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Zusammenfassung

Die vorliegende Dissertation befasst sich mit dem Themengebiet der Streuamplituden in The-
orien offener Superstrings. Insbesondere werden zwei unterschiedliche Formalismen zu Hand-
habung von Superstrings eingefiihrt und zur Berechnung von Baumniveau Amplituden verwen-

det — der Ramond Neveu Schwarz- (RNS-) und der Pure Spinor (PS) Formalismus.

Der RNS Zugang erweist sich als flexibel, um Kompaktifizierungen der anfanglich zehn
flachen Raumzeit Dimensionen nach vier Dimensionen zu beschreiben. Wir 16sen die technis-
chen Probleme, die sich aus der wechselwirkenden zugrundeliegenden Weltflachentheorie mit
konformer Symmetrie ergeben. Dies wird genutzt, um phanomenologisch relevante Streuam-
plituden von Gluonen und Quarks sowie Produktions- und Zerfallsraten von massiven Ober-
schwingungen, die schon als virtuelle Austauschteilchen auf masselosem Niveau identifiziert
wurden, auszurechnen. Im Falle einer niedrigen String Massenskala im Bereich einiger TeV
konnen die stringspezifischen Signaturen bei Partonkollisionen in naher Zukunft am LHC Ex-
periment am CERN beobachtet und als erster experimenteller Nachweis der Stringtheorie
herangefiihrt werden. Jene Stringeffekte treten universell fiir eine weite Klasse von String
Grundzustanden bzw. internen Geometrien ein und stellen daher einen eleganten Weg dar, das

sogenannte Landschaftsproblem der Stringtheorie zu umgehen.

Ein zweiter Themenkomplex in dieser Arbeit basiert auf dem PS Formalismus, welcher eine
manifest supersymmetrische Behandlung von Streuamplituden in zehn Raumzeit Dimensionen
mit sechzehn Superladungen erlaubt. Wir fiihren eine Familie von Superfeldern ein, die in
masselosen Amplituden des offenen Strings auftreten und natiirlicherweise mit Diagrammen
aus dreiwertigen Knoten identifiziert werden kénnen. Dadurch erreichen wir nicht nur eine
kompakte Superraumdarstellung der n Punkt Feldtheorieamplitude sondern kénnen auch die
komplette Superstring n Punkt Amplitude als minimale Linearkombination von Partialampli-
tuden der Feldtheorie sowie hypergeometrischen Funktionen schreiben. Letztere tragen die
Stringeffekte und werden von verschiedenen Perspektiven analysiert, vor allem in Hinblick auf
die in der Feldtheorie beobachtete Dualitat zwischen gruppentheoretischen und kinematischen

Beitragen zu Baumniveau Amplituden.
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Chapter 1

Introduction

1.1 A brief prehistory of string theory

To begin the introduction to the topic of string theory, let us first of all sketch the developments
in theoretical physics which led to its birth. The holy grail in natural science is a “theory of
everything” (TOE), an all-encompassing set of rules which manages to describe and predict
any process of nature without any additional input. It happened several times in the history
of theoretical physics that serveral seemingly disconnected laws of nature were found to have a
common origin, i.e. could be identified as special cases of a more general theory. Each instance
of such a unification of distinct phenomena pushes the state of the art a little step closer towards
the dream of a TOE. This section illustrates why string theory is among the most promising

candidates from today’s perspective.

1.1.1 History of unification — gravity and electromagnetism

The first two milestones on the road to unification happened before 1900. Two of the most
prominent examples are firstly the gravitational law due to Sir Issac Newton and secondly
Maxwell’s theory of electromagnetism. Both of them managed to explain phenomena in seem-

ingly different contexts of nature within an unexpectedly wider scope.

Newton’s contribution to unification can be loosely referred to as bringing heaven and earth
together. He realized that the motion of freely falling bodies on terrestrial scales like his
(in)famous apple has the same origin as the planetary motion within and outside our solar
system. His epoch making book “Philosophiae Naturalis Principia” published in 1687 casts the
gravitational law underlying both the terrestrial and celestial physics into a mathematically

precise form.
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A second historical example of a unifying theory is the work of James Clerk Maxwell. In
1864, he found a set of differential equations which describe the interplay between electricity
and magnetism. They encompass a variety of phenomena such as the magnetism of electric
currents, the magnetic force and the induction of electricity (discovered by Orsted, Ampere and

Faraday, respectively) which at first appeared rather unrelated.

More recent examples of unifications and the potential of string theory in this context will
be adressed later on. Let us first of all follow the historic thread and introduce the striking

developments in theoretical physics in the early 20th century.

1.1.2 Challenges of unification — general relativity and quantum

field theory

The early 20th century gave birth to two groundbreaking pillars of theoretical physics with deep
impact on our understanding of the universe — general relativity (GR) and quantum mechanics.
Both of them raised philosophical questions concussing the key concepts in our perception of

the world such as time and determinism.

Inspired by the implications of Maxwell’s equations on the speed of light, Einstein formulated
the theory of special relativity in 1905 which first of all abandons the notion of absolute time.
Ten years later, his general theory of relativity [12,/13] arrived at an even more radical insight
on the dynamical nature of spacetime. It identifies both gravitational fields and accelerated
reference frames as a geometric effect, more precisely as a source of curvature in the spacetime
geometry. This discovery deprives spacetime of any absolute meaning since its structure is tied
to its matter content. Apart from its philosophical scope, this theory furnishes a refinement
of Newton’s gravitational law: Among other things, it explains the perihelion precession of

Mercury through a spacetime deformation caused by the sun and the planets.

Another construct of ideas which originates from Einstein’s annus mirabilis 1905 is quantum
mechanics. The energy carried by light was observed to appear in discrete quanta (of minimum
energy) instead of following a continuous distribution. Maxwell’s theory predicting wave-like
propagation of light cannot explain this particle-like behavior. The theory of quantum me-
chanics degrades “particle” and “wave” to classical concepts which fail to fully describe the
behavior of quantum-scale objects like photons, the quanta of light. According to the wave-
particle-dualism — one of the key ideas in quantum mechanics — wave-like and particle-like
properties always coexist. The a priori unexpected wave nature of elementary particles like the

electron implies the uncertainty principle and thereby questions determinism in nature. That
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is why quantum mechanics opened a philosophical debate of comparable impact to that about

the role of spacetime implied by GR.

The marriage of quantum mechanics with the ideas of special relativity leads to the frame-
work of quantum field theory (QFT) [14]. It is the appropriate language to address quantum
systems with a fluctuating particle number and infinitely many classical degrees of freedom.
In particular, it proved to be an extremely successful language to describe all nongravitational
fundamental interactions in nature, see the following subsection on the Standard Model of par-
ticle physics. In the perturbative formulation of QFT, forces between particles are mediated by
another class of particles, so-called gauge bosons. The following figure illustrates how elec-
tromagnetic forces are carried by the photon, this viewpoint is referred to as the quantization

of Maxwell’s theory of electromagnetism.

et o

Figure 1.1: The electromagnetic action between electrons e~ and muons g~ is transmitted
through the exchange of a photon ~. In addition to the process shown, additional contributions

arise from loop diagrams at higher order in the electromagnetic coupling.

In view of the success of QFT in particle physics and the pursuit of unification, it is desirable
to describe all interactions by exchange of messenger bosons, including the gravitational force.
But the canonical attempt to introduce a gauge boson mediating gravity — the so-called graviton
— fails dramatically. Firstly, the computation of observables is plagued by an uncontrollable
set of divergences which cannot be regulated while still keeping the theory predictive. The
theory is said to be non-renormalizable (at least perturbatively). Secondly, a perturbative
QFT approach to gravity requires the specification of a (possibly curved) background spacetime
whose fluctuations are described by the so-called graviton of spin two. The whole framework of
QFT must be reformulated in a background independent fashion in order to take the geometric

nature of gravity into account.

More generally, the conceptual foundations of GR and QFT appear to be mutually incom-
patible: The former is a classical, strictly deterministic theory compatible with a dynamical

spacetime, the latter theory incorporates quantum fields of intrinsically probabilistic nature but
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requires a fixed stage in order to define the fields. These conflicts suggest a more revolutionary

approach to unification.

In the following subsection, we will put the issue of unification aside and give an overview
of the achievements of QFT in the realm of particle physics together with their shortcomings.
Even though its fundamental concepts are intrinsically incompatible with the spirit of GR, QFT
provides an extremely accurate description of physics at short distances, i.e. on atomic and
subatomic scales. The predictions of GR, on the other hand, are most reliable at macroscopic
scales. In fact, gravity has hardly been tested at lengths below 10~ m because of its comparative
weakness to the other forces, although precision experiments have been recently proposed [15]
to mend this shortcoming. Therefore, most of the physical phenomena clearly fall into the
validity range of either GR or QFT. However, inevitable clashes of the two frameworks occur
in situations with both high energies and strong gravitational fields, such as black holes or the
initial Big Bang singularity. Their understanding holds out for a unified description in terms

of quantum gravity.

1.1.3 The Standard Model of particle physics

Our present understanding of fundamental particles and their interactions is encompassed by
the Standard Model of particle physics (SM) |16,/17,/18[19]. It is formulated in the language of a
gauged quantum field theory, i.e. the fundamental interactions are introduced through the non-
abelian gauge symmetry SU(3)¢c x SU(2)r x U(1)y and mediated through the corresponding
vector bosons. Three generations of two leptons and quarks each constitute its fermionic matter
content, interacting through the strong, weak and electromagnetic force. The quantized theories
of strong and electromagnetic interactions are referred to as quantum chromodynamics (QCD)

and quantum electrodynamics (QED), respectively.

Theoretical predictions of the SM have been accurately matched with experimental obser-
vations down to length scales of 1071 m (or equivalently up to energy scales of 100 GeV). As
the most famous example for its astonishing precision, let us mention the anomalous magnetic
moment of the muon where measurements agree with precision calculations [20] to more than
10 significant digits. The predicted masses of the W+ and Z° boson as well as the existence of

a third matter generation have been experimentally verified in the late 20th century.

Gauge invariance requires a dynamical mechanism for mass generation, this is accomplished
by the postulated Higgs particle — the only Lorentz scalar of the SM. Being a doublet of
the SU(2), factor group, the Higgs breaks the SM gauge group down to SU(3)c x U(1)gm
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by acquiring a vacuum expectation value (VEV) at low energies, this mechanism is called
electroweak symmetry breaking [21}2223]. The Higgs VEV provides dynamical masses to both
the matter fermions through Yukawa interactions and to three gauge bosons W#*- and Z° of
the broken symmetry SU(2), x U(1)y (while keeping the photon associated with the preserved

U(1)gm symmetry massless).

Only the Higgs can have an explicit mass My compatible with the SM gauge group. Its
value is bounded from below by LEP experiments and from above by inconsistencies with elec-
troweak symmetry breaking. Within the window 114 GeV < Myz < 1.4 TeV, indirect theoretical
predictions favor a mass well below the Tevatron exclusion rangle of 158 GeV to 175 GeV, most

preferably around 120 GeV [24].

The SM Lagrangian contains as many as 26 unrestricted parameters (including neutrino
masses, -mixing and -phase) which must be inferred from experimental observation — a rather
unsatisfactory amount of manual input from the theoretical point of view. The fermion masses
(or equivalently their Yukawa couplings to the Higgs) vary from 1eV for the electron neutrino
up to 170 GeV for the top quark. This hierarchy over ten orders of magnitude appears rather

unnatural and seems to point out our lack of deeper understanding.

An even more severe hierarchy problem concerns the mass of the Higgs particle |25]26,127]:
The natural scale for quantum corrections to its mass is the cutoff where the SM loses its
validity. According to the previous subsection, this most naturally happens when effects of
quantum gravity kick in, i.e. at the Planck scale My = /he/G = 1.22 - 10" GeV/c?. (Grand
Unified theories modifying the SM at energies higher than Mgyt ~ 10'® GeV do not significantly
change this hierarchy.) Accommodating these radiative corrections with the electroweak scale
~ 100 GeV suggested by experiments requires an unnatural fine tuning in 30 digits of the bare
mass. S0 the question to ask is why the Higgs mass differs from the Planck mass by 17 orders

of magnitude or why the weak interaction is ironically about 10%* times stronger than gravity.

An even more embarrasing shortcoming of the SM is its misprediction of the cosmological
constants by roughly 120 orders of magnitude [28]. The observed accelerated expansion for the
universe (due to high precision measurements of distant supernovae and the cosmic microwave
background) deviates from a naive QFT computation based on a cutoff at the Plack mass
~ 102 GeV by the truly astronomical factor of 10'2°. This reflects the need to incorporate

quantum gravity effects into the SM.

Explaining the accelerated expansion as well as observed galactic rotational curves within

the framework of GR requires two additional forms of energy — dark matter and dark energy.
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Both of them are not explained by the SM. Cosmological measurements suggest that dark
matter and dark energy make up about 73 % and 23 % of today’s universe, respectively. Being

applicable to less than 5 % of the universe’s energy content relativizes the success of the SM.

To conclude the criticism of the SM, it does not offer any satisfactory explanation for the
general structure of its ingredients. Why is the gauge group SU(3)c x SU(2)w x U(1)y?
Why do four interactions and three families of fermions exist? Why are 26 parameters left for
experimental fixing without any theoretical understanding of these values? Finally, why is the

flat background spacetime four dimensional?

1.1.4 Supersymmetry

Some of the aforementioned problems can be addressed by a new kind of symmetry relating
bosons with fermions — supersymmetry (SUSY) [29,30,31]. It adds anticommuting generators
to the Poincaré algebra [32] and thereby evades the Coleman Mandula no-go theorem [33] from
1967. Viable extensions to the SM can be built on the basis of SUSY, the simplest of which is
called the minimally supersymmetric Standard Model (MSSM) [34].

Unfortunately, the SM does not contain any bose-fermi pair which can be aligned into one
SUSY multiplet, so SUSY roughly speaking doubles the particle content. The great virtue
of these extra particles is a partial cancellations of bosonic against fermionic contributions
to loop corrections of SM observables, in particular, the aforementioned mismatch about the

cosmological constant is softened from 10'%° to 10%.

However, one prediction of unbroken SUSY is a common mass for all members of its multi-
plets. The SUSY partners to the SM particles would have been observed long ago if SUSY was
an exact symmetry at experimentally accessible scales. The non-observation of SUSY partners
implies that SUSY must be broken at some energy scale which has not been probed by any ac-
celerator yet. If this SUSY breaking scale is sufficiently low, say in the TeV range, it tames the
ultraviolet (UV) divergences from loop diagrams and stays compatible with the non-observation
of SUSY. In particular, SUSY offers an appealing solution to the hierarchy problem if broken
at the TeV scale because it stabilizes the Higgs mass against radiative corrections and avoids

its blowup to the Planck scale.

On the other hand, one has to admit that no natural SUSY breaking mechanism far below
the Planck (or GUT-) scale is known. Ad-hoc mechanisms have been considered such as soft
SUSY breaking |35] which generically add relevant operators (whose coefficients have a positive

mass dimension) to the MSSM Lagrangian and decouple the origin of supersymmetry breaking
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from its phenomenological consequences. Unfortunately, this introduces a variety of new unfixed
input parameters in addition to the 26 of the non-supersymmetric SM. The stabilization of the
Higgs mass through SUSY induced cancellations in radiative corrections trades the original
hierarchy problem My < M, for a new problem of low-energy SUSY breaking. Recent data
from the Large Hadron Collider (LHC) at CERN exclude SUSY partners of SM particles up to
masses of ~ 800 GeV within representative models of soft SUSY breaking.

Another important feature of TOESs is nicely addressed by SUSY — gauge group unification.
The SM has separate coupling constants for each factor of the gauge group SU(3)¢ x SU(2), X
U(1)y. They evolve with the energy scale according to renormalization group equations, and it
turns out that (only) in presence of SUSY, they perfectly meet at some high scale unification
scale Mqut ~ 109 GeV. This hints that the SM gauge group in fact originates from a larger
group such as SU(5) [36] or SO(10) [37]. However, the construction of such a grand unified
theory (GUT) suffers from the need to suppress proton decay (which becomes a serious threat

since quarks and leptons end up in the same representation of the GUT gauge group).

If the number N of spinorial super-Poincaré generators is bigger than one, SUSY is said
to be extended. Only the simplest N' = 1 SUSY can keep the fermion spectrum chiral as we
observe it in the SM, so extended A/ > 1 SUSY at low energies is phenomenologically ruled out.
Nevertheless, maximally supersymmetric theories are a fruitful laboratory for formal progress

in QFT as we will explain in the next section on scattering amplitudes.

Also the graviton, the spin two messanger particle of gravity, can be aligned into a SUSY
multiplet, it is then accompanied by N spin 3/2 gravitinos. Gravity is inevitable once SUSY is
promoted to a local symmetry, these theories are called supergravity (SUGRA). The maximally
supersymmetric ' = 8 SUGRA still has the potential to be UV finite to all loop orders
[38,139,140] because various divergences suggested by naive power counting have been shown to

cancel.

1.2 Overview of string theory

One of the most promising attempts to address the aforementioned conceptual and practical
problems of the SM is string theory. We have to admit that “string theory” as such is not
fully formulated yet, in particular not in a background independent or non-perturbative man-
ner. Nevertheless, a lot of features are necessarily incorporated, irrespective of what its final
formulation might be. Most prominently, string theory inevitably includes the graviton and

reduces to Einstein’s theory at low energies. Moreover, it naturally encompasses Super Yang
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Mills (SYM) theory (the supersymmetric generalization of SM gauge theories) in its low energy
limit, and even complex chiral representations of fermions can be realized like they are observed
in the matter sector of the SM. Finally, the mathematical consistency of string theories with
fermions requires spacetime supersymmetry. Knowledge of these general properties turns out
to be sufficient to compute scattering amplitudes and to extract their physical implications.

Doing so is the main purpose of this work.

There are many nice textbooks on string theory available on the market. The classics
are 41142/ 43|44 45|, and modern topics are covered in recent textbooks [46}47,48]. Moreover,

[ learned a lot from the brilliant lecture notes [49].

1.2.1 Why string theory?

All the aforementioned features of string theory follow from simple geometrical ideas. The
time evolution of a one dimensional string sweeps out a two dimensional surface in spacetime,
a so-called worldsheet. It can be thought of as the higher dimensional generalization of the
point particle’s worldline. Canonical quantization gives rise to a quantum field theory on the
worldsheet which turns out to be exactly solvable because of the underlying infinite dimensional
(super-)conformal symmetry. The lowest energy excitations of viable string theories have zero
mass and shall ultimately be identified with SM particles, the graviton or their SUSY partners.

In addition, strings can vibrate in an infinite tower of heavy excited modes.

We will make extensive use of the powerful properties of conformal field theory (CFT)
throughout this work. On the basis of CF'T methods, it is not difficult to see that string theory
predicts the dimensionality of spacetime it lives in|I| — quite in contrast to the god-given four

spacetime dimensions of the SM.

As an additional benefit of string theory compared to the SM, it involves no other input
parameter than the length scale lging Of stringﬂ (in contrast to the 26 parameters of the SM).
A natural first guess for lg,ing would be a value close to the Planck length ¢, = \/hG/c3, but

this is by no means necessary and we will introduce alternative scenarios within this work. At

!There also exist so-called noncritical string theories in a modified number of spacetime dimensons which
require a nontrivial linear profile for the dilaton field, a scalar analogue of the graviton. But they violate Lorentz

invariance and do not appear to be suitable candidates for a quantum theory of gravity
20ne might be tempted to argue that the string coupling constant gs governing the perturbative approach

should also be counted as a fundamental input parameter. In subsection [5.1.2] we identify it with the VEV of
a background field, the so-called dilaton. Therefore, g5 parametrizes different backgrounds of one fixed theory

rather than a family of string theories.
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distances far above fying (or at energies well below the string mass scale), the point particle is

still an accurate approximation.

Strings can be either closed or open. The massless excitations in the former topology contain
the graviton whereas the lowest open string vibration modes have the properties of gauge bosons
of SYM theory. Since open strings can always join to form a closed one, gravity is a conditio
sine qua non in string theory. One could also think about higher dimensional generalization of
strings and try to quantize membranes. But it turns out that the string being a one dimensional
object is singled out is two respects: Firstly, only the two dimensional string worldsheet gives
rise to an infinite dimensional symmetry group and thereby to an exactly solvable worldvolume
QFT. Secondly, membrane theories (with > 3 dimensional worldvolumes) are physically not
viable because their quantization yields a continuous spectrum of vibration modes in contrast

to the discrete mass gaps between the string excitations.

To summarize this first pleading in favour of string theory — the distinguished role of one
dimensional strings as fundamental objects lies in the fact that a QFT on their two dimensional
worldvolume is not only exactly solvable but also gives rise to spacetime physics that appears
to be compatible with observation: Gravity due to exchange of massless spin two messengers

and gauge interactions due to gauge bosons of spin one.

1.2.2 History of string theory

String theory was firstly considered in the late 1960s in the context of the strong nuclear force
— the myriad of observed hadrons could be neatly explained as specific oscillator modes of
one dimensional objects, in particular the linear relation M? = j/a’ between the spin j of
hadrons and mass square M? naturally follows from a stringy description [43]. The constant
o' ~ 1(GeV)™? became known as the Regge slope and gave reliable masses up to hadron spins

j=11/2.

However, string theory was temporarily discarded because it contains a massless spin two
particle. This is clearly unwanted in a theory of hadrons, so string theory was pushed aside by
QCD in the early 1970’s. After several years of hibernation, the spin two excitation was iden-
tified with the graviton, and string theory turned out to be better suited for a more ambitious
challenge, to serve as a theory of quantum gravity. With its goal of unifying QFT and GR,
string theory brought the research communities of these subjects together which had developed

almost independently till the late 1980’s.

In a first superstring revolution in 1984, string theory in ten spacetime dimensions with
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worldsheet SUSY was shown to be free of quantum anomalies by M. Green and J. Schwarz [50].
Purely bosonic string theory was plagued by a tachyonic state in both the open and closed
string sector violating causality and indicating an instability of the vacuum. The virtues of
superstring theories established in the early 1980’s lie in the absence of tachyons (due to the
so-called GSO projection [51]) and their capability to describe fermions which constitute the
majority of observed SM particles. In particular, the elimination of the tachyon makes a well-
defined field theory limit possible, in which open superstring theory turns out to reproduce
SYM theories. Five consistent superstring Theories could be identified in the 1980’s — so-called
heterotic g x Eg, heterotic SO(32), type I, type IIA and type IIB. The massless closed string
spectrum of the latter two boil down to the (two possible) N' = 1 supergravity theories in

D = 10 dimensions.

A second superstring revolution was triggered in 1995 by the discovery of nonperturbative
dualities due to E. Witten relating the five seemingly different theories. A web of dualities
provides convincing evidence for the uniqueness of an underlying theory called M theory [52].
In addition to the ten dimensions of superstring theories, an extra spatial dimension emerges
in the spacetime of M theory at strong coupling, and its low energy limit corresponds to the
(unique) N = 1 supergravity theory in eleven dimensions. It would be desirable to improve our
currently poor understanding of M theory because it is expected to provide a nonperturbative

perspective on quantum gravity and gauge theory [53].

A string duality of particular importance is the SL(2, Z) self-duality of type IIB superstrings.
In 1996, it was noticed by C. Vafa that this is precisely the modular group of a two dimensional
torus whose modular parameter corresponds to the VEV of a complex field [54]. The elliptic
fibration of this torus over the ten dimensional base spacetime yields a twelve dimensional
variety, and the theory living on this is called F theory. It allows for a technically more accessible
treatment of nonperturbative aspects and was recognized in 2008 as a suitable framework for

GUTs with exceptional gauge groups [55].

1.2.3 Extra dimensions and D branes

The ten spacetime dimensions predicted by the CFT on the superstring worldsheet appear
questionable in view of the four dimensions we experience in our environment, both in macro-
scopic and in microscopic experiments. The idea of “invisible” extra dimensions goes back to
Kaluza and Klein in the 1920s [56],57]. They derived the four dimensional Maxwell theory of

electromagnetism by compactifying five dimensional GR on a circle.

String theory offers two mechanisms to explain the non-observation of six extra dimensions.
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Firstly, they are guaranteed to evade detection if they are compact with spatial extent below
the experimentally resolvable length scale (i.e. 107'®m for present days colliders). Secondly,
the endpoints of open strings whose massless modes are supposed to reproduce the full non-
gravitational SM physics can be confined to lower dimensional regions of spacetime. Then
only gravity from the closed string sector can feel the full ten dimensions through a much
stronger suppression of the gravitational force with distance than in four dimensions [58]. Since
gravitational effects are only tested down to coarse scales of about 107°m, this scenario imposes

less severe constraints on the size of internal spaces.

A consistent treatment of open strings requires boundary conditions for their endpoints of
either Dirichlet- or Neumann type. Dirichlet conditions with respect to 9 — p of the spatial
dimensions restrict open string endpoints to p + 1 dimensional subsets of spacetime which
are called Dp branes [59]. They are not quantized as fundamental objects but can rather be
thought of nonperturbative excitations with their own dynamics. The simplest explanation
why we experience four spacetime dimensions is because we are confined to live on a D3 brane
embedded in possibly higher dimensional spacetime. The carefully measured low energy physics
from the open string sector feels four dimensional physics while only the gravitational sector
due to closed strings (which has been experimenally probed down to 1075 m only) can probe the
extra dimensions. Dimensions transverse to the brane are invisible to electromagnetic, weak

and strong interactions.

Interpolating scenarios with Dp branes of dimensionality 3 < p < 9 are more realistic. The
p+1 dimensional brane worldvolume contains the four macroscopic dimensions and additionally
wraps cycles of compact small internal dimensions of size below the experimental limit of
10~ m. Topological properties of the internal manifold and the Dp brane configuration therein
determine the particle content and the amount of supersymmetry from the four dimensional
point of view. It turns out that the naive compactification on a six-torus preserves N' = 4
spacetime supersymmetry in D = 4 dimensions and can be ruled out because the observed chiral
matter spectrum is compatible with ' < 1 SUSY only. This phenomenological requirement
favors Calabi Yau manifolds for the internal geometry [60] together with further ingredients
such as orientifolds [61]. String theory establishes a surprising connection between topologically
different Calabi Yau manifolds called mirror symmetry [62]. It is an excellent example for cross

fertilization between phenomenology, string theory and mathematics.

However, generic compactifications introduce numerous massless scalars in four dimensions
leading to non-acceptable phenomenology. A successful mechanism for generating a scalar

potential and thereby rendering them massive is to turn on background fluxes [63]. Because
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of the quantized nature of these fluxes, admissible string vacua are discretized and can in
principle be counted, a commonly quoted estimate of their total number being 10°%° [64]. Hence,
phenomenological constraints are far too weak to determine the string vacua. The failure of
string theory to select a unique vacuum which explains the observed SM physics is referred to
as the landscape problem. The majority of results in this work remains valid for a huge class

of such vacua and thereby evades the landscape problem.

At least, the landscape of string vacua contains scalar potentials which solve the cosmological
constant problem: The minimum value of the potential determines the vacuum energy or
cosmological constant. In contrast to the SM and MSSM, string theory can accomplish the

observed small and positive value for the latter |65,66].

1.2.4 The AdS/CFT correspondence

A milestone in the implications of string theory for gauge theories is the AdS/CFT correspon-
dence [67,/68,/69] which provides an example of emergent spacetime through the holographic
principle, see [70}/71] for reviews. According to this correspondence, the maximally supersym-
metric SYM theory is dual to a theory of quantum gravity on Anti-de Sitter space AdSs, a
five dimensional spacetime of constant negative curvature. In this context, the energy scale on
the four dimensional SYM side is related to the size of the radial direction of AdSs, which is

therefore referred to as the “holographic” direction.

To understand this correspondence from a string theory point of view, we have to connect
two different viewpoints on a collection of NV coincident D3 branes in type IIB theory. Firstly,
they appear as source terms in the stringy generalization of Einstein’s equations and produce
a spacetime with horizon, comparable to a black hole. In the vicinity of this horizon, the
geometry can be approximated by AdS5 x S5. On the other hand, the open strings attached to
N coincident D3 branes in type IIB give rise to N/ =4 SYM theory with gauge group SU(N)

due to their massless excitations.

The AdS/CFT duality connects the strong coupling regime of one side with the weak cou-
pling sector of the other side. Understanding the weakly coupled SYM theory in four dimensions
provides insights into the stringy regime of quantum gravity in AdS spacetime. Conversely,
weakly coupled strings in AdS; x S; make the strong coupling regime of the gauge theory

accessible [72] which conceals itself from perturbative methods.

Moreover, the AdS/CFT correspondence sheds light on a duality between Wilson loops with

lightlike segments and scattering amplitudes involving massless states [72,73]. This builds the
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bridge to the main topic of this work — scattering amplitudes in superstring theory.

1.3 Scattering Amplitudes

Scattering amplitudes are perhaps the most basic quantities computed in any QFT, and string
amplitudes are in fact older than string theory itself [74.[75]. In 1968, G. Veneziano constructed a
“dual” four point scattering amplitude with particular crossing symmetries in order to describe
hadron scattering. It was motivated by the fact that the high energy behavior of dual models
is much softer than that of any field theory, and hadrons were observed to exhibit such a soft
high energy behavior. Veneziano’s amplitude turned out to emerge from strings, exhibiting the
fingerprints of an infinite tower of vibration modes. The generalization of dual models to higher

number of legs can be found in [76].

In this work with focus on scattering amplitudes, we take a bit more the particle physicist’s
point of view on superstring theory. This rephrases the question about high energy physics

into that of short distance physics, the length scale being set by the fundamental string length

14 string-

In the following, we will sketch the structure of superstring scattering amplitudes and give a
taste of the beautiful underlying physical and mathematical structures. The interplay between
string theory and point particle QFT can be best illustrated by maximally supersymmetric
Yang Mills theory, but there is also strong motivation within string theory to get a handle on

its S matrix, as we will explain.

1.3.1 Generalities about superstring amplitudes

Scattering amplitude in perturbative QFT are built from summing Feynman diagrams. The
perturbative expansion of string theory sums over different worldsheet topologies. Remarkably,
there is just one worldsheet contributing to individual orders of perturbation theory in contrast
to plethora of Feynman diagram at higher number of legs or loops, see the following figure [1.2]

Each Feynman diagram evaluated separately is more complicated than the complete ampli-
tude, in particular it obscures various kinds of symmetries (e.g. gauge invariance and cyclicity)
present in the final answer. Hence, a big advantage of string perturbation theory is absence of
these artifacts from the beginning. Moreover, interactions in string theory are uniquely deter-
mined by the free worldsheet theory, without the need to specify Feynman rules by a spacetime

action. Finally, the joining and splitting of the worldsheet in string scattering does not single
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M

= + + ten others

Figure 1.2: At each loop order, a single string worldsheet encompasses several Feynman dia-

grams.

out an interaction point in spacetime. This keeps string amplitudes free of short distance- or

UV divergences.

As we shall see in this work, the leading order of perturbation theory for open string am-
plitudes still poses serious challenges. All the research results shown are limited to tree level
scattering of open strings, the worldsheet of this process having the topology of a disk. We
shall convince ourselves that superstring disk scattering of massless states such as gauge bosons
reduces to gluon amplitudes of YM theory in the low energy limit, obtained from Feynman di-

agrams or more modern methods.

1.3.2 The harmony of scattering amplitudes

During the last years, remarkable progress has been accumulated in our understanding and in
our ability to compute scattering amplitudes, both for theoretical and phenomenological pur-
poses, see [77,78,[79] for a recent account. Striking relations have emerged and simple structures
have been discovered leading to a beautiful harmony between seemingly different structures and
aspects of gauge and gravity scattering amplitudes [80] which are invisible in a Lagrangian de-
scription. As an example, we mention the duality between color and kinematics, which exhibits
a new structure in gauge theory [81]. This property allows to rearrange the kinematical factors
in the amplitude such that its final form becomes rather simple. Moreover, recently it has been
shown [82] that the duality between color and kinematics allows to essentially interchange their
roles in the full color decomposition of the amplitude. Many of the nice properties encountered

in gauge theory amplitudes take over to graviton scattering.

The properties of scattering amplitudes in both gauge and gravity theories suggest a deeper
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understanding from string theory, see [39,40] for a recent review. The color decomposition
of gauge theory amplitudes comes almost as a definition from string theory, it isolates the
contribution of group theoretic factors and cuts the amplitude into smaller gauge invariant
pieces with neat symmetry properties. In fact, many striking field theory relations such as Bern
Carrasco Johansson (BCJ) or Kawai Lewellen Tye (KLT') relations can be easily derived from
and understood in string theory by tracing these identities back to the monodromy properties
of the string worldsheet [83,84,185]. We shall demonstrate in this work that the complete
result for n point open superstring disk amplitudes for massless states displays properties and
symmetries inherent in field theory and reveals structures relevant to field theory. Moreover,
we find a beautiful harmony of the string amplitudes with strong interrelations between field

theory and string theory.

One of the most important goals in computing amplitudes is to cast their final result into
compact and short form. This is achieved by grouping the various ingredients like kinematics
and worldsheet integrals into packages. Eventually, it is desirable to express the final result in

terms of a minimal basis of both integrals and kinematics.

The computation of scattering amplitudes is a fascinating research area, both in field theory
and in superstring theory. On the one hand, it is an experimental science in the sense that
facing new classes of unknown amplitudes first of all requires to obtain the result by any means
necessary before one can analyze its structure. On the other hand, experience with amplitudes
teaches that simplifications do not happen by accident. So the second part of the research work
lies in understanding why the result (which was possibly obtained by “brute force”) looks like it
does and in which ways it simplifies. The interplay of these two steps has led to many examples
where the classification of a scattering problem developed from “impossible” to “difficult” to

“trivial” [86].

1.3.3 Superstring theory, N' =4 SYM and QCD

Let us take a closer look at the particular field theory to which maximally supersymmetric open
superstring theory reduces in the low energy limit and upon dimensional reduction from ten
to four dimensions: N = 4 SYM [87]. This field theory was discovered 35 years ago [88] and
identified as the four dimensional QFT of highest supersymmetry whose particle content does
not exceed spin one. As a gauge theory, N' =4 SYM is a relative of QCD — either a brother or

a remote uncle of nth degree, depending on which kind of physicist is asked.

One special feature of N' = 4 SYM in four dimensions is superconformal invariance — its beta

function turns out to vanish to all loop orders [89]. As a consequence, the theory is UV finite in
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perturbation theory [90,91,92], in agreement with the properties of the underlying string the-
oryﬂ Moreover, the planar limit of N'= 4 SYM enjoys a dual superconformal symmetry acting
non-locally on scattering amplitudes which is invisible on the level of the Lagrangian [94]. It
can be understood from the AdS/CFT correspondence [95]. Together with the aforementioned
superconformal invariance, the symmetry of ' = 4 SYM is enhanced to the infinite dimensional
Yangian [96], the closure of the superconformal algebra and its dual under (anti-)commutators.
Because of its rich symmetries, N = 4 SYM appears to be the first solvable QFT, at least in the
planar limit. Since last year, the all loop integrand of scattering amplitudes in planar N' = 4
SYM is known [97], so the only task missing to its complete solution is to get a systematic

handle on the integrals over loop momenta.

The simplicity of the recent results in planar N' = 4 SYM rests on the fact that they do not
make reference to spacetime and unitarity [98/99]. The traditional Feynman diagram approach
to scattering amplitudes in QFT obscures the simplicity of the answer because it insists on
manifest locality and unitarity. There is nothing wrong in talking about local physics without
using manifest locality, this is analogous to deriving Newton’s deterministic law by minimizing
the action for a point particle in a potential. The virtue of the (not manifestly deterministic)
principle of least action is its much closer affinity to quantum mechanics, i.e. that it easily
emerges as the A — 0 limit of the latter. Similarly, presenting the S matrix of local field
theories without manifest locality promises to be helpful for the search of a theory of quantum
gravity where the role of locality is questionable. In particular, string theory encompassing an

inifinite tower of higher derivative interactions in spacetime fields exhibits non-local properties.

These findings and developments manifest the strong interrelation between maximally su-
persymmetric superstring theory and its A" = 4 field theory limit, in particular on the level of
amplitudes. Firstly, the field theory’s rich symmetries (on which its solution will heavily rely)
can be understood from the underlying string theory. Secondly, starting from the superstring
computation to all orders in the string length (gine, one can learn a lot about more compact and
useful representations of the corresponding field theory amplitudes emerging in the low energy
limit {gtring — 0. In the near future, loop computations in string theory might provide fruitful
inspiration for the loop integral technology in N' = 4 SYM. Thirdly, novel string computations
can be validated by the consistency requirement to reproduce the known SYM amplitude in
the field theory limit. Finally, by the AdS/CFT correspondence, solving N =4 SYM provides

information on quantum gravity in AdS space.

More realistic QFTs such as QCD certainly involve additional complications compared to

3It turns out that the beta function still vanishes nonperturbatively, but this is harder to prove |93].
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N = 4 SYM, but the systematic study of their S matrix definitely profits from the methods
used for its supersymmetric brother and lessons drawn from the latter, see e.g. [100] for all tree
level amplitudes in massless QCD. Also, most of the string amplitudes discussed in this work
are still valid in absence of supersymmetry. Our n gluon disk amplitudes hold independent on
the compacitification geometry and reduce to gluon scattering in QCD as lging — 0. And we

will argue that also chiral matter can be addressed by superstring theory.

1.3.4 Why superstring amplitudes?

In addition to the aforementioned tight connections between superstring theory and its field
theory limit, there is strong intrinsic motivation to study scattering amplitudes for a deeper

understanding of superstring theory and its implications.

String scattering can be phenomenologically relevant in case of a low string mass scale in the
range of a few TeV/c? [1,|101]. As we will argue later on, this is possible if spacetime extends
into large extra dimensions [58]. Superstring theory predicts universal resonances in quark-
and gluon collisions as they take place at LH(] Disk amplitudes involving mostly gluons are
completely insensitive to the compactification model. If the string scale falls into the energy
range accessible at LHC, then the stringy signal in four parton cross sections due to exchange
of higher spin Regge resonances should deviate from the SM background by the peak shown
in figure [102]. So far, string resonances have been excluded by the CMS experiment up to
1.67 TeV [103].

Disk amplitudes involving at least four quarks, on the other hand, carry signatures of the low
energy dynamics of various compactification geometries. If the model independent peak shown
in figure is indeed observed, then the next step to carry out is a precision measurement of

the internal geometric data on these grounds.

According to [104], multileg processes play a much more dominant role at LHC than at
other accelerators due to the high energies available. Decay cascades of SUSY particles are
quite likely to result in emission of more than three hadron jets. A careful disentanglement of
SUSY- or string signatures from SM backgrounds requires to take scattering amplitudes with
many external states into account, on the level of both field- and string theory. The five point
superstring amplitudes underlying three jet processes are computed in [1], they allow for a
better identification of the spin of the internal states than two jet processes due to their higher

angular resolution.

4The QCD sector of the SM can be realized in superstring theory by an intersecting D brane configuration.
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Figure 1.3: Differential cross sections for dijet events in four parton scattering, plotted versus
the center of mass energy. The peaked curves show the result of a disk amplitudes involving

quarks and gluons in weakly coupled string theory, assuming a string energy scale of 2 TeV.

Apart from their phenomenological motivation, superstring amplitudes allow to test vari-
ous aspects of duality symmetries relating different string vacua |105]. References [106}(107]
for instance address the strong-weak coupling duality between type I and heterotic SO(32)
superstring theory conjectured in [108}|109]: Higher genus amplitudes on the heterotic side are

related to F?" interactions of the gauge field strength F in type 1.

There are plenty of additional benefits from mastering superstring amplitudes. For instance,
string theory and its interactions furnish a fruitful laboratory to learn about higher spin gauge
theory [110,/111]. We will further elucidate this at various points within the main body of this
work. Also, one can use superstring amplitudes (in particular their higher order corrections in
the string length) as a generating machine for SUSY invariants. Five- and six loop counterterms
for supergravity theories have recently been ruled out on the basis of a low energy expansion
of graviton scattering amplitudes in superstring theory [112]. Instead of perpetuating this list
with further application of superstring amplitudes, let us turn to the content and novelties of

this thesis.

1.4 Achievements in this thesis

The results discussed in this thesis are derived from the broad topic of scattering amplitudes

in superstring theory. More specifically, phenomenological aspects of a low string scale [1}2],
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the conformal field theory arising in the RNS superstring [3.4,5], higher spin scattering |6] and

scattering amplitudes in the pure spinor formalism [7,/8,19,/10,/11] are investigated in detail.

The main result of this thesis is to cast the color ordered n point disk amplitude of the open

superstring into the following striking, simple and compact form

AL2,...n=1ma) = Y AM12,3,,... . (n—2),n—1n)F (/) (141)
oESn_3

with i, = o(i) and S,,_3 denoting the group of permutations in (2,3,...,n — 2). The building
blocks ASYM represent (n — 3)! color ordered super Yang Mills (SYM) subamplitudes, while
F7(a’) are generalized Euler integrals encoding the full dependence of the string amplitude on
the Regge slope o/ (i.e. the squares string length or the inverse string tension). Its structure
and implications are thoroughly explained in section and in [11]. The way to this result
was paved by previous work [7,8,/9] on superstring- and field theory amplitudes in the pure

spinor formalism.

Older work [1,12] focuses on phenomenological aspects of a low string scale. The former
article extends string theory’s universal prediction on four parton scattering at LHC to the five
point level. We compute the full fledged cross sections for five point disk scattering of quarks
and gluons and discuss model independent features of multi-parton processes in chapter 8| The
latter paper which is summarized in chapter [0 identifies the universal four dimensional particle
content of stringy Regge excitations on the first mass level. Excited string states are expected
to be produced at the LHC as soon as the string mass threshold is reached in the center of
mass energies of the colliding partons. This is why we evaluate amplitudes involving one such
massive state and up to three massless ones and express them in a helicity basis. In both cases,
the results are cast into a form suitable for the implementation of stringy partonic cross sections

in the LHC data analysis.

Three of my publications [3.,|4,/5] are devoted to the old problem that the RNS superstring
is only superficially based on a free worldsheet theory, since fermion emission involves subtle
ingredients, so-called spin fields. Bosonization techniques make it possible to compute their
correlators, but this breaks Lorentz symmetry and requires a precise translation of the results
obtained in bosonized language into covariant expressions. This is what we accomplished to
do in a variety of cases which appear in fermion amplitudes but have not been systematically
addressed in the literature before, see chapter [6] In particular, these results prove to be an
essential toolkit in computing the aforementioned multi parton scattering processes relevant at

LHC.
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In another paper [6], I focus on the leading Regge trajectory in open superstring theories, i.e.
on highest spin states at mass level n with spin s = n+ 1 for bosons and s = n—i—% for fermions.
It extends the computation of their three point vertices which have already been known for
bosonic strings to superstring theory. In addition, four point decay amplitudes of leading Regge
trajectory states into partons are computed, providing a higher spin generalization of [2|. For
these reasons, these results are also included into chapter [J] on scattering of massive states.
Work in progress aims to extract lessons on the field theory of massless higher spin fields [113]

and on generating function techniques which govern their scattering amplitudes.

Finally, T started to work with the pure spinor approach to superstring amplitudes when
the state of the art in computing tree level scattering of the gauge multiplet with pure spinor
methods was at five point level. In [7], we compute the six point disk amplitudes and get a
glimpse of the underlying BRST structures. These patterns are generalized to higher numbers
of legs which determines the n point field theory amplitude on the basis of BRST cohomology
arguments [8]. The n point superstring computation allows for an explicit construction of so-
called BCJ numerators in gauge theories |9] which manifest the duality between kinematic and
color factors. It was an outstanding problem among field theorists to find better representations
for these kinematic building blocks, so string theory serves as a convenient tool here. The end
result of my pure spinor projects is [10] with its compact expression for the n point open

superstring disk amplitude. The whole discussion on the pure spinor formalism can be found

in chapters [10] to [13]

1.5 Outline

This work is divided into three parts. The first one aims to summarize basic ingredients of
the RNS superstring, in particular the CFT machinery necessary for the computation of the
scattering amplitudes in the subsequent parts. Chapter |2 introduces the decoupling CFT
sectors of worldsheet matter fields X™, 9™, S, and ghosts b, ¢, 3,~ and sketches the special
features of open strings compared to closed ones. The second chapter explains the general
rules for constructing the supersymmetric open string spectrum and gives a more detailed
account on three examples: massless states, the first mass level and the so-called “leading Regge
trajectory” encompassing the highest spin states of each mass level. In the third chapter, we
adjust the ten dimensional RNS formalism to D = 4 compactifications. After briefly addressing
low string scale extensions to the Standard Model, we look at the SCFT implementation of

compactifications with variable amount of spacetime supersymmetry and the intersecting D
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branes. Particular attention is paid to the adjoint and chiral particle content at mass levels

zero and one.

The second part [[I]is devoted to disk amplitudes in connection with RNS methods. Chapter
thoroughly introduces open superstring tree level amplitudes and points out the parallel
structures governing superstring- and field theory amplitudes. The following two chapters [6]
and [7| then focus on the two main challenges posed by the prescription for disk amplitudes: The
former covers correlation functions in the interacting CFT involving the NS fermions and spin
fields which constitute a bottleneck for computing scattering amplitudes involving spacetime
fermions. The latter discusses the properties and mathematical background of the worldsheet
integrals arising in tree amplitudes. Explicit results on disk scattering appear in the last
two chapters of the second part: Scattering amplitudes involving massless particles (mainly
members of the SYM vector multiplet and quarks) are the topic of chapter , and massive
states are included in chapter [0 — both the first mass level in D = 4 dimensions and the leading

Regge trajectory.

The step to the last part is a hair pin bend because we switch to a new approach to
the worldsheet degrees of freedom of the superstring — the pure spinor formalism. The basic
prerequisites for computing disk amplitudes of the massless gauge multiplet are provided in
chapter (10, Then, chapter [11] develops methods to determine field theory amplitudes in pure
spinor superspace from BRST cohomology arguments rather than by direct computation of
the superstring result and its low energy limit. The orthogonal strategy is followed in chapter
where the complete string computation is carried out for the n point disk amplitude of
the SYM multiplet, resulting in the main result . We will explain the rich structure of
and harmony within this equation in section As a byproduct of the n point superstring
computation, we get a prescription to explicitly compute kinematic numerator factors for gauge
theory amplitudes in the low energy limit which satisfy Jacobi identities dual to color factors.

This procedure together with explicit examples up to seven point level can be found in the last

chapter [13]

The main body is followed by several appendices. In the first appendix [A] we will explain
our conventions concerning indices and spinor algebra. Appendix [B] aims to give a lightning
introduction into superconformal field theory. The third appendix [C| provides the background
on spinor helicity variables. In four dimensional spacetime, they prove useful to simplify kine-
matic factors of amplitudes involving states of spin > 1. Appendix contains supplementing
material on hypergeometric worldsheet integrals. Our computations in pure spinor superspace

give rise to specific kinematic packages — so-called BRST building blocks and Berends Giele
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currents. Their explicit definition involves lengthy expressions at higher rank, some examples
are gathered in appendix [E] Finally, appendix [F] lists the BCJ numerator for seven point tree

amplitudes in gauge theories.



Part 1

Basics of the open RNS superstring
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Chapter 2

The RNS worldsheet CFT's

As explained in the introduction, the speciality of string theory lies in the emergence of D = 10
dimensional spacetime physics from a two dimensional quantum field theory on the worldsheet.
The worldsheet theory is governed by the infinite dimensional superconformal symmetry group
(which can be understood as a residual gauge symmetry) leading to exact solvability. In this
chapter, we want to introduce the degrees of freedom in the superconformal field theory (SCFT)
on the worldsheet describing superstrings propagating in flat Minkowski spacetime. It turns
out to split into several decoupled CF'Ts which can be roughly classified as a matter- and ghost

sector.

In the RNS approach to superstring theory, the spacetime coordinates X™ describing the
string’s embedding into spacetime are accompanied by Grassmann odd partners ™ under
worldsheet supersymmetry (a subset of superconformal transformations). The (X™,¢™) are
referred to as the matter degrees of freedom on the worldsheet, they carry a (spacetime) vector

index m=0,1,...,D — 1.

The major drawback of the RNS approach to superstring theory lies in the lack of manifest
spacetime supersymmetry. The realization of spacetime fermions in the worldsheet SCFT looks
completely different from spacetime bosons at first glance. Even though the CFT technique of
bosonization makes this gap a bit smaller (see section , it does not achieve manifest N’ = 1
spacetime supersymmetry. In D = 10 dimensions, this has only been accomplished by the pure
spinor formalism, an alternative approach to the superstring which will be introduced in the

later part [[T1} It is based on different worldsheet variables compared to the RNS formalism.

The appearence of the residual superconformal gauge symmetry signalizes a redundancy in
our description. One way to handle this is a direct elimination of the unphysical degrees of

freedom using the so-called light cone gauge on the expense of full spacetime Lorentz symmetry.
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We will follow another route throughout part |l and [[I] of this work which is compatible with
Lorentz invariance in all steps of computations: In section , ghost fields {b,c, 3,7} are
introduced on the worldsheet with a meaning of “negative” degrees of freedom. This will
become more transparent from the definition of a BRST charge (due to Becchi-Rouet-Stora-

Tyutin) whose cohomology selects the physical spectrum.

The first sections are adapted to the closed string where the worldsheet is periodic in its
spatial direction. This effectively doubles all the worldsheet degrees of freedom as we shall
explain. The last section introduces open strings, their boundary conditions and the SCFT

description of their worldsheet.

2.1 Matter fields

The string coordinates X™ are viewed as functions on the worldsheet which describe its em-
bedding into spacetime. The spatial extent of the string is parametrized by a coordinate o,
and each string segment sweeps out a worldline with proper time 7 = 0°. The o' coordinate
1 =

is periodic o o' + 27 for closed strings and restricted to the interval o' € (0,7) for open

strings, see the following figure [2.1

0

1
~ 0
/\_/)0.1

Figure 2.1: Worldsheets of closed and open strings

2.1.1 The bosonic worldsheet action

The embedding coordinates X™ describing the string’s propagation in flat Minkowski spacetime
are among the most important actors in the worldsheet SCFT. A first promising attempt to
describe their dynamics is applying the principle of least action to the worldsheet surface — the

natural generalization of the Lagrangian description of the point particle where the worldline
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length is taken as an action. In this approach, the equations of motion for the X™ are extracted
from minimizing the so-called Nambu Goto action]

oxX™ oxm
SNG[X] = =T d20' \ — det s Yab = W W Nmn - (211)

It measures the worldsheet area by means of the induced metric 7,;, metric on the worldsheet.

The prefactor T' can be interpreted as the string tension which is related to the famous Regge

1

slope parameter o’ by T' = 5.

Unfortunately, the canonical quantization procedure is extremely hard to apply to an action
with square root dependence on the fields. (The only hope to quantize such an action rests on
light cone gauge on the expense of Lorentz symmetry.) This suggests to employ another action
for the X™ equivalent to , the so-called Polyakov action. It introduces a worldsheet

metric hgy, as an a priori independent field:
T
S[X,h] = ) /d20 V= det h h® 0, X™ 0, X" Nhinn (2.1.2)

This action first of all describes D worldsheet scalar fields X™ coupled to the two dimensional
metric hy,. Equations of motion for the latter imply that h,, is proportional to the induced

metric Yoy = 0, X0, X, from (2.1.1)),

5S[X, h] 2 2%ab
Shab 0 frap hed 9,Xm 0, X, 0u X" O X hed 9,Xm 9, X, (2.1.3)

Remarkably, this proportionality constant 2/(h“0.X™03X,,) between hqy ~ 74 drops out of
the equations of motion for X™,

3S[X, h]

X = 0 = 0,(V—dethh®9,X™) = 0,(v/— dety7™*HX™) = 0 (2.1.4)

since v/— det h scales inversely to A% in two dimensions. This proves that the Polyakov action
(2.1.2) gives rise to the same X™ dynamics as the initial surface action (2.1.1). In the next

subsection, we will examine further features of h,, apart from avoiding the square root.

2.1.2 Gauge fixing the action

The Polyakov action (2.1.2) is the more promising starting point to quantize the worldsheet
theory of the string’s embedding coordinates X™ in Minkowski spacetime. An essential role is

played by the action’s symmetries which allow to gauge away the local hy, degrees of freedom:

'The conventions for worldsheet- and spacetime indices are gathered in appendix
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e Two dimensional diffeomorphisms: the action is written in completely reparametrization
invariant manner. Under infinitesimal coordinate changes 0% +— % = ¢® — n%(0), the

worldsheet fields h,, and X™ transform asE|

577hab = vanb + vbna, 577Xm = naaaXm . (216)

e Weyl invariance: in addition to coordinate changes, the Polyakov action is invariant under
local rescaling hgy — €2?@h,, of the metric, so-called Weyl transformations. We have
already used Weyl invariance of the X™ equations of motions in (2.1.4). Infinitesimally,
Weyl rescalings affect the worldsheet fields as

Sohay = 20hg .  6,X™ = 0. (2.1.7)

Note that Weyl transformations should not be thought of as coordinate changes because

the X™ are scalars under dg.

To summarize the symmetry analysis — using the three worldsheet functions n%(o) and ¢(o),
one can locally gauge away all the degrees of freedom in the worldsheet metric h,;, and fix it to

a Minkowski configuration 7,, := diag(—1, +1). This choice is referred to as
conformal gauge: he(o0) = Nap - (2.1.8)

Worldsheets of nonzero genus give rise to global obstructions against conformal gauge. These

are briefly addressed in the later subsection [5.1.3]

2.1.3 Residual gauge transformations

To identify the residual gauge symmetry which preserves the gauge choice (2.1.8)), we should
emphasize again that the gauge parameters are three functions n%=%2, ¢ of both worldsheet

! Functions of only one variable form a subset of measure zero, and it

coordinates ¢° and o
turns out that one can find a family of such reparametrizations which remain a symmetry after

fixing conformal gauge.

At this moment, it makes sense to trade the Minkowski signature on the worldsheet for an

Euclidean one for the sake of simplicity and elegance. We define Euclidean coordinates (o', 0?)

2The covariant derivative V, strictly speaking involves the two dimensional Christoffel symbols

1
Vamy = O0ay — w0 = Oamp — 3 he (Duhpa + Ophaa — Oahab) Ne - (2.1.5)
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and their complex combinations (z, Z) by

(c',0%) = (o',i0"), z = o' — io?, z = o' + io”. (2.1.9)

If the o', 02 are real, then z and z are related by complex conjugation z = z* but we shall think
of them as independent coordinates in the following. Since the two dimensional line element
factorizes in these complex coordinates, ds* = dz dz = n,,dz® dab, (anti-)holomorphic functions

of z (or Z respectively) rescale the metric by an overall prefactor

z = f(z2) = Nw — d];(zz) Ny =: Of(2) Nap (2.1.10)
dag(z _
P ) = o - D, = g,

given by the holomorphic or antiholomorphic derivative 0 := %((‘91 +idy), 0 := %(81 —1i0y) acting
on f or g, respectively. These kinds of h,, transformation can be undone by a compensating
Weyl transformation (say e 2* = 9f), so the (anti-)holomorphic maps keep the metric in a
configuration equivalent to hq, = 74 In two dimensions, the residual gauge symmetry z — f(2)

and Z — g(z) coincides with the infinite dimensional group of conformal transformations.

Given the gauge fixing (2.1.8)) and the choice of complex coordinates (2.1.9)), the Polyakov

action now takes the form
T _

and describes a conformally invariant field theory. Due to the equations of motion 90X™ = 0,
the first derivatives 9X™(z) (9X™(Z)) are purely holomorphic (antiholomorphic). As a conse-
quence, the embedding coordinates decompose into a sum of holomorphic and antiholomorphic
parts:

20X™ = 0 = X"(2,2) = X2 + XF(2) (2.1.12)

In other words, any string excitation decomposes into a left- and right mover X (z), Xg(2),

depending on one of o! £ ¢° only.

2.1.4 Adding worldsheet supersymmetry

The supersymmetric generalization of the reparametrization invariant Polyakov action
must involve two different worldsheet fermions — firstly the partner U™ of the embedding
coordinates X and secondly a gravitino y, pairing up with hy, and gauging the local super-
symmetry. The corresponding two dimensional Dirac gamma matrices are denoted by y* and

the two dimensional spinors require a Dirac conjugate ¥,,, := WI 4% The full worldsheet action

1 2 _
SIX.Why] = o /d% V= deth { - A 9, X™ 0y Xy + 20" A"V, 0,
Y5
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/2 1
+ (Xa’}/b’ya \Ilm) ( aame + Zle\Ijm>} (2.1.13)

is invariant under local supersymmetry transformations with parameter €(o) which for instance

affects the metric and the gravitino as dchay ~ € Xp) and dcXa ~ V€.

The bosonic gauge fixing described in the previous subsection has supersymmetric
analogues. One can first of all use diffeomorphisms and local supersymmetry to bring (hap, xc)
into the form (e?14,7.() and then decouple the conformal factor e?* and the worldsheet
spinor ¢ by means of super-Weyl transformations. The action is thereby reduced to
the following gauge fixed version, written in complex coordinates

_ 1 92 _ _ o
S[X, Y] = o /d2z {—/ oX"oX,, + Yv" oY, + wmawm} . (2.1.14)
s Q@
Note that we picked the Majorana Weyl basis for the Dirac spinor where its components read
The residual gauge invariance now extends to superconformal transformations. Among the
general diffeomorphisms 7(z, Z) and local supersymmetry transformations €(z, z), one can still

apply the purely holomorphic or antiholomorphic subsets 7(z),e(z) and 7(2), €(Z) of measure

zero and compensate the metric- and gravtitino variation by means of super-Weyl symmetry.

From the fermionic equations of motion O™ = 9™ = 0, we see that the Dirac spinor
¥ has one holomorphic component t(z) and an antiholomorphic one 1(2). This mimics the

(anti-)holomorphicity of X™ (9X™) in the bosonic sector.

2.1.5 Path integrals and two point functions

We will now apply path integral methods to the quadratic action (2.1.14]) in order to define
correlation functions and compute propagators for the free fields X™ and ¢™. The correlator

(...)s2 of some local operators inserted at ... is defined byf]
1 - . _ _
(.. )g = = /DXWW Sl Z = /DXszDq/}eS[X»W (2.1.15)

with the standard normalization through the inverse partition function Z. We will use various
SCFT methods in later chapters to compute a large class of correlators. For the moment, we

restrict out attention to the two point functions or propagators (¢;(z, 2)¢;(w, w))g2.

3The closed string tree level worldsheet has the topology of the Riemann sphere S? = C U {oo}, so we add
an extra g2 subscript whenever a closed string correlation function appears. We will most of the time look at
disk correlators on open string worldsheets, that is why (...) without specification refers to the disk topology

by default.
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The Dyson-Schwinger equation (¢;(z, 2) S /6¢;(w, ©)) g2 = §76%(z — w, Z — ) gives rise to
differential equations for the propagators of X™ and 1™, 1™ which are solved by the following

expressiong}

(X7 (2, 5) X"(w,0) g = —%/nm” |z —wf®, (i0X™(2)i0X"(w))s — %
(p"(2) " (w) )2 = 0, (P™(Z) " (w) )2 = 0 (2.1.17)
(W (W))e = S (6D P"(@))s =

This can be directly translated into the following leading OPE singularities, see appendix

for a detailed account of OPE techniques:

OX™(2)iX"(w, @) ~ % b, ()Y (W) ~ Z”imw oL (21.18)
DX™(2) X" (w, @) ~ % oL ) @) ~ ;:n; +

These are the essential SCF'T data sufficient for computing any tree level correlation function

among the (X™, ™, ™) fields — see appendix and chapter @

2.1.6 The superconformal algebra

According to the standard methods of quantum field theory (QFT), we can compute the energy
momentum tensor and the supercurrent for the (X™, 4™, ¢™) system by varying the action
(2.1.13) with respect to the metric and the gravitino. As required for a conformal theory, the
energy momentum tensor is traceless on classical level, n?T,;, = 0 which translates into T,; = 0
in the complex basis. Moreover, the conservation law 0°T,;, = 0 makes sure that the surviving
two components T := T,, and T := Ts; are holomorphic and antiholomorphic respectively.
Explicitly, we have

T() = -+ :i0Xu(2)idX"(z) : +

«

DOV (2) Y™ (2) - (2.1.19)

N | —

If a theory is superconformal (in addition to supersymmetric), then its supercurrent G, has a
vanishing gamma trace, v*G, = 0 (where the spinor index of G, is understood to be contracted
with ). This is the fermionic analogue of tracelessness n%T,;, = 0. Hence, only two out of four

G, components are nonzero which can be separated into a holomorphic and an antiholomorphic

4An important tool in this computation is the Green’s function of the 90 operator

20|z —w|* = 4wé%*(z —w,z — W) . (2.1.16)
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one G, = (G(z),O) and G5 = (O,G(?)) in the Majorana Weyl spinor basis. In terms of X™

and ¢, the holomorphic supercurrent reads

1
G(z) = — 1 i0X,(2)Y™(2) : . 2.1.20
(©) = Zo ¢ 0Xn(2)U"() (2:1.20
The normal ordering colons : ... : subtract mutual contractions of the encompassed operators

such that one point functions vanish, (T'(z)) = 0. Their presence is essential for applying
Wick’s theorem to the OPE between composite fields such as (T, G) and the elementary ones
(0X™,¢™). For ease of notation, we will omit the colons for the rest of the thesis. They shall

be thought of implicitly present whenever several operators are inserted at the same point.

The OPEs ([2.1.18)) imply that

T(2)ioxm(w) ~ XMW iXTw)

(z —w)? z—w
T(2) ™ (w) ~ (52¢jfuu;2 + 8??;” + o (2.1.21)

G(2)i0X™(w) ~ \/% [(%ijg; N %Zw_mfuw)} .
G i) ~ 2 22

Z—w

Analogous OPEs hold between the antiholomorphic fields 0X™, 1™, T and G whereas 0X™ and

Y™ are nonsingular with respect to T and G.

By comparison with equation (B.2.17)), we can identify (z/ﬂ”, \/ %i@X m) as a superconformal

primary superfield with conformal weights h = % for ™ and h = 1 for :0X™. It is certainly no
surprise that :0X™ transforms like a unit weight primary 0, X" = %—‘j 10, X ™ under change of

coordinates z — w(z), but the h = % property of ¢™ is less intuitive to see.

Apart from the conformal weights of the primary fields, there is another important number
to characterize a representation of the superconformal algebra, namely the central charge c.
It can be read off from the T'(z)T(w)- and G(z)G(w) OPEs. By computing all the possible
contractions of 7" and GG, we exactly reproduce the algebra with

central charge of the (0X™,¢v™) CFT: ¢ = ; D (2.1.22)

proportional to the number D of spacetime dimensions.
In superstring theory, the analysis can be taken over literally to the right moving or anti-
holomorphic counterparts 0X™, ™, T and C_} It yields right moving weights h = (%, 1) for

(™, 0X™) and central charge ¢ = 32,

5The situation in different in heterotic string theories [114L]115,/116] where one chiral half of X™ probes 16

additional dimensions.
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In this section, we have seen that the embedding string coordinates X™ can be described
by a worldsheet SCF'T with fermionic partners ¥™. The superconformal symmetry is a resid-
ual gauge symmetry which ultimately leads to a decoupling of the negative norm states in
its quantum Hilbert space, see chapter The representations of the superconformal alge-

bra are characterized by conformal weights h = (%7 1) for the primary fields (¢™,0X™) and

3D

central charge ¢ = %7. The antiholomorphic counterparts 0X™ and 9™ furnish a decoupled

antiholomorphic copy.

2.2 Spin fields and bosonization

Worldsheet fermions ¢™ live on the double cover of the complex plane, i.e. they are defined
up to a sign only. Therefore, their boundary conditions under translation o! + o' 4 27 of the
closed string can be either periodic or antiperiodicﬂ The states associated with antiperiodic
(periodic) boundary conditions are said to fall into the Neveu Schwarz sector (Ramond sector)
— in short, the NS- and R sectors, see appendix for more information from the SCF'T

point of view.

This section introduces spin fields [117,/118], conformal primaries which interpolate between
the NS- and R sectors. Their basic properties are extracted from the fermions’ mode expansion,
and their interplay with the )™ can be understood by means of the bosonization technique [119].
The whole discussion only takes holomorphic fields into account, the antiholomorphic copy

which is present for closed strings follows exactly the same rules.

2.2.1 NS versus R sector

According to the discussion in appendix the mapping from the cylinder (parametrized by
o' —io?) to the complex plane (with coordinate z = "' gives rise to the following Laurent

mode expansion:

7+ 1 : NS sector
Y(z) = Y e re 2 (2.2.23)
7 : R sector

T

NS sector states are created by acting with half odd integer modes y™. with r € N — % on

the vacuum. The R sector, on the other hand, is built from integer modes ¥™. with r € Nj.

21

Obviously, the periodicity properties of ¢ under z +— e“™z on the plane are opposite to their

6Lorentz invariance forces to pick a uniform sign in the boundary conditions for all the ¢)™ with m = 0,1, ...,9
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behaviour under o' + ¢! + 27 on the cylinder:

+¢™(z) : NS sector

m( 27T —
v —¢™(z) : R sector

(2.2.24)

In order to arrive at the algebra (B.2.29)) for the energy momentum modes with the correct

central extension, we have to shift the Ly generator of the Ramond sector by 1%, i.e. one has

9 Z T Un e Y : NS sector
1
b = o D . (2.2.25)
5 Z Ty Ynge + 6 dmo : R sector
reZ

Hence, lowest energy states of the R sector |A)g (where the label A is made precise in the
next subsection) without any ¢™,__; oscillators already have an Ly eigenvalue of 126. This must
be the conformal dimension a primary field S4 which generates R ground states from the NS
vacuum vial’l

01Sp(z) 22 . Sy = 2. (2.2.26)

|A)g = lim Sa(2)|0)ns , 16

z—0

Bl = lim

ZH—=00

r st

This saturates a general bound on the conformal weight h of Ramond ground states |h)gr in

arbitrary SCFTs: Requiring unitarity yields

D
0 < r(hGoGolh)r = <2h . %) ) = h > & = 2 (2227

according to the {G,, G} anticommutation relation in (B.2.29).

2.2.2 Spin fields as SO(1,9) spinors and covariant OPEs

A peculiar feature of the R sector is the existence of zero modes 1§*. The commutator [Lg, 1] =
—r" implies that the 1" do not change the conformal weight of R states, so they simply
m

reshuffle the Ramond ground states |A)r (and likewise the descendant states obtained by ¢/

action on |A)g). In fact, the zero modes furnish a representation of the Clifford algebra,

(v, g}t = g™ —— {I™, I} = —29™. (2.2.28)

Therefore, we can identify the ¢)J* with the 2°/2 x 2P/2 gamma matrices I'™ and conclude that
both the ground states |[A)g and their descendants o)™} ...¢™" |[A)g form Dirac spinors of the

Lorentz group in D dimensions.

"The origin of the zP/8 factor in the r(B]| state is explained in appendix m
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Given that ™ (S4) fall into vector (spinor) representations of SO(1, D — 1), it must be
possible to express all their OPEs in manifestly covariant form in terms of Clebsch Gordan
coefficients n™*, (') 4& and Cap of the Lorentz group. Appendix lists our conventions for
Dirac gamma matrices [ and the charge conjugation matrix C. Let us construct covariant

OPEs step by step:

e The two point function of spin fields is determined by Poincaré covariance and h(S4) = %:

(Sa(:) Salw)) = 2 (2:2.29)

This reflects a leading singularity Cag(z — w)~?/% in the Sa(z)Sp(w) OPE.

e The algebras (2.2.28)) imply that the expectation value of 7' between asymptotic R

ground states yields the corresponding matrix element of the product I'™C,

r(A|Yg" |B)r = %(FmC)AB = %(Fm)ADCDB. (2.2.30)

The left hand side can be evaluated as a three point function which is determined by

(B.1.8) in terms of the coefficient C™ 4® in ¢™(2)Sa(w) ~ (z — w)~2C™ 4B Sp(w) +

R(AJYE|Byr = lim lim ns(0] 2% Sa(21) 25" ™ (25) Sp(0) |0)xs

z1—00 z0—0
D/8 1 2
z / / Cm

= 1 _ m D
N z}l—r>noo,zlglr—>n0 ZD/S 1/2 1/2 1/2 = C"4"Cpp (2.2.31)

Comparison with (2.2.30)) identifies the desired OPE coeffieient as C™ 48 = L (I'™) 4P

=%

e Now that the complete three point function (Y™ (z1)Sa(22)Sp(z3)) = % is

%12 #13 *23
available, we can examine its zo — 23 limit. The 255 factor implies that the OPE

S4(2)Sp(w) contains the subleading singularity (z — w)?/8~V2(I"™C) Apthy /V/2.

1/2-D/8

These findings are summarized as follows:

I S
V2 (2 —w)l/2

CaB (I'™C) ap Y (w)
Sa(z) Sp(w) ~ (z — w)Dr8 \/5(2 _Aw)D/Sl/Z

P (2) Sa(w) (T™) 4% Sp(w) + ... (2.2.32)

(2.2.33)

The branch cut singularity in the ™ (z)Sa(w) OPE ties in with the role of S, transforming NS
sector into R states and therefore flipping the periodicity of 4. But the successive singularities
(z—w)~P/® and (z —w)~P/51/2 in (2.2.33) differing by half a z — w power only do not fit into

the general SCFT framework. This problem can be solved by decomposing the Dirac spinors
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S, into left- and right handed irreducibles S, and S®. Since gamma matrices are block off-

diagonal in their chiral decomposition, '™ 45 = (;,ja 5 V‘gﬁ' , each combination of (S,(z), S%(z))
£.2.33)

and (Sg(w),SB (w)) only keeps one of the terms in In D = 10 dimensions where

_( 0 c.f
CAB_ <Caﬁ 0 )7

. C.p
So(2) SP(w) ~ P + ... (2.2.34)
Su(2) Spw) (0" g Yim(®0) (2.2.35)

V2 (2 — w)3/4

The overall physical state correlators (encompassing all decoupling CFT sectors) must not

+1/2 _+1/4 . .
i / ) 24 /* on worldsheet coordinates. Since the

leading singularities in ([2.2.34)) and ([2.2.35|) differ in their z — w power by 1/2; a projection to

one chiral half of the R ground states is necessary to avoid branch cuts. Details will follow in

section [3.1.7 on GSO projection.

involve any fractional power dependence z

2.2.3 Bosonization of worldsheet fermions

It is possible to map the interacting RNS CFT of the ¢™, S, fields to a free CFT of chiral
bosons. Lorentz covariance gets obscured under this bosonization process but one can restore
it later on by expressing correlation functions in terms of SO(1,9) tensors. These covariantizing

methods are explained in the later chapter [6]

Two fermions ¥"=12(z) subject to ¢'(2)¢? (w) ~ §“ /(z —w) give rise to a CFT, equivalent to
that of a free chiral boson H (z) with singular behaviour H(z)H (w) ~ — In(z—w). The complex

combinations 1*(z) := \%(1/11(2) + i1)*(z)) have the same local properties as the exponentials

+iH(z

e ) due to the following singularity structur

oiPH(2) GigH(w) (z — w)" pilpta)H(w) (2.2.36)

Hence, their tree level correlation functions are guaranteed to match. The equivalence can

+inH(z)

easily be extended to all local operators such as e with n € N. Moreover, the boson’s

derivative can be expressed as a (normal ordered) fermion bilinear, i0H (z) = ¥ (2)¢~ (2).

Let us now apply this construction to the D = 10 component vector )™ of fermions.
Bosonization requires a grouping into pairs which breaks the SO(1,9) symmetry to a SU(5)

subgroup. Then one can check equivalence to a CFT of five chiral bosons H® and H*=1234

mn

P (W) ~ e L e Hi(z)Hi(w) ~ —67 In(z—w) + ... (2.2.37)

Z—Ww

8A careful derivation of this OPE can be found in appendix
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where exponentials of H are identified with the Cartan Weyl basis elements of the ten v’s

—_

W) = 2 (00G) + ') = e (2.2.38)

¢ii(z) (in(Z) 4+ Z~¢2i+1(z)) = e:l:iHi(z)'

S-S

In view of a unified presentation of bosonized ¥™ and S4, it makes sense to introduce five
component lattice vectors of D5 = SO(1,9) here. In slight abuse of notation, we will identify
the vector index m with unit vectors (0,...,0,%1,0,...,0) whose nonzero entry sits at the j’th
position (where j = 0,1,...,4). Then, the fermions in their Cartan Weyl basis can be written
as follows,

W= e oy = gl (2.2.39)

We should admit that our discussion neglects Jordan-Wigner cocycle factors [120,121]. These

are additional algebraic objects accompanying the exponentials to ensure that e=*#’ and e**##"”’
associated with different bosons anticommute. We drop cocycle factors to simplify the notation,
it suffices to remember that they are implicitly present and that the bosonized representation

of )™ still obey fermi statistics.

2.2.4 Bosonization of spin fields

Spin fields also fit into a bosonized picture. Since their defining role is the introduction of a
branch cut for ¢ = e*H’ they must be built as a combination of exponentials e*27’ to

enforce the leading power of (z — w)P? = (z — w)*'/2 in their OPE ({2.2.36) with ¢*7.

Spinor components of D,, = SO(1,2n—1) can be labelled by their eigenvalues j:% under the
n simultaneously diagonalized Lorentz generators I'7/2 which are most conveniently chosen as
2621 with 4 = 0,...,4 to preserve the SU(5) subgroup of SO(1,9). This suggests to identify
spinor indices with lattice vectors (j:%, i%, i%, i%, j:%) from the spinor conjugacy classes of
Ds5. They have n components with an individual + sign each, and the chiral irreducibles can

be disentangled by counting the number of minus signs:

left handed spinor S,  : A has even number of '—’ signs
S 11y = _ (2.2.40)
‘ right handed spinor S* : A has odd number of '—’ signs
Given this dictionary between spinor indices and lattice vectors, we can make the bosonization

of spin fields more precise: The S4 are be represented as an exponential of a D5 lattice vector

A from a spinor conjugacy class multiplied with the bosons H7:

Sa(z) = eAHE) A = (3,5, £1,£1 £ (2.2.41)
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This is a close parallel to the representation (2.2.39) of the ™ (where again, cocycle factors

are left implicit).

The Cartan Weyl basis has the remarkable advantage that entries of gamma- and charge
conjugation matrices can be written as delta functions for the D, lattice vectors associated
with the vector- and the spinor indices. Up to a complex phase (which could in principle be

determined by keeping track of all the cocycles), one has

(T™)A8 ~ V25(m+ A—B)

Cap ~ O(A+ B) = (["Cap ~ V20(m+A+B)  (2242)

which allows a rederivation of the covariant OPEs (2.2.32)) and (2.2.33)) in bosonized language:

. o S(m+A—-DB) ; :
m — im-H(z) JA-Hw) i(m+A)-H(w)
YY" (2) Sa(w) = e e gB w7 e + ...
(I™)a" [ B-H (w) 1 B
= g — ey = — (T S + ... (2243
- \/i (Z — w)1/2 (§ \/§ (2{ _ w)1/2 ( )A B('LU) ( )

The leading singularity (z — w)~/2

only occurs if the sign of the m entry is opposite to the
corresponding A entry, i.e. if the vector sum m + A does not have a i% entry and corresponds
to another lattice vector B of the spinor conjugacy class. This justifies the occurrence of the
d(m+ A — B) function. The Sa(z)Sp(w) OPE (2.2.34) can be derived by means of a similarly

¢ function trick.

The computation in (2.2.43]) is an example of how Lorentz covariance can be a posteriori
restored in results in the bosonized CFT. In the later chapter [6] this prodecure will be applied
to correlation functions involving ™ and S4. The H? system is a CFT of free bosons, and its

tree level correlators are shown in appendix to obey the simple formula
< H ol H (zk) > _ H Zgz'qz 5 (Z Qk> (2.2.44)
k=1 k<t k=1

in agreement with the singularities (2.2.36)). The simplicity of these correlation functions ex-

hibits the power of free field methods, this is the main motivation for the bosonization technique.

2.3 Ghost fields

We have argued in subsection that conformal transformations are a residual gauge sym-
metry of the Polyakov action ([2.1.2)). More precisely, gauge freedom should rather be thought

of as a redundancy in describing a system which is urgently needed to decouple negative norm
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states. Hence, it should definitely remain at quantum level. A main obstacle in preserving

conformal symmetry in the quantum theory is the Weyl anomaly

Ctot
T.* = — R . 2.3.45
(T.) = (2:3.45)

in terms of the worldsheet Ricci scalar R and the total central charge ci;. For nonzero ¢,
the energy momentum trace 7T,* — which should vanish in conformally invariant theories — can

receive a nonzero shift under Weyl transformations hgp — €2?hg, which modify the worldsheet

Ricci scalar as R +— e 2?(R — 2V,V*®).

In this section, we will carry out a Lorentz covariant gauge fixing along the lines of the
standard Fadeev Popov procedure [122]. This introduces ghost systems which furnish an extra

SCFT with negative central charge cg, = —15 such that the total central charge ciot = c+cgn =

3D

- — 15 vanishes in D = 10 spacetime dimensions. This is one way of determining the critical

dimension D = 10 in which superstrings can propagate consistently. The BRST quantization
of string theory was first accomplished in [123], a broader overview and a more complete list of

references can be found in [124].

The superghosts associated with supersymmetry fixing on the worldsheet give rise to some
subtleties in selecting the appropriate vacuum of the theory. Again, bosonization will play a

key role in simplifying these problems [125,[126}/119].

2.3.1 The b, c ghosts

Let us introduce the first ghost system (b, ¢) on the level of the bosonic string. Before gauge

fixing the worldsheet metric hg, its partition function is given by

1
Zos = — [ DX Dh e SEAL (2.3.46)
VO

in terms of the Polyakov action S[X,h|. The inverse “volume” factor % refers to the fact
that only physically distinct hg(z) configurations not related by diffeomorphisms or Weyl
transformations need to be considered in the Dh integral. According to the Fadeev Popov
procedure, the normalized integration % J Dh can be removed by setting hq, to some gauge
fixed value hg in the Polyakov action (e.g. R = Nap) and inserting a h dependent (but gauge

~

invariant) Fadeev Popov determinant Appl[h]:
Zhos = /DX App [il] o SIXM (2.3.47)

The next step is to compute the Fadeev Popov determinant. Its inverse can be expressed as

an integral over the Lie algebra of the diffeomorphisms and Weyl transformations. Given the
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variations (Zﬁab = Vamp + V1, and 5¢fzab = 2¢iLab of the gauge fixed metric, we express App [iz]

in terms of a ¢ functional”l

1 N
— = [ DoDyd20ha + T + Vin). (2.3.48)
Apol]

Starting from ([2.3.48)), three more steps are necessary to rewrite Agp in terms of a ghost action:

e take the integral representation of the § functional (with integration variable % = ¢(@))

_ Do DnDt exp | 4mi | d%o ht“” hagy + Ve ) 2.3.49
AFPh / ¢ Dn P( / VIR [ ¢ has m ] ( )

e integrate out the Weyl parameter ¢ which enforces ¢ to be traceless t%hg, = 0
/Dn Dt exp <4m/d2 1 [t“b - =t h“”] vanb> (2.3.50)
AFP

e trade the remaining two bosonic integration variables t®, n, for fermions 6%, ¢, in order

to obtain App rather than its inverse; also rescale (b%,c,) to simplify prefactors

1 "
App|h /DcDb exp (4—/d20 \/ 7| bap V“cb> = /DcDb e~Senlbel (2.3 51)
7T

Plugging this back into the partition function,

Zhos = / DX DeDb e~ S-Sl (2.3.52)

1 "
Sulbd = -1 / Lo 1/ |h] by VO (2.3.53)

we find that the (b,c¢) ghosts enter the overall action on the same footing as the dynamical
fields X™. Their role is to cancel the unphysical gauge degrees of freedom without giving up

manifest Lorentz invariance like in the lightcone quantization procedure.

Many simplifications occur in conformal gauge hay = e?*np: The covariant derivatives in
the ghost action (2.3.53)) reduce to ordinary ones, the conformal factor e?? drops out, and the

action factorizes into two free theories of fields (b, c) := (b.., c*) and (b, ¢) := (bsz, c?):
1 [y (o
Salb.d = [ d% (bac + bac) (2.3.54)

This makes use of the tracelessness condition b,; ~ b,* = 0. Equations of motion db = d¢c = 0

and 0b = 0¢ = 0 split the ghost components into holomorphic and antiholomorphic pieces

9This can be view as the infinite dimensional generalization of integrating over an n dimensional § function

[drz 6" (f(z)) = (det(@ifj))fl, composed with some map f: R — R".
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b(z),c(z) and b(z),&(2). Their two point functions and the resulting OPEs can be derived in
the spirit of subsection [2.1.5

b(z) c(w) ~ ! + ..., b(z)b(w) = c(2)c(w) = O(z—w). (2.3.55)

Z—w

The energy momentum tensor follows from h,, variation of the action (2.3.53|) (where trace-

lessness of by, must be implemented by means of Lagrange multipliers)
Tye(z) = 2:0c(2)b(z) : + : c(2)0b(z) : (2.3.56)
which yields the following CFT data for the (b, ¢) system:
h(b) = 2, h(c) = -1, Che = —26 (2.3.57)

This is an elegant way to derive the critical dimension D = 26 of the bosonic string: The total

central charge receives the contribution D from the matter fields X™ and —26 from the ghosts.

2.3.2 The 3,v superghosts

The anticommuting b, ¢ ghosts discussed in the last subsection remove the bosonic gauge re-
dundancy of the worldsheet action. The supersymmetric completion of the Polyakov
action (see subsection additionally enjoys local worldsheet supersymmety and super Weyl
invariance which require fixing of fermionic gauge freedoms. Fixing these unphysical degrees of

freedom therefore introduces a ghost system (3, ) subject to Bose statistics.

We skip the detailed derivation of the (f3,7) action from a Fadeev Popov procedure. It
follows the key ideas from the previous section to perform a path integral over infinitesimal
variations of the worldsheet gravitino and to replace both the gauge parameter and the gauge
field by a ghost variable of opposite statistics. In superconformal gauge, the fermionic Fadeev

Popov determinant gives rise to the superghost action

Swlp.n) = - [ (80y + por). (2.3.58)

Equations of motion 3 = dy = 0 and 93 = 95 = 0 again provide chiral fields 3(z),v(z) and
antichiral ones 3(2),7(Z2). Let us give list of CFT data analogous to the end of the previous

section:
WDBW) ~ ko, BEAW) = A = O)  (2359)
Tons) = —3 2 09(2)B()  — 5+ A()98(2) (2.3.60)
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nE) - ; hy) = —=, ey = +11 (2.3.61)

The total ghost action allows to construct a supercurrent which intertwines the (b, c) system

with its (3, ) cousin,

Gen(z) = : %7(2) b(z) — ¢(2)006(z) — gac(z)ﬁ(z) D (2.3.62)

Members of two ghost systems can be combined into superconformal primary superfields B =

(3,b) and C = (¢,7) of conformal weights h(B) = 2 and h(C) = —1 respectively.

The mode expansions of the h = 3/2 and h = —1/2 superghosts must ensure that the ghost

supercurrent obeys the same boundary conditions as the matter supercurrent:

7 + % : NS sector

(2.3.63)
7 : R sector

5(2) = Z ﬁ?" Z_T_S/Q 9 7(2’() = Z,y’f‘ Z_T_I/Q bl r E

This will be important for the vacuum structure of the ghost sector, see subsection

2.3.3 Ghost background charges

The ghost actions (2.3.54) and ([2.3.58]) possess classical U(1) symmetries generated by the

ghost currents
Joe(z) = —=b(2)c(z), Jer(2) = —PB(2)7(2) (2.3.64)

which associate ghost numbers —1 to (b, ) and +1 to (¢,7). However, these currents do not
transform as conformal primary fields but instead suffer from anomalous cubic singularities in

the OPEs with the corresponding energy momentum tensors:

Tye(2) Gpe(w) ~ (2:1)3 + é”fﬁ; + ajbf(;”) + oo (2.3.65)
Tsr(2) jpn(w) ~ (Zti)g - (j:z(zj))? + 32’51(;0) + (2.3.66)

The (z — w)™? coefficients are interpreted as background charges Q. = —3 and Qg = +2
of the ghost systems which appear directly in the anomalous conservation law 95 = %Q\/ER
for the currents. The anomaly is related to the existence of ghost zero modes, whose number

N, Ny, N, Ng is determined by integrating the anomalous conservation law over the worldsheet:

N, — N, +Qpe(g—1) = 3 — 3¢ (2.3.67)

Ny = Ny = —Qpy(9—1) = 2 -2 (2.3.68)
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The integral over the scalar worldsheet curvature R gives rise to the Euler number y = 2 —2g of

the Riemann surface which we express in terms of the genus g for convenience. More formally,

(2.3.67) and (2.3.68) can be viewed as an application of the Riemann-Roch theorem.

Next, the anomalous OPEs ([2.3.65|) and (2.3.66]) of the energy momentum tensors with their

ghost currents j(z) imply that the zero modes j, have the unusual hermiticity propertylﬂ

= —j - Q (2.3.69)

whereas j! = j_, ¥V n # 0. Let |¢) = O,(0)|0) denote a ghost number ¢ state, i.e. |q) is
generated by an operator O, such that § £2j(2)O,(w) = ¢O,(w) or jolg) = |g). Then its
hermitian conjugate must have ghost number —q — ) by virtue of (2.3.69), i.e.

)t = (—¢—-Ql, (—¢—-Qlg) = 1. (2.3.70)

We will need this to determine the ghost contribution to the NS ground state.

2.3.4 The (b,c) ghost ground state

We have seen in subsection that the NS ground state |0)ns is more fundamental than
lowest energy states |A)g of the R sector in the sense that the latter are created from |0)ng by
action of h = % spin fields S4. Similar phenomena occur in the independent ghost CFTs: The

following subsections determine the ghost sector ground states |1), . and |g)s, such that

O)ns @ [Loe ® lg=—-1)5,,  [A)r @ [Lpe ® |g=—3 (2.3.71)

2/ By

are lowest energy states with respect to the superghost algebra. In other words, they are
annihilated by any “negative frequency” Laurent mode b,,c,, 3.,7, with r > 0 which would
lower the conformal dimension by r units. The rest of the physical superstring spectrum can
then be obtained by acting with positive frequency 0X™- and ™ modes on , details
will be explained in chapter

As a consequence of the (c,7) ghosts’ negative conformal dimensions, both ground states in

(2.3.71]) require some modification of the vacuum state

L,j0) = 0 Vn>-1

(2.3.72)
G 0) = 0 Vr>—3

0) = [O)ns @ |0)pe @ |g=0)gy

using operators from the ghost sectors.

10The construction (B.3.35)) of asymptotic out-states relies on ¢, being a primary field, i.e. the non-primary

nature of the ghost currents is responsible for the deviation from 5 = j_,, at n = 0.

n =
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Let us first of all discuss the vacuum structure of the (b, ¢) system. From the mode expansion
c(z) =3, cpz7 ™t of the h = —1 field, we can see that regularity of ¢(0)|0), . requires ¢, |0). =
0 for n > 2 only, see subsection |B.2.4] There is still one negative frequency mode ¢; which
lowers the energy [Lg,c1] = —c¢; but does not annihilate |0); ., i.e. the latter is not a highest

weight state of the ghost algebra.

Since the mode in question squares to zero, {c1,c;} = 0, we can easily construct a state
Doe = c(0)[0)pe = c1|0)e (2.3.73)

which satisfies the highest weight condition ¢,|1),. = 0V n > 1 and carries conformal dimension
h = —1 with respect to the overall energy momentum tensor 7"+ 73 .. The same is true for its
degenerate partner dc(0)c(0)|0)p. = coc1|0)p, but this one can be ruled out in view of BRST

quantization, see subsection |3.1.2

As a consequence of (2.3.70) at background charge (), . = —3, the hermitian conjugate of

the ghost number one state |1),. has ghost number two,
i, = (al0se)’ = sel0lcice —— pel0lcacoer [0, = 1. (2.3.74)

This property reflects the existence of three ¢ zero modes on genus g = 0 worldsheets which are
in one-to-one correspondence with the three globally defined diffeomorphisms on the Riemann

sphere.

2.3.5 The NS sector superghost ground state

The problem of Ly lowering modes also exists on the (3, ) side: The h = —1/2 mode expansion
v(z) =Y i v,27"F1/2 of the NS sector implies that |0)s. is annihilated by 7, only, i.e.
T 5 =
] /2|O> 3~ 7 0. This is quite fatal because ;2 as a bosonic mode does not square to zero like

1, so it seems as if one could generate states with arbitrarily negative Ly eigenvalue in view of
[Lo, (7172)"] = =5 (12)"

The solution to this problem lies in reexpressing 3(z) and (z) as a product of two fermions

each and then bosonizing one fermion system:

Bz) = e?D(z),  (z) = Fi(z) (2.3.75)

The fields ¢,n and & are defined by having a short distance behaviour which reproduces that

of # and 7, see (2.3.59):

o(z)p(w) ~ —In(z—w) + ..., Dl ()PPt 4 (2.3.76)



2.3. GHOST FIELDS 47

1

Z—Ww

n(z)&(w) ~ + ..., nz)n(w) ~ £(2)&w) ~ O(z—w) + ... (2.3.77)

The decoupled CETs of the chiral boson ¢ and the fermions (n,&) are governed by energy

momentum tensor@
1
Te = —mo&, Ty = —5000¢ — ¢ (2.3.78)

which give rise to conformal weights
2

h(e®) = —% —q, R = 1, k&) = 0. (2.3.79)

Notice that the zero mode of the £ fermion does not enter the ghost algebra, this will be quite
important for the discussion of ghost picture changing in the later subsection |3.1.6|

Given this partial bosonization of 3(z) and v(z), we claim that
g=—Dpy = O o), (2.3.80)

defines a sensible NS superghost ground state. With the OPE ([2.3.76]), it is easy to check that
l¢ = —1) 3, satisfies the essential property v1/2|/¢ = —1)3, = 0 necessary for a lower bound in

the Lg spectrum:

dz _ B dz o
nple=—lsy = ¢o—2 " (2)e Y0 10)5, = 2 () et92) ¢=90) |0y
dz

We have used that 7,>0/0)3,, = 0 and the ellipsis in (2.3.83)) due to subleading OPE sigularities

contains negative frequency modes 7,>; only.

2.3.6 The R sector superghost ground state

The (,7) ghosts have a different periodicity in the R sector such that their z dependence can

n—1/2

be expanded in half odd integer powers z . Hence, the ghost sector of the R ground states

must be created by an operator which opens a branch cut for the (3, ) system. Moreover, this

operator must make sure that the positive frequency mode ~; annihilates the ground state.

Both requirements are met by the h = % state

re _%>m = e 902)0),, . (2.3.82)

" They can be computed from the 3, v energy momentum (2.3.60)) by means of the point splitting method [127].
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The OPEs et¢(®e=¢(0)/2 ~, ;#1/26(£1-3)9(0) give rige to the desired fractional z¥1/2 power, and

the annihilation by ~v; follows from

dz _ _ dz _ -
Wla==1)y = Pam AN DR, = § L () et 0 o),
d
= 7{2—; 2729(2) (22 02 4 ) 0)s, = 0. (2.3.83)
Analogous behaviour can be found for ((z) with 3,50 modes annihilating |q = —%> By One

can interpret e~%/? as a superghost spin field.

The presence of the e=%/2 operator in the R ground state is essential for locality of physical
correlation functions. Mutual OPEs (2.2.34)) and ([2.2.35)) of spin fields involve fractional z —w

powers, independent on their relative chirality. In combination with the superghost spin field

e~?2 the left handed R ground states |a)r ® ‘q = —%>ﬁ7 give rise to local OPEs among
themselves
m N,
So(2) e ?E2 Sp(w) e W2~ u¢m(w) e W 4 (2.3.84)
Z—w

This follows from the overall conformal weight % —1—2 = 1 of the operator S,e~%/2. Right handed
spinors become local with respect to S,e~%/? if their superghost charge gets shifted to SBete/2

or $Pe=39/2_ The significance of these states will become clear in chapter .

2.4 Open strings versus closed strings

So far, the presentation of the superstring’s worldsheet theory was adapted to the setup of

I = ¢! 4+ 27. But this work focuses

closed strings which sweep out a periodic worldsheet in o
on scattering amplitudes involving open string states, that is why this section is devoted to
the characteristic features of open strings and their two endpoints. In our conventions, the

spacelike coordinate ¢! in the parametrization of an open string worldsheet lives in the interval
ol € (0,7), see figure 2.1]

We study the CFT description of these endpoints and briefly introduce the notion of D
branes, a new class of dynamical objects which emerge from the necessity of boundary condi-

tions. Finally, Chan Paton degrees of freedom are introduced which carry the color degrees of

freedom of gauge bosons and other open string states.

2.4.1 Boundary conditions and D branes

In deriving the equations of motion d0X = O = O = 0 from the gauge fixed worldsheet
action (2.1.14)) we have discarded boundary terms when integrating worldsheet derivative by
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parts. This is well justified at the spacelike boundary o? = oo, but the timelike worldsheet
boundaries furnished by the worldlines of the open string endpoints at ¢! = 0 and o! = 7

require some extra care. They give rise to potential boundary terms

sSIX. 0] = o [ a {—éaxmaaxm 25 B + 25¢ma¢m}
T
. 2 _ B 0'1:7'('
+ [ do? {-wxmzalxm + S, — wwm} (2.4.85)
8w o o120

which only vanish if appropriate boundary conditions at o' = 0,7 are imposed. For each

spacetime direction m = 0,1,...,9 of X, there are two consistent choices:
0X™ = 0 : Dirichlet conditions
(2.4.86)
01 X™ = 0 : Neumann conditions

In the Dirichlet case, the endpoints of the string are fixed to constants X™(o! = 0) = a™ and
X™(g! = 1) = b™. Neumann boundary conditions d; X™ (o' = 0,7) = 0 state that there is no

momentum flow through the freely moving endpoints points.

The fermions 1™ and )™ can always be redefined by a relative sign such that ¥ (¢! = 0) =
Y™ (o' = 0) at the first endpoint. Only the sign between ¢ (o' = 1) and Y™ (o' = 7) at the

other endpoint 0! = 7 becomes meaningful:

m) = +¢m(o’
m) = —¢m (ot

ym(o!
Ym(o?

7) : Ramond conditions

(2.4.87)

m) : Neveu Schwarz conditions

The effect of these boundary conditions can be neatly summarized by the so-called doubling
trick: We define a holomorphic field 4™ on the range o' € (0,27) and eliminate the antiholo-
morphic part via ¥™(c!) = ¢¥™ (21 — o). According to (2.4.87), the piecewise defined field
Y™ (o' € (0,2m)) is periodic under o' — o' + 27 for Ramond conditions and antiperiodic for

Neveu Schwarz conditions.

At first glance, one might think that only Neumann boundary conditions for the X™ are
compatible with Poincaré invariance because X™(o! = 0) = @™ would single out spacetime
points a”". The only way to accomodate Dirichlet boundary conditions with Poincaré invariance
is to think of the spacetime regions where open string endpoints are confined as dynamical
objects, i.e. as higher dimensional generalizations of strings. If Dirichlet conditions X™(o! =
0,7) = const are imposed in the spacelike directions m = 1,2, ..., D —p—1, then the endpoints
are confined to a so-called Dp branes. The the D refers to Dirichlet and the specification p
reminds of the brane’s p + 1 dimensional worldvolume. The following figure gives the
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Figure 2.2: Open strings stretching between D8 branes with one transverse direction X°.

example of a D8 brane with one transverse direction X? in ten dimensional spacetime. A D9
brane would be spacetime filling.

D branes are a fruitful area of reasearch for themselves. For good reasons, a full textbook
is devoted to this subject [128], and a pedagogical lightning introduction can be found in [129].
Since theories of gravity do not admit rigid objects, D branes necessarily interact with the
closed string sector and thereby become dynamical in shape and position. They were originally

discovered in [59] as solitonic solutions to supergravity.

We will argue in the later subsection that D branes give rise to gauge symmetries in

spacetime. Section shows a way to realize the Standard model gauge group, for instance.

2.4.2 Boundary CFT

The worldsheet of open strings has the topology of an infinite strip with spatial coordinate
ol € (0, 7). In this parametrization, the endpoints of the open string sit at 0! = 0 and o! = 7.

! — jo? parametrizes a

In contrast to the closed string situation, the complex coordinate z = o
strip with 0 < Re {z} < 7 rather than a cylinder with a periodic direction. Under the conformal
map w = e'*, the strip is mapped to the upper half plane Im {w} > 0, and the worldlines of
the open string endpoints fall onto the real axis Im {w} = 0.

Open strings can be described in the framework of boundary SCF'T: In presence of a bound-
ary at Im {0} = 0, the conformal symmetry group is reduced to those holomorphic maps f(w)

which preserve the real axis, f(R) C R. We will therefore need to introduce new worldsheet

fields X°P, T°P on the open string worldsheet, adjusted to the smaller symmetry algebra.

Since T'(z) and G(z) generate superconformal transformations which are supposed to respect
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Im {z} z=o! —io? Im {w} w = o tio!

Figure 2.3: Mapping the open string worldsheet from the infinite strip to the upper half plane.
In particular, the 0! = 0 (¢! = 7) boundary drawn in red (blue) is mapped to the positive

(negative) real axis.

the boundary, they have to satisfy
T(z) = T(2), Giz) = G(z) VzzeR. (2.4.88)

In the (0!, 0?%) coordinates, this first condition translates into Tj(o! = 0,7) = 0 and therefore

forbids energy momentum flow across the boundary.

The properties ([2.4.88]) are compatible with both Dirichlet- and Neumann boundary condi-
tions for the worldsheet fields X™, 4™ and ™. On the complex plan, they read

OX™(z) = —0X™(z) : Dirichlet conditions

i VzzeR. (2.4.89)
0X™(z) = +0X™(z) : Neumann conditions

Although the conformal fields 0X,,(2), ¥m(2), T(z) and G(z) are restricted to Im {z} > 0, we

can still define open string extensions ¢;" on the full complex plane C:

T(z) : Im{z} >0

T(z) = IXP(2) = 0Xn(z) : Im{z} >0

T(z) : Im{z} <0 +0X,,(2) : Im{z} <0
(2.4.90)

The =+ sign in the definition of 0XoP at Im{z} < 0 is + for Neumann- and — for Dirichlet

boundary conditions. The fermionic counterparts ¥;? and G°? are defined analogously.

The closed string worldsheet SCFT is governed by two energy momentum components 7'

and T in the whole plane. In the open string sector, just one copy 7°P remains in the whole

12Note that the relative sign between 9 and 0 on the plane is opposite than on the cylinder.



52 CHAPTER 2. THE RNS WORLDSHEET CFTS

plane. It contains the same information as both 7" and T in the upper half plane. The analogous
construction for the X™ 1™ fields ensures that open string theories have fewer states than those
of closed strings — on the cylinder, the operators 0X and 0X give rise to different states; on
the strip they give rise to the same state. Generally speaking, states in boundary conformal
field theory are in one-to-one correspondence with local operators defined on the boundary. See

appendix for more information on the state operator map in generic CFTs.

The ¢, are analytic because of the gluing conditions ([2.4.88) and (2.4.89)) on the real axis.

They can therefore be expanded in Laurent modes such as T°(z) = > _, LtPz7""* for the
energy momentum tensor. The integral representation of the modes L¢P involve a contour

integral with two contributions:

d d dz _
LP = 7{ _Z Puas T°P(z) = / —Z Pan T(z) — / —Z s T(z) (2.4.91)
I 27TZ c+ 2777/ c- 271'2

The circle C around the origin splits into semicircles z € C* and z € C~ in the upper half plane

(where T' and T are defined) with ends on the real line R, see figure

Im{z} Im{z} Im{z}

C TP (z) C+ \i(z) 7 T(z)

Re{z} Re {2} Re {2}

Figure 2.4: The contour integral over fields 7°P(z) of the boundary CET involves two integrals

of T(z) and T(Z) over semicircles in the upper half plane.

The same contours contribute to any other charge built from conformal field ¢;". Since this

work focuses on the open string sector, we will drop the °P superscripts from now on.

In the formalism of boundary CFT, D branes can be represented as additional Hilbert
space sectors which can be added consistently to a closed string CF'T rather than in the target
geometric picture [130]. Moreover, the CFT approach leads to D branes without spacetime

localization [131].

2.4.3 The free boson at the boundary

Open string scattering amplitudes require correlation functions of the free scalar fields X™

with Neumann boundary conditions on the real axis. As a starting point, let us compute the
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boundary propagator, starting with the ansatz
(X"(z,2) X"(w,w)) = n™G(z,z;w,w) . (2.4.92)

The Dyson-Schwinger equation together with the Neumann boundary conditions imply that

the worldsheet function G(z, Z; w,w) has to satisfy

0,0,G(z,z,w,w) = —2rad 8 (z—w), (0, — 0.)G(z, Z;w,w) L= 0. (2.4.93)
Z,Z,w,we

This kind of boundary value problem already arises in electrodynamics. The most convenient

way so solve (|2.4.93) makes use of an “image charge” in the lower half plane:
G(z,z;w,w) = —a In|z—w| — a In|z — 0| (2.4.94)

If one argument of the two point function (2.4.92) is real (as it will be the case when open
string states are inserted on the worldsheet boundary), the two terms in ([2.4.94)) coincide:

(iIX™M(zeR)iX"(weR)) = 247" In|z—w| (2.4.95)

The boundary propagator has an extra factor of two compared to the bulk correlator
at real arguments, this is due to the image charge in (2.4.94). If further derivatives with
respect to the real boundary coordinate are taken, we find (i0X™(z € R)i0X"(w € R)) =
2a/n™ (2 — w)~2. Hence, the canonically normalized superconformal primary on the open
string worldsheet is (4™, v/2a/i0X™). The conformal weights h = % and h = 1 are computed
with respect to the following energy momentum tensor and supercurrent:

T(z) = % D 10X™ 10X (2) ¢ (2.4.96)

«

G(z) = 2\/12_0/ D 10X Y (2) (2.4.97)

They are obtained from their closed string cousins (2.1.19)) and (2.1.20) via o/ — 4a/.

2.4.4 Chan Paton charges

Whenever a QFT has distinguished points, it is natural to have additional degrees of freedom
residing at these special points. In the boundary SCF'T on open string worldsheets, it is consis-
tent with both spacetime Poincaré invariance and superconformal symmetry on the worldsheet
to add so-called Chan Paton charges at the endpoints [132]. They do not enter the energy
momentum tensor and therefore have trivial worldsheet dynamics.

Each open string state |®; ;) can have two labels o, ; = 1,2,..., N in addition to

any other Fock space quantum numbers collectively denoted as ®. Such a state |®; ;)
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(07} / Oé?

Figure 2.5: Chan Paton charges «;, o associated with the endpoints of an open string.

decomposes into a complete set of N x N matrices (17%),% via |®;a) = (1), |®P; yarj). The
reality condition for open string Stateﬂ implies that the T are hermitian — in other words,
they are generators of the gauge group U(N). Since the endpoints transform in inequivalent
representations (fundamental and antifundamental) of the gauge group, the open strings must
be oriented™] The state |®; a) transforms in the adjoint representation of the U(N) symmetry of
the Chan Paton degrees of freedom whereas the open string endpoints fall into the fundamental
and antifundamental representation, respectively. One can think of this U(N) as a gauge

symmetry in spacetime.

An unbroken U(N) symmetry appears whenever N D branes coincide in spacetime. Each
endpoint of open strings on this brane stack can be associated with one of N different branes,
so there are N? possibilities in total. When the branes move apart, the symmetry breaks down
to U(1)Y, and vibration modes of open string stretching between different branes acquire a
mass proportional to the separation of the branes. Therefore, D branes naturally provide a

geometric realization of a Higgs mechanism.

13This reality condition follows from the fact that open string states are created by conformal fields living on

the real axis. They are inserted at the origin, the point of infinite past on the worldsheet boundary.
1n type I superstring theories, the worldsheet parity is modded out, i.e. its strings are unoriented. In this

case, the Chan Paton matrices are generators of either SO(N) or USp(N).



Chapter 3

The open superstring spectrum in

D = 10 dimensions

In this chapter, we explain how to build the full superstring spectrum on top of the NS- and
R ground states which were systematically constructed in the previous chapter. First of all,
physical state conditions are formulated and analyzed from the SCF'T point of view in section
B.I] Then, we will apply this to mass levels n = 0 and n = 1 as well as to the bosonic and

fermionic highest spin states of higher mass levels n > 1.

All the way through this work, a major task is the organization of the physical states
into representations of the Poincaré group, i.e. to identify the scalars, vectors, p forms and
higher rank tensors. This chapter focuses on the ten dimensional case, whereas the later
chapter [4] discusses dimensional reduction to the Poincaré group in four spacetime dimensions.
The mass square m? = —k? is the first Poincaré Casimir for which we establish a one-to-one
correspondence to conformal weights very soon. The spin quantum numbers which further
specify the occurring representations are governed by the stabilizer subgroup which leaves the
spacetime momentum invariant, namely SO(D — 2) for massless states (with ¥* = 0) and

SO(D — 1) for massive states in a D dimensional spacetime.

An essential property of superstring theories is their spacetime supersymmetric spectrum.
That is why we will introduce the spacetime SUSY charge in a CFT framework and explicitly

compute its action on massless physical states.

The closed superstring spectrum can be obtained as a double copy of the open string sector.
In other words, the ingredients introduced in this chapter enable to construct closed string
states as a straightforward tensor product. Since we are interested in scattering amplitudes of

open string states only, their closed string relatives won’t be addressed explicitly.

95
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3.1 Physical states

To obtain a mathematically and physically sensible open string spectrum, we need to impose two
selection rules. The former is based on a worldsheet BRST operator and guarantees various
SCFT mechanisms to conspire consistently. The latter is referred to as “GSO projection”
and must be introduced for two reasons: Firstly, it renders RNS correlation functions local
(i.e. it completes fractional z;; powers to integers), and secondly, the projection guarantees a

supersymmetric mass spectrum free of tachyons.

3.1.1 Vertex operators

As explained in appendix [B.3] Hilbert space states in SCFTs are in one-to-one correspondence
to conformal fields. Those fields which create a physical state from its value at infinite past are

called vertex operators V' (z):

phys) = lim V(2) [0) (3.1.1)

The worldsheet theory of open strings is a boundary SCFT, so the vertex operators for open
string states live on the boundary. We will always work in coordinates where it corresponds
to the real axis z € R. According to subsection [2.4.4] open string states carry Chan Paton
degrees of freedom subject to trivial worldsheet dynamics. They decouple from all dynamical
degrees of freedom in constructing the spectrum and computing scattering amplitudes. That
is why we won’t display Chan Paton charges in vertex operators, they can always be thought

of as implicitly accompanying the V' (z) we will introduce in the followings sections.

The action of charges @ = § $27(z) built from conserved currents j(z) on a state |phys)
follows from the singularities in the j(2)V(w) OPE, see e.g. appendix [B.3.1l However, we are
dealing with a boundary SCF'T in the open string sector, see subsection [2.4.2] The definition

of currents j°P and vertex operators VV°P on the full complex plane comes from gluing together

a holomorphic and antiholomorphic half j(z),j(z) and V(2),V(Z) each of which lives on the

upper half plane. Equation gives an example of this doubling trick. The contour

integral involved in the evaluation of Q|phys) strictly speaking splits into two semicircles C*
illustrated in figure (3.1}

bty = f5=revron = ([ sZiavoe - [ iavo)

(3.1.2)

Whenever we make reference to contour integrals and -deformations in later chapters, we

should be aware of their decomposition ([3.1.2)) into C* parts with holomorphic and antiholomor-

phic integrand, respectively. But most of the computations can be performed without detailed
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ct j(2) C- J(2)

Figure 3.1: The boundary CFT treatment of the contour integral involved in @|phys).

knowledge about this, so we won’t display the °P superscripts along with currents j(z) and open

string vertex operators V' (z) in the subsequent.

3.1.2 The BRST operator

In contrast to the lightcone quantization approach, the covariant quantization using (b, ¢, 3, )
ghosts does not explicitly remove the timelike and longitudinal components of the worldsheet
fields X™ and ¢™. It is clear from the lightcone analysis that these components do not con-
tribute to physical states, so we need a mechanism to decouple them and to distinguish between
physical and unphysical states in the covariant approach. This job is done by a nilpotent and

hermitian BRST operator ()grst whose cohomology determines the physical spectrum.

In generic gauge theories quantized by BRST methods, the operator (Qgrst acts like a
fermionic gauge transformation on the matter fields with its gauge parameter replaced by
an anticommuting ghost variable. In addition, ()grsT involves quadratic contributions in the
ghost variables which represent gauge variations of the ghosts and which are needed to achieve
nilpotency Q3rgr = 0. In superstring theory, requiring nilpotency of the BRST operator is one

way of computing the critical dimension D = 10.

In the RNS approach to the superstring, the construction of (Jgrst is based on the obser-

vation that the worldsheet action (after gauge fixing the metric and the gravitino)

1 2 _ _ _ _
Stot = 5 dQZ { — 0X™ a)(m + 1/1m 3¢m + Wn 8wm
8 o

+ 2(bdec + bdc + BOy + Bav)} (3.1.3)

has a symmetry which mixes matter- and ghost degrees of freedom. It is generated by the
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conserved currentl]

. Ty + 1T, G
JBRST = C (T + %) - <G + Tgh) (3.1.4)

where T and G denote the matter contributions to the energy momentum tensor and super-

current whereas Tj, ., T3, Ggn exclusively involve the ghosts, see (2.3.56)), (2.3.60]) and ([2.3.62))
for their explicit expressions. In the open string sector, (2.4.96) and (2.4.97]) give the correct

normalization for the matter fields 7" and G, respectively.

In subsection , we have introduced a bosonized representation for the (3,7)
system, in particular we have associated superghost charges ¢ to the exponentials e®. It is
convenient to split the conserved charge due to the BRST current into terms @); of
different superghost charges 7 = 0,1 and 7 = 2:

Qorsr = o jomsr(s) = Qo + Q1 + Qs (3.15)
Qo = %% (c(T+Tp,) + bcdc) (3.1.6)
Q1 = - %’yG = — %e‘ﬁnG (3.1.7)
Q2 = —i ;—;@,b”yz = —i%%bewnan (3.1.8)

Physical states |phys) must lie in the cohomology of the nilpotent and hermitian BRST operator

for two reasons:

e Since (IprsT generates gauge transformations, physical states must be BRST closed,

@srst [phys) = 0, (3.1.9)
to guarantee their gauge invariance.

e BRST exact states Qprsr|A) (for arbitrary |A)) have zero norm and decouple from BRST

closed states due to hermiticity of Qgrst. Hence, physical states cannot be BRST exact,

Iphys) # Qgrst|A) - (3.1.10)

Given the partition (3.1.5)) of @prst into pieces of different ghost number, physical states |phys)

of uniform ghost number (like the ground states |¢ = —1)5, and |¢ = —3)3, introduced in

subsection [2.3.5| and [2.3.6)) are necessarily annihilated by all of @y, Q1 and @y separately.

1One can add total derivatives such as §%c to the present form (3.1.4) of jprgr to turn it into a h = 1

conformal primary. These additions do not affect Qgrst since total derivatives drop out of contour integrals.
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3.1.3 Conformal weights and integrated vertex operators

Let us take a closer look at the ghost charge zero condition Qo|phys) = 0 and derive the resulting
constraint on the associated vertex operator. According to the discussion in subsection [2.3.4]
the ground state of the (b, ¢) sector is generated by ¢(0), so we can split the vertex operator as
|phys) = ¢(0)V4(0)]0) with V}, denoting a weight h field built from matter fields :0X™, ™ and
(8,7) superghost operators such as e??. It turns out that @y closedness of |phys) implies that
V}, is a conformal primary field of weight h = 1:

0 < Qolphys) — ]{ S (e(T+Ts) + bede)(2)e(0)Vi(0)[0)

_ ?{E (c(0) + z0e(0) + ... (Chv"(o) 4 V) ) 0)

271 22 z

+ }{% (c@c(()) + 28(080)(0) + ) (é + ) Vi (0) 10)

21

= (h—1)0ccV,(0)]0) (3.1.11)

If V}, was non-primary, there would be higher singularities in its OPE with 7'(z), and QyV}(0)]0)
would receive non-cancelling corrections with higher ghost derivatives. We are using the anti-
commuting property ¢(0)c(0) = 0 here. Moreover, the conformal dimension of the primary V},
is determined to be h = 1 as a necessary condition for BRST closure of ¢(0)V;(0)|0)P] In the
subsequent, we will refer to the h = 1 conformal primaries V,,—; which create physical states

from |1), . as vertex operators (rather than to the composite V (z) = ¢(2)Vi(2)).

The ¢ ghost has three zero modes at tree level (and less on higher genus Riemann surfaces)
which are saturated in a three point correlation function. Therefore, correlation functions of
more than three states require a representation of any additional state without further ¢(0)
occurrence. Let us examine the properties of a state V},(0)]|0) without ¢(0) insertion under Qg

action:
Qo Vi(0)[0) = 7!;—; (¢(T+Ts,) + bede)(z) Va(0)]0)
- j{% <c(0) + 20c(0) + ) (th(O) L O ) 10)

271 22 z

= 9(cV4)(0)]0) + (h—1)dcV,(0)]0) . (3.1.12)

At conformal weight i = 1, the state QoV,—1(0)|0) is a total derivative d(cV},)(0)[0). BRST
closedness can be achieved by integrating over insertion points w of Vj,(w). Hence, the following

“integrated vertex operators” give rise to a potentially BRST invariant state,

@ [dwVisw)o) = o. (3.1.13)

2In the operator approach, this fixes the normal ordering ambiguity in Lq.
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The two objects [ dw Vj,(w)]0) and ¢(0)V},(0)[0) can be thought of as two representations of
the same physical state with different (b, ¢) ghost number. The h = 1 primary V}, is obviously
more fundamental than the combination V = ¢V}, which we can view as the ¢ ghost number
one representative of the state. This justifies to focus on Vj, in the following: As mentioned
above, the term “vertex operator” will always refer to V}, rather than V' = ¢V},. We will explore

further BRST restrictions on V}, due to Q1 and ()5 in the later subsection [3.1.5]

3.1.4 The mass shell condition

In this subsection, we show that conformal weight h = 1 of vertex operators V}, determines the
mass square of the physical state |phys) = ¢(0)V},(0)|0). The starting point are the Poincaré
generators P™ for translations and M™" for Lorentz rotations following from the standard

Noether procedurd?}

d 1
Pn = — ¢ —idX,,, M™ = f—z. — iXmioXx" + pmyem ) (3.1.16)
2w\ 20/

The spacetime momentum £k, of a physical state is supposed to be its eigenvalue under the
momentum operator P,,, so we have to find its eigenstates. According to subsection [2.4.3] the
OPEs of the free boson in the open string sector are normalized as
20/
zZ—w

On these grounds, it is shown in appendix that “plane wave” exponentials X (2) obey

iX™(2)iX"(w) ~ 2 Inlz—w| + ..., i0X™(2) i X" (w) ~ + ... . (3.1.17)

22" k™ etk X (

i0X™(2) "X (w) = w) + ... (3.1.18)

z—w
such that e*%(0)|0) can be identified as an eigenstate of P™ with eigenvalue k™. The X™

contribution to the energy momentum tensor T' = 4—3,2'8)( "0 X, + ... assigns conformal weight

h(e*X) = ok = —d'm? (3.1.19)

to the plane waves e¢?*X | where the mass square is introduced through the mass shell condition

ik-X

k? = —m? for a state of spacetime momentum k™. Let us separate the e part of the vertex

operator Vj, from the contribution v; of 3, ghosts and {9X™, 9™ oscillators:

Vi(d) = n(e (=)L fphys) = 5 (0)e"N(0)c(0)]0)  (3.1.20)

3Tt can be checked by means of the contour integral techniques of that they satisfy the Poincaré algebra

[P™, P"] = 0, [M™, PP] = P™y" — Py (3.1.14)
[M™ My = 6y M™y — 6P M"y — 60 M™, + 67" M", . (3.1.15)
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Then, m? is uniquely determined by the conformal weight i of the “remainder” v;, to ensure
that ¢V}, creates a (Jy closed state:
. h—1
Qo (c(o> v; (0) & (0) |o>) — 0 = m? = (3.1.21)

O[/

Already the QQgrsT component of ghost number zero turns out to fix the mass of a physical
state |phys). It increases with the conformal weight h of the i0X m_ 4™ and e contribution
v;, to |phys). Further constraints on polarization wave functions follow from Q;|phys) = 0, we

will illustrate this with some concrete examples in sections and 3.3

3.1.5 Superconformal primaries

In this subsection, we will explore the implications of physical states |phys) being annihilated
by the ghost number one part ), of the BRST charge. For this purpose, the contributions of

the (3, ) system to the remainder field v; have to be isolated. This leads to different scenarios

in the NS- and R sectors, see subsections [2.3.5| and [2.3.6| for the superghost structure of their

ground states:

dNS (2)e ?) . NS sector
Viei(2) = n=127) (3.1.22)
PR _ (2)e ?)/2 . R sector

h=5/8
In contrast to the v; from the previous subsection, the primary fields 8 and @} with respect
to the matter CFT encompass the plane wave part e¢’**. For simplicity, we are considering the
integrated version of the vertex operator without ¢ ghost insertion. Throughout this work, we

will use the notation V(@ = &, €% for a vertex operator with ghost charge ¢.

Let us evaluate ()1 closedness on a physical NS sector state:

! _ dZ P _
0 L [Qr A0 ] = = § 5 G e n() )0y

_ 7{% (2n(0) + ...) G(2) 2}%(0) (3.1.23)

The contour integral in the second line vanishes if the OPE G(2)®Y5(0) contains no higher

L ie. if the leading singularity is of the form,

NS % (I)%SH/Z
G(z) 9,7 (w) ~ —= + ... (3.1.24)

Z—w

poles than z~

But this is equivalent to the statement that ®5 is the lowest component of a superconformal

primary field (®N°, @gﬁlﬂ) at h = %, see (B.2.17)).

Closedness of R sector states under @Q; requires the (z —w)™%/2, (z —w)~%/2, ... singularities

in the G(2)®}(w) OPE to vanish:
d
N

r Glz) <) (z) f(0) =0
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d

S 7{ S (200”1 )G a0) (3.1.25)

This is equivalent to saying that the state ®}*(0)|0) is annihilated by all the non-negative modes

G,>o and constitutes a highest weight state of the super Virasoro algebra.

Once the conformal weight is fixed to h = 1, the constraints L,~q|phys) = 0 due to Q)

automatically follow from G,~¢|phys) = 0, so Q1 closedness of a vertex operator V},—; implies
[Qo, Vi=a] = 0.
Closedness under @, does not impose any restriction on vertex operators Vj,—; = ®,e% of

superghost charge ¢ < —i—%:
[Qg , e??w) Cbh(w)] = —- j[— be® non(z) e &, (w)

= —= ]{ —— bndn(z) (z — w) 2 TD) § (w) (3.1.26)

In the following subsection we will find a context where ghost numbers ¢ > % can indeed appear.

3.1.6 Superghost pictures

We have pointed out in subsection that physical states require a representation with c
ghost numbers 0 and 1 such that we can saturate the (b, ¢) zero modes in correlation functions.
The same requirement arises for superghosts # and v whose background charge @3, = +2

imposes the following charge conservation condition:

< ﬁ et (2k) > H ) (Z qr + 2) (3.1.27)

k<t
The notion of superghost picture changing makes sure that physical states have a representative
with the appropriate e?® charge to obtan nonzero correlation functions. Also, it gives a meaning

to the upper superfield component CIDh 12 emerging from ((3.1.24)).

We have emphasized in subsection that the bosonization of the 3 ghost involves the
derivative of a h = 0 fermion £(z) but not its zero mode &. This allows to construct further
representations V(@+1) of a physical state from & V(@ = &®,(2)e?®): Since the zero mode &,
lies outside the superghost algebra, the state —2[Qprsr, EP1e9?] is not BRST exact in the strict

sense (even though it might look so):

VErD(w) = —2[Qprsr, {(w) V@ (w)] (3.1.28)

This state does not decouple from physical states because of its &, admixture. But still, the
property Qiper = 0 makes sure that (3.1.29)) gives rise to a BRST closed state which is non-

exact from the point of view of the “small” superghost algebra excluding the &, zero mode. The
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vertex operator V(1) is said to create a higher “superghost picture” of its associated physical
state, with charge ¢ + 1 rather than ¢. By iterating the map (3.1.28)), one can generate more

representatives of the same physical state with even higher ghost charges.

It turns out that for the purpose of tree amplitudes, we can restrict our attention to ghost
pictures —1 < g < 1/2. In this range, only the ); part (3.1.7)) of the BRST charge contributes
to a higher ghost pictureﬁ Let us investigate the ()1 picture changing on the level of matter
fields:

D pgiajo(w) T 2 1Qy, E(w) Dy(w) ™) ]
d
- 2 ]{ 2—; G(2) 3 n(2) (w) By (w) 29™)

) 7{ Qd—; ((z—w)—q—l + ...>G(z) Oy, (w) @) (31.99)

The canonical ghost picture for the NS sector has charge ¢ = —1. Only the (); part of the
BRST charge contributes to its ¢ = 0 ghost picture

dz

o (1 4+ ...)G(z)2)5w) = 2(G_1p®°)(w). (3.1.30)

Cbiljil/z(w)eod)(w) = 27{

The right hand side picks out the upper component @lﬁl j2 = 2G4 /g@,fs of a superconformal
primary with lower component ®¥5. The conformal fields ®N° and q)gil /2 from the ¢ = —1

and ¢ = 0 superghost pictures of a NS state, respectively, form a superconformal primary

(@ES’ (I)g-&s-l/z)'

Repeated picture changing further increases the superghost charge of the exponential e??

leading to more and more negative conformal weights h(e??) = —% — ¢. Supercurrent action
on ®NS gives rise to descendants Dy pgr3/2 = 2G_4_3/2Pp,. To give an overview of the possible
ghost pictures in the NS sector:

;

PNSe=?|0) ~ e ?|h,NS)
@gﬁl/z e%(0) ~ G_1/2€" |h,NS)
Iphys,NS) «— ©; %, e*0) ~ G_32G-12¢" [h,NS) (3.1.31)
NS ne ~ ne
\ (I)h+%(n+1)2 e |0> G—n—l/? ce G_3/2 G_1/2 € |]’L, NS>
The canonical ghost picture of R sector states has charge g = —%. Their matter contributions
@E,CI)EH, ... in different ghost pictures also fall into representations of the superconformal

4As demonstrated in (3.1.12)), [Qo,gq)l,jse*ﬂ yields a total derivative and the contour integrand of

[Q2, £@re?] is regular in 2z — w
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algebra. Lifting the superghost charge ¢ = —% to q = +% via ()1 gives rise to

dz

2 ((Z—w)m + ...)G(z) OR(w) e?W)/2

e = 2

= 2(G_ D) (w) e? ™)/ (3.1.32)

such that @)}, | = 2G_;®}. This iterates to the following pattern:

(

Ol e ?2|0) ~ e %% |n,R)
OF,, 2 (0) ~ Gy e |, R)
phys,R) «— Off 5 ™2 [0) ~ G_»G_1 %2 |h,R) (3.1.33)
Vim0 €TI0~ G GG e D R)

\

Strictly speaking, also the ghost number two part of (Qgrst provides a nonzero contribution to

the first non-canonical R sector ghost picture V1/?) = —2[Qggrgr, £V (71/2)]:

—2[Qs, &(w) O (w)e 2] = % j'{ % b(2) €2 () O(2) & (w) DR (w) e~ ¢()/2
= —%n(w) b(w) DR (w) e3¢()/2 (3.1.34)

This term cannot affect tree level correlation functions because it has different (b, ¢)- and (3, )
ghost numbers than the ), part . It only becomes relevant for checking overall BRST
closedness of V1/2) since (), has a nontrivial action according to . Also, it might
contribute to higher ghost pictures via [Qo, énb®Re’?/2].

3.1.7 GSO projection

The requirement of BRST invariance puts strong constraints on the mathematical structure
of the physical spectrum. In particular, it allows to apply the machinery of SCFT, i.e. to
exploit the remarkable properties of superconformal primaries in the computation of correlation

functions.

Still, keeping the full BRST cohomology has two main problems of rather physical nature:

e The simplest possible NS sector state e’ Xe=?(?)¢(0)|0) has a negative mass square accord-
. 7 1 . . . . 1.
ing to (3.1.21)) at h = 5. The presence of such a tachyonic state indicates an instability
of the theory, that the perturbative spectrum is based on expanding around the wrong

vacuum state. The R sector does not contain any tachyons because the inevitable S e~%/2

fields guarantee h > 1 in the notation of (13.1.21]).
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e As explained in section [2.2.2] the OPE of two spin fields can have different leading

singularities (z — w)™%/* or (z — w)™%/4

, depending on their relative chirality. There-
fore, we can only keep one chiral half of the R sector ground states to avoid frac-
tional z;; powers in correlation functions. Also, the z95 power in three point functions
(Y™ (21)Sa(22)SB(23)) is given by & — %, so the NS-R coupling suffers from branch

cut singularities if the number of )™ is even.

The solution to both problems lies in a projection to states of odd worldsheet fermion number
F. This procedure was originally invented by Gliozzi, Scherk and Olive [51] and is therefore
referred to as GSO projection. Let |A\) denote a state in the Qprsr cohomology, then

|A) is physical <= (=1)9es0|\) = 4 |\). (3.1.35)

In the NS sector, the GSO charge QQgso is defined such that it counts the number of ¥ _,
oscillators, i.e. Qaso = 1+ (¢ oscillator number). Then, the tachyon e*¥X¢(0)|0) and any state

with even oscillator number is removed.

To achieve the chiral projection in the R sector, we assign even GSO parity to left handed
ground states |o) and odd parity to right handed ground states |3), i.e. (—1)@es0 ~ I'y; with
the chirality matrix I'y; in D = 10 dimensions:

(—1)@eso|4) = (—1)%aso ) _ +|a) - Ty |04> (3.1.36)

) — |c) &)

Additional ¥_,, modes with n € N again flip the fermion number and require a different chirality

in the ground state.

This rather complicated set of rules becomes very compact if we bosonize the worldsheet
fermions and spin fields according to the dictionary in subsections [2.2.3] and 2.2.4] Given the
OPEs 9¢(2)e??0) ~ —2e9%) and i0H’(2)e?H(0) ~ ”;’jeip'H(O), we can identify

Qaso = ]{ % (Zi@Hj(z) - 0¢>(z)> (3.1.37)

as an appropriate GSO operator with eigenvalue Z?:o P’ +q on the state e?7e?. The massless

NS state 1™e**e=?(0)¢(0)|0) has one nonzero p! = £1 and ¢ = —1, i.e. even Qggo eigenvalue
0 or —2. Left handed R ground states S,e~?/? have Z?:o p’ € {2,1, -3} and therefore even

GSO eigenvalues.

This reasoning motivates the physical state projection (3.1.35)) with bosonized representation
(13.1.37) for the GSO operator Qgso. Note that the picture changing operation (3.1.29)) preserves
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the GSO parity, i.e. the projection is independent on the ghost picture representation chosen
for |A).

It turns out that the GSO projection gives rise to a supersymmetric spectrum. It is not
difficult to compute the GSO projected one loop partition function for the open superstring.
Then the so-called “aequatio identica satis abstrusa” due to Jacobi [133] between the bosonic
and fermionic contributions implies that any mass level is populated by the same number of

bosons and fermions.

3.2 The massless spectrum

This section is devoted to the massless physical states which pass the GSO projection (|3.1.35)
and live in the cohomology of the BRST operator (3.1.5). We will identify the 8 + 8 degrees of
freedom from the A/ = 1 Super Yang Mills (SYM) multiplet in D = 10 dimensions. For massless
representations of the ten dimensional Poincaré group, the stabilizer subgroup is SO(8), and

the bosons (fermions) transform in its vector (left handed spinor) representation.

3.2.1 NS sector: gluons

ik- X ik-X

Let us recall the splitting V' = v;e of vertex operators into a plane wave e (generating
the spacetime mometum &™) of conformal weight o/k* and a remainder conformal field vj.
Massless states with k2 = 0 clearly have h = 1. In the canonical q = —1 ghost picture, the e~
part covers conformal weight 1/2, so one is free to add a h = 1/2 combination of (i0X™, ™)

oscillators. The most general ansatz
VO, 2) = ga&mt™(z)e @ X (3.2.38)

for the vertex operators is parametrized by a polarization vector &, and a lightlike spacetime
momentum k™ which can be rotated into the form (£, F,0,...,0) by an appropriate Lorentz
transformation. The normalization g, will be fixed in later chapters when scattering amplitudes

in superstring theory are matched with results from SYM in the o/ — 0 limit.
The BRST condition due to @) is satisfied if the polarization vector £ is transverse to the
spacetime momentum
[(Qi, VIV k)] = 0 = & k™ = 0. (3.2.39)

This can be traced back to a double pole with residue ~ &, k™ in the G(2)V 1 (¢, k,w) OPE.
Conditions like (3.2.39) on the polarization wave functions will be referred to as “on-shell”

constraints in the following.
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A transverse ten-vector &,, has nine independent components, but not all of them are phys-

ical: The longitudinal polarization &, ~ k,, can be identified as BRST exact since
[@Brst , € 2706™X ]~ ke ? et (3.2.40)

with no contribution from @y and @, to the right hand side. The vertex operator V(=1 (¢ =
k,k,z) is zero in the BRST cohomology and does not create a physical states. The resulting
gauge invariance &, = &,, + k,, together with the transversality condition &,,k™ = 0 leaves eight

polarization states of positive norm.

The zero ghost picture representative of the vertex operator ([3.2.38)) can be easily computed
using (3.1.30) with lower component ®,, = &,,9™e*X of the superconformal primary. The result

for the upper component is @15 = ﬁgm(z‘axm — 2 k™™ et X e,
VOE E 2) = IA_ m (iaXm 2) — 2 k, "™ (2) Y™ (2 )eik'X(z) . 3.2.41
(& K, 2) \/2—0/5 (2) P (2) " (2) ( )

Note that the spurious states with &, ~ k,, are automatically absent in (3.2.41f): The second
term ~ Ky, kn)w[m¢"] vanishes on the level of the vertex operator, and the first term yields a
total derivative k,,i0X™e?*X = 9e’*X which does not contribute in integrated vertex operators.

It is a generic phenomenon that spurious states are killed under picture raising operations.

The example of the massless NS sector states is representative to illustrate the interplay
between SCFT and physics. Superconformal invariance of the supersymmetric worldsheet ac-
tion leads to the BRST quantization procedure. Negative norm states ~ &, = (£, 0,...,0) are
a generic problem in gauge theories in Minkowski spacetime, and the requirement of

BRST invariance removes them from the superstring spectrum.

3.2.2 R sector: gluinos

The R ground states exhaust the all the massless spacetime fermions. The left handed spin
field S, can be contracted with a SO(1,9) spinorial wavefunction u® such that most general

vertex operator is given by
VEYD(u k 2) = gau® Sa(z)e ¢3/2 gk XE) (3.2.42)

Again, there is a normalization constant g, and we will relate it to the gluon coupling g in

subsection [3.5[ on spacetime SUSY.

The OPE G(2)VY2 (u, k,w) has a (z — w)~3/? pole with residue ~ Uy k. According
to the discussion [3.1.5] this is an obstacle to BRST closedness with respect to ()1, so it implies
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the on-shell constraint

[Q, VOV k,2)] = 0 = u® "k = ufy = 0 (3.2.43)

aB "M

which can be identified as a massless Dirac equationﬂ In a Lorentz frame where ky = kq, the
equation u®§_; = 0 fixes the first entry of the spinor weight a = (:I:%, ey j:%) to be +%, ie. K
with lightlike k,, has rank eight and the solution space to (3.2.43)) is eight dimensional. Since
the massless R sector is free of spurious states, the number of physical fermionic degrees of

freedom matches the eight bosonic degrees of freedom from the NS sector.

Let us display the state (3.2.42)) in two further ghost pictures. Firstly, there exists a “mirror”

R sector at ghost charge ¢ = —% on each mass level which is necessary to form a two point

function of total ghost charge —2. The superghost spin fields e2#/2 and e~%/2 happen to carry

the same conformal weight 3/8 but their GSO parity is different. Therefore, the mirror R vertex
requires a right handed spin field:

VO3 (0,k,2) = T g, 90(z) e 8002 gk X() (3.2.44)

\/J

Since the e?*)e=3¢(w)/2 OPE is less singular than e?(®)e=¢(®)/2 invariance under @; imposes no

constraints on ©. Picture changing maps V(=3/2)(v, k, z) to V=V2(u, k, 2) with u® = U e
and therefore annihilates those eight v components which can be written as v; = w® f,; for

some spinor w. These states can be identified as spurious. This is a further example for higher

ghost pictures ¢ = —% > —% carrying less spurious states.
We can further raise the picture of the canonical ¢ = —% vertex:
/ A .
VO ukz) = \9/% ue (z'axm + % o 0" wm) o S5 692 e (3.2.45)

This involves the spin 3/2 projection of the operator " 7&&555 . It appears as a subleading
singularity in the ¢ (2)S,(w) OPE, see (6.1.2)).

3.2.3 Outlook

The eight plus eight physical states we have just identified constitute the massless SUSY mul-
tiplet in open, uncompactified superstring theory. It precisely provides the particle content of
the (unique) ten dimensional N' = 1 SYM which has been extensively studied in the litera-
ture [134,[135]. We will discuss its superspace formulation in the later section [10.2}

°In operator language, it can be obtained from the supercurrent’s zero mode Go|a)r ~ kn¥h*|a)r 20
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'=1/2 50 in the formal limit o/ — 0,

The masses of all the Regge excitations scale with m ~ «
they become infinitely heavy and decouple. The geometric meaning of this limit is to shrink
the strings of length v/a' to point particles. String theory then reduces to an effective field
theory for the massless states. It will be an essential consistency check to verify this on the
level of scattering amplitudes, this will be elaborated in more detail in section [5.5| on scattering

amplitudes in gauge theories.

Let us furthermore give a formal outlook on how to embed the NS- and R sector operators
Y"e~? and S,e~?/? in a more abstract, unifying picture. Upon bosonizing the RNS fields, we
can think of both ¢e~? and S,e~%/? as an exponential e’ (:9) with a six component vector
W taking values (m, —1) and (o, —1/2) in the weight lattice of D5, with Lorentzian signature.

Bosonic (fermionic) vertex operators fall into the vacuum (antispinor) conjugacy class.

This is in lines with the other ghost pictures (3.2.41)), (3.2.44)) and (3.2.45|) for the massless
- (i H )

vertex operators. They are all built as linear combinations of exponentials e whose
weight vectors o are related to the canonical (m,—1) and («, —1/2) through a shift by (picture
changing) root vectors (0,...,%1,...,0,£1) of D5;. This construction is an example of so-

called covariant lattices, they were introduced by [118,136,|137}/138].

3.3 The first mass level

Let us now proceed to massive states. Their spacetime momentum can be rotated into a
rest frame k,, = (m,0,...,0), i.e. the stabilizer group is the SO(9) acting on the nine zero
components. Hence, the massive part of the physical spectrum can be decomposed into SO(9)
representations. In [139], this is done very explicitly. This exhibits a technical advantage
of covariant BRST quantization over light cone quantization: The latter would organize the
spectrum into SO(8) representations after decoupling the timelike and longitudinal X™ ™
components. This obscures the SO(9) content, at least one has to find appropriate combinations

of SO(8) multiplets to form a representation of the stabilizer group SO(9).

GSO projection removes states at half odd integer mass levels. For instance, any m? =

ﬁ states would have even fermion oscillator number and are therefore projected out under
(—1)@eso. Hence, the lightest particles in both sectors of the physical spectrum carry mass
m = \/%7 This section reviews the Poincaré representations on the first mass level of the

superstring. Its complete ten dimensional content was firstly constructed by [140].
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3.3.1 NS sector: spin two tensor and three form

The most general ansatz for the first massive NS sector states involves any possible h = 3/2

operator along with the canonical h = 1/2 superghost contribution e=® and the h = —1 plane

wave eFX.

VEYB B H k) = §a (an OX™ "+ By 0" P + H,y, awm) e=% et X (3.3.46)
The addition of &,,9™0¢pe? is neglected because it can be absorbed into a total derivative.
The BRST constraints arising from ¢y and (), are
Binn) + 3k By = 0
20/ k? By, + Hy, = 0 (3.3.47)
""" By, + KPH, = 0,

but not all their solutions are physical: Some of them can be generated by ()grst action on a

two-form X}, a vector m,, and a scalar of SO(9):

[Qprst s € 2 S " Y 0] ~ ( 2 X ) 10X ™"+ S by " QP > o=@ ik X

[QBRST e 2, 10X ™ OE etk X } ~ <7rm o™ + k10X Y ) e ¢ kX (3.3.48)

[Qonsr €€ ] v ([ 50  2hn [ 10X™ " 4 3 007 )0

2a/
Therefore, we can identify the antisymmetric part Bj,,,, the trace B,,” and the full H,, vector

as spurious. The on-shell constraints (3.3.47) then require both B,y and E,,,, to be transverse.

To sum it up, the physical NS degrees of freedom at the first mass level are represented
by polarization tensors transverse to k,, (as required by the stabilizer group SO(9)), namely a

(traceless and symmetric) spin two tensor B,,, and a three form E,,,,:

V(_1)<B7 k? Z) = gA B(mn) i0X™ wn e_¢ eik.X ) k™ an = 77mn an = 0 (3349)

The number of degrees of freedom is % —1 =44 for B,,, and % = 84 for E,pp, i.e. we have

44 + 84 = 128 bosonic states in total.
For completeness, we also give the zero ghost pictures of the massive NS vertex operatorsﬂ:

10X™i0X"
2o/

3 .
VO(E k2) = g \/2a'Emnp(k:qumw"wp + 2—O/iaXm¢wp)elk~X (3.3.52)

VOB, kz) = §a \/20/B(mn)< + oYy + iakap¢p¢">eik'X (3.3.51)

6The former involves a spin two operator 9i("?) from the RNS CFT where certain components can be

el . . .
expressed as eT?” in their bosonized version.
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3.3.2 R sector: massive gravitino

Massive vertex operators in the R sector require a conformal field of h = 18—3 along with the

standard ingredients e~%/2 and e*X. We make the following ansatz for this purpos:
VEYD (0, 5k 2) = 6 (v;g DX™ 4 20! P, Wﬂ) S, e/ ik X (3.3.53)

The most general vertex operator is parametrized by two vector spinors (v%,, ﬁ;”) of opposite
chirality which generically contain SO(1,9) irreducibles of spin 1/2 and 3/2. The two chiralities
are in lines with the fact that massive fermions are described by Dirac spinors. Their two chiral

halves originate from different conformal fields {0 X™S,, and v, gJJBaSa.

The BRST conditions involving the R descendant ,, jquO‘Sa are quite difficult to evaluate
covariantly. Bosonization turned out to be helpful in [140] to find the on-shell conditions. In
the end, one can express the right handed wave function ﬁ;” in terms of the left handed one v,

and impose an additional constraint on the latter:
P = 37 YnYap T gV Kos (3.3.54)
U Yoy = 20" kK™ vy, Ko (3.3.55)

So far, these are nine vector components with 16 Weyl spinor degrees of freedom each. Com-
parison with the 128 bosonic degrees of freedom suggests that we should identify 16 spurious

states within the solutions to (3.3.55)). Indeed, one can form the BRST exact state viaﬂ

[ Qprsr | e 3%/2 1 54 O€ TF X | ~ S 0= 9/2 gik-X
. . o0/ | oo
X <1_La ’Vz‘f 10X™ + 40/ Ug %aﬁ k-m 10X™ + i g, km wm %}aﬁ . a

: Sp e (kg )

(3.3.57)

which is related to the finding of [140] via a® ~ w4 Joe We extract the following wavefunctions

subject to (3.3.54) and (|3.3.55):
1 1

6 5 xaB ! = af -m - m . mﬁ
vho= aa v,y 4+ 4d ug Kk, pr = Zuak — ﬂuﬁ(}év ) a (3.3.58)

"The reason why the second 1 must be contracted with a gamma matrix can be better understood in operator
language: The second half of (3.3.53)) represents the state ¥ |8)g = lim,_o2z" /2 : )™ (z) SB(O) . |0)ns and
hence involves the the subleading term of the wm(z)gﬁ (0) OPE. According to l) this exclusively contains

operators of structure ., Jl)BaSa.
8Tn intermediate steps of the computation one obtains a term

— 4 g PS50 (e_¢/2) kX = 4o ay P92 9(Sge™* X)) + total derivative (3.3.56)

which can be further simplified using 955 = — 55 (# %) S,
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d.o.f. | representation || d.o.f. | representation || d.o.f. | representation

1 2 3

156 ¢(mnp) 126 imnpgr] 36 [mn]
5 6

594 d)[mn (»l9) 231 [m(n]p) 9 Pm

Table 3.1: Organization of the 1152 bosonic states at second mass level. All the wave functions
are understood to be transverse and traceless. The notation (,bfmn(p]q) indicates that this rank four
tensor ¢* is antisymmetric in its first three indices, but the total antisymmetrization including the

and ¢

im(n]p) A1€ associated with

fourth index vanishes, ¢ = 0. The two representations ¢

[mnpq] — [mn(plq)

a hooked Young tableau.

The essential role of this spurious state is the elimination of the spin 1/2 component from

the wavefunctions: Since the vector spinors in (3.3.58) have nonzero gamma matrix trace

(usY2P + 4a/ug Kk, )ygbﬁ # 0, we can absorb the BRST exact states into the physical ones via
X5 =02 + A (w75 + 4a'tg f*ky,) and choose A € R such that x%7™ = 0. Then, (3.3.54

and (3.3.55)) guarantee that the wavefunctions are transverse and traceless and furthermore

related by a massive Dirac equation:

FUX0 = ey = kel = 05 = 0 (3.3.59)
. 1 - I
Ps = —gX Kog » X = —SO/pB K’ (3.3.60)

Hence, we have identified a massive spin 3/2 Dirac fermion with 128 independent components:

- ~ . m O/ m : - ik-
VEVD0k2) = g (Xei0X™ = S K™ 7 ) Sae e (3.3.61)
The full physical particle content of the first mass level with m? = é consists of a spin two
tensor B,,,, a three form E,,,, and massive gravitino ¢, with 444-84 bosonic and 128 fermionic

degrees of freedom.

3.4 The leading Regge trajectory

At higher mass levels, the number and complexity of the occurring SO(9) representations
increases drastically. For instance, table shows the polarization tensors for the 1152 bosons
at the second mass level (with m? = 2), see [141]. Even though a recent work [139] managed
to compute the SO(9) content to any mass level, it is still an open problem to construct the

physical vertex operators in full generality.

The only SO(9) representations for which the vertex operators are completely under control

for arbitrary mass level n contain highest spin states with j,.x = n + 1 for bosons and jy.c =
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n—+ % for fermions. Since a linear relationship between spins and mass squares was first noticed
by Regge for excited mesons, the maximum spin states in string theory are referred to as the
“leading Regge trajectory”. The massless field theory encompassing all bosonic integer spins
is known as the Vasiliev system [142]. The research areas of string theory and higher spin field

theory strongly support and motivate each other:

First of all, the high energy regime of string theory (i.e. the low tension limit o/ — oo where
Regge excitations formally become massless) provides a fruitful laboratory to learn about higher
spin gauge theory. Typical no-go theorems on massless higher spin theories are based on subtle
assumptions that may well prove too restrictive, such as finiteness of the spectrum or minimal
couplings. Results from string theory naturally have the required properties to bypass these

no-go theorems.

Secondly, taking all the higher spin modes into account might pave the way beyond the
on-shell first quantized picture of string theory and shed light on its true quantum degrees of
freedom. Moreover, ideas have been around that masses of Regge excitations arise from some
sort of generalized Higgs effect for spontaneous breaking of higher spin gauge symmetries. From
this viewpoint, string theory itself might well prove to be a major motivation to study higher

spin theories.

Therefore, investigating higher-spin dynamics will help to better understand string theory
and, vice versa, a closer look at string theory at high energies in the o/ — oo limit can
provide important clues on higher-spin dynamics. After first explicit investigation of higher
spin interactions in [143,/144,/145[|146,147], great progress in finding all order vertices for totally

symmetric tensors was made in [142,|148], see [149] for a review beyond cubic level.

3.4.1 NS sector: integer spin

In this subsection, we construct higher spin generalizations of the gluon vertex (3.2.38)) and the
spin two tensor (3.3.49)) at mass levels n = 0 and n = 1, respectively. It is clear from ((3.1.21]

X with v,4; denoting a conformal field

that states of mass m? = ~ are generated by v;_, e
of weight n 4 1. The superghost operator e~ of the canonical ¢ = —1 picture covers h = %, SO

one is free to distribute the remaining weight of n + % among o, and ™ oscillators.

Spin j wave functions ¢’ are totally symmetric, traceless and transverse rank j tensors, so
the leading trajectory state will involve the maximum number of symmetrized o™}, |, @/JTﬁj modes

with overall weight Y . n;, + jri=n+ % Because of their anticommuting nature, no more

than one ¥ Jo can contract a symmetric wave function, so the mutually commuting oscillators
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of minimal conformal weight are a”;. These arguments lead to the following vertex operator

for NS states of highest spin:

VOGN E,2) = Go Omemnmnsy) 10X™ L iOX ™ et 070 kX (3.4.62)
m; mim; n
k 7'¢Tnl-~"77fn,+l = TI i ]¢m1...mn+1 - 07 k2 — _J (3463)

Let us also give the zero ghost picture analogue which we will need in the later section (9.2.12])

to compute bosonic three point couplings:

V(O)(gbj:”H, kz) = g,V2 O(my..mn_1mp) POX ™ 10X X

x (nawwp + (k)Y idXP + %i@X"i@X”) (3.4.64)

3.4.2 R sector: half odd integer spin

Similar arguments apply to highest spin states in the R sector. Spin n—l—% wavefunctions x? =n+3
are transverse and traceless tensor spinors with n symmetrized vector indices. Moreover, they

are 7' traceless in the spinor index, Xﬁ“mmnfy;’?é = 0.

The o™, oscillator is the object of lowest weight to saturate the vector indices of a sym-
metric wave function, so the first idea to construct a spin n + % state would be of schematic
form (a_1)"|a)r. BRST invariance requires the addition of a second term with n — 1 bosonic

oscillators and one ¥™, such that the physical vertex is given by

VEVEOTTH2 e 2) = gustje Xy om ) ©OX™ DX
. n O/ n 3 — ik-
x (zaX 0 — = Kap¥ W’Y) S, e=%/2 ik X (3.4.65)
where, again, k? = —27. The second term completes the Dirac spinor required by non-chiral

nature of massive fermions.

3.5 Spacetime supersymmetry

The RNS approach to superstring theory which we are applying in part [l and [[I] of this work
does not provide manifest spacetime supersymmetry. This a drawback compared to the Green
Schwarz framework and the pure spinor formalism. Still, one can construct a spacetime SUSY
charge Q,, for the covariantly quantized RNS superstring and explore the action of supersym-

metry on individual states using SCFT methods.
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A necessary condition for a supersymmetric spectrum is an equal number of bosons and
fermion on each mass level. We have explicitly seen this for n = 0 and n = 1 in the previous
sections [3.2] and [3.3] and the bose-fermi populations of higher mass levels n > 2 can be checked

to agree from the superstring one loop partition function.

3.5.1 The SUSY algebra

In this subsection, we will introduce the CFT realization of the ten dimensional N' = 1 super
Poincaré algebra. All its generators can be represented by a contour integral over conserved
h =1 currents from the RNS CFT. The fact that they commute with ()grsT guarantees that

the classification of physical states is super Poincaré invariant.

The bosonic generators P™, M™" of translations and Lorentz rotations, respectively, have
already been introduced in subsection |3.1.4, The momentum operator P,, acts with eigenvalue
k., on physical vertex operators, and the rotation generators M™" transform the wave functions

according to the SO(1,9) representations they fall into.

Let us now enlarge the Poincaré algebra by the spacetime SUSY charge

Q(a_lm A fﬁ Sa(2) e~ %(2)/2 (3.5.67)
2m

It is proportional to the gaugino vertex (3.2.42) at zero momentum, so BRST invariance of
o1/ immediately follows from that of V(=1/2)(u, k, z). Similarly, we can borrow its higher

ghost picture representation from (3.2.45) at k = 0:

@ 2a/3/4 2mi

1 d ;
QP = f 5 10X (2) 7 (=) €7 (3.5.68)
The latter is needed to compute the anticommutator in an overall ghost neutral fashion,
_ 1/2 dz . m ' m
{ le 1/2) ) Q(ﬁ/ ) } = %% Za)(m ’755 Caﬁ = - (7 C)Oéﬁ Pm ) (3569)

it reproduces the momentum operator P,,. The fact that Q, transforms as a spinor follows

from the commutation relations

1 (7)o" QY (3.5.70)

[M ’ Q(;]} - 9

valid for both values of ¢ = :I:%.

This setting does not provide a realization of off-shell SUSY: The anticommutator of SUSY
charges 0 ? in their canonical ghost picture yields a picture changed version ~ ¢ ¢™e™? of
the momentum operator. But the equivalence between different superghost pictures requires

on-shell states as we will explain in subsection (5.2.3]). Hence, the SUSY algebra does not close

off-shell where ~ §¢™e~? is inequivalent to the momentum P, at zero ghost charge (3.1.16]).
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3.5.2 Applications to light states

This subsection recapitulates the SUSY action on the massless open string states along the
lines of [150] and gives an outlook of what happens at the first mass level. For ease of nota-
tion, it makes sense to contract the supercharges Q, with an anticommuting SUSY spacetime

parameter 7,, i.e. to compute the commutators of vertex operators with
Q9(n) = QY. (3.5.71)

At the massless level, spacetime SUSY transformations rotate the gluon- and gluino vertex

operators into each other:
(@), VEVQ] = VO (= o () Rk ) (3:5.72)
[QEYD(y) , VYD) = V<,1)(§m _ ﬁna(ymc)aﬁuﬂ) (3.5.73)

Since the normalization of &, and u® is fixed by orthonormality of the different helicity com-

ponents, we can infer a relation between the couplings:

g = gaa™? (3.5.74)

The SUSY variations (3.5.72)) and (3.5.73]) can be computed in arbitrary ghost pictures, for in-
stance [Q(T1/2) (n), VYD (y)] = VO (fm = \/Lina(va’)a/guﬁ). The transformations can there-

fore be recast on the level of the polarizations:

1 1
G’ = S (M k€ " = s (0" Cag (3.5.75)

The on-shell constraints k,{™ = 0 and u® k3 = 0 are obviously preserved under SUSY. We
can check by iterating (3.5.75) that the SUSY algebra closes up to a gauge transformation
M — &M 4+ k™ in the gluon polarization Vectorﬂ:

[5711 ’ 5772} (S (771 k772) u® ’ [6771 ’ 57]2} Ep = _(771 %772) fp + (771 5?772) k* (3'5'76)

Computing the SUSY variation of massive states is more involved because it requires subleading

singularities in various OPEs. Let us give just one example

(@Y, VB = VO (g = o kB ) gad™t = gy (8577)

and defer the rest of the multiplet to a later publication [151]. Analogous transformation rules

hold for all the bosonic leading Regge trajectory states (3.4.62) and (3.4.65)), where g,ao/'/* =
Gnsrjz a0 SyXh = 50 Ko gV O -

9Evaluating the [5771 , 0 } action on u® requires the famous D = 10 gamma matrix identity (,,C)ap 'y;’; ;=0



Chapter 4

Towards the four dimensional world

This chapter aims to establish connections between superstring theory and the four dimensional
world we experience in our everyday life. In particular, it aims to pave the way towards

predictions of string theory for LHC experiments.

=12 can be as low as a few

As we will explain in the following, the string scale M; = «
TeV provided that some of the extra dimensions are sufficiently large [58,(101]. In that case,
resonances in lepton, quark- and gluon scattering processes due to exchange of virtual Regge
excitations can potentially be observed at LHC [152,|153]/154,/155]. Once the mass threshold
M is crossed in the center-of-mass energies of colliding partons, one would also see the string

resonance states produced directly [2].

Remarkably, many phenomenological aspects of weakly coupled low mass string theory are
universal: Those states of the string spectrum which couple to the gauge bosons of the four
dimensional Standard Model (SM) do not depend on the compactification details. In section
4.5, we will work the universal D = 4 particle content at first mass level. As a consequence,
SM tree level scattering processes involving n gluons and either zero or two chiral fermions are
completely model independent — to all orders in the string length lging = V. As we will show
in the later section [8.1], they exhibit resonant behavior at the parton center of mass energies

equal to the masses of Regge resonances.

An important requirement for making contact between superstring theory and the SM is
SUSY breaking. Since only N'= 0 or N = 1 spacetime SUSY is compatible with the observed
chiral matter spectrum, we will have to explain how to modify the worldsheet SCFT such
that it describes a string vacuum with less that N' = 4 SUSY. The underlying philosophy is a
phenomenology of SCFTs, the requirement that some ground state of string theory obeys the

constraints of phenomenology.

77
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For scenarios with A/ = 0,1 SUSY, we will construct chiral multiplets from open strings
stretching between intersecting D branes. They live in the twisted sector of the internal world-
sheet SCFT. This includes (s)quarks and (s)leptons into the superstring spectrum and opens
the door to decribing QCD processes as they happen at LHC in a stringy framework.

4.1 Basics of low string scale SM extensions

This section sketches the ideas of Standard Model extensions based on open strings ending on
D-branes. In these settings, gauge bosons are due to open strings attached to stacks of D-branes,
and chiral matter arises from strings stretching between intersecting D-branes. We will first
derive order of magnitude relations between the superstring input data such the string length
Vva/ and the volumes of extra dimensions and the fundamental constants of four dimensional
gravity and gauge interactions. Then, in section we will introduce the most economic

brane configurations which can be accomodated with the SM gauge group.

4.1.1 The four dimensional strength of gravity & gauge interactions

Scenarios with large extra dimensions are a very appealing solution to the hierarchy problem [5§]
because they admit to unify gravitational and gauge interactions at the electroweak scale. The
observed weakness of gravity at lower energies is due to the existence of large extra dimensions.
The fact that gravitons may scatter into all the directions of the internal space — even those
perpendicular to the SM D branes — decreases the gravitational coupling constant to its observed

value.

To get a rough estimate of the relevant scales and physical input quantities, let us consider
a Dp brane whose worldvolume is parallel to the uncompacified Minkowski spacetime RY3.
Moreover, we assume that the Dp brane wraps a d| := p — 3 cycle of volume V| within the
compact internal manifold of overall volume V' := V) - V. The latter introduces a 9 — p

dimensional volume V| transverse to the brane. The situation is depicted in the following
figure

The observed four dimensional coupling constants of gravity and the gauge interactions
follow from dimensionally reducing higher dimensional effective actions for massless string ex-
citations. Firstly, the Einstein Hilbert action for the ten dimensional bulk implies that — up to
numerical coefficients O(1) — the four dimensional Planck mass is given by

1 1
MZ o~ ?M?V = MV, Vy (4.1.1)

s a2
s
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VH extra longitudinal dimensions

V| extra transverse dimensions

Figure 4.1: The green rectangle represents the extra dimensions parallel to the D brane world
volume which can be probed by open string states. The red surface represents transverse extra

dimensions probed by the closed string sector only.

where the type II string coupling is related to the dilaton field ¢y via g, = e®10 [156,[101], see
section for a brief account on its role in string perturbation theory. Secondly, in type II

superstring theory, the gauge theory on the Dp brane worldvolume has the gauge coupling

1 1
=~ — MV (4.1.2)
Iym Js

where only the internal volume component V| parallel to the Dp brane contributes. The per-
pendicular volume V| is inaccessible to open string endpoints. This is the crucial difference to

the volume dependence of M,y;.

4.1.2 Low string scale Mg ~ TeV & large extra dimensions

To see the connection between large extra dimensions and a low string scale, it makes sense to

consider combinations of M, and gyn where the string coupling g drops out, e.g.

» Vi
Jrm My~ Ms7 ! 7\\ (4.1.3)
The left hand side is fixed by experimental observation, so increasing the ratio of volumes %

on the right hand side can be compensated by a lower value of the fundamental string mass
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d =9—p 1 2 3 4 5 6

Ry = (V)Y [m] || 1,6-10" | 4-107* | 5,4-1072 | 2-107* | 710713 | 7. 1014

Table 4.1: Admissible sizes of transverse dimensions for Standard Model Dp branes at various values
of p. The d|| := p — 3 extra dimensions parallel to the brane worldvolume are taken to be of the size

set by the assumed low string scale (M)~ = (1 TeV) ™! ~ 107® m.

scale M. This possibility does not exist in heterotic theories with closed strings onlyf'}

Low energy SUSY at the TeV scale requires M to be at intermediate scales ~ 10t GeV
and internal volumes of size VMS ~ 106 [157,/158,/159]. If the requirement of TeV scale SUSY
is abandoned, on the other hand, then M, can approach the range of LHC energies ~ 10° GeV,
and string theory can be tested in the near future. The corresponding internal manifolds are

then as large as VM ~ 10%2.

Strong gravity effect such as black hole production [160,(161] are expected to occur at

2

M. Hence, it is the value of the string coupling gs which governs the onset of

energies ¢,
gravity effects relative to the mass M of the lightest Regge excitations. Weakly coupled string
theory with gs < 1 allows to detect virtual Regge excitations in parton collisions before black

hole production becomes dominant.

Let us next discuss the size of possible extra dimensions. Cavendish type experiments
only admit very coarse tests of Newton’s law, up to a scale of millimeters. Hence, the typical
size Ry = (V.)"/O7P) of extra dimensions transverse to the brane are bounded to lie below
the millimeter range. On the other hand, QCD and electroweak scattering experiments give
an upper bound on the small extra dimensions’ radii R := (V”)l/ (P=3) in the range of the

electroweak scale (Mgw) ™! ~ 10717 m.

% is assumend for the string coupling, then an LHC accessible string

scale My = 1 TeV is compatible with the internal geometries given by table [4.1] The case

If a value of g, =

d, = 1 is obviously ruled out by gravity experiments, so branes of D3, D4, ..., D7 type pass

the consistency checks due to the order of magnitude analysis of this section.

4.1.3 The SM D brane quiver

In this subsection we will give a brief summary about how the SM is realized by intersecting
D branes. More details can be found, e.g., in reference [61,|101]. The following set-up applies

for type ITA and type IIB orientifolds with intersecting D6- or D7 branes, respectively. The D

n heterotic superstring theory, the four dimensional Planck scale is given by M, = g7 ! M.
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branes are spacetime filling, and they are wrapped around certain p dimensional cycles (p = 3,4)
inside the compact space. This setup is in principal also valid for F theory, which provides
the non-perturbative uplift of the type IIB orientifolds with intersecting D7 branes [54,55].
Therefore the considered D brane quiver locally describes a large class of four dimensional
string vacua. As it is shown in figure [4.2] the SM particles can be locally realized as massless
open string excitations that live on a local quiver of four different stacks of intersecting D branes.
Gauge bosons (such as gluons g and electroweak bosons W) stem from open strings with both
endpoints on the same stack, chiral fermions (quarks ¢ and leptons [) are implemented using
open strings stretching between different stacks, see section for more details on the latter.

The corresponding quiver SM gauge group is given by

G = GuXGyXGexGy = UBaxUR)xU1)exU(l)y. (4.1.4)

(c) right

(a) baryonic

(d) leptonic 1] \ U(l)r

Figure 4.2: D brane quiver realizing the Standard Model.

Note that there are four different U(1) gauge group factors. In a specific compactification,
most of them will be anomalous, such that the corresponding gauge bosons become massive
by the Green-Schwarz mechanism. However one has to ensure that the gauge boson of the
linear combination, which determines the weak hypercharge, stays massive. The U(1) gauge
symmetries, which are anomalous or which correspond to massive gauge bosons, nevertheless
remain as global symmetries in all perturbative scattering amplitudes. In particular, the sym-

metry associated to U(1), is the baryon number conservation. Hence, all perturbative processes
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respect baryon number conservation. Of course, there might be other dangerous processes in
string perturbation theory, such as flavor changing neutral currents, which are in general not
prohibited by the global U(1) symmetries of this D brane quiver. However this is a model

dependent issue, which we do not address here.

Specifically, the SM gauge bosons in the adjoint representations of the gauge group G such
as the gluons, the weak gauge bosons and the hypercharge gauge boson (being associated to
linear combination of the various U(1) factors), correspond to open strings with two endpoints
on the same stack of D branes. On the other hands, the SM matter fields such as quarks
and leptons are open strings located at the various intersection points of the four different D
branes (and their orientifold images), see section for their SCFT implementation. They
transform under bifundamental representations of the four gauge group factors, and they can
also be in the antisymmetric representation 34 of SU(3),, in case the color stack of D branes is
intersected by its orientifold image. As it turns out the four stack D brane quiver reproduces all
quantum numbers of the SM particles in a straightforward and natural way. In fact, no GUT
embedding is necessary to explain the gauge quantum numbers of the SM particles. The family
replication is explained by multiple intersections of the D-branes inside the compact space.
Moreover it is shown in [162] that one can construct consistent type II string compactifications
on the Z§ orientifold which reproduce the spectrum of the SM with three generations of quarks

and leptons and without chiral exotics.

The four stacks of intersecting D6 branes that give rise to the spectrum of the SM are just
a local model that has to be embedded into specific global Calabi Yau manifolds in order to
obtain a consistent superstring compactification. Working out the universal tree level scattering
amplitudes of SM particles only requires the local information about how the SM is realized
on intersecting branes. Fully consistent global orientifold models with all their tadpole and
stability conditions satisfied are beyond the scope of this work, partly because these consistency
conditions depend on the details of the compactification such as background fluxes. Even model
dependent four fermion couplings are argued in [101] to depend only on the local structure of

the brane intersections, but not on the global Calabi Yau geometry.

4.1.4 Stringy signatures at LHC

As it is well known for a long time [138], string theory contains a huge number of ground states,
a problem which is often referred to as the string landscape problem. This observation raises
the question about the predictive power of string theory or, respectively, if string theory is

testable. In particular one likes to understand if all or at least some four dimensional string
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vacua share some common, model independent features, which are true in large region of the

string landscape.

Several types of string signatures can be possibly expected at the LHC from a low string
scale and from large extra dimensions: Firstly, additional U(1) gauge symmetries from the
diagonal part of U(N) give rise to Z like massive bosons [152,|153}[154}/155]. Secondly, mini
black holes might hint effects of quantum gravity [160,/161]. We will focus on a third type of
signature, namely Regge excitations of SM particles with masses in units of M. They give
universal contributions to gluon scattering processes, even in compactification scenarios that
completely break spacetime supersymmetry. On the other hand, there are Kaluza Klein and
winding excitations along the extra dimensions whose masses depends on geometric data of the
internal manifold. Their fingerprint in multi-fermion amplitudes can later on allow a precision
measurement of the internal geometry and of the how the D branes are embedded into the

compact space.

There also exist KK excitations from the closed string sector of the theory with masses as
low as 1072 eV. But their coupling to SM fields only occurs at loop levels of string perturbation
theory, hence they are suppressed by powers of g; ~ g%, compared to the aforementioned tree
level processes on the brane. We need a low string scale, large extra dimensions and also weak
string coupling in order for our tree level calculations of chapter to be reliable and testable
at the LHC.

4.2 Maximal N = 4 supersymmetry

Having given the general framework for SM processes in superstring compactifications, we can
now work out the formal aspects of how to implement these scenarios in superconformal field
theory language. As a first step, we will consider four dimensional compactifications with all
the 16 supercharges preserved. This occurs for D3 branes in D = 10 flat Minkowski spacetime

or compacification on a generalized T torus.

4.2.1 Dimensional reduction of the SCFT

As a first step of dimensionally reducing the RNS SCFT, this subsection explains how the
conformal fields in vector- and spinor representations decompose under SO(1,9) — SO(1, 3) x

SO(6). For this purpose, let us briefly recapitulate the main decomposition rules from appendix

Ak

e vectors decompose into direct sums X709 = X#=0--3 g X i=49
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1) = KXoz 0 O X) @ (x*=*7%) @ y;) where
x' (%) is a left handed (right handed) spinor with respect to the internal SO(6) with

e left handed D = 10 spinors become y,—+

.....

index ranges
Ie {(+++), (= =) (=+ =) (== +)}
jE {<_7_7_)7(_’+7+)7(+7_7+)7<+7+’_)}

e o# and 7' are the Dirac gamma matrices in four and six dimensions, respectively

In particular, the SO(1,9) covariant conformal fields i0X™, 9™, S4 decompose as follows:

i0X™ = (i0X",i0Z"), S, = S,% @ 5%; (4.2.5)
o= (P ) , 8% = 5,5 @ sy

This defines Z¢, ¥%, ©.1. ¥7 to be the internal components of the conformal fields from the ten
dimensional theory. The spacetime fields ¥*, S,, S? and the internal fields ¥¢, ¥/, 5 belong
to different decoupled SCFTs with central charges 6 and 9 respectively. Bosonization of the
former requires two chiral fields H°, H', the latter can be represented in terms of three fields
H? H3 H*. We can deduce SO(1,3)- and SO(6) covariant OPEs from the ten dimensional
ancestors — the most obvious of them are

oL W)W ~ -2

Z—Ww Z—Ww

Vi (z) P (w)  ~ + ... (4.2.6)

whereas ¥*(2)¥’(w) products are regular.

The spacetime spin fields S,, S% for conformal weight h = }l are governed by the following

singularity structure:

P Sw) e o S
Su() Suw) ~ s
Si(z) Sh(w) ~ (wa + o (4.2.7)

§%(2) Sp(w)  ~

Sections [6.2|and [6.3| discuss systematic methods to obtain their correlation functions in SO(1, 3)

covariant manner and display explicit results.

The internal SCFT with h = % spin fields ¥/, ¥7, on the other hand, rests on OPEs [163]

—_

Ui(2) S (w) ~ R —w)i
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C’;

V)T~ o

Yi(2) 2 (w) ~ % + ... (4.2.8)
2(2) 2 (w) ~ m (0 O W (w) + ...

S:2)Syw) ~ —— OV Ue(w) + ...

V2 (2 —w)l/4

A large class of the resulting SO(6) covariant correlators can be found in sections and [6.4]

4.2.2 The N =4 SUSY algebra in four dimensions

Dimensionally reducing the 16 supercharges Q, yields objects Q! (Q%) with a spinor index
a (@) of the spacetime Lorentz group SO(1,3) and another one I (I) of the internal SO(6):

Qg,l/g)J _ 0/1/4%d—2. S, s o—9/2 (4.2.9)
271
Q; _ 0/1/4%d_2" gé f]fe"m
211
The higher ghost picture analogues are given by
1 d
QU o 7{22 20X, 0" SR+ i0ZF S,y 5] (4.2.10)
o i
_ 1 dz
Q+1/2 - 20//3/4 %2%1 o [ZaX” 5 Sy 21 + 102, 5 71J ZJ]

Due to the correspondence SO(6) = SU(4), we can think of the internal spinor index I (I)
as a fundamental (antifundamental) SU(4) R symmetry index. That is why A/ = 1 SUSY in
D = 10 dimensions translates into extended N/ = 4 SUSY from the D = 4 point of view.

The four dimensional reduction of the Poincaré generators P* and M*"" is straightforward,

the latter give rise to the following commutators with the supercharges

1 ) a 1 —UV\G . ) b
[MW Qq)l} _ -3 (U“V)ab Q{(}Q)J : [M“V, Qgﬂ), ] _ -3 (U“ ) EQ?])J) (4‘2‘11)

In the dimensional reduction of the SUSY algebra (3.5.69)), we now have to distinguish the left-

and right handed supercharges, this gives rise to the anticommutators

{ Qg—1/2),1 +1/2 )b } = —(o" 5)a5 P, CIj (4.2.12)
{ Q-2 g +1/2 J} — e, 2 (4.2.13)

{QS—l/Z),d SLH1/2) b} _ bz (4.2.14)
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which introduce antisymmetric central charges:

1 dz

oL pdr ooy o_ gl
z = 57 P35 i0Z" (v, O) zZ (4.2.15)
_ 1 dz . k -

7= m5 P i0Z;, (V" Ciy = — 21 (4.2.16)

They can be identified with the internal components of the momentum operator. It is easy to

check that they commute with any spacetime Poincaré generator and the supercharges.

4.2.3 The massless N =4 SYM multiplet in four dimensions

This subsection focuses on the massless states in maximally supersymmetric compactifications.
The 8 + 8 states form the particle content of N'= 4 SYM theory to which some people lovingly
refer to as the “harmonic oscillator” of quantum field theory or the “simplest” QFT in four
dimensions [164]. Tts S matrix can therefore be probed with the tools of superstring theory, we

will say a lot more on that in later chapters.

This work does not discuss states with momenta along the internal directions, i.e. no Kaluza
Klein or winding excitations. For any state introduced in a four dimensional setting, the ten

momentum has spacetime components only:
I (e | T o e (4.2.17)

The four dimensional particle content encompasses one gluon field, four gaugino- and antigaug-
ino species and six scalars. Table gives an overview of their relevant quantum numbers.
The D = 10 gluon splits into a four dimensional gauge boson with polarization £ in spacetime
directions only and into six scalars ¢ polarized into internal directions, in short: ™ — (&, ¢').

The gauginos follow the usual SO(1,9) — SO(1,3) x SO(6) reduction rules u® — u% @ ..

particle symbol | helicity | SU(4) representation | SO(6) representation | coupling
gluon g +1 scalar scalar ga
gaugino M —1/2 fundamental left handed spinor g
antigaugino A +1/2 antifundamental right handed spinor g
scalar o} 0 antisymmetric vector 9o

Table 4.2: particle content of the massless four dimensional N'= 4 SYM multiplet

Let us now introduce the corresponding vertex operators:

e gluon with polarization vector §,

VED(E k 2) = gaguh(z)e?) e X0 (4.2.18)
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V(O) (57 k, Z) = 5# (zaX“(z) — 2 k, wy(z) wy(2)> eik-X(z)

ga
V2!

e (anti-) gauginos with spinor wave functions u§ (u?)

2) = gauf Sa(2) T (2) e 2N

gty S%(2) Sp(2) e
IN 4 é(2)/2 ik X (2)

IS

Y

k
7k7’2> =
k

(-1/2)
(-1/2)

~6(2)/2 ik X (2)

N

V(+1/2)

u, = uje

(

(

(u, k, z) Wi

X < 10X, + 2d kuw”@/zu]a“- Sty i@Zky,g‘]_SaZ_]j>(z)
(u

VO (G k 2) = gx 71 0?(2)/2 ik X (2)

2\/_
X ([mxu + 20 kg 9] 50 S, 5 + iaZk7§J5d2J>(z)

e scalars with internal polarization ¢,

V(*U((ﬁ, k, z) = s (bj pJ (Z) o= (2) gik-X (2)
g A . _ s
V(O)(¢7k’,2) = \/;_Oé/ ¢j (Zazj(z) + 2« ku¢”(Z) \If](z)>ekx( )
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(4.2.19)

(4.2.20)
(4.2.21)
(4.2.22)

(4.2.23)

(4.2.24)
(4.2.25)

The scalars have a natural interpretation as massless transverse fluctuations of the D branes.

More precisely, the diagonal element ¢*(7T%),*¢ describes the fluctuation of the ¢’th brane of

the stack where the endpoints of the open string carrying the SYM multiplet are confined.

4.2.4 SUSY transformations within the N = 4 multiplet

In this section, we give the SUSY variations of N' = 4 states by acting with the SUSY charges
(4.2.9) and (4.2.10) on the vertex operators. Since Weyl spinors of SO(1,9) give rise to both

SO(1,3) chiralities, there are many cases to consider:

[Q2 (), V()] = VI 1/2>(u’} = %U?(Uﬂy)abkufu>
[QY2(), VED(©)] = V(*l/”(a{; = \%ﬁg(ﬁ“y)daku&)
[QC1D(y)  VED(y)] = U(qu fmeabuj(%c)”)
[Q2(@), V@] = V(g5 = ke (3,017 )
[QC1A(7), VD] = VD (gu = —Qﬁf(ﬁ*‘a)%cjfu’;)
(@A), VEI(@)] = VH)(&“ = %U?(qu)ab(ﬂjﬂz{)
[QWA(m), VED(9)] = v<—1/2>(a,;7 = 507 Kaij JW)
[QYAm), V)] = VI (= i k70, )
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This relates the normalization constants of the vertex operators via

A

The agreement of g with g, is quite natural since ¢’ are simply the internal polarization states

of the D = 10 gluon.

The SUSY transformation of the wave functions follow by scanning the right hand side for

the relevant particle:

a j —J 1 _J /- a
ot = oL (0"e)a" C' 5 UbJ opElt = 7 7l (6" €)% O ub (4.2.35)
1 I
(57]“6; = _2 7]? (Uul’)ba kﬂ 51/ (SﬁU? = E 77;)] %b ’}/ﬂ—l (bj (4236)
i 1 o . 1 - ,
T b JI T I N
Ol = E ny Koa vy ¢ Optl, = E m; (") k& (4.2.37)
1 1
0ty = —=nfeawul (1,0)" Gab; = —= ke al (3,C)1 (4.2.38)

V2

It is easy to check that the algebra (4.2.12)) to (4.2.14) closes up to gluon gauge transformations

& — &F + E* on each state.

>

4.3 SUSY breaking in compactifications

Unfortunately, any extended N' > 1 SUSY in four dimensions is incompatible with the particle
content of the SM because it leads to a non-chiral spectrum. In order to get a little closer to
realistic SM like scenarios, we have to break N = 4 supersymmetry in D = 4 down to N/ =1

(or even to N' = 0). This amounts to projecting out certain internal h = % fields ¥ which

govern the supercharge species (4.2.9)).

4.3.1 Spacetime- versus worldsheet supersymmetry

It has been shown [163,165,166] that the number of spacetime supersymmetries allows to infer
a lot of information on the internal ¢ = 9 SCFT, in particular on the amount of worldsheet
supersymmetry. The existence of a single N/ = 1 spacetime supersymmetry with one ¥, ¥
species

Q12 = -1/ ]{ a4 S,Te ?2 QU o1/ ]f &2 gasy oo (4.3.39)

271 27
already implies that the internal SCFT contains a U(1) current J(z) (see subsection |9.2.1))
which rotates one supercurrent G ~ G* + G~ into a second one G’ ~ Gt — G~. This enhances

the worldsheet supersymmetry to AN = 2.
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Similar arguments imply that A/ = 2 spacetime SUSY gives rise to a ¢ = 6 sector in the
internal SCFT with A/ = 4 worldsheet SUSYs and another ¢ = 3 sector of NV = 2 worldsheet
SUSY. The latter part of the internal SCF'T can be constructed from two free h = % superfields,
i.e. the (0Z%, k) of two internal directions, say k = 8,9. Moreover, the existence of N' = 4
spacetime SUSY implies that the internal SCF'T splits into three ¢ = 3 systems with a repre-
sentation in terms of two free h = % superfields each. From the emergence six free worldsheet
multiplets (0Z%, U*), we can conclude that any string vacuum of maximal N = 4 spacetime
SUSY necessarily corresponds to some generalized toroidal compactification geometry |167].
In other words — the spacetime properties of a set of D = 4 string vacua allow to completely
classify the associated SCFTs and, in case of extended spacetime SUSY, to even recover two

or six internal dimensions.

Conversely, having a N' = 2 SCFT of ¢ = 9 for the internal manifold with quantized
charges for the U(1) current is a sufficient condition for N = 1 spacetime SUSY. Hence, we can
describe a large class of N' = 1 supersymmetric string vacua by implementing the conditions

in the internal ¢ = 9 SCFT. The following subsection is devoted to the SCFT realization.

4.3.2 SCFT implementation of SUSY breaking

A convenient way to elegantly reduce the number of spin field species ¥, % in the internal
SCFT is based on orbifold projections: We identify internal coordinate superfields (92%, ¥*)
with certain rotations thereof and discard any non-invariant degree of freedom in the SCFT.
In the Cartan Weyl basis (2.2.38)), this amounts to performing phase rotations of the following

complex variables:

1

1 .
7 = (2" +iZ°) P2 = (U £ U5 = TR
V2 ’ V2
1 1 :
75 = E(Z‘HHZU, U= E(\If6ii\1ﬂ) = b (4.3.40)
1 1 ,
7 = — (28 +i7%), P = (U8 £ 0% = T

&
N

The Z17 (Z77) can be though of as living in the fundamental (antifundamental) representation

of SU(3) subgroup of SO(6).

SUSY breaking can be implemented by means of the following group action on the internal

(0Z*%,¥*7) and the associated bosons Ho, Hs, Hy:

(ZF 0H) 2 (74 gty H;, — H; + 270, (4.3.41)
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The orbifold transformation rules for the internal spin fields 3! follow from bosonization

y=(Htt) = o5(FHatHs+H)) o Gin(+024+03+01) s I=(+++)
EI:(+7—7—) = e%(+H2—H3—H4) —s eiﬂ(+92—93—94) EIZ(-‘:-,—,—) (4342)
y=(—t-) = os(“HatHs—Hi) | in(=02+03—04) y2I=(—+,-)
s=(——F) =  es(-Ha—HstHi) | gin(=02—03+04) 12 I=(—,—+)
with analogous statements for ij:(_’_’_) = e3(-H2Hs=Hi) a5 well as ij:(_’+,+), ij:(+7_7+)

and J=(+,+,—)- For generical values of the rotation angles 634, none of the 3, ¥ fields will
be invariant and remain in the spectrum of the orbifold theory. In order to achieve N = 1

spacetime SUSY with one rotation invariant ¥ species, we have to imposd?
O + 05 + 0, € Z < N >1 spacetime SUSY . (4.3.43)

Unless one if the angles happens to vanish, exactly one out of four spin fields and therefore

supercharges stays invariant

N+t B+ S ) B o)

S N I Bean | o | e | g
E(_’+’_) eQﬂ"ieg, E(—,"ﬁ_) ’ i(+7_’+) e_27ri63 i(+7_’+)

$(=—4) ?mita p3 (== F) D4 40) e Bt

and we can use ¥ = X(hTH) and £ = $_ _ ) to construct the N’ = 1 supercharges (4.3.39).

The U(1) current of the internal SCFT is then given by J = \/ig Z?:g i0H;, it assigns charges +1

to the Cartan Weyl fermions ¥*/ and emerges from the subleading singularity of the OPE [165]:
_ 1 V3

Y(2)B(w) ~ )y + (z—w)"* T (w) + ... (4.3.45)

Extended spacetime SUSY can be realized by imposing further constraints on the ¢; in addition
to . The trivial case 05 34 = 0 would of course preserve the full ' = 4 SUSY, and setting
04 = 0 with 0y = —603 # 0 gives rise to N' = 2 spacetime SUSY. The (028, ¥®) and (92°, U?)
superfields then furnish the decoupling ¢ = 3 sector of the internal SCFT.

4.3.3 The N =1 algebra and its massless multiplet

Once the internal spin fields are restricted to ¥ = L1 and £ = 5

charge conjugation matrix trivializes C’((irirf)) = 1 and central charges vanish due to their

—), the internal

T

2Naively, one would expect 5 + 03 + 04 € 27Z from (4.3.42)), but the freedom to redefine 0; — 1 —0; allows

to convert even integer sums into odd ones.
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antisymmetry ZU/! and Z[]— - The supercharges then satisfy the standard N =1 algebra

[QC12 QWb Y — _(gre)b P, (4.3.46)

[ty QL1 L= (o Q(H/?)’i’} - 0. (4.3.47)

On the level of massless states, the N/ = 1 projection kills all the scalars ¢; and three of the

four gaugino species. The vertex operators of the unique (anti-)gaugino are simply obtained
by suppressing the R symmetry index from their N’ = 4 ancestors,

VO (u,k,2) = grut Safz) B(z) e o9/ XE) (4.3.48)

VO k,2) = griia §%(2) S(z) e G2 NC) (4.3.49)

whereas the gluon vertex operators (4.2.18)) and (4.2.19) remain unchanged. These 242 states

of helicities +1, :I:% transform as

(02 () VED(g)] = v<—1/2>(ub = Ly (W)fk:g,,) (4.3.50)
[QY2m), VIV©] = VO (= L@ ke ) (4351
[QCY2(), VEVI(W)] = V(—l)(gu: %ﬁd(g,ug)abub> (4.3.52)
(92 (p), VD @)] = V<—1>< ¢ — %na(gug)aeﬂﬁ (4.3.53)

under the N' =1 SUSY algebra (4.3.39) with spinor parameters 7%, 7j;. In analogy to (4.2.35)

o (4.2.38]), we obtain variations

1, p L
(Snfp' = E n (O"u E)Gb (73 (Sﬁf‘u = E Na, (O"u 8) bub (4354)
a 1 v\ a a
Sput = ﬁnb (") Ky &, Spu® = 0 (4.3.55)
_ _ I
5nua = 0 (5,—]Ua = E s (O'M ) k gy (4356)

for the wavefunctions &, u®, ;.

4.4 Chiral matter at brane intersection

This section is devoted to chiral matter multiplets due to open strings located at D brane
intersections, following the lines of [168,[156]. Quarks and leptons of the SM transform in
bifundamental representations of the gauge group factors SU(3), SU(2) and U(1), hence they
cannot originate from open strings with both endpoints on the same stack of branes whose
excitations fall into the adjoint representation. We will build a bridge between the geometric
picture of a D brane intersection and the massless vertex operators for chiral multiplets which

involve boundary changing operators of the internal SCFT.
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4.4.1 The geometric picture

Before going into the formal SCF'T discussion of string excitations at brane intersection, let
us gain some intuition from the geometric picture. We consider two stacks of D branes whose
worldvolume has one dimension in the Z8, Z° plane, intersecting at an angle 79 with 9 € [0, 1],

see the following figure [£.3]

ZQ

Z8

Figure 4.3: Two D brane stacks a and b intersecting in the (Z8, Z?) plane.

Open strings with one endpoint (¢ = 0) on brane stack a and the other one (¢ = m) on

stack b satisfy boundary conditions

0,2° = Z° =0
o=0 o=0
ag(cos(m?) Z% — sin(m) Z9> =0 (4.4.57)
(cos(7r79) 79 + sin(md) Z8> = 0.

The solutions to the wave equation 99Z* = 0 on the worldsheet subject to these boundary
conditions have a shifted mode expansion. More precisely, the complex variables Z** = \/LE(Z 84

iZ°) and U = 5 (0" £40) in the NS sector can be expanded in oscillators

7w ol agt, 0 U oyt neZ. (4.4.58)

In fact, these strings furnish the twisted sector of the orbifold action with 20; = 9;. The
next subsection will introduce the conformal fields associated with the twisted sector’s ground
state. The projection of D branes into the remaining internal dimensions which we gathered in
complex pairs can give rise to further intersections: the (Z%, Z°) plane with angle 95,
the (Z%, Z7) plane with angle 93 and finally the (Z8, Z°) plane with angle ¥,.
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The Chan Patons degrees of freedom associated with these open strings are different from
the standard ones introduced in subsection [2.4.4. The Chan paton matrices do not carry the
standard adjoint index 7 but rather bifundamental indices (75) with resepect to the gauge
groups G, and G, living on the brane stacks of endpoints a and b. Their matrix elements are
given by

(TgHat® = 02205, (4.4.59)

we will revisit them in subsection for computing color factors in quark amplitudes.

4.4.2 The SCFT implementation

The shifted mode expansions (4.4.58)) for the complex fields 9Z% and ¥*/ implies that they

depend on fractional powers of the worldsheet coordinate z. These branchings are generated

by so-called twist fields agﬂj and sjj of conformal dimensions h(ai_ ) = 19;(1—19;) and h(sf;j) =

%(1 — ;)% Their defining properties are the operator products with 97 and :

02 (2) a5 (w) ~ (z—w)" 7 (w) + (4.4.60)
025 (2) o) (w) ~ (z2—w)™ 75 (w) + .. (4.4.61)
U (2) 55 (w) ~ (z=w)' " (w) + . (4.4.62)
U (2) 55 (w) ~ (2 —w) 7 (w) + (4.4.63)

The right hand side involves excited versions 7‘3:,,
J

dimensions h(Tﬁij) = 19,(3 — ;) and h(ﬁ;ﬁ_) = (1 —9;)(2 + ¥;). The latter OPEs can be

- 2 2

775? , t;,ff; of the twist fields with conformal
J J J

reproduced by a bosonized representation

g = oFH st = UV (4.4.64)
J;
tf;j = Wil t%j = T(20)H; (4.4.65)

with obvious conformal weights h(t?j) = %19? and h(ff;j) =1(2-9,)>2

Worldsheet supersymmetry only admits those combinations of afj and ng in physical states
which are local relative to the internal supercurrent ~ (02 W7 +9Z~7W*), i.e. only the
products af;j sjj can be included into vertex operators. Having a massless ground state in the
twisted NS sector requires a twist field of conformal dimension h = % in the canonical (—1)
superghost picture. This imposes a condition on the angles ¥;

4
1
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which we had already found in subsection as a requirement for spacetime SUSY (recall
that J; = 26;). If the angles ¥, satisfy (4.4.66)), then the twisted NS sector contains a (GSO

positive) massless scalar with vertex operator

4

VEN(C k. 0)) = goC ] oy, 55, e e (4.4.67)
j=2
4

VOO k,9)) = goC [] o3, 59,6 e . (4.4.68)
=2

The higher ghost picture analogue can be computed by means of the Cartan Weyl representation

~ > (0ZHVI +0Z7IUH) of the supercurrent and th OPEs (4.4.60) to (4.4.63):

4 4 4
gC v — ~— — 1k-
VO k) = N7 C (20/ Ky 1 | | 0y, Sy, + g T b, eLl oy, s:;e) et X (4.4.69)
i=2 j=2 j

4 4 4
Y gC ~ v — ~ — — ik-
VO k) = NeT C <2o/ k¥ 1_[2 o) sy + Zgr;j ty, g oy 51%) e* X (4.4.70)
Jj= Jj= J

If the angles deviate from the SUSY configuration 15 + 93 + 14 = 2, then this state acquires a

mass mQ = %(2—’[92 —193 —194)

4.4.3 The chiral N = 1 multiplet

If the intersection angles satisfy the A/ = 1 SUSY condition 9 + 93 + ¥4 = 2, then one can

construct massless partner fermions from the NS scalars (4.4.69)), (4.4.70):

4
[QEY2A(), VO(C k1)) = goCa™ i j 5, T oy, /B0 o2 X (4.471)
j=2
. 4 1
[QU2 (), VOO k,9))] = goCa™n fy S" ] o, eI BTI)H o 0/2 X (4.4.79)
j=2
(@), VOC kY] = [@7@), VOC.k)] = 0 (14.73)

Note that only the first part of the zero ghost picture vertex operators contributes to this
variation. It is convenient to collect the twist fields of the right hand side into one boundary

condition changing operator

4
= = H oy ei(3=05)H;

j=2

[1]1

4
= [[oieEom (4.4.74)
=2

which has conformal dimension h(Z) = £ independent on the angles. The fermions due to the

SUSY transformation (4.4.71)) and (4.4.72)) remain massless independent on angles ¥, i.e. even
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if all the spacetime SUSY is broken. Their generic vertex operators are written as

VEYD (0, k,9;) = gyt SYZe 2 e (4.4.76)
with normalization g, = o/~"/4gc. If N' =1 SUSY is preserved then the complex scalar C' and

the Weyl fermions u, @ form a chiral multiplet with 2 + 2 on-shell degrees of freedom. Their

variations are given as follows:

65,C = nu, 6,C = mau (4.4.77)
Su = 0 st = ke C (4.4.78)
Syl = 1" ko C 5t = 0 (4.4.79)

Note that the vertex operators (4.4.75)) and (4.4.76)) of the chiral fermions closely resembles the
gaugino vertex (4.3.48) and (4.3.49): Apart from their different normalizations g, < g, and

their different Chan Paton degrees of freedom, they reproduce each other under exchange of

the internal h = % fields X <+ =. The latter give rise to the same two point functions,

(X(2)Zw)) = (E2)Zw)) = (Z——W7 (4.4.80)

that is why they have the same tree level coupling to gluons which do not see the internal

SCF'T. Details of this argument are given in subsection [8.2.1] and it remains valid for massive

Regge excitations constructed from the spacetime SCFT.

4.5 The first mass level in four dimensions

In this section, we take a look at the first mass level from the four dimensional point of view.
The ten dimensional particle content has been identified in section [3.3] it encompasses a spin
two tensor B,,,, a three form F,,,, and chiral gravitino x% . The fate of these 1284128 states
generically depends on the amount of spacetime SUSY which is preserved in the compactifica-
tion to four dimensions. But still, some states are completely model independent, and we will
argue in later chapters that only the universal part of the spectrum will appear as resonances

in gluon collisions.

4.5.1 Maximal supersymmetry

In maximally supersymmetric compactifications to D = 4 dimensions, all the 1284128 states

from the first mass level remain in the physical spectrum and fall into some representation of
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spin | # of species | bose d.o.f. || spin | # of species | fermi d.o.f.
2 1 1-5=5 3/2 8 8-4=232
1 27 27-3=811 1/2 48 48 -2 =96
0 42 421 =42

Table 4.3: particle content of the massive four dimensional N/ = 4 spin two multiplet

the N' = 4 algebra. Massive SUSY multiplets are generically longer than massless ones, they

have 22V

components in four dimensions unless some BPS bound is saturated. The first mass

level of the open superstring furnishes precisely one non-BPS multiplet with 28 = 256 states,

see [169] for a general reference on massive spin two multiplets. The four dimensional particle

content is well-known to consist of the Poincaré representations given in table |4.3]

We can identify all these states on the level of vertex operators by dimensionally reducing

their ten dimensional ancestors. A large part of this list is sketched in [170] and will be further

discussed in |151]

e spin two tensor ~ B,,,i0X™"e"%e*X in D = 10 decomposes into:

= o Qpu i0X" Ve i X

= 985, (iaX“ Uy, + 107, wu) o ik X

= g Ckl 107, U e ? kX

= goop ( (N + 20k, k) i0X P Y + 2d' K, 8¢“> e % ik X

4.5.81
4.5.82

(4.5.81)
(4.5.82)
(4.5.83)
(4.5.84)

4.5.84

The first vertex operator represents a spin two tensor in D = 4 dimensions with transverse

and traceless wave function k*a,, = a,* = 0, and the second one (4.5.82) describes six

vectors k = 4, ...,9 subject to k‘”ﬂﬁ = 0. The counting of scalar degrees of freedom in the

vertex operators (4.5.83|) and (4.5.84]) is a bit subtle because the only the D = 10 trace

of the B,,, wavefunction vanishes. Here, we have decomposed it into a symmetric and

SO(6) traceless part (¢¥ = ¢ and (¥, = 0) with 20 components such that another

scalar ¢ comes from the spacetime trace m,n =0, 1,2, 3.

e three form ~ E,,,,, " ¢"pPe ?e*X in D = 10 decomposes into:

= 9o 620/ % Euvrp 77/)“ wu ZZJ)\ kP €_¢ eik.X
= g.,2d % W Euap V¥ PN P Uk e etk X
= gaV20/ df PF W Uy ? X

= go V20 Q"0 Uy, e f RN

4.5.85
4.5.86
4.5.87
4.5.88

~—~~ o~
—_—  ~—  ~— ~—
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spin | # of species wavefunctions spin | # of species wavefunctions
2 1 Uy 3/2 8 X © 4
1 27 665 ® 6wk @ 15 d! 1/2 48 207, ® 207 5 B 4bF B 4b]
0 42 ©®0®20C" D 20 Vi,

Table 4.4: wavefunctions in the vertex operators for the N' = 4 spin two multiplet

In and we have exploited that a massive p form in D = 4 dimensions can
be Hodge-dualized to a 3—p form, this introduces one pseudoscalar ¢ and six pseudovectors
wy. With two internal W fields, we obtain another 15 vectors, i.e. the D = 10 state E,,,,
gives rise to 21 transversal vectors k,w) = k:“dﬁl = 0 altogether. Finally, the internal

SO(6) three form Q™ contributes 20 scalars.

e gravitino ~ (x2i0X™ + 2a'ﬁg‘1/)m ¢B“)Sae*¢/2eik'x in D = 10 decomposes into
VEVI(GE) = gy (5ZiaX“ — /(K %b)ab>5b B2 X (4.5.89)
VER(,k) = gy X (532'5)(” — P (K Jqﬁ)ab) CIOTRE (4.5.90)
VO = gy (0285,5 — © g T 0SS ) PR (4501
VEREE) = g7, (z’@Z’“ S4Sr — %'kdb UE AL S, 2J>e*¢/2 X (4.5.92)
VR0 R) = g (— 5 i0XE k() S8 e ¢ (45.99)
VEI0R) = B (=50, 0% 0X" + § (4% ) S Tre et (45.04)

First of all, the vertex operators (4.5.89) and (4.5.90)) create eight massive spin 3/2 parti-

cles (one for each value of the R symmetry indices I, ') whose wavefunctions are transverse

and o traceless, XzO'gb = k#x}, = 0. The next part (4.5.91)) and (4.5.92) involving internal

vector spinors 7 ; seems to contain 24+24 Weyl spinors r* & 1, at first glance. However,
it makes sense to impose the internal irreducibility condition rg " 7 = 0 which kills one

out of six spin 1/2 particles and leaves us with 40 spin 1/2 fermions of “SO(6) spin” 3/2.
Finally, (4.5.93) and (4.5.94) represent another eight spin 1/2 fermions which transform

in the (anti-)fundamental R symmetry representation.

Table [£.4] summarizes these findings.

4.5.2 Universal states

Most of the vertex operators (4.5.81]) to (4.5.94)) involve conformal fields 2%, U* 3! 537 from

the internal SCFT. They generically disappear after SUSY breaking and therefore become
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model dependent. This subsection lists the universal states without internal SCFT coupling,

they remain in the spectrum even in N' = 0 compactifications.

Among the NS sector states, only the spin two tensor o, and two scalars ¢, 6 have a vertex
operator without internal contributions. It makes sense to combine the latter into a complex

scalar whose imaginary part is the parity-odd contribution ~ fe,,,,:

VD, k) = gaau,i0X ¥ e ? e (4.5.95)
V(fl)(gpi’k) _ ngSO e ezk-X

.y

X (O + 20'kyk) iOX" 0"+ 20k, O+ % Carrg VU R ) (4.5.96)

We will see in the three point couplings in subsection that this complex combination is

essential to obey certain MHV selection rules.

We have argued in subsection that chiral fermions (4.4.75)) with internal twist field =
are present in any AN = 0 spectrum. The same is true for their Regge excitation with extra
conformal fields from the spacetime SCEFT, in particular the following spin 3/2- and spin 1/2

states at mass level one are universal:

VEVDOGR) = g (0Ri0X" — o/ v (K ) ) SyE e/ ek (4.5.97)
VEVI(R) = Gy (010X — o g (K )7 ) SPEe /2 ek (4.5.98)
VED k) = bt (=5 (oK) i0X" + 5 (§ )" ) Sy e e (4.5.99)
VEYA(b k) = gbz}a(—é(% K)hioX" + L (¢ gﬁ)db)SbEe_d’meik'X (4.5.100)

Excited quarks certainly deserve another normalization g, compared to massive gauginos

({4.5.89) to (4.5.92), and their Chan Paton degrees of freedom are bifundamentals in the gauge

groups of the corresponding D brane stacks.

There also exist universal mass level one fermions with excited twist fields. They are not
discussed in [2] and this work. They are of lower phenomenological relevance because a nonva-

nishing coupling to SM fields requires two of these states.

4.5.3 Completing N = 1 multiplets

In the previous subsection, we have identified seven bosonic and twelve fermionic states which
universally appear even in N/ = 0 compactifications. Let us now move on to scenarios with N' =

1 SUSY and identify the extra states which are necessary to fill the corresponding multiplets.
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First of all, the N’ = 1 components ¥ = X(+"+) and ¥ = S _ ) of the internal spin
field each give rise excited gauginos of spin 3/2 and spin 1/2. In contrast to the excited quarks

({4.5.97) to (4.5.100)), they are associated with adjoint Chan Paton factors.

VEVI( k) = g, xZ(éﬁiaX“ — o yH(§ ¢)ab>SbEe‘¢/26i’“'X 4.5.101

VEVD(E) = g X (010X — ol g ( )% ) SP S et/ e 4.5.102

( )
( )
VEVD (k) = gy (— Lo, f)bioxr + Ly qu)ab) Sy Le 2 kX (4.5.103)
T TE T (_ L5, )t i0X" + L (3 w)db) STt X (45104)

Massive spin two multiplets of N/ = 1 SUSY combine the spin two states (4.5.95]) with the spin

3/2 gaugino-antigaugino pair (4.5.101)), (4.5.102)). Degree of freedom counting suggests that

there must exist a missing vector particle to complete the multiplet. Indeed, the following spin

one state is universal to all N’ = 1 compactifications,
VO k) = gad, vt Te et (4.5.105)

where J denotes the canonically normalized U(1) current of the internal SCFT which appears
as a subleading term in the ¥(2)X(w) OPE (4.3.45)). It can be regarded as a special combination
of the N = 4 vectors (4.5.87) with transverse polarization vector dff = d,.

Having accomodated the 8+8 degrees of freedom of (o, X X4, d,,) into spin two multiplet,
we shall next take a look at the remaining states (4.5.103)) and (4.5.104) of spin 1/2 and the
complex scalar (4.5.96)). SUSY obviously requires two additional bosonic states, and these are

provided by the complex scalar
V(W k) = gowtOFe et (4.5.106)

Just like the internal current 7, the operator OF = UH2U+3¥+ remains in the SCFT spectrum

of any N = 1 supersymmetric geometry. It arises in the spin fields’ self-OPE:

22)2(w) ~ (z—w)¥tO0t(w)+ ..., DE)Sw) ~ (z—w)** O (w) + ... (4.5.107)
The states w® can be thought of as special components of the internal three form Qy,, — w®.
Since each Calabi Yau compactification manifold admits a pulely holomorphic and antiholo-
morphic three form, we refer to w* as the Calabi Yau scalar.

+

The two real degrees of freedom w® complete a massive spin 1/2 multiplet (b%, by, ®*, wF).

Table summarizes the two universal N' = 1 multiplets of highest spin 2 and 1/2, respectively.
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spin | wavefunctions d.o.f. spin | wavefunctions d.o.f.

2 Qpy 5 bose 1/2 b @ b, (242) fermi
3/2 X% @ Xy (444) fermi | 0 o* 2 bose

1 d, 3 bose 0 wt 2 bose

Table 4.5: SUSY multiplets which universally occur in AN/ = 1 compactifications
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Chapter 5
Basics of open string tree interactions

After the rather introductory part [[] we can now proceed to the main topic of this work —
scattering amplitudes of open string states. Although all the full-fledged superstring ampli-
tudes discussed in this thesis are at tree level, we shall start with a general account of string
perturbation theory in the first section [5.1 Then, in section [5.2| we develop the definition and
computational prescription for open string tree amplitudes, guided by conformal symmetry on
the worldsheet. A first look at the role of color- and kinematic degrees of freedom is taken in

the third section [5.3]

The later sections [5.4] and explain the interplay between tree amplitudes in full-fledged
superstring theory and their field theory limit. A lot of deep structures which were recently
discovered within field theory amplitudes have a natural explanation from superstring theory.
The superstring framework offers powerful worldsheet methods which make a quick and ele-
gant derivation of very general relations available. This fruitful area of research is just at its
beginning, that is why a lot of relatively new results are presented in these sections and 5.5
Also, they set the stage for the main results of this thesis.

5.1 The perturbative genus expansion

The basic idea in defining transition amplitudes in a quantum theory is to sum over all histories
connecting given initial and final states. In string theory, this amounts to performing the
Polyakov path integral over gauge inequivalent worldsheet metrics, see subsection for the

disentanglement of gauge inequivalent orbits.

The essential prerequisites for nontrivial scattering amplitudes between physical states are
interactions between strings and their excitations. One might feel tempted to enlarge the free

worldsheet action (2.1.13)) by various cubic and higher order interaction terms in the matter

103
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fields. But it turns out that this procedure is incompatible with the residual superconformal

gauge transformations which are essential for unitarity and anomaly cancellation.

Instead, it is completely sufficient to consider freely propagating superstrings at local level.
Their interactions arises from global properties, in particular from the topology of the world-
sheet which could not be captured by extra terms in the action . As shown in figure
[b.1] the worldsheet underlying the splitting of one open string into two open ones locally looks
like the free case. In fact, this is intimately related to the absence of a distinguished inter-
action point in spacetime, a feature of point particle QFT which is the source of various UV

divergences.

Figure 5.1: One open string splitting into two

5.1.1 The topological worldsheet action

In any field theory with a Lagrangian description, both physical and technical considerations
suggest to consider the most general local action which preserves the symmetries of the theory.
In case of the worldsheet theory of the bosonic string, there is one extra term beyond the
Polyakov action which respects Weyl- and Poincaré symmetry:

1 1
Stop = AX, X = E/dQO' vV—dethR + o dsk (5.1.1)

The subscript top” already indicates that this action is of purely topological nature: In two
dimensions, the Einstein Hilbert integrand (with R denoting the worldsheet Ricci scalar) is a

total derivative. Therefore, adding ([5.1.1)) to the worldsheet action has no classical effect at all.

For open strings, there is an extra integral of the geodesic curvature k£ along the worldsheet
boundary which can be regarded as a two dimensional Gibbons Hawking boundary termT] Al-

together, the Einstein Hilbert- and Gibbons Hawking terms give rise to the Euler characteristic

IThe geodesic curvature of a Lorentzian worldsheet is explicitly given by k = t%n,V,t® with ¢* a unit vector

tangent to the boundary and n® an outward pointing unit normal vector.
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x and the impact of the action ([5.1.1)) is a weight factor of X in the path integral. It controls
the relative weighting of different worldsheet topologies such that e* can be identified with the
closed string coupling gs. The physical meaning of the parameter A will be clarified in the

following subsection.

Worldsheets of open strings require some extra care: Their sources are boundary segments
whereas the sources for closed strings are closed boundary loops. The curvature k& diverges at
corners connecting two different segments giving a contribution of 1/4 to the Euler number.
Since the addition of an open string source to the worldsheet increases the number of corners

by two, the open string coupling gopen can be identified as

Jopen = e)\/Q = (gs)l/Z- (512)

This will mean that each open string vertex operator must carry such a factor of 2 in its

normalization.

The Euler number is related to the Riemann surface’s genus by y = 2—2g. Adding a handle
to the worldsheet increases g by one resulting in weight factor e** per “hole”. The following

figure shows the genus expansion for worldsheets with a fixed number of open string sources:

e*Stop ~ 1 e*Stop ~ 62)\ efStop ~ 64)\

Figure 5.2: The perturbative genus expansion for the contribution of open string worldsheets

to a path integral

The basic idea of string perturbation theory is to disentangle the contributions of different
worldsheet genera to observables. The path integral over different worldsheets is split according
to the loop order g, and each fixed value of g involves only one worldsheet diagram. This is in
contrast to the plethora of Feynman diagrams arising in field theory processes with nontrivial

multiplicities.

5.1.2 The string coupling from the dilaton field

This subsection is an aside which explains the dynamical origin of the parameter A in the

topological worldsheet action (5.1.1). The end result of the following discussion is that the
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expectation value ¢1o of the massless dilaton field ¢10(X) from the closed string sector sets the

value of the string coupling,

A = ¢10 = <¢10(X)> = Jopen — e¢1°/2 . (513)

To arrive at , we have to consider strings propagating in a curved background spacetime.
For simplicity, we restrict the discussion to bosonic string theory, the arguments in superstring
theories are straightforward generalizations. To take curved spacetimes into account, we have to
modify the Polyakov action of Minkowski spacetime such that it incorporates a coherent
background of massless states o™ a"|0) from the closed string sector. The generalization of

the Polyakov action with this background follows from adding their vertex operators to (2.1.2)F}

S, — ! / %0 v/— deth([h“b Grn(X) 4 2™ By (X)] 0, X™ 0, X" + o/Rélo(X)>

Y
(5.1.4)

The first field G,,, denotes the generalized spacetime metric whose traceless part gives rise to
the graviton vertex operator. Secondly, the antisymmetric counterpart B,,, is referred to as the
Kalb Ramond two form field subject to a gauge invariance B,,,, = By + 0mCn — 0. Finally,
a mixing of the G,,, trace and ¢1g gives rise to a scalar degree of freedom, the so-called dilaton.
The last term ~ o'R in the action ([5.1.4) is required by unitary and conformal invariance or

alternatively from the limiting field theory [171},/172,173,[174].

The inclusion of background fields G,,,,, Byn, ¢10 generically violates Weyl invariance and
spoils the theory’s consistency. The potential symmetry breaking can be most conveniently
parametrized in terms of the energy momentum trace on the worldsheet which necessarily

vanishes in conformal theories:

1 1
T,° = —— B9 p®9,Xm9X" — — BB 9, XM P X" — = [0 1.
a 20/ mn h 8a (91) 20/ mn 19 8(1 &, 9 6 R (5 5)

A background is compatible with (super-)conformal symmetry if 7,* and therefore all the 3
coefficients in ([5.1.5)) vanish. In terms of the spacetime Ricci tensor R,,, and the Kalb Ramond

field strength H,.p,, = 30, By, these are

G = & Rum + 20/ Vi Vadio — & Hypg HP + O(a?)
! '
0 - TB);TL = _% VpHpmn + a/vp¢10 Hpmn + O(alz) (516)
B = —ZL V2% + o Vidio V10 — & Hump H™™ + O(0?)

2The worldsheet action (5.1.4) descibes a nonlinear sigma model which is renormalizable because of the
dimensionality d = 2 of the worldsheet. Higher dimensional worldvolumes would spoil the model’s renormaliz-

ability.
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The first line of is nothing but the Einstein equation with a ¢1p- and H dependent
source term, this is a very direct way to see that string theory contains general relativity in the
o — 0 regime. But the point of interest in the context of the string coupling is the appearance
of ¢19: Since it always occurs differentiated in ([5.1.6]), an X™ independent shift of ¢y preserves
Weyl invariance. On the level of the action (5.1.4), such a ¢ shift changes the weight of
the worldsheet Einstein Hilbert action and therefore the suppression factor e X of worldsheets

with larger Euler number.

The consistency conditions ((5.1.6)) are solved for the one parameter family
Gmn<X) = Tmn an(X> = 0 5 ¢10(X) = ¢10 = A (5'1'7)

of flat Minkowski backgrounds. Different values of the constant dilaton and therefore of the

A2 simply correspond to different backgrounds of one single string

string coupling gopen = €
theory. This should not be confused with a family of different string theories. In principle, the
dynamics of string theory determine the background, therefore A cannot be considered as a free

parameter.

5.1.3 Higher genus

Since loop amplitudes are beyond the scope of this work, we only give a brief outlook on some
features of higher genus worldsheets. Global aspects of the worldsheet were first addressed
by [175,176]. For references on multiloop computations in covariant superstring theory, see [177,
178//179,(180,/181]. The notion of ellipitic genus was developed in |182}/183(184//185,186,/187]. The
classics on multiloop computations in the RNS framework are [188]189,190}/191,{192}/193.|194].

One main complication is that for g # 0, the gauge redundancy does not completely elimi-
nate the path integral over metrics but leaves behind a finite-dimensional integral over so-called
moduli space. The latter is formally defined as the space of metrics for a given topology, modded

out by diffeomorphisms and Weyl transformations.

As the simplest open string example, consider a cylindrical worldsheet of genus g = 1,
parametrized by string coordinate o' € (0, 7) and periodic time ¢ € (0, 27). The metric cannot
be brought into Minkowski form 7,, by means of diffeomorphisms and Weyl transformations
which respect the 0% = ¢ 4+ 27 periodicity. The best one can do is to cast it into ds? =
|dot+it do®|? with t € R. Roughly speaking, this corresponds to cylinders of different lengths at

fixed radius — their ratio of length and radius cannot be modified by conformal transformations.

Although one strictly speaking takes the path integral over diffeomorphism- and Weyl in-

equivalent metrics, one can outsource the integral over moduli space of metrics to an integral
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over coordinate ranges. In the g = 1 case of the cylinder, this means: Instead of a 27 period-
icity in time, we identify ¢ = ¢ + 274t and integrate over ¢t € (0,00) as a finite dimensional

remnant of [ Dh |g:1.

The complications caused by the moduli are taken into account by b ghost insertions into
the path integral. The b ghost couples to the metric worldsheet metric hy,, and each metric
modulus gives rise to a [ dw;b(w;) insertion in the path integral. Since g = 0 admits to
completely fix hqp = N, the b ghosts do not contribute to tree amplitudes. Like in field theory,
ghost fields only affect observables through their running in loops.

As we have argued in subsection [3.1.3] BRST invariance requires that for each fixed coor-
dinate z;, the position integral [ dz over the associated physical vertex operator is replaced by
a c(z;) insertion. Hence, the zero mode counting N, — N, = 3 — 3¢ is a relation between the

number N, of moduli and the number N, of worldsheet positions we can fix at genus g:

3 g=20 0: g=0
N, = 1: g=1 Ny, = 1: g=1 (5.1.8)
0: g=>2 3g—3 1 g=>2

Superstring theories introduce additional moduli due to the Grassmann odd degrees of freedom
on the worldsheet, they couple to the (3, superghost system. They are taken into account by
appropriate picture changing, see subsection [3.1.6]

5.2 The string S matrix

In theories which contain gravity and the associated diffeomorphism gauge group, there are
no local off-shell gauge invariant observables. Any correlation function (¢(X;)...¢(X,,)) for
instance is gauge dependent because diffeomorphisms map the points X; to other positions.
The only way to keep such a correlator gauge invariant is to send the spacetime positions to
infinity, X; — oo. Then, they are unaffected by gauge transformation (which have to die off
asymptotically). Amplitudes with all external legs sent to infinity are referred to as elements

of the S matrix.

In the context of string theory, this implies that the insertion points z; of scattering states
into the worldsheet SCFT (via vertex operators V' (z;)) need to be located at infinity. Then, we
can use conformal transformations to bring the z; to finite distances, details follow in the first
subsection [5.2.1] However, Weyl invariance imposes on-shell condition on the V(z) that is why

the machinery described in this work does not directly apply to an off-shell S matrix.
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5.2.1 From asymptotic states to the punctured disk

In this subsection, we shall explain how asymptotic states can be realized on g = 0 open string
worldsheet. A scattering process involving n open string states can be described by a worldsheet
with n long strips representing the external legs which are pulled off to infinity. Each of the

strips can be parametrized by a complex coordinate w, see figure [5.3}

0 < Im(w) < 27t Re (w) € (0, ) (5.2.9)

Im (w)

Figure 5.3: Worldsheet with four external open string states, inserted at the end of strips of

length 27t. A complex coordinate w in the range (5.2.9) is convenient to cover one of the strips.

The limit corresponding to an S matrix element is ¢ — oo because the lower end Im(w) = 27t
is the position of the external source whereas the upper end Im(w) = 0 fits onto the rest of the

worldsheet.

The strip has a conformally equivalent description in terms of the following coordinate z:

z = e, e <y <1, Im(z) > 0 (5.2.10)

Under w +— z = ™, the long strip is mapped into the intersection of the unit disk with the

2

upper half plane, with a tiny semi circle of radius e *™ cut out at the origin. In the S matrix

limit t — oo, this defect reduces to a point.

The full worldsheet whose w parametrization for the long strips is depicted in figure
becomes a disk with small dents in the z coordinate, see the following figure In other
words, the worldsheet underlying an open string tree level scattering process is a disk where

the vertex operator positions z; appear as punctures on the boundary.
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Vi(wy — 00) \& Va(wy — 00)
zj = et
D
Vi(wyg — 00) V3(ws — o)

Figure 5.4: Conformally equivalent picture of a worldsheet with four long strips: A disk with

small dents of radius e~2™

As a last simplifying transformation, let us map the disk boundary to the real axis. This
will prove valuable in chapter [7] when the worldsheet integrals are expressed in terms of hy-
pergeometric functions. The conformal reparametrization z — x(z) which maps the unit circle

|z| =1 to the real axis z € R is given by

11—z
Z = o = 1 ,
1+2

(1,4,—1) +— (0,1,00) . (5.2.11)

In particular, the interior of the unit circle in the z patch corresponds to the upper half plane

in the z patch.

29 =1
1_
= 1 ~
142
23——1 Zl—]_
reR
.171:0 1’2:]_ T3 = OO

1—2
1+z

Figure 5.5: Mapping the unit disk |z| = 1 to the real axis € R via z =i
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5.2.2 The conformal Killing group

According to the discussion of the previous subsection, the starting point for computing open
string disk amplitudes M(®Py, Po, ..., P,) is inserting the asymptotic states @y, ..., P, on the
worldsheet boundary. The vertex operators enter as punctures on the disk boundary which is

mapped to the real axis for convenience. BRST invariance is guaranteed by integrating over

each position, see (3.1.12) and (3.1.13)):
M(Dy, Dy, ..., D,) ~ <H /dzj Vj(zj)> (5.2.12)
j=1 /R

Since all the vertex operators V; are conformal primaries of unit weight, the integrand only
depends on n — 3 cross ratios rather than the full n variables z;. Three of the n integrations in
(5.2.12)) badly overcount the conformally inequivalent z; configurations by an infinite degeneracy

factor, so we must compensate this divergence by an appropriate proportionality constant.

We have mentioned in subsection that each genus admits to fix certain number of
vertex positions which agrees with the number of ¢ ghost zero modes. They count the number
of so-called conformal Killing vectors, the remnant conformal gauge symmetry on a worldsheet

[

of genus ¢g. The degree of overcounting in (5.2.12)) is usually referred to as the “volume” Veka
of the conformal Killing group (although it is formally infinite), and this has to be divided out
in the (correctly normalized) amplitude M:

Veka

In order to give a better meaning to the rather symbolic expression V&l(G, we have to take a
closer look at the conformal Killing group of the disk with ¢ = 0. In consists of those globally
defined conformal transformation which respect the disk boundary (i.e. the real axis). This
requirement is met by 2z +— 2z —1n_1, 2 — z — oz and z — z — 22 for z € R. These are the
only transformation of the form z — z — 7,2"" with no poles on C U {oo}. They generate
translations, dilataions and special conformal transformations, respectively, and are referred to

as the three conformal Killing vectors.

The exponentiated versions of the infinitesimal maps 6z = —1n_;, 6z = —1ngz and 6z = —1n; 22

have the group structure of SL(2,R)/Z,:

az+b a b a
cz+d’ c d c

zZ —

e SL(2,R)/Z (5.2.14)

An overall rescaling of a, b, ¢, d does not affect the map ([5.2.14]), so we can assume the matrix

(2%) to have unit determinant. This reduces the four real parameters to three independent
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ones which ties in with the three infinitesimal parameters n4; and 7. Also, the conformal
transformation (5.2.14)) is invariant under reflections (¢ %) — — (2%), so only the discrete Z

quotient gives rise to distinct transformations.

The overcounting in the integral of is cured by fixing three vertex operator posi-
tions and dropping the associated integrals — there always exists an appropriate SL(2,R)/Zs
transformation to map any triplet (z1, 29, 23) € R? to an arbitrary other one (wy, ws, w3) € R3.
By the BRST arguments of subsection [3.1.3], the position fixing requires the insertion of three
¢ ghosts, and this gives precisely the correct ghost number to cancel the background charge

Qb = —3, see subsection More formally one could write
Vara = c(zi)c(z) e(z) 8(zi — wi) (25 — wy) 6(2 — wy) wy, wy, w3 arbitrary . (5.2.15)

In other words, the prescription (5.2.15)) to divide out the conformal Killing group of the disk
kills two birds with one stone — firstly it avoids the overcounting in the n fold integral of (5.2.13)

and it secondly achieves ghost charge conservation for the (b, ¢) system. After evaluating three

integrals, the amplitude (5.2.13]) becomes
M(By, Dy, ..., D) ~ <CV1(21)CVQ(22)CV3(,23) 11 /dzj Vj(zj)> (5.2.16)
j=1 7R

where the three unintegrated positions zq, 29,23 can be fixed to arbitrary positions on the
worldsheet boundary. The most convenient choice for the rest of this work is parametrizing the

boundary by the real axis and setting (21, 22, 23) = (0, 1, 00), see figure .

The presence of the V(;Il{G factor in (5.2.16|) provides a formal reason for the vanishing
of zero-, one- and two point disk amplitudes: The infinite volume of the conformal Killing
group cannot be compensated by the overcounting of gauge equivalent configurations of < 2

worldsheet points.

The ¢ ghosts with weight h = —1 contribute a three point correlator (c(z;)c(z;)c(zx)) =

111
2ijZik%;k to the amplitude. We can also think of it as a Jacobian det (2 Z; zg ) from trading the

[ dz; dz;j dz integral for an integration over the n_q, 19,71 parameters of the conformal Killing

vectors.

Let us conclude this subsection with a few words on higher genus open string worldsheets.
The cylinder at ¢ = 1 is the last open string worldsheet topology with a conformal Killing
vector, namely the translations 6z = —n_;. At higher genus g > 2, we can no longer fix any
worldsheet position and have to integrate over all the occurring z’s. Ghost charge conservation

then requires b ghost insertions, see ([5.1.8)).
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5.2.3 Superghost pictures

So far, we have completely neglected the fermionic degrees of freedom of the superstring. Apart
from the (b, ¢) ghost system which is inherited from bosonic string theory, we will have to include

the superpartners (/3,) into our discussion of superstring amplitudes.

According to subsection , the (3, 7) system is plagued by a background charge Qg =
+2 which parametrizes the anomalous conservation law for the superghost number current.
Hence, the numbers N,, N3 of 3, zero modes is related to the worldsheet genus by IV, — Ng =
2 — 2g. In view of the bosonization prescription , this translates into the following

superghost charge conservation condition at tree level:

<ﬁ 09 9(%5) > - § (i qj + 2) ﬁzk—lqqu (5.2.17)
j=1

j=1 k<l

This constrains the overall superghost charge > ;45 = —2 of vertex operators Vi(qi) in order to

27:1 qj=—2 >

(5.2.18)

provide a nonzero g = 0 amplitude:

M(Py, Py, ..., Dy) ~ <C‘G(QI)<21)C‘/§(q2)(22)CV:;(%)(Z?)) H /dzj Vj(qj)(zj)
j=4 R

The partition of the overall charge —2 is left arbitrary, one can think of various different
ghost charge assignments among the scattering states. This reflects a large redundancy in the
representation of superstring amplitudes with respect to the (3, system. We justify in lines

of [126] why any partition with >, ¢; = —2 gives rise to the same amplitude.

It is sufficient to show that exchanging one unit of superghost charge between any two vertex

operators does not affect the correlation function, i.e.

!

(VDG vy ) = (Vv L vETY () Ly (5.2.19)

J J

Vertices in higher ghost pictures are obtained via (3.1.28)), so the statement to prove is

d . |
(o f o st ) VP V) )
L <...Vi(q")(zi) ;—ZjBRST(w)g(zj)vjqﬂ(zj)...> . (5.2.20)

The h = 0 worldsheet fermion ¢ only enters the 3,7 system via 3 = e ?9¢. Physical vertex
operators do not depend in its zero mode, so one can include a zero mode integration into

the path integral defining the correlation function in the amplitude. Formally, this amounts
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to inserting 1 = [ d§y&. Since £(z) is Grassmann odd, its non-zero modes (and therefore all
its z dependence) do not contribute to its path integral such that the position z; of the £(z)

insertion does not matter. We can therefore rewrite the Vi(qiﬂ) and V;(qj ! vertices as

(VS V () ) = —2<... d—“’,jBRST(w)x/Z.@i)(zi)g(zj)vj(qﬂ(zj)...>

4, 2T

shifting the £ argument z; — z; to the position of the Vj(qj ) vertex operator.

The second essential manipulation for proving is a deformation of the w integration
contour according to figure 5.6 A contour around all the vertex operators can be pulled off to
infinity, which gives zero contribution due to the z=2 falloff of correlation functions involving
the h = 1 field jprsr(z). Instead of z;, the ¢ dw integration contour can encircle any other

vertex operator position zy # z;.

JBrsT(W) JBrsT(W)

VE)) V) ) V@) 7)) G )
—— —— N /
‘/;(Qi+1)(zl) N ‘/}(qj+1)(2j) 0

Figure 5.6: Deformation of the f dw jprst(w) integration contour based on the absence of a

residue at infinity.

But only ¢ (zj)Vj(qj )(zj) provides a nonzero contribution because the other vertex operator
without ¢ insertions are BRST closed, fzh du jBRST(w)Vk(q’“) (2) =0:

d . @
-9 < .. g 2—;‘; jBRST(w) ‘/;(%)(Zi) f(zj) Vj( ])(Zj) - >

= -2 < f{ d_w JBrsT(W) Vi(qi)%)f(zj)vj(qj)(zj) >

zp#zi} 21

— 9 < . % Jerst(w) V9 () €(z) V9 (z) . .. >
2 2T

= (Ve ) (5.2.22)

Plugging this into (5.2.21)) completes the proof that superstring amplitudes do not depend on
the superghost picture assignment. Since h(§) = 0, there exists a single constrant zero mode &
on worldsheets of any genus, so the arguments of this subsection carry over to loop amplitudes

at g > 1.
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5.2.4 SUSY Ward identities

In this subsection we will examine the impact of spacetime SUSY on superstring amplitudes.
We derive relations between disk amplitudes involving different members of a SUSY multiplet,
so-called SUSY Ward identities [150]. They are based on the independence of the underlying
SCFET correlation functions on the spacetime SUSY charge ([3.5.67)) or (3.5.68)), independent on

the superghost picture of Q, and the vertex operators involved. We will demonstrate that at

tree level, SUSY relations from SYM theories [195,(196,/197,/198,199] hold to all orders in /.

We will adapt the following discussion to D = 10 uncompactified spacetime dimensions,
but it remains valid in compactifications with less supersymmetries. There is always one Ward
identity for each SO(1, D —1) spinor of supercharges. In D = 4 dimensions, for instance, SUSY

transformations can be nicely cast into the spinor helicity language introduced in appendix [C}

Since tree amplitudes of D = 4 gluons are completely determined by the spacetime sector
of the underlying SCFT, one can take advantage of SUSY Ward identities even if all the
supersymmetries are broken by the compactification [200]. Disk amplitudes of n gluons can be
considerably simplified by their relation to simpler amplitudes involving n — 4 gluons and four

scalars.

SUSY Ward identities are the result of a contour deformation trick similar to that of figure

in the previous section. Supercharges are contour integrals over h = 1 spacetime super-

currents jVsy (e.g. jéUée)a = a/7Y48,e7?/? in the canonical ghost picture), so their vanishing

integral at infinity can be deformed to small circles around vertex operator positions. The jé%)sy
integrals along these circles evaluate to the encircled state’s SUSY variation. The situation is

depicted in figure

Vi(z) V(%) Vi (2k)
H/—/ S~——
[Qom Z] [QOM ] [Qa,vky]

Figure 5.7: Deformation of the § dw FSUSY () integration contour. The superghost charges are

suppressed for ease of notation.
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n

. dw . . -
-y <qul><zl> VI i) S ) VI ) V) v;q"><zn>>

, 2w
=1 7

n

= (V") V@) [0 V@V ) - Vi) ) (5.2.23)

i=1
Superghost pictures are understood to add up to the value ¢ + > | ¢; = —2 required by the
background charge. In particular, the n vertex operators have to encompass an odd number
of fermionic states in order to get a nontrivial statement from . As mentioned above,
the same identities hold for SUSY charges in compactifications, e.g. the Q! and Q‘} inD =4
at maximal N = 4 SUSY. One is free to contract with any reference spinor n*, 7, —
specific choices give rise to further simplifications in connection with the D = 4 spinor helicity

variables.

On the level of full-fledged scattering amplitudes, including the integral over n — 3 vertex
positions, this implies

n

S O M(®y, . By, [Qa, O] i, D) = 0 (5.2.24)

i=1
Examplies for SUSY variations [Q,, ®;] have been given in section [3.5.2 e.g. n*Q,, transforms

a gluon of polarization &, into a gluino of wavefunction u® = (n } £)*/v/2.

5.3 Structure of open string disk amplitudes

This section takes a first look at the color- and kinematic structure of superstring amplitudes
due to the prescription (5.2.18)). Any statement within this section is valid for any number
of non-compact dimensions and independent on the internal geometry perpendicular to flat

Minkowski spacetime.

5.3.1 Color decomposition

So far, the color degrees of freedom have been completely neglected in the context of scattering
amplitudes. Chan Paton charges are conserved under string interactions because they flow
across the worldsheet boundary and do not enter Virasoro generators. They therefore decouple

from the remaining degrees of freedom which are collectively referred to as “kinematics”.

Since Chan Paton degrees of freedom do not evolve between the vertex operators, the
outgoing charge of one state ®; agrees with the ingoing charge of its successor ®;,;. This

amounts to performing matrix multiplication of the generators 7% and T%+! associated with
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vertex operators on neighboring positions on the disk boundary. Its S! topology requires to

take a trace of the overall matrix product (in the fundamental representation of the gauge
group), see figure 5.8

Figure 5.8: The flow of Chan Paton degrees of freedom in a four point disk amplitude leads to
the trace Tr{T @ T2},

The information on which vertex operators are neighbors lies in the ordering of their world-

sheet position z; € R, at least up to a jump from 400 to —oo which is an artifact of the S' — R

mapping ((5.2.11)):

Tr{T“lT“Q...T“”} — 5 < 2z < ... <z, (5.3.25)

Hence, the integration region H;L: 4 fR dz; in an n point amplitude must be decomposed into

domains of different orderings each of which is accompanied by its individual Chan Paton trace

according to (5.3.25)).

These arguments lead to the following color decomposition of the color dressed open string

tree amplitude:

M [(Tal, b)), ..., (T, Cbn)] ~ Z Tr{ T%@  T%m=1) Tn } A(®,a), -5 Ppm—1), Pn)

PESn_l

(5.3.26)

The objects A(P 1), - .., Pprn-1), Pn) on the right hand side denote color stripped amplitudes (or
in short “subamplitudes”) which no do not depend on the Chan Paton degrees of freedom. Since
the color traces of inequivalent orderings are independent, the A must vanish for themselves if
one of the states ® is spurious. This in particular implies gauge invariance for gluon states. A

further nice property of subampltidues is that they necessarily inherit the cyclic invariance of
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Chan Paton traces:

Te{T" ... T T} = Te{T"T" .. T}
— A(q)l, cen ,(I)nfl, (I)n) = A((I)r” q)b ceey q)n,1> (5327)

The order of the arguments ®; in A reflect the worldsheet positions’ ordering along the world-
sheet boundary z,.;) < 2(i+1),

n—2 Zp(n—1)

(ap1)) (ap(5))
A<(I)p(1)a SRR q)p(n—1)7 cbn) ~ < C‘/p(qlp)(l) (Zp(l)) H / dzp(j) V;;(qu)(]) (ZP(J))

s
J Zp(i—1)

C‘//)(((]Tffll_)l))(zpn D) V(Qn (00 )‘ > ) (5.3.28)
Z;L 19G5=

We have chosen to fix z,x1), 2,(n—1) and z, rather than zi, 2, z3. This will prove convenient in
view of the worldsheet integrals accompanying the individual color stripped amplitudes. We
will show in the later subsection that only (n — 3)! color ordered amplitudes are linearly
independent, so it suffices to compute A(®1, Do), .., Pom—2), Pn_1, P,) with o € S,_35. The
choice (21, 2n—1, 2n) = (0,1, 00) advertised in earlier subsections is consistent with this (n — 3)!

dimensional basis of subamplitudes.

Throughout the rest of this work, the object of main interest will be the color stripped

subamplitude associated with canonical ordering p(j) = j:

A®y, ..., 0,1, D) ~ < H /dzj f zj)cv(qq”(l)cv,f%)(oo)‘ >
j=2 z Z?=1qj:*2

(5.3.29)
Evaluation of the Chan Paton traces and performing the color sums required for cross sections

will be discussed in the later section 8.3

The color decomposition at higher genus additionally involves multiple traces, i.e. the
structure of is summplemented by terms like Tr{7* ... T%} Tr{T%+ ... T} together
with a so-called non-planar color ordered amplitude. This reflects the fact that g # 0 open
string worldsheets have multiple boundaries where Chan Paton charges flow independently.
In the associated SYM theory obtained as o/ — 0, non-planar contributions break the dual

superconformal symmetry and are therefore much harder to compute.

5.3.2 Kinematic pole structure

It is demonstrated in appendix [B.4] that any X™ correlator appearing in open superstring

amplitudes at tree level is proportional to the universal plane wave factor [ < |zij |2 *iki - As
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a consequence, the worldsheet integral in color ordered amplitudes takes the form

n—2 1 n
Ay, 0, ®) ~ ] / dzy [T 1z P03 (2 — ) K (5.3.30)
i=2,7 i<j I
where K! denote a collection of kinematic factors and the associated offsets n); in the (z;)
exponents follow from the accompanying RNS and (super-)ghost correlators, see chapter |§| for
the former. The GSO projection makes sure that the operator algebra is local such that all the
n,{j are integers, nfj € 7Z. Their model dependent values do not affect the general statements
to be made in the following. The full chapter (7] is devoted to the properties of the integrals
in , and we will give a glimpse of their importance for the pole structure of amplitudes

right now.

Unitarity requires that intermediate states are exchanged in superstring amplitudes. Also
in string theory, Feynman diagrams are very useful to illustrate this. In order to make the

propagation of internal states manifest, one has to identify their poles in kinematic invariants

(such as momentum products k; - k;) corresponding to propagators m or of internal
k

1
pEmy
states ®,. In case of color ordered amplitudes, propagating momenta p can only encompass a
sequence of r neighboring external momenta, p = (k;+ki+1+...+kiv,). We will use dimensionless

versions of Mandelstam variables
Sij = Oé/ (k’l + kj)2 s Sil...ir = Oé/ (k“ —+ ]{71'2 4+ ...+ kiT)Q (5331)

in order to simplify the exponents of ([5.3.30). Bosonic propagators are then of the form
(8iy..4, /' +m2)~t. The sample diagram shown below represents those parts of a n = 7 point
amplitude with poles in (s12/a’ +m2), (s123/a’ +m?) and (ss567/a’ +m?2) where my, m;, m,, are

the masses of the virtual particles &5, ®; and ®,, in the internal channels.

3 4
2 5
P, $123 d,,
6
S12 d, S567 = S1234
1 7

In chapter [7|on hypergeometric functions, we will explain in detail how the integrals in
give rise to a pole structure associated with these diagrams, see in particular subsection [7.1.3]
Since we are particularly interested in the interplay between superstring- and field theory am-
plitudes, the main focus of this work lies on massless poles s; 1% They arise from the inte-

gration region where the integration variables z;,, z;,, ..., 2;, approach each other. This gives a
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rough explanation for the aforementioned selection rule: The canonically ordered subamplitude
A(®y, @y, ..., P,) can only have poles in s; ;41 ;4 because the ordering z; < 2z < ... < 2z,

only admits z; — z;,, if all the intermediate positions z;,1, Ziy9, ..., Zi1r—1 collide as well.

5.3.3 The minimal set of Mandelstam invariants

The k; - k; appearing in the color ordered amplitudes (5.3.30]) can easily be expressed in terms

of s;; and the masses m;:

1
ki . kj = 2—0/ (Sij + Oé/ mf -+ Oé/ m?) (5332)

In three point scattering processes, the phase space becomes trivial due to momentum conser-

vation ki + ko + k3 = O:

1

ki-ky = §(+mf+m§—m§)
1

ki-ks = 5(+m%—m§+m§) (5.3.33)
1

Four point kinematics is governed by two independent Mandelstam invariants. They will be
referred to as

S = S12 = S34, U = S14 = So3, (5334)

and the remaining combinations can be expressed in terms of m;, s and u
t = s13 = Sy, s+t+u = —a (mi+ms+mi+m]) . (5.3.35)

Momentum conservation Z?Zl k; = 0 in an n particle process allows to reduce any k; - k;
to a combination of %n(n —3) invariantsﬂ The most convenient choice of basis is inspired
by the color stripped n point amplitude A(®y, ..., d,) associated with the canonical ordering

p(i) = i: This basis consists of the cyclic orbit of s15 (i.e. {S12, 523, ., Sn—1n,Sn1}) as well as

3Subtle exceptions occur if the number n of legs exceeds the number of spacetime dimensions by more
than one: Momentum conservation leaves n — 1 potentially independent D component momentum vectors.
If n — 1 > D, however, the inevitable linear dependences among k1,...,k,_1 imply the vanishing of Gram
determinants dets;; (with 1 < 4,5 < n — 1) which yields polynomial equations between the Mandelstam
invariants. In D = 4 dimensions, for instance, this effect kicks in at a six point amplitude where det s;; = 0 with
1 <1i,j <5 is a fifth order polynomial constraint on the Mandelstam variables. Usually, it is not advisable to
eliminate further invariants on these grounds because the involved polynomial equations drastically increase the
length of the final expression for the amplitude. We will therefore ignore this class of extra relations between

the In(n — 3) invariants.
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longer chains of adjacent momenta s123, S1234, ... up to the maximum length sy [,/o], together
with their cyclic images. In this context, [-] denotes the Gauss bracket [z] = max,ez(n < x),
which picks out the nearest integer smaller than or equal to its argument. If n is even, then
momentum conservation implies the last orbit involving si2. n/2 = S(n/241)..n—1,, contains n/2

independent elements rather than n.

A six point amplitude, for instance, is most concisely described by the full cyclic orbit
{812, S23, S34, Su5, S56, Se1} together with {s193, S234, S345}. Momentum conservation eliminates
Sa56 = S123 and Ssg1, Se12. Any other s;; with non-adjacent labels i # k 4+ 1 can be rewritten in

terms of the nine variables above, e.g.

S13 = Oé/ (kl + k3)2 = S123 — S12 — S23 — Oé/ (m% + m% + mg) (5336)

Let us explicitly check that the aforementioned basis of s;, ;. in n point amplitudes with

r < n/2 indeed has in(n — 3) elements:

e n=2p—1isodd: 3[n/2] —1 = p—2 orbits with n elements each, which gives n(p —2) =

5(n — 3) basis elements in total

e n even: 3 n/2 — 2 orbits with n elements and one half orbit of s;, ; J, With n/2 elements

giving §(n —4) + 5§ = §(n — 3) invariants in total

5.3.4 Normalization factors

So far we did not specify the overall normalization of color dressed superstring amplitudes M
or their color stripped ingredients. In principle, the right prefactors could be computed by
evaluating all the regularized functional determinants arising in the path integral of the SCFT
correlators in ((5.2.18). But we will follow a more pragmatic approach in this work and obtain
the correct normalization by consistency conditions: Firstly, unitarity requires that n > 4
point amplitudes factorize into lower point amplitudes on the residue of kinematic poles, and
secondly, scattering of massless states has to reduce to the correctly normalized SYM vertices

in the o — 0 limit.

The consistency conditions above are sufficient to determine the set of unknowns on the
superstring side. Firstly, we have not specified the normalization of vertex operators in section
[3.2] this leaves one unfixed constant for each SUSY multiplet such as ga at the massless level.
Secondly, there is a universal prefactor in all disk amplitudes M coming from the determinants
of differential operators in the worldsheet action, independent on the number and types of

states involved. In [41], it is referred to as Cp,, the p, subscript referring to the disk topology.
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However, the presence of chiral matter introduced in section 4.4| requires a modified overall
factor C’Dz. The worldsheet of open strings streching between branes intersecting at angles
introduces a new CFT sector of boundary condition changing fields. Also C’D2 can be deter-
mined from factorization and matching with quark gluon amplitudes in the field theory limit.
Explicitly, the normalization factors are given by

e_¢10

2 O',/2

1 -
Cp, = —— Chp,

2 2 7
Gym &

(5.3.37)

where gyy is the coupling constant of the associated Yang Mills theory and ¢y denotes the
vacuum expectation value of the ten dimensional dilaton field (see subsection[5.1.2). In fact we
have gym = Jopen = e®10/2 but we shall keep the notation of the SYM coupling to make contact
with field theory amplitudes later on.

According to the discussions above, the normalized n point color ordered disk amplitude in

superstring theory is given as follows:

n—2 1
A®,... Dy, ®,) = <cv1<q”<0>H / dz; Vf"%zj)cv,fi’a—”(l)cvMoo)' >
Z;leqj:—Q

Jj=2 21

C : only adjoint matter involved
x P ¥ A (5.3.38)

éDQ : chiral matter involved

5.4 Relating massless color ordered disk amplitudes

Having introduced the color decomposition of open string scattering amplitudes, we should
next think about how many independent computations need to be performed. Not all of the
(n—1)! color stripped amplitudes in (5.3.26]) are algebraically independent, and we will explain
the methods of [84,[85] to expand any of them in a basis of only (n — 3)! subamplitudes.

As first naive step into this direction is based on worldsheet parity. Both the Chan Paton
matrices and the oscillator contribution of the vertex operator have a well defined eigenvalue

1

+1 under reflection o! +— —c!, hence the same is true for the subamplitudes

A(@l, q)g, ey ®n717 q)n) - :l:A(q)n, (I)nfl, ceey (I)Q, (I)l) (5439)

with a sign depending on n and the mass levels of the states ®; involved. This already reduces

the number of potentially independent subamplitudes to %(n -1l

We will restrict our analysis to massless states — firstly they are our main focus during the

rest of this work, secondly these are the only states which contribute to the low energy limit of
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string theory and therefore admit comparison with SYM. More details will follow in subsection
b.5 It also makes sense to lighten notation for the massless state subamplitudes and to denote

them by
A(1,2,...,n—1,n) = A(q)l,q)g,...,q)n_l,q)n) (5440)

from now on.

5.4.1 Worldsheet monodromy relations

In this subsection we apply worldsheet techniques in order to derive algebraic identities between
color stripped tree amplitudes relevant for string theory. For this purpose, let us rewrite the

canonically ordered subamplitude (5.3.30) in symmetric fashion as

I . :
A(1,2,...,n—1,n) ~ Vorc H / dz; H | 2452 Firks Z (2 — zj)”fj K. (5.4.41)
j_

T 21<522<...<2p t<J I

Recall that the integers nZIJ specific for a given kinematic factor K! are a result of evaluating
the RNS correlator and extracting spacetime tensor structures. Moreover, the dimensionless

Mandelstam variables take the simple form 2a/k; - k; = s;; for massless states.

The modulus along with the |z;|*s factors is the only obstacle that keeps the worldsheet
integrand from being analytic. But we can easily relate it to a holomorphic function in z; by

taking the phases (—1)%7 = ¢ within certain integration regions into account:

(
1 oo <z <
eims12 : 29 < 21 < 23
n n
S14 . ) P
[T50 = TTleul < § emtume o s <a<a (5.442)
=2 j=2 .
n—1 .
L [12, e 0 oz <z <z

For a holomorphic integrand in z;, we know by Cauchy’s theorem that a closed contour integral
in z; vanishes. The contour of interest is the real axis, followed by a semicircle of infinite radius
in the upper half plane with zero contribution, see the following figure [5.9}

Let us start with the integrand of and drop the modulus of z};’ factors to make it
analytic in z;. Then we integrate z; along the contour from figure rather than over (—oo, 25)
as required for the subamplitude A(1,2,...,n). The semicircle at infinity does not contribute
because the correlation function of conformal h = 1 fields behaves like z;* as |2;| — oco. In

this setting, the vanishing of a closed contour integral implies the following relation between
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A(1,2,...,n) A(2,3,1,4,....n) A2,3,...,n—1,1,n)

Figure 5.9: The integration contour leading to monodromy relations between subamplitudes

subamplitudes:
n
le n 1
_ s 1 N I
0 = /V H dZiH Hl%zl“E:Zl/ zt K
R YCKG 75, =2 k<l
22<23<...<zpn k,1>2
z9 n
le nl
— 1 Kl J e
= /V 11 dz; H|Zﬂ| g H |2kat]® E 2y Zt K
CKG o
—00 J= 20<23<...<zp k,1>2
n P dz n
1
+ H / dZ] lﬂ‘ (s12+...+s1,p—1) H|Z]1‘81J
— Veoka e
p= Zp—1 Z2<2,’3< <Zn
I
ny; n
Skl 15 "kt g1
X H | 251 g 2 2 K
k<l
k,0>2
n
_ T 812+...+81, 1
= e =) A2, p—1,1,p,...,n) (5.4.43)
p=2

On the way to the second line, we have split the z; integration region R into intervals (—oo, z3)

and (z,_1, 2,) for p = 3,4, ..., n. The analytic zjij factors are related to the |z;1|% which appear
in the amplitudes via (5.4.42) — on the expense of catching phase factors e!™(s12+-+51.0-1) for the
individual R subsets. In the third line, subamplitudes with ®; at different positions have been

identified after pulling out the phases.
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The arguments above led to a striking relation between color ordered open superstring

amplitudes at tree level

A(1,2,...,n) + ™12 A(2,1,3,...,n) + e™12F53) A(231.4,... n)
4+ 4 eimldsstedsiac) g9 3 p—11n) = 0, (5.4.44)

its implication on the number of independent subamplitudes will be explained in the next

subsection.

The universality of this result stems from its independence on the integers nfj in 1)
The latter do not affect the analytic properties of the subamplitudes and hence do not contribute
any phases. Also, the kinematics K/ and their interplay with ni[j are independent on the ordering
p € S,_1 since the underlying CFT correlators are evaluated before specifying the partial
amplitude. It is only the integration region which changes for each subamplitude. Moreover,
the proof of the relation does not rely on the amount of spacetime supersymmetry, the
number of spacetime dimensions or whether the massless states belong to the NS- or R sector.

Hence, ([5.4.44) hold in any spacetime dimension D and for any amount of supersymmetry.

5.4.2 The minimal basis of subamplitudes

The monodromy relation ([5.4.44)) and its relabellings imply that the basis dimension of indepen-
dent subamplitudes must be much smaller than the number (n —1)!/2 suggested by worldsheet
parity and cyclic inequivalence. To get a better handle on the minimal basis, we rewrite the

set of monodromy relations in a slightly different way (with «g denoting leg 1):

Al oq,...,a5,n, B, ..., 0,) = (—1)Tﬁei”sﬁiﬁj Z (ﬁﬁeiﬂsaiﬁj>A(l,a,n)

1<J ocOP{a}u{pT} \ =0 j=1
(5.4.45)

This follows from a contour integral analysis similar to subsection |5.4.1} By {a} and {3}, we
denote disjoint ordered subsets of {2,...,n — 1} such that {a} U {8} = {2,...,n —1}. The
summation range OP{a} U {87} encompasses the set of all the permutations of {a}(J{37}

that maintain the order of the individual elements of both sets {a} and {37}. The notation

{87} represents the set {3} with reversed ordering of its r elements.

The only potentially independent subamplitudes after have legs 1 and n at neigh-
bouring positions. Their total number is (n — 2)! according to the S,_» permutations of the
remaining legs 2,3, ...,n — 1. In order to make efficient use of and , we should
bear in mind that subamplitudes are real, A(1,2,...,n) € R. We can take the real part of
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(5.4.45)) to perform a reduction to the (n — 2)! color orderings A(1,o,n). The imaginary parts
carry additional information and give rise to simpler relations because they involve one terms

less than the real parts, e.g.

sin(msi2) A(2,1,3,...,n) + sin(ﬂ(slg + 313)) A(2,3,1,4,...,n)
+ ...+ sin(m(siz+s13+ ...+ 510-1)) A2,3,...,n—1,1,n) = 0. (5.4.46)
This equation (and its relabellings) are actually sufficient to express any subamplitude in terms
of an (n — 3)! element basis. This number is identical to the dimension of a minimal basis of

generalized Gaussian hypergeometric functions describing the full n point open string amplitude

[201},202,|150], more on that will be said in later chapters.

A sensible basis choice for the (n—3)! independent superstring n point amplitudes (to which
we already alluded in subsection [5.3.1)) keeps three legs at fixed positions — say 1, n — 1 and n

— and encompasses all permutations of the remaining legs 2,3,...,n — 2:
{A1,0(2),0(3),....0(n—2),n—1,n), o€ 5,3} (5.4.47)

All other color ordered amplitudes can be expanded in this basis.

5.4.3 The four- and five point example

Let us demonstrate the power of (5.4.46|) relating n — 2 color stripped n point amplitudes by
means of the n = 4 and n = 5 examples. Given the (—1)" worldsheet parity of massless n point
subamplitudes, the naive color decomposition would give three independent color orderings at

four point:
M[(T,1),...(T*,4)] = T{T®T2T®T* + T“T®T>T" } A(1,2,3,4)
+ Te{ T2 T TT™ + T“T®T" T} A(2,1,3,4)
+ Te{ T2 T T T* + T“TT*T*} A2,3,1,4) (5.4.48)
The n = 4 version of ((5.4.46)) and its 1 < 2 relabelling then yieldﬁ:
sin(ms) A(2,1,3,4) — sin(mu)A(2,3,1,4) = 0 (5.4.49)
sin(ms) A(1,2,3,4) — sin(nt) A(1,3,2,4) = 0 (5.4.50)

All of A(1,2,3,4), A(2,1,3,4) and A(2,3,1,4) are obviously proportional to each other, the

proprotionality constant being a quotient of sin(7s;;).

4We are using four point Mandelstam variables s = s1o = s34, u = S14 = So3 and the relation s +¢t+u =0

valid for the massless case.
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At five points, the basis (5.4.47) consists of A(1,2,3,4,5) and A(1,3,2,4,5). Among the
twelve subamplitudes after reflection and cyclic symmetry, ten are nontrivial linear combina-

tions of both basis elements such as

A(L2.5.43) — sin(ﬁ(s51—334)) A(1,2,3,4,5) + Sin(7T524) A(1,3,2,4,5) (5.450)

Sin(ﬂ'(slg — S34 -+ 851))

see subsection 4.3.2 of [84] for the complete list including the remaining nine.

5.5 Field theory versus superstring amplitudes

Open superstring theory reduces to SYM field theory in the limit of vanishing string length
o/ — 0. This remains valid after dimensional reduction to four dimensional spacetime, i.e. for
N =4 SYM in D = 4, but also in compactifications with less supersymmetry. After complete
SUSY breaking to N' = 0, gluons and chiral fermions (see subsection for the latter) being

the universal massless states should give rise to QCD physics.

As a consequence, both SYM- and QCD scattering amplitudes must be reproduced by
isolating the o’ — 0 limit of massless superstring amplitudes involving (using shorthand 1% =
(T, ®) for some massless state @):

MOEYMITo 292 ] = lim M[1%,2% L o] (5.5.52)

a’—0

We shall review the structure of gauge theory amplitudes in the first subsections and later
on connect them to the string theory technology from the previous section. The following
discussion is again universal to the number of spacetime dimensions and supersymmetries, i.e.
it applies both to the gluon sector of QCD and to A/ = 1 SYM in ten dimensions. The only
simplifying assumption for the color sector is that all external states transform in the adjoint
representation of a nonabelian gauge group. Bifundamental fields requires straightforward

adjustment in the color factors of their tree amplitudes, see subsection [8.3.6]

Within this section, we use dimensionful Mandelstam invariants
Sivigoir = (ki +kiy+ ...+ k)’ (5.5.53)

instead of the dimensionless kinematic invariants s;;, ;, = o'(ki, + ki, + ... + k;,)* but drop
the hat for ease of notation. In other words — within this section 5.5} $;,:,..;, denotes the mass
dimension two quantity (k;, + ki, + ... + kiT)Q, but in the remainder of this work, the s;;,. .

are dimensionless through the built in o’ in their definition (5.3.31)).
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5.5.1 Color decomposition in field theory

Scattering amplitudes of gauge theories depend on color- and kinematic degrees of freedom of
the external states. The standard Feynman rules due to the Lagrangian description lead to

tree amplitudes which we shall parametrize as follows:

SYM[qa1 oa an Ciny

MEYM[pa 902 pen] = ;Hai%i (5.5.54)
The ¢ sum runs over all n point tree diagrams with cubic vertices (or, equivalently, over kine-
matic pole channels), regardless on the ordering of the external legs. The ¢; denote color factors
made of n — 2 structure constants f%¢ of the gauge group, and the n; are referred to as the their
dual numerators and carry all the information on kinematics and helicities. In other words —
the n; are functions of momenta and polarization tensors. We will leave them unspecified at
present because they depend on the external states. Each (n;,¢;) pair multiplies n — 3 propa-
gators s;} as required by a cubic n point tree diagram. The contribution of four point vertices

in YM fields to (5.5.54]) certainly contains less propagators and must be absorbed into the n;

Sa

by multiplying with 1 = =t for compatibility with the pole structure. Those parts of the n;

7

where one of the poles in s,, can be cancelled are referred to as contact terms.

Sa

To make contact with the Chan Paton traces of the string computation, we shall rewrite
the color structures £ from the interaction vertices and §*° from the propagators in terms of

the generators T of the gauge group. First of all,

1
— ¢ (5.5.55)

[T*, T"] = if*T., T{T°T"} = 5

fixes our normalization conventions for the generators T which might vary between different
references. By combining the two equations (5.5.55)) we expres the unique color factor f®¢ of

a three point amplitude as
%fabc — T{TT'T* — T°T°T°} . (5.5.56)

The contractions of structure constants which appear at higher order can be reshuffled in a
similar way, e.g. the color factor ¢, of the s channel in a four point amplitude (see figure below)

contributes to four different color traces:
prepet = —am{ 1, ) [10, T | (5.5.57)

By iterating tricks like (5.5.56) and (5.5.57)), all the f® can be replaced by traces of gen-

erators T%. The four point interaction vertex in the gauge field is no obstruction because it
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b c a as aq as An—1
abe > < ecd ajazel I I I en—3an—10a
f f f f€1a362 f€2a463 f€n74an726n73 f ! ! "
a d aq A,

Figure 5.10: The structure constants due to the Feynman rules for three point vertices in the
gauge field. The diagram on the left hand side represents the s channel of a four point amplitude
with color factor f¢fed  As shown on the right hand side, a specific channel of an n point

amplitude involves n — 2 structure constants.

provides the same color structure as the product of two cubic vertices connected by a prop-
agator. Hence, the mechanism ([5.3.26)) of color ordering can be literally transferred to field
theory:

MEM[1 20 ]~ N T T T T L ASYM(p(1), . p(n — 1))

Pesn—l

(5.5.58)

Since the Chan Paton traces are independent, it must be true on the level of color stripped

amplitudes that SYM S matrix emerges in the low energy limit ([5.5.52)) of superstring theory:

ASM12 .. n—1,n) = llimOA(l, 2,...,n—1,n;a) (5.5.59)
Moreover, each subamplitude ASYM (p(l), copn—=1), n) must be gauge invariant for itself —

in constrast to individual Feynman diagrams. The virtue of (5.5.58) lies in the decomposition

of the full amplitude M5YM into smaller gauge invariant pieces with transparent properties.

As a concrete example for the ideas above, let us reconstruct the color dressed four point
amplitude MSYM[141 232 393 424] from a decomposition (5.5.58)). The color stripped ampli-
tudes ASYM(1,2,3,4), ASYM(1,3,2,4) and ASYM(1,3,4,2) subject to reflection symmetry are
parametrized by kinematic numerators ng, n; and n, along with the s-, t- and u channel poles,

respectively. Only two out of three channels are compatible with the individual color orderings,
see figure [5.11}

Mo, 30 g0 = T ToTe T T e ) (40 4 )
R N e R A A
# e ra s e e} (S0 g I
= onf (e e (e, ]} e e 7o [, o] )

ny

+ wf (7, T [T, 7] -
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_. MG n Ny, Cy n e (5.5.60)
s U t

From the last equality, we can read off the explicit expressions for the triplet cs, ¢, ¢; of color

factors:
1
cs = TI‘{ |:Ta1 7 Taz] [Tag 7 Ta4] } - 5 falage fea3a4
1 1
Cy = —-— fa4a16 fea2a3 , G = —= famse fea4a2 (5.5.61)
2 2
2 3
2 3
S N Ny
ASYM(1.2.3.4) = + +  u =+t
1 4
1 4
2 3 2 3
n Ny
ASM(1.3.2,4) = + ¢ — X - .t
t U
1 4 1 4
2 3
2 3
s T n
ASYM(1,3.4,2) = - — " = - Tt
1 4

Figure 5.11: The kinematic numerators ng, n; and n,, associated with the three channels of the

four point amplitude and their appearence in color ordered amplitudes.

5.5.2 Duality between color and kinematics

The kinematics factors n; in the representation for MSYM are building blocks for color
stripped amplitudes. It was observed by Bern, Carrasco and Johannson (BCJ) that the n; can
be brought into a parametrization such that they exhibit the same algebraic structures as their
color counterparts — although they appear completely unreated at first glance [81]. This duality
between color- and kinematic degrees of freedom is an excellent example for hidden simplicity

and non-obvious harmony in scattering amplitudes.

More specifically, the duality statement of BCJ concerns the Jacobi identities ftla1e2 faslbe —

0 valid for any Lie algebra: Whenever a triplet (c;,c;, i) of color factors satisfies a Jacobi
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identity, then one can arrange the associated numerators (n;,n;,ny) such that they obey an

analogous relation:
CG + ¢ — ¢ = 0 = n; + n; — ng = 0 (5562)

The Feynman rules of the color sector allow to identify the associated triplet of diagrams, the
general case is depicted in figure Moreover, a set of numerators n; compatible with
flips its sign under permutation of external legs whenever the corresponding color factors ¢; do.
This is due to the antisymmetry of the three point vertex under exchange of two legs — both

on the color- and the kinematic side.

color Ci . k. ¢ t+c¢j—c =0
Si
+ - Sk
kinematics — — . n; +n; —ng =0
Si Sk

Figure 5.12: A triplet of subdiagrams where the sub over the associated color factors vanishes
due to the Jacobi relation f¢lo fdde = (. The external subdiagrams attached to the dotted lines

are arbitrary.

The four point color factors obviously satisty ¢;+c¢; —c, = 0, so the duality predicts
the existence of a numerator parametrization such that ng + n;, — n, = 0. In fact, this four
point numerator identity holds independent on the distribution of four gluon contact terms,
this is a feature of the simple structure of MSYM[1a1 202 393 4a1] and its momentum phase

space. Concrete examples of ng, n; and n, will be given in section [8.1]

The five point amplitude MSYM[191 202 3as 4a1 53] can be decomposed into fifteen channels
with (¢;,n;), 1 = 1,2,...,15. Each color ordered amplitude encompasses five diagrams of the

type shown in figure [5.13

2 4
SYM o .
AY(1,2,3,4,5) = T + cyclic(12345)
1 5
. ny N9 ns Ny ns
512545 523551 512534 523545 534551

Figure 5.13: The five cubic diagrams entering the color stripped AYM(1,2, 3,4, 5) amplitude.



132 CHAPTER 5. BASICS OF OPEN STRING TREE INTERACTIONS

The labelling of the remaining ten channels is uniquely fixed by the subamplitudes

n n n n n
SYM 6 5 7 8 2
ATN(1,4,3,2,5) = + + + +
514525 534551 523514 534525 523551
SYM Ng Ny N1o ng ni
A (1,3,4,2,5) = — + — +
513525 534551 513524 534525 551524
N2 ni nsg ni3 nsy
ASYM(1,2.4,3,5) = + - + - (5.5.63)
512535 5924551 512534 535524 551534
.ASYM(l 4,2,3,5) = ng N1 N7 Mz N2
Y 514535 524551 514523 524535 523551
n n n n n
SYM . 15 2 10 4 11
A (1737274a 5) - - - o o
513545 523551 513524 523545 524551

The pictorial duality dictionary in figure [5.12] implies the following kinematic Jacobi identities

0 = ng—ns+ng = n3g—nyg+n = nip— N+ N3
0 = Ng—MNo+MNy = Ng—"N1+N15 = MNig— Ng + Nis (5564)
0 = ng—MNg+nNg = N5—Ng+MNy1 = MNy—Ng-+ Ny

which only hold for special assignments of the contact terms. In contrast to the four point

analogue ng + ny — n, = 0, the five point Jacobi identities ([5.5.64) generically fail to hold.

5.5.3 The contact term ambiguity

The quartic self-couplings of gluons in the YM action introduces an ambiguity into the decom-
position (5.5.54)) of gauge theory amplitudes into diagrams with cubic vertices. The numera-
tors n; are not uniquely specified because there remains the freedom to add zeros of the form
0= (% — Z%) X (...) to the amplitudes which amounts to reabsorbing contact terms into a
differentl numérators n; # n;.

The duality crucially depends on the choice of kinematic packages n;. A generic
assignment of contact terms at n > 5 points spoils the dual Jacobi identities for the n;,
but the gauge theory setup does not provide any constructive prescription to find such a
duality-compatible parametrization. Contact term ambiguities have always been an obsta-
cle in constructing color-dual BCJ numerators directly from the gauge theory. There exist
Kawai-Lewellen—Tye (KLT) inspired expressions for n; in terms of color ordered gauge theory

amplitudes [203] but they do not exhibit manifest locality.

So‘i

The kinematic building blocks I ~— can essentially be though of as a Feynman like diagram
associated with a particular channel. Since individual Feynman diagrams are gauge dependent,

we conclude that the same is true for the numerators n;. The gauge choice can only affect the
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n; by adding terms that cancel one of the s,, poles. That is why the reshuffling of contact

terms is loosely referred to as a generalized gauge transformation.

Remarkably, the pure spinor formalism resolves these ambiguities [11]: The later equation
(12.1.13)) expresses the n point superstring tree amplitude in terms of (n—2)! basis kinematics. It
will be shown in chapter [13|that its low energy limit naturally selects a unique representation of
the kinematic numerators n; which satisfies all the dual Jacobi identities. They are constructed
in terms of superfields of D = 10 dimensional N' = 1 SYM, but it is straightforward to
dimensionally reduce the superfield components to D = 4, and the bosonic parts describe

gluon scattering independently on the existence of supersymmetries.

5.5.4 Kleiss Kuijf relations

The reflection symmetry A(1,2,...,n — 1,n) = (=1)"A(n,n — 1,...,2,1) of massless state
amplitudes is equally valid in string theory and the associated o/ — 0 field theory. Only
the way of deriving them is different — the string relation is dictated by worldsheet parity
whereas the FT reflection property follows from studying the sum of Feynman diagrams which
contribute to the subamplitudes in questionﬂ. In the following, we will give two more examples
of field theory technology which finds an alternative derivation from string theory via worldsheet

properties.

In field theory, there were two steps of progress in further reducing the number of %(n —1)!
color orderings. Firstly, Kleiss and Kuijf found a set of relations which boil the number of
independent subamplitudes down to (n — 2)! [204]:

ASM oy, an, By, B = (=) Z ASYM(1 o, n) (5.5.65)
o€OP{a}u{B"}

Just like in (5.4.45), the sum encompasses all permutations of {a}|J{3”} which preserve the

order of the individual elements of both sets {a} and {37}. The proof of is carried

out in [205] and based on group-theoretic properties only such as the Jacobi identity and the

behavior of color traces for a large number of colors.

The information contained in the Kleiss Kuijf (KK) relation ([5.5.65)) and reflection symmetry
is equivalent to writing color dressed amplitude more compactly in terms of structure constants

and (n — 2)! subamplitudes [206]:
Z'n72

MSYM[lal, 2a2’ o ,n“”] — 5 Z falag(z)q f61a0(3)62 o f€n74ao(n—2)€n73 f€n73aa(n—1)an

TESn_2

5More precisely, it is a consequence of the fact that the three vertex picks up a sign under reflections and

that an n point tree amplitude has n — 2 three point vertices.
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x ASM(1,0(2,3,...,n—1),n) (5.5.66)

The S,,_, family of color ordered amplitudes A%YM (1, 0(2,3,...,n—1), n) (which is also referred
to as the KK basis or the color ladder) turn out to be sufficient to reconstruct the full color
dressed amplitude MSYM[1%1 292 nan]  As a consequence, the number of independent color
factors always coincides with the number (n — 2)! of KK subamplitudes. If the dual Jacobi

identities for the numerators hold, then there are also no more than (n — 2)! independent n,.

Note that the reduction of color factors to structure constants is only possible in field theory.
Superstring amplitudes at finite o/ generically involve symmetrized traces as well which cannot

be reduced to products of fobe.

The complex monodromy relation (5.4.44)) can be viewed as the string theory upgrade of
field theory relations. Its real part provides an all-orders-in-a/-version of dual Ward identity

[31]

ASYM(1 2 o) + ASYM(2,1,3,....n) + ASM(2,3,1,4,...,n)
o AAM23 . n—1,1,n) = 0 (5.5.67)

which is the special case of the KK relations with just one element in the set {5}. It is also

known as the photon decoupling identity or the subcyclic property.

5.5.5 Bern Carrasco Johansson relations

The search for a minimal basis of color ordered field theory amplitudes was later on refined
by Bern, Carrasco and Johansson (BCJ) [81]. Their so-called BCJ relations further reduce the
color ladder of (n — 2)! subamplitudes to a minimal basis of (n — 3)! only, we will sketch their

main ideas in the following.

The concept of generalized gauge transformations explained in subsection [5.5.3] can be ex-
tended to non-local transformations. The four point subamplitudes from figure [5.11] for in-
stance, remain unchanged by a transformation (ng, ng, ny) — (ns, 7, 1) + x(8,t, —u) even if
the generalized gauge parameter x is non-local. In particular, we can pick the non-local choice
X = " and enforce the transformed n, to vanish. The Jacobi identity then just leaves one

independent numerator ny = —n,; and yields
t t
ASYM(1,2.34) = - ASYM(1,3,2,4) = — ASM(1,3,4,2) (5.5.68)
s U

which is the field theory limit of (5.4.49) and ([5.4.50)).
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This procedure of deriving relations between color ordered amplitudes can be generalized
to higher points. For this purpose, the kinematic numerators are treated as being unknown

variables subject to the Jacobi equation system ([5.5.62)). It consists of the following steps:

e express all the numerators in ((5.5.54)) in terms of (n — 2)! independent ones using Jacobi

identities ([5.5.62])

e solve for (n — 3)! basis numerators in terms of a subamplitude to which they contribute

e force the remaining (n —2)! — (n — 3)! independent numerators to become zero by means

of a non-local generalized gauge transformation

The remaining (n—2)!—(n—3)! KK subamplitudes which did not get involved in the second step

are then naturally expressed in terms of a (n — 3)! basis from their ), 0 “o— parametrization.

The authors of [81] have checked that the method above can be successfully applied up ton = 8
points and conjectured its validity beyond that. An all multiplicity proof in D = 4 dimensions

based on BCFW recursion relations [207],208] followed in [209].

The resulting system of equation can be brought into the form

512ASYM(2a1737"'an) + (512+313)ASYM(2’371747--'an)
+ oo+ (s tsiz ot ) AAM23,... n—1,1,n) = 0. (5.5.69)

The complex relation between between superstring amplitudes already reconstructed
the photon decoupling identity from the o — 0 limit of its real part (such that
cos(ms;j) — 1). Its imaginary part, on the other hand, reduces to the from of the
BCJ relations in the low energy limit sin(rws;;) — ms;;. However, it should be stressed the full
string theory amplitudes generically do not fulfill neither dual Ward nor KK- nor BCJ-relations.
Instead, they do fulfill modified relations (5.4.44) or (5.4.45)), which boil down to the former in
the field theory limit.

5.5.6 BCJ relations versus Jacobi identities

By taking appropriate permutations of (5.5.69) and decomposing the occurring subamplitudes
in pole channels, one can derive identities between Jacobi triplets (n;,,n;,, n;, ) dual to color

factors with ¢;, + ¢;, + ¢;,, = 0 of the following form [210,211]

PR AL (5.5.70)
7 Hai Sai
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The 7 sum runs over (n — 1) point channels of total number 2"73(2n — 7)!!(n — 3)/(n — 2)! and
involves the n — 4 propagators s,, common among the n;, , n; and n;, channels. This equation
can be viewed as a constraint on the numerators’ failure to satisfy the Jacobi identities. Their
gauge independent content is that Jacobi triplets n;, + n;, + n;,, must vanish at the residue of

the n — 4 poles, independent on the assignment of contact terms to the numerators.

The four point version of ((5.5.70)) encompasses one term only without any propagators and

enforces ng + ny — n, = 0. But any higher multiplicity n > 5 gives rise to a relation like

ng—mn;+n N — N1 +n n3 —n;+n s — N+ n
4 1 15 Mo 11 13 N3 1 12 N 2 o (5.5.71)

S45 524 S12 551

which does not force all the triplets to vanish individually. Satisfying all the Jacobi identities
(5.5.64)) is not the only solution to ((5.5.71)), the triplets can still be proportional to a contact

term, e.g. ng—ni+ni5 = Sa5Xx and nig—nq1+n13 = Soa X Whereas ng—ni+nis = ng—ns+ni; = 0.

Let us emphasize that deriving (5.5.70)) from (5.5.69)) is not a circular argument: The BCJ
relations hold independent on the choice of numerators n;. The existence of a generalized gauge
where all the Jacobi triplets are zero was just a tool in the approach of [81] to perform the basis

reduction to (n — 3)! subamplitudes.

5.6 KLT relations

In the context of relating color ordered amplitudes of superstring- and field theory, it makes
sense to give a little outlook on the closed string- or gravity sector. In a famous paper [83]
by Kawai, Lewellen and Tye (KLT), tree level amplitudes of closed string states were found
to factorize into bilinears in open string color stripped amplitudes, the precise formulae are
referred to as KLT relations. They are derived by monodromy arguments on the worldsheet,
similar to the construction in subsection [5.4.1] This reflects the fact that the Hilbert space of

closed string states is simply the tensor product of two open string states.

Let M(1,2,...,n) denote an n point tree level amplitude of closed string states, then the
four- and five point versions decompose as follows into open string subamplitudes of different

color orderings:

M(1,2,3,4) ~ sin(ws) A(1,2,3,4) ® A(1,2,4,3) (5.6.72)
M(1,2,3,4,5) ~ sin(wso) sin(mwssy) A(1,2,3,4,5) ® A(2,1,4,3,5)
+ sin(7msy3) sin(mseq) A(1,3,2,4,5) @ A(3,1,4,2,5) (5.6.73)
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We are not keeping track of the individual coupling constants, they are hidden in the pro-
portionality sign of . The ® indicate that the closed string polarization tensors are
just tensor products of their open string wavefunctions, e.g. the graviton polarization decom-
poses via (mn = §m ® &) into gluon polarizations. Higher order KLT relations can be found

in [212,203).

These relations are of course inherited by the associated field theories [213] — N = 8 super-
gravity in case of maximally supersymmetric closed string theory and A/ =4 SYM on the open

string side [87]:
MBUCRA(1 23.4) ~ s AS™(1,2,3,4) ® AS™M(1,2,4,3) (5.6.74)

The five point amplitude MBSYCRA(1,2.3 4, 5) can be obtained from ((5.6.73) by replacing
sin(rws;;) — ms;;, and higher order KLT relations in field theory are given in appendix A
of [214] for any number of legs. About 25 years after the discovery of string theory KLT rela-

tions based on worldsheet monodromies, a field theory derivation of KLT relations was obtained

in [215]216].

A natural generalization of mapping pure closed string amplitudes to open string con-
stituents is to consider mixed amplitudes of both open and closed string states. It was shown
in [84] that also the mixed cases can be mapped to open string subamplitudes where the closed

string degrees of freedom are represented by two open string state insertions.

Since we have found that tree amplitudes of open superstring theories decompose into SYM
amplitudes via (|1.4.1), it is natural to expect that the n point gravity amplitude is somehow
related its field theory limit MBSYGRA(1,2 ... n), its most compact representation is under

current research |217].
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Chapter 6
Correlation functions of RNS primaries

The computation of superstring amplitudes requires SCFT correlation functions of
vertex operators which create the scattering states. Vertex operators in superstring theory not
only contain free fields such as X™ or e? but also interacting fields ¥, S of the RNS CFT,
see chapters |3| and This chapter summarizes the results of [3/4,5] in solving the technical
challenges of the interacting SCFT, i.e. in computing higher point correlation functions with ¢™
and Sy fields involved. The applicability of these SCFT results ranges from superstring theories
to the heterotic string theories allowing for a CF'T description. Working on the aforementioned
publications has filled about a third of my research capacity as a PhD student, in collaboration

with Daniel Hartl and Stephan Stieberger.

Even though the bosonization methods of subsections[2.2.3|and [2.2.4]admit to reduce ™ and

S to exponentials of free fields, it is a nontrivial problem to cast the result into SO(1, D — 1)
covariant form. Bosonization breaks Lorentz symmetry down to U(D/2) and only admits
to compute individual components of correlators, i.e. one must pick choices for the Lorentz
indices m and A before bosonization becomes applicable. The progress of [3,/4,5] compared
to [218],219,220] lies in the systematic covariantization of the answers obtained from bosonized

computations.

A part of the discussion can be carried out in arbitrary even spacetime dimensions D = 2n:
We will firstly introduce two algorithms for computing RNS correlation functions and secondly
give expressions for the class of correlators (¢)™1...¢40""S4Sp) with no more than two spin fields.
These provide the most difficult CF'T input for scattering amplitudes of two massless spacetime
fermions and any number of bosons. Although the dimension is kept general, we will use the

D = 10 indices m for vectors and A (a, &) for Dirac (Weyl) spinors.
As soon as four or more spin fields get involved, representation theoretic technicalities

139
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force us to specify the number of spacetime dimensions. Roughly speaking, this is due to the
structure of Fierz identities between tensors with four or more spinor indices which varies a lot
with D = 2n. We will therefore discuss the cases D = 4,6,8 and D = 10 separately at the level
of > 4 spin fields.

Although this thesis is devoted to tree level amplitudes, we will compute most of the cor-
relators on Riemann surfaces of arbitrary genus. The extra effort of computing spin structure
dependent factors at g > 1 is usually quite manageable once the g = 0 result is known. There
are just a few exceptions where the algorithms do not provide an extension to loops with

reasonable effort.

The shortcoming of this chapter is the lack of a systematic study of composite operators
such as Y™ 4B Sp or 9y™y". They can carry spins larger than one, i.e. contain exponentials
like et with Ramond charge s > 1 in their bosonized representation. Some lower point
correlation functions of the former operators are listed in section [6.5.2] they have been worked

out in [2/6] to compute amplitudes with massive states (see chapter [J)).

6.1 The strategy in D = 2n dimensions

This section explains the preliminaries and techniques involved in the computation of RNS
correlators in arbitrary even dimensions D = 2n. Correlation functions (' (21)...¢™" (2,))
without spin field insertions are determined by (B.4.60) using Wick contractions [221], so we

are interested in the nontrivial cases where two or more spin fields appear.

6.1.1 Recapitulating the singularity structures

We have already given the leading OPE singularities of the ™, S4 fields in section [2.2] see
in particular and (2.2.33). As explained in subsection and explicitly shown in
, bosonization provides a neat way to determine OPE coefficients. In any number of
dimensions, Y™, S,, S5 and the identity operator are the only four primary fields with respect to
the SO(1, D—1) Kac-Moody algebra at level one generated by the currents ™" [222,/118,/126],
119]. Leading singularities of those primary fields already determine all tree level correlation

functions. This will be exploited in the recursive algorithm to be introduced in the following

subsection [6.1.3]

Nevertheless, it is useful to also know some subleading singularities of the OPEs, e.g. to

obtain higher ghost picture or SUSY variations of vertex operators. In our case of interest,
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these are the followingﬂ

YUY )~ T ) + (2= w) O (w) (6:1.1)
G S~ e (A S (w)

- % 0 (T)4% + sy (M0 0" (Ty)c® | Sp + 0 (61.2)
Sale)Sslw) ~ 7 _CfUB)D/s ﬁg?ﬁ“j)‘?}% - (an(i)fi;fg/@sbfl(w>

n ﬂ(z_i})m“ﬂ (LT Cap Onlw) — & (D" Chapbtinty] + .. (613)

The structure of the subleading terms can be derived from bosonizationP}
ol H(2) gig2H(w) (z — w)0® [ei(q1+q2)H(Z) + ¢ (z —w)i0H eila1+a2) H(z)

+ % (z — w)2 [ql i0°H + q% (i@H)Q} glata) Hiz) O((w — 2)3)}
(6.1.5)

The coefficients (in particular the signs) of and are most conveniently checked by
Taylor expanding some of the correlation functions given in the next sections. Note that this is
no circular argument because g = 0 correlators with any "™, S, field insertion are completely
specified by the leading singularities and by their properties under the SO(1, D — 1) current
algebra.

For conformal primaries such as ¢, S 4, correlation functions up to three points are fully
determined by conformal invariance, see (B.1.8]). The non-vanishing three point function of

this type is

(I'"™C) ap
("™(21) Sa(z9) Sp(z3)) = — . (6.1.6)
VR
Any higher point correlator in general depends on SL(2,C) invariant cross ratios such as %,
ikZj

so the task of solving the CF'T amounts to determining the functional dependence on the cross

ratios.

!This work uses the conventions of 5] where S4Sp ~ +Cap(z — w)~P/%. In older work [1,3,4], there was
a relative sign S,Sp ~ —eqp(z — w)_l/ 2in D = 4 spin field bilinears. Any result on four dimension spin fields

displayed within this chapter is adjusted to the S, Sy ~ +eqp(z — w)~/? convention.
2The analogous OPE for the superghost bosonization reads

o1 ¢(2) gr28(w) (2 —w) N |:e(Q1+Q2) L a1 (z —w) a¢e(Q1+qz) #(2)

+iz-w?[qd* + ¢ (09)?] 0t + O((w - 2)3)} (6.1.4)
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6.1.2 Representation theoretic background

We are interested in SO(1, D — 1) covariant expressions for RNS correlation functions, i.e. they
need to be expressed in terms of the invariant tensors n™", I'™ 45, and C45. Regardless of which
algorithm we use for computing correlators, it is essential to know the number of independent
such tensors with a given set of indices, e.g. the Dirac algebra (I'"™T™ 4 I'"T'™) 48 = —2n™"68

is necessary to compute (™ (21)1"™(22)S4(23)SB(24)).

Starting point for a representation theoretic analysis is the identification of irreducible

SO(1, D—1) representations, so we decompose the spinorial expressions into their chiral halves,

e.g.
Se, 0 m,

Sao= [ ), @t = s ) (6.1.7)
gé ﬁmaﬂ 0

The chiral structure of the charge conjugation matrix C depends on the number of dimensions:

(

Cog 0
, D = 4mod 4
0 (4
Cap = . (6.1.8)
0o Cf
D =2mod4
Cé 0

\
Any correlation function (¢m1...1/;m"5a1...8%551...SBQ> (in a notation that distinguishes the
chiral irreducibles) can be expressed in terms of Clebsch Gordan coefficients taking the tensor
product of n vectors, p left handed spinors and ¢ right handed spinors into scalar representations
of SO(1, D—1). The number of linearly independent such tensors Tml"'m"al_.,apﬁ.l"ﬂq is equal to
the number of scalar representations in the corresponding tensor product. Table summarizes
the dimensions of Clebsch Gordan bases for a large class of correlators which we will compute

in the following.

6.1.3 The recursive algorithm

A first algorithm to compute the nontrivial correlation functions with more than three points
has a recursive nature. It exploits the leading singularities when two SO(1, D — 1) primary
fields ¢, S, or S8 approach each other, given by the first term of the OPEs to .
Given the general structure of the OPEs ¢;(2)¢;(w) ~ Cif(z — w) hi=hitheg (w) 4 ..., the
identity

(o di(2) i(w) ...y = (Z_w),;ﬁhrhk (o) ) + O(z —w) Mttty (6.1.9)
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® | D=4]D=8 ®|D=6|D=10
(S455) 1 1 (S0 SP) 1 1
(1154, 55) 1 1 (1" S0 S5) 1 1
(YH1h" S0 S5) 2 2 (pH” S0, SP) 2 2
(e 8,87 4 4 (Y p*SaSp) 4 4
PP MpP S, S 10 10 DY apP S, SP 10 10
3
(R Py S, 8Py | 25 26 (PP P pPyYT S Sg) | 26 26
(Y P pPYTYE S Sg) | T0 76 (PP pPyTYESSP) | 76 76
(S0 S35759) 1 2 (S0555.,S5) 1 2
(SaS5S, 55> 2 3 (S, SﬂSWSf;) 2 3
(154,555,59) 2 4 (154,555,599 3 5
(pHah¥ S, SgSVS‘S> 4 9 (pH1h? 8085+ S5) 6 11
YHYY 8,555, S5 5 10 (MY S S557S0) 7 12
3 3
PP YA 5, 855,50 10 24 PP YA 5, 855,50 17 31
s s
(pFapV PP S, SgSVS‘S> 25 68 (PHpvp PP S, S5S,Ss) | 45 88
(PP pP S, S5, Ss) | 28 71 (Yrap p pP S0 S39780) | 48 91
(S0S55,5559¢S¢) 2 10 (S0555,555.5%) 4 16
(S0S55,555S,) 5 15 (S0S35,5° 557 6 19
PHSaS5S. 505¢5¢ 4 24 (10" 84,555+ 555eS,) 9 40
3 s
VHS0 55,5555t 5 26 ("84 S5S,S55€SH) | 12 45
3 3
PHapY S, 858, 55565t 10 68 PYHpY S S35, 555, S 29 125
3 s
PHPY S0S55,555S, 14 76 (YHap¥ S 855,59 5EST) | 32 130
s s
SnS5S.S55¢SE S S 4 71 (S0S5S,555:8,8:Sx) | 14 175
By B
S05355555,5% 5> 5 76 (S0555,5955.5,5%5%) | 19 196
3 3
S085585565,5,5) 14 106 (S0935,559¢51575A) | 24 210
s 3
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Table 6.1: Number of linearly independent Clebsch Gordan coefficients in various tensor products.
Since the chiral structure differs for D = 4,8 and D = 6, 10, these two cases are separated into different

sets of columns
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allows to reduce the singular behaviour of an n point function to smaller n — 1 point functions.

The reason why the knowledge of leading z;; singularities suffices to determine the full
correlator is the following: Suppose we subtract all the singular pieces (i.e. the right hand side
of (6.1.9)) from an unknown correlator (the left hand side of (6.1.9)), then the difference has no
chance to diverge at finite values of z and w. On the other hand, correlation functions decay at
infinite separations, lim, .o (. .. ¢i(2)@;(w)...) = 0, such that the aforementioned difference

between (... ¢;(2)p;(w)...) and its leading singularities is also bounded at infinity.

Now we can apply Liouville’s theorem from complex analysis: A holomorphic function which
is bounded on the whole of C must be a constant. The difference between any ™, Sa,Sﬁ
correlator and its leading singularities was just argued to be bounded both at finite points
z; — zj and at infinity 2z; — oo, so this difference must be constant. Considering the behaviour

at infinity determine this constant to be zeroﬂ.

As an easy application of this algorithm, let us consider a four point function:

/ mn
77212 <SA<23) SB(Z4)> . Z1 — 29
FmAC .
(U7(21) ¥"(22) Sal25) Sp(2)) = 5,07 (V"(22) Sc(z3) Splza)) + 21— 23
k6
Fm
—31/2 (V"(22) Salzs) Sc(z4)) + 21— 2
\ V22
(6.1.10)
The two- and three point correlators on the right hand are completely fixed by conformal
invariance, e.g. (Sa(z3) Sp(24)) = ET% and (Y"(22)Sc(23)Sp(21)) = ﬁ(mg;?f%/sfl/z- Hence,

(6.1.10) contains the complete information on z; singularities.

In order to match the three different regimes, we shall fix a basis for the tensor structures.

A convenient ansatz is

(V™ (21) " (22) Sa(z3) Sp(z4)) = 1™ Cap f(z) + %(FanC)ABQ<ZZ‘), (6.1.11)

where n™"Cap (I T"C)ap) are directly generated as z; — 23 (217 — z3). The last limit
21 — 24, on the other hand, introduces a third tensor whose basis decomposition (I'"T"C)p4 =

—(I"T"™C)ap = (I™T"C) ap+27n™"C4p follows from the Dirac algebra. Hence, we have gathered

3There is a small loophole in this argument: In D = 10 dimensions, the subleading term in the OPE
SQ(Z)SB(U)) ~(z— w)_5/4CaB -1z - w)_1/4(7m”0)a5wm¢n + ... is still singular. At first glance, it seems
to be necessary to subtract as well. In all explicit computations performed, however, we did not run into any
ambiguity upon neglecting the subleading singularity. So one could say that the leading term ~ (z — w)*5/ 4CQB

was experimentally checked to suffice.
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the following information on the functions f, g of the ansatz (6.1.11]):

fz) — regular D2 — 23 (6.1.12)
| (214 223 204) 712 Zgl,f*D/g D21 > 2y
( regular D2 — 2y
g(zz) - (213 293 224)_1/2 Z§i27D/8 D21 — %3 (6113)
| (214 223 204) M2 Z;f_D/s D2 — 2y
This is enough to uniquely determine
213 224 1
f(z) = 5. 9(zm) = (6.1.14)

D/8—1
)1/2 z34/

1/2 D
212 (2'13 214 223 2'24) Z34 (213 214 223 224

which leads to the final result

P 213 2
(" (21) V" (22) Salz3) Sp(24)) = (s 2154223 PR (212 zj: " Cap + 5 (CMI" C)AB)
(6.1.15)
Knowledge of this four point correlator allows to proceed to higher multiplicity and to compute
various new limiting regimes of the five point function (0™ (21)9"(22)9?(23)Sa(24)SB(25)). This
show the recursive nature of this OPE based algorithm — computation of an n point function

requires a set of n — 1 (or n — 2) point functions.

In general situations, one makes an ansatz

(™ (20) e 0™ (2) Sy (1) woe Sy () S7 (1) oo S% () )
s(n,p,q)

= Z fj(ziv'riayi),—T]‘mlmmnal...apglnﬂq (6.1.16)

J=1

where s(n, p, ¢) is the number of scalar representations in the tensor product of n vectors, p left

handed spinors and ¢ right handed spinors and T]?"l”'m"a apﬁl"'ﬁq is a basis of Clebsch Gordan

1.t
coefficients. To determine the associated worldsheet functions f;(z;, x;, ;) it is sufficient to pick
one position, say z;, and consider all the limits 2; — 2,21, 2;,y; like we did in the four point

example above.

6.1.4 Theta functions and prime forms

The algorithm introduced in the previous subsection is most efficient to determine tree level
correlation functions. Since this chapter also gathers g loop results — usually obtained with

small extra effort — we shall introduce the relevant classes of worldsheet functions here which can
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take the periodicities of a genus g Riemann surface into account — generalized (modular) theta
functions. Equipped with these periodic functions, we can develop an alternative algorithm

which is equally well-suited to compute tree level- and loop correlators.

Generalized theta functions [223|[224}[225] are the natural objects to express correlation
functions at nonzero genus. They assure the required periodicity along the homology cycles of

the g loop string worldsheet. They can be derived from

OF[Q) = > exp[2mi (37Q7 + 7id)] (6.1.17)
neLI

—

by shifting the first argument according to some spin structure (a, b):

OUT|Q) = exp|2mi (La0a + faz + tab)| o (7+ 5+ 4|0
— Y e [m' (7 + %) Q@i+ ) + 2mi (7 + %) (f n g)} (6.1.18)
nez9I

In our situations, the g dimensional vectors a, b with entries zero or one characterize the peri-
odicity of the fermion fields along the 2¢g homology cycles of the Riemann surface. The second

argument of © is the g x g period matrix €2 which contains the N, moduli at genus g, see

subsection B.1.3l

We parametrize the two-dimensional string world-sheet by a complex coordinate z. The Abel
map 2z +— [; & lifts z to the Jacobian variety of the world-sheet C9/(Z9 + QZ7). These vectors
of integrals are then natural arguments for the theta function. The periodicity properties of
the theta function under transport of z around a homology cycle are summarized in appendix

A of [4].

An important expression constructed out of the generalized theta functions is the prime
form F,
0% (250
E(z,w) = % , (6.1.19)
hgo (2) hgo (w)
where (dp, by) is an arbitrary odd spin structure (i.e. @y-bo is odd) such that E(z, w) = —E(w, 2).

The half differentials hgo in the denominator are defined by
0

g
Bz = D wilz) g0 (o | Q) . (6.1.20)
j=1
They assure that E is independent of the choice of (dy, 50) as long as it is odd. Given the

leading behaviour E(z,w) ~ z —w + O((z — w)?), singularities in correlation functions are
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caused by appropriate powers of prime forms. It turns out that, starting from a tree level
correlator of ™ and S, fields, all the z;; have to be replaced by E;; := E(z;, z;) to capture the
singular behaviour of the corresponding genus g correlation function. Only the spin structure

dependent parts @Z: are then left to be determined.

Considerable simplifications occur at ¢ = 1, i.e. on the torus or the cylinder. The period
matrix {2 then reduces to the modular parameter 7 of the torus (or 7 = it with ¢ € R in case

of the cylinder), and the theta functions become the standard ones:
91 = @% y 02 = (“)é s 93 = @8 R 94 = @? (6121)

In particular, the prime form is proportional to the unique odd theta function

01(2i5)
E.. = .1.22
() g=1 6/1 (O) (6 )

We should point out one technicality about the interplay of the prime forms £j;; and theta
functions @g: As a generalization of the crossing identity z;;zi = zixzj + zi2k; at tree level,
the so-called Fay trisecant identities hold at higher genus. Their most general form is

o (i fa- 5) [@?@]N_l LLig; B, 25) Pl )

N
k=1 Yk Hi,j:l E(x,y;)

= (=1)NW=D/2 (et {E(xi,yj)—l ol (?5 — é)} (6.1.23)

[2¥) Yj

with some arbitrary vector € € C9. We will mostly need the N = 2 case in the specialization

— 1 2 — _».
€ = §Zk:1 f;k’“w — A:

E\3 By O (%

N[ —=

&l
N =
f;}\l\z

= EEj 0] (

+ Eng Eog @g <2 ) (6.1.24)

24 . 1

—» a —»
f @E 2 5
zZ3 z2

This identity is essential to combine several additive contributions to the functions f;(z;) mul-

BrBa in (6.1.16)).

tiplying the basis tensors

aj...ap

6.1.5 Computing correlators in components

Bosonization becomes more subtle beyond tree level [226,227228|: The sectors of different spin
structures within the partition function of fermions are obtained from projecting the associated

bosonic partition function onto sectors of certain soliton- or winding numbers. Only the sum
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over all the fermionic spin structures can establish equivalence to a bosonic theory with any

winding numbers (7, 7) € Z9 x Z9 around the 2g cycles of the maximal torus allowed.

For the purpose of loop computations, we will identify the covariant RNS fields in D = 2n

dimensions with n copies of an SO(2) spin system ( ;-E, s;t) according to
1 1
G o= G E R v = W ERT) 61
Sac(bhtbotl) = Sy ST - Sy (6.1.26)
without making reference to the exponentials e™ and e*/2. The most general genus ¢

correlation function of such a spin system has been given in [219]
N N N, N, a N 1/4
1 : — : — : H E(yT’?yS) H : E(Z’r"ZS)
8+ i s (2, w U w+ v — r<s r<s
<H o I T e I <,>>g ( A )
(HKS B(ur,us) T, E(w,%)) (H E(ug, ) T2 E(u, yz)) 1/2
:1 Hl:l E (v, ug) H E(uk, yi H E(v, z)

)
&y AN 5y ac N, — N3 + N,
><6§<%§:fﬁ——% ICh i@—%}3fw) el @;) s+ o) (6.1.27)
b

i=1 P =1
Due to Ramond charge conservation = (N1 N3) — N3+ N, = 0, the arbitrary reference point p
appearing in the Abel map drops out. In the following, we make use of the following shorthands

for the spin structure dependent part:
/1 T zj 2k L
@g(-l[@+[@+---+m]> = 0%} k] (6.1.28)
Note in particular that the factor % in the argument of @g — which is ubiquitous in presence of
spin fields — will always be implicit. Its origin lies in the fact that spin fields are responsible
for changing the fermions’ spin structure by opening or closing branch cuts. The fermion fields
flip their sign when transported around these branch points, this can for instance be seen from

the OPE (/6.1.2)). Translating a spin field once around a cycle extends the branch cut all the

way across and thus changes the fermion spin structure (@, 5) The identity
QLT + T+ QF) = exp [— ir (505 + §2T + b + 25)} O%25(7) (6.1.29)

guarantees that the factor of % in (6.1.28]) leads to the required pseudoperiodicity property of
spin fields.

6.1.6 The explicit algorithm

Equipped with the prerequisites on generalized theta functions from the previous subsections,

we can now present a second algorithm which admits to compute higher loop correlators of ™
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and Sy in D = 2n explicitly rather than recursively. It has already been used in [219}220] for

a limited number of examples.

The idea is to calculate the correlation function <wm1...wm"5al...5ap551...SBQ>Z: for specific
choices of m;, a; and 3; by organizing the RNS fields into their spin system content via
and (6.1.26)). Evaluating the n individual SO(2) correlators is simply a matter of (6.1.27). The
final goal is to express the results in a covariant form, i.e. in terms of Clebsch Gordan coefficients
built from gamma matrices and the charge conjugation matrix. As we have explained in section
, they can be viewed as SO(1,2n — 1) covariant Ramond charge conserving delta functions,
schematically Cap ~ 6(A + B) and (I'"™C)ap ~ 0(m + A + B) where m, A, B are treated as n

component Ramond charge vectors such as m = (0,4+1,0,...,0) and A = (i%, o j:%)

Once again, we start from the ansatz (6.1.16|) for the correlation function with a minimal

set of Clebsch Gordan coefficients 77", %B“'Bq. Each of these tensors is accompanied by

1..-
a z dependent coefficient f; consisting of prime forms F and theta functions @g. The results
obtained for special choices of m;, a; and ﬁz have to be matched with this ansatz. It is most

economic to first look at configurations (m;, a;, 6,) where only one tensor is non-zero. Then the

loop-level result (6.1.27]) directly yields the coefficient f; for the respective T}.

In some cases, however, it is not possible to isolate one Clebsch Gordan coefficient and to
make the others vanish. If sums of more than one f; are computed from for every choice
of (m;, ay, ﬁl), it can be helpful to switch to different Lorenz tensors which are (anti-)symmetric
in some vector- or spinor indices, see appendix B of [5]. In other cases, Fay’s trisecant identities
and have to be used to determine the unknown coefficients [4]. Sign issues
can be resolved by matching certain limits z; — z; at tree-level with the RNS OPEs (6.1.1]) to
(6.1.3)).

Let us illustrate this procedure with an easy example, the five point correlation function

(PP S Sp)% in D = 6 dimensions. A convenient ansatz in terms of four Clebsch Gordan

coeflicients is

(W™ (21) U™ (22) Y7 (23) Sa(21) Sp(26) ) = Fi(2) (7™ Cag
+ B(2)n™ (v Clas + F3(2)n™ (7" Clag + Fu(z)n™ (7" Clag . (6.1.30)

The task is now to determine Fi, F5, F3 and F; by making several choices for m,n, p, a, (3.

The coefficient F; immediately follows from m = 0, n = 2, p = 4 because the metric n is

diagonal and therefore all tensors except for ™™ vanish in this configuration. By means of

(6.1.25)) and (6.1.26]), the NS fermions become ()™, )™ 1)?) = \% (Vg — g 0 +07, 08 +105 ),
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and we choose S, = Sz = (s¢, s, 55 ) for the spin fields. The left hand side of (6.1.30)) becomes

a product of three independent spin system correlators:

(g =g )(21) sq (24) 59 (25) ) ( (¥ +41 ) (22) 51 (24) 57 (25) ) { (3 +1b3 ) (23) 53 (24) 85 (25) )
(6.1.31)
Ramond charge conservation in the individual spin systems makes 1y (z1), ¥ (22) and vy (23)

drop out and ([6.1.27)) yields the coefficient F} up to a sign

ei[ii]ei[32] 0% (48] By
V26 g@] (Eyy Ey5 Esy Eos E3y4 E35)1/2

1
\/53

Sl

F, = (6.1.32)
The coefficient F» can be determined in a similar way by setting m = n = 0, p = 2 and
Sa = (s¢,57,53), S = (sg,s7,85). No other tensor than n™"(y?C'),s contributes as 7% = 0
and ™" is totally antisymmetric. One finds that the results consists of two terms due to
the two inequivalent fermion configurations ¥y (21) ¥y (22) and g (21) ¥ (22) in the first spin

system:

0% [43] 0% [4] (E14E25®a[ 28] + Eis B Of [ 5 ) (6.1.33)

The remaining z; functions F3 and Fj follow from F5 by permutation in the vector indices and

the (1,2, 3) labels.

o (P (23)Sa(20) Sp(25))7
to emerge in the z; — 25 limit or & lc;f" (W™ (21)Y"™(22) wp(z3)@/)q(z5))g in the z4 — 25 limit for

istance.

6.1.7 Comparing the two algorithms

Both of the two algorithms presented in subsections [6.1.3| and [6.1.6] have their individual ad-

vantages and drawbacks. The explicit method is of course quicker to obtain a specific higher
point correlator without systematic study of its lower order relatives. Another strength of this
algorithm is an easy determination of the spin structure dependent parts @g() — these are

quite awkward to find in the recursive approach.

However, it is a notorious trouble spot about RNS correlators to fix the relative signs of the
individual terms. The explicit approach can say little about these signs because the formula
for the individual spin system contributions can only be trusted up to a complex
phase. It is therefore advisable to fix signs by means of the recursive method: The limits

21 — 2y and z, 1 — z, for neighbouring fields (¢1¢2...) ({...dn_10,)) on the left (right) end
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of the correlator give reliable absolute signs, and further relative signs can be fixed by any
other z; — z; limit. The reason to single out z; — 25 and 2,1 — 2, lies in the uncontrolable

complex phases which emerge from moving ¥™- and S, fields across each other.

In practical computations of [3,/4,5], we have often started with the recursive algorithm to
obtain a tree level correlator taking good care of all its signs. Then, the explicit method became
particularly helpful to determine the missing @g functions at ¢ > 1. The E;; factors arising

from (|6.1.27]) provide consistency checks for to the previously computed tree level limit.

One challenge is common to both algorithms: They both require a basis of Clebsch Gordan
coefficients for the tensor structure of interest. Finding a convenient basis is a representation
theoretic task which can become quite cumbersome for a large number of indices. It is hard to

say in advance which choice of basis is better suited to simplify the computation.

6.2 Correlators with two spin fields in D = 2n dimensions

This section lists the results for correlators <H§:1 Y™ S4Sp) with two spin fields and any
number k of fermions. They were obtained in [3/4,5] by means of the algorithms of the previous
section. They are of phenomenological relevance because g loop scattering of n gluons with
a quark-antiquark pair or two gauginos requires correlators (?9+2"15,9 B>§ in the spacetime
SCFT. Still, their group structure admits to write them down universally for any even number

of spacetime dimensions.

6.2.1 Examples with finite number of fields

Let us first of all display some lower order correlators <Hf:1 Y™ S4Sp) with two up to k =4
fermions in order to get a feeling of the structure of this correlator class. The loop completion

of the two- and three point tree level correlation functions reads as follows:

(Sa(21) Sp(2)); = (6.2.34)

(™ (21) Sa(z2) Sp(23) >§ = (6.2.35)

The four point function is given in (6.1.15)) at tree level. At higher genus, it generalizes to

Zr31D/2—1
CH

m n S S ¢ =
W SR S S GG (Bis B B B B
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Esy
207 [1]

Eis B 2 a a
X{ 13 £24 nmnCAB@%[%%i] + (FanC)AB@g[%LH @%[%‘21]} (6.2.36)

E12

Applying the gamma matrix identity I = I[P 4 ["n"™? — ["n™P 4 I'Pn™" to the example

in subsection [6.1.6| gives the more compact result

ar41P/2— am —D/2
C P (CH())
\/§(E14 E15 E24 E25 E34 E35)1/2 E£/8_1/2

EryEss i i IV T R i i
X {—E " ([P C)ap©% [553] ©7[33] — . " PI"Cap 5 [35 3] ©7 (53]
12 13
FEis (Fm ) A C)AB
207 (3]

Sy

(™ (21) 9" (22) ¥*(23) Sal(24) SB(25) )

Esy Ess
Ess

+ N (I C)ap O (3341 ©F [17] +

b

As a final example, we state the six point function:

Gr51D/2—2 am\—D/2
S CHO)
(Ehrs Erg Eos Eog Ess Esg Eys Eyg)'/? Eéé“

Sy
|

(" (21) V" (22) Y (23) ¥ (24) Salzs) SB(26) )

o { Ei5 Eog Ess Eag
Ei Esy

" Can OF (35 3] OF [143]

e T CH BN
Fus Pao Pos B oo a5 O 1151 €7 133
sor [ m T O 05 [434] O3] Of (14
N Eﬁ’g—f%np%rmrnc»w@zi[zzg]@g[m (5]
- Elg—f%nmp<rnrqc>AB@zi[;;zJ 07[38) ©7[3¢]
- SR a1 e) 105 1337) O3] OF134)
+ﬂ;—f46nmq<r“rpc>w@gmg] T[34] ©F[34)
T N CARICHIT]

SLe
O
oo

L
wot
wo

1
NG
NS

—
—

(=)

[\

o

oo
SN—

2
E - -
+ (2@§?g]> (T I TP T C)ap 05 [1] ©
b

The corresponding seven point function can be found in [4] for D = 4.
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6.2.2 The n point formula

The cleanest way to present the generalization of the lower point results (6.2.34)) to (6.2.38) to

arbitrary numbers of )™ insertions distinguishes between even and odd fermion numbers:

SRy

oy " rp(z) = (P (2) Y™ (22) P (200-1) Sk (24) Si(2B))

@E 1 o4 D/2—n - ,
o |: b (5 fZB W)i|
- D/8—1/2 Z 9 @a (_ zA (3)

\/5[@22(6)}]3/2 BB Hzn 1(EzA Eip) V205 ZB

20+1
o ZA 2B
X E sgn(p) (Fmpu) [™e@) . T™e(20) [™Me(26+1) c)KL | | ol (% o+ % Ji w)
= Zp(k)

P€S2n—l/Pn,é

n—~0—1

7P (24420) M p(26425+1) o [ e L
<1 E Epaerag.a Epeer2j1),5 O ] G435 /d), (6.239)
= p(2€+2j)7p(%+2j‘+1) Zp(26+25+1) 2B
WEZTb’)TnQn—Z KL<ZZ) = <’¢Jm1(2’1)¢m2(22) --.1/Jm2n—2(22n—2) SK(ZA) SL(ZB) >g
a D/241-n
02 (41239)] - (o )e
[©%(0 )}D/2 BRI 12 (B Bip) V2 207 (§ [ C3)

N ZA ZB
X Z sgn(p) (Fmp(l) [e@ | Te0 C)KL H@g (% [ &+ % [ w)
k=1

pESan—2/%n ¢ Zp(k) Zp(k)

n—£-1 1Me(26+25-1) Mp(26+2) 2 Zp(2042j-1) _ L%
H Epae+2i-1),4 Ep2e125),8 OF /] d+5/d (6.2.40)
ZB

p(20425—1),p(20+25) Zp(20+25)

The summation ranges p € Sop_1/Pne and p € Sa,—2/Q, certainly require some explana-
tion. The conventions are taken from [3] where a more exhaustive presentation can be found.

Formally, we define

Son1/Pac = {p € Sonr i p(1) < p(2) < < p(20+1) .

p(20+25) < p(20+2j+1)Vji=1,2,.,.n—0—1,

p(20+3) < p(26 +5) < ... < p(2n — 1)} : (6.2.41)
Son/Qns = {p € Sons: p(1) < p(2) < ... < p(20) |

P26 +2j —1) < p2A+2))V j=1,2,..on—(—1,

p(20+2) < p(20+4) < ... < p(2n — 2)} . (6.2.42)

In other words, the sums over Sa,_1 /P, - and Sa,—2/Q,, ¢ in (6.2.39) and (6.2.40) run over those
permutations p of (1,2,...,2n — 1) or (1,2, ...,2n — 2) which satisfy the following constraints:

e Only ordered I' products are summed over: The indices m,;) attached to a chain of T’
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matrices are increasingly ordered, e.g. whenever the product I TG " e(k) appears,

the sub-indices satisfy p(i) < p(j) < p(k).
e On each metric n™»®™eG) the first index is the “lower” one, i.e. p(i) < p(j).

e Products of several n’s are not double counted. So once we get n™e®™e@)n™eE ™o the

term 0Pk MMM ™Me() does not appear.

These restrictions on the occurring Ss,_1 (or Ss,_2) elements are abbreviated by a quotient

n—_—1

P and Q,, o. The subgroups removed from Sg,—1 (S2n—2) are Sapyy X Sp_p—1 X (S2) and

Sop X Sp_p—1 % (S9)" ¢! respectively, therefore the number of terms in (6.2.39)) and (6.2.40) at
fixed (n, /) is given by

B (2n — 1)!
|Son1/Prs| = BT D n — 7~ Dzt (6.2.43)
o — 2)!
|Son—2/Qnye| = 2n = 2) : (6.2.44)

(20! (n — ¢ — 1)l 2n—t-1
To have some easy examples, let us explicitly evaluate the sums over Sa,_1/Pp ¢ and So,—2/Qy s
occurring in the five- and six-point functions (™" PS4 Sp) and (YY" pP1p9S4SE). The
formula ((6.2.39)), applied to n = 2, schematically tell us that (up to a z; dependent pre-factor)

1
eSS Y Y sl (T T 0), 1)

=0 p€S3/7)2,[

~ () ap ™ [ — (0 C)ap ™™ [EY) + (07 C)ap ™™ [

~

pES;?Pz,o
mi TYm2 VM3 (123)
+ (™ IT™2 1" C)ap fiuy, (6.2.45)
p€5’;777271
with z;; dependencies

@e12)  EuFss i (213) FiyE3s i
OY - SSmeiuneiiii . S - SRR el efiil (6249
(123)  _ Esy E35 @§[45]@§[224] f(123) _ E45@§[‘1*?]@§[%§]@§[§§]
(=0 E23 pLtl1l p L3351 » =1 2@%’[451]

Equation (6.2.40]) for n = 3 is expanded as

2
(W S S5) 3 S sEmp) (I T LT )
£=0 peS4/Q3,

~ Cup 77mlm2 7]m3m4 g§i2034) — Cas T]mlm3 Um2m4 921:3024) + Can 77m2m3 Um1m4 géigoM)

(DT C) gy g (TS C) g e g1 (e ), s {142
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F (D2 C) g g3 (D T ) g s gD (s P ) pime g P41
4+ (DM T ) g g (6.2.47)

The associated world-sheet functions g/ can be found looked up in (6.2.38)).

The proof of (6.2.39) and (6.2.40)) in D dimensions can be carried over almost literally from

the four-dimensional case in [4]. The only explicit D dependence lies in the prefactors

i D/2—n . D/241—n
) o1 (4 75)] o1 (L 73)] -
(n,D) "~ ﬂ i — ’ Wn,D) ~~ -5 2.
CHONRE [egm)]“EféS

which are designed to match the leading z4 — zp behavior in the OPE (6.1.3)) of Sk (z4)SL(2B).

6.3 Correlators in four dimensions

As mentioned at the beginning of this chapter, RNS correlators can only be given for general
dimensions D = 2n if the number of spin fields does not exceed two. In the following, we will
discuss more general cases with > 4 spin fields for which each dimensionality must be treated
separately. This section is devoted to four dimensions which are firstly of phenomenological
relevance and secondly of exceptional simplicity as we will explain below. The tree level strategy
is taken from [3], and parts of the computational tricks can still be carried out on higher

genus [4].

6.3.1 Decomposing tree level correlators

In this subsection, we will demonstrate that the most general RNS tree level correlator in
D = 4 dimensions with any number of y*, S, and S field insertions can be boilt down to
correlators (Sg, (21)...Sa,, (2,)) with spin fields of uniform chirality. The first ingredient for
this decomposition is a factorization of NS fermions into spin fields: Among the four dimensional

RNS OPEs (4.2.7)) we have one case with leading z — w power zero,

Su(2) SP(w) = — (0" €)’ (2 — w)° Pu(w) + Oz —w) . (6.3.49)

sl

By setting z = w and using a 0 = —20", we can invert this relation and express the fermion

Y* as a bilinear of D = 4 spin ﬁelds.

P(z) = — —= Sa(z) (e S¥(2) (6.3.50)

Sl -
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Hence, it is possible to replace all NS fermions in the following correlator:

(P (21) .o 0P (2) Say (1) - .. S () ST (1) ... 8P (ys) ) = H(_—
X (S (21) - e (20) Say (1) - . Sa (2,) S (21) . 5% (2,) S™ (1) ... 8% (y)) . (6.3.51)

Any correlation function can be written as a spin field correlator contracted by some ¢ matrices.

The next major simplification exploits the fact that spin field tree correlators in four di-
mensions factorize into a left handed and a right handed part. The easiest example for this

statement is the following four point function:

. . £, b . .

(Sa(21) 8°(22) Selz3) SU(za)) = g7 = (Sal21) Se(23)) (S°(22) S%(2a)) (6.3.52)

(213 224)1/2

In order to see that this factorization property holds for an arbitrary number of spin fields, it

is most convenient to work with their bosonized representation [119],

S 1,1\(2) ~ o3 (2)+Ha(2)]  _. eia-H(z)’
=(2324) )
C 11 , .
Sb:<:|:§FF§) (Z) ~ e:l:%[Hl(z)—Hg(z)] _. eib.H(z) : (6353)
with a two component boson vector H(z) = (Ho(z),Hl(z)) and spinor weight vectors a =

(£3,£3), b= (+3, F3). In D = 4, exceptional simplificiations occur because weight vectors
of distinct chiralities are orthogonal, a - b = 0. Hence, the correlation function of r left handed
and s right handed spin fields becomes

s S

(Say(21) - Sa,(2r) Sbl(w1) e Sbs (wg)) = < H elan-H(zp) Heibz~H(wz) >

k=1 =1
r s r s o r s
; a;-a; by-by N
= 9 E ag + E o) | | Zi; 7 | | w@f J | | | |(Zm—wn)amb”
k=1 =1 i,j=1 7,J=1 m=1n=1
i<j <7 ~ ~— ”

= 1 since am-i;nzo

() fao(5) 11
=1 7,7=1
1<J

_ <k1jlemk.H(zk) > < lljeu;lﬂ(wl) >
= (S (21) ... S (z)) (SP(wy)...S%(w,)) . (6.3.54)

From the second to the third line we have used that a,, - b, = 0, and the J-function has been

split into the linearly independent a- and b contributions. This proves that a general spin field
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correlation function in four dimensions splits into separate correlators involving left- and right

handed spin fields only.

We should stress that this result does not generalize to arbitrary dimensions. In D = 2n
with n > 2, the crucial property « - ﬁ = 0 for weight vectors «, 6 of opposite chirality does not
hold any longer. Therefore, the z,, — w, factors which dropped out of will generically
be present in higher dimensions, and left handed spin fields couple non-trivially to the right

handed ones.

Using the factorization property ((6.3.54]), our previous result (6.3.51)) for D = 4 tree level

correlators can be further reduced to
(" (21) . " (2) Say (1) - S () S (1) ... S™ () = H <_ %)
X (8o (21) - Sy (20) Say (1) .+ . S (22) ) (S¥(21) ... 8% (2,) SP (1) ... S (y,)) . (6.3.55)

This formula shows how correlation functions involving NS fermions factorize into a prod-
uct of correlators with only left- or right handed spin fields. Hence, if the latter are known
for an arbitrary number of spin fields, it is possible to calculate in principle any correlator

(i apin S, S, St Shs.

6.3.2 The building block: 2n alike spin fields

This section contains an expression for 2n point correlators (S, ...Sq,, ) which have just been
identified as the basic building block of any tree level correlation functions of the D = 4 RNS
CFT. As a motivation for the 2n point formula, let us first of all give some lower order examples

atn =2,3.

In the four point function, we eliminate one out of three possible tensor structures using

the Fierz identity €,.6p0 = €apEcd — EadEchs

1
(Sa(z1) Sp(22) Sel23) Sa(za)) = (212 213 214 223 224 230) /2 <€ab €cd 214 223 — Ead Ech 12 %43 )

_ ( Z12 214 223 234 )1/2 ( EabEcd  EadEch ) (6.3.56)

213 %24 212 234 214 %32

For the six point correlator, one can think of 5!! = 15 combinations €4,q;€4,a,Eama, five of which
g man
are linearly independent. However, the result assumes a more symmetric form if we use six

tensors, namely:

1/2
y4 216 2 Zag 2 V4
(Su(21) Sp(22) Selz3) Salza) Selzs) Sylzg)) = ( 12 714 716 223 225 34 236 245 56)

213 215 %24 226 235 246
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« ( €ab€ecd Eef . €abEcf €ed + Ead Ecf €eb i Ead Ech Eef + €afEcbEed . Eaf€cdEeb ) (6357)
<12 <34 %56 <12 <36 54 214 236 %52 <14 232 %56 <16 #32 254 216 34 %52

In both cases, the prefactor schematically consists of all possible terms (zodd even Zeven oad) /2 in

the numerator and (2odd odd Zeven even)l/ 2 in the denominator. Furthermore, the first index at

every e-tensor belongs to a spin field with argument 2,494 whereas the second index stems from

a spin field with argument zeyen, €.g. odd < a,c,e and even < b,d, f in (6.3.57)). Finally, every
e-tensor comes with the corresponding factor (2o4q — Zeven) '; €8 €ad < 21_41. The relative
signs between the individual (/z;;)" terms can be understood as the sign of the respective

permutation of the even spinor indices.

These observations about (6.3.56)) and (6.3.57]) suggest the following expression for the 2n
point function of left-handed spin fields:

1/2
< Sal (Zl> Saz (Z2) s Sagn_l(ZQn—l) Sagn Z2n ( H 22i—1,2j5 H 29,271 )

1<J <7
n -1/2 .
42m—10p(2m)
H Z2k—1,21-1 Z2k,21 E sgn(p H P (6.3.58)
k<l pESn 2m—1,p(2m)

We prove this claim by induction. The basic cases n = 2, 3 reproduce (/6.3.56)) and (6.3.57)). The

inductive step makes use of the fact that the 2n — 2 correlator should appear as a limiting case

~1/2

of the 2n correlator when two spin fields are contracted via OPE S, (2;)Sa,(2j) ~ €aa;2;;

As every spin field can be permuted to the very right in the correlator, it is sufficient to study

the case zo,_1 — Zon:

< Sa, (21) e Sagn_s (Z2n—2) Sazn (2271—1) Sazn (Z%) >

22n—1""7%2n

€agn-_1a2n 1/2
= (G, (21) - San s (220-2)) + O(20012)

Zon—12n
/2 /1 —1/2
_ Cagn_1an 1/2
= T Rom-12n 22i—1,25 297,27—1 22k—1,21—1 22k,21
22n—1,2n i< <7 ol

Hn_l p P 1/2 n—1 c
p=1 “2p—1,2n <2p,2n—1 a2m—10p(2m) 1/2
X n—1 E sgn(p) H ———— + O(%n_1.20)

Hq 1 #2q—1,2n—1 %2q,2n PESy_1 m—1 Z2m—1,p(2m)

=1+ 0(2277,71,277.)

n n 1/2 n —-1/2
= H 22i—1,25 H 297,271 H 22k—1,21—1 22k 21

i<y < k<l
n Eom—10,02m 1/9
% Z sgn(p) H Op(2n),2n % + 0(7521/1 1,2n) (6.3.59)
PESH m=1 mel,p(Qm)
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The most singular piece of in 29,19, is contained in the subset of S, permutations
p with fixed point p(2n) = 2n. This is precisely what we have found in by applying
the OPE of S,,, ,(221-1)Sa,, (22,) and evaluating the remainder (S, (21) ... Say, ,(22n-2)) via
(6.3.58]) at n +— n — 1. This completes the proof by induction.

By plugging (6.3.58) and its right handed analogue

. . . ) n n 1/2
<Sb1 (z1) SbQ(ZQ) L (22n-1) Sb2"(z2n) ) = ( H 29i—1,25 H 297,25—1 )

i<j <7

n —1/2 n Eme 1bp(2m)
X H 22k—1,21—1 22k,21 Z sgn(p H (6.3.60)

Z
k<l pESn me1 <2m— 1,p(2m)

into (6.3.55)), we are now able to calculate any tree level correlator involving fermions ¥* and

spin fields S,, S b

6.3.3 The loop generalization

The natural question is whether the tree level strategies can still be applied to loop correlators
in four dimensions. The first step trading " for a SaSi’ product is based on OPEs, i.e. local
properties of the conformal fields. Therefore, the factorization prescription (6.3.50|) remains
valid at g > 1.

However, the separation of D = 4 spin field correlators into left- and right handed halves
does not occur beyond tree level. The arguments in subsection [6.3.2 rest on bosonization which
becomes more subtle at higher genus, see subsection |6.1.5, The boson’s winding numbers
have to be projected according to the fermion’s spin structure, therefore one has to expect
obstacles against factorizing (Sal...Saprl...SBQ)g into <Sa1---Sap>§ and (Sbl...Sb‘I)g within the
spin structure dependent @g function. This is confirmed by the loop generalization of the toy
example ((6.3.52)):

(1l 21~ 2~ 2~ 1z

<Sa(zl)Sb(z2)Sc(z3)Sd(24)>§ _ o b OI(3 /a0 +3[20) 6L (5[40 - 5 [20)

[@g( )} (B3 Eoy)Y/?

—

% (Su(21) Se(23))3 (S%(2) S%(z4) ) (6.3.61)

Hence, determining the @Z: arguments within (Sal...Saprl...Sbe>g is the bottleneck in the com-
putation of D = 4 loop correlators. The problem could not be solved in full generality, i.e. not

for arbitrary values of p, ¢, but let us give the partial results of [4]:

Correlation functions of alike spin fields are relatively straightforward generalizations of
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their tree level limit (6.3.58]):
(S (21) Sun(8) o Sumrs (23mt) S (200) V2 L er(lsy
a1 Z as z e Pagp_1 Zon— aan Zon - = R = —
Ve o T Ter @) | P2 5

k<l

i<j 1<J

Eagm— 10,(2m) 22i— sz 1
X sgn(p _— @a W 6.3.62
2 H L Bom—1,0(2m) ( Z e p<2m> ) ( )

pES 224
) functions at n > 3 can be viewed as a pun-

n n 1/2 n _1/2
< H E2i71,2j H E21,2]1> (H E2k71,2lfl EQk,Zl)

The negative power of @g (DD
ishment for expressing the correlator in terms of a nonminimal set of n! Lorentz tensorsﬂ

HTﬂL’L:l gan_lap(Qm)y p E Sn
We also managed to find explicit results for 2n left handed and either two or four right

handed spin fields:

ai 21 as Z9) ... _
1 1 n 2—n

. 22i— c.;

= — _ |e¢ § f g4+ = f > éd

a2 b 1/2

[®~(0)} [ < i=1 72 EC/D

b

n n 1/2 n -1/2
X ( H E2z'—1,2j H E2T,2j—1) (H E2k—1,2l—1 E2k,2l>

1<j 1<J k<l
y Z H Eazm—1ap(2m) @a 1 zn: 22}—1 . zz?—l 54 1% (6 3 63)
sgn(p _ — W — W+ - [wW 3.
pES, E2m 1,p(2m) b\ 2 i—1 ~2 Zp(2m) 2ZD
1

Sy
|

(Sa1(21) Sug (22) wv: Sagn (220) S°(20) SU(2p) S¢(2) S (2r) )

—1/2
(ECD ECF DE EF) (1’[ E2i 1.2 | | E2z 27— 1) (l |E2k 1,20— 1E2k 21)

ECE EDF i<j 7<7
ef 29i— z z
ete _ ]_ 21—1 1 c ]_ E
— |02 = bt - [dF-[W sgn
{ECDEEF b (2 P z{ 2:p 2 zp ) pEZS:n anlo)
1 <& 22i-1 Z2m—1 1 zc 1 2E
a2m 1ap(2m) (_)a - j' _ f C:j :|: - (,_U' :F - j‘ (,_(j
H E2m 1,p(2m) b (2 =1 22 Zp(2m) 2 ZD 2 ZF
f géd 1 1 1 o
¢l g€ . 22i—1 zc ZE
- —F |03 | = G- [dF - [d sgn
Ecr Bep | ¢ (2 2 [ exslews] ) 2 senle)

H et g
E b
2m—1,p(2m)

4Finding the number of scalars in the 2n fold tensor product of left handed SO(1, 3) spinors is equivalent to a
@)l .

random walk problem on the positive real axis [229)]. It is given by the n’th Catalan number C(n) = Aty =
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The sign ambiguity in coupling the right handed fields’ positions to the left handed ones vanishes
at n < 2. The cases with n > 3 offer an increasing number of possibilities to add zeros in

the form 0 = ZpESm sgn(p) [Tie, Eag_rayop 10T any 3 < m < n which then allow to check
equivalence of both sign choices.

The proof for the loop generalizations (6.3.62)), (6.3.63) and (6.3.64]) is based on similar
mechanisms as in (6.3.59)) and can be found in appendix B.1 of [4].

With these correlation functions at hand, it is in principle possible to derive a cornucopia

of correlators with NS fields included via 1" factorization (|6.3.50)):

e starting from (S,, ... S,,,, S Sd)g
= (P Suy e Sy 1 ST (WY Sy o Sy )2
e starting from <Sa1 o Sagn 5° Sd ¢ Sf>g

(" Say o Sagas_y SESTSET | (Y Sy .. Sagyy_y S¢ S92
(WF " A Sy oo Sagy s SVE o (WF P PP Sy o Sy )i

SRy

6.3.4 Examples with four spin fields

After this rather general discussion of RNS correlators in four dimensions, we shall give some

explicit examples with four spin fields here which are for instance required for one loop ampli-

tudes with four massless fermions.

Firstly, we shall explicitly display the four point function of left handed spin fields

7 Eio E14 Eos Eay)/?
(Sa(21) Sp(22) Se(23) Sa(z4) )3 ( 12 B By 34)
(0%(0)]” (Eys Eaa) '/
EabEecd @’ 1412 Ead Ecb (z L2
- { FE1s B3y Oyl Eyy Fso 05 [31] } (6.3.65)

which is the n = 2 case of ((6.3.62). The nonvanishing five point function with four spin fields

reads
1

V2 [0%(0)]” (Biz Evs Evs Brs By Eyy E3y)'/2
23] + (0" 2)a e B B OF (1341 0147}
(6.3.66)

(9"(21) Sal22) Sp(23) Se(24) S9(25) )3 =

Sy EsTh

X {(aus)cdeabEleM@g[:laig} ©

Among the six point functions (¢?5*), there are two non-vanishing chirality configurations —

either the spin fields are all left handed,

(V" (21) ¥ (22) Sal(23) Sb(24) S(25) S%(26) >g
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1

del4E16E23E25@"[%%§ ]Ga[ ]
] 67 [43]
bc (O’V €)ad E13 E16 E24 E25 ("‘)ﬂ [ 2 g] @a [i g] } s (6367)

[$1{=>]

NNt
(o214,

)
A (o” €)" Ery Ers Egs Fog @* (333

SOt

]

)
ate)’ (0" e
)a“ (

)

or they are of mixed chirality:

1

—,

(0))°

("(21) ¥ (22) Salz3) Sp(24) Se(25) Sa(26) )

1
(E13 E14 E15 Elﬁ E23 E24 E25 E26 E34 E35 E36 E45 E46 E56)1/2

Sy

©

SRy

X

pv - -
X {2 5ab5ch36E45@§[ig] (E13E24E25E16@§[%%i§] + E23E14E15E26@ [%%g‘%])
12

+ E/: €ad€ch34E56@§[§’é] <E13E14E25E26@g[%%§é] + E23E24E15E16@"[ 22])
+ (0 o 2| e PGB 0F(28] OF[117) €] (331
- b
b (0 ehe T2 PRI 02134] OF1117) €3 (318)
. b
T B LA B CH AT
. 5
(o o S| o PEEPEE O 1341 0F(313) O 3211 | (6:3.69

The @g function in the denominator is due to the redundancy of the tensors used in (6.3.68)),
(0" €)aveca — (0" €)aacar + (6" E)catar — (6" E)p€aa = 0, (6.3.69)

see the remarks below (6.3.62)).

6.4 Correlators in six dimensions

The internal SCFT of four dimensional superstring compactifications with maximal spacetime
supersymmetry can be described SO(6) covariantly by six free worldsheet fermions ¥* and
their associated spin fields ! and £7. This motivates the study of RNS correlation functions
in D = 6 dimensions. Apart from some lower point results, we will give a general formula for

correlators with n insertions of ¥ and ¥ each.
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6.4.1 Lower point results

The simplest correlators in six dimensions involving four spin fields only are

B PI[12]1QI[13] @i[l4 k n\I1J KL
<ZI(21)2J(22)EK(Zg)EL(Z4)>§ _ b[ ] bEQj]?’ b[23] (O (wC) s
2 [@g(O)] (Er2 Ers Evy Eag Eoy Esy)t
(6.4.70)
_ _ ] O7[33] [ Eis By By Eay\ "
SN (20) 5o (22) Do (2,) ) BLS (13 14 L3 24)
(30 e (e 2l = el (SR
C'xC’t aiiae  C2Cg _aiian
{m@g 537 — m@g[zﬂ } (6.4.71)

where 7, are the gamma matrices and C?; is the charge conjugation matrix of SO(6).

The only non-vanishing five-point correlator with four spin fields and one fermion involves

three alike chiralities:
1 (Egs Ess5 Ey5)'/4

B V2 [@g(ﬁ)} 3 (Erg Ers Evy E15)1/2 (Eas Eoy E34)1/4

CK; " " _
x{wc*)” L g, 08541 Of[34] Of 23]

SRy

(UF(21) B (22) 7 (23) B (24) B (25) )

Eys
¢’ a a a
ey M IFRCHERICHER
Cl; - . _
+Oro CLpaell 3] ef 1 efl34] | (6.472)

There are two six-point correlators involving only spin fields. The first one consists of five left-

and one right-handed spin-field:
(Erg Eog Esg Egg Es) Y/

(Erg Ers Evy Evs Eoz Eay Eos E3y Ess Eys)'/*

SRy

(%7(21) 27 (22) B (23) B (24) Y (25) S (26) )

1 k ~nIJ km C'x Eus oz i 7
X — C C — —— 01201 e%[l3¢l o245
2[(9?(0)]3 {(7 ) (w C) Eu Esg b[345] [345] b[236]

k 1J ML
+ (") (w C) Ey By b

k M a
+ (ry C) (’Yk C) E26 E56 b

In addition we have the correlator with three left- and right-handed spin fields each,
(Ev Evs Evg Eay Eas Eoyg Esy Ess Es)'/*

(ZI(zl)EJ(ZQ)EK(Z?,)EE(Z4)SM(Z5)SN(26)>§ = [@g((j)]?’(E E\3 Eys Ey5 Eyg Fsg) /4
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OO0 CF )
Mgir1251Q3i[136] @4[156
E14E26E35 b[346] b[245] [234]
CuCa L eayae) of31s] Of348)
Eis Eyg By 012200 70240 235
ClyCliCEy ) ]
oy e AL C AP AEED)
Cl'yCl C¥ 5 ~ )
P Bat B O5[338] ©5[228] ©F[358]
C'x C'u Cp g . ;
T By By Bt O;[326] O [348] ©5[25¢8] ¢ - (6.4.74)

Furthermore, two NS fermions can be accompanied by four spin fields, either with uniform
chirality

— (Ey3 Evy Ers Erg Eag Eay Eos Eog) ™2
2 [0%(0)]" Era (Esu Bss Esg Eis Eug Esg )4

(Ta(21) Ui(z2) B (25) B (24) B (25) B (2) ) =

{0n0) (00" B o B B O3 14154 €314 05121
+(’VkC)KL (710)IJE13E14E25E26@ZE[%%gé] @g[ié] ?[22]
— (W C)H (M C)" Bl Eig B3 B2 ©2[55 48] ©2 (28] ©2[3¢]
— (W C)F (1 O)' K Er3 Bis Eay Exg ©2 [5137] 95[2%] ?[Zg]
+ (1 C)F (C) X Bl Eis Eys By OF [5542] ©3[24] ©%[37]
+ (e C) (M C)" Brs Byg Bay Eps O3 [333 8] ©2 28] ©F132] } : (6.4.75)

or with mixed chiralities:
(Es5 Esg Eys E46)1/4 (Esy E56)71/4
[@g(ﬁ)} ’ (Er3 By Ers Evg Eoz Eay Eos Eog)'/?

(Wi(z1) Wi(z2) B (25) 7 (21) e(25) Bi(z6) ) =

o C g Cp ar3672
{mE13E14E25E266 [%%%é]@g[ig]

0 Cl; CY = =
—guE—MEmEmE%E%@%[%%%é]65[3212

1 _ a a a
+§(%C)I‘](%C)mEu@g[%i%%]@g[ié]@g[ig]

1 - I CJZ 71141 Q872261 ©2[36
+§(7k7lc)RE_%E14E2695[356]65[345]65[45]

1 - I CJR ar114 ar225 ar3s
_5(%%0) L E E14E25@g[356]@ [346]@ [46]

45

1 = g 11310872261 @QE[35
—5(%%0) KE_%E13E26@E[456]@§[345] p ¢

1 g C'g 71131 Qar225] Oa[36
+§(’Yk7lc) L By Ei3 By O3 [55¢8] ©7(318] ©7 (18] (6.4.76)

A seven point function (U, XS/ NENEE 55 5)T can be found in [5].
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6.4.2 Generalizations to higher point

In six space-time dimensions, the structure of Fierz identities is still sufficiently simple that the

2n-point correlation function with n left- and right handed spin fields each can be expressed in
. . . K _ .

terms of charge conjugation matrices C™/; only. Inspired by the lower order results (6.4.71)

and ((6.4.74)), we claim the following generalization:

n a @i(S L =i ;)i n o 1/4
< H S5 (z9im1) Bz, (22:) > = [ Hos fzm_l 2l ( nHw:l Pai12 )
i=1 | [T, E2i71,2j71 Es;9;

St [T ot (1 [ - [

PESH m=1 EQm 1 p(2m Zp(2m)

) (6.4.77)

For higher n, Fay’s trisecant identities might be needed to make specific K, Z)j choices compat-
ible with the result above. Due to the chirality structure of the charge conjugation matrix in
D = 6 the correlator above is the direct relative of (S,,(z1) ... Sa,, (22n)) in D = 4. Therefore
the proof of proceeds in the same way as in [4].

Having the explicit formula (6.4.77)) for this class of correlators is a great benefit in view of
the factorization prescription for NS fermions. In D = 6 dimensions, one can combine two spin

fields of alike chirality to a NS fermion via

y(w) = —72@5 W) (€ )0 2 (2) £ (w) (6.4.78)

and thereby derive the following further classes of correlation functions:

(Uh (21) oo Oy (2prg) S (@) o B2 (200y) S5, (1) - - - 27, 0, (Yn—2q) >§ (6.4.79)

For example the last two correlators calculated in the previous subsection can be derived from

the n = 4 version of (6.4.77)).

6.5 Correlators in higher dimensions

The general results (6.3.62)) to (6.3.64) and (6.4.77)) for D = 4,6 loop correlators of arbitrary

size are not at all transferable to higher dimensions. This is due to the group structure of
SO(1,7) and SO(1,9), in particular due to the more involved nature of the corresponding
Fierz identities. This is why we can only give a limited number of higher genus examples in

D =8 and D = 10 with finite number of field insertions.

In this section, we will collect some selected results in D = 8 and D = 10 dimensions which

were presented in more detail in [5]. We give an outlook on how SO(8) triality becomes useful
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to get a better handle on the RNS CFT in D = 8 dimensions in subsection [6.5.1l Then, a
second subsection [6.5.2] explicitly displays a few D = 10 correlators which have been recognized

as useful in the literature.

6.5.1 Tree level triality in D =8

The S3 permutation symmetry of the Mercedes star—shaped SO(8) Dynkin diagram in figure
— also referred to as triality — plays an important role for the eight dimensional RNS CFT.

D
© ®

Figure 6.1: Dynkin diagram for SO(8). We will use vector indices p,v, )\, ... and spinor indices

a, B,a,3,. .. in this subsection on D = 8.

In D = 8, NS fermions and spin fields have equal conformal dimension h = % = %

Therefore, the OPEs (6.1.1)) to (6.1.3]) become particularly symmetric and we can make use of

SO(8) triality to rewrite them in unified fashion:

P PIw) ~ 2 4 (6.5.80)

Z—Ww

Gz’jk ;
G_w)” g R'(w) + ... (6.5.81)

Pi(2) Q(w) ~
These OPEs involves two new elements of notation: generalized h = % fields P!, Q7, RF
(P, Q" R*) = (p(4"),p(Sa),p(S”)) ,  p€Ss, (6.5.82)

and triality covariant Clebsch Gordan coefficients with generalized indices i, j, k € {u, «, 3 }:

( L. (

77“” : (Z,]) = (/vbv V) 77!“’ : (273) = (/JH V)
C(i ) — af . (5 =
gl = Cc,w. - () (a7ﬁ.) , gij = e ) (a7ﬁ.) , (6.5.83)
C s (i,5) = (&, B) Csp © (i,5) = (&, B)
0 : otherwise \ 0 : otherwise
cie ) 7 (O s (0,58 = (p(), pla), p(B)) for some p € Sy (6.5.84)

0 : otherwise
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In this notation, both the Dlrac algebra n**C,s = (7(“?’)0)&/@ and the D = 8 Fierz identity
C gC”"S = () (7. C)° + (v C)g (v C’)a. are special cases of the triality covariant

tensor equation
giliz gjljz = Gk (qizjzke Grrky + a2k (izgike Trrky - (6.5.85)

The OPEs (6.5.80) and (6.5.81]) provide all the input necessary to derive the tree-level corre-
lation function (P (z1)...P"(z,) Q™ (y1)...Q% (y,) R* (21)...R¥(2,)) in triality covariant form —
every assignment p € Sy for (P, Q7, R*) = (p(¢*), p(Sa), p(Sﬁ)) is possible.

This circumstance can be used as a strong tool to derive new correlators: Suppose we
know (M ..pHS,,...S, SBI 5’5”) for some ¢,m,n € Ny, then one can rewrite this result
in a covariant way as (P".. PrQ7 . Qi RM Rk} via (y*,S,,5%) = (P, Q1, R¥) as well as
n“”,C’ag,C’o‘ﬁ — g% and ('y“C)aﬁ — v/2G%%_ One is then free to pick a different assignment,

g. (P, Q7 R*) = (S,,5° ¢*) which yields the correlator ("1..4p" S, .S, S%1...55m) with
(¢,m,n) traded for (n,¢,m).

The most interesting application of this procedure is to relate the 2n- and (2n + 1)-point
correlation functions from section [6.2| to so far unknown correlators with a large number of spin

field insertions:
(W*8%) o (¢25%),  (¥8%) o ($MS7),  (vFTISS) o (p§TS)

This requires rewriting the D = 8 tree level correlators (6.2.39) and (6.2.40) in SO(8) triality

covariant fashionP}

Qg (z) = (P(21) P2(2) .. P (220-1) @ (24) R¥(28))
n—1
1 . . . . . .
= 12 (qont 1/2 (_ ZAB)Z Z GreIT Gre@ T G ) 2 G Glp@“l)qek
zip [IiZ (ziazip)'? =5 PES2n—1/Pns
n—t-1 gip<2e+2j)ip(2e+2j+1)
x sgn(p) Zp(20+25),A Zp(20+2j+1),B (6.5.86)
i Zp(20+27),p(20+25+1)
wé;-’-bi2;1832j1j2 (Zz) — <Pil(21) piz (22) Pi2n72(22n—2) le (ZA> sz (ZB) >

3
—

ZAB E G GZ”(Q)qlm Glp(3)q17’2 GZP(%)JQN

pES2n—2/Qn e

OM

ZAB HZZ 1 (ZzA ZzB 1/2

n—t-1 gip<24+2j,1)i,,<24+2j)

X sgn(p) H Zp(204+2j—1),A Zp(20+25),B (6.5.87)
=1 Zp(20425—1),p(20+25)

5The (24p/2)" factors from (6.2.39) and (6.2.40) are converted to (—z4p)¢ by means of (Y*C)o? = v2Gi*
as well as (W“C)féa = 2G4k,
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They give rise to new tree level results under (P Q7, RF) = (S,,,¢*, SB), (P, Q, Q%) =
(Sas W, 0Y) or (P, Q7 Q72) = (Sae,SB,S*). However, not all correlation functions can be
derived from (6.2.39) and (/6.2.40) via triality. Already the six-point function (¢“2/}”SQSBS"YS$>,

for instance, must be derived by the standard algorithms from section [6.1}

6.5.2 Correlators in ten dimensions

The ten dimensional RNS CFT does not seem to admit any shortcuts towards tree level- or
loop correlators. We could neither find closed expressions for correlators with a large number
of spin fields nor any representation theoretic trick comparable to SO(8) triality. All we can
do in this subsection is collecting some lower point examples of loop correlators which were

computed by applying the standard algorithms.

Ten dimensional correlators with four spin fields only are given by

S, (21) S5(29) S (23) S a 1 AECHPHICET]
< a(Zl) ﬁ<z2> 7(23) 5(24) >g 2 (E12 Ey3 By Egs Eay E34)3/4 [95(6)}5
b

% { (017 C)as (0 O Brs By OF (34 = (7" Cas (3 O

: ( By By, aCE

B
(Sa(z1) Sp(22) Sﬁ(z;),) 55(24) >§ = Ei5 E1y Eos Fay [@@(0)4}]5

CQSC"y - - C@ﬁc& - -
x ¢ Lol el - =L ol[13 el[14)
E14E23

+

1 o B}
z Ei[1312dr1412 4. 6.5.88
9 E12E34 b[24] b[23] } ( )

In presence of one NS fermion, we find

™(21) Sal22) S5(23) S, (24) 5°(25) )2 = (Eag oy Esy) 3/
<1/’ (21) (22) 5(23) 7(24) (25)>b \/5[@g(ﬁ)]‘:’(E12E13E14E15)1/2 (E25E35E45)1/4

06 m a a a
< { T (07 Clan Bus Bus B O 311 71347 051411)

Caé m a72312 0d[2412 @115

+ Eys (v C)ﬂvEl5E23E24@g[45] 95[35] AEERE
CBS m arii1s 72312 9d[2512

- _E35 (V" Cary E1s E23E349;;[234] 95[4 2] 95[3 7]
L m ) a a a a

-5 ("7 C)," (1 C)ap Bro B OF [112] ©F[33] ©F [34] ©F[37)°

1 : . . . _
5 (077" 00 (10 )y Bur E O 314] 051321 011311 OF 1321} (05:89)
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The following correlator has been partially computed in [220] for the purpose of four fermion

scattering at g = 1 loop. Let us give the complete g loop result here:

) Esy Ess Esg Eys Fag Esg) 3/
(7 (20) " (22) Sal20) S3(20) 8 (22) Sa20) ) = o= P P Bis B i)
2 [6%(0)} (Er3 Evq Evs Evg Egg Egy Egg Eog)'/?

{0 (7 Chas 0y Cos B B S5 3] 0 123] G5 1151

D
SRy

<E13E16E24E25 6%[%%2?] + E14E15 E23E26@g[%%%2]>

mn

_n
Eqp

(7" C)as (1 O Bsa Eso OF (28] ©F[33] OF [34]°

(Bis Bua Bas Es O [3438] + Fus Fuo Bxs Eni 033351

1 . _
t3 (Y™ C)rs (V" Cas Esa 56 0L [24]7 ©%[7 3]

(E13E25E46@§[31é%] ©%[327] — EiEoy B3 0%[3 18] 9?[%%%])

+ 5 (" Chas (47 Oy By s OF 13217 OF (13
(E14E26E35@Z:[§%§] 07 [338] — Eus B Eis OF [13] 92[33%])

0 Oy (7 ) B iy OF [T 0231
(Bio Bas B OF [358) OF[324] + Eus B Eis O [513] OF323])

F 2 (3 s (47 O Bas Eis OF [ ©8[33
<E13E25E46@§[i%3] ©%[222] + Eu B Es 0% [114] ?[%i?])

+ 3 (7 Cas (3 O Bia B Bus O 32] OF 451
(B B ©F[513) OF[338) + Ero B 02 [318] 02331
30 O Oy Oy Eio By B O [31] OF 18]
(B B OF[118] OF[338) + Fuu s OF (3 18] 07 [323])
— 3 (™ Cas (3 s B B s OF [32]° OF (1)
(B B2 O 14151 ©F1324] + Bu By O[3 18] 6£[338))
+ i (Y™™ C)rp (1 Cas Eza Eas Ese ®§ (24T @Zz[i gl
(BB OF (113 OF(338] + Eio BxOF[118) OF(323))
— (Y C)ary (77 C)s Erz sy Esg Eus Esg OF [§122] ©F[34]° 9?[3212} (6.5.90)

This representation in terms of antisymmetric products y™" rather than ™5"~? was chosen

in order to make antisymmetry under the exchange of ¢ (21) « ¥"(22) and Sy, (z;) < Sa,(2;)
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manifest (up to a prefactor Eilj/ * in the latter case).

The correlator with five left handed spin fields and one righthanded spin field has appeared
in the literature before, namely in [230] at tree level for the purpose of six fermion scattering.
Let us give its loop generalization here:

<E12 E13 E14 E15 E23 E24 E25 E34 E35 E45)_3/4

(o o) Salen)Sytan)Sele) o) SN = = s o e B
X {(’Ymc)aﬁ(%nc) gL E14E15E23E25E35E46®~[§§2] @g[%ié] ?[%%2] ?[%%W
—(’Ymc)aa(”YmO)ﬁng By Bis Eys Eay Ess Eig OF [538] ©7[532] ©F[54¢] ?[%Z?sf
+ (7" C)ap(Vim C)re gjﬁ E14E15E23524E34E56@ [3256] 9?[%%’%] ?[%%8] ?[%%2]2
— (7" Cae(Ym C) sy gﬁ E\y By By 35 Esg©%[538] 0212341 ©2[156) %[%%%]2

m CL a a a
+ (7" C)ap(m C)se E36E13E15E24E26E34E35@b[%ig]95[%?%] AP INCHES Hik

— (V" C)ae(ym C)ps Ey3 By B3y Ess Eis ©%[123] 021341 ©2[533] ©F[478)
m CL a a a
+ (V" C)any (Ym C)se E26E12E15E24E25E34E36@*[ J24100[33¢1 00458 ©%[L52)
m CL a a a
— (v C)ae(vmc)yaE26E12E13E24E25E36E459~[i%%]@b[%,%‘é] g[éig] ,—;[55’;@]2
m Ca' i i a
+ (V" C)pe(Ym C)rs E12E14E15523E36E45@ (123 O%4zd]OL[438] ©I[548)°
m CL i i i
— (7" )y (Ym C)se E16E12E14E15E25E34E36@ (424 0%42d]02[543) ©4ra]
1 .
3 (V" A" C) " (Ym C)aec(Vn C)rs Er2 Era Eoy Ess Ess
x OI[130]©I[533] 0% [148] O [424T
1 )
+ B (V" 3" C)a' (Yim C)gs(n C)ye Er2 Ers Eas Esq Esy
xOI[120]0i[128] 0159 ©4[132)°
1 .
+ 5 (V" A" C)e' (Ym C)ap(Vn C)rs Era Ers Eog Eoy Ess
AR HC A H AP NP R
1 )
+ 5 (V" A" C)s (Y C)ap(Yn C)ye Bz Ers Eoy Egs sy
A A R AP IR
1 )
5 (V" A" C)5' (Ym C)as(Vn C) e Erz Ers Eoy Esy Ess

< OF[124] ©F[437] ©F[438] OF 58] ©F [334)
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1

- 5 (7m ol C) ( Ym C)ae(% 0)66 Eiy By Eoys F3g Ess

A HEFHICHERHICHE IS

N =

16] } (6.5.91)

6.6 Correlators with higher spin operators

In this section, we list a choice of correlation functions containing spin fields S, and the com-
posite operators

K& = 0" 3% S, (6.6.92)

0

of conformal dimension h =1 + % which appear in the massive fermion vertex (3.3.53)) in its
canonical ghost picture or in the massless fermion vertex (3.2.45)) in its +1/2 picture. Cor-
relations of two spinorial fields will be given for general spacetime dimension D (although

dimensions D = 2mod4 strictly speaking require a different relative chirality of the spinors

than D = 4mod4), see appendix .

Correlation functions with Ks‘ are very involved in general. But in the context of leading
Regge trajectory fermions, they are contracted by a 7 traceless wavefunction pf such that
only their spin 3/2 irreducible contributes. This spin 3/2 projection simplifies the correlators

enormously, so we will always give their p contractions in the following.

The spin 3/2 component of Kﬁ‘ is governed by the following OPEs:

P Sal2) K (w) ~ f((D w>)1/2+D/8 Fruw) + ... (6.6.93)

5% Ut ( )~ L # a

R Ki) ~ PR s (6.6.99)
P K2 (2) K (w) D2 GO ) + . (6695)

22 (z —w) /2+D/8

Given these prerequisites, one can verify the correct singular behaviour of the three point

functions
» ; (D—2)z15 ;
P (0" (21) Sal2) K (23)) = P ZD/;-QH/2 75 Co” (6.6.96)
13 %23
(D —2)*

P Py (0 (1) K2 (22) K3 (23)) = (7 ) By (6.6.97)

2\/_ (Z12 213)1/2 D/8+3/2 an
as well as the (no longer D universal) four point function

—L

: 4 (212 213 214 223 224 234) 1/4 P
ot (S, S S K? =
P (Sal21) 5(22) 5, (23) N(Z4) ) D10 YN
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o 5 W ) 2] 5
X{(v Cas Gy (" C)an G (1" C)sy Can } (6.6.98)

<12 %34 <13 ©24 214 %23
Also, we need the following five point correlator for the scattering of two gluons with a massless

and a massive fermion:

75 (1" (21) 0¥ (22) 0 (22) Sal25) K (21)) = L
Ps ! 2 2 meRm) B V2 (213 214) /2 223 224 23?44

{(n’“’ 02— ) Co 3 (1 €)o”

Zo3 213 + —(——— %13
212 %34 2214

+

A n v ﬁ _ Sv " A ﬁ
0} (v C)a o (77 C)a 223} (6.6.99)

2 294
In all scattering amplitudes given in this work, the p wavefunctions were eliminated by means

of the massive Dirac equation (D — 2)ps = —v* Kae (suppressing any free vector index).

The four dimensional first mass level also contains massive spin 1/2 fermions (4.5.93)) and
(4.5.94)) whose vertex operators are built from the o trace of Kz. The latter can be identified

with the derivative of the standard spin fields in any spacetime dimension D,

054 = - ﬁ ($#)a" Sp (6.6.100)

so computing its correlations is straightforward with the results from the previous sections at

hand.



Chapter 7

Worldsheet integrals

In section [5.4] we could extract a lot of information on the structure of open string amplitudes
from the analyticity properties of the worldsheet integrand, without actually touching the
associated integrals. This chapter aims to go one step further and to discuss formal and
physical properties of these integrals. As we have already mentioned, they are responsible for

the pole structure of color ordered open string amplitudes.

Scattering amplitudes of n > 5 states were only considered at the massless level so far. That

is why we will limit our discussion of the associated integrals to the massless situation where

2&’]@' . kj = Sij and Z]#l Sij = 0.

7.1 First look at hypergeometric integrals

This section takes a look at the structure of the worldsheet integrals occurring in open string
tree level scattering. The integration regions are mapped to the unit cube, and appropriate
manipulations of the integrands allow to relate the integrals in a multileg amplitude to multiple
Gaussian hypergeometric series, more precisely to generalized Kampé de Fériet functions [201,
231]. A brief outlook is given on the organization principles which ultimately allow to express
any integral in an n point amplitude in terms of an (n — 3)! dimensional basis. Also, the

structure of the momentum- or o/ expansion of the integrals is sketched.

7.1.1 Mapping integration simplices to unit cubes

Our prescription (5.3.30]) towards color ordered n point amplitudes with SL(2,R) fixing

(21, 2n-1,20) = (0,1,00) (7.1.1)

173
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requires to integrate the remaining worldsheet positions z;, 7 = 2,3,...,n—2 over a generalized
simplex: Only the first integration variable probes the full unit interval zo € (0,1) whereas
all the others are restricted as z3 € (22,1), 24 € (23,1),... to preserve the ordering of the

subamplitude in question.

The appropriate coordinate transformation to map the n — 3 dimensional simplex to the

more managable unit cube expresses each z;, 7 = 2,3,...,n — 2 as a product of variables
x;, 1 =1,2,...,n — 3 which are integrated over the full (0, 1) interval:
2 = 2z 2 = Tp 4T nos
-2 = -3 -3 - - -3
" S " SR = z; = H x; (7.1.2)
. 29 = X192 ... Tp-3 i=j—1

This change of variables introduces a Jacobian

n—2 1 n—3 1

0z;
” dz, = ”/dxz det( ]>
=2 /Zjl ! =170 O;

which reflects the order of integration variables.

, det@Z) - ﬁ(xk)k_l (7.1.3)

To see what happens on the level of the integrand, let us first of all consider the lower

order cases n = 4,5 and n = 6. The CFT correlator gives rise to z; dependences of structure

[Tic; |2

the basis introduced in subsection using momentum conservation) and additionally some

Siz, j” . The exponents contain Mandelstam invariants s;;, s;;; (which are reduced to

integers 7n,; which control the physical poles of the amplitudes:

1 1
R 7 7
/ dZQ H |Zij 8ij Zij” = / dl‘l $i12+n12 (1 — $1)323+n23 (714)
1 ) 1
Sij SMii s12+n12 ., 14+s45+n12+n13+n23
/ dzy dzs H | 25| zii? = / dzy dxs ] Tq
Z]'_l 7:<j 0
% (1 _ :L‘l)823+n23 (1 _ x2)834+n34 (1 _ $1$2)551_823_834+n24 (715)
1 ) 1
P = Y
/ dzodzgdzy H |Z¢j Sij Zij” = / dz; das das xi12+”12 Ié+8123+n12+n13+n23
Zj—1 0

1<j
X x§+856+n12+n13+n14+n23+n24+n34 (1 _ $1)823+n23 (1 _ x2)834+n34
X (1 _ 333)845+n45 (1 _ $1x2)8234—823—534+n24 (1 _ $2$3)3345—534—545+n35

% (1 . :E1172:L‘3)S34+561_8234_8345+ﬁ25 (716)

The integrals in n > 4 point amplitudes involve %n(n — 3) Laurent polynomials in the n — 3
b

new integrations variables — either the z; themselves or <1 —11 ia $j>. Let us emphasize that
in the latter case, only products of successive z;’s occur, i.e. the n = 6 integrand contains

(1 — zy25) and (1 — xoxws) but not (1 — zqx3).
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7.1.2 Relation to hypergeometric functions

Now that the (n — 3) fold integral ocurring in an n = 4,5 and n = 6 point amplitude is mapped
to the unit cube (0,1)" 3, we can identify it with some multiple Gaussian hypergeometric series.
For this purpose, the binomial series and the definition of the Pochhammer symbol (-, m) are

quite useful:

(1—z)P = Z%xm, (—p,m) = % (7.1.7)

With their help, one can identify hypergeometric functions ,Fy in the worldsheet integrals at
n = 4,5,6, they are defined by

ar, ..., ap 1 (a1,s) ... (a,s)
F 1 o= Y= . (7.1.8)
T by, b, Z;ﬂ(hﬁ)~%%ﬁ)

At n = 4, the integral ([7.1.4) has two arguments a := s13 + 112 and b := s93 + ng3. We obtain

the Euler Beta function in a and b which coincides with the hypergeometric o/} function:

! (1 T(1+b 1 1+a, —b
/IMMﬁﬂ—xf _ Hi+agl+b) JF) “ (7.1.9)
; [(2+a+tb) 1+a 9t a

Also the n = 5 point amplitude can be expressed in terms of a hypergeometric ,F,_; function,

this time in five arguments:

/oldx / dy oy (1= @) (1= y)" (1 = 2y)°

F'l+a)l(1+b)T(14+¢)I'(1+d) I4+a, 1+b, —e

I2+a+tcl(2+0b+d) 2+a+c, 2+b+d

From n = 6 on, however, a single ,F, function is no longer sufficient to capture the n — 3
fold worldsheet integral. Six point integrals require either an infinite series of hypergeometric

functions 4 F3,

/0 dz /0 dy /o dz 2%y’ 2°(1—2)4 (1 —y)° (1 — 2)7 (1 — zy)? (1 — y2)" (1 — zyz)’

= TL+d)T(A+e)T(+f) Y ﬁ?gﬁxgi&?

I'l+m+a)T(1+m+n+b)I(1+n+c)
Fr24+m+a+d)T2+m+n+b+e)l'2+n+c+ f)

l+m+n+b 1+m+a, 1+n+c, —j

24m+n+bte 2+mtatd 2+n+c+f

or a triple hypergeometric function F3) [202,231].
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7.1.3 The n point integrand

The starting point for finding the n point generalization of the x; integrands (7.1.4)) to (7.1.6))

is the following form of the n point integrand

n—2 1 ~
By, ;] = H/ dz; H |255]%9 257, (7.1.12)
j=2 /71 1<i<j<n—1

with some integers 7;; € Z. We think of (7.1.12)) as the result of evaluating the vertex operator
correlation function (J]7_, Vh(jqi )1(zj)) without taking the ¢ ghost correlator (c¢(z1)c(zn—1)c(2,)) =
21 n—1%1,n%n—1n iNto account. Since these z;; originate from a correlation function of h; = 1

primary fields, the integers 7;; must fulfill the conditions:

1<j i>7
After fixing three of the vertex positions as (z1, 2,-1,2,) = (0,1,00) and parameterizing the
integration region zo < ... < 2,_9 as 2 = H?:_ksq r, k=2,...,n—2with 0 < x; < 1, the
integrand in ([7.1.14)) takes the generic form:

n—3 - n—3 l Sj+1,1+2H 0
Bn [ni, ni]’] = ( H / d.’lfZ ) H o1z EAR H ( 1 — H T ) s (7114)
k=j

=1 j=1 I=j

with the set of %n(n — 3) integers n;,n; € Z and s; ; = sy

njg = Njp1042 J <l (7.1.15)
j+1

nj = j—1+Y fy, 1<j<n-3
1<j

The integrals represent generalized Euler integrals and integrate to multiple Gaussian hyper-

geometric functions [201], see the previous subsection for n = 4,5 and n = 6 examples.

Factoring out the s;; dependent part of the integrand in ([7.1.14) leaves us with a rational
function
n—3 n—3 l nji
= [« I] (1 — Hq:k) (7.1.16)
j=1 I=j k=j
in the n — 3 variables z;. With the conditions ([7.1.13)), it is in one-to-one correspondence to

another rational function R in the original integration variables,
R(zy) = [ =Y (7.1.17)
1<i<j<n—1
depending on the n — 1 variables z; and multiplying the integrand of (7.1.12). In the following
we write this correspondence as

R(z;)) =~ R(z;) . (7.1.18)
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7.1.4 Finding a basis

There are many relations among integrals ((7.1.12) with different sets n of integers as a result

of partial fraction decomposition

1 1 1
_ (7.1.19)

Zij Zjk Zik Rkj Zij Zik

and partial integration with respect to worldsheet variables

0
0 = /de/dznga—%Hb’U

i<j

Sij Z?'l‘ij
)

k—1 ~ n ~
R Skm + Nkem Skm 1+ Nkem
= dzs ... /dan |2i5]%% 2,7 E _ 4+ E ——F— | . (7.1.20)
/ 21:!: ! ’ m=1 Fmk m=k-+1 Fkm

Note, that this way any integral (7.1.12)) with powers 7;; < —1 can always be expressed by a
chain of integrals with 7;; > —1. Hence, in the following it is sufficient to concentrate on the

cases n;; > —1.

A quantitative handiness on finding a minimal set of functions can be obtained by performing

e (i) a classification of the integrals (7.1.12)) according to their pole structure in the kine-

matic invariants s;;
e (ii) a Grobner basis analysis for those integrals (7.1.12)) without poles.

Any partial fraction decomposition of an Euler integral with poles can be arranged according
to its pole structure (modulo finite or subleading pieces), and the classification (7) yields a basis
for them. This is achieved by performing a partial fraction expansion of the leading singularity
in the kinematic invariants s;;. On the other hand, the Grébner basis analysis (i¢) (see section
provides an independent set of rational functions or monomials in the Fuler integrals and
any integral without poles can be expanded in terms of this set. Combining (i) and (i)
yields an independent set of integrals , and any partial fraction decomposition can be
expressed in terms of the basis obtained this way. In the later sections [7.2] and [7.4] we explicitly
construct this “partial fraction basis” for the cases n = 4,5 and n = 6 and verify its dimension

(n—2)L

7.1.5 The structure of o/ expansions

The first classification (¢) of the integrals (7.1.12)) is done with respect to their pole structure

in the kinematic invariants s;;. The maximum number of possible simultaneous poles of an n
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point amplitude is n — 3. Integrals of this type play an important roleEL since they capture the
field theory limit of the full amplitude. They assume the following low energy- or power series

expansion in o':

oo /
B,[n] = o®* " p3 Al + o Z a™ Z Diniml®] C(515. .., 5q)
m=0 sr€EN,s1>1
s1+...tsqg=m+2
= o " psn[i] + P ps_af] C(2) + N pe_n[R] C(3) + ... (7.1.21)

Above the rational functions or monomials p§_,,.,.[72] are of degree 5 —n +m in the kinematic
invariants (k; + ki1 + ... + kj)2 and depend on the integer set n. Furthermore, we have

introduced the multi zeta values (MZVs)
1

d (_1)3j_1 1 ) .7 B
C(s1,...8q¢) = A / dz; (z;)*7 (Inz)% ' | 1 — T
' i ['(sy) 0 s 211
d ) d d S
- > II~7 = > 11 (Z n> (7.1.22)
ni>ng>...>ng>0 j=1 ni,...,ng=1 j=1 =7

of transcendentality degree Zle s, = m + 2 and depth d (where s; € N and s; > 1). The
prime at the sum ([7.1.21)) means that the latter runs only over a basis of independent MZVs of
weight m+2. In at each order 5—n+m in o/, a set of MZV of a fixed transcendentality
degree m + 2 appears. We call such a power series expansion transcendental, cf. section [7.3
for a detailed disscussion. In the following section we present a method of how to extract
the first term of from integrals with n — 3 simultaneous poles. In fact, this
method additionally allows to extract any lowest order poles from integrals with fewer
simultaneous poles. However, as we shall demonstrate, this type of integrals generically does not
assume the transcendental power series expansion . At any rate, the method proposed
in section allows to determine the lowest order poles of the integral .

The second classification (ii) of the integrals is appropriate if the latter have no
poles, i.e. their power series expansion in o starts with some zeta constants. In section we
introduce a Grobner basis analysis, which allows to find an independent set of finite integrals
, which serves as basis. Any other finite integral is a R linear combination of
this basis.

Note that the individual integrals entering the functions ((12.3.45)) and (12.3.48)) are of both

types — some of them have n — 3 simultaneous poles and their o/ expansion assumes the form
(7.1.21)), others have no poles and start with some zeta constants. In either case our methods

(1) or (i7) can be applied to further reduce them.

'In fact, many individual integrals entering the functions F7 in 1) are of this type.
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7.2 Structure of multiple resonance exchanges

Generically, an n point scattering process has multiple resonance exchanges. As a result, the
power series expansion in o/ of the integrals ([7.1.14)) may have multiple poles in the Mandelstam
variables. These poles come from regions of the integrand for which x; — 0 or x; — 1 for some
of the variables x;. To obtain information on the pole structure of the integrals , it is

useful to transform the integrand to a different form, in which the poles can be easily extracted.

7.2.1 The general setup of multiparticle dual models

For an n point scattering process there are $n(n — 3) planar channels (i, j) € P represented by

delimiters in the set
P o= {(,j)]2<j<n-2}u{(pg|2<p<qg<n—-1} (7.2.23)

for the color ordering (1,2,...,n). We shall use the following notation for the associated

Mandelstam variable:

Si,j = o (k, + ki+1 + ...+ /{Zj)2 (7224)

The channels (i, 7) with states from i, ..., j and (j+1,i—1) with states from j+1,...,n,1,... i—
1 are identical because of momentum conservation. The set of n—3 kinematical invariants which
can simultaneously appear in the denominator of the o expansion of the n point amplitude
describe the allowed (planar) channels of the underlying field theory diagram involving cu-
bic vertices. Not all combinations of channels are allowed. For instance, adjacent channels
as (i, + 1) and (i + 1,7 + 2) cannot appear simultaneously in denominators, they are called
dual or incompatible channels. On the other hand, for non-dual channels coincident poles are
possible. A geometric way to find all compatible channels is to draw a convex n polygon of n
sides representing momentum conservation. The number of ways of cutting this polygon into
n — 2 triangles with n — 3 non-intersecting straight lines gives the number of distinct sets of

allowed channels. According to Eulers polygon division problem this number is given by the

272 (2n—5)!!

(n—1)! (more generally, Cy = 3 (2:)) The n — 3 diagonals of

Catalan number C,,_s = ey

this polygon represent the momenta of possible intermediate states. To each of the %n(n —3)
channels (7, j) a variable u; ; € (0,1) may be ascribed, with w; ; = ;1 ;1. For an account and
references on the multiparticle dual model see [232].
For a given channel (4, j) with u; ; = 0 all incompatible channels (p, ¢) are required to have
up, = 1. This property is described by the %n(n — 3) duality constraint equations
wiy = 1= J[ we J[ we. 1<i<ji<n, (7.2.25)

1<p<i i<r<j
1<q<j j<s<n—1
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Uy 2 U3 U1,4

Figure 7.1: Multiperipheral configuration and corresponding dual diagram for n = 8.

which are sufficient for excluding simultaneous poles in incompatible channels. We define
wi; =0, u1,—1 = 1 and have ug, = ui -1, £ > 3. Only %(n — 2)(n — 3) of these equations
1’ are independent leaving n — 3 variables u; ; out of the set of %n(n — 3) variables free.
The set of n — 3 independent variables u; ; can be associated to the inner lines of one of the

Ch—o sliced n polygon. In particular, as a canonical choice we may define
Urj+1 = Ty, j = 17...,77/—3 (7226)

as a set of n — 3 independent variables corresponding to figure [7.1] Hence, each of the internal
lines of the polygon corresponds to an independent variable z; in the integral ((7.1.14]). Choosing

the inner lines of another sliced n polygon results in a different integral representation ([7.1.14)).

As a consequence of ([7.2.25)) and ([7.2.26)) we have:

1—a2; = J] tsrse. J=1....n-3 (7.2.27)
0<r<j
j<s<n-—2
J
L= ][z = ]I wrigen, 1<i<j<n-3 (7.2.28)
k=i 1<p<i

Jj+1<gqs<n—2

With ([7.2.27]) and the Jacobian IT ug;i_l, the integral ([7.1.14)) translates into an integral
2<i<j<n—1

over all 3n(n — 3) variables up related to the partitions P given in (7.2.23)):

1
Byln; ;] = H /0 du, uf}ﬁn” H J UP’—1+HU75 (7.2.29)
P

(i.5)EP P'¢(1.5)
The integers n; ; are determined by the variables n; and n;; from (7.1.15). The dictionary is

given in the later subsections on examples up to n = 8 point integrals.

In (7.2.29) the integration is constrained by the duality conditions ([7.2.25)) resulting in a



7.2. STRUCTURE OF MULTIPLE RESONANCE EXCHANGES 181

product of i(n — 2)(n — 3) independent & functionsﬂ . In this B,[n,; | form (7.2.29) many
properties of the integrals (7.1.14)) like the pole structure or cyclicity become manifest. This

will be elucidated at the following examples.

We can introduce a fundamental set of C),_, integrals B,

1 n—3 -1
U H /0 dui,j U;S:;] (H uil,jl> H ) upr — 1+ H Up , (7231)
P! P

(i) €P (i.9)eP Z(L.5)
with (7;,j;) running over all C’n o allowed Channelﬂ. The o' expansion of each of the elements
assumes the form ) with H? 0 ;l as its lowest order term. Any other integral
(7.1.14) with n — 3 simultaneous poles can be expressed as R linear combination of the basis
modulo less singular terms. In case of a sum of n—3 simultaneous poles this is achieved
by partial fraction decomposition of the polynomials according to their leading singular term

and associating the latter with the basis ([7.2.31)).

A special role is played by the integral

Byni; =-1] = H / du, ; u H Ol upr— 1+ HUP (7.2.32)

(i,9)eP P'é¢(1,5)
By construction, it is manifestly invariant under cyclic transformations S;; — Si+1 j+1, with
cyclic identification ¢ = i +n, 7 = j + n. Furthermore, it furnishes all C,_5 sets of allowed

channels at the lowest order, i.e.

Bunij=-1 = Y H .~ , (7.2.33)

(i) EP I=1
with the sum running over all C),,_5 allowed channels. In terms of ([7.1.14)), equation ([7.2.32))

takes the form:

n — —1 n—=3 .1 n—3 n—3 l Sj+1.142
T T _ s12...54+1—1 8j+1,j42—1 .
B, {nii:—l} = (H/O dxi>ij (1 — ) o+ H <1 ka)
i=1 J=1 I=j+1 k=j
(7.2.34)

2 The solution to the duality constraint ((7.2.25) may be found as (p =2,3,...,n—2;¢=3,4,...,n—1 and
p<q):

(1 - Hm pulm) (1 - ng:pflulvn)
tqg#En—1

<1 — Hr p— 1’LL1T> (1 — g:pul )
E (i)
- m= pulm

( 1 - Hg‘:p—l ul,T‘ )

3 As pointed out before, these integrals appear as constituents of some of the functions F discussed in section

(7.2.30)

tqg=n-—1

12.3] The poles in these B,, combinations are cancelled by corresponding s;; factors in the numerator of the

F? such that they end up being local.
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7.2.2 n =4 point integrals

In the case of n = 4, we have the two planar channels (1,2) and (2,3) = (1,4) related to the

two variables u; o and ug 3, respectively. After choosing the independent variable uy o = z1 ==z

and following the steps ((7.2.27]), the integral ([7.1.14))
1
By[ni,nij] = / dz z°2F™ (1 — g)*tmu (7.2.35)
0

takes the form ([7.2.29))

n” / du1 ) / dUQ 3 U812+n1 2 ;2§+n23 (S(Ul,g + U233 — 1) y (7236)

with ny 9 = ny and ng 3 = ny;. The cyclically invariant integral (7.2.32) is given by

nm =—1 ' s12—1 s23—1 1 1
B4 = dx z (1-1‘) 2 = B(812,823> = — 4+ — 4+ .... (7237)
ny = —1 0 S12 S23

For later purposes, it is convenient to define a regular function capturing the string effects in

four point disk amplitudes. This is accomplished by

512 523 F(1+812) F(]_ —I—Sgg) 7T2
Vi, = ———— B(s12,8 = = 1 — — 512893 + ... (7.2.38
! S12 + So3 (512, 520) (1 + s12 + s23) 6 2 ( )

which can be regarded as a stringy formfactor. It is ubiquitous in four point scattering of both
massless and massive states, numerous examples follow in chapter [§] and [9] Moreover, we will

shed light on its far-reaching physical significance in section

7.2.3 n =5 point integrals

At n = 5 extermal legs we have five planar channels (1,2), (2,3), (3,4), (1,3) = (4,5) and
(2,4) = (1,5) related to the five variables u; 9, ug 3, u3 4, g5 = w13 and us; = ug 4, respectively.

The five point integral (7.1.14)) becomes

Bs[ni, nij] / dzy / dag ™ 252 (1 — @)™ (1 — p)®87722 (1 — yay)™ ™2
(7.2.39)
with s; = o (k; + kip1)?, i =1,...,5 subject to the cyclic identification 7 +5 = 4. To transform
into the form according to (|7.2.26)) we choose the two independent variables
U9 = x; and u; 3 = ug5 = r9. Then, with the integral takes the form

s1+ni2 52+n2,3 s3tnz a4  S4tngs
TLZ] /dulg/ dU23/ dU34/ dU45/ du15 Ul 23 U374 U4,5

X U 55+ "7 0(ugs + urougg — 1) 0(us g + urouas — 1) d(uga + usguss — 1), (7.2.40)
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with
Nig = Ny, Ng3 = Ni1, N34 = MNag, Ngs = Ng , nis = l+np+np+ns.
(7.2.41)
In what follows it is convenient to introduce
Ij(z,y) = 2™y (1—2)® (1 —y) (1 —ay)™ (7.2.42)

arising from ([7.2.39) with the identifications x; := y and x5 := x. Furthermore, we stick to the

following shorter notation for the dual variables w;
Xi = Uji41 , 1= 1,...,5 s 1+5=1 (7243)
and define

5

=1

Let us now discuss a few examples. The pole structure of the integral

/ da / L Ilyz _ (7.2.45)

can be easily deduced after transforming it into the form ([7.2.40))

oot 1 1
dX; J (X = + ... 7.2.46
g/o 5( ) X9 X5 59 S5 ( )

Hence, the only simultaneous pole is at X5, X5 — 0 with the product of § functions yielding

the constraints for the three variables X7, X3, X4 — 1. Subsequently, we list a few nontrivial

examples:
rational function rational function rational function | lowest or-
in equation ([7.1.12)) | in equation ([7.2.39) | in equation ([7.2.40|) | der poles
Z15 1 X5 1
212213214225235245 Ty X1Xy 5154
1 1 <l 1 7.2.47
212213224235245 zy (1-zy) X1Xy 8154 ( )
1 1 1 1
2132142237225 %45 z (1-y) XoX4 5284
1 1 1 1 + 1
214715223225234 (I-z) (1—y) X2X3X5 5255 5385
1 1 1 1 1
212215224234235 (I—z) y (1—zy) X1X3X5 5153 5355

Let us point out once again that the rational functions of z;; in the first column do not yet

encompass the ¢ ghost correlator (c¢(z1)c(zn-1)c(2)) = 21.0-121.0%n—1.n-

The fundamental integrands are J5(X ), multiplied by one of the five rational functions

1 1 1 1 1

7.2.48
XiXs D XXy T XX T XaXy T XX ( )
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which furnish the C3 = 5 poles
1 1 1 1 1

, , , , : (7.2.49)
8183 S2854 5385 S154 52855
In the basis ((7.2.39) the rational functions become
1 1 1 1 1
5 ) ; ; , (7.2.50)
A-z)y 21—y (Q-z)A-zy) ay(l-ay) (1-y1 -y
respectively. The cyclically invariant integral ([7.2.32)) is given by
n; =—1 Is(x,y)
B = d d
5{?%@':—11 / x/ y 1—13 )y (1—y)
1 1
= + + + ... (7.2.51)
S1 83 S92 84 S3 Sy S1 84 S9 Sy

and exhibits all five poles ([7.2.49) in its power series expansion.

Finally, as we shall see in the next section [7.4] there is one rational function without poles

and its series expansion starts at ((2):

rational function rational function rational function | lowest
in equation ([7.1.12)) | in equation ((7.2.39) | in equation ([7.2.40)) | order (7.2.52)
1 1
213214724225235 ‘ (1—zy) ‘ 1 ‘ <(2)

The function (|7.2.52)) may be added to (|7.2.48)) to give rise to another fundamental set

X2 X3 X4 X5 Xl
XiXs D XXy T XX T XaXy T Xe X5

subject to the constraints (7.2.44) and with the same poles ((7.2.49)), respectivley. In the basis
(7.1.14) the latter rational functions correspond to

(7.2.53)

1—vy 1—2z x 1 Y (7.2.54)
(I—2)y(l—zy) " z(l-y)(l—2y) (1-2)(l-a2y) 2y (1-y)(1-my)’ o
respectively. Since we have
X3 L1 1-x N 225234
XiXy  axy(l—my)® 21921325, 245
X 1 1-
CHRPUNN N kO p——_ (7.2.55)
X1 Xy zy (1 — zy) 212213754235 245
X3X5 ~ 1 1—=x N 215734
X1Xy N xry (1 - xy) N 2’122’132’14324332,5Z45
X2 X5 -~ i 11—y -~ 215223
X1Xy Yy (1 - xy) 2’122’%32’24225235Z45 ’

1
S184

the two rational functions X11X and XX_; are the only possibilities to realize the poles

without double poles in the denominator of (7.1.12). Cyclicity makes sure that these arguments
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take over to the other four poles (7.2.49) and their rational functions ([7.2.48)) and ([7.2.53)).

Generally, rational functions other than the latter give rise to double powers in the denominator

of (7.1.12)), e.g.:

1 1 1
— ~ ~ 7.2.56
X, y(1 — zy) 219214724755 ( )
XLy L
Xy  1-y 2132%4223235

We will explain in the following section why the presence of double poles obscure the
transcendentality properties of the full physical amplitude.

7.2.4 n =6 point integrals

Six particle kinematics give rise to nine planar channels (1,2), (1, 3), (1,4) = (5,6), (2,3), (2,4),
(2,5) = (1,6), (3,4), (3,5) and (4,5) related to the nine variables wuy o, u1 3, U1 4, U3, Us 4,
Ug5, U3 4, Uss and ug 5, respectively. The six point integral (7.1.14)) becomes

Bg[ni,nij] = / dajl/ dxg/ dawg o5t ph A2 g5t (1 — )52 (1 — gy) S8 tn2

% S4+ﬂ33 ( )824+n12 (1

— X122 — X9x3)%3 1" (1 — myaomw3)®>@ ™8 | (7.2.57)

with s; = o/(k; + kiy1)?, @ = 1,...,6 subject to the cyclic identification ¢ + 6 = i and t; =
Oé,<kj + kj+1 + ]{Ij+2)2, ] = 1, e ,3.

To bring ((7.2.57)) into the B,[n; ;] form (7.2.29) we choose the three independent variables
U2 = T1,U1 3 = o and uy 4 = x3. Then, with (7.2.27) the integral (7.2.57)) takes the form

’I’LZJ /dulg/ dU13/ du14/ dU23/ dU24/ dUQ5/ dU,34/ dU35/ dU45

s1+n1,2 S2+n2 )3 33+n3 4 S4+n4 5 sstnmia  Setnzs  titniz  totnga  t3+ngs
X Upg Ug 3 1,4 2,5 Uy s 2,4 35

X 0(ug3 + upgussuzs — 1) 5(“2,4 + Uy 2Uy 3Us 5Uss — 1) (U5 + wp oty sur 4 — 1)

X (5(U374 + U1,3U23U45 — ]_) 5(U375 + Up,3U1,4U23U24 — 1) (5(’&475 + Uy 4U2 4U3 4 — 1) (7258)
with:
N2 = N, nyg = N2, Niga = N3
No3 = N, N34 = N, Ngs = N33 (7.2.59)
nos = 14+mny+no+ni, n3s = 1+ ngy + N3z + nas

Naos = 24Ny + noa + Ngg + Mg + Nz + Nas



186 CHAPTER 7. WORLDSHEET INTEGRALS

In what follows it is convenient to introduce
Is(z,y,2) = a®y" 2% (1—2)* (1—y)® (1—2)2 (1—2y)** (1—y2)*>* (1—z2y2)*>* (7.2.60)

arising from (|7.2.57)) with the identifications z; := 2,25 := y and z3 := x. Furthermore, we

stick to the following shorter notation for the dual variables u; ;

Xi = U441, 1= 1,...,6 s 1+6=1 s Y} = Ujji+2, ] = 1,2,3 (7261)
and define
6 3
S; t;
Jo(X,Y) = (HX) (Hyjﬂ ) 5(Xo + X1 X33 — 1) 6(Ya + X, X4V1Y5 — 1)
i=1 j=1

X 6(Xg+ X1 X5Yy — 1) 6(Xs + XoXaY1 — 1) 6(Vs + XoX5V1Ys — 1) 6(X, 4+ X3X5Va — 1) .
(7.2.62)

Let us now discuss a few examples. The pole structure of the integral

/ dx/ dy/ L iﬁg‘cfy’) zl_wz) (7.2.63)

can be easily deduced after transforming it into the Bg[n; ;] form (7.2.58)

6 1 3 1 Y 1
dXx, / dy; | Js(X,Y) —2— = + o 7.2.64
<111/0 ) (;1:[1 0 J> o ) X4 X6Y3 S45613 ( )

Hence, the only simultaneous pole is at Xy, Xg, Y3 — 0 with the product of § functions yielding

the constraints for the six variables X, X5, X3, X5,Y7,Ys — 1. Note that by construction a
set of three poles in ([7.2.58]) does not necessarily yield a compatible set of channels, e.g. the

integral
[6 33' y7 J6 X Y)
d d d.X; dY; —
/ “’/ y/ (1—2) (H/o ) (H/o > XaXaYs
1 1 S1 S1 Se S6
= — —_— — —_ - — - — 7.2.65
S3t3 - 34t3 * S3 * Sy S3t3 Sat3 S3t3 Sat3 * ( )

does not yield any triple pole as {(3,4), (4,5), (3,5)} are incompatible channels. Similarly, for

[ [ [ o =T e (H/dX> (H/dy) X,

1 1 1 S t 2
S N . . I C
S95¢ S92 Sg S2S5¢ S95¢ S1

+ ... (7.2.66)
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the channels (1,2),(2,3) and (6, 1) are not compatible. In the sequel we list a few non-trivial

examples:
rational function rational function rational function lowest or-
in equation ([7.1.12)) | in equation ([7.2.39) |in equation ([7.2.40)) der poles
22 1 X2YaY3 1
212213214215226236 246 256 Ty z X1X5Y1 s185t1
212213215226 236245246 (I—z) y 2 X1X41 s184t1
1 1 1 1
213215223226 245246 (1-z) y (1-2) XoXuY1 s284t1
1 1 1 1
212214225234236 256 z (1—y) z (1—zyz) X1X3X5 518385
213745 y (1-z) X4Y1 1
21223, 225234235236 256 z (1-y) z (1-zy) (1-zyz) X1X3X5 518355
1 1 1 1 1
214715223226 %34256 z(1-y)(1—=2) X2X3X5Y2 s255t2 5355t2
1 1 1 1 1
212215226234236245 z (1-z) (1-y) X1X3X4Y3 s183t3 51843
. Y D S 1 1
Z15216224226234%235 (1—-y) (1—zy) (1-yz) X3XeYaY3 $386t2 $3861t3
1 1 1 11
215216223226234245 (1-z) (1—y) (1—2) XoX3X4X6Y2Y3 525456 s286t2 $386t2
o 1 o 1
$356t3 S456t3
(7.2.67)
The fundamental objects correspond to the 14 rational functions
1 1 1 1 1 1 1 1
XiXsXs W XoXuXe ' XiXuY1 T XoX5Ys T XaXeYs T XoXs5Y: T XsXeYo T XiXuY5
1 1 1 1 1 1 (7 9 68)
XoXaY1 T XaXsYs T XuXeYs T XiX5Y: T XoXeYs ' X X5V o
which furnish the Cy = 14 poles
1 1 1 1 1 1 1 1
) ) ) ) ) ) ) b
515355 595456 8184t1 8285t2 8386t3 8285t1 8386t2 8184t3
1 1 1 1 1 1
) ) ) ) y ; (7269)
S9S4t1 ~ S3Ssla - SaSelz  S1S5t1 SaSgla - S1S3t3

as single poles in the denominator of ([7.1.12), respectively. The cyclically invariant integral
(7.2.32)) is given by

ni:_l /1 /1 /1 [6(3:7:%2)
B = dz d dz
[n: J S el Nl R BV G Q) I G s
1 1 1
+ + +

1

s 525456 s184t1 $28512 53563 S285t1 S3S6to 518413
t oot T st T st T st T s T s T (1270)

and exhibits all fourteen poles (7.2.69) in its power series expansion. After triple poles, for an
n = 6 integral the next leading order to start with are single poles. They always come with a

¢(2). In analogy with ((7.2.68]), for the latter we may introduce a fundamental set of rational
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functionﬁ furnishing the six single poles ((2)/s;, i =1,2,...,6:
rational function rational function rational function | lowest or-
in equation (|7.1.12)) | in equation ([7.2.39) | in equation ([7.2.40|) | der poles
1 1 1 <2
Z12215224%35%36 %46 (1-zy) z (1-yz) X1 51
1 1 1 <2
214215223226235246 (1-2) (1—zy) Xo 52
i ) N @ (7.2.71)
213215225226 234246 (1-y) (1-zyz) X3 s3
1 1 1 <2
213215224226236%45 (1-z) (1—yz) X4 84
I S -1 1 [§©))
213214224%726235256 z (1-zy) (1-yz) Xs S5
1 1 1 <2
213216224225%35%46 (1-2zy) (1-yz) (1—zyz) Xe S6

All (transcendental) integrals with single poles can be decomposed with respect to the basis

(7.2.71]) modulo finite pieces to be discussed in a moment. Subject to (7.2.25|), we have e.g.:

1 XY, 1
- - - — — Y
z (1 — i[fy) X1 X1
Y Y 1
— = — — XgYhYs 7.2.72
(1—y) (1 —2xyz) X3 X3 67273 ( )
T X5)/2 1
~ = — — Y
(1—2) (1 —2zyz) Xy Xy
1 XsYs 1
-~ - — Y
r (1 —y2) X Xs

After single poles, for an n = 6 integral the next leading order to start with are constants.

They always come with a ¢

(2) or ((3), e.g.:

rational function rational function rational function | lowest
in equation in equation in equation order
FYPTETTE =) =99 Y 2¢03)
T o) =a7) v, 2¢03) (7.2.73)
E T T (o) Y; 2((3)
= XeYaYs ¢(3)
e | T (e XshiYs ¢(3)

Again, we may add the functions ([7.2.73)) to (7.2.68)) to obtain other fundamental sets subject
to the constraints in ([7.2.62)) and with the same poles as ([7.2.6Y)), see section for details.

7.2.5 n =7 point integrals

In this case we have the 14 planar channels (1,2), (1,3), (1,4) = (5,7), (1,5) = (6,7), (2, 3), (2,4),
(2,5),(2,6) =(1,7),(3,4),(3,5),(3,6), (4,5), (4,6) and (5, 6) related to the 14 variables u; o, u1 3,

4Note that the rational functions 1/Y; giving rise to single poles in t; have double poles in their Z;j Tepre-

sentation, i.e. 7;; = —2 for some 1, j.
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Ui, U5, U3, U2a U2 s, U2, U a, U35, Us G, Uss, Use and us g, respectively. The seven point inte-

gral (7.1.14]) becomes

By[n;, ngj / da:l/ dxz/ dl’g/ dag ot g2 plotns pletna(] — gy )stn

X (1 — Ty 83+n22 S4+n33 1 S5+TL44 (1 >824+n12 (1 )835+n23

— X172 — T3

S25+n13 ( S46+Mn34 ( $36+MN24 (

X (1 — x129m3) 1 — x324) 1 — x9x314) 1 — @y Tow3wy)®o ™M (7.2.74)

with s; = o/ (ki + kiv1)?, t; = &/ (kj + kji1 + kje)?, 4,5 = 1,...,7 subject to the cyclic
identifications ¢+ + 7 =14 and j + 7 = j, respectively.

To bring (7.2.74)) into the B,[n; ;] form (7.2.29) we choose the four independent variables
Urg = T1,U1,3 = T2, U1 4 = g and uy 5 = x4. Then, with (7.2.27)) the integral ([7.2.74)) assumes
the form ([7.2.29)

1
o s1tni2  Sa+n23  s3tn3 4 Sat+nas  Sstnse  Set+nis  Sttnee  ti+nis
Be[ni;] = /duw Uy o Ug 3 Usg 4 Uy s Us g Uy 5 Ug g Uy g
0
to+ng 4 t3t+ngs tatnge tstnia  tetnes  trtnse
X Ugy Uz 5 Uy Uy g Ug 5 Ug6
X 5(162,3 + U1 2U34U3 5U3 6 — 1) 5(U2,4 + U1 2U7 3U3 5U3 6UL5U46 — 1)

X 0(ug5 4 up Uy 3us 4Us eUseUs 6 — 1) O(uge + Ut 2Uy 3Us gty 5 — 1)

X
>

Ugz,4 + U 3U2,3U4 5ULE — 1) 5(U3,5 + U1,3U7,4U2 3U2 4U4 6US5 6 — 1)

(
(

X 0(use + Uy zuy 4ty sUz 3Uz aUss — 1) 0(Uss + U gUs gUS 4US 6 — 1)
(

X 0 Ugp + U 4U1 5U2 4U2 5U3 4US 5 — 1) 5(“5,6 + Uy 5U2 5U3 5UL5 — 1) ) (7-2-75)
with
N2 = MNp, Nz = N2, nNia = N3, nNis = TNy
Ngs = MNi1, ng4 = MNag, Ngs = MNa33, Nse = TNug
2 3 4
noy = 1+ E Nij Nnos = 2+ E Nij Nog = 3+ E Nij
1<i<j 1<i<j 1<i<j
3 4 4
ngs = 1+ E Nijg nge = 2+ E ngj Nge = 1+ E Ny . (7276)
2<i<j 2<i<j 3<i<j

In what follows it is convenient to introduce
Lz, y,z,w) = 2%y 2w (1—-2)" (1—y)™ (1-2)" (1 —w)* (1 —ay)*™
X (1 —wz) (1 —y2)* (1 —2yz)® (1 —yzw)*® (1 —zyzw)® , (7.2.77)

arising from (|7.2.74)) with the identifications z; := w, x5 := 2, x3 := y and x4 := . Further-

more, we stick to the following shorter notation for the dual variables u; ;

X, = Ui i+1 Y; = Ujg42 l,] = 17 <oy 7 i 1+ T7=1 (7278)



190 CHAPTER 7. WORLDSHEET INTEGRALS

and define
7 7
JH(X)Y) = (HX ) (H Y/ ) §(Xo 4+ X1 X3YsYr — 1) 6(Ya + X1 X VY3V, Yr — 1)
=1 =1

X 8V + Xy X5V YaVsVe — 1) 6(Xr 4+ Xy XViVs — 1) 6(Xs + XoX,Y1Yy — 1)
X 0(Xy + X3 X5YoYs — 1) 0(Ya + X3 XeYoY3YsYs — 1) 6(X5 + Xy XeY3Ys — 1)

X 0(Yz + XoX5Y1YoYyYs — 1) 6(Y7 + XoXeY1YaY5Ys — 1) . (7.2.79)
Let us now discuss a few examples. The pole structure of the integral
I?(x Y, z, ’LU)

d d d d 7.2.80
fo [ [l [ e (7:2:50)

can be easily deduced after transforming it into the form ([7.2.58|)

7 1

J7(X,Y) 1
dX; / Y, | ——4——5 = —— + ... 7.2.81
( g /0 ) ( H ) X4 X6Y3Ys S486t3te ( )

Hence, the only simultaneous pole is at X4, Xg, Y3,Ys — 0 with the product of § functions
yielding the constraints for the ten variables X, Xo, X3, X5, X7, Y7, Y5, Y4, Y5, Y2 — 1. Note
that by construction a set of four poles in does not necessarily yield a compatible set
of channels, e.g. the integral

-[7(x7y727w)

/Oldx/oldy/()ldz/()ldww T
(11 o) (1L )

Jo(X,Y)

) (1=2) (1 —wyz) (1 —wayz)

1

X, X3X5 X5

+ .. (7.2.82)
518385

does not give rise to a quadruple pole because (1,2),(3,4), (5,6) and (7,1) are not compatible

channels. Subsequently, we list a few nontrivial examples:

rational function rational function | rational function lowest or-
in eq. ([7.1.12) in eq. (7.2.39) in eq. (|7.2.40) der poles
Zi’)7 1 X;’ Y2 Y3 Y4 Y62 Y72 1
212213214215216227 237247257267 TYzw X1XeY1Y5 s156t1ts
22, 1 X2Y,YsYr 1
Z12214215216227 234237257267 zy (1-2) w X1X3XeY5 518356t5
22, 1 X2Y,Y3Y2Yr 1
212213214716227 237 247256 257 (I-z) y z w X1X5Y1Y5 s1s5t1ts
217267 x X6X7Y2Y3Y52 1
212713716227 237246 247 256 257 w z (1-z) (1-zy) X1X5Y1Yy s1sstity
217 1 X7Ys 1
212214716227 234237256257 yw (1-2) (1-2) X1X3X5Y5 515385t5
217 1 X7Y3Ys 1 + 1
212213216227 237245247256 zw (1-z) (1-y) X1 X4X5Y1Ys s184t1tg s1S5t1ty
217 1 X7Y,Y7 1 4 1
214215216223227 234257267 zy (1-2) (1-w) X2 X3X6Y2Y5 s2sptats s3setats
Z67 T Y X6Y2Y5Y6 1 + 1
212216227236 %37 245247256 w(l—z)(1-y)(1—zyz) X1 X4X5YaYr s184taty s1S5taty
1 1 1 1 1 1
212216227234237 2457256 w(l—z)(1-y)(1—=2) X1 X3X4X5Y3YsY7 518385t7 s183taty s184t3t7
1 1
+8184t4t7 + s185taty

(7.2.83)
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After quadruple poles, for an n = 7 integral the next leading order to start with are double

poles. They always come with a ((2), e.g.:

rational function

in eq. (7.1.12)

rational function

in eq. (7.2.39)

rational function

in eq. (|7.2.40)

lowest or-

der poles

1

1

212215224 235237246267
214

wz(l—zy)(l1—wz)(1—yz)
1

Z12%13716224235246 247257
1

w(l—ay)z(l—wz)(1-yz)
yz

215216226227234237%245

(1-y)(1-2)(1-wzyz)

1
X1Xe6
1
X117
Y1Ys
X3X4Y3

<@

S186

(7.2.84)

After double poles, for an n = 7 integral the next leading order to start with are single poles.

They are always accompanied by ((2) or ((3) factors:

rational function rational function rational function | lowest or-
in eq. (7.1.12) in eq. (7.2.39) in eq. (7.2.40) | der poles
1 1 1 2¢(2)
212216224235 237246 257 w(l-zy)(l-wz)(1-yz) X1 51
215 1 Yy 2¢(2) 7.2.85
212214216725235237246257 w(l—zy)(1-yz)(1—wyz) X1 s1 ( e )
1 1 Yy 2¢(3)
212716224235 236 247257 w(l-wz)(1-yz)(1—zyz) X1 51
1 Yy Y5 2¢(3)
212215216224 235237246 247 w(l—zy)(1-wz)(1-yz) X1 51
215223 1-w XoYo 2¢(2)
212213216224225235 237246257 | w(l—zy)(1—wz)(1—yz)(1-wyz) X1 s1

After single poles, for an

n

7 integral the next leading order to start with are the zeta

constants ((2),(3) or ¢(4). First, we display examples without poles and their series expansion

starts at ((2) or ¢(3):

rational function rational function | rational function lowest or-
in eq. (7.1.12) in eq. ((7.2.39) in eq. ([7.2.40) der poles
214216224Z2i4;35237z46357 (1—zy) (I—Zyz) (1—wz) Y 2 C(Q) +2 C(?’)
214% Yy 3 3
e resmr ey | (=99 (—wd) (1=e39) Ya¥s > ((2)+3 ¢6)
2152 1 5
3132'143163251;273;35236247257 (1-yz) (1—zyz) (1—wyz) YaYy 2 C(4) +4 C(3> -2 C(3)
1 1
213214225227 236246 257 (1-zy) (1—wyz) (1—zyz) YéY},Yé 3 C<3> ( )
7.2.86
Finally, we give examples without poles and their series expansion starts at ((4):
rational function rational function rational function | lowest or-
in eq. (7.1.12) in eq. ((7.2.39) in eq. ((7.2.40) | der poles
1 1 27
213216224227235246257 (1—zy) (1—yz) (1—wz) 1 1 C(4)
1 z 17
214216224227 235236257 (1-yz) (1—wz) (1—=zyz) )/1)/;1 4 (4) (7287)
z 1
Z13Z142262’273Z735z36z47Z57 (l—yz) (1—zyz) (l—wmyz) )/21/21}/6 3 C(4)
1 1 5
213214225226 237246257 (1—-zy) (1—wyz) (1—wayz) YéYE;YE;Y} 2 (4)
z 1 2
213214z15z261;27z36z46z57 (I—zy) (1—2yz) (1—wzyz) YG YYs 3 C(4)
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Again, we may add the functions ([7.2.87) to the 42 fundamental quadruple poles to obtain
other fundamental sets subject to the constraints in ((7.2.79)), cf. section for more details.

7.2.6 n = 8 point integrals

In this case we have the 20 planar channels (1,2), (1,3) = (4,8), (1,4) = (5,8), (1,5) =
(6,8), (1,6) = (7,8), (2,3), (2,4), (2,5), (2,6), (2,7) = (1,8), (3,4), (3,5), (3,6), (3,7), (4,5),
(4,6), (4,7), (5,6), (5,7) and (6,7) related to the 20 variables wuj o, us 3, us4, Uss, Usg, Us 7,

Ule = Urg, U7, Ul 3, U2 a, U3 s, U s, Us,7, Uss, U6, Us,T, Ul 4, U5, U3, Usg. L1he eight point inte-

gral ([7.1.14]) becomes

t t
Bg[ni, nij] /dxl/ dxz/ d:z;g/ dzy / dag ] T gt phitne gl gErins

1— 82+n11 (1 S3+n22 (1 S4+n33 (1 _ 1‘4)S°+n44 (1 _ 1,5)86-1—7155

X

)824+TL12 ( )8354-7123 ( )S4e+n34 ( >557+7L45

1 — 2129 1 — x923 1 —a324 1—x425

(
(

X (1 = 2129m3)" ™8 (1 — @ow3xy)®30 "2 (1 — x3m475)" 7 "%
(

)526+n14 (

% )S37+n25 (

1 — 21291374 1 — xoz3x475 1 — xyzowamyzs)® "5 | (7.2.88)

with s; = (ki + ki1)?, t; = o' (kj + kjo1 + kju2)?, 0,5 = 1,...,8 subject to the cyclic
identifications i+8 =i, j+8 = j, respectively, and u; = o (k;+ ki1 + ko +his)? 1=1,... 4.

To bring ([7.2.88)) into the form ([7.2.29|) according to ([7.2.26|) we choose the five independent

variables uy o = 1, u1 3 = T, U1 4 = X3, U1 5 = T4 and uy g = 5. Then, with ((7.2.27)) the integral

(7.2.88]) assumes the form ([7.2.29))

1
o s1t+ni2 Ss2+n23 s3tn3a  satnas  Sstnse  SetNner  STtNie  S8gtn27
Bg[n; ;] = /dui,j Uy 9 Ug 3 Us 4 Uy s Us 6 Ug 7 Uy Ug 7
0

ti+ni1,3 totno g t3+ngs  tatnae ts+nsr  tetnis  trtnse  tgtns
X Uy Ug 4 Ug 5 Uy 6 Us 7 Uy 5 Usg 6 Ug 7

uitnia u2+n2s5  u3tnze  uatngr
X Upy 2,5 3,6 4,7
X 5(“2,3 + U1 2U3 4U3 5U3 U3 T — 1) 5(“2,4 + U1 2U1,3U3 5U3,6U3,7U45U4 647 — 1)

X 0 Ug 5 + U1 2U1 3UT 4US 6U3,7UL6U4TUS U577 — 1) 5(“2,7 + U12U1 3UY 4 UL 5ULE — 1)

X
>,

Uz 6 1+ UL 2UL 3UL AU 5U3,7UL 7US 7UG T — 1 U341+ UL 3U23U4 5UL6ULT — 1

X 0(usg5 + Uy 3Uy 4Us 3U2 4 U4 6U4 7US 6U5 7 — 1)
) O(wa s + Uy qUs gz 4U5 6Us 7 — 1

o
o
o
i

)
Ug,7 + U,eU2,6U3,6U4,6U56 — 1)
)
)

X 0(Uae + Up aUL 5UL AU 5US 4U3 5U5 7Us 7 — 1) O(Us 6 + U 5U2 5US 5Ua 5Us 7 — 1

X 0

(
(
(

X 5(“3,7 + U1 3U71,4UT 5UT U2 3US 4U2 5UL 6 — 1
(
(a7 + U141 5U1 6U2,4U2 5 U2 U3 AU 5U36 — 1)
(

X 0 Us,7 + U 5U1 U2, 5U2 6 U3 5U3,6U45Us6 — 1)
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X 5(“3,6 + U1,3U1,4U1,5U2,3U2 4U2 5U4 7U5 7UE T — 1) (7289)
with
N2 = Ni, nyz = N2, Nia = N3, N5 = Ny
Nie = N3, Ngas = MNi1, ng4s = MNag, Ngs = N33
2
Nse = NaaNer = MNss , ngs = 1+ E N4j
1<i<j
3 4 5
Nos = 2+ E Nij nog = 3+ E Nij noy = 4+ E Njj
1<i<y 1<i<y 1<i<y
3 4 5
nys = 1+ E Nij , n3e = 2+ E Nij ny = 3+ E ngj
2<i<j 2<i<; 2<i<j
4 5 5
Nae = 1+ E Ngj Ngy7 = 24+ E ngj Ns7 = 1+ E Ngj - (7290)
3<i<j 3<i<j 4<i<j

In what follows it is convenient to introduce
Ig(l',y, Z,U),'U) = a7 ytﬁ 2w o™ (1 - x)SG (1 - y)85 (1 - Z>S4 (1 - w)53 (1 - 'U)Sz
X (1 =)™ (1 —yz)*° (1 —wz)*® (1 —ow)*® (1 —2yz)™ (1 —wyz)**
X (1 —owz)*® (1 —wzyz)* (1 —owyz)™ (1 —vwzyz)*" (7.2.91)

arising from ([7.2.88)) with the identifications z1 := v, x9 := w, x3 := 2, x4 = y and x5 := x.

Furthermore, we stick to the following shorter notation for the dual variables u; ;

Xi = U4l , }/j:u‘j’j_f_Q, i,jzl,...,87 1+8=1
Zk = Ugk+3 , k= 1, . ,4 (7292)
and define
8 8 4
Js(X,Y,Z) = (HX) (Hthj) (HZ};k) 6(Xo + X1 X3Y3YsZ5 — 1)
i=1 j=1 k=1

X 0(Yo+ Xa XaV1YaYaYsZ5Zy — 1) 6(Zo + Xa XsY1YaY5YsZ1 2574 — 1)
x 0(Yr+ XqXeY1Y5YsYsZ1Z4 — 1) 0(Xs + X1 XoY1YsZ) — 1)
X 0(Xs + XoXuV1YaZy — 1) 6(Ys + Xo XsY1YoYyY5 212, — 1)
X 0(Zs + XoXeY1YoY5YsZ1 2524 — 1) 6(Ys + Xo XoY1YoYsY7r 212, — 1)
X 0(Xy+ X3 X5Y2Y521 — 1) 0(Yy + X3 XYoY3YsYsZ1 72, — 1)
(

X (24 + Xs XoYoVsYeVaZi ZoZ5 — 1) 0(X5 + XaXoY3YsZs — 1)
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x 0(Ys + Xy X7YaYyYeY7 2573 — 1) 6(Xg + X5 X7YaY7Z3 — 1) . (7.2.93)

Let us now discuss a few examples. The pole structure of the integral

/01 dx /01 dy/ol dz /01 dw /01 dv — o (Ii(fj) '?1“:20 77 (7.2.94)

can be easily deduced after transforming it into the form ([7.2.89)

8 1 3 1 4 1
Js(X,Y, Z) 1
[]/ ax ||/ vy ||/ az - Yo (7295
(z‘—1/0 ) (j—l 0 J) (kl 0 k) XaXah¥aZs spsatitatis ( )

Hence, the only simultaneous pole is at Xs, X4, Y7, Yy, Z4, — 0. At these values, the product

of ¢ functions yield the constraints for the 15 variables X, X3, X5, X¢, X7, Xg, Yo, Y3, Y5, Y,

Y., Ys, Zy, Zy, Z3 — 1. Subsequently, we list a few non—trivial examples:

rational function rational function
in eq. (|7.1.12)) in eq. ([7.2.39)
zfs 1
Z12Z213214215216217228238248 258 268278 rTyYyzwov
2?8 1
Z12213%14216217228238245258 268278 zy (1-2) wo
1 1
217218223724 235246 257268 (1-v) Ql—ay) (1—wz) (1—yz) (1—vw)
1 Y
212217228 234236 247 256 258 v (1—y) (1—w) (1—zyz) (1—wyz)
1 w z
217218224226 235237245268 (1-2) (1—vw) (1—wz) (1—vwyz) (1—wzyz)
Z%s 1
212215216217228 234238 245 268278 zyv (1-2) (1-w)
1 1
212217224 734238 256257 268 vz (1-y) 1-w) (1-zy) (1—vw)
1 1
213217 223225245 246 268 278 zyw (1-2) (1—v) (1—yz) (1—vwz) T (7 9 96)
rational function lowest or-
in eq. ((7.2.40)) der poles
X&YoYsYyYsYRY3 222222 1
X1 XY1YsZ1 s1s7t1teul
X3YaYsY2AY2 22227, 1
X1 X4 X7Y1Ys S18487t1tg
1 1
XoXgYoY7Zo sasgtot7ug
YsZo 1
X1X3X5YsZ3 s18385t8U3
Y1Y52174 1
X4 XgY3YrZs sasgtstrus
X2Y5Y7YsZ4 1 1
X1 X3X4X7Y3Y6 s18387t3te s18487t3te
1 1 1
X1 X3X5Y2Y521 818385t5u1 s3sstatsul
Y5Ys 1 1 1 1 1 1
X3 X4 XeV1YaYeY7 22 525487 <t1t4 + tite + tat7 + touz T 7u2>

7.3 Degree of transcendentality in the o' expansion

The o' dependence enters through the kinematic invariants s;, ;, into the integrals ((7.1.12])
or ([7.1.14)). Hence, in their (integer) power series expansions in o/, which (up to overall nor-
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3=n each power o™ is accompanied by

malization factors) may start at least at the order o
some rational function or polynomial of degree m in the kinematic invariants s;, ;. The latter
have rational coefficients multiplied by MZVs ([7.1.22)) of certain weights Zle s;. The maximal

weight thereof appearing at a given order /™ is related to the power m.

7.3.1 Basic definitions and examples

One important question is, whether the set of MZVs showing up at a given order m in «' is of
a fixed weight. In this case we call the power series expansion transcendental (we may also call
the integral transcendental). E.g. for n = 6 we may have the following integral and its power

series expansion in «':

1 1 1
I 1
0 0 0 ryz S185t1 8185 S1ty Sstq

L) S35+ 54 — 13 N S9 + S3 — 1o N s+ sty N s2 + 5485 N S2 + 5189
S1 Sy S1S5 Sltl S5t1

) + O(d))
(7.3.97)

In (7.3.97)) to each o/™ power a Riemann zeta constant of fixed weight m + 3 appears. Hence,
(7.3.97)) represents a transcendental power series expansion. On the other hand, the following

two integrals

/daz/ dy/ J6@:9:2) o) b (2) (554 56—t — )

(1 —zyz)?
C(3) (514 89+ 283+ 54 + 85+ 256 + 1, — ty — t3) + O(a?) (7.3.98)
]6 l’ Y, % ) _ o
/ dx/ dy/ (-7 2¢(2) + [2¢(2) — 4¢(3)] (t1 +t2 + t3)
— [2€(2) — ¢(3)] (s1+ 524 53+ 51+ 55+ 565) + O(a?) (7.3.99)

yield examples of non-transcendental power series.

It would be useful to have a criterion at hand, which allows to infer the transcendentality
properties of an integral by inspecting its integrand before power series expanding the whole
integral. In this section we present a criterion, which allows to deduce from the structure of the
integrand, whether we should expect a transcendental power series expansion in «'. Although
this is a mathematical question, it will turn out that superstring theory provides a satisfying

answer to this.

Transforming the integrals from the representation ((7.1.14]) into the form (7.1.12]) subject
to ([7.1.13]) will prove to be useful in the following. Integrals ([7.1.12), whose integrands are

rational functions involving double or higher powers of z;; in their denominators, always give
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rise to non—transcendental power series. This can be seen by performing a partial integration

within the integrals, e.g. for a double power we have

o 1 o
/dzi Zi 2 r(zm) = /de' r(2k) 02 '
Sij — ].

1 s45—1
- T s — 1 /dZi zii' Oxr(om) - (7.3.100)

Regardless of the transcendentality structure of the integral [ zf}j ! 0.,7(z) the geometric

series expansion of the prefactor 5_171 = 1+sy +s?j + ... always destroys any transcendentality.
ij

This explains, why the integral (7.3.98)) with the corresponding rational functions (see e.g.

(7.1.18))
1 N 1

— 2
(1 - x?/z)Q R13%14755736%46

(7.3.101)

yields a non-transcendental power series expansion. On the other hand, the non-transcendentality
of the integral (7.1.14)) with the rational function [(1 — x)(1 — y)(1 — 2)(1 — zy2)]~! can only
be seen after transforming it into the representation (7.1.12)), in which a rational function with

a double power in the denominator appears, i.e.

1 1
~ . 7.3.102
000 -9 -1 —12) ~ Zyemmmen (7.3.102)

Let us now discuss the integrals ((7.3.97)) and (7.3.99). With respect to the two representations
(7.1.14]) and ([7.1.12)) we have the following correspondences:

2
TYz 212213214215226236 246256 212213714
1 1 1
~ _ - (7.3.103)
(1 - :cy)(l - yz) Z13%15%224226%235246 213224735

The last correspondence follows from the choice ((7.1.1]), setting zs = oo and taking into account

the ¢ ghost factor (c(z1)c(z5)c(26 = 200)) = 21522%,. These operations are denoted by the —

arrow in (7.3.103). We may regard the rational functions ([7.3.103)) as originating from a CFT

computation of a six gluon amplitude. This fact will be exploited in the following to anticipate

the transcendentality properties on an integral from the z;; representation of the integrand.

7.3.2 A transcendentaliy criterion from computing gluon amplitudes

Gluon disk amplitudes in superstring theory have been checked to involve transcendental o/
functions only up to seven point level. By imposing transcendentality of the end result, we can

derive transcendentality criteria for the individual constituents as a necessary condition. Recall

that, given the gluon vertex operators (4.2.18)) and (4.2.19) in the (—1) and (0) ghost picture,
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respectively, the color stripped n gluon amplitude is computed via
n—2 1
Algr, - 9n) ~ (clz1) c(zn-1) e(2a) ) (H/
j=2"%

Zj_1

dz; ) <€L1 VM (z) o~ 9(zi) glah PH (Z]) e~ 9(z)

X (Hffu (i0X" () + 2/ (kl-l/))@b’”(zz))> Hei’“m'X<Zm>> (7.3.104)

I#i,j

m=1
The assignment of superghost charges is left unspecified here. Among the zero ghost picture
vertices, the interplay between the 0X* and the (k- 1)1" contribution plays an essential role
in the followingl’|

In a six gluon amplitude, the integral (7.3.97)) describes the kinematic contraction (&;&)
(&ak1)(E3k1)(Eakr)(E5k1), while the integral (7.3.99)) characterizes the contraction (£2&g)(&1k3)

(&3k5)(E4ka)(E5k1). The crucial difference between the two encountered contractions is, that in

RNS superstring theory the first contraction can only be realized by contracting
EREET S L O Ry RTRTRT (U1t g° ) (OXSXT ) (0XE° XT) (OXE XT)(0XE° XT)

with the first and sixth gluon vertex operator in the (—1) ghost picture. Therefore, the integral
(7.3.97) gives rise to a nonvanishing piece in the full amplitude. Since the full amplitude is
only comprised by transcendental functions multiplying kinematical factors the contribution
must be a transcendental function. On the other hand, the second contraction can be

obtained from
1 uzg%gMgusé&% k)\l k>\2 k>\3 k>\5 < 12 u6> <8Xu1 X>\3> <8X#3X>\5> <8XH4X/\2> <aXﬂ5 X>\1>
1 62 63 54 55 56 1 2 "3 V5 2 6 1 3 3 5 4 2 5 1

with the second and sixth gluon vertex operator in the (—1) ghost picture. Furthermore, we

may also obtain the second contraction from the pure fermionic contraction:
A A2 2 A3 7. A: A A A
1 E LSS R Ry Rt RS () (U1 5 ) (W5 U5 ) (OX X5%) (5P

In fact, after taking into account the anticommuting nature of fermions the two contractions

sum up to zero in the full amplitude. We may symbolically write

(0X1X3)(0X3X5)(0X5X1) — (P1hs)(Ysibs)(¥s1) = 0.

Otherwise, the latter would give rise to non—transcendent contributions to the full amplitude.

To summarize: in order to investigate the transcendentality properties of an Euler inte-

gral (7.1.14) we transform it into the form (7.1.12). This is uniquely possible because of the

5The number of spacetime dimensions does not play any role here, see the next chapter The choice of

four dimensional vector indices u, v, A, ... is completely arbitrary and irrelevant.
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CFT condition . If the rational function R of this integrand involves powers higher
than one in the denominator the corresponding integral yields a non-transcendental power
series. Otherwise, the rational function (more precisely its limit z, — oo with taking into
account the ¢ ghost factor with the choice ) is mapped to a gluon contraction of the form
(&:6n)(&ik;j) - .. (§Ky,) (with no more than one (££) product) arising from an n gluon superstring
computation with the  th and n th gluon vertex operator in the (—1) ghost picture. If the con-
traction under consideration can only be realized by the correlator (¢,4,,)(0X;X;) ... (0X;X,,)
the corresponding integral is transcendental. If on the other hand, the contraction under consid-
eration can also be realized by correlators involving more fermionic contractions, the underlying
integral is non-transcendental and the two contributions must conspire in some way, e.g. add
up to zero. Hence, in the n gluon amplitude computation non-transcendental contributions
referring to a given kinematics (§,€,)(§k;) - .. (§km) are always accompanied by contributions
involving a circle of fermionic contractions such that all contributions add up to zero. Stated
differently, integrals describing a kinematicsﬂ (&:6)(&ikj) - .. (§ky,), which can be realized by

several field contractions, describe non-transcendental functions.

In fact, this criterion rules out the double poles ([7.3.100) to join into a transcendental
integral. The latter can be realized by both bosonic and fermionic contractions. E.g. the power
1/2}; describes the kinematical factor (£:k;)(€;k;), which may stem from either £/¢}” k;\kjj

(OXX V)X XM or from €€ kMK (W) (024, which add up to zero:

J
(0XiX;)(0X;Xi) — (i) (b)) = O
Note that kinematics like (§;£;) are realized by both fﬁ‘igfj(aXfi@ij) and £fi§§“ <1/Jf1/1;”> X
kN k;-\j (w;\w;\]> giving rise to (1 — 20/k;k;)(&€;)z;” in the end. The non-transcendentality of
the double pole integral according to ((7.3.100)) is then compensated by the 1 — s;; factor in the

numerator.

Therefore, kinematics involving more than two pairs of (§;£;) scalar products always involve
double powers in the denominator. This is why kinematics with more than two pairs of (;¢;)
scalar products cannot provide information on the transcendentality property of the underlying
integral. On the other hand, when mapping an integral to the kinematics (&,&,)(&k;) - .. (§km)
we put the r’th and n’th gluon vertex operator in the (—1) ghost picture such that the double

pole from the contraction (§,&,) drops.

Let us mention that the two integrals ([7.2.65)) and (7.2.66)) have non-transcendental power
series. Indeed our criterion confirms this: In the representation (7.1.12]) the integral ([7.2.65|)

6Note, that this statement assumes the 7’th and n’th gluon vertex operator in the (—1)-ghost picture to get

rid of the double pole from the correlator (e=?(r)e=¢(zn)) (1).4h,.).
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gives rise to the rational function m involving a double pole. As a consequence of
26

the latter the o’-expansion in ([7.2.65)) is not transcendental. On the other hand, the integral
(7.2.66|) leads to the rational function

213226 213%15 215 i 215

R12214716223225235236246 212%214223%225%35 212214725235 214223225235

According to the previous statements, the last two fractions correspond to the six gluon kine-

matics (§186)(E2k1)(E3ks) (§ak1)(§5k2) and (&186)(Sakn) (§2K3) (Eks)(E5h2), respectively. The un-

derlined part of the last kinematics may also be realized by contracting fermions along a circle.

Hence the power series in ([7.2.66)) is non-transcendental.

7.3.3 Seven point examples for the transcendentality criterion

Let us now apply our criterion for some n = 7 integral examples. The following integrals
can be associated to only one kinematical factor. Therefore, they represent integrals with

transcendental power series expansions.

rational function | rational function kinematics transcend.
in eq. (7.1.14) in eq. (7.1.12) power series
e a9 e — (£167) (E2ka) (3K ) (§aki) (E5Ks) (6K ) yes
=0 (=2 (=257) N — (§187) (§2kia) (E3kis) (Eakn ) (E5ks) (E6hn) yes
T e o w57 PP —— (€167) (E2ks ) (E3k1) (Eaks) (§5K3) (Eokn) yes
Tt wms | s | (§060) (&Ko) (Ekr) (€akn) (E5ks ) (€oks) yes
GRS TG Tew——" PP p—— (&167) (E2ka) (E3ki6) (Eakor) (§5k2) (E6kn) yes
Tt Y Err— (£167) (&) (Eaks ) (k) (€K1 ) (E6h) yes
Tws9) Ca7) PP — (&167)(Eakis) (E3ke) (Eakr) (E5K1) (§6kn) yes

(7.3.105)

The rational z;; functions in the second column contain the ¢ ghost factor (c(z1)c(z6)c(27)) =
R16217267-

Sometimes a partial fraction decomposition may be useful before analyzing the integrands.

For instance, according to ([7.1.18]) we have (using partial fraction at the last step):

1 ~ 216
(1 —a2y)(1 —2y2z)(1 —wz)(1 — wryz) Z13%14%15%26227236 246257
2
Z Z16 216
— 0 = + (7.3.106)
213%14715226236<46 213%214715226%46 2142152263646

The two rational functions on the right hand side correspond to the two kinematical factors

(&167)(aki6) (E3k1) (Eakn) (E5k1) (Eoka) and (§1€7)(E2ke) (§3k6)(Eakn)(E5k1)(E6ka), Tespectively. Both
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of them do not allow for additional fermionic contractions. Hence, the integral under consider-

ation yields a transcendental series.

Furthermore, let us discuss some integrals with non-transcendental power series expansions.
The rational functions of the following integrals describe kinematics, which can be realized in
two ways. The second possibility involves contractions of several pairs of fermions. The latter

are contracted along a circle and give rise to the underlined subset of the kinematics.

rational function | rational function kinematics transcend.
in eq. (|7.1.14)) in eq. (7.1.12)) power series
EIC=TE =) e (§587) (&Ko) (Sakr) (§6kia) (§2Ka)(Eaks) no
(1_xy)(1_wlz)(1_myz) 21321522226,346 (5157)(52166)(56164)(54]?2) (§3k1)(§5k‘1) no
R G g Ve (€267) (§1ke) (Soka) (Eakr) (3ki6)(Eska) no
(7.3.107)

Sometimes, before analyzing the integrands a partial fraction decomposition may be useful.

E.g. according to ([7.1.18]) we have

z(1 — zyz) N 226247
(1—2y)(I —wz)(1 —wyz)(1 —xyz)  214216%24225%27 236237 246257
1 1
- =20 — + . (7.3.108)
Z14724225236246 214224225236 214225236246

The second term on the right hand side corresponds to one of the rational functions discussed
in ((7.3.107). Hence, the integral under consideration does not give rise to a transcendental

series. Another example is:

1 215237
~
(1 - yz)(l - wyz)(l - :L‘yz) 213%14%216225227235236 247257
215 1 1
- = + (7.3.109)
213214725%35%36 213214725236 2142925235236

The two rational functions on the right hand side correspond to the two kinematical factors

(€267) (E1ki6) (E3k1) (Eokz) (Eakr) (Eska) and (§267)(§1Ke) (§3ks) (Eak1)(E5k2)(E6ks), Tespectively. The

first kinematics can also be realized by a fermionic contraction along a circle, which is under-

lined. Hence, the integral under consideration does not give rise to a transcendental series.
Finally, the third integral with the integrand

Y - 214737
(1 - wz)(l - yz)(l - xyz) n 21321521622422723523624%7

yields a non-transcendental power series due to the double pole.

The results (7.3.107)) can be anticipated by explicitly computing the integrals:

/Oldx/oldy/oldz/oldw (1_;@%33_’%;27(11)_ 7 = 2¢(2) + 2¢3) + ...
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/ d”"/ dy/ dz/ 1_@]@(??;;’5)_%%) = 30)

— 3¢(3 ))37 + %§(2)2(31+36+t1+t5) + ... (7.3.110)

dz/ dw xyz I7(z,y, 2, w)

(1 —zy)(1 —wyz)(1 — zyz)

17(33' Y, <, U)) _
dz/o duw (1 —y2)(1 —wyz)(1 — xyz) N

5
2
/ d:c/ dy/ dz/ dw 1_wyzj(71(:”_?;’z'z)(§”)_xyz> = gg(z) + 2((3) +oo

7.4 Polynomial relations and Grobner basis reduction

+

o,
S

O\HN
=
o\\

Q.
<

N\

—2¢(2) + 4¢3) +

dy

For n; j > 0, the representation in the dual variables wu; ; gives rise to a polynomial ring
Rlup| describing polynomials in w;;, (¢,7) € P with coefficients in R. This ring is suited to
perform a Grobner basis analysis to find a minimal basis for the polynomials in the integrand.
Due to the constraints , which give rise to the § functions in ([7.2.29)), many polynomials
in the variables u; ; referring to different choices of the integers n; ; yield to the same integral
B,,. The constraints define a monomial ideal [ in the polynomial ring R[up]. Hence,
we consider the quotient space R[up]/I and the Grobner basis method is well appropriate to
choose a basis in the ideal I and generate independent sets of polynomials in the quotient
ring R[up|/I. We are interested in simple representatives of equivalence classes for congruence
modulo I. The properties of an ideal are reflected in the form of the elements of the Grobner

basis [233,234].

7.4.1 Definition of a Grobner basis

Given a monomial orderingﬂ in the ring a Grobner basis G = {¢1,...,94} comprises a finite

subset of the ideal I such that the leading termﬁ of any element of the ideal I is divisible by a

”As monomial ordering we may choose lexicographic order or graded lexicographic order. Then, a monomial
ordering of two polynomials f =) a.2z® and g =} 5 boz? can be defined as follows:

(1) lexzicographic order: a >yc, (3, if in the vector difference o — G € Z"™ the leftmost nonzero entry is positive
(2% >1ep 27 if @ >0 B).

(#3) graded lezicographic order: & > griey B3, if | = E a; > |0 and @ >jep B (2% >griex 2°, if @ > grier B)-

8The leading term LT'(f) of a polynomial f is deﬁned as follows [233]: For f = )" a,x® anonzero polynomial
in R[z1,...,2,] and > a specific monomial order

(i) the multidegree of f is multideg(f) := Max{a € Z% | aq #0 },

(ii) the leading coefficient of f is: LO(f) = amuitideq(s) € R,

(4ii) the leading monomial of f is LM(f) = x™de9(f) ith coefficient 1, and
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leading term LT'(g;) of an element of the subset. Alternatively, a finite subset G of an ideal I
in a polynomial ring represents a Grobner basis, if (LT(g1), ..., LT (ga)) = (LT(I)) [233}234].
Buchberger’s algorithm generates the unique reduced Grobner basis GG, in which no monomial
in a polynomial p € G of this basis is divisible by a leading term of the other polynomials in

the basis and LC(p) = 1.

The main idea is, that after dividing a polynomial p € Rz, ..., z,| by a Grobner basis for
the ideal I C R[zy, ..., x,] the remainder p© is uniquely fixed by the polynomial p, cf. Chapter
5, 83 of [233]. More precisely according to the Proposition 1 therein we have: For a given

monomial ordering on R[z1, ..., z,] and an ideal I C R[zy,...,x,],

e (i) Every f € R[xy,...,z,] is congruent modulo I to a unique polynomial r, which is a

R-linear combination of the monomials in the complement of (LT'(I)).

e (ii) The elements {z“ | 2* ¢ (LT(I))} are linearly independent modulo I, ie. if
Yo Car® =0 mod I, where the z* are all in the complement of (L7T'(/)), then ¢, = 0
for all a. As a consequence, for any given f € R[xzy,...,z,] the remainder f€ is

a R-linear combination of the monomials contained in the complement of LT([), i.e.

f€ € Span (x| 2> ¢ (LT(I))).

In the following we want to apply the Grobner basis method to construct a basis for those
polynomials which are independent on the constraints . This basis is determined by the
complement of (LT(I)) w.r.t. a Grébner basis G. Note that the representation of this basis
(and also of (LT(I)) and the remainders) may depend on the chosen monomial ordering. At
any rate, there is always the same number of monomials in the complement of (L7(I)). In
addition, we impose a condition on the degree of the basis monomials to ensure that in the
denominator of the integrand of the z;; only appear with powers of at most one. We
illustrate the method by the following examples.

7.4.2 Grobner basis at n =4

We work with the two coordinates X; = u; 9 and Xy = uy3 and consider the polynomial ring

R[X71, X5]. From ([7.2.36)) we can read off the constraints (7.2.25)) giving rise to the monomial

(iv) the leading term of f is
LT(f) = LC(f) LM(f) .

As an example we consider f = xyz + 2xy%2% 4+ 323 — 725y + 32222 with > the lexicographic order. Then we

have: multideg(f) = (5,1,0), LC(f) = =7, LM (f) = 2°y and LT(f) = —72%y.
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ideal

With respect to lexicographic order we find for the Grébner basis of :
G = {n} = {Xi+Xe—-1} (7.4.112)
Hence, with respect to lexicographic order the leading term of this monomial gives rise to
Lr) = X;. (7.4.113)

Therefore, the set of possible remainders modulo I is the set of all R linear combinations of the
following monomials:

{1, X, X3, X3,...} (7.4.114)

For some examples let us determine their remainders on dividing them by the Grobner basis

[74112):

X1 = g +1-Xy ~ 1 - X,
Xy = 091 + Xo >~ Xy

X1 Xy = Xoq + Xo — X5 ~ Xy — X3 (7.4.115)
X = 1+X1-X9)g1 +1 —2Xy + X2 ~ 1 —2X, + X2

XXy = Xo(1+X1—Xo)gr + Xo — 2X2 + X3 ~ Xy — 2X2 + X3

Indeed, the remainders (displayed after the ~ sign) are generated by the basis ((7.4.114)).

In (7.2.36)) the monomials X5, ny; = 0,1,... of (7.4.114)) give rise to the following integrals
(7.2.35)):
1
Bynyi] = / dr 2° (1 — x)®stmm (7.4.116)
0

The integrals ([7.2.35) without poles in their field theory expansions are given by the integers
ny,n11 € Ng. According to our construction, all these integrals (7.2.35)) can be generated from

(7.4.116) by linear combinations. However according to (|7.1.18|) we have

nii nii
(1—a2)™ ~ “14 %23
- 22+n1122+n11 )
13 24

(7.4.117)

i.e. all finite integrals (7.4.116) in (7.1.12) imply some powers n;; with 7;; < —1. As a
consequence the set of integrals ([7.4.116|) cannot serve as a basis and uf%,u; 3 are the only

elements of the partial fraction basis. Note, that this basis is two—dimensional, i.e. (n—2)! =

for n = 4.
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7.4.3 Grobner basis at n =5

We work with the five coordinates ([7.2.43) and consider the polynomial ring R[Xq,. .., X;].

From ([7.2.44]) we can read off the constraints ([7.2.25)) giving rise to the monomial ideal:
I = (Xo+X1X5—-1, Xg+XoXy—1, X5+X1Xy—1) CR[Xy,..., X5 (7.4.118)

With respect to the lexicographic order we find for the (reduced) Grébner basis of (7.4.118))

the three elements:
G = {91,02,93} = { X1+ XoX5 -1, X5+ XoXy, — 1, Xy + X3X; — 1} (7.4.119)
Hence with respect to lexicographic order the leading terms of these monomials give rise to
LT(I) = {Xy, XoXy, X3X51}. (7.4.120)

The set of possible remainders modulo [ is thus the set of all R linear combinations of the

following monomials:

U (X5 X3, X5 X5, X5 X7, X X5} (7.4.121)

m,n=0

For some examples let us determine their remainders on dividing them by the Grobner basis

(7-4.119):

X1 = g3+ 1 - XoXs =~ 1 - XoX5
X1Xy = g1 — Xsg2 + Xug3 +1 — X5 =~ 1 — X5
XsXs = g +1—X, ~ 1— X, (7.4.122)
XX = Xsgi + X5 — XuXs ~ X5 — XuXs
Xi1Xo = Xogs + Xo — XJ0X; ~ Xy — XJX;
XoXsXs = Xog1 — g — 1+ X0 + X5 = -1+ Xo + X3

Indeed, the remainders (displayed after the ~ sign) are generated by the basis ((7.4.121)).
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We have the following dictionary
monomial in rational function rational function
in equation (|7.2.40)) | in equation ([7.2.39) | in equation (7.1.12))
1 1 1
1—ay 213214224%25235
1—y Z
X2 (1—zy)? 2%3,2%42;25,235
1—x z
X3 (1—zy)? 213z143;§4z§5
Xy =) E I (7.4.123)
Xs 1 TP
(A—z)(1-y) 2032
X2 X3 (1-zy) ’ 2%325343:32,5
1—y 2152
X2 X5 l—zy z13z141z5242;25z;35
z(1—2x) 234%
XS X4 (1-zy)? Z%f;%;jg’s
Xy X5 x —Aan
214%25%35

between monomials in the integral ([7.2.40f), the polynomial in ([7.2.39)), and the representation
(7.1.12). According to the list (7.4.123]), only the element 1 among the generators (7.4.121]) of

the complement (L7'(I)) does not give rise to higher powers of z;; in the denominator of the

integrand ([7.1.12)). Therefore, we dismiss all other basis elements and the integral

Is(
/ de / 5(7 Z/ _
11—y Ty
is left as the only basis element without poles. The integral (7.4.124]) yields a transcendental
Together with the fundamental set ([7.2.48)) we obtain a six dimensional

C2) + ... (7.4.124)

power series in «'.

partial fraction basis, i.e. (n —2)! =6 for n = 5.

7.4.4 Grobner basis at n =6

Using the coordinates ([7.2.61]) we consider the polynomial ring R[X7, ..., X, Y7, ..., Y3]. From
(7.2.62)) we can read off the constraints ([7.2.25)) giving rise to the monomial ideal:
I = (Xo+ X1 X35 -1, Xg+XoXuY1—1, Xy+ X3X5Ys—1
Xe+ X1 XsY1— 1, Yo+ X3 XuVYs— 1, V5 + Xo X5VYo— 1) (7.4.125)

With respect to lexicographic order we find for the (reduced) Grobner basis of ((7.4.125)) the

thirteen elements:

G = {1-Y1+ X1 — XeVo — XY + X§YaVs, =14+ X5V1 + XoV3, —14+ X1 + XoXY5

1 — X5 — Xo+ X5X6Ya, =14+ X4Ys+ X5Ys, =14+ XyY) + X3Y5,
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Xy — Xo — XuV1 + Xy XeY1 + XgYo — Xy XeYa, —1+ XoY) + X3Y53,

X3 — Xy + X — XaV1 + XyY1 — Xg¥1 + X3 XY — Xz XgY3 — XeYa + Xy XY,

— X3+ X3X5 — X + X3 Xg + Xy X, 1 — Xy — X3¥3 — XgV3 + XoXeY3 + X3X4Y3,
— 14+ Xo+ X5 — XoV3 + X3Y3 — X5Y3 + Xo X5V3 + XeV3 — X3 XeY3 — XoX5Y5,

C X+ X+ Xo Xy — X+ XoX5 4+ Xg — XsXo — XaXg ) (7.4.126)

Hence, with respect to lexicographic order the leading terms of these 13 monomials give rise to

LT(I) = { X¢YaYs, X5, X5XeYa, Xu4Ys, XuXeY1, X3Yo, X3XeY1,
X3 X5, XoY1, XoXeYs, XoX5Y5, XoXy, Xy }. (7.4.127)

We would like to mention that the Grobner basis consists of 18 elements in the case of degree

lexicographic order.

From the set (7.4.127) the monomials generating the complement (LT'(I)) can be deter-
mined. Most of these monomials yield to higher powers of z;; in the denominator of the
integrand ([7.1.12)), i.e. n;; = —2 for some z;;. In fact, only the following five monomials give

rise to single powers in their denominators, i.e. n;; > —1:

monomial in rational function rational function
in equation (|7.2.40]) | in equation ([7.2.39) | in equation (7.1.12))
1 1 -1
(1—-zy) (1—yz) 213215224226 235246
y . 7.4.128
Y (I—zy) (1—yz) 214215224226235236 ( )
1 1
Y? (1—-zy) (1—zyz) 213214225226 235246
1 1
Ys (1-yz) (1-zyz) 213215224225 236246
1 216
X6 YVZ st (1—zyz) 213%214215225226236246

Therefore, we dismiss all other basis elements of (LT'(I)). All (finite) integrals (7.1.12)) with

only single powers of z;; in their denominators, i.e. n;; > —1, are spanned by the following five

integrals:

o ! ! ! I@(.T,]J,Z) _

Gy = /de/o dy/o dz(l—xy)(l—yz) = 2¢(2) + ...
B 1 1 1 y IG(ZL’,y,Z>

G, = /0 dx/o dy/o dz 1=y (1—92) 2((3) +
o ! ! ! ]6($ayaz)

Gy = /0 dx/o dy/o dz 0= 2y) (- 257) 2¢(3) +
- ! ! ! IG(xayaz)

G; = /0 da:/o dy/0 dz 0= 2) (1—27) 2¢(3) +
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/ d:c/ dy/ dz @82 gy (7.4.129)

1—:cyz

E.g. we have

Is(
/dx/dy/ vz Io(@,y, 2) = Gz — Gy
0 (1 —yz) (1 —2ayz)

! ! 1_Z>I6(x ya)
/odx/o y/o 4 1—:vy T—y2) L—ags) ~ 007 Gt G
1 1 1
)16(x y’) _ _
/odx/o dy/o o 1—frfy (1—y2)(1—xy2) TG era oG
(1—2)y Is(z,y,2) - B
/dx/ dy/ (o) (1—y) (—ays) 17T

Il
/d /dy/ @ @y o a o (7.4.130)

(1 —zy) (1 —ayz)

as results from the identities between their corresponding monomials on dividing them by the

Grobner basis ([7.4.126)):

XinYs = Yz — XeYaYs

XoY, = V1 -V + XgYo Y

XsVoVs = V1 + Y2 + V3 — XYV

XYy = Y1 =Y, + XgYo Vs

XsYs = Yo — XgYaYs (7.4.131)

Except for the first integral G, the other four integrals yield a transcendental power
series in o, cf. section[7.3 Any partial fraction decomposition, which involves G must refer to
a non—transcendental integral and only partial fraction expansions involving the basis
G4, ...,G, comprise into a transcendental integral. In the previous section we have found a set
of six transcendental integrals (?77) with single poles. Together with the fundamental set
we obtain a partial fraction basis (of transcendental integrals (7.1.12))) with 4 + 6 + 14 = 24

elements, i.e. (n —2)! =24 for n = 6.

7.4.5 Grobner basis at n =7

Using the coordinates ([7.2.78)) we consider the polynomial ring R[ X7, ..., X7, Y}, ..., Y7]. From
(7.2.79) we can read off the constraints ([7.2.25)) giving rise to the monomial ideal:

I = (Xo+ X1 X5YsYr — 1, X+ XoXyYV1Ys — 1, Xy + X5 X5YoYs — 1, X5+ Xy XeYsYs — 1,
Yy + X3 XeYaYaYsYs — 1, Yo+ Xa XsY1YaYsYr — 1, Y7 + XoXeY1YoY5Ys — 1,
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X7+ X1 XeY1Y5 — 1, Yo+ X1 XuViV3YaYr — 1, V3 + X X5Y1YaYiY5 — 1) (7.4.132)

With respect to lexicographic order we find 84 elements in the (reduced) Grobner basis of
. On the other hand, with respect to degree lexicographic order we have 184 basis
elements. In the following, we determine the monomials generating the complement m
with respect to degree lexicographic order as this ordering directly yields a cyclic invariant
basis. Most of the monomials in the complement m yield higher powers of z;; in the
denominator of the integrand , i.e. n;; = —2 for some z;;. After disregarding those only

the following six monomials and their cyclic transformations give rise to single powers in their

denominators, i.e. 7;; > —1:

monomial in

in equation (|7.2.40)

rational function

in equation ({7.2.39))

rational function

in equation ([7.1.12])

1
Y,
Y1YsYs
V1Yo Y5
Y2 Yy

Y)

1
(I—zy) (1-yz) (1-w2)

1
213216224 227235246257
1

(I-y2) (1—wz) (1—zyz)

214216224227235236257

(7.4.133)

247

(1—-zy) (1—wz) (1—zyz)
Yz

214215224 227236 237246257
1

(1-zy) (1-yz) (1-wyz)
1

214216225227 235237246
215237

(1—yz) (I—wyz) (1-zyz)

213%214216225227235236247257
247

(I—zy) (1-wz) (1-yz2)

214216224 227235237246257

Therefore, in total we have a basis of 36 elements and all (finite) integrals (7.1.12)) with only

single powers in their denominators z;;, i.e. n;; > —1, are spanned by the following six integrals

co = fran fan [l [aw o S = T

o = fan [l [ Lo ST Ty - T

G = /oldw/oldy/oldz/oldw (1—xzjgf(iv’yy;)z;;ulwy2) AR

Gsu = /01 d:c/ol dy/O1 d,z/o1 dw (1_36;)](7?_’?/;;’)“8_@/2) = 2¢(3) + 2¢(2) +
o = [lan [l [Los Lo B e - 360 4w

- 2¢(2) + ..., (74.134)
and their cyclic transformations. For instance, we have
[orfon [0 foe el .
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/ dx/ dy/ dz/ dw yz ]7($ o w) = —Go+ Gia+ G+ G — G
(1—y2) (1 —wz) (1 —2zyz)

yz.h(x Y, z,w)
d d d d = — Gge —
[ fan] / V=) (—wys) G —age) O e Gort G
[
/ x dy Z/ Ly z) = Go—Gup—Gia+ G
0 0 0 (1 —wz) (1 —zyz)

Nc\

1 1
y Ii(z,y,2z,w) A
/de/o dy dz/0 dw 0—2y) —wys) Go— G — Giy + Goy
1 ! ! ! yz Ir(x,y, z,w)
/dx/ dy/ dz/ dw - = —Gup+ Gy — Gz —Gse
0 0 0 0 (1 —yz) (1 —wryz)

— 2G39 + G4d + G4g + G5f

I(
dz/ dw —2% (2,4, 2,w) = 2Go—2G1p — Gig— Gif + Gaq
0 (1 —wyz) (1 —xyz)

/dx/dy
0 0

+G2b - G4c G5c G5d + G2f + G3a+G3b + G3c + Ggf - G4a (74135)

=

as results from the identities between their corresponding monomials on dividing them by the

Grobner basis of ([7.4.132)):

X:YsYeY: = 1 — iY;
V.Y = -1+ YY) + Vi + Y3Ys — ViVaYs
ViYaYiYs = Y3 + VoY) — YaYsYs — Y3ViY:
XNY3Y,YsYr = 1 — VY5 — Y3Y + Y1YaYg
X:YoY3YsYeYs = 1 — ViYs — Y3Yr + V3Y3Y;
XVLY,YsYeYs = —ViYs + Yo + ViYs — YaYsYs + Y5

- NYyYr + Y5Yr — 2YsYeYs
XNYoYsYaYsYeYr = 2 — YiYs — Yo — Yy — 2Y1Ys — Y3Ys + YiYsYs + YiYoYs
+NYiYs — V3Ye + YiY3Ys + YaYaYs — YaYr + Y3ViYr + YiYsYr  (7.4.136)
The set of integrals Gy, Gy, Gy of four integrals ([7.4.134)) yields a transcendental power series
in o, cf. section [7.3|

To conclude: Any finite integral (7.1.12)) with 7n;; > —1 can be expressed as R linear com-
bination of the basis ([7.4.134]) as a result of partial fraction decomposition of their integrands.
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Chapter 8

Tree level scattering of massless states

This chapter contains the explicit results on tree amplitudes of massless states with RNS meth-
ods — both in uncompactified D = 10 dimensions and in superstring compactifications to four
spacetime dimensions. Both adjoint states (i.e. gluons and gluinos) and chiral fermions are ad-
dressed. In this sense, we work out stringy predictions for parton scattering processes at LHC.
As we will highlight, a lot of these disk amplitudes are in fact independent on the spacetime

dimensionality and the compactification geometry.

Multileg scattering of the massless gauge multiplet has been extensively studied in the
framework of supersymmetric QFTs. Modern tools such as string inspired color ordering, the
resulting relations between subamplitudes (see section , four dimensional helicity methods
and elements of twistor theory [235] have revealed a striking simplicity in the S matrix of field
theories. In four dimensional spinor helicity variables, tree amplitudes of n gluons and super-
partners in MHV (maximally helicity violating) helicity configurations assume an extremely
compact form. This is the famous Parke Taylor formula [236], proven later on by Berends and
Giele [237]. By now, any other helicity amplitudes at tree level have been worked out [100],

and tremendous progress is taking place on the loop front [97,[23§].

We present the superstring completion of the aforementioned tree level results in field theory
with corrections to all orders in the Regge slope o/. Firstly, the o’ corrections can be analyzed
in view of the low energy effective action. For instance, the o/ correction to four point gluon
scattering admit to identify a quartic interaction in the gluon field strength, and an infinite
tower of higher order vertices ~ D?*™F™ can in principle be identified and related to a non-
abelian DBI action [239]. Secondly, the pole structure of string amplitudes reflects the exchange

of massive Regge excitations and sheds light on their factorization properties.
The aforementioned features of gluon interactions in superstring theory are valid in any

211
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compactification, regardless on the amount of supersymmetry preserved. We will argue that
the same universality holds for disk amplitudes involving one quark antiquark pair and any
number of gluons. That is why they are of (model independent) phenomenological relevance:
The resonant behaviour of parton amplitudes at the string mass scale a/~*/? (i.e. at the mass
scale of lightest Regge excitations) could become measurable at LHC provided that the string
scale is sufficiently low. We have explained in section |4.1| that low string scale scenarios become

plausible in the context of large extra dimensions.

We compute full fledged cross sections including color sums and cast the results into a form
suitable for the implementation of stringy partonic cross sections in the LHC data analysis. The
possibility to detect indirect signals of heavy string vibration modes also motivates to study

direct production rates of massive states as carried out in chapter [9}

8.0.1 Conventions in presenting RNS amplitudes

It is essential to have a clean notation to compactly present scattering amplitudes. The starting
points for any computation in this chapter are equation for the (correctly normalized)
color ordered n point disk amplitude A(®4, ..., P,) and equation for its color dressed
version M[(T™, ®y),..., (T, ®,)]. The color degrees of freedom T of the scattering states
(T, ®) are clearly separated from the kinematic degrees of freedom to which we collectively
refer as ®. The latter contains the information on spacetime momentum and polarization

tensors, e.g.

I
¢
5
e

: gluon with polarization vector &, and momentum £k,

d e (8.0.1)

9
A = (u* ky) : gluino with wave function u® and momentum £k,

In four dimensional compactifications, the vector index range for momenta and polarization

tensors have to be adjusted like £, — k, .

The notation A(1,2,...,n) from section and refers to disk amplitudes of unspecified
members of the massless SUSY multiplet. Giving explicit RNS results requires to specify the
SUSY components, i.e. ® € {g,\} in D = 10 dimensions or ® € {g,\, A, ¢} in D = 4 dimen-
sions. Only the pure spinor formalism gives rise to manifestly supersymmetric field theory-
and superstring amplitudes in D = 10 dimensions, see part [[II Whenever four dimensional
spinor helicity methods are applied (like in section for instance), the helicity appears as a
superscript at the state’s label, e.g. g% for gluons with polarization vector fljf, see .

For massive states, we will represent the kinematical degrees of freedom ® with the same let-

ter as the polarization wavefunction. At the first mass level, these are ® € {B = (B, ki), F =
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(Emnps km)s X = (X5, km)} in D = 10 dimensions and a zoo of different states in four dimensions
which is presented in section [£.5] For N'=1 SUSY in D = 4, for instance, we have identified
a spin two multiplet ® € {a = (auw, k), x = (X3 ku)s X = (X4, k), d = (dy, k) } and a spin
1/2 multiplet ® € {¢* = (¢*,k,), b= (b2 k,), b = (bs, k), wF = (w*,k,)}. The even bigger
list of states for maximal N' =4 SUSY can be found in subsection [£.5.11

8.1 Tree amplitudes in ten dimensions

A ten dimensional spacetime is the natural starting point to compute superstring amplitudes.
The associated low energy SYM theory encompasses no other states than the eight physical
gluon- and gluino polarizations each. Fortunately, the results on multigluon scattering remain
fully valid in any lower dimension, the detailed CF'T argument will be given in the next section
B.2] The same is true for amplitudes with two gauginos and any number of bosons, independent

on the compactifications and on the number of spacetime supersymmetry preserved.

Multigluon amplitudes in ten dimensions have been studied in [240],201,[202}241},242,243].
Covariant computation of fermion amplitudes in the RNS model has been advanced at tree
level in D = 10 to the four point level [115,|116}126}/118,244] while fermionic amplitudes in
D = 10 up to six point level are pioneered in [230,[119].

The vertex operators for the ten dimensional gauge multiplet are given in subsection [3.2]

Recall that the kinematic degrees of freedom are labelled by g = (¢, k,) and A = (u*, k,,).

8.1.1 Three point amplitudes and normalization

The worldsheet positions in color stripped three point amplitudes drop out because the ¢ ghost

correlator (c(z1)c(z2)c(z3)) = 212213223 cancels the z dependence of the (¢, X, S, ¢) fields:

Alg1,92,95) = Cp, V2a' g3 { (£1&) (&3k1) + (§2&3) (&1 k) + (£163) (§2k3) } (8.1.2)

1
Algr, A2, A3) = ECDQQAgi(WgU?)) (8.1.3)

Notice the manifest cyclic symmetry of the former. The two amplitudes are consistent with the

SUSY Ward identity for (VED(&;, k1)V O (&, k) VD (ug, k3)), see subsection [5.2.4]

The color dressed amplitudes at massless three point level are obtained by combining the
cyclically inequivalent orderings (1,2,3) and (3,2,1). Taking the negative worldsheet parity

of massless states into account, one has to subtract the associated Chan Paton traces to get
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Tr{T‘“T“2 7% —T%T “1T“3} = % fere293 with vanishing abelian limit:
?
M[(T, @), (T, @), (T, @3)] = 3 fore20s A(Dy, By, P3) (8.1.4)

The three gluon amplitude matches the cubic vertex ~ 1 f*1?2% gy of SYM if the normalization

ga of the gluon vertex operator and the universal disk factor Cp, satisfy
O, V27 g} 5 7% = 20 [ gy (8.1.5)

This is one out of two steps towards reliable normalization of superstring amplitudes. A second
independent equation like (8.1.5]) can be found from four point amplitudes of the gauge multiplet
by requiring it to reproduce the field theory result as o/ — 0. Since we have already stated
the final answer Cp, = (¢3ya)~! in subsection let us take the input from four point
ahead (which will be rigorously computed in the following subsection). The right normalization

constants ga and g, for gluon- and gluino vertex operators, respectively, are given by
ga = V2d'gywm, o = Mgy = V2 gen . (8.1.6)

Hence, the final form of the superstring amplitudes is the following:

M(T*, g1), (T2, 92), (T, g3)] = 20 f*% gy
< {68 &k + (L&) @R + (&) (@)} (17)
M(T, g1), (T, Xa), (T, N3)] = i [ gyn (u us) (8.1.8)

As shown in subsection [£.2.4] the scalars in the four dimensional N' =4 SYM multiplets have
the coupling as the gluons g, = ga.

8.1.2 Four point amplitudes

Four point open superstring amplitudes involve a single worldsheet integral over the unfixed ver-
tex operator position which can be identified with the Euler Beta function of the dimensionless
Mandelstam variables s = 2a/k; - ky and u = 2d/k; - ky:

1
/dx (1 —2)™ = B(s+n;+Lu+ny+1) (8.1.9)
0

In subsection |7.2.2] we have mentioned that its most convenient representation in the color

ordering 1, 2, 3,4 is the V; formfactor

I(s+1)I'(u+1)  su

Vv, —
! [(s+u+1) s+ u

B(s,u) (8.1.10)
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related to the Euler Beta function B(-,-). It is symmetric in s and u, reduces to 1 in the

o — 0 limit and has well-understood o expansion (8.1.22]). We will say more on its physical

interpretation in the later subsections |8.1.3[ and [8.1.4}

Given the definition (8.1.10) of V,, the four point subamplitudes of the D = 10 gauge
multiplet take the form

, 1
A(91,92, 93, 91) = —CDggj‘&QOéVZ{Q—a, &1 &3) (€2&4)

55 @ &) (E8) + (©8) Eh) (Gh) — &) (Eh) Eh)

20
(€384) (E1ka) (S k1) — (€384) (E1ka) (Saka) + (§1&3) (E2k1) (Eaks)
(E28a) (E1 ko) (Eaka) — (&1&a) (Sakr) (E3ka) — (£283) (€1 k2) (Eaks) ]

55 (66) (©6) + @&) (Eh) Eh) — &) 6@k (Eh)
+ (6283) (§1k2) (ak1) — (§283) (§ka) (Eaka) + (§1&3) (E2ks) (Eakn)
FeE) @R k) - (6@ @R Eh) - @66 E@R)] )

40/2

= CDQQAV;: gblmzmnzplpthth k;n k’2 2 k’3 3 k‘4 (8.1.11)

m2 "n1 SN2 "pP1 Sp2 g1

A(g1,92, A3, M) = Cb, g4 93 %Vi {% [%(U?)fz Ko fhus) — (&1 ka) (us §2U4)}

Cnl»—t

[(51 &) (us frus) — (Sak) (usfiua) + (& k) (us o u4)} } (8.1.12)
A e ) = 5 Coygh Vi { 5 (™) () = ™) () }
(8.1.13)

The four gluon amplitude is usually written in terms of the famous tg tensor whose full expansion
in terms of 1 symbols encompasses 60 terms. Its contraction with the antisymmetric field

strength F;,, = 2k{, &) simplifies to

tg(k;l,é“l, kZ,fQ, k‘3,§3, k?4,§4) _ t'énlmzmmplmqun k‘l §m2 2 gnz i 22 k;ﬂg
1
= 3 AFV'FZPEMF™ + AR FPFXAF™ + ARV FPFMFI™  (8.1.14)

1n m2m 3 4 1n p3m 2 4 1n pdm 2 3
— FLFEUENESR — FLMESESEY — FLEN R

The color ordered four point amplitudes (8.1.11)), (8.1.12]) and (8.1.13]) provide explicit examples
of kinematic numerators n; introduced in section [5.5] The identification can be made on the
basis of the parametrization A(1,2,3,4) = "=+ 7. The four gluon amplitude (8.1.11)) obviously

contains a contact term ~ (£;€3)(£2€4) which can be distributed in any way between ng and n,,
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the freedom of assignment can be parametrized by a real number \ € R:

ne = (k1ks) (§1&) (&) + (§1&) (Gka) (Cakr) — (§&) (& k1) (Saks)

+ (&8) (G k) (k1) — (&&) (& k) (Ska) + (§&) (&) (Eaks)

T (&28) (G k) (S3ka) — (§1&) (&2k1) (G ka) — (&283) (& k2) (Saks)

+ Ak k2) (§6) (&284) (8.1.15)
ne = (kiks) (§&&) (&28) + (§18) (&2h1) (Eah2) — (&1&4) (G2 k3) (§35n)

+ (&8&) (G k) (Gak1) — (£8) (S k) (Caka) + (&) (&2ks) (Eakn)

T (&28) (G k) (S3k2) — (§182) (§k2) (Eakr) — (§38€4) (& ka) (§2Ks)

+ (L= A) (k1 k) (6283) (§264)

The other disk orderings A(g1, g3, g2, 94) and A(g1, g2, g4, g3) involve different contact terms
~ (£1£2)(&384) or (£1€4)(€3&2) and a slightly different represetation of the kinematic numerators.
A particularly symmetric choice of ng, n, is inspired by the pure spinor formalism, see section

15.2

To compactly present color dressed amplitudes, let us introduce the shorthand
cpaast = Tr{ TU TR e T 4 e e e } (8.1.16)

for the color factors which emerges from the even worldsheet parity of massless four point

amplitudes. Generalities about color factors will be discussed in section

M[<Ta1791)7 (Ta27g2>7 (Ta3793)7(Ta4>g4)} = 160/2 g\2(M t8(k17€17k25527k37£37k4>€4)
‘/; a1a2a3a4 ‘/s a1a3a2a4 Vu a1a2a4a3
<su ! + o OF + s’ (8.1.17)
S
M [(Talagl>7 (Ta27 g2)7 (Ta37 >‘3)7(Ta47 >\4>} = dd g\2{'M { 5 (U3 gQ kl gl U4)
— 5(&1ka) (us ous) + u [(51 o) (uz frua) — (Saki) (usfrua) + (§1ka) (us & U4)] }
‘/t aaaa V;aaaa Vu a1a2a4a
< 1234_’_ac+1324+gc+1243> (8118)
M(T N, (T, ), (T, X3),(T* Ae)] = 2d gy
s (u1y™ug) (u2ymus) — u(ury™uz) (uzYimtia) }
‘/t a1a2a3a4 VS a1a3a2a4 Vu a1az2a4a3
<su c + o CF + gt (8.1.19)

To see that o/ drops out in the field theory limit o/ — 0, recall that our Mandelstam variables

are defined to be dimensionless s;; = o/ (k; + k;)?, hence each il ord pole contains a hidden

inverse power o/~ 1.
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8.1.3 Momentum expansion and low energy effective action

The signatures of string specific physics in these four point amplitudes (8.1.17) to (8.1.19)) are

exclusively captured by the hypergeometric function V;, V; and V,. They contain all the o/
dependence and become unity in the low energy limit o/ — 0 leaving the associated field theory
amplitude behind. In this subsection, we want to learn from the stringy formfactor V; how the

four point amplitude probes o’ corrections in the low energy effective action.

The V; is an analytic function of o/, so it can be written as a power series. Since o always
appears in dimensionless combinations s = 2a’k; - ko and u = 2d’k; - k4 this amounts to

performing a momentum expansionﬂ:

V. = e}(p(ZC k S —|—u —<S+U)k>

= 1 — ¢@2)su + ((3)su(s+u) — 2 su(4s® +su+4u®) + O(®) (8.1.22)

We find the nice correspondence ((n) «<» o/ between zeta values and momentum powers which
was discussed in section [7.3

All the o corrections in (8.1.22) have a factor of su in common, so the combination ;/_73

appearing in the amplitudes (8.1.17)), (8.1.18]) and (8.1.19) does not give rise to any kinematic

poles. Consequently, the stringy contributions to the low energy effective action are pure contact
terms. This is consistent with the fact that the three point amplitudes (8.1.7]) and ( into

which A(1,2,3,4) factorizes on the residue of its poles do not receive any ' correction.

The o' corrections can be translated into a string correction to the low energy effective
action: An effective Lagrangian is defined by the requirement of reproducing the amplitude
(8.1.17) up to some order a’* by means of Feynman rules [202,[245| 246,247, 83,1248]. The

simplest example is the o/? correction to the four gluon amplitude, reproduced by a Lagrangian

L
eff i

= To{ Fon T+ C(2) 0 (Fon Fpg F™ FW 2 Fo T Fog

— AR FPFUFT = 8F"FAFTFL) + O(a’3>} (8.1.23)

IThis identity is based on the expansion
_ — ((k) 0k Lk -~
InT(14+2) = —vz + E o (D)% 2", z€(—1,+1) (8.1.20)

of the Gamma function where v denotes the Euler Mascheroni constant

v = (Z

w\'—

) ~ 0.577. (8.1.21)
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in terms of the gluon field strength F,,, (in position space). Higher order o/ corrections give

rise to covariant derivatives, i.e. to contributions of schematic form D?"F*.

The general effective action for higher point gluon interactions can be written as a formal
power series
o0 o0
Lg ~ Y ) o™ 2T{D™F"} . (8.1.24)
n=2 m=0

The way of writing the Lagrangian is not at all unique — there are several sources of ambiguities
such as [Dy,, Dp|Fpg ~ [Fmn, Fpql, field redefinitions, Bianchi identity and integration by parts.
If the sum in (8.1.24]) is restricted to independent terms, then each contribution accounts for
a gluon contact interaction represented by an irreducible Feynman diagram of the underlying
(higher derivative) gauge theory. Moreover, spacetime supersymmetry of the superstring admits
to read off supersymmetric invariants on these grounds. This reasoning was recently applied

to the gravity sector for the purpose of classifying five- and six loop counterterms [112].

The lowest order o/ correction (8.1.23)) is consistent with the nonabelian DBI action of [239].
But it already departs from the results of computing scattering amplitudes at o/ level where

D2F* and F® interaction occur. The latter can only be probed from five gluon amplitudes [242).

8.1.4 Pole expansion of four point amplitudes

This subsection opens a second viewpoint on the physical interpretation of the four point

formfactor V;. Instead of a power series expansion in o', we can perform a pole expansion:

B > ['(n—u) B = y(u,n)
o = S;nlf(—u)(s—kn) o SZ(S—Fn)

n=0

(8.1.25)

It is obtained from the binomial series (1 —z)* = >~ v(u,n)z" for the worldsheet integrand
in (8.1.9)). The four point amplitude exhibits poles whenever the center of mass energy of the

incoming states (k; + ko)? = s/o’ hits the mass of a Regge excitation:

poles at s = —n  «— n’th mass level m? = E/ of Regge excitations (8.1.26)
a

n—1

The residue y(u,n) = [[/_;(—u+J)/n! at the s = —n pole is a degree n polynomial in the dual
Mandelstam variable u, this is an indirect method to identify the maximum spin jyu.x =n + 1

at mass level n. The representation (8.1.26)) of V; tells us that heavy states |n;j) with masses

m?2 =n/a’ and spin j up to n + 1 propagate in the internal channels of four gluon amplitude,

see the following figure . The residue 7(u,n) determines the three point coupling of the
intermediate string to the external massless states. The spin content of the any mass level can

be predicted on these grounds [249,1250].



8.1. TREE AMPLITUDES IN TEN DIMENSIONS 219

ko ks ko n+1 ks
N > Inij)
_ 3 =
n=0 s+n
k‘l l{?4 kl k4

Figure 8.1: Exchange of massive Regge resonances in massless four point amplitudes.

Unitarity implies that on the residue s = —n, the four point amplitude factorizes into a
product of three point amplitudes with external one mass level n state. This can be used to

determine the normalization of massive vertex operators, see the later subsection |9.2.2]

Since V; is symmetric in s and u, the same type of expansion can be done in the dual channel
with poles at © = —n and residues ~ s™. The possibility to write the string amplitude as a sum
over only s channel poles or as a sum over only u channel poles is in a sharp contrast to the

field theory situation. The latter generically requires a sum over both s- and u channel poles.

8.1.5 Higher point amplitudes

The length of the four gluon amplitude when expanded in terms of polarization vectors
and momenta is rather discouraging. Presenting the complete color ordered five point amplitude
in terms of (& &;)(&x&)(&m kyp) and (& &) (& kp) (& kq)(Em k) kinematics requires around 900
terms (rather than the 19 terms of A(g1, g2, g3, g4)), so we won’t display it here. In some sense,
we can regard this as the punishment of the formalism for our attempt to write amplitudes
in terms of gauge dependent variables &,,,. The gauge redundancy in each gluon’s polarization

artificially blows up the complexity of the result.

There are two ways around this mess of polarization vectors and momenta. The first one is
the use of the N/ = 1 superfield formulation of D = 10 SYM as suggested by the pure spinor
formalism. Chapters [11| and [12| show the remarkable compactness of higher point field theory-
and superstring amplitudes in terms of appropriate superfield building blocks motivated by the
BRST cohomology. A second one is applicable in four dimensions only and based on spinor
helicity variables introduced in appendix [C| The simplicity and compactness of spinor helicity

results heavily depends on the configurations of helicities involved. Details will be explained in

subsections and R.3.2]

As a first taste of higher point amplitudes, let us review the result of first full-ledged

computation of a five gluon superstring amplitude [251]: It is organized into the field theory
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amplitude ASYM(gy,...,g5) and another kinematic package Azs(gi,...,gs) generated by the

interaction term (8.1.23):

A(91, 92,93, 94, 95) = [823551 fi + (s23831 + 845851)f2]ASYM(91792793794,95)
+ f2 Ari(91, 92, 93, G4, 95) (8.1.27)

The five point disk amplitude can be expressed in terms of two independent hypergeometric

integrals f1, fo carrying the o/ dependence

fi =

O\H

1
de / dy 29571y (1= o) (1 — ) (1 — 2y)™® (8.1.28)
0

fo =

o\

dz /dy Byt (1 —x)® (1 —y)*® (1 — :Ey)535_1 (8.1.29)
0

and therefore taking the role of V;. We give an interpretation in terms of Regge exchange in the

following subsection. The Mandelstam variables are the usual dimensionless s;; = 2a/k; - k;.

In section [12.3] we present and discuss the general decomposition of the n point amplitude
of massless states in terms of ASYM building blocks. It is the result of a computation in the
pure spinor formalism which can be found in section The Ari(g1,--.,95) in (8.1.27) can

a posteriori be idenfitied with a linear combination of field theory amplitudes of two different

color orderings ASY™(gy, go, g3, 94, g5) and ASM (g1, g3, 9o, g4, g5)-

8.1.6 Pole expansion of five point amplitudes

Also the hypergeometric functions (8.1.28|) and (8.1.29)) appearing in five point amplitudes may

be understood as an infinite sum over poles with intermediate string states. The expansion
(1—zy)®® = > ¥(s35,n)(zy)" of the integrand allows to reduce the fi 5 to an infinite sum of

Euler beta functions which were found to capture the o/ dependence of four point amplitudes:

fl = Z ’7(835, TZ) B(Sgg —|— N, Ssq —|— ].) B(845 —|— 1, S51 + ’I'L) (8130)
n=0
fo = > A(sss—1,n—1) B(sas +n, s34 + 1) B(sas + 1, 551 + 1) (8.1.31)
n=1
The coefficients v(s35,n) = Z;(l)(—s;;g, +.J)/n! take the same form as the residues y(u, n) of the

pole expansion (8.1.25)) of V;, they can be interpreted as three point couplings. In the following,
we present two rewritings of the functions f; o both of which manifest the exchange of string

Regge excitations.
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Firstly, (8.1.30) and (8.1.31)) may be cast into in infinite double sum over s,3- and s5; channel

poles with intermediate string states |n, j) and |n/, j) exchanged:

—~

o0 oo min(n,n')

V(834,10 = 7) (845,10 — j)
B > 2 s 8.1.32
" n=0n/=0 j=0 (835 J) So3 + 1M Ss51 + 1/ ( )
; 0o oo min(n,n') Lio1) Y(s34,m — 5) V(845,10 — 7) 5.133)
- 8 o - . .
2 2o 2 7 35 ) P p—

1

J

This translates into the diagram of figure [8.2;

k’g k5

n;4) [n'; j)

So3 + 1 s51 + 1/

ks ki

Figure 8.2: Exchange of massive Regge resonances in massless five point amplitudes.

Secondly, the functions f; » may be written as one infinite sum over s,3 channel poles with

the intermediate string state |n,j) exchanged. More precisely, (8.1.30) and (8.1.31) can be

expressed as

- S34, M —
fio= ) (s —7(334+n]> B(sus + 1,553 + n) (8.1.34)
23
S (834, — 7)
= s35 —1,n—1) =————= B(sss + 1,551 + 1) , 8.1.35
f2 ; V(835 ) 5o5 10 (845 51+ 1) ( )

see the following figure [8.3|

s ks

n;7)

ks
S23 + 1M

kQ kl

Figure 8.3: Exchange of massive Regge resonances in massless five point amplitudes.

Both viewpoints originate from the same functions fi, fo and must therefore be equivalent.

The power series expansion of f o yields an F° contact interaction at order ¢(3)a’.
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8.2 Universality in lower dimensions

This section builds the bridge between ten and four spacetime dimensions. We will first of all
argue that the results of the previous two sections can be almost literally taken over to D =4
dimensional compactifications. Moreover, we show that on the level of two fermions, quarks
and leptons from the chiral multiplet give rise to the same disk coupling to gluons as the adjoint

gauginos.

8.2.1 Universal two fermion amplitudes in lower dimensions

Although we have adapted our whole setup to full-fledged ten dimensional superstring theory
with spacetime filling D9 branes, it turns out that all the results presented in the previous sec-
tions except for A(A1, A2, A3, A\y) can be taken over to lower dimensional Dp brane worldvolumes

and compactification geometries.

Dimensional reduction of the spacetime gluon vertex operator simply replaces SO(1,9) vec-
tors &, kn, WP, X by SO(1, 3) vectors &, k,, 1, X (since we neglect Kaluza Klein excitations
with internal momenta). Correlation functions involving exclusively the spacetime fields ¢*
and X" do not depend on the range of their indices, see appendix The massless vertex
operators do not involve any Kronecker deltas which could imprint a dependence on the number
D of uncompactified spacetime dimensions via o&f = D. Hence, the n gluon amplitude cannot

depend on D.

Dimensional reduction of spinorial fields is a bit more subtle. But we will still argue in the
following why scattering amplitudes with two fermions and n — 2 bosons do not depend on the

number D of noncompact Minkowski spacetime dimensions.

In chapter [ we have seen examples of how ten dimensional spin fields S, of the RNS CFT
factorize as S, ® s!, or Sb @ §ijnt into internal parts s, Eijnt and spinors S, S of SO(1,D —1)
under dimensional reduction: Four dimensional gauginos involve the SO(6) covariant spin fields
(si.,5.) = (2, %5) introduced in , and chiral matter located at D brane intersections

1 8 ) = (E,2), see (4.4.74) for their definition and

(4.4.75)), (4.4.76)) for the vertex operators of quarks.

require boundary changing operators (s

More generally, internal spin fields in a maximally supersymmetric compactification can be

: _ £,k i
represented by exponentials of m = 12 free bosons si(nt ) = eb(EH1EHn

), multiplied by
an m component weight vector of SO(10 — D). If some supersymmetries are broken, certain +
choices and therefore gaugino species are projected out. To describe chiral matter in orbifolds

or intersecting brane models, on the other hand, the s!, can be attributed to the twisted CFT
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sector and carry details of the compactification geometry such as brane intersection angles.
In this case, an appropriate generalization ¢/ of an internal charge conjugation matrix enters

the two point functions (8.2.36)). The conformal dimension g of S, splits into h; = 1% for the

spacetime part S, and hy = 101_6D for the internal spin fields si,;. Two point functions in both

sectors are completely determined by their conformal weights,

i _j Cij i
(Shne(2) Sie(w)) = ()OI - ¢ € {0,1} . (8.2.36)

In massless tree amplitudes A(gy, . . ., gn—2, An—1, An) and A(g1, . . ., gn—2, Gn-1, @n) involving two

fermions and any number of gluons, (8.2.36f) is the only signature of the internal dimensions’

7

¢, do not occur in the gluon

CFT. (Internal components of the 1™ which might interact with s

vertex.) At nonzero ¢, the two point correlator (s ()5 (w)) cannot distinguish between
adjoint fermions from the untwisted sector, say gauginos \, \, and chiral matter with a boundary
changing vertex operator (e.g. quarks ¢, ¢ and leptons). The fractional z;; powers combine to
integers thanks to the correlations of superghosts and spacetime fields ¥* and S,, the latter are

made up of the D dimensional gamma matrices 7%, as we have seen in chapter @

To give an easy and still illuminating example of how two fermion amplitudes might become

independent on D, let us consider the three point function of the SO(1, D — 1) spin fields

’Y“b
(*(21) Salz2) Sp(z3)) = “ — . (8.2.37)
' V2 (212 213) /2 2] * 2
The complementary factor of 22%/ ® within (8.2.36)) makes sure that the overall D dependence

drops out of ten dimensional spin field correlation

= (¥"(21) Sa s (22) Sb she(23))

_ ’Y(I;b Cij (8 2 38)
\/§ (212 213)1/2 233{4

The same mechanism applies to CF'T correlators €2, py and w, p) with more ¢™=# insertions
and two spin fields S,(z4) and one of Sy(zp), Si’(zB), see (6.2.39) and (6.2.40)) for their most
general form in D dimensions. The only D dependence at tree level enters through the overall

1/2-D/8 —-D/8
ZAB DOWeErS 2,5 and 2,5

("™ "(21) Sa(z2) Sp(23) )

D<10

, respectively, which are compensated by the internal contribu-
tion (8.2.36). For any D, the product Q, py(2:) x (si,(2)5) . (w)) does no longer depend on

the spacetime dimensionality D after compactification, regardless on whether the s, originate

from adjoint gauginos or chiral quarks.

One comment on the SO(1, D — 1) chirality of S, spin fields is in order: Because of the

different chirality structure in the charge conjugation matrix for dimensions (2 mod 4) and
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(4 mod 4), the correlator (8.2.37) vanishes for alike (S,, S,) chiralities if D = 4 mod 4 and for
opposite chiralities in D = 2 mod 4 dimensional compactifications. The relative D dimensional
chirality of two fermions must therefore be alike if D = 2 mod 4 and opposite if D =4 mod 4

for nonvanishing scattering with gluons.

Hence, two gaugino amplitude (8.1.18) presented in the previous section turns out to be

independent on D up to the two fermions’ relative chirality:

= A(gh ceeygn—9, )‘n—h /\n) (8239)

D=10 D=48

A(gl7 -y 9n—2, )‘n—ly )\n)

8.2.2 Non-universal four fermion amplitudes

Four fermion amplitudes require four point functions such as (s, (z1)sh,(22)sk, (23)sh, (1))

and (i (21)5(22)sF,(23)5,(24)) as an internal CFT input which cannot be discussed in a

model independent fashion. They can have highly non-trivial dependence on cross ratios of the

worldsheet positions, parametrized by data of the compactification geometry.

Scattering amplitudes involving four quarks are determined by the four point function of
boundary changing operators = carrying the internal geometric data like intersection angles 67
of the brane configuration:

3/4
(2970 (2)) B9 (29) E909(25) 7 (z,) ) = (ﬂ) L({z}:;¢%) (8.2.40)
212 14 23 £34

This internal part of the chiral fermion vertex operators gives rise to nontrivial mapping from
the disk worldsheet into the internal target space. As a result, the four point correlator
of these fields receives a correction factor I,({z;};67) = I, ({z:}; 07) I5,({z};67) describing disk
instantons and the quantum correlator of these fields. The quantum four point correlator
I({z:};6?) has been already computed in [252,253}[254}255,256], while the effect I5,({z;};67)
of world—sheet disk instantons has been derived in 257,258,259 for intersecting D6 branes.
Note that the additional gluon insertion has no effect on the instanton part, since the gluon
vertex operator has vanishing OPE with the internal field Z. The factor I, encoding these
effects depends on the specific D-brane setup under consideration and is thoroughly discussed
in [101].

But even if we stick to the simplest realization of fermions, for instance with only the

£3(HiwHn) = 33 57 available for the unique gaugino species in

two internal spin fields s&, = e
N = 1 supersymmetry, one cannot write down D independent expressions for quartic fermion
couplings for representation theoretic reasons: The structure of Fierz identities and therefore

the appropriate bases of Lorentz tensors vary a lot with D. In D = 4 and D = 6, there exist
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three linearly independent tensors with four free spinor indices whereas D = 8 and D = 10

admit five independent such tensorsﬂ.

Four gaugino amplitudes in D = 4 dimensions are given by

Awderad) = Coud ity @ ah) { SCl0n L otef | s
and

M(T A1), (T, 2a), (T, Xs), (T™, M) = 4o g3y (ug ug') (@5 ap)

U st

Vi Vs Vi
{ U CIj CKE + s Clj CKL } (_t Cila2a3a4 + t_ ci1a3a2a4 4+ Cila2a4a3 ) (8243)
Su

instead of (8.1.13]).

8.2.3 Universal properties of parton amplitudes

Scattering amplitudes of quarks and gluons — to which we will collectively refer as partons — are
important for collider phenomenology since multijet production is dominated by tree level QCD
scattering. Therefore those parton amplitudes that are generic to any string compactification
are especially important, as they may give rise to universal string signals independent on any
compactification details. According to our reasoning from the previous subsection, amplitudes
involving an arbitrary number of gluons g or gauginos A but only two quarks ¢ squarks C' are

of this kind. In section [4.4] we have given vertex operators (1.4.67) and (4.4.68) for the latter.

More precisely, the following n point amplitudes

"4(91792793)"'7971) A(le(j27937"'7g7’b)

i , i (8.2.44)
A(/\17/\2>g37"'7gn) A(01702a937--'7gn)

are completely universal to any string compactification. We are using labels ¢ = (u, k),
q = (g, k,) and C = (C,k,), C = (C,k,) for the chiral multiplet. By virtue of spacetime
supersymmetry, we may also replace gluons g by gauginos \. Figure gives a diagrammatic

way of understanding the universality of the above amplitudes.

2Explicitly, these are:

CopCrs s CasCyp, CogC¥ . D=4
L Cap (uC)rs = fapsy s Ca’ O, Ca® Gyl P D=6 (8.2.41)
CapCrs, CasCys, CaryCps, (1#C)a" (1 C)s’, (7 C)a’ (1 C)g" : D=8

('7“ C)ocﬁ ('Yu C)'yé 5 (’Y“ O)aé (7/1 C)'yﬁ ) (7” C)aﬁ (:Yu C);Y(S ) Ca’;{ Cﬁs 5 Ca5 CB;Y : D=10

Any higher order v matrix contraction can be reduced to the shown tensors by means of Fierz identities.
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aN

q1

Figure 8.4: Exchange of gluons and Kaluza Klein states in n parton amplitudes.

A possible model dependence would originate from an exchange of a Kaluza Klein- or
winding state between the two quarks or squarks and the remaining n — 2 gluons (or gauginos).
However, in contrast to gluons or gauginos, the Kaluza Klein- or winding state carries an
internal charge. Such an exchange would violate charge conservation, unless there is at least
one quark antiquark pair on the right hand side of the diagram. Hence, amplitudes involving
four and more quarks are model dependent due to possible Kaluza Klein- or winding exchange,
but the amplitudes involving no more than one quark antiquark pair share universal

properties insensitive to the compactification.

The two amplitudes in the first column of are related through supersymmetric Ward
identities [150]. Similarly, the last two amplitudes of the second column of (2.16) are related
through supersymmetry. Since the first set of amplitudes involves only members of a vector
multiplet, while the second set also involves chiral multiplets one does not a priori expect a

relation between those two sets.

The amplitudes involving more than one quark antiquark pair can be also expressed in
terms of (n — 3)! functions, but these functions are sensitive to the spectrum of Kaluza Klein

excitations, thus to the geometry of extra dimensions, see subsection 5.5 of [101] and sections

6 and 7 of [1].

The fact that both purely gluonic A(gi,go,-..,9,) and two quark- n gluon amplitudes
A(q1, G2, 93, - -, gn), contain the same string formfactors can be explained in the following way.
At the disk level, the scattering of gluons and gluinos takes place on a single D-brane stack,
say a. On the other hand, quarks are localized on the intersection of stack a with another
one, say b, with stack b intersecting stack a at a certain angle 9, see section [£.4l One can
consider the formal limit ¢ — 0 which puts stack b on top of stack a, with quarks appearing
now as gauginos of the enhanced group associated to the generators 7% @ T°. In this limit, the

amplitudes involving quarks and gluons fall into the universal class of gluino—gluon amplitudes.
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Taking the limit ¥ — 0 requires some care, however, it becomes particularly simple if only
one quark-antiquark pair is present because the corresponding amplitudes are 1-independent.
This essentially follows from the trivial form (Z(z,)Z(z,)) = zl_23/ * of the two point correlation

function of the boundary changing operators.

Thus A(q1, @2, g3, - - -, gn) amplitudes are related to the universal A(gy, go, . . ., g,) amplitudes
by a combination of the trivial ¥ — 0 limit with spacetime supersymmetry. The precise
mapping betweeen color stripped amplitudes A(Ai, A2, g3, - .., gn) and A(qi, @2, g3, - .-, gn) is a
mere adjustment of prefactors Cp,g3 — Cp,g2 = Cp,g3/2, i.e. an extra normalization factor
1/2 in the two quark subamplitude relative to its gaugino relative. The universal two quark

amplitudes at three- and four point level therefore read

Alg1,42:G3) = gvym (uz {u3) (8.2.45)

Alg1, 92,3, 0) = 20 g3 Vi { % (us & Jo Giua) — s(&1ka) (us foua)

+u [(51 &) (us frua) — (§ok1) (us frua) + (&1 k2) (us o u4)} } . (8.2.46)

Moreover, also amplitudes involving more than two chiral fermions boil down to universal gauge
amplitudes in the limit ¥ — 0. In that case, the amplitudes do depend on the intersection
angle and the limit ¥ — 0 has to be taken with some care. At the more technical level, before
undertaking this limit some Poisson resummations have to be performed on the instanton part
such that the amplitudes are rendered finite in the limit ¥ — 0. E.g. for quarks from the same
intersecting stack the four quark amplitude becomes the four gaugino amplitude in the limit
¥ — 0

¥—0

Alqr, G2, 43, @) — A, Az, As, M) (8.2.47)

The model dependent four quark amplitude A(q1, G2, g3, d4) can be found in [101], and the five
parton amplitudes A(g1, 2, @3, ¢4, G5) and A(g1, g2, g3, ¢4, G5) have been computed in [1].

8.3 From amplitudes to cross sections

In this section, we present the techniques to obtain squared moduli of disk amplitudes of
massless states, summed over helicities and colors of the scattering states. The aim is to cast
the result of parton scattering in superstring theory into a form which can be compared with

experimental data at LHC, i.e. we will work out full-fledged cross sections.

The sum over polarizations is most conveniently performed using spinor helicity methods

(introduced in appendix[C)). In subsections[8.3.1|and [8.3.2] we give examples of how these D = 4
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specific variables simplify scattering amplitudes. Particular emphasis is put on the so-called

MHYV helicity configurations which make the kinematic factors involved collapse into one term.

The color structure of string amplitudes turns out to be richer than in their field theory
limit because the Chan Paton traces generically do not reduce to structure constants only, see
subsection or [260] for a discussion of individual o’* corrections. That is why squaring the
five gluon amplitude already requires several novel computations in the color sector which we
performed in [1] and present in subsection [8.3.5] Chiral matter transforming in bifundamental
representations of the gauge group requires a slightly modified color technology, see subsection

3.0.0l

The U(N) gauge groups on stacks of N D branes give rise to N2 — 1 generators of SU(N))
and one additional U(1) generator 7% = Q1. We will negelect these extra gauge bosons in this

thesis, their color factors and cross sections are discussed in [101L|1].

8.3.1 Spinor helicity amplitudes

Four dimensions allow to decompose lightlike momenta of massless particles into spinor helicity
variables, see appendix [C] The main virtue of their bispinor representation is the trivialization
of the mass-shell condition &7 = 0 which has to be kept as an extra constraint in vector notation.

That is why we can expect a lot of simplification by applying the spinor helicity formalism.

For scattering amplitudes involving gluons, the efficiency of the spinor helicity method
depends on a clever choice of reference momenta [261,262]. The assignment should be made

such that as many terms as possible vanish in the amplitude. The key identities for this purpose

follow directly from (C.1.7))

¢" & (k,q) = 0
5 (k1,q) - € (kaq) = 0 (8.3.48)
fi(kbk‘?) '§$(k27Q> =0 )

they suggest to use the same reference momentum to all gluon polarizations with the same
helicity and that this reference momentum should be the momentum of a gluon with opposite
helicity. It is easy to show on grounds of (8.3.48|) that n gluon amplitudes of uniform helicity

and also those with n — 1 coinciding helicities vanish:

Algl oy, 97) = AlgT,05.--..9;) = 0 (8.3.49)
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The first nonvanishing class of helicity components A(g7, g5, g5, . . ., ¢F) is called maximally he-
licity violating (MHV)E| One usually reserves the term MHV for amplitudes A(g; , 95,93 ,---,9.)
of “mostly +” gluons, whereas their complex conjugates A(g;", g5, 95 ;- - -, g, ) with “mostly —”

gluons are called MHV.

At four point level, the only nonzero helicity amplitude A(g;,95,94,94) can be most
efficiently obtained from (8.1.11]) by choosing reference momenta (3,3,2,2). Then, the only
nonzero (§;-§;) product is (§;-§4). Moreover, q“é“f(k, q) = 0 makes sure that ({2-k3) = ({3-k2) =0
such that only the (& - &) (&2 - k1)(&3 - k4) kinematics contributes and the remaining 18 vanish.

The end result is

43 Vi (12)
(12)(23)(34) (41) °
A closed formula for the n gluon MHV amplitude in field theory was written down by Parke

and Taylor in 1986 [236] and proven by Berends and Giele in 1988 [237],
V2 g (12)*

SYM/, — — + + + .
AT 92098 0 90) = Aaram . o in ) (8.3.51)

in agreement with the low energy limit V; — 0 of (8.3.50)). Similar expressions exist for two

Algr+ 92,95+ 91) (8.3.50)

fermion amplitudes with n — 2 gluons,

AN, 0F s G At ) = <1\2/>§ ( 29?%54 <1 ?n__li n<>1 <Z>1> (8.3.52)

they follow for instance from SUSY Ward identities. As explained in the above section [8.2]
the corresponding quark subamplitude (both in full superstring theory and in its o/ — 0 field

Cpy9y .
Cp,g3°
(V2gym)"* (1n —1)* (1n)
(12)(23) ... (n—1n)(nl)

theory limit) follows from multiplication with % =

AT g8 e 1, T) = (8.3.53)

The corresponding MHV amplitudes are obtained via (ij) + [ij].

Momentum spinors k, and k; carry charges =1 under the stabilizer group SO(2) = U(1) of
lightlike momenta in four dimensions. The wavefunctions of helicity h accordingly have charge
2h. The MHV amplitudes (8.3.51)), (8.3.52)) and manifest their charges 2h; in the &
spinor — the cyclic chain (12)(23) ... (nl) in the denominator contributes +2 to each charge,

and the numerator factors (1n — 1)3(1n) and (12)* account for the helicities +1, +3 and —3 of

g~, X and ), respectively.

3This name can be understood by viewing [n/2] particles in an n point amplitude as outgoing rather than
ingoing which reverses the momentum direction and helicity. Helicity conserving amplitudes then contain equal
number of g% and g~ gluons. The maximal deviation from this helicity conserving configuration (which does

not make the amplitude vanish due to (8.3.49)) can be found in A(g7, g5, gg—L, e gh).
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The five gluon superstring amplitude (8.1.27)) is built from two kinematic factors which
evaluate as follows in the helicity basis [201}1]:
5
V2 Q%M (1 2>4

A1 059598, 97) = (127 (23) (34) (45) (5 1) (8.3.54)

V2 gy (12)
(12) (23) (34) (45) (51)

Ari(97,95 .97, 91,95) =

1
X (—5 (512523 + Cyclic(12345)) — 2ia® e, KN K Ky kff) (8.3.55)

One can factor out the field theory MHV amplitude. Equivalently, one can obtain the su-
perstring amplitude from using the two MHV amplitudes ASM (g1, g5, 95 gF, 95) and
ASYM (g gF g5, 94, 97). More generally, each superstring MHV amplitude can be expressed
in terms of SYM MHV amplitudes using the central result .

8.3.2 MHYV versus NMHV amplitudes

The only nonvanishing five point helicity amplitudes arise in either MHV- or MHV configura-
tions. This is very convenient for the computation of cross sections, i.e. for the helicity sum over
squared amplitudes. The first instance of nonzero helicity amplitudes beyond MHV and MHV
occurs at six point, it falls into the class of so-called next-to-MHV (NMHV) amplitudes [207]:

Y™, 8 g [4]5+6(1)° [6]1+2(3)°
AN 07 00000 = Gt 0 6 11 60 (155
S 4 { (23)° [56]° N (12)° [45]°
Jym (34) [61] [1]2 + 3|4) [5] 6 + 1]2) 5234 (61) [34] [3] 4 + 56) [5] 6 + 1|2) 5345
2 23 ) (6 [1]2 1 31 BIA T 5]6) } (8.3.56)

These are two equivalent representations of the six gluon NMHV amplitudes, computed by
BCFW recursion relations [263,208]. The two sides contain different poles of type [i|j + k|l),
and their equivalence implies that these poles must be spurious. This is essential in view of

! cannot be reproduced by means of Feynman diagrams due to a

locality because [i|j + k|I)~
local Yang Mills action. An account on the role of locality in scattering amplitudes of N' = 4

SYM can be found in [99).

Note that there are two inequivalent helicity orderings ASY™(g;, 95,94, 91,95,94) and
ASYM (g0 g3 95,91, 95, g2 ) which cannot be obtained from ({8.3.56)) by relabelling or complex
conjugation. The first full-fledged six gluon cross section in SYM theories was computed in [262],

squaring all nonzero MHV and NMHV contributions.

|
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The complete six gluon amplitude in superstring theory including all NMHYV configurations
was firstly computed in [200] using SUSY Ward identites. Our recent result (1.4.1) suggests to
reduce it to the field theory NMHV building blocks.

8.3.3 Organizing color traces

According to the discussion in subsection [5.3.1] any dependence of disk amplitudes on color
degrees of freedom originates from Chan Paton traces Tr{7T"* T ... T }. These traces are not
at all optimized for computing the color sum over squared amplitudes for the purpose of cross
sections. They have to be rewritten in terms of the structure constants f%192% of the gauge

group and symmetrized traces

1
P R —( ] Z Tr{ T(1) T%(2)  T%(n—1) T } ) (8.3.57)
p—1)!

pPESH_1
Our normalization conventions are fixed byf]

5ab

{11’} = 5

[T, T"] = if*™T°, (8.3.58)

and the two equations (8.3.57)) and (8.3.58)) in fact comprise all the input needed to decompose
any Tr{T™ 7T ... 7%} into f® and d** (with various k < n). At three- and four point

level, for instance, this strategy leads to the rewriting

Tr{Tal T2 a3 } = U + i fabc (8359)
TI-{T‘“ a2 pas Ta4} —  Jua2azaq + % (fazagn derean fa1a4n dazasn)
. 1_12 (fagagn paaan _ faram fa3a4n) ] (8.3.60)

The presentation of the four trace is ambiguous due to Jacobi identities

0 = dabe fcde + dbce fade + e fbde (8361)
0 = fabe fcde + fbce fade T fcae fbde ) (8362)

The reflection symmetry of subamplitudes makes sure that color factor always combine in pairs

uo2an Tl"{ T a2 pan 1 pan Pan—1 a1 } (8.3.63)

4Another common convention in the literature is [T%, T%] = §%° which effectively rescales each generator by
V2. We needed to take this conversion into account when comparing the results of [1] with the field theory

limits in the literature [264].
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where the relative sign depends on the number n of legs and the mass levels involved. Both

cases project onto certain classes of f%¢ and d* %, e.g.

1
C(ilaza:saz; — 9dmo2azaa 6 (fazagn fa1a4n _ fa1a2n fa3a4n> (8364)
cueazas — (fa2a3n duoan _ paraan da2a3”) . (8.3.65)

We will focus on massless subamplitudes with (—1)" parity, i.e. even (odd) multiplicities n

aj...an

give rise to ¢ (%), This was already used in the three- and four point amplitudes of

subsections R.1.1] and 8. 1.2

8.3.4 The group theoretic background

To obtain the color summed modulus square of an n point amplitude, we will meet various
invariants due to contractions of ¢i*“*“". These factors depend on data from the gauge group

G, and we will give them as general as possible in the lines of [265,266].

The normalization (8.3.58|) fixes the value of the second index of the fundamental repre-
sentation Trp{T°T?} = I,(F)d® to the value I,(F) = 1. Further group theoretic quantities of
interest are the dimension N, of the adjoint representation and the Casimir operators Cr (Ci)

of the fundamental (adjoint) representation:
0% = Ny, (T°T%)0,"* = Cpog!, foabe pazbe  — ) araz (8.3.66)

It makes sense to decompose the d* % into a traceless part d7'******§*1% = ( and a trace
§laraz5azas) aq follows:

31(F)
Ny +2

da1a2a3a4 — dila2a3a4

(Cp — Ca) glarozgasan (8.3.67)

In any representation R of the gauge group G, a symmetrized four-trace splits into a linear
combination of the tensors d%'*>“" and §(192§593%4) The coefficients are called the forth indices

1y, 155 of the corresponding representation,
STrp{ T T T*T* } = I4(R)d}®?" + Ls(R)§™*25%%) (8.3.68)

Comparing (8.3.68|) with the fundamental trace (8.3.57)) and its decomposition (8.3.67|) reveals

our normalization convention I,(F) = 1 for the d*2%%. Setting an index I,(F) to another

value simply rescales d* . Also, one can read off I55(F) = %fz) (CF — %) from (8.3.67)).
Four point cross sections require identities like
falbc fcmcd fagdb — % fa1a2a3 (8369)

2
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3N 2
abed jabed abed jabed A C
d d = d7d7Y + 4(]V.A—+2) (Cp — ?A) , (8.3.70)
where d%°¢ d%<d vanishes for exceptional groups. They imply
3N 2 C? N
ajasasa4 0162030 _ abed jabed A C ALVA
0—4}2346—&-1234 = 4d7d7T + Nat2 (CF—TA) + T (8.3.71)
3Ny 2 C?% Ny
alasasaq ,a1020304 abed jabed C A
cy 3 4C+ 3 = 4dj_ dJ_ + NA—|—2 (CF — TA) — T R (8372)

their special cases for gauge group G = SU(N) can be found in |101]:

(N? —1)(N*—2N? +6)
aia2a3a4 a1a2a304 — 8373
oo o | = (8.3.73)
(N? —1) (3 — N?)
a1a42a3a4 01020403 — 8374
oo s | o (8:3.74)

Note that the leading N behaviour of the crossterm (8.3.74)) is suppressed by a factor of N2
compared to the diagonal product (8.3.73)). The suppression of crossterms is a general property

of Chan Paton traces, known as color coherence.

8.3.5 Five gluon color factors

As emphasized at the beginning of this section, the color factors for a (massless) five point cross
section for adjoint states in superstring theory was computed in [1] for the first time. That is

why we present the computation in detail here.

As a starting point, we decompose the relevant Chan Paton traces as

(0102030405 _ Tr{Tal Tz Tas a4 pas  _ as a4 as rpaz 7l }

— ifalaQn (da3a4a5n o 1_12 fa3a4m fa5nm> + ifalagn <da2a4a5n . % fa2a4m fa5nm)

1 1
+ ’ifaQa?’n (da1a4a5n . E fa1a5m fa4nm) + Z-fa4a5n (da1a2a3n + E fa2a3m falnm) ]

(8.3.75)

a a a a a .
Cilazasawsc p(1)%p(2)%p(3)Ap(4)%p(5) (Wlth P c 55)

Mutual contractions of ¢ receive three different types

of contributions each of which requires a specific set of identities:

o f3x f3
(fa1a2b fa1a2c) . (fa3a4d fa3a4€) . (fgbd fgce) — C’i Ny (8376)
(fa1a2b fa1a2c) . (fasde f&439 fbgd) . fa3a4c — % iNA (8377)
(falbc fagcd fagdb) . (faleg fa2€h fa3h9> — 1 iNA (8378)
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(fa1a2a3 fb1bzb3 fC10203) . (falblcl fa2b262 fa3b303) = 0 (8379)

The second and third one are due to febe fazed fasdv — % forazas,

o fdx fd:
falbc fagbc daldef dagdef — OA dabcd dabcd (8380)
C
fa1a2b fa3a4b dala30d da2a4cd — ?A dade dade , (8381)

see (8.3.70) for the dabeddabed s debedqabed conversion.

o fdx f3: Since the structure constants £ are nothing but the matrix elements of 7 in the

adjoint representaton, we identify an f* chain as a four trace in the adjoint representation
of the gauge group fibe fazed fasde faseb — TrA{T‘“T a2 as “4}. Further contraction with

a totally symmetric tensor then leads to

falbc fagcd fagde fa4eb da1a2a3a4 — leazaga;; da1a2a3a4 ) (8382)

To reduce this to the fundamental trace contractions d®*?d***¢ from ({8.3.80)), (8.3.81)), we

need the fourth adjoint indices I,(A) and I55(A) defined by the specialization d3¢ =

Li(A)d®d 4 I, 5(A)5 5D of (8.3.68) to R = A. The value Ir5(A) = % immediately
follows from contraction with ¢, whereas I4(A) is tabulated below.
, 5 Na C3
da1a2a3a4 da1a2a3a4 — I,(A dabcd dabcd A C _ Ca 8.3.83
A 4( ) 1 1 + 4 (NA 4 2) ( 6 ) ( )

Taking a closer look at the 24 cyclically inequivalent five point subamplitudes (or rather the 12

pairs of opposite ordering), one can identify four distinct invariants in the squaring process,

10Cy 1 5 Na C3

D — a1a2a3a4a5 0102030405 — dabcd dabcd = dabcd dabcd A 8384
- “ 3 3 “A o (838

4Cx 1 Ny C3
X = a162a304a5 0102040305 dade dade - Z dade dade _ ArA 8.3.85
- “ 3 3 “A 144 (8:3.85)

3
Y = (0102030405 0103040205 _2 Ca dade dade + 1 deCd dade — —NA CA (8.3.86)

3 3 72

7 = M gmasssaed (8.3.87)

all the other crossterms can be shown to reduce to these. They take a nice form in terms of

the traceless tensors d%*“¢, see ({8.3.67)):

10Cy — Ii(A
D = A ; 4( )dj_de dj_de +

5NACA
4 (N +2)

N 2
(203 _Cpey 4 OEN)EG A)CA>

36
(8.3.88)
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ACx — I4(A) abed jabed Na Ca 2 (12 — Nx) CR
X = 87 Javc P 4 — - - A
3 P+ Tty MO~ 3GrCa 36
(8.3.89)
20s + 14(A) abed jabed Na Ca 2 (6+Na) CR
Y — da Ci da C oA -a 2 N T T A
3 YD) Cr + CrCa 18
(8.3.90)

In the following table , we list the input data Cy, Cp, Na, d2?d%*® and I,(A) as well as the
resulting color sums D, X and Y for classical gauge groups G € {SU(N), SO(N),Sp(N)} at

[Q(F) = %I

G | Ca| Cr | Na A9 Ii(A) D/Na X/Ns | Y/Ny

N2_1 Na(NaA—3)(NaA—8) N4—4N2+10 2—N? 1

SU(N)| N 2N N?—1|=2 9éL\(NA+2§\ 2N 16N+ 8N 8N
N—2 | N-1 | N(N=1) | NA(Na—1)(NA—3) (N—2)(N?—-2N+2) (N—2)2 N—2

SO(N) 2 4 2 A19§(NA+213 N-8 128 128 64
N42 | N41 | N(N+1) | Na(Na—1)(Na—3) (N+2)(N24+2N+2) (N+2)2 | N2

Sp(N) | 75 Y 2 - 19§(NA+§L3 N+8 128 ~ 138 o

Table 8.1: Group theoretical factors in the five gluon cross section, evaluated for semi simple gauge

groups generated by stacks of D branes

A hierarchy D > X > Y emerges in the large N limit. With G = SO(N), Sp(N), their
relation is YSOWNSPN) L X SON).Sp(N) 4 DSOWN)SPIN) a5 N — 0o whereas SU(N) even

introduces relative factors of ﬁ, namely YSUW) ~ %XSU(N) ~ %DSU(N).

8.3.6 Color factors involving chiral matter

We have already pointed out in subsection that open string states located at brane inter-
sections carry different Chan Patons degrees of freedom. The Chan Paton matrices for chial
matter carry bifundamental indices (T§) rather than the standard adjoint ones T, and their
entries are given by (7’ g‘ll)af? = 0g] (553 The o and (3 indices label the fundamental color degrees
of freedom associated with the gauge groups living the two intersecting stacks a and b of D

branes.

As a consequence, the color factors of universal amplitudes A(q1, G2, 93, - - -, gn) involving
two chiral fermions are sensitive on the distribution of the gluons over the individual stacks a

and b, respectively

Te{T® ... T*Tg'T" ... T"T} = (T% ... T%),™ (T ... T")5™ . (8.3.91)
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Not all Chan Paton matrix products give rise to a compatible color index structure: Products
of the type ...T“TgTb ... yield sensible results like whereas color traces involving
. .Tng co.oor . TET® . identically vanish. In other words — the boundary changing matrix
T can only be multiplied by T or T factors from the left (and by T® or Tf from the right).
Although the worldsheet integrals in their associated color stripped amplitudes are well defined
and nonvanishing, they are suppressed by a zero Chan Paton trace. That is why the ordering

(1, 3,2) does not contribute to the following color dressed three point amplitude:

M [(Tal ) 91)7 (ng> q2)7 (ng’, 63” = (Tal)asa2 522 'A(gb 92, CY3) (8'3'92)

2

Four point amplitudes involving two gluons and two quarks can have two different color struc-
tures: If both gluons are living on the same a stack of D branes, then two subamplitudes

contribute to the color dressed amplitude:

M [(Tal ) 91)7 (Ta2a 92)7 (TE;?)’ q3>7 (Tffa (j4)} = (Tal Taz)a4a3 5% A(gh 92,43, CY4)
+ (T2 T")a,* 05 Algr, 92,03, @) (8.3.93)

If the two gluons originate from different stacks, then there is just one color ordering with

nonzero Chan Paton trace:

M [(Taagl)a (Tb7.g2)7 (Tgf?q?)% (Tgfa@l)] = (Ta)a4o¢3 (Tb)ﬁgﬁ4 A(glaq&g%@l) (8394)

The following figure [8.5| illustrates the flow of Chan Paton degrees of freedom along the open

strings streching between intersecting branes:

Figure 8.5: Flow of Chan Paton charges in a two quark- two gluon amplitude (with one gluon

located at stack a and b each) resulting in (T“)ad(T%S)dﬁ(Tb)gﬁ(Tff)[;a = (T%) 0, (T") g,

The simplest color sums are evaluated as

(T )ay™ 32 [(T)as™ 6] = [N C],, [N
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(T T°)0, 85t [(T™ T™)a,** 5] = [NCE]_ [N, (8.3.95)
(T )0, 050 [(T™ T™)o,* 65:]" = [NCr (Cr — 3Ca)], [N
(Ta)a4o<3 (Tb)[3364 [(Ta>a4a3 (Tb)ﬁsm]* - [N OF}Q [N OF]b

in terms of the Casimirs [Ca, Cr|; and the number of colors [N]; of the gauge group on stack

j = a,b. The group constants can be read out from table the SU(N) results are given by

(T™)as 35, [(T™)aa® 5] | ) = S (21N,
(T T, 85 [(T™ )0, 5] woy = 411\@ (N2 —1)2 N, (8.3.96)
(T T2)0, 55t [(T T™)a,** 65:] — —4}% (N2 —1)N,
() () (T, (@] [ = (V2= (G =1

The model independent five parton amplitude A(g1, g2, g3, 4, @5) is accompanied by Chan Paton
traces (T“P<1)T“P<2>T“P(3>)%0‘4552 with p € S5 or (T T%@),, % (T?)5,% with p € Sy. Its cross
section being among the universal stringy predictions for LHC observables motivates to compute

the following color sums:

Dy = (TTT%),,* [(T" T T*),*]" = [NCE],

X, = (TT2T%),* [(TT®T*),*]" = [NCE (Cp — $Ca)], (8.3.97)
Yy = (T T2T), (T T 7)) = [NCe (Cr - 1C0)]

Zy = (T T2T)0, " [(TT?T")a,*]" = [NCr (Cr — 5Ci) (Cr — Ca)],

A second class of color factors is due to gauge bosons on different stacks of D branes:

(Tal Tag)a5a4(Tb>ﬁ4ﬁ5 [(Tal TaQ)Ots(M(Tb)ﬁALBB}* = [N C].?‘]a [N CFL, (8398)
(9 7)1, % (1 T, ()] = [N (Cr — b0, [V,

8.4 Four- and five parton cross sections

In this section, we list cross sections for the model independent four- and five parton pro-

cesses A(glag27g37g4)7 A<g17g27 qs, q_4)7 A(917927g37g47g5) and A(glag27937 qa, q_5>7 summed over

helicities h; and colors a; of the external particles. We will use the notation

| M[®1, ®s, ..., D] Z\M (T, @), (T, ®,),..., (T, &,)] | . (8.4.99)
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As mentioned above, the U(1) gauge bosons from the U(N) gauge groups on stacks of N
coinciding branes are neglected, i.e. we assume G; = SU(N;) for j = a,b. The gauge bosons
scattering with a quark antiquark pair can be associated to two different stacks of D branes

with gauge groups G, and G,.

8.4.1 Four parton cross sections

As the basic ingredients for four parton cross sections, we need the squares of the following

helicity amplitudes:

M(T™, 97), (T, 95), (T, g5), (T, g)] = 4ghn(12)*
v, C¢J1r1a2a3a4 N V. Ctjrlasazfm N V., Cimsawz
(12)(23) (34) (41) (13)(32) (24) (41) (13) (34) (42) (21)
M[(Ta17g;)7(TCLQ’g;)v(ngaqfi)?(To%?qd} = 29\2(M <13>3 <14>
{ Vi (T T92),,% 650 V, (T2 T%)4,% 8 }

} (8.4.100)

(12)(23) (34) (41)  (13)(34) (42) (21) (8.4.101)

Vs (Ta)a4a3 (Tb)ﬁsm
(13)(32) (24) (41)
(8.4.102)

M(T g7), (T, g3 ), (T2, q3), (Tt @)] = 2% gva (13)° (14)

The remaining helicity configurations follow from performing crossing operations with the pref-

— — 4 — J—
actors <1 2>4 or <1 3>3 <1 4>7 e'g' M[gl 7g2+793 7g4+] = 2};;4M[gl 792 ’g:;r’gir]

The color identities (8.3.73) and (8.3.74) together with |<2]>|2 = 2k; - k; = s;5/d/ yield a

four gluon cross section

2 1 1 1

6
X | N (V2 2VE+a?Vy) + (

N 2) (sVi +tV;, + uVu)Z} . (8.4.103)

When squaring the amplitudes for two gluons and a quark antiquark pair, we only sum over
the gluon helicities. As a result of the color factors (8.3.96|), we get the following cross section

for the process with two gluons on stack a (with gauge coupling g%,,):

(g%)" No (N7 — 1) 7 + 02

a a — 112
{M[glag%qa”)aqd ‘ - Na 52
Na2 -1 2 2 2
(Vi uVl)? = 2N (N - DV (8.4.104)
U

The entire process takes place on the stack a while stack b is a mere spectator providing the

overall factor V. The sum over quark helicities (which is not carried out in ({8.4.104))) requires
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some attention because left- and right-handed quarks originate from different stacks. This can
be handled by adding contributions from both stacks, with the net result of doubling the chiral
amplitude (8.4.104)) and replacing N, by the number of quark flavors.

The cross section for two gluons live on different stacks a and b is given by

2 + u?

a — 2 a
|M[917937Q37q4] ‘ = (gYM>2 (9%(1\/1)2 (Nf —1) (Nb2 - 1)V52 u

(8.4.105)

8.4.2 Five gluon cross sections

We have argued in subsection that the five gluon MHV amplitude in superstring theory
can be written as its field theory limit (8.3.54), multiplied by a five point formfactor carrying

the o/ dependence. It comprises two hypergeometric functions fi, fo which were defined in

subsection B 1.5t

Algr,95.99.95,97) = (swsafi + o?[12](23)[35](51) f2) A5 ™ (91,92, 95,95 97)
(8.4.106)

The result (8.4.106) has a nice factorized form, with the string effects succinctly extracted
in a single factor multiplying the SYM amplitude. In order to discuss other orderings, it is

convenient to introduce the kinematic function

_ smsafi + o”[12](23)[35](51) f
C(k1, ko, k3, ka, kis) = (12) (23) (34) (45) (5 1) (8.4.107)

such that
A(Qf,g{,g;,gi,g;) = 4\/§ g?(M <1 2>4 C(kla k27 k37 k47 k5) . (84108)

Note that the function C is even under cyclic permutations of the momenta and odd under
mirror reflections (1,2,3,4,5) — (5,4,3,2,1). The amplitudes associated to other orderings
(for the same helicity configuration) can be obtained from by permuting momenta
inside the C-function, (ky, ko, ks, k4, ks) — (K1, ka,, ks, ka,, ks,), where p € S5 and i, = p(i).
Note that the “helicity factor” (12)* remains intact. Due to antisymmetry of C-functions under

mirror reflections, the color dressed amplitude can be written as a sum over twelve terms

M(T™, g7), (T, 95), (T, g3), (T, g5), (T, g5 )]
= V255, (1" Y Clk, ko, ks, b, ks, ) 20 0 % (8.4.109)

p€lls

where 2129349 ig defined by (8.3.75) and II5 = S5/Zs:

II; = {(1,2,3,4,5)7 (1,2,4,3,5), (1,3,4,2,5), (1,3,2,4,5), (1,4,2,3,5), (1,4,3,2,5),



240 CHAPTER 8. TREE LEVEL SCATTERING OF MASSLESS STATES

(2,1,3,4,5), (2,1,4,3,5), (2,3,1,4,5), (2,4,1,3,5), (3,1,2,4,5), (3,2,1,4,5)} (8.4.110)

All other “mostly plus” amplitudes, with the two negative helicity gluons labeled by arbitrary ¢
and j instead of 1 and 2, can be obtained from (8.4.109)) by simply replacing the helicity factor

(12)* — (iT5+)% “Mostly minus” amplitudes are obtained by complex conjugation.

Let us now take the modulus squared of (8.4.109]), sum over all helicity configurations and

color (adjoint) indices of five gluons:

}M[91792;Q37g4795]‘2 = 6dghy o (Zﬁj) Z CaSan Cy (8.4.111)

1<j M EITs

We have introduced shorthands for the twelve-vector of C permutations

C)\ = C(k’lk,kgwk??,)\,k’zlmk?@\) (84112)
and the color matrix
Swv =y IR (I BT T (8.4.113)
ai,...,as

The matrix elements can be evaluated by using the methods of subsections [8.3.5]
The squared amplitude (8.4.111]) can be further simplified by expressing all C-functions in
terms of a two element basis. They satisfy the same monodromy relations as the full amplitude,

see ((b.4.46) and [84].

8.4.3 Three gluon- two quark cross sections

Also the three gluon two quark MHV amplitude has a simple relation to its field theory limit,

A(gf,g;,g;,q4,(j5) = (823 S51 fl + 0/2 [1 2] <2 3> [3 5] <5 1) f2 ) ASYM(gfag;79;7q4aq_5) )
(8.4.114)

and the prefactor is given by exactly the same function as it appears in the five-gluon amplitude

(8.4.106)). By using the C-functions defined in equation (8.4.107)), the amplitude (8.4.114]) can

be written as
Al97, 93,935,040, 0) = 2v/2 Gong (14)2 (15) C(ky, ko, k3, K, ks) (8.4.115)

In order to obtain the full amplitude describing a given helicity configuration, we need the am-
plitudes associated to all other Chan-Paton factors, with the orderings p = (1,,2,,3,,4,,5,),
where p are the relevant permutations of (1,2,3,4,5) and i, := p(i). For all three gluons asso-

ciated to a single D-brane, these permutations are (1,3,2,4,5), (2,1,3,4,5), (2,3,1,4,5), (3,1,2,4,5)
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(1234) | (1243) | (1342) | (1324) | (1423) | (1432) | (2134) | (2143) | (2314) | (2413) | (3124) | (3214)
(1234) | D +X | +Y | +X | +Y | - X | +4X | =Y | +Y 0 +Y | =X
(243) | +X | D | =X | +4Y | +X | +Y | =Y | +X 0 +Y | +X | =Y
(1342) | +Y | =X D +X | +Y |+ X | +X | =Y | =Y | =X | =Y 0

24) | +X | +Y | +X | D | =X | +Y | +Y 0 -X | +Y | +X | +Y
(423) | +Y | +X | +Y | =X D +X 0 +Y | 4Y | =X | =Y | =X
(1432) | =X | +Y | +4X | +4Y | +X D -Y | +X | - X | =Y 0 +Y

(139 | +X | =Y | +X | +Y 0 -Y D +X | +X | 4Y | =X | +Y
(2143) | =Y | +4X | =Y 0 +Y | +X | +X D +Y | +X | =Y | +X
(2314) | +Y 0 -Y | X | +Y | - X | +X | +Y D X | +Y | +X

(2413) 0 +Y | - X | +Y | - X | =Y | +Y | +X | - X D -X | =Y
B129) | +Y | +X | =Y | +X | =Y 0 -X | -Y | +Y | =X D +X
(3214) | =X | =Y 0 +Y | X | +Y | +Y | +X | +X | =Y | +X D

Table 8.2: Matrix elements Syy. Since the elements of the permutation set Il5 defined by
(8.4.110) have the common last number equal 5, the rows and columns are labeled by first four
numbers. The entries D, X and Y depend on the gauge group and are listed in table[8.1} Note

that the matrix is symmetric.

and (3,2,1,4,5). By explicitly evaluating the amplitudes associated with various orderings of the
vertex operators, we find a striking result that they can be obtained from the original amplitude
by simply permuting the arguments of the function C, with the same permutation
applied inside the Chan-Paton factor. Hence the full amplitude, obtained by summing all

orderings, is given by

M [(Talag;)a (Ta27 g;)>(Ta3>g§r)7 (T,(?Zl? q4)7 (ng, q_5)]
= V208, (14)*(15) > Clhr,, ko, ks, k. ks,) (T T%% T%) o, %4 65,%  (8.4.116)

pelly

where

m, = {(1,2,3,4,5), (1,3,2,4,5), (2,1,3,4,5), (2,3,1,4,5), (3,1,2,4,5), (3,2,1,4,5)}.
(8.4.117)

If one of gauge bosons originates from a different stack, say the boson numbered by '3’ is

from stack b, then the Chan-Paton factor becomes (T 7%),,%(1T%)3,% and the corresponding

amplitude reads

M(T",g7), (T, 93), (T*, 93), (T57,a), (T, @)] = 2V2(g%0)” 9% (14)° (15)
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{ Cks ko, R i, i) (T 7)o (T0)3,% 4 Cllkz, i, o K, Ks) (T™T) 0, (T3, |
(8.4.118)

As in the case of five gluon amplitudes, the dependence of the full amplitudes and
(8.4.118)) on the helicity configuration is limited to the (14)3(15) factor. All other “mostly plus”
amplitudes, with the single negative helicity gluon labeled by arbitrary i instead of 1, can be
obtained from by simply replacing the helicity factor (14)3(15) — (i4)3(i5). “Mostly

minus” amplitudes are obtained by complex conjugation.

Let us now take the modulus squared of (8.4.116)) and (8.4.118)), summing over all helicity

configurations and over color indices of quarks and gluons. If all the three gluons originate from

the a stack, then

| Mgt 68, 6% a0, @) |© = 16 g3y o/~ > (shsis + sush) > CaPwCh, (84.119)

i=1,2,3 AN €,

where the entries of the color matrix P can be extracted from table [R.3]

(123) | (132) | (213) | (231) | (312) | (321)
123) | Dy | Xy | Xy | Y, Y, Zq
132) | Xq | Dy | Y, Zg | Xq | Y,
@) | Xq | Yy | Dy | Xq | Z, Y,
@ | Y, | Zy | Xqg | Dy | Y, | Xy
G2 | Y, | X, | Z, | Y, | Dy | X,
B2 | Zg | Yy | Yy | Xy | Xy | Dy

Table 8.3: Matrix elements P,y . Since the elements of the permutation set II,, see (8.4.117]),
have common last two numbers (4,5), the rows and columns are labeled by first three numbers.
The entries Dy, X,, Y, and Z, depend on the gauge group and are given in equation ({8.3.97]).

Note that the matrix is symmetric.

Finally, we consider two gluons from stack a and one from stack b, with the amplitude given

by equation (8.4.118]). After taking its modulus squared, summing over all helicity configura-

tions and over color indices of quarks and gluons, we obtain

| Mgt 05,05 a1, @) " = 16 (g%)* (68a)* [N Crlo [N Crla ™ " (5% 555 + sia5%)
1=1,2,3
2 2 Ca . .

x 9 [Crla ({0(1243)| + [Couas)| ) + |Cr — - (Ca243)Clonazy + CliousCraraz)) | -

(8.4.120)
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8.4.4 Concluding remarks

We have given the universal part of the tree level cross sections for external SM particles at
the four- and five parton level, the four fermi completion is addressed in [101}[1]. References
[102,267,268| discuss possible signatures of these string corrected cross sections in di- and trijet
events. One obtains model independent tree level answers irrespective of the details of the type
IT landscape. This makes universal, stringy predictions possible, and the problem of the string
landscape is nullified at the LHC. On the other hand, amplitudes with two quark antiquark
pairs do depend on the details of the internal geometry, for instance through the masses of
Kaluza Klein- and winding modes exchanged. Measuring their effects at the LHC would allow

investigating some properties of the internal compact space.
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Chapter 9

Tree level scattering of massive states

In this chapter, we will discuss scattering amplitudes involving massive Regge excitations.
Firstly, we will take a closer look at the first mass level in four dimensions and its universal
N = 1 SUSY multiplets. For these massive states, any three- and four point production- or
decay process involving massless partons otherwise is computed in the following, motivated by
its phenomenological relevance at LHC in case of a low string scale: Once the mass threshold
o712 is crossed in the center of mass energies of the colliding partons, one would see free Regge

states produced directly, in association with jets, photons and other particles.

Secondly, we investigate the leading Regge trajectory. We compute scattering amplitudes
of highest spin states at mass level n with spin s = n + 1 for bosons and s = n + 1/2 for
fermions, see section for their particularly simple vertex operators in D = 10 dimensions.
The cubic couplings of bosons and fermions on the leading Regge trajectory are worked out for
any triplet of mass levels n;. The same can be achieved for higher point amplitudes, and we
focus on four point level with one heavy maximum spin state and three massless states in any
bose-fermi combination, putting particular emphasis on manifest cyclic symmetry. This gives

the higher spin generalization of individual results from section on the first mass level.

Except for the four fermion coupling, all our results remain valid in any D < 10 dimensional
compactification scenario, so they might become relevant at LHC in case of an experimentally
accessible low string scale. But even if not directly observable, superstring amplitudes involving
massive states provide important clues on higher spin dynamics and their consistent interactions

in field theory.

The material on the first mass level was developed last year in the context of [2]. The
ten dimensional particle content had been well-known for quite some time already [140], and

four point amplitudes with one such massive states were computed in [269]. Reference [2],

245
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however, performs the first direct construction of massive vertex operators and their scattering
amplitudes in four dimensions. Some information had already been obtained indirectly from

factorizing massless amplitudes [249,[250].

The results on the leading Regge trajectory are taken from my recent article |6]. Its purpose
was to extend the analysis of [110,(111] on higher spin interactions in bosonic string theory to the
open superstring. The authors of the latter references investigated cubic and quartic couplings
of highest spin states at mass m? = =7 on the bosonic string. They extracted their massless
limits and explained implications on higher spin gauge symmetry. Investigating the massless
limit of the leading Regge trajectory in superstring theory is beyond the scope of [6] and this
thesis and left for future work [113]. More detailed physical motivation for studying these

highest spin states is given at the beginning of section [9.3]

9.1 General properties of massive amplitudes

Before delving into explicit results, let us first of all explain some general properties of three-
and four point disk amplitudes involving massive states ®;. Their color- and pole structure
turns out to differ from the massless case. We shall keep the mass levels n; of the external

states general in this first section.

9.1.1 Color structure of massive amplitudes

Color stripped three point amplitudes of mass level nq,no, ng states have worldsheet parity
(—1)ttmatn2tns this becomes the relative factor of the two Chan Paton traces associated with
the cyclically inequivalent orderings (1,2,3) and (1, 3,2). They yield either the structure con-
stants %1929 of the gauge group (defined by commutators [T“,T b} = if%T,) or the sym-

metrized three trace d***% = Tlr{T(“1 T Ta3)} as the resulting color factor:

L fma208 A(Dy, By, B3) 1 ny + ng + ng even
2 19293 A((I)l, (I)Q, (1)3) N1+ nNg + N odd
(9.1.1)

At four point level, the six cyclically inequivalent orderings of total mass level N = ). n, states

M(T*, @), (T, @), (T%.9;)] =

can be grouped into three Z, orbits of worldsheet parity

A(Dy, By, B3, By) = (—1)N APy, 3, By, By) =1 ey A(Dy, By, Dy, By) . (9.1.2)
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After placing the (—1)Y = ey sign into the Chan Paton traces, we can organize the full

amplitude into three contribution with

At(q)i) = A((I’bq)z,q’:s,qh)
A (i) = A(D2, D3, D1, Dy) (9.1.3)
Au(q)i) = A(¢37@1,@2,@4)

which single out one of the s, t or u-channel each:

M[(T, ), ... (T™,®)] = %299 A,(B;) + 259% A (D) + 301920 A, ()
(9.1.4)

The color factors ¢i!**** = Tr{T @ T T* T £ T T*T*T*} are defined and further sim-
plified in subsection [8.3.3

The three color stripped amplitudes in (9.1.4) are still not independent, the worldsheet
monodromy analysis of section yields relations

sin(ms) A, = sin(mu) A , sin(mu) A, = sin(nt) A, , sin(mt) As = sin(mws) A
(9.1.5)
between the three subamplitudes A;, A, and A,. Effectively, there is only one color ordered

amplitude left to determine from the scratch.

9.1.2 Kinematic structure of massive four point amplitudes

Momentum conservation s+t+u = —a/ >, m? = —N admits to rewrite the ¢ channel formfactor
as V; = %, then relations (9.1.5) together with the Euler reflection formula I'(1 —
2)(z) = $ implies that subamplitudes can be factorized into a channel dependent piece
and a universal one Ay which is common to all of A;, A, and A,:
Vi |Z Vi
'At N—-1 : ‘AO ’ ‘AS = N—1 AO ) Au = =N-1, . . ./40 (916)
p—1 (LK) p—1 (5 +FK) p— (Ut k)
The massless case N = 0 is somehow exceptional with
|72 Vs Vi
A, - 2ol A — =y, ‘ LA N R o
N=0 Su N=0 N=0 tu N=0 N=0 st N=0

in lines of the findings of subsection [8.1.2] In case of identical external states ®; = ®;, the
universal part Ay must certainly be either symmetric or antisymmetric under exchange of labels
i <> j (symmetric for bosons at even overall mass level N and for fermions at odd N). As a
guiding principle in presenting massive four point amplitudes we will make this symmetry

manifest.
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The structure (9.1.6) and (9.1.7)) of four point subamplitudes has a surprising implication

on their massless poles ¢ i l and l. Only in the massless case are they correlated with the color
ordering (such as A(1,3,2,4) ~ L) in agreement with the Feynman rules of the associated
SYM theory. Massive amplitudes also receive contributions from exchange of massless states,
but this obviously does not come from the channel dependent prefactors like V; k 1 (t + k)~

Hence, the massless poles must orginiate from the universal kinematic factor Ay which is totally
(anti-)symmetric under exchange of labels. Generically, any color ordered four point amplitude
A(DPq, Py, 3, y) with at least one massive state is expected to exhibit all the three massless

pole channels %,% and % This is in sharp contrast to the organization of massless amplitudes

A(1,2,3,4) = " + " into color ordered cubic diagrams, see section [5.5]

The bottom line of these arguments is the following simple formula for color dressed four

point amplitudes
M[(T*, @y), (T@ @2) (T, ®3), (T, By

)] =
N— N-1 1
{ 1234‘/Ht+k 3124 H 2314‘/‘8H8+k} (918)

k=1

where the kinematic factor Ag(®q, Py, P3, P4) treats all color orderings on equal footing and

generically contains all massless poles %, % and % unless N = 0.

9.2 Amplitudes for N = 1 multiplets at first mass level

We have shown in subsections [4.5.2] and [£.5.3] that the first mass level contains two universal
N = 1 multiplets which appear in the spectrum of any compactification with nonzero super-
symmetry. In this section, their three- and four point couplings to partons and gauginos are

computed.

9.2.1 CFT preliminaries

As argued in subsection [£.3.1] the existence of N' = 1 spacetime SUSY charges in D = 4 implies
that the internal SCFT enjoys an enhanced N' = 2 worldsheet supersymmetry. This argument
is based on the U(1) current J which is generated in the OPE of the h = 3/8 internal spin
fields ¥ and X:

I */; (z— ) Tw) + ... (9.2.9)
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Intersecting branes additionally give rise to h = 3/8 boundary condition changing operators =
and Z. The latter depend on brane intersection angles 9;_ 3.4 which add up to Vo493 +94 € 27
if N' = 1 supersymmetry is preserved, see section [4.4]

Apart from universal states built from the spacetime SCFT, we have identified additional
bosonic states at the first mass level in subsection 4.5.3| whose vertex operators contain confor-
mal fields from the internal SCFT: The massive vector is created by the h = 1 current
J, and the vertex operator of the Calabi Yau scalar involves a h = 3/2 internal three

form O*:

Y(2)S(w) ~ (z—w)’*Ot(w) + ..., S(2)B(w) ~ (z—w))* O (w) + ... (9.2.10)

We can check through their bosonized representations that all operators give rise to a canoni-

cally normalized two point functionﬂ:

4
Yoo etsEEENEY o 165 oi(5=5)H;
J
Jj=2
4
— _ A2 3 4 = _a(l_y9. .
£ o= ey 2o T op e G0 (9.2.11)
7j=2

4

1 . ; 2 3 4

J = —= > i0H, OF = HUIHHHY
\/§j:2

In absence of twist fields, one can use a more economic bosonization scheme,

S = ¥, g = 9H (9.2.12)
S = o FH | of = VA (9.2.13)

The following three point functions are needed to derive the amplitudes of interest:

GE
2212 213

3/
(O7(21)2(22) 2(23)) = (OT(21)8(22) B(z3)) = —2 (9.2.14)

(212 213)3/2

(O7(21)Z(22) B(z)) = (O (21)E(22) B(zs)) = 0

(T (1) D(22) D(zs)) = (T(21)=(22) E(zs)) =

Remarkably, the brane intersection angles drop out of (7 (z1)Z%(25)2%"(23)) because of the

SUSY condition ijZQ ¥; € 27, and we arrive at the same result as for (7 (21)X(22)2(z3)). As

a consequence, the massive vector couples universally to quarks and gauginos, see ((9.2.21)).

!This work follows a more natural normalization for the ingredients of the massive vector compared to [2]:
In the reference, the U(1) current J is defined with an additional factor of v/3 and the polarization vector d,,
is twice as large as required for d, (h1)d"(h2) = —0h,+h, in the helicity basis (see appendix . As a result,
our normalization g; has an extra factor of V12 = 24/3 compared to [2].
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9.2.2 Three point amplitudes in vector notation

Let us start with the three point couplings of massive states to partons and gauginos. The

nonvanishing results for three bosons are

A(g1,92,3) = —Ch, gigav2a’3F,}AaWF3A (9.2.15)
3 4
Algr,92,05) = —Cb,gag, V2 F,, FY . (9.2.16)

The cubic vertex involving the complex spacetime scalar p* involves the imaginary (anti-) self

dual gluon field strength F!* = kl'¢y — V'EY:

7 7

1 . - 1 :
FlY = 5(F.“” + iFM), FY = 55“”@% (9.2.17)

The d- and w* states do not couple to spacetime gluons at disk level because the gluon vertex

operator does not involve any internal SCF'T operator:

A(g1, 92,d3) = A(glag%w?,i) =0 (9.2.18)
This is in lines with the universality of four gluon amplitudes (8.1.11)): Gluons cannot exchange
any state at disk level whose existence is tied to spacetime supersymmetry.

Let us next explore the interactions between massive bosons and massless fermions. The

universal vector d and the complex Calabi Yau scalar w™® require the internal correlators ((9.2.14)):

_ . o, o2
A (041, { g ) = V20a/ g K a (u20"ti3) { éEZ i% (9.2.19)
Al i) = o 9.2:20)
_ V3 oo
A2, _ - Dy g
A <d1’ { 4o ) WG 9a (uz 4 U3) {(;ng?b (9.2.21)
w7 A2, o U
A <{ R ) = Cn. 9.9 {Eui a§§ (9.2.22)
Wi A2,\ .
A <{ wi‘,f\z,f\z ) = A (wf[7 3_213_2 ) = 0 (9.2.23)

In most cases, gauginos and quarks give rise to the same color stripped disk amplitudes (up
to the normalization Cp,g3 = 2Cp, gi = 2/v/a’). This remains true for their interaction with
the massive vector d. Only the Calabi Yau scalar w* feels a difference — it only couples to
gauginos of uniform helicity (A, ) and (X, \) but not to quarks at non-degenerate values for
their intersection angles. This is compatible with the model independent agreement of the
two fermion-, two boson amplitudes A(g;, g2, A3, \s) and A(g1, g2, g3, @4): There is no s channel
exchange of massive states d and w® which rely on N/ = 1 SUSY because they do not couple

to gluons. They only affect four gaugino amplitudes A(\, A2, A3, A4) which were argued in
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section to differ heavily from four quark amplitudes A(q1, G2, q3,ds) due to Kaluza Klein

mode exchange in the latter.
Among the three point amplitudes involving massive fermions, we only consider excited
quarks rather than excited gauginos. The latter can easily be restored via C~’D29¢§X,b —

Oy 9rGy,p:

Alg1, q2,X3) = C~'D2 V2o ga Gy 9x Fﬁy (ug o*X5) (9.2.24)
Algr,q2,b3) = Cp, V20 ga gy s kit F,, (u30"bs) (9.2.25)

The vertex operators of massive fermions contains composite fields * %S, from their space-

time CFT. A few of their correlation functions are given in section [6.6]

The color dressed amplitude of three adjoint states (®1, Py, P3) with odd overall mass level

involves the symmetrized trace Tr{T‘“T“?T“3 + T“QT‘“T‘“‘} = 2" 293,

M[(T™, ®y), (T2, dy), (T, D5)] ‘ = 2dme A(D), By, y) (9.2.26)

N=1
With two chiral matter states, on the other hand, the color factor is independent on the mass

levels:

M[(T™, @), (T2, ®y), (T2, ®3)] = (T")22 652 A(D1, By, D3) (9.2.27)

a3

Given these three point vertices, we can determine the normalization factors of the massive

vertex operators (displayed in subsections [4.5.2] and [4.5.3)) by factorizing four point amplitudes?]

M[1%1 202 3% 494] of massless states on the residue of the first massive pole V; &~ ek

Jo = 9GYM 9o = gYTM s 9gq = G = V 20/ gy M (9229)
A 0/3/4
Ix = oM gyn I = NG gym (9.2.30)

The couplings gy, g, of excited quarks can be obtained from those of excited gauginos (g, gs)

by replacing gy — e?10/2.

9.2.3 Three point helicity amplitudes

In this subsection we evaluate the three point amplitudes computed above in the helicity basis.

The polarization tensors of massless states are the usual ones u®(k) = k% and f(k,r) =

2The contribution of color degrees of freedom to the factorization is as follows:

Som{Te T T} TR { T T T} = %T&{T“T*’T“‘Td} (9.2.28)

e
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Fa0 ks / (v/2(kr)) with reference spinor  for gluons, cf. section @ For massive states, on the
other hand, timelike momenta require two bispinors p,p; and ¢,q; for a lightlike decomposition
k* = pt 4+ ¢*, more details about this method can be found in appendix [C.2] Wavefunctions
of spin j have 25 + 1 physical polarization states with spin component j, = —j,...,+7 in the
direction of the reference vector p*. We will quote the j, eigenvalue in helicity basis amplitudes
along with the wavefunction, e.g. a(j. = +2), a(j. = +1), ..., a(j. = —2) for the spin two

state.

We will insert the normalizations and for the vertex operator into the
results of the previous subsection and isolate constant prefactors before sending the kinematic
factor (denoted by K[...] in the following) into the helicity basis. The sum of the moduli squares
>, K[, ®(4.)][* over all polarizations of the massive state ® cannot depend on the individual
reference vectors p* and ¢, i.e. the choice of quantization axis p* drops out of unpolarized
cross sections. This is an important consistency check on the subsequent results. Moreover, we
will also find selection rules on the helicities of the massless states, i.e. some gluon- and quark
helicity configurations make the massive amplitude vanish for all polarizations of the heavy
state. This ties in with the factorization properties of massless four point amplitudes on the
pole V; = 5.

The decay of the spin two particle « into two gluons is described by the amplitude

3
A(g1, g0, 03) = 2gym V2! F;)\ ' F2 = 29y V2a! K[gy, g, i3] (9.2.31)

By substituting the helicity wave functions, we find the selection rule that « only couples to

gluons of opposite helicity (independent on its polarization state):
Klgi g5 as] = 0 (9.2.32)

The nonzero components of this kinematic factor are
1

Klot g2,05(+2)] = —7 02’ [a1]’
Klotooras(+1)] = —3 271l p1]
o V6 2 2
K[gl,gz,ag(O)] = —T<p2) p1] (9.2.33)
Klot ooz 05(-1] = -+ 2 (a2 1]
Klot.g,au-2] = -5 @2?p1? .

The appearance of F*” in the three point interaction A(g1, g2, gogt) is essential in view of the

helicity basis: The vertex being proportional to F ;}V FiY implies the selection rule

AlgF 95, 05) = Algi.g3,93) = Algi,95.907) = 0 (9.2.34)
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such that the only nonzero configurations are
Algl. g5, 03) = 20vm V2 [12]°, Al97.95.%5) = 2gymV2a/ (12)*. (9.2.35)

Such couplings arise naturally from N = 1 supersymmetric F-terms ~ [ d?0 @W*W, in the
effective action where ® denotes the chiral superfield including the complex scalar ¢* and W*

is the gluon’s gauge field strength superfield.

If ¢* coupled to both (¢7,¢g") and (g7, ¢7), one would find a nonvanishing factorization
channel in the A(g)", g5, 95, g4 ) amplitude on its V; ~ 5 pole. Clearly, this is forbidden by
MHYV selection rules, see subsection [8.3.1] Since we are dealing with a complex scalar which
propagates off-diagonally ¢* < ¢, the coupling can only contribute to an MHV four
gluon amplitude A(g;, g5, 95, 91 ), see the following figure .

92 i 93
+ | -
@ L o
A(gi’_,g;,gﬁ—i_) / \ A(QB 194 5P )
s+1
9 : 95
Figure 9.1: Factorization of a four gluon amplitude on the first Regge pole V; ~ 5 in the

channel of identical helicities. The off-diagonal propagation ¢* < ¢T of the complex scalar

avoids a contribution to A(gy, g4, 93, 91 )-

In contrast to the complex scalars, the spin two- and spin one states can decay into both

quarks and gauginos. We will focus on quarks:
Ao, ¢, ) = gyu \/2_0/765 a (ugo”u3) = gym \/2_0/3/C[a1,q2,<jg] (9.2.36)
In the helicity basis, the kinematic factors become
Klan(+2),¢.0] = 5 (2)(p3) a2

Klai(+1),q2,3] = - (p3)[a2] ({a2)[24] — 3(p2)[2p])

A~ =N -

Kla1(0),q0,35] =
’C[OQ(_l)a 42, 673} =

Klon(=2),¢2,35) =

(p3)[p2]((¢2)[2q] — P2)[2p]) (9.2.37)
(@3)[p2] ((p2)[2p0] — 3(a2)[24])

(42) (q3) [p2]* .

=S

DO | | =

The massive vectors couples as follows

V3

3 /
Ady, g2, @3) = DIRAL (up di) =: 7(1 gym K [d1, q2, G5 (9.2.38)
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with helicity basis components

Kldi(+1),¢2,3] = (p3) g2l
K[ (0),q2.3] = V2(p3)[p2] (9.2.39)
K[d1(—1),Q2,§3} = (¢3)[p2].

Finally, the Calabi Yau scalar only couples to gauginos of uniform helicity (but not to quarks):

AWD A2, x3) = 2v2gym[23] (9.2.40)

Both spin components among the massive fermions have nonvanishing three point interactions

with one massless fermion and one gluon:

Algr, @2, X3) = gym V2a' F), (ugo™'x4) = V2a' gym K[g1, g2, X3] (9.2.41)
Algr, q2.05) = gymad k5 Fy, (u20'bs) = V2a' gym K[g1, go, bs)] (9.2.42)

The selection rule is such that each helicity state of the gluon only couples to one of the states

X (b) of spin 3/2 and spin 1/2, respectively,
A(gf, qo,%3) = Algr,q2,03) = 0. (9.2.43)

The nonvanishing helicity amplitudes are governed by the following kinematic factors:

Klor @, x3(+3)] = (p1)*[24]

Klor g xs(+3)] = V31 ()2, Kol a.b(+3)] = @2)[12°  (9.2.44)
Klor a2 xs(=3)] = V31 @)Pp2), Ko ab(-3)] = (¢2)[12]
Klgr a2 xs(=3)] = (q1)*[2p]

9.2.4 Four point amplitudes in vector notation

Four point amplitudes with massive states will be presented in the same steps as their three
point cousins: This subsection lists the results in vector notation, and the next one trans-
lates them into the helicity basis. According to section four point subamplitudes with
three massless states and one state at mass level one can be written as A(®q, ®y, P53, Py) =
ViAo(®q, g, @3, Py) where A is a universal kinematic factor common to all color orderings

which we will organize according to its massless poles.

Only the SUSY independent massive bosons o and ¢* can decay into three gluons:

A(91792, g3, 044) = CD2 40 92 9o Vi
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{ % [(52 &3) (&1 k) (K5 vy k3) — (283) (€2 kr) (K5 v K5) 4+ (61&2) (§3 k) (KT v K3)
— (&&) (& k1) (Ky a k) + (& ks) (Sakn) (RS 0 &) — (Saks) (§1k2) (K v &5)

+ (52 kl) (63 k4) (kg a,uu 51,/) - (61 k?) (63 k4) (kg auu 52,/) + QLO/ (51 k2) (55 Oé;w 53,/)

o (@ R) @ o) + o5 (606) aw) — o (66) ()]
o [(@8) (€ k) (M o) — (606 (6h) (4 o k) + (66) (€ k) (K g )
— (€26) (6 h) (B g ) + (&) (k) (M 00 &) — (65 k) (62 k) (K )
Gk (6k) (K ) — (E2ks) (6 Ka) (B 0y &) + 5 (ko) (6 0y &)
oo Gk (Eaw8) + 5 @ 8) M aws) — 5 (66 (M awe)]
2 (@6 ER) (Bawk) — (©&) € k) Bawh) + (6&)Eh) ¢ k)
— (616) (G k) (B g B8) + () (1K) (HE 0 68) — (61 R2) (65 Bn) (4 s 8)
F(ER) (Eh) (0w ) — (65h) G k) (B aw &) + 5 () (6 0 &)
oo 6k @ o) + o (66) (aw ) — o (66) ( awé) ]
b (@& 0w (b~ ) + (@& (5 - k) + (6 &) G o (2 — 1]

(9.2.45)

Up to V;, the result is antisymmetric under exchange of gluon labels (1,2, 3). Since the associ-
ated color factors have the same property, this is in lines with the gluons’ bose statistics. The

same phenomenon occurs for ¢=:

A(glag%gB’gpi) = CD2 80/2 gi g(p‘/t

(& k1) FiY &1 ke — (& k) FYY Sop ks + (§1&2) FiY Ky kzu]

X
+

S|V = | =

(61 ks) FEY Euka, — (E5kn) FEY Euukay + (616) FEY Koy b, |

+

(& ko) FIY Sopkay — (Soks) FIE Gukan + (£283) FYE oy ksu]
1 y 5 .
R [Fé& §ipor + P9 & &0 + FiE &M&,y} } (9.2.46)
The N = 1 specific states d and w* do not couple to gluons,

A<d17927g37g4) = A(wf7g2793>g4) = 0. (9247)

All the bosons a, o*,d and w* at the first mass level have a four point decay channel into a
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gluon and two quarks or gauginos:

Alot, 92,43, @) = Cp, 20" ga ga g3 Vi
1
L (M o i) — B s g0
1
+ kY ap (uz 0¥ ug) (Ek1) — 5oy & G (us 0" ﬂ4)}

1
[kéba”VU3O'Vﬁ4<§]€4) + §k§a“y(u30”£k27j4)}

L1
t
LY n L v
+ - [k4 auuzot g (Eks) + = ko (us fo go u4)} (9.2.48)

2

The complex scalar ¢* couples to two fermions and a gluon through the combination ¢ 4 il's0
of its real- and imaginary part (where I's denotes the four dimensional chirality matrix and ¢

(0) are the real (imaginary) part of ¢*):

A(SOTv 92,43, (74) A (90;_7 g2, (737 Q4)

~ 1
= (b, 40/3/29Ag<pg?pvt - F3" ky,
Aler, 92,03, q) A (901_792753&4) §

0 Uz 0, U
x (80 ua) (9.2.49)
- (Ug Ou a4) 0
The absence of massless - and u channel poles is explained by factorization into A(¢7, g2, G3) =

0. Similarly, four point amplitudes involving d and w® do not exhibit a massless s channel pole

because of their vanishing three point coupling to gluons:

A(d1,92,q3,31) = SC;D2 Vo' gaga g3 Vi
X{%[(ﬁk@)(ugd@) + %<u3dszk2ﬂ4)] - i[(fks)(uwl%) + %(ughfdm)]}

(9.2.50)
A(wl_a927 )‘37 )‘4) = CDz V20! 9w gAa gi V;f

X { % [(u3 uy) (§ k) + % (us &2 Ko U4)] - % [(U:s uyg) (§k3) + % (us f2 o U4)} } (9.2.51)

A(w g2, M3, \4) = 0 (9.2.52)

Massive fermions x and b of spin 3/2 and spin 1/2, respectively, give rise to the following four

point scattering:

A(91,92,q3,X4) = Op,2a2 g3 9o Gy Vi

x{% [(61 k3) (udo X)) Ky + (&1ks) (ufaxu) &y + %(u}él & Ka X)€Y+ %(u;ﬁ &\ & X) KL
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[k @RI K + (@) k)€ + kbR &+ 5 ek f X B

mlr—t@l»—

[(51 k) (ufz)@) kf;f - (&kl)(u&)‘cu) k:’f + (&1 &) (ukziu) kY
+ (Sk) (whax,) & — (Gke) (uhaxe) & — (& &) (ukiXy) /fg]} (9.2.53)

Note that x, and K4x, form a Dirac spinor as required for a massive fermion, the same is true

for b and F4b:

_ 5 ) 1 _
A(g1, 92,43, 01) = Cp, 2% 2 g% g4 35 Vi % { 1o (udo &1 Kab)

1 (@) (@h) (kD) — 5 (&) (kD) + o (6 k) (i)

— (&1 ko) (Eoks) (ufa D) + % (616) (ukid) — i (E2k1) (ufnd)
ﬁ (ugh ko o b) + % (€1 ka) (u iy &2 Ko D)
- % (E2ks) (i) + (€1ke) (€2 ks) (u kD) |
1 - 1 b
T (ufoba &ib) + B (2 ka) (u o &1 Fr D)

- g () WBD) + (6 k) Gk kD) | (9250

|
SN

+
| =
1

Just like in the massless case, four fermion amplitudes with an excited fermion look completely
different whether they involve massive gauginos or quarks. Let us focus on the simpler gaugino

case here, the quarks are discussed in [2]:

B 1 .
“4()‘17 Az, >‘37>_<4) = OD2 20/ g)\ Ix Vi { <u11u3K) ( g ;l;) ku (CIJ CKE - CIE CKJ)

CIJCKE 1 L wid 1 L pady J oLy 1.1t

+ S 1 (uir K X)) (useo™uy) + 5 (usie Ka X)) (waro™uy) — (uirusk) (U5 X,,) K4

ClCr, I N I T JoDy

o | a (wrKa X)) (usko™iy) + § (uske Ka X)) (uaro™iy) + (waruse) (@) ky
(9.2.55)

A(/\1,/_\27/\3,[_?4) = (b, 20/9?\917‘/2 X {(U11U3L)( )(CI CK - Cdi CKJ)

S () (g Wy s b)) + 5 (urusg) (] #s mi)} (9.2.56)

The notation is adapted to maximal N = 4 SUSY with four gaugino species labelled by the
R symmetry index I = 1,2,3,4. In order to extract the amplitudes for A" = 1 SUSY, all the

internal charge conjugation matrices C; must be set to unity. In this case, the ¢ channel pole

drops out of ((9.2.55)).
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The color structure for scattering four adjoint states can be found in (9.1.4) at ey—y = 1,
i.e. the parity odd traces ¢ = Ty{T @1 T2Tw T — T T2Tul appear. Color factors

in presence of chiral matter are exactly the same as in the massless case, see subsection [8.3.6

9.2.5 Four point helicity amplitudes

The four point amplitudes presented above are now evaluated in the helicity basis. Like in the
three point case, we find various selection rules for the helicities of massless states coupling to

first mass level excitations.

The four boson amplitudes are written as

A(91,92,93,a4) = 89\2(1\4 VQQIW’C[91>92,937044] (9-2-57)
Alg1,92,93.01) = 4GV ViKlg1, 92,95, 97] - (9.2.58)

Helicity selection rules forbid coupling of the spin two state « to gluons of uniform helicity, and

T preferably couples to gluons of + helicity:

AlgF 95, 05,0) = Algr.95,95.¢7) = Algh,95,95,¢7) = 0 (9.2.59)

The nonvanishing entries are

Klgt 9395 0u(+2)] = 2\/§<1<2p>i>243><31>
Klg' 95 95 cu(+1)] = \/§<<f§>>?;2<?;>q>(3 1)
Kot o)) — 2\??;];223%)11 (9.2.60)
Klgi: 93,95 ,04(=1)] = \/§<<£>>3(2<33];><31>
Klg’ 93595 ca(=2)] = m<1<2q>i>243><31>
as well as
Kloh gt gt ot = <12>?2'32><31>, Klg'.93.95.¢7] = % (9.2.61)

the rest can be obtained by complex conjugation.

If two gluons are replaced by a quark antiquark pair, then

A(alag%(ﬁ%@l) = 29\2(M v ZQIWK[Q17927q3aq4] (9262)
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with kinematic factor

Klon(2). 05l = L

Klai(+1),95,93. @] = 2\/§<2§g4> 1 <(q3> (p4) + 3(p3) <q4>)
Koo mad = 5os 0 (@900 + w9ay) G269

Klon(=1), 95,3, @) = 2\/5@%22@ iz <(p3> (q4) + 3(g3) <p4>)

Klon(2.of ] = LT

The spin two decay A(aq, g2, g3, @4) into a gluon and two fermions does not impose any selection

rule. The process with a gluon of negative helicity follows from

Klaw, g3, a3@m] = (Klar, g3, a3@l) . (9.2.64)
(pq),(34)
For the complex scalar ™, we have
+ + = 2 / [1 3]2
A(‘;Ol 192 5,43, Q4) = 2 9vm \/E‘/t [1 2] (9265)
Alet 95,6,@m) = 0.
Let us next display the four point helicity amplitudes of N' = 1 states d and w*:
A(dy, 92,3, @) = V3 Kldi, g2, 43, ) (9.2.66)
A7, 92,23, M) = 4Gy Klwr s 92, A3, Ad] (9.2.67)

These processes do not obey any selection rules:

(p4)” 1

+ ~ _ S -+ _
K [dl (+1)7 g2 543, Q4] = + <2 3> <2 4> ) ,C[wl NOR >\37 >\4] o <2 3) <2_4>
_ V2{p4) (g4
Kldi(0), 95,033 = w (9.2.68)
_ 4)? o 3 4]
di(—1), 95 = — _lad)” Aa. A B Sl B
IC|: 1( )792 7Q3aQ4] <23> <24> ’ ’C[wl y o 5 A3, 4] [2 3] [2 4]
The relevant crossing operations to obtain the remaining entries are
’C[dlaggaqi’nq—d = (K[dhg;aq&@l])* (9269)
(p=q),(3-4)
’C[Wi‘r7 gg:? 5‘37 5‘4] = - (K[wl_u 9317 /_\37 /_\4] )* .

Decay amplitudes of massive fermions into a light fermion and two bosons are written as

A(91,92, 03, X4) = 295u Vi Klg1, 92, g3, 4] (9.2.70)
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«4(91>g2>%,54) = Q%Malflvthglagzy%jd-

(9.2.71)

The selection rules for spin 3/2 (Y) and spin 1/2 (b) exclude either (+,+) or (—, —) gluons,

,C[gfraggaq&)_(ll] = ’C[g;7957q3764] = 0.

Spin 3/2 gives rise to the following nontrivial kinematic factors:

Klgr 05, a3 xa(+3)] = %,
Klor 92, a3, Xa(+3)] = %,
Klor,95. a5, xa(—3)] = %,
Klor. 92 a5 xa(=3)] = %
The spin 1/2 analogue is:

{p3)

K:[gf_ag;_?(k»aih(—'_%)} =

(q3)
(12) (23)(31) ’

IC[gf_, 9;7 gs, 54(_%”

Similar expressions with (1 <> 2) hold for gluons of flipped helicity.

Four fermion amplitudes with excited gauginos are given by

A, Ao, As, 1) =
A()\la 5\27 )\37 B4> =

In N =1 SUSY with one gaugino species, helicity components read

KA1, A2, Ag,y Xa(+3)] %
K[ e, A, Xa(+3)] %
Kt (-] = SHEBEL
Kt dux-3] = o

(9.2.72)
K91, 95 a5, Xa(+3)] %
Klot g5, %a(+3)] = ¢3_<Zi<21;23<>q2>
(9.2.73)
K[QT,Q;,(B,T@(—%)] = — 3?{ <2]; ?i <3(§ 2>
Klot 0 a5 xa(-3)] = _%
Klgt, 95 a5,04(+3)] VE['l [2? [12] gl] 3]
(9.2.74)
Klor gz, ba(-1)] = - ﬁ[lg]?[lzlélﬁ]
2 g2 V! K[A1, A, As, Ya (9.2.75)
2 g3 V! KA1, Ao, Ag, ba) - (9.2.76)
KA1 A2 Aa, ba(+3)] % (9.2.77)
K[, Az As, ba(—3)] %

Cross sections for jet associated Regge production are tabulated in section VI of [2], listed in

order of the initial two particle channels gg, gq and ¢q.
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9.3 The leading Regge trajectory

This section is devoted to scattering amplitudes of higher spin states on the leading Regge
trajectory of the superstring. It extends the analysis of |[110,|111] on higher spin interactions in
bosonic string theory to the open superstring. Recently, similar calculations have been carried
out in heterotic string theories [141] where stable higher spin BPS states were shown to exist
and a large class of three- and four point scattering amplitudes was computed for states with
higher spin content on the bosonic side of the heterotic string. Further interesting results on
scattering of exotic massless higher spin states from a decoupled sector of superstring theory

can be found in recent work [270}271].

A first motivation for studying higher spin interactions in string theory is to extract lessons
on higher spin gauge theory. Consistent four point interactions in massless higher spin field
theories are still not fully understood [149], and the high energy limit o/ — oo of string theory

can be an important tool for their investigation.

Secondly, knowledge of highest spin three- and four-point interactions can prove valuable
for factorization properties of massless multileg superstring disk amplitudes. As we have dis-

cussed in chapter [7 the complexity of formfactors in multi gluon scattering grows enormously

with increasing number of external legs, see and subsection for the explicit four-
and five-point results. The expansion and of the hypergeometric five point
integrals fi, fo encourages to disentangle the contributions of individual spins. More precisely,
we conjecture that the summation variable j in these equations can be identified with the spin
of the massive state in the internal propagator. The simplifications on the basis of this spin

separation might in the end pave the way for new recursion relations.

Thirdly, scattering amplitudes of higher spin states may be relevant for phenomenology. As
pointed out in section [4.1], the string scale can be as low as a few TeV provided that some of the
extra dimensions are sufficiently large. In that case, the signature of massive string vibrations
should become visible at LHC due to the resonant enhancement of parton amplitudes. As
explained in the previous section [9.2] Regge excitations can be produced directly, and the
amplitudes at higher mass level presented in this section can be regarded as a generalization
of the mass level one discussion. In fact, gluon fusion and quark antiquark annihilation can
produce any leading trajectory boson if the mass threshold is reached in the center of mass
energies of the colliding partons, and similarly, higher spin fermions appear in quark gluon
scattering at sufficiently high energy. But one has to admit that also the states from subleading

Regge trajectories contribute to these effects and should be included into the analysis on the long
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hand. Handling the technical challenges posed by the subleading trajectories is an outstanding

problem left for future work.

The label used for subamplitudes of highest spin states are ¢/="*! = (uy...ps;» k) for bosons

and y/=" /2 = (X5, > ) for fermions.

9.3.1 Universality in spacetime dimensions

Dimensional reduction of bosonic states and their couplings is straightforward: Suppose ¢, m.
with m; = 0, ..., 9 is the initially SO(1,9) covariant wave function of the spin s = n+1 state on
the leading trajectory, then compactification of 10 — D spacetime dimensions breaks Lorentz
symmetry to SO(1, D — 1) and hence requires to specify for each index m; whether it belongs
to the D uncompactified dimensions or to the internal ones. Let us denote the SO(1,D — 1)
spacetime indices by p;, then only the ¢,, ., components of the ten dimensional polarization
tensor describes a maximum spin state from the D dimensional point of view. As usual, we
neglect Kaluza Klein excitations and truncate spacetime momenta to k,, = (k,,0). The only

modification of the spin s = n 4+ 1 vertex operators (3.4.62)) and ({3.4.64) upon compactifying
10 — D dimensions is the replacement of SO(1,9) indices m; by SO(1, D — 1) indices u;:

VOGN 2) = o Oluneopimpinsr) 10XM L iOX I ptinst @79 X (9.3.78)
VO(@=k 2) = g V20 Gy 1ony 10X 10X 1 X
1
X (nc‘w”w* + (k-) " idX + mewaﬁ) (9.3.79)
(6]
ke ¢H1---Mn+1 = nth QSM...MH = 0, K = — (9.3.80)

Note that the spin two operator 9¢“1)") drops out at the massless level n = 0.

Similar to the argument in subsection [8.2.1], the free CF'T of the *- and X" fields does not
introduce any D dependence into correlation functions of highest spin states, so their scattering

amplitudes take a universal form in any number of spacetime dimensions. The normalizations

are set to g, = Vv 2/ " and Gnt1/2 =V 2/ " in the following.

Highest spin fermions in lower dimensions D < 10 have an h = (10 — D)/16 internal spin
field sj, in their vertex operators which is a standard R spin field for excited gauginos or a
boundary condition changing operator = for excited quarks (see subsection for a more

detailed definition and discussion of the siy):

V(_l/Q) (Xj:n+1/27 k? Z) = gn+1/2 X?ﬂl...un—1v) iaX“l o iaX“"_l
2/ - |
x <z’8X” 5 - D;"Q Ko WC) S, $img €92 X (9.3.81)
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VEVD (=2 | o) = g s X 0X, 60X,
. 20/ . . )
X (z’@X,, 5 D;“Q Jeab o mé) ¢ G 0912 X (9.3.82)
KXG = S = XG ’Ygﬁ = 0 (9.3.83)

The spin 3/2 component of the spacetime SCFT operator ¢ %S, /(D — 2) has similar uni-
versality properties as the ordinary spin fields S,: Any correlation function involving no more

than two insertions € {S;Sint, w'f;ﬁ"’cscsim /(D — 2)} is independent on D, see section for
examples. The CFT mechanisms cancelling the D dependence in (st (21)5. (23)) = ¢2{D710/%
against that from the spacetime part are the same ones explained in subsection Hence,
scattering amplitudes involving two highest spin fermions and otherwise bosons take the same
form in any number of spacetime dimensions and do not distinguish between Regge excitations

of adjoint gauginos and chiral matter.

Again, the arguments for universality fail at the level of four fermions: Firstly, internal
correlators (s (21)s) (22)sk, (23)sh(24)) cannot be treated in a model independent fashion,
and secondly, the group structure in four point correlators of S, and " 7415050 becomes more

involved.

All the three- and four point amplitudes of highest spin states which we will give in the
following subsections to are of universal type. Both the lessons on consistent higher
spin interactions and the phenomenological implications for LHC experiments remain valid in
all lower dimensional superstring compactifications which allow for a CF'T description. We will
adapt the indices and chiralities to the four dimensional situation which is the most relevant
in view of the aforementioned motivations. The only exception occurs for the four fermion
amplitude in subsection which is given in D = 10 dimensions and has a different form

after dimensional reduction to D = 4.

9.3.2 The three boson vertex

Cyclic symmetry of the three boson couplings in superstring theory is initially obscured by the
asymmetric assignment of superghost charges. But the three terms in the zero ghost picture
vertex of higher spin bosons conspire such that the labels 1,2,3 enter on the same
footing in the end. By virtue of the correlator with many 10X field insertions, one
ends up with

$1+82+s 2/—i—j—k~ . ]{3 ——/{;—k
A( ?7 ;2, 33) _ /20/ 1+s2+ 3n1!n2!n3! Z (Oé) (283 + 782 + kS 1] 7 j )

oy VAR (st =i =) (s2 — i = K) sy — ] — k)]
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1 V1.V p1 Psy—i—j 42 Al AR 1 Tso—i—k
X ¢N1~~-Mj Zplmpslfifj k? k2 ¢V1..,I/i Tl Tsg—i—k kS kS
3 M-l o1 Os3—j—k
X B oo, KT K (9.3.84)

where s; = n; + 1 and the summation range 7, is defined exactly like in [110}/111]:
T, = {z‘,j,keNO DS —i— >0, sy —i—k>0, 33—j—k20} (9.3.85)

Let us introduce some shorthands to lighten the notation. A k fold contraction of tensors ¢* and

¢’ is denoted by ¢'¢/0}; = ¢!, ¢#1# and the momenta which are dotted into the remaining
indices of the ¢’s are written with their power as a collective index, e.g. ¢'-k5 1= ¢, k5'...ky".

This convention admits to rewrite the three point function ((9.3.84]) more compactly as

s1+s2+s3 (20[’)_i_j_k (i83 + 589 + ks; — 1y — ik — jl{?)
AP, 652, 653) = V2 ot 1 mo! 174!
(91", 92", 95°) “ nln““"?’,j%:z N (51— i — ) (s — i — k) (53 —j — k)
2¥8 b

X (¢' -k ) (O kT (0% kTN 61 015 05y (9.3.86)

The essential difference to the analogous formula of bosonic string theory (equation (4.1) of
[111]) lies in the factor is; + jso + ks; — ij — ik — jk (where the bosonic string has the
universal factor sjsys3 instead). As a result, the ¢ = j = k = 0 term with highest o/ power is
absent in superstring theory. For three gauge bosons s; = 1, for instance, the summation range
7, encompasses (i, j, k) = (0,0,0), (1,0,0), (0,1,0), (0,0,1), and suppression of the first term

ensures the absence of F? interactions occurring on the bosonic string.

One of the most interesting three point vertices is the electromagnetic coupling of spins s,
and sz, i.e. the special case n; = 0 where the first state is set to massless spin s; = 1 with
polarization vector ¢i = ¢,. For identical spins sy = s3 = s at level n = s — 1 we find
~  (2)F a5,

Algr, ¢5,03) = (22/)"72 (n!) kzzom
s(s—k)

o (R = R (¢ kT (00 kTR } : (9.3.87)

20/

{ B(E k) (6 k) (6 k)

and different spins ss, s3 give rise to

min(s2,s3)

s s 1+s2+s
Algro,05) = VI gt 30
k=0

(2/)* 634

(59 — k)! (53 — k)!
X { k(€ ko) (62 - kS27M) (67 - k2 F) 4 %&/_k) £ (62 k) (68 - k)

S9 (83 — k?)
+ 2a/

(6 k) en (68 -kt } . (03.88)
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As a further specialization, the coupling of two massless gauge bosons with polarization vectors

&5, &3 to massive higher spin states ¢ is found to be
S ,n-I—l n w v n—1 " n
A(¢1>92>93) = 2 { 2_0/ & 63 (¢/~w : kz ) + (53 k’l) 13 (Cbu : kz)

+ (Saks) & (P - k3) + (£283) (d)-kg“)}. (9.3.89)

Note that in contrast to heterotic string theories, higher spin fields always decay into lower
spin fields. In the heterotic case at least the BPS higher spin fields are protected from that
decay [141].

9.3.3 Two fermion, one boson coupling

A second class of nonvanishing three point couplings among leading Regge trajectory states
involves two fermions and one boson. This time, all the vertex operators can appear in their
canonical ghost picture. After substituting the "/ ;S b correlators from section and appro-
priately labelling summation indices i, j, k, we find

ni+nz+n —i—j—k §i §J
Ao Xn2+1/2 Xn3+1/2) _ vV 227 2 : ni! (ng — ! (ng — ! (2a/)~" k512 &13 553
15 X2 s X3 V2 z‘jkezfi!j!k!(sl_i_j)!<n2_i_k)!<n3_j_k)!

e (51 == ) 60 ) (7720 (0% 21 K
a2’ (& k3 ) (KR ) (Ka)a” (s KTY)
— i 20 (6 KT (R ) () (g kY
- k(s == D) 6 KT W) (et (Y L 0300
with shorthand (})." = k" (aue)ai’ and summation range
I, = {z‘,j,keNo DS —i— >0, ne—i—k>0, n3—j—k20} . (9.3.91)

Let us explicitly display the electromagnetic coupling with §, = ¢, to higher spin fermions,

firstly at coinciding mass level n, = ng = n:

/)" 2w o')F ok
A(ghxg—kl/Q’XgH/?) - (2\/5) [(n— 1)!} Z%

x {n2 (K7 x3) &’ (- K1 7%) = @k (k5™ x8) (o £ s )a” (X~ K7 )

b= R (750 () = (43 (! (k) |
(9.3.92)
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For different fermion spins s, < s3, on the other hand,

a+ng na N—k sk
no+1/2 _ns+1/2 2/ (2a/) 7" d55
- (Dl — 1Y
A(g X2 » X3 ) \/5 (nQ ) (7’L3 ) e k! (n2 _ k)' (TL3 — k’)‘

- {"2 ns (K575 x8) £ (Xgp - K1°7%) — o R (B5 " X§) (Mo £ Hs)a” (X - K72 7F)
no—k a ny—k—1
+ n2 (ng — k) (k37" - X3) %311 (X3ub ki )"
1 no—k—1 a b= . na—k
= (e = (g B (K | (93.93)

Another interesting special case is one massless Weyl fermion of spin sy = % whose wave function

u® satisfies the massless Dirac equation u® f_; = 0 with respect to its momentum:

/1+n3 min(ni+1,n3) N—j 5i
Ay = ey B
V2 = JH s =) s =)

g {"3 (51— ) (G- k5 ) (0% €)a (Xap - K 77) + 5207 (@ k57 )u s (g - KT j>}

(9.3.94)

As explained in subsection two fermion amplitudes involving leading Regge trajectory
states are independent on the superstring compactification and the number of spacetime di-

mensions, just like parton amplitudes involving two quarks.

9.3.4 Three massless bosons, one higher spin boson

The four boson amplitude with one higher spin state from the leading Regge trajectory requires
an equally simple input from the RNS CFT of the ¢* fields, regardsless on the spin. The
nontrivial contributions come from the i0X* correlators (B.4.66|), the result for n > 1 is

"4‘(917927937 n+1) = 2/ (_1)71_1

n—2

{ 71(40/2 1) RS (nl—)Q) [0 kY (k)" 2 P] B(s + 1+ p,u+n—1—p)

3’8
O

1—-t

e () [cﬁ’w’\ Ky (—kg)"’p] B(s+1+4+pu+n+1-—p)

p=0

+ [(51 ko) (€ k1) ks — (81 €) (k) kpky + (£767) (€ k) ks — (€3 42) (&1 ks) 1 ks
+ (Eka) (k1) §u ky — (E2ka) (' ks) Gk + (€767) (€ ka) by by — (61€%) (€% Ru) Ky ke

t t
+ 55 @GR - S E@OER + 55 (Eh)EE - o (€ h)EE
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n—

1
X ("51) [¢" - kY (—ks)" ' P] B(s+ 14 p,u+n —p)
0

3

+ [(51 ks) (k1) Euky — (81€°) (€ k) kuky + (£267) (€ ko) Kk — (€%ks) (&1 k2) ks

+ (k) (R &k — (k) (k) k) + (£767) (E ko) ky k) — (£16°) (k) ki Ky

P (ERIEE - L (EREE + o5 €O — 5o (€ @)ER

20/

[y

n—

X ("5 [ kS ky TP B(s,u+ 1+ p)

+ [(52 ki) (€ k) €k — (8167) (E k) by ki, + (167) (k) bk, — (E341) (€ hs) ks,

3
o

+ (E k) (& k) Gk — (8 ha) (k) Ep ke, + (E€7) (& ha) by ky — (£267) (€ ko) oy By

t
oy ERGE - 5L ERGE - 5 @GR + 55 @Gk

—_

x Y (") [0 (=ks)? (—ka)" " P] B(s +1n — p,u) } . (9.3.95)

S

3
I
o

This pattern of Beta functions has already been observed in [272] in the context of tachyon

scattering with one massive leading trajectory state on the bosonic string. The organization
scheme is guided by the n =1 result (9.2.45)).

Any beta function B(s + p,u + q) with integers p, ¢ € Z can be reduced to V; by factoring

out quotients of gamma functions

y(z,n) = %__g - % [ (—z + §) (9.3.96)
j=0

which already appeared as residue of V; at massive poles in . In agreement with ,
the four point amplitude at total mass level n contains a prefactor V; Z;ll (t + k)~' which is
specific to the ordering (1,2,3,4) of the external legs and a totally antisymmetric kinematic
factor Ay under rearrangement (1,2, 3) — (2,3, 1) of the three gluons (although this symmetry
is not immediately obvious in the term ~ 5; €23 ¢#A). Moreover, exchange of two massless
states £ < &7 yields the n dependent sign (—)™ in this color stripped amplitude to compensate
for the (—)" in the color factor Tr{T“T*T*T* + (—1)"T*TT*T*} and preserve the

bosonic statistics of gluons.
n+2

50" (n— 1)1V,
"4 » 92, 93, pH =
e 017 I+ R)
n—2
n _9_
(e Satcs L n 2P Qa9 K (k]

p=0
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n

S y(—u—1p)A(—t = 1n = p) (€ €) € [¢0" - K (—k)"]
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2a/ s

n
20’ t
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20’ u
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20/
+ () (E k) ki k) — (Eks) (M k) Enky 4+ (2 ka) (E2R1) €L Ky

— (Eh) (R ER + (€€ (E )R — (£6) (€ k) K2 K ]
n—1

+ % > A=s=1p)y(-u—Ln—1—p)[¢" K (—ks)" 7] [2%, (k)€ 8

p=0
n

— 55 (E k)& + (Eha) (€ k) kD — (€67) (€ ks) ki k7

20/

+ (£ ) (E k) bk, — (& k) (€ h) RS + (67 ka) (€1 k) § ke

— (R (€ R LR + (€€ (E M) KRS — (€1€%) (€ hy) KL K2 ]
n—1

+ = > =t=1p)y(=s = Ln—1—p) [¢" - K (=hks)" 7] [% (6% k3) €, 6

p=0
— 5 ER)EE + (ER)(ERIGE — (€6)(E k) bk,
(€ (@R kLR — (k) (€ hs) ELRL + (€ k) (6 ka) 2]
S ERERER - @EERER - @RI | 039

Note that at n = 1, this reproduces ((9.2.45) for decay of spin two into three gluons.

9.3.5 Two massless bosons, one massless and one higher spin fermion

The next four point amplitude of interest involves two fermions of spin 1/2 and n + 1/2,
respectively. Its evaluation requires the correlation function (6.6.99)) of the w“gﬁai)Si’ operator
in the massive fermion’s vertex operator ((9.3.82):

/—2a/n+1
-’4 ) 7)\ ) oz = -1 nl
(91 g2, A3, X4 ) \/5 ( )
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15
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Expressing the Beta functions in terms of V; admits to extract the universal part of this sub-
amplitude:

V2ot (n—1)V,

A , ’>\ ’ n+1/2 —
B ) (Y

p=0
+ % Y(=s—Lp)y(—t —1,n—1—p) [Xu (—ko)P k577 [— 21( ug?) &l
p=0
+ (ks) (W) K — (Eks) (uh)* e + = (uhe &4 % uke & k)" 51]
S s L) Lo L p) [ (k)] [— o gye

FER) PR — (R kI + o kPR — 5 g ) ]
b At LA L 1= p) [ (kPR
(€ 0) () R — (6 k) (w )R + (€ ko) (i) €
S @Rk - @AW - @Ak ] ©30)

For n = 1, this reduces to the spin s = % coupling (9.2.53)) to a massless fermion and two gluons.
This amplitude shares the (—)™ eigenvalue under exchange of the massless bosons ¢! « £2 with

the previous example.
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9.3.6 One massless and one higher spin boson, two massless fermions

This subsection presents another two fermion, two boson amplitude, this time we include a
mass level n boson and keep both fermions massless. The correlators are straightforward, and
some ¢ matrix algebra helps to reduce the number of distinct kinematics to the following:

~ » 20/1—&-1 )
A(X, g2, A3, O = —— (1)
( 15,92, A3, Py ) \/5 ( )

{ [% (uy 0" ig) € — (uy ot as) kY (Eky) + (K5 &N — k3 €") (uy 0y Us) k;}

3

1
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3
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S 3
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hS]

(9.3.100)

The usual rearrangement of the Beta function leads to
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representing the higher spin extension of (9.2.48)).

9.3.7 Three massless fermions, one higher spin fermion in D = 10

The last four point coupling of interest involves four fermions one of which is massive with

spin s = n + % on the leading Regge trajectory. As explained in subsection four fermi
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amplitudes require specification of the spacetime dimension and the type of fermion, so let us

discuss the D = 10 dimensional case with four adjoint gauginos here:

1
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Like in the previous examples, we reduce the beta functions to V; and find manifest cyclic
symmetry in the labels (1,2, 3) of the massless Weyl fermions and (—)"~! parity under exchange

of 1 — 2:
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Let us display the spin 3/2 case explicitly because subsection only gives the D = 4 result:

/ 1 .
A()\ly)\Qa)\:i) 3/2)D 0= \/EW{ (Ul’}/ u2) [(Ug %4X’m) - (u37mXp) k;]
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+ %(U?ﬁmul) (ug faxm) — (uaym XP) KL | + %(U27mus) [(Ul Kixm) — (u19mXP) kﬂ}
(9.3.104)

Four point amplitudes with several massive states are under current research [113].
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Chapter 10
Basics of the Pure Spinor formalism

In this chapter, we will introduce the pure spinor approach to superstring theory, an alternative
organization scheme of the worldsheet degrees of freedom. In the 90’s of the last century,
two different prescriptions for the computation of scattering amplitudes have been available,
encompassed in the RNS and the Green Schwarz [273,274,275] formalisms. Beyond these
traditional approaches, the so-called pure spinor formalism has been invented at the beginning
of the new millennium [276], see |277,278] for reviews. It was inspired by a U(5) covariant
quantization of the superstring which is related to the RNS formalism by field redefinitions and

manifestly preserves six out of sixteen spacetime supercharges [279].

As a big advantage over its RNS- and GS relatives, the pure spinor formalism gives rise
to manifestly Lorentz covariant and supersymmetric scattering amplitudes. Also, it allows to

compute superstring amplitudes in string theories with non-trivial background e.g. warped

setups or Ramond-Ramond fluxes like in AdSs x S° [280,281].

Many superstring amplitudes computed so far in the pure spinor formalism [282] turned out
to be easier to obtain than with RNS method. A sounding example of this are the massless four-
point amplitudes at two-loops: compare the RNS computation in [188,189}/190,191,/192}/193,(194]
versus the ten-pages-long computation using pure spinors [283}284]. Results were shown to be
equivalent for any loop amplitude computed so far, see e.g. [285],286,287] and most notably [288]

for the five point one loop amplitude. The general tree level proof can be found in [289].

Scattering of the massless gauge multiplet is described in the language of ten dimensional
super Yang Mills theory [134,/135], see section When I started to apply pure spinor
methods to the massless SYM multiplet, tree and one-loop amplitudes had been computed to
five leg order [288,290]. About one third of my research activity was devoted to extending the

tree level results to a higher number of external legs and to a better understanding in terms

275
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of field theory diagrams (as pioneered in [291]). The results of my publications [7,8,9,/11] on
these topics will be presented in the following chapters [11} [12] and [I3]

Massive Regge excitations and their couplings have hardly been explored in the pure spinor
framework [2921293],294], a lot of work has to be done to construct higher spin multiplets and
to obtain massive state amplitudes in superfield language. So far, the equivalence to the RNS
formalism was shown for massless states only, and it would be very interesting to compare pure
spinor results on massive scattering with RNS computations such as [2,[269]. These issues are

beyond the scope of this work.

In its present formulation, the pure spinor formalism is applicable in ten spacetime dimen-
sions with N/ = 1 spacetime supersymmetry only. Of course, the final result for scattering
amplitudes can be translated into those for N' =4 SYM in D = 4 by dimensional reduction.
Therefore the main results presented in this work can still be recycled for compactifications of

any dimension, as explained in chapter [§]

Four dimensional superstring theories which preserve at least N' = 1 spacetime supersymme-
try can be approached in a manifestly super Poincaré invariant way by means of the so-called
hybrid formalism [295,296,297|. The latter is based on some non-trivial field redefinitions,
which replace the interacting RNS fields ¥*, S, Sb by a new set of free worldsheet fields which
closely resemble the pure spinor worldsheet degrees of freedom. It is related to the twistor-like

GS description by gauge-fixing six of the eight fermionic worldsheet invariances.

The present chapter gives a very brief introduction to the basic concepts of the pure spinor
formalism. It does not aim to provide an equally detailed account as the first chapters
and [3| on the RNS framework. We just work out the prerequisites necessary to perform tree
level computations for scattering of massless states. More extensive explanations can be found

in [277.282].

Note that a modified set of conventions is used in the following chapters, see appendix [A.2]

10.1 Worldsheet CFT of the pure spinor formalism

In this section, we introduce the worldsheet degrees of freedom for the pure spinor formalism.
We will argue that the matter- and ghost sectors give rise to the same central charge and to

the same level of the Lorentz current algebra as we had it in the RNS CFT.
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10.1.1 Matter fields of the pure spinor CFT

The worldsheet variables of the pure spinor formalism are very close to the GS approach: The
embedding coordinates X are accompanied by a SO(1,9) spacetime spinor variable ¢ rather
than a worldsheet spinor ™. More precisely, % is a right handed Majorana Weyl spinor with
16 real components. As proposed by Warren Siegel [298], the conjugate momenta p,, for 6% are
treated as additional free variables. This idea was invented to cure the problems in quantizing
the GS superstring. The matter degrees of freedom in the pure spinor formalism are described

by Siegel’s modification to the GS action:

1 1 ~ _ _a
SX.p) = o [d% {iaxmaxm + pa 00 + pﬁaeﬂ} (10.1.1)

Depending on the SO(1,9) chirality of the right moving spinors (]35,, 9_3) € {(135, 0°%), (p°, 9_5)},
(10.1.1)) gives rise to type IIA or type IIB closed superstring theory. Since we are interested in
open string scattering in this work, we won’t follow this issue any further and ignore the right

movers from now on.

The action ((10.1.1)) is invariant under spacetime supersymmetry transformations

1
X" = S0, 60t = (10.1.2)
1 1
OpPa = —éaXm NY™)a + g(mme) (00~4™)q (10.1.3)

genenerated by the charge

d 1
Qo = f—z {pa + = s 0° 0X, +

2mi 2 = (7" 6)a (67 89)} : (10.1.4)

24

contracted with a spinorial parameter n®. Hence it makes sense to introduce supersymmetric

versions [I"™ and d,, of the original variables 0X™ and p,:

o = oX™ + %(07’"80) (10.1.5)
do = Po — % ((9Xm + i(&y”%?@)) (Ym )a (10.1.6)

The latter also appears in the Green Schwarz formalism as a fermionic constraint d, = 0.

The action ((10.1.1]) defines a CFT governed by the energy momentum tensor

1
T = —gU"M, — do 06" (10.1.7)

It identifies 0X™ II"™, p, and d, as h = 1 primary fields subject to the following OPEs:

() I (w)  ~ T L IMR) e (w) ~ — K

eF X (w
(z — w)? zZ—w (w) +
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P 58
da(Z) Qﬁ(w) ~ B _aw + ... , da(Z) aéﬁ(w) ~ m + ... (1018)
1L, m
do(2) dg(w) ~ % + ..., do(2) IT™(w) % +

These OPEs determine the central charge of each II"™ component and p,, 0% pair to be ¢(IT) = 1
and c(p,0) = —2, respectively. In ten spacetime dimensions, the overall central charge of the

matter sector is then found to be
Cmat — 10 - C(H) + 16 - C(p, 0) = 10 — 32 = —-22. (1019)

One can construct SO(1,9) Lorentz currents by means of the standard Noether procedure,

mn 1 mn
e = E(pfy 0) , (10.1.10)

but the OPEs (10.1.8)) imply that the level of the associated current algebra is k,¢ = 4 rather
than the RNS value kgng = 1 following from the currents Xi%g = ™™

mn rs 2 nr[n Zm]s( ) 2 775[” Em]r(w) nmEnt — gt
EP,@ (Z) Zp,e(w) ~  —w + 4 (Z — w)g + .
(10.1.11)
mn rs 2,’77"[71 Zm]s ( ) —_ 2’[7 [ E }T ( ) T]ms ,r]TLT' o nm’r ,r]'n,s
Yrns(2) Ypns(w)  ~ T RNS + ap Lo
(10.1.12)

A necessary requirement for equivalent scattering amplitudes in the RNS- and pure spinor
formalisms is having identical singularity structures among the symmetry generators. On these
grounds, we expect additional contributions to the level of the pure spinor current algebra

which compensate for the mismatch kgrns # kp 0.

10.1.2 Ghost fields of the pure spinor CFT

One of the essential ingredients of the pure spinor formalism is its BRST charge

Q = 7{2 A (2) do(2) (10.1.13)

21

with A\* denoting a bosonic SO(1,9) Weyl spinor. It must be a ghost variable because it obeys
the wrong statistics for a spinor. So far, the BRST operator (10.1.13)) could not be derived
by gauge fixing a more symmetric theory, see [299] for recent work. One can regard @) as an

additional input to the formalism.
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According to the d,(z)dz(w) OPE (10.1.8), nilpotency of () imposes an algebraic constraint

on the spinor variable \“:
Q> =0 = XN =0 (10.1.14)

This equation is responsible for the name “pure spinor” formalism: A pure spinor in D dimen-

sions is defined to be a Weyl spinor A* which satisfies (10.1.14]) for m =0,1,..., D — 1.

The most convenient way of counting the number of independent pure spinor solutions
breaks the SO(1,9) Lorentz symmetry down to its SU(5) subgroup [282]. It turns out that
(10.1.14)) contains D/2 = 5 independent constraints rather than D = 10 as suggestes by naive
component counting m = 0,1,...,9. Hence, the bosonic ghost A* has eleven degrees of freedom

which respect the pure spinor constraint.

In contrast to its RNS counterpart, the pure spinor formalism introduces ghost fields in
nontrivial representations of SO(1,9). Hence, they also give rise to a Lorentz current N™"

characterized by the following OPEs:

(y™")*5 A (w)

N™"(z) \* 10.1.15
@) ~ gl (10.1.15)

2 rn Nm]s -9 s[n Nm}r ms . nr __ M1 . ns

N () N (1) n (w) — 27 (w) o n™n "t
z—w (z —w)?

(10.1.16)
The level ky, = —3 of the ghost current algebra cannot be computed in SO(1,9) covariant

fashion. The maximally covariant way makes use of SU(5) variables. The double pole in the

ghost current OPE combines with that of the matter current to give overall level
kit = ken + kpyp = =3 +4 = +1 (10.1.17)

to the total Lorentz currents 7% + N™". This ties in with the level krng = 1 of the RNS

p,0
currents ™",

The construction of the ghost currents and the derivation of their algebra is only possible
in the SU(5) decomposition of the A* degrees of freedom. The same is true for the energy
momentum tensor. A careful U(5) analysis shows that each ghost degree of freedom contributes
¢(A) = 42 to the central charge of the ghost sector such that we are left with a vanishing total

central charge:
Cgh = 11-¢(A) = 422 = —Cpat = Ciot = Cmat + Con = 0 (10.1.18)

The full pure spinor CFT with both matter- and ghost degrees of freedom has therefore passed

two important consistency tests: The level of the overall SO(1,9) current algebra adds up to
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the RNS value ki, = krns = 1, and the central charges of the matter- and ghost sectors are

just opposite such that the conformal anomaly vanishes.

10.2 Superfield formulation of N =1 SYM in D = 10

The aim of this section is the introduction of a supersymmetric vertex operator for the massless
open string states, i.e. the N' = 1 SYM multiplet in ten spacetime dimensions. The gluon-
and gluino degrees of freedom will be packaged into superfields A(X, ), functions living on the
superspace which is spanned by the ten spacetime coordinates X™ and associated Grassmann-
odd spinor variables #*. The latter transform as a right handed Majorana Weyl spinor of
SO(1,9). A more general introduction to superspace methods can be found in 300,301,302,
303,1304].

The original references for ten dimensional SYM are [134,/135]. It was discovered in later

work [305] that pure spinors are useful for implementing the on-shell constraints.

10.2.1 The superfield content

The usual starting point in defining a gauge theory is the introduction of covariant derivatives.
Since the gauge theory in question is supposed to be defined on superspace, there exist derivative
both in the spacetime directions (i.e. with respect to X™) and in the direction of the Grassmann
odd coordinates 6“. The canonical differential operator for the latter is slightly modified to

ensure the right superalgebra

0

1
D, = — —
a0« T 2

(V" 0)a0m = {Da,Dg} = 7250m . (10.2.19)
The covariant derivatives in X™ and 6 directions then involve gauge (super-)fields (A™, A, ):
Vi = 0n + An(X,0), Vo = D, + Au(X,0) (10.2.20)

Any physical observable of N'=1 SYM has to be invariant under the gauge transformation
Aw = Ap + 0.9, Ay = A, + DO (10.2.21)

with some superfield parameter (X, 6).

The linearized equations of motion for free gauge fields are derived by the requirement that

the supercovariant derivatives V,,, V,, satisfy the same superalgebra as 9,,, D, derivatives,

(Va, Vsl = Y%V = DuAy + DgAa = A, (10.2.22)
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discarding the nonlinear piece {A,, Az} since we are interested in the free theory and introduce
the interactions by perturbative computations. In D = 10, a symmetric bispinor D, Ag) has a
one-form- and a five-form component, and can be rephrased as the vanishing of the
five form 7%%WDO¢A/@ = 0. If this construction was carried out in lower dimensions D < 10,
it would not eliminate any p form component from D, Ag), i.e. it would not put the fields on

shell.

The on-shell constraint admits to express the vector superfield A,, in terms of its spinorial

relative A, and to thereby identify it as an auxiliary superfield:
1
A, = = 0 Dy Ag (10.2.23)
More formally, the unwanted degrees of freedom due to A,, are eliminated by a set of gauge
invariant constraints on the superspace curvature.

The simplest gauge invariant quantities one can construct in this setting are field strengths,
i.e. generalized curls in superspace. By antisymmetrizing either two spacetime components or

one spacetime- and one Grassmann odd component of the (A,,, A,) Jacobi matrix, we obtain

1
we = 5 P (DgA™ — O™ Ap) (10.2.24)
Fon = OnAn — OnAp . (10.2.25)

Bianchi identities for the V,, and V, operators yield expressions for the fermionic derivatives

of all the superfields:

DoAy = (ymaW)a + OnA, (10.2.26)
1

D WP = Z(7”"0")aﬁfmn (10.2.27)

DoFpin = 2k (g W)a (10.2.28)

They will be important on-shell constraints for the construction of vertex operators in the

BRST cohomology.

In order to reproduce the equations of motions for the gluon- and gluino components of the
superfields, let us act on (10.2.27) with D., and symmetrize in the («, ) indices. Taking the 5%

trace then yields a massless Dirac equation for the W field strength,
Vol 0 WP = 0. (10.2.29)

The equations of motion for the vector superfield A,, follow from ~57 D, action on (|10.2.29)

together with (10.2.27)),
O"Fon = 0. (10.2.30)
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This already suggests to identify the gluon and gluino with the lowest theta components of A4,,
and W%, respectively.

10.2.2 Theta expansions

The Grassmann odd nature of the spinorial superspace coordinates 8% makes any power series
expansion in the latter terminate at the finite order O(6'%). The expansion coefficient at each

order O(6%) is a spacetime function ®(X).

For the purpose of 6 expanding the N' =1 SYM superfields (A, A, W, Frn), the equa-

tions of motion (10.2.22)) and (10.2.27) give recursion relations between the coefficient ®(X)

at neighboring 6 orders. They become particularly simple if we enforce 6%A,(X,6) = 0 by an
appropriate choice of the gauge parameter €2 in ((10.2.21)). This gauge can be viewed as the

supersymmetric analogue of choosing normal coordinates.

The solutions to the equations of motion can be parametrized by the gluon polarization
vector &, and a gluino wave function u®. Once the X dependence is organized into plane

waves with momentum £k,,, the first terms of the superfields’ 8 expansion are determined as

follows [306,307]:

1

m 1
4.0 = ¢ L G0 = L@ 070~ 15 (030a 077 0)

1 1
+ @ (’Ym e)a kn (u T 9) (9 'anp 9) + % (’7m 9)04 k" (9 Ymrs 9) (9 ,yqu 9) k[p gq] + 0(96) }

) 1 1
An(X,0) = % {sm —(w0) — 3 00 E oy (07,790) (0, 0)

1 1
b g5 b O™ Ok (69,7 6)6 = o0 Ko (69" 6) Ky (02,7 8) 07,10 + O(F) }

We(x.6) - e”{u — 5 & G0+ (7 0)7 (w0 0) (10.2.31)

1 1
+ By ke (Y™ 0)* (07" 0) kip & — 9 (™" 0)* ki (0727 0) ke (w v, 0)

~ g5 OOk 02710) (09, 0) s+ O |

. 1
Fom(X,0) = ¥ {Zk[mfn] — 2kpn (uyny 0) — Ek[pgq} K (072 0)
1

- 48

K (070" 0) kop (v, 0) +

1
240

k[m (9 ’)/n} K 9) kt kq (6‘ prqT 9) 57”

=

K (079 0) ke (07,7 0) kg (07, u) + O(6°) }
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We will argue in the later subsection [10.3.3| that expanding up to order O(6°) is sufficient
for extracting superfield components from supersymmetric tree amplitudes. More compact

expressions for (10.2.31]) can be found in [308] in terms of formal power seriesﬂ e.g.
A, = ¥ {(cosh \/E)mq & + (%)mq (07, u) } (10.2.32)
1
On® = =5 ka(67m™9) . (10.2.33)

Note that the 0 expansions (10.2.31]) have an alternating structure with respect to the gluon and
the gluino: The Grassmann odd superfields A, and W involve the gluon polarization along
with odd powers of # and the gluino wave functions with even 6 powers. Bosonic superfields

Ay Fn follow the opposite pattern.

10.2.3 Vertex operators for the SYM multiplet

We have introduced superfields describing the degrees of freedom of the massless gauge mul-
tiplet. This paves the way to writing down supersymmetric vertex operators. Just like in the
RNS framework, each physical state must have a representative of conformal weight h = 0 and

one of h =1 in the worldsheet CFT of the pure spinor formalism.

In the following, we will think of the SYM superfields as worldsheet functions,
depending on z through the superspace variables, e.g. Aq(2) = Ao (X™(2),0(z)). From the
OPEs do(2)0°(w) ~ 6%(z — w)~! and TI™(2)ek X (w) ~ —k™ekX (w)(2 — w) ™!, we can infer the
action of II" and d,, on a generic superfield V € {A,, A, W, Foun b

)y, da(e) V() ~

Z—Ww Z—Ww

I"(z) V(w) ~ D, V(w) (10.2.34)

We have argued in subsection that the h = 1 RNS open string vertex operators at (b, ¢)
ghost number zero must be integrated over the worldsheet boundary and can be mapped to
their position fixed h = 0 analogue by adjoining a ¢ ghost of conformal weight —1. This suggests
to construct the massless pure spinor vertex operator from the A* ghost and to combine it with
an h = 0 superfield such that the overall vertex lies in the cohomology of the BRST operator
Q= 59 %)\O‘da. The only possible choice involves the spinorial SYM superfield A,:

Vo= A"AL(X,0) (10.2.35)

Recall that all of A*, X™ and #“ depend on the worldsheet position z. By combining the SYM
equation of motion (|10.2.22)) with the d, action (10.2.34]) on superfields, we can check that the

'Functions of an operator O should be understood in terms of their Taylor expansion, i.e. coshvVO =

1+0/2+0?%/24+ ... and sinhvVO/VO =1+ 0/6 + 0?/120 + . ..
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vertex operator A*A, is BRST closed:

QV(w) = fdz Ao yo) Dads(w) - %AaﬁﬁAﬁAm = 0 (10.2.36)

271 Z—w

The last step makes use of the pure spinor constraint (Ay™\) = 0 for the \* ghost.

A bit more work is required to obtain the integrated h = 1 version U of this vertex operator.
The pure spinor CFT offers four conformal primaries 90%, 11", d,, N™" of unit weight which
might enter the integrated vertex U. Determining the superfield admixtures is guided by the
requirement that QU = 9V such that the integral over U(z) is in the BRST cohomology. An
analogous relation QprstV = 9(cV) holds in the RNS formalism, see . The unique
solution to these requirements is

1
U = 90" Aa + I" Ay + daW* 4 5 N™ Fpy (10.2.37)

Checking QU = 9V first of all involves various OPEs,

Q00" A,) = ON*A, — 00°N° DgA,
QUIMAp) = (A" 00) Ay + 1™ A" Do Apy (10.2.38)
Q(d, W) = —AY"W)II,, — dzg\* D,W"

Q(N™ Fpp) = 1(7“”%)%1&35% + N™ X Do Foun

2

then the SYM equations of motion D, {Ag, A, W¥, F,.,.,} complete the proof:

QU = 0X"A, + X\ (00° DgA, + IM0,A,) = (A" A,) (10.2.39)

10.3 Tree level amplitudes in the pure spinor formalism

The prescription to compute tree amplitudes in the pure spinor formalism corresponds to the
RNS formula — with the additional simplification that we don’t have to take superghosts
into account now. The pure spinor part of this work focuses on massless states, so the vertex
operators V and U can already be specified to and creating states of the
N =1 SYM multiplet:

n—2 1

Al,2,...,n) ~ <v1(0) 1T / dz; U;(2j) Va1 (1) Vi (o) > (10.3.40)
As explained in subsection the disk topology of a tree level open string worldsheet gives

rise to the conformal Killing group SL(2,R). Therefore, we can fix three vertex positions
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(21, 2n—1,2n) = (0,1,00) on the real axis and insert unintegrated vertices V; at these points.
The remaining positions zs, ..., z,_» are integrated over segments of the real axis such that the

ordering z; < 2z < ... < 2,9 < 2,1 of the color stripped amplitude in question is preserved.

In this section, we will explain the general methods for evaluating the CFT correlator in
, paying particular attention to the zero modes. Later subsections and
provide consistency checks for our setup: We prove that the amplitude prescription
is independent on the assignment of V; and U; vertices and that its superfield components

reproduce the RNS results.

10.3.1 Integrating out nonzero modes

The conformal h = 1 primaries 00%, 11", d,, N™ occurring in the correlator have
no zero modes at tree level. This enormously simplifies the computation of their tree level
correlation functions. We can apply Wick’s theorem just like in appendix and replace
each primary by the sum over its singularities with the other fields present in the correlation

function. A first example for this is the II"(z) field with =% action on a plane wave e*¥ (w)

and hence any superfield V € {A,, A, W, Fon }:

<Hm(z) 11 vj(wj)> - > ffmwe <H Vi (w;) > (10.3.41)
/=1

Jj=1 J=1

Similarly, we have found d, to act as a covariant derivative in ((10.2.34)):

<da(z) JJRZ) > = > . _1w£ <Davg<w@) H Vi (w;) > (10.3.42)

j=1 =1

2t
The ghost current N™" gives rise to a single pole when approaching A®, so it has a nontrivial

action on the (anticommuting) unintegrated vertex

<Npq(z) H AV Aéj (w;) > = % . _1w€ < (AAPT) Af;e(wg) H (—1)7 \% Aij(wj) > :

(10.3.43)

If multiple h = 1 fields are present in correlators, then these mutual singularities have to be
summed analogously to and . According to the OPEs , the I and
d, become singular when they approach the 11", d, and 00 primaries. The 9% term of the
integrated vertex is nonsingular with respect to h = 0 superfields V, but it can feel
the presence of other d,. Finally, the N™" produce the singularities of the ghost current OPE
(10.1.16) when approaching the 3 NP7F,, part of another integrated vertex.
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These situations require at least two integrated vertices, so they do not occur in the com-
putation of tree level amplitudes with n < 5 legs. In fact, we will argue in the later section [12.1

that even at n > 5, one can circumvent the explicit computation of U;(z;)U;(#;) singularities.

The simplicity of the correlation functions ((10.3.41)) to ((10.3.43]) needs to be contrasted with

RNS computations. The worldsheet interactions of NS fermions ¢ with their spin fields S,

pose a nontrivial challenge to compute their correlation functions, see chapter [0

As a sample calculation, let us simplify the correlation function (ViUsV3V,) entering the
four point amplitude A(1,2,3,4) due to (10.3.40). The basic building block in evaluating this
correlator is the single pole in the Vj(z1)Us(z2) OPE:

V)" A% ()~ = (RN AL ) = = = (b ) V)
Vi) daWi(aa) ~ = A" DeALWE () = = — 2 (= Dadl + 9% AL ) WE (1)
_ Zim [Qalyws — AL (W) (10.3.44)
Vi) N;m F2 () ~ — 4;1 Ay ALFR () = —iASX(QW;“)(zl)

The terms proportional to (QAL)Wg and —AL (QWS) add up to a BRST exact combination:

Vi(2) Un(z) ~ — [-(k;l.AQ)vl — AL (AT + Q (A WQ)](zl) 4. (10.3.45)

221

Hence, the four point correlator in question is given by

(V1(0) Ua(z2) V(1) Va(o0) )

= ([ OV = AL 00"+ Q) [0V Vi) )
+ 1_122 (VAl0) | = (k- A0) Vs — A3, (A" W2) + Q (A3 Wa) | (1) Vi(o0) ) . (10.3.46)

Note that the contribution ~ zy4 vanishes because the last position zy is fixed to infinity. The

next subsection is devoted to the evaluation of the zero mode correlators in (|10.3.46]).

10.3.2 Zero mode integration

The conformal weight zero variables A* and 0 contain zero modes at tree level which require
particular care in evaluating their correlation functions. Since SL(2,R) invariance on the disk
requires three unintegrated vertex insertions V; = A\*A’, into tree level correlators, the ghost

number is fixed to be three.
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Integrating out the conformal fields 90, 11", d, and NP? leaves us with a power series

fapy(0, 2;) in 0, contracted with the A* ghosts:

n—2 n—2
<v1 11 / dz; U(25) Vi vn> = 1] / dz; (A NPNY fop(0;2)) (10.3.47)
j=2 Jj=2

The specific form of f,g, in terms of SYM superfield follows from the OPE contractions dis-
cussed above. Since the amplitude is made of BRST closed ingredients V and [ dz U, also the

final answer must be BRST closed. This constrains f,g, to satisfy

n—2
1T / dz; X NN N Dy fupy(0;2) = 0. (10.3.48)
j=2

It turns out that among all the occurring #* powers k = 0,1, ..., 16, only 6° yields a consistent

nonzero correlation function:

(N NN fug(0)) = <Aa NN fan(0)] > (10.3.49)
More precisely, the (...) brackets have to be evaluated via
(A" 0) (A" 0) (A" 0) (0 Ymnp0)) = 1. (10.3.50)

This is justified by the fact that the unique element in the BRST cohomology at ghost number
three is proportional to #°. Let us prove that the expression within the (...) bracket indeed

belongs to the BRST cohomology:

e BRST closedness follows from the pure spinor constraint (Ay™\) = 0 and its particular

form (AY™)a(AMym)g = 0.

e Expressions of the form A3 #° cannot be BRST exact ~ Q(\? §°) because one cannot build
a Lorentz scalar from two A* and six #%: The bispinor A*\% = T%(Aym”pq’")\)vgﬁpqr only
has a five-form component and it can be checked using the LiE program [309] that its

tensor product with an antisymmetric six-spinor gler . 9osl does not contain any Lorentz

scalaifdl

e Uniqueness follows from the fact that the tensor product of three A* and five #” contains

one scalar.

21t is essential that the five form is the only SO(1,9) irreducible in a pure bispinor: The vector (Ay™\)y%? is

absent due to the pure spinor constraint, and the three form vanishes because of the antisymmetry fy;”[;”p = W[TZZ]Z) .
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The second remarkable virtue of ((10.3.50]) is its compatibility with spacetime SUSY. Since A\
is invariant and 6 transforms as 06,0 = n® (see (10.1.2) and (10.1.3)), the SUSY variation of

a pure spinor amplitude can only receive a contribution like

Aspsy = T [ s (07 6) (07" 0) 0 6) 0y ) u(20)

n—2
= S Aspsy = [] / dz; 7% Do) (10.3.51)
j=2

for some 6 independent spinor ®,. However, BRST closure (10.3.48|) for the choice f,5, =
(Y"0)a(7"0) 5(770) (0mnp0)0° Ps implies

n—2
11 / dz; XX AP N Dy (10.3.52)
j=2

This forces @, to be a total worldsheet derivative which makes the SUSY variation (|10.3.51)
vanish. Consequently, the zero mode prescription (|10.3.50) firstly belongs to the BRST coho-

mology and secondly preserves spacetime supersymmetry.

Generically, the correlation function (V; H;:ZQ U;V—1V,) gives rise to tensor structures
(NNIXNG% 0% Fop5..5,) which differ from (Ay™6)(My"0)(AP0)(0Yumnpt). But any contrac-
tion of A3 0 is necessarily proportional to because there is no more than one scalar in
the tensor product of three pure spinors \* and five unconstrained #%. So the task in practical
computations is to determine the proportionality constant relating A*A\7g% ... 9% Fopyo,...65
to the normalized cohomology element (/\ymﬁ)(/\7”0)()\71’0)(9%%1)9)@ If the vector indices of
the six gamma matrices are free, for example, then the normalization implies that

(77 0) (A" 0) (AP 6) (0 ) = o 6067 07 (10.3.54)
Luckily, the evaluation of a generic zero mode correlator ()\O‘)\ﬁ A0 g Fogy:5,..05) has been
fully automatized [310] based on FORM [311,312]. The computer program presented in this
reference can extract any superfield component from the superamplitudes which we will compute
in the following chapters. Some technical complications might happen in amplitudes with four
or more fermions — the involved nature of ten dimensional Fierz identities leads to ambiguities
in presenting the final results in terms of the spinor wave functions. For bosonic pure spinor

amplitudes, the program has been checked to reliably reproduce gluon amplitudes known from

RNS computations.

3 A symbolic notation for this algorithm is

o\" a\’ o\ [0 0
NN @)~ () () (P o) (5 gg) fm® . (0353)

but one would never evaluate these 6 derivatives in practice.
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10.3.3 Sample calculation: The three point amplitude in compo-

nents

This subsection shows a sample calculation of zero mode integration with a two—fold purpose.
Firstly, we can see the zero mode integration prescription in action, and secondly, it gives an
example of how a supersymmetric amplitude in pure spinor superspace reproduces component

amplitudes computed in the RNS formalism.

The general formula ((10.3.40)) for pure spinor tree amplitudes contains no integrated vertices

at n = 3 points:

A(1,2,3) = (X AL () NP A3(20) X0 A3(25) )
B - kj-X(z5) ; & k:f’qu’}
= a v X2 _2xm o(m 2N (A0 _47°P pqr
v ]I =5 om0 G om0 S (0), 00
1
+ %ﬂ (Y™ 0)a M (v"0)3 M (77 0), + permutations } >
(10.3.55)
1 m n T
61 Sm Gk € (A" 0) (A" 0) (A3,-6) (04777 6))
1
+ 15 Enus ug (A" 0) (A" 0) (A" 0) (3 0)a (1.6)5)
+ permutations in (1,2, 3) (10.3.56)

At this point, we have to compare the zero mode correlators with ((10.3.50)) and find the missing

proportionality constants:

(9" 6) (A" 6) (A% 6) (097 ) = oo (™ o™ — ") (10.3.57)
(A7 6) (07" 6) A7 6) (3 0)a (3 0)3) = 15520

These zero mode correlators generate the tensor contractions in the component amplitudes:
1
= S {EOE ) + (@ OE R + @R
1

N 2880 {571” (uz ™ uz) + & (uzy™ur) + &, (U17mu2)}
1

2880 {A(gl’g2’g3) + Alg1, A2, A3) + A(A1, 92, A3) + A<>‘17)\27g3)}
(10.3.58)

A(1,2,3)

Apart from RNS normalization factors discussed in subsection we get the sum over
various SUSY multiplet components like the three gluon coupling A(g1, g2, g3) as well as all

permutations of the gaugino gluon vertex A(gy, Ao, A3).
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Performing the above steps becomes an extremely tedious task with increasing number of
legs. Also at four point level, the component expressions for the pure spinor superamplitude
A(1,2,3,4) have been computed by hand in the heroic work of [308]. Fortunately, given its
systematic nature, this procedure is suitable for an automated handling with the computer
program of [310]. The following chapters will therefore no longer pursue the issue of zero mode
integration. The main task for the rest of this work is the computation and simplification of

supersymmetric pure spinor amplitudes.

10.3.4 Independence of A on the (V;,U,) assignment

The purpose of this subsection is to prove along the lines of [289] that the pure spinor tree
amplitude computed via ([10.3.40]) does not depend on the choice of which states are represented
by an SL(2,R) fixed vertex Vj(z;) rather than [ dz; U;(z;). This independence is necessary for

cyclic invariance of a color stripped amplitude.

We will make use of the so-called “cancelled propagator” argument due to [Polchinski 1]
which states that terms with colliding vertex operators V;(z)V;(z) or V;(2)U;(z) identically

vanish. Keeping this in mind, we will now show that

<V1(0) /dZ2 Us(22) 1:[ / dz; Uj(zj)vn—l(l)vn(oo)>
= < /dy Ui (y) Va(0) H / dz; Uj(zj)Vn_l(l)Vn(oo)> (10.3.59)

i.e. that the representation Vi, [ dzig Ui+1 of neighboring states can always be swapped to

[ dz U, Visr. Since QU;(w) = ¢ 22d,(2)U;(w) = OV;(w), we can rewrite the left hand side
0 0
Vi(0) Valoo) = / dy Vi) Valoe) = [ dy @(Uh(w) Valoo) (10.3.60)

using that Vi(co)V,(c0) = 0 on the compactified real axis. As a next step, we deform the
integration contour of the BRST current A“d, such that it encircles all the vertex operators

apart from Uy:

<v1(0) /1d22 Us(2) li[/dzj - an(l)Vn(oo)>
= - </Ody Ui(y) /1d22 Q [U2(Z2) ﬁ /1 dz; Uj(zj)Vn_l(l)Vn(oo)] >

—00 0 zj—1
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= — </Ddy Ui(y) /1d22 5‘/2(22)1j /1de Uj(25) Va1 (1) Vn(00>>

— +< / dy V() Va(0) [ / dz; Uj<zj>vn_1<1>vn<oo>> (10.3.61)

On the way to the third line, terms where () acts on the U; vertices with 3 < j < n —2
were discarded due to cancelling propagator argument: It forces both boundary terms of the

I _dz; OVj(z;) integrals to vanish,

Zj—

CUjza(zi21) (Vi) = Vi(zim1) ) oo V(1) ... = 0. (10.3.62)

QU, = 0V5, on the other hand, yields a nonzero contribution in the last line of (10.3.61f): The
upper integration limit zo = 1 cancels due to V5(1)...V,,_1(1) = 0 whereas the lower one z, = 0

generically does not coincide with the position y of Uy, i.e. Uy(y)V2(0) # 0.

10.3.5 Equivalence to RNS computations

Before making use of the supersymmetric setup of the pure spinor formalism, we should make
sure that the superfield components of its results agrees with RNS computations. At tree level,
this is addressed in [289]. Let us sketch the arguments of this reference why massless RNS

amplitudes with any number of bosons and up to four fermions are reproduced by the pure
spinor precription ([10.3.40)).
In order to make statements about components, it makes sense to extract the bosonic and

fermionic part of the supersymmetric vertex operators V and U. In the gauge §“A, = 0, they

are determined by the 6 expansion ((10.2.31)) and given by

1
Vo = SO0 + 00", Up = & (0X" — ik, M) 4 06
1
Ve = gut (Am) (0" 0ac"™ + 00", Ur = —upac®™ + O@) (10.3.63)

in obvious notation B = boson and F = fermion. The h = 1 primary M,,, = X + N™
encompasses the matter- and ghost contributions to the pure spinor Lorentz current with overall
level kot = 1. At tree level, higher powers of § which are not displayed in ((10.3.63)) only

contribute in presence of at least six fermions.

Now consider the n point pure spinor tree amplitude and truncate the superfields to gauginos

at positions 1,2,n — 1 and n and to gluons otherwise. This component is computed via

n—2
as ) = (i fasi (11 [ vt ) v )
j=3
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= —2l7 <u{f fa(Zl)qu fo(zn-1) uy, f1(2n) /d22 “gp5(22)

(H / dz; &, (OX™ — ik}, M™")( ) I] >

(10.3.64)
with shorthand f, := (A,,0)(7™8), for the h = 0 field in the unintegrated fermion vertex. The

analogous RNS compuation involves four fermion vertices in the canonical —1/2 superghost
picture (3.2.42)) and any gluon vertex in its zero picture (3.2.41]). In the RNS conventions from

earlier parts of this work:

93;--9n—2

/d22 us Sse” ¢/2 (22) (H/dz] 53 (10X™ — kj Mg )( ) H kX (z > (10.3.65)

Integrating out the h = 1 fields from the gluons gives rise to exactly the same OPE singularity

ARNS (Mp2dntdn ) < uS ¢ Sq e () ul e Sze7? (z,_1) Ul S, e ()

structure in both formalisms. This is firstly due to the coinciding levels of the Lorentz current

algebra of M™" and ¥"™" and secondly to the equivalence of pure spinor transformation

(Y"™)o” fa(w) (7"™")a” pa(w)
2(z—w) 2(z—w)

+ ...
(10.3.66)
to their RNS counterpart ¢™"(2)S,(w) ~ (v")o’Ss(w)/(2(z — w)). The dependence of
both amplitudes and on the integrated positions zs,..., z,_o of bosons is

completely determined by these OPEs. So what is left to check is that the correlation functions

M™(2) falw) o, M™(2) pa(w)

of fermion fields agree. On the RNS side, we have

@ m @
(cSue%(z)eSpe s (z0r) 06y 0 8 (20) S8 () = 2210y T Dy o Tuns
2 Zn2 22n-12 2212
(10.3.67)

and the analogoues PS correlator (f,(21)f3(2n-1)f(2n)ps(22)) is found to be proportional to
(10.3.67)) by summing the ps singularities and performing the zero mode integration. Since also

the z5 residues agree in the two formalisms, we have established

APS (Mdzdno1dn ) ARNS (Mdadnoidn ) (10.3.68)

93;--:9n— 93;--9n—2

on the level of four fermions.

The proof of equivalence for amplitudes involving two fermions is based on similar reasoning.

The pure spinor- and RNS prescriptions lead to the following expressions:

1

APS(92%~{:;\:71) = E

< uy fo(21) ug f5(2n) & (AP 0)(20-1)
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<H / dz; &, (0X™ — ikj, M™™)( ) I > (10.3.69)

AR (g 2gr,) ~ < uff ¢ Sa e (z1) u) ¢ Sy e (2,) & ¥ €% (201)

n—2 n
(H [z, tioxm — K, wmfww(zj)) I1 e“ﬂ'X<zl>> (10.3.70)
j=2 =1

Integrating out the gluons at z2o,..., 2, o gives rise to the same OPE structure in both for-
malismsﬂ i.e. all the worldsheet integrals are guaranteed to match. Finally, the remaining

three point functions are proportional to each other:

p
(eSaeH(m)eSye b e ew e () = B2~ {fule) o) (17 0)(zu))
(10.3.72)
The equivalence of purely bosonic amplitudes follows from SUSY Ward identities relating the
boson amplitudes in questions to two fermion amplitudes and which were

shown to agree. The RNS realization of those Ward identities has been worked out in subsection

5.2.4 and the pure spinor generator of spacetime SUSY is given by ((10.3.73]).

dz

1 1
= - ~ Am B - m
e ]{27@ {pa + 5 %0 0Xm + 57 (7" 0)a (9%89)} : (10.3.73)

4For the gluon at z,_;, we need the additional information that the PS Lorentz current M™" reproduces

the OPE of ¢™¢"(z) and 9P (w):

2Pl (Ay™ 9)
Z—Ww

M™(2) (AP 0)(w) (10.3.71)
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Chapter 11

SYM amplitudes in pure spinor

superspace

Equipped with the pure spinor prerequisites from the previous chapter, we will now construct
superfields which capture the kinematics in SYM field theory amplitudes. This chapter gathers
the results of [291] and three of my pubilcations [7,[8}|/11].

As emphasized several times before, the S matrix of maximally supersymmetric SYM theory
(N =1 in D = 10 dimensions which is equivalent to N'= 4 in D = 4 dimensions) emerges as
the o/ — 0 limit of superstring amplitudes involving the massless gauge multiplet. That is why
the pure spinor approach to the superstring provides a setting to describe SYM amplitudes

ASYM in a manifestly supersymmetric fashion.

As explained in section every color ordered tree level amplitude in SYM theories can

be arranged into a sum over cubic diagrams of appropriate color order,

ASM(1 9 ) = ZH"Z' .
~ [, Sou

(11.0.1)

2n—4

Py ) cubic graphs, s,, denote their n — 3 propagators, and

The sum over i encompasses ﬁ (
n; are the associated kinematic BCJ numerators [81]. The latter can be viewed to be dual to
color factors according to subsection [5.5.2] and we will construct them explicitly by pure spinor

methods in the later chapter [13]

On the basis of this representation for the n-point SYM amplitude, it was suggested in
[291] that the BRST cohomology of the pure spinor formalism together with the kinematic
pole structure might be enough to fix the ten-dimensional SYM amplitudes. This approach
bypasses the need to compute the corresponding open superstring amplitude from the general

prescription ((10.3.40) and to take its @’ — 0 limit. In order for the empirical cohomology

295
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method to work, one needs to have explicit mappings between cubic diagrams and pure spinor
superspace expressions, the so-called BRST building blocks. This will be accomplished in
section IT.11

As a next hierarchy level of superfield constituents, the BRST building blocks will be com-
bined to SYM amplitudes with one off-shell leg in section [11.2] These objects were firstly
considered in [237] under the name “currents” in order to derive recursion relations for gluon
scattering at tree level. The pure spinor implementation of these Berende-Giele currents led
to a general recursive method to construct n-point SYM amplitudes in the cohomology of the
BRST operator [§]. We will present the compact result shown in figure for the n point
SYM tree level amplitude in the third section [11.3]

Figure 11.1: Decomposition of the color ordered n point SYM amplitude into Berends-Giele
M;s..; (to be introduced in section (11.2)

So far, the pure spinor formalism as introduced in the the last chapter is applicable in
D = 10 dimensions only. That is why the superamplitudes presented in this chapter describe
ten dimensional ' = 1 SYM. But still, the superfield components of the end result (i.e. after
performing the zero mode integration ((10.3.50|)) can be dimensionally reduced to D = 4 or any

other dimension lower than ten by straightforward methods.

11.1 BRST building blocks

As a good motivating example, let us finish the computation of the four point superstring
amplitude A(1,2,3,4). The CFT correlator was already obtained in by summing over
the OPE residues of V] 3(z13)U2(22). That is why it makes sense to introduce the following
shorthand for the residues:

L21(21)
221

‘/1(21) UQ(ZQ) ~ + ... s L21 = —(]i'lAQ)Vi — A}n ()\’)/mWQ) -+ Q(Al Wg)

(11.1.2)
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The zy integrals over |zp| 57! [1 — 2|7 and |29 7* |1 — 25| 7% yield % and %, respectively,
where V; denotes the Veneziano formfactor from four point superstring scattering, see section

XXX. Hence, the color ordered four point amplitude is given by

SN

1

This result clearly disentangles the superfield kinematics associated with the two color ordered

Feynman diagrams — the s channel and the u channel.

2 3
2 3
s
Vi
A(1,2,3,4) = + u — — (ViLa3Vi)
1 4 u
Vi
— (L1 V3Va)
s 1 4
Moreover, it has two important messages in view of the BRST cohomology:
e BRST exact parts decouple: The usual contour deformation argument for Q) = f %)\O‘da

implies that we can integrate () by parts within correlation functions. This can be used

to show that the last piece Q(A;Ws) of Lg; does not contribute to the amplitude:

(QAIW) V3 V) = — (AiW)Q(V3Vy)) = 0 (11.1.4)

e We can verify by direct computation that the action of the BRST charge () decomposes

the composite superfield Ly into two unintegrated vertex operators
QLyn = s2ViVa. (11.1.5)

This is very helpful for checking BRST closedness of the amplitude (11.1.3)) — the poles
in s = s12 and u = s93 are cancelled by (Q(L;;ViV))) = 5;;(V;V;Vi Vi), so the two terms in
(11.1.3)) give opposite contributions to the amplitude’s BRST variation. Hence, knowledge
of the BRST action trivializes the proof of QA(1,2,3,4) = 0.

Both of these observations are taken seriously in the remainder of this chapter. The former
guides the construction of the so-called BRST building blocks encompassing several superfields,
the latter leads to severe constraints on how these building blocks can be combined to form a

BRST closed SYM amplitude.
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11.1.1 OPE residues

This subsection introduces composite superfields which naturally arise in the CF'T computation
of the superstring amplitude. These OPE residues are the first step towards the so-called BRST

building blocks with diagrammatic interpretation.
As a generalization of V(z;)U;(z;) ~ L;i(2:)/zj; used above, we recursively define

L z
Loy (21) Us(z3) ~ %(1) ) L2131..‘(p71)1(21) Up(2p) >
31 pl

L2131...(p—1)1p1(21)

(11.1.6)
The following OPE identity is very helpful fo the explicit computation of the Laig. pi:

1
A" WEUj() ~ — [F O W) = (k- A) 0" W) + Q(Wiy™ W) | (=)
Ji
(11.1.7)
By performing BRST integration by parts in the last term, one can arrive at the following

expressions at p = 2,3 and p = 4:

Loz = [(kl A Vi + A,ln (Ay™ WQ)] [(lﬁ + k) - A3}
A W) {fgm ATt (k- Ag) AL — (W Wa) } (11.1.9)

Loizin = {[—A}n (A" W) — ‘/l(kl'AQ)} [(/C1+/f2)'143} - ]:inA? (A" W3)
= AL W) (- Ax) + (Wiy™ Wa) (A Wa) J [ O+ b+ k) - Ad
+ (Avszx){(Al'b)A%@[(lf1+/€2)'143} — (Av- Ag) Ky [(k1 + Ka) - As ]

— (A1 ko) (Waym Wa) + (A1~ ko) (Ag- Ag) k), — (Ar- As) (ko - As) Ky,

+ (A1 Ag) (ko k) AD, — (A1 - ko) (As - k3) A2, + F (Wi Wa)

+ (Ay-ks) (ky - Ap) A3 — (Ay - Ag) (ky - AQ) K3+ (Wyym W) (ky - Ap)

+ (Wiym W) [(Br 4 k) - As] — AL, (Ag - ) [(Ry + ko) - As ]

+ 7 (W 7o W) F17 — i(mequng,)f;”q} (11.1.10)

The next residue Lajz1415 is displayed in appendix [E.1.3]

We have discarded the BRST exact term Q(A;Ws) which appeared in the definition ((11.1.2))

of Loy. Similarly, the naive computation of L1z and Loj3141 involves several BRST exact pieces

which are no longer displayed in (11.1.8)) to (11.1.10)) — they were explicitly checked to decouple

from any amplitude up to six points, and the subsequent arguments strongly suggest that this

pattern has to persist at higher points.
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More generally, any Lois1. 1 can be brought into the form
L2131...p1 = - [(/{?1 + kQ 4+ ...+ kp_l) . Ap} L2131m(p,1)1 + ()\ ’Ym Wp) R}.f'"(p_l) (11111)

where the first examples of remainder vector superfield R,lf“'(p - multiplying (AMy"W,,) are

given by Rl = —Al for p=2and R!? = F2 A"+ (k; - Ay) AL — (Wi, W) for p = 3.

An important property of the OPE residues Lgj3;. 1 is their BRST covariance, e.g.:

QLn = spWVs (11.1.12)
QLozi = (s13+823) Lon V3 + s12(La1 Vo + Vi L) (11.1.13)

Q Loiziar = (S14+ 824 +834) Lo1zt Vi + (513 + 803) (Lo1 Lug + Loian V3)
+ 512 (L3141 Va + Lai Laz + Lay Lo + Vi Lspao) (11.1.14)

There is no need to explicitly compute the BRST variation of the SYM superfields on the right
hand side of (11.1.8), (11.1.9) and . Instead, one can obtain ()Lojs1. 1 by directly
applying @) to Lai31...(p—1)1U, before performing OPE contractions . Among the three
terms in QU, = 9V, = (OA*) AL +11™kE V,,4+00*D,V,,, only the (II-k,) part has a singular OPE

with Lois1..(p—1)1, the residue of the single pole being proportional to (S1p+ S2p + - -+ Spr1p)-

This reasoning leads to a recursive method of determining )L2i31..p1 from QLoisi.. (p—1)1:

Q L2131...p1 = zh_)ﬂgl Zpl { (Q L2131...(p—1)1)(21) Up(Zp) - L2131...(p—1)1(21) (H : kp) V};(Zp) }
p—1
= m 2 (Q Latsi.p-11)(21) Up(2) + > sip Lossi.p-1n Vp(z1)  (11.1.15)
P j:l

The first terms evaluates as follows for p = 3:

lim 231 (Q Lo1)(21) Us(23) = s12 lim 23 (V1 V2)(21) Us(23)

23—z21 23—z21

= S12 (L31V2 + ‘/1L32)(21) (11.1.16)

When passing to the second line, Us can contract either V; or V5 which gives rise to L3; and Lso,
respectively. By iterating this procedure, one can quickly obtain the BRST variation of large
building blocks Lais1. 1 beyond , the number of terms in ()Lg131.. 1 being or—1 _ 1,
The Lg131.. 1 themselves, however, must still be computed in the “pedestrian” way by successive

application of (11.1.6)) if we insist on performing zero mode integration.

11.1.2 The BRST building blocks Ti» and T}s3

Succesive OPE contraction of one unintegrated vertex Vi with several integrated ones U; defines

a tower of composite superfields Lgj31. 1 with arbitrary number p of external legs. However, it
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is not clear at this point whether they have any definite symmetry properties under exchange of
labels as required for making contact with cubic diagrams. This subsection focuses on the first
two composites Lo and Loy3; and shows a unique way to redefine them to objects 19 = Lo +. ..

and Ti93 = Lgjz + ... with well-defined symmetries in permuting the labels.

Although the simplest OPE residue Ly = —(k; - Ap)V; — AL (Ay™W3) has no obvious

properties under 1 « 2 exchange, we can still identify its symmetric part as a () variation:
Q(A1-A2) = —La — L (11.1.17)

We have mentioned below that building blocks can be reduced to their BRST cohomo-
logical parts. BRST exact contributions were checked to decouple from superstring amplitudes
up to six points. Following this philosophy, we subtract the BRST trivial symmetric part from
Loy and define the first BRST building block T35 by

T12 = L[21] y Qle = Si12 ‘/1 ‘/2 . (11118)

Shifting Loy by () exact terms does not change its BRST variation. The four point amplitude
(11.1.3) can be written in terms of T;; rather than Lj; because BRST exact terms were explicitly

shown to decouple from A(1,2,3,4), see ({11.1.4):

2 3
2 3
S
1%
A(1,2,3,4) = - u L (V1T V)
1 4 u
v
— (T1aVaVi)
s 1 4

Their clear association with individual diagrams and their antisymmetry in 1 <= 2, suggest to
identify the Tj2/s12 with the tailend of a cubic graph. Action of () removes the propagator and

leaves two isolated external lines

h 512 / 512
1 1

Before performing similar redefinitions of Lsj3;, we have to make sure that its ) variation

reproduces the lower order BRST building blocks 7;; rather than the Ly appearing in ((11.1.13).
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For this purpose, we rewrite Ly = T — %(Ak - A;) on the right hand side and define a new
building block

_ 1
Ties = Lot + 5{312[(141'143)‘/2 — (A2  A3)Vi] + (s13+ s23) (AI-AQ)V;),} (11.1.19)

which satisfies (11.1.13]) with Lj; replaced by T;; on the right hand side:
QTis = (si3+50) T2 Vs + s12(Ti3 Vo + Vi Tis) (11.1.20)

The redefinition of any higher order residue Laj31. 1 also involves some combinations of (A4;-A;)

products, that is why we better introduce a shorthand here:

In contrast to the superfield L;;;; from the OPE contraction of Lj;; with Uy, the new object Tijk

can be combined to the follwing two BRST exact quantities:
T123 + Tglg = Q (D12 [(/{31 -+ ]{32) . A3] ) (11122)
T123 + T312 + T231 - Q (D12 (/{32 . Ag) + D13 (/{31 . Ag) + D23 (/{33 . Al)) (11123)
Hence, subtracting these BRST trivial components yields a new BRST building block
1 - - 1 - - N -
Tios = 3 (Th23 — Tz) + G (T321 — T3z + Thzp — Tos1) (11.1.24)
with symmetry properties that reduce the number of independent 75, from six down to two:
Tz = Thos, Tioz + To31 + 1312 = 0 (11.1.25)

The diagrammatic interpretation of Tio3 is guided by the Mandelstam variables si;o and s193
which appear in its BRST variation. This is necessary for BRST closedness of the overall
amplitude in the end — each term in QA(1,...,n) is supposed to exhibit one pole less than
A(1, ..., n) itself such that different cubic graphs can conspire to yield QA(1,...,n) = 0 in the

end.

Q Tios = s123T12 V3
S123 T123

512 $12 S123
— s12 (T2 Vs + Tog Vi + T35, V)

The two step redefinition Loz — leg — T193 is generic for building blocks of higher rank.
The simplicity of the p = 2 case where Ly = Tm is exceptional. The next subsection explains

the generic pattern for Ly ;1 — TlQ..,p — Tia. .
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11.1.3 Higher rank BRST building blocks

The tower of Lgjsi. 1 was shown in to be covariant under the BRST charge — the
action of @ splits the OPE residues into a sum of two smaller pieces Ly, . i, and L, i 1. ipigsrs
multiplied with some Mandelstam invariant s;, ;.. The construction of BRST closed SYM
amplitudes made of cubic diagrams, on the other hand, requires a redefined tower of composite
superfields Th2., = Loig1.p1 + ... with definite symmetry properties which is also covariant

under @ action in the sense that QT;, ., ~ si,..0,Ti;.i, Ty €8

QT1234 = (81234 - 8123) Tio3 Vy + (8123 - 512) (T12 Ty + Thog V3)
+ s12 (Tisa Vo + Ti3Tog + TiaTos + ViTogy) = QT1234 . (11.1.26)
QTio3as = (S12345 — S1234) Th23a Vs + (S1234 — S123) (Th235 Vi + Th23 Tas)

+ (s123 — s12) (Th245 Vs + Thoa T + Tho5 T34 + Th2Ts45)
+ 12 (Thisas Vo + ViTosas + Tisa Tos + Tiss Toa + Thas Tos
+ T3 Toys + T14Togs + Ths Toz) (11.1.27)

Hence, the first step in redefining the OPE residue L3, 1 is to reexpress all the L;, . ;, within
() L2131..p1 in terms of lower order BRST building blocks T;

1---iq'
Suppose the redefinition of building blocks Ti3. , = Loizi. p1 + ... is know up to order
q = p—1. Then we can replace Lii, iz, ..ijiy = Liyis...i, + - - - o0 the right hand side of Q75131 p1,

and the corrections turn out to add up to a BRST variation:
) () ()
Q Loz1.p1 ~ Z Siy oy Lzzzl dgil Liq+2iq+1...z‘piq+1

J
Zsll I z 7,(q+)1 iy T Q@ Pias (11.1.28)

q

In this schematic notation, the J sum runs over the 2°~! — 1 terms of (QL2131..p1- The ghost
number zero superfield P93, appearing on the right hand side must be subtracted from Lg;

to bring its BRST variation into the desired form:

T123...p = Lozi.p1 — Praz.p, = QT123...p ZSZ;I)ZTT;{] i ,Fq‘?l i (11.1.29)

Hence, the difference T123...p — L1311 depends on all the lower order redefinitions T3, =

Lozt g+ ...withg=1,2,....,p—1.

The symmetry properties of the lower order 7}(1‘.].) , on the right hand side of (11.1.29) allow

.2

to identify p — 1 BRST closed legmp combinations. The fact that composite superfields are
off-shell in the sense that (k; +ka+ ...+ k,)? # 0 implies that the @ cohomology at rank p > 2
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is empty and each @) closed expression is automatically exact. These BRST trivial components
must be subtracted from T~123,.,p, i.e. the final BRST building blocks which constitute SYM-

and superstring amplitudes are obtained by
Tio3.p = T123...p — QSS;?; (11.1.30)

where QSg;_Q; collectively refers to all the BRST exact pieces. The notation with the =2
superscript will become clearer in appendix . The superfields ng) and Sgé of the p =2,3

examples

Ty = T — Q89| Ty = Ty — QS (11.1.31)

have already been given in the previous subsection:

Sty = _%<A1'A2) = —% (11.1.32)
D D D
Sty = 5o (@Rt k) As] 4 T [k — ko) - Ae] + =2 [(hs— ko) ] (11.0.33)

Of course, the subtraction (11.1.30)) of BRST trivial terms does not affect the BRST variation
of Tn_”p. At general rank p, the ) action on building blocks is given by

QTv.p, = Z Z (512..5 — s12.5-1) Tiz.j-1,4a} Tj.(8,\a} (11.1.34)

J=2 a€P(B;)

where V; = T;. Theset 8; = {j+1,j+2,...,n} encompasses the n — j labels to the right of j,
and P(3;) denotes its power set. This explicit formula follows from the recursion ([11.1.15]) for

QLai31...p1 upon replacing Ly ijyi..jpi = Tijija...jp-

To summarize the chain of redefinitions above: Two steps are required to obtain proper
BRST building blocks Ti,., with the necessary symmetry properties to represent cubic dia-

grams,
L21...pl B T12...p = L21...p1 - P12...p B T12...p = Tl?...p - ngf_?- (11-1‘35)

The first part Lo 1 — T 12..p Makes sure that the BRST variation exclusively involves BRST
building blocks of lower order. The second redefinition T 12.p — Th2. ., removes BRST exact

components from the intermediate superfields Tump.

The explicit form of the Ti934 and Tiog4s, in particular the associated P, , and ngj}

corrections, can be found in appendix [E.1}
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11.1.4 Diagrammatic interpretation

We had already given a diagrammatic interpretation for the simplest BRST building blocks
T12 and Thg3 in subsection (11.1.2] This will now be generalized to higher rank Tis ,: This
subsection provides a dictionary between cubic tree level diagrams with arbitrary branchings

and combinations of BRST building blocks T .

The idea of the general dictionary between cubic diagrams and BRST building blocks 715,
is to form combinations of building blocks whose () variation contains the desired propagators
of the graph. We have argued before that the association of a diagram to Tj.3 is guided by
the Mandelstam variables s123 and s15 appearing in its BRST variation. If the propagators
associated with Ty, , are given by the s;, ; appearing in QT2 _,, then the amplitude has a
chance to be BRST closed since each term of QASYM(1,... n) has to vanish at the residue of

the (n — 3) fold poles.

According to (11.1.34)), the BRST variation of 7123, involves p — 1 Mandelstam variables

encompassing an increasing number of momenta,

QTs.p < {12, S123, S1234,- -5 S12..p | - (11.1.36)

This suggests the following dictionary given in figure [11.2;

2 3 4 n

5123 Th23..n...

512 S512..n 5125123 ... S12..n

Figure 11.2: Endpoint of a cubic diagram associated with the BRST building block Ti23. »

But this does not cover diagrams with branches like those shown in figure [11.3}
The search for appropriate BRST building blocks to describe diagrams with branches is again
guided by the s, 4, in their @) variation. BRST action on antisymmetric 7j,;,4,..;, combina-
tions such as Tjy(34 involves a different set of Mandelstam invariants. Some of the variables
{Siyins Siyigiss - -+ Siy.int 0 QT} 4, 4, are then replaced by other s;, ;.. As shown in figure m,
Q(T1234 — Ti243) contains variables sy934, S12 and s34 rather than sjo3 or syo4:

We shall list a few more examples of how antisymmetrizinéﬂ the Tj,;,..;, modifies the Man-

!The notation [i[jk]] means consecutive antisymmetrization of pairs of labels starting from the outmost label,

e.g. Tipwy = 5(Tiw — Tyiws) = 1 (Tigk — Ting — Tivi + Thja)-
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jl j2 jn—2 jn—l

Sj1d2-n ‘ ‘ ‘ Sjn—1jn /

‘ Sj2js...jn

Jn

Figure 11.3: Example of a diagram with branches: Both ... lines should be followed by subdi-

agrams with at least one further cubic vertex.

2 3

Q (T1234 - T1243) = (31234 — S12 — 834) T12 T34 \ S19 S34
+ 512 (Tha2 Vi — T341 Vo) + s34 (Thos Vi — Thaa V3) | 51234 \
1 : 4

Figure 11.4: The simplest diagram with a branch
delstam variables in its BRST variation:

QTil,”ip[jk}rL._Tq «—— s instead of s 4, .i,j
QT ipljkirs.rg < Sk, Sjrt instead of sy, 5, Siy ipjk (11.1.37)

QT ipljklim]Jr1rg < Stm, Skim, Sjkim instead of 4, 5, Siy.ipjks Sir..ipjkl

The diagrammatic interpretation of these findings and generalizations thereof are presented in

figure [11.5]

i i2

i i e
21 19 )
— 3
1 12 \\/ . .

— 13 :
I — 13 — 4 — i

27T fiyiy)... AT [firis)is)... 8T [llirialislia]... 2T (0 (livislis]. Jin].

Figure 11.5: The branches of cubic diagrams and their associated building blocks
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11.1.5 Diagrams and symmetry properties

After the first step of the redefinition chain Loy ;1 — ng._p — Ta3.., from subsection ,
it is not difficult to use the BRST variation of Tugmp to find BRST-closed combinations for small
p by trial and error. Their off-shellness forces them to be in fact BRST exact. As explained
in subsection , the removal of the BRST exact parts of T123._.p gives rise to the definition
of the BRST building block Tis3.,. Each BRST closed sum of T’s translates into a symmetry
of the associated Tia. ,, see equations (11.1.22)), (11.1.23)) and for p = 3. Therefore it

is imperative to find the general BRST-closed combinations of T7s, or equivalently, the general

symmetries of T"s.

In this subsection we use the diagrammatic interpretation of building blocks to predict the

symmetry properties of Ti,_,. As a first example, let us consider the diagram in figure [I1.6}

3

1

Figure 11.6: Two different ways to interpret the same diagram give rise to an identity for T ;.

In its first building block representation 7T}s3, the diagram is interpreted as a tailend like
the one depicted in figure [11.2, However, in the second expression the diagram is treated as
a branch like the first of figure where one of the ... legs now contains the label 3 and is
therefore associated with 27351) = T3p1 — T312. The fact that both viewpoints have to agree

implies the Symmetry 1dent1ty T123 + T231 + T312.

The relative sign between the two viewpoints is fixed by the fact that diagram associated
with Tjo_, catch a (—1)P~! sign under inversion (1,2,3,...,(p — 1),p) < (p,(p — 1),...,1).
Hence, we have to make sure that the the sign of Tis3._, relative to 7,1 . 01 is (—1)7. In the

-----

P = 3 case, T123 + (—1)3T321 +...=0 USil’lg T321 = —T231.

This same idea can be used to obtain the BRST symmetries for higher-order building blocks.
In particular, the diagrams which give rise to the symmetries of 7123, for p = 4,5,6,7 and 8

are depicted in the figures and below, resulting in the following identities:

0 = 2T12[34} + 2T43[21]
0 = 2Tio3us) — 4T543py)
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1 1 1

5 2 2

3 3

4

3 4 5

4 5 6
B 2To3q) B 2 T35 B 4 Th23)4[56]]
— 2Ty391 4 Tsy73021]] — 4 T5413021))

Figure 11.7: Diagrammatic derivation of the BRST symmetries of higher order building blocks.
The top (botton) line corresponds to the building block association which follow from reading

the diagram in a counter-clockwise (clockwise) direction.

0 = 4Tio3upe) + 4 Tesa3121] (11.1.38)
0 = 4Tospen — 3176543121
0 = 8Tiapers) + 8Tsr6s[43[21))

Using the BRST variations (11.1.34)), we checked up to Ti2345678 that these relations are indeed
BRST-closed. Appendix identifies the corresponding combinations of T, 1234 and T12345 as
BRST-exact, in accord with the discussion of subsection [11.1.3]

To write down the generalization of (11.1.38)) to higher p > 8, let us distinguish between

odd and even ranks for ease of notation:

p=2n+1: T piipmrof.2n-12n2nr1])]] — 2Tonttni2mrifpRy..y = 0

p=2n: Ty aptil.o—22n-120)0] T Tonensipmlppy. = 0 (11.1.39)

The relation for odd p = 2n + 1 obviously involves 3 - 2! terms whereas the even one for

p = 2n has 2" terms.

We should emphasize again that the lower rank identities for T , carry over to larger
building blocks 715, with p > ¢. The last labels ¢ + 1, ..., p are then simply left untouched,
e.g. 0 ="Tq2)345 = Thi23as = Tho345 + Tuspuys at rank p = 5. By applying the p — 1 symmetries
available at rank p, one can successively move a particular label to the first position, i.e.

express T; as a combination of T3, ;,_,. According to the number of (ji,7js2,...,jp-1)

192...7p

permutations, we have (p — 1)! independent rank p building blocks Tiiiy...i-
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1
2
4 3
5
6
\ i
B 4 T1234]5067)) B 8 T2345[6[78])]
8 T765(4[3121))) — 8T 8765(43[21]]

Figure 11.8: The symmetries of rank 7 and 8 building blocks obtained from diagrams.

11.2 From building blocks to Berends-Giele currents

In subsection[11.1.4] we have given a superfield representation in terms of BRST building blocks
T;, .., for each color ordered cubic diagram with p on-shell external leg and one off-shell leg. In
this section, we combine these diagrams to p+ 1 point field theory amplitudes with one off-shell
leg. Such objects were first considered in [237] in order to derive recursion relations for QCD

tree amplitudes with a large number of gluons and were referred to as “currents”.

Supersymmetric analogues My, of p point Berends-Giele currents allow for a compact
representation of the ten-dimensional n point SYM amplitude ASYM(1, ..., n) which nicely ex-
hibits its factorization channels. The recursive nature of the Berends—Giele currents is inherited
by the amplitudes and leads to the recursive method to compute higher point SYM amplitudes
presented in the following section [I1.3]

11.2.1 Berends Giele currents in gauge theories

In 1987, Berends and Giele have found a recursive method to compute tree level QCD ampli-
tudes with a large number of gluons. They recursively constructed color ordered p + 1 gluon

amplitudes J,(1,2,...,p) with one off shell leg p + 1

1 =
R e e kp)z{i_jl[m,z m) s Jm+1,.p)],
p—2 p—1
+ {J(1,2,....m), Jm+1,....k), J(k+1,....p) } } (11.2.40)



11.2. FROM BUILDING BLOCKS TO BERENDS-GIELE CURRENTS 309

starting from the polarization vector as the one point current J,(1) = fi. The notation |-, -]
and {-,-,-} reflects the contributions of the three- and four gluon vertices in the Yang Mills

action:

(7)), J@)], = 2(k-J1)) Ju(2) = 2 (k1= J(2)) Ju(1) + (k1 = ko) (J(1) - J(2))
{7(1), J(2), JB)}, = J(1) (J(3) Ju(2) — J(2) Ju(3)) (11.2.41)
= JE3) - (J2) Ju(1) = J(1) Ju(2))

The two contribution to (11.2.40) can be depicted as

1 «—
1,2,... =
JM(’ ’ 7p) (k’1—|—k2+kp)2m2:1 !
J(1,2,...,m) Jk+1,...,p)

1 p—2  p—1 \
+( Jm+1,...,k) )

ki+ ko4 ... kp)?

—_

m=

k=m+1

J(1,2,...,m)

The recursive definiton directly implies three properties: Reflection symmetry, current con-
servation with respect to the total momentum and finally the vanishing of its cyclic sum, similar

to the identity (5.5.67) for on-shell amplitudes

J.(1,2,....p) + (=P J(p,p—1,...,1) = 0 (11.2.42)
J.(1,2,...,p) + cyclic(12...p) = 0 (11.2.43)

p
S RJNL2,. . p) = 0 (11.2.44)

=1

The color ordered n gluon amplitude can be written very compactly in terms of an n — 1 point
current:

ASRON(12 n) o~ J(L2, = 1) JHn) (ky A+ ) — (11.2.45)

The factor of (k; + ...+ k,_1)? removes the overall propagator of the rank n — 1 current
which would diverge under momentum conservation ., k; = 0. This approach to multigluon

scattering has two kinds of advantages:
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e [t is efficient in the sense that it makes use of lower order results and automatically

captures all Feynman diagrams.

e It can be used to proof certain properties of the amplitude, such as gauge invariance,

cyclicity, photon decoupling and factorization for soft and collinear gluons.

The supersymmetric generalization M, which will by introduced in the following subsection
share these properties and enjoy the additional benefit that the trilinear terms in the recursion
(11.2.40) do not appear. This suggests that they ultimately come from a superspace action

with only cubic vertices.

11.2.2 The pure spinor realization of Berends Giele currents

Each of the % (2];":12) diagrams entering a rank p current has p — 2 internal poles in Mandel-

stam invariants s;,.;, with ¢ < p and one external propagator 1 /s12.., which would diverge if

the additional leg is put on-shell. Let us give the simplest examples Mo, Mio3 and Mig34 of

supersymmetric Berends-Giele currents in figure[11.9/and [11.10] they are associated with color

ordered three-, four and five point amplitudes, respectively. Higher rank currents M;js345 and

Mi3456 are explicitly expanded in appendix [E.2]

T12 _ 81'23. + 593 - 1 (TIQS +T321>

S123°

5123 \ S12 5923

Figure 11.9: Diagrammatic construction of Berends—Giele currents My, and Mia3

The BRST variation of the My _, follows from the expression for QT2 ,. The
remarkable effect of combining the (2p — 2)!/(p!(p — 1)!) cubic graphs is firstly the cancellation
of the overall propagator 1/s12._, and secondly the conspiration of all the lower order T, ..,
to full-fledged currents M;, ;. . In order to simplify the notation in the formulae below, let us

identify M; with the unintegrated vertex; V; = M;. Then, () acts as follows on our examples,

QM = ViVa = MM,
Vilys  TiVs

QM123 - + = M1M23 + M12M3 (11246)
523 512
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2 3 4 3 4 4
S S S
Migsi = >_@L +>_’£L +>_2r34r
S12 51234 523 51234 534 51234
1 2 1 3 2 1

3 4 2 3
S23 81234 \ S12 534

+ 5234 ot !81234 \

2 1 1 ' 4

1 T T: T T. 2T!
( 1234 i 3214 n 3421 I 3241 . 12[34]>

51234 \ 5125123 5235123 5345234 5235234 512534

Figure 11.10: Diagrammatic construction of the rank four Berends—Giele current Mgy

QM1234 =

V; T T, TioT: T T V,
1 (234+ 432>+ 1234+<123+ 321) 4
5234

= M, Mazy + Mg My + Mgz My

523 534 512 534 512 523 5123

Generally speaking, the BRST charge decomposes p point currents into ghost number two

objects E}s., which consist of products of two smaller currents

p—1
QM. ., = ZM12...ij+1...p = K, . (11.2.47)
=1

The action of @) cuts M., in each way compatible with the color ordering, see figure [11.11

J+1
742

p—1

Figure 11.11: Decomposition of My, into its factorization channels under )

Equation ((11.2.47)) is the supersymmetric pure spinor analogue of the recursive construction

(11.2.40) of gluon currents which schematically reads J, ~ (J2.  + J3

o<p oep)/512..p- Its cubic term

representing the four gluon vertex in the QCD action does not enter into our supersymmetric
version (11.2.47). The gluon recursion in its form sy9_,J, ~ JqQ<p + J5’<p parallels (11.2.47)) if
we symbolically identify s, = (). This is plausible since the action of () cancels the overall

1
propagator Mia , ~ Sy5 .



312 CHAPTER 11. SYM AMPLITUDES IN PURE SPINOR SUPERSPACE

11.2.3 Symmetry properties of Berends Giele currents

As a further motivation for identifying M, with supersymmetric Berends—Giele currents, this
subsection is devoted to the symmetry properties shared by M2, and the gluonic specialization
J,(1,2,...,p). First of all, M, trivially satisfies M;, + My = 0 because the building block T;;
is antisymmetric. Similar identities hold for Mjs3, cf. ,

Mgz + Moz + Mziz = 0, Mgz — M3 = 0, (11.2.48)

as one can easily check by plugging the expression for M;j; given in figure and using
Thi23) = 0. At higher n > 4, this generalizes as follows

My, = (=1)P' M, o , > Mygo.p = 0 (11.2.49)

o€Ecyclic

which reproduces properties (11.2.42)) and (11.2.43|) of gluon currents. The proof of these

identities is most conveniently carried out on the level of the corresponding Fo_, = QM. , =
E?;i My, jMjiq. . Since all the BRST closed components of the M, , have been removed
by construction of its T, constituents, the BRST variation Ej,_, contains all information
on the symmetry properties of its M., ancestor. The reflection identity can be easily checked

by induction, and the vanishing cyclic sum follows from

n—1
Z EU(1,2 ..... n) — Z ZMU(LQ ..... D) Ma(p+1 ..... n)

o€ecyclic o€ecyclic p=1

n—1
1
= Z Z 5 (Mo(1,2 ..... D) Ma(p+1 ..... n) + Ma(p+1 ..... n) Ma(1,2 ..... p)) =0 (11250)

o€cyclic p=1

where the last step exploits the overall cyclic sum to shift all labels of the second term by p

and that the M, _, anticommute.

The properties can be naturally explained by the construction of currents Moz,
as n+ 1 point amplitudes with one off-shell leg. Inspired by this analogy, we explicitly checked
up to n = 7 that M, _, also satisfy a relation which is obtained by removing the (n + 1)-th leg
from the n + 1 point Kleiss-Kuijf identity :

Mgy = (D)™ > Mg (11.2.51)

ocOP({a},{87})
The summation range OP({a},{37}) denotes the set of all the permutations of {a} (J{37}
that maintain the order of the individual elements of both ordered subsets {a} and {57}
of {2,3,...,n}. The notation {37} represents the set {8} with reversed ordering of its ng
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elements. The Kleiss-Kuijf identity is well known to reduce the number of independent color
ordered n + 1 point amplitudes’] down to (n — 1)!.
The specialization of (11.2.51)) to sets {3} with one element only, say {3} = {n} implies the

identity by itself is not sufficient for a reduction to (n — 1)! independent M, ;, ;. at n > 6.

Since there are only (n—1)! independent building blocks T; which constitute the M;

1%2...%n 1%2...%n

also the latter must have a basis of no more than (n — 1)! elements. This counting argument
suggests the Kleiss-Kuijf identity (11.2.51)) to hold beyond our checks to n < 7 although we

could not find an explicit proof for general n.

The reflection- and Kleiss-Kuijf identity for the M, _,, are inherited from their associated
n + 1 point amplitudes with one leg off-shell. The off-shellness of one leg is no obstruction
for the aforementioned identities to hold because they do not involve any kinematic factors.
However, the field theory version (5.5.69) of the monodromy relations rely on having
on-shell momenta, so the M, _,, do not satisfy any analogous identity and cannot be reduced

to (n — 2)! independent permutations.

11.3 From Berends-Giele currents to SYM amplitudes

The expressions found for QM,. , = Eq2 , might look familiar from lower order field theory

amplitudes such as
AM1,2,3) = (Ve Va) = (BEiVi) (11.3.52)
W T T, V-
AYM(1,2,3,4) = << LBy 2B 3) V4> = (EwVi), (11.3.53)

S23 S12
the latter follows from the o/ — 0 limit of (11.1.3)) where V; — 1.

From QV = 0, one might naively expect that the three-point amplitude would be BRST-
exact, ASYM(1,2,3) < (Q(T12V3/512)), and thus doomed to vanish. However, all the Mandel-
stam invariants s;; are zero in the momentum phase space of three massless particles — therefore

writing V1Vo = Q(T2/s12) is not allowed, and BRST triviality of the amplitude is avoided.

11.3.1 The field theory amplitude

More generally, the prefactor Mys , ~ 1/s12., in the p point current is incompatible with

putting the external state with k43 = —> .7, k; on-shell kf, +1 = 0. Therefore, n particle

2 After using cyclicity and reflection symmetry, there are n!/2 so far unrelated n + 1 point subamplitudes in

the first place, see section
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kinematics Z?’:l k; = 0 forbids the existence of M. ,,_1 and the corresponding Fi5. ,_1 is not
BRST exact. This leads to the following expression for n point field theory amplitude which is
truly in the BRST cohomology [8]:

n—2
ASYM(L 27 s ,’I’L) = <E12...n—1 Vn > — Z <M12,__j Mj+1...n—1 Vn> (11354)

j=1
Let us denote the number of kinematic pole configurations in M;, ;, or E; _;, by @pi1, then

(11.2.47)) implies the recursion relation

n—1
On = D QifPn-in1, 2=gs=1. (11.3.55)
=2
Its explicit solution g, = 2”_2% shows that the right hand side of (11.3.54)) has the correct

number of cubic diagrams to describe a color ordered n—point SYM amplitude.

The diagrammatic representation of Z?;i‘ My ;M. , in figure |11.11) can be uplifted to

the on-shell n = p + 1 point amplitude ASYM(1,2,...,n) where an additional cubic vertex

connects the n’th leg with the two currents of rank j and n — 1 — j, respectively, see the

following figure [11.12]

ASM(1,2,.00n) =

Figure 11.12: Berends-Giele decomposition of the color ordered SYM amplitude

The n point formula (11.3.54)) is analogous to the Berends—Giele formula for the
color ordered n gluon amplitude of [237], which is written as a product of a rank n — 1 current
Jn—1 and another J; for the n’th leg, multiplied by the Mandelstam factor si5., 1 to cancel
the divergent propagator. In our case, the somewhat artificial object s1o. ,_1J,_1 is replaced
by Fis.n,_1, which could be written as QM5 ,_1 in a larger momentum phase space. This

parallel also suggests the schematic identification si5. , 1 = ) mentioned after (11.2.47]).

11.3.2 The recursion

The families { M5 ,, E12.,} of superfields have a manifestly recursive structure — the knowledge

of all M’s up to Mia3._, suffices to obtain the Fi93 ,41 at the next level p — p 4 1 using the



11.3. FROM BERENDS-GIELE CURRENTS TO SYM AMPLITUDES 315

definition (11.2.47). Formally, this seems to give access to Mja3. p+1 by inverse () action on

F123.p11, but unfortunately there is no constructive prescription for Q' at hand.

The formula for the n point field theory amplitude in terms of Fis ,_; closes
precisely this gap of the recursion. Having Eja3 11 due to {Mia3 4, ¢ < p} yields the p + 2
point amplitude ASYM(1,...,p+2) with all its (2p)!/(p!(p + 1)!) color ordered diagrams made
of cubic vertices. These diagrams, on the other hand, constitute the main input necessary for

the construction of the higher point current Mo 5,41 from BRST building blocks Tia. 11, see

subsection [11.1.4] for the dictionary between Tis _,4+1 and cubic diagrams.

The following figure summarizes the aforementioned steps necessary for setting up a recur-

sion for tree level amplitudes in pure spinor superspace.

p
current My, Eio pr1 = Z My, M. pr
j=1
p—p+1
(2p)! .
————d SYM(q .. 2)=(E v
pl(p+1)l lagrams A ( ’ P+ ) < 12..p+1 p+2>

Figure 11.13: The recursive prescription for ASYM

ASYM amplitudes

One has to admit that computing components of the supersymmetric
requires explicit expression for their BRST building blocks Ti,. ,. Constructing the tower of
T's.., has been identified as a separate recursive problem in the earlier sections. We have
explicitly given them up to T2345 (see appendix , and there are no obstructions to getting

the higher order Ty, by straightforward application of the algorithm in section [I1.1]

In the later subsection [12.1.4] we will give a string-inspired formula which allows for direct
computation of My, _, without the need for drawing the cubic diagrams of the p+1 point SYM

amplitude.

11.3.3 BRST integration by parts and cyclic symmetry

The strength of our presentation ([11.3.54)) of the n point field theory amplitude is the mani-
festation of its factorization properties. But singling out a particular leg V,, obscures the cyclic
symmetry required for color stripped amplitudes. The essential tool to restore manifest cyclicity

is BRST integration by parts.
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The maximum rank of M;, ;, appearing in the n point amplitude (11.3.54) is p = n — 2.

By construction of Ei5 _, 1, these terms are of the form

(M, iy s Vie s Vo) = My , QM 1n) = (Eij iy Mi,_n) (11.3.56)

n—1

After BRST integration by parts in the last step, the maximum rank of Berends—Giele currents
becomes n — 3 due to Mj;, ;. , within F; ; .. More generally, the cohomology formula

(11.3.54)) allows enough BRST integration by parts

(Mi,.ip Ejr.gy) = (Eiiy, M, ,) (11.3.57)

1-dp

as to reduce the maximum rank of the currents to p = [n/2] (where [-] denotes the Gauss
bracket [z] = max,ez(n < x), which picks out the nearest integer smaller than or equal to its

argument).

The benefit of performing the [(n—3)/2] integrations by part in ASYM is twofold: Firstly, the
complexity of superfield ingredients decreases with the rank of the M;, ; and T, ;, involved,
cf. the length of the explicit formulae ((11.1.8]), (11.1.9)) and for Lji, Ljiki and Ljpi.
Secondly, this procedure allows the n’th leg to get involved in larger building blocks M., 1.

and to enter the amplitude on the same footing as the remaining legs, leading to manifestly

cyclic-symmetric amplitudes such as

ASYM(12 0 5) = (M Vs Mys) +  cyclic(12345)

ASM(1.2...,6) = %(M12M34M56> + %<M123E456> + cyclic(123456)  (11.3.58)
ASM(1 2 T) = Mgy Mys Mz) + (Vi Magq Msr) + cyclic(1234567)
AYM(1,2,...,8) = Mgz Mysg Mrs) + 1<M1234E5678) + cyclic(12345678)

2

The fractional prefactors % or % compensate for the fact that cyclic orbits for particularly sym-
metric superfield kinematics are shorter than the number n of legs. At n = 6, for instance,
Mi3M34Ms6 has just one distinct cyclic image Mg Mys Mgy, hence the full cyclic(123456) over-

counts the occurring diagrams by a factor of three.

11.3.4 Factorization in cyclically symmetric form

In this subsection, we introduce a cyclically symmetric presentation of SYM amplitudes where
their factorization into two Berends-Giele currents remains obvious. This means that all
the kinematics are arranged into the form (MilminMjlqu> which can be interpreted as two

Berends-Giele currents of rank p and ¢, connected by a propagator line:
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< M’i1...ip Q M]l]q > =

Figure 11.14: Factorization of a p + ¢ point amplitude into two Berends-Giele currents.

The role of the ) operator can be interpreted as compensating one of the two coinciding

1 _ 8_1

internal propagators s; ; =s; ..

One can check by evaluating the BRST variations that the amplitudes in ((11.3.58)) can be

equivalently written as

ASYM(1,2,3,4) = %(MIQQM;),Q +  cyclic(1234)
ASM(1, . 5) = i<<M12QM345> + <M123QM45>) + cyclic(12345)
ASYM(1 . 6) = é((MngMgm) 4 ( Moy Q Mysg) + (M1234QM56)>

+ cyclic(123456) (11.3.59)
ASM, ) = %<<M12QM34567> + ( Mgz Q Myser )

4 Misga Q Msgr ) + (M12345QM67)> + cyclic(1234567)
ASYM(lw--?g) = % <<M12QM345678> + (Mi23 Q Mysgrs) + ( Miaza Q Msgrs )

—+ < M12345 Q M678 > + < M123456 Q M78 > > -+ Cychc(12345678)

Note that some terms are overcounted by a factor of 2 because the cyclic orbits of (Mis ;QM;i1 1)
and (Mg n—;QM,_j11. ) are the same. The purpose of including both of them is to obtain
a uniform overall coefficient in ((11.3.59) and to simplify the transition to the general n point

formula ((11.3.60)).

The factorization channels of ASYM(1,2,3,4), ASYM(1,...,5) and ASYM(1,...,6) can be

pictorially represented as shown in the following figure:

2 3

Mo QM. 1 :
ASYM(1,23,4) = % + cyclic(1234) = 3 Q @ + cyclic(1234)

1 4
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ASYM(1,2.34,5) = = (M3 QMsys) + cyclic(12345)

3
2
1 .
3 3@7 Q 4+7 4+ cyclic(12345)
1
5

<M123 QMyse) + (Mo QM3456>> + cyclic(123456)

N | —

1
2

_ é 5 4+7 3@7 Ax cyclic(123456)

For n points, the expressions ((11.3.59) generalize to

1 n—2

ASYM(l’ 2’ .. 777,) = m Z <M12...j Q Mj+1...n > + CYCIIC(12 ce n) (11360)
j=2

| =

which can be graphically represented as

i+ cyclic(12...n)

We have explicitly checked up to n = 10 points that the formula exactly repro-
duces the expression ASYM(1,...,n) = (B, 1V,) with the right prefactors. It can also be
interpreted as coming from the factorization channels of ASYM(1,... n) into two amplitudes
with one leg off-shell each with the form (Eyo ;V,) and (V,E;41. ) that are connected by a pure

spinor propagator which effectively replaces V, V, — @, resulting in the symbolic expression

[\

1 < 1 ,
ASM(1.2. . n) = 53 <E12,_j@Ej+1_,_n> + cyclic(1...n) . (11.3.61)

.
[l
¥



Chapter 12

Superstring amplitudes in the pure

spinor formalism

This chapter is devoted to the constructive computation of superstring tree level amplitudes of
the massless SYM multiplet in the pure spinor approach. Its main purpose is to prove the main
result and to analyze its structure. In other words, we show that tree level amplitudes
of massless states in open superstring theory are linear combinations of SYM subamplitudes
associated with various color orderings. This has interesting implications in view of the duality
between color and kinematics in field theory amplitudes. As a byproduct, it provides a rigorous
a posteriori justification for the field theory amplitudes of the last chapter which were

derived by rather indirect cohomology arguments.

The five- and six point amplitudes have already been cast into BRST building block lan-
guage. The former is discussed in [290,291], whereas the six point amplitude is computed
in [7]. The main advances in these works is a better understanding of the CFT correlators, in
particular of the emergence of BRST building blocks and the role of double poles. This is the

topic of the first section.

We then generalize to n external legs in section and identify the color ordered field
theory amplitudes among the superfield kinematics. The discovery of the BRST structure
in section and their organization in terms of Berends-Giele currents in section are

essential for seeing the emergence of various ASYM(1,2,,...,(n — 2),,n — 1,n) subamplitudes
(parametrized by o € S,,_3) within the string computation at fixed color ordering (1,2,...,n—
2,n—1,n).

319
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12.1 The n point CFT correlator

This section explains the CF'T mechanisms responsible for the appearence of BRST building
block and a basis of no more than (n — 2)! kinematic factors in an n point tree amplitude.
According to the tree level prescription ((10.3.40)), the first task in computing superstring am-

plitudes is to evaluate the CF'T correlator
(VHO) VD) V™ (00) U(22) UP(23) ... U (2(,_9)) ) (12.1.1)

using the techniques of subsection [10.3.1|to integrate out the h = 1 primaries [00, 11", d,, N™"].
Performing the worldsheet integral over z; =0 < 25 < ... < 2, 5 < 2,7 = 1 then provides the

momentum dependence of superstring amplitudes.

12.1.1 Five- and six point correlators

The five- and six point results are important data points which guided the way to higher point
generalizations. They are the first instances where multiple integrated vertices U; that have to
be sequentially integrated out enter the correlator. The order in which the conformal h = 1

fields are removed using (10.3.41)) to (10.3.42)) is an artifact of the algorithm at work and should

not be visible in the final answer, this shall be our guiding principle in the following.

The five point amplitude requires a correlator involving Us, Us. If we decide to first integrate

out the conformal primaries at zy, then the correlator takes the form

Lo131 Vi Vs . L3z Vi Vs

221 231 223 231

(VL0) VA1) VB (00) U(20) U(25) ) = H|zij|_sij<
i<j
. Loyz1 Vs n Lo134 V5 n Vi Lozas Vs n V1 Lossa Vi N 1/'1[,2323‘/4‘/5>

5 (12. 1 .2)
224 231 221 %34 223 234 224 234 223

The OPE residues Lo13; and Loy3s where two integrated vertex operators U; approach an un-
integrated one V; were discussed in subsection [I1.1.1} The crossterms where Uy — Vi and
Us; — V, or vice versa are easily factorized as Lojzy = Loi L3y and Loysy = LoyL3; because the
OPEs are taken between separate pairs of fields. In addition, we have the single- and double
poles in the OPE of Us(29)Us(z3) with residues Lossq, Logzs and Lases in the notation of .

Of course, the contribution from V,,(z, = 00) is suppressed by 1/z5,,1/23, — 0.

The order of integrating out the A = 1 fields at 2z, and z3 is arbitrary and should not affect
the final result. Matching (12.1.2)) with its relabelling in 2 <> 3 yields

L2331 = L3121 - L21317 L2334 = L3424 - L2434 (1213)
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where we made use of the antisymmetry of Lagzi, Logzs in 2o < 23. This allows to rewrite

(12.1.2)) in manifestly symmetric fashion and in terms of Lj;; only:

L L
(VHO) VA1) VP(00) UP(20) U (23)) = H|Zz‘j|_8“< 2131 Vi Vs n 3121 Va Vs

- 212 %23 213 232
1<]

Vi Loysq Vs Vi Ly Vs Loy Ly V- L3y Loy V- Vi Logas Vi Vs
y bosaVs VilsedVs  bevbaaVs o Lailedls W 23223 4 5> (12.1.4)

242 223 243 232 212 243 242 213 253

This is the final result for the five point correlator before worldsheet integrations are taken into

account.

Similar manipulations are necessary to simplify the six point amplitude. Let us display six
out of the 34 terms which arise from the standard procedure to integrate out Uy, Us and then
U4Z

(VHO0) V(1) VE(00) UP(25) UP(25) Ut(za)) =[] Izl <
i<j
L Vs Vi L Vs Vi L Ve L Ve

g fesan Vs Ve | Lossan Vs Ve | Lossis Voo Lowaas Ve >

221 %34 241 223 234 241 223 %31 245 221 R34 245

L213141 ‘/5 VES + L233141 ‘/5 ‘/6

221 231 241 223 231 241

(12.1.5)

The singe pole OPE residues of two integrated vertex operators U;Uj; must be reduced to the

standard superfields Lj;, Ljir; and Lj;i;. Independence of the CFT correlator on the order of

7T
integrating out Us, Us and Uy (together with antisymmetry of the U;U; single pole residue in

i,7) implies

Lossis1 = Lsizin — Loazian Lowzann = Loinsi — Loz
Logsann = Laizior — Lasst + Loz — Lsioa (12.1.6)
Logzis = (Lsizn — Lawsi) Lus Loizass = Lot (Lasss — Lasas)

for the residues Lijklmn of (ZijZklZmn)il. Identities for L233545, L233445 or L244331 follow by rela-

bellings of (|12.1.6)).

The world sheet integrand of the six point amplitude then assumes the form

L Loyz1 L
(VO VA0 V(00 Ue0) Ua) U'(e0)) = [[Joglos (22202 Lot Bl

- 212 %23 234 212 223 254
1<)

Loy Lssys Ve ViL Ve
4 bbesas Ve Vi Lesssds Ve

212 253 234 252 223 234

+ double poles + 73(2,3,4)> (12.1.7)

where ...+ P(2,3,4) denotes a symmetric sum over all S3 permutations of 2, 3, 4.

12.1.2 The single pole structure at higher points

Any single pole OPE residue in the five- and six point correlation functions can be reduced to
the superfields Laj31. 1 from subsection (11.1.1] This finding is based on two mechanisms which
we now explain in the more general context of the n point correlator ((12.1.1)):
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e The single pole contribution of the U;(z;)Ux(zx) - . . Ui(2) OPEs between integrated vertex
operators can be ultimately written in terms of Lj;; 1 where ¢ € {1,n — 1} labels an
unintegrated vertex operator. The required manipulations are based on the independence
of correlation functions on the order of integrating out the A = 1 fields. If the arguments
of Vi(21)Ua(22)Us(23) . .. Up(%,) approach each other in the order 2o — 25 — ... — 2,01 —

2, — z1, then the correlator (12.1.1)) receives a contributionl]

Lo33s. p—1pp1 2P72 Lip [(p—1)1, [ [41,31,21]] . ]

_ . (12.1.8)

293234 - - Zp—1,p Zpl 223 234 - -+ Zp—1,p Zpl

which for instance reads Logssass1 = Lsia13121 + Lsi213141 + Lsio14151 + Larorzisn — (2 — 3)

at seven points.

e The two OPE cascades which terminate on the integrated vertices V; and V,,_; are
taken independently such that the residue factorizes into (sums over) Lj 1j,1..5,1 and

Liyn-1komn—1.kgn—1 With p+¢q¢=n—3.

On these grounds it was explicitly checked up to eight points that the correlation function
(12.1.1)) contains (n — 2)! single pole integrands (with n — 3 distinct zigl factors each) whose

residues fall into the symmetric pattern

(VHO) VD (1) V7 (00) U (2) UP(25) ... U D (2002) ) =[] Lol ™

i<j
n—2
% L2131...p1 Ln—2,n—1,n—3,n—1,‘..,p+1,n—1 Vn
1 (212 223 ... prl,p) (anl,an Zn—2m—3 - - - Zp+2,p+1)
+ double poles + P(2,3,....,n—2) . (12.1.9)

The next subsection explains the interplay between the double poles (which were left unspecified

so far) and the Lj;;. ;; superfields.

12.1.3 Taming the double poles

The double pole integral [ dzsdzs [] %ij /22, due to the five point correlator (12.1.4)

i<j 12i3|™
is proportional to a tachyon pole (1 + sy3)~!. It is cancelled by the superfield Los3 in the
numerator:

Logos = (1+s03) [ASW? + AJW2 — (Ay- A3)] (12.1.10)

'We again make use of nested antisymmetrization brackets to streamline the notation. The results (12.1.3)
and (12.1.6) for instance can be written more compactly as Laogz1 = 2L(31,21] = L3z121 — L2131 and Lagzaar =

4L141,131,21)] = La13121 — La12131 — L312141 + L213141-
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Its @) variation can be recognized as the BRST exact part of Loz + Ls3o, see . This can
be absorbed into the other six integrals — the Lj; and Lj;;; then receive the corrections
and ([11.1.19) necessary for an upgrade to the corresponing BRST building blocks 7;; and ka
The five point amplitude then simplifies to

A(1,2,...,5) = /Odzz/ dz3 H|zij|_5“(Vl(O)V4(1)V5(oo)UQ(ZQ)U3(23))

i<j
1 1
Thos Vi Ve Ti32 Vi Ve
= /dZQ/ dz3 H|Zij|_s” < CERERERNT . AR
0 29 i<j <12 %23 <13 %32
Vi Tyas Ve Vi Tysze Vs T2 T34 V5 T3 Ty V:
i 14423 Vs 4 14432 Vs n 12434 Vs i 13 424 5> (12‘1.11)
242 293 243 232 212 234 213 224

without any double poles. The tilde of j:;‘jk = Tiji + QSS; can be dropped because it only
appears in combination with the BRST exact V,V5 = QTy5/s45 superfields.

The six point amplitude involves ten double pole integrals which need to be absorbed into
the remaining 24 integrals displayed in ((12.1.7). They also carry spurious tachyon poles which
cancel after some tedious manipulations based on worldsheet integration by parts, see appendix
B of |7]. The corrections to the Lj;, Lj; and Lj;x; from double pole integrals are precisely of
the form (11.1.17)), (11.1.22) and which converts them into the BRST building blocks

Tij, Tijr and Tz’jkz- Moreover, BRST exactness of V;,,V;, implies (ﬂjlemVn> = (Tijt1 Vi V).

When the dust settles, the six point amplitude is found to be

A(l,....6) = /Osz/ dzg/ dzy H\zij]_sij(Vl(O)V5(1)V6(oo)U2(z2)U3(z3)U4(z4)>

i<j
1 1 1
T, Vs Ve Tio3 154 Vi
= /dZQ/ dZ3/ dzy H|Zij|_8” < 12347570 IBTRE
0 2o 23 o 212 223 234 212 223 254
1<)
Tio Tsa3 Ve VT Vi
g 2ons ey T1osR ey P(2,3,4)> : (12.1.12)
212 %54 243 254 243 232

We can draw the following general lesson from the double poles at five- and six points: The
BRST trivial pieces from the L, ;; superfields in are cancelled by the double pole
residues from Uj;(z;)Uy(2x) contractions. Their conspiration requires some worldsheet integra-
tions by parts which reshuffles Mandelstam invariants in such a way that all spurious tachyon

poles cancel.

This ties two loose ends together — on the one hand, we have to understand how the integral
over the correlator (12.1.9) yields a BRST closed amplitude, on the other hand, double pole
integrals introduce unphysical tachyon poles. Tachyon poles always cancel due to 1 + s;, ,,

factors in the U(z;)U(z;) double pole residues. Their kinematic factors attribute corrections
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of type Ljiki.1i — Tijk.; to the single pole part of the amplitude whose BRST variation then
vanishes due to the symmetry properties of the BRST building blocks in Q.A(1,2,...,n). This
pattern was rigorously checked up to the six point superstring amplitude, and consistency

requires that it holds to any higher multiplicity.

The n point superstring amplitude with all double pole corrections taken into account reads:

n—2
A(lL,2,...,n) = H/dzj H|Zij|—8ij
=2

1<J

3

-2
< T12...p Tn—l,n—Z,...,p—&-l Vn
— 212 223 - - - Zp—l,p) (Zn—l,n—2 Zn—2mn—3 - - - Zp+2,p+1)

+ P(2,3,...,n—2) + >

3

(12.1.13)

The z;; polynomials associated with a specific BRST building block Tj;, ;.. j, follow an intriguing

pattern:

1
Tijrjo.jpy < (12.1.14)

Zijy Zjrja Zjags - Fip—1.p

The first label belongs to an unintegrated vertex ¢ = 1 or ¢ = n — 1 and the remaining ones to

the integrated vertices jp = 2,3,...n — 2.

The representation for the superstring amplitude can in principle be recast in terms
of smaller building blocks via BRST integration by parts. But it turns out that the present
form is most suitable for all our further purposes: Firstly, it provides an explicit formula
for the supersymmetric Berende-Giele currents introduced in section [I1.2} Secondly, it is the
most appropriate starting point for decomposing the superstring amplitude into its field theory
constituents. And as a third benefit, is an excellent tool to generate explicit BCJ

numerators n;, see section [5.5] this construction is explained in detail in the last chapter [13]

12.1.4 A string inspired formula for Berends-Giele currents

In this subsection, we will show that the result for the CFT correlator in superstring
theory allows to extract a direct formula for the Berends-Giele current My ,. The p sum
in runs over partitions of the legs 2,3,...n — 2 into two groups — one of them gets
attached to the building block T} . of integrated vertex 1, the other one enters 7,,_; .. The
same structure is present the field theory amplitude A5YM = Z;:f (Mo pMpi1. n-1Va).

Let us now make use of the requirement on superstring amplitudes to reproduce their field
theory counterparts in the limit o/ — 0 of vanishing string length. This has to hold term by
term in the p sums of ((12.1.13)) because the superfield kinematics at different p values are linearly
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independent. Let us pick out the p = n — 2 term and impose A(1,...,n) — ASYM(1,... n) in
the field theory limit. This is one of the few instances within the pure spinor part of this work

where we deviate from the 2o’ = 1 convention:

A,2,...n) = (2a)" 31‘[/% T 1zl

1<J
Tio.m—2 Va1 Vs
» < 12.n—2 Yn—1 + P(2,3,....n—2) + ... > (12.1.15)
212 223 - .. Zn,37n72

!

— (Mg o Vua Vo) + ...

The ellipsis ... represents the 1 < p < n — 3 terms of the p sums with linearly independent
kinematic factors. Those parts of n point amplitudes displayed in (12.1.15)) can be viewed as a

closed-formula solution for the rank p = n — 2 current M, _,,

ptl
, T
M., = lim (2¢/)71 ||/ dz; [z 72 ( 120 + 73(2,3,...,p)),
Zj—1

a —>0 i< 212223 --- Zp—1p
(12.1.16)

where z; = 0 and z,;; = 1 as customary for a (p + 2)—point amplitude. For example, using
the momentum expansion of the five point superstring integrals and the BRST symmetry
T123 + T213 = T123 + T231 + T312 = 0, the fOHOWng M123 is generated

) s Th23 T30
My = ol/lino /dzg/ dzs H\zw| —2 ”( +

219 % 213 %
i< 12 223 13 232
o Tho3 X Tho3 B 132 o Tho3 4 159 (12 1 17)
512 5123 523 5123 523 5123 512 5123 593 5123

in agreement with the diagrams above. Similarly, we checked that this formula remains

consistent with the diagramatic construction of the currents and with their BRST variation

QMyz.p = 30" My jMji1.p up to p =T

12.2 The structure of the n point superstring amplitude

The achievement of the representation for the n point superstring amplitude is its
reduction to (n — 2)! hypergeometric integrals and the same number of superfield kinematics
(Th2,..po Tn-1,(n—2)0,..(p+1), Vu) Where p = 1,2,...,n — 2 and 0 € S,_3. In this section, this
expression will be reduced to a minimal basis of (n—3)! elements, both on the side of worldsheet
integrals and on the side of kinematics. The rather technical steps in this reduction process are

organized into three subsections.
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12.2.1 Trading Ty, _, for Mo,

The first step in simplifying the superstring amplitude in its non-minimal representation ({12.1.13])
relies on eliminating the BRST building blocks T3, , in favor of the Berends-Giele currents

M. p. This is possible because of the particular pattern (12.1.14) of z;; dependences.

The lowest order example of T' <= M conversion is a triviality - T12 = %Mm, but already

the simplest generalization is the result of both partial fraction relatlons and the symmetry

properties of Tjjp:

T ,
24 P2,3) = s (2 + 32“) Mz + P(2,3) (12.2.18)
<12 %23 212 213 293

Similar identities have been checked at p = 4 and p = 5 level:

T S s S S S S
s P(2,3,4) = 212 ( By ﬁ) ( Moo=y ﬁ) Miazs + P(2,3,4)
212 223 234 212 213 2923 214 294 234
T
154 p(2,3,45) = U (E + %) (‘14 + 2y Si‘*) (12.2.19)
212 223 234 245 212 \ %13 223 214 224 234

s s s s
X (ﬁ + 23y ﬁ) Migzas + P(2,3,4,5)

215 225 235 245

These identities heavily rely on the interplay of different terms in the permutation sum and on
the symmetry properties (11.1.25)) and (11.1.38]) of the BRST building blocks which leave no

more than (p — 1)! independent permutations 7;, . ;, at rank p.

The natural n point generalization of (12.2.18]) and ((12.2.19)) reads as follows:

k—1
T12...p L Sink
+ PP = — Mgy + P2, 1 12.2.20
212723 .. Zp—1p ( ) kllmzl Zmk 12..p ( ) ( )
Tn—l,n—2,...p+1 Snk
+ P(27ap) - H Z n—1n—2,..pt1 T+ 7)<2,,p)
Zn—ln-2 - Zpt2ptl bl i1 2k
Skn
- H Z Myiipro..m1 + P(2,...,p) (12.2.21)

k=p+1n= k+1 kn

In the last step, the rank n — 1 — p current is reflected via M,,_;

.....

12.2.2 Worldsheet integration by parts

This subsection focuses on the integrals rather than the kinematic factors in the superstring

amplitude. The chain of s,,; /%, sums which appears as a result of the general 715, — Mia_,

conversion ((12.2.20]) and (12.2.21)) is particularly suitable to perform integration by parts with

respect to z; variables.
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The key idea is the vanishing of boundary terms in the worldsheet integrals:

ZZ” —Sij
/dz2 /dzn ) — HKJ‘ i = 0 (12.2.22)

0z Zitj1 v Pin—ajn—a

This identity provides relations between the integrals in an n point superstring amplitudes with
n—3 powers of some z;; in the denominator. They become particularly easy if the differentiation
variable z; does not appear in the denominator (i.e. if k& ¢ {i;,j;}) because 8;2;@ only hits the
[ Lnzr [2mi =5 in that case:

—S;i n—1
.. Z’L ©J m
/dZQ.../dzn_g Ligs 2] Yo Imh— g (12.2.23)
Zi1j1

. Zin74jn74 m=1 ka
m#k

This can be directly applied to the integrands on the right hand side of ((12.2.18]) to (12.2.21)):

H/dz] I 120" 22 - (Sﬁ + 523) H/dz] Il o 22 22 (12.2.24)

z 212 %
i<j 13 i<j 12 <34

S S S S S
H/dzj H|zzj!*8” = (ﬁ + ﬁ) (ﬂ + 2 ﬁ)

i< <13 <23 <14 <24 <34
A 513 S23
_ 2 845 z Z
= II/ dz ]2l S” — = 1B (12.2.25)
9 245 534 535
j=2 i<j — + —
234 235
° s S S S S S s s S S
_ 12 13 23 14 24 34 15 25 35 45
H/dzJHLzU!S”—( +—)(—+—+ )<—+—+—+—)
=2 i< 213 223 214 224 234 215 225 235 245
> S12 8 S S S S
—s;; 512 556 13 23 45 46
= H/dzj [Tz = (— + —) (— + —) (12.2.26)
=2 i<i 212 256 \ %13 223 245 246

In the general n point case with n — 3 integrals, it is most economic to leave the first [n/2] — 1
factors of anjl Smk/Zmk as they are and to integrate the remaining [(n — 3)/2] such factors by

parts:

s S S S1,n— Sn—1.n—
H/dz] Hw—suﬁ(13+ﬁ>m(g+m+#)

P 212 \ %13 223 21,n—2 Zn—1,n—2
i<y
S n Sn — n
_ H/d% H‘ZUF&J% (313 N %) ( L2 L S /21)
i<i 13 223 <1,[n/2] Zn/2]-1,[n/2]
STL n Sn n— n—o,n— n—o,n— n—a,n—
([/2}+1,[/2}+2 L S 1) (8 3n-2 | S 1) Sn—2n-1
Rn/2l41,[n/2)+2 Zn/2)+1,n—1 Zn—3,n—2 Zn—-3n—-1/ Zn-2n-1
n—2 [n/2] k-1 s n— s
Sid mk kn
= 10 [ s TLt> {12 2 I Z (12.2.27)
=2 i<j k2 m=1 “mk k2] +1 n—kt1 k1

In contrast to the 11, , — M., reshuffling identities from the previous subsection, ([12.2.24])

o (12.2.26) and ((12.2.27)) are valid before summing over permutations of (2,3,...,n — 2).
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12.2.3 Superstring amplitudes up to seven points

This subsection completes the derivation of the striking result ((1.4.1)) for the color ordered
superstring n point amplitude A,, := A(1,2,...,n) by combining the results of the previous
subsections. Let us first look at the five- and six point examples to get a better feeling of the

mechanisms at work.

The opening line in computing the five point amplitude contains six different
integrands and kinematic terms. After applying , the T;; and T;;;, conspire to give M;;
and M,j; with modified integrals, then we use integration by parts according to ((12.2.24) on
the way to the fourth line. Remarkably, many of the initially (n — 2)! = 6 distinct integrals
now coincide: The three kinematic terms Mio3V, Vs, Mo M3, Vs and Vi MagsVs are multiplied
by the same worldsheet functions after partial integration, the same is true for the (2 < 3)

permutation. That is why we can identify complete field theory amplitudes in the last line:

Tho3 Vy Vs ThoTy3 Vs ViTyse V:
H|Zij|—sl-j< 123V4Vs | f12daslVs | Vid4s2 Vs +(2<_>3)>

A5 = / dZQ ng

i< 212 223 212 243 243 232
e S12 [ 513 593 512 534
S
= /dz2d23 H|Zl]| Y <— (— + = | Mz Vu' Vs + Mg M3y Vi
i<j 212 213 2923 212 234

+% (% + @> Vi Myzo Vs + (2H3)>

243 242 232

| S12 S
= /dz2d23 H|Zij|_8” {M ((Myg3 Vi + Mg Msy + Vi Mosa) V) + (2<—>3)}

- 212 234
1<)
s ) S12834  ,syMm 513 524 ,syM
= [ daadz ]|z ¢ =20 ASM(1,2,3,4,5) + == ASYM(1,3,2,4,5)
i< 212 234 213 224

(12.2.28)
Simplifying the six point amplitudes Ag follows similar steps. In this case, (12.2.19)) takes care

of the conversion of Tj;; into M;;x;, then integration by parts makes the four integrals within

a given (2,3, 4) permutation coincide:

Ag = ﬁ/dzj leij|_sij<T1234V5Vé n T123T54 Vi n T2 T543 Vi
=2

212 223 234 212 223 254 212 254 243

i<j
Vi Tsa30 Vis
+ — + 73(2,3,4)
254 243 232
4 S S S S S S
s 12 13 23 14 24 34
- H/dzj lela‘ o <_ <_ + —) <— + — + —> Mig34 V5 Ve
- - 212 \ %13 223 214 224 234
Jj=2 1<J
S12 ( 513 523\ S45 512 S45 [ S34 535
+ — (— + =) — Mys Mys Vg + — — | — + — | Mo Msa3 Vs
212 \ %13 223 /) %45 212 245 \ R34 235

S S S S S S
+ = (ﬁ + ﬁ) (ﬂ + =+ ﬁ) Vi Msyzo Vi + P(2,3,4)>

245 \ %34 235 252 242 232
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212 245 \ %13 223

4

| s128 s s
H/dzj H|z,~j|_s”{ﬁ (ﬁ + ﬁ) (Mio3s Vs Vs + Mgz Mys Vs
=2

1<j

+ Mg Msys Vs + Vi Mosas V) + 73(273,4)}

/ dz; [T lz07

i<j
{312845 (@ X @) ASYM(1,2,3.4.5,6) + 7)(273,4)} (12.2.29)
212 245 \ %13 223

The identities (12.2.19) and ([12.2.26)) are sufficient to also reduce A; to its field theory con-

stituents:

Az

212 %23 234 %45 212 %23 234 265 212 %23 265 <54

5

—gis T12345 % V7 T1234 T65 ‘/7 T123 T654 ‘/7
H/dzj [ 12! ”< + +
=2

i<j

T2 Tesa3 V- i Ti V-

12 16543 V7 I 1165432 V7 X 77(2,3,4,5)>

212 265 254 243 265 254 243 232
5
H/dzﬁ [T 120
=2 i<j
212 756 (ﬁ + %> (Sﬂ + %) ASYM(1,2,3,4,5.6,7) + P(2,3.4, 5)}
212 256 \ <13 223 245 246

(12.2.30)

12.2.4 The n point result

The n point generalization is based on introducing currents M;,;,. ;, via (12.2.20) and (12.2.21])
followed by integration by parts using (12.2.27]). The latter makes the worldsheet integrand

independent on p such that the z;; can be placed outside the p sum and SYM amplitudes emerge

from the kinematics.

An

Z12 %223 - - - Zp—l,p) (Zn—l,n—z ‘e Zp+2,p+1)

H/ dz; [zl < > ( T pTrin2,.pi1 Vo
. | >

+ P(2,3,...,n—2) >

n—2 n—1
( H Z Z_m Mp+1 ..... n2,n1> Vi + P(Qu 37 sy U= 2) >
n/2] k—1 . n—2 n—1 Sk
/dzj H’Z'iﬂs”{ — I > Zem

k=[n/2+1m=k+1 ~""
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-2
Z M12 .D p+1 n—2n— 1V> + P(2,3,,7’L—2)}

n

2 n/2]k18k sk
e { (HE =) (1 S

2
j i<j k=2 m=1 ~TF k=[n/2]+1 m=k+1 ~F™

Il
o

ASM(12.3 .. n—1,n) + P(2,3,...,n—2)} (12.2.31)

Hence, the color ordered n-point superstring amplitude becomes

n/2] k—1
A(ls,25,...,n H/ dz; H’Z”’ 813{ HZ Smk H Z Skm

z
i<j k=2 m=1 ~F k(2] +1 m—lt1 kM

ASYM(1.2.3 ... n—1,n) + 73(2,3,...,n—2)} (12.2.32)

where only the integration region Z, reflects the particular color ordering in question. Therefore,
the end result of all these pure spinor superspace manipulations is that the n-point superstring
disk amplitude is written in terms of an explicit sum over the (n — 3)! basis of field-theory

ASYM

amplitudes multiplied by an equal number of hypergeometric integrals.

12.3 The color ordered n point amplitude

This section investigates the structure and properties of the main result ((12.2.32)) of my research
activities in Munich. The pure spinor computation of the previous section casts the complete

superstring n point disk color ordered amplitude into the following form:

AL2,.m) = Y A2, (n—2),n—1,n)F; () (12.3.33)

-----

UES’nf"S

In , we have made the identification F'” = F§ , for the (n — 3)! functions. The latter
will be explicitly given in subsection [12.3.4] The result is valid for members of the
massless vector multiplet in any spacetime dimension D, for any compactification and any
amount of supersymmetry. Furthermore, it does not make any reference to kinematical or
helicity choices. In the following we explore the result to illuminate the role of color

and kinematics.

12.3.1 Basis representations: kinematics versus color

We have explained in subsection [5.5.5that there are in total (n—3)! independent subamplitudes

ASYM in field theory and given a string theory derivation of this result in section E Hence,



12.3. THE COLOR ORDERED N POINT AMPLITUDE 331
in field theory any partial subamplitude ASYM(1y, ..., ny), with II € S,,, can be expressed as

ASM(Apy, o) = ) Kn” AN (12.3.34)

gESH_3

with iq = II(7), some universal and state independent kinematic coefficients K17 generically
depending on the kinematic invariants, cf. (12.3.39)) for a straightforward derivation. Besides,

we introduced the abbreviation:
ASYM . ASYM(1 9 (n—2),,n — 1,n) (12.3.35)

One crucial property of is the fact, that the full n point amplitude may be decomposed
in terms of SYM color ordered amplitudes ASYM i.e. the whole superstring amplitude can be
decomposed with respect to the kinematics described by the set of ASYM o € S, _5. Hence, it
is evident that in ((12.3.33)) only (n — 3)! basis functions are necessary, because there are only as
much independent kinematical packages. If in there were more than (n —3)! terms we
simply would express all kinematical factors in terms of the minimal basis at the cost
of redefining the functions F'?. Hence, by these results it is obvious, that in the sum of
only (n — 3)! terms and as many different multiple hypergeometric functions can appear since

any additional kinematical term could be eliminated by redefining the functions F'° thanks to
the amplitude relations ((12.3.34)).
Moreover, the string subamplitudes (12.3.33) and its color ordered permutations solve the

system of string monodromy relations

A1,2,....n) + ™2 A(2,1,3,...,n) + e12458) 42,314, n)
+ o emEsstedsia-) 423 p—1,1,n) = 0, (12.3.36)

and permutations thereof. Furthermore, since there exists a basis of (n — 3)! SYM building
blocks allowing for the decomposition ((12.3.34)), we may express any string subamplitude by

one specific set of SYM amplitudes ASYM referring e.g. to the string amplitude (12.3.33):
Ally,...onn) = Y AAM (o), Tes, (12.3.37)
O’ESn—S

Inserting the set ((12.3.37]) into the monodromy relations yields a set of relations for the functions

Fy for each given o € S,,_3:

o iTS12 [0 im(s12+s13) 0
F(1,2,...,n) + e F(2,1,3,..A,n) + e F(2,3,1,4,...,n)

+ o @mbetsstedse) pe Ly = 0 (12.3.38)
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Hence, for a given o € S,_3 corresponding to the given SYM amplitude ASYM, the set of
functions Fyj at fixed o and II € S,, enjoys the monodromy relations. As a consequence for
each permutation o € S,,_3 or YM basis amplitude ASYM there are (n — 3)! different functions

Fy all related through the equations ([12.3.38) and permutations thereof.

As a remarkable byproduct, (12.3.37) allows for an explicit expression of the kinematic
coefficients K117 introduced in (12.3.34)) in the low energy limit o/ — 0,

Kn” = Fj(d)

(12.3.39)

a’=0 )
This relation enables to compute the matrix elements Ky directly by means of extracting the

field theory limit of the string worldsheet integrals F{j(«’) (by the method described in section
rather than by solving the monodromy relations ((12.3.36)).

12.3.2 Duality between color and kinematics

Further insights can be gained when looking at different representations for the same amplitude

([12.3:33):
AL2,..n) = Y APMEL (@), (12.3.40)

TESn_3
In contrast to the ASY™ in (12.3.35), the set ASY™ represents a more general basis of (n — 3)!
independent subamplitudes where three legs i, j, k (possibly other than 1,n —1 and n) are fixed
and the remaining ones are permuted by 7 € S,,_3. By applying the decomposition (|12.3.34)
and comparing the two expressions and we find the relation between the set

of (n — 3)! new and old independent basis functions Fj and F7

Fo ny = >, (KO Fi ny, 0€Sns (12.3.41)

TESN_3

In this case, the matrix (K '), becomes a quadratic (n — 3)! x (n — 3)! matrix, see subsection
for explicit examples. Hence, for a given fized color ordering (1,...,n), any function F“
may be expressed in terms of a basis of (n—3)! functions F'™ referring to the same color ordering.
Equation ([12.3.41]) is the starting point for generating sets of equation systems involving the
kinematics functions F”™ (of the same color ordering). According to the field theory

limits of the functions F? are enough to determine the coefficients of these equations.

The relation ((12.3.41]) should be compared with ((12.3.34): While in the first identity one
specific color ordered amplitude is decomposed with respect to a set of (n—3)! independent color
ordered amplitudes all referring to the same kinematics, in the second identity one functions

referring to one specific kinematics is decomposed to with respect to a set of (n—3)! independent
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kinematics functions all referring to the same color ordering. Moreover, as we shall show in
subsection [12.3.5 for a fixed color ordering (1,...,n) an explicit set of (n — 2)! functions
F(I}_._n), IT € S,,_5 can be given, which fulfills (12.3.41]) — just as a set of (n—2)! SYM amplitudes
ASM fulfills (12.3.34)) for a fixed kinematics. Since the latter fact is a result of the (imaginary
part) field theory monodromy relations, also the relations (({12.3.41]) should follow from a system

of equations for the (n — 2)! functions.

Relations between functions F(I}mn) of same color ordering are obtained by either partial
fraction decomposition of their integrands or applying partial integration techniques within their
n — 3 integrals. The partial fraction expansion yields linear equations with integer coefficients
for the functions F' - just like the real part of field theory monodromy relations yields linear
identities (e.g. subcyclic identities) for the color ordered subamplitudes ASY™. On the other
hand, the partial integration techniques applied to the (n — 2)! functions F! provides a system
of equations of rank (n — 3)!, whose solution is given by . Hence, we have found a
complete analogy between the monodromy relations equating subamplitudes AF™ of different
color orderings Il € S,,_5 at the same kinematics and a system of equations relating functions

F' referring to different kinematics Il € S,_, at the same color ordering.

To conclude, behind the expression there are two sets of equations: one set,
derived from the monodromy relations and equating all subamplitudes of different
color orderings and another set, derived from the partial fraction decomposition and partial
integration relations equating all kinematics functions F™. Both systems are of rank (n — 3)!
and allow to express all colored ordered subamplitudes in terms of a minimal basis or to express

all kinematic functions in terms of a minimal basis.

The color decomposition of the full n point open superstring amplitude M[1%,2%2 ... n]
can be expressed by (n—3)! x (n—3)! different functions F}j with (n —3)! SYM building blocks
ASYM - After introducing the string generalization of ((12.3.34))

Al ..onn) = ) Ko"(@) A(L 24, .., (= 2)p,n — 1,n) (12.3.42)

ﬂ'ESn—S

with IT € Sy and limy_o K™ (o) = K™, we get

M2 o] = Y T {Tm T 7o) Y ATM KT FY O (12.3.43)
1es, -1 o,mESH_3
with Fi7 := F{ o). x(n_2)m_1m) (). In the sum (12.3.43) the same set of basis elements A

is used for all color orderings II. This enables to reorganize the color decomposition sum and
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to interchange the two sums over color and kinematics:

M [1a1’2a2’ o 7nan] _ Z AEYM Z Tr{Tal T Ta"H} Z ICHW F;rj (12344)

0€Sp_3 es, 1 TESn—3

12.3.3 Yang-Mills building blocks A4A5YM

In D = 10, compact expressions for ASYM(1,2,,...,(n — 2)s,n — 1,n) are derived in section
[8]. They can be used to describe the SYM building blocks in (12.3.33)). On the other hand,
for D = 4 compact forms for the SYM building blocks A%YM(1,2,,..., (n—2),,n—1,n) in the
spinor helicity basis can be looked up in the literature: In the maximal helicity violating (MHV)
case the building blocks reduce to the famous Parke Taylor or Berends Giele formula [236,237].
For the general NMHYV case the complete expressions for ASYM(1,2,,...,(n—2)s,n—1,n) can

be found in |100].

Since in the sum the kinematical factors ASYM and the functions F° encoding
the string effects are multiplied together, supersymmetric Ward identities established in field
theory [195,(196]/197,|198|/199] hold also for the full superstring amplitude, cf. also subsection
based on [150]. At any rate, by extracting SUSY components from the pure spinor result,

we can obtain the n point amplitude involving any member of the SYM vector multiplet.

12.3.4 Minimal basis of multiple hypergeometric functions F°

The system of (n — 3)! multiple hypergeometric functions F'? appearing in ((12.3.33)) are given

as generalized Euler integrals

n—g 1 n—2 k—1
F@3n=2)(g.) = H / dz; (H’Zm%) {stﬂ} , (12.3.45)
i=2,7

z
i<j k=2 m=1 "Mk

with permutations o € S,_3 acting on all indices within the curly brace (but not on the
integration region). Integration by parts admits to simplify the integrand in (12.3.45)). As a

result the length of the sum over m becomes shorter for k > [n/2]:

n—2 1
F-n2(sy) = H/dzj (HlZij‘Sij>
Smk Sk
v . I > =] (12.3.46)

k=[n/2]4+1 p=k+1

Above, [...] denotes the Gauss bracket [x] = max,ecz <, 1, which picks out the nearest integer

smaller than or equal to its argument.
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The result inherits its gauge invariance from its kinematic building blocks ASYM,
Hence, gauge invariance does not impose further restrictions on the (n — 3)! functions F, o)
which would impose additional relations for them and further reduce the basis. The set
of (n—3)! functions represents a minimal basis for the set of multiple Gaussian hypergeometric
functions or Euler integrals appearing at n point and referring to the same color ordering
(1,...n) or integration region z; < ... < z,. Any function of this ordering can be expressed in

terms of this basis.

The lowest terms of the o/ expansion of the functions F” assume the form (see subsection

71.5):

1 12,00 (9 B85 (3 . 0=(23...n—2
e _ + a?p3¢(2) + a®pl(3) + o= n—2) (12.3.47)

a?pgC(2) + a®piC3) + ... o #£(23...n—2)
with some polynomials p¢ of degree n in the kinematic invariants. Only the first term of
(112.3.33)) contributes to the field theory limit of the full n point superstring amplitude, in lines
with the derivation (12.3.39)) of the basis expansion coefficients in ASYM. Note that starting at

n > 7 subsets of F'? start at even higher order in o/, i.e. pg,...,p7 = 0 for some v > 2, see

appendix for further details.

The power series expansions ((12.3.47)) in o/ is such that to each power o™, a transcendental
function of degree m shows up. More precisely, a set of multizeta values (MZVs) of fixed
weight n appears, see section for an account on transcendentality properties. The latter are
multiplied by a polynomial p? of degree n in the kinematic invariants with rational coefficients.
From ([12.3.47)) we conclude that the whole pole structure of the amplitude ((12.3.33) is encoded
in the SYM subamplitudes ASYM, while the functions F are finite, i.e. do not have poles in
the kinematic invariants. A detailed account on multiple Gaussian hypergeometric functions

can be found in [231].

12.3.5 Extended set of multiple hypergeometric functions F'

A system of (n — 2)! functions F™ subject to (12.3.41)) with II € S,,_» can be given as follows
n—2 1 1 ne2 k-l
n— —8ii mk
FE D) = ] / dz; (H |21 ”) { Pa— 11> — } , (12.3.48)
) i<j T

with permutations II € S,,_5 acting on all indices within the curly brace. The set of (n — 2)!

functions ((12.3.48) can be expressed in terms of the basis (12.3.45) as a consequence of the
relations ((12.3.41). This allows to express (n — 2)! — (n — 3)! = (n — 3) x (n — 3)! functions of

(112.3.48)) in terms of ((12.3.45]). This will be demonstrated at some examples.
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e 1 = 4 functions

! [(1 = s12) T(1 — s93)
F(Q) — / dZ Zii —Sij 2 = 12 23
0 2 H| ]| F(1—812—823)

4
i<j 12

= 1 - C(?) S12 S23 + C(g) 812 823813 + ... . (12349)

The extended set of two functions consists of (12.3.49) (with F® = F(2%) and the
additional function (|12.3.48)):

FE2) = / dz, H|Zz| siy | - S13 _ 513 I'(1 = s12) I'(1 = s23)
2921 213 S12 F(l — S12 — 523)

1<j

S
= 5_13 — C( )813823 + C<3)S%3823 + ... (12350)
12

With this extended set of two functions we may explicitly verify the relation ((12.3.41)).
For the new basis 7 = {(1,3,2,4)} in (12.3.34)) we have

S
Kusan® = 5_12 (12.3.51)
13

with respect to the reference ordering (1,2,3,4) as a consequence of the field theory

relation ASYM(1,3,2,4) = %ASYM(L 2,3,4). According to ((12.3.41]), we can conclude

FOD = (K V) g00@ F® = 28 pey (12.3.52)
512

on the level of the functions.

e n = 5 functions

The set of two basis functions appearing in (12.3.33)) and following from ([12.3.45)) is:
23 / dz, / dzs ( ‘Zij|8ij> 512 (2 4 %)
i<j <12 \ %13 223
512 534
= dz / dz 25| %
/ ? ’ (H‘ ) 212 %34

1<

= 1 4+ ((2) (512834 — S3a845 — S12551) + ((3) (8%2 S34 + 2519 593 534

2 2 2 2 2
+ S12 S34 — S34845 — S34S45 — S19S551 — 812851) + ... (12353)

e 513 512 532
F(32) /dZQ/ dZ3 |ZZJ| 8ij — (—+_
213 212 232
1<J
g 513 S24
/dZQ/ dZ3 |Zz'j| 8ij

213 224

1<J

= ((2)s13524 + C(3) 513524 (512 + So3 + S3a4 + Sa5 + S51) + ...




12.3. THE COLOR ORDERED N POINT AMPLITUDE 337

The extended set of six functions consists of (12.3.53)), with

F@3Y . pes) FGA .= pB2) (12.3.54)

and the additional four functions ([12.3.48]):

1 1 1
e S14 S23
) / dz, / dzs H ‘ZZ]| Sij [
0 2 i< %31 14 223
1 1 1
e S12 534
F(243) — / dZQ / ng H |Zz]| Sij - = == (12355)
0 29 ici %31 212 243
J
1 1 1
g S14 523
P = / dZQ/ dzg | [[lzsl™ ) — = =
0 29 i< 221 214 <32
1 1 1
s 513 S24
F(342) = dzy ng H |Zz]| 81 _— — —
221 %13 242
0 Z2 i<j

With this extended set of six functions we may explicitly verify the relation ((12.3.41)).

For the new basis 7 = {(1,4,2,3,5), (1,2,4,3,5)} in (12.3.34) we have

1 S19 S — S13(S34 + 8
Ko — 12 S34 13( 34 45) (12.3.56)

S14 535 S14 (812 — 845) — 814 S13

w.r.t. the reference basis 0 = {(1,2,3,4,5), (1,3,2,4,5)}. According to (12.3.41)) the
following identity indeed holds:

F(423) T F(234) T .
(P () -
On the other hand, for the new basis 7 = {(1,4,3,2,5), (1,3,4,2,5)} we have

1 S12(S14 + 8 S13 S
Ko — 12( 14 34) 13 S24 (12.3.58)

S14 S35 — S$12 S14 — S14 (812 + 823) )

and the following relation can be checked:
s\ T s\ T B
<F(342)) = (F(324)) K (12.3.59)
Hence, the relations ((12.3.64)) and (D.1.5)) allow to express the additional set of functions

(12.3.55)) in terms of the minimal basis (12.3.53)).

e n = 6 functions

The set of six basis functions appearing in ((12.3.33)) and following from ((12.3.45)) is

e 512 S45 513 5923

£ Il/ dz; ( |21 S”) — — | —+—
219 2 Z z

2 i< 12 245 13 23
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= 1 — ((2)(s485 + s186 — Sat1 — sit3 + tits) — ((3) (2515284
+ 2518384 + SZS5 + 34.9? + s%s(g + slsg — 28384t — sitl
— s4tt — 28184ty — STtz — 28189t + ity — syt + tt3) + ...
o) _ H/ i, (Hm,su) s13 15 (2 . @)
zj1 i<j 213 245 \”12 232
= ((2)s15(56 — 59 —t3) — ((3) 513 (5152 + 55 — 25954 — 25354

— 5186 — Sg + Sot1 — Sty + 284ty + Stz + 289tz + it +13) + ...
4

s _ H ! d e | Su S5 (813 Sa3
= g | [Tzl ) = =2 (242 (12.3.60)

z zZ z z
j=27% i<j 14 <25 13 43

= —((2)s14525 + C(3)s14525(52 + 83 — 85 — 56 — t1 — ta — t3) + ...

4 1
S13 S s S
PO~ H/ dz (H|z 1) o B2 <£+ﬁ)
j=2 721 i< <13 225 \%14 R34
= C(2)813325 + ((3)s13825 (51 — S2 — 283 + s¢ + t1 + 2ty + t3) + ...
4
S14 S s S
F(423) - H dzj <H|Zzg|_s”> e S +£)
j=2 7z i< R14 235 \ %12 242
= ((2)s14535 — C(3) 514 535(250 + 853 — 54 — 55 — 11 — 2ty — 13) + ...
4
S12 S 3 S
po T s ([ ) 20 (202)
2o - i< 212 235 \”14  ~24

= C(Q) (85 — 83 — tl) S35 + C 835 (28182 + 28183 — Sg — 8354

+ S485 + Sg — 283t1 — S4t1 — tl — 281t2 — 83t3 + S5t3 — t1t3> + ...

where we use Mandelstam variables s; = s;,;11 and t; = s; ;41,42 subject to cyclic identi-

fication k;.,, = k; of the external momenta.

The extended set of 24 functions consists of (12.3.60]) with

F(2345) F(234) F(3245) — F(324)

? Y

FUs®) - psy) (12.3.61)
F(3425) . p(342) 4235) . p(423) [(2435) . p(243)

Y

and additional 18 functions of type ({12.3.48]), which are listed in appendix .

Switching from the reference basis {(1,0(2),0(3),0(4),5,6), o € S5} to the new one 7 €
{(1,2,3,5,4,6), (1,3,2,5,4,6), (1,5,3,2,4,6), (1,3,5,2,4,6), (1,5,2,3,4,6), (1,2,5,3,4,6)}

involves the transformation matrix

o o —1
K7 = sy
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Sy — tl 0 0 0 S14 —d1
0 S5 — tl S14 S3 + S14 0 0
s154dg 54513(825—846) — 513514525 —s13825(s3+s14)  s1ado(sas—s1)  s1(s3+sa)do
5155246 5155246 5155246 5155246 5155246 5155246
—5154 —s4(s1+52) 514d4 (s14+s3)da 514(51—546) —s1(s3+54)
5246 5246 5246 5246 5246 5246
5154(835—546) s4513d3 (sa6—s13)d3s14 (s4+s24)s13d3 —51514535 51535d1
5158125 5158125 5155125 5155125 5158125 5158125
sa(s1—t1) —s84513 s14(513—546) —s13(sa+524) —s14ds didy
5125 5125 5125 5125 5125 5125
(12.3.62)
with shorthands
di = s3 — 85 + t1, dy = s1 — 84 — 85
d3 = 83 — S5 — t3, d4 = S84 + S5 — Si3 (12363)
dy = 815 + 835

According to (12.3.41]), the functions F}] at fixed II transform with the inverse matrix

[(2354) 4 [(2345) 4
[(3254) [(3245)
[(5324) [7(4325)
= K (12.3.64)
[(3524) [7(3425)
[(5234) [(4235)
[(2534) [7(2435)

The other two sets of basis m € {(1,0(2),0(4),0(5),3,6)} and 7 € {(1,0(3),0(4),0(5),2,6)}
(with o € S3) as well as their relations ((12.3.41)) to the reference basis {(1, 0(2),0(3),0(4),5,6)}
are displayed in appendix [D.1]

12.4 Properties of the full amplitude

The factorization properties of tree level amplitudes are well studied in field theory [264]. These
properties represent an important test of our result. An explicit check of cyclic invariance is
still under research and will be written in [11]. The extended set of functions introduced in

subsection [12.3.5|is believed to play a key role.
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12.4.1 Soft limit

According to the SUSY argument in subsection [12.3.3] it is sufficient to focus on the n gluon

amplitude. We consider the limit k,,_o — 0. In this limit, the amplitude (12.3.33|) behaves asE|:

£kn72 fknfB
1,2,... -
G

This can be proven by considering the limits of the individual summands of ((12.3.33]):

) A1,2,...,n—1) (12.4.65)

(1) o€ Sp_4with (n—3),=n—3:
ASM(12,,... (n—3)g,n —2,n —1,n) F7(d)

gk’l’LfZ Skn,:g SYM ,
(k‘n_Qk‘ kn—3k5) A ( ) 4o ,(n 3)J,n ) ) (a) :

(i) o€ S,_gwith (n—3), #n—3:
ASM(12,, ... (n=3)g,n —2,n—1,n) F7(d)

Ekn—s Ek(n-3), SYM o 1
— 1,25,...,(n—=3)s,n—2,n—1) F°
— < ok " A1, (n—3)y,n n—1) F7(a)

(1ii) o € Sp_gwithn—3€{2,,...,i,}andi=2,....,n—4, ie.(n—3), #n—3:
ASML 2, ign =2, (i + 1)y, (n—3)y,n — 1,n) F(a)

Ekit) &k SYM Do (]
o _ S 1,2, ... (n—3)g,n—2,n—1) F°
(e ) N (= 8 - 2 ) F(@)

(iv) 0€Suy: AAMAn—-22,...,(n-3)s,n—1,n) F°(a/) — 0
(v) o€Spgwithn-3€{(i+1)s,...,(n—3),}andi=2,...,n—4:
ASM(1 2, ign —2,(i+ 1)g,...,(n—=3)g,n —1,n) F7(a/) — 0.  (12.4.66)

Above the functions F7 refer to the n — 1 point amplitude. While the (n — 5)! summands of
case (i) already have the right form and give rise to (n — 5)! terms of the n — 1 point
amplitude , the remaining nonvanishing limits (i¢) and (iii) for a given o € S,,_4 with
(n —3), # n — 3 conspire to comprise the remaining (n — 5)(n — 5)! terms of thanks

to the relation:

o k. ) 24 ki, ki, \ [ Ekna  Ekag
kn,Qk k(n_g)ak - k(i—f—l)ak kzak kn,Qk kn,;gk' ’

(12.4.67)

The remaining 3(n — 3)! terms of the cases (iv) and (v) do not contribute in the soft limit.

2The vectors & and k refer to the transverse polarization and momentum of the soft—gluon, resepctively. One

could also express the kinematic dependent soft- or eikonal factor in the D = 4 spinor helicity basis [264,261]
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12.4.2 Collinear limit

Again, according to subsection [12.3.3] it is sufficient to focus on the n—gluon amplitude. The
collinear limit is defined as two adjacent external momenta k; and k;;, with ¢ + 1 mod n,
becoming parallel. Due to cyclic symmetry, these can be chosen as k,_3 and k,,_o, with k,,_3

carrying the fraction x of the combined momentum k,_3 + k,_o — k,_3. Formally,
kn,3 — T kn,3 s kn,Q — (1 —'I> knfg, (12%L68)

where the momenta appearing in the limits describe the scattering amplitude of n — 1 gluons.
In this limit the amplitude behaves asﬂ

Ve 0
kin—skn—2 O&, 4
with the three gluon vertex Vi = (&, 38, 2) (k! _5 — ki 3) +2(&nokn_3)E 53— 2(&nskn_2)E .
This can be proven by considering the limits of the individual summands of (12.3.33). First, if

A1,2,...,n—1), (12.4.69)

the two states n — 3 and n — 2 are not neighbors, we have:

(i) o€ S, qgwith2, #n—3: ASM1n—-22,....,(n-3),,n—1,n) — 0
(17)) o€ Sp_gawithi,, (i+1)y #n—3andi=2,...,n—4:
ASM(1 2, g —2,(i+1)y,...,(n =3)g,n—1,n) — 0 (12.4.70)

On the other hand, the remaining 2(n —4)! terms of ((12.3.33]) pair up into (n —4)! tuples (o, &)
each giving rise to one of the (n — 4)! terms of the n — 1 point amplitude ([12.3.33)):

0,6 €Syp_gwithi,=(+1)j=n—-3andi=2,...,n—4:

ASYM 2, e, —2,(i+ 1)y, ..., (n—3)y,n —1,n) F7(c)
+ ASYM(1 25 ign —2,(i+1)5,...,(n—3)s,n — 1,n) F7(d)
4 O A2, (n=3)sn—2m — 1) F(a) (12.4.71)

kn—3kn—2 652—3

Note, that in the above combination the z-dependent parts of the two functions F° and F?,

which stems from the limit ((12.4.68)), add up to zero.

12.4.3 Cyclic invariance

While the canonically ordered SYM constituent ASYM(1,2,...,n) within (12.3.33) is invariant

under cyclic transformations of its labels ¢ — i + 1 mod n, all others transform nontrivially.

30ne could also express the kinematic dependent factor as splitting amplitude written e.g. in the D = 4

spinor helicity basis [264,/261].
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More precisely, the set {ASYM(l,QU,...,(n —2)g,n — 1,n), o € Sn_g} is mapped to the
set {ASYM(1,2,3,,...,(n = 2),,(n — 1)5,n), 0 € S,_3} by virtue of the cyclic properties
of the ASYM. The latter set belongs to the extended S, 5 family from subsection [12.3.5]
{ASYM(L 21,31, -, (n—2), (n— 1), n), I € Sn_g} which can be expanded in terms of the
original basis of ASYM(1,2,,...,(n —2),,n — 1,n) according to ([12.3.34)).

The cyclic transformation properties of the minimal basis functions F'° are such that the
change of ASYM into A%}[x = res. s Ko "AS™ is compensated:
F° = PO = > (K7, Fr (12.4.72)

ki—kit1 e
e

The map II(o) is defined by (2r(e), ..., (n — D)) = (2,20 +1,..., (N = 2), + 1).



Chapter 13

Explicit BCJ numerators from pure

spinors

In this chapter, we will extract lessons on scattering amplitudes in gauge theories from the pure
spinor approach to the superstring. This is another example for the tight connections between
superstring theory and field theories emerging in the low energy limit, in particular for the

fruitful interplay on the level of the S matrix.

In section [5.5, we have introduced a parametrization of gauge theory tree amplitudes

a1 gas an]  _ Ci
MO o gaz - pan] = ;Hai% (13.0.1)

where color- and kinematic degrees of freedom enter on the same footing. In particular, the

kinematic numerators n; can be brought into a form such that they satisfy a dual Jacobi
identity n; + n; — n, = 0 whenever ¢; + ¢; — ¢ = 0 on the color side. However, the kinematic
identity depends on the management of contact terms — the four point interactions of gauge
fields introduce an ambiguity in defining the n;, and generic choices cause the Jacobi identity

n; +n; —ng, = 0 to fail.

The pure spinor formalism resolves these contact term ambiguities: Given the presentation
(12.1.13) of the superstring tree amplitude in terms of (n — 2)! superfield expressions like
(Tha. pTh—1n-2.p+1Va), the low energy limit naturally expresses each n; as a linear combination
of (n — 2)! basis kinematics (T2 pT5—1n-2.p+1Vn). We will show that they are guaranteed to
satisfy all the dual Jacobi relations . It is straightforward to dimensionally reduce the
superfield components to D = 4, and the bosonic parts describe gluon scattering independently

on the existence of supersymmetries.

There is strong motivation in field theory for having explicit expressions for kinematic

numerators n; subject to n; +n; — n, = 0. Firstly, they can be recycled from tree level to

343
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loop amplitudes by means of the unitarity method [313}314,|78|. Jacobi identities then relate
non-planar loop diagrams to the much better-understood planar sector. Secondly, the duality
between color and kinematics suggests a natural reorganization of gravity tree amplitudes. As
explained in section they are built as double copies of gauge theory subamplitues [213] using
KLT relations. If the Jacobi identities hold within one of the gauge theory sectors, then the
numerator of each kinematic pole in the gravity amplitude is given by a square |n;|?. Ultimately,
the ¢; <> n; duality is helpful for studying the ultraviolet properties of gravity theories at higher

loops.

13.1 Constructing supersymmetric BCJ numerators

The low energy limit of the pure spinor string amplitude bypasses the contact term
ambiguity because its BRST cohomology organization in terms of (Ths2. ;75102 p+1Vs) natu-
rally absorbs these contact terms. According to our discussion in subsection [12.1.3], they arise
from the double poles in the OPE of two integrated vertices and complete the single pole OPE
residues L9311 to BRST building blocks T123. .

The purpose of this section is to explain the construction of the individual BCJ numerators
n; out of the BRST ingredients (112,15 —1n—2..p+1Va) and to rigorously justify why they satisfy

the dual Jacobi relations.

13.1.1 The minimal basis of BCJ numerators

As a starting point of the construction of kinematic numerators, let us give a refined version of

the pure spinor superstring amplitude ((12.1.13]) where the o’ dependence is explicitly displayed:

n—2
A 200 (= Do) = 20 T [ da [ feul 2
=2 o

i<k

n—2
Tio i Ty 1mn o
< Z ( 12..5 Ln—1n—2...5+1 Vi + 73(27 3,...,n— 2) > (1312)

] 212 %23 - - - Zp—l,p) (Zn—l,n—z Zn—2,n—3 - Zj+2,j+1)

The ordering 0 € S,,_5 of the external legs is reflected in the integration region Z, for the
worldsheet positions zs, 23, .. ., 2,_2, the remaining ones are fixed as (21, z,-1,2,) = (0,1, 00)
by SL(2,R) invariance of the disk worldsheet. More precisely, Z, is defined such that only

those z; which respect the ordering

0 = 21 < =z, < 2z, < ... < Zpo2, < Zmen, < 00 (13.1.3)

o
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are integrated over. The o/ — 0 limit of extracts propagators of cubic field theory
diagrams from the n — 3 fold worldsheet integrals. Adjusting the integration region Z, to the
color ordering makes sure that the integrals in A(1,2,,...,(n — 1),,n;a’) only generate those
pole channels which appear in the corresponding field theory amplitude ASYM(1,2,,...,(n —
1)s,n). A method to efficiently extract the field theory limit of a general n point integral was

explained in section [7.2]

The set of (n —2)! color ordered amplitudes ASYM(1,2,,...,(n—1),,n) with 0 € S,,_» and
legs n and 1 fixed is sufficient to involve all of the (2n — 5)!! cubic field theory diagrams at least
once. In subsection we have introduced this 5,_» family as the KK basis because the
Kleiss-Kuijf relations express all the other SYM subamplitudes as sums over several
ASYM(1.2, ... (n — 1),,n) with coefficients +1.

The remarkable property of in view of the BCJ organization is the number of
independent superfield kinematics (Tha. ;T—1,n—2.. j+1Vn). Each of the n—2 terms in the j sum
of involves (n — 3)! permutations of (Tia. ;T,—1n—2,. j+1Va) in the legs (2,3,...,n—2)
such that we have (n — 2)! kinematic packages in total. The worldsheet integrand remains the

same for any color ordering, only the integration region Z, changes between the subamplitudes.

Hence, the (n — 2)! basis kinematics (T2, ;T,—1,n—2... j+1Vn) combine to the kinematic fac-
tors n; for any color stripped superstring amplitude, and in particular, they generate BCJ
numerators for all the (2n — 5)!! pole channels of the color dressed field theory amplitude.
Their coefficients are determined by the pole structure of the integrals in the corresponding

integration region Z, which is specified by the color ordering of A(1,2,,3,,...,(n—1),,n;a’).

As we have argued in section having a set of no more than (n — 2)! independent
numerators is necessary for imposing the Jacobi-like identities (dual to color factors) on the
(2n — 5)!! numerators of the pole channels in various subamplitudes. In the next paragraph we
explain why the number (n — 2)! of kinematics in is also sufficient to satisfy the Jacobi

relations, i.e. to make the appropriate triplets (n;, n;, n;) vanish.

13.1.2 The vanishing of numerator triplets

The fact that only (n — 2)! BCJ numerators can be linearly independent implies the existence
of as many linear homogeneous relations between the n; as there are Jacobi identities. Since
the field theory limits of the integrals in (13.1.2)) involve no other coefficients than 0 and +1

for the propagators, these relations must be of the form

Ny + Ni, + Ny + ... + N,y + n;, = O, (1314)
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with a so far unspecified number p of terms. In order to show that they can always be arranged
into vanishing statements for triplets n;, £n;, F¥n;, = 0 one has to make use of the BCJ relations
between field theory subamplitudes which allow to reduce the KK subamplitudes to
a basis of (n — 3)! independent ones. We have explained in subsection that they can
% = 0 involving 2"73(2n — 7)!!'(n — 3)/(n — 2)! numerator

triplets (n;, ,n4,, n;,, ) that vanish individually if the dual Jacobi relations hold. The important

be recast in the form ),

implication is the vanishing of n;, +mn;, +n,,, at the residue of the n —4 poles s,, common to the

n;,., n;, and n;  channels, independent on the assignment of contact terms to the numerators.

Suppose the linear dependences ((13.1.4)) failed to make Jacobi triplets of BCJ numerators
vanish, i.e. p > 3, then the BCJ relations would involve terms

(78 + Ty + Nig _ §:4 nij (13 1 5)

1" sa I sa

where each noncancelling n;,_, is multiplied with at least one propagator outside its channels.

This is clearly incompatible with the BCJ relations because there will remain contributions

with a specific set of n — 4 poles from each term like thatﬂ.

The conclusion is that the (2n — 5)!! — (n — 2)! independent relations ((13.1.4]) can always be

brought into a form that reproduces all the dual Jacobi identities for the kinematic numerators

n;. If this was not the case, inconsistencies would arise in the BCJ relations (5.5.69)) or (5.5.70))

between color ordered field theory amplitudes. Hence, the number (n — 2)! of kinematics in
(13.1.2)) guarantees that all the n; constructed from the o/ — 0 limit of the integrals over Z,

satisfy the Jacobi-like relations n;, + n;, +n;, = 0.

13.1.3 The propagator matrix

The worldsheet integrand of (13.1.2)) suggests to label the (n—2)! basis kinematics in an n-point

amplitude by an 5,,_3 permutation ¢ and an integer [ =1,...,n — 2:
KL= (Tiaysyty Tt (n2)s(s1)s Vo ) s l=1,....,n—2, o€S,_3 (13.1.6)

This makes sure that the residual S,,_3 relabelling symmetry stays visible in the KK basis
of the field theory limit. As we have mentioned before, knowing all the KK subamplitudes
ASYM(1.2, ... (n—1),,n) with p € S,_» is sufficient to address each channel and to thereby
identify all the (2n — 5)!! numerators n;. The superstring amplitude ((13.1.2)) provides a general

!The claimed incompatibility rests on the linear independence of the (n — 2)! factorial basis numerators. We

wish to thank Henrik Johansson for pointing out that a loophole would arise otherwise.
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prescription to construct these KK subamplitudes in terms of the basis kinematics k! defined

by (13.1.6): 2
ASML,2,, . (n=1),m) = > Y PIK, (13.1.7)

=1 0€S,_3

l70—)

This introduces a (n—2)!x (n—2)! matrix P,?) of kinematic poles whose entries are determined

by the integral of the worldsheet polynomial associated with (I, ) over the region Z,:

/=0 212, 22,35 -+ Z1-1)oly) (Zn—1,(n—2)5 - - Z(142)0,(+1)s )

(13.1.8)
These o/ — 0 limits can be straightforwardly evaluated using the methods of section [7.2}

n—2 —2a’s;p,
. 2 j
Pp(l’g) = lim (2/)"° ||/dZi ( H]<k| i
1=2 I,

The idea of introducing an (n — 2)! vector of KK amplitudes and relating it to (n — 2)!
independent numerators by a square matrix already appeared in [315]. In our situation, the
basis of numerators is set by the superstring computation, and our Pp(lva) matrix is a
specialization of the propagator matrix M in this reference to the pure spinor basis {K!, [ =
1,2,...,n—2, 0 € S,_3} of kinematics. The BCJ relations between KK subamplitudes

imply that the (n—2)!x (n—2)! propagator matrices M or P,(-*) have nonmaximal rank (n—3)!.

Not all the entries of the pole matrix Pp(l’U) have to be computed separately. The following
trick relates many of them by relabelling and thereby reduces the computational effort on the
way towards explicit BCJ numerators: Exclude the leg n — 1 from the p € S,,_s permutations
specifying the KK subamplitudes. They then fall into n—2 classes ASYM(1,2,, ... j,,n—1, (j+
Doy...,(n—2)y,n) with j—1 legs between 1 and n— 1 and another n —2 — j legs between n — 1

and n (where j = 1,2,...,n — 2). Tt is sufficient to compute one representative of the n — 2
classes of KK amplitudes, the others then follow as .S,,_3 permutations in 2,3,...,n — 2. More
precisely, once the first n — 2 columns of with p=(2,3,...,5,n—1,7+1,...,n—2)
and j =1,2,...,n — 2 are known, then the others follow from

(l,o~tor)

(13.1.9)

. : (L) — 4 :
Pp:(zo-730,...7]0771—1,(]-'-1)0-7...7(71—2)5) _ Pp:(27377.77n_17]+177n_2)

kina(i)

where the composition of ¢!, 7 € S, _3 is to be understood as (¢! o 7)(i) = o7 (7(7)). The

proof of ([13.1.9)) is a simple matter of renaming worldsheet integration variables in ((13.1.8)).

This relabelling strategy reduces the number of independent evaluations of from
(n—2)!' x (n—2)! down to (n —2) x (n —2)!, i.e. the work at this step is reduced by a factor of
(n—3)!. But the success of these S,,_5 relabellings does not extend to the leg n — 1. The P,
entries for the n—2 classes of KK subamplitudes ASYM(1,2,,. .., j5,n—1, (j+1),, ..., (n—2),,n)

with j = 1,2,...,n — 2 have a different number and structure of terms as j varies. This will
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become more obvious from the examples in the next section [13.2] As a consequence, the n;
appearing in these subamplitudes involve more basic kinematics K. and do not follow from

other BCJ numerators by relabelling.

13.1.4 Jacobi friendly notation

At higher points it is not convenient to denote the BCJ numerators sequentially by n; for
i=1,2,...(2n — 5)!l. Already the presentation of the fifteen numerators in the five point KK
basis (5.5.63|) suffers from the arbitrary assignment of numbers 1 to 15 to the cubic diagrams.

It is not at all obvious from their labels which of them combine to form the Jacobi triplets
(15.5.64).

Instead, we will use a notation introduced by [315] which reflects the structure of the diagram
and allows the associated propagators to be reconstructed. More importantly, it makes the dual
structure constant contraction available from which one can infer the symmetry properties
fabe = —fbac and the Jacobi identities ftlerez faslbe — (. Let us clarify these properties by

explicit examples:

The four point amplitude M5YM[191 292 333 494] encompasses three diagrams of the form

2 3
1 s s
>_< ~ fa1a2b fba3a4 n[12’ 34] _ Cs
1 4 512 §

where n[12, 34] has the same symmetries as the structure constants involved:

nlij, kl] = —nl[ji,kl] = —nlij,lk] = nlji,lk], nlij, kl] = nlkl,ij] (13.1.10)

If we assign n; = n[13,42] and n, = n[23,41], then the Jacobi identity ns +n; —n, = 0 can be

written more compactly as
n[1{2,34}] = n[12,34] 4+ n[13,42] + n[14,23] = 0. (13.1.11)

At five points, the first out of fifteen pole channels contributes
3

2 4 1 cn
~ falagb fbagc fca4a5 TL[12, 3,45] _ 171
1 5 S12 S45 512 S45

to MBYM[1a1 9a2 3as gas 535] where the kinematic numerators inherit their antisymmetry under

flipping a cubic vertex from the structure constants:

nlij, k,im| = —nl[ji,k,im|] = —nlij,k,ml] = n[ji,k,ml] (13.1.12)
nlij, k,Im] = —n[lm,k,ij] (13.1.13)
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All the Jacobi identities (5.5.64)) can be diagrammatically found by attaching a cubic vertex

with two external legs to one of the dotted lines of figure |5.12 They can be cast into unified

form
nlij, {k,Im}] = 0. (13.1.14)
Six point amplitudes introduce two topologies of cubic diagrams
2 i 5
falagb fbagc fca4d fda5a6 77,[12, 3’ 47 56]
1 : : 6 $12 5123 S56
3 4
2 5 aijaz2b fasaqc fasagd f£bed
forasb fasaac fasaed foed 19 34 56
1 6 512 834 S56

which imprint the following symmetries on the BCJ numerators:

nlij, k,l,mp] = —nlji,k,,mp|, nlij, k,l,mp] = nlmp, k,ij] (13.1.15)
nlij, kl,mp| = —nlji, kl,mp| , nlij, kl,mp] = —nlkl,ij, mp] (13.1.16)

Also the Jacobi identities exhibit different topologies here, one can either attach three point
vertices to two different dotted external lines of figure [5.12| or one color ordered four point

diagram to one external line:
nlij,k,{l,mp}] = 0,  nlig,kl,mp] = nlij,k,l,mp] — nlij,l,k,mp]  (13.1.17)

The latter expresses any diagram of snowflake shape in terms of the other topology.

Cubic diagrams in seven point amplitudes again fall into two different topologies

3 4 5
2 6 falagb fbagc fca4d fdase fea6a7 n[12, 3’ 4’ 5’ 67]
1 : : 7 512 S123 S567 S67
N
fa1a2b fbagc fcde fda4a5 fea6a7 n [127 3’ 457 67]
1 6 512 5123 S45 Se67
7

The associated numerators enjoy symmetry properties

n[zg,k,l,m,pq] = _n[jl7k7l7m7pCI]7 n[Zj,k,l,m,pq] = _n[pQ7m7lak7Zj] (13118)
n[w,k:,lm,pq] = _n[ji>k7lmapQ] - _n[ij>k7ml>p(ﬂ - _n[ij7kap%lm] (13119)

and Jacobi identities which eliminate the second topology:

nlij, k,l,{m,pq}] = 0,  nlij k,im,pql = n[ij, k,[,m,pq] — nlij, k,m,l,pq] (13.1.20)
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The four different topologies at eight points can still be captured by the suggestive notations
nlig, k,l,m, p,qr],nlij, k, lm, p, qr],n[ij, k,[,mp, qr] and n[kl,ij, mp,qr]. Jacobi identities re-
late diagrams of different topology such that all of them can be represented in terms of the

simplest numerators class n[ij, k, [, m, p, qr].

13.1.5 Reading off the BCJ numerators

In order to finish the string inspired construction of BCJ numerators, we have to compare the
field theory limits ((13.1.7]) with the defining equations of the numerators. The notation from
the previous subsection admits to write the latter in a symmetric way once the diagramatic

expansion of the color ordered n point is known.

Let us give the KK amplitudes A5 (1,2,,...,(n —1),,n) for n = 4,5,6 and n = 7 here:

2, 3,
% S n12,.3,4]  n[2,3,.41]
ASYM(1>2p73p74) = >—< + = +
1 4 S12, 52,3,
1 4
3
2 ’ 4
ASYM(1.2,.3,,4,,5) = >J—< + cyclic(12,3,4,5)
1 )

12,,3,,4,5
_ 1123, 45) + cyclic(12,3,4,5)
512, 54,5
Figure 13.1: The four- and five point KK subamplitudes in the notation of subsection
for their kinematic numerators.

n[12,,3,4,,5,0] + 12,35, 4,5, 61]

ASYM(L 2Pa 3/?’ 4,07 5/)’ 6)

812, 83,4, 55,6 52,3, 54,5, S61
n[12p, 3,6, 4p5p] n[2p3p,4p, 1, 5p6] n[3p4p, 9ps 2p, 61]
B 512, 512,3, 54,5, - 82,3, 52,3,4, 55,6 B 83,4, 53,4,5, 561
n[12p, 6, 3,, 4p5p] n[2p3p, 1,4,, 5p6] n[3p4p, 25,90, 61]
- 512, $3,4,5, 54,5, - 52,3, 512,3, 55,6 - 83,4, 52,3,4, S61
+ < nl125, 35,4, 5,60 cyclic(12p3p4p5p6)> (13.1.21)
812, $12,3, 55,6

125,35, 455,,6,7] 12,35, 1,4,5,,6,7]

ASYM(1,2,.8,.4,.5,,6,,7) =

S12, 512,3, 54,5, 56,7 52,3, 512,3, 54,5, 56,7
+ n[12,3,,4,, 55, 6,7] n[2,3,,1,45,5,,6,7] 112y, 3, 45, 7, 5,0}
812, 512,3, 55,6,7 56,7 82,3, 51253, 55,6,7 56,7 S12, 51243, 55,6,7 95,6,
n|2,3,,1,4,,7,5,6
[ pOpr L5 Fpy 15 9p p] + cyclic(12p3p4p5p6p7) (13.1.22)

82,3, 812,3, 55,6,7 55,6,



13.2. EXPLICIT EXAMPLES 351
13.2 Explicit examples

In order to make the very general prescription for obtaining n; more tractable, we shall now
analyze explicit examples up to seven-point in detail. As a warm up example, let us construct

the field theory limits of the four point pure spinor amplitude from its propagator matrix

Posy™ Py’ | _ v (13.2.23)
Pis2)' P 271 i

According to ASYM(1,2,,3,,4) = 327 P,'K! (with the trivial S,_5 = S) permutation o sup-
pressed), the two KK subamplitudes A4(1,2,3,4) = %= + %= and A4(1,3,2,4) = -5 — ™ have

numerators

ng = K? = <T12V3V4>, Ny = Kl = <V1T23V4>
n, = K' — K* = (ViTuVy) — (TaVaV,) (13.2.24)

that manifestly satisfy the Jacobi relation n, + n; — n, = 0.

They are evaluated in superfield components in appendix C.

13.2.1 Five point numerators

The color ordered five-point superstring amplitude ((12.1.11]) encompasses six basis kinematics

/Cf}(zg) - <T12g3g ViVs > ) ’C(Qf(zg) = <T12g T430 Vs > ) Ki(zg) = <V1 T43[,2U Vs >
(13.2.25)
We have explained in subsection that the double pole z2_32 appearing in the five point
integrand of other references [290,210] was absorbed into the single-pole terms such that BRST
building blocks T;; and 7;;, could be formed. Absence of double poles is crucial for satisfying
all the dual Jacobi relations because the counting argument of (n — 2)! independent numerators

fails otherwise.

Performing the field theory limit of the integrals in ((12.1.11)) gives rise to the following six
KK subamplitudes (where the permutation o of 2 and 3 can be kept general because of ((13.1.9)))

ICS;(%) i ICclr(23) - ,Cclr(32) _ K?f(z?,)

S45 512, S51 52,3, 512, 53,4
3 13 1
ICU(Q?)) ICO'(32) ’CO’(23)
+ +

52,3, 545 53,4 S51

K2 05 + K2 K} K2
512, 53,5 59,4 S51 53,4 512

ASYM(1,2,.3,.4,5) =
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B K2 50y + Koo B Ko 23)

53,5 52,4 S51 53,4
I3y + K200 + K200 + KL Kt KL — KL
ASYM(]_’ 4’ 20-7 307 5) _ o(23) o(23) o(32) o(32) + o(32) + o(32) o(23)
514 83,5 52,4 S51 551 52,3,

4 Kg(zza) - ’Ci(32) - ’Cflf(23) + IC(lf(32) 1 ’C};(:az) - ’Cg'(?)g)

52,3, S14 53,5 52,4

The last pair of color orderings ASYM(1,4,2,,3,,5) has more complicated numerators because

1,350,20) — 1
8148345

addresses all the five different pole channels.

of the coefficient P(472m3g)( + cyclic(142,3,5) in the propagator matrix that

By comparing (13.2.26) with ASYM(1,2,.3,.4,,5) = "2eledef] 4 (velic(12,3,4,5), we can

512p34p5

quickly read off the kinematic numerators:

n[124,35,45] = Kz,  1[3:4,5,2,1] = Klpg .,  nl61,25,3,4] = Kjpy
n[2,35,4,51] = Klaos — Ko n[2,35,1,45] = Kl — Kops
n3,4,1,2,5] = Kz + Kipg n[12,,4,3,5] = Kl + Kiag (13.2.27)
n[14,3,,2,5] = ’Cg(m) + ’Cz(23) + K(Q;(:),z) + ’C}y(zrs)

n[2:35,5,14] = K?(Qa) - Kg(:m) + ’C;(32) - ’C};(23)

It is sufficient to display nine of them, the rest follows from Sy relabelling 2 < 3. The
ny,Na, . ..,N15 from the parametrization (5.5.63)) translate into

ny = nl[l2,3,45] ne = nll4,3,25] ny1 = nf[24,3,51]
ne = nl23,4,51] ny = n[32,5,14] nip = n[l12,4,35]
ny = n[34,5,12] ng = n[25,1,43] niz = n[35,1,24] (13.2.28)
ny = nl45,1,23] ng = n[l13,4,25] ny = n[l4,2,35]
ns = n[5bl,2,34] ny = n[42,5,13] nis = n[l3,2,45]

The way in which the n[ij, k, Im] are built out of lCi (2,3) frivializes the Jacobi identities (5.5.64

or n[ij, {k,lm}] = 0. However, the expressions ([13.2.27)) for n[ij, k,im| do not exhibit crossing
symmetry including labels 1,4 and 5.

In many instances, the symmetry properties T{;;) = T = T}ij) = 0 of the BRST building
blocks within K! allow to rewrite sums over several basic kinematics occurring in some n; as a

single superfield, e.g.
ny = IC%23) - IC(132) = ((Thazs —Tz) VaVs) = (TanVaVs) (13.2.29)

However, the right hand side is outside the five point basis of kinematics, so the Jacobi relations

between numerators are rather obscured by this building block manipulations. At any number
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of legs, the basis of K! is designed such that all the symmetries of the building blocks are
already exploited, so we refrain from performing manipulations like 7535 — 1732 = T391 in higher

order examples.

13.2.2 Six point numerators

In six-point amplitudes, the propagator matrix ((13.1.8)) can be completely constructed from
the field theory limit of the four superstring subamplitudes associated with color orderings
{1,2,3,4,5,6}, {1,2,3,5,4,6}, {1,2,5,3,4,6}, {1,5,2,3,4,6}. The S5 relabelling covariance
in 2,3,4 connects them to the remaining 20 elements of the KK basis. Let us give some

representative sample entries of Pp(l"’) here,

1 1 1 1
Pogas) " = ———— Pogas) ¥ = (— + —)
S61 S23 S234 S56 5234 523 534
P(2345)4’(234) = € ( ! + ! + ! + ! + ! )
556 512 834 512 5123 5923 5123 523 5234 534 5234
1 1 1 1 1
Poss®®) = — (—+ —) [— + — (13.2.30)
5123 \ 512 593 S45 S46
P (5234)1’(432) = ! + ! + ! + ! + !
561 S25 534 515 523 S46 515 5125 S34 5125 S25 S34 515 5125 546
1 1 1 1 1
+ + + + +
546 525 5125 515 523 5234 561 523 $234 515 5234 534 5615234534
1 1 1 1
+ + + +

561 523 5235 561 525 5235 546 523 5235 546 525 5235

and refer the reader to appendix for the complete result.

Comparing the KK subamplitudes with (13.1.21]) allows to read off the 105 BCJ numerators.

It is sufficient to display 25 of them in S3-covariant form:

n124,35,45,56] = Kjpa n[61,24,35,545] = Kl
n[124,35,6,455] = K n[124,6, 3., 54,] K2 234)
n[124,3,45,56] = ’Ci(234) K§(243), n[2534, 445, 61] ’Ccly(324) - IC}T(234)
n[12,,3,5,64,] = ICZ)(243) IC§(243), n[3545,5,6,12,] IC?;(234) - ’C(Qf(243)
n45,6,1,2,3,] = ’Ci(324) K§(234)7 n[3-45,5, 25, 61] Ici'(234) - ’Ctly(243)

12434, 1, 44, 56]
nl[4,6,1,2,,3,5]
n[2435,44,5,61]
n[56,1,2,,3,4,]
n[24345,5, 1,4,06]

= K§(324)
= IC?;(423)
= ’Cclr(324)
= K§(234)
= K3(432)

’Ci(234)
’C(lf(423)
IC}T(234)
’Cﬁ(243)
IC?,(423)

?

n[12,,3,,5,4,06]

+ ’Cclf(423) - ’Cclr(432)
- K§(342) + ’Ci(432)
- ’Ci(423) + IC},(432)

Ki(234) + K§(234)
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n[2535,1,5,4,6] = K§(234) - ’Ci(324) + K§(234) - ’Cg(324)
n[124,5,35,456] = Kjosy + Kiossy + Koousy + Koo (13.2.31)
n[3,45,6,1,2,5] = ’Ci(432) - ICZ(342) + ’Cclr(342) - ]CLIT(432)
n[12,,5,6,3,4,] = ’Ci(243) - K§(234) + K§(234) - K§(243)
n[2,5,1,3,,4,6] = K§(342) + K3(342) + ’C3<432) + IC}T(432)
n[15,24,3,,4,6] = ’Ci(234) + ’C?f(234) + /Cf’,(243) + IC?,(342)

+ ’Cg'(243) + IC?T(342) + ’Ci(432) + ’Cclr(432)
n[2,35,45,6,15] = K§(234) - K§(324) - K§(423) + ’Ci(432)

+ ’C};(234) - ’C};(324) - IC},(423) + ’C(lf(432)
n[15,2,,6,3,4,] = K§(243) - K§(234) - ]CS—(342) + ’C?f(432)

+ ’Cg(234) - ’Cg(243) + ]Ctlf(342) - ’Ci—(432)
n[15,2,3,,4,6] = ’Ci(234) - ’Ci(:m) + K§(234) - ’CS’—(324)

- ’C<27(423) + IC?;(432) - ’Cﬁlr(423) + ’C;(432)

They have been explicitly checked to satisfy all the 105 Jacobi relations nlij, k,{l,mp}] = 0
and nlij, kl, mp| = nlij, k,1,mp] — nlij,l, k,mp] (81 of which are linearly independent). It is
interesting to note that the number of K! forming the individual BCJ numerators is always a

power of two, i.e. 1,2,4 or 8 in this case.

13.2.3 Seven point numerators

Since the number of channels grows like (2n — 5)!! in an n-point amplitude, a complete list of
all BCJ numerators becomes very lengthy beyond six points. Appendix gives all the 69
seven-point numerators which are not related by 2, 3,4, 5 relabelling, they allow to obtain all
the 945 numerators by going through the o € S; permutations of (2,3,4,5). We also checked
that all the 825 independent numerators equations (out of 1260 in total) are satisfied.

13.2.4 General observations on higher point numerators

Instead of continuing the numerator list to higher points, we conclude this section with some
general remarks and observation on the structure of the string inspired expressions for the BCJ

numerators.

Firstly, entries of the n point propagator matrix always factorize into sums of m propagators
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with C'(m) = m!((i:ll!l)! terms,

C(m)

pto ~ (Y- ! (13.2.32)

j=1 (a1); S(a?); -+ S(am);

where C'(m) is the m’th Catalan number and counts the number of channels appearing in a

m + 2 point color ordered amplitude. At n = 5, we have seen three different pole structures in

(113.2.206)),
5
1 1 1 1 1
~ { , — <— + —) , E } (13.2.33)
n=>5 SasS3 Sa \Sp 562 i—1 SaiSsi

and the six point analogue contains the five types of products displayed in ([13.2.30)):

1 1 1 1 1 1 1 1 1
~ , —— ), = (== (—+—=).
n="6 SasS35y  SasSg \Sy1 Sy Sa \S81  Sp Sy Sy

Sii: ! ,i—l } (13.2.34)

i1 SB:iSv =1 Sa; 83,5y,

pp(l«f)

p (o)

p

The pattern was observed to persist up to eight-point. However, not all possible partitions

of the overall n — 3 propagators into products of type (13.2.32]) are realized. For instance,

there are no terms like <8L + i) (L + L) at five points, (sL + L) (ZS L ) at six
aq a1

Sag 561 589 Sag i=1 5857

points and (SL + %) (j + j) (ﬁ + ﬁ) % at seven points because they would involve
al a2 1 2 1 2

incompatible pole channels.

Secondly, the number of X! kinematics entering the individual n point BCJ numerators up
to n = 8 is always a power of two, i.e. 1,2,4,...,2" 3. This can be largely explained from the
flipping antisymmetry of n|ij, k, .. .| in pairs of labels i, j sharing a terminal three point vertex.
If they are both from the range i,,j, € {2,3,...,n — 2}, then the ' are required to pair up
with their 7, < j, images. Moreover, if several other 2,3,...,n — 2 labels k,, [, follow, then a

. . . . . l
nested antisymmetrization emerges, e.g. nliyjy, koyly, ... < ICU([[[igja]ka]lo].").

Another source of doubling the terms is a terminal vertex with legs 1 and n — 1: Swapping
1 < n —1maps K\ to K2'7! where & denotes the permutation of reverse order, &(23...p —
1,p) = o(p,p — 1,...32). That is why n[l(n — 1),...] can only contain pairs like K + K2+~
which might be further antisymmetrized in some legs from {2,3,...,n — 2} due to another

terminal vertex.

The following table shows the distribution of the (2n — 5)!! numerators into packages
of 27 basis elements. We suspect that the grading of kinematic numerators according to their

K! content is connected with the factorization pattern ((13.2.32)) of Pp(l"’) entries.
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# terms || 4pts | Spts | 6pts | Tpts | 8pts
1 2 6 24 | 120 | 720

2 1 6 36 | 240 | 1800

4 3 30 | 270 | 2520

8 15 | 210 | 2520

16 105 | 1890

32 945

Table 13.1: The number of BCJ numerators in n point amplitudes containing 27 basis kinematics lCé

for j=0,1,...,n—3.



Chapter 14
Epilogue

We have presented scattering amplitudes in superstring theory from various perspectives.
Thanks to the exact solvability of the worldsheet SCFT in both the RNS- and the PS for-
malism, we could derive manifold results on tree level scattering which are relevant for string
phenomenology, gauge theories and formal properties of the S matrix in superstring theory. Let
us review the main results presented in this work and point out promising directions for future

research.

14.1 Main results

As already sketched in section [1.4] the research achievements gathered in this thesis originate

from diverse branches of the rich topic of superstring amplitudes.

14.1.1 Phenomenological results

In [1,2/6], we followed the lines of [101] and worked out some universal statements of superstring
theories on hadron scattering at LHC. These are presented in chapters [§ and [9) Remarkably,
the tree level physics of quark gluon scattering was recognized to be largely independent on
the superstring compactification into which a SM like scenario with intersecting D branes is
embedded. Apart from four chiral fermion channels, the heavy states exchanged in multiparton
disk scattering are insensitive to the geometry of the internal space. The virtual particles are

2 =n/d, set by the string scale. The latter can

Regge resonances at discrete mass squares m
potentially be as low as a few TeV in scenarios with large extra dimensions [58,103]. Kaluza
Klein- or winding modes can only propagate in four quark scattering, these model dependences

are fortunately suppressed by color- and luminosity effects.

357
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More specifically, chapter [§|introduces the universality classes of model independent parton
disk amplitudes — namely A(g1, g2, g3, - - -, gn) and A(X1, A2, g3, - . ., g ) With any number of glu-
ons g and up to two (anti-)gauginos A (A) from the vector multiplets and A(q1, @, g3, - - - , gn)
as well as A(Cy,Cy, g3, . . ., gn) With quark- (¢, q) or squark- (C,C) admixtures from the chi-
ral multiplet. The striking agreement of color stripped amplitudes A(A1, Ao, g3, ..., g,) and
A(q1,G2,93, - - -, gn) from different multiplets clearly goes beyond SUSY. Based on spinor helic-
ity methods [316}317,318] and color factor technology [265],266], we compute full fledged cross

sections for parton collisions in superstring theory up to the five point level and cast the result

into a form suitable for LHC data analysis.

Production and decay of massive states is addressed in chapter [9] based on the four dimen-
sional spectrum at mass level one which we derived in |4, Many three- and four point processes
with one m? = o/~! state are universal to any A/ = 1 supersymmetric string compactification.
These are evaluated in the spinor helicity basis (see [319,320,321] for helicity methods adjusted
to massive states). Four point amplitudes with one higher spin state from the leading Regge
trajectory are computed for completely general mass level n € N, with symmetries in the labels
made manifest. All these processes occur at accelerators once the center of mass energies of

1—1/2

the colliding partons exceed the mass threshold ~ « , 50 their observability at LHC is again

tied to a low string scale. Four point cross sections for mass level one states can be found in [2].

14.1.2 Results on spin field correlation functions

Selected results of [3,/4,5] on correlation functions of the interacting RNS CFT are gathered in
chapter @ They address the old problem of the covariant superstring [118] that the interacting
nature of spin fields makes the computation of worldsheet correlation functions inaccessible to
free field methods (unless covariance is given up in favor of bosonization techniques [119] or

radical field redefinitions such as [295] are applied).

The first publication [3] is specialized on tree level correlators of SO(1,3) covariant NS
fermions and spin fields, motivated by applications to four dimensional compactifications. The
wide classes of results which could be obtained in systematic manner motivated to extend the
analysis to higher genus [4] and to higher numbers of spacetime dimensions [5]. A variety of
correlation functions with large numbers of fields can be found in [6] the highlight being the
closed formulae ((6.2.39) and for the correlator (¢ ...1SS) with two spin field and any
number of fermions in arbitrary even spacetime dimensions on Riemann surfaces of any genus.
This is an essential CFT input for scattering amplitudes involving two massless fermions and

any number of (not necessarily massless) bosons. Cases with four and more spin fields must be
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considered separately in D = 4,6,8 and D = 10 for technical reasons.

14.1.3 Explicit results in pure spinor superspace

Within the manifestly supersymmetric pure spinor formalism, we have pushed the frontier of
knowledge on disk scattering of massless states from five point level [290,291] to any number
n of legs [7,8,9,10,|11]. The essence of these publications is presented in part of this work.
The key advance for this achievement is a systematic construction of BRST building blocks in
chapter 11| — composite superfields encompassing the kinematic degrees of freedom of several
external legs. They transform covariantly under the BRST charge and allow to derive powerful
constraints on superstring- and in particular field theory amplitudes based on cohomology
arguments. Furthermore, a natural dictionary between tree diagrams made of cubic vertices

and trilinear expressions in building blocks is proposed.

BRST building blocks can be combined into so-called Berends Giele currents, tree ampli-
tudes with n on-shell legs and one additional off-shell leg. This objects were firstly used in [237]
in the context of gluon scattering in four dimensional gauge theories and led to a recursion which
proved the Parke Taylor formula for MHV amplitudes [236]. Our research in pure spinor su-
perspace results in supersymmetric generalization of Berends Giele currents to AV =1 SYM in
D = 10 dimensions. We arrive at the recursive formula for SYM n point amplitudes
comparable with [237]. The extra virtue of our result is its manifest supersymmetry and its
compactness being independent of the helicity configurations involved. Since N'=1 SYM in
D =10 is straightforward to dimensionally reduce, one can carry the SUSY components of our

superamplitudes over to maximally supersymmetric gauge theories in lower dimensions.

The superstring computation in the pure spinor framework makes another result for gauge
theories accessible — an explicit construction of kinematic BCJ numerators, carried out in
chapter [I3] A striking duality between color factors ¢; and kinematic factors n; in gauge theory
amplitudes has been observed [81] which led to tremendous simplification within the gauge
sector but also in perturbative gravity [39,40]. One of the main bottlenecks in exploiting this
duality is the lack of constructive prescriptions towards the dual numerators n;. This is where
the pure spinor approach to the superstring turns out to be a convenient tool: By extracting
the field theory limits of the hypergeometric integrals in color ordered superstring amplitudes,
one can explicitly compute the kinematic numerator for each pole channel. The key identities

for this purpose are (|13.1.7)) and (13.1.8)), and the methods for taking the integrals’ low energy
limit can be found in chapter [7]
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14.1.4 The complete n point superstring disk amplitude

The pure spinor computations within this work culminate in a strikingly short and compact
expression for the n point superstring amplitude involving any external massless open string
state from the SYM vector multiplet. The final expression is given in and reflects
a beautiful harmony of the string amplitudes. Both the kinematic building blocks and the
hypergeometric integrals carrying the o dependence of a subamplitude are reduced to a minimal
basis of (n —3)! elements each. Relations among the integrals and among string- or field theory
subamplitudes are found to be in one-to-one correspondence, hinting a duality between color

and kinematics at the level of the full fledged superstring amplitude.

We have elucidated the implications of the central result both from and to field
theory in section[I2.3] Our result demonstrates how to efficiently compute tree level superstring
amplitudes with an arbitrary number of external states. The pure spinor techniques proved
to be crucial to derive . The methods presented in this work should be applicable to
tackle any tree level disk amplitude computation involving massless states in any dimensions.
Eventually, these findings may generalize to disk amplitudes with arbitrary, massive states in

perturbative string theory.

The color dressed amplitude assumes a form where the role of color and kinematics can be
swapped, see and (12.3.44). This is a considerable step towards a stringy general-
ization of dual amplitudes A% in which all kinematical factors are replaced by color traces
with the same symmetry properties under exchange of labels [82]. However, further research
is necessary to understand the kinematic dual of the original color traces Tr{T* 7T ...T"}

(which are referred to as 7(12...n) in the reference).

14.2 Future outlook

The research results open many doors for further studies. Numerous interesting and challenging
subsequent projects are motivated and wait to be mastered, we shall just mention a few which

are directly connected with the topics in this work:

14.2.1 Higher spin CFT operators

The huge collection of RNS correlation functions from chapter [l almost exclusively involves the
primary fields ™, S, and SP with respect to the SO(1, D — 1) current algebra. In addition, an

infinite set of Virasoro primaries in higher representations of the Lorentz group emerges from
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the operator algebra. They have been hardly considered in the literature, in particular the
excited spin fields appearing in vertex operators of massive fermions have evaded a systematic

study so far. Already leading Regge trajectory states require a handle on spin 3/2 operators in

the CFT [6l[113).

Interactions of massive states are probably quicker to investigate using RNS methods, in
spite of the interacting worldsheet CFT. Since the present knowledge of massive superfield
formulations for higher mass levels is quite limited [292,293], the technical requirements to

apply the PS formalism are not met yet.

14.2.2 Loop amplitudes in pure spinor superspace

The remarkable success of pure spinor methods with disk amplitudes suggests to try a similar
setup at loop level. So far, one loop amplitudes of the massless gauge multiplet have been com-
puted up to five points [288]. Tt is desirable to identify BRST building blocks or comparable
structures on higher genus such that higher leg generalizations become tractable. In particular,
the superspace representation of the one loop SYM amplitude appears to be essential for un-
derstanding the structure of its string theory upgrade. Unfortunately, the tree level technology

is hard to take over to loops because of the non-minimal pure spinor variables [286].

14.2.3 The structure of open- and closed string n point amplitudes

The availability of the full fledged expression for the superstring n point amplitude
allows a detailed study of possible recursion relations allowing to construct the amplitude with n
external states from lower order amplitudes and some guiding principle. Due to the factorized
form of , which separates the SYM part from the string part, the basic question is
how to combine the field theory recursions established in the SYM sector [263,207,[208| (see
also [8]) to recursions working in the module of hypergeometric functions B,,. For the latter

the following recurrence relations may be useful [322]

k
B, = Y ByBuy-...oBy, ., > m = n+3(k-1), (14.2.1)
=1
with some partition {ni,...,ng} into k smaller amplitudes B,,. This equation allows to write

B, in terms of products of (n — 3) functions By, cf. figure [14.1]
Higher point gluon amplitudes ((12.3.33)) give rise to higher order corrections in o’ to the
SYM action. According to the specific form of ((12.3.33)) these higher order o’ corrections are

organized according to the field theory amplitudes ASYM. Hence, the latter serve as building
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R R
|

Figure 14.1: Partition of B,, into products of four point amplitudes Bjy.

blocks to construct the higher order terms in the effective action with the expansion coefficients

ASYM may be arranged such that

encoded in the functions F'?. Moreover, the YM amplitudes
only cubic vertices contribute [81], i.e. the full superstring amplitude ultimately boils down to
the three vertex in field theory. As a consequence, it should be possible to describe the higher
order o corrections in the effective action entirely in terms of the fundamental SYM three

vertices dressed by the contributions from F“.

Together with the KLT relations [83] the open string n point amplitudes can be
used to obtain compact expressions for the n point closed string amplitudes [217]. The latter
give rise to n graviton scattering amplitudes. Their o expansions have been analyzed up to
n < 6 through the order o/® in [212]. These findings proved to be crucial in constraining possible
counterterms in A/ = 8 supergravity in D = 4 up to seven loops [112]. Counterterms invariant
under N = 8 supergravity have a unique kinematic structure and the tree level closed string
amplitudes provide candidates for them, which are compatible with SUSY Ward identities and
locality. The absence or restriction on higher order gravitational terms at the order o’ together
with their symmetries constrain the appearance of possible counter terms available at [—loop.
With the present results it may now be possible to bolster up the results [212] and to extend
the research performed in [323}324],325,112].



Appendix A

Conventions

A.1 Conventions in the RNS chapters

There will be various types of indices in this work, so it is essential to keep the notation as
clear and unambiguous as possible. Here is a list of occurring index types together with the

preferably used alphabets and letters:

e Vector indices on the worldsheet are taken from the beginning of the latin alphabet

a,b,c,... e.g. hy denotes the worldsheet metric.

e Spacetime vector indices of flat ten dimensional spacetime are taken from the middle of

the latin alphabet m,n,p, ...

e Dirac spinor indices of SO(1,9) are capital letters from the beginning of the latin alphabet
A, B, C,.... Indices of left handed Weyl spinors are taken from the beginning of the Greek
alphabet a, 3,7, ..., and the right handed counterparts have an additional dot ¢, B, A,y e

e SO(6) vector indices for particularly symmetric internal manifolds are i, j, k, . . .

e Left handed (right handed) spinors of SO(6) have upper case indices I, J, K (lower case
indices I, J, K).

e Vectors of four dimensional Minkowski spacetime have indices from the middle of the

Greek alphabet p, v, A, p, ....

e SO(1,3) spinor indices are lower case Latin letters a, b, c, ... for left handed Weyl spinors
and upper case a, b, ¢ for right handed Weyl spinors. They will never appear in the same

context as worldsheet vector indices, so there is little chance for confusion.
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e Adjoint color indices of Chan Paton generators associated with D brane stack a (b) are

denoted by aq,as, ... (by,bs,...).

e Fundamental (antifundamental) color indices associated with D brane stacks a (b) are

denoted by upper case aq, s, ... (lower case (31, (s, .. .)

The signature of the Dirac algebra is negative in lines with the conventions of [30], i.e.
(™A @MY + A% ([T = —29™ 65, (A.1.1)

where I'™ are the Dirac matrices of SO(1,9) with 16 x 16 chiral blocks 4™ and 5™:

0 .
SO(1,9) :  (I'™),7 = s (A.1.2)
ﬁmaﬁ 0
The lower dimensional analogues are denoted by
0 1J 0o o,
SO(6) : S s0a,3) - Yas | (A.1.3)
f—szJ 0 6.#045 0
they also satisfy Dirac algebras of negative signature, e.g.
agﬁ. 5+ UZB g = — 20" o), ’Y{j’_VkJK + ’Yigj’_YiJK = —20u05 . (A14)

The charge conjugation matrices are Cap = (Cgﬁ CSB> for SO(1,9), <C(3J Céj) for SO(6) and
I
(60“’ ’ > for SO(1,3).

0 s‘w

0o Cf
SO(1,9) : Cap = , (A.1.5)
C% 0

0 w0
SO(6) : T, sow3): | 5

oo v (A.1.6)

Useful material on spinors in various spacetime dimensions can be found in [42326,1327,32§].

A.2 Conventions in the pure spinor chapters

In order to follow closely the literature on pure spinor amplitudes, we have decided to change
conventions in part of this work with respect to the RNS sections. This mostly concerns
SO(1,9) gamma matrices and spinor indices. This somewhat schizophrenic approach provides
the best guarantee to avoid errors, since most of the research papers on the pure spinor for-
malism deviate from the RNS conventions used in earlier chapters. It is essential for the

analysis of multileg scattering amplitudes to get all the relative signs are correct.
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e Left handed spinors of SO(1,9) have a downstairs index from the beginning of the Greek
alphabet, e.g. 1,, whereas right handed spinors have an undotted Greek index as a

superscript, e.g. x°.

e The charge conjugation matrix is taken to be the Kronecker delta 6F. This amounts to
redefining C — I'11C in the Dirac notation of the previous chapters with I';; denoting
the D = 10 chirality matrix. This changes the symmetry properties of the even gamma

matrix products C, (I'""C) and (I'""P4C).

e Chiral gamma matrices 775, ™"

o’y Vag s tacitly include the (redefined) charge con-
jugation matrix, e.g. (7" C)ap — Yo can contract two right handed spinors whereas

(™" C) o+ 4™ ,P requires spinors of opposite chirality:

(1™ e) = WP s . (W) = Y™ (A.2.7)

The same notation applies to the right handed counterparts, e.g. (Jy, C)** — 728 without
carrying the bar over the v symbol along. Keeping the redefined charge conjugation matrix

in mind, we can regard 4" as antisymmetric in the sense that (y™"),” = —(y™")%,.

e The Dirac algebra has a plus sign rather than the minus sign from the Wess & Bagger

notation:

70%7"‘” + 72[;7"”6 = 420" (A.2.8)

e In order to avoid proliferation of i factors, spacetime momenta are redefined according to

ik-X k-X

kps = tkrng such that e are replaced by e

e The Regge slope is suppressed using open string conventions 2o’ = 1 and can be restored

by dimensional analysis .
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Appendix B

Elements of superconformal field

theory

The purpose of this appendix is to provide some general background on conformal field theory
(CFT) necessary at various places of this work. Many of the definitions and techniques required
for worldsheet computations in superstring theory are introduced in this appendix. This shall
lighten the flow of reading in the main body of this work. Particular emphasis is put on the

supersymmetric generalizations of CFTs, so-called superconformal field theories (SCFTs).

The basic reference on two dimensional conformal field theory is the work [329]. The V' =1
superconformal algebra was firstly considered in [330,[331]. The most complete and detailed
textbook on the subject of CFT is certainly [332], lovingly referred to as the “yellow pages”.
More streamlined introductions can be found in [333}334}335], and the first detailed accounts
on the SCFT were given in [336,[337]. For readers with applications to string theory in mind,

the preface of [41,42] enumerates selected chapters which give a self contained course on CFT.

B.1 SCFT basics

This section explains the general setup and gives the basic definitions within conformal field

theories.

B.1.1 What is a SCFT?

A field theory is said to be conformal if it is left invariant by angle preserving transformations.
As a necessary requirement for conformal symmetry, there must not exist a preferred length

scale or any other dimensionful quantity such as a mass parameter.

367
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In d dimensional flat Minkowski space RP? of signature (p,q) with p + ¢ = d, conformal
transformations 2% — y?(x) satisfy]

oy° Oy

Ted 50 5 A ap (B.1.1)

i.e. they reproduce the Minkowski metric 74, up to a (possibly x dependent) scale function A.
By working out the algebra of infinitesimal transformations y* = x* — n%(z) subject to (B.1.1]),
we find that the conformal algebra in d > 3 dimensions is isomorphic to so(p+1,¢+ 1), i.e. of

dimension 3(d + 1)(d + 2).

We will be interested in the d = 2 dimensional case for the purpose of the worldsheet SCFT's
in superstring theory. In complex worldsheet coordinates z = o! 4 i0? and z = o! — io?, the
line element factorizes ds?> = dzdz and, by virtue of , the conformal group encompasses
the holomorphic and antiholomorphic functions z — f(z) and z — g(z). Their infinitesimal
version z — z —1(z) can be expanded in a Laurent series such that the conformal algebra turns

out to be infinite dimensional:

d = 2 conformal algebra: (z — oz — Znn z"“) & (z — Z - Zﬁn z"“) (B.1.2)

ne”L nez

The existence of an infinite set of Noether charges imposes rich constraints on the correlation
functions of a d = 2 CFT such that it can even be defined without making reference to an
action. This rather abstract approach in terms of operator algebras and representation theory

is referred to as the “boot-strap approach”.

There exist supersymmetric generalizations of CF'Ts which can for instance be defined in
the associated superspace to d = 2 spacetime dimensions. They are naturally known as su-
perconformal field theories (SCFTs). The superconformal algebra contains an infinite set of
fermionic generators €, in addition to the bosonic set . Similar to the supersymmetric

extension of the Poincaré group, the ¢, anticommute to bosonic generators 7,,.

In this work, we will encounter several SCFTs on the worldsheet, most of which have a
Lagrangian description. Although the action can be helpful in certain computations, see e.g.
subsection [B.4.2] it is not at all necessary to properly define or solve the SCFT. The Ramond
spin fields firstly discussed in section provide an excellent example of such a non-Lagrangian

but still exactly solvable theory.

'Having the application to two dimensional worldsheets in mind, we will use letters a, b, . .. for the spacetime

vector indices in this appendix.
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B.1.2 The Noether charges in SCFTs

Let us go into more detail here about the infinite set of bosonic and fermionic Noether charges
in SCF'Ts. There are two essential objects to describe a field theory’s response to conformal and
supersymmetry transformations — the energy momentum tensor 7}, and the supercurrent G,.
Superconformal symmetry forces many of their components to vanish. It is true in any number
of dimensions d that the energy momentum tensor of a SCF'T is traceless and the supercurrent

has a vanishing y-matrix trace:
superconformal symmetry in d dimensions = T, = 0 & ~'G, = 0 (B.1.3)

In the case of interest with d = 2 dimensions, both T}, and G, have two independent components

which can most conveniently be distilled in complex coordinates z = o' +i0? and z = o' —io?:

T..(z) =: T(z) holomorphic, T:-(2) =: T(z) antiholomorphic (B.1.4)
G.(z) = (G(z),0) holomorphic , G:(z) = (0,G(z)) antiholomorphic

The off diagonal part of T" vanishes because of T, = Tz, ~ T,* = 0, and the supercurrent being

a d = 2 Dirac spinor has two components (-, ) for each value of a = z, z.

The Noether current associated with holomorphic diffeomorphisms 7(z) and supersymmetry
transformations €(z) are given by products with 7'(z) and G(z) respectively. Like in any other
quantum field theory (QFT), the associated Noether charges are obtained by integrating these

currents over a constant time slice:

Qn = %%n(z)T(z) (B.1.5)
Qe = j{;—;E(Z)G(z) (B.1.6)

Here we are taking a result of subsection ahead, surfaces of constant time are mapped to

circles around the origin on the complex plane, a more detailed explanation will follow later.

B.1.3 Conformal primary fields

The centrals actors in SCFTs are conformal primary fields. We define ¢, ;(z, z) to be a confor-
mal primary field of conformal weights (h, h) if a change of coordinate z — f(z) and z +— §(2)
transforms ¢ according to

o9 = date) = (L) (L) asveae). @17
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The description of open superstrings mostly involves conformal fields ¢, (z) with holomorphic
dependence on z only, they are called chiral. The antiholomorphic weight h = 0 will be

suppressed in these cases. In a unitary CFT, there are no operators with h, h < 0.

The objects of main interest in QFTs are correlation functions (¢p, (21)¢n,(22) . .. dn, (2n))-
They can be defined through a path integral weighted by some action or, in CFTs, by more
axiomatic approaches. Correlation functions of conformal primary fields ¢, have to be covariant
under the transformation property which imposes severe constraints on two- and three
point functions: Up to coefficients d;; and Cjji, they are determined to be

dij 5hi»hj

(On,(2) o, (w)) = o —w)h (B.1.8)
C
<¢h1(zl)¢h2(z2)¢h3(z3)> = o1 +ha—hs hl—zihs hatha—hy
212 213 <23

hence, one can regard the normalizations d;; and three point couplings Cjj, as the defining
data of a CF'T. For higher point correlation functions, however, conformal invariance does not

provide direct formulae like (B.1.8) because they can depend on so-called cross ratios such as

Zij 2kl

v Finding the functional dependence is quite cumbersome in general. Still, the asymptotic
ikZj

falloff of correlation functions is independent on cross ratios and determined by the conformal

dimension of the field in question:

Hm (¢1(21) da(22) ... bu(zn)) ~ 272 (B.1.9)

|z3]—00
The statements (B.1.8) also hold in higher dimensional CFTs with d > 2. Also, they remain
true in d = 2 if (B.1.7) is relaxed to hold for SL(2,C)/Z, transformations only, the globally

defined holomorphic maps

b b b b
fl) = 1% “ € SL(2,C) | “ - | “ (B.1.10)
cz + d c d c d c d

on the Riemann sphere S? = C U {co}. In this case, the field ¢, ; is called a quasi-primary of
weight h.

The generalization of finite coordinate transformations to SCF'T requires superspace which
we won’t introduce in this work. Instead, we will define superconformal primaries on the level
of infinitesimal transformations such as z — z — n(z). Let n and e denote the parameters of a
bosonic conformal transformations and fermionic supersymmetry transformation respectively.
Two fields ¢g, ¢1 of opposite statistics are said to define a superconformal primary superfield

of weight h if they exhibit the following transformation properties:

oypo = (h@n + 773)%
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oypr = ((h+3)0n + nd) ¢ (B.1.11)
S = 5 eon

1
01 = 568% + hOe gy

From the non-supersymmetric point of view, ¢; is simply a conformal primary of weight h + %

That is why we will often use the notation (¢o, $1) = (¢n, Prr1/2)-

B.2 Techniques in SCFTs

In this section, we want to exploit the rich mathematical tools offered by complex analysis.
SCFTs are governed by holomorphic transformations, we can use powerful theorems such as

Cauchy’s formula
dz

— 2" = Oy B.2.12
0 2 : ! ( )
to better exploit their symmetries. In the following, the subscript fw along with an integral

indicates that the contour encircles the point w once in counterclockwise direction.

B.2.1 Radial quantization

The most natural coordinates to parametrize a closed string’s worldsheet are proper time o

and a periodic position coordinate o' € (0,27). If we collect Euclidean time ¢ and ¢! in the

1 — 402, then z lives on a cylinder of infinite length with periodicity

complex coordinate z := o
z = z+ 2w in the direction of the real axis. Infinite past and future (with respect to Euclidean

time) are found at infinite imaginary parts Im(z) — +oc.

In order to employ the power of complex analysis and to define asymptotic states (see section

B.3), it is convenient to map the cylinder to the plane via change of coordinates
w o= e* w o= e 7, (B.2.13)

Time translations on the cylinder Im(z) + Im(z)+dc? correspond to dilatations on the plane
lw| — €%’ |w|. Therefore, surfaces of constant time are circles around the origin |w| = const,
and these are the integration contours necessary to build the superconformal Noether charges
(B.1.5) and (B.1.6). Note that infinite past is the origin [w| — 0 of the complex plane, and
infinite future |w| — oo can also be represented on the w coordinate patch provided we extend

the plane to its on the Riemann sphere S* = C U {oco} — the conformal compactification of R.

Open strings have a nonperiodic worldsheet coordinate o' € (0, 7). Their worldsheet is an

infinite strip in the z coordinate patch and the upper half plane {w € C: Im{w} > 0} in the
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Y . v [o

N
s v w=e” /\
L/

Re{w}

N
o

Figure B.1: Conformal mapping of the cylinder to the Riemann sphere C U {oo}: Surfaces of

2

constant (FEuclidean) time 0% = const in the z coordinate patch become circles |w| = const in

the w coordinate.

w coordinate. We will say more in subsection how we can still describe open strings by

conformal fields defined on the full complex plane.

B.2.2 Contour integrals and operator product expansions

We have identified the Noether charges (B.1.5) and (B.1.6) associated with superconformal
transformations as contour integrals involving the energy momentum tensor 7'(z) and the su-
percurrent G(z). As in any QFT, the transformation laws (B.1.11)) obeyed by superconformal

primaries should emerge from the commutator [Q,,, @] or [Q., ¢].

To make sense of a difference between ¢ £27(2)T(z)¢(w) and ¢(w) § s=n(2)T(z), we need
the notion of radial ordering. Correlation functions in QFTs are necessarily time-ordered, and
after mapping the cylindrical worldsheet to the complex plane with time coordinate In |w/|, this
amounts to radial ordering of the operators. In the first contribution ¢ #=n(z)T(z)¢(w), the
integration variable is understood to satisfy |z| > |w| whereas the second one ¢(w) § 2=n(z)T(z)
is subject to |z| < |w|. This is depicted in the following figure [B.2.2}

The difference gives rise to an effective contour fw dz centered about w:

(@) 6] = § TR TE6w) — § ST o
5 LOLOrD (B.2.14)

By virtue of Cauchy’s formula (B.2.12)), this is compatible with the bosonic transformation laws
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Im{z} Im{z} Im{z}

o).

N

Figure B.2: The commutator of Q,, =

Re{z} \\_/ Re{z} Re{z}

dz
27

|

n(z)T'(z) with some operator ¢(w) gets contributions
of opposite sign from closed integration contours with |z| > |w| and |z| < |w|, respectively. The

effective contour in z after the subtraction becomes a small circle centered about the point w.

n (B.1.11) if T'(z) and ¢(w) give rise to the following singularity structure as z — w:

how)  0olw)

EEe i (B.2.15)

T(z) p(w) ~

The ... denote regular terms in z — w which do not contribute to the contour integral on the
right hand side of (B.2.14)). Using a similar argument, we can express a commutator with the

SUSY charge as

Q. olw)] = 55 )6 o) (B.2.16)

and the list (B.1.11)) of transformation laws for primary superfield components (¢q, ¢;1) trans-

lates into the following operator product expansions (with ... denoting regular powers (z —

w)>)

Tn(u) ~ o Sl

(h+3)pr(w) 9 (w)

+ ...

T o) ~ SR s SR (B.2.17)
G o) ~ 22
Gy ~ 2 20,

(z —w)? Z—w

The idea behind these operator product expansions (OPE) is that two operators at nearby
positions can be approximated by one operator insertion at one of these points. They are only
valid inside correlation functions because the argument in ([B.2.14)) made use of radial ordering.
But then, they are exact statements whose radius of convergence extends to the next-nearest

insertion of the correlator.



374 APPENDIX B. ELEMENTS OF SUPERCONFORMAL FIELD THEORY

More generally, any two conformal primary fields ¢;, ¢; obey OPE relations

$i(2) &5 (w) Z(Z —w)" T Gt gy (w) + O((z — w)M i ha ) (B.2.18)

k

where Cj;'dy, coincides with the coefficient Cj;; of the three point function in (B.1.8). The
higher order terms O((z — w)"~"~hit1) contain descendant fields of ¢y (to be defined in the
later subsection |B.3.3)).

B.2.3 The superconformal algebra

A conformal field ¢y, is called a quasi-primary of weight h if it transform as ¢p(z) — ¢} (2, 2) =
(0 f)hgb( f (z)) only under the globally defined holomorphic maps z +— f(z) = %is on the
Riemann sphere S? & C U {oco} with (2%) € SL(2,C)/Zs. Since the infinitesimal version of
these SL(2,C)/Zy maps is z — z —n(z) with n(z) = a+ 3z +72z?, we can translate the defining

property of quasi-primaries into the OPE

T() on(w) ~ 3 (f?jl;;n N (flqﬁ_h(g)z . 0Z¢i(zuu> N

O hgp(w)  Odn(w)
(z —w)? * zZ—w

T (B.2.19)

The can deviate from the OPEs of primary fields by higher order singularities in z — w, with a

gap of at least one power compared to the h¢h(1§) singularity. In any SCFT, the most prominent

example of a quasi-primary (but not primary) field is the energy momentum tensor 7'(z) (with
weight h = 2 according to the (z—w)~2 power in (B.2.17)): Its self OPE T'(z)T(w) contains the

2T (w) d 8T(w)

terms m a On=i-n (w)

But in addition, any operator ( oy could appear on dimensional

grounds.

There are two important constraints on these candidates Op: Firstly, unitarity restricts
h > 0 such that only n < 4 are allowed. In particular, the only h = 0 operator is the identity
such that the maximal singularity (z —w)~* is multiplied by a constant (which is defined as ¢/2

—3 is incompatible with z «» w invariance

for convenience): Since the next singularity (z — w)
of the OPE, the only possible extra singularity is (2 — w)™%. We will call its coefficient ¢/2 for

the moment.

Using similar arguments, the supercurrent self OPE G(z)G(w) should not have singularities
higher than (z — w) ™3, but antisymmetry in z <> w forbids a (z — w)~2 pole. Jacobi identities
between the Laurent modes of T'(z) and G(z) (to be explained in the following subsection [B.2.4))

furthermore fix the constant (z —w)™ coefficient to be ¢/6.
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Putting all these arguments together, the most general form of the OPE algebra generated
by T" and G is the following:

T(2) T(w) = (Zc_/i)4 + (Z(Ziz + iT_(IZ}) +
T(2) Glw) = (%;C_;(Z)L + iG_(I:U) +o (B.2.20)
Gla)Glw) = (zc—/ij)3 izT—(Z)

The T(z)G(w) OPE identifies the supercurrent as a h = 2 primary of the conformal algebra.
The constant showing up in the 7'(z)T(w) and G(z)G(w) OPEs is know as the central charge
and constitutes one of the defining quantities of a SCFT, one of several physical interpretations

will be given in the following subsection.

B.2.4 Mode expansions

Conformal fields ¢, ; living on the cylinder have a discrete Fourier expansion with respect to
the periodic coordinate o' = o' + 27,
Gna(%2) = > dulo?) e (B.2.21)
nez
As we shall demonstrate, this translates into a Laurent expansion in w = €** on the Riemann
sphere for conformal primaries ¢y, . For ease of notation, let us consider chiral fields with h=0
and holomorphic dependence on the z = ¢! —io? coordinate. The Fourier coefficients can then

be written as ¢, (c?) = i"e "¢, with constant ¢, (and a factor of i" for convenience).

According to the transformation law ¢} (w) = (g—;)hqﬁh(z) for conformal primaries, the

Fourier series (B.2.21) with ngﬁn((fQ) = ihe "¢, is mapped as follows to the Riemann sphere

under w = e~ **:

—h
) = () o) = )yt X oot
I (B.2.22)

Note that the offset of —h in the w powers is a remnant of the mapping from the cylinder to the
complex plane. In the following, we will always work on Riemann sphere and drop the prime

of the transformed conformal fields ¢},.

The energy momentum tensor 7'(z) is a quasi-primary field and does not transform homo-

geneously under z — f(z). Instead, the T7'(2)T'(w) OPE from (B.2.20|) implies

5,7 = (20n + nd)T + %8377 (B.2.23)



376 APPENDIX B. ELEMENTS OF SUPERCONFORMAL FIELD THEORY

when inserted into the general action (B.2.14)) of infinitesimal reparametrizations z — z —n(z2).
Its exponentiation to finite coordinate transformations implies that the mapping w = ¢** from
the cylinder to the plane causes a shift in the zero mode by 5;. Let us denote the energy

momentum Laurent modes on the plane by L,,, then we have

S Low Ly = I + o (B.2.24)
el cylinder 24

Since the Ly operator on the Riemann sphere takes the role of the Hamiltonian, the central

charge can be interpreted as a vacuum- or Casimir energy.

B.2.5 OPEs versus commutation relations

In this subsection, we will extract commutation relations for Laurent modes from OPE methods.
This demonstrates the strength of OPEs to encompass an infinite set of equations among
the modes. In applications to string theory, the operator methods can be useful to obtain
the physical spectrum (at least in light cone gauge) whereas interactions are most efficiently

described in the path integral approach.

Let us first of all consider charges (), with a contour integral representation in terms of the

associated currents j,

Qr = fﬁjk( ) (B.2.25)

271
the 0 superscript indicating that the z integration countour encircles the origin once in coun-

terclockwise direction. Their commutator can be reduced to OPEs of the currents ji,5; by

repeating the argument of subsection : The formal difference of two contours f‘ dz

z|>[wl

fw <Juo| dz due to radial ordering is a small circle fw dz around the point w, see figure [B.2.2;

[Qr, Q] = j{zm%Qm ' Bw)
- 7{2_m <j|{|>|w| 2d_7fl]k( Jilw) = j{z|<w %jk(Z)jl(w))
) 7{27” %%jk » (B.2.26)

Any Laurent mode ¢,, of a conformal field ¢}, can be brought into such an integral representation

like (B.2.25) via

Z Gz = ¢, = ]{ d—z_ 2T g (2) (B.2.27)

211
nez 0

In particular, the energy momentum- and supercurrent modes L,,, G, on the Riemann sphere

are given by

Ln = f 42 mipey @ = 7§ Y (B.2.28)

0 2T 0 2t



B.3. FIELDS AND STATES 377

The OPE formulation (B.2.20]) of the superconformal algebra therefore encodes any (anti-)

commutation relationﬂ for the modes L,, and G,:

[Lm ) Ln} = (m—n) Lpyn + 1_02 (m3 — M) Gmgn0
(L, G] = = 5 G (B.2.29)
{Gr ’ Gs } = 2 Lr—f—s + % (47”2 - 1) 5r+s,0

This is valid for moding r € Z or r € Z + % of the supercurrent, see subsection m The
relation G2, 2 = L_; can be viewed as the global worldsheet supersymmetry algebra on the

plane.

B.3 Fields and states

The space of states in a SCFT decomposes into irreducible representations of the super Virasoro
algebra (B.2.29)). This section will explain the one-to-one correspondence between conformal

fields and states.

B.3.1 Primary fields and highest weight states

Each super Virasoro irreducible can be generated from a highest weight states |h) by action
of L,<o and G,-o modes. The commutation relations [Ly, L,] = —nL, and [Ly,G,| = —rG,
identify the L, and G, as raising operators for L, eigenvalues. The defining properties of

highest weight states |h) are

Loso|h) = Gy>olh) = 0, Lo|h) = hlh). (B.3.30)

2 — —oo is located at the origin z = 0 of the

Recall that infinite past in Euclidean time o
Riemann sphere. As we will show, the highest weight properties admit to identify
|h) with an asymptotic state created by the lower component of a superconformal primary
(6n, Prr1/2) at 2 — 0

[h) = lim ¢x(0)[0) (B.3.31)

In view of the mode expansion ¢p,(z) = > ¢,z """, this state is only well defined if ¢,[0) =0
for any n > —h. Regularity of T'(z) and G(z) at the origin requires that the following super

2Half odd integer conformal weights like G(z) give rise to anticommutation relations among themselves, this

—2h _ )—2h

can for instance be seen from their antisymmetric two point function (¢, (2)dn(w)) ~ (z —w)

forhGZ—&-%.

—(w—=z
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Virasoro modes annihilate the vacuum state |0):

L,j0) = 0, n>-1, G.0) =0, r>-— (B.3.32)

1
2

The proof that the state |h) defined by (B.3.31)) enjoys the highest weight properties (B.3.30))
is based on the OPEs (B.2.17) valid for any primary field:

dz . dz i (hn(0)  Op(0
Ly = fZ ot t@aolg - f it e (R0 2@
_ ] he©)10) :n=0 (B.3.33)
0 :n>0
. dz r+1/ . dz r+1/ ¢h+1/2(0)
Gy |h) = £%2+12G(2)¢h(0)|0> = ]g%ZHQ(T + ... ] 10)
_ ) 0mapO)f0) =12 (B.3.34)

0 cr>0

Hence, the upper component ¢y1/2 of the superconformal primary (¢n, ¢ni1/2) gives rise to
the asymptotic state ¢511/2(0)[0) = 2G_1,2|0). Apart from L_;|h) = 0¢;(0)|0), the action of
raising operators L, and G,-o on |h) is unspecified by the singular part of the OPEs.

Let us take a look at T'(0)|0) = L_5|0) as a counterexample of a highest weight state.
According to its infinitesimal transformation , the energy momentum is not a primary
field. The failure of its state correspondent 7°(0)|0) to be of highest weight type can be seen
from the non-vanishing of LyL_5|0) = L, L_5]|0) = £]0).

In analogy to the asymptotic in-state |h) = ¢,(0)]|0) inserted at infinite past z — 0, an
asymptotic out-state (h| created by ¢,(]z| — oo) at infinite future is defined by orthonor-
mality (h;|h;) = 6; ;7 The two point function (¢p(21)¢n(22)) = 215" implies that we need a

compensating power of z%:

(h| = lim 2 (0|dn(z) = ¢ = ¢, (B.3.35)

|z[—00

This definition is quite useful in section (2.2) to derive the covariant OPE of NS fermions
approaching a spin field.

B.3.2 Neveu Schwarz and Ramond sector

Conformal fields of half-odd integer conformal dimension are anticommuting (or Grassmann-

odd or fermionic) variables, this follows from the two point function (¢ (21)¢n(22)) = 275" being

3There might exist several primary fields ¢4, @; of the same conformal weight h; = h;. In that case, the

highest weight states ¢;(0)|0) and ¢,(0)|0) are understood to be orthogonal.
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antisymmetric in 27 <« 2 if h € Z + % Since observables are commuting (or bosonic) objects,
fermionic variables can only enter them in bilinears. That is why the ¢pcz41/2 of non-integer
weight are defined up to a sign. Consequently they can be either single- or double valued in

periodic directions ¢, (e*™z) = +¢y(2).

On the complex plane, periodic fields of conformal dimension h € Z + % are said to live
in the Neveu Schwarz (NS) sector, ¢i5(e*™2) = +¢°(2) whereas the antiperiodic counterpart
is referred to as the Ramond (R) sector ¢R(e*™2) = —¢i(2). The situation on the cylinder
is reversed because of the relative Jacobian factor (iz)fh. The NS Laurent expansion on the
plane must have half odd integer moding r € Z + % to ensure integer z powers whereas the R

Laurent expansion encompasses r € Z for fractional z exponents:

Z+ L . NS sector
Onezr1j2(2) = Z¢r ZTTh re 2 (B.3.36)
- Z : R sector

In particular, this applies to the supercurrent modes G, subject to the algebra (B.2.29)).

Free fermions are single valued, so the state ¢cy, 1 (0)]0) belongs to the NS sector and we
have ¢, = ¢N° by default. The state content of the R sector is constrained by the unitarity
bound h > 7 set by the 7 = 0 case of

0 < (h|G G, |h) = (2h + g[r2 - }1]) (h|h) (B.3.37)

Since the bosonic Virasoro algebra [L,, L,| = (m —n) L4 +

£

£ (m?® —m)0miny is a subalgebra

of the Ramond super Virasoro algebra, the highest weight states of the Ramond sector must
be created from the vacuum by ordinary conformal fields of & > 5;. They are referred to as
spin fields S, their role is to create branch cuts in the OPE algebra of fermionic fields such as
G(2)S(0) ~ 273/25(0) (with S denoting another spin field of the same conformal dimension).
The main body of this work contains detailed discussions of spin fields, starting in section [2.2]

that is why we will be very brief in this appendix.

By definition, spin fields S(0) inserted at the origin of the plane transform the NS ground
state into R ground states and therefore interpolate between the two sectors. More generally,

their action on the space of states is off-diagonal

INS)’ 0 S INS)
= (B.3.38)
R)’ S0 R)
in contrast to the action of the superfields (¢p, ¢pi1 /2):
NSY 0 NS
INS) = ¢ INS) (B.3.39)

IR)’ 0 ¢ R)
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Presence of a spin field changes periodicity properties to ¢™°(e*™2)S(0) = —¢™5(2)S5(0), hence
we can identify ¢ = ¢N5S with integer Laurent modes
(z) = ¢(2)8(0) = D oFz"S(0) (B.3.40)
reZ

The R sector modes can be extracted from ¢Y° via

oS0 = §ot

o 2L NS (2) 9(0) . (B.3.41)
The half odd integer z powers in the ¢™°(2)S(0) OPE compensate for r + h € Z + % One
should not think of ¢, and Qﬁfesz +1/2 88 belonging to separate superfields. Instead, both
types of Laurent modes are associated with a single superfield whose fermionic component gets

modified in presence of a spin field.

B.3.3 Descendant fields

We have seen that highest weight states |h) of the super Virasoro algebra are in one-to-one
correspondence with the lower component of primary superfields (¢, ¢p41/2). The purpose of
this subsection is to relate so-called descendant states L_,|h) and G_,|h) to conformal fields.
The integral representation (B.2.28) of the modes allows to rewrite descendants as a field

insertion at the origin:

Lo,Jh) = 75 S ATE MO0 = (Lw6n)(0)10) (B.3.42)
G-l = § 55 2GR G010 = (GaO)) (B.3.43)

One can read off the corresponding descendant fields which can be defined anywhere on the

complex plane:

(L, on)(w) = %zl_”T(z)qﬁh(w) (B.3.44)
Grow) = ¢ S 2 () anw) (B.3.45)

The simplest descendant fields follow from the singular parts of the OPEs (B.2.17)),

(L-1¢n) = 0o, (Gaj20n) = 5 bnraye,s (B.3.46)

the general cases involve regular terms from the OPEs of T'(z) and G(z) with ¢,(w). The

procedure (B.3.44) and (B.3.45)) of taking descendant fields can of course be iterated, e.g.
(L1)"n = 0"¢y, and

dZQ

Low Loy én(w) = Loy, f 2 T T () onlw)
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fdzl dZQ 2 P () T (2) gn(w) (B.3.47)

271 27rz

Descendants with respect to the supercurrent naturally appear in the context of superghost

picture changing, see section [3.1.6]

Once a correlation function among primary fields is known, then it is straightforward to
get a handle on the associated descendant correlator. Superconformal Ward identities allow
to derive differential operators which act on primary correlators if some fields are replaced by
descendants ¢y, +— (L_,¢p). That is why we restrict our attention to correlation functions of
primary fields, see the following section for free bosons and chapter [6] for the interacting
CFT of the RNS superstring.

B.4 Correlation functions for free bosons

The CFT of string coordinates X™ plays a key role for the structure of superstring amplitudes.
The spacetime momentum k™ of a physical state is generated by a plane wave e*X factor
in the vertex operator which determine the kinematic poles of and relations between color
ordered amplitudes, see section [5.3] Exponentials of free bosons also occur in the bosonized
representation of the worldsheet fermions ¢™ and spin fields S4 of the RNS CFT in terms of
chiral bosons H7(z).

B.4.1 Identifying plane waves as primary fields

It might seem a bit puzzling at first glance that the worldsheet field X™ which does not fit into a
representation of the conformal group exponentiates to a conformal primary e?*X. The purpose
of this subsection is to prove that e’ X transforms as a primary of weight h(e®**) = o/k? like

claimed in subsection B.1.4l

I aymn

The first step is to derive the OPE ([3.1.18) on the basis of i0X™(2)iX"(w) ~ 2L =4 | Tt

w

rests on expanding the exponential and recognizing the number n of single contractions between
i0X™ and (ik - X)™

0X™(z) X = Y il i0X™(2) (ik - X (w))"

n=0

1 n2d k™ n—

~ Z &(zk-X(w)) S
~nl z—w
2/ k™,

_ 4 kX)) oy (B.4.48)
Z—w
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The conformal dimension follows from the OPE with the energy momentum tensor 7'(z) =
110X ™0X 0 (2) + ..

o)

Tz ¥ = L ;%z’aX%)iaXm(z) (ik - X (w))"
B % i% (2n2a’f,n_iZXm(z) (i X ()"
n=0
_ ‘9<jk_‘x;w)) N ‘“'{ffi:;;w) L (B.4.49)

The term in the second line follows from the 2n single contractions i0X™ « (ik - X)™ whereas
the third line is a result of the n(n — 1) double contractions i0X™i0X,, < (ik- X)". The o/ k?

etk X (w)

prefactor of the double pole yemmty is identified as the conformal weight of e’ X(®)

B.4.2 Plane wave correlators

Having identified the plane waves e*¥

as conformal primary fields, we shall next derive their
correlation functions starting from the worldsheet action S[X] given by (2.1.11]). The worldsheet
in the closed string sector can be represented by the Riemann sphereﬁ S2. The starting point

for computing the plane wave correlator on S? is the path integral

< Heikj.X(Zj,Ej) > — /DX Heikj.X(zj,Ej) e—S[X]
j=1 52 Jj=1
1 com N m
= /DX exp <_47ro/ /dzz 0X,, 0X™ + szj Xm(zj)>

=1

= /DX exp (/d2z { ! X, 00X™ + iJme}> (B.4.50)
4o/

j=1 k;”52(z — Zy, zZ— Ej).

where the source term in the second line is defined by J™(z,2) := )
The integral over X™ configurations is of Gaussian type, so one can solve it by an infinite
dimensional generalization of the standard formula [ d"z exp (3zAz + iJz) ~ exp (2 JA1))

(using the Green’s function - 1In |z — w[* to “invert” the 99 operator):

no ) 1
<He”fj‘X(Zijj)> ~  exp (7‘('0.// /dQZ /de I (2, Z) yp In|z —w|? Jm(w,w))
7r
S2

j=1

4This is the one of the few instances of this work where we give a correlation function on a closed string
worldsheet, that is why we attach a subscript (. ..) g2 here. Correlators without such a specification are computed

on the disk by default.
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n

o = b
= [[ew (Z (ki - k;) In |z — Zj|2) = ] lzgI"%  (B451)

i#] 1<j
We have omitted the zero modes zf" of the X™(z, z) in the f DX path integral. They contribute

a momentum conserving delta function

/dDaco exp(iikj-xo> = (2;)]3 6P (ik@) , (B.4.52)

but we will drop it for ease of notation in the following work — momentum conservation will

always be implicit. So far, no care has been taken about the overall prefactor of scattering

amplitudes. Normalization issues are addressed in subsection [5.3.4]

Computing the S matrix for open string states requires correlation functions of plane waves

on the disk (...) rather than on the sphere (...)g2. We can rewrite (B.4.51)) more generally as
< H ethi-X(%:2) > = exp (Z KPR (X, (21, %) iXq, (25, 25) ) g2 ) (B.4.53)

=1 = i<j
According to subsection [2.4.3, the boundary propagator of X™ has an extra factor of two due

to the image charge outside the open string worldsheet,

(1Xp,(20)1Xg, (%)) = 20/ In|z —w| = 2(iX, (2, %) iXq,(2,%) ) g2

. (B.4.54)

23,25 €ER

this effectively doubles the exponents of the |z;| in (B.4.51):

<He”“””X(Zj€R)> l eXp(Zkfikﬁ»’f<z‘Xpi<zi>z'qu<zj>>> = [T Ba5)
j=1

i<j i<j
The OPE of two exponentials can be easily inferred from the limiting behavious 2z, — z;:

eiki'X(Zi) eikj-X(Zj) ~ (Z o w>2a/ki'kl ei(ki+kj)'X(zj) + ... (B456)

Setting 2o’ = 1 reproduces the results (2.2.36)) and (2.2.44)) on the chiral bosons H’ subject to
H(2)H(w) ~ —1In|z — w|, see subsection [2.2.3| and [2.2.4]

B.4.3 Correlators with extra 0X™ insertions

Since physical vertex operators generically contain 0 X™ fields and higher derivatives thereof,
we should next discuss more general correlators involving both plane waves e?*X and 9X™.

Their rigorous derivation is based on the rewriting i0

p n p n
4 0 i ;
. m ik X (25) o i¢ct-0X (2;) ik;-X(z5)
<H28X l(zz)jl:[le > = H<—agnle O] >

=1 j=1

maik-X 0 ik X+iC-0X| .
Xe = a5.€ |<:0.

m

¢=0
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i

=1

exp(z K () X () + 303 Gk (10X ()X, (35))

1<J i=1 j#£i

+ Z Cro 63, (10X™ (2) 10X ™ (25) ) >

1<j ¢t=0
p a / n ]{j i j
= H acl exp | 2a Z (kl : k]) In ’Zij’ + Z Z C + Z C C
=1 my l<] i=1 j;ﬁz 1<J ClZO
(B.4.57)

Extracting the multilinear piece in the auxiliary variables ¢! from the exponential is a com-
binatoric exercise. The result is in lines with the Wick theorem [221] for free field theories:
The h = 1 primary 0X™ can be removed from the correlation function if we replace it by all
the singularities it can produce via open string OPEs. Therefore, the i0X™(z)e ik X(w) OPE
(B.4.48)) suffices to determine the correlation function with one 0.X™,

no n 20/ kM no
<¢0Xm(w) [ e X > = Y - <Hezkj-X<zJ€R> > . (B.4.58)
j=1 j=1

=1

The general correlator with several 0X™ insertions additionally involves i0X™(2)i0 X" (w) ~
2a/n™ /(2 —w)? + ... in the reduction process due to the Wick rule. More precisely, summing

over all OPE singularities of the 0.X™ (w;) field gives rise to the following recursive prescription:

< ﬁiaXml (wy) ﬁeikj'X(ZjGR) > — zp: % < ﬁiasz (w;) ﬁeikj-x(zjek) >
1 — Wy

=1 =1 =2 1=2 i—1
J i = J

n

20/ k" [ - T ik
i . m ik;-X (z;€R)
+ E o < | |18X H(wy) | Ie (B.4.59)

i=1 1=2 j=1

Iterating this prescription boils the correlation function on the left hand side down to a combi-
nation of momenta and Minkowski metrics (equivalent to the result of (B.4.57))) and an overall

plane wave correlator (TT7_; e %) =TT [=;[** k.

The Wick contraction rule for the fermions ¢™(z)y™(w)

. is even more compact,

<Hw<zl>> = D -V ﬁ <sz<zl>> (B.4.60)

=1 i=2 li

1
such that e.g.
(6™ (22) 0" (22) WP (2a) () ) = L0 WO mAT (B.461)
?12 %34 213 224 214 %23

The nontrivial correlation functions of the RNS CFT involve spin fields S4, they are presented

in chapter [6]
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B.4.4 Higher spin correlators

Scattering higher spin states requires correlators with a large number of 10X insertions. In
particular, since we discuss all mass levels n on equal footing in section [9.3] we shall keep the
i0X number general. Luckily, lots of simplifications occur on the leading Regge trajectory
because the 10X* are always contracted with the totally symmetric, transverse and traceless
wave functions ¢, this is why we only give a closed formula for such a contraction. Let n;
denote the mass levels in the sense that k7 = —2 and s; the number of 10X (z;)’s (which does
not necessarily coincide with the spin n; + 1 of the state for the purpose of this appendix). Of
course, the tensors ¢,, . of interest might have further free indices which will be omitted in

the following result:

S1 52 S3 3

O, Do, B, (L i0XH1(20) [ i0X72(20) [ 10X s (2) [ 7))

p1=1 p2=1 p3=1 Jj=1

n1—si1 ng—s9 n3—s3
_ <Z12 213) (Zm 2’23> (213 Zz3> 51 55! 54! Z (2a1)81+82+s3—i—j—k

223 213 212 i kel

(¢' -k ™) (¢° - k3TE) (6 kPTTY) 6, 65 0%
Z'j'k"(sl—Z—])'(SQ—Z—/{)'(Sg—j—k’)'

Shorthands such as (¢ - k3' ™" 7) (¢* - k2"%) 8¢, are introduced in subsection [9.3.2] The

summation range Z for the number 7, j, k of contractions among the ¢’s is defined as

(B.4.62)

T = {z’,j,kENO:sl—i—jzo, S9—i—k>0, 33—]’—]{;20}. (B.4.63)

We will also need the four particle generalization:

S1 52 s3 S4 4
on, 05 03, 0n ([ i0X1 (1) [ 10X (20) [ 10X s (25) J] i0X7%(za) J] e™5%))
p1=1 p2=1 p3=1 pa=1 j=1

= \212

Y TR (B ) (B ) (O )" () (/)" (G )"
PRI mIn!l (sy —i—j =D (so—i—k—m)l(s3—j—k—n)(s4 — L —m —n)!

|s+n1+n2 |213|t+m+n3 |Z14|U+n1+n4 |223’u+n2+n3 ’z24|t+n2+n4 1234’s+n3+n4 81! 82! 83! 84!

1,7, k,l,m,neg
i s1—i—j—I sa—i—k—m
X ¢1.<E+ﬁ+ﬂ)l ! ¢2.(ﬂ+ﬁ+ﬂ)2
i 212 213 214 221 223 224
B ]{; k k S3—j—]€—7’l k k k 84—l—m—n
x ¢3-<Z—1+—2+—4) ] [¢4~(—1+—2+—3> (B.4.64)
i 31 232 234 241 242 243

In this case, summation variables 4, j, k, [, m,n are delimited as follows:

J = {z’,j,k,l,mmeNo:sl—z'—j—lz(), S9—i—k—m>0,

s3—J—k—mn>0, 54—l—m—n20} (B.4.65)
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The four point amplitudes given in subsections to with one higher spin state of mass

level n at z4 and massless states at z; 2 3 require

4
Gpr.pe (TOXM L G0XM (z4) [[eM¥ ) = [z00]* |23 [208]" [21a]"*" 22| F" | 230+
j=1
k k ks \°
x [¢4- (—1 + 24 —3) } (B.4.66)
241 242 243

and generalizations with a finite number of extra i0X insertions for the gluons.



Appendix C
The spinor helicity formalism

This appendix introduces the spinor helicity formalism, a unifying organization scheme for po-
larization wave functions of bosons and fermions in D = 4 spacetime dimensions. Remarkably,
three different groups developed these methods independently [3164317,318]. They give rise to
severe vanishing theorems on gluon amplitudes of certain helicity configurations and extremely
compact formulae for the first non-vanishing class of n gluon tree amplitudes, the so-called
MHYV amplitudes. Also, the formalism increases the efficiency of SUSY Ward identities: They
can be solved much more explicitly for tree amplitudes involving n boson and m fermions in

terms of the corresponding n 4+ 2 boson, m F 2 fermion amplitude of the same multiplet.

The key ingredient of the spinor helicity formalism is the one-to-one correspondence between
vectors and bispinors of opposite helicities in D = 4 spacetime dimensions. This is reflected in
the relations

u .= . pogba o sp
0l 0hed = —2€ac€i > ol o) = —20, (C.0.1)

for the four dimensional sigma matrices. Higher dimensional Lorentz groups involve higher rank
p forms in the tensor product decomposition of bispionors. That is why the development of a
higher dimensional spinor helicity formalism poses a difficult challenge. Recent work generalizes

spinor helicity methods to D = 6 [338] and to D = 10 dimensions [339].

C.1 Massless polarization tensors

The basic building block for massless wave functions of any spin is the Weyl spinor polarization
u® of a spin 1/2 fermion. The massless Dirac equation u® f, = 0 implies that it depends on

the momentum, so we will use the suggestive notation
Ua(]{?) = k° y ﬂd(l{f) == ]{?[1 (012)

387
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in the following. The massless Dirac equation for fermions implies that only one chiral half is
nonzero. Therefore, the two polarization states of spin 1/2 fermions read as follows in Dirac

spinor notation:

Utk) = L U(k) = (C.1.3)

The 2 x 2 matrix (k*o,),; has a determinant proportional to the norm k*k, which vanishes for
the lighlike momentum of a massless state. According to basic linear algebra, any 2 x 2 matrix

with vanishing determinant can be factorized as follows:

det(kH ~ kK =0 kH o= — kK
e ( U#) = ( O';Uf)c.zb o b (014)
det(k#c,) ~ kK = 0 (k*7,)%" = —k*k°
These relations can be easily inverted by means of (C.0.1)):
1 7. =aa 1 7.4 1.0
k, = §ka koo," = 51@ k" 0 a4 (C.1.5)

Let us introduce the following bracket notation as a shorthand for spinor products:

pa) = pPad* = —{qp)

, = (ralepl = —2p"q, (C.1.6)
bl = »a = —lap]

The antisymmetric nature of the four dimensional charge conjugation matrix €4, = €[4 and

gib = glab] implies that, for commuting spinors p,q, also the brackets are antisymmetric in

their two arguments. In particular, we have (pp) = [pp] = 0 which allows for a quick check

that the massless Dirac equation for spin 1/2 fermions ((C.1.3)) is consistent with the bispinor

representation (C.1.4) of k,o*.

C.1.1 Massless spin one

The polarization of massless spin one particles can be described by a transverse vector £, subject
to a gauge freedom &, = &, + k,A with scalar gauge parameter A. It has only two physically
meaningful components corresponding to the +1 and —1 helicity states. A more natural basis

for the two physical states ffj and §, involves the spinors k,, k; which form the momentum

vector k,, via ((C.1.5)):

& (k)

= =ab I.. =ab
Ta 0y kb koo o

V2 ({kr) V2[r k]

The gauge freedom is represented by a reference spinor r, which can be arbitrarily chosen as

£, (k,r) = (C.1.7)

long as r%k, # 0. In order to see that r carries no physical information, one can compute the
difference

fi(k,rl) - ff(kaﬁ) = kyA(r1,72) (C.1.8)
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which corresponds to a gauge transformation with gauge parameter A depending on r 5. There-
fore, physical amplitudes cannot depend on the choice of the reference spinor r, and we can

pick the choice which leads to the maximal simplification.

C.1.2 Massless spin 3/2

Massless spin 3/2 fermions are described by a vector spinorial wavefunction Xj, or X4 subject
to transversality, o tracelessness XZUZ . massless Dirac equation and gauge freedom xj, = xJ, +
k,A®. These constraints leave two physical degrees of freedom with helicities j:%. In Dirac

spinor notation:

ok, [k kyatere [0
U (k,r) = —22< “1., U (kyr) = 2£° C.1.9
o (k) vz o o (kr) ik g (C.1.9)

Again, a change of reference momentum r; +— 7o amonts to performing a gauge transformation

Uf(k,r1) — Uf(k,ra) = kyA(ri,r2) (C.1.10)

with some r; 5 dependent Dirac spinor A.

C.1.3 Massless spin two

For completeless, we shall also give the helicity wave functions for massless spin two particles
here. They are described by symmetric, transverse and traceless rank two tensors «, with
gauge freedom o, = ay, +k, A, +k, A, as rich as the infinitesimal diffeomorphisms. Therefore,

two physical states remain

51 544 7y ke 7 kg ot o5 kary kera
k) = A k) = ARSI
% (K1) 20y Gy ) 2k r] k7] (C.111)

which again involve a gauge spinor r:
afy(k,rl) — a:fy(k, ro) = kyA(r1,m2) + Kk, Au(r1,7m2) (C.1.12)
They can be identified as the “square” of two spin one eigenstates :
oszy(k, r) = éﬁ(k, r) ® 533(]{:, T) (C.1.13)

Note that tracelessness automatically follows from 0 = (pp) = [pp].
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C.2 DMassive polarization tensors

Although the spinor helicity formalism is most efficient for the description of massless particles,
we can still apply it to massive states and achieve a higher compactness for their scattering
amplitudes [319,320,321]. As explained in chapter |§], helicity selection rules also exist for

amplitudes which involve massive states.

Massive spin j particle in four dimensions gives rise to 25 + 1 physical degrees of freedom
according to the stabilizer subgroup SO(3) of the rest frame momentum k* = (M,0,0,0).
In contrast to the massless situation where the lightlike momentum necessarily singles out a
spatial direction, the rest frame momentum of massive particles does not suggest a preferred
quantization axis. To handle this freedom, we decompose the timelike momentum k* into two

lighlike ones p*, ¢*:
o= pt 4 gt p2 _ (]2 = 0, P = —m?2 = 2p“qu (C.2.14)

The spatial components of p* carry the information about which spatial angular momentum
component is diagonalized. Now, k,0* can still be written as a sum over bispinors although

det(k,0") # 0 for massive states:
(ko) gy = —Daby — QG (C.2.15)

Of course, the choice of (p*, ¢") decomposition should not affect physical observables such as
unpolarized cross sections: Once the modulus squared amplitudes with all the 2j+1 polarization
are summed over, all the p,, g4, D¢, ¢; dependence should drop out in favor of the full massive
momentum k*. This is an important consistency check on the scattering amplitudes of section

9.2l

C.2.1 Massive spin 1/2

Dirac spinors for massive fermions must have two nonvanishing chiral halves because of the

massive Dirac equation (¥ +m)U = 0. Using (¢p)[pg] = m?, one can verify that

, Uk -1 = be (C.2.16)

L{gp) qa
’ Llgplq

~a

p

U (k,+3)

indeed provides solutions to (f + m)U = 0. The second argument j:% of the wave function U

indicates whether the spin polarization is parallel or antiparallel to the p* direction.
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C.2.2 Massive spin one

Spin one particles obtain a new longitudinal degree of freedom once they have a nonzero mass.

The three physical polarization can be obtained as follows

Eulk,+1) = ﬁpa Gy b
u(k,0) = ﬁ 7% (PaPa — Gada) (C.2.17)
ulk, —1) = ﬁ G4 T Dy
They are transverse and orthonormal in the sense that &, (k, h1)*(k, he) = —0h,+hs.0-

C.2.3 Massive spin 3/2

Massive spin 3/2 particles have four polarization states subject to a massive Dirac equation

and transversality:

1 Lgp) qa
3 . m — —bc
U,u (ka_'_i) - \/§m pd pb o qc
gie [ [ 1 (gp) 4a L qp) pa
U, (k,+3) = & m (Bype — Gyge) + | ™ Pyge | (C.2.18)
\/ém i ﬁa _qa
U, (k,-1) = % b (Dppe — T@yqc) + ~a G, p
p A\ T 9 . c c » c
Vem |\ Llgpl @ Llaplp”
1 pa 1
Uy (k,=3) = —— G 5} De
Iz ( 2) V2m % l97] 7 4,0, P

C.2.4 Massive spin two

Let us finally give the five physical components of a massive spin two tensor, described by a

transverse and traceless wavefunction:

1 —a —C

Ok, +2) = 50,0, Padspeda
1 —ab ¢

(k. +1) = 0,5 ((papb — Ga ) DeGa + Da b (Depa — chd)) (C.2.19)
~ab =¢d
o, 0, B B B o o

a(k,0) = N ((papb Qa @) (PePa — Geqa) — PadvGecPa — debpéQd>

1 —ab ¢

u(k,—1) = o, o, ((qa @ — PaPv) GePa + Gapy(Geda — pcpd))
1

au(k,=2) = =050 Gapy e pa
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Appendix D

Supplementing material on

hypergeometric functions

D.1 Extended set of multiple hypergeometric functions
for n =6

In subsection |12.3.5 we have introduced an extended set of (n — 2)! hypergeometric functions
which appear in n point amplitudes of massless open string states. They are useful for finding
new representations of the superstring amplitude with alternative ASYM bases. Moreover, they

will play an essential role in demonstrating its cyclic invariance [11].

The n = 6 point superstring disk amplitude can be expressed in terms of six hypergeometric
functions, but changing the basis of kinematic building blocks A3YM involves an extended set

with additional 18 functions (|12.3.48]). The purpose of this appendix is to list these extra
functions and to give their relations (12.3.41]) to the basis ((12.3.45)).

The six basis functions F(?e340) .= F(2:3:455) with ¢ € S5 can be extended by the following

integrals:

- ! I s12 8s5
FEs / dz ([ leal™) — =2 =
j=2 7z 241 <12 <54

4 1
1 si13 s s s
FEB / Qo (T 1y on | L 518 500 (;+i>
jl_[2 Zj—1 ! H| | 241 213 54 \R12 32

(D.1.1)

1 1
e S15 S24
S
/ dzj | | |zzl| i _ —
j=2" %1

4
F(5324) H
o 241 215 224

4
F3524) H
j=2

241 213 224

! 1
H s 513 524
S
/ dzj |Zil| il - - =
Zj—1
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! 1
—s S15 834 S12 | S25
/ dzy [ [Lleal™ | — 2 =2 (2 +22
o Jzi , Z41 215 234 \ 12 52

4
F(5234) — H
j=2

zj1 221 %13 <42

i<l
4 1
1 s19 s s s
9534 s, 12 534 15 25
FERY H/ de ([Jlzal™ ) — = == (2+ =2
2/ i 241 R12 234 \R15 225
ot L s12 S35 (S1a | Soa
2453 —Si
F93) — H/ dz; H|Zzl| e (_ _>
s /7 il %31 %12 253 \ 14  R24
4 1
1 s14 s s s
4253 —si 1423 (21 2
pe = 1 g () L2222 (222
s /7 il %31 %14 %53 \ %12 %42
4 1
s, L s15 S23 [(S14 | 54
F(5423) H/ dz; H|Zil| si | - 22 7% (704, 7 (D.1.2)
g /7 il 731 215 %23 \ %14 254
4 1
1 s14 s s s
452 —s; 14 523 1 5
F(4523) H/ dzj H|Zzl| sa | — 214 228 (216
ez i<l %31 %14 %23 \Z715 %45
4 1
1 si15 s s s
5243 —s; 15 534 1 2
pe = T1f g () L2 2 (2,
ez i<l %31 215 243 \ 12 52
4 1
1 s19 s s s
9543) —s; 12 534 15 25
e o T [ s ([ ) Lo (oo
ez il 731 212 %243 \ %15 225
o 1 s13 So5 [ S1a S
3452 —Si
FB82) = H/ dz; Jza ) — — — (— —)
sz il %21 213 252 \ 14 234
4 1
1 su4 s s s
4352 s, 14 525 1 4
P = / de ([Jlzal™ ) — == = (2 + =
2z oy Z21 %14 %52 \%13 243
4 1
. 1 s15 S23 (S14 | 84
FEE = H/ dz | [leal™) — == [=+= (D-1.3)
g /7 il 721 215 %32 \ 714 254
4 1
. 1 s14 s23 (51 845
pUs) H/ g ([leal™) — 22 2 (22428
sz il R21 214 232 \R15  R45
4 1
1 s15 s s s
£349 s, 15 524 13 35
o = T[4y ([l ) Lomo (o, 0
oz i<l 721 %15 %42 \”13 %53
4 1
: 1 s13 sS4 (815 | S35
P = I as (Hw ) (e

=2
In (12.3.64]) we have displayed the relation ([12.3.41)) for one particular basis w. Here, we

want to present the relations ((12.3.41]) for two other choices of basis. For the new basis m €
{(1,2,4,5,3,6), (1,4,2,5,3,6), (1,5,4,2,3,6), (1,4,5,2,3,6), (1,5,2,4,3,6), (1,2,5,4,3,6)}
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we have
o __ —1
K7 = s34
tl — 51 S13 0 0 0 tl — 81+ S3
0 0 S3 + S13 513 tl — 81+ S3 0
s1(t3—s4)(s15+s45)  (s36—s1)s13(s15+545) —(s3+513)S14525  —s13514525 dgs14535 51535(s15+545)
t145515 t145515 t145515 8145515 t145515 t145515
s1(sa—ts) (s1=s36)s13 (s3+s13)ds s13ds —(s1+524)535 —s1835
t145 t145 $145 t145 t14s t145
5154(51*t1) —S154513 514(S2+535)d3 s13dsdry S$14835d3 51(54*536)535
t125815 $125515 t125815 t125815 t125815 $125S515
(t1—s1)ds s13ds —s14(S2+535) —d7s13 —514535 dis3s
t125 t12s t12s t125 t12s t125
(D.1.4)
and the following relation can be checked:
T T
[(2453) [(2345)
[(4253) [(3245)
F(5423) [(4325)
= K1 (D.1.5)
F(4523) F(3425)
[(5243) [(4235)
F(2543) [(2435)

On the other hand, for the third basis 7 € {(1,3,4,5,2,6), (1,4,3,5,2,6), (1,5,4,3,2,6),
(1,4,5,3,2,6), (1,5,3,4,2,6), (1,3,5,4,2,6)} we have

o _ —1
K7 = sy
S1 S1 + So 0 81—83+t2 0 0
0 0 81— 83+ t2 0 S1 + S24 S1
s1(s26—s13)(s15+s4)  —dos13(s15+s4) d10s14525 s13525(s15+s4)  —s14(s1+524)835 —51514535
5145515 5145515 5145515 5145515 5145515 5145515
81(813—826) d9813 —(S3+813)825 —513525 —d12(51+524) —S1d12
5145 5145 5145 5145 5145 5145
—5154513 —(s1+s2)s4513 s14825do $13525(54—526) s14(s2+s25)do s1(s26—s14)do
5246515 5246515 5246515 5246515 5246515 5246515
s1di1 di1(s1+s2) —S14525 —(s3+s14)825 —s14(s2+s25) s1(s14—s26)
5246 5246 5246 5246 5246 5246
(D.1.6)
and the following relation can be checked:
T T
[(3452) [(2345)
[(4352) [(3245)
[(5432) [(4325)
= K (D.1.7)
F(4532) [(3425)
F(5342) F(4235)
[(3542) [7(2435)
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Hence, the relations (12.3.64), (D.1.5) and (D.1.7) allow to express the additional set of 18
functions (D.1.1)), (D.1.2)) and (D.1.3)) in terms of the minimal basis ((12.3.60)).

In the above matrices (D.1.4]) and (D.1.6)) we have introduced shorthands

di = s3 — s5 + 11, dy = 51 — S84 — 83
d3 = 83 — S5 — tg, d4 = S84 + S5 — Si3 (D18)
dy = 515 + S35

like in subsection [12.3.5] as well as

ds = s1 + S — 536, ds = —s1 + s5 + S35

d7 = S — S5 + So4 — S35, dg = S — 54 + S13 — S (D19)
dy = sy — s + t3, dip = s — 83 — 84 + Sg

din = 83 + Si4 — S, dia = S — 83 — S13

D.2 Power series expansion in o for n = 7 point integrals

In this appendix we give the o’ expansions of the 24 functions F?<5 appearing in the seven
point amplitude ((12.3.33]). While for n = 4,5, 6 the latter can be found in subsection ,
here the case n = 7 is dealt. The strategy how to compute the power series expansion in o/
for any generalized Euler integral is described in [202,201]. Generically, this task amounts
to evaluate generalized Euler-Zagier sums involving many integer sums, which becomes quite
tedious for n > 6. A complementary approach to determine the o' expansion for the basis

(12.3.45)) can be set up by imposing the factorization properties discussed in section m

FE34)  — 1 — ((2) (s586 4+ 5157 — L1ty — s5ts + tats — sit7 + tity)
+ C(3) (—2515355 + 5256 + 8552 + 5757 4 5152 + 253551 + 25485t1 + 25 85l0
+ 25185t3 — 285t 1ts + 25159ty + 25155ty — 283t1ty — tity — 281taty — 1112 — 2545515
— Sats + thts — Stz + tats — 28185t — Sity — 28189ty + ity — sitz + Ht2) + ...
FOBY = ((2) s46 (54 — 86 +15) 4+ C(3) 546 (25153 4+ 52 + 5455 — 5556 — 52 — 2853t] — 2841
— 281ty — 281t3 + 2t1t3 + sS4ty — Sety + 284t5 + S5ts + tats + 12 + 251tg) + ...
F@I35) — ((2) (s34t —t5) (s34 ts — t7)
+ ((3) (2818983 + 25155 — S5 + 25385 + 2835485 — 283t1 + 2835511 + 25485t — S3ts

— 25183t2 — 25385t3 — 255t1t3 + 25182t4 + 25183t4 — 25§t4 — 333t1t4 — t%t4 — 281t2t4
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— s3t5 — t1t: — 28385t5 — 25455t5 + 285tsts + s3tats + tits + sstz + tats — 25180ty
— 28183t7 + Sstity + ity + 2s1taty + Sststy — Loty + sst + tits — t5t2) + ...
FE9) = _((2) s36 (53 + 11 — t5)
+ ((3) 536 (—25180 — 25183 — 53 — 25354 — 2841 + 12 + 251t + 283t3 + 2t1t3 + S3ty
+ b1ty + 2s3ts + 2s4ts — sty — tats — B2 + sgty + titr — tsty) + ...
F534 = C(2) s46 (53 + 86 —t3 —t5) + C((3) s46 (25183 + 255 + S354 — 5355 + 5356 + S456
— S5Sg — sg — 281ty — 28113 — 4s3t3 — S4t3 + S5tz — Sgts + 2t§ — S3ty — Sety + 3ty
— 3s3ts — Syt + ssts + Stats + tats +t2 + 2s1t5) + ...
FO8) — _((2) 536 (53 + 856 — ts —t5) + ((3) S36 (—25153 — 52 — 5354 — 5456 + 52
+ 281ty + 281t3 + 283t + Satz — t5 + Saty + seta — tats + 283ls + suts — 2tsts
— tyts — t2 — 281t + Ssty + Sety — tsty — tstr) + ...
FGM) — _((2) 513 (52— s7+t7) + C(3) 513 (5152 + 52 + 25355 — 5157 — 52 + Saty — s7t
— 285ty — 285t3 — 289ty — 283ty + 2boty + 255t + Sty + 259ty + tity +12) + ...
= —2((3) s13 525 546 + .-
FGI2) = ((2) 513 (s34+ 87 —ta —t7) + C(3) s13 (—5183 + 5983 + 252 + 285385 — 5157

F(3254)

+ S987 + S357 — 8% — Sgtl — $7t1 + $1t2 — $2t2 — 483t2 — 285t2 — 87t2 + tltg + 215%

- 285t3 + 2S5t6 + 81t7 - 82t7 - 383t7 + t1t7 + 3t2t7 + t%) + ...

FOH2 — ((2) 515 596 + C(3) 513 596 (—s1 + 53 — 57 — t1 + 23 — 26 —t7) + ...
F3524) i C(4) s13 546 (10 s15524 + 3 515526 + 27 S24535 + 10 56835) + ...
FER) — i (4) 513 526 (=7 15824 — 17 504835 + 3 S15526 + 10 s35846) + ...
FUZD) = ((2) s14 (53 +ts — t7)

—+ 6(3) S14 (-28283 — 8:2)’ — 28385 — 28455 —+ Sgtl -+ 283t2 + 255t3 — 282t4 -+ t1t4
+ 2t2t4 + ti + 83t5 + t4t5 + 282t7 + 2$3t7 — t1t7 — 2t2t7 — t5t7 — t%) + ...
= ((2) s14 536

+<(3) S14 S36 (282+383+284—t1—2t2—2t3—t4—t5—t7) + ...

F(4253)

FUB) — _(2) 14 (5354 57—ty —t7) + C(3) 514 (—S283 — 52 — 25355 — 957 + 52 + S3t
+ S7t1 + Soto + 283ty + 285t9 — t1ty — t% + 285ts + S3ts + s7ts — tots — 2S5t6
+ Sot7 + 283ty — tity — bty — tsty —t2) + ...

PSR = C(Q) S14 526

+ C(g) S14 S26 (—82+83—|—S7+t1—t2—2t3—|—t5—|—2t6—|—t7) + ...
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FUS) — (2) 514 546

+ C(3) S14 S36 (280 + 284 —t; + o+ 13—ty —t5 —3tg —t7) + ...
= —((2) s14 S2

+ C(3) 514 S26 (=52 — 84+ 87+ t1 —ty —lyg+t5+2t6 +17) + ...

F(4532)

FOBY = C(Q) S15 S46
+ C(3) 515 S46 (54 — 55 — 856 + 2ty —tg — 15 — 2ts) + ...
= —((2) 515 536
+ ((3) s15 S36 (83 — sS4+ 56 — 2ty —ts+ 1ty +1t5+ 2t +17) + ...

F(5243)

1
5329 1 C(4) s15546 (10 S13824 + 3 13826 — 17 S24835 — 7 S26S35) + - ..
1
F(5342) — Z C(4) 515526 (—7 513524 -+ 3 513546 + 10 §94835 — 7 835846) 4+ ...
F(5423) - _ C(Q) S15 S36

+ €(3) 515 836 (=52 — 84+ 86—ty —t3 +tg+t5+ 26 +17) + ...
FOB2 — ((2) s15 596 + C(3) 515 526 (—S6 — s7+ta+ 1t —ts —tg —t7) + ...

There is one function F®3?Y starting only at ((3)a/® and a set of four functions starting not

until at ¢(4)a*.



Appendix E

Further material for pure spinor

computations

This appendix gathers additional material which is relevant for higher point scattering ampli-
tudes computed in the pure spinor formalism. It contains some lengthy expressions which we

decided to outsource from chapters [I0] [[I] and [12] in order to improve the flow of reading.

E.1 The BRST building blocks 77934 and 179345

The evaluation of pure spinor superspace expressions in SUSY components requires knowledge
of the theta expansion of the superfields involved. Hence, the BRST building blocks must
be explicitly expressed in terms of the SYM superfield [A,, A, W*, F,.,] with 6 expansions
(10.2.31)) in order to make checks against RNS results possible. The rank three building block’s
superfield content can be gathered by combining equations (11.1.9), (11.1.19) and (11.1.24).

Since higher rank analogues become quite lengthy, we decided to defer their presentation to

this appendix.

We will give the superfield expressions for T;j;; and T;jkm, in the following which allows to
obtain the SUSY components of any superstring (and field-theory) amplitude up to n = 11 legs

in terms of momenta and polarization vectors or —spinorsﬂ

E.1.1 Redefinition L213141 — T1234

The definition of Tis34 is explained in subsection |11.1.3] The first step from Loi3141 to T 1234

uses the information from the lower-order redefinitions of Lo; and Lg;s;. First one rewrites Lj;

!The use of a FORM [311,|312] program like [310] is useful for these kind of calculations.

399
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and Lj;; in terms of T;; and T;j; in the RHS of the identity for () Lai3141 given in (11.1.14]):

1
Ly = T — §QD12

+
MDH‘/B + o2 (Das Vi — Dy3 V) + ngé (E.1.1)

L2131 = T123 - 9 9

Recall the shorthand D;; = A;-A;. After some algebra one finds the appropriate first redefinition

~ 1
Tiozs = Loizian — 1 <(813 + 523) D12 QD3s + S12 (D13 QD2s + Diy QD23))
1
+ 3 ((313 + 593) (D12 T34 — DsaTho) + s12(Di3Tog + DiaThg — DogThia — Doy T13)>
— ($1a+ 820+ 531) Sish Vi — (513 +523) Sy Vs + 512 (SE Vi — Sisala) (E.1.2)

with the required property of

QT1234 = S19(T13a Vo + Ti3Toy + ThaTos + Vi Ths4)
+ (s13 4 S23) (T12 T34 + T124V5) + (S14+ Soa + S34) T123 Vi (E.1.3)

E.1.2 Redeﬁnition T1234 — T1234

It is easy to check that the BRST closed combinations T(ij)k and T[ijk] are inherited by the first

three labels of T12347 ie.
Q (Thass + Torza) = Q(Thosa + Tiza + Toma) = 0, (E.1.4)
and that there is one additional BRST identity involving the fourth label,
Q (Thosa — Thous + Toz — Tyuz) = 0. (E.1.5)

Using the SYM equations of motion in a long sequence of calculations identifies these combi-

nations as BRST-exact

Tiosa + Toiza = QR§12§4
Tiosa + Tyioa + Toga = QRE?M (E.1.6)
Tiosa — Tizaz + Thano — Toum = QR@?A
where
s
Rigyy = —Rig (K- A") — =2 (Dis Doy + Du D) (E.1.7)
Ry = —RZ (- AY - (12 Dag D1s + $93 Doy Dis + s13 D3y Dyo) (E.1.8)

1
4
Ry = (k'A% (D (k' A% — Dy (- AY)) — (k- AY) (Day (k* - A%) — Dy (K* - AY))
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+ Dy ((kAAB) (k2A4) _ (kS A4) (kQA?,))
+ Dy (K- AY) (K- A%) = (k- A%) (k" - AD))
1

+ Z D12 D34 (814 + S93 — S13 — 824) + (Wl ’Ym W2) (W3 Ym W4) . (Elg)

Removing these BRST-exact parts is accomplished by the second redefinition T1234 — T1934,

leading to the rank-four BRST building block
Tiozs = Tiosa — @ Sg:)m ; (E.1.10)

where 51234 is defined recursively by

2 3 La 1 1 1 1 3

S§22&4 = Z 5834 + Z <S£2213 - S§4)12 + S?(,4)21) + Z R§2)34 (E-l-ll)
1 I u L e

St = 5 Rih + 3 RE )} : (E.1.12)

This a posteriori justifies the notation Sg Z in (11.1.30). To see that (E.1.10)), (E.1.11) and

" 1mply T(12)34 = ﬂ123]4 =0 and T1234 — T1243 -+ T3412 - T3421 = 0, it suffices to check that
the following identities hold:

2 1
S§234 + 551%4 = 352)34
2 2
S§234 + S?(,124 + 553)14 - R§2)34 (E‘1-13)
2 2 3
S§2?34 - 55243 + 53412 - 5354)21 = R§2)34

E.1.3 The OPE residue L21314151

Obtaining Ls1314151 from the expression (11.1.10) for Lsiz141 is based on the OPE identity
(11.1.7). The most economic way of writing the result packages many of its terms into smaller

OPE residues Lj;, Ljix; and Lji;. Moreover, we will use the shorthand k%! = k' +k7 4. .. + k.

Losinst = — Loigian (K- A°) — (Lawsist + Lowst (K72 - A%)) (K12 - AY)
a (L214151 + Loy (K- A%) + (Lassy + Loy (K12 - A%)) (K2 - A4)> (k' . A%

1 1
= { W) (S W W L Tl + = Wy W) FE F )

16
+ (8 [(Lasy + L (0 4%) 4 (Loy + V'V (R A%) (- AY)) (- A°)

+ Lgia151 + L3 (k’134 : A5) + (L3151 + La; (k'13 : A5)) (k‘lg : A4)} - (12 }
1
+ W) (W W) (Fly B = (W W kS = 5 (W70 W) (k + K2)

mp °q

%(W37quymw4)fgrf§7" + (A" A% (FRF kD + (W%mw‘*)(k?-k?’))) (E.1.14)
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E.1.4 Redeﬁnition L21314151 — T12345

In order to find the appropriate redefinition of Lo1314151 leading to T12345 one simply uses the

known redefinitions of [La1, Loi31, Lois1a1] + [Ti2, Th23, Thi234] in the right-hand side of

Q Loisinist = (512345 — S1234) Loisian Vs + (S1234 — S123) (Loasist Vi + Lozt Lsa)
+ (5123 — S12) (214151 V3 + Lota1 Lss + Loisi Lug + Lot Lusss)
+ 512 (L31a1s1 Vo + Vi Laoazsy + Lawan Lsy + Laisi Lu + Laisi Lso
+ L31 Lagsz + Lay Lzosz + Lsi Lzoaa) - (E.1.15)

Even though it is not obvious, all correction terms from these lower-order redefinitions group

together into a BRST-exact combination which can be moved to the left-hand side of (E.1.15)),

see (|11.1.28) and (|11.1.29). This procedure leads to the following definition of T12345,

Tiosa5 = Loisins
1
I (513 + S23) [D12 D3y Vs (835 + 845) + Dig D35 Vi szg — Dig Dys Vs 834]
1

1 812 [D13 Doy Vi (895 + Sa5) + D14 Das Vi (S5 + S35) + Dis Dag Vi (S24 + S34)

+ 894 (D13 Dos Vi — D13 Dys Vo) + 513 (D34 Das Vi + D35 Doy V1)
+ 893 (D14 Das V3 — D1y D35 Vo + Dis Doy V3 — Dis D34 Va) + 814 Das Do Vii|
— (815 + 525 + S35 + 545) 5%4 Vs — (814 + S24 + 534) (SS?@, Lsy + Sg?ﬁ Vi)
— (813 + 523) (Sgi Lss + Sgé Lys — S?()zlﬁa Loy + 5@15 Vs)
— 51 [5%31%2 + SihLae + S{La + SEisVe — (1o 2)]
1

3 [T123 Dys (14 + Soa + S34) + (Th25 D3a — T345 D1a + Ti24 D3s) (s13 + S23)

+ S12 (T134D25 + Tiss Doy + Thus Doz — (1 < 2))] (E.1.16)

which, by construction, has the same BRST variation (11.1.27)) as T72345.

E.1.5 Redefinition T12345 — T12345

Four independent combinations of T12345 are BRST exact,

T12345 + T21345 = QR%)?)@
T12345 + T23145 + T31245 = QR522)345 (E.1.17)
T12345 - T12435 + T34125 — T34215 = QRg)?AS

- - 2 - ; 2 — OpW
T12345 - T12354 + T45123 - T45213 - T45312 + T45321 - QR12345



E.1. THE BRST BUILDING BLOCKS Tia34 AND Ti9345 403

where the ghost number zero superfields R12345 on the right hand side are given by
Rius = Dio (K2 A%) (12 AY) (K23 A7) + %(slﬁs%) Dis | Dis ((K* - A%) = (k° - A7)
+ Dys (K- AY — (K- AY)) — 2Dy, (K- 4%) + 2(1:4-A5))] (E.1.18)
Rijhs = Dia(K?- A%) (k' A") (K11 A7) + é | 512 Dig ( Das (K- A%) = (- 4)
+ Dys (K- A%) — (k2 A%)) — 2Dy, (K- A7) + 2(k4-A5))> + Cyclic(123)] (E.1.19)
Rigys = — Wy W) (W2 W) (k1254 A7)

1
+ [Dia (K - AY) (K - A®) (K- A%) + 3 (824 — 2823) D3y D1 (K* - A°) — (3 4)]

+ é (514 + S24) [D% Dsy (K- A") — (K- A")) + D15 Dy ((K° - A7) — (k:l-AQ))]

+ é (523 + S24) [D45 D (K- A%) — (k- A%)) + Dys Dy (K- AY) — (k:3~A4))]

[ (Dig (K A42) (k2 A") + Day (2 A) (K- A%) + Dy (K- 4%) (k' AY)) (K25 27)
+ %(324—2514) Dyy Dip (K2 A%) — (192)} (E.1.20)

Righs = (WhymW2) [(Wiyn WO FS, — (W™ W) (k' - A%)]
LW ) (W (8- A% 4 L (W) (W W,
+ Dig (K*- A%) (K® - AY) (K* - A%) + Dy (k' - A%) (K* - A*) (K* - AP)
+ éDlg Dgs (K- A% 593 + ngz Dgs (K° - A*) 593 + %Du Dys (k* - A%) 505
+ Dy (k' - A%) (K2 A%) (k' A®) 4 Doy (K- AY) (K2 A3) (K° - AY)
+ Dyy (K- AY) (K- A%) (K- A%) + Dgs (K- A") (k' - A%) (K°- AY) — (4 < 5)
(W2 W) (WA W) (k- AY) (W W9 (W 2 1) 72,
+ Dy (k' - A%) (K3 - A% (K* - A%) — Dyg (K° - AY) (k' - A%) (k* - A7)
+ Dys (K*- AY) (K- A%) (K° - A%) + Dys (K° - AY) (k' - A%) (k"% - A°)

1 1
+ 3 D15 Dys (/fz : Ag) (—2s15 + 525 + 535) + 6 D13 Dys (kS : Az) (815 + S25 + S35)
1
- 6 D13 D45 (k’l . AZ) (815 + So5 — 5835) - (]_ — 2) (E121)

Removing these BRST-exact parts is accomplished by the second redefinition T12345 — Tl9345,

leading to the rank-five BRST building block

Tiosss = Tioses — QSS?;%. (E.1.22)

. 3 . .
The expression for S§2é45 can be written recursively as

4 1 1
3 2 2 @ 2 4
3522;45 = 5 5522;45 + 5 (3522’,54 - SAE5123 + 545)213 + 545312 - 5252%21) + 5R52)345
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3
2 1
S §2?345 = Z S £221,45 +

512345 - Rg2345 +

1 1 1

n (S£2435 - S§4125 + S§4)215) + n R§2)345 (E123)
1 1

[

3 R[12}345

To see that (E.1.22)) and (E.1.23) imply all the BRST-symmetries of Tj2345

0 = Thosas + Toizas = Tiozas + Ts10a5 + To31a5 = Tiagas — Thoass + Taaros — Taa015
= Thosas — Thossa + Tasi2s — Tisors — Tusie + Tassz (E.1.24)

it suffices to check that the following identities hold,

3 3 1
S§2?’>45 + 551?345 - Rgz)a45

552345 + S:§1245 + 552)145 = R§22)345 (E.1.25)
3 3 3) 3 3
S£22345 - 5522135 + 53(,4125 - S?(,4)215 = R§2)345
3 3 3 3 3 3 4
552%45 - S§2§54 + Szi5)123 - 54(15)213 - S£52),12 + Si52),21 = Rgz):ms) .

Having the explicit superfield expressions for the building blocks up to 779345 allows all compo-

nent amplitudes up to n = 11 to be evaluated.

E.2 Higher rank Berends Giele currents

In subsection [11.2.2] we have given explicit expressions for the supersymmetric Berends-Giele

currents My , up to p = 4. Higher rank currents encompass ((2p )2, ,

defer these lengthy expressions to this appendix. We display the fourteen diagrams entering

diagrams, that is why

Mi2345 and the expansion of Migzsse in terms of T, ;o imi4isi . The 42 diagrams within M;ja345¢ as

well as the formula for Mjo34567 can be found in an appendix of [11].

E.2.1 Diagrammatic representation of Mis345

The rank five Berends-Giele current contains the fourteen color ordered diagrams of a six point

amplitude with one off-shell leg:



E.2. HIGHER RANK BERENDS GIELE CURRENTS

2 3 4 5
5123 512345
512 51234
1
3 4 5
5234 512345
5923 51234
2 1
3 4 5
5123 512345
/ S23 51234
2 1
4 5
5234 512345
/ 534 51234
3 2 1

T12345/ 512345

512 5123 51234

T32415/ 512345

523 5234 51234

T32145/ 512345
523 5123 51234

T34215/ 512345
534 5234 51234

2 3 4 5
v23 SW _ 2T 54321/ S12345

52345
1_
512345 |

4 )

5923 545 52345

S23| s S
123 245 _ 2T391145)/ 12345

1 | 512345

3 4 b}

523 5123 S45

S12 845\/ - 2T123[45}/312345

5123 | 512345

512 5123 S45

405
3 4 )
5234 512345 Tous1 /12345
523 52345 B 523 5234 52345
2 1
4 5!
534 52345 L Ts54501/ 12345
5345 512345 534 5345 52345
3 2 1
4 5)
5234 512345 Tiy951/S12345
/ 534 52345 B S34 5234 52345
3 2 1
5)
545 0245 Toasn/s1oms
/ 5345 512345 S45 5345 52345
4 3 2 1

1 2 3 4
\%12 SW _ 2T 193495/ S12345

51234
—— 5

! 512345

3

\/1 S35 [ 934

812345

\/

812345 345

512 534 51234

2T 35012/ 512345

512 534 S345

545
2T453[12 /812345

512 545 5345
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E.2.2 The formula for M35

to the cubic diagrams in a color ordered seven point SYM amplitude:

1 4T12(34][56) AT34(56]121) 4T123((45)6) 4T1230[56))
Migsase = + + +
5123456 L 51253455651234 51253455653456 51254551235456 51255651235456
4T531([5456) 41531 (4765 2T345021)6 2T 345601]
+ + + + —
52354551235456 52355651235456 5125345345512345 512534534553456
211234156 2T12345]6 2154302156 2T543621]
+ + + +
51253451234512345 5125455123512345 5125455345512345 512545534553456
2Ty563]12] 2T'1934]56] 2T5643021] 215315406
+ + + +
512545545653456 512556512351234 512556545653456 5235455123512345
2T y56[23)1 213405621 2153154116 21535461
+ + + +
5235455456523456 53455652345653456 52354551234552345 52354552345523456
2T5314765] 215341 (65] 2T534765)1 2T 564321
+ + + +
523556512351234 523556523451234 5235565234523456 5235565456523456
2T349156] 2134905671 1321456 T324156
+ + + +
534556523451234 5345565234523456 523512351234512345 5923523451234512345
T324516 T324561 T342156 1342516
+ + + +
5923523451234552345 5923523452345523456 534523451234512345 534523451234552345
T349561 T345216 1345261 T345621
+ + + +
534523452345523456 534534551234552345 534534552345523456 5345345523456 53456
T543216 T543261 T'193456 T543621
+ + + +
545534551234552345 545534552345523456 512512351234512345 5455345523456 53456
T546321 T564321
+ +
545545652345653456 S556545652345653456

(E.2.26)



Appendix F

Supplementing material on BCJ

numerators

This appendix contains some lengthy material for the explicit construction of BCJ numerators in

chapter[I3} the field theory limit of the six point integrals and the seven point BCJ numerators.

F.1 Field theory limits of six point integrals

The list (13.2.31) of 25 six point numerators are constructed by comparing the expansion
(13.1.21)) of ASYM(1, 2,,3,,4,,5,,6) in terms of fourteen cubic diagrams with the field theory
limit of the superstring amplitude ((12.1.12]) integrated over the appropriate worldsheet regions

Z,. The latter assumes the following form once the o/ — 0 limit of the worldsheet integrals is

taken:
4 4
1 1 Ko 2 1 1 Ko 324
A(1,2g,30,40,5,6) = ( + — +
52,3, 53,4, 5565253044 512,3, 52,3540 52,3, 556
4 4
( 1 N 1 > Ko 2a3) Ko (a23) ’Ca(342
512, 52,3544 53,4,556 52,3,55652,3,4, 53,45,55652,3,4,
1 1 1 1 1 K3 2
+ + + + +
512, 53,44 512,512,3, 52,3551253, 52,3,52,3544 535455253544 S56
3 3
K 324 1 1 Ko 234) 1 1 ’Ca(234
+ - + + +
52,35,5455512,3, 512, 52,3, 54,5512,3, 53,4, 54,5 512,583,445
2 1 1
K5 243 1 1 Ko as2) 1 1 Ko @21
- - + + +
512, 53,45 535445 52,3, 53,4, 5615253544 S4,5 52,3544 56152,3,
1 1
1 1 Ko 243 Ko a23) ICU(342
+ + + +
52,3544 53,445 56153,4, 561525355243544 56153,45 5253540

1 1 1 1 1 Ky
- ( + + + + ) 8‘234) (F.1.1)

5243,5445 5253,5253,44 5354455253544 53545535455 54,553,445 61

407
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’C4 1 1 ]C4 ICS
A(1,2,,3,,5,45,6) = ———22 +< + ) T

51253,5253,54,6 512, 52,3, ) S4,6512,3, 512,53,554,6

1 1 K3 1 1 1 1\ K2
B ( N ) G2) ( N ) ( N ) (234)
S4,5 54,6 52,3,51253, 512, 52,3, S4,5 54,6 51253,

2 2 2
K532 1 1 K5 (213) 1 1 K523
— — + + +
524355456 52,3455 $4,6 53,4455 512,53,5 52,3, 53,5 54,652,345

K2 (24 B (1 N 1 ) Ky as2) B K3 32 N K3 213)

512, 54,553,445 S61 54,6 52535525355 56152,35 54,5 56153,553,455

K K
N (i+ 1 )( 1 L 1) o (423) —i—( 1 . 1 ) o(234) (F.1.2)

S61 54,6 52,3, 53,5 525345 52,34 53,445 56154,5
KA 1 1 KA I3
o (243) o(234) (432
A<1a2075730740a6) - - ( + ( + ) ( + ( )
512,53,4551245 53,4, 54,6 512, 512,5 52,553,4,512,5
3 3 3
1 1 K (23) 1 1 K (349) K (23a)
+ + - + +
53,5 5125 512, 54,6 53,44 54,6 52,5512,5 512, 54,6512,5

2
1 1 1 1 1 Ko@)
+ + + + +
53,5546 5354551245 54,6512,5 535455345455 53,553,445 512,
2 2
1 1 K a32) K3 (423) 1 1 ]Ca(234
— + - — +
512,5 52,345 52,554,6 53,554,652,3,5 5125 53,445 512553544
2 1 1
K3 (342) 1 1 Ko 1) 1 1 Ko (a23)
- — = + - | —+
52,554,6512,5 53,44 53,5 56153,445 S61 54,6 53,552,345

1
_(1+1+1+1+1>IC0(432)

56153544 53,4,512,5 54,6512,5 56152,3,5 54,652,3,5 52,5
1
1 1 ’Ca(342 Ko (234
+ <—+ + (F.1.3)
561 512,5 52,553,4, 56153,45 53,445

1 1 K, 1 1 Kt
A(1,5,2,,35,4,,6) = < + ) (432) _( I ) (243)

52,3, 53,4, 51552,3,44 512,5 52,3044 51553,4,

1 1 1 1 1 K3 2
+ + + + +
52,3,54,6 53,4,51245 54,6512,5 52,3552,3,44 53,4552,3544 515

’Ci(423) K3(342) B < 1 n 1 ) ’Ci(324) _ K§(324)

515820303203045 51553545525 3,44 54,6 52,3044 51552, 3, 51552,3, 54,6

) ’Ci(432) n ’Ci(243) n ( 1 n 1 ) ’Ci(234)

53,4,512,5 51554,6512,5 52,3, 512,5 5155446

1 1\ K 1 1\ K2
) ( N > G2) ( N ) (243)
1 53,4, 54,6 5125 53,44 54,6 515512,5

(5
s+ 2
(5
(

S15 52,
1
S15 52,

51552, 3, 8155125 52,5512,5 52535525355 52,552,3,5 S$4,6

1 K2 11\ K K2
L ) (423) n (_ i ) (342) (234)
S15 32 365

525355446 S15 52,5 54,6512,5 51553,45 51255
1 1 1 n 1

56152,553,44 515520305406 515512,553,44 512,552,553, 4, 515512,554,6
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1 1 1 1

409

1

+ - + + -

54,652,5512,5 51552,35 5253544 56152535 5253540 51552,3545 53544 5615243045 53544

1 1 1 1
+ + + ) lCa(432
5

56152,355253,5 56152,552,3,5 54,6525355253,5 54,652,552,3,

1 1
1 > K - No(zae) ( 1 n 1 ) IC(T(243)
S15 816 525355253544 515 516 535455253544

_( S S SR )IC;(423)

51554,6 81582 3ode 51652,3,44 516525345 54,652,355 52,34

1
1 1 1 Ko (312
+ + +

516525 815512 5 52,5512,5 51552,3,44 5165253444

<_+_>( 1 N 1 >’C};(234)
S15 Si6 82,3, 53040/ 5203540

F.2 Seven point BCJ numerators

53

U4U

+

(F.1.4)

Seven point tree amplitudes in gauge theories involve 945 pole channels in total. It is sufficient

to display the following 69 associated numerator, the rest can be obtained from S, permutations

o of the labels 2, 3,4, 5:

n[124,35,44, 54,67
(71,24, 39, 45, 5,6
n[120'7 77 30’740'? 5

- ICZ)_(2345) 5 n[50—6, 40—, 7, 30—, 120—] - ICS,(2345)
- IC;_(2345) 5 n[120—, 30—, 40—7 7, 50—6] - K§(2345)

= K3(2345) )

[124,35,4550,67) = KGoais) = Kopssgy o 406,355,721 = K5y +
n[120'77a 30’76a4 5 = K§(2354) o K3(2345) ’ [2 3071’4077 5.0 = ’Cﬁ(3245)
o n[71,2,,3,45,5,6] = IC<17(2345)

- K§(2354) + K§(2354) [12073074076 5 7

)
]
6]
]
o]
n[5,6,7,12,, 3,4, = K§(2435) - ’Ci(2345)
n[12,, 34,456, 75,]
[ 6]
)
o]
o]

]
]
]
]
]
ol
]
ol

n[125. 7,340, 506] = Klgay) — Koz + 126300 140,50,67] = K30
”[4050767 7,35,12,] = K§(2354) - ’Cg(2345)7 n[50—6,40—,71,2 3 - ’Crlf(3245)
n[5,6,40. 7.1, 2,3, = K30 — Klagisy + 56T 1,20,30,645] = KLy +
nl67,54,125,3,4,] = ’Cg(2435) - ’Ci(2345)7 n[71,25,34,6,455,] = ]Cclf(2354)
n[4555,6,71,2,3,] = Koosasy — Kopasy — Koass) + Kogasa
n[4,55,6,7,1,2,3,] = ’Ci(2345) - Ka(2354) - ICO’(3245) + ICO’(3254)
12635, 1,4650,67) = Kz — Koaus) + Kopassy — Kowosa
(2534, 45,5,6,71] = ’Cclr(2345) - ’Cclf(3245) - ’Cl (4235) T ’Cl (4325)
n[3544,54,6,7,12,] = K§(2435> - }Co(2345) + /Co(2534) - ICJ(2543)

n[8545,55,67,12,] = K o153 — Kopuzs)y — Kisany + Kopsas

= K§(2345) +

K§(2534)
K§(2345)
’Cclf(2435)
K§(2345)
K§(2345)
’C};(2345)
’CZ—(5234)

Icclr(2345)
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n[3,45,6,5,7,12,] = K3(2534) - K§(2543) + K§(2534) - K§(2543)
14650, 7,1,26,3,6] = Kosazgy — Kousesy + Kowsesy — Kogsazs
n[4ds54,7,124,3,6] = K§(2453) - ’Ci(2543) - K§(2453) + K§(2543)
n[556,7,1,25,3046) = Kopus) — Kooy + Kogaos) — Koasas)
1557, 1,2535,456] = Kizony — Koz — Koy + Kogsoa
n[125,35,6,40,5,7] = Kipasay + Koy + Kowssy + Koz
n[125,35,6,7,455,] = Kjoss) — Koossy — Kooss) + K esse)
n[2435,1,4,6,5,7] = K§(2354) - K§(3254) + K§(2354) - K§(3254)
n2,34,1,45,6,5,7] = Ki(3245) - K§(2345) - K2(2345) + K2(3245)
3645, 55,6,20, T1] = Koouzs) — Koasas) T Koz — Koasaz)
n[5,7,1,25,6,3,4,] = ]C}y(5234) - Ké(5243) + K§(5234) - K§(5243)
n[557,6,125,3046] = Koausy — Kopaus)y — Koo + Kopass)
n[67,55,1,20,3040) = Kouzs) — Koy + Kogazs) — Kosas)
n[5,7,45,1,24,63,] = IC},(5423) + IC?,(4523) + K§(5423) + K§(4523)
n[5,7,45,125,3,6] = /Cf.(2543) + lCi’.(2453) + K§(2543) + ’Ci(2453)
n[2530,1,6,7,455,] = — Kaus) + Kossy + Kopess) — Kogasa

+ K3(2345) - K2(2354) - ’Ccsr(3245) + K§(3254)
n[67,1,2,34,4050] = + Koasas) — Kopssy — Komausy + Kogsasa

- K§(4523) + K§(4532) + K§(5423) - ’Ci(5432)
n[124,6,3540,5:7) = — KZosaay + Kopsasy — Kopssy + Kopsas)

+ K§(2345) - ’Ci(2435) + IC,E;(2345) - K§(2435)
12635,40,50,6,71] = + Kooais)y — Kopass) — Kopazsy + Koass)

- ’Cclf(5234) + ’Cclf(5324) + ’Cclf(5423) - ’Cclf(5432)
n[266,1,35,7,4555] = + Kyuszn) — Koasa) + Kigasa) — Krssa)

- K§(4532) + K§(5432) - ’C¢47(3452) + ’Cﬁ(3542)
n[364s,55,7,1,2,6] = — ’Ci(3452) + ’Ctlr(4352) + ’Ctlr(5342) - Kzlr(5432)

- K§(3452) + K§(4352) + K§(5342) - ’Ci(5432)
n[4,55,7,1,6,2,3,] = +IC<17(4523) - IC};(4532) - ’C};(5423) + ’C};(5432)

- K§(4523) + K§(4532) + K§(5423) - ’Ci(5432)
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n[5a77 407 17 67 2030]

n[67, 1,25, 35, 445]

n[71,6,2,35,455,]

n[120'7 67 30’7 40’7 50'7]

n[12,,6,34, 7,455,

n[20307 1767 40750'7]

12534, 44,6,1,5,7]

n[2,6,1,3,45,5,7]

n[3,45,55,7,6,12,]

n[5o77 67 17 207 3040]

n[2,6, 1,35, 45,547

+ K}y(5423) - ’C117(5432) + K§(4523) - IC?,(4532)

+ Klsas) — Koaszy + Kowsosy — Kousa
+ KS—(2345) - K2(2354) - ’Cg(2453) + K2(2543)

- K§(3452) + IC,E;(3542) + IC,E;(4532) - /Cg(5432)
- ’Cz17(2345) + ’Cz17(2354) + ’Cz17(3245) - ’Ci(3254)

+ lCclr(4523) - ’Cclf(4532) - ’Cclf(5423) + ’C}T(543z)
+ K3(2543) + K3(2354) + K3(2453) + IC<37(2543)

+ K§(2345) + K§(2354) + K§(2453) + ’Ci(2345)
+ IC?,(2453) - ’CZ—(2543) + ’CS—(2345) - ’Ci(2354)

- K§(2453) + K§(2543) - ’Cg(2345) + ’Ci(2354)
- 163(2354) + 163(3254) - K§(2345) - K§(2354)

+ ’Ci(3245) + ’Ci(3254) - K2(2345) + ’Cg(3245)
+ Kooy — Koaony — Koazyy + Kopas

+ K3(5234) - ’Ci(5324) - ’Cg'(5423) + ’Cg'(5432)
- IC},(5342) + IC},(5432) - IC?,(5342) + ’Cg(5432)

+ Koaasay — Kowsszy + Kogasz) — Koss
- IC?;(2345) + IC?;(2435) + K§(2534) - K§(2543)

- ICf,(2345) + K§(2435) + IC?,(2534) - K§(2543)
- ’Ci(2345) + ’Ci(2435) + ’Ci(3425) - K§(4325)

—’Ci(2345) + ’Ci(2435) + ’Ci(3425) - ’Ci(4325)
+ ]C(lf(5432) + ]CZ—(3542) + ]CZ—(4532) + ]CZ—(5432)

+ K§(3452) + K2(3542) + K2(4532) + K§(3452)

n[4,55,7,16,2,3,] = + /C},(4523) - ]Ci—(4532) - IC;(5423) + IC;(5432) - K§(3245) + ’Cg(3254)

— Klonas) + Kissgy + Kigoss) — Kosey — Kowsos)
+ K§(4532) + K§(5423) - K2(5432) + ICS,(2345) - K3(2354)

n[16,24,3,44,50,7) = — Kysaan) + Koz — Krssyy + Koasasy + Kopssy — Kouss)

- ’C(ZI(5342) + ’Ci(5432) - IC§(2534) + K§(2543) + ’Cg(3452)

- ’Ci(4352) + ’Ci(2345) - ’Ci(2435) + K§(3452) - K§(4352)

n[16,7,2535,4656] = + Kooausy — Kopssyy — Kopus) + Kopasy — Ko + Ko

- ]Ctlf(4523) + ]Ctlf(4532) + K}y(5423) - ’C};(5432) - K§(2345)
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+ ’Ci(2354) + IC;Z(3245) - K3(3254) + K3(4523) - ’Ci(4532)
12030, 40,50, T,16] = = Konas) + Koaasy + Kooy — Kowsos) + Koazy — Kopas

+ ]Cflf(5234) - ’C}T(5324) - ]C;(5423) + IC};(5432) + IC?;(2345)

- K§(3245) - IC?(4235) + K§(4325) - K§(5234) + K§(5324)
n[2535,40,5,7,16] = + ’C};(5234) - }Ci—(5324) - IC;—(5423) + IC;—(5432) - K§(4235) + K§(4325)

+ Koy — Kopsey — Koy + Koy + Kowss)

- K3(3245) - K§(4235) + K§(4325) + K3(2345) - K§(3245)
n[16,2,,35,45,5,7 = + ’C}T(5432) + K3(2543) + IC?,(3542) + ’Cg(4532) + ’Ci(3452) + ’Ci(2345)

+ }C(Qf(5432) + }Cg(2354) + K§(2453) + K§(2543) + K§(3452)

+ ’Cg(3542) + K§(4532) + K§(2345) + ’Ci(2354) + ’Ci(2453)
n[16,2,,3,,7,4,5,] = + ’Ci(4532) - ’Ci—(5432) + K§(2453) - K§(2543) - Kg(2345) + Kg(2354)

+ Ky — Kopsan) + Kogas) — Kowssy — Ko

+ Kosazyy — Kouss) + Kogsasy — Koy + Kopsa)
n[3,40,55,7,2,,16] = — ’C}T(3452) + ’C}T(4352) + ’C}T(5342) - ’C(lf(5432) + ’Cg(2534) - K2(2543)

- K§(2345) + K§(2435) + K§(2534) - K§(2543) - ’Ci(3452)

+ }Cf}(4352) + }Cf}(5342) - ’Cﬁ(5432) - ’Ci(2345) + ’Ci(2435)
n[567,45,16,2:36] = + Koaosy — Koy + Kopsasy — Kowssyy — Kogsas) + Ko

+ K§(5423> - K§(5432) - K§(2354) + IC§(3254) + K§(4523)

- K§(4532) - K§(2345) - ’Ci(2354) + ’Ci(3245) + ’Ci(3254)
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