g,(L; P). For our example we therefore have

value of equivariant structure

o a0 ~ 0,(0(k); P) =1 (5.40)

Q = afabes " b—>07k04a+2bQ ~  0g(O(k); P)) = a"

91 aka®t2(Q) ~ o 0,(O(k); P) = ¥
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and an analogous result for g, leading to the final expressions

1+aor+a7F 1 kedZ
V(B O(K) = X (B4 O(k)) = — 0 = . (541
3 0 otherwise
Together with the ordinary Euler characteristic of O(k) on P?
9 k(k+3)
X(P50(k) =1+ T (5.42)
we therefore obtain the orientifold Euler characteristic
2 X+ x4+ x”
X(P | Zs; O(k)) - 3 5 43
6+ 3k(k+3)+4(1+ ok +a7F) (5.43)

18 ’

which completes the computation on the well-established and proven mathemat-

ical side.

The idea is now to simply apply the involution mapping to the LMs of our
counting algorithm and count the remaining invariant LMs. Recall from sec-
tion 5.3 that this already implies a choice of the equivariant Zs-structure on
the bundle, where we will use the non-primed involution mapping ¢g;. Con-
sider for example the bundle O(—6) on P2, From (5.43) we expect to find
x(P?/Z3; O(—6)) = 4. The relevant LMs and their respective phases picked

up from the involution are

1 1 1 1 1
rirews’  mixirs’  mymexd  adadws’  adwoad’
—— N —
g1—1 g1—1 g1—1 g1—a g1—a?
(5.44)
1 1 1 1 1
2,3 ’ 3,27 2 37 2,37 2,227
N——
g1—a? g1—o g1—o g1—02 g1—~1
NS >

-~

hQ(]P)z; O(_G)) = (4inv7 30&7 30‘2)

yvielding h$, (P?* O(—6)) = (0,0, 4) and therefore the expected result for the Euler

mv

characteristic of the orbifold space P?/Zs. Note that due to go = ¢g? one only has

to evaluate the effect of the generators to identify the invariant rationoms. This
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vertices of the | coords | GLSM charges | divisor class
polyhedron / fan Q™ Q"
n=(-1, -1)| = 1 0 bii
ve=( 1, 0) To 1 0 H
vs=( 0, 1) T3 1 1 H+X
vu=( 0, —=1) Ty 0 1 X

intersection form: HX — X?
SR(dP1> == <ZE1CL’2, (L’gZE4>

Table 5.2.: Toric data for the del Pezzo-1 surface

agreement has been checked for a wide range of bundles O(k) on P?/Zs.

Example 5.5.2 (Example: dP;/Z3). Next we consider a blowup of P?, i.e. the
del Pezzo-1 surface. The involution (5.29) basically remains unchanged, acting

now on the four homogeneous coordinates of dP; as
g (21,29, T3, 14) — (@1, 0239, 3, 24) for a == /1 =e% . (5.45)

Following from the projective equivalences listed in table 5.2, we can identify the

four fixpoints of the action:
P, =(1,0,0,1), P,=(0,1,0,1), Py=(0,1,1,0), Py =(1,0,1,0). (5.46)

By using local charts around those fixpoints like in (5.33), the tangent space map-
ping eigenvalues reveal the following representations for the conjugated normal
bundles:

\7 \T Nk \7 \T O o \] \T O \] o

Np, =Np ®Ng, Np=Np ®Ng, Np=(Np)’ Np=(Ng)> (547)

Compared to the three P? fixpoints of the analogous Zs-action, whose represen-

tations were all of the type N& @ fo, the additional blowup of dP; seems to
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split up the contribution of one of three P? fixpoints. This can be seen by

chy (( _g)z)|P:1—a-2+a2:(1—a)2

iy (5.48)
chg(( b )2)|P =1-a*2+a'=(1-0a??
and noting that the sum of both these contributions adds up to
1 1 1
== (5.49)

(I—aP (I—a?2 3

i.e. precisely the contribution that each P? fixpoint added to the Lefschetz num-
bers in the previous example. The global sections of the bundle O(m,n) over dP;

can be represented by monomials of the form
Qap,(MH +nX) = afabay o bgp—mtrath, (5.50)

and relative to the involution g from (5.45) (that we choose for the equivariant

structure) this gives the relative signs, fixpoints and normal bundle representation

splittings
P, =(1,0,0,1) Np =Ng & Ng ! a
_ \/ _ N« \T o2 1 m
P, =(0,1,0,1) z\_fp2 = NfQ o Ny 1 o) (5.5
Py=(0,1,1,0)  Np, = (Np)’ oy o
Py =(1,0,1,0) Np, = (Ng)? e a

From the standard Riemann-Roch-Hirzebruch formula (5.1) one can compute the

ordinary Euler characteristic
1
X(dPy;O(m,n)) =1+m+ mn+ én(l —n) (5.52)

and from the fixpoint data listed in (5.51) the Lefschetz number of the generator

g can be evaluated as

o™ 4 oM Q™ af(mfn)

35 =P =2

X/ (dP;; O(m,n)) = (5.53)

Note that this Lefschetz number is not an integer for generic values of m,n €
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vertices of the | coords GLSM charges divisor class

polyhedron / fan Q™ Q" QY Q1

v=(-1, -1) T 1 0 0 1 H+Z
ve=1( 1, 0) To 1 0 1 0 H+Y
vs=( 0, 1) T3 1 1 0 0 H+X
u=(0, -1) T4 0 1 0 0 X
vs=(—1, 0) x5 0 0 1 0 Y
ve=1( 1, 1) Tg o 0 0 1 Z

intersection form: HX + HY +HZ —2H? — X? —-Y? - 7?

SR(dPs) = (w179, T123, T1T6, Tok3, Tols, T3Ty, To4Ts, T4Te, T5L¢)

Table 5.3.: Toric data for the del Pezzo-3 surface.

Z. However, since for the Zs group the direct identification (5.7) of the single
Lefschetz number y¢ with dimensions of cohomology groups is no longer given,
this does not pose a problem. One can show that the Lefschetz number for the
second non-unit group element g* € Zsz can be obtained from replacing o — o

in formula (5.53). Ultimately, we therefore arrive at the Euler characteristic

+y9 49
X(dPy/Z3;O(m,n)) = %
1 I N n(l —n) N 2(a™™ + ™) . 90— .\ 90— (m—n) (5.54)
=3 m -+ mn
3 2 3 (1—a)?  (1—a2)?

for the orbifold space obtained from the Zs-action on the single blowup of P2
Turning to the counting of g-invariant LMs from our algorithm as in (5.44), we
find once again perfect agreement with the Euler characteristic derived from the

Lefschetz theorem above.

Example 5.5.3 (Example: dP3/Z3). The natural extension to the previous ex-
ample is to blowup the dP; twice further, giving us the dP; surface with the toric
data in table 5.3. Once again we employ the same extension of the action (5.29)

on the base. However, in order to simplify the subsequent computation, this time
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we choose a different equivariant structure, which is induced via

(1, ..., x6) = (21, o, T3, Ty, X5, T i
g: (@ o) = (0, s, o, O, 5, ) fora:=v1=¢e5. (5.55)

2
~ (Oé.fUl, Q" T3,T3,T4,Ts, ‘T6)'

The Zs-action on dPj reveals six fixpoints which can be related to the “splitting”
of each of the three %—ﬁxpoint contributions from the original P? computation.

Computing the induced normal bundle representation and relative signs via
Qap,(mH 4+ nX +pY + qZ) = alabapa-byn—mtatbyp=bya=a (5.56)

is completely analogous, albeit quite laborious, to the previous cases and yields

the following fixpoint data:

1,0,1,0,1,1
=(0,1,1,1,0,1

1,1,0,1,1,0

1
(1—a)? « ’

2 1 m—n—q
1-a)2 « ;

1,0,1,1,1,0

P = )
Py =( )
Py = ( )
P, =(0,1,1,0,1,1)
Py =( )
Ps = ( )

2 1 a "P .

=(1,1,0,1,0,1 A

Employing once again the well-known Riemann-Roch-Hirzebruch formula, the

Euler characteristic of dP5; turns out to be

X(dPs, O(m,n,p,q)) =1 —m* +mn +mp +mq
n(l—n)+p(l—p) +q(1l—q) (5.58)
+ 2

and from the fixpoint data in (5.58) we can compute the Lefschetz number

1 + am—n—i—p +aq—m—n
Xg(dp?n O(m7 n,p, Q)) =

(1—a2)?
5.99
N Qv MmN gD ( )
(1—a)

Again, this number will not be an integer for a generic choice of the bundle divisor
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D =mH +nX + pY + qZ. The second Lefschetz number X92 can be obtained
by replacing o — o2 in formula (5.59), such that the average of the three terms
gives us the Euler characteristic of the orbifold space dPs3/Zs:

X(dPs/Zs;O(m,n,p,q)) =1 —m® +mn +mp + mq
N n(l—mn)+p(l—p)+q(l-q) n 1

2 3
am—n + an-‘rp + am_n+p + a_m+n+q + a_m_n+q (560)

(1—a?)?
a—m-{—n + aq P + a—m—i—n—p + a™m "4 + Oém—&-n—q
(1—a)? '

+

By comparison to the LM counting of our algorithm, we find once again perfect
agreement. In addition to simply providing a more complicated example, the dP;
LM counting also involves non-trivial multiplicity factors 2. Consider for example
the line bundle O(—5,—1,—1, —1), which has six monomials each contributing
with multiplicity factor 2. Applying the involution (5.55) (that was chosen for

the equivariant structure and therefore directly acts on the LMs) we observe the

following:
2 2 2
Ty T4y i T4l T5Lg Zg
2 X 37 2,27 3,0 2 27 272, 0 3 (561)
—_— = Y= Y=~ Y= =
g—a g—a? g—1 g—1 g—a g—a?
A TV

hl(dp37 O<_57 _17 _17 _1)) = (4inv> 4a7 4a2)
Plugging the bundle charges into (5.60) yields

once again in agreement with the result obtained from the counting of invariant
LMs. Similar to the observation made for Zj-equivariant situations we there-
fore find the same “canonical” behavior of such LMs, i.e. an invariant LM with

multiplicity 2 simply contributes twice to the counting of invariant LMs.
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5.0 Generalized equivariant algorithm conjecture

The steps involved in the computation of the Lefschetz character in the P? ex-
ample are completely analogous on P"~! with the group Z, and the base space

generator involution

27i

gz ATy with a:= V1=¢7 . (5.63)

We have successfully checked this for various values of n and bundles O(k). To-
gether with the empirical evidence gathered from the presented and various other
examples, we therefore arrive at the following hypothesis which generalizes the

conjecture from section 5.6:

Conjecture 5.6.1 (G-equivariant cohomology calculation of finite groups:). Let
Py, be a toric variety and Op,. (D) some line bundle over Py.. Consider furthermore
the generator involutions on the base oy,...,0, : X — X which allow for an
equivariant structure on the line bundle Op, (D). The cohomology of Op, (D)
decomposes according to theorem 4.6.1 into a direct sum of spaces that arise

according to its contributing Laurent monomials:

Contributing LMs = {s1, ..., sy}

= H*(Py; Opy (D)) = é H? (Ps; Op, (D)) . 6

k=1
The equivariant cohomology groups are then given by the direct sum of contribut-
ing spaces that correspond to Laurent monomials that are themselves invariant
under the generators of G and those that are not, i.e. if we put the s; in (5.64)

in order such that the first k are invariant and the last N — k are non-invariant

after applying all generators of G on the homogeneous coordinates in the LMs,
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we find
H*(Py; Op,, (D)) =Hj,, (Ps:; Opy (D)) & HI:on inv (Ps; Opg (D))
H*(Ps/G; Opy (D)) =Hy,, (Ps; O, (D @H (Ps; Opy (D)),
L (5.65)
N
H oniny (Ps; Oy, (D @ . (Ps; Opy (D))
k=

At this point we would like to emphasize the tremendous computational power
of this conjecture. Already for the dP3; example which is still a rather sim-
ple surface, we see that the computations necessary to just determine the Euler
characteristic (much less than the cohomology groups themselves) from the estab-
lished mathematics is quite enduring, whereas this computation for reasonably
low values of the bundle charges can be done via pen and paper in a couple of
minutes. As before the efficiency and ease-of-usage this conjecture provides ul-
timately rests on the direct applicability of the involution mappings defined on

the coordinates of the base on the LMs representing the cohomology.






Chapter 6 -

Subvarieties and Calabi-Yau Manifolds

Toric varieties are really convenient to handle as we have seen and we could
write down many nice formulee to calculate several of their topological quantities.
Nevertheless, we will see in the remainder of this section that it is also quite
important to carry our machinery over to subvarieties. Luckily we can usually get
these from well-understood calculations that are performed on the toric variety
itself. So in this section we will introduce all the methods necessary in order to

obtain properties of the subvariety from those of the ambient toric variety.



6. Subvarieties and Calabi-Yau Manifolds 140

0.1 Physical motivation: Calabi-Yau compactifications,

D-branes and GUT divisors in F-theory

The motivation to introduce all the mathematics in this chapter lies in the con-
struction of heterotic string models as we described in chapter 2. There we saw
the need for a very specific kind of geometric space to obtain sensible compacti-
fications of such theories. Such spaces are called Calabi- Yau manifolds and have
a couple of equivalent definitions which we will introduce in the beginning of the
next section. One can show that toric varieties are not suited as compactification
spaces since they are either Calabi-Yau or compact but never both and we need
both for the purpose of compactification. Hence we need to consider subvarieties
of toric varieties. Not only in the heterotic setting but also in type II string the-
ories subvarieties of toric spaces will arise naturally. For instance D-branes that
live on a Calabi-Yau space can be described as subvarieties of the Calabi-Yau
and hence as higher codimensional subvarieties of the toric variety in our setup.
Another example is the GUT divisor and the matter curve in F-theory arising as

codimension two and three subvarieties of a Calabi-Yau four-fold respectively.

0.2 Calabi-Yau spaces

Definition 6.2.1 (Calabi-Yau). Let M be a complex ds-dimensional Kahler
manifold. M is called Calabi- Yau, iff

M has vanishing first Chern class: ¢;(M) 1= ¢1(Ty) = 0.

&' The Kéhler metric has SU (3) holonomy and with respect to this metric M

is Ricci flat, i.e. the Ricci tensor vanishes: Ric(M) = 0.
< M admits for a holomorphic nowhere vanishing covariantly constant spinor.

Here the equivalence between the first and the second definition is highly non-
trivial and was conjectured by Calabi in 1957 [104] before it was proven twenty
years later by Yau [82]. For heterotic string theory in particular the first of
these equivalent statements will arise as condition on the so-called target space

of the corresponding non-linear sigma model (more about this in chapter 2).
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Therefore this is the property of Calabi-Yau spaces we will be using throughout
the remainder.

We have seen a lot about explicit calculations on toric varieties and we want to
have a Calabi-Yau space for string compactifications. Hence it would be a great
thing to use toric varieties that have the Calabi-Yau property. But there is a

problem here which we state in following theorem.
Theorem 6.2.1. A toric variety can only be Calabi- Yau if it is non-compact.

So we have actually no chance to build compact toric varieties that have the
Calabi-Yau property. But in order to compactify the space time in which the
heterotic string lives, we need such a Calabi-Yau to be compact. Are chapters 3
and 4 actually useless for string theorists? Well, luckily they are not. Although
it is not possible to realize a compact Calabi-Yau manifold as a toric variety, it
is still possible to realize it as a subvariety of a toric variety. More specifically
one can obtain it for instance as a hypersurface inside a toric variety by imposing
a constraint in form of an equation. Omne can also introduce more than one
constraint and if one does it in a way such that the corresponding hypersurfaces
intersect each other orthogonally then one obtains a proper subvariety with a
unique dimension. Such subvarieties are then called complete intersections. In
terms of homogeneous degrees of these hypersurfaces on can reformulate the

Calabi-Yau condition in the following way:

Theorem 6.2.2. Let Pys, be a toric variety with coordinates x4, ..., x, with degrees
Q1% ..., Q.. Let furthermore Gy, ..., G. be homogeneous polynomials in Px. The

complete intersection S of the corresponding subvarieties
S={G=0}n..Nn{G.=0} (6.1)

has vanishing first Chern class if and only if the homogeneous degrees of the
hypersurfaces sum up to sum of the homogeneous degrees of the coordinates of

IP)E, 1.€.
S is Calabi-Yau < [|G1]|* + ... + ||Ge|| = Q1% + ... + Q" Va. (6.2)

Example 6.2.1. The easiest and most studied example of such a Calabi-Yau

manifold is given for the simple projective space P*. Here for five coordinate we
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have (1 = 1. Hence in order to define a hypersurface that is Calabi-Yau we need

a polynomial of homogeneous degree five and for instance
G =} + a5+ a5+ 2 + 22 (6.3)

already does the trick!. Since we have a polynomial of degree five, the space
M = {G = 0} is usually referred to as the Quintic.

In the following we will describe how we can derive the topological quantities
introduced in the chapters 3 and 4 now for subvarieties that are given by the
intersection of the vanishing sets of any homogeneous polynomials. Here we will

not make use of the Calabi-Yau property and the methods will apply generally.

0.3 Line bundles and their cohomology

In chapter 4 we have introduced our algorithm that allows to calculate the co-
homology of line bundles in a very efficient way. Since we have control over this
part we would like to see how we can get the cohomology of arbitrary line bundles
that live on a subvariety. In fact all the information about it is encoded in the
cohomology of line bundles over the ambient toric variety and hence these are

roughly all the ingredients one needs.

6.3.1 The Koszul sequence for hypersurfaces

Consider an irreducible hypersurface S C Py, given by some homogeneous poly-

nomial G(z1, ..., x,), i.e.
S ={(z1,....,2,) € Py | G(x1,...,2,) =0} . (6.4)

For the remainder we will use S as a place holder for the actual subvariety as in
(6.4) but at the same time as a place holder for the homogeneous degree of the
corresponding polynomial, i.e. we also define S := ||G||. It should be clear from
the context when we are referring to the homogeneous degree and when to the

actual subvariety.

You may of course choose a different polynomial. The only restriction here is that is gives
rise to a smooth subvariety.
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To see how we can relate the cohomology of a line bundle on such a subvariety
S to the one on the ambient space Py, we have to make use of the fact that the
divisor that corresponds to the codimension one subvariety S gives also rise to a
line bundle Op,(S), as explained in 3.4. There we saw that global sections s of

such a line bundle are elements in the zeroth cohomology group
s € H°(Py; O(S)) (6.5)

which are simply given by monomials in the homogeneous coordinates of Ps
that have a multi-degree corresponding to the multi-degree of defining equation
{G = 0} of the divisor S, i.e.

NG| = 1Is]] - (6.6)

Similarly, the elements of higher cohomology groups are given by Laurent-monomials
with the right degree. Hence GG can be considered as a map from one line bundle

to a different one, which in the simplest case reads
OPEi)OPE <S> ) (67)

mapping the structure sheaf Op,, of Py, to the line bundle that corresponds to S.
One can also perform the dual version of this and map the dual line bundle of
Op,.(S) to the structure sheaf:

Opy (—8) 305, . (6.8)

The nice thing, already indicated by the arrow, is now that this is actually an
injective map. Furthermore the restriction map R restricts from the structure
sheaf of Py, to the structure sheaf Os C Op,, of S and it is therefore surjective.

So we have built a sequence of line bundles that is short and exact:
G R
0 — Op.(—S)—0Op,—»Os — 0. (6.9)

That it is exact, i.e. Go R = 0 is clear since we first map an element of Op,,(—S)

basically by multiplication of G to an element of Op, and then put G to zero
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with the restriction map R:
(GoR)(s) =R(G-s) =G -s|g=o =0, for some section s of Op.(—S). (6.10)

In order to relate an arbitrary line bundle on the hyper surface, say Og(D) with

line bundles on the ambient space we simply tensor the sequence (6.9) with it:
0 — Opy(—S) © Opy (D)5 02y © Opy (D)—05 ® Opy (D) — 0 (6.11)
which gives us the following short exact sequence:
0 — Opy(—S + D) 05, (D)2 Os(D) — 0. (6.12)

This is called the Koszul sequence for an arbitrary line bundle on the hyper
surface §. Since it is exact and also short, due to theorem 4.3.2 there also exists
a corresponding long exact sequence in cohomology:

0 —— H(Py; Op, (—S + D)) — H'(Py; Op,. (D)) — H'(D; Os(D)) ﬁ

L, H!(Ps; Opy, (=S + D)) — H'(Pg; Opy. (D)) — H(D; Os5(D)) ﬁ

<—> H?(Ps; Opy, (=S + D)) — H?*(Py; Opy. (D)) — H?(D; O5(D)) — ...
(6.13)
The maps G and R in the short sequence are of course essential for the mappings
in this sequence and in particular they induce mappings between the first and

second column as well as the second and the third column respectively, i.e.
Hi(Py; Oy (S + D)5 Hi(Py; Op, (D)) L5 HI(S; 05 (D)) . (6.14)

This is in fact the easier part if one wants to do the honest computation of the
cohomology groups and it is a little more involved to figure out the coboundary
maps >

Hi(D; Op)- H* ' (Py; O, (—S + D)). (6.15)

In practice in order to calculate the cohomology groups H'(S;Os(D)) one

2See [105] for a full mathematical account on the Koszul complex, in particular the mappings.
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would need to compute the image of R’ which is equal to the complement of the
image of G* in H'(Py; Op,. (D)) and then add a space that is isomorphic to the
image of § in H'"!(Pyg; Op,(—S + D)) which is itself equal to the kernel of G**!

by exactness:

H'(S;05(D)) =2 im(R") @ im(5") = im(R") @ ker(G'*) (6.16)

Example 6.3.1. Let me at this point state a couple of examples to make the
ideas more assessable. We begin with a rather trivial one which still gives an idea
how it works. Choose the ambient space as P? as we did in subsection 4.7.2 and

furthermore choose the hypersurface from a homogeneous degree one polynomial:
S:{(.Tl,xQ,Ig)E]PJz |G:I1+$2+I3:O} . (617)

We will now show how to calculate the cohomology of the line bundle Og(3). In
order to do that we have to employ the Koszul sequence (6.31) which we find in

this case to have the form
0 — Op2(2)- 05 (3)L505(3) — 0, (6.18)

which gives the corresponding long exact sequence in cohomology (6.13) and looks

oy HY(P2 Op2(2)) - H(P?, O (3)) 2 HI(S; Os(3)) — -+, (6.19)

where the induced maps G and R between the i cohomology groups are then

just given by

G(sh) =(x1 + x2 + 3) - 55, sh € Hps(2), (6.20)

, 0, if 8§ = (21 + T2 + x3) - 5 , ,
R(s}) = s TR si e Hix(3). (6.21)

s4, otherwise

Here one can see explicitly how the image of G gets mapped to the kernel of R.
Having in mind the computation of line bundle cohomology of P? in example 4.7.1

we know that actually Hp,(a) is zero for all a,i > 0 and we only get contributions
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for ¢+ = 0 and hence these vector spaces are just generated by monomials,

0 2 2 2

Hp(2) = <$1> T1X2, Ty, T1T3, T2T3, $3> ) (6.22)
0 3 2 2 3 2 2 3 2 2

HP2(3) = <9§'1, T1T2, 1Ly, Lo, X X3, T1xgy, T3, ToX3, T2Tg, l'1$21'3>

= <617 €2, €3, €4, €5, €6, €7, €8, €9, 610> (623)

and have therefore dimension 6 and 10 respectively. Because of the vanishing
of all higher-dimensional cohomologies, it is pretty easy to obtain the desired
cohomology group since it is given by the image of R which is isomorphic to the
quotient of Hg,(Os(3)) by the image of G:

Hg(0s(3)) =im(R) = Hp:(3)| 601 +a3+23-0 (6.24)

=<€1, €2, €3, €4, €5, €6, €7, €8, €9, 610) |G:0 (625)
_ <617 €2, €3, €4, €5, €6, €7, €8, €9, 610> 7 (626)

(61,2,5, €2.3,10, €348, €56,10, €89,10, 66,7,9>

where we use the notation e; ;1 1= e; +€; + ¢, to denote the image vectors of the

base vectors of HJ,(2) under G, for instance
G(.’B%) =a”- (331 + 22+ 333) =e1+e+e5s=¢€e5. (6.27)

So the task of deriving H2(Os(3)) has basically reduced to the task of taking a
quotient vector space and hence to find a set of vectors that complete the image
of G to form a base of H2,(Os(3)). In our example here the first four base vectors

already do the job and hence we obtain

H2(Os(3)) = (e1, ea, €3, eq) = (2}, xiwa, 2123, 23) . (6.28)

Remark. In this example we showed very detailed how to do the calculation prop-
erly. In practice one will not always need the actual base vectors of the desired
cohomology class but one may simply be interested in the dimension of it. If so,
one will not always be faced with the task of deriving all the maps and kernels
explicitly but may use the exactness of the sequence to predict the dimension.
In Example 6.3.1 for instance if we were only interested in the dimension we

could have used the that the dimension of a quotient space dim A/B is simply
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dim A —dim B which would have given us h%(Os(3)) = 4 without calculating the

image of G.

6.3.2 The Koszul sequence for complete intersections

Everything we explained in 6.3.1 can now also be extended to the situation where
subvariety S, we consider, is not only a hupersurface but a complete intersection

of hypersurfaces:

S=(1S;, whereS; = {(z1,...2,) € P | Gj(w1,..;x,) =0} . (6.29)

J=1

This means that we have ¢ hypersurfaces that intersect transversely inside the
toric ambient space Pys.. Therefore the dimension dg of S will be the dimension d of
Py, minus the codimension ¢ of S. The generalization of the plain Koszul sequence
(6.9) is then derived by successively application of (6.9) for each hypersurface S;.
As we had for codimension one a sequence of 2+1 sheaves we will now have one
additional sheaf for each additional codimension. Doing this procedure carefully

one finds

o ) g ()
L@opg (_ijsjk) B Oy (=S, — S, )j (6.30)

J1<.<Je—2 J1<J2

— D Op,(=S)) Opy, Os — 0
J

Note that given A* @, Opy(=S;,) = @B;, Opy(—S;,) all line bundles prior in the

sequence chain can be interpreted as higher exterior powers. Twisting the whole

sequence by Op,. (D) leads to

O—)OP2<_iSj+D) @OPE(_Sjl_SD—‘_D)ﬂ

71<J2

OS('D) — 0.
(6.31)



6. Subvarieties and Calabi-Yau Manifolds 148

The maps between the sheaves are basically the G; that have to be applied to
each direct summand properly. The last map is as before the restriction to the
subvariety. In contrast to the situation with a simple hypersurface, we are not
finished yet, since the sequence (6.31) is not a short exact one and hence does
not give rise to a long exact sequence in cohomology. But one can easily see that

an exact sequence of length ¢ 4 2 yields ¢ short exact sequences:

00— Ayl Ay By A A2 0 9 T ALL, 0 (6.32)
can be decomposed to
0 — A< Ay 2oim(gs) — 0, (6.33)
0 — im(go)—— A3—»im(gs) — 0, (6.34)
(6.35)
0 — im(ge1) s Aps1 b Apyr — 0, (6.36)

where ¢ denotes the inclusion map. For the case of the Koszul sequence by using
several auxiliary sheaves Z, which represent the image of the corresponding map,

we find the following ¢ short exact sequences:

c c—1
0— OPE<_ZSj+D) ‘—)@OPE(— ZSM +D) —»Il —)O,
j=1 , , k=1
71<.<Je—1
c—2
0—17 <—>@OPZ — ZSjk+D) —» Iy, — 0,
k=1

J1<.<Je—2

0— T s — @D Op, (-8 + D) — L.y — 0,
J

0—Z. 1 —0p.(D) —» Os(D) — 0.

(6.37)
These are the ones we are actually going to use in explicit calculations. This
means that in order to derive the dimensions of the cohomology groups of Og(D)
we first have to write down all the required long exact sequences and derive the

cohomologies of ¢ — 1 auxiliary sheaves.
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Example 6.3.2. For instance, for a complete intersection S of two hypersurfaces
S; and Ss, the splitting of the generalized Koszul sequence (6.37) is given by

G2
.G (@)
0 — Opy, (=81 —S2+ D) (@5 Opy, (=81 + D) @® Op,, (=83 + D) —% I; — 0

0 — T <5 Opy (D) 5 Os(D) — 0
(6.38)

and hence calculated in two steps.






Chapter 7 -

Vector Bundle-Valued Cohomology

So far we have learned a lot about calculating the cohomology of line bundles
for a large class of spaces. We have seen how to calculate them on toric varieties
and subvarieties thereof and also how to obtain the equivariant cohomology of
line bundles on toric varieties that allow for an additional discrete group action.

In this chapter we want to see how we can make use of these concepts in order
to calculate the cohomology of higher-rank vector bundles. Starting with the
tangent bundle of the toric variety will lead us to the methods to obtain also the
tangent bundle cohomology of subvarieties. This is already enough to determine
the full Hodge-diamond of a Calabi-Yau three-fold and will be extended to more
generic holomorphic vector bundles that may even be easier to work with than
the tangent bundle. One can construct such vector bundles conveniently via the
so-called monad construction or by extension. Following the tangent bundle-

valued cohomology we will also point out how to obtain the cohomology of vector
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bundles that are given by tensor products of the initial bundle. In this context
A%V and V ® V will be of particular interest.

7.1 Physical motivation: Heterotic GUTs, moduli spaces
of heterotic and type IIA /B theories

In chapter 2 we saw that we need a Calabi-Yau three-fold for heterotic string com-
pactifications and furthermore that another essential ingredient is a holomorphic
vector bundle of rank three, four or five. Of course one can always choose the
tangent bundle as a rank three bundle but one can also choose the vector bundle
completely independent from the tangent bundle which will give more freedom on
the model building side, see chapter 2 for more details. There we saw that from
a rank three, four and five vector bundle we can obtain a GUT with gauge group
Es, SO(10) and SU(5) respectively and the latter two are phenomenologically
more interesting than the Eg case. In all cases the spectrum of our theory will
crucially depend on the holomorphic vector bundle. But also for type II models
that live on Calabi-Yaus we can employ the methods of this chapter since the
number of moduli of such a theory is determined by the two independent Hodge
numbers of the Calabi-Yau. These Hodge numbers are nothing but the dimen-

sion of the first and the second tangent bundle-valued cohomology groups of the
Calabi -Yau.

7.2 Bundle-valued cohomology

In section 4.2 we have introduced the idea of de Rham cohomology for smooth
manifolds as well as the concept of Dolbeault cohomology for complex manifolds.
In fact there is a nice relation between Dolbeault cohomology and the plain Cech
cohomology of holomorphic vector bundles. As we have seen in (4.18), the space
of differential forms with respect to d is split into a direct sum of forms arising

from the splitting of d into a holomorphic and an anti-holomorphic part 9, 0:

Hip(M) = @ HP(M).

p+Hq=k
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One can now show that the (p, ¢)'™™ Dolbeault cohomology group is nothing else
but the ¢! Cech cohomology group of the vector bundle of the p' exterior power

of the cotangent bundle:
HPI(M) = HI(M; Q) . (7.1)

This statement is not constrained to exterior powers of the cotangent bundle but
can be applied to arbitrary holomorphic vector bundles V. This means that for
anti-holomorphic differential forms that take values in the holomorphic vector
bundle V, we can extend the Dolbeault operator 0 to act on such forms and

hence obtain a complex
0—V -5V M) L ve M) L veam) ... (72)

whose cohomology equals the Cech cohomology of the holomorphic vector bundle,

HI(M;V) = lfre;((g)) , where (73)

2:VRQ(M) — Ve Q" (M) .

This way we can think of the ¢'* Cech cohomology group of a bundle V simply
as the V-valued O-closed anti-holomorphic differential forms that are at the same

time not d-exact.

Example 7.2.1 (Hodge diamond of a three-fold). As a nice application we can
now express the Hodge diamond (4.19) of a smooth manifold M simply in terms
of the Cech cohomology of exterior powers of the cotangent bundle according to
(7.1) which for a three-dimensional manifold reads as shown in table 7.1 which
reduce due to complex conjugation and Poincare duality to the one shown in table
7.2. Therefore for a three-fold it is sufficient to calculate the Cech cohomology
of the structure sheaf as well as the first and second cohomology groups of the
tangent bundle. If we are dealing with a Calabi-Yau manifold we can simplify
this even further and have to calculate only two independent cohomology groups

as shown in table 7.3.

As we will see below the calculation of Cech cohomology of a holomorphic

vector bundle can in many cases be reduced to the calculation of line bundle
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H°(M;0)
HOMT)  HY(M;0)

HMNT)  H(MTY)  HA(MO)
HO(M;A3T,)  HY(M; AT H*M;Ty,)  H(M;0) (74)
HY M AT HA(MGARTS,)  H3(M;TY)

HY(M; NTS,)  HYM; A°T)

H3(M; N3T3y)

Table 7.1.: General Hodge diamond of a three-fold

Table 7.2.: Poincare duality applied to a general Hodge diamond of a three-fold

1
0 0
0 H'(M;T%,) 0
1 H*(M;T5,) H*(M;T5,) 1
0 HY (M T3, 0
0 0
1

Table 7.3.: General Hodge diamond of a Calabi-Yau three-fold
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cohomology of various line bundles and therefore we can apply theorem 4.6.1 for

this purpose, too.

7.3 Tangent bundle-valued cohomology

Let us begin basic with a very natural vector bundle of the toric ambient variety
Py, i.e. its tangent bundle Tp.. Let D; be the toric divisor {z; = 0} associated

to each homogeneous coordinate x; of Psy;. Then there is a short exact sequence

r ®Qiz; i . T
0— OF <5 € Op (D) —» Tpy, — 0, OF := P O, (7.5)
k=1

i=1
where r denotes the number of linear equivalence relations defining the toric

variety as before. One can show that (7.5) can be used to define the tangent

bundle of Py, as the following quotient space

_ @?:1 OPE (Dl> . (76)

T im(Q;z;)

Furthermore, due to exactness, (7.5) provides us with a long exact sequence in

cohomology using theorem 4.3.2

n

0 —— H°(Py; Opy, )" —— @ H°(Ps; Opy, (D)) — H(Px; Thy,) ﬁ

k=1

<—> H (P Op,)” — @ H' (Py; Op, (Dy)) —= H' (Py; T, ﬁ

k=1

<—> H2(]P)E; OPE)®T —_— @ HZ(]P)E; OPE(Dk)) _— HQUP)E; T[pvz) —_— ...
k=1
(7.7)
which allows by computing H*(Ps; Op,.) as well as H*(Ps;; Op,. (Dy)) the derivation
of H(Px; Tp,,). The map ®Q;x; in (7.5) generalizes canonically to a map in (7.7).
For the cotangent bundle the story is just as easy. The only thing we have to do
is dualizing (7.5) which gives

0— T3, = — P Oy (-Di) — OFF — 0, (7.8)
k=1
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where exactness is valid also in the dual sequence and one may derive the induced

long exact sequence in order to calculate H(Py; 13.).

7.3.1 Hypersurfaces

So far we only know how to derive the (co)tangent bundle-valued cohomology
groups of the toric ambient space. The situation becomes a little bit more involved
if we are interested in the (co)tangent bundle of a hypersurface inside some toric
variety. Let S denote the divisor class of a hypersurface S = {x € Py | G = 0}.
Then the tangent bundle of the subvariety S can be derived as the measure of

non-exactness of the sequence

oG
oz,

0 — 0F E5 P 0s(D,) — 0s(S) — 0, (7.9)

i=1
i.e. with respect to the mappings we have
oG
ker(a—xi)
S= A
im(Q;z;)

which defines a quotient bundle of @,_, Os(D;). What we ultimately want is

the cohomology of the tangent bundle an hence we need to split this non-exact

(7.10)

sequence into short exact sequences. Such a split is always possible once one
starts with a short complex and can be derived as pictorially shown in figure 7.1.
In this case here we denote the quotient that defines the auxiliary sheaf by &g
and hence obtain

0— 0F &5 (P Os(Dy) — €5 — 0,

k=1 (7.11)
oG

0 — Ts = Es — O5(S) — 0,
where R is the restriction map to Q;x; = 0. These are now exact, i.e. we effectively
represent the definition of the hypersurface’s tangent bundle by a split into two

exact sequences. The auxiliary sheaf Es in (7.11) is just given as the quotient

_ ©L.0s(Di)
£ = LSS (7.12)
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f

(a) Short complex with cohomology in the middle given as the quotient

g

0 A B C 0 0

of the kernel of g by the image of f.

=

L —_— _ ker(g) ;) B g
m() 0 O 0% TR C 0 0

(b) Split of the short complex into two short exact sequences. The cohomology of the
complex in figure 7.1a is now the first space in the second exact sequence.

f

0——A——8B

R

Figure 7.1.: Split of a complex with cohomology into two exact sequences.

From another perspective the sheaf s can be identified with the restriction of the

tangent bundle sheaf of the ambient space Py, i.e. one may treat Es like Tp,.|s.

Thus, following the by now established method of using the exactness of the
induced long exact cohomology sequences we first may determine the sheaf co-
homology H(S;Es) from the first sequence and then run through the second
sequence to determine H'(S;Ts). It is also necessary to compute the restrictions
of Op,(D;) to S which is accomplished via tensoring the Koszul sequence (6.9)
with the line bundle Op,(D;), i.e.

0— OPE(D’L) & OIP’E(_S) — OPE (Dz) & OIP’E —» OPE(Dz) & (93 — 0.

Opy, (Di—S) Opy, (D) 0s(Ds)

(7.13)
which allows for the computation of the corresponding cohomology groups. In
the same way we have to determine the cohomology groups of Og(S) which gives

us everything to obtain the desired cohomology groups H*(S;T5s).
We have seen in (7.2.1) that the Hodge numbers of a Calabi-Yau three-fold M



7. Vector Bundle-Valued Cohomology 158

can be obtained from the cotangent bundle-valued cohomology groups as
Wiy =W (M;Ty) by = hA(M;TY). (7.14)

To get the cotangent bundle-valued cohomology groups of any subvariety & we
just have to dualize all the short exact sequences we just used. This yields the

four sequences

0— & — @POs(-D;) — 0F — 0,

=1
0— Os(=8) = E& — TE =2 Qg — 0, (7.15)
00— OPE(DZ' — 8) — OIP>2<D1) —» 03<Dz) — 0,
0— OPE — O[[DE (Dz) —» OS(Dz) — 0

which we have to run through to get the cotangent bundle-valued cohomology

groups.

Remark. In fact the cohomology of the tangent bundle and the cotangent bundle
are related via

H'(S;Ts) = H7(S; T%) . (7.16)

Hence it suffices to calculate either one or the other and the other will be given

immediately .

Example 7.3.1 (Hodge diamond of the octic hypersurface in P{,5,, ). To exem-
plify the discussed methods, we compute the Hodge diamond of the embedded
Calabi-Yau hypersurface M := P},5,,[8]. Since the weighted projective ambient
space P{ 55, has a Z,-singularity and our methods only apply for smooth spaces,
we first perform a toric blow up to get the toric data of the smooth ambient space
Py, as shown in Table 7.4. We will look at the Calabi-Yau hypersurface M in

Py, given by a polynomial of homogeneous degree M = (8,4) and compute its

Hodge diamond. Inserting the data into the first two sequences of (7.15), we get

0— Erg— Om(=1,002 @ Op(—2,-1)% @ O (0, —1) —» OFF — 0

0 — Opm(—8,—4) — Ery — Ty 2 QU — 0.
(7.17)

To make use of these, it is necessary to determine the cohomology of O (—1,0),
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vertices of the coords | GLSM charges | divisor class

polyhedron / fan Q' Q?
vn=(-1, =2, =2, =2) x, 1 0 H
ve=( 1, 0, 0, 0) X9 1 0 H
vs=( 0, 1, 0, 0) x3 2 1 2H+ X
vwu=( 0, 0, 1, 0) x4 2 1 2H + X
vs=( 0, 0, 0, 1) x5 2 1 2H + X
vs=( 0, =1, =1, —1) T 0 1 X

conditions: 8 4

SR(Py) = (129, x32475T6)
S(Py) = ([2345], [1345], [2346], [2456],
2356], [1346], [1456], [1356])

Table 7.4.: The torically blown-up weighted projective space P55, to its smooth
version Py, with embedded Calabi-Yau hypersurface given by the divisor 8 H +4X with
charges (8,4).

Om(=2,-1), Op(0,—1), Opq and Opq(—8, —4), which is done using the Koszul
sequence (6.12). For example, to get On(—1,0), one takes the short exact se-

quence
0 — Op.(—9,—4) — Op.(—1,0) —» Opy(—1,0) — 0 (7.18)

and then looks at the long exact sequence in cohomology. Therefore, it is sufficient
to know the cohomology of the ambient space line bundles Op,, (D) with divisor

charges
De (-9,-4),(-1,0),(—10,-5), (=2, —1),
{(=9,~4).(-1.0). (=10, -5). (-2.-1) o)
(—8,-5),(0,—1),(—8,—4),(0,0),(—16,8)},
for which our algorithm yields the cohomology group dimensions

h*(Ps; Op, (=9, —4)) = (0,0,0,0,2),  h*(Pg; Op,(—1,0)) = (0,0,0,0,0),
h* (Py; Op, (—10,=5)) = (0,0,0,0,6),  Ah*(Pg; Op, (—2,—1)) = (0,0,0,0,0),
he(Ps; Op, (—8,—5)) = (0,0,0,3,1),  h*(Ps; Op,(0,—1)) = (0,0,0,0,0),
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h®(Py; Opy (=8, —4)) = (0,0,0,0,1),  Ah*(Ps; Op,(0,0)) = (1,0,0,0,0),
h® (Py; Opy (—16,—8)) = (0,0,0,0, 105). (7.20)

Note already this extra contribution h?(Pg; Op,. (—8,—5)) = 3 which we will dis-
cuss in a moment. Without the explicit knowledge about the generic hypersurface
equation G = 0 we can obtain the dimensions of the cohomology groups of these

line bundles over M

h*(M; Oa(—1,0)) = (0,0,0,2), h* (M; O(—2, —1)) = (0,0,0,6),
h* (M; O(0, —1)) = (0,0,3, 1), h* (M; O(0,0)) = (1,0,0, 1),
h* (M; Opi(—8, —4)) = (0,0,0,104). (7.21)

Likewise, we use those dimensions to determine the cohomology of the auxiliary

bundle £, from the first sequence of (7.17), yielding
he (M EL) = (0,2,3,21). (7.22)

In order to compute the cohomology of €}, from the second and final sequence
in (7.17) some small additional input is required. Using (7.21) and (7.22), the

induced long exact sequence takes the form

0—R0=0 0 HO(M;QlM)j
( 0 R H
’ HM; )
") (7.23)
( 0 R? H%M;QMj

( R104 R2! H3(M; QL) —0.

Whereas H°(M; Q) = 0 and H'(M; Q},) = R? follow immediately from the
sequence, the remaining two cohomology groups seem to be ambiguous. However,
one should keep in mind that via the symmetries in the Hodge diamond it follows
that

H*(M; QL) = H*?(M) = H*(M;Op) = 0. (7.24)
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The remaining part of the sequence therefore reads
0 — R® — H*(M;Q},) — R"™ — R* — 0, (7.25)

such that via 3 — dim H?(M;Q},) + 104 — 21 = 0 as required for exactness we
can determine the result
h* () = (0,2, 86,0). (7.26)

This ultimately gives us the Hodge diamond

00 1 =1

plo ol 0 0 b =0

20 pbl po2 0 2 0 b =2
R3O0 21 pl2 p03 = 6 36 1 =174 (7.27)

R0 pbl o po2 0 2 0 bt =2

pLo o1 0 0 b =0

00 1 =1

for the octic Calabi-Yau three-fold hypersurface P},55,[8]. In prospect of chapter
8 we introduce! the numbers h}*? which refer to the contribution from the i*" line

bundle cohomology group H'(Ps; Op,.(m, n)) to the Hodge number h?4:
h'(Ps; Op.(m,n)) ~ b7, (7.28)

It is clear from (7.23) that H*>'(M) = H?*(M;Q},) receives two different kinds
of contributions, h3" (M) = 83 coming from elements in H*(Py, Op, (m,n)) and

21 (M) = 3 from elements in H3(Py;, Op,(m,n))? As we will see in chapter 8,
these contributions are also related to the non-geometric contributions in the

Batyrev formula.

'Tn order to avoid any confusion, note that the h2*? here are entirely unrelated to the multi-
plicity factors h*(Q) of chapter 4.

2Let us mention that this split can also be seen in the corresponding Gepner and Landau-
Ginzburg orbifold models, where precisely 3 massless matter states come from so-called
twisted sectors and the remaining 83 from the untwisted sector.
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7.3.2 Complete intersection subvarieties

In the last subsection we described a method to calculate the dimensions of
the tangent bundle-valued cohomology groups as well as the Hodge numbers for
three-dimensional hypersurfaces. Now we want to generalize these methods to
the case where the subvariety does not arise as a hypersurface of a toric variety,
but rather as a complete intersection of several hypersurfaces. Conceptually it
is not much of a difference and we proceed in the same way as for the case of a
single hypersurface.

Let {Si,...,S.} be a set of hypersurfaces in a toric variety Px; such that their
complete intersection subvariety is of codimension ¢ and denoted by &. The

tangent bundle of S is then, in analogy to (7.9), given by the cohomology of the

complex
S 9%G; ¢
i Ti Oz,
0 — 0F “3 P 0os(D,) = @ Os(S;) — 0. (7.29)
i=1 j=1

where as before the D; denote the toric divisors for the respective coordinates.

As before we can perform a splitting of this complex into the two exact sequences

0—>Of‘§’”<—>@(93(1)i) —» Es — 0]

=1

; (7.30)
0—1Ts ;)53 —» @OS(S]) — 0.
j=1
The dual version for the cotangent bundle reads
0 — EE—> EBOS(—Dk) — 0" — 0,
h=t (7.31)

l
0 — P Os(—8;) — &5 — Qs — 0
=1

which of course for ¢ = 1 precisely reproduces the hypersurface result (7.11).

Remark. The generalization of codimension one to arbitrary codimensional sub-
varieties seems to be fairly easy since the only thing we have to do is to calculate
one more line bundle in (7.31) or (7.29) for each hypersurface. Conceptually
this really is the only difference but technically this is a huge difference. While
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for the hypersurface we could employ the short Koszul sequence (6.12) for every
line bundle we want to obtain, for the case of an intersection of more than one
hypersurface we have to use the long Koszul sequence (6.31) which produces one
more short exact sequence for each additional hypersurface and is also technically
harder to resolve. The higher the codimension the more involved the calculation
and in fact a computer implementation of these calculations are quite early un-

avoidable.

Example 7.3.2 (Hodge diamond of the double quartic in PJ;;,9,). Let us now
see how the methods for a complete intersection Calabi-Yau work in detail for the
case of two intersecting hypersurfaces, by examining the specific case of M :=
P?,1190]4, 4] living in the weighted projective ambient space Ps := P};;19o. The

corresponding toric data is given in table 7.5. For this example the sequences

vertices of the coords | GLSM charges | divisor class
polyhedron / fan Q*
n=(-1, -1, =1, =2, =2) | = 1 H
vo=( 1, 0, 0, 0, 0) T 1 H
vg=( 0, 1, 0, 0, 0) x3 1 H
u=(0 0 1, 0, 0) x4 1 H
vs=( 0, 0, 0, 1, 0) x5 2 2H
ve=( 0, 0, 0, 0, 1) T 2 2H
conditions:

intersection form: iH 5
SR(PE) = <ZL’1I’2[E3J}4ZL‘5JZ6>
Table 7.5.: Toric data for the complete intersection Calabi-Yau threefold M :=

(7.31) reduce to

0— &y — Om(—1)* & Opm(—2)** — Oy — 0, (7.32)
0 — Opg(—4) B Opg(—4) — Ef —» Quy — 0 '

and hence we need to determine the cohomologies of the line bundles O (—1),
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Om(=2), Op, Opq(—4) over the complete intersection Calabi-Yau. This can be
done by employing equations (6.38) which give us the four pairs of sequences, one

pair for each line bundle

0 — Opy(—9) — Opy (—5)%* — I, — 0,

(7.33)

0 —Z, — Op.(—1) — Opm(—1) — 0,
0 — Op,.(—10) — Op.(—6)"?> — T, — 0,

Py (—10) by, (—6) b (7.34)
0—>Ib<—>OPE(—2)—»OM(—2)—>O,
0 — Op.(—8) — Op.(—4)*? — T, —0,

Pz( ) PE( ) (735)
0 —Z.— Op, —» Opy — 0,
0 — Op.(—12) — Op.(—8)*%2 — T, — 0,

by (—12) Py (—8) d (7.36)

0 —1Zy— OPE(_4) — OM(—4) — 0.

Deriving the corresponding long exact sequences of the cohomology groups allows
us to determine for each pair first the dimensions of the cohomologies of the
auxiliary sheaf and then in the second step the one for the line bundle itself. For
some of the line bundles in (7.33)-(7.36) all cohomology groups vanish. For those

where this is not the case we find

h* (Py; Opy (—9)) = (0,0,0,0,0,4),  h*(Ps; Op,(—10)) = (0,0,0,0,0,12),
h* (Py; Opy (—8)) = (0,0,0,0,0,1),  h*(Ps; Op,(—12)) = (0,0,0,0,0,58),
h*(Ps: Oz,) = (1,0,0,0,0,0), (7.37)

from which follows the cohomology of the auxiliary sheaves where this is not the

case we find

h*(Py;Z,) = (0,0,0,0,4,0), h*(Ps;T,) = (0,0,0,0,12,0),
h*(Py;Z,) = (0,0,0,0,1,0), h*(Py;Z,) = (0,0,0,0,56,0) . (7.38)
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Taking this into account one can use the second sequences from (7.33)-(7.34) to
read off

h.(M; OM<_1)) = (07 0,0, 4) ) h.<M; OM(_2)) = (07 0,0, 12) )
h'(./\/l; OM) = (1, 0,0,1), h'(./\/l; Om(—4)) = (0, 0,0,56), (739)

where h*(M; Op,) already presents the expected first row of the Hodge diamond.
Now we can proceed in the same way as we did in the last subsection and plug
this into the first equation of (7.32) to get

h*(M;EL) = (0,1,0,39) . (7.40)

We insert this result together with h®(M; Orq(—4)) from equations (7.39) into the
second equation in (7.32). In order to derive a unique result from the long exact

sequence, we have to use the fact that the complete intersection is Calabi-Yau
which implies that h°(M;Q},) = 0 and find

h*(M; Q) = (0,1,73,0) (7.41)

Since this is the second row of the Hodge diamond we are looking for and since

M is Calabi-Yau, we can write down the full Hodge diamond as

1 W =1
0 0 ' =0
0 1 0 (=1

1 73 73 1| =148 . (7.42)
0 1 0 |bt=1
0 0 b =0
1 =1

Note again that by no means we are using any properties special to this geometry,
i.e. the described procedure is completely algorithmic and can be analogously
applied to any other setting as long as enough zeros appear in the cohomologies to
make use of exactness. All the laborious and somewhat confusing steps involved in
this computation can be easily carried out with our programm cohomCalg Koszul

extension [7] which automates precisely the steps outlined above. In the next
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section we will give an explicit example where the mapping actually cannot be

avoided.

7.4 Vector bundle-valued cohomology

In this section we will generalize the methods reviewed in the last section to
more general vector bundles that can be constructed via the so-called monad
construction or extensions. These methods actually allow for an algorithmic im-
plementation of the determination of most of the topological data which is again
based on the algorithm we presented in theorem 4.6.1. We also wrote the imple-
mentation for this and made the available in the just mentioned cohomCalg Koszul

extension [7].

7.4.1 The monad construction

Exact monad

We begin with the easiest monad which describes in fact a holomorphic vector
bundle V which is in some way even simpler than the (co)tangent bundle. When
we defined the (co)tangent bundle we made use of the Euler sequence (7.9). Here
we had to split it into two parts where the first one was basically the tangent
bundle of the ambient space restricted to the subvariety (7.30). The idea of an
exact monad is to use precisely use this kind of short exact sequence to define a
different vector bundle than the tangent bundle. Therefore the line bundles that
appear in such a monad will in general have nothing to do with the ones that
appear in the Euler sequence. Most generally for such a case we can define the

vector bundle by

nA ;T
0— V- @POs(N) 2 @ Os(M) — 0 (7.43)
a=1 =1

where F,! is a matrix containing polynomials of the right multi-degree, i.e.

|1E! | = No = M, (7.44)
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and ¢ is the inclusion map. Hence this definition of the bundle V can also be read

as
Vi=ker (F,}). (7.45)

Such a vector bundle will obtain a rank corresponding to the number of line
bundles involved in (7.43)
tk(V) =npy —n,. (7.46)

The choice of the subscripts here are due to the physical interpretation of these
numbers and will become clear in chapter 2. Dualizing this sequence gives us the
dual version V* of V and it is rather a matter of convention which one is called
the dual bundle and which the original. In our convention V* is determined by

the sequence

Np ;A
0 — P Os() =5 P Os(N) = V' — 0, (7.47
a=1

=1

with the restriction map R which defines the dual bundle by

.. L Os(N,
V' :=imR = % : (7.48)
For the tangent bundle the mappings in the monad were given as multiplication
by the coordinate as well as by the derivatives of the hypersurfaces. Here we are
basically free to choose the maps F,' that are part of the definition of the bundle.
Neglecting necessities related to the smoothness of the bundle for the moment,
the only condition on these maps is (7.44) and we are free to choose them as we

please.

Example 7.4.1 (A positive monad over the quintic). Let us state a fairly easy
example especially to see why the maps become crucial for honest calculations of
vector bundle-valued cohomology groups. The example is taken from a scan that
was performed by the authors of [62,106]. The Calabi-Yau base manifold is the

generic quintic hypersurface in P4

M=qzeP'|G= > Ainiiitisfafaial =05 . (7.49)
{35122 15=5}
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and the bundle is defined via the short exact sequence
L @6 ®Fal @3
0—V— Oy(l) — Om(2) — 0, (7.50)
wherein the mapping F,' is an 3 x 6 matrix that has identical components

Fl=xi4+xo+as+aa+axs, VYai=1,.3andl=1,..,6. (7.51)

Since (7.50) is a short exact sequence of sheaves, we can write down a long exact

sequence in cohomology 4.3.2. Using the methods from section 6.3.1, we find that
H' (M;Opm(1) = H(M; Opm(2)) =0, Vi#0 (7.52)
and the long exact sequence reduces to

o—>H°<M;v>—iHO(M;OMu))@GF—*»H%M;OM@»@E*T

0

C—>Hl(/\/l;V) 0 0
<—>H2(M;V) 0 0
C—>HS(/\A;V) 0 0

Obviously we find

)
)

(7.53)

H*(M;V) = H*(M;V) =0 (7.54)

and are left with the task of determining the kernel of F,' which will be identical
with H°(M;V) and then the image of the coboundary map § which will give us
HY'(M;V). Since

HO(M; Op(1)) = (21, T, 73, 74, 75) and (7.55)
HY(M; 004(2) = (zix; | 4,5 =1,...,5) (7.56)

which means that these spaces contain really all sections, there is no way for the

map F,! to send any generator of (7.55) to zero and hence its kernel is simply
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the zero element
ker (F,') = H'(M;V) =0. (7.57)

The remaining space H'(M;V) must therefore be isomorphic to the complement

of the image of F,'. Since

RO (M;Op(1)) =30 and  RhO(M; O (2)) = 45, (7.58)
we finally find
RY(M;V) =15 (7.59)
and hence
h*(M;V) = (0,15,0,0). (7.60)

Non-exact monad

Similarly to the above exact monad we can now go ahead and simply use a

non-exact complex in order to define a holomorphic vector bundle:
ng e nA Iy np
0— P Os(Li) === @ 0s(No) = @D Os(M;) — 0. (7.61)
i=1 a=1 =1

Analogously to the Euler sequence (7.29), the vector bundle V is then given by

the cohomology of this sequence i.e.

ker(F,')
im(Eia)

V= (7.62)

and hence the rank reduces by the number of vector bundles in the first direct

sum in (7.61) and is given by
rk(V) =ny —n, —np. (7.63)

In contrast to the Euler sequence, we are in principle free to choose the line
bundles L;, N,, M, in (7.61) arbitrarily. Furthermore we are free to choose the
mappings in (7.61) as we like as long as they have the right degree, i.e.

B = INall = [ILsl] and ]| = [|M]] — || Nal| (7.64)
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and make sure that the vector bundle is smooth. The split into two exact se-

quences is analogous to the Euler sequence:

ng nA
0— @OS(LZ-) — EBOS(NQ) —» Es — 0,
= o=t (7.65)

O—>V(—>55—»@OS(MZ) — 0.
=1

7.4.2 Cohomology of A2V-, A2V*

In order to compute the Hodge diamond for higher-dimensional spaces, we need
higher exterior powers of the cotangent sheaf, i.e. we require Q{;E for p > 1, since
the cotangent bundle is in these cases not only of rank three but of higher rank.
In chapter 2 we will furthermore see that for heterotic models on Calabi-Yau
three-folds equipped with higher rank vector bundle the higher exterior power
A*Y will become important since they contain information about the spectrum

that cannot be obtained by the plain V bundle-valued cohomology.

Exact monad

Let us begin with the easier case of an exact monad and to get the idea how it

works, consider the following exact sequence
0—A—B—C—0 (7.66)

of vector bundles or sheaves. Then all four of the sequences in table 7.6 are short
and exact as well: This basically yields two ways to compute A?A, A2B and A2C

using the two split short exact sequences

0—NA—Q — ARC —0,

(7.67)
0— Q1 — A’B — A’C — 0

or the second pair

0— A2A— A°B— Qy — 0,

(7.68)
0— AR C — Qy — A2C — 0.
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0 0
0 —= AZAC @ AQC—=0
0—=AZA—~ A2B Qs 0-
A2C A2C
0 0

Table 7.6.: Sequences to determine A2A4, A2B and A2C

If we know everything but A, the remaining bundle A ® C' can be obtained by
tensoring the exact sequence 7.66 by C"

0 —-ARC—BC—CxC—0 (7.69)

which has to be taken into account for both ways of the calculation (7.67) and
(7.67).

This general approach can now be applied to the exact monad sequence (7.43),
such that A = V, B = @, Os(N,) and C = @;?, Os(M;) are used. The
necessary sequences (7.67), (7.68) and (7.69) become

O—>AA2)Z<—>Q1—»V®@OS(M1)HO,

=1

0— Qvl — @ OS(Na1 + Na2) —> @ OS(Mll + MlQ) — 0,

ai1<as 1 <ls

0— Ve 0s(M) — @ Os(No + M) — @ Os(M,, + M,) — 0,

=1 a,l I,lo

(7.70)

where we made use of the fact that for line bundles £, the following holds:

03(51) & Os(ﬁg) = 03(£1 + ,Cg) and (771)
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A? (é (’)S(Ek)) = P Os(Lr, + L) - (7.72)

k1<ko
In (7.70) we have furthermore introduced the curly underline in order to indicate
that this is the bundle whose cohomology we want to determine via this specific
sequence. Since from here many sequences will arise, this way we want to keep

track of which bundle cohomology groups we already determined and which not.

Now (7.70) provides everything to obtain the cohomology of A?V. Everything
we have to do is to derive the long exact sequences of the latter two short exact
sequences, then determine the cohomology of ()2 as well as the tensor product
that appears in the last sequence and plug the results into the long exact sequence
corresponding to the first sequence in (7.70). The maps in these sequences are

canonically constructed from the maps F,' in the monad (7.43).

Non-exact monad

For the non-exact monad the calculation works similar but we will have to do the
procedure described in last paragraph twice, since we do have two exact sequences
(7.65) from the one non-exact complex (7.61). Applying table 7.6 to the second
sequence of (7.65) we find

np

0— AV — Q1 — V@ 0s(M) — 0,

=1
0 — Q1 — N°Es — €P Os(M), + M),) — 0,

I <lo

0— Ve P 0os(M) — P Os(Na + M) — P Os(M;, + My,) — 0,

=1 a,l I,lo

(7.73)

and in order to get the auxiliary sheaf Q; we need to figure out what A?Es is.
This we can do by applying table 7.6 to the first sequence of (7.65) resulting in

the following three sequences to determine

nA
0— P Os(N)) @ Es — Q —» N?Es — 0,
a=1
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0— @ Os(Na, + Nay) — P Os(My, + My,) — Q2 — 0,

a1<ag 1 <l2

nA
0 — P Os(Li+ N,) — @D Os(Na, + Na) —> @ Os(No) @ Es — 0.
2,a a=1

al,a2

(7.74)

Also here the mappings can be derived canonically from mappings F,' as well
as E;* in the original monad (7.61) by keeping track of them while performing
the tensor products. Obviously we are faced with a lot of sequences for the
determination of A%V since not only the six sequences in (7.73) and (7.74) appear
but one additional for each hypersurface and line bundle in these sequences will
also arise due to the Koszul sequence (6.31). Also these calculations can be done
algorithmically and as long as the mappings do not have to be computed explicitly

our program cohomCalg Koszul extension will also provide the computations.

7.4.3 Cohomology of the endomorphism bundle of V

Lets us now come to our last bundle whose cohomology we would like to de-
termine. This is the one which involves most the steps and sequences. In fact
even for simple examples it is a pain to perform the calculations by hand and we
highly recommend to use our program cohomCalg Koszul extension. Even though
it will not be able to perform the computation for all possible scenarios yet, it
will provide a big help and in fact in most the examples one only hast to compute
one specific map by hand and the rest is done by the computer.

In heterotic compactifications one often needs to count the number of bundle
deformations of a bundle that lives on a Calabi-Yau manifold given as a subman-
ifold of a toric variety. These are counted by the dimension of endomorphism

bundle-valued cohomology groups. Specifically we need the dimension of
H'(S;End(V)) =: Hs (End(V)) . (7.75)

It is possible to relate this to the computation of cohomology groups with values

in the tensor product of the bundle with its dual, i.e.

hg (End(V)) = hg (V @ V*). (7.76)


http://wwwth.mppmu.mpg.de/members/blumenha/cohomcalg/
http://wwwth.mppmu.mpg.de/members/blumenha/cohomcalg/

7. Vector Bundle-Valued Cohomology 174

To obtain a formula for this kind of bundle we can simply employ the corre-
sponding monad sequence (7.43) or (7.61). Since we are usually calculating only
the dimension of the cohomology, it comes in handy to put constraints to some
dimensions that will help to obtain a unique result purely from exactness consid-
erations and ignoring the actual mappings. Namely, if we know that the bundle

is actually stable, we can put
0 *\ _ 1, dim(S) *\
hs VW@ V") =hg '(VV)=1 (7.77)
and in addition one can use that

hi(V @ V) = hi™S 1y g V) | (7.78)

Exact monad

As before let us start with the simpler case of the exact monad (7.43). To obtain
the cohomology of V ® V* we have to take the tensor product of the dual exact
monad (7.47) with V from the left. This will then give us two new bundles whose

cohomology we have to determine, namely
nA np
Vo @os(-N,) and Ve @D0s(—M). (7.79)
a=1 =1

To obtain these we can simply tensor (7.43) separately with each of the direct
sums of line bundles as in (7.79). In total we will therefore be left with the

following three sequences:

np nA
00—V Os(—M) — Ve Os(—N.) — VoV —0,
=1 a=1
Tp
0— Vo@D 0s(—M) — P Os(Na — M) — @ Os(M,;, — My,) — 0,

I=1 a,l ly,l2

nA
0— Vo@D 0s(—Na) — P Os(Nay, — Noy) — EP Os(M; — No) — 0, (7.80)
la

a=1 ai,a2

with the maps induced by the maps in the sequences (7.43) and (7.47).
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Non-exact monad

Tensoring the dual sequence to the second sequence of (7.65) with V will give

00— VP Os(—M) —V@E— VRV — 0. (7.81)

=1

and tensoring the dualized first sequence of (7.65) with V results in

nA nrg
0—VRE—VREPOs(—N) —Va@Os(—L) —0,  (7.82)
=1

i=1
So what is left to do is do resolve the remaining missing bundles

p

Ve os(-M), V®@(’)5 , V®6F9(’)3(—Li). (7.83)
i=1

=1

For each of these products we will need another two sequences that arise by
tensoring the corresponding sums of line bundles with both sequences in (7.65):

Tip
0— P Os(Li — M) — P Os(No — My) — Es ® P Os(—M;) — 0,
il a,l =1

p np

0— V&P 0s(—M) — Es @ P Os(—M;) — P Os(M,, — My,) — 0.
=1 =1 ll,lZ

(7.84)

A
0— @ Os(Li — No) — P Os(Nay — Nay) — Es @ P Os(—Na) — 0,

1,a ai,az a=1
0—>V®€B05 )‘—)53@@05 — P Os(M; — N,) — 0.
a=1 a=1
(7.85)
0— P Os(Li, — Li,) %@(93 o— Li —»55@@05 (—M;) — 0,
11,52 i=1
(7.86)

ng nr
0— V@D 0s(—Li) — & @ P Os(~Li) — @ Os(M; — Li) — 0.

i=1 i=1 li
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Chapter

Purely Combinatorial Approach to
Cohomology

Up to now we have seen various methods to obtain the cohomology of topolog-
ical spaces such as manifolds or vector bundles. In all cases, the task eventually
boiled down to calculating the cohomology of some complex, of cochains for ex-
ample. We have also seen besides that there was always the combinatorial task of
counting Laurent monomials and in many cases this was even the main part since
we could obtain the cohomology of the corresponding complex just by making
use of exactness and without the explicit calculation of the maps. In fact purely
combinatorial approaches to calculate cohomologies via lattice polytopes already
exist. The first description of the Hodge numbers of a Calabi-Yau hypersurface

in this fashion due to Batyrev [78| was followed by the generalization to complete
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intersections in higher-dimensional ambient spaces by Batyrev and Borisov [107].
Recently, there were also attempts to calculate bundle deformations of the tan-
gent bundle of a Calabi-Yau three-fold in such a way [108,109]. In this chapter we
want to show ways to relate the ingredients of such calculations to cohomology
groups of line bundles of the corresponding ambient space which may allow a

deeper insight to the combinatorial formulae.

8.1 Lattice polytopes and Calabi-Yau hypersurfaces

As explained in detail in chapter 3, the geometry of a toric variety can be de-
scribed by its fan which itself is defined as a triangulation of a given reflexive
polytope, where lattice polytope is called reflezive, if its polar polytope is a lat-
tice polytope, as well. Let A° be such a polytope, then its polar polytope A is
defined as

A:={meZ": (n,m)>-1VneA°}. (8.1)

While the vertices of the reflexive polytope A° of a given toric variety Py, represent
the homogeneous coordinates as well as the equivalence relations between them,
the lattice points of the polar polytope A represent a Calabi-Yau hypersurface
M in Ps. This hypersurface is defined by an equation G = 0, where G is a sum
of monomials induced from the lattice points m of A. The term corresponding

to a fixed m is then proportional to

IT = (8.2)

pEA®°

The polytope A is also called the Newton polytope of M. On the other hand we
can consider the vertices of A to be the defining data of some other toric variety
and its polar polytope A° to be the Calabi-Yau hypersurface of A. In this way
we are able to relate two apparently completely different Calabi-Yau varieties
with each other. For such Calabi-Yau hypersurfaces this relation is called mirror
symmetry, see [110] for an exhaustive treatment. Since G is made out of terms
from (8.2) with different coefficients and due to the fact that G describes the
Calabi-Yau manifold, it is clear that the complex structure deformations are very

much depending on A. On the other hand, vertices in the polytope A° correspond
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to homogeneous coordinates x; and can therefore define the toric divisors
Dy :={x €Pxs |z, =0} (8.3)

which will also define divisors on the Calabi-Yau. Hence it seems reasonable that
A° strongly influences the number of Kéhler moduli.

The mirror symmetry conjecture, while it follows trivially from conformal field
theory point of view, is geometrically highly non-trivial and states that for ev-
ery Calabi-Yau threefold M with Hodge numbers (h*'(M), A1 (M)) there ex-
ists a mirror three-fold M with exchanged Hodge numbers h2'(M) = hb(M)
and h''(M) = h*'(M). Thus, mirror symmetry exchanges complex structure
deformations of M with the Kihler deformations of M and vice versa. Mirror
symmetry for hypersurfacses in d-dimensional toric varieties has the precise math-
ematical meaning of a simple exchange of the role of the two polytopes A and
A°. This is reflected in a nice way in the well-known combinatorial formula for

the Hodge numbers of a Calabi-Yau hypersurface, first derived by Batytev [78]:

PR M) = 1A% —d — 1= () + > 1 (y) - 1 (8.4)

dim(y)=0 dim(y)=1
hd_2’1(/\/l) =I(A)—d—1-— Zl yo + Zl Yo) - Ly, (8.5)
dim(yo)=0 dim(yo)=1

Here y and g, are faces of A and A°, respectively, [ is the number of points of
a face and [* is the number of interior points of a face. The dual face of an r

dimensional face y C A is a (d — r — 1)-dimensional face y¥ C A° defined by
Vi={neA®°:(n,m)=—-1Vmey}. (8.6)

From the two equations (8.4) and (8.5) it is clear that the Calabi-Yau hypersur-
faces M a and M ao associated to the polytopes A and A° have mirror symmetric
Hodge numbers. Formula (8.4) counts the Kéhler deformations of a given Calabi-
Yau variety while the complex structure deformations are counted by equation
(8.5). The first terms in those equations correspond to toric and polynomial
deformations while the last term, where faces and dual faces get mixed up, cor-

responds to non-toric, i.e. non-polynomial deformations, respectively.
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8.1.1 The Batyrev formula in terms of line bundle cohomology

As we have seen explicitly in subsection 7.3.1, it is also possible to obtain the
Hodge numbers by making use of the Euler sequence (7.7) and the Koszul com-
plex (6.31). Therefore the contributions to equations (8.4) and (8.5) have their
origin in the cohomology of line bundles on the ambient space. The observation
for three dimensional hypersurfaces is that all contributions to the polynomial
deformations in the Batyrev formula arise from global sections of line bundles
on the ambient space, namely from hg_(-) for some divisor. In contrast, the
non-polynomial deformations of the complex structure, which can also be associ-
ated with the twisted sector of the corresponding Gepner model, arise as hé,z(')

contributions.

In summary, we have observed the following identification of the various com-

binatorial contributions in the Batyrev formula with line bundle cohomologies:

2UM) = 1(A) —d— 1= 3 I'(y).

dim(yo)=0

Y M) = 1" (o) - ()

dim(yo)=1

where we used the notation h2? introduced in (7.28). For the hypersurface case
we could not find any example where the second or any higher cohomology con-
tributed to this particular Hodge number. This seems to fit the intuition of
cohomology, since h' contributions represent cochains that are basically sections,
defined on patches with dimension dim(PPy; — 1). So they can still be global sec-
tions on the subvariety if the subvariety is of codimension one. Similarly we
would expect contributions h?? for higher i if we consider subvarieties of higher

dimension.

For a K3 surface embedded in P? the situation is a little different. Since it has
only dimension 2, the tangent bundle cohomology ends of course with h3 (7).
Usually the hp_(-) and hp_(-) contributions “flow” in the complex structure defor-
mations and the higher ones like hﬁ;l(-) and hp_(+) to the Kédhler deformations.
Since the K3 has only a single non-trivial Hodge number that is not on the edge

of the Hodge diamond, both sides contribute to it and we can see a split of this
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Hodge number h%{;) = 20 into 19 + 1. We also know that for this K3 there is
a split of the 20 deformations into 19 algebraic ones which would correspond to
those coming from the hp_(-) and 1 non-algebraic one associated to the hg_(-)
contributions.

One can easily check this with the cohomCalg Koszul extension [7] by using
the “Verbose5” option and following the contributions through the long exact

sequences.

8.2 Cayley polytopes and CICYs

The next step is to extend the above formula to a formula for a complete inter-
section Calabi-Yau (CICY!) in a five-dimensional toric variety. This was done
by Batyrev and Borisov shortly after the hypersurface case [107]. We will now
describe how to do that, following [111].

8.2.1 Nef partitions and their Cayley polytopes

As before we start with a reflexive polytope A°, which is this time describing a
five-dimensional toric variety Py;. Consider now a partition of all vertices in A°

into disjoint subsets V; and define the polytopes following from those vertices as
A? = Conv(V;,0) fori=1,...,c, (8.8)

where Conv(+) denotes the convex hull of a vertex set. Such a partition is called
a nef (numerically effective) partition, if the Minkowski sum of all AY forms a
reflexive polytope. As a reminder, the Minkowski sum of two vertex sets is defined
by

AT+ A :=Conv({v +v' :v e A}, v € Aj}). (8.9)

It is easy to see that one can associate a complete intersection Calabi-Yau variety

to such a partition. It is the intersection of ¢ hypersurfaces, where each hyper-

'Some authors refer to CICY when they mean the complete intersection Calabi-Yaus inside
products of projective spaces. I do not understand why they use this notation in particular
since the name does not suggest any relation to such a particular ambient space and since
there is not really a different shorthand for complete intersections in arbitrary ambient
spaces we will still use this one and hope not to confuse the reader with it.
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surface §; corresponds to a sum of divisors D; , = {x; = 0}. Here each z is the

homogeneous coordinate that belongs to the vertex v, € A:

S; =Y Dji, where K = {k € N such that v, € A} . (8.10)

keK

So one might assume that one treats those “subpolytopes” in the same fashion
as in the hypersurface case, but this is not quite right. Instead of dealing with
the polytope that describes the toric ambient space, it is necessary to construct a
different kind of polytope that respects the nef partition explicitly. This polytope
is called the Cayley polytope and is defined by

P := Conv(A] X e1,..., AL X e,). (8.11)

Here eq,...,e. is the canonical basis of Z° and hence the Cayley polytope is a
d + ¢ dimensional polytope, requiring a somewhat more sophisticated treatment
compared to the aforementioned cases. For instance, it is not possible to compute
a well-defined polar polytope anymore, and we need a different way to find a dual
polytope for the Cayley polytope. It goes as follows: We consider the cone that
supports the Cayley polytope, called the Cayley cone C*, and calculate its dual
cone C' via

C:={neR"xR": (m,n) >0, Yme C*}. (8.12)

One can see that the dual Cayley cone C' also supports a polytope called the
dual Cayley polytope. If we take slices of this one by successively putting the it"
coordinate in {xgy1,...,Tdri,---,Tarer to one and all the others in this set to
zero for 1 = 1,..., ¢, we get polytopes V; whose Minkowski sum corresponds to

the polar polytope A of our original polytope A°, namely
A=Vi+---4+V. (8.13)

On the other hand, the convex hull V = Conv({V;, i = 1,...,c}) also represents
a reflexive polytope that is polar to the Minkowski sum of the dual nef partition,
ie. Vo= A +...+ A? which gives rise to a complete intersection Calabi-Yau in

the toric variety corresponding to this polytope. In summary, we therefore have
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the following relation between A° and V:

A° = Conv({A7, i=1,...,¢}), V=Conv({V,, i=1,...,¢c}),
A=V, +...+V,, Ve=A7+...+ A7, (8.14)
PL. = Py, P% = Pa..

So we need two different polytopes in order to find the two dual complete inter-
section Calabi-Yau manifolds. One of them is the complete intersection of hyper-
surfaces corresponding to vertex sets A that intersect in the toric variety built
from A°, the other one is a complete intersection of hypersurfaces corresponding
to vertex sets V; that intersect in the toric variety built from V. Clearly for the
hypersurface case we find that V = A and V° = A° which reduces everything to
the setting of section 8.1.

8.2.2 Example: P} 933

Vertices of A° Vertices of A
v=(-1, =2, =2, =3, =3)  w;=(-1, =1, =1, =1, —1)
vw=( 1, 0, 0, 0, 0) wy=( 3, —1, =1, =1, —1)
vs=( 0, 1, 0, 0, 0) wz=(-1, 3, -1, -1, —1)
u=(0 0 1, 0, 0) wy=(-1, =1, 5, =1, —1)
vs=( 0, 0, 0, 1, 0) ws=(-1, -1, =1, 5, —1)
w=( 0, 0, 0, 0 1) we=(-1, —1, =1, =1, 11)

a) Lattice polytope of P3 b) Polar polytope
112233

Table 8.1.: Lattice polytope A° for the weighted projective space IP’?12233 and its polar
polytope A.

Let us consider a specific example to illustrate what we learned so far. Let Py,
be the five-dimensional weighted projective space P7, 9935, Which is described by
the polytope Aﬁgi,lms from table 8.1a. Consider a partition of A° into the subsets
AS = Conv({vy,ve,v4},0) and A = Conv({vs, vs,v6},0). One can show that
AY + A3 is a reflexive polytope and hence this partition is indeed a nef partition.
Using (8.11) we can calculate PX., see table 8.2a, and by employing (8.14) the
dual Cayley polytope Pa. given in table 8.2b follows. From Pa. it is quite easy to
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read off V and its nef partition {Vy, Vao} and we can confirm that the Minkowski
sum

Vi+V, (8.15)

of this partition indeed equals the polar polytope of A° in table 8.1b.

Vertices of Pao

@1=( 0, -1, 0, -1, =1, 1, 0)

Vertices of PX. wy=( 2, -1, 0, =1, =1, 1, 0)

o =(-1, -2, =2, =3, =3, 1, 0) ws=( 0, 1, 0, -1, =1, 1, 0)
Go=( 1, 0, 0, 0, 0, 1, 0) wa=( 0, =1, 3, -1, =1, 1, 0)
o5=( 0, 1, 0, 0, 0, 0, 1) ws=( 0, =1, 0, 2, -1, 1, 0)
y=( 0, 0, 1, 0, 0, 1, 0) w=( 0, -1, 0, -1, 5 1, 0)
o=( 0, 0, 0, 1, 0, 0, 1)  @,=(-1, 0, -1, 0, 0, 0, 1)
=( 0, 0, 0, 0, 1, 0, 1) @g=( 1, 0, =1, 0, 0, 0, 1)
o7=( 0, 0, 0, 0, 0, 1, 0)  @g=(-1, 2, -1, 0, 0, 0, 1)
vs=( 0, 0, 0, 0, 0, 0, 1) pg=(—1, 0, 2, 0, 0, 0, 1)
(a) The Cayley polytope w1 =(-1, 0, =1, 3, 0, 0, 1)
wp=(-1, 0, =1, 0, 6, 0, 1)

(b) The dual Cayley polytope

Table 8.2.: The Cayley polytope and the dual Cayley polytope corresponding to the nef
partition A} = Conv({v1,v2,v4},0) and A§ = Conv({vs,vs,v6},0) of P} 9935 as well
as to the dual nef partition V; and Vy coming from {1, ...,ws} and {w7,..., w12},
respectively. The nef partition of the dual Cayley polytope can easily be read off from
the last two columns.

8.2.3 The stringy E-function

The generalization of equations (8.4) and (8.5) to complete intersections will be
a formula that counts faces in the Cayley and the dual Cayley polytope instead
of the original one and its polar. The formula itself will also become a bit more
complicated compared to the one for hypersurfaces.

In [107] Batyrev and Borisov introduced a generating function for the so-called
stringy Hodge numbers of a CICY corresponding to the introduced Cayley cone

above. These stringy Hodge numbers are equal to the usual Hodge numbers in
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case that a crepant resolution of the generically singular Calabi-Yau exists. They

are given as coefficients of the stringy E-function, namely

Eq(S;u,v) = _(=1)PMREY(S) wPo', (8.16)

pq

The generalization to arbitrary Gorenstein polytopes was done by Batyrev and
Nill in [112]. There it was conjectured that the stringy E-function is actually a
polynomial in u,v which was proven recently by Nill and Schepers in [113]. In

terms of the dual Cayley polytope, the stringy F-function can be expanded as

3 (1) trdimey iy g, (%) Syv (o) By (u™"v).  (8.17)

<u )c@SISySP

Here we sum over faces of P. These form an (Eulerian) partially ordered set

(poset) where the partial ordering is given by
r <y< xisaface of y (8.18)

and denote the poset of all faces of P by P. Furthermore we define

[,y ={z€eP:x<z<y} aswellas

(8.19)
yl={neC:{m,n)=0, Vme C*}

to be the dual face of a face yo in C'. Since there is a relation between faces in C'
and C* we also get such a correspondence for faces in the supporting polytopes
P and P*. The dual face to y in P is denoted by y" in P*.

For some k-dimensional face F, the polynomial Sz(t) is defined by
Sr(t) = (1= 1) " U(kF) (8.20)
i=0

For the last missing piece, let P’ be some subposet of P with minimal element
0, maximal element 1 and dim(1) = k — 1. The Batyrev-Borisov polynomials

Bpi(u,v) are defined recursively in terms of the polynomials Hp/(t) and Gp(t).
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We set Hp/(t) = Gp/(t) = 1 if k =0 and for k > 0 we define

Hp(t) := Z(f — D)MEOG, (),
O<a<i (8.21)
G (1) = 7-(1 — ) (1),

where 7_x is the truncation operator defined by its action on sums

»

Tek iaiti = Zaiti. (8.22)

The Batyrev-Borisov polynomials start also with Bp/(u,v) =1 for k = 0 and can

be read off from the following formula for £ > 0:

D7 B, 0)u M ONG i (u ) = G () (8:23)

O<z<i

8.2.4 Closed form expressions for h'! and h?=3! of a CICY

The above formula (8.17) might be elegant but is not at all easy to work with.
Using some simplifying relations for the polynomials above, stated for instance
in [107] or alternatively in [111] propositions 2.2 and 2.4, one can deduce the
formulee (8.4) and (8.5) from (8.17) (see Theorem 3.1 in [111]). Similarly in the
same paper Doran and Novoseltsev deduced an explicit closed form expression
for the Hodge numbers of Calabi-Yau varieties realized as a complete intersection
of two hypersurfaces in a five-dimensional toric variety.

To present their result, we first recall that the nef partition is called indecom-
posable, if no subset of {A?,7 =1, ..., ¢} exists whose Minkowski sum is reflexive,
namely if we are not dealing with a product of Calabi-Yau manifolds. If this is

the case, the combinatorial formula for the Hodge numbers is given as follows:

WS) = 1(PT) — 7

= 2y +Zz*

dim(y)=0 dim(y)=

+Y () - 2yY) =Y (2) - Iy

dim(y)=1 dim(y)=2
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-3 jz* FY) + Yy Ty (8.24)
dim(z)= dim(y)=3
dim(y)= 3

<y

By taking all dual polytopes and faces we obtain of course the second Hodge

number as

W21(S) = I

P)=T=> I"2y)+ ) I'(y))
dim(y«)=0 dim(y«)=1
FY () 1 2u) = ) 2w ()
dim(y«)=1 dim(y.)=2
— Zl*(x*) (v +Zl (2y.) - (v, ). (8.25)
dim(z«)=2 dim(y«)=3
dim(y«)=3

Ty <Y

Here x,y and x,, y, are faces of P and P,, respectively. Having a close look at the

proof of formulee (8.24) and (8.25), one realizes that it is not too hard to generalize

it to the case of two complete intersections in a six-dimensional ambient space,

yielding a Calabi-Yau four-fold. Due to recent interest in such four-folds in the

context of F-theory we deduced a closed form expression for such cases at least

for the Hodge numbers hA*! and h3?! via the dual computation. The result is in

the most generic form and no simplifications have been taken into account. For

a Calabi-Yau four-fold S we find h!(S) along with its mirror dual 23'(S):

RUNS) = UPT) =8 = I(2y") = T (y")]

dim(y)=

+Y Iy [k(y) = 3] - 1" (y")
dim(y)=1 d1m(y):2
+ () M(2y) — 617 (y Zl* A
dim(y)=1 dim(z)=1

dlm(y) 2
<y

- Zz* +Zz* F(2y) — 4l (y)] (8.26)
dim(z) dim(y)=3
dim(y):3

<y

WHS) =UP) =8 = ) [I"(2y) — T ()]
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E )~ Y )~ 3 )

dim(y«)=1 dim(y«)=2
Y () - [TQ2y) — 6 ()] = Y () - ()
dim(y«)=1 dim(z«)=1

dim(yx)=2

Tx <Yx
= () )+ > ) 117 (2y.) — A ()] (8.27)
dim(z4)=2 dim(y«)=3
dim(y«)=3
Tx <Yx

Here k(y) denotes the number of vertices of the face y. It is quite nice to have
such an explicit formula at hand but one has also to admit that the actual calcu-
lation is not that easy to perform and may take some time. Our implementation
in Macaulay?2 using the Polyhedra package [114] needed at least ten minutes to
produce the numbers. Using cohomCalg 9 [7] we were able to obtain the same
results along with the remaining two Hodge numbers much faster for varieties

where h'!(S) is not too large.

8.2.5 Correspondence to line bundle cohomologies of CICY

The question now is, whether also for these CICYs one can identify terms in the
generalized Bartyrev formulae with line bundle cohomology classes of the ambient
five-fold respectively six-fold.

Let us here restrict to the case of a CICY in an ambient five-fold, i.e. the
formulae (8.24) and (8.25). Indeed, we observed that, if we calculate those Hodge
numbers via exact sequences and therefore via line bundle cohomologies of the
ambient toric variety — using cohomCalg [7] as described in 7.3.2 — we find that
the relation between the terms in the combinatorial formula for the A"!(S) and
the line bundle cohomologies applies according to table 8.3. Here h9(S) are
defined as in section 7.3.2 equation (7.28). Similarly, we find the relations for
h*1(S) Hodge number as in table 8.4. For h*!(8), as in (8.5), we note that terms
where no mixing of faces and dual faces takes place correspond to global sections
in line bundles whereas terms where such a mixing does happen correspond to
higher cohomology classes of line bundles of Px. In (8.25) for one hypersurface
we got at most hﬂlmz(-) contributions, where now in case of two hypersurfaces we
found at most h%pz(-) contributions to the complex structure moduli which meet

what we expected.
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b5 (S)
hy'(S) =

11
by (

11
by (

= (P -1,
= 2y +Zz

dim(y)=0 dim(y)=
Zz* 2) - I*(y

=> I'(y) - (")
dim(y)=2

dlrny) 1
—I-Zl (2y) - 1" (y

—o 2l
dim(y)=3

dim(z)=2
dim(y)=3
<y

*

Table 8.3.: Relation between the terms in the combinatorial formula for h'}(S) and

line bundle cohomologies.

b3 (S) =UP) —T=> I"(2y))+ > I"(v))
dim(y«)=0 dim(y«)=1
bIH(S) = I (y) - 1" (20)) = D1 (2p.) - ()
dlm(y*) 1 dim(yx«)=2

D31(S) = =) (@) - () + ) (2u.) - (1))
dim(z+)=2 dim(y«)=3
dim(y«)=3
Ty <Yx

Table 8.4.: Relation between the terms in the combinatorial formula for h%!(S) and

line bundle cohomologies.
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Since the computations get quite involved, we have not yet identified the anal-
ogous correspondence for the case of a CICY in a toric six-fold, i.e. eq. (8.26) and

(8.27), but have no doubt that it exists and takes a similar form.



Chapter 9 -

Target Space Dualities in the String

Landscape

Dualities play a crucial role in string theory. The first investigation of su-
perstring theories led to not only one but in fact to five different theories that
all seemed to be independently consistent. To realize that these seemingly dif-
ferent frameworks are actually descriptions of the same thing, one has to use
dualities that explain their relation. In particular the more generic framework
of eleven-dimensional M-theory is connected to this web of dualities. Recently
the twelve-dimensional theory, so-called F-theory, that can be considered as the
non-perturbative limit of type IIB was studied extensively and especially the du-
ality between heterotic string theories and F-theory arise geometrically in a very

beautiful way:.
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The main focus of this chapter lies on a duality between different heterotic
string compactifications that is referred to as target space duality. It was first
observed and discussed in [94] and further in [95,115] for heterotic string models
whose phase space, which we introduced in chapter 2, contains a phase that is
non-classically described by a Landau-Ginzburg orbifold. For such a configuration
certain homogeneous polynomials were found to appear on equal footing. Since
these polynomials have a geometric interpretation in the corresponding geometric
phase of the same GLSM, i.e. they define the complex structure and the bundle
structure, it is rather a matter of notation whether one describes one or the other.
What appears to look trivial in the LG phase corresponds to a highly non-trivial
duality of geometries. To be concrete, a given configuration (M, V) where M is
a smooth Calabi-Yau three-fold and V is a stable holomorphic vector bundle will

then have a finite number different equivalent descriptions
(M,V) A aad (Ml,Vl) “ny (MQ,VQ) e L e (Mm,Vm) . (91)

Each duality in (9.1) corresponds to the exchange of a certain number of complex
structure parameters with bundle parameters, and the number finite m will be
the maximal number of possibilities of a consistent exchange. Generalizations of
these ideas were first suggested in [116,117] where scenarios with singular dual
configurations were considered. In order to resolve these singularities a blowup
of the dual model was performed, increasing the number of Kéhler parameters by
one. It was shown there that in this specific example one could still find evidence
for the fact that the smooth dual model is dual to the original by checking that
the dimension of the full moduli space was still preserved even though in the dual
model the Kéhler moduli increased in number. So in some sense it is similar to
a different kind of geometric duality referred to as mirror symmetry where an
exchange of Kéhler parameters and complex structure parameters takes place.
The difference is though that for mirror symmetry it is only possible to find one
mirror partner to a given manifold with precisely all of the complex structure

parameters and Kéhler parameters exchanged.

In the following we will investigate such target space dualities and further
generalizations thereof. In particular we will give a concrete procedure for the
construction of such models and will explicitly give examples for various cases

where the dimension of the Kéhler moduli space grows up to seven. Furthermore
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many scenarios are tested and described in full detail for models with vector
bundles of rank three, four and five. Finally we will present a scan over more
than 80,000 models and describe which cases provide evidence for the duality
and in which cases the conjecture seems to fail. For the latter we also present an

explanation for why they fail to meet the requirement of a duality.

9.1 The setup and assumptions

The starting point is a configuration for a heterotic model given by (M, V), where

M is given as a complete intersection of ¢ hypersurfaces in a toric variety Py:
M=S;, 8 ={Gj(x;) =0} CPx = Pg[S,....S]. (9.2)
j=1

The holomorphic vector bundles V we will consider are all coming from the fol-

lowing kind of monad:
) nA Np
0 — 0% ¢ D OMN,) 2 EDOM(M,) =0, (9.3)
a=1 =1

where V is given by

_ ker (F)

v im (F)’

rk(V) =ny —ny, —np. (9.4)

The case where np is zero is also allowed and corresponds to the case where the

monad is exact

nA np
0=V — EPOmN) s P Om(M) 0, (9.5)
a=1 =1
and we have
V=ker(F), 1k(V)=mny—n,. (9.6)

We always require the model (M, V) to have a proper smooth base M as well as
a well defined smooth vector bundle V. Furthermore the model we start with is
always required to be physically sensible meaning that all conditions implied by

anomaly cancellations etc. meaning that (2.41) is fully satisfied by (M, V).
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To check whether the potentially dual model (M, V), whose construction we
will illustrate in a second, is indeed a dual description of the initial configuration
(M, V) a set of topological quantities should match. In our analysis we will

always check for two specific conditions:

1. Matching spectrum: According to table 2.1 the following has to be satisfied:
HY (M; A™V) = H(M:A™V), Vm=1,.. 1kV -1 (9.7)

for a rank n bundle. We will in particular check this relation for m = 1 and
m = n—1. In fact we can identify H!(M; A™V=1V) with H3~1(M; ATV-0kV=1)))

and for stable bundles this corresponds in comparing
H*(M;V) = H*(M; V). (9.8)

2. Matching moduli space dimension: In many cases this can be checked by
counting the two Hodge numbers as well as the number of infinitesimal de-
formations of the vector bundle. We will compare the sum of these numbers
on both sides:

Byt B3+ (End(V) = B 4 B2 4 B (End(V). (9.9

In order to check for these necessary conditions (9.8) and (9.9), for any potentially
dual model, we will use the techniques introduced in chapter 7 and furthermore,

for simplicity, assume the following statements without testing:

e First of all we assume any dual model (M, V) to have a smooth base as well
as a smooth vector bundle. If this is not the case the methods we employ

would not give the correct results.

e Secondly we assume stability of the vector bundle V. For generic monad

bundles this is in general difficult to check. It implies

B0 ) 0.10)

0 (V) 1%\ _ 3 (Y x\ _
(Ve Vv:) =1, h(VoV)=1.

e The computation of 2%, (End())), explained in 7.4.3, involves a map, for
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which we assume that it is surjective. This map ¢ appears as the second

map in the exact sequence

0 —, HO<5}V7® élpaoﬂ(]\/_ll)> — Ho(ééOM(Ml - Na)>
—1 ajl =1 (9.11)
(@0 n)) -

which arises as an intermediate step in the long exact sequences in coho-
mology, after writing V ® V* via short exact sequences which was derived
in its dual version in (7.84). We actually checked for quite a few examples

that this holds, but do not have a proof that generically this is the case.

Remark. Finally, a comment on the (0, 2) moduli space. The number of first order
deformations (9.9) is not necessarily equal to the true dimension dim(D(M,V))
of the total moduli space of the theory, as there can be obstructions. Mathe-
matically, this means that there can be complex structure deformations, under
which the bundle cannot be kept holomorphic!. Physically, this is described by

the tree-level four-dimensional superpotential

W :/ Q3 A CS4 (9.12)
M

where €3 denotes the holomorphic (3,0) form on the Calabi-Yau and CS, =
tr(AANdA—3ANANA) the Chern-Simons form of the SU(n) gauge connection
A. The flat directions of the scalar potential induced by W define the true
moduli space of the configuration (M, V). A non-renormalization theorem states
that, beyond this leading order contribution, there can only be non-perturbative
corrections from world-sheet instantons. For more information on this important
issue, we refer to the literature [119-124].

Unfortunately, the superpotential is hard to compute for a concrete (0, 2) model
(M, V). However, we know that at least the independent complex coefficients in
the holomorphic sections G; and F,! i.e. the polynomial deformations, keep the

vector bundle holomorphic.

! As explained in the physical context for instance in [118], this is captured by the so-called
Atiyah-class.
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9.2 Explicit construction of dual (0,2) models

In this section we further generalize the analysis of (0,2) target space dualities
presented in [94,95,116,117] and propose a general procedure that can be used to
generate dual models from almost any monad over a complete intersection Calabi-
Yau base space, not necessarily endowed with a Landau-Ginzburg phase. In
particular, one can show that performing this procedure, the anomaly cancellation

conditions remain satisfied for the dual models.

9.2.1 Outline of the generic construction of dual models

Before we show how to construct dual (0,2) models explicitly, let us outline the
generic procedure. As already mentioned, we will start with a smooth (0, 2) model
(M, V) for which all anomaly cancellation conditions (2.41) are satisfied. Using
the existence of non-geometric phases, where some of the Bosonic fields p; receive
a vev, we perform an exchange of some of the Fermi superfields and the corre-
sponding polynomials. The resulting new GLSM is claimed to be target space
dual to the initial one. A necessary condition is that the massless charged mat-
ter spectrum and the generic number of massless gauge singlets D(M, V) should
be identical, i.e. (9.8) and (9.9) has to be satisfied (neglecting issues concerning

obstructions). More concretely, we follow the procedure:

The procedure:

1. Construct the GLSM phases of a smooth (0,2) model (M, V).

2. Go to a phase where one of the p;, say pi, is not allowed to vanish and

hence obtains a vev (p;).

3. Perform a rescaling of k& Fermi superfields by the constant vev (p;) and

exchange the role of some A and I'V

i

<p1>’

=2 [1Fa!

A% =

D= (p) A%, Vi=1,.. k,

| for anomaly cancellation.

with 37, /16,
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4. Move to a region in the bundle moduli space where the A% only appear in
terms with P; for all 7. This means that we choose the coefficients in the

bundle defining polynomials F,’ such that

F,'=0, VIi£1, i=1,...k.

5. Leave the non-geometric phase and define the Fermi superfields of the new
GLSM such that each term in the superpotential is U(1)" gauge invariant.
This means

|

= I = [|121]] and [T

= Jla

+ Al

6. Returning to a generic point in moduli space defines a new dual (0, 2) GLSM
which in a geometric phase corresponds to a different Calabi-Yau/vector
bundle configuration (M, V).

9.2.2 Explicit procedure

Let us now be more explicit and show how this procedure works in detail. For
presentational purpose, we will restrict ourselves to the choice £k = 2. This is
also the case used in performing the (0,2) landscape analysis to be reported on
in section 9.3.

Consider a holomorphic vector bundle V', obtained from a monad over a base
Calabi-Yau manifold M as in (9.5) or (9.3) which we denoted as

VNl _____ Ny, [Ml, ceey an] — IP)QM_.,Q” [Sl, ceey Sc] . (913)

It is also assumed that the anomaly cancellation conditions (2.41) are satisfied.
We now require that for one specific M, there exist two N,;’s such that thjo.‘) <
M z(oa)' Let us choose, without loss of generality, [y = 1 and rearrange the N's in the
monad such that they are the first two. Thus the corresponding superpotential
(2.42) has the form

Np  np

c 2 n
W = Zl VG, + 2 PAF,' + zé PIA'F,' +> Y PAF!. (9.14)
Jj= a= a=

=2 a=1
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For the case n, = 1, i.e. a monad VNl,.‘.,NnA [Mi], the last term would be absent
and the GLSM features a Landau-Ginzburg phase in which p; carries a vacuum
U(1) gauge symmetry, even though there is no Landau-Ginzburg phase anymore,
one may still find a phase in which p; and p, cannot vanish simultaneously.
This describes a Landau-Ginzburg model fibered over a P!, parametrized by the
homogeneous coordinates (pi,p2). Thus, p; and py are not allowed to vanish

simultaneously.

Hence, for these two simple cases, one can explicitly identify a phase, in which
not all vevs (p;) do vanish. Our dual model generating algorithm starts on a
sublocus where a specific vev (p;) # 0. This is all we need to perform the desired
change of variables. However, since this is a tedious analysis, for the automated
landscape study in section 9.3, we did not check for the existence of such a phase

for each individual case, but proceeded under the assumption that it exists.

Considering (9.14) and comparing the first sum with the second one, one real-
izes that they only differ by the additional chiral superfield P;. If one now goes
into the aforementioned phase, where p; obtains a vev, the effective superpoten-

tial becomes

c 2 n np n
W= TG+ > (m)A"F,' + EA: (p) AF,' + ) EA: P AF, . (9.15)
Jj=1 a=1 a=3 =2 a=1

Now, we want to perform an exchange of two of the Fermi superfields appearing
in the first and the second term (9.15). Without loss of generality we choose
these two pairs to be I't, T'? and A!, A?. For this purpose, we first need to move

to a region in the bundle moduli space, where the sections F,' satisfy
Fl'=R'=0 VI#1. (9.16)

This guarantees that the superpotential takes the restricted form

W =Y TG+ (p) N'Fy' + (p) A°Fy! + termsindep - (9.17)
j=1 of TV, A', A?

Now the superfields IV and A!, A? appear on an equal footing and hence do
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the homogeneous functions G;, Fi' and Fy'. Thus, in this non-geometric phase,
their distinctive geometric origin as hypersurface constraints G; and sections F*
defining the bundle is completely lost.

Not every such exchange of I'', ' and A!, A? leads to a fully fledged new
(0,2) GLSM, after moving away from this special locus in moduli space. For a
GLSM the anomaly cancellation conditions (2.41) have to be satisfied. In the
following we will describe two different scenarios. The first one corresponds to a

consistent exchange of F’s and G’s where

|Gl +l[pall # 0 and  [[Gal| + [|Ipa]| # 0, (9.18)

while in the second scenario we will have the situation where

|Gl +[pall = 0 and  [[Gal[ + [|pa]| # 0. (9.19)

The latter naively leads to Fermi superfields of vanishing charge. We will see that
this is not really the case, but that instead for the dual model the number of U(1)
gauge symmetries gets increased. Thus, in the geometric phase the dimension of
the Kahler moduli space increases. We will find that the Fermi superfield is

actually charged under this additional U(1) gauge group.

Dual models with equal number of U(1) actions.

If we want to consistently exchange F’s and G’s, we have to make sure that the
linear anomaly cancellation condition remains satisfied. For the exchange of two

of them, say
F11, F21 o Gy, Ga, (920)
this requires the following relation of their homogeneous multi-degrees:
[|FV2] + | = |Gl + |Gel] = 2My— Ny —No=S51+S,. (9.21)

As long as ||G4||, ||G2]|| both are not equal to M;, we can perform this exchange
without any problem. If there is a phase where p; is not allowed to vanish, we

can write the effective superpotential at low energies by integrating out p; and
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moving to the corresponding region in moduli space as seen in (9.17). To make
the exchange of the homogeneous polynomials manifest, we have to absorb this

vev by a rescaling of some of the fields. We obtain the new configuration as

W=T"'G + %Gy + Y IVG+

=3

(9.22)
na Np  np
() AR+ () B+ (o) AFS + )Y RACRS!
a=3 =2 a=3
where we performed rescalings
- - - Pl - PZ
= (p)A, TI?:= (p)A A= — A= —,
' ' (p1) () (9.23)
Gl = Fll, GQ = Fgl, F11 = Gl, FQl = GQ .

This superpotential (9.22) is identical to the initial one, but arises from a com-
pletely different GLSM. At this point we can see that it was essential to move to
a specific region of the moduli space, as the rescaling (9.23) would not have been
consistent, if there were terms like A'F12. Since the homogeneous polynomial F;?
might not have the same multi-degree as F;!, the rescaling (9.23) would give rise
to a term in the superpotential which is not gauge invariant. The new charges
and degrees of the superfields in the GLSM read

Vi Ban oy M1y Moy ooy My, | — Pay 0,51, 92, 85,0, 5], (9.24)
with
Nl = Ml—Sl, NQ = MQ—SQ, §1 = ||F11||, §2 = ||F21H (925)

We prove in appendix A.1 that this (0,2) GLSM fulfills all anomaly cancellation
conditions and hence defines a genuine new model. In particular, for the new
model one can consider generic points in the moduli space and perform its own
phase analysis, i.e. consider the total complexified Kéhler moduli space. This also
includes the large volume limits of potential geometric phases. There, it describes
now topologically distinct Calabi-Yau manifolds equipped with different vector

bundles over them.
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We were calculating various examples of this kind and found that the following

intriguing relation holds in over 90% of them?:

B (V) = B (V)

_ (9.26)
RSt + It + P (Brd(V) = hig + g+ g (Bnd (V).

This means that, at least on a dimensional basis, the chiral spectra as well as the
number of massless singlets of the two (0,2) models, (M, V) and (M, V), agree.
From the rescalings (9.23), it is clear that the moduli space of (M, V) is related
to the moduli space of (Mv , 17) by an exchange of complex structure and bundle
moduli. The Kéhler moduli space was rather untouched.

In the following we will describe a way to construct dual (0, 2) models in which
the Picard group of the ambient space becomes larger so that also the Kahler

moduli spaces are non-trivially involved in the duality.

Dual models with an additional U(1) action.

Let us start again with the monad of the model (9.3) and pick two specific maps
F,! e.g. F\' and Fy', belonging to M;. Now choose one of the hypersurfaces
defining our base, say S; such that we can find positive degrees B(® for all o

satisfying the multi-degree equation
B =R+ [R5 (9.27)

We can now introduce a new coordinate y; with multi-degree B and also a new
hypersurface GP described by a homogeneous polynomial of multi-degree B. This
means we simply introduce a new Fermi superfield along with a new chiral su-
perfield that have opposite charges. Doing that at the same time does not cause

any changes to our model (M, V) and we can express it as

VN17~--,NnA [Ml, ceey an] — PQl,...,Qn,B [Sl, ceny Sc, B] . (928)

2In going through the various Koszul sequences arising for determining the bundle deforma-
tions, we were assuming the surjectivity of the map ¢ in (9.11). Moreover, we were also
blindly assuming that the new bundle V is p-stable over the new base manifold M (9.10).
We expect that a mismatch merely indicates that for this specific example one of these
assumptions is violated.
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In case that S; # M; and B # M; we can proceed in the same way as in the
paragraph above and redefine fields as described there. Thus, we arrive at the

following configuration:
Vs Mo Ny, M1y May ooy My, ] — Po,...0..8151, 2, .., Se, B, (9.29)
where
Ny:=M — 5, Ny:=My—B, S :=|[F', B:=|[R. (9.30)

The only new issue is that, as we have introduced a new coordinate y; with
multi-degree B, we might get new singularities in the dual model (.X/lv , )7) These
need to be resolved before performing calculations in the large volume limit. In
addition, after the resolution of the base, we also have to resolve the bundle
without spoiling the anomaly cancellation conditions. How this can be done has
been explained in [115].

Applying this procedure for instance to the tangent bundle, i.e. V = Ty, we

encounter the situation that
S1 =M, (or equivalently B = M;). (9.31)

Now performing the same steps as in the last paragraph, we arrive at the following

configuration:
Vit Sa Ny Ny M Mo, ooy My, ] — Po....0.5151, 5, ... B],  (9.32)
where

Ny:=M -8 =0, Ny:=M,—B, S =R, B:=|R'. (9.33)

Thus, in the new model we find the Fermi superfield Al = % to be uncharged

under all of our U(1) symmetries®.

To proceed, we introduce an additional U(1) gauge symmetry under which the

31t was argued in [95] that one can employ one of the np additional Fermionic gauge sym-
metries given in (7.61) in order to gauge it away. This works fine for their example but it
cannot be used for our case, where the newly introduced field is them self uncharged under
all U(1)’s.
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former uncharged Fermi superfield carries a non-vanishing charge. We do that
by a formal blow-up of a P! with coordinates v, so that the charges of the
resulting GLSM read

T1 e Tp Y1 Yo rr .. Ie¢ T8

o ... 0 1 1 0O .. O -1 |,
1 ... ., B 0|-5 .. =S -—-B
AYOAY LA™ D1 D2 o Dny,
o 0 ... 0 —1 0 o 0
Ny Ny ... Ny, || —-My —My .. =DM,

This configuration is equivalent to the initial one. Just eliminate the coordinate
Yy via the constraint G® = y; = 0 and use the additional U(1) gauge symmetry
and the corresponding D-term constraint to fix ys to a real constant. Then the
geometry reduces to Pg, . 0.[51, 52, ..., 5] x pt. So the new configuration also
satisfies the anomaly cancellation conditions.

Applying the exchange of G’s and F’s as in (9.32) and (9.33), the former un-
charged Fermi superfield in the dual configuration now carries a non-zero charge
under the new U(1). This is what we wanted to achieve and in particular allows
us to systematically generate dual models of the heterotic (M, T() models. The
data of the GLSM of the dual configuration are listed in table 9.1 , for which it is
proven in appendix A.1 that they still satisfy all anomaly cancellation conditions
(2.41):

1 ... Tq Y1 Yo It I? Ie B

o ... 0 1 1 -1 0 0 -1 ;
Qi ... Qi B 0| —-(My—N1) —=S2 ... =S —(M;—No)
/N\l A2 . A D1 D2 Pn,

1 0 0 -1 0 0

0 My—B ... Ny, ||-My —-My ... —M,,

Table 9.1.: Charges and degrees of all fields and homogeneous polynomials in the dual
model (S,V)
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9.2.3 Instructive example

Let us present a comparably simple example. Consider the (0,2) model

Viii1,222 3,4,3] — P111,1222[3,4,3], (9.34)

777777

where the vector bundle is some deformation of the tangent bundle of the Calabi-
Yau manifold M. Since this configuration is singular, we have to resolve it by
introducing a new coordinate. After some reordering of the bundle data, this

yields the following smooth configuration:

T 7
00001111/ -1 -2 —11/ (9.35)
111122201 -3 —4 -3

A 2
01 11000T1]| -1 -2 —1 [ (9.36)
122211101 -3 -4 -3

We now compute the number of chiral matter zero modes as well as the number

of massless singlets

h5(V) = (0,68,2,0),

1,1 2,1 1 <9‘37)
hiy + by + hy(End(V)) = 2 + 68 + 140 = 210.

Now we can use the procedure from last section. First we introduce a new field
y1 which is not charged under the U(1)’s we have so far, and introduce a new

hypersurface which is also neutral. We formally get the following set of data

ZT; Fj

0000111101 -1 -2 -1 -0 | (9.38)

111122200 -3 -4 -3 -0
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A? Db

011100071} -1 -2 -1/ (9.39)
122211101 -3 -4 -3

Notice that the homogeneous functions F3? and F,? are both of the same multi-

degree,
2 2 3 4 2-1
E7N] = (1371 = =l = [IA°]] = =llp2ll = [|A7]] = Y (9.40)

and hence we can exchange the new hypersurface as well as GGy with these two,

satisfying
2 2 1 1 0
7]+ (7] = + = - —S,+B.  (9.41)

From the last section, we know how to exchange these functions and how to
redefine the A’s and I'’s in order to obtain a sensible new monad. Namely we

perform the rescalings

2 3 B 4 A3 I N4 re
I“:= (p)A°, T'":= (p)A*, AN°:= — A= —,
(p1) (p2) (9.42)
Gy = 3, Gp:= FP?, F:= G, F’:= Gz,
yielding the effective superpotential
W=T2G,+TPGp+ Y TG+
j=1,3
o~ . (9.43)
(po) A*Fy® + (po) N'F* + > >~ PAF,.
1=1,3 a3 4
The new charges of the constructed model read
2 o B - A3 N4 2
T[] = 1P = I = A = :
-2 -2 0 4

(9.44)
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_ 1 _ 1 ) 2 .
|Gl = , IGBsll = ,ES] = B =
2 2 4
(9.45)

We realize that one of the new A’s is uncharged under both U(1)’s. Thus, we
introduce a new U(1) along with a new coordinate in the base, which gives all
new fields a charge. Doing that in the way explained above and going back to a

generic point in moduli space, we arrive at the GLSM

ZT; Fj
0 000O0O0OO0OTO0OTS1 -0 -1 -0 -1
, (9.46)
0000111100/ -1 -1 -1 -1
11112220001 —3 -2 -3 =2
A® Y2
001 0O0O0O0UP 0 -0 -1 -0
(9.47)
01020001 -1 -2 -1
12041110 -3 —4 -3

As was generically shown, this configuration satisfies the conditions (2.41) and

we obtain the following topological data:

h%=(V) = (0,68,2,0),

A4 % 4 B (End(V)) = 3 + 51 + 156 = 210 (548)
Gt hiy + h(En (V)) =34+51+ = .

Comparison to the data (9.37) tells us that the number of chiral zero modes did
not change and, even though the individual Hodge numbers changed, the total

number of first order deformations stayed the same.

This was just one possible choice of a pair of F’s and G’s, but actually not
the only one. We could for instance exchange a different pair, which involves a

redefinition of A' and A? rather than A% and A*. In this case we finally obtain
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the GLSM
ZT; Fj
0000O0O0O0OO0OTO0DT1T1 -1 -0 -0 -1
, (9.49)
0000111100 -1 -2 -1 -0
1111222000 -2 -4 -3 -1
A b
100 0O0O0O0O0 -1 -0 -0
(9.50)
01110001 -1 -2 -1
03221110 -3 —4 -3
and find for the massless spectrum
he-(V) = (0,68,2,0),
~ (V)= ) 051

s + B2+ hi(Bnd(V)) = 3 + 63 + 144 = 210.

9.2.4 The dual base via a conifold transition

The methods described in section 9.2.2 are applicable to almost any (0,2) GLSM.
Starting with a model that admits a (2,2) locus, namely a heterotic model with
standard embedding, we have seen that in the dual (0,2) model one has to in-
troduce a new P!. This results in a base Calabi-Yau manifold M whose Kéhler
moduli space has a higher dimension than the original one for M.

The question now is, what the geometric relation between the two Calabi-Yau
manifolds M and M is. As already observed for a specific example in [116,117],
M seems to be connected to M via a conifold transition. Let us explain this for

our more generic situation in more detail.

Standard embedding:

Let us first consider a Calabi-Yau manifold M with a holomorphic vector bundle
YV which is a deformation of the tangent bundle Ty . As before, let G1,...,G.

be the intersecting hypersurfaces and x, ..., x,, the homogeneous coordinates of
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the ambient space. Let us pick an arbitrary hypersurface, say G1, and move to
a specific region in the complex structure moduli space where we can write this

surface as a combination of polynomials of lower degree:
Glzl’lFll—l'QFQl:O, (952)

where ||F;7|| = ||G;]| —||x:]|. At this point in complex structure moduli space the
manifold develops a conifold singularity. It is well known that it can be resolved
via a small resolution [125]. This is described by introducing two new coordinates,

y1 and s, parameterizing a P! satisfying the two hypersurface constraints

61 = y1x1+y2F21=0,

N (9.53)
Gpi= wmas+ypF'=0
which can be written as*
xy Fyl
M) =0, M= T (9.54)
Yo Ty By

Since y; and y, are not allowed to vanish simultaneously, the conifold (9.52)
is recovered from det(M) = 0. This is the locus to which the resolved space
degenerates in the limit of vanishing size of the P!. The procedure of deformation
and small resolution can be seen pictorially in figure 9.1. For the degrees of the

two new hypersurfaces one obtains

1 1

Gl = - . (9.5)
1611l = [fza]| Al

~ 1 1

1Gsll = - (9.5
1611l = lfa]| 1B

For the (0,2) model, where V is a deformation of the tangent bundle Ty, the
degree of the Fi', Fy! in (9.52) is equal to the degree of the F,' in the monad

(7.61). Therefore the conifold transition is equivalent to the transformation of

4In the literature, often the resolution M — M7 is considered.
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Figure 9.1.: Pictorial illustration of the conifold transition via a deformation on the one
side and a small resolution on the other side. This corresponds basically to the scenario,
where the CY hypersurface is given by the quintic polynomial G = (25 %) —5-c-

i=1%i
r1xoxszars in P If we deform this polynomial such that ¢ = 1, this submanifold
becomes singular and can locally be described as a cone over the base S? x S3 [125].

the base described in 9.2.2. Thus, for the target space dual pair
(M, V)« (M, V), (9.57)

where V a deformation of T), the two base manifolds M and M are connected via
a conifold transition. In contrast to the conifold transition for type II superstrings,
i.e. for (2,2) models, here % # T'- Moreover, we are not claiming that there is
a physically smooth transition between the two configurations. On the contrary,
our point is that the two (0,2) models are isomorphic descriptions of the same

stringy geometry.

As an example from [125], consider the Calabi-Yau manifold given by the com-
plete intersection of two surfaces of degree 4 and 2 in 5, i.e. M = P°[4,2]. Here

we have

h5(Trm) = (0,89,1,0)

1,1 2,1 1 (9‘58)
hit + ho + hiy(End(Ta)) = 1+ 89 4 190 = 280.

It has been shown in [125] that via a conifold transition, this manifold is connected
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to the new Calabi-Yau Mv defined as

ZT; Fj
000O0O0O0OT11 -0 -1 -1 |
11111100 —4 -1 -1

which has Hodge numbers (h}’%, h%) = (86,2) and h}q(End(Tﬂ)) = 188 bundle
moduli which gives a total number of 276 massless singlets for the corresponding

(2,2) model. In our situation, the dual vector bundle is different and given by

A¢ b
00 0O0T10O0 -0 -1
1 1110 2 —4 -2

We compute

B (V) = (0,89,1,0).

AL 4 % 4 B (End(V)) = 2 + 86 + 192 = 280 (5:59)
i 1 (End() =24 80 + 192 =

so that the number of complex structure moduli decreased by three, whereas the

number of bundle and Kéahler moduli increased by two and one, respectively.

Generic case:

Turning now to the case of a non-standard embedding, the story changes only
slightly. If we can find a point in the complex structure and bundle moduli space

such that two of the F’s actually appear in one and the same G as®
Gi=UFR'-U,F' =0, (9.60)
where the U; are homogeneous polynomials such that

HUlH :Sl—Ml—i—Ni, fori:1,2. (961)

5This will always happen as long as the degree of the F’s are less or equal to the degree of
the G.
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As before, (9.60) defines a conifold singularity, which can be resolved by blowing
up P!s over the nodal points. This is described by introducing two new coordi-

nates 1,4, parameterizing the P! and the two hypersurfaces

61 :=y1U1+y2F21=07

~ ) (9.62)
Gp=y1Us+ 1y F1" =0
which can also be written as
U B!
VS IR R VS IRt I (9.63)
Yo Uy R
The new degrees of the new coordinates and constraints are given as
1 1
lell = I [lyl| = . . )
0 [+ (2] = S
(9.64)
~ 1 ~
Gl = ). Gell =
|[F2H| |[F1]

This is precisely what we obtained for the dual Calabi-Yau manifold M in sub-
section 9.2.2. Therefore, also for this more generic case the two base manifolds

are connected by a conifold transition.

9.2.5 Chains of dual models

As we have explained in the beginning of this section, the proposed construction
of potentially dual models is pretty independent of the choice of the monad,
unless the data is chosen so badly, that no exchange satisfying (9.21) is possible.
Therefore, one is free to iterate the procedure to produce dual (0,2) models, until
one arrives at a monad already obtained before. Depending on the initial GLSM
data of (Mg, Vy), this can lead to quite a number of dual configurations (M;, V),
1=1,...,m. In all cases investigated the number m is finite.

To show one example we choose a product of projective spaces, where the

hypersurfaces have multi-degrees containing only 1’s or 0’s. The starting point is
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given by the (2,2) model

L —IJ A® —h

P2 111 10101 111,
P2 111 10101 111

Pt 11111 10101 101 11111

where the first column is meant to be P? x P? x P*. The topological data of this

configuration is given by

hju(V) = (0,44,3,0),

(9.65)
Ry + hiyg + hhy(End(V)) = 3 + 44 + 48 = 95.

For this example we can apply the procedure five times until we do not obtain
anything new anymore. All these new monads are topologically different and all

have the same chiral spectrum as the initial one:

Nr. || Bh (V) | B3, (V) || Ry | By | By (End(V)) | D(M, V)
1 44 3 4 | 42 49 95
2 44 3 5 |40 50 95
3 44 3 6 | 38 51 95
4 44 3 7 | 36 52 95

The defining data can be derived to be

Model 0:

P2 111 111 111
P2 111 111 111
P 11111 11111 11111
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Model 1:
P! | 100001 || 10000000000 || 10000
P2 || 001110 | 00000000111 || 00111
P2 | 111000 | 00000111000 | 11100
PY | 011111 | 01111100000 | 11111
Model 2:
P! | 0100001 || 01000000000 || 01000
P! | 1000010 | 10000000000 || 10000
P2 | 0011100 | 00000000111 || 00111
P2 | 1110000 | 00000111000 || 11100
P* | 0011111 | 00111110000 || 11111
Model 3:
P! 00010001 00010000000 00010
P! 01000010 01000000000 01000
P! 10000100 10000000000 10000
P? 001110060 00000000111 00111
P? 11100000 00000111000 11100
P4 00101111 00101110010 11111
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Model 4:

P! 1 1 1 1
P! 1 1 1 1
P! 1 1 1 1

P! 1 1 1 1

P2 111 111 111
P2 111 111 111
P 1 1111 1 11 11 11111

9.2.6 Honest (0,2) models with structure group SU(n)

In subsections 9.2.3 and 9.2.5 we gave different examples for target space dual
configurations. Nevertheless we only considered examples where the starting
point was an SU(3) model derived as deformation of the tangent bundle. We
now want to consider more generic examples of the duality, namely “honest”
(0,2) models that are not given by the deformation of the tangent bundle. Each
type of structure group SU(3), SU(4) and SU(5) will be covered separately. In
contrast to what we showed before, here we want to give different examples that

do arise from an exact monad introduced in (7.43)
nA Iy np
0=V - POmN) =2 EPomM) =0,
a=1 =1

and hence are given by the kernel of the map F,'
V =ker (F,) . (9.66)

The way to generate the dual models of such a monad remains the same.

Example 9.2.1 (Example for an SU(3)-model). We start with an SU(3) example
which consists of a holomorphic vector bundle over a codimension two complete
intersection Calabi-Yau space. In this example here we are not dealing with
a (0,2) model which is a deformation of the tangent bundle but a completely

independent monad. Furthermore we will see that the base will not transform
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via a conifold transition. Rather in the beginning the ambient variety will remain
untouched and only a different set of hypersurfaces will be chosen, also resulting
in a topology change of the base. Finally through the exchange of those specific
hypersurfaces we will see that in fact the ambient space topology will be changed

after all. The model data is given by

ZT; Fj A® Yy
00071111/ -2 —2 100 2| =3 | (9.67)
11122201 -4 =5 0116 ]| -8

Employing our implementation cohomCalg Koszul extension [7] for this matter we
find

h5(V) = (0,120,0,0),

1,1 2,1 1 <9‘68)
hiy + hoy + hy(End(V)) = 2 + 68 + 322 = 392.

In order to see our freedom of consistently exchanging hypersurface equations
with bundle maps in the monad as described in the last section we explicitly
write down the multi-degrees of the corresponding generic homogeneous func-
tions. Using that

EA] = ~limdll = 11A%]], (9.69)

for the only choice [ = 1 they read

2 2
|Gh] = N Gal| = , (9.70)
4 5

2 3 3 1
17 = . IR = : FsH] = : F] = , ) (9.71)

Here we can already see that the sum of the degrees of the two hypersurfaces
equals the sum of the degree of the third and the fourth F'. From the last section,

we know how to exchange these functions and how to redefine the A’s and I'’s in
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order to obtain a sensible new monad. Namely we perform the rescalings

1 3 B 4 A3 I e re
= (p)A°, T":= (p)A, AN= — AN = —,
(1) (p)" (9.72)
Gy = F31, Gy = F41> Fsl = Gy, F41 = Ga,
yielding the effective superpotential
W= TG, +T2Gs + (p) (7\3?31 FRE AR 4 A2F21> . (9.73)
The new charges of the constructed model read
~ -3 ~ -1 ~ 1 ~ 1
I = I = A% = ,IAY = :
-7 -2 4 3
(9.74)
~ 3 ~ 1 ~ 2 ~
1Gall = Gl = o IFs = , IF ]l =
7 2 4

and hence going back to the geometric phase we obtain the new base with a
new vector bundle. We notice that the new configuration can be rewritten in
a slightly simpler way. The new hypersurface G has precisely the same degree
as the divisor {z4 = 0} and therefore the corresponding constraining equation to

the ambient space simply removes this coordinate from the configuration and we

obtain
T; IJ A? 1Y
0007111/ -3 1011/ -3 | (9.75)
1112201 =7 01 4 3| -8

As was generically shown, this configuration still satisfies the conditions (2.41)

and we obtain the following topological data:

h%(V) = (0,120,0,0),

hAE 4 B2 4 B (End(V)) = 2 + 95 + 295 = 392 (5:76)
& Ty hn(End(V)) =2+ 95 4 295 = 392.

If we compare this with the result we obtained in (9.68), we see that the number of

chiral zero modes did not change and the total number of first order deformations
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stayed the same even though the Hodge number h%! changed drastically.

Let us once more put some emphasis on the fact that we started up with a base
manifold that was of codimension two and due to the exchange ended up with a
simpler space given by a codimension one Calabi-Yau manifold. Similarly, as we
will see in the next example this can also happen the other way round resulting
in an increase of the codimension. Also the number of C* actions can change

which will be shown in the following examples, too.

Example 9.2.2 (An example for an SU(4)-model). Next we present an example
of a dual pair of heterotic (0,2) models that give rise to gauge group SO(10) in
four dimensions and hence are equipped with a rank 4 vector bundle. The model
is again not a deformation of the tangent bundle. The base is the complete
intersection of a generic quartic and homogeneous degree hypersurface two inside
P5. The defining data can be read off in the following table:

ZT; Fj A? yYi

(9.77)
P5 || —2 —4 11111111 -3 —2 =2

Clearly this model is anomaly free, i.e. it satisfies (2.41) and one can also show
that the vector bundle is also stableS. It is sometimes also referred to as a positive
monad, since all line bundles involved have positive degree. It has the following

topological data:

hS-(V) = (0,48,0,0),

YL 2 L Bl (End(V)) = 1 + 89 + 159 = 249 (9.78)
o T hig T hg(End(V)) = 1489+ 159 = 249.

Before we move on, we introduce a new coordinate along with a new hypersurface
to the model. Doing that at the same time does not change the model at all. In
order to perform the exchange of polynomials F' and GG, we have to go to a certain
region of the moduli space, exchange them and go back to the generic region in

the dual configuration. The resulting base manifold can then be obtained as the

6By Hoppe’s criterion for the initial bundle in this and the next example, to prove stability it
suffices to show that h°(M;A*V) = 0 Vk < rkV and is relatively straight forward in these
cases.
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conifold transition of the initial base space. The full model is given by

7 v A® n
P -1 0 -1 0001000 0o -1 0 |, (979
P> || -1 —4 —1 11102111 -3 —2 =2

and its topology satisfies the necessary duality check of coinciding spectrum and

moduli space dimensions:

h%L(V) = (0,48,0,0)

UL 2l Rl (End(D) = — 94 (9-80)
/\7+ /\7—1— Mv( nd(V)) =2+ 86 + 161 = 249.

Example 9.2.3 (An example for an SU(5)-model). Finally let us quickly state a
different bundle over the same base from example 9.2.2. We modify it such that
it has no longer SU(4) but rather SU(5) structure. It is given by

Z; I A 12

(9.81)
P> | -2 —4 11111111 -3 -3 =2

Since we have still three chiral fields p; but eight Fermi fields A*, we end up
with a rank five vector bundle and hence yielding an SU(5) gauge group in the
four-dimensional theory. The spectrum and the dimension of the moduli space

for this model can be calculated as

h=(V) = (0,72,0,0),

ALY 4 2 L Bl (End(V)) = 1 + 89 + 288 = 378 (9-82)
o+ hig + hig(End(V)) =1+ 89 4 288 = 378.

The dual base is again given by the same conifold transition as in the last para-

graph. Altogether we get

7 7 A® D

Pl -1 0 -1 0000O0O0T1O0 0 0 -1 |- (9.83)

P> -1 -4 -1 1111110 2 -3 =3 =2
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Calculating the topological data,

h%(V) = (0,72,0,0),

AL 4 % 4 B (End(V)) = 2 + 86 + 290 = 378 (5:84)
o+ g (End(V) = 2486 + 290 =

we can verify that the necessary condition for a duality also holds and hence the

conjecture extends to SU(5) bundles as well.

9.3 Landscape studies

So far, we have verified the proposed general target space duality between (0, 2)
GLSMs only for a couple of examples. In fact, invoking a fast computer im-
plementation, we have actually performed a large scale landscape study of this
target space duality. We generated ten-thousands of candidate dual models and
then computed the massless particle spectra, i.e. the number of chiral matter
fields and the number of massless gauge singlets D(M, V). Let us report on our

findings.

9.3.1 The scanning algorithm

The algorithm to generate dual (0,2) GLSMs enabled us to perform a scan over
many different models. While one performs the duality transformation it might
happen that new singularities arise and in general it may be hard to resolve them
properly. For that reason, we only considered those cases where almost no new
singularities appeared. Our scanning algorithm looks as described in table 9.2
starting with step 1. We ran through two different lists (mentioned in step 1).
The first one contained Calabi-Yau manifolds defined via single hypersurfaces in
toric varieties. We took the ambient spaces out of the list from [126] available on
the website of Maximilian Kreuzer [127] and the second list contains codimension
two complete intersections in weighed projective spaces which is part of the list
presented in [128] and available at [129]. To resolve the ambient spaces and also
to generate the set of nef partitions to obtain the codimension two Calabi-Yaus,
we used PALP [70]. For the remaining steps several packages as TOPCOM [65]
Schubert [66] and of course cohomCalg Koszul extension |7] along with some Math-

ematica routines were employed. For the interplay of TOPCOM and Schubert
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Step 3: Step 4:
Step 2: ep o Calculate
Step 1: i . Generate .
Triangulize . line
Go to next SR ideal,
' polytope ) bundles
model in . — inters. ——
ot via, b from Euler
" TOPCOM HHIbers and
T via monad
if possible Schubert / complex
Step 6: Step 5:
C?1zlepl7 : Generate Compare o Delete
a c1111 ate — GLSM — Z?Zl(—)lh’—>ggfez configura-
) a data of to holom. tion
hy(End(V)) next con- X
figuration

Table 9.2.: The scanning algorithm that we use to go through all models that has been
tested for the target space duality. It starts with step 1.

we use the (not published) Toric Triangulizer [71].

9.3.2 Hypersurfaces in toric varieties

Our first scan ran over the list of hypersurfaces in toric varieties [127] where we
considered all toric varieties with 7, 8 and 9 lattice points which make altogether
1,085. Starting from this geometry, we performed all first duals to each of those
models in the way described in 9.2.2 where we always introduced exactly one new
hypersurface. Hence the dual models of each hypersurface Calabi-Yau are here
codimension two complete intersections in toric varieties. Since already many of
the duals are obtained by only performing the duality procedure once, we did not
perform duals of duals as shown in 9.2.5. In figure 9.2 we displayed all models
with full agreement of the chiral spectrum and the sum of complex structure,
Kéhler and bundle deformations, i.e. D(M, V). Some details on the full analysis

are shown in table 9.3.

9.3.3 CICY of two hypersurfaces

As a second scan we took a list of codimension two complete intersections in

weighted projective spaces as a start, rather than just single hypersurfaces. This
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' (M;End(V))

220

200 -

180 -

160 -

I 1,1 1,2
60 70 80 90 hM + hM
(a) Hypersurface models part 1
7' (M;End(V))
50k \
400 -

‘ Lo 12
160 hM + hM

(b) Hypersurface models part 2

Figure 9.2.: Plot of the topological data of hypersurfaces in toric varieties and their
codimension two duals with full agreement. Each line corresponds to one class of dual
models. Different colored overlapping lines correspond to different classes.
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Model
. Possibly  Classes oces Models Cqmputed
Different ) with : (different)
smooth  without . with full \
classes matching line bundle
models duals agreement
spectrum cohom.
1,085 4,507 42 4,144 1509 (1,481,539)
(100%) (94.6%) 3,069,067

Table 9.3.: Some data on the landscape study: Starting point are hypersurfaces in toric
varieties that are given by the polytopes with at most 9 lattice points. The percent
numbers in the parentheses in column 4 and 5 only cover models where these numbers
could actually be calculated. In column 5, by “full agreement” we mean that the chiral
spectrum of dual models as well as the sum of complex structure, Kéhler and bundle
deformations agree.

list can be found online at [129]. For our scan we simply ran through the first
2,780 ambient spaces and chose the 16,029 possible nef partitions as starting
points. All these nef partitions correspond to topologically distinct Calabi-Yau
manifolds that are complete intersections of two hypersurfaces in the correspond-
ing weighted projective space. All dual models are codimension three complete
intersections in toric varieties. In figures 9.3 and 9.4 we have displayed all the
models where a full agreement of deformations and chiral spectrum was found.

In table 9.4 we provide the summary of some details on the full scan.

Model
. Possibly  Classes OeIes Models Cqmputed
Different : ith : (different)
smooth  without . with full \
classes matching line bundle
models duals agreement
spectrum cohom.
16,961 79,204 718 64,332 20,336 (38,807,002)
(85 %) (91%) 109,228,732

Table 9.4.: Some data on landscape study. Starting point are codimension two com-
plete intersections in weighted projective spaces.

9.3.4 The mismatch

While we were performing the scan over the landscape, we found that the duality

holds in most the cases, but not in all of them. In two different ways it actually
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' (MGEnd(V))

140

120

100 -

1,1 1,2
ha + hyy

(a) Complete intersection models part 1

W (M;End(V))

220

(b) Complete intersection models part 2

Figure 9.3.: Plot of the topological data of codimension two complete intersections in
weighted projective spaces and their codimension three duals. Each line corresponds
to one class of dual models. Different colored overlapping lines correspond to different

classes.
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h' (M;End(V))

300

(a) Complete intersection models part 3

h' (M;End(V))

450 -

) 1,1
150 hM + hM

(b) Complete intersection models part 4

Figure 9.4.: Plot of the topological data of codimension two complete intersections in
weighted projective spaces and their codimension three duals. Each line corresponds
to one class of dual models. Different colored overlapping lines correspond to different

classes.
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happened to fail i.e. either such that the chiral spectrum did not match or that
that the sum of total deformations of the Calabi-Yau and the bundle did not

match. The chiral spectrum can fail to match for the following reasons:

e The Calabi-Yau manifold is not smooth and still contains singularities”.
In addition, the monad might not define a smooth vector bundle, but for
instance merely a coherent sheaf with non-constant rank (see e.g. [115,117]

for a correct treatment of such configurations).

e During the scan we did not explicitly check whether the model we started
with actually admits a phase that allows for the redefinition of the corre-
sponding fields. So it might happen that such a phase did not exist to begin
with which would forbid the exchange of specific F’s and G’s.

The mismatch of D(M, V) # D(M, V) could of course be traced back to the
same reasons, but could also be happening since we assumed the bundle to be

stable and furthermore the map ¢ in (9.11) to be surjective.

Example 9.3.1 (Failing Example). Let us present a simple example where a

mismatch occurs. Consider the following configuration with standard embedding;:

ZT; Fj
-1 00111 -2
1 11000 -3

One possible dual model of this configuration can be obtained as

x; I A® m

0O 00 O0O0O0OT1T1 -1 -1 0 00100 —1

-1 0011100 -1 -1 -1 0 0 0 2 1 —2
1 11000 30 -3 -3 1 11000 -3

"The check of the holomorphic Euler characteristic for line bundles over the Calabi-Yau is
only a necessary condition for smoothness.
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For the initial model (M, V) we calculate the following data

hy(V) = (0,86,2,0),
hg' + B! + hg(End(V)) = 2486+ 184 =272,

whereas for the dual model we find

he(V) = (0,86,2,0),
he'+ b2+ hE(End(V) = 3478+ 195 = 276,

n

We observe that there is a mismatch of 4 for D(M, V), but at the present state

it is hard to determine the precise origin of this mismatch.
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Conclusions and Outlook

In this dissertation we have formulated and proven a mathematical theorem for
the computation of line bundle cohomology. Furthermore a generalization of this
algorithm to Z, quotients of toric varieties was proposed. We have discovered
a relation of cohomology groups of line bundles with terms in the combinato-
rial Batyrev formulse which allow an identification of these cohomologies with
twisted sectors of Landau-Ginzburg models. We furthermore found new explicit
formulae for the Hodge numbers of Calabi-Yau four-folds. Making use of the
implementation of the algorithm, we investigated target space dualities. Here
we proposed a method to construct dual models from arbitrary (0,2) models.
We explained the transition that the base space performs and provided evidence
for the fact that this is indeed a duality of the full string model. In particular,
such evidence was provided for models with various gauge groups as well as base
spaces with codimension one or two. Furthermore we studied the duality for a

large landscape of heterotic models.

10.1 Cohomology of line bundles

Results

We have successfully developed a new algorithm to calculate the cohomology of
line bundles over arbitrary toric varieties. What was already known by mathe-
maticians is that Laurent monomials contribute to the cohomology with a cer-
tain factor that can be obtained from the cohomology of the corresponding Cech

cochain complex. To avoid the lengthy computation of these cohomology groups
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we introduced a different sequence that is derive from the Taylor resolution of the
full simplex that belongs to the Stanley-Reisner ideal, restricted to the degree of
the Laurent monomial in question. Then we can obtain the Betti numbers from
the reduced homology of that new complex which is in practice much faster than
calculating Cech cohomology. Finally using Alexander duality one can show the
relation to local cohomology with support on the irrelevant which is known to
determine the desired sheaf cohomology groups. In fact one would maybe not
see right away that this is indeed a faster way to compute line bundle cohomol-
ogy. Here the crucial point is that we are mostly only interested in the actual
dimension of these cohomologies and that this new algorithm allows us to avoid
calculating the maps in the corresponding complexes for basically all relevant
cases. In fact in literally millions of calculations that have been done during the
last two years we did not need to calculate these maps even once. Using the con-
ventional method via the Cech complex would require this already for the very

simplest examples.

Outlook

We also provided an efficient and conveniently accessible implementation of the
algorithm along with its applications to the calculation of topological data of line
bundles over subvarieties. Also the cohomology of holomorphic vector bundles
can be addressed with the cohomCalg Koszul extension which is available online [7].
There are very many things that can be done using this algorithm and the package
and we will not even try to list them all. Actually we are working on models with
poly-instanton corrections right now [130] where we make use of the algorithm a
lot. But in the end most of the outlook and future work is of course up to those

that decide to use the algorithm for their projects.
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10.2 Equivariant cohomology

Results

Since the algorithm provides explicit Laurent monomials in terms of the homo-
geneous coordinates, we investigated the cohomology of line bundles of a space
that has an additional discrete action which then splits into invariant and non-
invariant parts. Here we calculated various examples using the Lefschetz index
theorem to compare these equivariant cohomology groups that result from ap-
plying the discrete action to the Laurent monomials that represent it and could

formulate a conjecture that goes beyond the original algorithm.

Outlook

The above results suggest various further investigations. So far the conjecture
on equivariant cohomologies only applies to the cohomology of the toric ambient
space. Since in many aspects of string theory e.g. in orientifold settings we
actually work with hypersurfaces it would be interesting how the representation
looks in these subvarieties explicitly. Though it seems reasonable that nothing
changes on invariant subvarieties it is not quite clear what happens on an arbitrary
hypersurface or complete intersection of hypersurfaces, e.g. divisors of the Calabi-

Yau.

10.3 Combinatorial cohomology

Results

We identified the contribution of the ambient space line bundle cohomology
groups to the Hodge numbers of a Calabi-Yau three-fold of codimension one and
two with certain terms in the combinatorial formulae from Batyrev and Borisov.

Here we found that the terms that involve lattice points of the polytope and the
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dual polytope of the toric variety could be seen as contributions from cohomol-
ogy of higher order. For the hypersurface case these represent twisted states in
the Laudau-Ginzburg phase of the Calabi-Yau. Also a combinatorial formula for

Hodge numbers of a codimension two CY four-fold were derived and presented.

Outlook

It is quite surprising that one can actually derive a relation between the terms
in the combinatorial formulee and the line bundle cohomology degree. A nice
feature of these formulee is that they make mirror symmetry manifest. Since for
the heterotic string the Hodge numbers are the moduli of the theory it would
be interesting to know if a combinatorial formula also exists for the total moduli
space namely the one that also takes the bundle moduli into account. In fact such
a formula has been derived for the case where the holomorphic vector bundle is
a deformation of the tangent bundle [108]. It would therefore be rewarding to
see whether one can also identify certain terms of that formula with line bundle
cohomologies. One could then maybe even go a step further and derive a more
generic combinatorial formula for more general holomorphic vector bundles by
deriving the combinatorial contributions from the corresponding pieces in the
long exact sequences of the calculation. If that was possible one might be able to

find a way to relate a holomorphic vector bundle to its (0,2) mirror.

10.4 Targe space dualities

Results

We have proposed a method to construct dual models from almost any given (0, 2)
heterotic model that generically have the same massless spectra. This procedure
should basically work with all possible structure groups SU(3), SU(4), SU(5)
for the gauge bundle and preserves certainly all anomaly cancellation conditions.
For the special case that Fermi superfields become uncharged in the dual model,

it was suggested to perform an additional blowup of a P'. Furthermore it was
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pointed out that in these cases the duality transformation of the base could be
understood as a conifold transition.

Moreover some further aspects of target space duality were studied. For in-
stance the successive application of the duality resulting in chains of dual models
and the explicit check of the duality for models with Es, SO(10) and SU(5)
gauge group. These models correspond to Calabi-Yau manifolds endowed with
a holomorphic vector bundle which cannot be obtained via a deformation of the
tangent bundle.

To provide evidence for our proposal, a large number of examples were investi-
gated where the initial models were hypersurfaces in toric varieties and codimen-
sion two complete intersections in weighted projective spaces. For both types the
initial configuration was the Calabi-Yau manifold equipped with a deformation of
its tangent bundle carrying an SU(3) structure group. A great number of models
agreed in all instances and otherwise an interpretation of the mismatch of the
bundle deformations and an explanation of the mismatch of the chiral spectrum

was suggested.

Outlook

A couple of aspects suggest further investigation: Since it was not checked explic-
itly whether the bundle of a dual configuration is indeed stable, it would be very
useful to find a way or a requirement for the proposed procedure that ensures
stability of the dual bundle.

We argued that deformations of the complex structure and of the bundle are
unobstructed if they come from global section of line bundles on the Calabi-
Yau manifold. A mathematically rigorous treatment of these obstructions was
recently presented in [118| and it would be interesting whether potential target
space dual models also have the same number of unobstructed deformations.

Because a large number of 83,711 models was analyzed, we are confident that
a fair ratio really defines “healthy” configurations. Nevertheless, due to the fact
that only necessary but not sufficient consistency checks were made in order
to detect singularities of the generated spaces, a closer analysis of the specific
configurations would be necessary in order to ensure that the base as well as

the bundle are indeed smooth. The list of different Hodge numbers that we
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generated contained several yet discovered combinations of (h*!, h'!) and the
explicit analysis of these spaces is a worthwhile thing to do.

For elliptically fibered Calabi-Yau three-folds with vector bundles defined via
the spectral cover construction, it is known that a higher dimensional framework,
namely F-theory on Calabi-Yau four-folds exists, in which the complex structure
and bundle deformations are unified. In fact, considering a Calabi-Yau four-fold
admitting two different K3-fibrations would also imply a duality between two
seemingly different heterotic (0,2) models. In this respect, it is an interesting
question whether also in the present case of (0,2) GLSMs a unified description
exists, where the duality is manifest.

Having only tested single examples for the scenario where the model is not a
deformation of the tangent bundle and therefore comes generically with SU(n)
structure for n = 3,4, 5 it remains to perform a similar larger scan for such mod-
els as well. In this respect, further checks would be possible, i.e. a matching of
zero modes that live in h},(A?V) and hl,(A?V*). However our attempts up to
now faced a couple of obstacles. Namely it is first of all not easy to solve (2.41)
in general for a given base geometry. The second problem is that for a given
configuration, one has to check that the bundle is not singular and that it is
furthermore stable which is quite challenging. On the other hand, if one could
come up with an idea to generate all stable bundles over a given base geometry
systematically, it would be no problem to check (2.41) for those models. This
was already done for a subset of all bundles over specific base spaces [62] and one
way to prove bundle stability in an up to some point systematic way for arbitrary
base spaces was suggested in [56] and [58] are a hopeful starting point to allow

us to overcome this challenge.
Maybe at some point one will be able to identify the right Calabi-Yau space

with the right holomorphic vector bundle resulting in a heterotic grand unified

theory that describe the physics we observe. But until then:

No GUTs no glory ...
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Anomaly Cancellation

Al Anomaly cancellation for target space dualities

In this appendix, we show that the dual configuration (//\/lv , ]7) satisfy the anomaly
cancellation conditions (2.41), if they were satisfied by the initial one (M, V). For

this purpose, let us start with a general configuration

Vg N (M s My | — Pg, 0,51, 5 Se
that satisfies the combinatorial relations (2.41):
na Np d c
IREES DATCUND LR 3
a=1 =1 i=1 j=1

c

np nA d
(@) 5 r(B) a _ (a) o(B) (a) ~(B)
D MTMPT =) NONP =3 ST =) 0
=1 a=1 j=1 i=1
for all o, = 1,...,r. We want to to show that this implies that the dual

configuration,

Vi SaNgNoy (M1 Moy oo, My ] — Boy 0,811, 3,0, Se, B,
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with charges given in table 9.1, still satisfies these relations. The new fields that

changed comparing to the initial model read

Y1 | Yo f\l fB Fll FQI Al ]\2 12}

11 -1 -1 0 1 1 0 -1

Bl O|—(M—N)|=(Mi—=Ny)| Si | B | M —8,|M —B|-M,

Since y; was chosen in a way that
B+ S = ||| + || B = 2My — Ny — Ny (A1)
we get

. 1
[F27|| = ,
oM, — Ny — Ny — S,
(A.2)

- 1
|A%]] =
—M; + Ny + Ny + 5,

Linear relations:

Let us refer to the U(1) charges that belong to the blown up P! as new U(1)
charges. The Calabi-Yau condition, i.e. the second equation in (2.41) for the
dual model is clear for the new U(1) charges. For the other U(1)’s it reads

d c
2@V BY = 357+ (4" - M)
=1 Jj=2 a o
+ (" = N;)

& 3 QW oM — N - NP — 5 = 378 pam® — N — N
: o=

& 3 QW oM — N — NI = 378 pomf — N — N
. =
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& ZQ(O‘) ZS O

The second linear relation is also satisfied:

na
D NS 4+ (My = 81) + (—My + Ny + Ny + Sy) = ZMI(Q)
a=3

f: N = N MO
a=1

Quadratic relations:

Now lets have a look at the quadratic relations in (2.41). There are three different
cases. The first where only the new U(1) charges are involved, the second where
old and new charges get mixed and the third where only the old charges are
considered. Lets start with the first, which is obvious since only few changes

were made:
P+17 = ((-1)* 4 (-1)%) = 1> — (-1)? & 0=0 O
For the second one we find:

(My — Np) + (My; — Ny) —(B—0) = M;— ((M; —51)+0)
& 2Mp—B = N1+ N+ 5
& 2My —2M; + N1+ No+ 51 = N1+ Ny + 5
& Ni+No+ S = N+ N+ 5 0

The last only involves the old U(1) charges:

Z M Z N N@FE _ j {6

C

SSW 1 55 4 g ZQ@QW (@) p® _q

j=2 =1
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a=1
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= =575 + (M - Ny

+ (M = Ny (M7 = N;7) = BOBE) (A4

(A.3)

S~— v
=
=
|
S
=
~—

where we used the initial quadratic relations from (2.41) in the first step. As an
intermediate step, lets evaluate the third and fourth term of the right hand side
of

_(Ml(a) _ B(a))(Ml(B)_B(ﬁ)) —

(A5)
_ MM _ B RO 4 @ g 4 ple) @)

which reads

Ml(a)B(/B) — 2M1(0‘)M1(5) _ Ml(a)Nl(B) o Ml(a)NéB) _ Ml(a)5’£18) ,

Ml(ﬁ)B(oz) _ 2M1(5)M1(06) o Ml(ﬁ)Nl(a) o MI(B)NQ(Q) o Mfﬁ)s?‘)
and hence it folllows

MI(Q)B(ﬁ) + Ml(B)B(a) :Ml(a)Ml(ﬁ)
N ) N

(M~ N — NP — NN
O SO - 5 - SO

Pluggin (A.6) back into (A.5) and (A.5) back into (A.4), we get

2
S NN - (4 S — 57) 4 MM Mg
a=1

_ B(W)B(ﬁ) + (Ml(a) _ NI(O‘))(Ml(/B) _ Nl(ﬁ)) _ NI(Q)NI(B)
(M~ N — M) — NN
O = S 5 — 051
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= -SSP (- N - N
+ (Ml(a) _ NQ(O‘))(MI(@ _ NQ(B)) — B B®
& 0=0 0.

Since we did not assume that M; = Si, the whole calculation is valid for both
cases described in 9.2.2. In fact, it can be shown that one can exchange an arbi-
trary number of G’s with F’s, as long as at most one uncharged Fermi superfield

appears.






General:

The toric ambient space: Ps
Dimension of Px: d

Number of coordinates in Ps: n
General subvariety: S

Codimension of §: ¢

Dimension of the subvariety: dg
Calabi-Yau Manifold: M

Dimension of Calabi-Yau Manifold: d4
Vector bundle: V

Number of divisors in monad left:ng
Number of divisors in monad middle: ny
Number of divisors in monad right: n,

U(1) charge of a field in the GLSM: || - ||

Homogeneous degree of (Laurent-)Polynomials: : || -

Indices:

Coodinates in Px: ¢

Hypersufaces: j

Notation
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o Monad middle divisors: a

Monad right: [

Monad left: k or ¢

For anything else: m, k

e U(1)-charge indices: «,

Coordinates of the space time: N =0,...,9

Abbreviation:

e LM: Laurent monomial

e SR: Stanley-Reisner

o GLSM: Gauged linear sigma model
e NLSM: Non-linear sigma model

e GUT: Grand unified theory

e LG: Landau-Ginzburg

e vev: Vacuum expectation value

e FI: Fayet-Iliopoulos

e SM: Standard model

e SUSY: Supersymmetry

e MSSM: Minimal supersymmetric standard model

e NMSSSM: Next to minimal supersymmetric standard model
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