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Zusammenfassung

Eine der interessantesten Fragen der modernen Kosmologit wie sich das Universum aus
einem einfachen, nahezu gleichiermigen Zustand kurz nadem Urknall in das komplexen
Gebilde entwickeln konnte, dass wir heute beobachten. Insbondere mechte man ver-
stehen, wie sich Galaxien bilden und warum sie die Eigensffem haben, die wir heute
im nahen Universum beobachten. Computersimulationen spe® dabei eine wichtigen
Rolle, erlauben sie es doch, durch die Gleichungen der Hydymamik und Gravitation,
den Prozess der Strukturbildung im hoch nichtlinearen Bereh zu modellieren.

In modernen Simulationscodes wird die Gravitatonswechgetkung der dunklen Ma-
terie und des Gases, sowie die Hydrodynamik des Gases bemeth Strahlungsprozesse
werden in der Regel nicht oder nur als externes, rumlich ées Hintergrundphotonen-
feld mit in die Rechnungen einbezogen. Theoretische Modellegen jedoch nahe, dass
das kosmische Strahlungsfeld in gewissen Phasen der Sturkildung ausserst inhomogen
gewesen ist, und so dessen Wechselwirkung mit dem kosmiscBas und damit der Ein uss
auf den Prozess der Galaxienbildung nicht vernachlasdigr ist. Das di use Gas nach der
Rekombination bei hoher Rotverschiebung neutral war, heataber hochgradig ionisiert ist.
Der Ubergang von Neutralilat des Gases zum heutigen Plasma n#@nman Reionisation.
Die dafur verantwortlich ultraviolet Strahlung durchdri ngt heute den gesamten Kosmos
und kennte erklaren, warum kleine Zwerggalaxien unverfitnissmassig geringe Leuchtkraft
zeigen. Daraus wird sofort klar, dass genaue, in-sich widpruchsfreie Simulationen der
Struktur- und Galaxienbildung und der Entwicklung des kosnschen Strahlungsfeldes und
der inharenten Strahlungsprozesse einen Code erfordeder direkten Strahlungstransport
und die relevanten Strahlungs-quellen und -senken mit in Bacht zieht.

In dieser Doktorarbeit zeigen wir eine neue Implementatiomon Strahlungstransport
in den kosmologischen \smoothed particle hydrodynamics"SPH) Simulationcode GAD-
GET. Der Algorithmus basiert auf einem schnellen, zuverlaggen und die Photonenzahl
erhaltenden Integrationsschema. Wir approximieren das Bblem des Strahlungstrans-
ports durch Momente der Transportgleichungen und verwendeeinen variablen Edding-
tontensor um das Gleichungssystem zu schliessen. Dabegésl wir dem Vorschlag eines
OTVET-Schemas von Gnedin & Abel. Wir leiten den entsprechaten anisotropen Dif-
fusionsoperator des lokalen Strahlungstransports im Ralen der SPH Gleichungen her
und lesen das resultierende Gleichungssystem mit der Meattle der konjugierten Gradien-
ten. Dieser implizite, iterative Algorithmus erlaubt einee ziente, parallelisierte Lesung
der Matrixgleichung. Schlussendlich verwenden wir ein cmsches Netzwerk far die
Rekombinations- und lonisationsprozess des Sticksto s u@enken des Strahlungsfeldes zu
modellieren. Wir zeigen eine Reihe von numerischen Testssener Implementation: zum
Beispiel einzelne und mehrere Strahlungsquellen in einertatschen, uniformen Dichte-
feld, mit und ohne Temperaturentwicklung; Schattenbildug durch eineWUberdichteregion;
mehrere Strahlungsquellen in einem statischen kosmolagien Dichtefeld. Alle Tests
zeigen gute Ubereinstimmung mit analytischen Rechnungen, beziehungsise anderer
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Codes, ausgenommen die Schattenbildung. Im Gegensatz zun aeeisten vorhandenen
Strahlungstransportcodes kann unsere Implementation zlaufzeit einer vollen kosmolo-
gischen Simulation eingesetzt werden, was es erlaubt Gaknbildungs- und Reionisation-
sprozesse gleichzeitig und selbst-konsistent zu simudier

Wir zeigen erste Resultate einer Rechnung, in der nur Stermadgs Quellen der Strahlung
dienen und untersuchen, inwieweit ein solche Szenario zug@messenen Ergebnissen hin-
sichtlich Reionisation und Temperatur des intergalaktidten Mediums fahren. Dabei zeigt
sich, das Sternentstehung allein ausreicht, um das Univers bei einer Rotverschiebung
von z 6 zu reionisieren. Unter der Annahme angemessener Einggmgsmeter re-
produzieren unsere Modelle sowohl die Wahrscheinlichl®rerteilung als auch das Leis-
tungsspektrum des \Lyman -Forest”. Dabei hat das Strahlungsfeld grossen Ein uss
auf Sternentstehungsrate in unseren Simulationen und vangert den Anteil von Gas und
Sternen in Halos niedriger Masse. Unsere Ergebnisse untesishen die Wichtigkeit der
Strahlungsmackkopplung in der Entstehung von Galaxien.

Weiterhin zeigen wir eine alternative Behandlung der Phyki des Strahlungstrans-
ports in kosmologischen Simulationen. Unsere numerischamgdlementation im Gittercode
AREPO basiert auf einem explizit photonenerhaltenden Advektisschema, indem wir den
Strahlungs uss uber die Zellgrenzen des (un-)strukturigen Gitters durch eine Rekon-
struktion der Intensi@at in zweiter Ordnung berechnen. Dau fahren wir eine direkte
Diskretisierung der Strahlungstransportgleichung in Bézmann Form durch. In seiner
allgemeinsten Form stellt dieses Schema eine Zerlegung dasalen Strahlungsfeldes in
die lineare Summe von Richtungskonussen auf der Einheitsbpe dar. Das Feld entlang
jedes dieses Konusfelds wird unabhangig von den anderemnsportiert, mit konstanter
Intensit@at innerhalb des Konus. Die Photonen breiten sichmit (optional: reduzierterﬂ)
Lichtgeschwindigkeit aus, was eine voll zeitabhangigenekung der Strahlungstransport-
gleichung bedeutet, die sowohl einer beliebige Anzahl voru€llen als auch Streuung be-
handeln kann. Diese Methode fahrt auch zu Schattenwurf alhgig von der gewahlten
Winkelauesung. Falls die Anzahl der simulierten Punktquellen gering ist und Streuung
vernachlassigt werden kann, kann dieser Algorithmus soggde einzelne Quelle mit ex-
akter Winkelauesung behandeln, sodass der Fehler im Scttanwurf dem Fehler durch
die Gitteraul®sung entspricht. Als Kompromiss zwischen eh beiden vorherigen Methoden
schlagen wir vor nur die lokal hellsten Punktquellen explizin die Rechnung einzubeziehen
und den restlichen Teil der Strahlungsintensitat in der Diusionsapproximation zu berech-
nen.

Diese Algorithmen sind in unserem GittercodeAREPO mit der Hydrodynamik wber
\Operator-Splitting" gekoppelt, der alternierend Hydrodynamik und Strahlung zeiten-
twickelt. Weiterhin diskutieren wir unsere Behandlung derfar die Reionisation grundle-
genden, kosmologischen Strahlungsquellen mit Hilfe einelsemischen Netzwerks, das in
der Lage ist die entsprechenden chemischen Ungleichgewacbrazise zu beschreiben. Wir
zeigen eine Reihe von Test unserer Implementation, unter @@rem Schattenwurf in zwei
und drei Dimensionen, die Ausdehnung einer lonisationskelgin statischem und dynamis-

1Eine Reduktion der Lichtgeschwindigkeit erlaubt lngere Zeitschritte
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chen Dichtefeld, sowie die lonisation eines kosmologisnhRichtefeldes. Alle Test stimmen
gut mit analytischen Rechnungen und numerischen Simulatien anderer Codes uberein.

Schlussendlich vergleichen wir die Leistungsfhigkeingerer Algorithmen, mit Hilfe einer
Simulation der kosmologischen Reionisation von Wasserstd\ls erste Naherung werden
dabei stellare Winde in unseren Rechnungen vernachlassidie zugrunde liegenden Sim-
ulationscodes errechnen stark unterschiedliche Sternfoationsraten, die, unabhangig vom
Strahlungstransport, zu grossen Abweichungen im Photonanzahl fahren. Dies allein
verursacht, dass die Reionisation iInGADGET bei heheren Rotverschiebungen geschieht,
als im AREPO. Aus der niedrigeren Anzahl ionisierender Photonen im eest Code resul-
tiert ein heherer Anteil an neutralem Wassersto und eine adere Temperatur des kosmis-
chen Gases im Vergleich zum Zweiten. In beiden kosmischenidRgésationsmodelle wird
einen geringeren Anteil an Baryonen in leichten dunkle Mate Halos erzeugt, was eine
direkte Folge des Strahlungsheizens ist. Der E ekt ist, agfund heherer lonisationsgrade,
starker in den GADGET als in AREPO Simulation. Beide Simulationcodes stimmen knapp
mit Beobachtungen der Lyman- Spektrallinien. Dies war allerdings auch nicht zu er-
warten, da mit den stellaren Winden ein unverzichtbarer Rekopplungmechanismus fehilt.

Wir kommen damit zu dem Schluss, dass sich trotz der nennerexten Unterschiede
zwischen den Codes, beide im Rahmen neuester BeobachtungenSimulation der Wasser-
sto reionisation eigenen. Es sei an dieser Stelle aber noeimmal darauf hingewiesen, dass
der Verlauf der kosmischen Wassersto reionisation hochadig von der Entwicklung der
Sternentstehungsratendichte abhangt, die daher den urmiersten Parameter in unseren
Modellen darstellt.






Summary

One of the most interesting questions in cosmology is to undéand how the Universe
evolved from its nearly uniform and simple state brie y afte the Big Bang to the complex
state we see around us today. In particular, we would like toxplain how galaxies have
formed, and why they have the properties that we observe in ghlocal Universe. Computer
simulations play a highly important role in studying these gestions, because they allow one
to follow the dynamical equations of gravity and hydrodynants well into the non-linear
regime of the growth of cosmic structures.

The current generation of simulation codes for cosmologlcstructure formation calcu-
lates the self-gravity of dark matter and cosmic gas, and theid dynamics of the cosmic
gas, but radiation processes are typically not taken into @ount, or only at the level of a
spatially uniform, externally imposed background eld. Havever, we know that the radia-
tion eld has been highly inhomogeneous during certain phas of the growth of structure,
and may have in fact provided important feedback e ects for gaxy formation. In partic-
ular, it is well established that the di use gas in the univese was nearly fully neutral after
recombination at very high redshift, but today this gas is lghly ionized. Sometime during
the evolution, a transition to the ionized state must have awurred, a process we refer to
as reionization. The UV radiation responsible for this relzation is now permeating the
universe and may in part explain why small dwarf galaxies havso low luminosities. It
is therefore clear that accurate and self-consistent stuai of galaxy formation and of the
dynamics of the reionization process should ideally be dométh simulation codes that
directly include a treatment of radiative transfer, and tha account for all relevant source
and sink terms of the radiation.

We present a novel numerical implementation of radiative ainsfer in the cosmological
smoothed particle hydrodynamics (SPH) simulation codSADGET . It is based on a fast,
robust and photon-conserving integration scheme where thadiation transport problem
is approximated in terms of moments of the transfer equatioand by using a variable
Eddington tensor as a closure relation, following the "OTVE-suggestion of Gnedin &
Abel. We derive a suitable anisotropic di usion operator fouse in the SPH discretization
of the local photon transport, and we combine this with an imficit solver that guarantees
robustness and photon conservation. This entails a matrinversion problem of a huge,
sparsely populated matrix that is distributed in memory in aur parallel code. We solve this
task iteratively with a conjugate gradient scheme. Finallyto model photon sink processes
we consider ionization and recombination processes of hgden, which is represented with
a chemical network that is evolved with an implicit time integration scheme. We present
several tests of our implementation, including single and uiitiple sources in static uniform
density elds with and without temperature evolution, shacdwing by a dense clump, and
multiple sources in a static cosmological density eld. Altests agree quite well with an-
alytical computations or with predictions from other radidive transfer codes, except for
shadowing. However, unlike most other radiative transferodes presently in use for study-
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ing reionization, our new method can be used on-the-y durip dynamical cosmological
simulations, allowing simultaneous treatments of galaxyofmation and the reionization
process of the Universe.

We carry out hydrodynamical simulations of galaxy formatia that simultaneously fol-
low radiative transfer of hydrogen-ionizing photons, baseon the optically-thin variable
Eddington tensor approximation as implemented in theSADGET code. We consider only
star-forming galaxies as sources and examine to what extethiey can yield a reasonable
reionization history and thermal state of the intergalactt medium at redshifts around
z 3. This serves as an important benchmark for our self-con&at methodology to sim-
ulate galaxy formation and reionization, and for future impovements through accounting
of other sources and other wavelength ranges. We nd that stéormation alone is su cient
for rinsing the Universe by redshiftz 6. For a suitable choice of the escape fraction and
the heating e ciency, our models are approximately able to ecount at the same time for
the one-point function and the power spectrum of the Lyman- forest. The radiation eld
has an important impact on the star formation rate density inour simulations and signi -
cantly lowers the gaseous and stellar fractions in low-madark matter halos. Our results
thus directly demonstrate the importance of radiative fedolck for galaxy formation.

In search for even better and more accurate methods we intnack a numerical imple-
mentation of radiative transfer based on an explicitly phatn-conserving advection scheme,
where radiative uxes over the cell interfaces of a structwd or unstructured mesh are cal-
culated with a second-order reconstruction of the intensit eld. The approach employs a
direct discretization of the radiative transfer equationm Boltzmann form with adjustable
angular resolution that in principle works equally well in he optically thin and optically
thick regimes. In our most general formulation of the scheméhe local radiation eld is
decomposed into a linear sum of directional bins of equal Ebhngle, tessellating the unit
sphere. Each of these \cone- elds" is transported indepeedtly, with constant intensity
as a function of direction within the cone. Photons propagat at the speed of light (or
optionally using a reduced speed of light approximation tolw larger timesteps), yield-
ing a fully time-dependent solution of the radiative transér equation that can naturally
cope with an arbitrary number of sources, as well as with sdating. The method casts
sharp shadows, subject to the limitations induced by the agited angular resolution. If
the number of point sources is small and scattering is unimpgant, our implementation
can alternatively treat each source exactly in angular spag¢ producing shadows whose
sharpness is only limited by the grid resolution. A third hyloid alternative is to treat only
a small number of the locally most luminous point sources elkgtly, with the rest of the
radiation intensity followed in a radiative di usion approximation.

We have implemented the method in the moving-mesh cod&REPO, where it is cou-
pled to the hydrodynamics in an operator splitting approactthat subcycles the radiative
transfer alternatingly with the hydrodynamical evolution steps. We also discuss our treat-
ment of basic photon sink processes relevant for cosmol@jiceionization, with a chemical
network that can accurately deal with non-equilibrium e ed¢s. We discuss several tests of
the new method, including shadowing con gurations in two ad three dimensions, ionized
sphere expansion in static and dynamic density eld and theonization of a cosmological
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density eld. The tests agree favorably with analytic expetations and results based on
other numerical radiative transfer approximations.

We compare how our schemes perform in a simulation of hydragesionization, excluding
stellar winds due to development issues. The underlying ¢oslogical simulation codes
produce di erent star formation rate histories, which reslis in a di erent total photon
budget. As a consequence reionization IBADGET happens at a higher redshift, i.e.
sooner, than inAREPO. The lower number of ionizing photons in the latter code resis
in a higher volume-averaged neutral fraction at redshift = 3 and a di erent temperature
state of the baryonic gas. We nd that in both reionization senarios the baryon fraction
of low mass dark matter halos is reduced due to photoheatingqresses and observe that
the change is bigger in theGADGET simulation than in the AREPO one, which is due to
the higher ionized fractions we nd the in former. Both simuhations compare marginally
well with the Lyman- forest observations at redshifiz = 3, but results are not expected
to be in very good agreement due the lack of the essential feadk from stellar winds in
the simulations.

Finally, we can conclude that despite the di erences betweethe two realizations, both
codes perform well at the given problem and are suitable fotuslying the process of reion-
ization because they produce sensible results in the limitd observations. We emphasize
that the reionization history depends strongly on the stardrmation rate density in the
simulations and which should therefore be accurately repdaced.






Introduction

1.1. A brief history of time

Time and space were created in the Big Bang approximately 14yGago (Komatsu et al.,

). The rst few seconds of life of the Universe were veryilamic as all known forces
and elementary particles were created. In the very rst secal in ation took place - space
expanded exponentially and increased its size by a factor of 10?°. This process shaped
the cosmos as it is today, stretching quantum uctuations aoss the horizon and allowing
for density perturbations to form. These perturbations in tirn formed galaxies and clusters
of galaxies.

After in ation took place, the Universe cooled adiabaticdly as it expanded, until at tem-
peratures around 10K at time t 400 000 yr after the Big Bang, the radiation decoupled
from the matter and allowed atoms to form through recombinabn. We observe this radi-
ation in the form of the cosmic microwave background (CMB). Tie period directly after
this last scattering surface is known as the Dark Ages - themere no luminous sources yet
and therefore no observations based on electro-magnetidiation are possible. The Dark
Ages ended with the formation of the rst stars and luminous glaxies and the beginning
of reionization.

1.1.1. The concordance cosmological model

The most recent observations of the CMB by the Willkinson Mimwave Anisotropy
Probe (WMAP) were used to derive the following cosmologicglarameters: g = 0:8,
Ho=70:4:kms *Mpc !, =0:73, »=0:27, and , = 0:045 (Komatsu et al., 2010),
where g is the present linear-theory mass dispersion on a scale &f 8Mpc, Hy is the
Hubble expansion rate, is the dark energy density parameter, , is the matter density
parameter, and , is the baryon density parameter.

The current cosmological model, outlining the evolution ahe Universe, is called CDM
- cold dark matter with a cosmological constant. It describethe Universe as at and ho-
mogeneous on large scales, and expanding at an acceleratatg today, evolving originally
from a uniform distribution of low velocity dark matter. The initial perturbations in the
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density eld are described by the primordial power spectrumwhose slope i = 0:96

as measured by WMAP |(Komatsu et al.] 2010). Currently the Unierse has a web-like
structure, where most of the objects are located along lanmts and in galaxy clusters,
that lie at the junctions of these laments. Structures formhierarchically as small objects
merge together to form larger ones.

1.2. Reionization of the Universe

1.2.1. The Process of Reionization

In the standard cosmological model, the primordial gas regstines and becomes neutral
around redshiftz' 1000. However, the absence of Gunn-Peterson troughs in thmestra
of high redshift quasars up toz 6 (White et all, 2003; Fan et al., 2006a) suggests that
hydrogen is highly ionized at low redshift. Thus, there musbe a period in the history of
the Universe when hydrogen became ionized again, but it islsan open question when the
process of thiscosmic reionizationstarted, how it proceeded in detail, and which sources
of radiation were primarily responsible for it.

In the literature, predictions based on simulations for th@nset of reionization range from
redshiftsz 30 40 (lliev et all,[2007{ Wise & Abél| 2008) ta 15 20 Mg_el__al
11998:| Abel et al., 2002), depending on the formation time ohé rst luminous sources.
Reionization then proceeds in an inhomogeneous and patctashion [Lidz et al.,[2007;
lliev et all, 2007), re ecting the inhomogeneous density siribution of the large-scale
structure. At rst, many isolated ionized bubbles are forme. They then grow in size
from 1 Mpc during the early stages of reionization up te= 10 Mpc in the late phases
(Eurlanetto et al., :Llliev et all,|2006). It remains an pen question whether reion-
|zat|on proceeds from high to low density region, also knowsathe inside-out model

, 2006) or from low to high density regions - theoutside-in model (Gnedin,

). Around redshiftz 13 (Liev et all, [2006), 8< z < 10 (Lee et al.,|2008), or
z 6 (Gnedin & Fan, 2005), the ionized regions overlap. The duian of reionization is
also highly speculative between di erent groups. Howeverecently an all-sky observation
of the mean 21cm line emission by Bowman & Rogers (2010) gavéomer limit on the
duration of reionization, z > 0:06. The theoretical estimates for the aforementioned
guantities, obtained by numerical simulations, are very urertain and depend strongly on
the modeling details of reionization and the parameters ohé underlying galaxy formation
simulations. However, it is plausible that the future use omore self-consistent simulation
techniques should be able to reduce the systematic modelingcertainties.

An important observational clue about reionization is proided by the total electron-
scattering optical depth to the last scattering surface ofite CMB, found to be ¢ =
0:08785 0:00072 by the WMAP seven-year data release (Larson efl al., Z01 This points
to an early start and possibly extended period of reionizain. Further observational infor-
mation about the history of hydrogen reionization can be imfrred through various astro-
physical phenomena: the Gunn-Peterson troughs in quasarexra are sensitive to small
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trace amounts of neutral hydrogen during the late stages o€ionization (z  6); the 21-
cm line background and gamma ray bursts (GRBs) probe the egrbtages of reionization,
when the Universe was mostly neutral (1& z < 30); and nally, the CMB polarization
provides important data on the free electron column densitintegrated over a large range
of redshifts (Alvarez et al., 2006), see Fan et al. (2006) fardetailed review. In the future,
upcoming observations from new radio telescopes such as IAB(Low Frequency Array)
(Ealcke et all, |20077) promise to be able to map out the epoch obsmic reionization in
unprecedented detail.

Numerous theoretical studies have begun to investigate theharacteristic scales
and the topology of the reionization process through the usef numerical sim-

ulations (e.g. LGnedin & Ostriker, |1997;| Miralda-Escuce efll, [2000; | Gnedin & Abel,
2001; | Ciardi et al., | 2003;| Sokasian et all_2004; _lliev etlal2006; [Zahn et al., | 2007;
Croft & Altay] 2008; Shin et all, [2008; [Wise & Abel, [2008;|_Geit Wyithe| 200€;
Alvarez et all,[ 2009} Thomas et all, 2009; Mesinger, 2010R®/a & Springel,[2010). How-
ever, due to the high computational cost and complexity of th radiative transfer problem,
most simulations, with very few exceptions.(Gnedin & Ostrikr, 1997 Kohler et al.| 2007;
'Shin et all, [2008] Wise & Abél LZO.(bd_EeLKQMa_&j.p.LLnd]dL_Zd)thave treated reioniza-
tion through post-processing, applied to static or separaly evolved gas density elds.
This neglects the fact that the radiation eld may exert impatant feedback e ects on
galaxy formation itself (e.g.Llliev et al.,[2005} Yoshida eal!, 2007; Croft & Altayl, 2008).
It is therefore an important task to develop more accurate thoretical models based on
self-consistent simulations, where the ionization eld igvolved simultaneously with the
growth of cosmic structures, a topic that we address in this avk.

1.2.2. Observing reionization

The epoch of reionization has not been directly observed tatk. Together with the Dark
Ages after recombination, it is one of the most speculativgpechs in the evolution of the
Universe. However, some observations, discussed belove alble to give several important
constraints of the process.

Gun-Peterson Troughs

The Lyman- absorption in the spectra of high redshift quasars is a direprobe for
the neutral hydrogen density in the inter galactic medium (GM) at high redshifts
,11965). Neutral hydrogen clouds along thénk of sight of a quasar
create absorption patterns in the spectrum at the redshifge Lyman- wavelength. These
features are called the Lyman- forest.

The Gunn-Peterson optical depth to the Lyman- photons as a function of redshifiz is

|
h2 % h? 1+z
_ . 0 b
cr(2)=4:9 10 0:13 0:.02 7

XHi ; (11)
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Figure 1.1: Slices through the volume of a simulation of reinization (carried out by M

) at redshifts z = 18.5, 16.1, 14.5, 13.6, 12.6 and 11.3.h8wn are the density eld (green in
neutral regions, yellow in ionized regions) and the HIl regons (red). The HII regions grow around
sources, tracing the high-density regions and then escapeto the voids, nally overlapping - the
end of reionization.

where g is the matter density of the Universe, j is the baryon density parameterh is the
Hubble factor and xy, is the neutral hydrogen fraction. The optical depth becomekrge
already for neutral factions as small as 1@. Therefore this parameter is only relevant for
the end stages of reionization, as the absorption saturates the early stages, when the
gas is mostly neutral.

Gunn-Peterson troughs have been detected in many high red$hquasars from the
Sloan Digital Sky Survey (York et al.,|2000). The rst signi cant detection is made
by [Becker et al. (2001), who report an optical depth, > 5 at redshift z > 6. Fur-
ther detections of quasars have provided more data for analg (Ean et al.,|2003] Fan,
2004:| Fan et al.| 20064; Far, 2007)._Fan etlal. (2002) reportreeutral hydrogen fraction
of xiy > 10 3 and e ective Gunn-Peterson optical depth gp > 5 at redshift z 6.
\White et al! (2003) report an optical depth \yman > 22 at redshift z > 6, inferred from
the spectra of eight quasars._Songaila (2004) show from anedysis of the Lyman- forest
that the transmitted Lyman-  ux drops below 10% at redshiftz > 5:5. These values
indicate that the IGM neutral hydrogen fraction is 10 ° < x4, < 10 %5 at redshift z 6.
IFan_et all (2006b) detect a steepening in the evolution of thBunn-Peterson optical depth
with redshift. The dependence goes fromgp (1 + 2)*3to gp (1 + 2)>! at redshift
z > 5.7 (see Figurd_T]2). They also infer the average size of nelithgdrogen clouds from
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Figure 1.2: Gun-Peterson optical depth versus redshift, otained from the spectra of high redshift
quasars (Fan_et al.[2006b). There is a steep increase at retift z 6.

the Lyman- forest. It changes from less than 10 Mpc to more than 80 Mpc aiptical
depth gp > 3:5. An increase by a factor of 10 of the neutral fraction betweeredshift
z=5:7 andz = 6:4 is also observed. Willott et al. [(2007) analyze the spectraf high
redshift quasars observed by the Canada-France High-z Qaassurvey and nd an optical
depth of gp =5:25 at redshiftz 6.

All of the studies above point out that a change in the Lyman- optical depth is present
around redshiftz 6. This could be a possible clue that reionization was compéel
around that redshift.

Cosmic Microwave Background

The CMB was created from the last scattering surface, when #yogen recombined and
photons were set free. The radiation has black body spectruwith e ective temperature
T = 2:725(1 + z) K with uctuations on all scales, as small as 10°K. The all sky signal
can be decomposed into spherical harmonics and expressedmasngular power spectrum.
It provides information about the physics of the early Univese along with the interplay
between dark matter, baryons and radiation. Free electroneleased through ionizations
cause damping proportional toe ©, where ¢ is the electron Thomson scattering optical
depth. The bulk motions of free electrons during the patchytages of reionization produce a

ignal in the temperature anisotropies on small angular des -1 > 2000 (e.gml.,
0% e ot a1 (3007

Another way to use CMB data to constrain reionization is the @B E-mode polar-
ization. It is created primarily through Thomson scatterirg o free electrons. A plot of
the temperature{E-mode (TE) cross-correlation angular peer spectrum is shown in Fig-
ure[3. The re-scattering of the CMB photons due to reionitan adds to the amplitude
at large angular scalesl(< 10). The position of this peak is proportional to the square
root of the reionization redshiftlpeax /' 2" Zieion (IZa.Lda.ma.gf.l |_’L9_9_|7) assuming instanta-
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Figure 1.3: Temperature { E-mode polarization cross-corréation angular power spectrum from
the 7-year WMAP data (Larson et al, 2010). The peak at multipole moment!| < 10 corresponds
to reionization. The green line is the best-t CDM model.

neous reionization. An analysis of the latest 7-year WMAP da release shows that the
Thomson electron scattering optical depth to the last scaétring surface is consistent with
an instantaneous reionization at,, 105 1:2 ,.,|_2Q1|0). Results will signif-
icantly increase in accuracy as data from the state-of-thaxt microwave satellite PLANCK

(Tauher et all,[2010) becomes available.

21cm line tomography

The ground state of hydrogen exhibits a hyper ne spin- ip transition caused by the dif-
ferent possible spin states of the proton and the electron. hE energy di erence between
the two states has a wavelength of 21 cm. The emission lineslim the radio range, which
makes it convenient for ground-based observations. The irgance of this transition is

that it can be used to observationally determine an all-sky ap of the neutral hydrogen
distribution. Therefore, mapping the 21cm emission at di eent redshifted frequencies,
according to: = 1420=(1 + z) MHz, can provide 3D information about the distribution

of neutral hydrogen at di erent times during reionization and beyond.

The spin temperature of hydrogen,Ts, depends on the CMB temperature€lcygs, the
temperature of the gasTk, and the temperature of the Lyman- radiation eld T,
@%, @). The brightness temperaturelg of the 21cm emission depends on boffs
and Tcyg and is given by:

Tems

Te(;z) 7(1+ )xm 1 (1+ 2)%mK; (1.2)
where is the position on the sky and is the local overdensity of hydrogen.

At very high redshift, z > 200, the spin temperatureTs is coupled to the CMB tem-
perature Tcyg and no signal from the 21 cm line is detected. At redshifts 200z > 40,
hydrogen starts to cool adiabatically and the temperature fothe CMB becomes larger
than the spin temperature. Thus, the brightness temperatw of the 21cm line is seen in
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Figure 1.4: Brightness temperature of the 21cm line, seen tative to the CMB temperature. The
upper panel shows a spatial view of the uctuations and the laver panel describes the di erent

epochs, relevant for the evolution of the 21cm signall(Prithard & L oebl, 2010).

absorption relative to the CMB. Around redshiftz 40, structure formation has already
began, but sources of ionizing photons are scarce and therefcan be ignored. In this era
the spin temperature can not be di erentiated from the CMB am no sig naI IS seen. Some
exceptions are minihalos - virialized objects with overdeity 200 ,12000;
[Furlanetto & Oh, P006) and shock-heated lamentsl(Furlandb & Briggd, 2004). The ob-
jects are heated and the spin temperature equals the gas teempture, thus the 21cm line
is seen in emission. In the third epoch around redshit 25, luminous sources begin to
ionize the gas. The spin temperature falls below the CMB andhé gas is seen in absorp-
tion. In the fourth epoch atz 20 local heating from X-Ray sources and quasars rises spin
temperatures above the CMB and the brightness temperaturs then be observed in emis-
sion. If uniform heating happened earlier than reionizatio, the 21cm uctuations become
independent of the temperature eld (Eurlanetto & Brigg$,|204:[L.oeb) 2007) and depend
only on overdensity. This complicated time evolution oflg is illustrated in Figure [L4 in
more detail.

There have been several numerical and semi- anal stical sted (e.g.. Ciardi & Madall,
22003; |Gnedin & Shaver, | 2004; s, |_2004;| _Sastetal, [2008;
IMellema et al., |2006; | Zaldarriaga et al.,| 2004} Pritchard etl!, 2010) of the 21cm
brightness temperature power spectrum at dierent redshi§. We point the reader

to Morales & Wyithe (2010) for a recent review on studying renization with 21cm

uctuations.

21 cm line - CMB cross-correlation

Even though the 21 cm signal can ideally present a 3D map of tmeutral hydrogen sky,
future observations may be highly contaminated by foregrow sources, e.g. radio halos

Qelc_et all 2008; Rudnick et al.,[2009). Cross-correlains between the 21 ¢cm signal and
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Figure 1.5: Doppler CMB anisotropies { 21 cm cross-correlabn angular power spectrum model,
assuming reionization at redshiftz = 15 with duration z =0:5.

the E-mode polarization of the CMB may be a more powerful toas the relative error will
be reduced.

The velocities of ionized baryons induce Doppler anisotrags in the CMB that trace gas
overdensities and therefore correlate positively with th&1 cm signal. The signal peaks at
angular scaled 100 at large physical scalek 10 2Mpc !, where structure formation
is linear (Alvarez et all, 1 Adshead & Furlanetfol 2008) Since the cross-correlation
relates a signal from ionized gas to a signal from neutral gas peaks at redshift where
the global neutral fractions isxy = 0:5. A model of the signal is shown in FigurE~.5.

Gamma Ray Bursts

Gamma ray bursts are believed to originate from the collapsef compact objects, such
as neutron stars or massive stars. Since galaxy masses desgetowards higher redshift,
the luminosity of quasars also tends to decrease with inceag redshift. The GRB lu-
minosities, however, do not depend on the mass of the hos , outshine any other
high-redshift source, and are detected as far as redshift= 8:1 (Salvaterra et al.,. 2009),
which makes them potential unique probes for reionization.

The time evolution and statistics in the absorption portiors of a GRB afterglow spectrum
present a unique opportunity to study di erent reionization models. | Totani et al. (2006)
give an upper limit of x;; < 0:6 on the IGM neutral fraction at redshift z = 6:3 by tting
an Lyman- absorption pro le to the spectra of GRB 050904; Gallerani eall (2008) nd
a neutral fraction x,y = 7 4 10 * at redshift z  6; and |Patel et al. (2010) pose
an upper limit of x < 0:73 at redshift z = 6:7. These results are, however, of weak
statistical power as they are based on the analysis of onlyrde GRB afterglow spectra.
IMcQuinn et all (2008) compute that the global neutral fracton of the Universe can be
estimated no better than x,  0:3 from a single GRB spectrum since individual lines of
sight are not representative due to the patchy nature of reiozation. Therefore we need a
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Figure 1.6: Cosmological star formation rate density, compsed of di erent surveys and combined

by Gonalez et all (2010)

much larger sample of GRB spectra in order to study reionizein.

1.2.3. Sources of lonizing Photons

Assuming that the Universe is fully ionized since redshift 6, we can estimate the
minimum required photon luminosity to keep it ionized:

!

30 6 0:0457

where C = mZi=myi? is the clumping factor (Miralda-Escuck et al.,[2000). The rain
sources of these ionizing photons are quasars and stars. $omore exotic candidates
include annihilation radiation and particle decay l(Fan et &, 2006), but they go beyond
the scope of this work and we will therefore not discuss thenete.

Quasars are very luminous and emit radiation over a broad rge of frequencies, which
makes them perfect candidates for sources of ionizing phot Observations show that they
dominate the UV background at redshifz 25 (Haardt & Madau, 1996), but the density
function of luminous quasars M50 < 27) declines exponentially thereafter and drops
by a factor of 40 by redshiftz 6 (e.g.LFan, 2004} Richards et all, 2006). As the quasar
density decreases faster than the stellar density for red&hz > 3, the UV background
becomes dominated by stellar sources at higher redshift_(efanelt et all,|2001).

For the aforementioned reasons, most theoretical modelssame stars to be the primary
sources for reionization photons. However, there are bigeartainties about the total stellar
UV photon emissivity at high redshifts (Fan et al.,[2006)._Maau et all (1999) predict a

critical star formation rate (SFR) density needed to reiorde the Universe by redshifz 6

Nion(2) = 10%%2s ' Mpc

(1.3)

- Fesc 7 00457 30 °

(1.4)
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wheref ¢ is the escape fraction of UV photons from galaxies (discugsi the next sec-
tion). A composite of the observed cosmic SFRD, compiled byoBzalez et all (2010) from
di erent sources, is shown in Figurd_1l6. The observed valsi@re lower than the theoreti-
cal prediction in equation [T.3), even for an escape fracticof 100%, which suggests there
are not enough ionizing photons from stellar sources to raeiae the Universe by redshift
z = 6. This may hint that we are still not able to observe su ciently well high-redshift
faint sources, such as dwarf galaxies, and that the currenbservational estimate of the
SFR density is still a ected by systematic biases.

Another way to categorize the sources of ionizing photons Iy the size of the galaxy
DM halo they originate from. In many scenarios, reionizatio is assumed to be driven
mainly by high-mass objects with masMpy > 10°M (Ciardi et all 2000). However,
the dim, but abundant low mass sourcesMpy < 10°M ) may still strongly in uence
the way in which the ionized regions grow and provide a substial part of the ionizing

hoton budget, approximately 80% az 7 (Sokasian et al.| 2003; Choudhury & Ferrara,

). These small galaxies are preferentially found in lesensity environments along the
cosmic web and may contain many metal-free population Il ats in the early Universe.
Disregarding them may lead to an overestimate of the numberf photons required to

reionize the Universe|(Sokasian et al., 2003).

1.3. Simulating reionization

There are several critical aspect in simulating cosmologicreionization: simulation volume
and resolution, escape fractions, and the numerical treaent of radiative transfer. In the
following sections we will discuss these issues in more deta

1.3.1. Notes on the resolution

An important aspect in simulating a sensible reionization istory is the box size of the
simulation. A cosmological box has to be big enough to be regsentative of the whole
Universe and to limit the cosmic variance. Aside from this @mological requirement, the
volume has to t to reionization specications as well. Conglering this and the typical
ionized bubble sizes at redshift =6 of 10 Mpc, it is often assumed that desirable box sizes

are of the order of 108 *comoving Mpc (lliev et al.,|2006] Shin et &l., 2008). Moreoxe
as the evolution of the neutral fraction in a void region is v& di erent than in a proto-
cluster region (Ciardi et al.,[2003| Furlanetto & Oh[2005; #lanetto & Mesinger, [2009)
large volumes are desirable. Since reionization takes pan voids as well as in high density
regions, spatial and mass resolution of the discretized mlents are also very important.
Therefore, there is often a trade-o made between box size @rmarticle or cell resolution
(e.g. Ciardi et all (2008 Zahn et &Il 2007; Croft & Altay, 208; Petkova & Springel| 2010),
where a compromise between a smaller volume of the order of 1060°h 3Mpc® and a
higher resolution is made.

Another constraint on the total volume and mass resolutionfessimulations, relevant for
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Figure 1.7: Left panel: escape fractions from di erent galxy surveys compiled by@l.
(E%ﬂ)) Right panel: escape fractions evolution with halo nass and redshift from simulations by

1(2010).

reionization, is postulated by Bolton & Becker|(2009). Thewrgue that a minimum box size
of 1ch *Mpc and particle mass of 61 10°h 'M in smoothed particle hydrodynamics

simulations are necessary to reproduce realistic Lymanabsorption spectra.

1.3.2. Escape fractions

The UV escape fractionf ¢s. of galaxy halos is de ned as the ratio between photons that
leave the halo compared to the total number of originally ertted photons. There is no
universal escape fraction since dust obscuration and intel absorption change from galaxy
to galaxy. The most recent report on Lyman- escape fractions in high redshift galaxies
by Blanc et all dZle) give a median value dfesc = 0:22 0:04 for a sample at redshift
2:8 <z < 3:8. [Hayes et al. (2010) present a review of known escape fraot from other
authors (see left panel of Figuré_Il7) and nd an evolution wh redshift, described by
fesc/ (1L+ 2)%® 02 for redshift range 03<z < 6.

There have also been numerous numerical studies of galaxylchascape fractions,
combining high resolution simulations with recipes for staformation and feedback.
IRicotti & Shulll (2000) present a parameter study to understad the dependence of the
escape fraction on redshift, halo mass, baryon fraction,astformation e ciency, and lu-
minosity. They nd that escape fractions increase from highmass to low mass halos, and
decrease with resolution over all mass ranges.

More recently, \Gnedin et al. {2008) examined high resolutiohalos with massM >
10*M and found escape fraction$es. = 0:01  0:03 over redshift range 3< z < 9.
Wise & Cen (2009) study high-redshift dwarf galaxies with mes M < 10°5M |, since
they are considered of crucial importance for driving reiomation. They nd an escape
fraction of fesc = 0:5 at the lower mass rangeM 5 10FM , and fes. = 0:8 for
M 5 10°M .|Razoumov & Sommer-Larsen (2010) present results from higésolution
simulations, summarized in the right panel of Figuré_Il7. Téir estimate of the escape
fractions decreases with redshift and increases with mass.
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Figure 1.8: An example of long (left) and short (right) characteristics method. Figure from

IRijkhorst et al.| (20086).

All studies nd that there is no universal escape fraction. Wlues di er with ionization

rate (Ciardi et all, 2002), line of sight orientation (Gnedh et all, [2008), star formation
history and duration (@iéé & Cen, ), and other factors (Rotti & Shull] 2000).

1.3.3. Numerical radiative transfer

The transport of radiation and its interaction with matter is of fundamental importance in
astrophysics, playing a crucial role in the formation and @lution of objects as diverse as
stars, black holes, or galaxies. It would therefore be hightlesirable to be able to calculate
radiative transfer (RT) processes with equal accuracy anase as ordinary hydrodynamical
and gravitational dynamics. Unfortunately, the di cult ma thematical structure of the
radiative transfer equation, which takes the form of a partl di erential equation in six
dimensions (3 spatial dimensions, 2 angular dimensions,réquency dimension) makes this
an extremely challenging goal. In fact, the RT problem is soand, even in isolation, that
coupled radiation hydrodynamics methods are still in theiinfancy in cosmology thus far.

However, a large array of di erent approximations to the RT poblem have been devel-
oped over the years, which are often speci cally tuned to theequirements and charac-
teristics of particular types of problems, and in many casesre applied to static density
elds only. In this study, we are primarily concerned with RT in calculations of cosmolog-
ical reionization and in star formation, leaving aside otheimportant areas such as stellar
atmospheres and accretion disks. Especially for the reiaation problem, recent years
have seen a urry of activity in the development of new RT solers that are well suited
to this problem. These numerical methods include long and sft characteristics schemes,
ray-tracing, moment methods and direct solvers, and othergpticle- or Monte-Carlo-based
transport methods. In the following we brie y describe thes schemes.
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Long and short characteristics methods

In the long characteristics method |(Mihalas & Weibel Mihalg, |198%; Abel et al., 1999;
Sokasian et al.| 2001: Cén, 2002: Abel & Wandelt, 2002; Rapaoy & Cardall, 2005{Suga,
@) (see left panel of FigurE~.8), each source cell in themgutational volume is con-
nected to all other relevant cells. Then the RT equation is tegrated individually from
that cell to each of the selected cells. While this method i®latively simple and straight-
forward, it is also very time consuming, since it require® (N ?) interactions between the
cells. Moreover, parallelization of this approach is cumbgme and requires large amounts
of data exchange between the di erent processors.

Short characteristics methods |(Kunasz & Auer, |_1988;| Nakarmet all, 12001;
Mellema et al.,[1998| 200€; Shapiro et lal., 2004: Whalen & Nwar, [2006] Alvarez et al.,
2006;/ Ahn & Shapirb,[2007] Altay et all.[ 2008 Ciardi et ., @01; [Maselli et al.,[2003;
i ., 12009;| Cantalupo & Porciahi,| 2010| Hagawa & Umemura, | 2010;
Baek et al.,|2009) (see right panel of FigurEZ1.8) try to gain @ency by integrating the
equation of radiative transfer only along lines that conneécearby cells, and not to all
other cells in the computational domain. This reduces the deindancy of the computations
and makes the scheme easier to parallelize.

A widely used incarnation of the long-characteristics mettd are so-called ray-tracing
schemes. Here a discrete number of rays is traced from eachiree, along which the
RT equation is integrated in 1D, considering absorptions ahrecombinations. As the
angular resolution decreases with increasing distance inahe source, rays may be split
into subrays (e.glAbel & Wandelt, 2002; Trac & Cen, 2007) fdnigher e ciency. The ray-
tracmg itself can be performed either on grids_(Mellema etlbﬁds

or using particles as interpolation p0|nt5LLBaek_eLb|20Q9LG.an.chn.ed.eLel_dlL2Q(b9;
m ). Other innovative methods trace photonson unstructured grids, for
example Delaunay tessellations, that are adapted to the meahoton optical depth of the

gas (Rijkhorst et all, lZQ.QBLEaa.Ld.eko_Qp_eLeLh 10; Rétwveld & Icke,[2005).

Stochastic Monte Carlo methods

Stochastic integration methods, speci cally Monte Carlo rathods, employ a ray-casting
strategy where the rays are discretized into photon packem, %Qébm
2009) or particles (Nayakshin et d1.._2009). For each photguacket, its frequency and its
direction of propagation are determined by sampling the apppriate distribution function
of the emitters that have been assigned in the initial condibns. A particular advantage of
this approach is that comparatively few approximations to lhe radiative transfer equations
need to be made, so that the quality of the results is primagila function of the number of
photon packets employed, which can be made larger in propmm to the CPU time spent.
A disadvantage of these schemes is the comparatively highngautational cost and the
sizable level of noise in the simulated radiation eld, whit only slowly diminishes as more
photon packets are used. The “cone' transport scheme of (R#w& Schaye,|2008), where
radiation is directly transferred between patrticles, tris to improve on these limitations. If
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needed, this method can also create further sampling pointiynamically to improve the
resolution locally.

Moment methods

Using moments of the radiative transfer equations insteadf dhe full set of equations
can lead to very substantial simpli cations that can drastcally speed up the calculations.
In this approach, the radiation is represented by its mean fansity eld throughout the
computational domain, which is evolved either in a di usionapproximation or based on a
suitably estimated local Eddington tensorl(Gnedin & Abel, R01; Aubert & Teyssielr) 2008;
IPetkova & Springell,|2009] Finlator et al., 2009). Instead ofollowing rays, the moment
equations are solved directly on the grid, or in a mesh-lesashion on a set of sampling
particles. Due to its local nature, the moment approach is coparatively easy to parallelize,
but its accuracy is highly problem dependent, making it di cult to judge whether the
simpli cations employed still provide su cient accuracy. The simplest and most popular
moment method is radiative di usion (e.g. Whitehouse et 8).2005; Reynolds et &l., 2009),
where the RT equation is approximated in terms of an integra&d energy density in each
discretized mass or volume element, and this radiation emgr density is then evolved
through the ux-limited di usion approximation, where the ux limiter is introduced to
prevent the occurrence of transfer speeds larger than theega of light. While the di usion
approximation works very well in the optically thick regime its accuracy is hard to judge
in general situations.

Implications

It is very dicult to evaluate the accuracy and e ciently of a Il the methods, relative to
each other. L lliev et al. (2006a) and_lliev et al.|(2009) haveompiled a radiative transfer
code comparison study, showing test results from more thaeri codes. The tests include
Stremgren sphere expansion, static cosmological densigld ionization, minihalo evapora-
tion, and others. Most codes give accurate results and agmeell with each other. However,
it is still unclear how they compare in a more sophisticatedesting, such as a reionization
simulation. In these cases other factors come into play, &kthe treatment of star formation
and radiative cooling.

Another aspect to be considered about RT codes is the speedamciency of the cal-
culation. Solving the RT equation can take up most of the comging time for a dynamic
cosmological simulation. A slow-down of the code due to tresomputations of the order
of ve can be considered reasonable. A higher slow-down wdube prohibitive and un-
desirable. Code parallelization is very important in this espect as well. The demand for
larger boxes, higher resolution and faster computationainhes requires that multiple pro-
cessors are used. As shown in Table 1lin lliev etlal. (2006ahdsin Table 1 inﬁ%ﬂpﬁl
(@), many of the current RT codes are serial, which can bedaawback when it comes
to reionization simulations.

It is important to note that RT codes can be used for simulatig other astrophysical
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problems as well. Those, among others, include stellar sgraccalculations, star formation
in molecular clouds and galaxy formation. Therefore, isssesuch as parallelization can be
rather problem dependent and should not be considered in iation for the particular RT
method.

Another aspect of RT codes is their ability to handle multipt frequency ranges. As
shown inllliev_et all (20063) and lliev_et all.[(2009), some inkgmentations are able to evolve
many photon wavelengths and therefore give more accurateeglictions of the thermal and
ionization state of the gas. However, the treatment of mulgile frequencies usually implies
a very large increase in computational cost and is therefoexoided by most applications.
' | (20064) and lliev et al. [2009) show that singleréquency schemes perform very
well compared to multi-frequency ones in the given tests andre therefore a preferred
choice for reionization simulations.

The nal aspect to consider about RT codes is whether they anresed on-the-y { self-
consistently with the hydrodynamics of the gas { or as postfpcessing. Simultaneous
treatment of the gas and RT requires more computational powand therefore many codes
evolve the RT equation as post-processing on outputs fromnsilations. However, such
separated treatments miss the feedback e ects of radiatidmydrodynamics, which are im-

portant for problems like galaxy formation (e.g.Llliev et al, 2005;| Yoshida et al.] 2007;
Croft & Altay, 2008)

1.4. Thesis outline

The aim of this thesis is to develop a novel numerical implemttion of radiative transfer
and simulate self-consistently the hydrogen reionizatioaf the Universe.

In Chapter [ we present a new numerical implementation of raative transfer in the cos-
mological smoothed particle hydrodynamics (SPH) simulatnh codeGADGET . We present
several tests of our implementation, including single and uiitiple sources in static uniform
density elds with and without temperature evolution, shacdwing by a dense clump, and
multiple sources in a static cosmological density eld. Altests agree quite well with an-
alytical computations or with predictions from other radidive transfer codes, except for
shadowing.

In Chapter[3 we present our results from hydrodynamical sintations of galaxy formation
that simultaneously follow radiative transfer of hydrogeronizing photons, based on the
optically-thin variable Eddington tensor approximation & implemented in theGADGET
code. We show that the radiation eld has an important impacton the star formation
rate density in our simulations and signi cantly lowers thegaseous and stellar fractions
in low-mass dark matter halos. Our results thus directly dewnstrate the importance of
radiative feedback for galaxy formation.

In Chapter @ we present another innovative and novel methoaf the treatment of ra-
diative transfer, that has been implemented in the moving-esh codeAREPO . We present
several diverse tests of the implementation, including miiple shadowing con gurations
in two and three dimensions, isothermal ionized sphere expaon and static cosmological
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density eld ionization. Finally, we present a self-constent hydrogen reionization simu-
lation based on this method and compare to results obtained/lusing our moment-based

scheme.



An implementation of radiative transfer
In the cosmological simulation code
GADGET

Based on Petkova, M., & Springel, V., 2009, MNRAS, 396, 1383

2.1. Introduction

In this work we develop a moments method that is closely reladl in spirit to the Optically
Thin Variable Eddington Tensor (OTVET) scheme proposed by Gedin & Abel (2001).
However, we try to implement it directly on top of the irregulr set of positions sampled
by the particles of Smoothed Particle Hydrodynamics (SPH)imulations, and we use quite
di erent numerical techniques to solve the resulting trangort equations. In OTVET, the
system of moment equations is closed by estimating the locRbdington tensor with a
simple optical thin approximation, i.e. one pretends that k sources of light are "visible'
at a given location. Once the Eddington tensors are found, ¢hlocal radiation transfer re-
duces to an anisotropic di usion problem. The particular atraction of this moment-based
formulation is that it is potentially very fast, allowing a direct coupling with cosmological
hydrodynamic simulations. In particular, if a rapid methodfor calculating the Eddington
tensors can be found, the scheme should be able to easily dedh an arbitrary number
of sources. Also, the radiation intensity eld does not su e from the Poisson shot noise
inherent in Monte Carlo approaches. Together with the locatature of the di usion prob-
lem, this makes this approach particularly attractive for tying to address the cosmological
reionization problem with self-consistent simulations ofjalaxy formation, since it is likely
that low-mass star-forming galaxies of high number densitglay an important role for the
reionization process. We therefore adopt in this work the ggestion of_Gnedin & Abel

) and work out an implementation of the OTVET scheme in BH. As we shall see,
this entails a number of numerical challenges in practice. &ill describe our solutions for
these problems, and carry out a number of tests to evaluate éhaccuracy of the resulting
implementation.
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The near complete lack of analytical results for non-triviaradiative transfer problems
makes it actually hard to validate di erent numerical technques and to compare their
performance with each other. A very useful help in this respeis provided by the cosmo-
logical radiative transfer code comparison project, caed out by llliev et all (2006b). In
their paper, they present a comparison of 11 independent coslogical radiative transfer
codes when applied to a variety of di erent test problems. A wmber of our tests are based
on this study, which hence allows a comparison with results these other codes.

We start this chapter with a brief introduction to the radiative transfer equations in Sec-
tion 2. We then describe in Section 2.3 the moment-based tined that is the basis for
our approximate treatment of the radiation transfer problen. In SectionZ4 we elaborate
in detail the numerical implementation of this scheme in a soothed particle hydrodynam-
ics formalism. This is followed by a presentation of resultfor various test problems in
SectionZ®b. Finally, we conclude with a summary and an outbk in SectionZ®b.

2.2. The equation of radiative transfer

Let us brie y derive the radiative transfer (RT) equation in comoving coordinates, which is
also useful for introducing our notation. Letf (t;x;p) be the photon distribution function
for comoving coordinatesx and comoving photon momentum

p = ah?ﬁ ; (2.1)

wherea a(t) is the cosmological scale factoh is the Planck constant, is the frequency
of the photons, and® is the unit vector in the direction of photon propagation. Tten the
number of photons in some part of the Universe is

z
N = dxdpf (t;x;p): (2.2)

We can further de ne the phase-space continuity equation fdhe distribution function
f f (t; x;p) of photons as

@f @
@"‘ @(X_f )+

@ . ._ @f @f
@(p_f )=

@t sources @t sinks
Here the source and sink terms on the right hand side of the eafion represent photon
emission and absorption processes, respectively. We de the speci ¢ radiation intensity
| as the energy of photons in a frequency bin that pass through an area A and solid
angle foratime t. The speci c intensity | is then related to the photon distribution
f as follows

(2.3)

d®xd®p  h* 3
dddAd ¢

= hf f o (2.4)
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Substituting into equation ([Z3), rearranging and adding e proper absorption and
emission terms, one obtains the following radiative transef equation in comoving variables

(IG_ne.dm_&_Osmkedl:LQQ_T)

el n@ H @ 4 _ 4. (2.5)
c@t a@ ¢ @
whereH a=ais the Hubble expansion rate, is the absorption coe cient and| is the
emission coe cient.

Unfortunately, this full radiative transfer (RT) equation is in practice very di cult to
solve in full generality. In particular, the high dimensiomlity (comprised of 3 spatial
variables, 2 directional angles, 1 frequency variable, ariane) of this partial di erential
equation makes a direct discretization on a mesh highly prégmatic. We will hence apply
in SectionCZB simpli cations to the RT equation that yield an approximation that can be
more easily calculated in cosmological codes.

2.2.1. Basic physics of hydrogen photoionization

If we consider pure hydrogen gas, the rate equations desanidp photoionization and photo-
heating processes become comparatively simple. For the inoart we will restrict ourselves
to this chemical composition in this work, but we note that anextension of our formalism
to include other elements is readily possible. In fact, we @ already implemented helium
as well, but we omit an explicit discussion of it in the followng for the sake of simplicity.
The photoionization rate ki,, of hydrogen H + h ! H™ + e ) is given by
Kion = d d —;
on . h

where h , = 13:6eV is the hydrogen ionization potential and is the photoionization

cross-section: .
3 ‘expf4 [(4tan ' )=]g for

(2.6)

= — : 2.7
>, 1 exp( 2=) o 2.7)
where ,=6:30 10 ¥cm? and = ( =, 1
The corresponding photoheating rate of hydrogen is given by
z z, |
= ny d d h—(h h o); (2.8)

o

where ny, is the number density of neutral hydrogen. Furthermore, thechange in the
neutral gas density due to recombinations is given by

@u
@t
where is the temperature-dependent recombination coe cientn, is the electron number

density andn, nyy is the proton number density, which is in turn equal to the ioized
hydrogen number density (for a pure hydrogen gas).

= N eNp; (2.9)
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The change of the density of the neutral gas due to ionizatisns given by

@n; _
@t

wherec is the speed of light andn is the number density of ionizing photons. Thus, the
total change in the neutral gas density, due to ionizationsraecombinations, is given by

@n
@:‘. = N Ny C onNynN : (211)

For all our calculations described in this work we use the otfre-spot approximation

(Osterhrock & Ferland,|2005), i.e. photons emitted due to mmbinations to excited levels

are re-absorbed immediately by neutral hydrogen atoms in éhvicinity. This behavior is
described by the so called case-B recombination coe cientg.

C oNuiN ; (2.10)

2.3. The variable Eddington tensor formalism

We now turn to a description of the moment-based approximatin to the radiation transfer
problem that we use in this study. The rst three moments of tle speci c intensity, the
mean intensity J , the radiation ux vector F', and the radiation pressure tensoP , are
de ned as follows:

1Z
3= & di; (2.12)
. 14 .
F' = 1 d n'l; (2.13)
Z
pi = 4i d ninl ; (2.14)

wheren is a direction vector and the indices andj run through the three elements of the
vector in Cartesian space. We can further de n&' , the so-called Eddington tensor, based
onPi =J hi,

We can for the moment ignore the frequency derivative in the Requation if we can
assume that the Universe does not expand signi cantly befera photon is absorbed. With
this simpli cation, the rst moments of the RT equation take the form:

1@J 1@_F

_ = _ - AN [
c_@t+ a @k I (2.19)
1@F 1@Jh' .
- + = N F 2.1
c @t a @X ' (2.16)
where
Nz +ﬁ: (2.17)
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In the second moment equation[Z16), we can ignore the ternfi ihe order c ! and solve
for the ux )
11@Jn'
N a @k
which we then insert back into equation[[Z5). This leads tthe following approximation
to the RT equation:

Fl = (2.18)

@_c @ 1@
@t a2@x " @x

This form of the RT equation is already much simpler than thedlly general form of
equation (Z3B). In particular, each of the terms in equatior(ZI9) has a simple physical
interpretation. The time evolution of the local mean radiaton intensity is given by a
transport term, described by the anisotropic di usion termon the right hand side, a sink
term describing absorptions, and an emission term that aceots for sources. However, in
order to be able to solve this equation an expression for thel@fington tensorh’ is needed,
which is left unde ned by these moment equations. We thereffe need to assume a certain
form for the Eddington tensor, or in other words, aclosure relation

For the closure relation, we follow_Gnedin & Abel [(2001) andstimate the local Ed-
dington tensor with an optically thin approximation. This means that we assume that a
reasonable approximation to the Eddington tensor can be ohined by approximating all
lines-of-sight to the sources as being optically thin. Theadiation intensity pressure tensor
Pl in this optically thin regime can then be computed as

chNJ +¢: (2.19)

Z

and thus the Eddington tensor is given by

hil = T:D(”P): (2.21)

Note that the Eddington tensor only determines in whichdirection the local radiation
propagates, but the magnitude of the radiation intensity tasor is unimportant as far as
the Eddington tensor is concerned. This means that even intgations where the lines-of-
sight to the sources are not optically thin at all, one will aien end up with fairly accurate
estimates of the Eddington tensor based on equationS_(2.2ahd (ZZ21), simply because
the radiation will typically mainly propagate away from the sources, even in optically
thick cases. In particular, note that the above approximatn is always correct for a single
source. When there are multiple sources of equal strengtlne optically thin approximation
will weight the sources that are closest most strongly, in aordance with the Er? decay
of the intensity. While this can be expected to result in reasably accurate estimates
of the Eddington tensor in many situations (especially in th vicinity of a dominating
source), errors can certainly arise in particular situatios, for example at locations that are
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equidistant from two sources of equal strength. How seriotisese errors are in problems
of interest needs to be analyzed with appropriate test prodins.

As we describe later in more detail in Section—2.4.8, we notéat equation (ZZ0) can
be accurately calculated with a hierarchical multipole apmach similar to the one applied
in gravitational tree algorithms. This allows a fairly e ci ent treatment of an arbitrarily
large number of sources, which is a distinctive advantage tife moments based approach
compared with other methods.

2.3.1. Choice of convenient Lagrangian variables

We will now rewrite the RT equations into a form that is more cavenient for use with a
Lagrangian method such as SPH. In particular, it is advantagpus to pick variables in the
numerical scheme that are normalized to unit mass, not unitolume. For example, if we
express the ionization state of the gas as the number density ionized hydrogen per unit
volume, then we have to readjust this number somehow any timee re-estimate the local
gas density (which may change if the gas moves around), otiése the ionized fraction
would change. However, if we use convenient variables thateanormalized to unit mass,
we do not need to worry about such corrections.

For chemical networks of hydrogen, it is convenient (and a#h done in practice) to
express abundances relative to the total abundance of hydyen nuclei:

_ Xu
mp

NH (2.22)
HereXy = 0:76 is the cosmological mass fraction of hydrogen ang, is the proton mass. In
the following, we use the notatiomy, for neutral hydrogen, andny, for ionized hydrogen,
such that

Ny = Ny + Ny (2.23)

In our actual numerical code, we will use a variabla,y to express the abundance of
ionized hydrogen, de ned as
Bhn = nﬂ; (2.24)
Ny
where ny,, is the ordinary number density of HIl atoms (i.e. number of potons per
unit volume). Note that this quantity is now normalized to unit mass, as desired. In
addition, it is dimensionless, which avoids numerical prdé&ms due to large numbers if we
use astronomical length units.

A similar reasoning also applies to the radiation intensitytself. In principle, the funda-
mental quantity we work with is the frequency dependent, arlg-averaged mean intensity.
However, we cannot a ord to carry around a full spectrum witheach uid element in a
hydrodynamical code. This would be too cumbersome and alsornot really necessary of
we are interested only in the reionization problem. Insteadt is su cient to store the
intensity integrated over a narrow frequency interval arond the ionization potential of hy-
drogen. Or in other words, a more convenient quantity to workvith would be something
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like the number density of photons capable of ionizing hydgen. We now formulate the
relevant equations using this concept.
In general, the photon number density is
1% 43

o od (2.25)

However, we will only consider the spectrum in a small band aund the frequencies of
interest. For simplicity, we assume that the spectrum has # form
J =Jo ( 0) (2.26)

around the ionization frequency o, whereh o = 13:6 eV is the hydrogen ionization po-
tential. This form of the radiation intensity limits the spectrum to e ectively just the
hydrogen ionization frequency. We therefore obtain this siple form
_ 143,
B ch 0

(2.27)

for the number density of ionizing photons.
We also note that the absorption coe cient  for ionization in the equation for radiation
transport is
=Ny (2.28)

where is the cross-section for hydrogen ionization. If we multigl the loss term J
in the RT equation by 4=(ch ) and integrate over , we get the so-called ionization rate
Kion, given by

Z
4]
For our narrow spectrum, this leads to the simple expression
z
4
- = : 2.
d ch J o N ( 30)

where g is the cross section at the resonance. Another consequentéhese de nitions is
that we can write the number density evolution of ionized hyrbgen due to new reionizations

as
dny

dt
The photon eld loses energy at the same rate, i.e. the lossrbe for the radiation eld
should be of the form d

n

T: C oN Ny; (2.32)

which is also what the loss term in the RT equation gives in tlinotation.
The above suggests that we can cast the moment-based RT edaatinto a more conve-

nient form if we multiply it through with 4 =(ch ) and integrate over . This gives:
|

@n_.0@ 1@
@t @x @x

=C oh Ny (2.31)

cn +s; (2.33)
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where = (ny and the cosmological scale factor has been dropped for sifoy. The
source functions gives the rate per unit volume at which new ionizing photonsra pro-
duced. This is the formulation of the RT equation that we impémented in this work in
the simulation codeGADGET-3.

We have to augment equation[[ZZ33) with the changes of the dérent chemical species
as a result of interactions with the radiation eld. If we corsider only hydrogen, this is
just:

@HII

@t

where is the temperature-dependent recombination coe cient. Ifve have only hydrogen,
we can setnz= 1Ay, and /gy =1 By .

For hydrogen reionization problems, we want to solve the twbasic equations[(Z.33) and
(Z33) as e ciently, accurately and robustly as possible. W recall that the three terms
of (Z33) have a straightforward interpretation. The rst term on the right hand side is
a di usion like equation, which is conservative, i.e. it leges the total number of photons
unchanged. The second term describes photon losses, anchgawton lost will cause one
hydrogen atom to be ionized. Finally, the third term is the sarce term, and describes the
injection of new photons. This suggests that the total numlyeof ionizations must always
be equal to to the total number of photons lost. If we can maimtin numerically accurate
photon conservation, then this property should ensure a pper speed of the ionization
front even for relatively inaccurate time stepping, as the pppagation of the front should
largely be determined by the injection rate of photons at theource.

The above suggests a simple possibility for treating the tienevolution of the photon
number density in each timestep in terms of three parts, cagsponding to anoperator-
splitting, or fractional-step approach: One may rst inject new photons according to the
source function, then transport photons conservatively byreating the di usion part, and
nally, advance the \chemical network" (eqn. [Z34) by treaing only ionizations and recom-
binations, making sure again that we do not lose any photon3.he chemical equations can
be easily \subcycled" or treated with an integrator for sti di erential equations, if needed,
because they are completely local. On the other hand, the m@&xpensive part of the time
advance is given by the di usion part. This not only involvesa coupling with neighboring
uid elements but also cannot easily be integrated with an gicit time integration scheme,
because the di usion equation becomes easily unstable ingtcase. We will therefore treat
this part with an implicit method. While involving an expengve iteration scheme, this
provides good stability and allows for comparatively largéimesteps.

= C oftuin N H RelHi (2.34)

2.4. Numerical Implementation

In this section we describe the numerical formalism we haveplemented in order to solve

the moment-based RT equations coupled to the parallel Tre8PH codeGADGET-3, which

is a signi cantly evolved and extended version of the publiGADGET-2 code MI,
). We rst give a very brief overview of the basic conceptof smoothed particle hydro-
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dynamics (SPH), and then present a derivation of a new anisaipic di usion operator in
SPH, which is needed for the radiation transfer in moment fan when a spatially varying
Eddington tensor is used. We also explain how the di usion egtion can be integrated
robustly in time based on an implicit scheme with an iteratie sparse matrix solver. The
time integration of the rate equations for ionization and reombination also requires special
methods because they involve sti di erential equations. kally, we describe the calcula-
tion of the Eddington tensors, and how this can be best combad existing algorithms in
the GADGET-3 code.

2.4.1. Smoothed Particle Hydrodynamics

SPH is a widely used Lagrangian scheme that follows the evbtn of gas properties based
on discrete tracer particles (see, e.q., Monaghan, 1992, daeview). The particle properties

are averaged, 'smoothed', over a kernel function, yieldirep-called kernel interpolants for
the uid properties based on a few sampling points. For exantg, the kernel-interpolant

of a property hQi is given by

z

(i = drRrIW(r® rj;h); (2.35)

whereh is called the smoothing length and is de ned such that the keel W drops to zero
for jr9 > h. In a discretized form this equation becomes

. X m . .
(ri)i = —Q(ry))W(jr; rij;hi); (2.36)
i

where the sum is over all the particles that lie inside radiub. In the GADGET code, the
kernel has the following standard spline form:
8 2
3
2

+6 L ° for O

6 h

1

3 (2.37)

ol I
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W(r) for 1 <

for 1<
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An important property of the kernel interpolant is that it can also be used to obtain a
derivative of the reconstructed function, which can be simyp approximated by

X ) X
CQry =T QU)W nijih) =
J

™ Qrr WG nih): (238)
j i i

Starting from a density estimate in the form
X - -
= mpW(ry o rijihi); (2.39)
j
this allows one to calculate pressure gradients, and fromifhh equations of motion for
the gas elements which represent the Euler equations. Therpeular formulation for the
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eguation of motion we use here is based on the "entropy-fordaiion’ of SPH discussed by

'Springel & Hernquist (2002). The entropy is generated onlyybthe arti cial viscosity of

shocks and by external sources of heat as follows

dA; dA
dt - I—( iU |)+ H . (2'40)

i visc

HereL( ;;u;) denotes any sources or sinks due to radiative cooling or ghbeating.

2.4.2. Obtaining anisotropic second order derivatives with a kernel
interpolant

Discretization of the di usion term in the RT transfer equation in SPH poses some di -
culties. We are basically confronted with the task to nd an ecient and accurate approx-
imation to terms of the form

@Q

@x@x;

where Q is the product of the local Eddington tensorh and the photon densityn
Simply di erentiating a kernel interpolant twice is not a good solution, as this becomes
very noisy because the kernel-interpolant of SPH is only swwl-order accurate. On the
other hand, the discretization of the Laplacian discussed/klubelgas et al. (2004) does not
work either, as it only works for the isotropic case.

We now describe the solution we have found for this problem,hich basically consists
of the task to approximate the second order partial derivaties of an elemenQ (x) of
the matrix Q(x) with a kernel-interpolant. We consider a Taylor-series foQ (x;) in the
proximity of Q (x;), i.e.

(2.41)

| \= | 1X @Q
Q (x5) Q (x)=rQ . (X; xp)+ sk @x@X .

(Xj Xi)S(Xj Xi)k+ O(Xj Xi)3:

(2.42)

Let us use the short-hand notatiorx; = x;  X; andW;; = W(jx; X;j), whereW(r) is

the SPH smoothing kernel. Neglecting higher order terms, waultiply the above expansion
with

(Xij )i Wigm

jxij j?
and integrate over allx;. Here ;) is the |-th component of the vectorx; , and Wi
is the partial derivative of Wj; with respect to the m-component ofx;. In particular, this
means we have

X (2.43)

Wijm = (r i Wij Jm = (r i Wi Jm = % = O(J Xij J) Xi )Jm (2.44)
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We now nd that 7

(Xij )k (Xij )i Wiim

X j?

for all combinations ofk, | and m. This is because there is always at least one single
component ofx; left so that the integral vanishes by symmetry. As a result,lte rst order
term of our integrated Taylor expansion drops out.

We now consider the second order term, where we encounter gression

Tsm = ‘ ada (injx)lj(??(ij Jn WAIX; ) dx; : (2.46)
]

dx; =0; (2.45)

There are a number of di erent cases. If and m are equal, thens and k must also be
equal, otherwise the integral vanishes. So here we would kaWwree possible contributions
to a s; k-sum, corresponding to the three coordinates that and k can assume. If and m
are unequal, then we must either have = | and k = m, or haves = m andk = s. So
here there are two contributions to as; k-sum in this case. Evaluating the integralTsm
for these cases gives:

8

fl=mands=k=1=m;

alw

ifl=mands=k, butsé I;

gl

Tskim = (2.47)

ifl6 mands=1,k=m
ors=m, k=1

gl

0 in all other cases

Note that we can pick| and m freely when we multiply the Taylor expansion with the
term (Z43) and integrate over it. In particular, we can alsause several di erent choices
one after the other and then form a linear combination of theesults. This can in fact be
used to isolate any of the second derivatives of the Hessiamtmix of Q . Let us assume
for example that we want to calculate the second derivativefd  with respect to Xo.
Choosingl = m = 0, then the three choicesk = s=0, k= s=1and k = s=2 all give
terms that contribute to the integral over the expansion. Tlese are:

z
,° QM) Qxi) 3@Q . 1@Q . 1@Q.
jXij J? 5@ 5@% 5@%
Here Q is to be understood af) = Q for brevity. Based on this, we can now isolate the
desired partial derivative by forming a linear combination

@Q _, % Q) Q)
@3 JXij J?
In a similar fashion, we can obtain a mixed partial derivatie in the following way:
@Q _,% Q) Q)
@x¥@x jXij J2

(Xij oW o dX; = (2.48)

1 1
2(Xij )oWi; 0 E(Xij)lwij;l E(Xij)zwij;z dxj:  (2.49)

5 5
Z(Xij JoWj 1 + Z(Xij )iWi. 0 dX;: (2.50)
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Formulae for all other second-order partial derivatives e¢abe obtained from these ex-
pressions by cyclic permutation. Also, they are valid for eh of the matrix elementsQ

Using these results, we can now turn to obtaining an expressifor the sum of the second
derivatives, as needed in the anisotropic di usion equatio Based on the above, we can
write the desired expression in the compact form:

@Q  _, % x[IQ() QUx)r W
@x@x ,, jxi J2

dx; : (2.51)

Here we de ned a new matrixQ through the matrix elements of the original matrix
Q =(Q ), in the following way:

Q=3Q ST(Q): (2.52)

Inspection of this result highlights one interesting issuéhat could potentially become
a numerical stability problem in certain situations. The marix Q is not guaranteed to
correspond to a positive de nite quadratic form when it is usd in the SPH discretization
form of equation [Z11). If the radiation transfer is very arsotropic, the matrix Q can
contain negative diagonal elements and thus gives rise to amti-di usive' behavior in the
discretized radiation transfer equation, where radiations transported from a particle of
lower radiation intensity to one with higher radiation intensity. It is not clear right away
whether this will lead to numerical stability problems of the radiative di usion treatment,
but it could.

In case this is a problem, one way to avoid it would be to somelcsuppress transport
of radiation opposite to the direction of the gradient of theradiation intensity between a
particle pair. Another way is to add in an isotropic componento Q such that

Q= Q+a )y (2.53)

Here the idea is to makeQ slightly more isotropic, such thatQ becomes positive de nite
again. In order to guarantee this, we need to assign = % Form equations [Z5R) and
(Z53) we can see that this "anisotropy-limited' matrix is hen actually @ = Q. One
interpretation of this result is that the unmodi ed matrix Q mediates di usion which is a
mix of 2=5 of the "correct' anisotropic di usion and 35 of isotropic di usion. In some of
our tests we will compare results from both formulations ofhle matrix. We will refer to
Q as the "anisotropy-limited' tensor and toQ as the “fully-anisotropic' tensor.

Note that in the case whereQ is diagonal and proportional to the identity matrix,
equation {Z&1) reduces to the isotropic result for a scaléunction derived bylJubelgas et al.

) for the thermal conduction problem. The important pot about equation (Z51) is

that it involves only a rst order derivative of the kernel function. As a result, it can be
discretized straightforwardly in the usual SPH way, wherehte integration is replaced by a
sum over all neighboring SPH patrticles within the kernel vaime.
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2.4.3. Discretization of the anisotropic di usion termin S PH

As we have shown in detail in the previous section, kernelterpolated second-order deriva-
tives of some tensorQ can be obtained as in equation[(Z51) for a suitably de ned
modi ed tensor Q. Furthermore, we note the identity

©@1Q _1 @Q ,@1,16Q

@xs@y "2 @@ C@x@y’ s@xey (259
and thus inserting equation [ZHI) we obtain
@ 1Q . Zxj i Ei+3 Q0 Qurw,
@x sex ° i 2 oo (259

For our application, let us denote the correspondingly modid Eddington tensor ash' .
We can then write down an SPH discretization of the di usion grt of the radiation transfer
equation. This can be expressed as:

h i
h X xT n i nem r W _
%t: cf T . m (2.56)
i ij ij ij
Here L 1-- 1 1#
- = - — 4+ — (257)
i 2 0

is a symmetric average of the absorption coe cients of the tw particlesi and j, and

j IS a symmetrized density. It is however important to be caref about how exactly the
symmetrizations are done in practice, because this can atdbe performance of the scheme
if there are particles of varying mass. In particular, we wdd like to use a formulation
where the conservation of the number of photons is guarantéén this case as well. |If
possible, we would also like to obtain a formulation where ¢he ective coupling matrix is
symmetric, because this is a prerequisite for using certaiparticularly e cient solution
methods from linear algebra, such as the conjugate gradief@G) method.

The photon conservation property is best analyzed by switahg to variables that directly

encode the photon number of each particle. Let us de ne for ith purpose the quantity

N; = min’ (2.58)
for each particle. The real photon number of a particle isagdlly N = n  =m. Multi-
plying Egn. (Z&8) through with m; gives now

h [
@: X C X;}- miNjhj rzanihi r iWij : (259)
@t P X
Note that we can also write this as
@N _ X
= (wi Nj  w;i Nj); (2.60)

@t |



30 2. An implementation of radiative transfer in GADGET

where

Cc xgmihjr iWij )
: :

i Xj

From the formulation in equation (Z&0) we easily see that # total photon number, P i Ni,
is conserved, but in general the matrixw; is not symmetric. Even though other linear
solvers may work, this would prevent us from safely applyinthe CG scheme to calculate
a solution for an backwards-Euler timestep of equatiol_(x¥, as the required implicit
solution involves the inversion of a matrix that linearly d@ends onw; (see below).

To x this problem, we also symmetrize the mass-weighted Edidgton tensor in (Z80),
which results in the following nal form of the anisotropic d usion equation that we use
for our numerical implementation:

@I:X
@t |

wherew; is now rede ned in a symmetric form:

wii (N Nj); (2.62)

ZCmij X;}—hijr iWij )

Wi 2.63
e (2.63)
We may also include the sink term, which yields
X
%l: j Wij (Nj Ni) CAiNi: (264)

This equation is still symmetric and can thus also be treatedith the CG method, as we
explain in more detail in the next subsection.

2.4.4. Time integration of the radiative transfer equation

As discussed earlier, we use an operator-split approach fihe time integration of the
radiation transfer equation, in which we e ectively treat the time integration of the source
term and that of the transport through anisotropic di usion and the absorption through
the sink terms as separate problems. In fact, we extend the eqator-split idea also to the
hydrodynamical evolution of the system, i.e. we alternatehe timestepping of the di usion
equation with that of the Euler equations that describe the gnamical evolution of the gas.
In the following, we rst discuss the time integration of thedi usion and sink part, which
is the most complicated part in our scheme.

It is well known that explicit time integration schemes of tle di usion equation becomes
easily numerically unstable, unless a very small timestes used. To ensure numerical
stability, we therefore adopt an implicit method, namely tle simple "backwards Euler'
scheme, which provides su cient accuracy for the di usion poblem. To advance equation
(Z83) for one timestep, we therefore want to solve the equan

X
NM™ = N+ tsim; + tw (N N™) te oni N5 (2.65)
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whereN"*! are the new photon numbers at the end of the timestep, and are the ones
at the beginning of stepn. The last term in this equation encodes the photon loss term,
which we also integrate implicitly. We note that the source érm, on the other hand, can
be simply advanced with an explicit Euler step.

The equations [ZEb) are in fact a large, sparsely populatdithear system of equations
that can be written in the generic form

Ax = b; (2.66)

whereA is a coe cient matrix, b is a vector of known values and is a vector of unknown
values. For our application, the components of vectdn arehh = N" + ts;m;, and the

matrix elements are given by
|
X !
Aj = 1+ twic + 1€ oNpy twi ; (2.67)
k

where the indexes and | run over all the SPH particles. The solution vector of the liear
problem de nes the new photon numbers at the end of the stem; = N"**,

There are many di erent approaches for solving linear systes of equations, but the
huge size of the matrixA in our problem (which is equal to the particle number squared
makes many standard approaches that rely on storing the wtelmatrix A impractical.
Fortunately, the matrix A is only sparsely populated because in each row only approxi-
mately  Ngpn €lements are non-zero, those that describe the coupling oparticle to its
neighbors. Sparse systems of this type can often be solved| weth iterative schemes. We
use such an iterative scheme in our work, the conjugate gradt (CG) method.

The conjugate gradient approach applies successive cotiaas to a trial solution that
is used as a starting point. With every iteration, the solutbn becomes better. Since
the corrections added in each of the steps are all orthogonal each other, the rate of
convergence of this method is often quite high, this is why wiink it is a promising
iteration scheme for the problem at hand. For reference, a ieation of the well-known
CG method is given in[B.1. However, a prerequisite for the afipability of the conjugate
gradient method is that the matrix A is positive de nite and symmetric. The symmetry
i§ evident from our formulation and the matrix is positive denite since w;; 0, and thus

i XiAij X; 08x;.

To nd a solution for the new photon number eld, we iterate with the CG scheme
until the di erence between two successive approximation® x has dropped to a small
percentage ofxj. Note that the expensive parts in the calculation of one itation are the
matrix-vector multiplications. For each patrticle, they reduce to sums over all of its SPH
neighbors, which is equivalent to an ordinary SPH loop, sittair in computational cost to,
e.g., the SPH density estimation. Since in our parallel cod®me of the SPH neighbors of
a particle can be stored on other processors, this step alswalves communication.

In practice, we start the iteration with the current photon distribution for x, which is
usually a fairly good starting point, since the expected sation for the photon distribution
does not di er signi cantly from the previous state, exceptin the vicinity of the sources. In
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the absence of a radiation eld we set the vector to zero. Thdaser the guessed values for
the vector x are to the solution, the faster the algorithm converges. Oneould also start
from a random photon distribution, which will not a ect the solution, but will slow down
the algorithm and is therefore not a desirable choice. The mber of iterations required to
reach convergence depends on the condition number of the mratA , where the condition
number is de ned as max= min, the ratio of the largest to the smallest eigenvalue of the
matrix. A large condition number slows down the convergenaate of iterative solvers of
linear systems of equations. However, the number of requiréerations can be reduced by
preconditioningthe matrix A . For this purpose we employ the simple Jacobi preconditione
More speci cally, we modify our matrix equation as follows,

C !Ax = C 1b; (2.68)
where the matrix C is the Jacobi preconditioning matrix. It is de ned as
Ci = Aii i (2.69)
and has the rather simple inverse form
c,t= -1 (2.70)

Applying the Jacobi preconditioner to the matrix A basically means to divide the matrix
A by its diagonal, which is simple to implement and to paralléte. While the associated
reduction of the condition number improves the convergenapeed, it would be desirable
to nd still better preconditioners that are more e ective in this respect.

2.4.5. Time integration of the chemical network

The abundances of hydrogen and helium species are updateddmcounting for the pro-
cesses of photoionization, collisional ionization and re@mbination:

@
ot = HIRHReNy + C ofui B Ny Hil Befun Ny, (2.71)
@eln
ot = HelBHel FeNy Hell FHell BeNH T Henll el RreNH; (2.72)
@i
= Hell BrHen ReNy Helll Fraent BeNpy; (2.73)

@t
where all abundances of hydrogen speciasy(i-fy; ) are expressed in dimensionless form
relative to the total number density ny of hydrogen, all helium abundances are fractions
with respect to the helium number density, and the electront@undance is expressed ag =
Nne=ny. Furthermore, denotes the collisional ionization coe cient, is the recombination
coecient and o =6:3 10 *¥cn? is the photoionization cross-section for hydrogen at
136 eV. These rate equations are solved using a semi-implicitheme.
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Figure 2.1: Eigenvectors of the Eddington tensor for a singt source (left panel), and for two
sources (right panel), calculated with our tree-code extesions of the GADGET-3 code. Both
vector elds match the expectations. Note that the directions of the vectors can be turned 189
without a ecting the direction of the transport of radiatio n, an e ect due to the symmetric nature
of the Eddington tensor.

2.4.6. Photoheating and cooling with a multi-frequency sche me

The photoheating of the gas by the ionizing part of the speaiim is described by the heating
rate

21 4]
= nw do— (b ho (2.74)
0
= N CN i ~His (2.75)
where
g e (2.76)
I h 0 h '
is a frequency averaged photoionization cross-section and
Z, Z, 1

~= d 4L (h  hy d 4L (2.77)

is a frequency averaged photon excess enerm&ﬁw%or our calculations, we
usually assume a black body spectrum witife = 10°K, which leads to w = 1:63
10 ®¥cm? and v = 6:4eV.

In order to evolve the temperature of the gas correctly we ceitler cooling processes such
as recombination cooling, collisional ionization coolingcollisional excitation cooling and
Bremsstrahlung cooling. All rates have been adopted frolﬂ@) and are summarized
in Appendix [l As a combination of heating and cooling termshe entropy of each particle
is then evolved as in equatioiZ30.
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2.4.7. The source terms

As given in equation [Z33B), the source term in the RT equatiois s in our formulation.
This represents the number of photons emitted per unit timerad per hydrogen atom. In
our cosmological applications we usually want to represetitis term by the stars that have
formed in the simulation. To more accurately account for theshort-lived massive stars,
we can also use star-forming SPH particles as sources, coting their instantaneous star
formation rates into an ionizing luminosity. Alternatively, we can also consider harder
sources like Active Galactic Nuclei (AGN), if they are follaved in the simulation. The time
integration of the source function is unproblematic, and cabe done with a simple explicit
scheme on the dynamical timestep of the simulation. We onlyeed to assign the source
luminosities in a conservative fashion to the nearest SPH gles, provided they are not
already gas particles anyway.

In some of our test problems considered in SectibnR.5, theusce term is prescribed as a
certain number N- of ionizing photons per second, independent of the mass oktkource.
In this case we have

s =NV=N (2.78)

whereV = m= is a measure of the volume of the SPH particle with massa that hosts
the source. If we choose to distribute the source function tmore than one particle, we
use the “scatter' approach. In this case the source functidras the form

X m
s =N Mwryv; (2.79)
i

where the sum is over the SPH neighbors of the emitting parte

2.4.8. Eddington tensor calculation

An important quantity in our formulation of the RT problem ar e the local Eddington ten-
sors, which we estimate based on an optically thin approxirtian, as de ned by equations
(Z20) and (ZZ21). The Er? dependence of the contribution of each source suggests a cal
culation method similar to that of gravity { via a hierarchical tree algorithm. To this end
we extend the gravitational tree code INGADGET-3 with additional data structures. For
each node of the tree, we also calculate the total luminosignd the luminosity-weighted
center-of-mass. Depending on whether we consider the starficles as sources, the star-
formation rate of gas particles, or also black hole particte this can involve di erent types
of particles.

The individual elements of the Eddington tensor are then coputed by walking the
tree in a way exactly analogous to the procedure for calculag gravitational forces. If a
tree node appears under a small enough angle as seen from thetpof interest, all its
sources can be represented by the total luminosity of the nedOtherwise, the tree node is
opened, and the daughter nodes are considered in turn. As a&ué, we obtain a multipole
approximation to the local radiation pressure tensor, witha typical accuracy of 1%,
provided a similar node-opening threshold value is used ax fcollisionless gravitational
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%

Figure 2.2: Schematic illustration of the Barnes and Hut octtree in two dimensions. The particles
are rstenclosed in a square (root node). This square is therteratively subdivided in four squares
of half the size, until exactly one particle is left in each nal square (leaves of the tree). In the
resulting tree structure, each square can be progenitor of jpi to four siblings. Note that empty

squares need not to be store@e@b&

dynamics. However, since for the Eddington tensor only theiréction of the radiation
pressure tensor ultimately matters, the nal accuracy of te Eddington tensor is even
better, and more than su cient for our purposes. A very impotant property of this
calculational method is that its overall speed is essentlglindependent of the number of
sources that are present since the calculation is done sitiauieously with the tree-walk
that computes gravity, and involves only few additional oding point operations. This is
quite di erent from the widely employed ray-tracing or Monte-Carlo schemes for radiation
transfer, where the calculation cost may scale linearly witthe number of sources.

As an example, FigurdZl1l shows the eigenvectors of the Edglion tensor for two dif-
ferent source con gurations, calculated with our modi ed ersion of theGADGET-3 code.
The left panel is for a single source. The vectors point radig outward or inward from the
source, as expected. Note that the directions of the vectocan be turned by 180 without
changing the radiation transport, because the tensor is synetric. The panel on the right
hand side shows the vector eld around two sources, in the pila of the stars. The eld is
a dipole in this case and matches the expectations well.

2.4.9. Flux limited di usion

If n is the density of photons, then the maximum photon uxf that can occur is limited
by the speed of light tof = cn . This physical limit for the possible photon ux can
in principle be violated under certain conditions when the idusive approximation to the
photon ux,

11@nh’
N a @k
is used. In treatments of radiative transfer in the isotrom di usion approximation one
therefore often invokes so-called ux limiters that are degned to enforce the condition

fl = (2.80)

f c¢n (2.81)

by damping the estimated ux when needed.
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Figure 2.3: Test (1). Resolution comparison of spherically averaged ionized ahneutral fractions
as a function of radial distance from the source, normalizedy the Stemgren radius rs. Results
are shown for an anisotropy-limited (left panel) and fully anisotropic (right panel) Eddington
tensor formulation at time t = 500 Myr 4trec. The compared resolutions are 8, 16°, 32,
64° and 128 particles. The black lines show the analytical solution, irtegrated radially outward
from the source as in equation [Z9D). In both formulations the accuracy clearly increases with
resolution and saturates when the highest number of partiaks is reached. In all cases, the nal
Stemgren radius agrees with the analytical predictions. The anisotropy-limited Eddington ten-
sor formalism gives very accurate predictions for the ionied fraction in the regions outside the
Stremgren radius (r > r g), but fails to give a correct value for the inner parts of the ionized
regions. The fully anisotropic Eddington tensor formalism, however, predicts accurate values in
both regions.

In our anisotropic di usion treatment, we have also implemsted an optional limiter
that serves the same purpose. We observe the maximum ux carant with the help of
a parameterR, which is a function of the gradient of the photon density
rnj

n

R

: (2.82)

We then de ne a ux limiter of the form
1+0:1R

R)= T3 0ar 002’
where (R)! 0OasR ! 1 . The detailed form of the analytic expression used for the
ux limiter is arbitrary as long as it ensures a smooth trandion between the two limiting
states. We have chosen this form since it is widely used in @hnumerical RT codes, for

example, a similar version is used by Whitehouse & Bate (2004The ux limiter  is then

introduced into the di usion part of equation (Z233) as folbws:
|

@n__ @ _@nh'
@t @x @x

(2.83)

cn +s: (2.84)
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Figure 2.4: Test (1). Resolution comparison of the scatter (gray areas) of the spérically aver-
aged ionized and neutral fraction as function of radial disance from the source, normalized by the
Stremgren radius rs. Results are shown for an anisotropy-limited (left panel) and fully anisotropic
(right panel) Eddington tensor formulation at time t = 500 Myr 4trec. The compared resolu-
tions are 16, 328, 64° and 128 particles. The black lines show the analytical solution, irtegrated
radially outward from the source as in equation [Z80). The e@ange lines show the spherically
averaged neutral fraction and the violet lines the sphericlly averaged ionized fraction. The range
of the scatter does not change signi cantly with resolution, since it is due to the intrinsic dif-
fusive nature of SPH and the inaccuracies of the SPH densitystimate. The highest resolution
simulation has no scatter due to the high accuracy of the dengy estimates. The scatter in the
fully anisotropic Eddington tensor formalism is larger dueto the larger anisotropy in the di usion
terms of the RT equation.

However, we note that superluminal propagation of photons iusually not a problem in
the ionization problems we are interested in. Here the speed the ionization fronts is not
limited by the speed of light, but rather by the luminosity ofthe sources and the density
of the absorbing medium. Nevertheless, the ux limiter canlao be usefully employed as a
means to control the behavior of the ionization front (I-frmt) propagation in dense media.
Due to the speci c dependence of th® parameter, the photon propagation can e ectively
be limited in high-density regions, where the intensity grdient becomes very large.

2.4.10. Notes on the performance of the code

An important consideration in the development of RT codes ishe calculational cost of
the implemented scheme, as this determines whether the meth is su ciently fast to
allow a coupling with hydrodynamic simulation codes. It is dcult to make general
statements about the computational cost of our new RT schemes this depends strongly
on the particular physical problem that it is applied to. Arguably of most interest is a
comparison of the speed of the method to other parts of the sitation code when applied to
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Figure 2.5: Test (1). I-front expansion for an anisotropy-limited (left panel) and a fully anisotropic
(right panel) Eddington tensor formulation with 16 3, 32, 64° and 128 particles. The dashed line
is the exact solution obtained from equation Z9D) and the slid one as obtained from equation
(Z388). Both results agree very well with the analytical predictions, but the fully anisotropic Ed-
dington tensor formulation shows better results and smalle relative error for the I-front position.

the problem of cosmological structure formation with a selfonsistent treatment of cosmic
reionization. We here report approximate numbers for the g®ed of our new method in
this situation, based on work in preparation that studies tis problem.

First we note that in our implementation, when gravity is al® integrated, the com-
putation of the Eddington tensor incurs negligible costs,isce it is done together with
the gravity. Therefore, we nd that in our implementation the increase of the compu-
tational cost with respect to the other relevant code modute (gravity, SPH density and
SPH hydrodynamical forces) is primarily a function of the nmber of iterations required
at each timestep to construct the implicit solution of the aisotropic di usion equation.
One iteration is approximately as costly as one SPH hydro cqutation, and the average
number of iterations required ranges from typically 10 up t@00 in the most extreme cases.
However, the RT equation is integrated only on a relatively @arse timestep, whereas the
hydrodynamics is done also for many more smaller sub-step§his reduces the e ective
cost of the whole RT calculation to several times the total i of the hydrodynamics cal-
culations. In practice, we measure a slow-down of the simtian code by a factor of order
of 2 to 5 when the radiative transfer is included. While thiss non-negligible, it does not
seriously impact the ability to carry out large cosmologidasimulations. We also note that
further optimizations in the radiative transfer algorithms, perhaps through an improved
preconditioner, may reduce the cost of the RT calculation ithe future.
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Figure 2.6: Test (1). Slices of the neutral fraction through the ionized sphere athe position
of the source. The upper row shows the results from the anisobpy-limited Eddington tensor
formulation and the lower row from the fully anisotropic Edd ington tensor formalism. Five dif-
ferent resolutions are compared: 8 16%; 32%; 64° and 128 particles. The contours mark neutral
fractions of Ay = 0:9; 0:5; 0:1; 0:01and Q001. The white circles give the radius of the Stemgren
sphere. The geometrical distribution of the SPH particles aects the shape of the ionized sphere.
The spheres are elongated in the- and y-direction of the Cartesian grid, where the particle spac-
ing is smaller and the SPH-kernel interpolant leads to slighly di erent couplings as in diagonal
directions. This e ect is stronger for the anisotropic Eddington tensor formulation.

limited 0.
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2.5. Testing the code

In the following we present several basic tests for our newdiative transfer code. Where
possible, we compare our results with analytical solutionsr with results from other sim-
ulations (from the RT code comparison study by lliev et dl., Q06b). In sectionCZ5EI we
discuss our results for the classic test of the isothermal gansion of an ionized sphere in
a homogeneous and static density eld. In sectionZ5%.2 weusly the e ects of di erent
timesteps on the accuracy of our simulations, while in seoti 253 we evolve two nearby
sources with interacting ionized spheres. Then in secti@ns2d we repeat the single ionized
sphere expansion test, but this time allowing the temperate to evolve. In sectiorlZk15
we present a shadowing test, where a dense clump is placedhe tvay of a plane-parallel
I-front. Finally, in section E25.8 we evolve the radiation tansport in a static cosmological
density eld.

2.5.1. Test (1) - Isothermal ionized sphere expansion

The expansion of an I-front in a static, homogeneous and is@rmal gas is the only problem
in radiation hydrodynamics that has a known analytical soltion and is therefore the most
widely used test for RT codes. A monochromatic source emitteadily N- photons with
energyh =13:6eV per second into an initially neutral medium with constahgas density
ny. Then the Stemgren radius, at which the ionized sphere atmd the source has reached
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its maximum radius, is de ned as

| 1=3
3N\
= X 2.85
I's 4 Bn|2_| ( )

where g is the recombination coe cient. This radius is obtained by kalancing the number
of emitted photons by the number of photons lost due to reconmtions along a given line
of sight. If we assume that the I-front is in nitely thin, i.e. there is a discontinuity in the

ionization fraction, then the expansion of the Stemgrenadius can be solved analytically
and the I-front radius r, is given by

ro=rs[l exp( t:trec)]lzg; (2.86)

where
1

Ny B

is the recombination time and g is the recombination coe cient.
The neutral and ionized fraction as a function of radius of th stable Stemgren sphere

can be calculated analytically (e.g. Osterbrock & Ferland2006) from the equation

Z
R (1)
4y 2

trec =

(2.87)

d N-()e O =a3,(Nny &; (2.88)

whereny, is the neutral fraction, ay,, is the ionized fraction and
Z r
(r) = ny dr %Ry (r9: (2.89)
0

Moreover, considering spherical symmetry and a point sowwave can solve analytically for
the photon density radial pro le n (r), yielding

r
n(r)= %%exp . (r%dr? : (2.90)
From this we obtain ionized fraction pro lesnry, (r) for the whole evolution time.

The Stremgren radius obtained by direct integration of egation (£288) di ers from the
one obtained from equation[[Z.85) because it does not appnmate the ionized region as
a sphere with constant, but with varying ionized fraction. VW compare our results with
both analytical solutions.

For de niteness, we follow the expansion of the ionized spieearound a source that emits
N. =5 10%photonss®. The surrounding hydrogen number density i®i; = 10 3cm 3
at a temperature of T = 10* K. At this temperature, the case B recombination coe cient
is g =2:59 10 B¥cm?s !. Given these parameters, the recombination time i§ec =
125127 Myr and the expected Stremmgren radius iss = 5:38kpc. We impose periodic
boundary conditions in order to make sure that the density &l is e ectively in nite and
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uniform. We note that this does not a ect our RT calculation snce the Eddington tensor
is computed non-periodically.

We present results from the fully-anisotropic and the anigmpy-limited Eddington ten-
sor formalism simulations by comparing rst the nal state o the ionized sphere and then
the evolution of the I-front. Figure[Z:3 shows the sphericll averaged ionized and neutral
fraction as a function of radial distance from the source, mmalized by the Stemgren
radius rs, at time t = 500 Myr 4te.. In this case we compare the resolution e ects
on the accuracy of our numerical predictions by using simuians with 82, 16°, 32, 64°
and 128 particles, corresponding to mean spatial resolutions of®kpc, 1:0 kpc, Q5 kpc
and 025 kpc. In both formalisms the accuracy increases with restibn and the pro les
converge for the higher resolutions. We also note that the motropy-limited Eddington
tensor formalism gives very accurate predictions for the mized fraction in the regions
outside the Stemgren radius > r s), but fails to give correct values in the inner parts of
the ionized sphere. The fully anisotropic Eddington tensdiormalism, on the other hand,
predicts the ionization state in both regions quite accuray.

We compare also the scatter of the ionized and neutral fraot proles. Figure Z3
shows the scatter (gray areas) of the spherically averagednized and neutral fraction
pro les for four di erent resolutions (163, 32%, 64° and 128 particles) at the end of the
I-front expansion. All results agree well with the analytial radius of the Stremgren sphere.
The range of the scatter does not change signi cantly with solution, since it is due to the
intrinsic di usive nature of SPH and the inaccuracies of theSPH density estimate. This
means that we obtain a density scatter of about 0.01% and thustroduce uctuations in
the gas density, which result in uctuations in the hydrogendensities of the SPH patrticles
and thus of the ionized and neutral fractions. The SPH densitscatter in the 128 particle
simulation is zero (thanks to the use of a Cartesian grid { bunote that in real-world
dynamical applications some density scatter is unavoidadl and thus there is no scatter in
the ionized and neutral fractions. Moreover, the scatter ithe fully anisotropic Eddington
tensor formalism simulations is larger than in the other fonalism simulations due to the
larger retained anisotropy in the di usion term of the RT equation.

The evolution of the I-front expansion is shown in Figuré25comparing the two for-
malisms at di erent resolutions. The results from both fornalisms agree very well with
the analytical predictions and the accuracy increases wittesolution. The fully anisotropic
Eddington tensor formalism simulations show better resudtand smaller relative error for
the I-front position. In both formalisms the error stays wihin 5% of the analytical solution
and traces the analytical result obtained by direct integraon of equation (Z390).

However, we note that the geometrical distribution of the SH particles we used in
our simulations introduces slight deviations from perfecsphericity into the shape of the
ionized region. This re ects the Cartesian grid of particle used for these tests, an e ect
that can be clearly seen in the shapes of the ionized regionspayed in FigurelZ®6. The
spheres are elongated in th&- and y-directions of the Cartesian grid, where the particle
spacing is smaller and the SPH-kernel interpolant weightdhé nearest neighbors slightly
di erently than in o -axis directions. This discreteness eect is stronger for the anisotropic
Eddington tensor formulation.
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Figure 2.7: Test (2). I-front expansion as a function of the recombination time. Results are
shown for four di erent simulation timesteps: t = 0:05; 0:5; 5and 50 Myr. The dashed line is
the exact solution obtained from equation [Z390) and the sddl one is obtained from equation
(Z88). The smallest timestep simulation agrees very well wth the analytical solution. As the
timestep increases, the results in the early phases of the pansion become more inaccurate.
However, after about two recombination times, the I-front radius catches up with the analytical
solution. The simulation with timestep t = 50 Myr is very inaccurate, but in the end of the
expansion the I-front radius is still within 5% of the analytical solution.

Considering all our results that compare the limited and fuy anisotropic Eddington
tensor formalisms, we use in all our further tests and simuians only the fully anisotropic
formulation because it shows more accurate results. It tusnout that this formulation is
also robust, i.e. it does not show stability problems due tds "anti-di usive' terms when
used in conjunction with an implicit solver, at least we haveot experienced such problems
in our test calculations.

2.5.2. Test (2) - Timestep comparison

In order to test the accuracy of our RT scheme we perform sinatlons of 64 particle
resolution with di erent xed timesteps: t = 0:05 0:5; 5and50 Myr. Applying the
von Neumann stability criterion for an explicit integration of the di usion part of our RT
equation (ZI9), we nd a bound of the timestep equal to

1 ( x)?
t = : 2.91
5 ¢ (2.91)
where X is the mean spatial resolution,c is the speed of light and = ny is the

absorption coe cient. At the I-front the assumed neutral fraction is ry = 0:5 and thus



2.5 Testing the code 43
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Figure 2.8: Test (3). lonized fraction in a plane of two equally luminous sources The positions

of the sources (8kpc apart) are marked with black crosses. Tén snapshot is taken at time
t = 500 Myr, when the expansion of the ionized regions has stopgd, and the region where the
Stremgren spheres overlap is approximately 3kpc wide. Thee is a clear elongation along the axis
connecting the two sources, as also described hy Gnedin & Ab&2001). Figure [Z9 shows the
evolution of the I-front along the aligned (red) and perpendcular (blue) directions with respect

to the axis through the sources.

the absorption coecient is = 3:15 10 ?cm !, resulting in an upper limit for the
timestep t 10 3Myr. However, this limit on the timestep is only a reference @int
for our results. Because we use an implicit scheme that is bta for all timestep sizes,
we are fortunately not bound by this timestep limit and can inprinciple use much larger
timesteps, subject only to the condition that the nal accuiacy reached is still acceptable.

We compare results for our simulations with the four di erebtimestep sizes in Figure
Z4. The smallest timestep that we use is ten times as big asettanalytical upper limit
for an explicit scheme, yet its results agree perfectly witlthe analytical solution. For
the other simulations the timestep sizes increase progresdy by factors of 10, and the
numerical results start to deviate from the analytical calalation. The changes are largest
in the early phase of the I-front expansion. As the source \sldenly" switches on, very
small time steps are needed in order to achieve good accuratyhe beginning, where the
gradients in the photon density are very large. But later, d@r a couple of recombination
times, the numerical results approach the analytical solign even for coarse timesteps and
follow it until the expansion of the I-front ends. The t = 50 Myr simulation is initially
very inaccurate, but note that its Stremgren radius is stil within 5% of the analytical
result. Therefore, our method manages to essentially prock correct Stremgren radii of
the ionized spheres for all considered timesteps.

2.5.3. Test (3) - Two nearby sources

In our next test we follow the expansion of ionized regions@und two nearby sources, where
we expect to see inaccuracies due to the optically thin assption used for estimating the
Eddington tensors. Both sources emiN =5 10* photonss ! and are 8 kpc away from
each other. The number density of the surrounding static andniform hydrogen gas is
ny =10 3cm 3, at a temperature of T = 104K. From tests conducted by Gnedin & Abel
) we expect that the ionized regions are not sphericdlyt rather elongated along the
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Figure 2.9: Test (3). I-front expansion around a source in a double system, normaed by
the analytical solution from equation (Z88), as a function of time. The red line is the I-front
in the direction aligned with the two sources and the blue lire is for the orthogonal direction.
The green line shows the spherically averaged I-front posion. As observed byl Gnedin & Ahell

), the ionized spheres are elongated along the axis die two sources and compressed in the
perpendicular direction. The spherically averaged I-fron position is within 20% of the analytical
expectation.

axis through the sources. This e ect results from the calcation of the Eddington tensor,
whose values along the symmetry axis are estimated high anddst the di usion in this
direction, while reducing it in the perpendicular directia.

In Figure [Z8, we show the neutral fraction for this test in alge in the plane of the
sources, taken at timet = 500 Myr when the expansion of the regions has stopped. The
expected elongated shape of the ionized regions is clearigible. In Figure Z9 we show
the time evolution of three characteristic radii of the expading ionized regions: one radius
is measured in a direction aligned with the axis through theagirces, one is measured
perpendicular to it, and the third is a spherically averagedadius. We note that we
do not expect the radii to match the analytical prediction fom equation [Z8B) exactly
since the approximations there are valid only for a single mized region expansion, but we
here use the obtained value to compare the expansion of theniwed regions around two
nearby sources. As expected, the aligned radius is alwaysggler than the analytical result,
while the perpendicular radius is smaller. However, the sphcally averaged radius of the
expanding region stays within 20% of the analytical value. ¥Wconclude that the optically
thin approximation to estimate Eddington tensors can in ceain situations introduce errors
in the shapes of ionized bubbles, but these errors should beitg moderate or negligible
in situations where the Eddington tensor is dominated by a light nearby source, which is
probably generic in many scenarios for cosmological reipation.
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Figure 2.10: Test (4). Time evolution of temperature (left panel) and ionized andneutral fraction
(right panel) pro les of an expanding ionized sphere for twodi erent resolutions: 162 (blue) and
64° (red) particles. Results at timest = 10; 100 and 500 Myr are shown in solid, dotted and
dashed lines, respectively. The temperature pro les insi@ the ionized sphere converge for both
resolutions at all times. The position of the I-front agreeswell for both resolutions at all times.

2.5.4. Test (4) - lonized sphere expansion with varying tempe rature

In this test we use the same setup as in secti@n Z15.1, but wetimize the gas temperature

with Tp = 102K and let it evolve due to the coupling to the radiation eld. We furthermore
approximate the recombination coe cient g with

T 0:7
s(T)=2:59 10 = 10K cm’s 1 (2.92)

and assume a black body spectrum of temperature R for the source, setting the parame-
ters from equation ZB) to ~= 1:63 10 ¥ cm? and ~= 29:65eV. Then we evolve equation
(Z20) for every particle, at every time step, consideringhtoheating, recombination cool-
ing, collisional ionization cooling, collisional excitabn cooling and Bremsstrahlung cooling.
In this way we test a realistic expansion of an ionized spheezound a single source.

We test our scheme with two dierent resolutions: 18and 64 particles. The time
evolution of the temperature prole in both tests is shown inthe left panel of Figure
[Z10. The temperature close to the source rises to approxitaly 2 10*K and then drops
down to 1& K outside the ionized region. From left to right, the pro lesare shown at three
di erent times: t = 10; 100 and 500 Myr. The results from the simulations converge insd
the ionized sphere. Outside the ionized region the low regtibn simulation produces, as
expected, a smaller slope of the temperature drop furtherdm the ionized sphere radius.

In the right panel of Figure[ZTID, we compare the neutral andnized fractions at the same
times. Both resolutions converge at the radius of the ionidesphere.
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Figure 2.11: Test (4). Volume fraction of the temperature for a comparison betwea CRASH,
OTVET and GADGET at three dierent times t = 10; 100and 500 Myr (left to right). The
results of GADGET and OTVET are comparable, but CRASH has a harder spectral distribution
and employs multiple frequency bins and thus gives slightlydi erent results. Di erences between
GADGET and OTVET may also be due to di erent resolutions (OTV ET has 0:05kpc, while for
GADGET  0:25kpc).

In order to verify our results we compare them with results dained with the codes
CRASH (Maselli et all, [2008) andOTVET (Gnedin & Abel, 2001), as summarized by
lliev_et all (2006b) in the RT Code Comparison Project. In Figre[ZZI1, we show a compar-
ison of the volume fraction of the temperature and in FigurEEZd we present a comparison
of the ionized volume fractions, at three di erent times:t = 10; 100 and 500 Myr. The
temperature volume fractions are all somewhat di erent du¢o the very di erent heating
schemes employed. The results GADGET and OTVET are comparable, butCRASH uses
a harder spectral distribution and multiple frequency binsand thus gives di erent results.
With increasing time GADGET produces a larger strongly ionized volume, and smaller
intermediately ionized volume fraction than the other codg® which is also mirrored in the
larger gradient of the ionized fraction that it produces. Tlese di erences are due to the
di erent treatments of the source spectra that the codes enigy, which are in general dif-
cult to compare. Deviations might also be due to the di eren temperature structures of
the ionized spheres and the di erent resolutions of the coddOTVET and CRASH used
0:05kpc, GADGET only  0:25kpc).

2.5.5. Test (5) - Shadowing by a dense clump

As a further test problem, we consider the interaction of a phe-parallel front of ionizing
photons with a uniform dense cylinder of neutral gas. The sgb of our problem consists
of a box with dimensions X;y;z) = (40kpc;10kpc 20 kpc). One side of which (thexy-
plane) is aligned with a plane of stars that produce the ionizg photons. A dense cylinder
of gas is located 5 kpc from this sheet-like source and has alites rc = 2:5 kpc. The
axis of the cylinder is oriented parallel to thez-axis of the box. The particle resolution
is (Nx;Ny; N;) = (256;64; 8). The hydrogen number density in the cylinder is 10times
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Figure 2.12: Test (4). Volume fraction of the ionized fraction in a comparison betveen CRASH,
OTVET and GADGET for three dierent times t = 10; 100and 500 Myr (left to right). With
increasing time, GADGET produces larger strongly ionized wlume and smaller intermediately
ionized volume than the other codes, mirrored in the larger gadient of the ionized fraction that
it produces. These deviations are likely due to di erent souce spectra treatments, temperature
structures of the ionized spheres, and di erent numerical esolutions.

the surrounding density ofny = 10 3cm 3. There are 512 stars and each of them emits
N =1:2 10*®photonss?.
We rst present results obtained with an Eddington tensor tlat mimics a plane-parallel

[-front, of the form 0

1
100
h=®0 0 0X:
000

(2.93)

which represents photon transport only in thex-direction. We also consider two other cases
where the Eddington tensor is calculated di erently. In the rst case we use the OTVET
approximation, where the tensor is computed assuming all gas optically thin. In the
second case we account for the fact that the dense clump is ioptly thick by enforcing
that no radiation is transported into the shadowed region. W achieve this by setting the
Eddington tensor in the shadowed area to zero, such that thegduct h! J vanishes. Note
that for a vanishing radiation pressure tensor, the trace calition for the Eddington tensor
needs not to be ful lled. This second case is only meant to pdoce the expected solution
with a sharp shadow.

Figure ZI3 shows the ionized fraction in a cut through the miulation volume, in the
planez = z,,=2, at three di erent times: t = 0:5, 1, and 2 Myr. In the case of the OTVET
approximation ( rst row), the dense cylinder fails to prodwe a sharp shadow. Instead, the
radiation also di uses around the obstacle, and is propagetl eventually also in directions
di erent from the x-direction, albeit more slowly. However, if we account forhe fact that
the dense clump is optically thick (second row), a clear andharp shadow is produced, as
expected. In FigurdZZTK, we show the position of the I-frontith respect to the center of
the dense clump as a function of time. It is clear that the I-fsnt moves faster in the case
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Figure 2.13: Test (5). lonized fraction (yellow) in a slice through the middle of the simulation box.
Time increases from left to right and the three di erent columns of snapshots are taken at = 0:5,
1, and 2 Myr. In the upper row the Eddington tensor has been appoximated with the OTVET
scheme. In the second row the Eddington tensor has been set tero in the shadowed region,
given that the dense clump is optically thick, which should yield the correct result. The optically
thin Eddington tensor approximation fails to produce a sharp shadow since radiation di uses
away from the plane-parallel front direction. In the optically thick approximation, however, a
sharp shadow is obtained, implying that the failure of our mehod to produce a sharp shadow
can also be blamed on using a non-vanishing Eddington tensdn the shadowed region.

where the Eddington tensor is approximated closer to the ahadical case, i.e. it is zero in
the shadow area.

The inability to create a sharp shadow is a limitation of the QVET approximation
implemented in SPH, as we have shown above. This limitationf @odes using a mo-
ment method together with an OTVET approximation has alreag been noted by several
groups, e.g. . Gnedin & Abel [(2001);_Aubert & Teyssierl (2008)It appears that despite
our attempts to fully account for the anisotropic di usion, the di usion operator we have
derived remains quite di usive in SPH. This is simply a conspience of the non-vanishing
coupling between particles with separation vectors not pfactly aligned with the direction
of radiation propagation (here thex-axis). Unfortunately, this de ciency may also have
other detrimental e ects besides just slowing down the expsion of the I-front itself. We
acknowledge that this can be an important limitation of our sheme for certain applica-
tions, especially when shielding is common and shadowingngportant. Nevertheless, this
limitation can in uence the morphology of the reionization but properties such as redshift
and duration of the process, as well as temperature evolutiof the gas and the radiation
eld, should still be accurate.

2.5.6. Test (6) - Static cosmological density eld

In our nal and most demanding test calculation we follow hydogen ionization in a realistic
cosmological density eld, which is taken to be static for saplicity. In order to compare
our results with those of the cosmological radiative tranef comparison projecti(lliev et al.,
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Figure 2.14: Test (5). Position of the I-front, relative to the center of the dense clump, as a
function of time. The I-front moves faster in the case where he Eddington tensor is computed
accounting for the optically thick clump (blue line). In the case where the OTVET scheme is
used (red line), the I-front expands slower. The dashed lineshows the position at the end of the
clump, where the di erence between the expansion rates begs to grow.

M) we use the same cosmological box parameters and assmurces in the same way.
The box with size 05h comoving Mpc is evolved with a standard CDM model with the
following cosmological parameters: o = 0:27, , = 0:043,h = 0:7, until redshift z = 9.
The density eld at this point is considered for our further analysis.
The source distribution is determined by nding halos withn the simulation box with
a FOF algorithm and then assigning sources to the 16 most mass ones. The photon
luminosity of the sources is
N =f M & ;
Ompts
whereM is the total halo mass,ts = 3 Myr is the lifetime of the source,m, is the proton
mass andf = 250 is the number of emitted photons per atom during the liféme of the
source. We nd that the total source luminosity in our simulaed box agrees well with the
one fromllliev et al. (2006b). For simplicity we also set thenitial temperature of the gas
to 100 K throughout the whole box.
We found that simply mapping the grid cells onto a Cartesian msh of SPH particles with
di erent masses introduces large noise into our RT calculetn, due to the large variations
in the mass of neighboring particles. It is therefore not séightforward to translate the
mesh-based data of the code comparison project into an ecalent SPH realization, and
we therefore needed to created our own initial conditions. &/note that simple methods
to create an equal particle mass SPH realization from the gwa grid cells, e.g. through
random sampling, tend to introduce large amounts of Poissaroise and wash out extrema

(2.94)
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ionized volume fraction

Figure 2.15: Test (6). Time evolution of the volume-averaged ionized fraction inthe whole
simulation box. in comparison to CRASH (blue) and FTTE (green), GADGET (orange) produces

lower ionized fractions at earlier times and higher ionizedfractions at later times. The overall

trend in the increase of the ionized fraction is the same, andhe speed of ionization rst accelerates
and then decelerates. Di erences between our results and #hones from the Comparison Project
are in part also due to di erences in the initial conditions, as we had to transform the grid-based
density eld to an SPH realization.

in the density eld.

The evolution of the total volume-averaged ionized fractioin the box is very similar for
GADGET and the Comparison Project codes, as shown in Figure2.15. tlee beginning
of the simulation the total ionized fraction rises rapidly ad then the increase decelerates.
GADGET produces an overall lower ionized fraction until approximly t = 0:2 Myr and
higher one at later times. This mismatch is in part certainlycaused by the morphological
di erences in the initial conditions that introduce di erent clumping properties of matter
and therefore di erent I-front expansion histories. We reall that the true solution of the
problem is unknown. Given the non-linearity of the system,he di erences in detail of the
initial conditions and cooling rates, and the fact that we compare fundamentally di erent
RT schemes, the agreement that we obtain is actually very gdo

To illustrate the spatial distribution of the ionized fraction and the temperature of the
gas we show in FiguréZ16 slices through the simulation vohe at z = 0:7z,,« (through
the largest group) at three di erent timest = 0:05; 0:2 and Q4 Myr. The upper row shows
contours of the neutral fraction plotted over a density eld the second row shows a map
of the neutral fraction and the third row shows a map of the temerature of the gas. The
dense regions trap the I-front and thus produce sharp gradits of the radiation density.
In the under-dense regions ionization is more e ective ancé I-front is extended. Even
though the ionized regions are mostly uniform, traces of théense structures that are less
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ionized can be seen near the front-trapping points. As shown the contour maps, the
I-fronts are broader in the low density regions and thinnerni the high density regions.
The temperature in the ionized regions reaches several*¥0and is uniform. It remains
unchanged outside, where no photons are present.

We further compare the volume faction of the temperature anthe ionized fraction from
GADGET , CRASH and FTTE in Figures[ZTY andZ18, at three di erent timeg = 0:05,
0:2; and 04 Myr. The temperature volume fractions do not match particlarly well due to
the di erent photoheating mechanisms thatGADGET , CRASH and FTTE use, but they
nd a similar maximum temperature. The volume fractions of he ionized fraction for
GADGET, CRASH and FTTE have similar shapes. GADGET, in contrast to the other
codes, produces less intermediately ionized gas. Howewarerall the histograms are in a
reasonably good agreement with each other, suggesting th@ir moment-based scheme is
quite capable in describing the reionization process andqguuces results of similar accuracy
as other established radiative transfer codes.

2.6. Summary and Conclusions

We have presented a novel method for solving the radiative ansfer equations within
SPH, which is based on moments of the radiative transfer edi@n that are closed with
a variable Eddington tensor. The radiation transport e ecively becomes an anisotropic
di usion problem in this formulation. We have developed a ne discretization scheme
for anisotropic di usion in SPH together with an implicit ti me integration method which
for the rst time allows a calculation of such anisotropic diusion in SPH. Together with
a scheme to estimate Eddington tensors based on the optigathin approximation, this
yields a very fast approximate treatment of radiative tranger that can be used in dynamical
SPH calculations.

We have implemented our method into the cosmological simtian code GADGET-3
and presented several test problems where we varied the iaitconditions and di erent
numerical parameters to investigate the accuracy of the nmtedd. Our test results agree
in general very well with analytical predictions and data fom other simulations, except
that the long-term evolution of sharp geometric shadows idearly not followed accurately.
While this clearly limits the range of applicability of the method, we expect that the method
can still provide reasonably accurate results for problenvghere shadowing is comparatively
unimportant, such as cosmological reionization, where th8PH-based variable Eddington
tensor approach can be competitive with other techniques. dwever, our method has
two important strengths not shared by most other techniqueslt can easily cope with an
arbitrary number of sources since its speed is essentiallydependent of the number of
sources, and furthermore, it is fast enough to be includedtma cosmological simulation
code where radiative transfer is calculated on-the- y togher with the ordinary dynamics.
This is especially promising for future calculations of gaky formation and reionization
that we want to carry out with our new code.

All tests problems we have presented in this thesis agree ivefith theoretical predic-
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Figure 2.16: Test (4). The upper row shows contours of neutral fractions equal to @1; 0:5 and
0:9 in a slice through the simulation volume at z = 0:7zy0«, through the largest group. The
snapshots are taken at timest = 0:05, 02 and G4 Myr (left to right). The background shows a
slice of the density distribution. The ionized regions expad with time as the I-front is trapped
at high density regions and extends into low density regions The second row shows the neutral
fraction in the same slice. The ionized regions are uniform wh some substructure visible near the
front-trapping regions, where the I-front is not as di use as in low density regions. The third row

shows the temperature distribution in the slice. The tempemature in the ionized regions reaches
several 10K and remains uniform outside these regions.
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Figure 2.17: Test (6). Volume fraction of the ionized fraction at three di erentt imest = 0:05, 0.2,
and 0:4 Myr (left to right). Results from GADGET are compared with r esults from CRASH and
FTTE from lliev_et al. (2006b). All codes match in the shape of the histograms, but GADGET
gives a lower intermediately ionized fraction.
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Figure 2.18: Test (6). Volume fraction of the temperature at three di erent times t = 0:05, 0.2
and 0:4 Myr (left to right). Results from GADGET are compared with r esults from CRASH and
FTTE from lliev_et al. (2006b). All codes produce di erent hi stograms. FTTE and GADGET

agree better with each other at later evolution times. CRASH produces higher temperatures due
to its use of a di erent spectral distribution.

tions or results obtained with other radiative transfer cods. We should be able to obtain
a realistic and accurate temperature evolution of the Univee during reionization, which
is important for setting the "cosmic equation of state' thatregulates the absorption seen
as Lyman- forest in the spectra of distant quasars. Finally, we plan tinclude the pho-
toionization of other elements besides hydrogen, most impantly of helium. Helium
reionization probably happened sometime at redshit 2 4, where it may have left
a sizable imprint in the temperature evolution of the interglactic medium. Surprisingly,
recent observations suggest that the temperature-densitglation of the IGM may be in-
verted m ), which could be caused by radige transfer e ects related to
helium reionization. Whether this is indeed possible can gnbe clari ed with simulations.
Studying this question with our new methods would thereforée particularly timely.






Simulations of galaxy formation with
radiative transfer. Hydrogen
reionization and radiative feedback

Based on Petkova, M., & Springel, V., 2010, MNRAS, p.1851

3.1. Introduction

We use the new radiative transfer algorithm we developed irhé previous chapter to
carry out high-resolution simulations of cosmic structurgrowth in the proper cosmolog-
ical context. The approximation to radiative transfer empbyed, the optically-thin vari-
able Eddington tensor approachl(Gnedin & Abel, 2001), is fagnough to allow coupled
radiative-hydrodynamic simulations of the galaxy formatn process. At the same time,
the employed moment-based approximation to the radiativeransfer problem can be ex-
pected to be still reasonably accurate for the reionizatioproblem. In particular, thanks
to the photon-conserving character of our implementationfaadiative transfer and of the
chemical network, ionization fronts are bound to propagatevith the right speed. The
Lagrangian smoothed particle approach (SPH) we use automedlly adapts to the large
dynamic range in density developing in the galaxy formatioproblem. Combined with the
fully adaptive gravitational force solver implemented inGADGET , this yields a numerical
scheme that is particularly well suited for the cosmic struare formation problem.

For a rst assessment of our new approach we study simulatisrof the standard CDM
cosmology and treat star formation and supernova feedbacktivthe ISM sub-resolution
model developed in_Springel & Hernquist (2008a). For simplty, we shall here only con-
sider ordinary star-formation regions as sources of iongj radiation. We are especially
interested in whether the star formation predicted by the snulations results in a plausible
reionization history of the Universe, and whether it at the ame time yields a thermal and
ionization state of the IGM at intermediate redshifts that is consistent with that probed
by observations of the Lyman- forest. Finally, we are interested in possible di erences




56 3. Simulations of galaxy formation with radiative transf er

induced in galaxy formation due to the spatially varying radative feedback in the radia-
tive transfer simulations, especially in comparison withite much simpler and so far widely
adopted treatment where a spatially homogeneous UV backgnad is externally imposed.

This chapter is structured as follows. We start in Sectiofi=2 with a brief summary our
methods for simulating hydrogen reionization. We then prest our results in Sectior =31,
focusing on the history of reionization in Section=33.1, thLyman- forest in Section"3.3P
and the feedback from reionization in Sectioi=33.3. We endittv a discussion and our
conclusions in Section=3l4.

3.2. Simulating hydrogen reionization

3.2.1. Radiative transfer modeling

For our work we use an updated version of the cosmological sil@tion code GADGET
(Springel et all., [2001] Sprin |_2005), combined with theadiative transfer (RT) imple-
mentation of 1 (2009). The RT equation is $eed using a moment-based
approach similar to the one proposed by Gnedin & Ablel (2001 he resulting partial dif-
ferential equation essentially describes an anisotropid uksion of the photon density eld
n

@n _ @ 1 @nhi
@t @;( @x
wherec is the speed of light, is the absorption coe cient, h! is the Eddington tensor and

s s the source function. The closure relation for this partiglar moment-based method is
obtained by approximating the Eddington tensorh! as

cn +s; (3.1

pi

i .
h Ti(P)’ (3.2
where P is the radiation pressure tensor
Z . .
pix) /a0 (k& XN XD, (3.3)

(x  x9*

This estimate of the Eddington tensors is carried out in the mtically thin regime, giving
the method its name.

We have tested our radiative transfer implementation on thetatic cosmological density
eld that was used in the radiative transfer code comparisostudy by llliev et all (20060).
In Figure B we show the ionized fraction in a slice throughhe simulated volume at
evolution time t = 0:05 Myr. Reassuringly, our result is in good agreement with thones
obtained by other radiative codes in the comparison study.

1Di erently from Retkova & Springel |(2009) we solve equation (B for the photon density n , rather

than the photon overdensity, with respect to the hydrogen density 1 = n =ny.
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Figure 3.1: lonized fraction in a slice through the simulatal volume at evolution time t = 0:05 Myr
of the cosmological density eld test described in_lliev et d. (2006h)

3.2.2. Treatment of star formation

Winds and star formation in the dense, cold gas is modeled insab-resolution fashion
(Springel & Hernquist, |2003a), where the interstellar medm is pictured as being com-
posed of cold clouds that are embedded at pressure equilim in a hot tenuous phase
that is heated by supernova explosions. Through the evapdi@n of clouds, this estab-
lishes a tight self-regulation of the star formation rate. Revious work has shown that
this model converges well with numerical resolution and \l@s star formation rates that
are consistent with the Kennicutt relation (Kennicuti, |]199) observed at low redshift. We
shall here assume that the same star formation law also holds high redshift.

We use the star-forming regions in all simulated galaxies a®urces of ionizing pho-
tons in our radiative transfer model. We adopt an ionizing soce luminosity of Nggr =
10°% photons M !yr (Madau et all, [1999), which relates the number of emitted fpotons to
the star formation rate in units of M yr 1. This source luminosity is released individually
by every star-forming gas particle, hence the number of numeally represented sources is
a non-negligible fraction of all simulation particles. Faunately, the speed of our radiative
transfer algorithm is almost insensitive to the total numbe of sources, because the Ed-
dington tensor calculation can be carried out with a tree algrithm similar to the gravity
calculation. This insensitivity of the computational costto the number of sources is a
signi cant advantage of the method used here, and is not shedl by most alternatives for
treating radiative transfer.

To account for the uncertain absorption that occurs in reaty in the spatially unresolved
multi-phase structure of our simulations, we impose a phen@nological e ciency factor
on the source luminosities. In our simulation set we explokalues in the range =0:1 1.0
to get a feeling for the sensitivity of our results to this unertainty. We note however that

should not be confused with what is usually called galaxy egge fraction, which has
a slightly di erent meaning. Our is meant to be just an ‘interstellar medium escape
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Figure 3.2: Volume averaged neutral fraction as a function 6 redshift for the low resolution
simulations. The di erent colors represent simulation results for di erent values of the e ciency
parameter (or "ISM escape fraction’) = 0:1; 0:2; 0:3; 0:5; 1:0. Reionization happens earlier for
higher e ciency since then more photons become available foionizing the gas. In all cases, the
nal phase of reionization proceeds rapidly; over a small rage of redshift, the neutral volume
fraction drops from 10% to negligibly small values.

fraction' whereas photon losses in the gaseous halos of gada will be taken into account
self-consistently in our simulations.

3.2.3. Simulation set

All our simulations assume a CDM universe with cosmologicaparameters o = 0:27,
=0:73, p,=0:044,h =0:7 and g = 0:9. In order to have su ciently high mass
resolution, we follow a comparatively small region in a perdic box of comoving size
Lpyox = 10h *Mpc on a side. This region is still su ciently large to give a epresentative
account of the Lyman- forest at redshift z = 3, which is the nal time of our runs.

Our primary simulation set has 2 128 dark matter and gas patrticles, giving a mass
resolution of 304 10°h M and 529 10°h M in dark matter and gas, respectively.
A selected model was also carried out at the much higher restibn of 2 256, giving a gas
mass resolution of 82 10°h M . The gravitational softening was chosen as=85 of the
mean particle spacing in each case, corresponding te 2:23h 'kpc and = 1:12h kpc
in the two resolution sets. In order to save computational the, most runs were restarted
from z = 20 with di erent radiative transfer treatments, such that the higher redshift
evolution did not have to be repeated. We have also systemedily varied the “escape
fraction" and the heating e ciency ~ considering the values = 0:1; 0:2; 0:3; 0:5; 1.0
and ~=6:4eV, 16eV, 20eV. 30eV for the low resolution set. For the high resolution run
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Figure 3.3: lonizing background for the low resolution simdation as a function of redshift for
di erent e ciency =0:1; 0:2; 0:3; 0:5; 1.0. As expected, the background becomes higher for a
larger e ciency since more of the photons emitted by the sources are made available to build up
the ionizing background. The thin solid line shows the backgound computed by!Haardt & Madaul

) for quasars, which provides for an interesting comp@son. Our results for the time evolu-
tion of the neutral volume fraction agree quite well with previous studies (e.g@lﬂm.

we chose the parameters = 0:2 and ~= 30eV. In this way we could systematically
determine the settings that give the most promising agreemewith the observations.

3.3. Results

3.3.1. Hydrogen reionization history

When star formation starts at around redshiftz = 20 in our simulations, the process of
reionization begins through photoionization of the gas aumd the star-formation sites.
However, as the dense gas has a high recombination rate, thregress in the reionization
is sensitively determined by a competition between the lumosity of the sources, the rate
with which they turn on, and the density of the neutral gas thg are embedded in. Using
our simulation set, we rst investigate the global reionizéion history and its dependence
on the source e ciency parameter .

Figure[32 shows the reionization histories of our low resmion simulated box for several
choices of . As expected, the results for the reionization redshift degmd strongly on . For
larger e ciencies, the Universe gets reionized earlier,rste more photons become available
to ionize the hydrogen. This e ect always overwhelms the rettion in star formation and
hence source luminosity that an increased e ciency paramet also induces. In all cases
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Figure 3.4: Slices through the middle of the simulated volune for the low resolution simulation
realization with = 0:1 and ~= 30eV. The maps are showing the density (left) with contours
at ionized fraction ry; = 0:001, Q5 and Q9 overlaid, ionized fraction (middle), and temperature
(right) of the gas. The snapshots show a time evolution from bp to bottom, with individual
redshiftsz=7:2,z=6:4,z=5:7,z=5 and z = 4, respectively.
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Figure 3.5: Scatter plot of the neutral fraction as a function of overdensity for two dierent
redshift of the low resolution simulation realization with = 0:1 and ~= 30eV. The thick
dashed line is the median neutral fraction. The neutral fradion shows a clear dependence with
density, where high density regions are more ionized than lw density regions. Very high density
gas is highly ionized as well, because it is in the star formig stage.

the last phase of the Epoch of Reionization (EoR) is rather sit, i.e. the nal 10% of the
volume transition very rapidly from being neutral to being ssentially fully ionized. The
redshift of reionization when this occurs varies between 5andz 8 for =0:1 and

= 1:0, respectively. In contrast, the EoR starts in general at mzth higher redshift. For
example, the highest e ciency = 1:0 model has already ionized nearly 30% of the volume
by redshift z = 10. Interestingly, there is a systematic variation of the ime it takes to
complete the last phase of the EoR. This is much more rapid féne high e ciency model
than for the lower e ciency ones. Since typical bubble sizeat redshift z = 6 are up to
10h Mpc, we note that the size of our simulation box is really toorsall to draw any
de nitive conclusions about the global duration of reioniation in the Universe. A number
of authors (Ciardi et all,[2008] Furlanetto & Oh, 2005; Furlaetto & Mesinger,|20009) have
pointed out that the local reionization history depends on lie environment, so that, for
example, the evolution of the neutral fraction in a eld or vad region is di erent than in a
protocluster region. As a result, only very large simulatio volumes of 100 *Mpc or more
on a side can be expected to yield a truly representative aestd of cosmic reionization.
Since at the same time an equal or better mass resolution as wee here is required, such
calculations are very expensive and beyond the scope of thierk, but the should become
feasible in the future on the next generation of high-perfarance computers.

In Figure 3.3 we compare the ionizing background for the sansenulations, which gives
further interesting clues about the reionization historie of the di erent models. The back-
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Figure 3.6: Lyman- ux probability (left) and power spectrum (right) from the | ow resolution
simulation with = 0:2 and ~= 6:4eV at redshift z = 3. The result is compared with obser-
vational data from McDonald et all (2000) and |Kim et al| (2007). The ux probability agrees
reasonably well with observations, whereas the power speatm deviates at the high k end. We
discuss this problem in the text.

ground is computed as the volume-averaged intensity in thensulation box. The ionizing
background is compared with an analytical estimate by _Haatc& Madaul (1996) for the
meta-galactic ionizing ux from quasars rather than stella sources, which is an interesting
comparison point for the expected value of the background.|€arly, lowering the e ciency

decreases the ionizing background as well, consistent witie ndings above. Interest-
ingly, the rapid rise of the mean background intensity ends len reionization is complete.
From this point on, the background shows only a weak residuablolution.

The time evolution of the temperature, ionized fraction andiensity elds in a represen-
tative simulation model ( = 0:1 and ~= 30eV) is illustrated in Figure B4. The di erent
panels correspond to slices through the middle of the simtilan box, between redshifts
z = 7:2 and z = 4, from the top row to the bottom row. It is seen that the ionized
regions start to grow rst around high density peaks, wherehe star forming regions are
concentrated. Then the radiation di uses into the inter-custer medium. The laments
remain less ionized than the voids for a while, since their dsity is much higher. Initially
the photons heat up the gas in the ionized region to temperates slightly above 16K. As
the ionizing background declines due to the expansion of théniverse and the drop of star
formation, the heating becomes less e ective and the tempaure of the highly ionized gas
in the voids drops somewhat as a result of the expansion cagji

In Figure 33, we present a contour plot of the neutral fractin versus the overdensity of
the gas in the representative model for two di erent redshi§, at z = 6:4 before reionization
is completed, and atz = 3 after reionization is completed. There is a clear dependee of
the neutral fraction on overdensity in both cases. The highahsity regions around star-
forming matter are ionized very quickly. The average densitregions, e.g. laments, tend
to be less ionized and get ionized after the low density reg® However, note that in the
star-forming tale of the diagram all the gas is ionized. This here due to the star formation
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Figure 3.7: Lyman- ux probability (left) and power spectrum (right) for the lo w resolution

simulation with e ciency

= 0:1, for four di erent values of the averaged excess photon emgy

~=6:4eV; 16eV; 20eV, 30eV. The simulated data is compared to the observational rsult from

IMcDonald et al! (2000) and

[Kim et al! (2007).
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Figure 3.8: Volume averaged neutral fraction as a function © redshift. The set of low
resolution simulations with e ciency = 0:1 and average photon excess energy =
6:4eV; 16eV; 20eV, 30eV is compared with the high resolution run with =0:2 and ~= 30eV.
When a higher energy per ionizing event is injected, the unierse gets ionized slightly earlier since
higher temperatures help to maintain higher ionized fractions.

scheme adopted IlGADGET , where star-forming gas particles are assigned a mean mass-
weighted temperature which is so high that all this gas is famally collisionally ionized.
We note that these results are very similar to the ones repat by/Gnedin (2000), where

a similar relation between neutral fraction and density isdund. However, we are able to
probe somewhat higher densities thanks to better spatial selution of our simulations.

3.3.2. Lyman- forest

We next turn to an analysis of the thermal state of the intergkactic medium left behind at
z = 3 by our self-consistent reionization simulations. To thé end we use the gas density, gas
temperature, gas velocity and ionization state of the gas ime simulation box and compute
Lyman- absorption spectra for random lines of sight. We then comparthe statistics of
these arti cial absorption spectra with observational daa on the Lyman- forest at this
epoch, as given by McDonald et al! (2000) and Kim et al. (2007Here we assume that the
main source of ionizing sources is stellar and thus discardyacontribution from a quasar-
type spectra, in agreement with_ Madau et d1.1(1999). We alsote that some discrepancies
are possible due to the fact that helium is not photoionizechi our simulations, but only
collisionally ionized.

Our simulations have the necessary gas mass resolution atishkift z = 3 required to

reproduce realistic Lyman- absorption in the low density regions.(Bolton & Becketl, 2009
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Figure 3.9: lonizing background as a function of redshift. The set of low resolution simulations
with e ciency = 0:1 and averaged photon excess energy = 6:4eV; 16eV; 20eV; 30eV is
compared with the high resolution run with =0:2 and ~= 30eV. For a higher injected energy
per ionization event, the background also increases as a na of the higher temperature, which
leaves more photons unabsorbed so that they can contributea a higher level of the ionizing
background.

However, we can not match the required simulation volume oize  40h Mpc to properly
sample the largest voids. This can have a signi cant e ect oour predictions of the Lyman-
ux probability distribution and power spectra.

Figure [38 shows the ux probability distribution function (PDF) and ux power spec-
trum for our simulation model, where an e ciency parameter & = 0:2 and averaged
photon excess energy = 6:4 eV were adopted. For this choice, we achieve the best t to
the ux PDF. However, for all the other models the power spectum is overpredicted at
high wave numbers. We suggest that this overestimation of éhpower spectrum is due to
the insu cient heating of the gas in low density regions, casing an excess of small-scale
structure in the Lyman- forest.

In order to examine this e ect further, we vary the photon exess energy used in
the photoheating and examine the in uence this has on the uxprobability and power
spectrum. There are two possible reasons why our simulat®mnderestimate the photo
heating. First, we expect that some non-equilibrium e ectsn the photoheating are treated
inaccurately due to our implicit treatment of the radiation transport and chemistry (e.g.
Bolton & Beckef, [2009). Second, photoheating is di erent iroptically thin and optically
thick regions. For example, in an optically thick region theaverage photon excess energy
obtained from Eqn. [Z7F) is ~= 29:9eV. It is however likely that our approximative
radiative transfer scheme leads to inaccuracies in the et heating rates of regions of
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Figure 3.10: Star formation rate density as a function of rechift for the low resolution simulation
set at dierent e ciencies of = 0:1; 0:2; 0:3; 0:5; 1:0. The results are compared to the SFR
history of a low resolution simulation with instantaneous reionization at z = 6 and photoheating
by alHaardt & Madaul (1996) ionizing background (thin black line), and a simulation with neither
reionization nor photoheating (thick black line). The phot oheating from stellar sources decreases

star formation, as suggested byl Pawlik & Schaye|(2009). As ta escape e ciency gets higher,
this e ect becomes progressively stronger.

di erent optical depths, due to the varying accuracy of the sheme in di erent regimes.
Part of these inaccuracies can be absorbed into a suitably died value of the e ective
heating rate ~ To explore the full range of plausible values, we therefovary the values for
~as follows: =6:4eV; 16eV:. 20eV and 30eV. We aim to bracket what can be expected
when non-equilibrium e ects are fully taken into account infuture treatments, and want
to identify the case that provides the best representationfahe Universe at redshiftz = 3.

Figure [31 shows the ux PDF and power spectra for these di ent heating values.
Clearly, the high wave number region of the ux power spectm is strongly in uenced
by the amount of injected heat energy into the gas, and the inease of the temperature
also a ects the ux probability distribution. For the low e ciency of = 0:1, there is a
substantial mismatch already in the ux PDF, simply becausehere is too little ionization
overall so that the mean transmission ends up being too low. oiever, as the adopted
photoheating energy increases, the gas is getting hotter diis able to stay ionized longer
due to the higher temperatures, yielding a better t to the ux PDF. At the same time,
small-scale structure in the ux power spectrum is erased @uto thermal broadening,
bringing the simulations into agreement with the observatin. This shows the power of
detailed Lyman- data to constrain simulations of the reionization procesdn our current
models we need to adopt a quite extreme heating e ciency of 3/ combined with a low
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Figure 3.11:. Star formation rate density as a function of rechift. The set of low resolution simu-
lations with e ciency = 0:1 and averaged photon excess energy=-6:4eV, 16eV; 20eV; 30eV
are compared to the high resolution run with = 0:2 and ~= 30eV. The results are compared
to the SFR history of a low resolution simulation with instantaneous reionization atz = 6 and

photoheating by alHaardt & Madaul (1996) ionizing background (thin black line), and a simula-

tion with neither reionization nor photoheating (thick bla ck line). The star formation decreases
with increasing heating energy, as expected. For the low redution run with 30 eV, the result of

the self-consistent radiative transfer calculation matches the simulation with instantaneous reion-
ization. The high resolution simulation SFR is higher at higher redshift due to better resolution

and agrees well with the other results at redshifts less tharz = 6.

“escape fraction' of = 0:1 to achieve a good match to the data.

In Figures[33 and3.P we compare the impact of the di erent pgitoheating e ciencies
on the evolution of the neutral volume fraction and the ionimg background. We also
show for comparison the results from our high resolution sirtation, which is discussed
below in the text. As expected, an increase in the heating ey leads to a slightly earlier
reionization and to a slightly elevated ionizing backgrouwh ux. Both of these e ects can
be readily understood from the higher gas temperature prodead in the ionized gas when
the higher heating e ciency is adopted. However, the e ect$ quite weak, and very much
smaller than the changes resulting from a di erent choice of.

We have also measured the Thomson electron scattering ogticlepth in our high reso-
lution simulation and found it to be 5= 0:049, which is smaller than the WMAP7 value
WMAP = 0:088 0:015 (Komatsu et al.,2010). This discrepancy is, however, neritical
since the simulated volume is too small to obtain a realistivalue and we have also not

included photoionization of helium.
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Figure 3.12: Lyman- ux probability (left) and power spectrum (right) for the hi gh resolution
simulation with e ciency = 0:2 and avera%ed excess photon energy=30eV, compared to

observational results from|McDonald et al. ) and Kim etal! (2007).

3.3.3. Feedback from reionization

Reionization can in principle exert a strong feedback e ectn the gas through the tem-
perature increase induced by photoheating. As the gas tempéure increases, the gas
densities will be lowered through pressure e ects. The gasilwthen cool and collapse
more slowly, such that the star formation rate is ultimatelyreduced. Especially small dark
matter halos should be sensitive to this e ect. In the extrera case of halos that have virial
temperatures comparable to or only slightly larger than theemperature reached by the
gas through reionization, the UV radiation may even complety suppress atomic cooling
and e cient star formation. This e ect is often invoked to explain why so many of the dark
matter satellites expected in CDM in the halos of ordinary L, galaxies are apparently
largely devoid of stars.

In order to highlight the radiative transfer e ects on the star formation in galaxies, we
compare our simulations with two ducial models where no radtive transfer is used. The
rst is a simulation simply without any photoheating of the gas, while the second one is a
simulation where reionization is induced by an externallymposed, spatially homogeneous
UV background based on a modi ec_Haardt & Madalu [(1996) modelhat causes reion-
ization and an associated photoheating of the gas at= 6 (for details seelDaw et al.,
@). The latter model corresponds to the standard apprdaapplied in many previ-
ous hydrodynamical simulation models of galaxy formatione(g.|Tornatore et al.,| 2003;
Wadepuhl & Springel,[2010).

In Figure 310, we compare our results for the cosmic star foation rate density evolu-
tion as a function of the adopted e ciency parameter (for the low resolution simulation
set). We also include the two ducial comparison models asiting cases. As we increase
the escape e ciency of the ionizing radiation, the star formation drops, as expected, since
this makes more photons available to photoheat the gas. We teathat our results for the
SFR are always lower than the ducial simulation where no phieheating is included at all,

consistent with ndings by [lPawlik & Schaye (2009). Towardsdwer redshift, the reduction
of the SFR due to the radiation eld becomes progressivelyiger. The run with =0:2
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Figure 3.13. Cosmological equation of state: scatter plot bthe gas temperature as a function
of overdensity for two di erent redshift z = 5:09 (left) and z = 3 (right) of the high resolution
simulation realization with  =0:2 and ~=30eV.

quite closely corresponds to the simulation with the imposlereionization epoch, but starts
to slightly di er at redshifts z < 4.

We also carry out a corresponding comparison for a low resban simulation set with
constant e ciency = 0:1 but di erent values for the photon excess energy. In Figuf&gTl
we show the results for the SFR, again including the two dual models as limiting cases
for comparison. The results con rm the expectation that anncrease of the photon excess
energy decreases the star formation rate density. Inter@sgly, the model that best repro-
duced the Lyman- power spectrum observations, the one with = 30eV, quite closely
follows the star formation rate density obtained for the dwial model where reionization
is imposed atz = 6.

For our high resolution run we chose to repeat the simulatiowith averaged photon excess
energy ~= 30eV and adopt a higher escape fraction = 0:2 rather than = 0:1. In this
way we make sure we account for the trapping of photons in higtensity peaks, which were
not present in the low resolution runs. In Figurd=311 we shotwow the star formation rate
history compares to the ones from the low resolution runs. By are in good agreement,
except for the higher redshift, where the high resolution géures more star formation, as
expected (Springel & Hernquist| 2003b). The Lyman-forest ux probability and power
spectrum atz = 3 for this simulation are shown in Figure[3IR. While the simlated data
is in reasonable qualitative agreement with the observatial results from McDonald et al.
(2000) and[Kim et al. (2007), it does not provide in this case detailed t within the
error bars, again highlighting that simultaneously accouing for the cosmic star formation
history, cosmic reionization and the state of the IGM at intemediate redshifts provides a
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Figure 3.14: Evolution of the mass averaged temperature at liree dierent overdensities
logip(=hi) = 1;0;1 for the low resolution simulation with = 0:1 and ~= 30eV, with and
without photoheating. The strongest e ect is observed in the low density gas, which is heated
by the photons much more than the higher density gas. At all deasities, however, photoheating
increases the temperature, as expected.

powerful constraint on self-consistent simulations of gaky formation and reionization.

In Figure 313, we explore the temperature evolution of theag at di erent characteris-
tic densities, corresponding to under-dense gas by a factir 10, gas at the mean density,
and overdense gas by a factor of 10 relative to the mean. We queme our default simu-
lation with radiative transfer and photoheating to the ducial simulation where no such
heating is included at all. Clearly, the e ect of photoheatng is most prominent in the
lowest density gas. This gas is only weakly heated by strugtl formation shock waves
when photoheating is not included. In contrast, when reiomation is accounted for, the
temperature of this gas reaches a high value of 10K at the end of the epoch of cosmic
reionization, and even before that, the mean temperature tifis gas is raised considerably
as a result of the patchy and temporally extended reionizain transition in our radiative
transfer simulations. Interestingly, after reionizationis complete, the mean temperature of
the under-dense gas starts to slowly decline again, whileeddy for the mean density gas
structure formation shocks can provide for a slow further ctrease of the temperature.

In Figure 313 we show the cosmic equation of state for two dirent redshiftz = 5:09
and z = 3. The plot illustrates the temperature of the gas as a funabn of overdensity. At
the higher redshift, before reionization is completed, sariow density gas has temperatures
far below 1@ K. It has not been heated by photons yet. After reionizationd completed
all low density gas is heated up to approximately XK.

We also analyzed the median temperature of the gas as a fumctiof overdensity. As
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Figure 3.15: Median temperature of the gas as a function of @rdensities logy(1+ ) at redshifts
z = 5:09 and z = 3 for the high resolution simulation with = 0:2 and ~= 30eV. At redshift

z = 5:09, shortly after reionization is completed, the temperatue at low densities is clearly
higher than that at higher densities (apart from the gas in the star-forming phase). This can
be interpreted as an inverted equation of state. At lower redhift the relation reverts again to
normal form as the gas in the low density regions cools down adbatically due to the expansion
of the Universe.

shown in Figure[3Ib, after reionization has been completetthe low density gas ends up
with a higher median temperature than the higher density gagexcept for the gas in the
star-forming phase). This points towards an “inverted equi@n of state', as observed by

),L.Trac et al. (2008) and Furlanetto & Oh R009). At later times, the
equation of state reverts again to a normal positive slope,h&n the low density gas cools
down due to the adiabatic expansion of the Universe.

Finally, in Figure 3.16, Figure 3.17 and Figure 3.18 we expi®the impact of the ionizing
radiation eld on the gas and stellar mass content of individal dark matter halos. To this
end we run a group nder on our simulations and simply determie the average gas mass,
stellar mass and baryon fraction of halos as a function of tlwedark matter mass. We
compare thez = 3 results of our higher resolution radiative transfer simlation with the
simulation where photoheating is completely ignored. Intestingly, we nd a reduction
of the gas and stellar mass for all halo masses when radiativansfer is included. The
e ect is quite weak for large halos but becomes progressiyéarger for small halos. At dark
matter halo masses oMpy = 10°M the suppression in baryonic content is approximately
60%, while atMpy = 102M it drops to only a few percent. This shows clearly the
important impact of the ionizing radiation eld on small dwarf galaxies, in particular.
While an externally imposed UV background can perhaps acaatufor the mean e ect of
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Figure 3.16: Mean stellar and gas masses as a function of theMDhalo mass atz = 3 in the
high resolution simulation. The black vertical corresponds to a mass of 100 DM particles, which
can be taken as an (optimistic) resolution limit of the simulation. Photoheating slows down the
collapse of gas in halos, which in turn also decreases theiteflar and gas masses. The e ect
becomes stronger for low mass DM halos.

this radiative feedback process (Hoeft et al., 2006; Okanmwtt al., 2008), only a spatially
resolved treatment of radiative transfer can account for ects of proximity that may well
play an important role in shaping, e.g., the satellite lumiosity function (Mufoz et al.,
2009; Busha et al., 2010; lliev et al., 2010).

3.4. Discussion and conclusions

We have presented the rst application of our new implementson of radiation hydro-
dynamics in the cosmological simulation cod6ADGET . We focused on the problem of
cosmic reionization, aiming in particular at a rst test on whether the default star forma-
tion model in the code combined with our radiative transfer mmdeling can yield a plausible
reionization history of the Universe and a reasonable themhstate of the intermediate red-
shift intergalactic medium. For simplicity, we have here oly studied star-forming galaxies
as ionizing sources, and restricted the analysis to hydrageeionization alone. Based on
the encouraging results collected here, it is clearly wonthile to extend the model further
in future work.

Since the level of internal absorption in the interstellar radium is uncertain and cannot
be resolved by our simulations, we have examined models witlherent e ective source
e ciencies . Likewise, as we have not included a detailed spectral treaent and the time



3.4 Discussion and conclusions 73

1.00
0.75 b

050~ | .
0.251- .

838} . —

with/without

__ without photoheating 1

'\/ ___ with photoheoating
-
T oo \_J ]

0.05 5\/ .

0.01 0.10 1.00 10.00 100.00
Mow [10"°Mo)

Figure 3.17: Baryon fraction as a function of the DM halo massat z = 3 in the higher resolution
simulation. The black vertical corresponds to a mass of 100 Bl particles.

evolution of non-equilibrium in the chemistry may be inacciate, we have parametrized
the heat input per ionization event in terms of a parameter.~

We nd that our simulated universes can get reionized by staformation in ordinary
galaxies alone, with the epoch of reionization ending betee redshiftsz = 8 to z = 5,
depending on the assumed escape e ciency. The nal phase traition is always quite rapid
in this our setup, but sizable fractions of the volume beginct be reionized much earlier.
The heating e ciency has only a weak in uence on the reionizi#gon history, but a stronger
one on the cosmic star formation rate density. In fact, we havshown that photoheating
plays an important role in the evolution of the baryonic gasAs a result of the associated
heating, it changes baryonic structure formation by slowigp down the collapse of gas in
dark matter halos, thereby delaying star formation. This eect is strongest for the lowest
mass halos, where the DM potential well is not deep enough tasly overcome the thermal
pressure from the e ects of photoionization.

Our simple models of a self-consistent treatment of galaxgrination and radiative trans-
fer are not only able to produce a plausible history of reiomation, but they also manage to
approximately match the basic statistics of the Lyman- forest, at least for an appropriate
choice of the parameters and ~ This suggests that the low-redshift IGM data can be
a powerful additional constraint on future reionization maleling in structure formation
simulations.

Despite these encouraging results it is also clear that ounsilation results are likely still
a ected by numerical resolution e ects, because the resdion in the lowest mass halos is
still too coarse to yield fully converged results. ldeallywe would like to resolve the full
range of star-forming halos with enough particles to achievfully converged results. While
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Figure 3.18: Baryon fraction as a function of DM halo mass atz = 3 in the lower resolution
simulations with e ciency = 0:1, and for di erent averaged photon excess energy. The daslde
line shows the baryon fraction when no photoheating has take place. The black vertical line
corresponds to a mass of 100 DM particles. Photoheating doesot a ect the baryon fraction
as strongly as in the high resolution simulation. We also oberve that di erences in the excess
photon energy do not have a large e ect on the baryon fraction

this is unlikely to qualitatively change any of the results pesented here, future precision
work will require such calculations. Another important caeat that will require further
study are uncertainties due to the radiative transfer appramation itself. This is probably
best addressed by comparing the results with a completely elient approach to radiative
transfer.



Cosmological radiative transfer in the
AREPO code

Based on Petkova, M., & Springel, V., 2010, astro-ph: 1012017

4.1. Introduction

It is the goal of this chapter to propose a new numerical schenfor RT that is competitive
with the best of the known methods in terms of accuracy and geral applicability, but
is also fast enough to allow self-consistent radiation-hyoldynamic simulations in the con-
text of cosmological reionization and star formation prolems. We also aim to couple the
method to the new moving-mesh cod@REPO (Springel, 2010), which solves the equations
of hydrodynamics on an unstructured Voronoi mesh that movewith the ow and auto-
matically adapts its resolution to the gravitational clusering of matter. This mesh-based
code computes hydrodynamics similar to high-accuracy Euwien codes on Cartesian grids,
but it features reduced advection errors when the ow veloty is large.

Our new method is based on a radiation advection technique ete a second-order ac-
curate, piece-wise linear reconstruction of the photon iahsity eld is used to estimate
upwind photon uxes for each face of the mesh. If there is onlg single point source, such
a scheme can exploit the fact that the local streaming direicin of the photons is known
everywhere { it is along the ray from the source's position tdahe local coordinate. If
there are multiple sources, the radiation eld can be treat equally accurately by decom-
posing it into a linear sum for each source, and treating eadomponent independently.
Alternatively, we introduce a direct discretization of anglar space, allowing a descrip-
tion of arbitrary source elds, albeit at the cost of a nite angular resolution. We note
that in all these variants the conservation of photon numbers manifest in the transport
step. We treat the source terms and the coupling to the hydrgghamics in an operator
split approach, where the emission, advection, and absorph of radiation are calculated
in separate steps. This makes our approach fully photon casing, which is especially
useful for the cosmic reionization problem, as it ensuresahall photons emitted by an
ionizing source are really used up in exactly one ionizaticgvent.
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We note that the advection scheme discussed in this chapteommally propagates the
photons at their physical speed of light, based on an expliciime integration scheme.
While this has the advantage of allowing general, fully timelependent radiative transfer
simulations, it can make them computationally very expenge due to the required small
Courant time steps. This can however be greatly alleviatedybusing a reduced speed of
light approximation (Gnedin & Abel, 2001), which allows mub larger timesteps while still
preserving the speed of cosmological ionization fronts fflonts). With this approximation,
it then becomes possible to calculate high-resolution costugical radiation hydrodynamics
simulations of structure formation that simultaneously acount for cosmic reionization,
with no restriction on the number of sources.

In Section 4.2 of this chapter, we present our methodology detail. We rst give a brief
introduction to the RT equation in Section 4.2.1. Then we disuss three variants of our
solution method for the radiation advection equation in Sdions 4.2.2, 4.2.3, and 4.2.4. In
Section 4.2.5, we brie y describe our treatment of emissicend absorption processes, with
an emphasis on the hydrogen chemistry relevant for the costmieionization problem, and
in Section 4.2.6 we specify our formulation of photoheatingnd radiative cooling. Issues
of time stepping and code implementation are discussed incens 4.2.7 and 4.2.8. We
move on to a presentation of basic test results in Section 4.8tarting with a variety of
shadowing (Section 4.3.1) and Stremgren sphere tests (8en 4.3.2). We then consider the
more demanding tests of I-front trapping in Section 4.3.3he ionization of a cosmological
density eld in Section 4.3.4, and an ionization problem wh dynamic density eld in
Section 4.3.5. Finally, we present results of a fully selbosistent hydrogen reionization
simulation in Section 4.4. We make conclusions in Sectiorb4.

4.2. An advection solver for the radiative transfer problem

4.2.1. The radiative transfer equation

Let us briey discuss di erent forms of the RT equation, whid is helpful to clarify how
our new method diers from other approaches, and for specifig our notation. Let
f f (t; x;p) be the photon distribution function for comoving coordinde x and photon
momentum

p=aln: (4.2)

wherea a(t) is the cosmological scale factoh is the Planck constant, is the frequency
of the photons, and’ is the unit vector in the direction of photon propagation. Tten the
number of photons in some part of the Universe is

z
N = dxdpf (t;x;p): 4.2

We can quite generally write the phase-space continuity egtion for the distribution
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function f of photons as

of @f of

-+ —(xf )+ —(p_f )= — :
@t @ @t sources @t sinks

In this Boltzmann-like transport equation, the source andisk terms on the right-hand
side of the equation represent photon emission and absoigti processes, respectively. If
we neglect gravitational lensing e ects, individual photos propagate along straight lines
with conserved momenta, i.e. we havex = (¢c=gnt and p = 0. The transport equation
hence simpli es to

(4.3)

@f , c@ Q@f @f
inf — :
@t a @ ( ) @t sources @1 sinks

Normally, a direct use of equation (4.4) through a discretation of phase-space is con-
sidered prohibitively expensive due to the high-dimensiatity of the problem. However,
if only monochromatic radiation is considered, which is ofh su cient, the momentum-
space dimensions reduce to just two angular coordinates. flirthermore only a relatively
coarse angular resolution for the photon transport is su cént, then the 4 solid angle
described by these angular dimensions may be discretizedoim limited set of cones, say
up to 10-100, at which point a brute-force solution of equatin (4.4) on a 3D mesh becomes
computationally feasible and attractive, as we shall argukere.

Before we discuss this in more detail, let us rst brie y recH for clarity how the speci c
intensity | that is normally used in RT studies relates to equation (4.4) We can de ne
the speci c radiation intensity | in a certain direction t through the energy E =

(4.4)

I A t of photons that pass through a physical area A normal to® and within
solid angle around r, over a time interval t and in a frequency bin . With this
de nition, the speci ¢ intensity | is then related to the photon distribution functionf as
3 3 h4 3
| =pp o 9xdP 0T (4.5)

d ddAd

Substituting into equation (4.4), and writing the absorption and emission terms in their
conventional form, one obtains the cosmological RT equatian the form
!
1@l ﬁ I H(a I .
@ @l H@ ol 3 = |+ ; (4.6)

c @t a@ C @
where is the absorption coe cient, j is the emission coe cient, andH (a) is the Hubble
rate. De ning the solid angle averaged intensity as

1 Z
J=— d1; 4.7
" C)
we can calculate the physical photon number density from thgpeci ¢ intensity as

1% 43
phys = — 4
n c ho d: (4.8)
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Figure 4.1: A simple sketch showing the geometry involved inour advection scheme for a single

point source at coordinatexs. Heren is the photon propagation direction, f is the normal vector
of a face of a cellx; is the center of mass of the corresponding cell angs is the center of mass
of the face for which the photon ux is calculated.

Another equivalent way to obtain the photon number density $ simply to integrate the
distribution function, Z

n = dpf (tx;p); (4.9)

which yields the comoving number density of photons) = a®nP™s. This highlights again
that describing the radiation eld with the arguably more familiar RT equation (4.6), or
with the distribution function and the Boltzmann-like equation (4.4), is fully equivalent.
In this chapter, we will mostly work in the latter formulation.

In general, to solve the RT problem on some discretized mesie can split o the source
and sink terms and treat them separately in the time integrabn. In such an operator
splitting approach, known as Strang splitting, we are basaly left with two separate
problems that are interleaved in the time integration, ones to follow the conservative
transport of photons on the mesh, the other is the local updatg of the photon density
eld through the source and sink terms. In the following, we rst focus on the conservative
transport problem, which is where the primary computationachallenge lies.

4.2.2. Transferring radiation by advection for point sourc es

Suppose for the moment that we know at a given point in space dhall photons stream
in the same directionrt. This is for example the case if there is a single point source
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Figure 4.2: Sketch that illustrates the linear summation principle used to treat the radiative
transfer for multiple sources. Herett1 andrt, are the photon propagation directions from the two
sources, as seen from the centet; of a face with normal vectorf. The total ux passing through
the face is then computed as a linear sum of the contributiondrom the partial elds created by
each source.

at coordinate x5 (i.e. no other sources and no scattering are present). Fomglicity, we
shall also restrict ourselves to a spatially invariant phain momentum spectrum. One then
obtains a simple advection equation for the comoving photodensity n :

@n cn
——+ = =0; 4.1
@t a rn =0; (4.10)
where the local advection directiomt is known at every pointx and is simply given by
X Xs
n(x)= ———: 4.11
()= (411)

This advection is conservative and may be solved with the tenigues commonly employed
to treat the hyperbolic conservation laws of ideal uid dynanics on spatial meshes. Indeed,
this is the approach we are going to employ: we shall use a cenative transport scheme
based on a second-order accurate upwind method that is indid with the hydrodynamic
calculations of our unstructured moving-mesh hydrodynaros code AREPO, which is de-
scribed in some more detail below. It is important to note thiaknowledge of the local
number density eld of photons combined with the source lod®n Xs is su cient to accu-
rately solve the radiative transport, simply because thisnformation su ces to specify the
photon streaming direction at every point in space. Apart fom the spatial discretization,
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no approximations need to be made for the case of a single mom@matic point source
in this treatment.

In practice, we use a second-order accurate spatial recamstion technique to convert
photon numbersN; stored for each celli of a given mesh into a photon density eld.
For every cell, we rst obtain an estimatehr n i, for the gradient of n , which allows a
piece-wise linear conservative reconstruction of the phmt density eld, in the form

n(x)=mi +hrni (x xf); forx2 celli (4.12)

Herem i, = N;=V is the mean photon number density in the cell with center-afassx;
and volumeV,. As illustrated in the sketch of Figure 4.1, for every face o&roid x; of the
mesh, we can then identify the upwind side of the photon ow, &sed on the sign of the dot
product between face normaf and the photon streaming directiom® = (X;  Xs)TjX;  Xs.
This allows us to estimate the photon uxF over the face as

F = g(f AN (x;); (4.13)

where the photon densityn (x¢) at the face centroid is estimated based on the linear
reconstruction of the cell on the upwind side. If the face hasomoving areaA, the number
of photons exchanged during time t between the cells that share the face is then given
by
N =FA t (4.14)

Due to the pairwise exchange of photons, the conservation tiftal photon number is
manifest, which is important for guaranteeing that I-frons propagate at their physical
speeds. We note that in our code the mesh is composed of Voronells (of which a
Cartesian mesh is a special case), but this is not importanbf the general approach.

There are two important caveats with this transport schemewhich need to be pointed
out. One is that this explicit transport scheme requires a the step that is given by a local
Courant criterion for the photons, which can become very siaue to the high speed of
light. For reionization problems, this can however be ciraavented with the reduced speed
of light approximation, which we will discuss in more detailater on. The other caveat is
that close to a point source the mesh resolution will alwaysebcoarse, so that our use of a
single Gauss point per mesh face may introduce sizable esgan the discretized advection
uxes. This can happen when the opening angle under which a steface is seen by the
point source is large, so that adopting a single propagatiogirection for the entire face
is inaccurate. As a result, isophots of the radiation eld ppduced by the point source
may then deviate from sphericity with distortions that re ect the local geometry of the
mesh around the point source. We have found however that thgroblem can be cured
quite e ectively by injecting the photons of the source in a &rnel-weighted fashion over
2-3 mesh cells or so. With such slightly extended sourcesgethbove scheme is able to quite
accurately treat single point sources.

The approach can also be straightforwardly extended to mugile point sources simply
by linear superposition of the radiation elds produced by ach of the individual sources, as
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Figure 4.3: This sketch illustrates the geometry and the vetors involved in our \cone transport”,
where the angular space is discretized into regions of equaingle (in 2D) or solid angle (in 3D).
In this example, only four cones in in 2D are used. The photon eld is linearly decomposed into
radiation elds corresponding to the four cones, which havesymmetry axestti; ho; h3; ity
where N is the number of discrete cones or angles, i.&N = 4 in the sketch. At each face of the
mesh (here the normal vectorsf; and f, are shown), photon uxes for each of the partial elds
are estimated. The photon propagation direction is taken tobe parallel to the gradient of the
total radiation intensity eld, constrained to lie within t he opening angle of the corresponding
cone.

sketched in Figure 4.2. This means that the advection equati is solved for the radiation
eld of each source separately. This obviously involves a mputational and storage cost
that scales with the number of sources, but if the number of seces is small, this is an
interesting technique for certain applications due to its igh accuracy. As we show in our
test problems, the method in particular is able to accuratgl cast shadows, and unlike for
example in the optically thin variable Eddington tensor appoximation (OTVET), there is
no accuracy-degrading mutual in uence of multiple sourcesn each other.

However, for a large number of ionizing sources, the lineauerposition approach will
quickly become infeasible. For example, in large cosmolcaii simulations, we would like to
allow every star particle to act as a source of ionizing radian. Here we obviously cannot
decompose the radiation eld into all its single point soures, instead, we need to employ
another decomposition. We have actually developed two pdsie schemes for this, which
we describe in the following.

4.2.3. A hybrid between point-source treatment and local di usion

One possibility to address the multiple point sources probin is to only retain a nite
number Ny, of locally brightest sources in an explicit treatment, whi¢ all the remaining
sources are lumped together into a background radiation dlthat is treated with radiative
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di usion. The idea here is that especially in cosmic reiona&ion problems the local ioniza-
tion \bubble" is expected to be driven primarily by one or a fev sources, and only at very
late stages, multiple sources may become visible at a giveaimt, but then reionization has
largely completed already anyway. By making the set of sowes that are treated exactly
as point sources spatially variable, we should then get a dgeaiaccurate approximation of
the reionization phenomenon even for moderate values lgf;. Since in the limit of large
Ny, the scheme will become essentially exact (apart from spaltidiscretization errors), the
degree to which imposing a limiting value foNy, a ects the results can be readily tested.

We will discuss some results obtained with this approach lat on, but we note that it
clearly involves several complication when applied in préce. First of all, the need to
allow a local change of the list of bright sources requiresahone keeps track of all locally
incoming uxes of radiation, sorting them appropriately, and matching them through the
use of unique source identi ers to the already stored radigin intensities from the previous
step. Also, since neighboring cells may have di erent sowrdists, a matching procedure
is required for gradient estimates, with the additional complication that the accuracy of
the gradients will be reduced at \domain boundaries", i.e.@gions of the mesh that di er
in their assessment what the locally most importantN,, point sources are. Furthermore,
if the number of sources is very large and spread out in spaaed. the individual stars in
galaxies), the injection of photons needs to be treated in @ sort of clustered fashion,
otherwise faint individual sources may not be able to competwith the Ny, bright sources
already stored locally, so that they are channeled into theadiatively treated ux reservoir
right away without having a chance to build up to a signi cant source when combined
with the potentially many nearby sources that are equally fat. Finally, one also needs
a separate radiative di usion solver, which requires a smlatimestep for stability when
integrated explicitly in time, as we do here. For all these ssons, we actually favor in
most applications our second approach for treating a largeumber of sources, which is
facilitated by discretizing the solid angle explicitly, asve describe next.

4.2.4. Full angular discretization and cone transport

For general radiation elds we seek a method that can directl represent the angular
distribution of the local radiation eld. This can, for example, be done in terms of moments
of the radiation eld. However, we here want to propose a morexible approach that
is based on a direct angular discretization of the photon spa. To this extent, we can
decompose the full solid angle into a set of cones of equalesifor example based on
the well-known HEALPIX (Gorski et al., 2005) tessellation of the unit-sphere, wlih we
shall use in the following. An example of the tessellation anthe di erent resolutions is
shown in Figure 4.5. Our strategy could however be straiglttfwardly generalized also
for other discretization of angular space. IMHEALPIX , the unit sphere is decomposed
into Npix = 12N3;. patches of equal solid angle (which we call \cones" for simigity,
even though they are not exactly axi-symmetric), each cemed around a central direction
nj, wherej = 1:::Nyx. We now linearly decompose the radiation eldf into Ny
components, each containing the photons that propagate alg a direction within the



4.2 An advection solver for the radiative transfer problem 8 3

corresponding cone: x
fox;n)= fl(x;n); (4.15)
j

where f1(x;t) = 0 if the photon direction # lies outside of | aroundr;. The basic
simpli cation we now make is that we assume that each of the pal radiation elds,
fi(x;n), can be taken to be constant as a function of direction withi the corresponding
cone. Or in other words, each of the partial eldsf!(x;”) describes the intensity of a
homogeneously illuminated beam of opening angle ; around directionftj, emanating
from the local coordinatex. Our goal is now to generalize the radiation advection schem
for point sources outlined above such that it can accurateliransport the radiation cones
occurring in this discretization.

If we simply transport one of the partial radiation elds f! locally always along the
primary direction of its cone, i.e.

af o

= rfl=0; 4.16

ot (4.16)
we will invariably observe a central \focusing e ect", i.e.the radiation emanating from
a point will not illuminate the nite solid angle ; homogeneously, but rather tend to

concentrate along the primary axis of the cone. It is clear #t this \focusing e ect" arises
from the parallel transport described by equation (4.16)nistead of transporting the photon
eld over di erent directions that are uniformly spread ove the nite solid angle, all of
the photons are transported along the single directiofy;, with any residual angular spread
aroundn; arising only from numerical di usion due to the nite mesh resolution.

One may try to x this problem by somehow randomizing the diretion within the
corresponding cone taken in single transport steps, or bying higher-order quadratures
in integrating the uxes arising for a given mesh geometry. blwever, we have found that
a simple trick can be used to resolve this issue, and to obtaitose to perfect results even
for unfavorable mesh geometries. To this end, we replace tloeal advection directionrt;
appearing in equation (4.16) with a modi ed directiomjo, chosen along the gradient of the
total radiation density eld, but constrained to lie within the conej. Speci cally, we rst
adopt f

o_ [T .
no = P (4.17)
and calculate the angle between the gradient direction andhé cone direction as
= arccos () n): (4.18)

If this angle is larger than the half opening angle of the cone

max — O @=N)=. (4.19)

then we use the vectorr(jo)new, which is de ned by the intersection of the plane spanned
by njo andn; with the cone of half-opening angle ™ (see Figure 4.4). This vector is given
by

(nio)new =sin( ™)m +cos( ")ny; (4.20)
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Figure 4.4. A sketch illustrating the construction of the vector given by equation (4.20). The
symmetry axis of the solid-angle cong is given byr;, while the gradient direction is njo. If the
latter lies outside the cone, it is projected onto the cone toyield direction (njo)new, which is then
used in the local advection step for the cone's radiation ed.

where
g=n; nd (4.21)

m=g n: (4.22)

In other words, we transport the radiation corresponding ta certain cone always in the
direction of the negative intensity gradient, constrainedo lie within the solid angle de ned
by the cone.

It is clear that this modi cation has the tendency to smooth at the angular gradient of
the radiation eld within a cone, making it uniform in the cone. For example, imagine that
the transport has led to some intensity excess along the paipal direction of the cone.
This will then cause some of the transport steps to propagafhotons away from the sym-
metry axis of the cone, slightly more sideways, until the camnis illuminated homogeneously
again. But importantly, the constraint we imposed on the adection direction means that
all of the photons of any of the partial radiation elds are alvays transported along a
direction \permitted" by their corresponding angular cone While the speci c choice for
this direction may hence deviate slightly from the primary one axisn;, this deviation
is strictly bounded, and it will automatically become smakr if a larger number of angu-
lar cones is used. One may wonder why we base the initial cdltion of the transport
direction in equation (4.17) on the total radiation intensty eld, and not on the partial
cone eld f! alone. This is done to avoid possible boundary e ects at thedges of cones,
for example when two neighboring cones are both homogendgubuminated. Using the
gradient of the total eld will in this case automatically work to eliminate any residuals
from the common boundary and to produce a seamless connextiaf the cones, a feature
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Figure 4.5: Tessellation of the unit sphere as made by the Hepix algorithm (Gorski et al., 2005).
The upper left image shows the minimum possible number of s@ angles - 12. In each further
image the resolution is increased by a factor of four.

that is not guaranteed when the gradient of the partial eld s used instead. In Section 4.3,
we will discuss a number of test problems that illustrate thiaour simple approach works
rather well in practice.

We note that the angular discretization we outlined here isampletely independent of
the total number of sources. Also, its angular resolution isonstant everywhere (at least
in the present implementation), even though the spatial redution of the mesh can vary
as a function of position. Another interesting aspect of thenethod is that it can work
accurately both in the optically thin and in the optically thick regime, as well as in the
transition region. Unlike in certain approximate treatmeits of RT, for example in radiative
di usion, we have not made any approximation that changes th fundamental character of
the equations, apart from the use of a spatial and an angulaistretization. This suggests
that the robustness and the convergence of results obtainadgth this method can reliably
be tested by simply changing the grid and/or angular resolitin, and if convergence is
achieved, then the method should converge to theorrect solution in the limit of high
resolution. The latter property can not necessarily be exgeed for RT schemes that use
more drastic approximations.

4.2.5. Source and sink terms

We treat source and sink terms in the radiative transfer equin through an operator
splitting approach, where the evolution of the homogeneod®T equation (which conserves
photon number) is alternated with an evolution of the sourcgerms alone. This greatly
simpli es the calculation of the interaction of the local raliation eld with matter, and

also allows accurate balance equations that for example ans that the number of photons
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absorbed matches the number of atoms that are ionized. As diustrative example, we
here detail our implementation of hydrogen chemistry, whitcan be used in simple model
calculations of cosmic reionization.

Emission processes

Emission of ionizing radiation in a cosmological simulatio can be based on a variety of
source models, tied for example to star-forming gaseouslsgestar particles, or sink particles
that represent accreting supermassive black holes. Givelnet source luminosities and their
coordinates, we can simply nd the cells in which the sourcdall, and inject the number of
photons emitted by them over the timestep into each of the cogsponding host cells. We
normally assume isotropic sources where we distribute thetal emissivity equally over all
angular cones, but in principle also beamed emission chatexistics can be realized.

If our single/multiple point source approach is used insteh we spread the source photons
over a small region around the host cell with a Gaussian-shegh kernel with a radius equal
to a few e ective host-cell radii. This is done to avoid potetial asymmetries in the source's
radiation eld that otherwise can arise from the particulargeometry of the source cell.

Absorption and hydrogen chemistry

For simplicity, we here discuss a minimal chemical model thanly follows hydrogen and an
ionizing photon density eld with a xed spectral shape. Exensions to include helium and
several ionizing frequencies to account for changes of thmestral shape can be constructed
in similar ways.

The neutral hydrogen fractionny, evolves due to photoionizations, collisional ionizations
and recombinations:

diy,
dt

where (T) is the recombination coe cient, (T) is the collisional ionization coe cient
and is the e ective photoionization cross-section of neutral ydrogen for our adopted
spectrum, de ned as

= N H BB NHReRH CNyAFAR (4.23)

'z # "z # 1
_ 43 () 43 () .
= h ()d ——d (4.24)
Here () is the frequency dependent photoionization cross-seati@f neutral hydrogen
(with = 0 for frequencies < ¢ below the ionization cut-o (). The photon density
on the other hand evolves according to
ddit: CNyRyHR: (4.25)

Here the variablesny,, Ry, Re and A express the corresponding abundance quantities
in dimensionless form, in units of the total hydrogen numbedensity ny, for example
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Figure 4.6: Test (1). Photon density maps of 2D shadowing tests in three di erentcases: single
point source with a single obstacle (left panel), two point ©urces with two obstacles (middle
panel), and a single source with two obstacles (right panel) The green lines indicate the geometric
boundaries of the expected shadow regions, whereas the tkiavhite lines mark the absorbing
obstacles.

R n =ny. If we consider only hydrogen, we hence have the constraims = fa, and
Ry + Al = 1.

In order to robustly, e ciently and accurately integrate th ese sti di erential equa-
tions, special care must be taken. This is especially impartt if one wants to obtain the
correct post-ionization temperatures, which requires ancaurate treatment of the rapid
non-equilibrium e ects during the transition from the neutral to the ionized state (e.g.
Bolton et al., 2005). Also, one would like to ensure that theumber of photons consumed
matches the number of hydrogen photoionizations, and thahe injected photoheating en-
ergy is strictly proportional to the number of photons absdrsed. We use either an explicit,
semi-implicit, or exact integration of equations (4.23) ath (4.25) to achieve these goals,
depending on the current conditions encountered in each pte

Speci cally, we start by rst calculating an explicit estimate of the photon abundance
change over the next timestep, as

~-n =A™ A = cnyryA (4.26)

wherei enumerates the individual timesteps. If the implied relatie photon density change
is small, sayj ~n j < 0:05r', we are either in approximate photoionization equilibrium
or the photon density is so large that it does not change appriably due to hydrogen
ionization losses during the step. In this situation, we cacalculate an estimate for the
neutral hydrogen density at the end of the step based on impitly solving

fat =R+ @ RED? RT@ mEDIne t+ ~n (4.27)

for rj;. If the implied relative change innk, is again small, we keep the solution.
Otherwise, we rst check whether the photon number is very meth smaller than the
neutral hydrogen number, i.e. whether we hava ~< 0:01ny,. If this holds, the photons
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Figure 4.7: Test (1). Radiation eld around two point sources and two absorbing dostacles, for
our hybrid treatment of point-sources and radiative di usi on. In this example, only the brightest
source seen from a given cell was treated explicitly as a pdirsource, while the other radiation
was dumped into a background eld transported with radiativ e di usion.

in the cell cannot possibly ionize a signi cant fraction of he neutral hydrogen atoms, but
the photon abundance itself may still change strongly ovehe step (for example because
almost all of the photons are absorbed). We in this case rstatnpute an estimate of the
new photon number at the end of the step, based on the implicétep

Rt =aA cnyp,t t (4.28)

With the solution for A'*! in hand, we calculate again an implicit solution for the new
neutral hydrogen fraction at the end of the step, using equiin (4.27). If the predicted
relative change in the hydrogen ionization state is small, evkeep the solution, otherwise
we discard it.

Finally, if both of the two approaches to calculate new valugefor A+ and Al;* at the
end of the step have failed, we integrate the rate equationg.23) and (4.25) essentially
exactly over the timestep t, using a 4-th order Runge-Kutta-Fehlberg integrator with
adaptive step-size control as implemented in theSL library®. We note that this subcycled
integration is hence only done in timesteps where the ionizan state changes rapidly in
time and non-equilibrium e ects can become important, whig is a very small fraction of
all cells, such that our updating scheme remains computatially very e cient.

4.2.6. Photoheating and radiative cooling
To calculate the evolution of the thermal energy, we can nowject the photoheating energy
E =(#" A*")nyV (4.29)

into the corresponding cell, wheré/ is the volume of the cell under consideration,n(~
/' *1)ny is the number density of photons consumed by ionizing eventser the timestep,

Ihttp://www.gnu.org/software/gsl
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Figure 4.8: Test (1). lllustration of our cone transport scheme, and the accurag with which

it can represent homogeneously illuminated radiation cons. The panel shows a map of the 2D
photon density around a single source positioned at the celtr of the eld. Radiation transport
was calculated by partitioning the full 2 angle into eight regions of size =4 each, with each
of the elds transported individually. To show that the cone s produce a homogeneous eld, the
source luminosity was only injected into every second conerad some of the cone boundaries were
marked with green lines.

and gives the average energy absorbed per photoionization eveRor our prescribed
spectral shape, this injection energy per ionization everg given by the frequency-averaged
photon excess energy (Spitzer, 1998)

Z A 1
= 1di(h h o) 1di (4.30)
0 h 0 h
above the ionization cut-o (. For many of our test calculations, we assume a black body
spectrum with T = 10°K, which leads to =6:4eV.

The evolution of the thermal energy is then completed by a sepate cooling step
that accounts for recombination cooling, collisional iozation, excitation cooling, and
bremsstrahlung cooling (e.g. Katz et al., 1996). We implemethese cooling rates with
a combination of an explicit and implicit timestep integrabr, where an explicit integration
scheme is used as default, but if the temperature change otke step becomes large, the
cooling is instead calculated with an unconditionally stalle implicit solver.

4.2.7. Time stepping and the reduced speed-of-light approx imation

As discussed above, we include the source terms into the tinmeegration of our RT solver
by an operator splitting technique, where the source and adgtion parts are treated sep-
arately. This technique can be generalized also to the coupg of hydrodynamics and
radiative transfer, by alternatingly evolving the hydrodynamical density eld and the radi-
ation eld with its associated radiation chemistry. In fact, this is the approach we follow in
our radiative transfer implementation in the hydrodynami@l AREPO code. As the latter
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Figure 4.9: Test (1). Maps of the photon density eld obtained with our \cone tran sport”
scheme for a point source at coordinates (Q;0:5) and an obstacle (shown in white) centered
at coordinates (072 0:5). The three panels dier in the mesh resolution used and theangular
resolution employed for the radiation transfer. In all pands, the angular size of the cones employed
in the angular discretization are shown with green lines. Inthe left panel, where eight cones are
used, the obstacle's opening angle as seen from the sourcesimaller than the fundamental cone,
and therefore no complete shadow is formed. In the middle pagl, 32 cones are used instead, such
that the obstacle's opening angle is now larger than the anglar resolution, allowing a full shadow
to be formed. Finally, in the right hand panel, the spatial mesh resolution has been doubled in
each dimension compared to the panel on the left, while the nonber of angular resolution elements
has been kept at eight. Again there is no complete shadow fored, as expected, but the boundary
of the shadow region behind the obstacle is now more sharplyedned.

is a moving-mesh code, we however need to ensure that durirge thydrodynamical step
the radiation eld is left invariant. This can be achieved byappropriate advection terms
that compensate for the mesh-motion during the hydrodynaroal step.

For the time integration of the radiative source terms, we eploy implicit or semi-implicit
methods, as described in Section 4.2.5, that are stable evlar very large time steps,
and in selected situations, adaptive numerical integratio of the sti ordinary di erential
equations that describe the chemical networks. The lattesiessential to accurately account
for non-equilibrium e ects. As these processes are comm@ét local, this does usually not
incur a very signi cant computational cost, provided the exact integration is only done
where really needed. In contrast, the timestepping of the d@tion advection step poses
more severe computational requirements. This is becausastistep is based on an explicit
time integration scheme, whose timestep needs to obey a Cant criterion of the form

Xa
tadvect < Ck?; (4-31)

where 0< C < 1 is the Courant factor, and x is taken to the smallest comoving size of
a cell in the simulated volume.

In ordinary hydrodynamics, a similar time step constraint $ encountered, except that
the speed of light is replaced with the speed of sound. Since ware primarily interested
in non-relativistic gas dynamics in cosmological structer formation, the speed of light



4.2 An advection solver for the radiative transfer problem 9 1

normalised photon density

Figure 4.10: Test (1). Maps of the photon distribution for 2D simulations with thr ee di erent
cell shapes: Cartesian square, hexagonal and azimuthal/wstructured. The line plot on the
right shows the photon intensity pro le, overplotted with t he expectedr ! law. The vertical
line indicates the average cell size. Results from all mesthapes agree well with the analytical
prediction (dot-dashed line).

will typically be a factor 1% to 10* larger than the hydrodynamical sound speed. The
resulting reduction in the allowed time step size can henceake a simulation prohibitively
expensive when the RT is coupled to the hydrodynamics ovemsi cant fractions of the
Hubble time. However, in many applications of interest thigproblem can be greatly alle-
viated by resorting to an arti cially reduced speed of lightc®, which is introduced instead
of the physical speed of light both in the transport equatiorand the ionization equation.
As Gnedin & Abel (2001) and Aubert & Teyssier (2008) discusshidetail, this reduced
speed-of-light approximation is especially attractive focosmic reionization problems be-
cause it here does not modify the propagation speed of I-ftenexcept perhaps in the very
near eld region around a source directly after it turns on, bt this introduces a negligi-
ble timing error. In general, the reduced speed-of-light gpoximation can be expected to
yield reasonable accuracy in many radiation hydrodynamicrpblems as long as® remains
signi cant larger than the maximum sound speed occurring ithe simulation.

4.2.8. Implementation aspects in the moving-mesh code AREPO

We have implemented the di erent variants of our radiation avection solver in the moving-
mesh codeAREPO (Springel, 2010). This code treats hydrodynamics with an dmary
nite-volume approach and a second order accurate Godunocteme, similar to many
Eulerian grid codes. However AREPO works on an unstructured mesh created with a
tessellation technique. The particular mesh used is the Monoi tessellation created by a
set of mesh-generating points. Using such a mesh o ers a nuenlof advantages compared
to traditional grid codes in that its mesh can ow along with the gas. As a result of the
induced dynamic mesh motionAREPO exhibits considerably lower advection errors than
ordinary mesh codes, and also avoids the introduction of gegred spatial directions. Also,
the cell size automatically and continuously adjusts to the&lensity in a Lagrangian sense,
and is hence decreased in regions where typically more resoh is required even without
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Figure 4.11: Test (2). Left panel: Pro les of the neutral and ionized fraction at the end of the
ionized bubble expansion test, when the Stemgren radius s,o has been reached. The black line
is the analytic solution based on equation (4.35), while thecolored lines are the numerical results
for mesh resolutions of 28, 40°, 80°, and 16@ cells, as labeled.Right panel: Radius of the ionized
region as a function of time, in units of the recombination time t,ec. The solid black line is the
analytic solution from equation (4.35), while the dashed bback line gives the simple approximation
of equation (4.33). The colored lines give our numerical radts for di erent mesh resolutions.
We see that the ionizing front is slower than the theoretical prediction in the beginning of the
expansion, as a result of the arti cially reduced speed of fjht adopted here. At late times, the
numerical result agrees however very well with the analyti@al solution.

doing adaptive mesh re nement.

For implementing our RT transfer scheme as described abowee can readily employ the
infrastructure and communication algorithms provided by he fully parallelized AREPO
code, making it an ideal base for a rst demonstration of the ethod. This in particular
applies to the gradient estimation, the spatial reconstrumon of the photon intensity elds,
and the parallelization for distributed memory computers. A full description of these
aspects of our code can hence be found in Springel (2010). Vderg out a RT step on
every top-level synchronization point of theAREPO code, which means on the longest time
step tmax allowed by the gravitational and hydrodynamical interactons followed by the
code. If tagwect IS Smaller than the top-level simulation timestep tmnax, the radiation
transfer step is calculated in several subcycling steps equo or smaller than tagvect, as
needed.

Note that these subcycling steps do not require a new consttion of the Voronoi mesh,
or a new gravity calculation, hence they are in principle qte fast compared to a full step
of the hydrodynamic code. However, this advantage can be gkly (over)compensated by
the need to carry out multiple ux calculations for each of the angular components of the
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log HI fraction

Figure 4.12: Test (2). Map of the neutral fraction in a slice through the center of cur Stemgren
sphere test (based on our point-source advection scheme)orf our highest resolution simulation
with 160% mesh cells. The white line shows the contour at a neutral fration of 0.5.

radiation eld, and the additional need to do subcycling in tme to ensure stability of the
explicit time integration used in the advection steps. Futiermore, if a multi-frequency
treatment is desired, the cost of the radiative transfer callations will scale linearly with
the number of frequency bins employed, simply because thendinating advection part of
the radiative transfer problem needs to be carried out for eh frequency independently.
The additional storage requirements for a multiple frequaay treatment should also not
be overlooked, which again scale linearly with the number &fequency bins, likewise with
the number of solid-angle bins used in the angular discretition. It is hence clear that
multi-frequency radiative transfer at high angular resoltion clearly remains expensive with
the discretization scheme proposed here. However, the tela cost increase compared to
hydrodynamics alone is a constant (and at least for su ciery interesting problems still
a ordable) factor that is nearly independent of spatial reslution. This, together with
the ability of our scheme to cope with essentially arbitrarysource functions, makes it an
interesting new technique for cosmological hydrodynamics

4.3. Basic test problems

4.3.1. Test (1) - Shadows around isolated and multiple point s ources

We begin our investigation of the accuracy of our proposed ditive transfer algorithms
with isolated point sources in an optically thin medium thatincludes some regions with ab-
sorbing obstacles. This serves both as a veri cation that aisolated point source produces
aradiation eld n / 1=r? (in3D,andn / 1=rin 2D), with su ciently spherical isophots,
and as a test whether the method can cast sharp shadows behilostacles. The latter is
often di cult for RT transfer schemes, especially the oneshat are di usive in character
such as the OTVET scheme (e.g. Gnedin & Abel, 2001; Petkova &#fngel, 2009).

In Figure 4.6, we show such shadowing tests for three di ereoases, which for visualiza-
tion purposes have been done in 2D space. In the left hand panee consider the shadow
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Figure 4.13: Test (2). Neutral fraction in a slice through the center of two nearby sources of equal
luminosity that ionize neutral gas. The three panels from Idt to right show di erent evolutionary
stages. The left panel shows a stage before the ionized splesroverlap ¢ = 25 Myr). Here they
have exactly the same shape and do not in uence each other yetln the middle panel, the two
have begun to overlap { = 100 Myr), while in the right panel the nal state is shown, wh ere the
ionized region becomes time invariant { = 500 Myr).

that is produced by an obstacle when it is illuminated by a sigle source in the middle of
the panel. The green lines show the geometric boundaries tiettheoretically expected

position of the shadow. We see that the obstacle produces dlrer sharply de ned shadow

with only a small radiation leak into the shadowed region dué¢o numerical advection

and discretization errors along the shadow boundaries. Imé unshadowed regions, the
radiation intensity falls of as/ 1=r, as expected.

Equally good results are also obtained when multiple sourcare considered in our \linear
sum" approach to the total radiation eld, where the total photon density is computed as
a linear sum of the photon elds from each source, and the traport of each partial eld
is treated independently. Examples for this are shown in theniddle and right panels of
Figure 4.6, where two obstacles and one or two sources aredusedi erent con gurations.
Again, the shadows agree very well with the expected boundes shown with green lines,
with only a small amount of residual di usion into the shadowed regions. If the spatial
mesh resolution is improved, the shadows become progresiivsharper still.

We note that the above success essentially holds in this apgach for an arbitrary set
of absorbing regions, and an arbitrary combination of poinsources. It hence provides
a general and highly accurate solution to the radiative trasfer problem, even though it
can certainly get expensive to obtain it, especially for a tge number of source. It is
important to note however that the radiation elds producedby our scheme are essentially
noise-free, which is a drastic improvement compared to rdiobtained from schemes that
rely on Monte-Carlo methods (e.g. Maselli et al., 2003), omorandomized cone transport
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Figure 4.14: Test (2). Neutral fraction along a line passing through the centers 6two nearby
sources that ionize the background gas. The green line shoviee numerical result, whereas the
black lines are a simple composite model for the expected sicture of the solution based on
superposing the analytic solution for each of the sources (gy dashed line for the left source and
gray solid line for the right source). This superposition of the individual sources describes the
numerical solution reasonably accurately, but we note thatit is not the correct solution; the latter
can only be obtained numerically for this problem.

(Pawlik & Schaye, 2008).

As we discussed earlier, for many problems in astrophysidsetnumber of sources is too
large to make the linear sum approach a viable solution teclque. In our rst approach
to work around this limitation, we only treat the photons from the brightest sources at a
given cells as independent point sources in the transportteme, while all other incoming
photons form fainter sources are added to a background rati@an eld, which is then
di used from cell to cell. In Figure 4.7, we show a (somewhatx&eme) example for how
this can change the results. We repeat the test shown in the ddle panel of Fig. 4.6,
which has two sources and two obstacles, but this time we ordjlow the code to treat the
locally brightest N, = 1 sources as explicit point sources, while the rest of the dation
needs to treated with radiative diusion. As we can see from igure 4.7, the radiation
eld near to the two sources is unchanged, as expected, but #te mid-plane, where the
sources have equal intensity, half of the ux is dumped into ali usive reservoir. The
di usion approximation then lets the radiation spread fromthe mid-plane more slowly,
causing an incorrect increase of the radiation intensity #re. A second e ect is that
the shadows behind the obstacles are not sustained as nicalyy more, instead they are
partially illuminated by the radiative di usion. It is impo rtant to be aware that unlike in
the pure transport scheme considered earlier, these erravdl not become smaller for an
improved mesh resolution, rather, one would simply conveggto a wrong solution in this
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log HI fraction

Figure 4.15: Test (2). Map of the neutral fraction in a slice through the center of a Stemgren
sphere. Unlike in our previous tests, an absorbing obstaclen the form of an optically thick disk
was included as well (shown as a black line). We nd that a niceshadow is produced behind the
disk, with the inobscured directions developing as in the SBemgren sphere without an obstacle.

case.

The example studied in Fig. 4.7 is deliberately extreme in thsense thaitNy, was kept
very low. Much better results can be expected for a sizable lua of N, say 5 10,
because then the ux that needs to be treated with the di usim approximation should
become locally sub-dominant everywhere. Neverthelessy fgeneral radiation elds and
smoothly distributed source functions, we prefer our \coné&ransport" scheme, which we
now begin to evaluate in the context of shadowing.

In Figure 4.8, we illustrate the ability of this transport shheme to produce homogeneously
illuminated radiation cones with an opening angle equal tohe angular resolution adopted
for the scheme. In this example, a single source was placedhia center of a 2D unit square,
and angular space has been divided into eight equal sizedioats, with the source radiation
only injected into four of them, alternating between an \empy" and a \full* cone. The
green lines in the plot show some of the geometric boundarigfsthe angular discretization
as seen from the source. We see that the cone transport suckseé producing a at
intensity pro le as a function of angle within every illuminated cone, while at the same
time the leaking of radiation into cones that should remain ark as seen from the source
is very small. We note that if we let the source inject radiatn into two adjacent cones
with equal luminosity, the radiation eld shows no trace of he angular boundary between
the cones, thanks to our use of the total intensity eld in catulating the local advection
direction for the radiation of each partial eld.

An interesting question now arises how this transport scheendeals with obstacles and
the problem of shadowing. We illustrate the salient points th a few tests in Figure 4.9.
Here, we illuminate an obstacle (shown in white) by a singleoarce in the left part of the
simulated 2D space. We vary both the angular and the spatial @sh resolution in order
to study how the shadowing performs in the cone transport seime. In the left panel, we
have used 50 cell and eight angular regions. The fundamental cone sizeskown by the
green lines. In this setup, the opening angle of the obsta@e seen from the source is hence
smaller than the angular resolution of the RT, making the oliacle \unresolved". In this



4.3 Basic test problems 97

10° 3 \_g A B
f % 08F7 i
_ 107 E S 1.0fp :
= 0.8F 3
. 102 i 3 ]
g0 I Losf 3
107k 0.4 - —
0.2 E
10™ . . . . . A 0.0E ]
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0 1 2 3 4

I'/I's t / tre<:

Figure 4.16: Test (2). Stemgren sphere test for our “cone transport' scheme whe the angular
space is decomposed into cones of equal solid angle. The phae top shows the pro les of ionized
and neutral fractions (green lines) versus distance from tk source, in units of the Stemgren radius
rso at the end of the expansion att = 500 Myr. The analytical solution is given by the solid
black line. The bottom panel shows the ionization front radius as a function of time, relative
to the Stemgren radius rs as a function of time in units of the recombination time t;ec. The
numerical solution is shown in green and the analytical onen black.

case, the obstacle absorbs the correct amount of radiatiorpected for its size, but it will
not form a correct shadow behind it. Instead, the \downstrea region" behind the obstacle
will get re lled with photons. As this can happen only by phobns transported within the
same geometric cone, a partial shadow is formed behind thejett, with boundaries that
are in principle parallel to the cone boundaries. In the midd panel, we repeat the test
with the same spatial mesh resolution, but we have increasdigde number of cones to 32.
In this way the angular size of the obstacle as seen from theusce becomes larger than
the angular resolution, allowing it to be resolved. As a re$iya complete shadow is being
formed, but this shadow is in general a bit smaller than the ¢cect geometric shadow, with
the di erence being lled by a partial shadow, created in thecones that are only partially
obscured by the obstacle. Finally, in the right hand panel, ezhave repeated the test on the
left a second time, but now doubling the spatial resolutiond 10¢ cells while the angular
resolution was kept unchanged. The primary di erence this akes is that the borders of
the partial shadow that is formed are now more sharply de nedompared to the case with
lower spatial resolution, as expected.

Finally, we examine how well our transport scheme can copettvidi erent mesh ge-
ometries, which naturally arise in simulations with theAREPO code. In Figure 4.10 we
show the radiation elds developing around a point source dmedded in di erent mesh
geometries: a Cartesian mesh, a hexagonal mesh (which isnakd the mesh geometry
developing inAREPO in regions of constant resolution), and an azimuthal/unstuctured
mesh. For all four cases, we compare the created radiationlds to the expected pro le
in 2D, obtaining good agreement. This con rms the ability ofour approach to work well
with the unstructured Voronoi meshes produced by th@REPO code.
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Figure 4.17: Test (3). Maps of neutral fraction (top row) and temperature (bottom row), in a
simulation of the interaction of a plane-parallel ionization front with a dense clump. The two
columns show our simulation results at two di erent times, t = 1 Myr (left) and t = 15Myr
(right). We note that already at the earlier time the backgro und gas has been fully ionized. The
I-front gets however stuck in the clump, producing a shadow lehind it.

4.3.2. Test (2) - Isothermal ionized sphere expansion

We now turn to a test of our basic radiation advection schemehat involves both sources
and sinks. To this end, we perform an ionized sphere expansitest in three dimensions,
which is arguably the most fundamental and important test reevant for cosmic reionization
codes.

The expansion of an ionization front in a static, homogenesuand isothermal gas is
the only problem in radiation hydrodynamics that has a knownanalytical solution and
is therefore indeed the most widely used test for RT codes. Véglopt a monochromatic
source that steadily emitsN- photons with energyh = 13:6 eV per second into an initially
neutral medium with constant gas densityny. Then the Stremgren radius at which the
ionized sphere around the source reaches its maximum radigsde ned as

=
3N 1=3

_— X 4.32
e (4.32)

lso=

where g is the recombination coe cient. If we approximate the I-front is in nitely thin,
i.e. features a discontinuity in the ionization fraction, hen the temporal expansion of the
Stemgren radius can be solved analytically in closed foryrwith the I-front radius r.
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Figure 4.18: Test (3). Left panel: Neutral fraction and temperature as a function of distance
from the center of the dense clump, at three dierent times: t = 1 Myr (left column), 3Myr
(middle) and 15Myr (right). The shaded area shows the geomeic extension of the clump.
Results obtained with the code CRASH in the RT code comparisa project are also included and
shown as dashed lines.Right panel: Time evolution of the temperature, neutral fraction, and
ionized front (solid lines) in the dense clump that is ionizel by an impinging I-front.

given by
lN.0o= rS;O[l exp( t:trec)]lzg; (433)

where
1

Ny B

is the recombination time and g is the recombination coe cient.
More accurately, the neutral and ionized fraction as a funain of radius of the Stremgren
sphere can be calculated analytically (e.g. Osterbrock & Aand, 2006) from the equation

Z
B (1)
4r 2

(4.34)

trec =

d N-()e @ =a(N)ny e; (4.35)

whereny, is the neutral fraction, my,, is the ionized fraction and

Z r
(r) = ny . dr %Ry (r9: (4.36)

Moreover, we can analytically solve for the radial pro le ofthe photon density n (r),
yielding

1N Zr .

A P (r%dr? : (4.37)

n(r)=
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Figure 4.19: Test (4). Maps of the ionized fraction (top row) and temperature (bottom row)
in a slice through the middle of the simulation volume at time t = 0:4 Myr of our cosmological
density eld ionization test. In the results shown in the left column, all sources have been treated
independently as point sources. In the middle column, only he locally four brightest sources have
been considered independently, while the remaining luminsity has been treated with radiation
di usion. Finally, the results in the right column are based on our cone transport algorithm
with a division of the full solid angle into 12 cones of equal ge, corresponding to the coarsest
HEALPIX resolution.

From this we can also obtain the pro le of the ionized fractiao ry, (r) as a function of
time. We note that the Stremgren radius obtained by direct ntegration of equation (4.35)
di ers from the approximate expression (4.32) because it @3 not approximate the ionized
region as a top-hat sphere with constant ionized fraction.

For de niteness, we follow in our tests the expansion of theonized region around a
source that emitsN. =5  10%s ! photons. The surrounding hydrogen number density
is settony = 10 3cm 2 at a temperature of T = 10*K. At this adopted temperature,
the case B recombination coe cientis g =2:59 10 *cm®s !. Given these parameters,
the recombination time ist,.. = 125:127 Myr and the expected Stemgren radius isso =
5:38 kpc.

In Figure 4.11, we show the pro les of ionized and neutral fadion at the end of the
ionized sphere expansion, when the Stemgren radius hasdmereached. We present results
for simulations with four di erent spatial resolutions, usng grids with 20°, 40°, 80° and 16
cells, respectively, using our point-source advection sne. The results for all resolutions
agree well with the analytical solution. The largest error®ccur close to the central point
source, but with better spatial resolution they become pragssively smaller. We also
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Figure 4.20: Test (4). Distribution functions of the neutral fraction (left pane I) and the temper-
ature (right panel) in the simulated cosmological volume attime t = 0:4 Myr, for three di erent
variants of our radiation transfer scheme, as labeled: (1) th sources are followed in a linearly
independent fashion, (2) only the four locally brightest saurces are followed as point sources with
the rest treated through radiative di usion, and (3) a cone transport approach based on a division
of the unit sphere into 12 cones. For comparison, we also inatle results obtained with the code
CRASH in the RT code comparison project of lliev et al. (20063.

show the time evolution of the ionizing front, for the same siulations. The position
of the front is determined as the distance from the source athich the ionized fraction
equals 05. The agreement with the analytical solution is generally @pd and improves
with better resolution. However, in the beginning, the iordation front moves noticeably
slower than expected, which is due to our use of the reducedesg of light approximation
with ¢® = ¢=1000. At later times, this initial error becomes unimportaty however, and
the numerical solution matches the analytic expectation vile Making the start-up error
vanishingly small would be possible, if desired, but requs usingc®= c.

In Figure 4.12, we show a map of the neutral fraction in a sliaddrough the source plane
for the resolution 166. We notice that the isophotal shapes exhibit small depart@s from a
perfectly spherical shape, which originate in spatial disetization errors close to the source.
In fact, these deviations depend on the geometry of the soercell itself. For a hexagonal
mesh structure as it occurs for a regularized Voronoi mesh 2D dimensions, the errors are
noticeably smaller than for the Cartesian mesh employed her Higher spatial resolution
alone will normally not be able to decrease the deviations tarbitrarily small levels, but
spreading the point source over multiple cells (e ectivelyesolving the source geometry)
can make the isophots perfectly round if desired. We note thaur cone transport scheme
also does a good job in producing round isophots, even whenragte cell is used as source.

As a simple variant of the isolated source case, we have alemsidered the evolution of
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Figure 4.21: Test (5). Pro les of ionized fraction, hydrogen number density, pressure, tempera-
ture, and mach number at di erent times for a hydrodynamically coupled Stemgren sphere test.
The distance from the source is normalized by the box sizé ,ox = 15kpc. The three lines in each
plot correspond to the timest = 10 Myr (solid), t =200 Myr (dashed), and t = 500 Myr (dotted).

the ionized regions around two sources that are 4 kpc apartsing our multiple point-source
scheme. The density of the gas and the luminosity of each soarare the same as in the
previous test. In Figure 4.13, we show maps of the neutral frteon in a slice through the
source at three di erent times: t = 25 Myr (left), t = 100 Myr (middle), and t = 500 Myr
(right). An important point of this test is that the proximit y of the sources does not a ect
the shape of the ionized regions at all until they begin to oviap. This is very di erent
in the OTVET scheme, for example, where the early expansios distorted because the
Eddington tensor estimates already \feel" nearby sourcesren though they may still be
completely hidden in their own ionization bubbles. In Figue 4.14, we show the neutral
fraction along a line passing through both sources at the rdime. A simple model for the
expected neutral fraction based on the superposition of thanalytic single source solution
is shown in black, while the numerical solution is shown in gen. While the superposition
model does a reasonably good job in describing the numericallution, we note that the
latter is showing important di erences, for example for theadiation intensity between the
sources. Our method allows an accurate calculation of thisigntity, and similarly for more
complicated setups.
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Figure 4.22: Test (5). Slices through the middle of the simulated volume, showingthe neutral
fraction, hydrogen number density, pressure, temperatureand mach number of the gas at three
dierent times: t = 10Myr (left column), t = 200Myr (middle column), t = 10Myr (right
column).
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Figure 4.23: Test (5). Evolution of the position of the ionizing front in a hydrody namically
coupled Stmmgren sphere test. The distance is expressed iterms of the Stemgren radius rs;o
for the case of a static density eld. The dotted line shows the analytic solution for the time
evolution in the static density case, while the dashed line tyes the solution for the dynamic
density case. The latter is well reproduced by our numericaAREPO calculation. In the bottom

panel, we show the speed of the ionization front. In the rst 40 Myr of the expansion, the front
moves with a speed higher than the R-critical velocity (indicated by a dotted line).

In Figure 4.15 we show a further map of the neutral fraction ima slice through the
source plane in a simple single-source Stremgren test. Hewver, in this test we included
an obstacle in the form of an optically-thick three dimensiaal plate, located 2 kpc from
the source (shown in black in the gure). The setup is meant tdest shadowing in 3D
for a problem with non-trivial source function, and is desiged to match the parameters
of an equivalent test in Pawlik & Schaye (2008). We can see thaur obstacle produces
a clear shadow that remains fully neutral, as expected. Corapng our result to those of

Pawlik & Schaye (2008, see their Fig. 10), we nd good qualitaee agreement but much
reduced numerical noise.

Finally, we check whether using the cone transport schemesigibed in Section 4.2.4 is
equally well capable of accurately solving the Stemgrermpbkere problem. To this end we
have repeated our standard setup for the ionized sphere exygéon of a single source, but
this time employing direct discretization of angular spacasing 12 cones for the full 4 solid
angle, and a spatial mesh resolution of 40In the top and bottom panels of Figure 4.16 we
show the pro les of ionized and neutral fraction at the end othe ionized sphere expansion,
and the temporal evolution of the ionizing front, respectigly. The numerical results agree

well with the analytical solutions, with an overall accurag that is comparable to that of
our point source treatment.
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4.3.3. Test (3) - lonizing front trapping in a dense clump

In our next test, we study the behavior of the code in a more canging setting taken
from the RT code comparison study of lliev et al. (2006a). A phe-parallel front of ionizing
radiation is incident on a dense, cold clump. The I-front pegtrates the clump, ionizes it
and heats it up. Eventually, the I-front gets trapped half-vay through the clump, and as
the it is stopped inside the obstacle, a shadow is producedhed the clump.

Our set-up of this test problem is as follows. We simulate a @he-parallel I-front with
ux F = 10%photonss!cm 2 that is incident on a dense clump, located 5kpc away
from the edge of the simulation domain. The ambient backgroul gas has densityny =
2 10 “cm 2 and temperature T = 8000 K. The radius of the clump israump = 0:8Kpc,
with a density of nS“™ = 200ny, and a temperature Tyump = 40K. We note that in
this test, following lliev et al. (2006a), the gas is not aliwed to move due to pressure or
gravitational forces, hence only radiative transfer is tésd. The system is evolved for a
period of 15 Myr with a resolution of 48 cells. In Figure 4.17, we show the neutral fraction
and the temperature of the system in slices through the cemtef the clump at times
t =1 Myr, and 15 Myr. The I-front approaches from the left, moving to the right. At time
t = 1 Myr, already the whole box has been swept up by the ionizinghotons, with the
clump producing a clear shadow in the downstream directiomahe right hand side of the
clump. As time advances further, the clump becomes more i@ed and continues to heat
up, but the shadow is preserved throughout the simulated tie span without being lled
in by di usion.

In the left panel of Figure 4.18, we show the temperature andentral fraction as a
function of distance from the geometric clump center. The seilts are compared to those
obtained in the comparison study of lliev et al. (2006a) forite Monte-Carlos transfer code
CRASH. The position and shape of the ionizing front agree well withhe results from
the CRASH code, both at timest = 1 Myr and 15Myr. The temperature pro le shows,
however, some di erences. This discrepancy can be tracedckdo inaccuracies inCRASH,
where lower energy photons penetrate into the gas ahead ottfonizing front and heat it
there.

Finally, in the right panel of Figure 4.18 we show the time evation of the temperature,
ionized fraction and position of the I-front in the clump, conpared to the results obtained
with CRASH. The clump is 60% ionized at the end, its average temperaturacreases to
several 16K and the I-front becomes trapped around the geometric cent®f the clump,
which is all in good agreement with theCRASH results. We hence conclude that our RT
scheme yields results of good accuracy for this test, whicheacomparable in accuracy to
those obtained with expensive yet accurate Monte-Carlo tagéments.

4.3.4. Test (4) - lonization of a static cosmological densit y eld

In our most demanding test of pure RT we follow hydrogen ion#ion in a realistic cosmo-
logical density eld, which is taken to be static for simplicty. Again, in order to be able
to compare our results with those of the cosmological RT corapson project (lliev et al.,
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2006a) we use the same density eld, the same cosmologicak parameters, and assign
sources in the same way. The test is based on a cosmologicaisity eld in a periodic
box with size Q5h *comoving Mpc that resulted from the evolution of a standard CDM
model with the cosmological parameters o = 0:27, , = 0:043, andh = 0:7. The gas
density eld at redshift z =9, represented by 128 cells is considered for further analysis.

The source distribution is determined by nding halos within the simulation box with
a Friend-Of-Friends (FOF) algorithm and then assigning saees to the 16 most massive
groups. The photon luminosity of these sources is taken to be

M

N = f : (4.38)
Ompts

where M is the total halo mass,ts = 3Myr is the assumed lifetime of each sourcen,
is the proton mass, and® = 250 is the number of emitted photons per atom during the
lifetime of the source. For simplicity we also set the initietemperature of the gas to 100K
throughout the whole box.

In Figure 4.19, we show the neutral fraction and the temperate in slices through
the center of the simulated volume, at the nal evolution time oft = 0:4 Myr. We have
calculated the radiation transfer in three di erent ways, orresponding to the three variants
of the radiation advection approach proposed in this chapte In the left panel, we show
the results if all sources are treated as linearly indepenatepoint sources. The middle
panel shows the result when only thé&,, = 4 brightest sources seen from a given point are
treated as point sources, while the remaining luminosity iged to a background radiation
eld which is treated with radiative di usion. Finally, the right hand panel gives the result
when angular discretization with 12HEALPIX cones for the full solid angle is applied.

Visually, based on Fig. 4.19, all three results agree very Weiith each other. However,
there are some small di erences in the structure of the iored regions and in the shape of
the I-fronts. For a better quantitative comparison we showrni the top panel of Figure 4.20
the volume lling function of the neutral fractions for all three simulation methods, where
a comparison withCRASH results from the RT code comparison study (lliev et al., 20@§
is also included. Our results agree very well with theRASH data, and we note that there
are also no substantial di erences between the three di ent approaches for dealing with
multiple sources in our radiation advection scheme. The sanrconclusion is also reached
from a comparison of the volume distribution function of theemperature, which is shown
in the bottom panel of Figure 4.20. We note that these resultare considerably better
than those we obtained for the OTVET scheme implemented in thSPH codeGADGET
(Petkova & Springel, 2009).

4.3.5. Test (5) - lonized sphere expansion in a dynamic density eld

As our nal test, we again follow the expansion of an ionizedpbere in an initially homo-
geneous and isothermal medium, similar to Section 4.3.2, thilis time we allow the gas
to be heated up by the photons and to expand due to the raisedgssure. This is hence a
radiation hydrodynamics test where both RT and hydrodynamnis are followed. We design
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Figure 4.24: Star formation density as a function of redshif. GADGET produces more stars
than AREPO during the whole time evolution. In both codes the SFR density is lower when
reionization is included. The change for GADGET is greater -approximately 15% and for AREPO
- around 5%.

our test similar to the set-up studied in lliev et al. (2009).The source is at the center of
the simulation domain and emits at a luminosity ofN- =5 10*s ' . The surrounding
hydrogen number density isny = 10 3cm 2 at an initial temperature of T = 102K. The
simulated box is 30kpc on a side, and is resolved with 66ells. We evolve the system
for 500 Myr.

There are two critical gas velocities de ned for such a set lﬁ(ﬁpitzer, 1978): the R-
critical velocity vg = 2c2 and the D-critical velocity vp = 2 ()2 (c@)?, where
and ¢ are the isothermal sound speeds ahead and behind the I-frongspectively. If we
assume the ionized gas has temperature*10 and the neutral gas 16K, than we obtain
Vg 2570kms!andvp 0:03kms?!. The I-front is called D-type when its speed is
smaller than the D-critical speedv, Vvp. In this case it is subsonic with respect to the
neutral gas, which expands as the I-front passes through itWhenv, vg, the I-front is
called R-type. It is supersonic with respect to the neutral @ ahead, and the gas does not
expand as the I-front passes trough it. Whernp < v, < vg, there is a hydrodynamic shock
wave in front of the I-front. The position of the I-front in this stage is given by (Spitzer,
1978)

!
7cst
4r S0

N =rso 1+ ; (439)
where ¢s is the sound speed of the ionized gas amd, is the Stemgren radius given by
equation (4.32).

We evolve our test setup for 500 Myr and analyze the results ahree di erent times
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Figure 4.25: Neutral hydrogen fraction evolution as a functon of redshift. Reionization in the
AREPO simulation occurs later than in the GADGET one. The vol ume averaged neutral fraction
is also several orders of magnitude higher.

equal tot = 10; 200 and 500 Myr. Figure 4.21 shows the time evolution of the @tes of
the ionized fraction, hydrogen number density, pressureemperature, and mach number
proles. At time t = 10Myr, the gas expands at subsonic speed. The pressure desi
the ionized bubble is very high as the density is still relately close to 103cm 2 and the
temperature is several 10K. At later times, t = 200 Myr, there is a shock developing
ahead of the ionizing front. The gas in this pseudo shock regi is compressed, leading
to densities higher than 103cm 2 and an increased pressure. At timé = 500 Myr, the
dynamic situation of the gas is similar, as there is still a gitk ahead of the ionizing front,
but the pressure in the ionized bubble has dropped signi cdélg due to the lowered density
of the gas. For better spatial interpretation of the quantites, refer to Figure 4.22.

In Figure 4.23, we show the evolution of the radius of the I<dnt. In the rst 40 Myr,
the ionizing front moves with a speed larger than the R-critial velocity: v, > vg. Its
evolution corresponds to that of an I-front in a static densy eld, and the position of
the front follows the analytical prediction from equation @.33). The gas does not expand
signi cantly in this stage. As the speed of the I-front dropselow the R-critical velocity, a
shock develops ahead of it and the gas gets compressed ine¢hegyions. Here the position
of the front evolves according to equation (4.39).

In general, our results for this test agree well with the othecodes that have been tested
by lliev et al. (2009). We nd the best agreement with theENZO-RT results from the RT
comparison study, which is probably due to the speci c montiwomatic nature of our code.
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Figure 4.26: Slices of the neutral hydrogen fraction and terperature through the middle of the
simulated volume at redshift z =7:6 (top two rows) and z = 3 (bottom two rows).
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Figure 4.27. Median gas temperature as a function of overdesity in AREPO (dashed) and
GADGET (solid) at redshift z =3. AREPO produces higher temperatures at low redshift.

4.4. Hydrogen reionization

In this section we present the results of a self-consistenydrogen reionization simulation
with our novel implementation of radiative transfer in AREPO. We compare our results
to a simulation with the same initial conditions and propertes, carried out by the code
GADGET with a treatment of RT that we have discussed in the rst two clapters of this
thesis.

4.4.1. Simulation initial conditions

Our simulations assume a CDM universe with cosmological pameters o =0:27, =
0:73, p=0:044,h=0:7 and g =0:9 and the same initial conditions as in Chapter 3. The
RT is treated using the cone transport scheme, where 12 congere chosen. In order to
have su ciently high mass resolution, we follow a comparatiely small region in a periodic
box of comoving size.p, = 10h *Mpc on a side. There are 2 128 dark matter and gas
particles, giving a mass resolution of:84 10'h M and 529 10°h M in dark matter
and gas, respectively. The gravitational softening iIGADGET was chosen as=85 of the
mean particle spacing, corresponding to= 2:23h kpc. In order to save computational
time, the runs were restarted fromz = 20, such that the higher redshift evolution did
not have to be repeated. We chose a parameter set of ‘escapetion’ = 0:1 and
heating e ciency ~ = 30eV. Star formation in the dense, cold gas is modeled in alsu
resolution fashion (Springel & Hernquist, 2003a). We adogn ionizing source luminosity
of Ngeg = 10°3 photons M !yr (Madau et al., 1999), which relates the number of emitted
photons to the star formation rate in units of M yr 1. Stellar winds arenot part of the
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Figure 4.28: Median neutral fraction as a function of overdasity in AREPO (dashed) and GAD-
GET (solid) at redshift z = 7:6 (left) and z = 3 (right). In the beginning of reionization, both

codes show similar neutral fraction distribution, where high density regions get ionized rst. At
redshift z = 3, the neutral fraction is directly proportional to the ove rdensity, except at star
forming densities. The low density gas in AREPO is less ionied.

calculations since theAREPO code is still in a development stage, where such treatment
is not yet implemented. Even though the treatment of stellawinds is already included in
GADGET and we have used is before, we do not adopt it here in order toseme consistent
comparison between the two codes.

4.4.2. Star formation rate density and neutral fraction evo lution

Since both codes use the same sub-resolution model for stanfation, we expect that the
redshift evolution of the SFR density is similar in the simudtions. However, in Figure 4.24
we show that there is a di erence between the two codes for akdshift and GADGET
produces systematically more stars tha®REPO in this scenario. We expect that already
this di erence in the simulation properties will result in ssome di erences in the reionization
histories.

In both simulations the global SFR density decreases when g@ioheating during reion-
ization is included in the simulations. As the gas gets heateup it can escape the deep
potential wells of the high density regions, leaving them wh less gas to convert to stars.
The e ect is larger for GADGET , where the decrease reaches 20% at redshiftz = 3,
versus 5% for AREPO.

The extent to which the SFR density is inhibited is di erent from our previous ndings
in Chapter 3, where a more signi cant decrease is reported. his suggests that stellar
winds are very important in e ectively distributing hot gas and therefore modulating star
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Figure 4.29: Lyman- ux probability (left) and power spectrum (right) in both si mulations,
compared with observations from McDonald et al. (2000) and Km et al. (2007). Both AREPO
and GADGET results fall outside of the errors of the observaions. However, both simulations
recover the given trend, indicating that they both represert reionization to some extent.

formation, an e ect already found by Pawlik & Schaye (2009)Without winds photoheated
gas tends to linger in dense regions and cool down more e cilyy thus being subject to
star formation. When winds are present, the photoheated gas expelled from high density
regions more e ciently and has more time to cool down, resulg in a reduction of the
global star formation rate.

The volume-averaged neutral hydrogen fraction evolutioni@rs substantially between
the two codes. INAREPO, the universe is reionized at lower redshift 5, in comparison
to z 6 in GADGET . This di erence is most likely primarily due to the SFR dendies,
mentioned in the previous section. The lower SFR IMREPO results in a lower total
number of photons available for ionizing the hydrogen atomand leads to a delay in the
reionization. In Figure 4.25, we show the time evolution ofhie neutral fraction. In both
cases, the epoch of reionization has a similar redshift dei@, 2z 1.1, where we have
computed z as

z=z(nw =0:5) z(ngy =10 3): (4.40)

However, in physical units, reionization inAREPO takes more time. One reason for this
extended process might be that at lower redshifts structuseare further apart and therefore
it takes more time for photons to travel to the ionization sies and the overlap phase, at the
end stages of reionization, is prolonged. Another reasonght be the ability of the scheme
to produce accurate shadows, which is absent BADGET . In this case, some regions are
more e ectively shielded from the photons and are ionized dater times.

4.4.3. Temperature and ionization states

We also compare visually the ionization and temperature st@s of the gas in both simula-
tions at two di erent redshift z = 7:6 { before reionization, andz = 3 { after reionization
is completed. The maps are shown in Figure 4.26. The morphgioand structure of the
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Figure 4.30: Baryon fraction as a function of DM halo mass. Rsults are compared for AREPO
and GADGET for simulations both with and without radiative t ransfer. Since both simulations
are without stellar winds, the baryon fraction is around the cosmological valuef, = 0:18. When
reionization is included gas and stellar content in low masDM halos is decreased. The change
in AREPO is insigni cant - around 1%, compared to the change in GADGET - around 20%.

ionized regions agree well in the simulations { they are in thsame places and have similar
shapes. There are some di erences in the level of ionizatiah the regions and at later
times, at redshift z = 3, it is clear that in GADGET the gas is on average more highly
ionized, as we have discussed in the previous section. In baimulations laments are
less ionized than the lower density gas.

The temperature maps also show di erences in the internal ktcture of the ionized re-
gions. Although in both simulations ionized gas is heated alie 13 K, the cooling e ciency
in GADGET appears to be higher and the gas cools below*Xin some regions. This is
also evident in comparing the median temperature of the gas di erent overdensities for
the two simulations (Figure 4.27). AREPO produces higher temperature gas at low over-
densities and lower temperature gas at high overdensitiespmpared to GADGET . This
distribution of temperatures suggests thaGADGET is more e cient in cooling the ionized
gas at low overdensities or, alternatively, thaAREPO is more e cient in photoheating the
it. It is interesting to note that despite the lower temperaure, low density gas is more
ionized in GADGET than in AREPO, as shown in Figure 4.28.

At higher redshift, as reionization begins, the dense gastgaonized rst. This is the
material closest to he sources of ionizing photons. Afteriomization is completed, the
neutral fraction becomes becomes directly proportional tthe overdensity of the gas, with
under-dense region being more ionized than overdense ragicexcept the star forming gas.
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4.4.4. Lyman- forest

We construct Lyman- absorption spectra along di erent lines of sight in both simlations
and construct probability distribution functions and powe spectra at redshift z = 3.
As in Chapter 3, we compare our results to observations by Mabald et al. (2000) and
Kim et al. (2007), plotted in Figure 4.29. Both functions agee marginally well with the
observations. Since our models do not include stellar windse can not expect a very good
agreement with the data. However, the results suggest thatitln the proper treatment of
winds, we will be able to reproduce a sensible thermal staté the gas at redshiftz = 3,
as shown in Chapter 3.

4.4.5. Baryon fraction

Finally, we want to study how the gas and stellar content of DMhalos changes when
photoheating from reionization takes place. In Figure 4.3@e show the baryon fraction
of DM halos at redshiftz = 3. Since there are no winds in our simulations, the baryon
fractions is approximately 018. It decreases for low mas halos when photoheating is
included. We have already observed this e ect in Chapter 3. Ae decrease in the gas and
stellar component of halos is larger foGADGET { 20% than forAREPO { 1%. This

di erence suggest thatGADGET is more e cient in expelling hot gas from low mass halos
and thus decreasing the baryon fraction.

4.5. Discussion and Conclusions

In this study, we have proposed a novel implementation of raative transfer and im-
plemented it in the moving-mesh codeAREPO. The method diers substantially from
commonly employed ray-tracing or moment-based schemes inat it directly evolves a
discretised version of the Boltzmann equation describindné photon distribution function.
This is done in terms of an advection treatment, where the phon transport is carried
out with a second-order accurate upwind scheme, based on meds that are commonly
employed in hydrodynamic mesh codes. We have introduced #& di erent approaches
to deal with multiple sources, either by splitting up the radation eld into a linear sum
of the partial elds created by all sources, by using a hybricapproach consisting of an
exact treatment of the locally brightest sources combinedithh radiative di usion, or by
employing a direct discretisation of angular space into a ite set of cones. The latter
approach is the most general. At a given angular resolutiort can easily deal with an
arbitrary number of sources as well as with radiation scatteng. Also, if the number of
angular cones is enlarged, its angular accuracy becomesguessively better, allowing a
simple way to test for convergence with angular resolution.

The radiation transport in our method is manifestly photon onserving. Combined with
a photon-conserving treatment of the source terms, this \ias a very robust description of
the reionization problem, ensuring that ionization frontspropagate at the correct speed.
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If needed, our code can employ a reduced speed-of-light agpmation that avoids overly
small timesteps while not altering the growth of ionized ragns in any signi cant way.

We have presented tests of our new scheme in a variety of caddsing di erent photon
transport tests in 2D, we have shown that our method manage® taccurately capture
shadows, and to produce the correct radiation elds indepeient of the mesh geometry.
To test the coupling of gas physics with the photon transponive have carried out isothermal
ionized sphere expansion tests and compared to the analgicolutions. The results agree
reassuringly well with theoretical expectations, both foour linear summation method and
the cone transport approach. Furthermore, we have shown th@ur method can treat
multiple point sources in a highly accurate way, without theproblem of a detrimental
mutual in uence of the sources onto each other, which is engotered in certain moment-
based schemes (Gnedin & Abel, 2001; Petkova & Springel, 2D0®%/e have also shown that
our code performs well on the problem of the ionization of aatic cosmological density
eld, where we benchmarked our results against those obtad for the same setup in the
radiative transfer comparison study of lliev et al. (2006a)Similarly, our results for I-front
trapping in a dense clump, and for a hydrodynamically coupteStemgren sphere agree
well with those of other radiative transfer codes includecdhilliev et al. (2006a).

Our nal and most demanding test is the hydrogen reionizatio of the universe, where
we have adopted a cone transport approach. The results arengoared to a simulation
with the cosmological codéeSADGET using a moment-based approach for treating the RT
problem. The underlying cosmological simulation codes pitace di erent star formation
rate histories, which results in a di erent total photon budget. As a consequence reion-
ization in GADGET happens at a higher redshift, i.e. sooner, than iIAREPO. The lower
number of ionizing photons in the latter code results in a higer volume-averaged neutral
fraction at redshift z = 3 and a di erent temperature state of the baryonic gas. We
that in both reionization scenarios the baryon fraction ofdw mass dark matter halos is re-
duced due to photoheating processes and observe that the rha is bigger in theGADGET
simulation than in the one with AREPO, which is due to the higher ionized fractions we
nd in the former. Finally, we can conclude that despite the derences between the two
realizations, both codes perform well at the given problemnd are suitable for robustly
studying the process of reionization because they producengar results close to obser-
vational constraints, despite the use of very di erent techiques. We emphasize, however,
that the reionization history depends strongly on the stardrmation rate density in the
simulations and which should therefore be accurately repdaced.

Compared to other radiative transfer schemes, our new mettiobased on the cone
transport features several interesting advantages. Ungklong-characteristics or Monte
Carlo schemes, it avoids any strong sensitivity of the compational cost on the number
of sources, and it does not concentrate the computational ert in regions close to the
sources, which greatly helps in parallelising the calculans. Also, the ability to easily
treat time-dependent e ects that are consistently coupledo the hydrodynamic evolution
is a substantial asset. Compared to moment-based solversyranethod can cast sharp
shadows, and it performs accurately both in the optically tm and the optically thick
regimes.
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Our cone-transport scheme bears some super cial resembtesthe TRAPHIC scheme
of Pawlik & Schaye (2008). However, unlike their approach,evdo not rely on stochastic
Monte Carlo techniques. Instead, we work with an explicit sgtial reconstruction of the
radiation eld and a xed set of angular cones. As a result, ouradiation eld is essen-
tially free of stochastic noise, which is a signi cant advalage compared to Monte Carlo
approaches and o ers much better convergence rate.



Conclusions and Outlook

As we enter the new decade, astrophysical experiments arearsing to generate data
that will be of critical importance for understanding the piocess of reionization. LO-
FAR (Falcke et al., 2007) is already collecting the rst sigals and SKA (square kilometer
array) (Garrett et al., 2010) will be operational in the forseeable future. With this rst
availability of direct observations of reionization it is citical that accurate computer simu-
lations are produced in order to interpret the data correcyl. The astrophysical community
has developed many numerical solvers for the radiative trafer equation in order to follow
the propagation of the photons in space and the subsequentdmpgen photoionizations. As
abundant as these codes are, few of them are self-consisteing. treating radiation hydro-
dynamics and not simply radiation transport alone. Radiatn hydrodynamics is shown to
have important e ects on galaxy formation and therefore it$ necessary that self-consistent
simulations of reionization treat this problem.

It was the goal of this thesis to develop such a numerical selvfor the radiative transfer
equation and implement it into an accurate and robust cosmodgjical simulation code. To
achieve this task we have developed two methods, in search &m even better solution to
the radiative transfer problem.

In Chapter 2 we have introduced the rst method and implemergd it into the cos-
mological simulation codeGADGET-3. It is based on a moment method with a variable
Eddington tensor. We have developed a new discretizationh&me for anisotropic di usion
in SPH, which for the rst time allows a calculation of such arsotropic di usion in SPH.
We have tested the code and concluded that out results agreery well with analytical
predictions and numerical calculation, performed by othecodes. However, the long-term
evolution of geometric shadows is reproduced inaccuratetyth this method. We have con-
cluded that, despite this drawback, our code can produce agate results in the problem
of reionization. Furthermore, we have observed that our meod has several important
strengths - it is independent of the number of sources and & & radiation hydrodynamics
method, computed on-the-y.

In Chapter 3 we have used our method to simulate cosmologicaionization. Our main
goal was to determine whether the star formation model togeer with our RT scheme were
able to reproduce a sensible reionization history of the Urérse and thermal evolution of
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the baryonic gas. For simplicity, we have assumed star forng galaxies as sources for
ionizing photons. Since it is unclear to what extent the regation of our simulations a ects
the internal processes in the interstellar medium, we haveaned the heating e ciency of
the streaming photons as well as the luminosity of the star fiming galaxies.

We nd that all universes that we simulate get reionized betwen redshiftsz = 8 and
z = 6. The span in the reionization time is largely determined ¥ the variance in the
luminosity of the sources and to a lesser extent by the heatine ciency. In all cases,
the transition from a neutral to an ionized state is rapid. Futhermore, we nd that the
heating e ciency of the photons has a substantial in uence bthe thermal state of the
gas. In comparing our results to Lyman- forest observations at redshifz = 3, we nd
that a heating e ciency of  30eV per ionization even is needed in order to reproduce a
plausible thermal state of the gas. This heating e ciency coesponds to an average energy
of a photon, emitted by a 10K star, that is absorbed in an optically thick regime.

We study the properties of the baryonic content of DM halos imur \best- t" simulation.

As shown in Figure 5.1, photoheating during reionization aects the gas and stellar mass
in low mass DM halos. The e ect becomes substantial below nses of 18M , when
the stellar mass is depleted by 50%, relative to the case witht photoheating. This
corresponds to a decrease in the baryon fraction of more tha®%. This result might
shed some more light on the missing satellite problem and dam why we do not see as
many luminous DM halo counterparts as we expect from the sirtation. On the other
hand, other processes such as active galactic nuclei feedbanight be more e ective in
providing an explanation for the phenomenon. In any case, i clear that the e ect of
the photoheating during reionization may play an importantrole in shaping the satellite
luminosity function of galaxies (Mufoz et al., 2009; Bushat al., 2010; lliev et al., 2010).

Despite these encouraging results it is also clear that ounsilation results are likely still
a ected by numerical resolution because the particle numibén the lowest mass halos is still
too small to yield fully converged results. Ideally, we wodllike to resolve the full range of
star-forming halos with enough particles. While this is urkely to qualitatively change any
of the results presented here, future precision work will gelire such calculations. Another
important caveat that will require further study are uncertainties due to the radiative
transfer approximation itself. This is probably best addresed by comparing the results
with a completely di erent approach to radiative transfer.

In Chapter 4 we have presented a scheme in the moving-mesh €@dREPO. It avoids
the use of the di usion approximation and can cast sharp shaavs, hence a direct one-to-
one comparison with the optically-thin variable Eddingtontensor approach is particularly
interesting. The method is rather dierent from other schenes as it involves directly
solving a version of the Boltzmann equation. The photons ateansported via an advection
equation, that is solved with an accurate and standard upwih scheme. As the speed of
light may cause the time step of such an explicit time integtaon to become prohibitively
small, we adopt a reduced speed of light formalism that has &e shown to give accurate
results of cosmic reionization. We have furthermore adoptethree di erent methods to
deal with multiple sources, all of which make the scheme réilely independent of the
number of sources. We found that the best approach is to use @&ettt discretization of
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Figure 5.1: Mean stellar and gas masses as a function of the DMalo mass atz = 3 in the
high resolution simulation. The black vertical corresponds to a mass of 100 DM particles, which
can be taken as an (optimistic) resolution limit of the simulation. Photoheating slows down the
collapse of gas in halos, which in turn also decreases theiteflar and gas masses. The e ect
becomes stronger for low mass DM halos.

angular space into a nite set of cones.

We have presented numerous tests of our scheme, both in 2D aBD, with various
con gurations of shadow-casting objects and source positis. We found that the method
is able to cast sharp shadows, whose accuracy depends on thgudar resolution of the
cones in the discretization approach. Our results agree yawell with analytical predictions
and other simulation codes. In particular, the scheme prades an accurate treatment of
multiple sources, a problematic task in moment-based meths. It also agrees well with
other codes in radiation hydrodynamic tests.

Compared to other radiative transfer schemes, our new mettiobased on the cone
transport features several interesting advantages. Unkklong-characteristics or Monte
Carlo schemes, it avoids any strong sensitivity of the compational cost on the number
of sources, and it does not concentrate the computational ert in regions close to the
sources, which greatly helps in parallelizing the calcul@ns. Also, the ability to easily
treat time-dependent e ects that are consistently coupledo the hydrodynamic evolution
is a substantial asset. Compared to moment-based solvergjranethod can cast sharp
shadows, and it performs accurately both in the optically tm and the optically thick
regimes.

In our nal and most demanding test we demonstrated that our eBw method is able
to produce realistic reionization history of the universe.We have also shown that the
di erences between our methods (the moment-based and the \attion-based) are very
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di cult to evaluate in such a complicated simulation, which involves star formation and
gas cooling. The interplay between these processes aloneymeoduce deviations in the
ionization and thermal state of the gas, which are non-disiguishable from the e ect of
the RT method. In fact, the GADGET code produces higher star formation rates than the
AREPO one, resulting in a larger photon budget, available for refozation in the former,
and lead to di erent reionization histories. However, we nte that both schemes are able to
reproduce hydrogen reionization and are close to obsenial constraints, even without
the inclusion of stellar winds. Therefore we conclude thatdith our codes are suitable for
further study of reionization and we note that other astroplgsical processes, such as star
formation and gas cooling, play an important role in that stge of that development of the
Universe and a realistic representation can be achieved pnl they all reproduce sensible
results, comparable to observations. As we still have no sgient data about the star
formation rate at high redshift, we need to explore many modie and eventually compare
to observational results, as they become available in thettue.

A natural further course of this research is to create high selution hydrogen reionization
simulations, using both stars and quasars as sources of mwng photons. They can be
used to extract a mock 21cm signal and be compared to LOFAR dain order to study
di erent reionization models. Including a multi-frequeng treatment will also allow us to
follow ionization and photoheating processes more accueft, and to study the helium
reionization in the Universe.

Helium reionization is an important benchmark in the thermé& evolution of the inter-
galactic gas. The topology and dynamics of helium Il reioration are di erent than those
of hydrogen due to the nature of the sources of ionizing phats. Hydrogen is ionized
primarily by stellar sources, but double-ionized helium guires higher energy photons and
is therefore most likely ionized by quasar radiation. lonexd helium bubbles are therefore
distributed on larger scales and trace the quasar density diibution. Large volume nu-
merical simulations are therefore needed to study this press and an e cient and fast RT
solver, which our methods present.

Helium reionization is somewhat easier to study observatially than hydrogen reion-
ization, since it happens around redshifz 3. It can be inferred from spectra of SDSS
guasars (e.g. Bolton et al., 2009; McQuinn et al., 2009). Nuwrical simulations of helium
reionization can therefore provide a better understandingf the process and better means
for interpreting the Lyman- forest.

Radiative transfer has application to many other astrophyisal problems as well. It
can be used to study star formation in molecular clouds, wheronizing radiation creates
pillars of neutral dense gas (e.g. Gritschneder et al., 2009Radiation hydrodynamics is
also relevant in optically thick accretion disks around blek holes (e.g. Dotti et al., 2011)
and in galaxy formation. In the following years, we plan to exore those frontiers and
develop even better methods for simulating radiative prosses.



Cooling rates

Here we present all cooling rates that we have used in our silations with temperature
evolution. The rates have been obtained from Cen (1992) andeagiven in ergcm?3s 1.

1. Recombination cooling rate

#
p_ T 0:2 T 0:7
;=87 1027 T 15 1+ o NeNpi ; (A1)
2. Collisional ionisation cooling rate
0 s_ 1
P—
=127 102 T@+ %A exp w NeNHi; (A.2)
3. Collisional excitation cooling rate
O S _1 1
T 118348
=75 10 @1+ WA eXp ——— NeMwi; (A.3)
4. Bremsstrahlung cooling rate
P—
g=1:42 10 ?"g  Tnehy; (A.4)

whereg =1:3is the Gaunt factor.






Conjugate gradient method

B.1. Method of Steepest Descent

In this Appendix, we give a derivation of the CG technique forsolving linear problems,
which we employ in our implicit time integration scheme of tk anisotropic di usion prob-
lem. As the CG scheme is closely related to the method of stesp decent, we start with
an explanation of this more general technique, and then spalize to the CG method.

The method of steepest descent is a scheme to solve a lineastay of equations given
by Ax = b. The idea is to obtain the solution as the minimum of the quaditic form

f(x)= %XTAX bTx; (B.1)
such that
fqx) = }ATX + }Ax b: (B.2)
2 2
This equation reduces to
fqx)= Ax b (B.3)

if A is symmetric and positive de nite, i.e. ifxTAx > 0 for all x 6 0.

We now consider an iteration scheme that tries to nd the solion x. As we take
steps, we choose the direction of the next step in the directi in which the quadratic
form f decreases most rapidly, which is in the direction opposite tthe gradient f {x).
Therefore, the next step should be proportional to f {x)) = b Ax(. Here the indexi
denotes the number of the step we take towards the correct ua of x. Let us denote the
di erence between the numerical and the exact solution as;) = X, X, and the residual
asrg = b Axg = fYx)). Therefore, the next step taken is given by ) = X+ [(q-
The optimum value of is chosen such that the directional derivativedd—f (X(2)) equals 0,
i.e. the vectorsf {x()) and r, should be chosen orthogonal:

d d
d_f (Xay) = fx@)T q o = f X)) re =0 (B.4)
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We further notice that f {x)) = r() and therefore

riyfe = O
(b Axy)'re = 0
(b AXg+ rg)'reg = 0
(b AX@)'re (Arg)reg = 0
(b Ax@)'rog = (Are)'ro
rofo = To(Ar )
r ! ©

r -(I—O) Ar (0)

Finally, putting it all together, the method of steepest desent is as follows

iy = b AX(i) (BS)
N
_ @' ()

QM = (B.6)
rE)Ar 0

Xiv) = Xot @ro (B.7)

Fivy = To AT (B.8)

B.2. Conjugate Gradient Method

In the method of steepest descent the value &fis determined via successively adding the
search directionsr(;. Let us de ne the set of directionsfdg as the search directions for
the CG method, such thatx(i+1) = Xi t (i)d(i) and Mi+) = Ta (i)Ad(i). We further
require that the vectorsfd;,g are A-conjugate, i.e.d)Ad (;) = 0, which means

Xi
disy = rgen + ik d iy - (B.9)
k=0

Using Gram-Schmidt orthogonalization, the coe cients j are found to be

8
1 [y (0 .

_ (i 1)d(Ti pAd G 1 fori=k+1
"3 (B.10)

' 0 fori>k +1

Thus
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Therefore, the CG method can be summarized as follows:
fo = b AXx (0) (812)
d(o) = b Ax (0) (B.13)
U0 (B.14)
O df,Ad g '
X@+y = Xt @dg (B.15)
vy = Ty mAda (B.16)
_ Tl Naey (B.17)
(i+) = T 3o :
| e
di+y = TIivy i+1) Ad (i) (B.18)

The interesting feature of the CG method is that each subsegunot correction to the
solution vector is orthogonal to all previous ones, while ahe same time it points into the
direction where the error in the solution decreases most gily. This normally produces
a comparatively rapid convergence of the scheme.
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