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Summary

As of now, string theory is the best candidate for a theory of quantum gravity. Since it
is anomaly–free only in ten space-time dimensions, the six surplus spatial dimensions
must be compactified.

This thesis is concerned with the geometry of toroidal orbifolds and their applica-
tions in string theory. An orbifold is the quotient of a smooth manifold by a discrete
group. In the present thesis, we restrict ourselves to orbifolds of the form T 6/ZN or
T 6/ZN ×ZM . These so–called toroidal orbifolds are particularly popular as compacti-
fication manifolds in string theory. They present a good compromise between a trivial
compactification manifold, such as the T 6 and one which is so complicated that explicit
calculations are nearly impossible, which unfortunately is the case for many if not most
Calabi–Yau manifolds. At the fixed points of the discrete group which is divided out,
the orbifold develops quotient singularities. By resolving these singularities via blow–
ups, one arrives at a smooth Calabi–Yau manifold. The systematic method to do so is
explained in detail. Also the transition to the Orientifold quotient is explained.

In string theory, toroidal orbifolds are popular because they combine the advantages
of calculability and of incorporating many features of the standard model, such as non-
Abelian gauge groups, chiral fermions and family repetition.

In the second part of this thesis, applications in string phenomenology are discussed.
The applications belong to the framework of compactifications with fluxes in type
IIB string theory. Flux compactifications on the one hand provide a mechanism for
supersymmetry breaking. One the other hand, they generically stabilize at least part
of the geometric moduli. The geometric moduli, i.e. the deformation parameters of
the compactification manifold correspond to massless scalar fields in the low energy
effective theory. Since such massless fields are in conflict with experiment, mechanisms
which generate a potential for them and like this fix the moduli to specific values
must be investigated. After some preliminaries, two main examples are discussed. The
first belongs to the category of model building, where concrete models with realistic
properties are investigated. A brane model compactified on T 6/Z2 × Z2 is discussed.
The flux-induced soft supersymmetry breaking parameters are worked out explicitly.
The second example belongs to the subject of moduli stabilization along the lines of
the proposal of Kachru, Kallosh, Linde and Trivedi (KKLT). Here, in addition to the
background fluxes, non-perturbative effects serve to stabilize all moduli. In a second
step, a meta-stable vacuum with a small positive cosmological constant is achieved.
Orientifold models which result from resolutions of toroidal orbifolds are discussed as
possible candidate models for an explicit realization of the KKLT proposal.

The appendix collects the technical details for all commonly used toroidal orbifolds
and constitutes a reference book for these models.
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Lüst, Peter Mayr, Emanuel Scheidegger, Waldemar Schulgin, Stephan Stieberger and
Prasanta Tripathy. Furthermore, I would like to thank everyone who was or is part
of the String Theory group at Humboldt University in Berlin and later in Munich,
for contributing to the hospitable and lively atmosphere of the group I have enjoyed
and have greatly benefitted from. In particular, I would like to thank two of my
former office mates: George Kraniotis for sharing his great enthusiasm for physics, and
Domenico Orlando, for pleasant company and lively discussions.

Finally, I would like to thank everyone who has taken the trouble to teach me or
to share their insights, if only once and just for ten minutes. Sometimes small things
make a big difference.

Outside of physics, I would like to thank my family and Bernhard for their support,
and my landlords for taking care of the animals when I was traveling.



viii



Contents

1 Introduction and Overview 1

I The Geometry of Toroidal Orbifolds 7

2 At the orbifold point 9
2.1 What is an orbifold? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Why should I care? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Point groups and Coxeter elements . . . . . . . . . . . . . . . . . . . . 10

2.3.1 Example A: Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . . . 12

2.4 The usual suspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5 Shape and size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.6 The metric and its deformations . . . . . . . . . . . . . . . . . . . . . . 15

2.6.1 Example A: T 6/Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . 16

2.7 Parametrizing the geometrical moduli . . . . . . . . . . . . . . . . . . . 16
2.7.1 Example A: T 6/Z6−I on G2

2 × SU(3) . . . . . . . . . . . . . . . 17
2.8 Fixed tori with non-standard volumes . . . . . . . . . . . . . . . . . . . 18

2.8.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 19
2.9 Fixed set configurations and conjugacy classes . . . . . . . . . . . . . . 21

2.9.1 Example A: T 6/Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . 22

2.10 There’s more than meets the eye . . . . . . . . . . . . . . . . . . . . . 23

3 The smooth Calabi-Yau 25
3.1 From singular to smooth . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 A lattice and a fan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2.1 Example A.1: C3/Z6−I . . . . . . . . . . . . . . . . . . . . . . . 27
3.3 Resolving the singularities . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3.1 Example A.1: C3/Z6−I . . . . . . . . . . . . . . . . . . . . . . . 29
3.4 Mori cone and intersection numbers . . . . . . . . . . . . . . . . . . . . 30

3.4.1 Example A.1: C3/Z6−I . . . . . . . . . . . . . . . . . . . . . . . 32
3.5 Divisor topologies, Part I . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.5.1 Example A.1: C3/Z6−I . . . . . . . . . . . . . . . . . . . . . . . 34
3.5.2 Example B.1: C3/Z6−II . . . . . . . . . . . . . . . . . . . . . . 35

3.6 The big picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

ix



x Contents

3.6.1 Example A: Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . . . 37

3.6.2 Example C: T 6/Z6 × Z6 . . . . . . . . . . . . . . . . . . . . . . 37

3.7 The inherited divisors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.7.1 Example A: T 6/Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . 43

3.8 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.8.1 Example A: T 6/Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . 47

3.9 Divisor topologies, Part II . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.9.1 Example A: T 6/Z6−I on G2
2 × SU(3) . . . . . . . . . . . . . . . 52

3.9.2 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 53

3.10 The twisted complex structure moduli . . . . . . . . . . . . . . . . . . 55

4 From Calabi–Yau to Orientifold 57

4.1 Yet another quotient . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.2 When the patches are not invariant: h
(1,1)
− 6= 0 . . . . . . . . . . . . . . 58

4.2.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 59

4.3 The local orientifold involution . . . . . . . . . . . . . . . . . . . . . . 59

4.3.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 61

4.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.4.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 63

4.5 Global O–plane configuration and tadpole cancellation . . . . . . . . . 65

4.5.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 66

II Applications in String Phenomenology 69

5 Preliminaries 71

5.1 The type IIB low energy effective action . . . . . . . . . . . . . . . . . 71

5.2 The Kähler potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2.1 Example D: T 6/Z2 × Z2 . . . . . . . . . . . . . . . . . . . . . . 73

5.3 The orientifold action . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.4 Turning on background flux . . . . . . . . . . . . . . . . . . . . . . . . 74

5.5 Invariant 3-forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.5.1 Example D: T 6/Z2 × Z2 . . . . . . . . . . . . . . . . . . . . . . 77

5.5.2 Example E: T 6/Z7 . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.6 The effective potential from fluxes . . . . . . . . . . . . . . . . . . . . . 79

5.7 String–theoretical Kähler moduli T i vs. field–theoretical fields T i . . . 80

5.7.1 Example D: T 6/Z2 × Z2 . . . . . . . . . . . . . . . . . . . . . . 81

5.8 Superpotential, F–terms and scalar potential . . . . . . . . . . . . . . . 81

5.8.1 Example D: T 6/Z2 × Z2 . . . . . . . . . . . . . . . . . . . . . . 82

5.9 Supersymmetry conditions for the background flux . . . . . . . . . . . 84

5.9.1 Example D: T 6/Z2 × Z2 . . . . . . . . . . . . . . . . . . . . . . 84



Contents xi

6 Braneworld Scenarios: Model building and soft SUSY breaking 87
6.1 Branes carrying internal gauge flux . . . . . . . . . . . . . . . . . . . . 88
6.2 Open string low-energy effective action and soft terms . . . . . . . . . . 91
6.3 Structure of the soft supersymmetry breaking terms . . . . . . . . . . . 93

7 Moduli stabilization in the framework of KKLT 99
7.1 Introducing the KKLT-scenario . . . . . . . . . . . . . . . . . . . . . . 99
7.2 The origin of the non-perturbative superpotential . . . . . . . . . . . . 100
7.3 Witten’s criterion and the index on D3–branes . . . . . . . . . . . . . . 101
7.4 Vacuum structure and stability . . . . . . . . . . . . . . . . . . . . . . 104
7.5 Resolved toroidal orbifolds as candidate models for KKLT . . . . . . . 106

7.5.1 Example B: T 6/Z6−II on SU(2)× SU(6) . . . . . . . . . . . . . 108

8 Conclusions and Summary 111

III Appendix 113

A Resolutions of local orientifold singularities 115
A.1 Resolution of C3/Z3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
A.2 Resolution of C3/Z4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
A.3 Resolution of C3/Z6−I . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
A.4 Resolution of C3/Z6−II . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
A.5 Resolution of C3/Z7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
A.6 Resolution of C3/Z8−I . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
A.7 Resolution of C3/Z8−II . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
A.8 Resolution of C3/Z12−I . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
A.9 Resolution of C3/Z12−II . . . . . . . . . . . . . . . . . . . . . . . . . . 128
A.10 Resolution of C3/(Z2 × Z2) . . . . . . . . . . . . . . . . . . . . . . . . . 130
A.11 Resolution of C3/(Z2 × Z4) . . . . . . . . . . . . . . . . . . . . . . . . . 132
A.12 Resolution of C3/(Z2 × Z6) . . . . . . . . . . . . . . . . . . . . . . . . . 134
A.13 Resolution of C3/(Z2 × Z6′) . . . . . . . . . . . . . . . . . . . . . . . . 136
A.14 Resolution of C3/(Z3 × Z3) . . . . . . . . . . . . . . . . . . . . . . . . . 138
A.15 Resolution of C3/(Z3 × Z6) . . . . . . . . . . . . . . . . . . . . . . . . . 141
A.16 Resolution of C3/(Z4 × Z4) . . . . . . . . . . . . . . . . . . . . . . . . . 143
A.17 Resolution of C3/(Z6 × Z6) . . . . . . . . . . . . . . . . . . . . . . . . . 146
A.18 Resolution of C2/Zn-type orbifolds . . . . . . . . . . . . . . . . . . . . 148

B Calabi–Yau manifolds from resolved orbifolds 151
B.1 The Z3–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.1.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 151
B.1.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
B.1.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 153
B.1.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 153



xii Contents

B.1.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 154
B.1.6 The orientifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

B.2 The Z4 orbifold on SU(4)2 . . . . . . . . . . . . . . . . . . . . . . . . . 155
B.2.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 155
B.2.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
B.2.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 156
B.2.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 157
B.2.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 158
B.2.6 The orientifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

B.3 The Z4 orbifold on SU(2)× SO(5)× SU(4) . . . . . . . . . . . . . . . 159
B.3.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 159
B.3.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
B.3.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 161
B.3.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 161
B.3.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B.4 The Z4 orbifold on SU(2)2 × SO(5)2 . . . . . . . . . . . . . . . . . . . 162
B.4.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 162
B.4.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
B.4.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 164
B.4.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 164
B.4.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 165

B.5 The Z6−I orbifold on G2 × SU(3)2 . . . . . . . . . . . . . . . . . . . . . 166
B.5.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 166
B.5.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
B.5.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 169
B.5.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 169
B.5.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 170

B.6 The Z6−I orbifold on G2
2 × SU(3) . . . . . . . . . . . . . . . . . . . . . 171

B.6.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 171
B.6.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
B.6.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 171
B.6.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 171
B.6.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 171

B.7 The Z6−II–orbifold on SU(2)× SU(6) . . . . . . . . . . . . . . . . . . 171
B.7.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 171
B.7.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
B.7.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 173
B.7.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 173
B.7.5 The orientifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
B.7.6 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 174

B.8 The Z6−II orbifold on SU(3)× SO(8) . . . . . . . . . . . . . . . . . . . 174
B.8.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 174
B.8.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
B.8.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 176



Contents xiii

B.8.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 177
B.8.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 177

B.9 The Z6−II orbifold on SU(2)2 × SU(3)2 . . . . . . . . . . . . . . . . . . 178
B.9.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 178
B.9.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
B.9.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 179
B.9.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 179
B.9.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 180

B.10 The Z6−II orbifold on SU(2)2 × SU(3)×G2 . . . . . . . . . . . . . . . 181
B.10.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 181
B.10.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.10.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 183
B.10.4 The intersection Ring . . . . . . . . . . . . . . . . . . . . . . . . 184
B.10.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 184

B.11 The Z7 orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
B.11.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 184
B.11.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
B.11.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 186

B.12 The Z8−I orbifold on SU(4)2 × SU(4)2 . . . . . . . . . . . . . . . . . . 186
B.12.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 186
B.12.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.12.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 188

B.13 The Z8−I orbifold on SO(5)× SO(9) . . . . . . . . . . . . . . . . . . . 188
B.13.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 188
B.13.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
B.13.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 190

B.14 The Z8−II orbifold on SU(2)× SO(10) . . . . . . . . . . . . . . . . . . 190
B.14.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 190
B.14.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192
B.14.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 192

B.15 The Z8−II orbifold on SO(4)× SO(9) . . . . . . . . . . . . . . . . . . . 192
B.15.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 192
B.15.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
B.15.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 194

B.16 The Z12−I–orbifold on E6 . . . . . . . . . . . . . . . . . . . . . . . . . . 194
B.16.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 194
B.16.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
B.16.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 195

B.17 The Z12−I orbifold on SU(3)× F4 . . . . . . . . . . . . . . . . . . . . . 196
B.17.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 196
B.17.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
B.17.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 198

B.18 The Z12−II orbifold on SO(4)× F4 . . . . . . . . . . . . . . . . . . . . 198
B.18.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 198



xiv Contents

B.18.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
B.18.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 199

B.19 The Z2 × Z2–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
B.19.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 200
B.19.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
B.19.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 202
B.19.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 202

B.20 The Z2 × Z4–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
B.20.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 203
B.20.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
B.20.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 204
B.20.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 205

B.21 The Z2 × Z6–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
B.21.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 207
B.21.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
B.21.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 208

B.22 The Z2 × Z6′–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
B.22.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 210
B.22.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
B.22.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 211

B.23 The Z3 × Z3–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
B.23.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 212
B.23.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
B.23.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 214
B.23.4 The intersection ring . . . . . . . . . . . . . . . . . . . . . . . . 214
B.23.5 Divisor topologies . . . . . . . . . . . . . . . . . . . . . . . . . . 216
B.23.6 The orientifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

B.24 The Z3 × Z6–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218
B.24.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 218
B.24.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
B.24.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 219

B.25 The Z4 × Z4–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
B.25.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 220
B.25.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
B.25.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 222

B.26 The Z6 × Z6–orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
B.26.1 Metric, complex structure and moduli . . . . . . . . . . . . . . . 223
B.26.2 Fixed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
B.26.3 The gluing procedure . . . . . . . . . . . . . . . . . . . . . . . . 224

C Cartan matrices of the relevant Lie groups 225



Chapter 1

Introduction and Overview

String theory is as of now our best candidate for a theory of quantum gravity. The
simple idea of taking a one-dimensional object instead of a point particle to be the
fundamental building block of nature spawns a variety of consequences. Many of them
were quite unexpected, such as the realization that the basic requirement that the
theory be anomaly free leads to spacetime having ten dimensions. One of the main
tasks of the string theorist consists therefore in reconciling these ten dimensions of
string theory with the four dimensional world we live in.

One possible solution to this puzzle is compactification: The six extra dimensions
are curled up so small that none of the experiments conducted by humankind so far
has been able to detect them or an effect related to their existence.

The idea of compactification is most easily demonstrated by the example of a
single extended dimension which is compactified to a circle. If only one dimension
is compactified, turning it into a circle is the only available possibility. The circle
has one parameter which can be deformed continuously without changing the defining
properties of the circe: Its radius, or more generally speaking, its size. This is the first
example of a modulus we encounter.

In string theory, not one, but six dimensions must be compactified, and it is evident
that there are very many possibilities to do so. How to choose one over the other?
To answer this question, one must explore how the particulars of the compactification
manifold affect the physics of our theory. To put it naively, the ”right” compactification
manifold is the one which exactly reproduces the Standard Model.

Since we have to start looking for the right manifold somewhere, we restrict our-
selves to a regime where we are likely to find what we are looking for. One of the
main requirements which is usually imposed on the compactification manifold is that
it allows for a supersymmetric theory in four dimensions. There are many reasons
why one would want require supersymmetry, some of which date back to the days
before the birth of string theory. One of the strongest arguments in favor of supersym-
metry is that it solves the hierarchy problem by protecting a small Higgs mass from
quantum corrections. The non–renormalization theorems which hold for supersym-
metric theories simplify the concrete calculations immensely. Supersymmetry assumes
a strong compatibility with the complex numbers. In supersymmetric theories, one

1
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can therefore make use of the powerful tools provided by complex analysis.
Requiring supersymmetry translates into certain requirements on the compactifica-

tion manifold: It must allow for at least one covariantly constant spinor. This leads to
the manifold being complex: It must have an almost complex structure, i.e. a (1, 1)–
tensor j such that j2 = −1 which fulfills certain integrability conditions. Furthermore,
it must be Kähler, i.e. be a Hermitian manifold whose Kähler form J is closed. Re-
quiring exactly one pair of covariantly constant spinors leads to the manifold having
SU(3) holonomy group. This is the same as the manifold allowing a Ricci-flat metric
or having vanishing first Chern class. Such a manifold is known under the name of
Calabi–Yau manifold.

Unfortunately, there are very many Calabi–Yau threefolds (three complex dimen-
sions correspond to six real dimensions). As of today, it is unknown whether there are
infinitely many of them or not. Finding the one which yields a theory compatible to
our world is part of the big task of the string theorist.

Unlike the circle, whose only free parameter is its radius, most Calabi–Yau mani-
folds come with a large number of possible deformations. For a Calabi–Yau manifold,
the deformations fall into two types: Those parametrizing the shape of the manifold,
or mathematically speaking, its complex structure, and those parametrizing its sizes,
i.e. changes in the Kähler structure.

This thesis treats a special class of compactification manifolds, the so-called toroidal
orbifolds. Toroidal orbifolds are a happy compromise between a compactification man-
ifold which is completely trivial, such as the six-torus T 6, and one so complicated that
we know nearly nothing about it, as is unfortunately the case with most Calabi–Yau
manifolds, where not even the metric is known explicitly.

A toroidal orbifold is obtained by taking the quotient of a six-dimensional torus T 6

by a discrete abelian group Γ. At the fixed points of Γ, the orbifold develops quotient
singularities. One way to look at orbifolds is to see them as a singular limit of a smooth
Calabi–Yau manifold, one in which a number of four-cycles has been blown down to
zero size. We can also go the other way, i.e. start with an orbifold and resolve its
singularities via blow–ups. Like this we end up with a full-fledged, smooth Calabi–
Yau, and more importantly, one we actually have an idea of what it looks like and
on which we can do a number of explicit calculations. This is the path which we will
follow here. Two circumstances come to our aid in this construction. The first is that
we can describe the singularities and their resolutions locally. For this, we need the
machinery of toric geometry, of which all necessary basics will be introduced. The
second is that we know what the orbifold looks like globally, knowing the T 6 and the
configuration of fixed sets. This allows us to put the resolved local patches together
correctly, determine divisor topologies and calculate the intersection ring.

The subject of toroidal orbifolds in the context of string theory was started off
more than twenty years ago by Dixon, Harvey, Vafa and Witten [1]. Since then, a huge
amount of literature has developed. A large part of it is devoted to world–sheet, i.e.
conformal field theory calculations. String theory knows a lot about its target space, it
even knows on the singular orbifold what the manifold looks like once its singularities
are resolved. The present thesis does not enter the subject of CFT at all. All results
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are derived on a purely geometrical basis. In this sense, the approach taken here is
complementary to much of the existing literature.

The first part of this thesis is devoted to the geometry of the toroidal orbifolds, the
resolution of their singularities and the transition to the orientifold quotient. After so
much geometry, we will try to give the reader a flavor of why it was worth going through
all this trouble by hinting at a number of applications in string phenomenology.

The use of toroidal orbifold models in the literature is so widespread that one cannot
even begin to hope to do justice to all authors. Because of their phenomenologically
interesting features, orbifold models are used extensively in model building efforts,
where the goal is to reproduce the features of the (minimal supersymmetric) standard
model (MSSM). In the past, a lot of attention has gone into heterotic orbifold com-
pactifications (see for example [2]). There is a whole branch of literature concerned
with D–branes on singularities, for which orbifolds again prove to be candidates of
choice (see e.g. [3]). Also intersecting brane models in type IIA string theory are of-
ten studied in a setup with toroidal orbifolds as compactification manifolds. Since we
are unable to cover this wide variety of subjects in this thesis, we will confine ourselves
to the more recent line of research in the context of compactifications with background
fluxes in type IIB string theory (see [4] for a recent review). After introducing the
preliminaries of flux compactifications, two main examples will be discussed. The first
one belongs to the subject of model building, where several explicit string theory mod-
els are studied which aim to reproduce the Standard Model as well as possible. In the
case at hand, the soft supersymmetry breaking terms induced by background fluxes
are calculated for a type IIB orientifold compactified on T 6/Z2 × Z2.

The other example belongs to the subject of moduli stabilization. The deformation
parameters of the compactification manifold correspond to massless scalar fields in the
low energy effective theory. Since such fields would give rise to a fifth force of about
gravitational strength, they are clearly in conflict with experiment. For a string theory
compactification to be realistic, its moduli must be stabilized to fixed values. Therefore,
mechanisms which generate a potential for these massless scalars are investigated.
Kachru, Kallosh, Linde and Trivedi [5] (KKLT) have proposed a mechanism which not
only freezes all moduli, but also gives rise to a meta–stable de Sitter vacuum with the
small cosmological constant that is called for by experiment. Here, toroidal orbifolds
and their resolutions are discussed as candidate models for a concrete realization of
the KKLT proposal.

These two examples independently address two of the main questions in string
phenomenology. On the one hand, one tries to reproduce the spectrum and gauge
group of the Standard Model, i.e. SU(3) × SU(2) × U(1) to a high accuracy. The
focus is mainly on the matter and gauge sector, and the aim is to derive estimates
for certain measurable quantities, such as e.g. the masses of the scalar superpartners
of the standard model matter fields, which might even allow to falsify specific string
theory models in future experiments.

The question of moduli stabilization on the other hand focuses on the properties of
the so–called hidden sector, which only couples to the Standard Model sector through
gravitational interactions.
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To address both sectors at the same time and to obtain models which yield realistic
results on both these fronts is at the present stage of research still a long way off.

It should be stressed that string compactifications on toroidal orbifolds are essen-
tially toy models. They reproduce a number of properties of the Standard model, such
as non-abelian gauge groups, chiral fermions, and family repetition, but are otherwise
far from realistic. Yet their phenomenologically interesting features make them worth-
while to study. By understanding these relatively simple models which allow for very
concrete calculations, we hope to gain insights into the more general workings of string
theory, insights into what string theory can do for us and what it cannot, insights into
the big problems that still wait to be resolved. Apart from their applications in string
phenomenology, the geometric constructions described in part I of this thesis captivate
through their simplicity and elegance.

Although much of the present thesis is pure geometry, it is meant for the practical
use of the working physicist. Therefore we have tried to keep explanations simple and
geometrically intuitive, the idea being to provide a ”How to”-sort of recipe.

While being very explicit with the geometry, a working knowledge of string theory
will be assumed. Whenever direct reference to string theory calculations is made
and not stated otherwise, we will be in type IIB, in a regime of large volume and
weak string coupling which allows us to make use of the supergravity approximation.
Furthermore, the basic notions of complex, Kähler and Calabi–Yau geometry will be
assumed.

The geometric part of this thesis is based on material presented in [6] and [7] but
contains more geometric background material, in particular in the appendices. The
chapter on applications in string phenomenology contains extracts from [6], [8], and
[9]. Chapter two reviews the geometry of toroidal orbifolds in their singular limit.
Possible point groups are discussed, the geometrical moduli are introduced, as well as
their parametrization in terms of the radii and angles of the underlying torus lattice.
Sub–tori with volumes larger than one are briefly discussed and the configuration of
fixed sets and their equivalence classes which will be of paramount importance later on
is explained. Chapter three makes the transition to the resolved, smooth Calabi–Yau
manifold. First, the resolution of the singularities via blow–ups in local, non–compact
patches is described, along with the necessary background in toric geometry. Then, the
procedure to put the resolved patches together to form a smooth manifold is discussed.
We explain how the intersection ring is calculated and the divisor topologies in the
compact geometry are determined. Chapter four describes the systematic transition
from the Calabi–Yau manifold to its orientifold quotient, the consequences of fixed sets
which are not invariant under the orientifold involution, and the modified intersection
ring.

In Chapter 5, the preliminaries of flux compactifications are reviewed: What it
means to turn on background flux, which flux components are invariant under the
orbifold twist, the low energy effective potential from fluxes. Chapter six presents the
first of the two examples: The soft supersymmetry breaking terms for a type IIB model
with D–branes on the orientifold of the singular orbifold T 6/Z2 × Z2 are calculated.
Chapter seven contains the second example. The KKLT proposal and the origin of the
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non–perturbative superpotential are reviewed, the conditions for the (non–)existence of
stable vacua are discussed and the suitability of toroidal orbifolds and their resolutions
as candidate models for the KKLT–construction is studied. Chapter eight contains the
conclusions.

The appendices, which form the bulk of the present thesis collect the details to all
orbifold models discussed here. They constitute a kind of reference book. Appendix
A gives the resolutions of the singular non–compact models. Appendix B collects the
details for all compact models which were considered. Appendix C gives the Cartan
matrices for the Lie–Algebra lattices which were used.



6 1 Introduction and Overview



Part I

The Geometry of Toroidal Orbifolds
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Chapter 2

At the orbifold point

2.1 What is an orbifold?

An orbifold is obtained by dividing a smooth manifold by the non-free action of a
discrete group: X = Y/Γ. The original mathematical definition is broader: Any
algebraic variety whose only singularities are locally of the form of quotient singularities
is taken to be an orbifold. Since our setup here is motivated by string theory, we will
only be concerned with orbifolds of the form T 6/Γ, which, descending from a torus go
by the name of toroidal orbifolds. While the torus is completely flat, the orbifold is not
flat anymore. It is flat almost everywhere: Its curvature is concentrated in the fixed
points of Γ. At these points, conical singularities appear. Only the simplest variety
of toroidal orbifolds will be discussed here: Γ is taken to be abelian, there will be no
discrete torsion or vector structure.

Looking at string theory on X = Y/Γ, we must project onto the Γ-invariant states.
But this is not the whole story yet. Since the points x and gx for g ∈ Γ are identified on
the quotient, we must not only consider strings whose coordinates fulfill X i(σ + 2π) =
X i(σ), but also those with X i(σ +2π) = gX i(σ). These new sectors are called twisted
sectors, where we again have to project to invariant states. Physically, the twisted
sector strings are only closed modulo a Γ transformation. There are as many twisted
sectors as group elements in Γ.

2.2 Why should I care?

As already mentioned in the introduction, toroidal orbifolds are simple, yet non-trivial.
Their main asset is calculability, which holds for purely geometric as well as for string
theoretic aspects. On the singular orbifold, string propagation is exactly solvable using
its CFT description [10]. What makes toroidal orbifolds especially interesting is that
they allow for several phenomenologically interesting properties, such as non-abelian
gauge groups, N = 1 supersymmetry and chiral fermions in heterotic string theory,
and family repetition.

9
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2.3 Point groups and Coxeter elements

A torus is specified by its underlying lattice Λ: Points which differ by a lattice vector
are identified:

x ∼ x + l, l ∈ Λ.

The six-torus is therefore defined as quotient of R6 with respect to the lattice Λ:
T 6 = R6/Λ. To define an orbifold of the torus, we divide as explained above by a
discrete group Γ, which is called the point group, or simply the orbifold group. We
cannot choose any random group as the point group Γ, it must be an automorphism
of the torus lattice Λ, i.e. it must preserve the scalar product and fulfill g l ∈ Λ if
l ∈ Λ, g ∈ Γ. To fully specify a toroidal orbifold, one must therefore specify both the
torus lattice as well as the point group. In the context of string theory, a set-up with
SU(3)–holonomy1 is what is usually called for, which restricts the point group Γ to
be a subgroup of SU(3). Since we restrict ourselves to abelian point groups, Γ must
belong to the Cartan subalgebra of SO(6). On the complex coordinates of the torus,
the orbifold twist will act as

θ : (z1, z2, z3) → (e2πiζ1 z1, e2πiζ2 z2, e2πiζ3 z3), 0 ≤ |ζ i| < 1, i = 1, 2, 3. (2.1)

The requirement of SU(3)–holonomy can also be phrased as requiring invariance of
the (3, 0)-form of the torus, Ω = dz1 ∧ dz2 ∧ dz3. This leads to

±ζ1 ± ζ2 ± ζ3 = 0. (2.2)

We must furthermore require that Γ acts crystallographically on the torus lattice.
Together with the condition (2.2), this amounts to Γ being either ZN with N =
3, 4, 6, 7, 8, 12 or ZN × ZM with M a multiple of N and N = 2, 3, 4, 6. With the
above, one is lead to the usual standard embeddings of the orbifold twists, which are
given in Tables 2.1 and 2.2. The most convenient notation is

(ζ1, ζ2, ζ3) =
1

n
(n1, n2, n3) with n1 + n2 + n3 = 0 mod n.

Notice that Z6, Z8 and Z12 have two inequivalent embeddings in SO(6).
For all point groups given in Tables 2.1 and 2.2 it is possible to find a compatible

torus lattice, in several cases even more than one. Here, we will consider the root
lattices of semi-simple Lie-Algebras of rank 6. All one needs to know about such a
lattice is contained in the Cartan matrix of the respective Lie algebra. The matrix
elements of the Cartan matrix are defined as follows:

Aij = 2
〈ei, ej〉
〈ej, ej〉

,

1This results in N = 1 supersymmetry for heterotic string theory and in N = 2 in type II string
theories in four dimensions.
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Point group 1
n
(n1, n2, n3)

Z3
1
3
(1, 1,−2)

Z4
1
4
(1, 1,−2)

Z6−I
1
6
(1, 1,−2)

Z6−II
1
6
(1, 2,−3)

Z7
1
7
(1, 2,−3)

Z8−I
1
8
(1, 2,−3)

Z8−II
1
8
(1, 3,−4)

Z12−I
1
12

(1, 4,−5)

Z12−II
1
12

(1, 5,−6)

Table 2.1: Group generators for ZN -orbifolds.

Point group 1
n
(n1, n2, n3)

1
m

(m1, m2, m3)

Z2 × Z2
1
2
(1, 0,−1) 1

2
(0, 1,−1)

Z2 × Z4
1
2
(1, 0,−1) 1

4
(0, 1,−1)

Z2 × Z6
1
2
(1, 0,−1) 1

6
(0, 1,−1)

Z2 × Z6′
1
2
(1, 0,−1) 1

6
(1, 1,−2)

Z3 × Z3
1
3
(1, 0,−1) 1

3
(0, 1,−1)

Z3 × Z6
1
3
(1, 0,−1) 1

6
(0, 1,−1)

Z4 × Z4
1
4
(1, 0,−1) 1

4
(0, 1,−1)

Z6 × Z6
1
6
(1, 0,−1) 1

6
(0, 1,−1)

Table 2.2: Group generators for ZN × ZM -orbifolds.

where the ei are the simple roots. The Cartan matrices of all lattices which are needed
here can be found in Appendix C. All necessary background material on Lie groups
can be found in [11].

The inner automorphisms of these root lattices are given by the Weyl-group of the
Lie-algebra. A Weyl reflection is a reflection on the hyperplane perpendicular to a
given root:

Si(x) = x− 2
〈x, ei〉
〈ei, ei〉

ei. (2.3)

These reflections are not in SU(3) and therefore are not suitable candidates for a
point group, but the Weyl group does have a subgroup contained in SU(3): The
cyclic subgroup generated by the Coxeter element, which is given by successive Weyl
reflections with respect to all simple roots:

Q = S1S2...Srank. (2.4)

The so-called outer automorphisms are those which are generated by transpositions
of roots which are symmetries of the Dynkin diagram. By combining Weyl reflections
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with such outer automorphisms, we arrive at so-called generalized Coxeter elements.
Pij denotes the transposition of the i’th and j’th roots. The orbifold twist Γ may be
represented by a matrix Qij, which rotates the six lattice basis vectors: ei → Qji ej

2.
The following discussion is restricted to cases in which the orbifold twist acts as the
(generalized) Coxeter element of the group lattices, these are the so-called Coxeter–
orbifolds3.

2.3.1 Example A: Z6−I on G2
2 × SU(3)

We take the torus lattice to be the root lattice of G2
2×SU(3), a direct product of three

rank two root lattices, and explicitly construct its Coxeter element. First, we look at
the SU(3)–factor. With the Cartan matrix of SU(3), see (C.1) and (2.3), the matrices
of the two Weyl reflections can be constructed:

S1 =

(
−1 1
0 1

)
, S2 =

(
1 0
1 −1

)
. (2.5)

The Coxeter element is obtained by multiplying the two:

QSU(3) = S1S2 =

(
0 −1
1 −1

)
. (2.6)

In the same way, we arrive at the Coxeter-element of G2. The six-dimensional Coxeter
element is built out of the three 2× 2–blocks:

Q =


2 −1 0 0 0 0
3 −1 0 0 0 0
0 0 2 −1 0 0
0 0 3 −1 0 0
0 0 0 0 0 −1
0 0 0 0 1 −1

 . (2.7)

The eigenvalues of Q are e2πi/6, e−2πi/6, e2πi/6, e−2πi/6, e2πi/3, e−2πi/3, i.e. those of the
Z6−I–twist, see Table 2.1, and Q fulfills Q6 = Id.

2.4 The usual suspects

In the following two tables, all orbifolds which will be discussed here are given. The
list is the one given in [13], other references such as [14] give other lattices as well.

The tables give the torus lattices and the twisted and untwisted Hodge numbers.
The lattices marked with [, ], and ∗ are realized as generalized Coxeter twists, the
automorphism being in the first and second case S1S2S3S4P36P45 and in the third
S1S2S3P16P25P34.

2Different symbols for the orbifold twist are used according to whether we look at the quantity
which acts on the real six-dimensional lattice (Q) or on the complex coordinates (θ).

3It is also possible to construct non–Coxeter orbifolds, such as e.g. Z4 on SO(4)3 as discussed in
[12].
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ZN Lattice huntw.
(1,1) huntw.

(2,1) htwist.
(1,1) htwist.

(2,1)

Z3 SU(3)3 9 0 27 0
Z4 SU(4)2 5 1 20 0
Z4 SU(2)× SU(4)× SO(5) 5 1 22 2
Z4 SU(2)2 × SO(5)2 5 1 26 6
Z6−I (G2 × SU(3)2)[ 5 0 20 1
Z6−I SU(3)×G2

2 5 0 24 5
Z6−II SU(2)× SU(6) 3 1 22 0
Z6−II SU(3)× SO(8) 3 1 26 4
Z6−II (SU(2)2 × SU(3)× SU(3))] 3 1 28 6
Z6−II SU(2)2 × SU(3)×G2 3 1 32 10
Z7 SU(7) 3 0 21 0
Z8−I (SU(4)× SU(4))∗ 3 0 21 0
Z8−I SO(5)× SO(9) 3 0 24 3
Z8−II SU(2)× SO(10) 3 1 24 2
Z8−II SO(4)× SO(9) 3 1 28 6
Z12−I E6 3 0 22 1
Z12−I SU(3)× F4 3 0 26 5
Z12−II SO(4)× F4 3 1 28 6

Table 2.3: Twists, lattices and Hodge numbers for ZN orbifolds.

ZN Lattice huntw.
(1,1) huntw.

(2,1) htwist.
(1,1) htwist.

(2,1)

Z2 × Z2 SU(2)6 3 3 48 0
Z2 × Z4 SU(2)2 × SO(5)2 3 1 58 0
Z2 × Z6 SU(2)2 × SU(3)×G2 3 1 48 2
Z2 × Z6′ SU(3)×G2

2 3 0 33 0
Z3 × Z3 SU(3)3 3 0 81 0
Z3 × Z6 SU(3)×G2

2 3 0 70 1
Z4 × Z4 SO(5)3 3 0 87 0
Z6 × Z6 G3

2 3 0 81 0

Table 2.4: Twists, lattices and Hodge numbers for ZN × ZM orbifolds.

2.5 Shape and size: Introducing the geometrical

moduli

A Calabi–Yau manifold, i.e. a Kähler manifold with vanishing first Chern class can
be deformed in two ways: Either by varying its complex structure (its ”shape”), or by
varying its Kähler structure (its ”size”). As explained in [15], variations of the metric
of mixed type δgmn correspond to variations of the Kähler structure and give rise to
h1,1 parameters, whereas variations of pure type δgmn, δgmn correspond to variations of
the complex structure and give rise to h2,1 complex parameters. To metric variations
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of mixed type, a real (1, 1)–form can be associated:

i δgmn dzm ∧ dzn.

To pure type metric variations, a complex (2, 1)–form can be associated:

Ωijk gkn δgmn dzi ∧ dzj ∧ dzm,

where Ω is the Calabi–Yau (3, 0)–form. Because of this correspondence, the number

of untwisted moduli, i.e. h
(1,1)
untw. and h

(2,1)
untw. can be determined by counting the (1, 1)–

and (2, 1)–forms that are invariant under the orbifold twist. On T 6, there are nine
independent (1, 1)-forms. The three forms dzi ∧ dzi, i = 1, 2, 3 are invariant under all
twists. For each pair ni = nj in the twist (2.1), the forms dzi ∧ dzj and dzj ∧ dzi are
invariant as well. For Z3 where n1 = n2 = n3, all nine (1, 1)-forms of T 6 are invariant,
while for Z4 and Z6−I which have n1 = n2, there are five invariant (1, 1)–forms.

On the six-torus, there are also nine independent (2, 1)-forms. The invariant (2, 1)–
forms correspond to sub-tori which are left completely unconstrained by the orbifold
twist. Maximally three of the nine possible forms survive the twist, namely dzi∧dzj ∧
dzk, i 6= j 6= k.

To clarify the above, we will study the simple case of a single, unconstrained T 2,
which has the metric

g =

(
g11 g12

g12 g22

)
=

(
R2

1 R1R2 cos θ12

R1R2 cos θ12 R2
2

)
. (2.8)

A T 2 comes with one Kähler modulus Im(T ), which parametrizes its volume, and
one complex structure modulus, which corresponds to its modular parameter U = τ .
Figure 2.1 depicts the fundamental region of a T 2. The area of the torus is given by

Im(z)

Re(z)

τ=R /R eiθ2

1

1R /R sinθ2 1

Figure 2.1: Fundamental region of a T 2

R1R2 sin θ, expressed through the metric, we find

Im(T ) =
√

det g = R1R2 sin θ. (2.9)

In heterotic string theory, the Kähler moduli are complexified by pairing them up with
the components of the anti-symmetric tensor B. In type IIB string theory, the Kähler
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moduli are paired with the components of the Ramond-Ramond four-form C4. The
usual normalization of the fundamental region in string theory is such that the a–cycle
is normalized to 1, while the modular parameter becomes τ = R2/R1 eiθ. The complex
structure modulus expressed through the metric is

U =
1

g11

( g12 + i
√

det g ). (2.10)

The twisted moduli will be discussed later on. The same procedure naturally applies
for all cases which have a T 2 factor, also when the T 2 is constrained by the orbifold
twist and the complex structure is fixed. When there is an untwisted complex structure
modulus but the torus is not a direct product with a T 2 factor, the sub-torus which
gives rise to the modulus must be identified and then, the same procedure can be
applied, see the example in Section 2.8.1.

2.6 The metric from the twist, deformations of the

metric

Once the Coxeter element Q has been determined via (2.3) and the Cartan matrix of
the lattice in question, the metric g of the respective orbifold can be obtained through
the requirement that the orbifold twist, being an isometry of the lattice, must leave
the scalar product invariant [16]:

Qtg Q = g . (2.11)

The resulting metric can be conveniently parameterized in terms of the lengths of the
vectors of the real lattice basis and the angles between them:

gij = 〈ei, ej〉 = RiRj cos θij.

The metric of a Lie group lattice only leaves the overall scaling of the lattice vectors
unfixed. The orbifold twist allows in general more degrees of freedom, such as certain
angles between the lattice vectors. This happens in particular when the torus lattice
is a direct product of several root lattices. In such a case, the relative orientation of
the different blocks is in general not completely fixed by the orbifold twist. The metric
of the original Lie group root lattice can be recovered by setting the free parameters
to certain fixed values.

To distinguish the deformation parameters of the metric which give rise to Kähler
moduli from those which result in complex structure moduli, it is useful to study the
anti-symmetric tensor, since it is paired up with the Kähler moduli. The form of the
antisymmetric tensor b is obtained in the same fashion, by solving

Qtb Q = b. (2.12)

The number of untwisted Kähler and complex structure moduli is obtained by counting
the number of independent deformations d allowed by the solutions of Qtg Q = g and
Qtb Q = b. The orbifold has db untwisted Kähler moduli and 1

2
(dg − db) untwisted

complex structure moduli.
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2.6.1 Example A: T 6/Z6−I on G2
2 × SU(3)

To find the metric for this example, (2.11) must be solved for the Coxeter element
(2.7). The result is

g =



R2
1 −1

2
R2

1 R1R3 cos θ13 y 0 0
−1

2
R2

1
1
3
R2

1
1√
3
R1R3 cos θ23

1
3
R1R3 cos θ13 0 0

R1R3 cos θ13
1√
3
R1R3 cos θ23 R2

3 −1
2
R2

3 0 0

y 1
3
R1R3 cos θ13 −1

2
R2

3
1
3
R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5 R2
5

 ,

(2.13)
with y = −1

3
(3R1R3 cos θ13−

√
3R1R3 cos θ23). There are five real continuous deforma-

tion parameters for the metric, R2
1, R2

3, R2
5, θ13 and θ23. One can immediately identify

the three 2× 2 blocks corresponding to the two G2 factors and the SU(3) factor. The
angles between the two G2 factors, θ13 and θ23 are not constrained by the orbifold
twist. For the choice θ13 = θ23 = π/2, the metric of the rigid root lattice G2

2 × SU(3)
is recovered. Solving (2.12) we find

b =


0 b1 3 b5 −3 b5 − b4 0 0
−b1 0 b4 b5 0 0
−3 b5 −b4 0 b2 0 0

3 b5 + b4 −b5 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 (2.14)

with the five real parameters b1, b2, b3, b4, b5. We see that we get 5 untwisted Kähler
moduli in this orbifold, while the complex structure is completely fixed.

2.7 Parametrizing the geometrical moduli

To find the dependence of the Kähler and complex structure moduli on the degrees
of freedom parametrized by the radii and angles in the lattice basis, one has to go
to the complex basis {zi}i=1,2,3, where the twist Q acts diagonally on the complex
coordinates, i.e.

θ : zi → e2πiζizi,

with the eigenvalues 2πiζi introduced above. To find these complex coordinates we
make the ansatz

zi = ai
1 x1 + ai

2 x2 + ai
3 x3 + ai

4 x4 + ai
5 x5 + ai

6 x6. (2.15)

Knowing how the Coxeter twist acts on the root lattice and therefore on the real
coordinates xi, and knowing how the orbifold twist acts on the complex coordinates,
see Tables 2.3 and 2.4, we can determine the coefficients ai

j by solving

Qt zi = e2πiζi zi. (2.16)
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The above equation constrains the coefficients up to an overall complex normalization
factor. The transformation which takes us from the real to the complex basis must be
unimodular. For convenience we choose a normalization such that the first term is real.
The overall normalization of the complex coordinates does not influence the definition
of the moduli. In addition, the ansatz (2.15) should yield a Hermitian metric, i.e. we
require the identity:

ds2 = gij dxi ⊗ dxj = gij dzi ⊗ dzj.

After having introduced the complex coordinates zi, which define the complex struc-
ture, we write down the Kähler form J = i gij dzi ∧ dzj. In the heterotic string, it is
naturally paired with the anti-symmetric tensor

B2 = bij dzi ∧ dzj ≡
h(1,1)∑
i=1

bi ωi,

where the ωi form a basis of twist–invariant 2–forms of the real cohomology H2(X, Z)4.
The Kähler moduli T i are, as mentioned before, defined via the pairing

B + i J =

h(1,1)∑
i=1

T i ωi. (2.17)

How to find the complex coordinates and how to parametrize the Kähler moduli in
a case with more than the usual three Kähler moduli is shown in detail in the following
example.

In Section 2.8.1, the parametrization of a complex structure modulus is worked out.

2.7.1 Example A: T 6/Z6−I on G2
2 × SU(3)

Solving (2.16) yields the following solution for the complex coordinates:

z1 = a (−(1 + e2πi/6) x1 + x2) + b (−(1 + e2πi/6) x3 + x4),
z2 = c (−(1 + e2πi/6) x1 + x2) + d (−(1 + e2πi/6) x3 + x4),
z3 = e (e2πi/3 x5 + x6), (2.18)

where a, b, c, d and e are complex constants left unfixed by the twist alone. In the
following, we will choose a, d, e such that x1, x3, x5 have a real coefficient and the
transformation matrix is unimodular and set b = c = 0, so the complex structure takes
the following form:

z1 = x1 +
1√
3

e5πi/6 x2,

4In type IIB, the Kähler form is paired up with the anti–symmetric 4–form C4 =
h(2,2)∑
i=1

ci di, where

the di are a twist–invariant basis for H4(X, Z).
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z2 = x3 +
1√
3

e5πi/6 x4,

z3 = 31/4 (x5 + e2πi/3 x6). (2.19)

Now we proceed as outlined above. From the metric (2.13) we can easily read off the
Kähler form, which expressed in the complex coordinates (2.19) reads

−i J = R2
1 dz1 ∧ dz1 + R2

3 dz2 ∧ dz2 +
1√
3
R2

5 dz3 ∧ dz3

+2 R1R3 [(e2πi/6 cos θ13 + i cos θ23) dz2 ∧ dz1

+(e−2πi/6 cos θ13 − i cos θ23) dz1 ∧ dz2]. (2.20)

To be able to read off the Kähler moduli, we must look at the real cohomology. The
five untwisted (1, 1)–forms that are invariant under this orbifold twist are

ω1 = dx1 ∧ dx2, ω2 = dx3 ∧ dx4, ω3 = dx5 ∧ dx6,
ω4 = dx2 ∧ dx3 − dx1 ∧ dx4,
ω5 = 3 dx1 ∧ dx3 − 3 dx1 ∧ dx4 + dx2 ∧ dx4. (2.21)

The B–field (2.14) has the simple form

B = b1 ω1 + b2 ω2 + b3 ω3 + b4 ω4 + b5 ω5. (2.22)

The Kähler form expanded in the real cohomology is

J =
1

2
√

3
{R2

1 ω1 + R2
3 ω2 + 3 R2

5 ω3 − 2 R1R3 [ cos θ13 ω4

− 2√
3
(13

√
3 cos θ13 + 29 cos θ23) ω5]}. (2.23)

Via B + i J = T i ωi the Kähler moduli can now be easily read off:

T 1 = b1 + i
1

2
√

3
R2

1, T 2 = b2 + i
1

2
√

3
R2

3, T 3 = b3 + i

√
3

2
R2

5,

T 4 = b4 − i
1√
3

R1R3 cos θ13,

T 5 = b5 + i
1

3
R1R3 (13

√
3 cos θ13 + 29 cos θ23). (2.24)

2.8 Fixed tori with non-standard volumes

In the case of a torus lattice that does not factorize into (T 2)3 it can happen that the
sub-tori which are fixed under higher twists have a volume greater than one. Such a
volume factor enters the definition of the complex coordinates and also shows up in
physical quantities such as the partition function [13] or threshold corrections to gauge
couplings [17].
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ZN Lattice T 6 Vol.
Z3 SU(3)3 -
Z4 SU(4)2 4
Z4 SU(2)× SU(4)× SO(5) 2
Z4 SU(2)2 × SO(5)2 1
Z6−I (G2 × SU(3)2)[ 4
Z6−I SU(3)×G2

2 1
Z6−II SU(2)× SU(6) 3,4
Z6−II SU(3)× SO(8) 4,1
Z6−II (SU(2)2 × SU(3)× SU(3))] 1,4
Z6−II SU(2)2 × SU(3)×G2 1,1
Z7 SU(7) -
Z8−I (SU(4)× SU(4))∗ 4
Z8−I SO(5)× SO(9) 1
Z8−II SU(2)× SO(10) 2,2
Z8−II SO(4)× SO(9) 1,1
Z12−I E6 4,4
Z12−I SU(3)× F4 1,1
Z12−II SO(4)× F4 1,1,1

Table 2.5: Volume factors for ZN orbifolds.

Table 2.5 gives the volume factors for the Zn–orbifolds for all sectors leading to
fixed tori. Since the Zn × Zm–orbifolds all factorize into (T 2)3, all their fixed sub-tori
have volume 1.

The procedure of identifying the volume factors and the subsequent definition of
the complex coordinates is best elucidated in an example.

2.8.1 Example B: T 6/Z6−II on SU(2)× SU(6)

This example is illustrative not only because of its fixed tori with non-standard vol-
umes, but also because it has a complex structure modulus, and moreover one which
is associated to a sub-torus which is not simply a direct product factor in the lattice.
The metric and anti-symmetric tensor are given in Appendix B.7.1.

The Coxeter twist on SU(2)× SU(6), given by (B.60), gives rise to two fixed tori:
One is fixed under Q2, the other under Q3. We identify them in the real basis by
solving

Q2 · n− n = 0 , (2.25)

Q3 · n− n = 0 , (2.26)

where n = {ni} is a real 6-vector. The solution to (2.25) is

t1 = (n5, 0, n5, 0, n5, n6), (2.27)
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with n5, n6 free real parameters. The solution to (2.26) is

t2 = (n4, n5, 0, n4, n5, 0), (2.28)

with n4, n5 free real parameters. Their volume is given by the scalar product with the
dual tori, which are found via

((Q†)−1)2 ·m−m = 0 → t∗1 = (m5,−m5, m5,−m5, m5, m6), (2.29)

((Q†)−1)3 ·m−m = 0 → t∗2 = (m4, m5,−m4 −m5, m4, m5, 0). (2.30)

For the volumes, we find

t†1 · t∗1 = 3 n5m5 + n6m6, (2.31)

t†2 · t∗2 = 2 n4m4 + 2 n5m5. (2.32)

The coefficients ki in front of the nimi indicate that the respective real coordinates
have a larger periodicity than the usual 1. This translates directly to the definition of
the complex coordinate. Solving (2.16) with the ansatz (2.15) leads to

z1 = a (x1 + e2πi/6x2 + e2πi/3 x3 − x4 + e2πi/3 x5)),
z2 = b (x1 + e2πi/3x2 + e−2πi/3 x3 + x4 + e2πi/3 x5),
z3 = c (x1 − x2 + x3 − x4 + x5) + d x6. (2.33)

The fact that in z3 two instead of one free parameters appear is a sign that the complex
structure is not fixed for this coordinate. When we plug the fixed sub-tori into the
expressions for the complex coordinates (2.33), we find

z1|t1 = 0, z1|t2 = 0,

z2|t1 = 0, z2|t2 = 2 b (n4 + e2πi/3 n5),

z3|t1 = 3 c n5 + d n6, z3|t2 = 0. (2.34)

So t1 obviously lies along the z3 direction, while t2 lies along the z2 direction. As
mentioned above, for these tori, the periodicity of the lattice is changed. In t2, both
complex shifts are scaled by a factor two. To compensate for this, we should choose
b ∼ 1

2
. In the case of t1, it is only one of the shifts which is scaled, so we must choose

c ∼ 1
3
. We now choose the normalization of (2.33) such that | det Y | = 1, where Y is

the transformation from real to complex coordinates, which results in

z1 = 1√
3
(x1 + e2πi/6x2 + e2πi/3 x3 − x4 + e2πi/3 x5),

z2 = 1
2
√

2
(x1 + e2πi/3x2 + e−2πi/3 x3 + x4 + e2πi/3 x5),

z3 = 1√
ImU3

[
1
3
(x1 − x2 + x3 − x4 + x5) + U3 x6

]
. (2.35)

What is left to do is parametrizing the complex structure modulus in terms of the
metric. We first calculate

t†1 ·G · t1 = 3 (n5)2 R2
1 (1 + 2 cos θ35) + 6 n5n6R1R6 cos θ56 + (n6)2 R2

6. (2.36)
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Now we express (2.36) in terms of a 2× 2 metric, which is the metric of the sub-torus:(
n5 n6

)( g̃11 g̃12

g̃21 g̃22

)(
n5

n6

)
=
(

n5 n6
)( 3R2

1 (1 + 2 cos θ35) 3R1R6 cos θ56

3R1R6 cos θ56 R2
6

)(
n5

n6

)
(2.37)

With (2.10), we are now lead directly to the following complex structure modulus U3:

U3 =
R6

R1

cos θ56 + i 1√
3

√
1 + 2 cos θ35 − 3 cos θ2

56

1 + 2 cos θ35

. (2.38)

The Kähler moduli present no further complications and are given in Appendix B.7.1,
see (B.66).

2.9 Fixed set configurations and conjugacy classes

Many of the defining properties of an orbifold are encoded in its singularities. Not
only the type (which group element they come from, whether they are isolated or not)
and number of singularities is important, but also their spatial configuration. Here,
it makes a big difference on which torus lattice a specific twist lives. The difference
does not arise for the fixed points in the first twisted sector, i.e. those of the θ-element
which generates the group itself. But in the higher twisted sectors, in particular in
those which give rise to fixed tori, the number of fixed sets differs for different lattices,
which leads to differing Hodge numbers.

A point f (n) is fixed under θn ∈ Zm, n = 0, ...,m− 1, if it fulfills

θn f (n) = f (n) + l, l ∈ Λ, (2.39)

where l is a vector of the torus lattice. In the real lattice basis, we have the identification
xi ∼ xi +1. Like this, we obtain the sets that are fixed under the respective element of
the orbifold group. A twist 1

n
(n1, n2, n3) and its anti-twist 1

n
(1−n1, 1−n2, 1−n3) give

rise to the same fixed sets, so do permutations of (n1, n2, n3). Therefore not all group
elements of the point group need to be considered separately. The prime orbifolds, i.e.
Z3 and Z7 have an especially simple fixed point configuration since all twisted sectors
correspond to the same twist and so give rise to the same set of fixed points. Point
groups containing subgroups generated by elements of the form

1

n
(n1, 0, n2), n1 + n2 = 0 mod n

give rise to fixed tori.
It is important to bear in mind that the fixed points were determined on the

covering space. On the quotient, points which form an orbit under the orbifold group
are identified. For this reason, not the individual fixed sets, but their conjugacy classes
must be counted.

To form a notion of what the orbifold looks like, it is useful to have a schematic
picture of the configuration, i.e. the intersection pattern of the singularities.
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In some cases, not all information that will be needed later on is captured by looking
at the fixed sets under a single group element. The points at the intersections of three
Z2 fixed lines will be relevant as well, which can be easily identified from the schematic
figures provided here. Interestingly, the case of three intersecting Z2 fixed lines is the
only instance of intersecting fixed lines where the intersection point itself is not fixed
under a single group element. This case arises only for Zn ×Zm orbifolds with both n
and m even.

2.9.1 Example A: T 6/Z6−I on G2
2 × SU(3)

In the following, we will identify the fixed sets under the θ-, θ2- and θ3-elements. θ4 and
θ5 yield no new information, since they are simply the anti-twists of θ2 and θ. The Z6−I–
twist has only one fixed point in each torus, namely zi = 0. The Z3–twist has three fixed
points in each direction, namely z1 = z2 = 0, 1/3, 2/3 and z3 = 0, 1/

√
3 eπi/6, 1+ i/

√
3.

The Z2–twist, which arises in the θ3-twisted sector, has four fixed points, corresponding
to z1 = z2 = 0, 1

2
, 1

2
τ, 1

2
(1 + τ) for the respective modular parameter τ . As a general

rule, we shall use red to denote the fixed set under θ, blue to denote the fixed set under
θ2 and pink to denote the fixed set under θ3. Note that the figure shows the covering
space, not the quotient.

Table 2.6 summarizes the important data of the fixed sets. The invariant subtorus
under θ3 is (0, 0, 0, 0, x5, x6) which corresponds simply to z3 being invariant.

Group el. Order Fixed Set Conj. Classes

θ 6 3 fixed points 3
θ2 3 27 fixed points 15
θ3 2 16 fixed lines 6

Table 2.6: Fixed point set for Z6−I on G2
2 × SU(3)

Figure 2.2 shows the configuration of the fixed sets in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of the resulting
cube of length 1 are identified. Note that this figure again shows the whole six-torus
and not the quotient. The arrows indicate the orbits of the fixed sets under the action
of the orbifold group, which we will now explain in detail.

We first look at the z1 and z2–directions. The two Z3–fixed points at 1/3 and 2/3
are mapped to each other by θ and form orbits of length two. We choose to represent
this orbit by zi

fixed,2, i = 1, 2. The three Z3 fixed points in the z3–direction each form
a separate conjugacy class. Therefore, we obtain the 15 conjugacy classes of Z3–fixed
points, 5 in each plane z3 = z3

fixed,γ, γ = 1, 2, 3:

µ = 1 : (0, 0, z3
fixed,γ)

µ = 2 : (0, 1
3
, z3

fixed,γ), (0, 2
3
, z3

fixed,γ) µ = 3 : (1
3
, 0, z3

fixed,γ), (2
3
, 0, z3

fixed,γ)

µ = 4 : (1
3
, 1

3
, z3

fixed,γ), (2
3
, 2

3
, z3

fixed,γ) µ = 5 : (1
3
, 2

3
, z3

fixed,γ), (2
3
, 1

3
, z3

fixed,γ). (2.40)
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Figure 2.2: Schematic picture of the fixed set configuration of Z6−I on G2
2 × SU(3)

The 16 Z2 fixed lines (z1
fixed,α, z2

fixed,β, z3) fall into six conjugacy classes under the action
of θ2:

ν = 1 : (0, 0, z3)

ν = 2 : (1
2
, 0, z3), (1

2
(1 + τ), 0, z3), (1

2
τ, 0, z3)

ν = 3 : (0, 1
2
, z3), (0, 1

2
(1 + τ), z3), (0, 1

2
τ, z3)

ν = 4 : (1
2
, 1

2
, z3), (1

2
(1 + τ), 1

2
(1 + τ), z3), (1

2
τ, 1

2
τ, z3)

ν = 5 : (1
2
, 1

2
(1 + τ), z3), (1

2
(1 + τ), 1

2
τ, z3), (1

2
τ, 1

2
, z3)

ν = 6 : (1
2
, 1

2
τ, z3), (1

2
(1 + τ), 1

2
, z3), (1

2
τ, 1

2
(1 + τ), z3). (2.41)

The configuration of fixed sets and their equivalence classes will become very important
for the construction of the smooth Calabi–Yau later on.

2.10 There’s more than meets the eye: Twisted

moduli

String theory compactified on an orbifold has twisted sectors - string states which are
closed loops on the quotient space because their endpoints are identified under the
orbifold twist. From the massless string spectrum we know that there are twisted
Kähler and complex structure moduli. Obviously, these string states must have a
geometric interpretation. It turns out that these are the moduli which arise from the
resolution of the singularities.

Orbifold singularities are resolved via blow–ups, which correspond to a deformation
of the Kähler structure. The singular point is replaced by an exceptional divisor5. The

5A divisor is a formal sum of codimension one submanifolds.
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twisted Kähler moduli correspond to the volumes of these new four-cycles.
Whereas isolated singularities do not give rise to complex structure deformations,

fixed lines on which no fixed points sit do allow them, as we will see later. These are
the twisted complex structure moduli.

In the case of orbifolds, the smooth Calabi–Yau manifold that results after the
resolution of the singularities is in a way the more natural, since more general object
to consider. The singular orbifold can be seen as a special, singular point in the moduli
space of the smooth Calabi–Yau. The following sections are devoted to the construction
of smooth Calabi–Yau manifolds from singular toroidal orbifolds.



Chapter 3

The smooth Calabi-Yau

3.1 From singular to smooth - A recipe

To make the transition from the singular orbifold to the smooth Calabi–Yau manifold,
clearly the singularities have to be resolved. But how is this done in practice? When
we zoom in on a fixed point under a group Γ, space in a small neighborhood around
the singularity will look like C3/Γ. Resolving this singularity of non-compact space
is a well-known and straight-forward exercise. It can be done most conveniently by
making use of the technology of toric geometry.

In the case of non-isolated singularities, i.e. fixed tori, space locally looks like
C2/Γ(2) × C, where Γ(2) is generated by 1

n
(n1, n2).

Once all singularities are resolved, we invoke our schematic picture of the fixed set
configuration as introduced in Section 2.9, which tells us how the local patches must
be put together. We arrive at a full basis of H2 and can calculate the intersection ring,
from which we can in turn derive the volume of the manifold parameterized by the
Kähler moduli. The topologies of the individual divisors can also be determined by a
combination of local toric methods and global information descending from the torus.
It is the combination of local knowledge about the neighborhoods of the resolved sin-
gularities, derived with the powerful methods of toric geometry, and global knowledge
which descends from the six-torus itself which allows us to derive our knowledge about
the smooth Calabi–Yaus.

A very readable introduction to toric geometry can be found in Chapter 7 of [18],
also [19] might be helpful.

3.2 A lattice and a fan: Toric Geometry, the basics

An n–dimensional toric variety has the form

XΣ = (CN \ FΣ)/(C∗)m, (3.1)

where m < N, n = N −m. (C∗)m is the algebraic torus which lends the variety its
name and acts via coordinatewise multiplication. FΣ is the subset that remains fixed

25
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under a continuous subgroup of (C∗)m and must be subtracted for the variety to be
well-defined.

This toric variety XΣ can be encoded by a lattice N which is isomorphic to Zn and
its fan Σ. The fan is a collection of strongly convex rational cones in N ⊗Z R with
the property that each face of a cone in Σ is also a cone in Σ and the intersection
of two cones in Σ is a face of each. The d–dimensional cones in Σ are in one-to-one
correspondence with the codimension d–submanifolds of XΣ. The one–dimensional
cones in particular correspond to the divisors in XΣ. The fan Σ can be encoded by
the generators of its edges or one–dimensional cones, i.e. by vectors vi ∈ N . To each
vi we associate a homogeneous coordinate zi of XΣ. To each of the vi corresponds the
divisor Di which is determined by the equation zi = 0. The (C∗)r action is encoded
on the vi in r linear relations

d∑
i=1

l
(a)
i vi = 0, a = 1, . . . , r, l

(a)
i ∈ Z. (3.2)

To each linear relation we assign a monomial Ua =
∏d

i=1 z
l
(a)
i

i . These monomials are
the local coordinates of Xσ.

We are uniquely interested in Calabi–Yau orbifolds, therefore we require XΣ to
have trivial canonical class. The canonical divisor of XΣ is given by −D1 − ... −Dn,
so for XΣ to be Calabi–Yau, D1 + ...+Dn must be trivial. This translates to requiring
that the vi must all lie in the same affine hyperplane one unit away from the origin v0.
In our 3–dimensional case, this means that the third component of all the vectors vi

(except v0) equals one. The vi form a cone C(∆(2)) over the triangle ∆(2) = 〈v1, v2, v3〉
with apex v0. The Calabi–Yau condition therefore allows us to draw toric diagrams
∆(2) in two dimensions only.

How do we go about finding the fan of a specific C3/Zn–orbifold? We have just one
three–dimensional cone in Σ, generated by v1, v2, v3. The orbifold acts as follows on
the coordinates of C3:

θ : (z1, z2, z2) → (ε z1, εn1 z2, εn2 z3), ε = e2πi/n. (3.3)

For such an action we will use the shorthand notation 1
n
(1, n1, n2). The coordinates of

XΣ are given by
U i = (z1)(v1)i(z2)(v2)i(z3)(v3)i . (3.4)

To find the coordinates of the generators vi of the fan, we require the U i to be invariant
under the action of θ. We end up looking for two linearly independent solutions of the
equation

(v1)i + n1 (v2)i + n2 (v3)i = 0 mod n. (3.5)

The Calabi–Yau condition is trivially fulfilled since the orbifold actions are chosen such
that 1 + n1 + n2 = n and εn = 1.

XΣ is smooth if all the top-dimensional cones in Σ have volume one. By computing
the determinant det(v1, v2, v3), it can be easily checked that this is not the case in any
of our orbifolds. We will therefore resolve the singularities by blowing them up.
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3.2.1 Example A.1: C3/Z6−I

The group Z6−I acts as follows on C3:

θ : (z1, z2, z2) → (ε z1, ε z2, ε4 z3), ε = e2πi/6. (3.6)

To find the components of the vi, we have to solve (v1)i+(v2)i+4 (v3)i = 0 mod 6. This
leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (1,−2, 1), v2 = (−1,−2, 1), v3 = (0, 1, 1). (3.7)

The toric diagram of C3/Z6−I and its dual diagram are depicted in Figure 3.1.

Figure 3.1: Toric diagram of C3/Z6−I and dual graph

3.3 Resolving the singularities

The process of blowing up a consists of two steps in toric geometry: First, we must
refine the fan, then subdivide it. Refining the fan means adding 1–dimensional cones.
The subdivision corresponds to choosing a triangulation for the toric diagram. To-
gether, this corresponds to replacing the point that is blown up by an exceptional
divisor. We denote the refined fan by Σ̃.

We are interested in resolving the orbifold–singularities such that the canonical
class of the manifold is not affected, i.e. the resulting manifold is still Calabi–Yau (in
mathematics literature, this is called a crepant resolution). When adding points that
lie in the intersection of the simplex with corners vi and the lattice N , the Calabi–Yau
criterion is met. Aspinwall studies the resolution of singularities of type Cd/G and
gives a very simple prescription [20]. We first write it down for the case of C3/Zn. For
what follows, it is more convenient to write the orbifold twists in the form

θ : (z1, z2, z3) → (e2πig1 z1, e2πig2 z2, e2πig3 z3). (3.8)

The new generators wi are obtained via

wi = g
(i)
1 v1 + g

(i)
2 v2 + g

(i)
3 v3, (3.9)
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where the g(i) = (g
(i)
1 , g

(i)
2 , g

(i)
3 ) ∈ Zn = {1, θ, θ2, ... , θn−1} such that

3∑
i=1

gi = 1, 0 ≤ gi < 1. (3.10)

θ always fulfills this criterion. We denote the the exceptional divisors corresponding
to the wi by Ei. To each of the new generators we associate a new coordinate which
we denote by yi, as opposed to the zi we associated to the original vi.

Let us pause for a moment to think about what this method of resolution means.
The obvious reason for enforcing the criterion (3.10) is that group elements which do
not respect it fail to fulfill the Calabi–Yau condition: Their third component is no
longer equal to one. But what is the interpretation of these group elements that do
not contribute? Another way to phrase the question is: Why do not all twisted sectors
contribute exceptional divisors? A closer look at the group elements shows that all
those elements of the form 1

n
(1, n1, n2) which fulfill (3.10) give rise to inner points of

the toric diagram. Those of the form 1
n

(1, 0, n − 1) lead to points on the edge of the
diagram. They always fulfill (3.10) and each element which belongs to such a sub-
group contributes a divisor to the respective edge, therefore there will be n− 1 points
on it. The elements which do not fulfill (3.10) are in fact anti-twists, i.e. they have
the form 1

n
(n− 1, n− n1, n− n2). Since the anti-twist does not carry any information

which was not contained already in the twist, there is no need to take it into account
separately, so also from this point of view it makes sense that it does not contribute
an exceptional divisor to the resolution.

The case C2/Zn is even simpler. The singularity C2/Zn is called a rational double
point of type An−1 and its resolution is called a Hirzebruch–Jung sphere tree consisting
of n−1 exceptional divisors intersecting themselves according to the Dynkin diagram of
An−1. The corresponding polyhedron ∆(1) consists of a single edge joining two vertices
v1 and v2 with n − 1 equally spaced lattice points w1, . . . , wn−1 in the interior of the
edge, see discussion in Appendix A.18.

Now we subdivide the cone. For most groups G, several triangulations, and there-
fore several resolutions are possible (for large group orders even several thousands).
They are all related via birational transformations, namely flop transitions. The dia-
gram of the resolution of C3/G contains n triangles, where n is the order of G, yielding
n three-dimensional cones.

This treatment is easily extended to C3/ZN × ZM–orbifolds. When constructing
the fan, the coordinates of the generators vi not only have to fulfill one equation (3.5)
but three, coming from the twist θ1 associated to ZN , the twist θ2 associated to ZM

and from the combined twist θ1θ2. When blowing up the orbifold, the possible group
elements g(i) are {(θ1)i(θ2)j, i = 0, ..., N − 1, j = 0, ...,M − 1}. The toric diagram of
the blown–up geometry contains N ·M triangles corresponding to the tree-dimensional
cones. The remainder of the preceding discussion remains the same.

In the dual diagram, the geometry and intersection properties of a toric manifold
are often easier to grasp than in the original toric diagram. The divisors, which are
represented by vertices in the original toric diagram become faces in the dual diagram,
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the curves marking the intersections of two divisors remain curves and the intersections
of three divisors which are represented by the faces of the original diagram become
vertices. In the dual graph, it is immediately clear, which of the divisors and curves are
compact. The curves at the intersection of two exceptional divisors are the exceptional
curves.

We also want to settle the question to which toric variety the blown-up geometry
corresponds. Applied to our case XΣ = C3/G, the new blown up variety corresponds
to

XeΣ = C3+d \ FeΣ/(C∗)d, (3.11)

where d is the number of new generators wi of one–dimensional cones. The action of
(C∗)d corresponds to the set of rescalings that leave the

Ũi = (z1)(v1)i(z2)(v2)i(z3)(v3)i(z4)
(w1)i... (z3+d)

(wd)i (3.12)

invariant. The excluded set FeΣ is determined as follows: Take the set of all combina-
tions of generators vi of one–dimensional cones in Σ that do not span a cone in Σ and
define for each such combination a linear space by setting the coordinates associated
to the vi to zero. FΣ is the union of these linear spaces, i.e. the set of simultaneous
zeros of coordinates not belonging to the same cone. In the case of several possible tri-
angulations, it is the excluded set that distinguishes the different resulting geometries.

3.3.1 Example A.1: C3/Z6−I

We will now resolve the singularity of C3/Z6−I . θ, θ2 and θ3 fulfill (3.10). This leads
to the following new generators:

w1 = 1
6
v1 + 1

6
v2 + 4

6
v3 = (0, 0, 1),

w2 = 3
6
v1 + 2

6
v2 + 2

6
v3 = (0,−1, 1),

w3 = 3
6
v1 + 3

6
v2 = (0,−2, 1). (3.13)

In this case, the triangulation is unique. Figure 3.2 shows the corresponding toric
diagram and its dual graph. Let us identify the new geometry. The Ũi are

Ũ1 =
z1

z2
, Ũ2 =

z3

(z1)2(z2)2y2(y3)2
, Ũ3 = z1z2z2y1y2y3. (3.14)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, y2, y3) → (λ1 z1, λ1 z2, λ4
1λ2λ3 z3,

1

λ6
1λ

2
2λ

3
3

y1, λ2 y2, λ3 y3). (3.15)

According to (3.11), the new blown-up geometry is

XeΣ = (C6 \ FeΣ)/(C∗)3, (3.16)
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Figure 3.2: Toric diagram of the resolution of C3/Z6−I and dual graph

where the action of (C∗)3 is given by (3.15). The excluded set is generated by

FeΣ = {(z3, y2) = 0, (z3, y3) = 0, (y1, y3) = 0, (z1, z2) = 0 }.

As can readily be seen in the dual graph, we have seven compact curves in XeΣ.
Two of them, {y1 = y2 = 0} and {y2 = y3 = 0} are exceptional. They both have the
topology of P1. Take for example C1: To avoid being on the excluded set, we must
have y3 6= 0, z3 6= 0 and (z1, z2) 6= 0. Therefore C1 = {(z1, z2, 1, 0, 0, 1), (z1, z1) 6=
0}/(z1, z2), which corresponds to a P1.

We have now six three-dimensional cones: S1 = (D1, E2, E3), S2 = (D1, E2, E1), S3 =
(D1, E1, D3), S4 = (D2, E2, E3), S5 = (D2, E2, E1), and S6 = (D2, E1, D3).

3.4 Mori cone and intersection numbers

Since this will become important later, we want to investigate the intersection proper-
ties of the divisors of the resolved geometry. Note that the intersection number of two
cycles A, B only depends on the homology classes of A and B. Note also that

∑
biDi

and
∑

b′iDi (where the Di are the divisors corresponding to the one-dimensional cones)
are linearly equivalent iff they are homologically equivalent.

First, we identify the linear relations between the divisors of the form

ai
1 v1 + ai

2 v2 + ai
3 v3 + ai

4 w1 + ... + ai
3+d wd = 0.

These linear relations can be obtained either by direct examination of the generators
or can be read off directly from the algebraic torus action (C∗)m. The exponents of
the different scaling parameters yield the coefficients ai. The divisors corresponding
to such a linear combination are sliding divisors in the compact geometry. It is very
convenient to introduce a matrix ( P |Q ): The rows of P contain the coordinates of the
vectors vi and wi. The columns of Q contain the linear relations between the divisors,
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i.e. the vectors {ai}. From the rows of Q, which we denote by Ci, i = 1, ..., d, we can
read off the linear equivalences in homology between the divisors which enable us to
compute all triple intersection numbers. For most applications, it is most convenient
to choose the Ci to be the generators of the Mori cone. The Mori cone is the space
of effective curves, i.e. the space of all curves C ∈ XΣ with C ·D ≥ 0 for all divisors
D ∈ XΣ. It is dual to the Kähler cone. In our cases, the Mori cone is spanned by curves
corresponding to two-dimensional cones. The curves correspond to the linear relations
for the vertices. The generators for the Mori cone correspond to those linear relations
in terms of which all others can be expressed as positive, integer linear combinations.

We will briefly survey the method of finding the generators of the Mori cone. It
can be found for example in [21]. We will present it here adapted to our context.

I. In a given triangulation, take the three-dimensional simplices Sk (corresponding
to the three-dimensional cones). Take those pairs of simplices (Sl, Sk) that share
a two–dimensional simplex Sk ∩ Sl.

II. For each such pair find the unique linear relation among the vertices in Sk ∪ Sl

such that

(i) the coefficients are minimal integers and

(ii) the coefficients for the points in (Sk ∪ Sl) \ (Sk ∩ Sl) are positive.

III. Find the minimal integer relations among those obtained in step 2 such that each
of them can be expressed as a positive integer linear combination of them.

While the first two steps are very simple, step III. becomes increasingly tricky for larger
groups.

The general rule for triple intersections is that the intersection number of three
distinct divisors is 1 if they belong to the same cone and 0 otherwise. The set of
collections of divisors which do not intersect because they do not lie in the same come
forms a further characteristic quantity of a toric variety, the Stanley–Reisner ideal.
It contains the same information as the exceptional set FΣ. Intersection numbers for
triple intersections of the form D2

i Dj or E3
k can be obtained by making use of the

linear equivalences between the divisors. Since we are working here with non–compact
varieties at least one compact divisor has to be involved. For intersections in compact
varieties there is no such condition. The intersection ring of a toric variety is – up to a
global normalization – completely determined by the linear relations and the Stanley–
Reisner ideal. The normalization is fixed by one intersection number of three distinct
divisors.

The matrix elements of Q are the intersection numbers between the curves Ci and
the divisors Di, Ei. We can use this to determine how the compact curves of our
blown–up geometry are related to the Ci.



32 3 The smooth Calabi-Yau

3.4.1 Example A.1: C3/Z6−I

For this example, the method of working out the Mori generators is shown step by
step. We give the pairs, the sets Sl ∪ Sk (the points underlined are those who have to
have positive coefficients) and the linear relations:

1. S6 ∪ S3 = {D1, D2, D3, E1}, D1 + D2 + 4 D3 − 6 E1 = 0,

2. S5 ∪ S2 = {D1, D2, E1, E2}, D1 + D2 + 2 E1 − 4 E2 = 0,

3. S4 ∪ S1 = {D1, D2, E2, E3}, D1 + D2 − 2 E3 = 0,

4. S3 ∪ S2 = {D1, D3, E1, E2}, D3 − 2 E1 + E2 = 0,

5. S2 ∪ S1 = {D1, E1, E2, E3}, E1 − 2 E2 + E3 = 0,

6. S6 ∪ S5 = {D2, D3, E1, E2}, D3 − 2 E1 + E2 = 0,

7. S5 ∪ S4 = {D2, E1, E2, E3}, E1 − 2 E2 + E3 = 0. (3.17)

With the relations 3, 4 and 5 all other relations can be expressed as a positive integer
linear combination. This leads to the following three Mori generators:

C1 = {0, 0, 0, 1,−2, 1}, C2 = {1, 1, 0, 0, 0,−2}, C3 = {0, 0, 1,−2, 1, 0}. (3.18)

With this, we are ready to write down (P |Q):

(P |Q) =


D1 1 −2 1 | 0 1 0
D2 −1 −2 1 | 0 1 0
D3 0 1 1 | 0 0 1
E1 0 0 1 | 1 0 −2
E2 0 −1 1 | −2 0 1
E3 0 −2 1 | 1 −2 0.


From the rows of Q, we can read off directly the linear equivalences:

D1 ∼ D2, E2 ∼ −2 E1 − 3 D3, E3 ∼ E1 − 2 D1 + 2 D3.

For our later convenience, we recast them into a form in which each relation contains
one D–divisor:

0 ∼ 6 D1 + 2 E2 + E1 + 3 E3,

0 ∼ 6 D2 + 2 E2 + E1 + 3 E3,

0 ∼ 3 D3 + E2 + 2 E1. (3.19)

The matrix elements of Q contain the intersection numbers of the Ci with the D1, E1,
e.g. E1 · C3 = −2, D3 · C1 = 0, etc. We know that E1 · E3 = 0. From the linear
equivalences between the divisors, we find the following relations between the curves
Ci and the seven compact curves of our geometry: C1 = D1 · E2 = D2 · E2, C2 =
E2 ·E3, C3 = D1 ·E1 = D2 ·E1, E1 ·E2 = 2 C1 +C2, D3 ·E1 = 2 C1 +C2 +4 C3. From
these relations and (P |Q), we can get all triple intersection numbers, e.g. D3E

2
1 =
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Curve D1 D2 D3 E1 E2 E3

E1 · E2 1 1 0 2 -4 0
E2 · E3 1 1 0 0 0 -2
D1 · E1 0 0 1 -2 1 0
D1 · E2 0 0 0 1 -2 1
D2 · E1 0 0 1 -2 1 0
D2 · E2 0 0 0 1 -2 1
D3 · E1 1 1 4 -6 0 0

Table 3.1: Triple intersection numbers of the blow–up of Z6−II

2 C1 · E1 + C2 · E1 + 4 C3 · E1 = −6. Table 3.1 gives the intersections of all compact
curves with the divisors.

Using the linear equivalences, we can also find the triple self–intersections of the
compact exceptional divisors: E3

1 = E3
2 = 8.

From the intersection numbers in Q, we find that {E1 + 2 D3, D2, D3} form a basis
of the Kähler cone which is dual to the basis {C1, C2, C3} of the Mori cone.

3.5 Divisor topologies, Part I

There are two types of exceptional divisors: The compact divisors, whose corresponding
points lie in the interior of the toric diagram, and the semi-compact ones whose points
sit on the boundary of the toric diagram. The latter case corresponds to the two–
dimensional situation with an extra non–compact direction, hence it has the topology
of C× P1 with possibly some blow–ups.

We first discuss the compact divisors. For this purpose we use the notion of the star
of a cone σ, in terms of which the topology of the corresponding divisor is determined.
The star, denoted Star(σ) is the set of all cones τ in the fan Σ containing σ. This
means that we simply remove from the fan Σ all cones, i.e. points and lines in the toric
diagram, which do not contain wi. The diagram of the star is not necessarily convex
anymore. Then we compute the linear relations and the Mori cone for the star. This
means in particular that we drop all the simplices Sk in the induced triangulation of
the star which do not lie in its toric diagram. As a consequence, certain linear relations
of the full diagram will be removed in the process of determining the Mori cone. The
generators of the Mori cone of the star will in general be different from those of Σ.

Once we have obtained the Mori cone of the star, we can rely on the classification
of compact toric surfaces: Any toric surface is either a P2, a Hirzebruch surface Fn, or
a toric blow–up thereof. The generator of the Mori cone of P2 has the form

QT =
(
−3 1 1 1

)
.

For Fn, the generators take the form

QT =

(
−2 1 1 0 0

−n− 2 0 n 1 1

)
or QT =

(
−2 1 1 0 0

n− 2 0 −n 1 1

)
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since F−n is isomorphic to Fn. Finally, every toric blow–up of a point adds an additional
independent relation whose form is

QT =
(

0 ... 0 1 1 −2
)
.

We will denote the blow–up of a surface S in n points by BlnS.
However, this is not yet the full story, since our toric variety XeΣ is actually three-

dimensional. In particular, the stars are in fact cones over a polygon. Therefore, we
have an additional possibility for a toric blow–up. We can add a point to the polygon
such that the corresponding relation is of the form

QT =
(

0 ... 0 1 1 −1 −1
)
.

This corresponds to adding a cone over a lozenge and is well-known from the resolution
of the conifold singularity. The lozenge has to be subdivided into two simplices, and
there are two ways of doing this. The process of going from one way to the other is
known as a flop and reverses the signs of the corresponding relation. It also affects
some of the other relations. The curve C− that is flopped is the intersection of two
divisors, say E1 and E2. If any other curve C intersects one of these two divisors, i.e.
C · Ei 6= 0, the new relation corresponding to C is the sum of the relation of C− and
C. Topologically, this means that an exceptional curve C− is blown down and another
one, C+, is blown up. As a consequence, we have to include these blow–ups in the
list of surfaces given above. In addition, we have to include topologies that can be
obtained by flopping a curve in a surface of this enlarged list of surfaces.

Also the semi-compact exceptional divisors can be dealt with using the star. Since
the geometry is effectively reduced by one dimension, the only compact toric manifold
in one dimension is P1 and the corresponding generator is

QT =
(
−2 1 1 0

)
,

where the 0 corresponds to the non-compact factor C.

3.5.1 Example A.1: C3/Z6−I

We now determine the topology of the exceptional divisors for our example C3/Z6−I .
As explained above, we need to look at the respective stars which are displayed in
Figure 3.3. In order to determine the Mori generators for the star of E1, we have to
drop the cones involving E3 which are S1 and S4. From the seven relations in (3.17)
only four remain, those corresponding to C3, 2 C1 + C2 and 2 C1 + C2 + 4 C3. These
are generated by 2 C1 + C2 = (1, 1, 0, 2,−4, 0) and C3 = (0, 0, 1,−2, 1, 0) which are the
Mori generators of F4. Similarly, for the star of E2 only the relations not involving
S3 and S6 remain. These are generated by C1 and C2, and using (3.18) we recognize
them to be the Mori generators of F2. Finally, the star of E3 has only the relation
corresponding to C3. Hence, the topology of E3 is P1 × C, as it should be, since the
point sits on the boundary of the toric diagram of XΣ and no extra exceptional curves
end on it.
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Figure 3.3: The stars of the exceptional divisors E1, E2, and E3, respectively.

3.5.2 Example B.1: C3/Z6−II

We briefly give another example to illustrate the relation between different triangula-
tions of a toric diagram. The resolution of C3/Z6−II is given in Appendix A.4. The
toric diagram allows five different triangulations, i.e. five different resolutions. Figure
3.4 gives the five toric diagrams.
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Figure 3.4: The five different triangulations of the toric diagram of the resolution of
C3/Z6−II

We start out with triangulation a). When the curve D1 ·E1 is blown down and the
curve E3 ·E4 is blown up instead, we have gone through a flop transition and arrive at
the triangulation b). From b) to c) we arrive by performing the flop E1 ·E4 → E2 ·E3.
From c) to d) takes us the flop E1 ·E2 → D2 ·E3. The last triangulation e) is produced
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from b) by flopping E1 · E3 → D3 · E4. Thus, all triangulations are related to each
other by a series of birational transformations.

We now identify the topologies of the exceptional divisors. The only compact
exceptional divisor is E1. In the triangulation c), we recognize its star to be the fan of
an F1. In the other triangulations, E1 is birationally equivalent to F1. In b), we have
F1 with one blow–up, in a) F1 with two blow–ups. In d), the star of E1 is the fan of
P2, while in e) E1 again has the topology of F1.

In triangulation a), all non-compact exceptional divisors have the topology of P1×C.

3.6 The big picture: Gluing the patches

In the easy cases, say in the prime orbifolds Z3 and Z7, it is obvious how the smooth
manifold is obtained: Just put one resolved patch in the location of every fixed point
and you are finished. Since these patches only have internal points, the corresponding
exceptional divisors are compact, hence cannot see each other, and no complications
arise from gluing.

Fixed lines which do not intersect any other fixed lines and on top of which no fixed
points sit also pose no problem.

But what happens, when we have fixed lines on top of which fixed points are sitting?
As discussed already, such a fixed point already knows it sits on a fixed line, since on
the edge of the toric diagram of its resolution is the number of exceptional divisors
appropriate to the fixed line the point sits on top of. Internal exceptional divisors
are unproblematic in this case as well, since they do not feel the global surrounding.
The exceptional divisors on the edges are identified or glued together with those of the
corresponding resolved fixed lines.

The larger the order of the group, the more often it happens that a point or line is
fixed under several group elements. How are we to know which of the patches we should
use? In the case of fixed lines answer is: Use the patch that belongs to the generator
of the largest subgroup under which the patch is fixed, because the line is fixed under
the whole sub-goup and its exceptional divisors already count the contributions from
the other group elements. For fixed points, the question is a little more tricky. One
possibility is to count the number of group elements this point is fixed under, not
counting anti-twists and elements that generate fixed lines. Then choose the patch
with the matching number of interior points. The other possibility is to rely on the
schematic picture of the fixed set configuration and choose the patch according to the
fixed lines the fixed point sits on. Isolated fixed points correspond to toric diagrams
with only internal, compact exceptional divisors. When the fixed point sits on a fixed
line of order k, its toric diagram has k−1 exceptional divisors on one of its boundaries.
If the fixed point sits at the intersection of two (three) fixed lines, it has the appropriate
number of exceptional divisors on two (three) of its boundaries. The right number of
interior points together with the right number of exceptional divisors sitting on the
edges uniquely determines the correct patch. Even though the intersection points of
three Z2 fixed lines are not fixed under a single group element, they must be resolved.
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The resolution of such a point is the resolution of C3/Z2 × Z2 and its toric diagram is
indeed the only one without interior points.

3.6.1 Example A: Z6−I on G2
2 × SU(3)

This example is rather straightforward. We must again use the data of Table 2.6 and
the schematic picture of the fixed set configuration 2.2. Furthermore, we need the
resolved patches of C3/Z6−I (see Section 3.3.1, in particular Figure 3.2), C3/Z3 (see
Appendix A.1, in particular Figure A.1), and the resolution of the Z2 fixed line, see
Appendix A.18. The three Z6–patches contribute two exceptional divisors each: E1,γ,
and E2,1,γ, where γ = 1, 2, 3 labels the patches in the z3–direction. The exceptional
divisor E3 on the edge is identified with the one of the resolved fixed line the patch
sits upon, as we will see.

There are furthermore 15 conjugacy classes of Z3 fixed points. Blowing them up
leads to a contribution of one exceptional divisor as can be seen from Figure A.1. Since
three of these fixed points sit at the location of the Z6−I fixed points which we have
already taken into account (E2,1,γ), we only count 12 of them, and denote the resulting
divisors by E2,µ,γ, µ = 2, . . . , 5, γ = 1, 2, 3. The invariant divisors are built according
to the conjugacy classes in (2.40):

E2,2,γ = Ẽ2,1,2,γ + Ẽ2,1,3,γ, E2,3,γ = Ẽ2,3,1,γ + Ẽ2,5,1,γ,

E2,4,γ = Ẽ2,3,2,γ + Ẽ2,5,3,γ, E2,5,γ = Ẽ2,3,3,γ + Ẽ2,5,2,γ. (3.20)

where Ẽ2,α,β,γ are the representatives on the cover. Finally, there are 6 conjugacy classes
of fixed lines of the form C2/Z2. We see that after the resolution, each class contributes
one exceptional divisor E3,α, α = 1, 2. On the fixed line at z1

fixed,1 = z2
fixed,1 = 0 sit the

three Z6−I fixed points. The divisor coming from the blow–up of this fixed line, E3,1,
is identified with the three exceptional divisors corresponding to the points on the
boundary of the toric diagram of the resolution of C3/Z6−I that we mentioned above.
The other exceptional divisors are built as invariant combinations according to the
conjugacy classes in (2.41):

E3,1 = Ẽ3,1,1, E3,2 = Ẽ3,1,2 + Ẽ3,1,4 + Ẽ3,1,6,

E3,3 = Ẽ3,2,1 + Ẽ3,4,1 + Ẽ3,6,1, E3,4 = Ẽ3,2,2 + Ẽ3,4,4 + Ẽ3,6,6,

E3,5 = Ẽ3,2,4 + Ẽ3,4,6 + Ẽ3,6,2, E3,6 = Ẽ3,2,6 + Ẽ3,4,2 + Ẽ3,6,4. (3.21)

In total, this adds up to 3 · 2 + 12 · 1 + 6 · 1 = 24 exceptional divisors, which is the
number which is given for h

(1,1)
twisted in Table 2.3.

3.6.2 Example C: T 6/Z6 × Z6

This, being the point group of largest order, is the most tedious of all examples. It is
presented here to show that the procedure is not so tedious after all.
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Figure 3.5: Schematic picture of the fixed set configuration of Z6 × Z6



3.6 The big picture 39

Group el. Order Fixed Set Conj. Classes

θ1 6 1 fixed line 1
(θ1)2 3 9 fixed lines 4
(θ1)3 2 16 fixed lines 4
θ2 6 1 fixed line 1

(θ2)2 3 9 fixed lines 4
(θ2)3 2 16 fixed lines 4
θ1θ2 6× 6 3 fixed points 2

θ1(θ2)2 6× 3 12 fixed points 4
θ1(θ2)3 6× 2 12 fixed points 4
θ1(θ2)4 6× 6 3 fixed points 2
θ1(θ2)5 6 1 fixed line 1
(θ1)2θ2 3× 6 12 fixed points 4
(θ1)3θ2 2× 6 12 fixed points 4
(θ1)4θ2 6× 6 3 fixed points 2

(θ1)2(θ2)2 3× 3 27 fixed points 9
(θ1)2(θ2)3 3× 2 12 fixed points 4
(θ1)2(θ2)4 3 9 fixed lines 4
(θ1)3(θ2)2 2× 3 12 fixed points 4
(θ1)3(θ2)3 2 16 fixed lines 4

Table 3.2: Fixed point set for Z6 × Z6.

First, the fixed sets must be identified. Table 3.2 summarizes the results, some
more details can be found in Appendix B.26.2.

Figure 3.5 shows the schematic picture of the fixed set configuration. Again, it
is the covering space that is shown, the representants of the equivalence classes are
highlighted.

Now we are ready to glue the patches together. Figure 3.6 schematically shows all
the patches that will be needed in this example. It is easiest to first look at the fixed
lines. There are three Z6 fixed lines, each contributing five exceptional divisors. Then
there are twelve equivalence classes of Z3 fixed lines, three of which coincide with the
Z6 fixed lines. The latter need not be counted, since they are already contained in the
divisor count of the Z6 fixed lines. The Z3 fixed lines each contribute two exceptional
divisors. Furthermore, there are twelve equivalence classes of Z2 fixed lines, three of
which again coincide with the Z6 fixed lines. They give rise to one exceptional divisor
each. From the fixed lines originate in total 3 · 5 + (12 − 3) · 2 + (12 − 3) · 1 = 42
exceptional divisors.

Now we study the fixed points. We associate the patches to the fixed points ac-
cording to the intersection of fixed lines on which they sit. The exceptional divisors on
the boundaries of their toric diagrams are identified with the divisors of the respective
fixed lines. There is but one fixed point on the intersection of three Z6 fixed lines. It
is replaced by the resolution of the C2/Z6 × Z6 patch, which contributes ten compact
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Figure 3.6: Toric diagrams of patches for T 6/Z6 × Z6

internal exceptional divisors. There are three equivalence classes of fixed points on
the intersections of one Z6 fixed line and two Z3 fixed lines. They are replaced by
the resolutions of the C2/Z3 × Z6 patch, which contribute four compact exceptional
divisors each. Then, there are five equivalence classes of fixed points on the intersec-
tions of three Z3 fixed lines. They are replaced by the resolutions of the C2/Z3 × Z3

patch, which contribute one compact exceptional divisors each. Furthermore, there
are three equivalence classes of fixed points on the intersections of one Z6 fixed line
and two Z2 fixed lines. They are replaced by the resolutions of the C2/Z2 × Z6 patch,
which contribute two compact exceptional divisors each. The rest of the fixed points
sit on the intersections of one Z2 and one Z3 fixed line. There are six equivalence
classes of them. They are replaced by the resolutions of the C2/Z2 × Z3 patch, which
is the same as the C2/Z6−II patch, which contribute one compact exceptional divisors
each. On the intersections of three Z2 fixed lines sit resolved C2/Z2 × Z2 patches, but
since this patch has no internal points, it doesn’t contribute any exceptional divisors
which were not already counted by the fixed lines. The fixed points therefore yield
1 · 10 + 3 · 4 + 5 · 1 + 3 · 2 + 6 · 1 = 42 exceptional divisors. From fixed lines and fixed
points together we arrive at 81 exceptional divisors.

3.7 The inherited divisors

So far, we have mainly spoken about the exceptional divisors which arise from the
blow–ups of the singularities. In the local patches, the other natural set of divisors
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are the D–divisors, which descend from the local coordinates z̃i of the C3–patch. On
the compact space, i.e. the resolution of T 6/Γ, the Ds are not the natural quantities
anymore. The natural quantities are the divisors Ri which descend from the covering
space T 6 and are dual to the untwisted (1, 1)–forms of the orbifold. As discussed in
Section 2.5, the three forms dzi ∧ dzi, i = 1, 2, 3 are invariant under all twists. For
each pair ni = nj in the twist (2.1), the forms dzi ∧ dzj and dzj ∧ dzi are invariant as
well.

The inherited divisors Ri together with the exceptional divisors Ek,α,β,γ form a basis
for the divisor classes of the resolved orbifold.

The D–divisors, which in the local patches are defined by z̃i = 0 are in the compact
manifold defined by

Diα = {zi = zi
fixed,α}, (3.22)

where α runs over the fixed loci in the ith direction. Therefore, they correspond to
planes localized at the fixed points in the compact geometry.

The three ”diagonal” Ri dual to dzi ∧ dzi, i = 1, 2, 3 correspond to fixed planes
parallel to the Ds which can sit everywhere except at the loci of the fixed points. They
are defined as {zi = c 6= zi

fixed,α} and are ”sliding” divisors in the sense that they can
move away from the fixed point. c corresponds to their position modulus. We need,
however, to pay attention whether we use the local coordinates z̃i near the fixed point
on the orbifold or the local coordinates zi on the cover. Locally, the map is z̃i = (zi)

ni ,
where ni is the order of the group element that fixes the plane Di. On the orbifold,
the Ri , i = 1, 2, 3 are defined as

Ri = {z̃i = cni}, c 6= zi
fixed,α. (3.23)

On the cover, they lift to a union of ni divisors Ri =
⋃ni

k=1{zi = εkc} with εni = 1.

z2
z

z

1

3

D1,1 D2,1

D3,1

R1
R2

R3

Figure 3.7: Schematic picture of D- and R-divisors
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Figure 3.7 shows the schematic representation of three of the D divisors and the
three diagonal inherited divisors Ri. The figure shows the fixed set of Z6−II on SU(2)×
SU(6), but this is not essential.

To relate the Ri to the Di, consider the local toric patch before blowing up. The
fixed point lies at c = zi

fixed,α and in the limit as c approaches this point we find
Ri ∼ ni Di. This expresses the fact that the polynomial defining Ri on the cover has
a zero of order ni on Di at the fixed point. In the local toric patch Ri ∼ 0, hence
ni Di ∼ 0. After blowing up, Ri and ni Di differ by the exceptional divisors Ek which
appear in the process of resolution. The difference is expressed precisely by the linear
relation in the ith direction (3.2) of the resolved toric variety XeΣ and takes the form

Ri ∼ ni Di +
∑

k

Ek. (3.24)

This relation is independent from the chosen triangulation. Since such a relation holds
for every fixed point zi

fixed,α, we add the label α which denotes the different fixed sets
in the i–direction. Furthermore, we have to sum over all fixed sets which lie in the
respective fixed plane Di,α:

Ri ∼ ni Di,α +
∑
k,β

Ekαβ for all α and all i, (3.25)

where ni is the order of the group element that fixes the plane Di,α. The precise form
of the sum over the exceptional divisors depends on the singularities involved.

In general, an orbifold of the form T 6/G has local singularities of the form Cm/H,
where H is some subgroup of index p = [G : H] in G. If H is a strict subgroup of G, the
above discussion applies in exactly the same way and yields relations (3.24) for divisors
R′

i with vanishing orders n′i. In the end, however, it must be taken into account that
H is a subgroup, which means that the relations for the R′

i with the action of H must
be embedded into those involving the Ri with the action of G. The R′

i are related to
the Ri by

Ri =
|G|
|H|

R′
i = p R′

i. (3.26)

When a set is fixed only under a strict subgroup H ⊂ G, its elements are mapped
into each other by the generator of the normal subgroup G/H. Therefore, the equiv-
alence classes of invariant divisors must be considered. They are represented by
S =

∑
α S̃α, where S̃α stands for any divisor D̃iα or Ẽkαβ on the cover and the sum runs

over the p elements of the coset G/H. In this case, we can add up the corresponding
relations: ∑

α

R′
i ∼ n′i

∑
α

D̃iα +
∑
k,β

∑
α

Ẽkαβ

The left hand side is equal to p R′
i = Ri, therefore

Ri ∼ n′iDi +
∑
k,β

Ekβ (3.27)
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which is the same as the relation for R′
i.

Something special happens if ni = nj = n for i 6= j. In this situation, there are
additional divisors on the cover, Rij =

⋃n
k=1{zi + εkzj = εk+k0cij} for some integer k0

and some constant cij, which descend to divisors on the orbifold. We have εn = 1 for
even n, and ε2n = 1 for odd n. Since the natural basis for H2(T 6) are the forms hī

(see the previous subsection), we have to combine the various components of the Rij

in a particular way in order to obtain divisors Rī which are Poincaré dual to these
forms. If we define the variables

zij
± = zi ± zj, z′±

ij = zi ± εzj, (3.28)

zij
k = zi + εkzj, (3.29)

then

Rī = {zij
+ + z̄ij

− = cij} ∪ {zij
+ − z̄ij

− = cij} ∪ {z′+ij + z̄′−
ij = cij} ∪ {z′+ij − z̄′−

ij = cij}.
(3.30)

These divisors again satisfy linear relations of the form (3.25):

Rī ∼ nDīα +
∑
k,β,γ

Ekαβγ. (3.31)

3.7.1 Example A: T 6/Z6−I on G2
2 × SU(3)

This example combines several complications: More than three inherited exceptional
divisors, several kinds of local patches for the fixed points, and fixed sets which are in
orbits with length greater than one.

The D–planes are D̃1,α = {z1 = z1
fixed,α}, α = 1, . . . , 6, D̃2,β = {z2 = z2

fixed,β},
β = 1, ..., 6, and D̃3,γ = {z3 = z3

fixed,γ}, γ = 1, 2, 3 on the cover. From these, we define
the invariant combinations

D1,1 = D̃1,1, D1,2 = D̃1,2 + D̃1,4 + D̃1,6, D1,3 = D̃1,3 + D̃1,5,

D2,1 = D̃2,1 D2,2 = D̃2,2 + D̃2,4 + D̃2,6 D2,3 = D̃2,3 + D̃2,5

D3,γ = D̃3,γ.

Now, we will construct the global linear relations (3.25). The D1,1–plane contains
three equivalence classes of Z6−I–patches, three equivalence classes of Z3–patches, and
two equivalence classes of Z2–fixed lines. From the local relations of C2/Zn (A.97), we
find the local relation to R1 as in (3.27) (here, we already changed the labels of the
divisors to match the labels of the Z6−I–patch):

R1 = 2 D1,1 + E3,1. (3.32)

With this, the global relation is obtained from the local relation of C3/Z6−I (3.19),
and the local relation of C3/Z3 (A.4) :

R1 = 6 D1,1 +
3∑

γ=1

E1,γ + 2
2∑

µ=1

3∑
γ=1

E2,µ,γ + 3
∑
ν=1,2

E3,ν . (3.33)
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The divisor D1,2 only contains two equivalence classes of Z2 fixed lines:

R1 = 2 D1,2 +
6∑

ν=3

E3,ν . (3.34)

Next, we look at the divisor D1,3, which only contains Z3 fixed points. The local linear
equivalences (A.4) together with (3.27) lead to

R1 = 3 D1,3 +
5∑

µ=3

3∑
γ=1

E2,µ,γ. (3.35)

The linear relations for D2,β are the same as those for D1,α:

R2 = 6 D2,1 +
3∑

γ=1

E1,γ + 2
∑
µ=1,3

3∑
γ=1

E2,µ,γ + 3
∑
ν=1,3

E3,ν ,

R2 = 2 D2,2 +
∑

ν=2,4,5,6

E3,ν ,

R2 = 3 D2,3 +
∑

µ=2,4,5

3∑
γ=1

E2,µ,γ. (3.36)

Finally, the relations for D3,γ are again obtained from (3.19):

R3 = 3 D3,γ + 2 E1,γ +
5∑

µ=1

E2,µ,γ γ = 1, . . . , 3. (3.37)

3.8 The intersection ring

There is a purely combinatorial way to determine the intersection ring of the resolved
torus orbifold. This method is completely analogous to the one given in Section 3.4
for the local patches. Recall that first, the intersection numbers between three distinct
divisors were determined, and then the linear relations were used to compute all the
remaining intersection numbers. In the global situation we proceed in the same way.

With the local and global linear relations worked out in the last section at our
disposal, we can determine the intersection ring as follows: First we compute the
intersection numbers including the Ri between distinct divisors as well as the Stanley–
Reisner ideal from a local compactification of the blown–up singularity. Then, we make
use of the schematic picture of the fixed set configuration, see Section 2.9, from which
we can read off which of the divisors coming from different fixed sets never intersect.
With the necessary input of all intersection numbers with three different divisors, all
other intersection numbers can be determined by using the global linear equivalences
(3.25).
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To relate the inherited divisors to the divisors of a local patch, the patch must be
compactified. For this discussion, we focus on one specific patch, i.e. we fix α and
drop it from the notation for the time being. For the compactification of the blow–up
of C3, we choose (P1)

3
. Now we can again invoke the methods of toric geometry. We

start with a lattice N ∼= Z3 with basis fi = miei, where ei is the standard basis. The
mi are positive integers that have to be chosen such that m1m2m3 = n1n2n3/|G| and
the ni are the same as in (3.24). We construct an auxiliary polyhedron ∆(3) by taking
the cone C∆(2) from Section 3.4 and rotating and rescaling it such that the vertices
corresponding to the divisors Di lie at vi+3 = nifi, i = 1, 2, 3. Then we add the vertices
vi = −fi corresponding to the divisors Ri, i = 1, 2, 3. The points vk+6 corresponding
to the exceptional divisors Ek are now located on the face 〈v4, v5, v6〉. It is easy to
check that the linear relations of the polyhedron ∆(3) are precisely (3.24). We require
the triangulation to be a star triangulation, i.e. all simplices contain the origin, and
that the triangulation of the simplex 〈0, v4, v5, v6〉 be induced from the triangulation
of the cone C∆(2) . Computing the intersection numbers for three distinct divisors by
determining the volume of the corresponding simplex with respect to the standard
basis ei yields the local intersection numbers of the global orbifold. The local Stanley–
Reisner ideal, i.e. the set of those divisors which do not intersect because they belong
to different cones can be immediately read off from the auxiliary polyhedron.

Note, that this procedure equally applies to resolutions of fixed points and fixed
lines. In the latter case, we start with the two–dimensional cone C∆(1) ⊂ N ′

R
∼= R2

obtained from the resolution of the fixed line at the intersection of say D1 and D2.
We extend the underlying lattice to N = Z ⊕ N ′ ∼= Z3. Then we add the generator
v3 = (1, 0, 0) corresponding to the divisor D3 intersecting the fixed line in a point.
(The indices of the Di have to be permuted according to the global coordinates of the
singularity.) In this way, we obtain the cone C∆(2) = {0}×C∆(1) ∪v3 which is the input
for the construction of ∆(3) above.

For the local patches corresponding to singularities of the form Cm/H with H

a strict subgroup of G, the auxiliary polyhedron ∆
(3)
H is obtained by modifying the

polyhedron ∆
(3)
G for C3/G. For this, we observe that the exceptional divisors coming

from the resolution of Cm/H always form a subset of those coming from the resolution

of C3/G. Hence, we simply drop those points in ∆
(3)
G which do not correspond to an

exceptional divisor coming from the resolution of Cm/H.

If the equivalence class corresponding to the divisors Diα or Ekαβγ has more than one
element, we have two possibilities: Either we work with the representatives on the cover
and plug in the invariant combination at the end of the calculation, or we work with
the invariant divisors and modify the polyhedra accordingly. The second possibility
reduces the calculational cost considerably, so we concentrate on this one. The second
possibility reduces the calculations by a large amount, so we concentrate on this one.
The modification of the polyhedron is determined by the linear relations (3.24) with
Ri = R′

i and ni = n′i for the corresponding local singularity Cm/H. This amounts to
dividing the ith component of vk, k ≥ 4, by p such that the modified polyhedron also
satisfies (3.24). If it happens that two or more conjugacy classes of the fixed point
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set, i.e. two or more exceptional divisor classes Ek,α lie at the same locus, we have to
multiply the corresponding generator vk+3 by the number of components. For fixed
lines, we have to work with as many copies of the corresponding polyhedron as there
are components.

We construct the auxiliary polyhedron ∆(3) for every equivalence class of the fixed
point set, and add the labels α, β, γ denoting the fixed point set to the divisors Di

and Ek. The lattice N is the same for all the polyhedra. In this way, we get all the
intersection numbers Sabc between between distinct divisors from the over-complete
set {Sa} = {Ri, Di,α, Ek,α,β,γ}. The presence of the Ri in all the auxiliary polyhedra
ensures the correct relative normalizations of the intersection numbers in the different
patches. The choice mi of the lattice basis fixes the overall normalization. In addition,
we have the local Stanley–Reisner ideal. There is a global analogue of the Stanley–
Reisner ideal. It is the set of all pairs of divisors with indices i, α and i, α′ with α 6= α′.
The divisors in such a pair never intersect since they lie at disjoint fixed point sets α
and α′, respectively.

Using the linear relations (3.25) which take the general form
∑

a nsSa = 0, we can
construct a system of equations for the remaining intersection numbers involving two
equal divisors Saab and three equal divisors Saaa by multiplying the linear relations by
all possible products SbSc. This yields a highly overdetermined system of equations

∑
a

naSabc = 0, (3.38)

whose solution determines all the remaining intersection numbers. The information
contained in the local and global Stanley–Reisner ideals simplifies this system greatly,
since most of these equations are trivially satisfied after setting the corresponding
intersections to zero.

The intersection ring can also be determined without solving the system of equa-
tions (3.38). All that is needed are the intersection numbers obtained from the com-
pactified local patches and the configuration of the fixed sets. If such a patch has no
exceptional divisors on the boundary of the uncompactified toric diagram, the inter-
section numbers of these exceptional divisors remain unchanged in the global setting.
If the intersection number involves exceptional divisors on the boundary of the toric
diagram, the local intersection number must be multiplied with the number of patches
which sit on the fixed line to which the exceptional divisor belongs.

As often the case, there is a more direct but equivalent way to obtain the intersection
numbers which does not involve the polyhedra: The intersections between distinct
divisors Diα and Ekαβγ are those computed in the local patch, see Section 3.4. The
intersections between Rj and Diα are easily obtained from their defining polynomials
on the cover. The intersection number between R1, R2, and R3 is simply the number
of solutions to {(z̃1)

n1 = cn1
1 , (z̃2)

n2 = cn2
2 , (z̃3)

n3 = cn3
3 } which is n1n2n3. Taking into

account that we calculated this on the cover, we need to divide by |G| in order to get
the result on the orbifold. Similarly, the divisors Diα are defined by linear equations
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in the z̃i, hence we set the corresponding ni to 1. Therefore,

R1R2R3 =
1

|G|
n1n2n3 RiRjDkα =

1

|G|
ninj RiDjαDkβ =

ni

|G|
(3.39)

for i, j, k pairwise distinct, and all α and β. Furthermore, Ri and Diα never intersect
by definition. The only remaining intersection numbers involving both Rj and Diα are
of the form RjDiαEkαβγ. They vanish if Diα and Ekαβγ do not intersect in the local toric
patch, otherwise they are 1. Finally, there are the intersections between Ri and the
exceptional divisors. If the exceptional divisor lies in the interior of the toric diagram
or on the boundary adjacent to Diα, it cannot intersect Ri. Also, RiRjEkαβγ = 0. The
above can also be seen directly from a schematic picture such as Figure 3.7, combined
with the toric diagrams of the local patches.

Using this procedure it is also straightforward to compute the intersection numbers
involving the divisors Rī and Dī. From the defining polynomials in (3.30) we find
that the only non–vanishing intersection numbers are

RīRjı̄Rk = − 1

|G|
n2

i nk, DīαRjı̄Rk = − 1

|G|
nink, RīRjı̄Dkα = − 1

|G|
n2

i ,

DīαDjı̄βRk = − 1

|G|
nk, DīαRjı̄Dkβ = − 1

|G|
ni, DīαDjı̄βDkγ = − 1

|G|
,

RīRjk̄Rkı̄ =
1

|G|
n3

i , RīRjk̄Dkı̄α =
1

|G|
n2

i , RīDjk̄αDkı̄β =
1

|G|
ni,

DīαDjk̄βDkı̄γ =
1

|G|
, (3.40)

for i, j, k pairwise distinct, and all α, β, and γ. The negative signs come from carefully
taking into account the orientation reversal due to complex conjugation.

3.8.1 Example A: T 6/Z6−I on G2
2 × SU(3)

After the preparations of Section 3.7.1, we are ready to compute the intersection ring
for this example. First, we need to determine the basis for the lattice N in which the
auxiliary polyhedra will live. From (3.33), (3.36), and (3.37) we see that n1 = n2 = 6,
and n3 = 3. Hence we can choose m1 = m2 = 3, and m3 = 2 and the lattice basis is
f1 = (3, 0, 0), f2 = (0, 3, 0), f3 = (0, 0, 2). We start with the polyhedron ∆

(3)
1 for the

Z6−I fixed points. Its lattice points are

v1 = (−3, 0, 0), v2 = (0,−3, 0), v3 = (0, 0,−2), v4 = (18, 0, 0), v5 = (0, 18, 0),

v6 = (0, 0, 6), v7 = (3, 3, 4), v8 = (6, 6, 2), v9 = (9, 9, 0), (3.41)

corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, E2, E3 in that order. By ap-
plying the methods described at the end of the last section, we obtain the following
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Figure 3.8: The polyhedra of the local compactifications for the resolutions of C3/Z6−I ,
C3/Z3 and C2/Z2 × C.

intersection numbers between three distinct divisors:

R1R2R3 = 18, R1R2D3 = 6, R1R3D2 = 3, R1D2D3 = 1,

R2R3D1 = 3, R2D1D3 = 1, R3D1E3 = 1, R3D2E3 = 1,

D1E1D3 = 1, D1E1E2 = 1, D1E2E3 = 1, D2D3E1 = 1,

D2E1E2 = 1, D2E2E3 = 1, (3.42)

and the local Stanley–Reisner ideal

{RiDi = 0, RiE1 = 0, RiE2 = 0, R1E3 = 0, R2E3 = 0,

D1D2 = 0, D3E2 = 0, D3E3 = 0, E1E3 = 0, i = 1, 2, 3} . (3.43)

Now, we add the labels α, β, γ of the fixed points to the divisors: Di → Diα, E1 → E1γ,
E2 → E2αβγ, E3 → E3α, and set α = 1, β = 1, γ = 1, 2, 3.

As explained in the last section, the polyhedra for the other patches are obtained
from ∆

(3)
1 by dropping or rescaling some of the points. For the Z3 patches, we drop

v7 and v9, for those at µ = 2 we set v5 = (0, 9, 0), v8 = (6, 3, 2). For those at
µ = 3 we set v4 = (9, 0, 0), v8 = (3, 6, 2), and finally for those at µ = 4, 5 we set
v4 = (9, 0, 0), v5 = (0, 9, 0), v8 = (6, 6, 4). For the Z2 fixed lines, we drop v7 and v8.
For the fixed line at ν = 3 we set v5 = (0, 6, 0), v9 = (3, 9, 0), while for those at
ν = 4, 5, 6 we set v4 = (6, 0, 0), v5 = (0, 6, 0), v9 = (9, 9, 0). The three polyhedra are
depicted in Figure 3.8. Computing the analogues of (3.42) and (3.43) yields all the local
information we need. The global information comes from the linear relations (B.54)
to (B.58) and the examination of Figure 2.2 to determine those pairs of divisors which
never intersect. Solving the resulting overdetermined system of linear equations then
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yields the intersection ring of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 18, R3E
2
3,1 = −2, R3E

2
3,ν = −6, E3

1,γ = 8,

E2
1,γE2,1,γ = 2, E1,γE

2
2,1,γ = −4, E3

2,1γ = 8, E3
2,µ,γ = 9,

E2,1,γE
2
3,1 = −2, E3

3,1 = 8, (3.44)

for µ = 2, . . . , 5, ν = 2, . . . , 6, γ = 1, 2, 3.

3.9 Divisor topologies, Part II

In Section 3.5, the topology of the compact factors of the exceptional divisors was
determined in the setting of the local non–compact patches. Here, we discuss the
divisor topologies in the compact geometry of the resolved toroidal orbifolds, i.e. in
particular the topologies of the formerly non–compact C–factor of the semi–compact
exceptional divisors and the topologies of the D–divisors about which we could not say
anything in the local toric setting.

We begin by discussing the exceptional divisors. Their topology depends on the
structure of the fixed point set they originate from. The following three situations can
occur:

E1) Fixed points

E2) Fixed lines without fixed points

E3) Fixed lines with fixed points on top of them

In addition, we must distinguish between equivalence classes of the fixed set consisting
of a single element or more. We first discuss the case of a single element. The topology
of the divisors in case E1) has already been discussed in great detail in Section 3.5.
The local topology the divisors in the cases E2) and E3) has also been discussed in that
section, and found to be (a blow–up of) C×P1. The C factor is the local description of
the T 2/Zk curve on which there were the C2/Zm singularities whose resolution yielded
the P1 factor.

For the determination of the topology of the resolved curves, it is necessary to know
the topology of T 2/Zk. This can be determined from the action of Zk on the respective
fundamental domains. For k = 2, there are four fixed points at 0, 1/2, τ/2, and (1+τ)/2
for arbitrary τ . The fundamental domain for the quotient can be taken to be the
rhombus [0, τ, τ + 1/2, 1/2] and the periodicity folds it along the line [τ/2, (1 + τ)/2].
Hence, the topology of T 2/Z2 without its singularities is that of a P1 minus 4 points.
For k = 3, 4, 6 the value of τ is fixed to be i, exp(2πi

3
), exp(2πi

6
), respectively, and the

fundamental domains are shown in Figure 3.9 (note that here the fundamental regions
are in part chosen differently than those in the appendices).

From this figure, we see that the topology of T 2/Zk for k = 3, 4, 6 is that of a P1

minus 3, 2, 3 points, respectively. In the case E2), there are no further fixed points,
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Figure 3.9: The fundamental domains of T 2/Zk, k = 3, 4, 6. The dashed line indicates
the folding.

so the blow–up procedure merely glues points into this P1. The topology of such
an exceptional divisor is therefore the one of F0 = P1 × P1. In the case E3), the
topology further depends on the fixed points lying on these fixed lines. This depends
on the choice of the root lattice for T 6/G, and can therefore only be discussed case by
case. This will be done for the examples in the next subsection and the appendices.
The general procedure consists of looking at the corresponding toric diagram. There
will always be an exceptional curve whose line ends in the point corresponding to
the exceptional divisor. This exceptional curve meets the P1 (minus some points)
we have just discussed in the missing points and therefore, the blow–up adds in the
missing points. Any further lines ending in that point of the toric diagram correspond
to additional blow–ups, i.e. additional P1s that are glued in at the missing points.
Therefore, for each fixed point lying on the fixed line and each additional line in the
toric diagram there will be a blow–up of F0 = P1 × P1.

If there are p elements in the equivalence class of the fixed line, the topology is
quite different for the case E2). This is because the p different T 2/Zk’s are mapped
into each other by the corresponding generator in such a way that the different singular
points are permuted. When the invariant combinations are constructed by summing
over all representatives, the singularities disappear and we are left with a T 2. Hence,
in the case E2) without fixed points, the topology of E =

∑k
α=1 Ẽα is P1 × T 2.

Similarly, the topology of the divisors Diα depends on the structure of the fixed
point sets lying in the divisor. We again treat first the case of D lying in an equivalence
class containing only one element. Recall that these divisors are defined by Diα = {zi =
zi
fixed,α}. The orbifold group G acts on these divisors by (zj, zk) → (εnjzj, ε

nkzk) for
(zj, zk) ∈ Diα and j 6= i 6= k. Since nj + nk = n − ni < n, the resolved space will
not be a Calabi–Yau manifold anymore, but a rational surface. This happens because
for resolutions of this type of action, the canonical class cannot be preserved. (In
more mathematical terms, the resolution is not crepant.) In order to determine the
topology, we will use a simplicial cell decomposition, remove the singular sets, glue
in the smoothening spaces, i.e. perform the blow–ups, and use the additivity of the
Euler number. This has to be done case by case. If, in particular, the fixed point
set contains points, there will be a blow–up for each fixed point and for each line
in the toric diagram of the fixed point which ends in the point corresponding to Di.
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Another possibility is to apply the techniques of toric geometry given in Section 3.3 to
singularities of the form C2/Zn for which n1 + n2 6= n.

When D lies in an equivalence class with p > 1 elements, the basic topology again
changes to P1 × T 2.

Note that when embedding the divisor D into a (Calabi–Yau) manifold X in general,
not all the divisor classes of D are realized as classes in X. In the case of resolved
torus orbifolds, this happens because the underlying lattice of D is not necessarily a
sublattice of the underlying lattice of X. This means that the fixed point set of D as a
T 4–orbifold can be larger than the restriction of the fixed point set of the T 6–orbifold
to D. In order to determine the topology of D, we have to work with the larger fixed
point set of D as a T 4–orbifold. It turns out that there is always a lattice defining a
T 6–orbifold for which all divisor classes of D are also realized in X. In fact, we observe
that the topology of all those divisors which are present in several different lattices is
independent of the lattice.

The divisors Ri contain by definition no component of the fixed point set. However,
they can intersect fixed lines in points. If there are no fixed lines piercing them, the
action of the orbifold group is free and their topology is that of a T 4. Otherwise, the
intersection points have to be resolved in the same way as for the divisors Diα. In this
case, the topology is always that of a K3 surface.

We can also use the intersection ring to study the topology of these divisors. If
we describe the divisor S (which can be of any type, i.e. R, E or D above) of the
Calabi–Yau manifold X by an embedding i : S −→ X, we have the associated short
exact sequence for the tangent bundles TS and TX and the normal bundle NS/X of S
in X

0 −→ TS −→ TX |S −→ NS/X −→ 0. (3.45)

By the adjunction formula [22] NS/X
∼= O(S)|S we can relate the topology of S to that

of X as follows. Expanding c(TX) = c(TS) c(NS/X) and using the restriction formula∫
S

ω =
∫

X
ω ∧ S we obtain

c1(S) = −S (3.46)

c1(NS/X)2 = S2 = c2(X)− c2(S) (3.47)

c2(X) · S + S3 = χ(S), (3.48)

which gives the relation between the Chern classes of S and the topological numbers
of X. Furthermore, we have the holomorphic Euler characteristic of S

χ(OS) = 1− h(1,0)(S) + h(2,0)(S). (3.49)

Noether’s formula [22] relates χ(OS) to the Chern classes of S:

χ(OS) =
1

12

∫
S

(
c1(S)2 + c2(S)

)
, (3.50)

from which we get
12 χ(OS) = S3 + χ(S). (3.51)
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This equation can be used in two ways. Since we already determined the topologies
of the divisors Ri, Diα and Ekαβγ, i.e. the values of χ(OS) and χ(S), we can cross–
check them with the calculation for the self–intersection numbers in the intersection
ring. We can also explicitly check the number of blow–ups of S. On the one hand,
it is known [22] that the holomorphic Euler characteristic is a birational invariant,
i.e. it does not change under blow–ups. On the other hand, blowing up a surface
adds a 2–cycle to it, hence increases the Euler number χ(S) by 1. Therefore, the self–
intersection number S3 is decreased by 1. Furthermore, S3 restricted to S becomes
S2 = c1(S)2 = K2

S, where KS is the canonical divisor of S. Like χ(OS) and χ(S), K2
S

is a characteristic quantity of a surface S. We have collected these three quantities for
the basic topologies that we have found above in the following table:

S χ(S) χ(OS) K2
S h(1,0)(S)

P2 3 1 9 0
Fn 4 1 8 0

P1 × T 2 0 0 0 1
T 4 0 0 0 2
K3 24 2 0 0

(3.52)

The invariants of the blow–ups of these surfaces are then obtained from the above
observations.

The second use of (3.51) is to determine c2 ·S in (3.48) from the topology of S.

3.9.1 Example A: T 6/Z6−I on G2
2 × SU(3)

Here, we discuss the topologies of the divisors of the resolution of T 6/Z6−I on G2
2 ×

SU(3). The topology of the compact exceptional divisors has been determined in
Section 3.5.1: E1,γ = F4 and E2,1,γ = F2. By the remark at the end of appendix A.1,
E2,µ,γ, µ = 2, . . . , 5, have the topology of a P2. The divisor E3,1 is of type E3) and
has a single representative, hence the basic topology is that of a F0. There are 3 Z6−I

fixed points on it, but there is only a single line ending in E3 in the toric diagram
of Figure 3.2, which corresponds to the exceptional P1, therefore there are no further
blow–ups. The divisors E3,ν , ν = 2, . . . , 6 are all of type E2) with 3 representatives,
hence their topology is that of P1 × T 2.

The topology D2,1 is determined as follows: The fixed point set of the action 1
6
(1, 4)

agrees with the restriction of the fixed point set of T 6/Z6−I to D2,1. The Euler number
of D2,1 minus the fixed point set is (0− 4 · 0− 6 · 1)/6 = −1. The procedure of blowing
up the singularities glues in 3 P1×T 2s at the Z2 fixed lines which does not change the
Euler number. The last fixed line is replaced by a P1×T 2 minus 3 points, upon which
there is still a free Z3 action. Its Euler number is therefore (0− 3)/3 = −1. The 6 Z3

fixed points fall into 3 equivalence classes, furthermore we see from Figure A.1 that
there is one line ending in D2. Hence, each of these classes is replaced by a P1, and the
contribution to the Euler number is 3 · 2 = 6. Finally, for the 3 Z6−I fixed points there
are 2 lines ending in D2 in the toric diagram in Figure 3.2. At a single fixed point,
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the blow–up yields two P1s touching in one point whose Euler number is 2 · 2− 1 = 3.
Adding everything up, the Euler number of D2,1 is −1 + 0− 1 + 6 + 3 · 3 = 13 which
can be viewed as the result of a blow–up of F0 in 9 points. The same discussion as
above also holds for D1,1, however, there are no Z2 fixed lines without fixed points.
The topology of each representative of D1,2 minus the fixed point set, viewed as a T 4

orbifold, is that of a T 2 × (T 2/Z2 \ {4 pts}). The representatives are permuted under
the residual Z3 action and the 12 points fall into 3 orbits of length 1 and 3 orbits of
length 3. Hence, the topology of the class is still that of a T 2 × (T 2/Z2 \ {4 pts}).
After the blow–up it is therefore a P1×T 2. The divisor D2,2 has the same structure as
D1,2, therefore its topology is that of a P1× T 2. The topology of the divisors D2,3 and
D1,3 is the same as the topology of Diα in the Z3 orbifold which is discussed in detail
in Appendix B.1.5. It can be viewed as a blow–up of P2 in 12 points. Finally, there
are the divisors D3γ. The action 1

6
(1, 1) on T 4 has 24 fixed points, 1 of order 6, 15 of

order 2, and 8 of order 3. The Z2 fixed points fall into 5 orbits of length 3 under the
Z3 element, and the Z3 fixed points fall into 4 orbits of length 2 under the Z2 element.
For each type of fixed point there is a single line ending in D3 in the corresponding
toric diagram, therefore the fixed points are all replaced by a P1. The Euler number
therefore is (0− 24)/6 + (1 + 5 + 4) · 2 = 16. Hence, D3,γ can be viewed as blow–up of
F0 in 12 points.

The divisors R1 and R2 do not intersect any fixed lines lines, therefore they simply
have the topology of T 4. The divisor R3 has the topology of a K3. In Table 3.3,
we have summarized the topology of all the divisors. All the Euler numbers and
types of surfaces we have determined above together with (B.59) agree with Noethers
formula (3.51). With the knowledge of the Euler numbers and the intersection ring we

E1γ E2,1γ E2µγ E3,1 E3,2

F4 F2 P2 F0 P1 × T 2

D1,1 D1,2 D1,3 D2,1 D2,2 D3,γ R1, R2 R3

Bl9Fn P1 × T 2 Bl12P2 Bl9Fn Bl12P2 Bl12Fn T 4 K3

Table 3.3: The topology of the divisors.

can determine the second Chern class c2 on the basis {Ri, Ekαβγ} using (3.48):

c2 ·E1,γ = −4, c2 ·E2,1,γ = −4, c2 ·E2,µ,γ = −6, c2 ·E3,1 = −4,

c2 ·E3,ν = 0, c2 ·Ri = 0, c2 ·R3 =24. (3.53)

Since the second Chern class is a linear form on H2(X, Z) we can apply it to each of
the linear relations in (B.54) to (B.58) and again find complete agreement.

3.9.2 Example B: T 6/Z6−II on SU(2)× SU(6)

For the moment we only consider the triangulation a). The topology of the compact
exceptional divisors was determined in Section 3.5.2: E1,βγ was found to be Bl2F1.
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The remaining exceptional divisors are all of type E3), hence the basic topology is F0.
Looking at Figure A.3, we see that in the toric diagram of triangulation a) there is
only one line ending in each of E2, E3, and E4, which corresponds to the exceptional
curve of F0. Therefore there is no additional blow–up, and each of E2β, E3γ, and E4β

has the topology of an F0.
The topology of D1 is determined as follows: The action of 1

6
(2, 3) on T 4 factorizes

and the topology of D1 minus the fixed point set is that of (T 2/Z3 \{3 pts})×(T 2/Z2 \
{4 pts}). Looking again at the toric diagram in Figure A.3, we see that there is one
line ending in D1, hence the 12 singular points are replaced by a P1. The topology of
D1 is therefore that of Bl12F0, and its Euler numbe is 16. (For the other triangulations
there is no line ending in D1, hence there is no blow–up and the topology is that of
F0.) For D2β the action of 1

6
(1, 3) on T 4 yields the Z3 fixed line with 3 Z6−II fixed

points on top of it as we can see in Figure B.9. In addition, there are 2 more Z3 fixed
lines which fall into an orbit of length 2 under the residual Z2 action, as well as 12 Z2

fixed points which fall into 4 orbits of length 3 under the residual Z3 action. The latter
two sets are not realized in the T 6–orbifold for this lattice. The Euler number of D2β

minus the fixed point set is (0− 3 · 0− 12)/6 = −2. The blowing–up process glues in
a T 2 × F at the class of the Z3 fixed lines without fixed points, where F are two P1s
intersecting in a point. There is no contribution to the Euler number from this space.
The last fixed line is replaced by T 2 × F minus 4 points, upon which there is still a
free Z2 action. Its Euler number is therefore (0 − 4)/2 = −2. For the 4 Z6−II fixed
points on this fixed line, we see that in the corresponding toric diagram there is one
line ending in D2. (For triangulation d) there are two lines.) For a single fixed point,
this contributes χ(P1) = 2 to the Euler number. At the each of the four classes of Z2

fixed points, we also glue in a P1. Adding everything up, the Euler number of D2β is
−2+0− 2+4 · 2+4 · 2 = 12, which can be viewed as the result of a blow–up of F0 in 8
points. For D3γ, the computation is similar. The action of 1

6
(1, 2) on T 4 yields the Z2

fixed line with 4 Z6−II fixed points on top of it which we see in Figure B.9. In addition,
there are 3 more Z2 fixed lines which fall into an orbit of length 3 under the residual
Z3 action, as well as 6 Z3 fixed points which fall into 3 orbits of length 2 under the
residual Z2 action. The latter two sets again are not realized in the T 6–orbifold for this
lattice. The Euler number of D2β minus the fixed point set is (0− 4 · 0− 6)/6 = −1.
The blowing–up process glues in a T 2 × P1 at the class of the Z2 fixed line without
fixed points. There is no contribution to the Euler number from this space. The last
fixed line is replaced by T 2 × P1 minus 3 points, upon which there is still a free Z3

action. Its Euler number is therefore (0 − 3)/3 = −1. For the 3 Z6−II fixed points
on this fixed line, we see that in the corresponding toric diagram, there is one line
ending in D2. (For triangulation e) there are two lines.) For a single fixed point, this
contributes χ(P1) = 2 to the Euler number. At each of the three classes of Z3 fixed
points, we glue in two P1s intersecting in one point whose Euler number is 2 · 2 − 1.
Adding everything up, the Euler number of D3γ is −1+0− 1+3 · 2+3 · 3 = 13, which
can be viewed as the result of a blow–up of F0 is 9 points.

The divisor R1 does not intersect any fixed lines, therefore it simply has the topology
of T 4. The divisors R2 and R3, on the other hand have the topology of a K3. In
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Table 3.4, we have summarized the topology of all the divisors for all triangulations. All
the Euler numbers and types of surfaces we have determined above together with (B.59)
agree with Noethers formula (3.51). With the knowledge of the Euler numbers and the

Triang. E1,βγ E2,β E3,γ E4,β D1 D2,β D3,γ R1 R2, R3

a) Bl2F1 F0 F0 F0 Bl12F0 Bl8Fn Bl9Fn T 4 K3
b) F1 Bl4F0 Bl6F0 F0 F0 Bl8Fn Bl9Fn T 4 K3
c) Bl1F1 F0 Bl3F0 Bl4F0 F0 Bl8Fn Bl9Fn T 4 K3
d) F1 F0 F0 Bl8F0 F0 Bl8Fn Bl12Fn T 4 K3
e) P2 F0 Bl9F0 F0 F0 Bl12Fn Bl9Fn T 4 K3

Table 3.4: The topologies of the divisors for all triangulations.

intersection ring we can determine the second Chern class c2 on the basis {Ri, Ekαβγ}
by (3.48) (for triangulation a)):

c2 ·E1βγ = 0, c2 ·E2β = −4, c2 ·E3γ = −4, c2 ·E4β = −4,

c2 ·R1 = 0, c2 ·Ri =24. (3.54)

Since the second Chern class is a linear form on H2(X, Z), we can apply it to each of
the linear relations in (B.54) to (B.58) and again find complete agreement.

3.10 The twisted complex structure moduli

There are two types of complex structure deformations: We can, loosely speaking,
either deform the complex structure of the underlying torus, or the fixed point set. The
former type of deformation is described by the untwisted complex structure moduli at
the orbifold point. The latter is parametrized by the twisted complex structure moduli.

To study the twisted complex structure moduli, we therefore have to look at the
fixed sets. Isolated fixed points do not admit any complex structure deformations.
Hence, only fixed lines need to be considered. However, if there are fixed points on
them, their complex structure again cannot be deformed, it is constrained by the fixed
points. So, we are left with fixed lines without fixed points on them. In the previous
section, we have argued that the resolved singularities yield exceptional divisors which
are ruled surfaces over a P1 or a T 2.

These ruled surfaces can also be viewed as an algebraic family of algebraic curves
(here rational curves P1) parametrized by the base curve C. For any smooth complex
projective threefold X with such a family of algebraic curves there is a map

ϕ∗ : H1(C) → H3(X)

which sends the 1–cycle γ on C to the 3–cycle ϕ∗(γ) traced out by the fiber curve Et

as t traces out γ [23]. Since the fibers Et are algebraic cycles, the dual map on the
cohomology respects the Hodge decomposition and yields a map

ϕ∗ : H1,0(C) → H2,1(X).
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For our varieties, C is either a P1 or a T 2. Since h1,0(P1) = 0 and h1,0(T 2) = 1, only
the ruled surfaces over T 2 give such a map. Hence we find that

h2,1
tw (X) =

∑
i

(ni − 1)h1,0(Ci) (3.55)

where the sum runs over the curves Ci with topology T 2 parametrizing exceptional
curves which come from the resolution of C2/Zni

singularities. To re-iterate in plain
language, each equivalence class of order n fixed lines without fixed points on them con-
tributes as many twisted complex structure moduli as the fixed line has P1–components
in its resolution, namely n− 1.

Note, that this situation has a well–known analogue for hypersurfaces in toric va-
rieties. In this case, the complex structure deformations split into polynomial and
nonpolynomial ones. The former correspond to deformations of the hypersurfaces
while the latter correspond to deformations of the ambient toric variety. The nonpoly-
nomial deformations also come from curves of C2/Zn singularities. After resolution
of the singularities, these become families of P1s parametrized by the curve, in other
words, ruled surfaces and a similar reasoning applies [24].



Chapter 4

From Calabi–Yau to Orientifold

The string theorist is often interested in type II string theories with a setup with
D-branes and N = 1 supersymmetry in four dimensions. Such a set-up necessarily
leads to the orientifold theory.

4.1 Yet another quotient: The orientifold

At the orbifold point, the orientifold projection is Ω I6, where Ω is the worldsheet
orientation reversal and I6 is an involution on the compactification manifold. In type
IIB string theory with O3/O7–planes (instead of O5/O9), the holomorphic (3,0)–form
Ω must transform as Ω → −Ω. Therefore we choose

I6 : (z1, z2, z3) → (−z1,−z2,−z3). (4.1)

Geometrically, this involution corresponds to taking a Z2-quotient of the compactifi-
cation manifold.

As long as we are at the orbifold point, all necessary information is encoded in (4.1).
To find the configuration of O3–planes, the fixed points under I6 must be identified.
On the covering space, I6 always gives rise to 64 fixed points, i.e. 64 O3–planes. Some
of them may be identified under the orbifold group G, such that there are less than 64
equivalence classes on the quotient. The O7–planes are found by identifying the fixed
planes under the combined action of I6 and the generators θZ2 of the Z2 subgroups of
G. A point x belongs to a fixed set, if it fulfills

I6 θZ2 x = x + a, a ∈ Λ, (4.2)

where Λ is the torus lattice. Each Z2 subgroup of G gives rise to a stack of O7–planes.
Therefore, there are none in the prime cases, one stack e.g. for Z6−I and three in the
case of e.g. Z2 × Z6, which contains three Z2 subgroups. The number of O7–planes
per stack depends on the fixed points in the direction perpendicular to the O–plane
and therefore on the particulars of the specific torus lattice.

57
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4.2 When the patches are not invariant: h
(1,1)
− 6= 0

Whenever G contains a subgroup H of odd order, some of the fixed point sets of H
will not be invariant under the global orientifold involution I6 and will fall into orbits
of length two under I6. This can also happen for groups of even order giving rise to
fixed tori with non–trivial volume factors, see Section 2.8. Some of these I6–orbits may
coincide with the G–orbits. In this case, no further effect arises. When G contains
in particular a Z2 subgroup in each coordinate direction, all equivalence classes under
I6 and these subgroups coincide. When certain fixed points or lines (which do not
already form an orbit under G) are identified under the orientifold quotient, the second
cohomology splits into an invariant and an anti–invariant part under I6:

H1,1(X) = H1,1
+ (X)⊕H1,1

− (X).

The geometry is effectively reduced by the quotient and the moduli associated to the
exceptional divisors of the anti–invariant patches are consequently no longer geometric
moduli. They take the form [25]

Ga = Ca
2 + S Ba

2 . (4.3)

Tables 4.1 and 4.2 give the values of h
(1,1
− for all orbifolds.

ZN Lattice T 6 h(1,1) h−(1,1)

Z3 SU(3)3 36 13
Z4 SU(4)2 25 6
Z4 SU(2)× SU(4)× SO(5) 27 4
Z4 SU(2)2 × SO(5)2 31 0
Z6−I (G2 × SU(3)2)[ 25 6
Z6−I SU(3)×G2

2 29 6
Z6−II SU(2)× SU(6) 25 6
Z6−II SU(3)× SO(8) 29 6
Z6−II (SU(2)2 × SU(3)× SU(3))] 31 8
Z6−II SU(2)2 × SU(3)×G2 35 8
Z7 SU(7) 24 9
Z8−I (SU(4)× SU(4))∗ 24 5
Z8−I SO(5)× SO(9) 27 0
Z8−II SU(2)× SO(10) 27 4
Z8−II SO(4)× SO(9) 31 0
Z12−I E6 25 6
Z12−I SU(3)× F4 29 6
Z12−II SO(4)× F4 31 0

Table 4.1: Twists, lattices and h−(1,1) for ZN orbifolds.
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ZN Lattice T 6 h(1,1) h−(1,1)

Z2 × Z2 SU(2)6 51 0
Z2 × Z4 SU(2)2 × SO(5)2 61 0
Z2 × Z6 SU(2)2 × SU(3)×G2 51 0
Z2 × Z6′ SU(3)×G2

2 36 0
Z3 × Z3 SU(3)3 84 37
Z3 × Z6 SU(3)×G2

2 73 22
Z4 × Z4 SO(5)3 90 0
Z6 × Z6 G3

2 84 0

Table 4.2: Twists, lattices and h−(1,1) for ZN × ZM orbifolds.

4.2.1 Example B: T 6/Z6−II on SU(2)× SU(6)

To determine the value of h
(1,1)
− for this example, we must examine the configuration

of fixed sets given in Figure B.9 and the resolution of the local patch, see Figure
3.4, and determine the conjugacy classes of the fixed sets under the global involution
I6 : zi → −zi. The fixed sets located at z2 = 0 are invariant under I6, those located
at z2 = 1/3 are mapped to z2 = 2/3 and vice versa. Clearly, this is an example

with h
(1,1)
− 6= 0. The divisors E1,βγ, E2,β and E4,β for β = 2, 3 are concerned here.

Out of these twelve divisors, six invariant combinations can be formed: E1,inv,γ =
1
2
(E1,2γ +E1,3γ), E2,inv = 1

2
(E2,2 +E2,3) and E4,inv = 1

2
(E4,2 +E4,3). With a minus sign

instead of a plus sign, the combinations are anti-invariant, therefore h
(1,1)
− = 6.

4.3 The local orientifold involution on the resolved

patches

Now we want to discuss the orientifold action for the smooth Calabi–Yau manifolds X
resulting from the resolved torus orbifolds. For such a manifold X, we will denote its
orientifold quotient X/I6 by B and the orientifold projection by π : X → B. Away
from the location of the resolved singularities, the orientifold involution retains the
form (4.1). As explained above, the orbifold fixed points fall into two classes:

O1) The fixed point is invariant under I6, i.e. its exceptional divisors are in h1,1
+ .

O2) The fixed point lies in an orbit of length two under I6, i.e. is mapped to another
fixed point. The invariant combinations of the corresponding exceptional divisors
contribute to h1,1

+ , while the remaining linear combinations contribute to h1,1
− .

The fixed points of class O1) locally feel the involution: Let zfixed,α denote some fixed
point. Since zfixed,α is invariant under (4.1),

(z1
fixed,α+∆z1, z2

fixed,α+∆z2, z3
fixed,α+∆z3) → (z1

fixed,α−∆z1, z2
fixed,α−∆z2, z3

fixed,α−∆z3).
(4.4)
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In local coordinates centered around zfixed,α, I6 therefore acts as

(z1, z2, z3) → (−z1,−z2,−z3). (4.5)

In case O2), the point zfixed,α is not fixed, but gets mapped to a different fixed point
zfixed,β. So locally,

(z1
fixed,α+∆z1, z2

fixed,α+∆z2, z3
fixed,α+∆z3) → (z1

fixed,β−∆z1, z2
fixed,β−∆z2, z3

fixed,β−∆z3).
(4.6)

In the quotient, zfixed,α and zfixed,β are identified, i.e. correspond the the same point.
In local coordinates centered around this point, I6 therefore acts again as in (4.5).

For the fixed lines, we apply the same prescription. The involution on fixed lines
with fixed points on them is constrained by the involution on the fixed points.

What happens in the local patches after the singularities were resolved? A local
involution I has to be defined in terms of the local coordinates, such that it agrees
with the restriction of the global involution I6 on X. Therefore, we require that I
maps zi to −zi. In addition to the three coordinates zi inherited from C3, there are
now also the new coordinates yk corresponding to the exceptional divisors Ek. For the
choice of the action of I on the yk of an individual patch, there is some freedom.

For simplicity we restrict the orientifold actions to be multiplications by −1 only.
We do not take into account transpositions of coordinates or shifts by half a lattice
vector. The latter have been considered in the context of toric Calabi–Yau hypersur-
faces in [26]. The allowed transpositions can be determined from the toric diagram of
the local patch by requiring that the adjacencies of the diagram be preserved.

The only requirements I must fulfill are compatibility with the C∗–action of the
toric variety, i.e.

(−z1,−z2,−z3, (−1)σ1y1, . . . , (−1)σnyn) = (
r∏

a=1

λ
l
(a)
1
1 z1, . . . ,

r∏
a=1

λl
(a)
n
n yn) (4.7)

where l
(a)
i encode the linear relations (3.2) of the toric patch, and that subsets of the

set of solutions to (4.7) must not be mapped to the excluded set of the toric variety
and vice versa.1

The fixed point set under the combined action of I and the scaling action of the
toric variety gives the configuration of O3– and O7–planes in the local patches. Care
must be taken that only these solutions which do not lie in the excluded set are taken
into account. We also exclude solutions which do not lead to solutions of the right
dimension, i.e. do not lead to O3/O7–planes.

On an individual patch, we can in principle choose any of the possible involutions
on the local coordinates. In the global model however, the resulting solutions of the
individual patches must be compatible with each other. While O7–planes on the
exceptional divisors in the interior of the toric diagram are not seen by the other
patches, O7–plane solutions which lie on the D–planes or on the exceptional divisors on

1We thank Bogdan Florea for helpful correspondence on this point.
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a fixed line must be reproduced by all patches which lie in the same plane, respectively
on the same fixed line. This is of course also true for different types of patches which
lie in the same plane.

It is in principle possible for examples with many interior points of the toric dia-
gram to choose different orientifold involutions on the different patches which lead to
solutions that are consistent with each other. We choose the same involution on all
patches, which for simple examples such as Z4 or the Z6 orbifolds is the only consistent
possibility.

The solutions for the fixed sets under the combined action of I and the scaling
action give also conditions to the λi appearing in the scaling actions, they are set to
±1. The O–plane solutions of the full patch descend to solutions on the restriction to
the fixed lines on which the patch lies. For the restriction, we set the λi which not
corresponding to the Mori generators of the fixed line to ±1 in accordance with the
values of the λi of the solution for the whole patch which lies on this fixed line.2

A further global consistency requirement comes from the observation that the ori-
entifold action commutes with the singularity resolution. A choice of the orientifold
action on the resolved torus orbifold must therefore reproduce the orientifold action
on the orbifold and yield the same fixed point set in the blow–down limit.

Given a consistent global orientifold action it might still happen that the model
does not exist. This is the case if the tadpoles cannot be cancelled. While we will
explain how to compute the tadpoles from the topological data in Section 4.5, we do
not consider the possibilities of their cancellation here.

4.3.1 Example B: T 6/Z6−II on SU(2)× SU(6)

On the homogeneous coordinates yk, several different local actions are possible. We
give the eight possible actions which only involve sending coordinates to their negatives:

(1) I(z, y) = (−z1,−z2,−z3, y1, y2, y3, y4)

(2) I(z, y) = (−z1,−z2,−z3, y1, y2,−y3,−y4)

(3) I(z, y) = (−z1,−z2,−z3, y1,−y2, y3,−y4)

(4) I(z, y) = (−z1,−z2,−z3, y1,−y2,−y3, y4)

(5) I(z, y) = (−z1,−z2,−z3,−y1, y2, y3,−y4)

(6) I(z, y) = (−z1,−z2,−z3,−y1, y2,−y3, y4)

(7) I(z, y) = (−z1,−z2,−z3,−y1,−y2, y3, y4)

(8) I(z, y) = (−z1,−z2,−z3,−y1,−y2,−y3,−y4) (4.8)

2We thank Domenico Orlando for an illuminating discussion on this point.
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In the orbifold limit, (4.8) reduces to I6. The combination of (4.8) and the scaling
action of the resolved patch (A.10) has the following fixed point sets:

(1) {z2 = 0} ∪ {y4 = 0} ∪ {z1 = y1 = y3 = 0} ∪ {z3 = y1 = y3 = 0},
(2) {y3 = 0} ∪ {z1 = y1 = y4 = 0} ∪ {z2 = z3 = y3 = 0}

∪ {z2 = y1 = y2 = 0} ∪ {y1 = y2 = y4 = 0},
(3) {z1 = 0} ∪ {z3 = 0} ∪ {y2 = 0},
(4) {y1 = 0},
(5) {y1 = 0},
(6) {z1 = 0} ∪ {z3 = 0} ∪ {y2 = 0},
(7) {y3 = 0} ∪ {z1 = y1 = y4 = 0} ∪ {z2 = z3 = y3 = 0}

∪ {z2 = y1 = y2 = 0} ∪ {y1 = y2 = y4 = 0},
(8) {z2 = 0} ∪ {y4 = 0} ∪ {z1 = y1 = y3 = 0} ∪ {z3 = y1 = y3 = 0}. (4.9)

Note that the eight possible involutions only lead to four distinct fixed sets (but to
different values for the λi).

We focus for the moment on the third possibility. With the scaling action

(z1, z2, z3, y1, y2, y3, y4) → (
λ1λ3

λ4

z1, λ2 z2, λ3 z3,
1

λ4

y1,
λ1

λ2
2

y2,
λ4

λ2
3

y3,
λ2λ4

λ2
1

y4)

(4.10)
we get the solutions

(i). z1 = 0, λ1 = λ2 = λ3 = −1, λ4 = 1,

(ii). z3 = 0, λ1 = λ2 = −1, λ3 = λ4 = 1,

(iii). y2 = 0, λ1 = λ4 = 1, λ2 = λ3 = −1.

This corresponds to an O7–plane wrapped on D1, one on each of the four D3,γ and one
wrapped on each of the two invariant E2,β. No O3–plane solutions occur. λ1 and λ2

correspond to the two Mori generators of the Z3–fixed line. We restrict to it by setting
λ3 = −1, λ4 = 1 in accordance with solution (i) and (ii) which are seen by this fixed
line. The scaling action thus becomes

(z1, z2, z3, y1, y2, y3, y4) → (−λ1 z1, λ2 z2,−z3, y1,
λ1

λ2
2

y2, y3,
λ2

λ2
1

y4). (4.11)

y1 and y3 do not appear in the fixed line, and the restriction makes sense only directly
at the fixed point, i.e. for z3 = 0. With this scaling action and the involution (3), we
again reproduce the solutions (i) and (ii). λ3 corresponds to the Mori generator of the
Z2 fixed line. We restrict to it by setting λ1 = λ2 = −1, λ4 = 1. The scaling action
becomes

(z1, z2, z3, y1, y2, y3, y4) → (−λ3 z1,− z2, λ3 z3, y1, −y2,
1

λ2
3

y3,− y4), (4.12)
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which together with the involution (3) again reproduces the solutions (i) and (iii).
Global consistency is ensured since we only have one kind of patch on which we choose
the same involution for all patches.

4.4 The intersection ring

The intersection ring of the orientifold can be determined in two equivalent ways. The
basis for both ways is the relation between the divisors on the Calabi–Yau manifold X
and the divisors on the orientifold B. The first observation is that the integral on B
is half the integral on X:∫

B

Ŝa ∧ Ŝb ∧ Ŝc =
1

2

∫
X

Sa ∧ Sb ∧ Sc, (4.13)

where the hat denotes the corresponding divisor on B. The second observation is that
for a divisor Sa on X which is not fixed under I6 we have Sa = π∗Ŝa. If, however, Sa

is fixed by I6, we have to take Sa = 1
2
π∗Ŝa because the volume of Sa in X is the same

as the volume of Ŝa on B. Applying these rules to the intersection ring obtained in
Section 3.8 immediately yields the intersection ring of B: Triple intersection numbers
between divisors which are not fixed under the orientifold involution become halved.
If one of the divisors is fixed, the intersection numbers on the orientifold are the same
as on the Calabi–Yau. If two (three) of the divisors are fixed, the intersection numbers
on the orientifold must be multiplied by a factor of two (four).

The second way consists of applying these rules to the intersection ring of the local
patches of the resolved singularities obtained in Section 3.4, more precisely on the
intersection ring of the auxiliary polyhedra ∆(3) in Section 3.8 and the global linear
equivalences (3.25). This means that for each divisor which is fixed under I, the
corresponding coefficient in (3.25) is divided by 2. In the polyhedra, the distance to
the origin of all those divisors which are fixed under the orientifold involution is halved.
Then we solve the resulting system of equations for ŜaŜbŜc which we set up at the end
of Section 3.8. Both methods give the same result.

4.4.1 Example B: T 6/Z6−II on SU(2)× SU(6)

If we choose the second method of determining the intersection ring, we have to modify
the polyhedra and the linear equivalences. Figure 4.1 shows on the left hand side the
polyhedron of the compactified C3/Z6−II–patch for the Calabi–Yau case. The right
hand side shows the polyhedron after the local involution (4.8, (3)). The distance to the
origin of the vertices corresponding to D1, D3 and E2 has been halved. The resulting
polyhedron is not convex anymore. The global linear relations for the Calabi–Yau
manifold are:

R1 ∼ 6 D1 + 3
4∑

γ=1

E3,γ +
∑
β,γ

E1,βγ +
3∑

β=1

[ 2 E2,β + 4 E4,β],
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Figure 4.1: Polyhedra of the compactified C3/Z6−II–patch for the Calabi–Yau and
after the orientifold projection

R2 ∼ 3 D2,β +
4∑

γ=1

E1,βγ + 2 E2,β + E4,β,

R3 ∼ 2 D3,γ +
3∑

β=1

E1,βγ + E3,γ. (4.14)

After the orientifold involution, they become

R1 ∼ 3 D1 + 3
4∑

γ=1

E3,γ +
∑
β,γ

E1,βγ +
2∑

β=1

[ E2,β + 4 E4,β],

R2 ∼ 3 D2,β +
4∑

γ=1

E1,βγ + E2,β + E4,β,

R3 ∼ D3,γ +
2∑

β=1

E1,βγ + E3,γ. (4.15)

As explained in the last section, the intersection numbers can also be determined
directly from the intersection numbers on the Calabi–Yau manifold without using the
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polyhedra. The intersection numbers of the Calabi–Yau are

R1R2R3 = 6, R3E2,βE4,β = 1, E1,βγE2,βE4,β = 1,

R2E
2
3,γ = −2, R3E

2
2,β = −2, R3E

2
4,β = −2,

E3
1,βγ = 6, E3

2,β = 8, E3
3,γ = 8,

E3
4,β = 8, E1,βγE

2
2,β = −2, E1,βγE

2
3,γ = −2,

E1,βγE
2
4,β = −2, E2

2,βE4,β = −2. (4.16)

Intersection numbers which contain no factor of E2,β are halved for the orientifold. If
the intersection number contains one factor of E2,β, it remains the same. If two (three)
factors E2,β are present, the number on the Calabi–Yau is multiplied by a factor of two
(four). This leads to the following modified triple intersection numbers:

R1R2R3 = 3, R3E2,βE4,β = 1, E1,βγE2,βE4,β = 1,

R2E
2
3,γ = −1, R3E

2
2,β = −4, R3E

2
4,β = −1,

E3
1,βγ = 3, E3

2,β = 32, E3
3,γ = 4,

E3
4,β = 4, E1,βγE

2
2,β = −4, E1,βγE

2
3,γ = −1,

E1,βγE
2
4,β = −1, E2

2,βE4,β = −4. (4.17)

4.5 Global O–plane configuration and tadpole can-

cellation

Those of the 64 O3–planes on the cover which are located away from the locations
of the resolved patches resulting from the global involution remain the same in the
orbifold of the resolved manifold. They are untouched by the process of resolving
the singularities and the resulting modified local orientifold actions. The O3–plane
solutions which coincide with orbifold fixed sets are replaced by the solutions of the
corresponding resolved patch. The total number of O3–planes on the resolved orbifold
quotient is obtained by counting the equivalence classes of O3–planes under the orbifold
group and replacing those classes which coincide with resolved patches by the O3–plane
solutions on these patches. The O3–plane solutions are also reflected in the intersection
ring. Take for example the solution {z1 = y1 = y3 = 0} given in (1) of (4.9). The
corresponding intersection number is D1E1E3 = 1

2
, indicating the Z2–singularity at the

intersection point. Thus fractional intersection numbers are indicative of the presence
of O3–planes. O3–planes which are located away from the fixed points and do not lie
in the D–planes are reflected in the intersection numbers with the inherited divisors
Ri, see for example T 6/Z3 discussed in Appendix B.1.6. If on the other hand the O3–
planes lie in an O7–plane, their intersection numbers do not become fractional, since
the effect of the orientifold involution is already captured by the O7–plane.

Since each O7–plane induces −8 units of D7–brane charge, a stack of 8 coincident
D7–branes must be placed on top of each divisor fixed under the combination of the
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involution and the scaling action. Each such stack therefore carries an SO(8) gauge
group.

For the D3–brane charge, the case is a bit more involved. The contribution from
the O3–planes is

Q3(O3) = −1

4
× nO3, (4.18)

where nO3 denotes the number of O3–planes. The D7–branes also contribute to the
D3–tadpole:

Q3(D7) = −
∑

a

nD7,a χ(Sa)

24
, (4.19)

where nD7,a denotes the number of D7–branes in the stack located on the divisor Sa.
As we have seen, the Sa can be local D–divisors as well as exceptional divisors. The
last contribution to the D3–brane tadpole comes from the O7–planes:

Q3(O7) = −
∑

a

χ(Sa)

6
. (4.20)

So the total D3–brane charge that must be cancelled is

Q3,tot = −nO3

4
−
∑

a

(nD7,a + 4) χ(Sa)

24
. (4.21)

These are the values for the orientifold quotient, in the double cover this value must
be multiplied by two.

4.5.1 Example B: T 6/Z6−II on SU(2)× SU(6)

In total, there are seven O7–planes. The 64 O3–planes which are the fixed points of
I6 on the covering space fall into 16 equivalence classes: The four O3–planes on the
line z1 = z2 = 0 are invariant, the remaining 12 on the plane z2 = 0 fall into four
equivalence classes with three elements each. The remaining 48 O3–planes lie in eight
orbits of length six. The four O3–planes on the line z1 = z2 = 0 coincide with the
patches on the line z1 = z2 = 0 and disappear, since there are no O3–solutions on the
local patches. The remaining O3–planes all lie in the O7–planes wrapped on the D3, γ
and are therefore not visible in the intersection numbers. In total, we are left with 12
O3–planes in the resolved orientifold quotient.

Now we treat the problem of tadpole cancellation. On top of the O7–planes we place
eight D7–branes to cancel the D7–tadpole locally. This gives rise to a stack of D7–
branes with gauge group SO(8) on each of the divisors D1, D3,γ, E2,β. The contribution

to the D3–tadpole from each O7/SO(8)–stack is −12 χ(S)
24

. In the triangulation a), E2

has the topology of F0, therefore χ(E2) = 4. D1 has the topology of F0 blown up in
twelve points, therefore χ(D1) = 4 + 12 = 16. D3 has the topology of a Hirzebruch
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surface blown up in nine points, so χ(D3) = 4 + 9 = 13. The total D3–tadpole from
all O7/SO(8)–stacks is therefore

Q3(O7/D7) = −1

2

( ∑
β=1,2

χ(E2,β) + χ(D1) +
4∑

γ=1

χ(D3)

)
= −38. (4.22)

The D3–tadpole coming from the (non–exotic) O3–planes themselves is

Q3(O3−) = −1
4
nO3 = −3. (4.23)

The total D3–tadpole therefore is Q3tot = −(38 + 3) = 41.
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Chapter 5

Preliminaries

In this section, the preliminary knowledge on type IIB flux compactifications which
is needed in later sections is presented.

5.1 The type IIB low energy effective action

We briefly recall the massless spectrum and the 10D low energy effective action of
type IIB string theory. The massless Neveu-Schwarz–Neveu-Schwarz sector consists
of the scalar dilaton φ, the metric or graviton Gµν and the anti-symmetric tensor
Bµν . The Ramond-Ramond sector consists of the even forms C0, C2, C4 etc. The field
strengths of the form field Cn is denoted by Fn+1, the field strength of Bµν is H3. The
10–dimensional low energy effective action describing the bosonic massless degrees of
freedom of the type IIB superstring is [27]

SIIB =
1

2 κ2
10

∫
d10x (−GE)1/2

(
RE −

∂µS ∂µS

2 (Im S)2
− Mij

2
F i

3 · F
j
3 −

1

4
|F̃5|2

)
− εij

8 κ2
10

∫
C4 ∧ F i

3 ∧ F j
3 , (5.1)

with κ10 = 2π gs e−φ10 the ten-dimensional gravitational coupling (gs the string cou-
pling), GE,µν = e−φ/2 Gµν the metric in the Einstein frame, RE the Ricci-tensor in the
Einstein frame, S = C0 + i e−φ10 the complexified dilaton,

Mij =
1

Im S

(
|S|2 −Re S
−Re S 1

)
, F3 =

(
H3

F3

)
. (5.2)

F̃5 = F5 − 1
2
C2 ∧H3 + 1

2
B2 ∧ F3 is the self-dual 5-form field strength, i.e. ∗F̃5 = F̃5.

In this form, the effective action is manifestly SL(2, R) invariant:

S ′ =
a S + b

c S + d
, F ′

3 =

(
d c
b a

)(
H3

F3

)
, F̃ ′

5 = F̃5, G′
E,µν = GE,µν , (5.3)

with a, b, c, d ∈ R and ad− bc = 1.
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Now, the surplus 6 dimensions are being compactified on a Calabi–Yau manifold
X. For the metric we use the following block-diagonal ansatz:

ds2 = g(4)
µν (x) dxµdxν + g(6)

mn(y) dymdyn, (5.4)

where g
(4)
µν (x) is the four–dimensional Minkowski metric and g

(6)
mn(y) is the metric of

the internal Calabi–Yau space. As explained in Section 2.5, a Calabi–Yau manifold
has a moduli space which consists of h(1,1)(X) Kähler moduli T i and h(2,1)(X) complex
structure moduli U i. In addition, there is the complex dilaton field S. The parameter
space of S is locally spanned by the coset

MS =
SU(1, 1)

U(1)
. (5.5)

Furthermore, we have e−φ10 = e−φ4 Vol(X)−1/2, with Vol(X) the volume of the com-
pactification manifold X and φ4 the dilaton in four dimensions.

Without D–brane moduli, locally the closed string moduli space M is a direct
product of the complex dilaton field S, the Kähler MK and complex structure moduli

M = MS ⊗MK ⊗MCS. (5.6)

All factors are special Kähler manifolds on which a Kähler potential can be defined.
Before introducing the orientifold projection and D-branes, the theory has N = 2

supersymmetry in four dimensions, afterwards only N = 1. An N = 1 supersymmetric
theory is completely described by three quantities: The holomorphic superpotential,
the Kähler potential, and the gauge kinetic function.

5.2 The Kähler potential

The total Kähler potential is a sum of the Kähler potential of the different factors of
the moduli space (5.6). The Kähler potential for the dilaton is

KS = − ln(S̃ − S̃), (5.7)

where Im S̃ = e−φ10 · Vol(X). For the complex structure moduli it is

KCS = − ln

(∫
X

Ω ∧ Ω

)
, (5.8)

with Ω the Calabi–Yau (3, 0)–form. The Kähler potential for the Kähler moduli is

KK = − ln Vol(X) = − ln

(
1
6

∫
X

J ∧ J ∧ J

)
, (5.9)

with J the Kähler form. When the Kähler form is expressed through a basis of 2–forms
dual to a basis of the divisor classes, the volume can be expressed in terms of the triple
intersection numbers of the divisor basis. The total Kähler potential is

K̂ = KS + KCS + KK . (5.10)
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5.2.1 Example D: T 6/Z2 × Z2

The simplest example is this of T 6/Z2×Z2. The Kähler potential of the dilaton always
has the form (5.7). For the Kähler potential of the complex structure moduli, we plug
the complex coordinates given in (B.150) into Ω = dz1 ∧ dz2 ∧ dz3. (5.8) then takes
the simple form

KCS = − ln (U1 − U1
)− ln (U2 − U2

)− ln (U3 − U3
). (5.11)

At the orbifold point, the Kähler potential again takes a very simple form with only
the three untwisted Kähler moduli contributing:

KK = − ln (T 1 − T 1
)− ln (T 2 − T 2

)− ln (T 3 − T 3
). (5.12)

After the transition to the smooth Calabi–Yau, we need to know all triple intersection
numbers. With the methods described in Section 3.8, we arrive at the triple intersection
numbers given in Appendix B.19.4.

The Kählerform can be parameterized as

J =
3∑

i=1

riRi −
4∑

,β,γ=1

t1βγE1βγ −
4∑

α,,γ=1

t2αγE2αγ −
4∑

α,β,=1

t3αβE3αβ. (5.13)

The total volume becomes

V = 2 r1r2r3 − r1

∑
β,γ

t21,βγ − r2

∑
α,γ

t22,αγ − r3

∑
α,β

t23,αβ −
∑
α,β,γ

t1,βγt2,αγt3,αβ

+
1

2

∑
α,β,γ

(t21,βγt2,αγ + t1,βγt
2
2,αγ + t21,βγt3,αβ + t1,βγt

2
3,αβ + t22,αγt3,αβ + t2,αγt

2
3,αβ)

−2

3

∑
α,β,γ

(t31,βγ + t32,αγ + t33,αβ), (5.14)

and the Kähler potential of the Kähler moduli is − ln V .

5.3 The orientifold action

In part I, the orientifold was discussed in purely geometric terms. To obtain an N = 1
(closed) string spectrum, one introduces an orientifold projection ΩIn, with Ω describ-
ing a reversal of the orientation of the closed string world–sheet and In a reflection of
n internal coordinates. For ΩIn to represent a symmetry of the original theory, n has
to be an even integer in type IIB . Generically, this projection produces orientifold
fixed planes [O(9−n)–planes], placed at the orbifold fixed points of T 6/In. They have
negative tension, which has to be balanced by introducing positive tension objects.
Candidates for the latter may be collections of D(9−n)–branes and/or non–vanishing
three–form fluxes H3 and C3. The orbifold group Γ mixes with the orientifold group
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ΩIn. As a result, if the group Γ contains Z2–elements θ, which leave one complex plane
fixed, we obtain additional O(9− |n− 4|)– or O(3 + |n− 2|)–planes from the element
ΩInθ.

In the following, only the two cases of n = 6 (O3–planes) and n = 2 (O7–planes) will
be relevant to us. In type IIB string theory, tadpoles cannot be completely canceled for
all models given in Tables 2.3 and 2.4 without introducing torsion or vector structure
or resolving the singularities. The Z4– and Z8–orbifolds, as well as Z12−II , Z2 × Z4

and Z4×Z4 must, at least at the orbifold point be dropped from the list [28, 29]. This
is to be contrasted with type IIA intersecting D6–brane constructions, where it has
been shown that essentially all orbifold groups Γ allow for tadpole cancellation due to
the appearance of only untwisted and Z2–twisted sector tadpoles [30].

For the dilaton, S is used instead of S̃ in (5.7) with Im S = e−φ10 . The Kähler
potential for the Kähler moduli (5.9) receives a factor of two due to the modified
dilaton, i.e. it becomes

KK = −2 ln Vol(X) = −2 ln

(
1
6

∫
X

J ∧ J ∧ J

)
. (5.15)

5.4 Turning on background flux

”Turning on fluxes” means giving non–vanishing vevs to some of the (untwisted) flux
components Hijk and Fijk, with F3 = dC2, H3 = dB2. The two 3–forms F3, H3 are
organized in the SL(2, Z)S covariant field:

G3 = F3 − S H3 . (5.16)

The most general 3–form flux G3 on T 6 has 20 components, which appear in the
expansion

1

(2π)2α′ G3 =
3∑

i=0

(AiωAi
+ BiωBi

) +
6∑

j=1

(CjωCj
+ DjωDj

) (5.17)

with respect to the complex 3–form cohomology H3 = H(3,0)⊕H(2,1)⊕H(1,2)⊕H(0,3):

ωA0 = dz1 ∧ dz2 ∧ dz3 , ωB0 = dz1 ∧ dz2 ∧ dz3

ωA1 = dz1 ∧ dz2 ∧ dz3 , ωB1 = dz1 ∧ dz2 ∧ dz3

ωA2 = dz1 ∧ dz2 ∧ dz3 , ωB2 = dz1 ∧ dz2 ∧ dz3

ωA3 = dz1 ∧ dz2 ∧ dz3 , ωB3 = dz1 ∧ dz2 ∧ dz3

ωC1 = dz1 ∧ dz1 ∧ dz2 , ωD1 = dz1 ∧ dz1 ∧ dz2

ωC2 = dz1 ∧ dz1 ∧ dz3 , ωD2 = dz1 ∧ dz1 ∧ dz3

ωC3 = dz1 ∧ dz2 ∧ dz2 , ωD3 = dz1 ∧ dz2 ∧ dz2

ωC4 = dz2 ∧ dz2 ∧ dz3 , ωD4 = dz2 ∧ dz2 ∧ dz3

ωC5 = dz1 ∧ dz3 ∧ dz3 , ωD5 = dz1 ∧ dz3 ∧ dz3

ωC6 = dz2 ∧ dz3 ∧ dz3 , ωD6 = dz2 ∧ dz3 ∧ dz3 . (5.18)
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The ωAi
, ωBi

correspond to flux components with all one–forms coming from different
complex coordinate directions, while the ωCi

, ωDi
are flux components with two one–

forms coming from the same complex coordinate directions. The latter were just
written down for completeness, as they are projected out in all orbifolds.

In order to impose the flux quantization conditions on G3, i.e.

1

(2π)2α′

∫
C3

F3 ∈ n0 Z,
1

(2π)2α′

∫
C3

H3 ∈ n0 Z, (5.19)

one has to transform the forms (5.18) into a real basis with the following 20 elements:

α0 = dx1 ∧ dx3 ∧ dx5, β0 = dx2 ∧ dx4 ∧ dx4 ,

α1 = dx2 ∧ dx3 ∧ dx5, β1 = −dx1 ∧ dx4 ∧ dx6 ,

α2 = dx1 ∧ dx4 ∧ dx5, β2 = −dx2 ∧ dx3 ∧ dx6 ,

α3 = dx1 ∧ dx2 ∧ dx6, β3 = −dx2 ∧ dx4 ∧ dx5 ,

γ1 = dx1 ∧ dx2 ∧ dx3, δ1 = −dx4 ∧ dx5 ∧ dx6 ,

γ2 = dx1 ∧ dx2 ∧ dx5, δ2 = −dx3 ∧ dx4 ∧ dx6 ,

γ3 = dx1 ∧ dx3 ∧ dx6, δ3 = −dx2 ∧ dx5 ∧ dx6 ,

γ4 = dx2 ∧ dx4 ∧ dx5, δ4 = −dx1 ∧ dx2 ∧ dx6 ,

γ5 = dx1 ∧ dx5 ∧ dx6, δ5 = −dx2 ∧ dx3 ∧ dx4 ,

γ6 = dx2 ∧ dx5 ∧ dx6, δ6 = −dx1 ∧ dx2 ∧ dx4 , (5.20)

The basis (5.20) has the property
∫

X6
αi ∧ βj = δj

i ,
∫

X6
γi ∧ δj = δj

i . In real notation,
the flux has the form:

1

(2π)2α′G3 =
3∑

i=0

[
(ai − Sci)αi + (bi − Sdi)β

i
]
+

6∑
j=1

[
(ej − Sgj)γj + (fj − Shj)δ

j
]

.

(5.21)
In this basis, the SL(2, Z)S–covariance of G3 is manifest, while in the complex basis
(5.18) the cohomology structure of G3 is manifest. The coefficients ai, bi, ci, fi refer
to the Ramond part of G3, whereas the coefficients ci, di, gi, hi refer to the Neveu-
Schwarz part.

To pass from the complex basis (5.18) to the real basis (5.20), one introduces com-
plex structures, i.e. the complex coordinates (cf. Section 2.7, (2.15)). In many toroidal
orbifolds, the complex structure is fixed completely by the twist. The remaining com-
plex structure moduli are eventually fixed through the flux quantization condition.

Let us briefly comment on the integers n0, introduced in the flux quantization
conditions (5.19). It has been pointed out in ref. [31], that there are subtleties for
toroidal orientifolds due to additional 3–cycles, which are not present in the covering
space T 6. If some integers are odd, additional discrete flux has to be turned on in order
to meet the quantization rule for those 3–cycles. We may bypass these problems in
the ZN (ZN ×ZM)–orientifolds, if we choose the quantization numbers to be multiples
of n0 = 2N (n0 = 2NM) and do not allow for discrete flux at the orientifold planes
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[32, 33, 34]. Note, that for htwist.
2,1 6= 0, in addition to the untwisted flux components

Hijk and Fijk there may be also NSNS– and RR–flux components from the twisted
sector. We do not consider them here. It is assumed, that their quantization rules
freeze the twisted complex structure moduli at the orbifold singularities.

It should be mentioned that turning on background fluxes leads to a back–reaction
of the geometry. Instead of (5.4), we use the ansatz

ds2 = e2A(y) g(4)
µν (x) dxµdxν + e−2A(y) g(6)

mn(y) dymdyn, (5.22)

where e2A(y) is the so–called warp factor. For the class of fluxes we consider, the six–
dimensional metric is related to the original Calabi–Yau metric via a conformal factor
which is the inverse of the warp factor. In the large radius limit, the warp factor can
be neglected.

5.5 Invariant 3-forms

On the torus T 6, there are 20+20 independent internal components for Hijk and Fijk.
However, only a part of them is invariant under the orbifold group Γ. More precisely,
of the 20 complex (untwisted) components of the flux G3, only 2huntw.

(2,1) (X6)+ 2 survive

the orbifold twist. The orientifold action Ω(−1)FLI6 does not give rise to any further
restrictions. The allowed flux components are most conveniently found in the complex
basis, in which the orbifold group Γ acts diagonally. In Tables 5.1 and 5.2, the fluxes
invariant under the different orbifold groups are listed.

G3 Z3 Z4 Z6−I Z6−II Z7 Z8−I Z8−II Z12−I Z12−II

dz1 ∧ dz2 ∧ dz3 + + + + + + + + +
dz1 ∧ dz2 ∧ dz3 − − − − − − − − −
dz1 ∧ dz2 ∧ dz3 − − − − − − − − −
dz1 ∧ dz2 ∧ dz3 − + − + − − + − +
dz1 ∧ dz2 ∧ dz3 − − − − − − − − −
dz1 ∧ dz2 ∧ dz3 − − − − − − − − −
dz1 ∧ dz2 ∧ dz3 − + − + − − + − +
dz1 ∧ dz2 ∧ dz3 + + + + + + + + +

Table 5.1: Invariant 3–forms for point groups ZN

The remaining twelve 3-forms of the form dza∧dza∧dzb and dza∧dza∧dzb, respec-
tively are always projected out and therefore do not appear in the tables. Note, that
we have for completeness also listed the orbifold groups Γ ∈ {Z4, Z8−I , Z8−II , Z12−II},
whose tadpoles may at the orbifold point only be cancelled in the more general orbifold
setups with discrete torsion or vector structure.

That the (0, 3) and (3, 0)-forms always survive is quite clear, as the (3, 0)-form
corresponds to the Calabi–Yau 3-form Ω, which is always present, and the (0, 3)-form
to its conjugate.
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G3 Z2 × Z2 Z3 × Z3 Z2 × Z4 Z4 × Z4 Z2 × Z6−I Z2 × Z6−II Z3 × Z6 Z6 × Z6

dz1 ∧ dz2 ∧ dz3 + + + + + + + +
dz1 ∧ dz2 ∧ dz3 + − + − + − − −
dz1 ∧ dz2 ∧ dz3 + − − − − − − −
dz1 ∧ dz2 ∧ dz3 + − − − − − − −
dz1 ∧ dz2 ∧ dz3 + − + − + − − −
dz1 ∧ dz2 ∧ dz3 + − − − − − − −
dz1 ∧ dz2 ∧ dz3 + − − − − − − −
dz1 ∧ dz2 ∧ dz3 + + + + + + + +

Table 5.2: Invariant 3–forms for point groups ZM × ZN

5.5.1 Example D: T 6/Z2 × Z2

We want to express the 3-forms allowed on T 6/Z2 × Z2 in the complex basis through
the real basis (5.20) and the complex structure moduli (B.151):

ωA0 = α0 +
3∑

i=1

αi U i − β1 U2 U3 − β2 U1 U3 − β3 U1U2 + β0 U1U2U3

ωA1 = α0 + α1 U1 + α2 U2 + α3U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωA2 = α0 + α1 U1 + α2 U2 + α3 U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωA3 = α0 + α1 U1 + α2U2 + α3 U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωB0 = α0 +
3∑

i=1

αi U i − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωB1 = α0 + α1 U1 + α2 U2 + α3 U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωB2 = α0 + α1 U1 + α2 U2 + α3 U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3

ωB3 = α0 + α1 U1 + α2 U2 + α3 U3 − β1 U2U3 − β2 U1U3 − β3 U1U2 + β0 U1U2U3.
(5.23)

ωB0 obviously corresponds to the (3, 0)-part of the flux and the Calabi–Yau 3-form Ω
can be normalized to equal ωB0. ωA1, ωA2 and ωA3 are the (2, 1)-components of the
flux, ωB1, ωB2 and ωB3 the (1, 2)-components of the flux, and ωA0 corresponds to the
(0, 3)-part, i.e. Ω.

Note that this basis is not normalized to one. It fulfills∫
ωAi ∧ ωBi =

3∏
i=1

(U i − U i
), i = 0, . . . , 3∫

ωAj ∧ ωBk = 0, j 6= k. (5.24)

Expressed in this basis, the G3-flux takes the form

1

(2π)2α′G3 =
3∑

i=0

(AiωAi + BiωBi). (5.25)

By comparing the coefficients of G3 expressed in the real basis and in the complex basis
and solving for the {Ai, Bi}, we can express the {Ai, Bi} as a function of {ai, ci, bi, di}
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and the moduli fields S,U i. By setting the respective coefficients to zero, we obtain
equations for the respective flux parts. This gives us constraints on the {ai, ci, bi, di}.
What has to be taken into account as well is the fact that the {ai, ci, bi, di} must be
integer numbers. This requirement can only be fulfilled for specific choices of the U i

and of S, i.e. it fixes the moduli.

5.5.2 Example E: T 6/Z7

For illustration, we also present an example which differs from the commonly used
T 6/Z2 × Z2 in several ways. First of all, there are no complex structure moduli.
Secondly, the complex coordinates (B.99) contain more than just two of the real coor-
dinates, which leads to a non-trivial expansion of the flux in real coordinates. In this
example only the (3, 0)– and the (0, 3)–flux component survive the Z7–twist, so

1

(2π)2α′ G3 = A0 ωA0 + B0 ωB0 .

With the complex coordinates given in (B.99) we find for the (3, 0)–form:

ωA0 = −i
√

7 α0 +
1

2
(7 + i

√
7) α1 + i

√
7 α2 − i

√
7 α3 − i

√
7 β0 + i

√
7 β1

−i
√

7 β2 +
1

2
(7− i

√
7) β3 − i

√
7 γ1 + i

√
7 γ2 +

1

2
(−7 + i

√
7) γ3

−i
√

7 γ4 + (7 + i
√

7) γ5 − (7− i
√

7) γ6 − i
√

7 δ1 − (7 + i
√

7) δ2

−i
√

7 δ3 + (1− i
√

7) δ4 + i
√

7 δ5 − (7 + i
√

7) δ6. (5.26)

ωB0 is simply the complex conjugate of the above. It is possible to express the two
complex coefficients of the 3–form flux through four of the real coefficients which we
may choose freely. The other real coefficients are constrained by the form of the flux.
For the complex coefficients we find

A0 = 1
14

[ (1 + i
√

7) a0 + 2 a1 + S ((1 + i
√

7) c0 + 2 c1) ],

B0 = 1
14

[ (1− i
√

7) a0 + 2 a1 − S ((1− i
√

7) c0 + 2 c1) ]. (5.27)

Expressed in real coordinates, the flux takes the form

1

(2π)2α′ G3 = (a0 − S c0) α0 + (a1 − S c1) α1 + (−a0 + S c0) α2 + (a0 − S c0) α3

+(a0 − S c0) β0 + (−a0 + S c0) β1 + (a0 − S c0) β2

+(a0 + a1 − S (c0 + c1))) β3 + (a0 − S c0) γ1 + (−a0 − S c0) γ2

+(−a0 − a1 + S (c0 + c1)) γ3 + (a0 − S c0) γ4

+(a1 − S c1) γ5 + (−a0 − a1 + S (c0 + c1)) γ6 − (a1 − S c1) δ6

−(−a0 − a1 + S (c1 + c1)) δ4 − (a0 − S c0) δ5 − (a1 − S c1) δ2

−(−a0 + S c0) δ3 − (a0 − S c0) δ1. (5.28)
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5.6 The effective potential from fluxes

After giving a vev to the field G3, the Chern–Simons term1

SCS =
1

2

1

(2π)7 α′4

∫
C4 ∧G3 ∧G3

S − S
. (5.29)

of the ten–dimensional effective type IIB action gives rise to a tadpole for the RR
four–form C4 (in units of T3)

2:

Nflux =
1

(2π)4 α′2

∫
X6

H3 ∧ F3 . (5.30)

Hence in the presence of 3–form fluxes, the tadpole cancellation condition is

Nflux + ND3 = Q3,tot, (5.31)

where Q3,tot is the total O3–plane charge which can receive contributions from the
O3–plane tension, possible 2–form fluxes on the brane world–volume and curvature
terms.

In order to satisfy the supergravity equations of motion, the flux combination (5.16)
has to obey the imaginary self–duality (ISD) condition [35]

?6G = +i G. (5.32)

When G fulfills the above equation with a minus instead of a plus on the right hand
side, it is called imaginary anti-self dual (IASD). This condition ensures the existence
of a solution for the metric and 4–form. The CP even analog of (5.30) originates from
the piece −1

2·3!
1

(2π)7α′4

∫
d10x

√
−g10 |G3|2 of the D = 10 type IIB action and leads to

the potential term in D = 4:

1

2 (2π)7 α′4

∫
X6

d6y G3 ∧ ?6G3 . (5.33)

According to [35, 36], the latter may be split into a purely topological term Vtop,
independent of the moduli fields, and a second term Vflux, relevant for the F–term
contribution to the scalar potential. After the decomposition G3 = GISD + GIASD one
obtains [35, 36, 37]:

Vflux =
1

(2π)7 α′4

∫
X6

GIASD ∧ ?6G
IASD

,

Vtop = −e−φ10 T3 Nflux . (5.34)

1Throughout this section, we work in the string–frame, i.e. with the Einstein term
1

(2π)7 α′4

∫
d10x

√
−g10 e−2φ10 R.

2Here Tp = (2π)−pα′− 1
2−

p
2 is the Dp–brane tension [27] and φ4 the dilaton field in D = 4.
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Hence, the total contributions to the scalar potential are:

V = VD + VF ,
VD = VD3/D7 + VO3/O7 + Vtop,
VF = Vflux. (5.35)

The piece VD represents D–term contributions to the scalar potential due to Fayet–
Iliopolous terms, see [38] for further details. Only the last term corresponds to an F–
term. In the case that the tadpole conditions are met, Ramond tadpole contributions
to V are absent. If in addition only supersymmetric 2–form fluxes on the D7–brane
world–volume are considered (see Section 6.1), the first three terms add up to zero:
VD3/D7 + VO3/O7 + Vtop = 0, i.e. VD = 0. Let us remark that this condition may
generically also fix some of the Kähler moduli T j. In the following, we shall assume
that VD = 0 and study only the F–term contribution VF = Vflux to the scalar potential
V . The potential VF displayed in (5.35) originates from the closed string sector only.

5.7 String–theoretical Kähler moduli T i vs. field–

theoretical fields T i

The imaginary part of the Kähler modulus T i follows from the integral Im(T i) =
∫

Ci C4

of the Ramond 4–form over a certain 4–cycle Ci of X. A D7–brane has the world–
volume Chern–Simons coupling

∫
C4 ∧ F ∧ F . Hence, a D7–brane wrapped around

this 4–cycle Ci gives rise to the CP–odd gauge term
∫

Im(T i) F ∧ F in D = 4. On
the other hand, the real parts of the moduli T i, which derive from the underlying
string background do not yet properly fit into complex scalars T i of N = 1 chiral
multiplets in field theory. According to the previous discussion, the real part Re(T i) of
those scalar fields has to describe the gauge coupling of a D7–brane, which is wrapped
around the four–cycle Ci. This coupling is measured by the volume of this 4–cycle
Ci. More precisely, from the Born–Infeld action e−φ10

∫
d8ξ det(g + 2πα′F )1/2 we

derive the CP–even gauge–coupling Re(T i) := e−φ10
∫

Ci
d4ξ det(g)1/2. In order for the

D7–brane to respect 1/2 of the supersymmetry of the bulk theory, which is N = 2 in
D = 4, the internal 4–cycle Ci the D7 brane is wrapped on has to fulfill the calibration
condition [39]: ∫

Ci

d4ξ det(g)1/2 =
1

2

∫
Ci

J ∧ J . (5.36)

Note, that the r.h.s. just describes the volume of the 4–cycle Ci. Hence, the real part
of the correct holomorphic modulus T i is:

Re(T i) := e−φ10

∫
Ci

d4ξ det(g)1/2 =
1

2
e−φ10

∫
Ci

J ∧ J . (5.37)
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More precisely, with ωi the Poincaré dual 2–form of the 4–cycle Ci, we have:
∫
Ci

J∧J =

∫
X6

ωi ∧ J ∧ J . With J =
h(1,1)∑
j=1

Re(T j) ωj we may write

Re(T i) := e−φ10
∂

∂T i

∫
X6

J ∧ J ∧ J = e−φ10
∂

∂T i
e−K . (5.38)

Furthermore, with
∫

X6
J∧J∧J = dijk Re(T i) Re(T j) Re(T k), and dijk the intersection

form, we may also write

Re(T i) := e−φ10 dijk Re(T j) Re(T k) , (5.39)

which gives the volume of the 4–cycle in string units.

5.7.1 Example D: T 6/Z2 × Z2

For the complex structure moduli, we do not need a redefinition in type IIB , so
U i = U i as given in (B.150). The imaginary part of the Kähler moduli is given by the
coupling of the gauge fields on a D7-brane g−2

D7,j, which is wrapped on the tori T 2,k and

T 2,l. So

T j = aj + i
e−φ4

2πα′1/2

√
Im T kIm T l

Im T j
, (5.40)

with T given in (B.152). The imaginary part of the dilaton S is given by the gauge
coupling on the D3–brane g−2

D3:

S = C0 + i
e−φ4

2π

α′3/2

√
Im T 1Im T 2Im T 3

. (5.41)

5.8 Superpotential, F–terms and scalar potential

It is was shown in [40] that turning on background fluxes leads to the following super-
potential in the low energy effective theory:3

Ŵ =
λ

(2π)2α′

∫
X

G3 ∧ Ω . (5.42)

We are interested in the low energy effective potential with fluxes turned on. First,
we will look at those quantities that can be derived in the closed string sector. The
F -terms can be calculated from the Kähler potential and the superpotential (5.42),
they only feel the bulk:

F
I

= eκ2
4

bK/2 K̂IJ (∂JŴ + κ2
4 Ŵ ∂JK̂) , (5.43)

3The factor of λ serves to obtain the correct mass dimension of 3 for the superpotential, i.e.
λ−1 = 16π5α′3, such that κ−2

10 = λ
(2π)2α′
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where the I, J are taken to run over the dilaton S, the complex structure moduli U i

and the Kähler moduli T i. With this, we can now calculate the scalar potential:

V̂ = K̂IJ F IF
J − 3 eκ2

4
bK κ2

4 |Ŵ |2 . (5.44)

The explicit expressions for the F -terms are the following:

F
S

= (S − S)
∏
M

(M −M)−1/2

∫
G3 ∧ Ω

F
T

i

= (T i − T
i
)
∏
M

(M −M)−1/2κ2
4 Ŵ

F
U

i

= (U i − U
i
)
∏
M

(M −M)−1/2 κ2
4

λ

(2π)2α′

∫
G3 ∧ ωAi

. (5.45)

By looking at the F -terms, we see immediately that we only have a non-zero F S if
G3 has a (3, 0)-component. For F T i

to be non-zero, G3 has to have a non-zero (0, 3)-
component. For the FU i

to be non-zero, G3 must have a (1, 2)-component.

5.8.1 Example D: T 6/Z2 × Z2

Expressed with the coefficients of the real basis, we find Nflux, given in (5.30), to be

Nflux =
3∑

i=0

cibi −
3∑

i=0

aidi.

We want to find the corresponding expression in complex language. We find

Nflux =
1

(2π)4(α′)2

1

(S − S)

∫
G3 ∧G3

= −

3∏
i=1

(U i − U
i
)

(S − S)

3∑
i=0

(|Ai|2 − |Bi|2), (5.46)

which is quite a nice expression. And it immediately teaches us something about the
behaviour of the different fluxes: The fluxes obeying the ISD-condition, i.e. those
having all Bi = 0, have Nflux > 0, whereas the IASD-fluxes, i.e. those with all Ai = 0
have Nflux < 0.

With (5.23), it is now easy to write down the superpotential explicitly for T 6/Z2×
Z2:

1

λ
Ŵ = (a0 − Sc0)U1U2U3 − {(a1 − Sc1)U2U3 + (a2 − Sc2)U1U3 + (a3 − Sc3)U1U2}

−
3∑

i=1

(bi − Sdi)U
i − (b0 − Sd0). (5.47)
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The explicit expressions for the F -terms (5.45) are the following:

F
S

= λκ2
4(S − S)

∏
M

(M −M)−1/2 × {(a0 − Sc0)U1U2U3 − [(a1 − Sc1)U2U3

+(a2 − Sc2)U1U3 + (a3 − Sc3)U1U2]−
3∑

i=1

(bi − Sdi)U
i − (b0 − Sd0)},(5.48)

F
T

i

= λκ2
4(T

i − T
i
)
∏
M

(M −M)−1/2 × {(a0 − Sc0)U1U2U3 − [(a1 − Sc1)U2U3

+(a2 − Sc2)U1U3 + (a3 − Sc3)U1U2]−
3∑

i=1

(bi − Sdi)U
i − (b0 − Sd0)},(5.49)

F
U

i

= κ2
4 (U i − U

i
)
∏
M

(M −M)−1/2 × λ

(2π)2α′

∫
G3 ∧ ωAi

, e.g. :

F
U

1

= λκ2
4 (U1 − U

1
)
∏
M

(M −M)−1/2 × {((a0 − Sc0)U
1
U2U3 − [(a1 − Sc1)U2U3

+(a2 − Sc2)U
1
U3 + (a3 − Sc3)U

1
U2]− [(b1 − Sd1)U

1
+ (b2 − Sd2)U

2+
(b3 − Sd3)U

3]− (b0 − Sd0)}, (5.50)

where M runs over all moduli S, U i, T i. By looking at the F -terms, we see immediately
that we only have a non-zero F S if G3 has a (3, 0)-component. For F T i

to be non-zero,
G3 has to have a non-zero (0, 3)-component. For the FU i

to be non-zero, G3 must have
a (1, 2)-component.

Now we are able to compute the expression for the scalar potential (5.44). The part

coming from the T -moduli cancels with −3 eκ2
4

bKκ2
4 |Ŵ |2, which is a generic property in

no–scale models. So we are left with

V̂ = ∂S∂SK̂F SF
S

+
3∑

i=1

∂Ui
∂Ui

K̂FUiF
Ui

=
λ2κ2

4

(2π)4α′2

∏
M

1

|M −M |

(
|
∫

G3 ∧ Ω |2 +
3∑

i=1

|
∫

G3 ∧ ωAi
|2
)

. (5.51)

We can see immediately that V̂ is zero unless G3 has a (3, 0)- or a (1, 2)-part, i.e. is

IASD. We also see immediately, that for IASD-fluxes, V̂ is strictly positive. When we
express this through the complex coefficients, this formula looks even nicer:

V̂ = λ2κ2
4

3∏
i=1

|U i − U
i|

|S − S|
3∏

i=1

|T i − T
i|

3∑
j=0

|Bj|2. (5.52)

Let us examine eq. (5.33) : Expressed with our complex coefficients, we find∫
G3 ∧ ?6G3 ∝ 2

3∑
i=0

|Bi|2 + (
3∑

i=0

|Ai|2 −
3∑

i=0

|Bi|2),
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where the second term is obviously proportional to Nflux, whereas the first part cor-
responds to Vflux, which is the contribution to the scalar potential coming from the
F -terms, which is exactly, what we have calculated above.

5.9 Supersymmetry conditions for the background

flux

For the flux to preserve N = 1 supersymmetry, the condition that all F–terms vanish
must be imposed. This results in requiring

Ŵ =
λ

(2π)2α′

∫
G3 ∧ Ω = 0,

DSŴ = ∂SŴ + κ2
4 Ŵ ∂SK̂ = 0,

DU iŴ = ∂U iŴ + κ2
4 Ŵ ∂U iK̂ = 0, (5.53)

where DM is the Kähler covariant derivative. This corresponds to setting all F -terms
to zero. The above conditions can be rewritten as∫

G3∧Ω = 0,

∫
G3∧Ω = 0,

∫
G3∧ωA1 =

∫
G3∧ωA2 =

∫
G3∧ωA3 = 0. (5.54)

The first of the above equations if fulfilled for G3 not having a (0, 3)-part. The second
is fulfilled for G3 not having a (3, 0)-part and the remaining three equations are fulfilled
for G3 not having a (1, 2)-part. Therefore a supersymmetric flux can only have (2, 1)–
components and is automatically ISD.

5.9.1 Example D: T 6/Z2 × Z2

For this concrete example, the necessary equations are obtained by setting the coeffi-
cients of the (0, 3)-, (1, 2)-, and (3, 0)-flux to zero, i.e. A0 = B0 = B1 = B2 = B3 = 0.
This corresponds to

0 = U1U2U3(a0 − Sc0)−
∑

i6=j 6=k

(ai − Sci)U jUk − (b0 − Sd0)−
3∑

i=1

(bi − Sdi)U
i

0 = U
1
U2U3(a0 − Sc0)− {(a1 − Sc1)U2U3 + (a2 − Sc2)U

1
U3 + (a3 − Sc3)U

1
U2}−

−(b0 − Sd0)− {(b1 − Sd1)U
1
+ (b2 − Sd2)U

2 + (b3 − Sd3)U
3}

0 = U
1
U

2
U

3
(a0 − Sc0)−

∑
i6=j 6=k

(ai − Sci)U
j
U

k − (b0 − Sd0)−
3∑

i=1

(bi − Sdi)U
i

0 = U1U
2
U3(a0 − Sc0)− {(a1 − Sc1)U

2
U3 + (a2 − Sc2)U1U3 + (a3 − Sc3)U1U

2}−
−(b0 − Sd0)− {(b1 − Sd1)U

1 + (b2 − Sd2)U
2
+ (b3 − Sd3)U

3}
0 = U1U2U

3
(a0 − Sc0)− {(a1 − Sc1)U2U

3
+ (a2 − Sc2)U1U

3
+ (a3 − Sc3)U1U2}−

−(b0 − Sd0)− {(b1 − Sd1)U
1 + (b2 − Sd2)U

2 + (b3 − Sd3)U
3}, (5.55)
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with i 6= j 6= k.
Now one can solve for the {ai, ci, bi, di} and impose the constraint that they be

integer numbers to fulfill the quantization condition (5.19). These constraints cannot
be satisfied in full generality, i.e. for arbitrary moduli and flux coefficients. By fixing
some of the moduli and/or flux coefficients, it is possible to obtain special solutions.
Here, we choose to fix the moduli to U1 = U2 = U3 = S = i.

One possible solution for the (2, 1)-flux is

1

(2π)2α′ G21 = [−d0 + i(d1 + d2 + d3)] α0 + [−d1 − i(−b2 − b3 + d0)] α1

+(−d2 − ib2) α2 + (−d3 − ib3) α3 + (−d1 − d2 − d3 − id0) β0

+(−b2 − b3 + d0 − id1) β1 + (b2 − id2) β2 + (b3 − id3) β3, (5.56)

where b2, b3, d0, d1, d2, d3 can be any integer number. As mentioned before, possible
complications with flux quantization can be avoided, if the flux is taken to have coeffi-
cients which are multiples of 8. This can be achieved by simply taking b2, b3, d0, d1, d2, d3

to be multiples of 8.
Expressed in the complex basis, the solution takes the form

1

(2π)2α′ G21 =
1

2
[−b2 − b3 + i(d2 + d3)] ωA1 +

1

2
[b2 − d0 + i(d1 + d3)] ωA2+

+
1

2
[b3 − d0 + i(d1 + d2)] ωA3. (5.57)

For Nflux we find

Nflux = 4 (|A1|2 + |A2|2 + |A3|2)

= 2 (
3∑

i=0

d2
i + d1d2 + d1d3 + d2d3 + b2

2 + b2
3 + b2b3 − b2d0 − b3d0). (5.58)

If we require Nflux to have a certain value, this places quite stringent constraints on our
choice for the coefficients. The smallest possible Nflux for our solution, the coefficients
being multiples of 8, is Nflux = 128. To achieve this, we have several possibilities. We
can for example set either of the di or bi to ±8, and all the other coefficients to zero.
For d0 = 8 for example, all other coefficients being zero, this would amount to

1

(2π)2α′G3 = 8 (−α0 − iα1 − iβ0 + β1).

Another possible solution would be b2 = 8, b3 = −8, or the other way round. This
would result in

1

(2π)2α′G3 = 8 (−iα2 + iα3 + β2 − β3).
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Chapter 6

Braneworld Scenarios: Model
building and soft SUSY breaking

One very promising way to reproduce the MSSM in string theory is to use intersecting
D6–branes in type IIA orientifolds (for a review see [41]). The gauge degrees of freedom
are due to open strings living on each of the various stacks of D6–branes, whereas
the chiral matter fields are localized on the lower-dimensional intersection loci of the
D6–branes. More specifically, the D6–branes, all completely filling four-dimensional
Minkowski space-time, are wrapped around supersymmetric 3-cycles in the internal
space X, which generically intersect just on points in X. Figure 6.1 schematically
shows the set–up of space–time filling D–branes which constitute the standard model
and hidden sectors wrapping some cycles on a Calabi–Yau manifold.

Figure 6.1: Braneworld model with standard model and hidden sector D–branes wrap-
ping cycles of a Calabi–Yau manifold

Note that the internal intersection numbers are normally larger than one, a fact,
which offers a nice explantion for the family replication of the MSSM. In order to
preserve N=1 space-time supersymmetry in the open string sectors on the intersecting
D–branes, the intersection angles must add up to 0 mod 2π. For a consistent string
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vacuum, all Ramond and Neveu–Schwarz tadpoles must be cancelled. The tadpole con-
ditions translate to conditions on the number of D–brane stacks and their arrangement.
Starting from the original work on non-supersymmetric models [42, 43, 44, 45, 46],
several semirealistic MSSM-like models with intersecting D6–branes were constructed
during the last years [47, 48, 49]. However, for practical reasons, when turning on
the SUSY-breaking fluxes, it is more convenient to use instead of the type IIA orien-
tifolds with intersecting D6–branes the mirror (T–dual) type IIB orientifold descrip-
tion. After an appropriate mirror transformation, the (supersymmetric) D6–branes
are transformed into a system of D3–branes plus supersymmetric D7–branes, where
the non-trivial intersection angles in type IIA become open string 2–form gauge fluxes
(magnetic f -field background fields) living on internal 4–cycles on the different D7–
brane world volumes. Note that f–fluxes are required at least on some of the various
stacks of D7–branes in order to obtain realistic models with more than one chiral
generation of quarks and leptons. Hence for getting chiral fermions, some of the D7–
branes must have mixed Dirichlet/Neumann boundary conditions in certain internal
directions. This means that they are a kind of hybrid between D3– and D7–branes.
This fact will become important for the structure of the soft terms for the matter fields
on the D3/D7–brane world volumes.

For this whole chapter, we will be in the IIB orientifold theory compactified on
T 6/Z2×Z2 with three stacks of D7–branes, where each stack is wrapped on two of the
three T 2–factors.

6.1 Branes carrying internal gauge flux

To obtain a chiral spectrum, we must introduce (magnetic) two–form fluxes F jdxj∧dyj

on the internal part of the D7–brane world volume. Together with the internal NS B–

field1 bj we combine the complete 2–form flux into F =
3∑

j=1

F j :=
3∑

j=1

(bj +2πα′F j) dxj∧

dyj. The latter gives rise to the total internal antisymmetric background(
0 f j

−f j 0

)
, f j =

1

(2π)2

∫
T 2,j

F j, (6.1)

with respect to the j–th internal plane. The 2–form fluxes F j have to obey the quan-
tization rule

mj 1

(2π)2α′

∫
T 2,j

F j = nj, n ∈ Z, (6.2)

i.e. f j = α′ nj

mj . We obtain non–vanishing instanton numbers

mj mk

∫
T 2,j×T 2,k

F ∧ F = (2π)4 α′2 nj nk (6.3)

1Note, that bj has to be quantized due to the orientifold projection Ω to the values bj = 0 or
bj = 1

2 [50].
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on the world–volume of a D7–brane, which is wrapped around the 4–cycle T 2,j × T 2,k

with the wrapping numbers mj. Hence, through the CS–coupling T7 C4 ∧ F ∧ F , a
D7–brane may also induce contributions to the 4–form potential. Note, that a D3–
brane may be described by a D7–brane with f j →∞. To cancel the tadpoles arising
from the Ramond–Ramond forms C4 and C8, we introduce ND3 (space–time filling)
D3–branes and K stacks of D7–branes with internal fluxes. More concretely, Ki stacks
of N i

a D7–branes with internal 2–form fluxes F j,Fk and wrapping numbers mj
a, m

k
a

with respect to the 4–cycle T 2,j × T 2,k. The cancellation condition for the tadpole
arising from the RR 4–form C4 is

ND3 +
2

(2π)4α′2

∑
(i,j,k)

=(1,2,3)

Ki∑
a=1

N i
a mj

a mk
a

∫
T 2,j×T 2,k

F ∧ F = 32, (6.4)

i.e. according to (6.3)

ND3 + 2
∑
(i,j,k)

=(1,2,3)

Ki∑
a=1

N i
a nj

a nk
a = 32. (6.5)

Furthermore, the cancellation conditions for the 8–form tadpoles yield:

2
K3∑
a=1

N3
a m1

a m2
a = −32,

2
K2∑
a=1

N2
a m1

a m3
a = −32,

2
K1∑
a=1

N1
a m2

a m3
a = −32. (6.6)

The extra factor of 2 in front of the sums over the D7–brane stacks accounts for
additional mirror branes. For each D7–brane with wrapping numbers (mi, mj), we
also have to take into account its mirror (−mi,−mj) in order to cancel induced RR
6–form charges. The right hand sides of (6.4) and (6.6) account for the contributions
of the O3– and O7–planes, respectively. An O3–plane contributes −1

4
of a D3–brane

charge T3. Here, Tp = (2π)−pα′− 1
2
− p

2 is the Dp–brane tension [27] and φ4 = φ10 −
1
2
ln [Im(T 1)Im(T 2)Im(T 3)/α′3] the dilaton field in D = 4. In the covering space the

64 O3–planes are doubled, thus contributing 2 × 64 × (−1
4
) = −32 on the l.h.s. of

(6.5). On the other hand, in D7–brane charge T7 units, an O7–plane contributes 4 T7.
Hence, in the covering space, four O7–planes contribute 2× 4× 4 = 32 on the l.h.s. of
(6.6).

A D3–brane placed in the uncompactified D = 4 space–time produces the contri-
bution

VD3 = T3 e−φ4
α′3/2√
T 1

2 T 2
2 T 3

2

(6.7)



90 6 Braneworld Scenarios: Model building and soft SUSY breaking

to the total scalar potential V . Furthermore, a D7–brane, wrapped around the 4–cycle
T 2,j × T 2,k with wrapping numbers mj, mk and internal gauge fluxes fk, f l gives rise
to the potential

VD7j
= −T7 (2π)4 α′3/2 e−φ4 mk ml

∣∣∣∣1 + i
fk

T k
2

∣∣∣∣ ∣∣∣∣1 + i
f l

T l
2

∣∣∣∣
√
T k

2 T l
2

T j
2

. (6.8)

In order that the D7–branes preserve some supersymmetry, their internal 2–form fluxes
f i, f j must obey the supersymmetry condition [42]:

f i

ImT i
= − f j

ImT j
. (6.9)

In that case, the potential (6.8) simplifies:

VD7j
= −T7 (2π)4 α′3/2 e−φ4 mk ml

(
1− fk f l

T k
2 T l

2

) √
T k

2 T l
2

T j
2

. (6.10)

Hence, the presence of ND3 space–time filling D3–branes and various stacks of D7–
branes produces a positive potential2

VD3/D7 = ND3 VD3 + 2
3∑

j=1

Kj∑
a=1

N j
a VD7j

. (6.11)

Furthermore, a negative potential is generated by the presence of the 64 O3– and 12
O7j–orientifold planes:

VO3/O7 = 2e−φ4 α′3/2

{
− 64 T ′

3√
T 1

2 T 2
2 T 3

2

− 4 T ′
7 (2π)4

(√
T 2

2 T 3
2

T 1
2

+

√
T 1

2 T 3
2

T 2
2

+

√
T 1

2 T 2
2

T 3
2

)}
.

(6.12)
Here, the orientifold tension for Op–planes is given by T ′

p = 2p−5Tp [27]. The extra
factor of 2 is due to the covering space. In the case of supersymmetric D7–branes, i.e.
(6.9) holding for each brane, we have

VD3/D7 + VO3/O7 = 0, (6.13)

provided the tadpole conditions (6.4) and (6.6) are fulfilled.
The simplest solution to the equations (6.4) and (6.6) is represented by the following

example: We take 32 space–time filling D3–branes and place 8 D7–branes on top of
each of the 12 O7–planes. This leads to a non–chiral spectrum and the 96 D7–branes
give rise to the gauge group SO(8)12 [54].

The requirement that a stack of branes a with internal 2–form fluxes f j
a is super-

symmetric has the form
3∑

j=1

arctan

(
f j

a

Im(T j)

)
= 0.

2The extra factor of two in front of the D7–brane sum accounts for the mirror branes.
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Furthermore, the condition, that a stack of branes a with 2–form fluxes f j
a and another

stack b with 2–form fluxes f j
b are mutually supersymmetric is

3∑
j=1

θj
ab = 0 mod 2,

with the relative “flux” θj
ab:

θj
ab =

1

π

[
arctan

(
f j

b

Im(T j)

)
− arctan

(
f j

a

Im(T j)

) ]
. (6.14)

These conditions will fix some of the Kähler moduli T j. Note that in the T–dual
type IIA–picture, the θj

ab are exactly the angles between the two stacks of intersecting
D6–branes.

6.2 Open string low-energy effective action and soft

terms

There are several types of moduli fields in a type IIB orientifold compactification
with D–branes. The closed string moduli fields arise from dimensional reduction of
the bosonic part (φ, gMN , bMN , C0, C2, C4) of the N=2 supergravity multiplet in D = 10
after imposing the orientifold and orbifold action. The spectrum has to be invariant
under both the orientifold action Ω(−1)FLI6 and the orbifold group Γ. Before apply-
ing the orbifold twist Γ, the untwisted sector consists of the states invariant under
Ω(−1)FLI6: φ, gij, bµi, C0, Cµi, Cijkl, Cµνij, Cµνρσ. In addition, there are twisted moduli
consisting of the twisted RR–tensors.

Let us now come to the open string moduli fields. The massless untwisted moduli
fields originate from the D = 10 gauge field AM reduced on the various D–branes. The
orientifold projection Ω determines the allowed Chan–Paton gauge degrees of freedom
at the open string endpoints. For a stack of space–time filling D3–branes, we obtain 6
real scalars φi , i = 4, . . . , 9 in the adjoint of the gauge group of the respective stack.
These scalars describe the transversal movement of the D3–branes, i.e. essentially the
location of the D3–branes on the six–dimensional compactification manifold. They
may be combined into the three complex fields C3

i = φ2i+2 + U iφ2i+3 , i = 1, 2, 3.
Furthermore, for a stack of D73–branes, which is wrapped around the 4–cycle T 2,1 ×
T 2,2, we obtain the four Wilson lines Ai , i = 4, 5, 6, 7 and two transversal coordinates
φ8, φ9 in the adjoint representation. The latter describe the position of the D7–brane
on the 2–torus T 2,3. Again, these six real fields may be combined into three complex
fields C73

i , i = 1, 2, 3. After taking into account the other two 4–cycles, on which
other stacks of D7–branes may be wrapped, in total, we obtain the complex fields
C

7j

i , i, j = 1, 2, 3. All the open string fields described so far give rise to complex scalars
of the untwisted sector with at least N = 2 supersymmetry. A stack of D3–branes
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gives rise to anN = 4 super Yang–Mills theory on its world–volume, provided the stack
does not sit at an orbifold singularity. Hence, together with their world–volume gauge
fields, the scalars C3

i are organized in N = 4 vector multiplets. The supersymmetry on
the world–volume of a D7–brane, which is wrapped around a generic supersymmetric
4–cycle of a CY–space is N = 2. The scalar C7i

i describes a (complex) scalar of a
vectormultiplet.

Then there are N = 2 and chiral N = 1 fields in the so–called twisted sector which
describes fields with endpoints on different brane stacks. The twisted matter fields
C37a originate from open strings stretched between the D3– and D7–branes from the
a–th stack. Generically, these fields respect N = 2 supersymmetry. However, there
are twisted N = 1 matter fields C7a7b arising from open strings stretched between two
different stacks a and b of D7–branes.

Let us now move on to the low–energy effective action describing the dynamics of
the various moduli fields encountered above. The complex scalars S, T j, U j give rise
to the closed string or bulk–moduli space. The untwisted open string moduli describe
either the displacement transverse to the D–brane world–volume or the breaking of
the gauge group by Wilson lines. It is justified to expand the (full) Kähler potential
K and superpotential W around this minimum Ci = 0.

The low–energy effective action for the massless open string sector of the D3/D7–
branes was computed by calculating string scattering amplitudes among open string
matter fields on the D-branes and bulk moduli fields [51, 8]. The charged matter fields
C enter the Kähler potential at quadratic order as (for large Kähler moduli, which
corresponds to the supergravity approximation under consideration):

K(M, M,C, C) = K̂(M, M) +
∑

a

3∑
j=1

3∑
i=1

G
C7a,j

i C
7a,j
i

(M, M) C7a,j
i C

7a,j

i

+
∑
a 6=b

G
C7a7bC

7a7b (M, M) C7a7b C
7a7b

+O(C4). (6.15)

Here, K̂(M, M) is the closed string moduli Kähler potential (5.10), discussed before.
The open string moduli fields C summarize both untwisted D7–brane moduli C7,j

i

and twisted matter fields C7a7b . The fields C7,j
i account for the transverse D7–brane

positions C7,j
j on the j–th subplane and for the Wilson line moduli C7,j

i , i 6= j on the
D7–brane world volume. On the other hand, the fields C7a7b represent twisted matter
fields originating from strings stretched between two stacks of D7–branes a and b. We
have only displayed the D7–brane sector, as the D3–brane sector follows from the
latter by taking the limits f j → ∞. Furthermore, the holomorphic superpotential W
takes the form:

W (M, C) = Ŵ (M) +
3∑

a=1

C7a
1 C7a

2 C7a
3 +

∑
a,b,j

dabj C7a
j C7a7bC7a7b

+C7172C7371C7273 +
∑
I,J,K

YIJK(U i) CICJCK +O(C4). (6.16)
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Again, Ŵ (M) is the closed string superpotential (5.42), discussed before. Finally, the
coupling of the (closed string) moduli to the gauge fields is described by the gauge
kinetic functions. For the gauge fields living on the D7–branes, wrapped around the
4–cycle T 2,k × T 2,l, these functions are given by [51, 8]

fD7j
(S, T j) = |mkml|

(
T j − α′−2fkf lS

)
, (j, k, l) = (1, 2, 3),

fD3(S) = S. (6.17)

mk, ml being the wrapping numbers.
The matter field metric for stings living on D3–branes is particularly simple:

G
C3

i C
3
i

=
−κ−2

4

(U i − U
i
) (T i − T

i
)

, i = 1, 2, 3. (6.18)

The metric for the untwisted matter fields living on the same stack of D7–branes is
the following:

G
C7,j

i C
7,j
i

=
−κ−2

4

(U i − U
i
) (T k − T

k
)

|1 + if̃k|
|1 + if̃ i|

,

G
C7,j

j C
7,j
j

=
−κ−2

4

(U j − U
j
) (S − S)

|1− f̃ if̃k| , i 6= k 6= j. (6.19)

The matter field Kähler metric describing a 1/4 BPS sector is given by the following
expression [51, 8]:

G
C7a7bC

7a7b = κ−2
4 (S − S)−

1
4
+ 3β

2
+γ

3∏
j=1

(T j − T
j
)−

1
4
−β

2
−γ(1−θj

ab) (U j − U
j
)−θj

ab

√
Γ(θj

ab)

Γ(1− θj
ab)

.

(6.20)
To fix the constants β, γ, one has to calculate a four–point disk amplitude involving
two twisted matter fields and two Kähler moduli T i. On the other hand, for twisted
open string states from the 1/2 BPS–sector, the metric takes a different form:

G
C7273C

7273 =
−κ−2

4

(S − S)1/2(T 1 − T
1
)1/2

1

(U2 − U
2
)1/2(U3 − U

3
)1/2

. (6.21)

6.3 Structure of the soft supersymmetry breaking

terms

The effective low energy supergravity potential in the standard limit with MPl → ∞
with m3/2 fixed is for N = 1 supersymmetry [55, 56]:

V eff =
1

2
D2 + GCICI |∂IW

(eff)|2 + m2
II,soft

CICI +
1

3
AIJKCICJCK + h.c. , (6.22)
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with

D = −gIκ
2
4 GCICI

CICI ,

W (eff) =
1

3
eκ2

4
bK/2YIJK CICJCK . (6.23)

The CI are taken to run over the C3
i , C7a,j

i , C37,a, C7a7b, where i = 1, 2, 3, a and b run
over the stacks of branes, and j runs over the torus not being wrapped. Furthermore,
gI is the gauge coupling, which is related to the gauge kinetic function fI(M) by
g−2

I = Im(fI(M)). The respective gauge kinetic functions are given in (6.17).
The diagonal structure of our metrics already results in some simplifications, for

example the purely diagonal structure of the scalar mass matrix. The fact that we have
Hij = 0 results in even more drastic simplifications: In our case, no B-term BIJCICJ

appears in the effective scalar potential, and also no µ-term 1
2
µIJCICJ is generated in

W (eff).
The gravitino mass is given by

m3/2 = eκ2
4

bK/2κ2
4 |Ŵ |. (6.24)

The soft supersymmetry breaking terms are

m2
II,soft

= κ2
4 [ (|m3/2|2 + κ2

4 V̂ ) GCICI
− F ρF

σ
RρσII ],

AIJK = F ρDρ (eκ2
4

bK/2YIJK), (6.25)

where the Greek indices are running over S, T i, U i and

RρσII =
∂4K

∂CI∂CI∂Mρ∂Mσ

− ∂3K

∂CI∂Mρ∂CK

GC
K

CK ∂3K

∂CI∂Mσ∂CK

,

Dρ(e
κ2
4

bK/2YIJK) = ∂ρ(e
κ2
4

bK/2YIJK) +
1

2
κ2

4K̂ρ (eκ2
4

bK/2YIJK)

−eκ2
4

bK/2GCICI∂ρGCI(CI
YJK)I . (6.26)

The gaugino mass is
mgI = F ρ ∂ρ log(ImfI), (6.27)

fI(M) being the gauge kinetic function.
The soft SUSY-breaking terms for a semi-realisitic set-up of intersecting branes/branes

with fluxes have been worked out in [52]. For earlier results for soft terms on D3–branes,
see [53]

We first look at W (eff). We find

W (eff) =
1

3
[(S − S)

3∏
i=1

(T i − T
i
)

3∏
i=1

(U i − U
i
)]−1/2 YIJK CICJCK . (6.28)

From eq. (6.16) we know that YIJK = εIJK in the case of the untwisted matter fields
C3

i , C
7,a
i and the combination

∑
a C7a,17a,2C7a,27a,3C7a,37a,1 .
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Before the expressions for the scalar masses mII,soft can be calculated, we must first
find the explicit expressions for the curvature tensor. For this, the reader is referred
to Appendix A of [52]. The scalar masses are

(m33
ii

)2 = κ2
4

[
(|m3/2|2 + κ2

4V̂ ) G
C3

i C
3
i
− |FU i|2R3

U iU
i
ii
− |F T i|2R3

T iT
i
ii

]
,

(m7,j

ii
)2 = κ2

4

[
(|m3/2|2 + κ2

4V̂ ) G
C7,j

i C
7,j
i
−
∑
M,N

FMF
N

R7,j

MNii

]
,

(m37a)2 = κ2
4

[
(|m3/2|2 + κ2

4V̂ ) G
C37aC

37a −
∑
M,N

FMF
N

R37a

MN

]
,

(m7a7b)2 = κ2
4

[
(|m3/2|2 + κ2

4V̂ ) G
C7a7bC

7a7b −
∑
M,N

FMF
N

R7a7b
MN

]
, (6.29)

where M, N run over S, T i, U i. Let elucidate these scalar mass terms by giving the
very simple example of a stack of D7–branes which does not carry any 2–form flux and
only the (3, 0)– and the (0, 3)–flux component turned on. The metric (6.19) simplifies
and this results in the following scalar masses:

(m7
11)

2 =
λ2 κ6

4

(2π)4α′2

G7,2

C1C1

|
∏

M(M −M)|

∣∣∣∣ ∫ G3 ∧ Ω

∣∣∣∣2 ,

(m7
22)

2 =
λ2 κ6

4

(2π)4α′2

G7,2

C2C2

|
∏

M(M −M)|

∣∣∣∣ ∫ G3 ∧ Ω

∣∣∣∣2 ,

(m7
33)

2 =
λ2 κ6

4

(2π)4α′2

G7,2

C3C3

|
∏

M(M −M)|

∣∣∣∣ ∫ G3 ∧ Ω

∣∣∣∣2 . (6.30)

Note that to (m7
11

)2 and (m7
33

)2, the IASD (3, 0)–component contributes, while to
(m7

22
)2 the ISD (0, 3)–component contributes. For non–trivial 2–form flux on the D7–

brane world–volume, both ISD and IASD flux components contribute to the scalar
mass terms. The scalar mass term for strings on D3–branes has the same form as
(m7

11
)2 in (6.30) and is therefore also non–zero only for IASD flux. A contribution

from the supersymmetric (2, 1)–component does not arise in this set–up. When the
superpotential is modified such that it also depends on the open string position moduli,
a supersymmetric mass terms appears [57].

The trilinear coupling is

AIJK = i
∏
M

(M −M)−1 λκ2
4

(2π)2α′

{
YIJK

∫
G3 ∧ Ω + 3 YIJK

∫
G3 ∧ Ω

+
∑

i

∫
G3 ∧ ωAi

[YIJK − (U i − U
i
) ∂U iYIJK ]

}
−i
∏
M

(M −M)−1/2 F ρ GCICI ∂ρGCI(CI
YJK)I . (6.31)
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The term −
∑

i

∫
G3∧ωAi

(U i−U
i
)∂U iYIJK appears because general YIJK may depend

on the complex structure moduli.
Note the case where the I, J, K refer to the 3-brane matter fields C3

i : Then the
last term cancels the terms 3

∫
G3 ∧ Ω and

∑
i

∫
G3 ∧ ωAi

, and we are left with

AIJK = i εIJK

∏
M

(M −M)−1 λκ2
4

(2π)2α′

∫
G3 ∧ Ω,

i.e. we only get a trilinear coupling from the (3, 0)-flux, which agrees with the results
of [?, ?]. This is not true for the other matter fields, as their metrics have a more
complicated dependence on the moduli.

The gauge couplings have been given in eqs (6.17). Through them, we obtain the
gaugino masses:

mg,D7j = F S −α′−2fkf l

(T j − T
j
)− α′−2fkf l(S − S)

+ F T j 1

(T j − T
j
)− α′−2fkf l(S − S)

,

mg,D3 = F S 1

(S − S)
= −i

∏
M

(M −M)−1/2 λκ2
4

(2π)2α′

∫
G3 ∧ Ω, (6.32)

with k 6= l 6= j, j being the torus not wrapped by the 7-brane.
To end this section, we give an estimate for the gravitino mass (6.24). The gravitino

mass may be rewritten as

m3/2 =
1√

2 (2π)6

M8
string

M2
Planck

1

Im(S)1/2
3∏

j=1

Im(T j)1/2Im(U j)1/2

∣∣∣∣∫
X6

G3 ∧ Ω

∣∣∣∣

=
g2
string√

2 (2π)4

M2
string

M2
Planck

3∏
j=1

Im(U j)−1/2

Vol(X6)

∣∣∣∣∫
X6

G3 ∧ Ω

∣∣∣∣ , (6.33)

with the type IIB string coupling constant gstring = eφ10 = (2π ImS)−1. The lat-
ter is assumed to be small in order to justify a perturbative orientifold construction.
The factor Vol(X6) = Im(T 1)Im(T 2)Im(T 3) is the volume3 of the six–dimensional
compactification manifold X, measured in string units α′3. The relation between the
string scale α′ = M−2

string and the four–dimensional Planck mass MPlanck is given by:

MPlanck = 23/2 g−1
string M4

string

√
Vol(X6). (6.34)

Qualitatively, the integral |
∫

X6
G3 ∧ Ω | is of order MPlanck

M6
string

. Since the moduli fields

S, T j, U j are dimensionsless, we deduce from the first line of (6.33): m3/2 ∼
M2

string

MPlanck
.

3The following relations have been used: φ4 = φ10 − 1
2 ln[Im(T 1)Im(T 2)Im(T 3)/α′3], κ−2

10 =
2

(2π)7 α′−4, and eκ2
4

bK = (2π)4 e4φ4

27
3Q

j=1
ImUj

. Moreover, we have: Im(S)3

3Q
j=1

Im(T j)

= α′6

Vol(X6)2
. Consult Ref. [51]

for more details.
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In the following, let us assume an isotropic compactification of radius R, i.e.
Vol(X6) = R6 and U j = i. The flux quantization condition 1

(2π)2α′

∫
C3

G
(0,3)
3 = ξ1 ∈ Z

for a (0, 3)–form flux component of G3 essentially yields the estimate:

G
(0,3)
3 ∼ (2π)2 ξ1 α′

R3
. (6.35)

With this information and∣∣∣∣ ∫
X6

G3 ∧ Ω

∣∣∣∣ = (2π)8 ξ1 α′ R3 = 2−3/2 (2π)8 gstring
MPlanck

M6
string

ξ1,

we obtain for the gravitino mass m3/2:

m3/2 = π2 1

Im(S)1/2Im(T )3/2

M2
string

MPlanck

ξ1. (6.36)

Since the physical moduli fields T are dimensionless, we have:

m3/2 ∼ g
1/2
string

M2
string

MPlanck

ξ1. (6.37)
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Chapter 7

Moduli stabilization in the
framework of KKLT

In the low energy effective theory, the moduli of the compactification manifold used in
string theory correspond to massless fields or flat directions in the effective potential.
Since these fields would give rise to a fifth force of roughly gravitational strength, they
are clearly in conflict with experiment. In a realistic string theory model, they should
not be present, therefore one is interested in mechanisms which generate a potential
for these massless scalars, which ”lifts” them, i.e. gives them a vev and a mass. As
explained in Chapter 5, turning on background fluxes presents such a mechanism for
the dilaton and the complex structure moduli. Since the flux superpotential (5.42)
does not depend on the Kähler moduli, a different mechanism must be used to fix
them.

7.1 Introducing the KKLT-scenario

Kachru, Kallosh, Linde and Trivedi [5] have proposed a way to obtain a string theory
vacuum with small positive cosmological constant, which is at least meta-stable. The
proposed mechanism consists of two steps. In the first step, the geometric moduli and
the dilaton of a type IIB string compactification are fixed. The complex structure
moduli and the dilaton are fixed by turning on a supersymmetric or at least imaginary
self–dual background flux. The Kähler moduli are fixed via non-perturbative effects.
Once all moduli are fixed, one has a stable, supersymmetric anti-deSitter vacuum. In
the second step, supersymmetry is broken by adding D3-branes. This results in a
positive contribution to the scalar potential and gives rise to a meta-stable deSitter
vacuum, which can be tuned to have the small positive cosmological constant that
is called for by experiment. Figure 7.1 shows the scalar potential for the original
toy model with only one overall Kähler modulus. The blue curve is the stable AdS
vacuum after step one. The red dashed line is the contribution to the potential from
the D3–branes, the black curve shows the resulting meta–stable dS vacuum.

Attempts of providing explicit models in which at least step one of the KKLT
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Figure 7.1: Scalar potentials for a KKLT–model with one Kähler modulus

proposal is successfully realized include [58, 59]. A working example is based on the
resolution of the T 6/Z2 × Z2 orbifold [59].

7.2 The origin of the non-perturbative superpoten-

tial

There are basically two possible origins for a non–perturbative superpotential which
depends on the Kähler moduli: Euclidean D3–brane instantons wrapping four–cycles
on X or gaugino condensation on the world–volume of D7-branes which again wrap
four-cycles on X. In both cases, the non–perturbative superpotential has the form

Wnp ∼ gi e−hiVi , (7.1)

where Vi denotes the volume of the wrapped divisor Si. The constant hi in the ex-
ponent depends on which mechanism, D3–brane instantons or gaugino condensation,
is responsible for the generation of Wnp. We will first discuss the case of D3–brane
instantons as the origin of Wnp. In an N = 1 supersymmetric Yang-Mills gauge theory,
the contribution from a single D3–instanton to the superpotential is given by

Wnp ∼ Λ3b.

Here, b is the β-function coefficient of the corresponding gauge group, and Λ is the
dynamical scale of the gauge theory:

Λ3 = e
− 8π2

bg2 .

After relating the gauge coupling to the volume of Si,

4π

g2
= Vi , (7.2)
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one obtains
Wnp ∼ gi e−2πVi . (7.3)

So hi = 2π. Instead of wrapping D3–branes on Si, we may also consider a stack of N
space-time-filling D7–branes wrapped on Si. In general orientifold compactifications,
the existence of the D7–branes is in fact forced by the tadpole cancellation conditions.
Consider the open string spectrum on the D7–branes. It is in general given by an
effective N = 1 supersymmetric U(N) gauge theory with some additional matter
fields.

First consider pure N = 1 Yang–Mills theory with gauge group G without any
matter fields. Gaugino condensation generates a nonperturbative superpotential

Wnp ∼ Λ3 = e
− 8π2

bg2 ,

with eq. (7.2) we then get

Wnp ∼ gi e−
2πVi

b , (7.4)

and hence hi = 2π/b for pure SQCD.
Now consider N = 1 SQCD with gauge group G = SU(NC) and with NF matter

fields Q, Q̃ in the fundamental plus anti–fundamental representations NF (NC ⊕ N̄C).
For NF < NC , there is a dynamically generated superpotential (for a review see e.g.
[60])

Wnp = (Nc −Nf )

(
Λ3NC−NF

det(QQ̃)

)1/(Nc−Nf )

. (7.5)

Here, b = 3 NC−NF is the N = 1 β–function coefficient of SQCD. The vacuum expec-
tation values of the meson superfields M ∼ QQ̃ break the gauge group SU(NC) to the
non-Abelian subgroup SU(NC −NF ). If NF = NC −1, the superpotential is generated
by gauge instantons. On the other hand, the superpotential arises due to the gaug-
ino condensation in the unbroken SU(NC −NF ) gauge group. Therefore the gaugino
condensate is determined by the scale of the unbroken gauge group, 〈λλ〉 ∼ Λ3

NC−NF
,

where the scale ΛNC−NF
of the low-energy SU(NC −NF ) gauge theory can be associ-

ated to the scale Λ of the high-energy gauge theory as Λ
3(NC−NF )
NC−NF

= Λ3NC−NF /detM .
This precisely yields the effective superpotential eq. (7.5). Finally, for NF ≥ NC there
is no dynamically generated superpotential of this type.

7.3 Witten’s criterion and the index on D3–branes

Which of the divisors present in our compactification manifold give rise to a non-
perturbative superpotential? The prefactor gi to the superpotential (7.1) generically
depends on the complex structure moduli and comes from a fermionic one-loop de-
terminant. Unfortunately it is so far an unsolved question how to compute it for the
general case1.

1In [61], gi was determined for a special case with the help of a chain of string dualities.
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The best one can do is decide whether gi = 0 or not. In the framework of M/F
theory, Witten has shown [62] that Euclidean M5-brane instantons wrapping a divisor

S̃ in a Calabi–Yau four–fold X4 give rise to a non–perturbative superpotential if the
holomorphic Euler characteristic χ(OeS) of the divisor fulfills

χ(OeS) = h0,0(S̃)− h0,1(S̃) + h0,2(S̃)− h0,3(S̃) = 1. (7.6)

One arrives at this criterion by studying the fermionic zero modes of the Dirac operator
on the world–volume of the Euclidean M5–brane. The criterion (7.6) is fulfilled if
exactly two fermionic zero modes are present.

Later on it was realized that turning on background flux can have the effect of lifting
zero-modes. It can therefore happen that even if there are too many zero-modes in the
original geometry to fulfill (7.6), a non-perturbative superpotential may be generated
[61, 63, 64, 65, 66, 67].

Witten’s criterion can be used for models in type IIB string theory if their lift
to F -theory is known. Conditions for the generation of the superpotential directly
for type IIB–orientifolds without the detour of analyzing the M/F–theory case first
have been worked out in [68, 69], where an index χD3 for the Dirac operator on the
D3–brane was proposed. In terms of this index, the condition for the generation of a
non–perturbative superpotential for the wrapped divisor S takes the form

χD3(S) =
1

2
(N+ −N−) = 1, (7.7)

where N± is the number of fermionic zero modes with U(1) charge ±1
2

in the direction
normal to S. The presence of background fluxes can give rise to zero modes of mixed
chirality, in which case the index changes and is not of purely geometric nature any-
more. The fermionic zero modes on the world–volume of the D3–brane can be related
to the Hodge numbers h(0,0), h(1,0), h(2,0) of S by mapping the spinors to (0, p)–forms.
The spinors living on the word–volume of the D3-brane can locally be expressed as

ε+ = φ |Ω > +φāγ
ā|Ω > +φabγ

ab|Ω >,

ε− = φz̄γ
z̄|Ω > +φazγ

az|Ω > +φzabγ
zab|Ω > . (7.8)

Here, ε+ (ε−) denotes the spinor with positive (negative) chirality with respect to
the structure group SO(2) of the normal bundle of the divisor S inside the compact
space. |Ω > denotes the fermionic Clifford–vacuum, while the γs are products of γ–
matrices. The γ–matrices with indices a, b, z etc. act as creation operators on the
Clifford vacuum. a, b label the directions in the D3–brane world–volume, z denotes
the direction in the Calabi–Yau manifold normal to the wrapped divisor. Note that ε+

and ε− also carry an SO(1, 3) spinor index, so the number of zero modes is doubled.
The zero–modes of negative chirality have one leg in the direction normal to the divisor
S. They can be related to the zero–modes on the world–volume using Serre–duality:

gzz̄Ωabzφz = φ̃ab, gzz̄gaāΩabzφaz = φ̃a, gzz̄gaāgbb̄Ωabzφabz = φ̃,
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where Ω is again the (3, 0)–form of the Calabi–Yau. We see thus that we have h(1,0)

zero modes φa of positive chirality corresponding to (0, 1)–forms and another h(1,0)

zero modes of negative chirality coming from φaz, also corresponding to (0, 1)–forms
via Serre duality. Analogously, we have h(0,0) = 1 scalar zero modes of positive chirality
(φ) and negative chirality (φabz), and h(2,0) (0, 2)–form zero modes of positive (φab) and
negative chirality (φz).

On the D3–brane, the gauge fixing of the κ–symmetry must be chosen such that it
is compatible with the orientifold projection. Some of the zero modes are pure gauge
and are annihilated by the κ–symmetry projector. The orientifold action projects out
part of the zero modes. We can distinguish three cases regarding the position of the
O7–planes in relation to the divisor S wrapped by the Euclidean D3–brane:

(a). The O7–plane wraps the divisor S.

(b). The O7–plane intersects S along one complex dimension.

(c). The O7–plane is parallel to S.

The analysis of the action of the projectors of κ–symmetry and orientifold on the
zero modes [9] is summarized in Table 7.1. The zero modes given in square brackets

Case (a) (b) (c)
Chirality + − + − + −

h(0,0) φ – φ – φ φabz

h(1,0) – φaz [φa] φaz [φa] φaz

h(2,0) [φab] – – φz [φab] φz

χD3(S) 1− h
(1,0)
(−) + [h

(2,0)
(+) ] 1 + [h

(1,0)
(+) ] [h

(1,0)
(+) ]− h

(1,0)
(−)

−h
(1,0)
(−) − h

(2,0)
(−) +[h

(2,0)
(+) ]− h

(2,0)
(−)

Table 7.1: Surviving zero modes after κ–fixing and orientifold projection

are the ones that are in general lifted by background flux. Furthermore, h
(i,0)
(+) (h

(i,0)
(−) )

denotes the positive (negative) chirality zero modes corresponding to this Hodge num-
ber. Note that in case (a), where the divisor S feels the full orientifold projection,
χD3(S) ≡ χ(OS), i.e. the index reduces to the holomorphic Euler characteristic. This
happens because of each type of zero modes, only one chirality survives the orien-
tifold projection, which matches the situation on the fourfold. In case (c) on the other
hand, S does not feel the effect of the orientifold projection at all, therefore (unless
zero modes are lifted by flux) the positive and negative chirality zero modes compen-
sate each other, such that the index equals zero. This is analogous to the case of a
Calabi–Yau manifold without orientifold for which no non–perturbative superpotential
is generated.

To decide whether there are enough contributions to the non-perturbative super-
potential to stabilize all moduli, it is of prime importance to know the Hodge numbers
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h(1,0) and h(2,0) for a complete set of divisors in our compactification manifold. The
geometric methods described in part I of this thesis yield all necessary information for
the case of resolved orbifolds of type T 6/Zn and T 6/Zn × Zm.

7.4 Vacuum structure and stability

In this section, the vacuum structure of type IIB toroidal orientifold compactifications
is discussed. The discussion is based on the effective N = 1 superpotential

W = Wflux(S, U j) + Wnp(T
i, U i), (7.9)

with Wflux as given in (5.42) and

Wnp(T
i, U i) =

h
(1,1)
+∑
i=1

gi(U i) e−hiT i

, (7.10)

where the sum only runs over the h
(1,1)
+ geometric moduli. The first term depends

on the dilaton field S and the complex structure moduli U j. The second term is of
non-perturbative nature as discussed in the last section and depends on the Kähler
moduli T i and the complex structure moduli.

The vacua of the effective N = 1 supergravity theory are determined by the asso-
ciated scalar potential [70]

V = eκ2
4K

(
|DSW |2 +

h
(1,1)
+∑
i=1

|DT iW |2 +

h
(2,1)
−∑
j=1

|DUjW |2 − 3 |W |2
)

. (7.11)

The extrema of (7.11) are determined by imposing the supersymmetry conditions
(5.53) on the full superpotential (7.9). Since the twisted complex structure moduli are

not well understood, we will in the following concentrate on cases with h
(2,1)
tw = 0.

There is an issue concerning the stability of the obtained extrema after imposing
the supersymmetry conditions. The stability of AdS vacua in gravity coupled to scalar
fields has been investigated in [71]. Stability is guaranteed, if all scalar masses fulfill
the Breitenlohner–Freedman (BF) bound [71], i.e. if their mass eigenvalues do not
fall below a certain minimal bound. The latter is a negative number related to the
scalar potential at the minimum. It can be shown completely model independently
that all scalars have masses above this bound in any N = 1 supersymmetric AdS
vacuum in supergravity theories, even if it is a saddle point or a maximum (c.f. [72]
and Appendix C of [73]). For the AdS case, there is no need to worry. But since KKLT
propose to lift the vacuum to deSitter space, stability becomes an issue. Here, one has
to require the absence of any tachyonic scalar fields, i.e. the (mass)2 of all scalars must
be positive. This means that all eigenvalues of the scalar field mass matrix ∂2V

∂φα∂φβ

(φα, φβ = S, U j, T i) must be positive. In this way, some severe constraints can be
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derived on the possible orbifolds leading to stable vacua, a question which was raised
in [74].

We present here a condition, which, if fulfilled, excludes the existence of a (meta–)
stable minimum in the sense explained above, i.e. such that we are still at a minimum
after the uplift to de Sitter space.

Case by case studies on toroidal orbifold models [6] have suggested that the exis-
tence of complex structure moduli is a necessary condition for a model to allow stable
vacua. To verify this conjecture, we start with a setting with only a dilaton and an
arbitrary form of the Kähler potential for the Kähler moduli (i.e. h(2,1) = 0). In this
set–up, the superpotential (7.9) takes the general form

W = B + A S + λ

h
(1,1)
+ (X)∑

i=1

gi eai T i

. (7.12)

Generically, A, B ∈ C, gi ∈ C, and ai ∈ R−. In addition, λ ∈ R is a real parameter
accounting for a possible so–called Kähler gauge, as discussed in [75]. A stable vacuum
is excluded when one or more of the eigenvalues of the scalar mass matrix are negative.
After a rather tedious series of reformulations (see [9] for the full derivation), it is
possible to phrase this condition purely in terms of the Kähler moduli of those divisors
of the original Calabi–Yau manifold which contribute to the superpotential and the
intersection form

Kij =

∫
X

ωi ∧ ωj ∧ J = Kijk T k, Kijk =

∫
X

ωi ∧ ωj ∧ ωk, (7.13)

with the Kähler form parametrized as

J =

h
(1,1)
+∑
j=1

T j ωj.

The condition for the exclusion of a stable vacuum then reads

∃ i ∈ {1, . . . , h(1,1)
+ } : T i > 0 ∧ Kii ≥ 0. (7.14)

Expressed in words, if at least one of the geometric Kähler moduli is larger than zero
and the diagonal element of the intersection form (7.13) corresponding to this modulus
is larger than or equal to zero, no stable vacuum exists. For toroidal orientifolds
and their resolutions, the first part of the condition (7.14) is always satisfied by the
untwisted Kähler moduli and also the second part can be verified. Like this, all toroidal
orbifolds and their resolutions which have h(2,1) = 0 are excluded as candidate models
for the KKLT proposal.
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7.5 Resolved toroidal orbifolds as candidate models

for KKLT

In [59], a toroidal orbifold model, namely type IIB string theory compactified on the
orientifold of the resolved T 6/Z2 × Z2, was checked for its suitability as a compacti-
fication manifold for the KKLT proposal. Since the F -theory lift of this example is
known, Witten’s criterion could be checked directly and the results of [59] strongly
indicate that in this model, all geometric moduli can be fixed.

The methods to obtain a smooth Calabi–Yau manifold from a toroidal orbifold and
to subsequently pass to the corresponding orientifold as described in the first part of
this thesis enable us to explicitly check other toroidal orbifolds for their suitability as
candidate models for the KKLT proposal.

The requirement that the scalar mass matrix be positive, discussed in Section
7.4, places severe constraints on the list of possible models. Those orbifolds without
complex structure moduli do not give rise to stable vacua after the uplift to dS space.
Thus Z3, Z7, Z8−I on SU(4)2, Z2 × Z6′ , Z3 × Z3, Z4 × Z4 and Z6 × Z6 are excluded
from the list of possible models given in Tables 2.3 and 2.4.

Since the stabilization of twisted complex structure moduli via 3–form flux is not
well understood yet, the models with htwist

(2,1) 6= 0 cannot be checked explicitly. Yet
considerations regarding the topology of their divisors suggest that they might not be
suitable candidate models anyway.

The only models which are not already excluded and are directly amenable to our
methods are T 6/Z4 on SU(4)2, T 6/Z6−II on SU(2) × SU(6), the above mentioned
T 6/Z2 × Z2, and T 6/Z2 × Z4.

The question one would like to answer is: Do enough of the divisors of the above
models contribute to the non-perturbative superpotential that all Kähler moduli can
be fixed?

To answer this question, the topologies of the divisors must be studied. In Section
3.9 we have seen that there are four basic topologies for the divisors of the resolved
toroidal orbifolds: The inherited divisors Ri have the topology of either (i) K3 or (ii)
T 4. The exceptional divisors Ei can be birationally equivalent to either (iii) a rational
surface (i.e. P2 or Fn) or (iv) P1× T 2. The same is true for the D–divisors, which are
linear combinations of the Rs and Es. The rational surfaces have h(1,0) = h(2,0) = 0
and therefore χ(OS) = 1. Since h(1,0) and h(2,0) are birational invariants, the number
of blow–ups which depends on the triangulation of the resolution is irrelevant here.
P1 × T 2 has h(1,0) = 1, h(2,0) = 0, T 4 has h(1,0) = 2, h(2,0) = 1, which both results in
χ(OS) = 0. K3 has h(1,0) = 0, h(2,0) = 1 and therefore χ(OS) = 2.

Since except for T 6/Z2 × Z2, the F -theory lifts of these models are not known,
it must be determined directly in type IIB which divisors contribute to the non–
perturbative superpotential. Here, we make use of the index for the Dirac operator on
the world–volume of the Euclidean D3–brane (7.7). In [68], it was shown that only the
fermionic zero modes associated to h(1,0) and h(2,0) can be lifted by background flux. In
the cases with h(1,0) = h(2,0) = 0, the effect of the fluxes can therefore be disregarded.
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The values of the index for the four divisor topologies arising from resolutions of
toroidal orbifolds are given in Table 7.2. The numbers in square brackets are the

Topology (a) (b) (c)
K3 2/[1] 0 0/[−1]
T 4 0/[−1] 0/[−2] 0/[−3]

P1 × T 2 0 1/[0] 0/[−1]
P2, Fn 1 1 0

Table 7.2: Index χD3 for the four basic topologies

values of the index in the case that the corresponding zero modes have been lifted by
flux, cf. Table 7.1. We see thus that for the case (c), we never get a contribution, so
we better seek an orientifold action which leads to many O7–plane solutions. K3 can
contribute in case (a) if the h

(2,0)
(+) zero modes are lifted by flux. In our set–up, case

(a) cannot arise, since only the inherited divisors Ri can have the topology of K3, and
these divisors are never wrapped by O7–planes. A divisor with the topology of T 4 can
likewise never contribute. P2×T 2 can contribute in case (b) if no zero modes are lifted
by flux. The rational surfaces contribute in the cases (a) and (b) irrespective of the
background flux. To summarize: All those models are likely to allow the stabilization
of all geometric moduli for which

(i). the fixed points and fixed lines are all in equivalence classes with only one mem-
ber, giving rise to E and D divisors which are birationally equivalent to rational
surfaces and

(ii). an orientifold action exists which gives rise to enough O7–plane solutions that
each divisor intersects an O7–plane in at least one complex dimension.

When these conditions are met, it is likely that all geometric moduli will be stabilized
when the full scalar potential (7.11) is minimized.

Requirements (i) and (ii) are both met by T 6/Z4 on SU(4)2, T 6/Z6−II on SU(2)×
SU(6), T 6/Z2×Z2 and T 6/Z2×Z4, therefore we expect that all geometric moduli can

be stabilized in these cases. In the case of T 6/Z6−II , h
(1,1)
− = 6. These six moduli are

not geometric anymore after the orientifold–projection and thus cannot be stabilized
by Euclidean D3–brane instantons. This example will be discussed in more detail in
the next subsection.

Models with fixed lines without fixed points on them which lie in orbits of length
greater than one do not satisfy criterion (i) since the divisors corresponding to these
fixed lines have the basic topology of P1 × T 2. These are exactly the models with
h

(2,1)
twist 6= 0. Unless an elaborate configuration of O–planes can be chosen such that all

these divisors fall into category (b), these examples in general allow only for a partial
stabilization of the geometric moduli via Euclidean D3–brane instantons. It should
be stressed that examples like these are still not completely hopeless since additional
effects might lead to the complete stabilization of all moduli. On the other hand, this
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survey again confirms the old suspicion that manifolds with the right geometrical prop-
erties to allow the stabilization of all Kähler moduli by Euclidean D3–brane instantons
or gaugino condensates are not very generic.

7.5.1 Example B: T 6/Z6−II on SU(2)× SU(6)

In this section, we will explicitly check the suitability of T 6/Z6−II on SU(2)× SU(6)
as a candidate model for the KKLT proposal. In Table 3.4, the topologies of the
exceptional and D–divisors were given. We see that all of them are rational surfaces
and will therefore contribute to the non–perturbative superpotential for the cases (a)
and (b). Condition (i) is therefore met.

The triple intersection numbers are given in (4.16). The Kähler form can be
parametrized as

J =
3∑

i=1

riRi −
∑
β, γ

t1,βγE1,βγ −
∑

β

(t2,βE2,β + t4,βE4,β)−
∑

γ

t3,γE3,γ. (7.15)

With (4.16), we arrive at the total volume

V = 6 r1r2r3 + r3

3∑
β=1

t2,βt4,β −
∑
β,γ

t1,βγt2,βt4,β − r2

4∑
γ=1

t23,γ − r3

3∑
β=1

( t22,β + t24,β)

−
∑
β,γ

t31,βγ +
3∑

β=1

t22,βt4,β −
4

3

[
3∑

β=1

( t32,β + t34,β) +
4∑

γ=1

t33,γ

]

+
∑
β,γ

( t1,βγt
2
2,β + t1,βγt

2
3,γ + t1,βγt

2
4,β). (7.16)

In the next step, we perform the orientifold projection, which was discussed for this
specific model in the example sections of Chapter 4. As discussed there, not all fixed
point sets are invariant under the global involution I6, which leads to h

(1,1)
− = 6. Out

of the eight possibilities for the orientifold involution on the resolved patches given in
(4.9), we have chosen the one which leads to O–plane solutions satisfying criterion (ii),
namely

(z1, z2, z3, y1, y2, y3, y4) → (−z1,−z2,−z3, y1,−y2, y3,−y4). (7.17)

This orientifold action gives rise to an O7–plane wrapped on D1, one on each of the
four D3,γ and one wrapped on each of the two invariant E2,β. On the local patches, no
O3–plane solutions occur. Examination of Figure A.3 shows that all D– and E–divisors
intersect one of the divisors carrying an O7–plane in at least one complex dimension.
In total, there are seven O7–planes and 12 O3–planes, as discussed in Section 4.5.1.

On top of the O7–planes we place eight D7–branes to cancel the D7–tadpole locally.
This gives rise to a stack of D7–branes with gauge group SO(8) on each of the divisors
D1, D3,γ, E2,β. In Section 4.5.1, the total D3–tadpole was determined to be Q3tot =
−41. We choose to saturate the D3–tadpole completely with flux since we want to
avoid mobile D3–branes, i.e. we need Nflux = 41.
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The modified intersection numbers according to Section 4.4.1 lead to the modified
overall volume

V = 3 r1r2r3 + r3

2∑
β=1

t2,βt4,β −
∑
β,γ

t1,βγt2,βt4,β − 1
2
r2

4∑
γ=1

t23,γ − r3

2∑
β=1

(2 t22,β + 1
2
t24,β)

−1
2

∑
β,γ

t31,βγ + 2
2∑

β=1

t22,βt4,β −
4

3

[
2∑

β=1

(4 t32,β + 1
2
t34,β) + 1

2

4∑
γ=1

t33,γ

]

+
∑
β,γ

( 2 t1,βγt
2
2,β + 1

2
t1,βγt

2
3,γ + 1

2
t1,βγt

2
4,β). (7.18)

The total Kähler potential becomes thus

K̂ = − ln(S − S)− ln(U3 − U
3
)− 2 ln V. (7.19)

We get contributions for Euclidean D3–brane instantons for all exceptional and D–
divisors. For those divisors on which the O7–planes are wrapped, something special
happens: Since a stack of D7–branes is wrapped on them, they contribute to the
non–perturbative superpotential through gaugino condensates, see Section 7.2. Since
these divisors do not intersect each other, no bifundamental matter is present, while
adjoint matter is excluded because h(1,0) = h(2,0) = 0 for these divisors. The total
superpotential becomes thus

Wtot = Wflux +
∑
Si

gSi
e−2π V (Si) +

∑
S′i

gS′i
e−2π V (S′i)/6, (7.20)

where Si ∈ {E1,βγ, E3,γ, E4,β, D2,β} and S ′
i ∈ {D1, D3,γ, E2,β}. We thus get contribu-

tions for all exceptional divisors. Since the Ds are linear combinations of the Es and
the Rs, enough contributions are available to stabilize h

(1,1)
+ independent moduli.

With this, we have collected all necessary ingredients to numerically minimize the
scalar potential, once a suitable flux is turned on which satisfies the tadpole cancellation
condition (5.31).
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Chapter 8

Conclusions and Summary

Toroidal orbifolds have found wide use in string compactifications because they provide
simple, yet non-trivial toy models which reproduce a number of phenomenologically
desirable properties, such as N = 1 supersymmetry and chiral fermions (in heterotic
string theory), and family repetition.

In the first part of this thesis, the geometry of toroidal orbifolds was presented in
detail. At the orbifold point, i.e. in the singular case, a complete parametrization
of the untwisted moduli in terms of the radii and angles of the torus lattice was
given for all commonly used orbifolds (see Tables 2.3 and 2.4). In Chapter 3, the
systematic resolution of the quotient singularities was discussed. The treatment of the
singular orbifold has been well–known for some time already, although the results are
very scattered in the literature and a systematic and complete treatment as given in
Appendix B of this thesis was lacking. The systematic treatment of the resolution of
toroidal orbifolds however was undertaken only recently [7].

First, the basics of toric geometry were introduced and used to resolve orbifold
singularities via blow–ups in a local, non–compact geometry. Appendix A gives the
resolutions, linear relations, Mori generators, local intersection properties and divisor
topologies for all models involved. Then, the procedure of gluing the resolved patches
together to arrive at the smooth Calabi–Yau manifold was explained. Here, the global
knowledge derived from the covering space T 6 was heavily used. The method to cal-
culate the complete intersection ring of the smooth Calabi–Yau was given, as well as
the topologies of the divisors in the compact manifold. In Chapter 4, the transition to
the orientifold quotient was discussed.

It should be stressed that the class of smooth manifolds obtained from maximally
resolved toroidal orbifolds is one of the few classes of Calabi–Yau manifolds which are
well–understood and allow a number explicit calculations. The systematic transition to
their orientifold quotients is also a big asset. The importance of resolved toroidal orb-
ifolds for concrete applications in string theory should therefore not be underestimated.
The methods presented in the first part of this thesis provide a powerful toolbox which
can be exploited for a wide variety of calculations in string theory. Apart from their
practical use, these constructions, simple though they are, or maybe exactly because
of their simplicity are very appealing and have a charm of their own.
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In the second part of this thesis, the geometrical treatment of part I was motivated
by two main examples which make use of this geometrical knowledge. Both exam-
ples belong to the subject of string compactifications with background flux, which on
the one hand present a mechanism to break supersymmetry and one the other hand
stabilize at least part of the moduli. The first main example treated a string com-
pactification on the singular T 6/Z2 × Z2 orbifold. The effective potential from the
background flux and the supersymmetry breaking soft terms, i.e. scalar mass terms,
trilinear couplings etc. were calculated. Although the set–up of intersecting branes/D–
branes with fluxes compactified on T 6/Z2 ×Z2 is but a toy model, calculations of this
type can yield estimates which may in principle even serve to falsify specific string
models in future experiments.

The second example attempted moduli stabilization along the lines of the KKLT
proposal. Here, extensive use was made of the methods to resolve a singular orbifold
and make the transition to the orientifold quotient. By a general consideration con-
cerning the stability of the vacuum solutions after the uplift, several orbifold models,
namely the ones without complex structure moduli were excluded as candidate models
for the KKLT proposal. Most of the remaining ones seem to allow only a partial sta-
bilization of the geometric moduli without recourse to additional mechanisms. One of
the conclusions of this second example is therefore that at least in the restricted class
of orientifolds originating from resolved toroidal orbifolds, KKLT candidate models are
not as generic as one would have hoped.

For the future, there is a variety of paths that could be pursued starting from the
present state of knowledge in the subject of resolved toroidal orbifolds. One possibility
would be to attempt the construction of the corresponding mirror manifolds.

A very interesting task would be to determine the variation of the Hodge structure
and the period integrals of the resolved toroidal orbifolds. Once this is known, the
genus zero world–sheet instantons could be calculated for topological string theory on
this type of manifolds.

In a construction analogous to the one used in Section 3 of [59], the Calabi–Yau
fourfolds corresponding to the resolved threefolds could be constructed, yielding the
F–theory lifts for the type IIB models.

On the more phenomenological side, a task for the future would be to investigate
the stabilization of the twisted complex structure moduli through fluxes. This is at
present not well understood because the contribution of the twisted (2, 1)–forms to the
Kähler potential of the complex structure moduli is not known.

Moduli stabilization could also be attempted for those models which in a pure
KKLT setting only allow for a partial stabilization of all moduli, e.g. by considering
D–term effects.

In the existing literature, toroidal orbifolds have already lent themselves to many
more applications than we could present here. Now, that the methods to produce
smooth Calabi–Yau manifolds and their orientifold quotients from their singular orb-
ifold limits are fully understood, we expect them to find many more applications in
string theory models.
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Appendix A

Resolutions of local orientifold
singularities

In this appendix, the resolutions of the C3/ZN , C3/ZN ×ZM and C2/ZN–orbifolds not
yet treated in the main text are discussed.

A.1 Resolution of C3/Z3

Z3 acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε z2, ε z3), ε = e2πi/3.

To find the components of the vi, we have to solve (v1)i +(v2)i +(v3)i = 0 mod 3. This
leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (−1,−1, 1), v2 = (1, 0, 1), v3 = (0, 1, 1).

To resolve the singularity, we find that only θ fulfills (3.10). This leads to one new
generator:

w =
1

3
v1 +

1

3
v2 +

1

3
v3 = (0, 0, 1).

In this case, the triangulation is unique. Figure A.1 shows the corresponding toric
diagram and its dual graph. We have now three three-dimensional cones: (D1, E, D2),

(D1, E, D3) and (D2, E, D3). Let us identify the blown–up geometry. The Ũi are

Ũ1 =
z2

z1
, Ũ2 =

z3

z1
, Ũ3 = z1z2z3y. (A.1)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y) → (λ z1, λ z2, λ z3, λ−3 y). (A.2)

Thus the blown–up geometry corresponds to

XeΣ = (C4 \ FeΣ)/C∗.
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Figure A.1: Toric diagram of the resolution of C3/Z3 and dual graph

The excluded set is FeΣ = { (z1, z2, z3) = 0}, the action of C∗ is given by (A.2). It turns
out that XeΣ corresponds to the line bundle O(−3) over P2. The exceptional divisor
E is identified with the zero section of this bundle. (A.2) corresponds to the linear
relation between our divisors

D1 + D2 + D3 − 3 E = 0.

With this, we are ready to write down (P |Q):

(P |Q) =


D1 −1 −1 1 | 1
D2 1 0 1 | 1
D3 0 1 1 | 1
E 0 0 1 | −3

 . (A.3)

This immediately yields the following linear equivalences:

0 ∼ 3 Di + E, i = 1, . . . , 3. (A.4)

The curve C corresponding to the single column of Q generates the Mori cone. We
find that C = D1 · E = D2 · E = D3 · E. Furthermore, E3 = 9.

We will now discuss the topology of E. The star of E is the whole toric diagram.
Its Mori generator is exactly that of P2, so it has the topology of E.

A.2 Resolution of C3/Z4

Z4 acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε z2, ε2 z3), ε = e2πi/4.
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To find the components of the vi, we have to solve (v1)i + (v2)i + 2 (v3)i = 0 mod 4.
This leads to the following three generators of the fan:

v1 = (2, 0, 1), v2 = (0, 2, 1), v3 = (−1, 1, 1).

To resolve the singularity, we find that θ and θ2 fulfill (3.10). This leads to two new
generators:

w1 =
1

4
v1 +

1

4
v2 +

1

2
v3 = (0, 1, 1),

w2 =
1

2
v1 +

1

2
v2 = (1, 1, 1).

In this case, there is again but one triangulation. Figure A.2 shows the toric diagram

Figure A.2: Toric diagram of the resolution of C3/Z4 and dual graph

and its dual graph.
The Ũi of the resolved geometries are

Ũ1 = (z1)2(z3)−1y2, Ũ2 = (z2)2z3y1y2, Ũ3 = z1z2z2y1y2. (A.5)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, y2) → (λ1 z1, λ1 z2, λ2
1λ2 z3,

1

λ4
1λ

2
2

y1, λ2 y2). (A.6)

According to (3.11), the new blown-up geometry is

XeΣ = (C5 \ FeΣ)/(C∗)2,

where the action of (C∗)2 is given by (A.6).
We have the following four three-dimensional cones: (D1, D3, E1), (D1, E1, E2),

(D2, E1, E2), (D2, D3, E1). We identify the two generators of the Mori cone and write
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them for the columns of Q:

(P |Q) =


2 0 1 | 0 1
0 2 1 | 0 1
−1 1 1 | 1 0
0 1 1 | −2 0
1 1 1 | 1 −2

 . (A.7)

From Q, we can determine the linear equivalences:

0 ∼ 4 D1 + E1 + 2 E2,
0 ∼ 4 D2 + E1 + 2 E2,
0 ∼ 2 D3 + E1. (A.8)

There are four compact curves in our geometry, which are related to the Ci as follows:
C1 = D1 · E1 = D2 · E1, C2 = E1 · E2, E1 ·D3 = 2 C1 + C2. Furthermore, E3

1 = 8.
From the Mori generators of the star of E1, we find E1 to be an F2. E2 corresponds

to P1 × C.

A.3 Resolution of C3/Z6−I

See Sections 3.2.1, 3.3.1, 3.4.1 and 3.5.1.

A.4 Resolution of C3/Z6−II

This example allows several resolutions to illustrate the differences in the intersection
numbers. Z6−II acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε2 z2, ε3 z3), ε = e2πi/6.

To find the components of the vi, we have to solve (v1)i + 2 (v2)i + 3 (v3)i = 0 mod 6.
This leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (−2,−1, 1), v2 = (1,−1, 1), v3 = (0, 1, 1).

To resolve the singularity, we find that θ, θ2, θ3 and θ4 fulfill (3.10). This leads to
four new generators:

w1 =
1

6
v1 +

2

6
v2 +

3

6
v3 = (0, 0, 1),

w2 =
2

6
v1 +

4

6
v2 = (0,−1, 1),

w3 =
3

6
v1 +

3

6
v3 = (−1, 0, 1),

w4 =
4

6
v1 +

2

6
v2 = (−1,−1, 1).
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a) b) c)

Figure A.3: Toric diagrams of the resolutions of C3/Z6−II and dual graphs

In this case, there are five triangulations. Figure A.3 shows three of the corresponding
toric diagrams and their dual graphs. All five diagrams are given in Figure 3.4.

The Ũi of the resolved geometries are

Ũ1 =
z2

(z1)2y3y4
, Ũ2 =

z3

z1z2y2y4
, Ũ3 = z1z2z2y1y2y3y4. (A.9)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, y2, y3, y4) → (λ1 z1, λ2 z2, λ1λ2λ3λ4 z3,
1

λ3
2λ

2
3λ4

y1, λ3 y2,
λ2

λ2
1λ4

y3, λ4 y4).

(A.10)
According to (3.11), the new blown-up geometry is

XeΣ = (C7 \ FeΣ)/(C∗)4,

where the action of (C∗)4 is given by (A.10). The five different resolutions of C3/Z6−II

only differ from each other by the excluded set. We must identify it for each case
separately. So is for example (z1, y1) = 0 in the excluded set for the cases b) and c),
but not for a). We will not write down the three excluded sets explicitly. In what
follows, we will only treat the cases depicted in Figure A.3.

Case a)

In this case, we have the following six three-dimensional cones: (D1, E4, E1),
(D1, E1, E3), (D2, E2, E1), (D2, E1, D3), (D3, E1, E3), (E1, E2, E4). We identify the
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four generators of the Mori cone and write them for the columns of Q:

(P |Q) =



−2 −1 1 | 1 −1 1 0
1 −1 1 | 0 0 0 1
0 1 1 | 1 0 0 0
0 0 1 | 0 −1 0 0
0 −1 1 | 0 0 1 −2
−1 0 1 | −2 1 0 0
−1 −1 1 | 0 1 −2 1


. (A.11)

From Q, we can determine the linear equivalences:

0 ∼ 6 D1 + E1 + 2 E2 + 3 E3 + 4 E4,
0 ∼ 3 D2 + E1 + 2 E2 + E4,
0 ∼ 2 D3 + E1 + E3. (A.12)

There are six compact curves in our geometry, which are related to the Ci as follows:
C1 = E1 ·E3, C2 = E1 ·D1, C3 = E1 ·E4, C4 = E1 ·E2, E1 ·D3 = C1 + 3 C2 + 2 C3 +
C4, E1 ·D2 = C1 + 2 C2 + C3. Furthermore, E3

1 = 6.

Case b)

In this case, we have the following six three-dimensional cones: (D2, E1, D3),
(D3, E1, E3), (D1, E3, E4), (E4, E1, E3), (E1, E2, E4), (E1, E2, D2). We identify the
four generators of the Mori cone and write them for the columns of Q:

(P |Q) =



−2 −1 1 | 1 0 0 0
1 −1 1 | 0 0 0 1
0 1 1 | 0 0 1 0
0 0 1 | 1 −1 −1 0
0 −1 1 | 0 1 0 −2
−1 0 1 | −1 1 −1 0
−1 −1 1 | −1 −1 1 1


. (A.13)

The linear equivalences are the same as in case a). There are again six compact curves
in our geometry, which are related to the Ci as follows: C1 = E3 ·E4, C2 = E1 ·E4, C3 =
E1 · E3, C4 = E1 · E2, E1 ·D2 = C2 + C3, E1 ·D3 = 2 C2 + C3 + C4. Here, E3

1 = 7.

Case c)

In this case, we have the following six three-dimensional cones: (D2, E1, D3),
(D3, E1, E3), (D1, E3, E4), (E4, E2, E3), (E1, E2, E3), (E1, E2, D2). We identify the
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four generators of the Mori cone and write them for the columns of Q:

(P |Q) =



−2 −1 1 | 0 0 0 1
1 −1 1 | 0 0 1 0
0 1 1 | 1 0 0 0
0 0 1 | −2 1 −1 0
0 −1 1 | 1 −1 −1 1
−1 0 1 | 0 −1 1 0
−1 −1 1 | 0 1 0 −2


. (A.14)

The linear equivalences between the divisors remain the same as in case a). There
are again six compact curves in our geometry, which are related to the Ci as follows:
C1 = E1 ·D2 = E1 ·E3, C2 = E2 ·E3, C3 = E1 ·E2, C4 = E3 ·E4, D3 ·E1 = C1 + C3.
Here, E3

1 = 8.
The topologies of the exceptional divisors are discussed in Section 3.5.2.

A.5 Resolution of C3/Z7

Z7 acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε2 z2, ε4 z3), ε = e2πi/7.

To find the components of the vi, we have to solve (v1)i + 2 (v2)i + 4 (v3)i = 0 mod 7.
This leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (−2, 0, 1), v2 = (1,−2, 1), v3 = (0, 1, 1).

To resolve the singularity, we find that θ, θ2 and θ4 fulfill (3.10). This leads to three
new generators:

w1 =
1

7
v1 +

2

7
v2 +

4

7
v3 = (0, 0, 1),

w2 =
2

7
v1 +

4

7
v2 +

1

7
v3 = (0,−1, 1),

w3 =
4

7
v1 +

1

7
v2 +

2

7
v3 = (−1, 0, 1).

In this case, the triangulation is unique. Figure A.4 shows the corresponding toric di-
agram and its dual graph. We have now seven three-dimensional cones: (D1, E3, E2),
(D1, E3, D3), (D1, E2, D2), (D2, E2, E1), (D2, E1, D3), (E1, E2, E3), and (E1, E3, D3).

Let us identify the blown–up geometry. The Ũi are

Ũ1 =
z2

(z1)2y3
, Ũ2 =

z3

(z2)2y2
, Ũ3 = z1z2z3y1y2y3. (A.15)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3) → (λ1 z1, λ2 z2, λ2
2λ3 z3,

λ1

λ4
2λ

2
3

y1, λ3 y2,
λ2

λ2
1

y3). (A.16)
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Figure A.4: Toric diagram of the resolution of C3/Z7 and dual graph

Thus the blown-up geometry corresponds to

XeΣ = (C6 \ FeΣ)/(C∗)3.

We refrain from giving the excluded set of simultaneous zeros of coordinates not be-
longing to the same cone explicitly. The action of (C∗)3 is given by (A.16). There are
three generators of the Mori cone:

C1 = (1, 0, 0, 1, 0,−2), C2 = (0, 1, 0, 0,−2, 1), C3 = (0, 0, 1,−2, 1, 0),

With this, we are ready to write down (P |Q):

(P |Q) =


D1 −2 0 1 | 1 0 0
D2 1 −2 1 | 0 1 0
D3 1 1 1 | 0 0 1
E1 0 0 1 | 1 0 −2
E2 0 −1 1 | 0 −2 1
E3 −1 0 1 | −2 1 0

 . (A.17)

This immediately yields the following linear equivalences:

0 ∼ 7 D1 + E1 + 2 E2 + 4 E3,
0 ∼ 7 D2 + 2 E1 + 4 E2 + E3,
0 ∼ 7 D3 + 4 E1 + E2 + 2 E3. (A.18)

We have nine internal lines in our toric diagram corresponding to compact curves.
We find that C1 = E2 · E3 = D3 · E3, C2 = E1 · E2 = D1 · E2, C3 = E1 · D2 =
E1 · E3, D1 · E3 = 2 C2 + C3, D2 · E2 = C1 + 2 C2 and D3 · E1 = C2 + 2 C3.
Furthermore, E3

1 = E3
2 = E3

3 = 8.
By studying the stars of the three compact exceptional divisors E1, E2, E3, we find

that all of them correspond to a Hirzebruch surface F2.
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A.6 Resolution of C3/Z8−I

Z8−I acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε2 z2, ε5 z3), ε = e2πi/8.

To find the components of the vi, we have to solve (v1)i + 2 (v2)i + 5 (v3)i = 0 mod 8.
This leads to the following three generators of the fan:

v1 = (3, 1, 1), v2 = (0, 2, 1), v3 = (1,−1, 1).

To resolve the singularity, we find that θ, θ2, θ4 and θ5 fulfill (3.10). This leads to four
new generators:

w1 = (1, 0, 1), w2 = (1, 1, 1), w3 = (2, 0, 1), w4 = (2, 1, 1).

In this case, there are 4 triangulations. Figure A.5 shows the toric diagram of one of

Figure A.5: Toric diagram of the resolution of C3/Z8−I and dual graph

them and its dual graph. We have now eight three-dimensional cones: (D1, D2, E4),
(D1, E3, E4), (D2, E2, E4), (D2, E1, E2), (D2, D3, E1), (D3, E1, E3), (E1, E3, E4),

(E1, E2, E4). Let us identify the blown–up geometry. The Ũi are

Ũ1 = (z1)3z3y1y2(y3)2(y4)2,

Ũ2 = z1(z2)2(z3)−1y2y4,

Ũ3 = z1z2z3y1y2y3y4. (A.19)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3, y4) →
(λ1 z1, λ3

1λ3λ4 z2, λ5
1λ2λ

2
3λ

3
4 z3,

1

λ8
1λ

2
2λ

4
3λ

5
4

y1, λ2 y2, λ3 y3, λ4y
4). (A.20)
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Thus the blown-up geometry corresponds to

XeΣ = (C7 \ FeΣ)/(C∗)4.

We refrain from giving the excluded set of simultaneous zeros of coordinates not be-
longing to the same cone explicitly. The action of (C∗)4 is given by (A.20). Using the
method discussed in Chapter 3, we find four generators of the Mori cone, which form
the columns of Q:

(P |Q) =



D1 3 2 1 | 0 1 0 0
D2 0 2 1 | 1 0 0 0
D3 1 −1 1 | 0 0 0 1
E1 1 0 1 | 1 1 −1 −1
E2 1 1 1 | −3 0 1 0
E3 2 0 1 | 0 −1 1 −1
E4 2 1 1 | 1 −1 −1 1


. (A.21)

This immediately yields the following linear equivalences:

0 ∼ 8 D1 + E1 + 2 E2 + 4 E3 + 5 E4,
0 ∼ 4 D2 + E1 + 2 E2 + E4,
0 ∼ 8 D3 + 5 E1 + 2 E2 + 4 E3 + E4. (A.22)

We have ten internal lines in our toric diagram corresponding to compact curves.
We find that C1 = D2 ·E2 = E2 ·E4 = E1 ·E2, C2 = E3 ·E4, C3 = E1 ·E4, C4 =
E1 ·E3, D2 ·E1 = C3+C4, D3 ·E1 = C1+3 C3+2 C4. Here, E3

1 = 7, E3
2 = 9, E3

4 = 7.
We will now briefly discuss the topology of the exceptional divisors. E2 corresponds

to a P2. Do identufy the other, we flop the curve (E1 · E4) to (E2 · E3). Now E1 and
E4 correspond to F2, while E3 is P1 × C blown up in two points.

A.7 Resolution of C3/Z8−II

Z8−II acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε3 z2, ε4 z3), ε = e2πi/8.

To find the components of the vi, we have to solve (v1)i + 3 (v2)i + 4 (v3)i = 0 mod 8.
This leads to the following three generators of the fan:

v1 = (1,−2, 1), v2 = (1, 2, 1), v3 = (−1, 1, 1).

To resolve the singularity, we find that θ, θ2, θ3, θ4 and θ6 fulfill (3.10). This leads to
five new generators:

w1 = (0, 1, 1), w2 = (1, 1, 1), w3 = (0, 0, 1), w4 = (1, 0, 1), w5 = (1,−1, 1).
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Figure A.6: Toric diagram of the resolution of C3/Z8−II and dual graph

In this case, there are 6 triangulations. Figure A.6 shows the toric diagram of one of
them and its dual graph. We have now eight three-dimensional cones: (D1, D3, E3),
(D1, E3, E5), (D2, D3, E1), (D2, E1, E2), (D3, E1, E3), (E1, E2, E3), (E2, E3, E4),

(E3, E4, E5). Let us identify the blown–up geometry. The Ũi are

Ũ1 = z1z2(z3)−1zy2y4y5,

Ũ2 = (z1)−1(z2)2z3y1y2(y5)−1,

Ũ3 = z1z2z3y1y2y3y4y5. (A.23)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3, y4) →

(λ1 z1, λ2 z2, λ3 z3,
λ2

1λ5

λ2
2λ3λ4

y1, λ4 y2,
λ2

2λ4

λ2
1λ3λ5

y3,
λ3

λ1λ2λ4λ5

y4, λ5 y5). (A.24)

Thus the blown-up geometry corresponds to

XeΣ = (C8 \ FeΣ)/(C∗)5.

We refrain from giving the excluded set of simultaneous zeros of coordinates not be-
longing to the same cone explicitly. The action of (C∗)5 is given by (A.24). Using the
method discussed in Chapter 3, we find five generators of the Mori cone, which form



126 A Resolutions of local orientifold singularities

the columns of Q:

(P |Q) =



D1 1 −2 1 | 1 0 0 0 0
D2 1 2 1 | 0 0 0 0 1
D3 −1 1 1 | 0 0 0 1 0
E1 0 1 1 | 0 0 1 −2 −1
E2 1 1 1 | 0 0 −1 1 −1
E3 0 0 1 | 0 0 −1 0 1
E4 1 0 1 | 1 −2 1 0 0
E5 1 −1 1 | −2 1 0 0 0


. (A.25)

This immediately yields the following linear equivalences:

0 ∼ 8 D1 + E1 + 2 E2 + 3 E3 + 4 E4 + 6 E5,
0 ∼ 8 D2 + 3 E1 + 6 E2 + E3 + 4 E4 + 2 E5,
0 ∼ 2 D3 + E1 + E3. (A.26)

We have ten internal lines in our toric diagram corresponding to compact curves.
We find that C1 = E3 · E5, C2 = E3 · E4, C3 = E2 · E3, C4 = E1 · E3 = D2 ·
E1, C5 = E1 · E2, D3 · E1 = C4 + C5, D1 · E3 = C2 + 2 C3 + C4, D3 · E3 =
C1 + 2 C2 + 3 C3 + C4. Here, E3

1 = 8, E3
3 = 6.

We will now briefly discuss the topology of the exceptional divisors. E1 corresponds
to an F1. For E3 we must work a little harder and perform two flops to find that it is
also an F1. E2 (after one flop), E4 and E5 are all P1 × C.

A.8 Resolution of C3/Z12−I

Z12−I acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε4 z2, ε7 z3), ε = e2πi/12. (A.27)

To find the components of the vi, we have to solve (v1)i + 4 (v2)i + 7 (v3)i = 0 mod 12.
This leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (4, 3, 1), v2 = (−1, 1, 1), v3 = (0,−1, 1). (A.28)

To resolve the singularity, we find that θ, θ2, θ3, θ4, θ6, θ7, and θ9 fulfill (3.10). This
leads to seven new generators:

w1 = (0, 0, 1), w2 = (0, 1, 1), w3 = (1, 0, 1), w4 = (1, 1, 1), w5 = (2, 1, 1),
w6 = (2, 2, 1), w7 = (3, 2, 1). (A.29)

In this case, there are 35 triangulations. Figure A.7 shows the toric diagram of one of
them and its dual graph. We have now twelve three-dimensional cones: (D1, D2, E6),
(D1, E6, E7), (E4, E6, E7), (E4, E5, E7), (E3, E4, E5), (E2, E4, E6), (D2, E2, E6),
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Figure A.7: Toric diagram of the resolution of C3/Z12−I and dual graph

(E2, E3, E4), (E1, E2, E3), (D3, E1, E2), (D2, D3, E1) and (D2, E1, E2). Let us iden-

tify the blown–up geometry. The Ũi are

Ũ1 = (z1)4(z2)−1y3y4(y5)2(y6)2(y7)2,

Ũ2 = (z1)3z2(z3)−1y2y4y5(y6)2(y7)2,

Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.30)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, . . . , y7) → (λ1 z1, λ2 z2, λ3
1λ2λ3λ4λ5λ

2
6λ

2
7 z3,

1

λ3
2λ

2
3λ4λ6

y1,

λ3 y2,
λ2

λ4
1λ4λ2

5λ
2
6λ

3
7

y3, λ4 y4, λ5 y5, λ6 y6, λ7 y7). (A.31)

Thus the blown-up geometry corresponds to

XeΣ = (C10 \ FeΣ)/(C∗)7. (A.32)

We refrain from giving the excluded set of simultaneous zeros of coordinates not be-
longing to the same cone explicitly. The action of (C∗)7 is given by (A.31). Using the
method discussed in Chapter 3, we find seven generators of the Mori cone, which form
the columns of Q:

(P |Q) =



D1 4 3 1 | 1 0 0 0 0 0 0
D2 −1 1 1 | 0 0 0 0 0 0 1
D3 0 −1 1 | 0 0 0 0 0 1 0
E1 0 0 1 | 0 0 0 0 1 −2 −1
E2 0 1 1 | 0 0 0 1 −1 1 −1
E3 1 0 1 | 0 0 1 0 −1 0 1
E4 1 1 1 | 0 1 −1 −2 1 0 0
E5 2 1 1 | 1 −1 −1 1 0 0 0
E6 2 2 1 | 0 −1 1 0 0 0 0
E7 3 2 1 | −2 1 0 0 0 0 0


. (A.33)
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This immediately yields the following linear equivalences:

0 ∼ 12 D1 + E1 + 2 E2 + 3 E3 + 4 E4 + 6 E5 + 7 E6 + 9 E7,
0 ∼ 3 D2 + E1 + 2 E2 + E4 + E6,
0 ∼ 12 D3 + 7 E1 + 2 E2 + 9 E3 + 4 E4 + 6 E5 + E6 + 3 E7. (A.34)

We have fifteen internal lines in our toric diagram corresponding to compact curves.
We find that C1 = E6 · E7, C2 = E5 · E6, C3 = E4 · E5, C4 = E4 · E6 = E3 ·
E4, C5 = E2 · E3, C6 = D2 · E1 = E1 · E3, C7 = E1 · E2, E2 · E6 = C5 +
C7, E2 ·E4 = C3 + C4, D2 ·E2 = C3 + C4 + 3 C5 + 2 C7, D3 ·E1 = C6 + C7. Here,
E3

1 = 8, E3
2 = 7, E3

4 = 8, E3
6 = 6.

We will now briefly discuss the topology of the exceptional divisors. We find that
E1 is an F1, E2 corresponds to a P2 blown up in two points, E4 is another F1. For E6,
we have to do a little more work, since the topology cannot be read off directly from
the fan. We find it to be birationally equivalent to a P2; to find this, we must perform
a sequence of three flops.

Looking at the non-compact exceptional divisors, we find E3 to be equivalent to a
P1 after two flops, after one flop transition, E5 is a P1 × C, and E7 can be seen to be
a P1 × C directly.

A.9 Resolution of C3/Z12−II

Z12−II acts as follows on C3:

θ : (z1, z2, z3) → (ε z1, ε5 z2, ε6 z3), ε = e2πi/12.

To find the components of the vi, we have to solve (v1)i + 5 (v2)i + 6 (v3)i = 0 mod 12.
This leads to the following three generators of the fan (or some other linear combination
thereof):

v1 = (1, 5, 1), v2 = (1,−1, 1), v3 = (−1, 0, 1).

To resolve the singularity, we find that θ, θ2, θ3, θ4, θ5, θ6, θ8, and θ10 fulfill (3.10).
This leads to eight new generators:

w1 = (0, 0, 1), w2 = (1, 0, 1), w3 = (0, 1, 1), w4 = (1, 1, 1), w5 = (0, 2, 1),
w6 = (1, 2, 1), w7 = (1, 3, 1), w8 = (1, 4, 1).

In this case, there are 39 triangulations. Figure A.8 shows the toric diagram of one of
them and its dual graph. We have now twelve three-dimensional cones: (D1, D3, E5),
(D1, E5, E8), (E5, E7, E8), (E5, E6, E7), (E4, E5, E6), (E3, E4, E5), (D3, E3, E5),
(E1, E2, E3), (D3, E1, E3), (D2, E1, E2), (D2, D3, E1) and (E2, E3, E4). Let us iden-

tify the blown–up geometry. The Ũi are

Ũ1 = z1z2(z3)−1y2y3y4y6y7y8,

Ũ2 = (z1)5(z2)−1y4(y5)2(y6)2(y7)3(y8)4,
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Figure A.8: Toric diagram of the resolution of C3/Z12−II and dual graph

Ũ3 = z1z2z3y1y2y3y4y5y6y7y8. (A.35)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3, y4, y5, y6, y7, y8) →
(λ1 z1, λ5

1λ4λ
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6λ
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y1, λ2 y2,

λ3 y3, λ4y
4, λ5y

5, λ6y
6, λ7y

7, λ8 y8). (A.36)

Thus the blown-up geometry corresponds to

XeΣ = (C11 \ FeΣ)/(C∗)8.

We refrain from giving the excluded set of simultaneous zeros of coordinates not be-
longing to the same cone explicitly. The action of (C∗)8 is given by (A.36). Using the
method discussed in Chapter 3, we find eleven generators of the Mori cone, which form
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the columns of Q:

(P |Q) =



D1 1 5 1 | 0 1 1 0 0 0 0 0 0 0 0
D2 1 −1 1 | 0 0 0 0 0 0 0 0 0 0 1
D3 −1 0 1 | 1 1 0 0 0 0 1 0 0 1 0
E1 0 0 1 | 0 0 0 0 0 0 0 1 1 −2 −1
E2 1 0 1 | 0 0 0 0 0 0 0 0 −1 1 −1
E3 0 1 1 | 0 1 0 0 0 1 −3 −2 −1 0 1
E4 1 1 1 | 0 0 0 0 0 −1 1 0 1 0 0
E5 0 2 1 | −2 −3 0 0 0 −1 1 1 0 0 0
E6 1 2 1 | 0 0 0 1 −2 1 0 0 0 0 0
E7 1 3 1 | 0 0 1 −2 1 0 0 0 0 0 0
E8 1 4 1 | 1 0 −2 1 0 0 0 0 0 0 0


. (A.37)

This immediately yields the following linear equivalences:

0 ∼ 12 D1 + E1 + 2 E2 + 3 E3 + 4 E4 + 5 E5 + 6 E6 + 8 E7 + 10 E8,
0 ∼ 12 D2 + 5 E1 + 10 E2 + 3 E3 + 8 E4 + E5 + 6 E6 + 4 E7 + 2 E8,
0 ∼ 2 D3 + E1 + E3 + E5. (A.38)

We have fourteen internal lines in our toric diagram corresponding to compact
curves. We find that C1 = D1·E5, C2 = D3·E5, C3 = E5·E8, C4 = E5·E7, C5 =
E5 ·E6, C8 = D3 ·E3, C7 = E1 ·E2, E2 ·E6 = C5 +C7, E2 ·E4 = C3 +C4, D2 ·
E2 = C3 + C4 + 3 C5 + 2 C7, D3 · E1 = C6 + C7. Here, E3

1 = 8, E3
3 = 7, E3

5 = 5.
We will now discuss the topologies of the exceptional divisors. E1, E3 and E5 are

each F1s. To see this, we must perform one flop for E3 and three for E5. E2, E4 and
E6 are each P1 × C with one blow–up, whereas E7 and E8 are P1 × C.

A.10 Resolution of C3/(Z2 × Z2)

(Z2 × Z2) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε z1, z2, ε z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε z3),

θ1θ2 : (z1, z2, z3) → (ε z1, ε z2, z3), (A.39)

with ε = e2πi/2. To find the components of the vi, we have to solve

(v1)i + (v3)i = 0 mod 2,
(v2)i + (v3)i = 0 mod 2,
(v1)i + (v3)i = 0 mod 2. (A.40)

This leads to the following three generators of the fan:

v1 = (0, 2, 1), v2 = (0, 0, 1), v3 = (2, 0, 1).
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To resolve the singularity, we find that θ1, θ2 and θ1θ2 fulfill (3.10). This leads to three
new generators:

w1 = (1, 0, 1), w2 = (1, 1, 1), w3 = (0, 1, 1).

In this case, there are four distinct triangulations. Figure A.9 shows two of them. Let

Figure A.9: Toric diagram of resolution of C3/Z2 × Z2 and dual graph

us identify the blown–up geometry. The Ũi are

Ũ1 = (z3)2y1y2,

Ũ2 = (z1)2y2y3,

Ũ3 = z1z2z3y1y2y3. (A.41)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3) →
(λ1 z1, λ1λ2λ3 z2, λ3 z3,

1

λ2
2λ3

y1, λ3 y2,
1

λ2
1λ3

y3). (A.42)

Thus the blown-up geometry corresponds to

XeΣ = (C6 \ FeΣ)/(C∗)3.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)3 is given by (A.42).

The 2 · 2 = 4 three-dimensional cones are in this case (D1, E2, E3), (D2, E1, E3),
(D3, E1, E2), and (E1, E2, E3). We find three generators of the Mori cone and write
them as columns of Q:

(P |Q) =


D1 0 2 1 | 1 0 0
D2 0 0 1 | 0 1 0
D3 2 0 1 | 0 0 1
E1 1 0 1 | 1 −1 −1
E2 1 1 1 | −1 1 −1
E3 0 1 1 | −1 −1 1

 (A.43)
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This leads to the following linear equivalences between the divisors:

0 ∼ 2 D1 + E2 + E3,
0 ∼ 2 D2 + E1 + E3,
0 ∼ 2 D3 + E1 + E2. (A.44)

From the intersection numbers, we find the following relations between the Mori
generators and the nine compact curves of our geometry: C1 = E2 · E3, C2 = E1 ·
E3, C3 = E1 · E2.

We will now discuss the topologies of the exceptional divisors. They are all semi-
compact and correspond to P1 × C.

A.11 Resolution of C3/(Z2 × Z4)

(Z2 × Z4) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε2 z1, z2, ε2 z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε3 z3),

θ1θ2 : (z1, z2, z3) → (ε2 z1, ε z2, ε z3), (A.45)

with ε = e2πi/4. To find the components of the vi, we have to solve

2 (v1)i + 2 (v3)i = 0 mod 4,
(v2)i + 3 (v3)i = 0 mod 4,

2 (v1)i + (v2)i + (v3)i = 0 mod 4. (A.46)

This leads to the following three generators of the fan:

v1 = (1,−1, 1), v2 = (−3, 1, 1), v3 = (1, 1, 1).

To resolve the singularity, we now have many more possibilities for new vertices. We
find that θ1, θ2, (θ2)2, (θ2)3, θ1θ2 and θ1(θ2)2 fulfill (3.10). This leads to six new gen-
erators:

w1 = (1, 0, 1), w2 = (0, 1, 1), w3 = (−1, 1, 1), w4 = (−2,−1, 1), w5 = (0, 0, 1),
w6 = (−1, 0, 1).

In this case, there are 24 distinct triangulations. Figure A.10 shows one of them. It
was chosen to be compatible with the triangulation of Z2 × Z2. Let us identify the
blown–up geometry. The Ũi are

Ũ1 =
z1z3y1

(z2)3y3(y4)2y6
,

Ũ2 =
z2z3y2y3y4

z1
,

Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.47)
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Figure A.10: Toric diagram of resolution of C3/Z2 × Z4 and dual graph

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, .., y6) → (λ1 z1, λ2 z2, λ3 z3,
λ3

2λ4λ
2
5λ6

λ1λ3

y1,
λ1

λ2λ3λ4λ5

y2,

λ4 y3, λ5 y4,
λ3

λ1λ3
2λ4λ2

5λ
2
6

y5, λ6 y6). (A.48)

Thus the blown-up geometry corresponds to

XeΣ = (C9 \ FeΣ)/(C∗)6.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)6 is given by (A.48).

The 2 · 4 = 8 three-dimensional cones are in this case (D2, E4, E6), (E3, E4, E6),
(E3, E5, E6), (D3, E1, E2), (D1, E1, E5), (D1, E5, E6), (E2, E3, E1), (D3, E1, E2). We
find six generators of the Mori cone and write them as columns of Q:

(P |Q) =



D1 1 1 1 | 0 0 1 0 0 0
D2 −3 1 1 | 0 0 0 0 0 1
D3 1 1 1 | 1 0 0 0 0 0
E1 1 0 1 | 0 −1 0 1 0 0
E2 0 1 1 | −2 1 0 0 0 0
E3 −1 1 1 | 1 −1 1 0 −1 1
E4 −2 1 1 | 0 0 0 0 1 −2
E5 0 0 1 | 0 1 −2 −2 1 0
E6 −1 0 1 | 0 0 0 1 −1 0


(A.49)

This leads to the following linear equivalences between the divisors:

0 ∼ 2 D1 + E1 + E5 + E6,
0 ∼ 4 D2 + E2 + 2 E3 + 3 E4 + E5 + 2 E6,
0 ∼ 4 D3 + 2 E1 + 3 E2 + 2 E3 + E4 + E5. (A.50)

From the intersection numbers, we find the following relations between the Mori
generators and the nine compact curves of our geometry: C1 = E1 · E2, C2 = E1 ·
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E3, C3 = E1 · E5 = E5 · E6, C4 = E3 · E5 = D1 · E5, C5 = E3 · E6, C6 = E4 · E6.
Furthermore, E3

5 = 8.
We will now discuss the topologies of the exceptional divisors. E5 is an F1. E2 and

E4 are P1 × C, E1, E3 and E6 are P1 × C with two blow–ups.

A.12 Resolution of C3/(Z2 × Z6)

Z2 × Z6 acts as follows on C3:

θ1 : (z1, z2, z3) → (ε3 z1, z2, ε3 z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε5 z3),

θ1θ2 : (z1, z2, z3) → (ε3 z1, ε z2, ε2 z3), (A.51)

with ε = e2πi/6. To find the components of the vi, we have to solve

3 (v1)i + 3 (v3)i = 0 mod 6,
(v2)i + 5 (v3)i = 0 mod 6,

3 (v1)i + (v2)i + 2 (v3)i = 0 mod 6. (A.52)

This leads to the following three generators of the fan:

v1 = (1, 0, 1), v2 = (−1,−4, 1), v3 = (−1, 2, 1).

To resolve the singularity, we find that θ1, θ2, (θ2)2, (θ2)3, (θ2)4, (θ2)5, θ1θ2, θ1(θ2)2

and (θ1)2θ3 fulfill (3.10). This leads to nine new generators:

w1 = (0, 1, 1), w2 = (−1, 1, 1), w3 = (−1, 0, 1), w4 = (−1,−1, 1), w5 = (−1,−2, 1),
w6 = (−1,−3, 1), w7 = (0, 0, 1), w8 = (0,−1, 1), w9 = (0,−2, 1).

In this case, there are 156 distinct triangulations. Figure A.11 shows one of them. Let
us identify the blown–up geometry. The Ũi are

Ũ1 =
z1

z2z3y2y3y4y5y6
, Ũ2 =

(z3)2y1y2

(z2)4y4(y5)2(y6)3y8(y9)2
,

Ũ3 = z1z2z3y1...y9. (A.53)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, ..., y9) → (λ1λ2...λ7 z1, λ1 z2, λ2 z3,
λ4
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y7, λ8 y8, λ9 y9).(A.54)

According to (3.11), the new blown-up geometry is

XeΣ = (C12 \ FeΣ)/(C∗)9,
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Figure A.11: Toric diagram of one of the resolutions of C3/Z2 × Z6 and dual graph

where the action of (C∗)9 is given by (A.54). We refrain from giving the excluded set
explicitly here. As can readily be seen in the dual graph, we have 13 compact curves
in XeΣ. Eight of them are exceptional.

We have now 2 · 6 = 12 three-dimensional cones: (D3, E1, E7), (D3, E2, E7),
(E2, E3, E7), (D1, E1, E7), (E3, E4, E7), (D1, E7, E8), (E4, E5, E7), (E5, E6, E7),
(D2, E6, E7), (D2, E7, E8), (D1, E8, E9), and (D2, E8, E9). With the method illus-
trated in the last paragraph, we find ten generators of the Mori cone, which form the
columns of Q:

(P |Q) =



D1 1 0 1 | 0 1 0 0 0 0 0 0 0 1
D2 −1 −4 1 | 0 0 0 0 0 0 0 1 −1 1
D3 −1 2 1 | −1 1 1 0 0 0 0 0 0 0
E1 0 1 1 | 1 −2 0 0 0 0 0 0 0 0
E2 −1 1 1 | 1 0 −2 1 0 0 0 0 0 0
E3 −1 0 1 | 0 0 1 −2 1 0 0 0 0 0
E4 −1 −1 1 | 0 0 0 1 −2 0 1 0 0 0
E5 −1 −2 1 | 0 0 0 0 1 0 −2 1 0 0
E6 −1 −3 1 | 0 0 0 0 0 0 1 −2 1 0
E7 0 0 1 | −1 0 0 0 0 1 0 0 −1 0
E8 0 −1 1 | 0 0 0 0 0 −2 0 0 1 0
E9 0 −2 1 | 0 0 0 0 0 1 0 0 0 −2



. (A.55)

From the rows of Q, we can read off the linear equivalences:

0 ∼ −6 D1 − E5 − E2 − 2 E3 − 5 E9 − 2 E6 − 3 E7 − 4 E8 − 3 E4,
0 ∼ −2 D2 − E4 − E1 − E2 − E3,
0 ∼ −6 D3 − 5 E5 − 3 E1 − 2 E2 − E3 − E9 − 4 E6 − 3 E7 − 2 E8. (A.56)
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The matrix elements of Q contain the intersection numbers of the Ci with the Di, Ei.
From the linear equivalences between the divisors, we find the following relations be-
tween the curves Ci and the compact curves of our geometry: C1 = D3 ·E7, C2 = E1 ·
E7, C3 = E2 ·E7, C4 = E3 ·E7, C5 = E4 ·E7, C6 = D1 ·E8 = D2 ·E8, C7 = E5 ·E7, C8 =
E6·E7, C9 = D2·E7, D1·E7 = C1+C3+C4+C5+C7+C8+C9, E7·E8 = 2 C1+C2+C3−
C5−2 C7−3 C8−4 C9, E8 ·E9 = 2 C1 +C2 +C3−C5−2 C6−2 C7−3 C8−4 C9. For the
triple self–intersections of the compact exceptional divisors, we find E3

7 = 2, E3
8 = 8.

Looking at the stars of the expectional divisors, we see that Ei, i = 1, . . . , 6 and E9

have the topology P1 × C. E7 is an F4 blown-up in six points and E8 is an F2.

A.13 Resolution of C3/(Z2 × Z6′)

Z2 × Z6′ acts as follows on C3:

θ1 : (z1, z2, z3) → (ε3 z1, z2, ε3 z3),
θ2 : (z1, z2, z3) → (ε z1, ε z2, ε4 z3),

θ1θ2 : (z1, z2, z3) → (ε4 z1, ε z2, ε z3), (A.57)

with ε = e2πi/6. To find the components of the vi, we have to solve

3 (v1)i + 3 (v3)i = 0 mod 6,
(v1)i + (v2)i + 4 (v3)i = 0 mod 6,
4 (v1)i + (v2)i + (v3)i = 0 mod 6. (A.58)

This leads to the following three generators of the fan:

v1 = (0,−2, 1), v2 = (−2, 0, 1), v3 = (2, 2, 1).

Now we resolve the singularity. We find that θ1, θ2, (θ2)2, (θ2)3, θ1θ2, θ1(θ2)3 and
θ1(θ2)4 fulfill (3.10). This leads to seven new generators:

w1 = (1, 0, 1), w2 = (1, 1, 1), w3 = (0, 0, 1), w4 = (−1,−1, 1), w5 = (0,−1, 1),
w6 = (0, 1, 1), w7 = (−1, 0, 1).

In this case, there are 80 distinct triangulations. Figure A.12 shows one of them. Let
us identify the blown–up geometry. The Ũi are

Ũ1 =
(z3)2y1y2

(z2)2y4y7
, Ũ2 =

(z3)2y2y6

(z1)2y4y5
, Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.59)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, ..., y7) → (λ1 z1, λ2 z2, λ3 z3,
λ2
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Figure A.12: Toric diagram of one of the resolutions of C3/Z2 × Z6′ and dual graph

Thus the blown-up geometry corresponds to

XeΣ = (C10 \ FeΣ)/(C∗)7.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)7 is given by (A.60).

The 2 · 6 = 12 three-dimensional cones are in this case (D3, E2, E6), (D3, E1, E2),
(E2, E3, E6), (E1, E2, E3), (D1, E6, E7), (E3, E6, E7), (E1, E3, E5), (D2, E1, E5), (D1, E4, E7),
(E3, E4, E7), (E3, E4, E5), (D2, E4, E5). We find nine generators of the Mori cone and
write them as columns of Q:

(P |Q) =



D1 0 −2 1 | 0 0 0 0 1 0 0 0 0
D2 −2 0 1 | 0 0 0 0 0 1 0 1 −1
D3 2 2 1 | 0 0 1 0 −2 −1 0 0 1
E1 1 0 1 | 0 0 0 0 0 0 1 0 0
E2 1 1 1 | 0 0 0 1 0 0 −2 −1 1
E3 0 0 1 | 1 −1 −1 −1 1 −1 1 −1 −1
E4 −1 −1 1 | 0 1 −1 0 0 1 0 0 0
E5 0 −1 1 | 0 1 0 −1 0 0 0 1 0
E6 0 1 1 | −2 −1 1 1 0 0 0 0 0
E7 −1 0 1 | 1 0 0 0 0 0 0 0 0


(A.61)

This leads to the following linear equivalences between the divisors:

0 ∼ 6 D1 + 4 E2 + E3 + 2 E4 + E7 + 3 E1 + 3 E5,
0 ∼ 6 D2 + 3 E1 + E2 + 4 E3 + 2 E4 + 3 E6 + E7,
0 ∼ 6 D3 + E2 + E3 + 2 E4 + 3 E6 + 4 E7 + 3 E5. (A.62)

From the intersection numbers, we find the following relations between the Mori
generators and the fifteen compact curves of our geometry: C1 = E4·E6 = E5·E6, C2 =
E3 · E6, C3 = E3 · E4, C4 = E3 · E5, C5 = D3 · E4 = D2 · D3, C6 = D3 · E3, C7 =
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D2 ·E2 = E2 ·E5, E6 ·E7 = C1+C2, D1 ·D3 = C5+C6, E2 ·E3 = C3−C4+C6, E1 ·E2 =
C3 − C4 + C6 + C7, D2 · E3 = C2 + C4 − C6.

Let us now discuss the topologies of the compact exceptional divisors. From the
Mori generators of the star of E3, we cannot directly read off the topology, but after
the two flop transitions (E2, E3) → (E1, E6), (E3, E4) → (E5, E7), we find again a
very simple star whose two Mori generators are those of an F0. So E3 is birationally
equivalent to a Hirzebruch surface F0. The cases of E2, E5 and E7 are simpler. From
their stars we can see directly that they correspond to F1s.

The non-compact exceptional divisors E1, E4 and E6 all turn out to be P1 × C
blown up in two points.

A.14 Resolution of C3/(Z3 × Z3)

(Z3 × Z3) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε z1, z2, ε2 z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε2 z3),

θ1θ2 : (z1, z2, z3) → (ε z1, ε z2, ε z3), (A.63)

with ε = e2πi/3. To find the components of the vi, we have to solve

(v1)i + 2 (v3)i = 0 mod 3,
(v2)i + 2 (v3)i = 0 mod 3,

(v1)i + (v2)i + (v3)i = 0 mod 3. (A.64)

This leads to the following three generators of the fan:

v1 = (−2, 2, 1), v2 = (−2,−1, 1), v3 = (1,−1, 1).

To resolve the singularity, we now have many more possibilities for new vertices. We
find that θ1, (θ1)2, θ2, (θ2)2, θ1θ2, θ1(θ2)2 and (θ1)2θ2 fulfill (3.10). This leads to seven
new generators:

w1 = (0, 0, 1), w2 = (−1, 1, 1), w3 = (0,−1, 1), w4 = (−1,−1, 1), w5 = (−1, 0, 1),
w6 = (−2, 0, 1), w7 = (−2, 1, 1).

In this case, there are 79 distinct triangulations. Figure A.13 shows two of them. Let
us identify the blown–up geometry. The Ũi are

Ũ1 =
z3

(z1)2(z2)2y2y4y5(y6)2(y7)2
,

Ũ2 =
(z1)2y2y7

z2z3y3y4
,

Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.65)
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Figure A.13: Toric diagram of two of the resolutions of C3/Z3 × Z3 and dual graphs

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, ..., y7) → (λ1 z1, λ2 z2, λ2
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7). (A.66)

Thus the blown-up geometry corresponds to

XeΣ = (C10 \ FeΣ)/(C∗)7. (A.67)

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)7 is given by (A.66).

Let us now give the intersection properties for the two resolutions shown in the
figure.

Case a)

The 3 · 3 = 9 three-dimensional cones are in this case (D3, E1, E5), (E1, E2, E5),
(D1, E2, E5), (D1, E5, E7), (E5, E6, E7), (D2, E5, E6), (D2, E4, E5), (E3, E4, E5), (D3, E3, E5).
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We find nine generators of the Mori cone and write them as columns of Q:

(P |Q) =



D1 −2 2 1 | 0 0 1 −1 1 0 0 0 0
D2 −2 −1 1 | 0 0 0 0 0 1 −1 1 0
D3 1 −1 1 | 1 −1 0 0 0 0 0 0 1
E1 0 0 1 | −2 1 1 0 0 0 0 0 0
E2 −1 1 1 | 1 0 −2 1 0 0 0 0 0
E3 0 −1 1 | 0 1 0 0 0 0 0 1 −2
E4 −1 −1 1 | 0 0 0 0 0 0 1 −2 1
E5 −1 0 1 | 0 −1 0 −1 0 0 −1 0 0
E6 −2 0 1 | 0 0 0 0 1 −2 1 0 0
E7 −2 1 1 | 0 0 0 1 −2 1 0 0 0


(A.68)

This leads to the following linear equivalences between the divisors:

0 ∼ 3 D1 + E1 + 2 E2 + E5 + E6 + 2 E7,
0 ∼ 3 D2 + E3 + 2 E4 + E5 + 2 E6 + E7,
0 ∼ 3 D3 + 2 E1 + E2 + 2 E3 + E4 + E5. (A.69)

From the intersection numbers, we find the following relations between the Mori
generators and the nine compact curves of our geometry: C1 = E1 · E5, C2 = D3 ·
E5, C3 = E2 ·E5, C4 = D1 ·E5, C5 = E5 ·E7, C6 = E5 ·E6, C7 = D2 ·E5, E4 ·E5 =
C1 + C2 + C4 − C6 − 2 C7, E3 · E5 = −C1 − 2 C2 + C4 + C5 + C6 + C7. Furthermore,
E3

5 = 3.

Case b)

Here, we have the following 9 tree-dimensional cones: (D1, E2, E7), (E5, E6, E7),
(E2, E5, E7), (E1, E2, E5), (D2, E4, E6), (E4, E5, E6), (E3, E4, E5), (E1, E3, E5), (D3, E1, E3).
(P |Q) takes the following form:

(P |Q) =



D1 −2 2 1 | 1 0 0 0 0 0 0 0 0
D2 −2 −1 1 | 0 0 0 0 0 1 0 0 0
D3 1 −1 1 | 0 0 0 0 0 0 0 0 1
E1 0 0 1 | 0 0 0 1 −1 0 0 1 −1
E2 −1 1 1 | −1 1 0 −1 1 0 0 0 0
E3 0 −1 1 | 0 0 0 0 1 0 1 −1 −1
E4 −1 −1 1 | 0 0 1 0 0 −1 −1 1 0
E5 −1 0 1 | 1 −1 −1 −1 −1 1 −1 −1 1
E6 −2 0 1 | 0 1 −1 0 0 −1 1 0 0
E7 −2 1 1 | −1 −1 1 1 0 0 0 0 0


(A.70)

The linear equivalences remain of course the same. The relations between the nine
compact curves and the Ci are C1 = E2 · E7, C2 = E5 · E7, C3 = E5 · E6, C4 =
E2 ·E5, C5 = E1 ·E5, C6 = E4 ·E6, C9 = E1 ·E3, E4 ·E5 = −C3 + C4 + C5, E3 ·E5 =
C2 + C3 − C5. Here, E3

5 = 6.
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We will now discuss the topologies of the exceptional divisors. The only compact
exceptional divisor is E5. In the triangulation a), the star of E5 corresponds to the
whole toric diagram. Unfortunately, one cannot read off the topology directly from the
Mori generators. The triangulations a) and b) are connected by three flop transitions:
(E1, E3) → (D3, E5), (E2, E7) → (D1, E5) and (E4, E6) → (D2, E5). For the triangu-
lation b), D1, D2 and D3 are not part of the star. Unfortunately, the Mori generators
of this star aren’t helpful either. If we perform two flop-transitions, we end up in a
very simple case. We flop the curve (E5, E7) to (E2, E6), furthermore, we flop (E3, E5)
to (E1, E4). Thus, we arrive at a star which contains only E1, E2, E4, E5, E6; it corre-
sponds to an F0. So both triangulations are birationally equivalent to F0. Therefore,
h(1,0) = h(2,0) = 0, since the h(p,0) are birational invariants.

In triangulation a), all non-compact exceptional divisors have the topology of P1×C.
In triangulation b), they are all P1 × C blown up in one point.

A.15 Resolution of C3/(Z3 × Z6)

(Z3 × Z6) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε2 z1, z2, ε4 z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε5 z3),

θ1θ2 : (z1, z3, z2) → (ε2 z1, ε z2, ε3 z3), (A.71)

with ε = e2πi/6. To find the components of the vi, we have to solve

2 (v1)i + 4 (v3)i = 0 mod 6,
(v2)i + 5 (v3)i = 0 mod 6,

2 (v1)i + (v2)i + 3 (v3)i = 0 mod 6. (A.72)

This leads to the following three generators of the fan:

v1 = (1, 5, 1), v2 = (−5,−1, 1), v3 = (1,−1, 1).

To resolve the singularity, we now have many more possibilities for new vertices. We
find that θ1, (θ1)2, θ2, (θ2)2, (θ2)3, (θ2)4, (θ2)5, θ1θ2, θ1(θ2)2, θ1(θ2)3, θ1(θ2)4, (θ1)2θ2 and
(θ1)1(θ2)2 fulfill (3.10). This leads to thirteen new generators:

w1 = (1, 1, 1), w2 = (1, 3, 1), w3 = (0,−1, 1), w4 = (−1,−1, 1), w5 = (−2,−1, 1),
w6 = (−3,−1, 1), w7 = (−4,−1, 1), w8 = (0, 1, 1), w9 = (−1, 1, 1), w10 = (−2, 1, 1),

w11 = (−3, 1, 1), w12 = (0, 3, 1), w13 = (−1, 3, 1).

In this case, there are 14303 possible triangulations1. Figure A.14 shows one of them.
Let us identify the blown–up geometry. The Ũi are

Ũ1 =
z1z3y1y2

(z2)5y4(y5)2(y6)3(y7)4y9(y10)2(y11)3
,

1This number was obtained using the package TOPCOM.
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Figure A.14: Toric diagram of one of the resolutions of C3/(Z3 × Z6) and dual graph

Ũ2 =
(z1)5y1(y2)3y8y9y10y11(y12)3(y13)3

z2z3y3y4y5y6y7
,

Ũ3 = z1z2z3y1 . . . y13. (A.73)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, . . . , y13) →

(λ1 z1, λ2 z2,
λ5
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2
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y8, λ9 y9, ..., λ13 y13). (A.74)

Thus the blown-up geometry corresponds to

XeΣ = (C16 \ FeΣ)/(C∗)13.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)13 is given by (A.74).

There are 3 · 6 = 18 three-dimensional cones. We find 17 generators of the Mori
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cone and write them as columns of Q:

Q =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 −1 1 0 0 0 0 0 0 0
−1 −1 1 1 0 0 0 0 −1 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 −1 −1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1 −1 −1 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 −1 −1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −2
1 −1 −1 −1 1 −1 0 0 1 −1 −1 1 0 0 0 0 0
0 0 0 1 −1 −1 −1 −1 0 0 1 −1 −1 1 0 0 0
0 0 0 0 0 0 1 −1 0 0 0 0 1 −1 −1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0
−1 1 0 −1 −1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 −1 1 0 0 0 0 0 0 0 0 0



.

(A.75)
This leads to the following linear relations:

0 ∼ 3 D1 + E1 + 2 E2 + E8 + E9 + E10 + E11 + 2 E12 + E13,
0 ∼ 6 D2 + E3 + 2 E4 + 3 E5 + 4 E6 + 5 E7 + E8 + 2 E9 + 3 E10

+4 E11 + E12 + 2 E13,
0 ∼ 6 D3 + 4 E1 + 2 E2 + 5 E3 + 4 E4 + 3 E5 + 2 E6 + E7 + 3 E8

+2 E9 + E10 + E12. (A.76)

From the intersection numbers, we find the following relations between the Mori gen-
erators and the twenty-one compact curves of our geometry:

C1 = E2 · E12, C2 = E2 · E8, C3 = E1 · E8, C4 = E8 · E12, C5 = E9 · E12

C6 = E8 · E9, C7 = E9 · E13, C8 = E9 · E10, C9 = E1 · E3, C14 = E5 · E10,
C15 = E6 · E10, C16 = E6 · E11, C17 = E7 · E11, D1 · E12 = C4 + C5,

E12 · E13 = C1 + C4, E10 · E13 = C14 + C15, E10 · E11 = C8 + C14,
E3 · E8 = −C3 + C4 + C6, E4 · E8 = C2 + C3 − C6, E4 · E9 = −C6 + C7 + C8,
E5 · E9 = C5 + C6 − C8. (A.77)

Furthermore, E3
8 = E3

9 = 6, E3
10 = E3

12 = 7. Let us now discuss the topologies of
the exceptional divisors. We find the compact exceptional divisors, after performing
one, respectively two flops, to be birationally equivalent to F1. The non-compact
exceptional divisors E1, ..., E6 are P1 × Cs after one flop, E7 is a P1 and E11, E12 are
P1 × C blown up in two points.

A.16 Resolution of C3/(Z4 × Z4)

(Z4 × Z4) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε z1, z2, ε3 z3),
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θ2 : (z1, z2, z3) → ( z1, ε z2, ε3 z3),
θ1θ2 : (z1, z3, z2) → (ε z1, ε z2, ε2 z3), (A.78)

with ε = e2πi/4. To find the components of the vi, we have to solve

(v1)i + 3 (v3)i = 0 mod 4,
(v2)i + 3 (v3)i = 0 mod 4,

(v1)i + (v2)i + 2 (v3)i = 0 mod 4. (A.79)

This leads to the following three generators of the fan:

v1 = (1,−3, 1), v2 = (−3, 1, 1), v3 = (1, 1, 1).

To resolve the singularity, we now have many more possibilities for new vertices.
We find that θ1, (θ1)2, (θ1)3, θ2, (θ2)2, (θ2)3, θ1θ2, θ1(θ2)2, θ1(θ2)3, (θ1)2θ2, (θ1)3θ2 and
(θ1)2(θ2)2 fulfill (3.10). This leads to twelve new generators:

w1 = (1, 0, 1), w2 = (1,−1, 1), w3 = (1,−2, 1), w4 = (0, 1, 1), w5 = (−1, 1, 1),
w6 = (−2, 1, 1), w7 = (0, 0, 1), w8 = (−1, 0, 1), w9 = (−2, 0, 1), w10 = (0,−1, 1),

w11 = (0,−2, 1), w12 = (−1,−1, 1).

In this case, there are 7424 possible triangulations2. Figure A.15 shows one of them.

Figure A.15: Toric diagram of one of the resolutions of C3/(Z4 × Z4) and dual graph

Let us identify the blown–up geometry. The Ũi are

Ũ1 =
z1z3y1y2y3

(z2)3y5(y6)2y8(y9)2y12
, Ũ2 =

z2z3y4y5y6

(z1)3y2(y3)2y10(y11)2y12
,

Ũ3 = z1z2z3y1 . . . y12. (A.80)

2This number was obtained using the package TOPCOM.
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The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, . . . , y13) →

(λ1 z1, λ2 z2, λ3 z3,
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y7, λ8 y8, λ9 y9, λ10 y10, λ11 y11, λ12 y12). (A.81)

Thus the blown-up geometry corresponds to

XeΣ = (C15 \ FeΣ)/(C∗)12.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)12 is given by (A.81).

There are 4 · 4 = 16 three-dimensional cones. We find eighteen generators of the
Mori cone and write them as columns of Q:

Q =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 1 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 −1 1 −1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 1 −1
−1 −1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 −1 −1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 −1 −1 1 0 0 0 0 0 0 0 0 0
1 −1 −1 −1 1 −1 0 0 0 −1 −1 1 1 0 0 0 0 0
0 0 0 1 −1 −1 −1 1 −1 0 1 0 −1 −1 1 0 0 0
0 0 0 0 0 0 1 −1 −1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 1 −1 −1 −1 1 −1 −1 −1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1
0 0 0 0 0 0 0 0 1 0 0 0 1 −1 −1 0 1 0



(A.82)

This leads to the following linear relations:

0 ∼ 4 D1 + E1 + 2 E2 + 3 E3 + E7 + E8 + E9 + 2 E10 + 3 E11 + 2 E12,
0 ∼ 4 D2 + E4 + 2 E5 + 3 E6 + E7 + 2 E8 + 3 E9 + E10 + E11 + 2 E12

0 ∼ 4 D3 + 3 E1 + 2 E2 + E3 + 3 E4 + 2 E5 + E6 + 2 E7 + E8 + E10. (A.83)

From the intersection numbers, we find the following relations between the Mori gen-
erators and the eighteen compact curves of our geometry:

C1 = E1 · E4, C2 = E4 · E7, C3 = E1 · E7, C4 = E5 · E7, C5 = E5 · E8,
C6 = E7 · E8, C7 = E6 · E8, C8 = E6 · E9, C9 = E8 · E9, C12 = E2 · E9,
C15 = E10 · E12, C18 = E3 · E11, E2 · E7 = −C3 + C4 + C6,
E3 · E10 = −C6 + C7 + C9 − C12 + C15,
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E8 · E10 = −C6 + C7 + C9, E8 · E12 = C5 + C6 − C9,
E7 · E10 = C2 + C3 − C6, E10 · E11 = C2 + C3 − C6 + C12 − C15. (A.84)

Furthermore, E3
7 = E3

8 = E3
10 = 6. Let us now discuss the topologies of the exceptional

divisors. We find the compact exceptional divisors, i.e. E7, E8, E10, after performing
two flops, to be birationally equivalent to F1. The non-compact exceptional divisors
E1, ..., E6 are P1 × Cs after with one bow-up, E9, E11, E12 are P1 × C after one flop.

A.17 Resolution of C3/(Z6 × Z6)

(Z6 × Z6) acts as follows on C3:

θ1 : (z1, z2, z3) → (ε1 z1, z2, ε5 z3),
θ2 : (z1, z2, z3) → ( z1, ε z2, ε5 z3),

θ1θ2 : (z1, z3, z2) → (ε z1, ε z2, ε4 z3), (A.85)

with ε = e2πi/6. To find the components of the vi, we have to solve

(v1)i + 5 (v3)i = 0 mod 6,
(v2)i + 5 (v3)i = 0 mod 6,

(v1)i + (v2)i + 4 (v3)i = 0 mod 6. (A.86)

This leads to the following three generators of the fan:

v1 = (5,−6, 1), v2 = (5, 6, 1), v3 = (−1, 0, 1).

To resolve the singularity, we have many possibilities for new vertices. We find that
θ1, ..., (θ1)5, θ2, ..., (θ2)5, θ1θ2, ..., (θ1)5θ2, θ1(θ2)2, ... θ1(θ2)5, (θ1)2(θ2)2, ..., (θ1)2(θ2)4, (θ1)3(θ2)2,
(θ1)3(θ2)3 and (θ1)4(θ2)2 fulfill (3.10). This leads to 25 new generators:

w1 = (0,−1, 1), w2 = (1,−2, 1), ..., w5 = (4,−5, 1), w6 = (0, 1, 1), w7 = (1, 2, 1), ...,
w10 = (4, 5, 1), w11 = (1, 0, 1), w12 = (2,−1, 1), ..., w15 = (5,−4, 1), w16 = (2, 1, 1),
w17 = (3, 1, 1), ..., w19 = (5, 4, 1), w20 = (3, 0, 1), ..., w22 = (5, 2, 1), w23 = (4,−1, 1),
w24 = (5, 0, 1), w25 = (5,−2, 1).

In this case, there are several thousands of distinct triangulations. A very simple
one is shown in Figure A.16.

Let us identify the blown–up geometry. The Ũi are

Ũ1 = (z1)5(z2)5(z3)−1y2(y3)2(y4)3(y5)4y7(y8)2(y9)3(y10)4y11(y12)2(y13)3(y14)4(y15)5

(y16)2(y17)3(y18)4(y19)5(y20)3(y21)4(y22)5(y23)4(y24)5(y25)5,

Ũ2 =
(z2)6y6(y7)2(y8)3(y9)4(y10)5y16(y17)2(y18)3(y19)4y21(y22)2

(z1)6y1(y2)2(y3)3(y4)4(y5)5y12(y13)2(y14)3(y15)4y23(y25)2
,

Ũ3 = z1z2z3y1 . . . y25. (A.87)
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Figure A.16: Toric diagram of one of the resolutions of C3/Z6 × Z6 and dual graph

The rescaling that leaves the Ũi invariant is
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λ9 y9, λ10 y10, λ11 y11, λ12 y12, λ13 y13). (A.88)

Thus the blown-up geometry corresponds to

XeΣ = (C28 \ FeΣ)/(C∗)25.

The excluded sets differ for the different resolutions. We refrain from giving them
explicitly. The action of (C∗)25 is given by (A.88).

There are 6 · 6 = 36 three-dimensional cones. We find 45 generators of the Mori
cone, in fact, all 45 relations of type (3.17) turn out to be Mori generators, none can
be eliminated. For the sake of brevity, we refrain from writing them down.

We find the following linear equivalences between the divisors:

0 ∼ 6 D1 + E1 + 2 E2 + 3 E3 + 4 E4 + 5 E5, +E11 + 2 E12 + 3 E13 + 4 E14 + 5 E15

+E16 + E17 + E18 + E19 + 2 E20 + 2 E21 + 2 E22 + 3 E23 + 3 E24 + 4 E25,
0 ∼ 6 D2 + E6 + 2 E7, +3 E8 + 4 E9 + 5 E10 + E11 + E12 + E13 + E14 + E15

+2 E16 + 3 E17 + 4 E18 + 5 E19 + 2 E20 + 3 E21 + 4 E22 + 2 E23 + 3 E24 + 2 E25,
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0 ∼ 6 D3 + 5 E1 + 4 E2 + 3 E3 + 2 E4 + E5 + 5 E6 + 4 E7 + 3 E8 + 2 E9 + E10

+4 E11 + 3 E12 + 2 E13 + E14 + 3 E16 + 2 E17 + E18 + 2 E20 + E21 + E23. (A.89)

For all compact exceptional divisors we find E3 = 6.
We will now discuss the divisor topologies. The compact exceptional divisors all

have the same stars, therefore the same topologies. After two flop transitions, they are
F0s. The non-compact exceptional divisors are all P1 × C after one flop.

A.18 Resolution of C2/Zn-type orbifolds

Here, we treat the patches of the form C2/Zn, associated to fixed lines. We will be
rather brief. As mentioned already in the main text, these singularities are rational
double points of type An−1. The action of Zn on C2 is:

θ : (z1, z2) → (ε z1, εn−1 z2), ε = e2πi/n. (A.90)

To find the components of the vi, we have to solve (v1)i +(n−1) (v2)i = 0 mod n. This
leads to the following two generators of the fan:

v1 = (n− 1, 1), v2 = (−1, 1). (A.91)

All θi, i = 1, ..., n− 1 fulfill (3.10), so we get n− 1 new generators:

wi =
i

n
v1 +

n− i

n
v2 = (i− 1, 1), i = 1, . . . , n− 1 (A.92)

The Ũi are

Ũ1 =
(z1)n−1y2(y3)2... (yn−1)n−2

z2
, Ũ2 = z1z2y1y2... yn−1. (A.93)

The toric diagram of the resolution (Hirzebruch-Jung sphere tree) of C2/Zn can be
found in Figure A.17.

D
1

D
2

E
1

E
2

E
n-1

Figure A.17: Toric diagram of the resolution of C2/Zn

The rescaling that leaves the Ũi invariant is

(z1, z2, y1, y2, ..., yn−1) →
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−1 y1, λ2 y2, λ3 y3, ..., λn−1 yn−1).(A.94)

The blown–up geometry is

XeΣ = (Cn+1 \ FeΣ)/ (C∗)n−1 , (A.95)

where the (C∗)n−1 action is determined in the following (P |Q)–matrix

(P |Q) =



D1 n− 1 1 | 1 0 0 ... 0 0 0
E1 0 1 | −2 1 0 ... 0 0 0
E2 1 1 | 1 −2 1 ... 0 0 0
... 1 | ...

En−2 1 1 | 0 0 0 ... 1 −2 1
En−1 1 1 | 0 0 0 ... 0 1 −2
D2 −1 1 | 0 0 0 ... 0 0 1


(A.96)

We observe that the Q matrix is nothing but the Cartan matrix for An−1. With it, we
obtain the following linear equivalences:

E1 ∼ 2D1, 2Ei ∼ Ei−1 + Ei+1, i = 2, ..., n− 2, En−1 ∼ 2D2 (A.97)
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Appendix B

Calabi–Yau manifolds from
resolved orbifolds

In this appendix, the details of all models listed in Tables 2.3 and 2.4 are collected.
The metric, antisymmetric tensor, complex structure, parametrization of the Kähler
moduli as well as the fixed set configuration and a description of how the resolved
patches must be glued is given for all models. For a few selected examples, also the
intersection ring, divisor topologies and orientifold of the resolution are worked out.

B.1 The Z3–orbifold

B.1.1 Metric, complex structure and moduli

The Z3-orbifold lives on the root lattice of SU(3)3 and acts on it as follows:

Q e1 = e2, Q e2 = −e1 − e2, Q e3 = e4,
Q e4 = −e3 − e4, Q e5 = e6, Q e6 = −e5 − e6 . (B.1)

Qtg Q = g and Qtb Q = b lead to:

g=


R2

1 −1
2
R2

1 R1R2 cos θ13 x R1R3 cos θ26 y
−1

2
R2

1 R2
1 R1R2 cos θ23 R1R2 cos θ13 R1R2 cos θ25 R1R2 cos θ26

R1R2 cos θ13 R1R2 cos θ23 R2
2 −1

2
R2

2 R2R3 cos θ46 z
x R1R2 cos θ13 −1

2
R2

2 R2
2 R2R3 cos θ45 R2R3 cos θ46

R1R3 cos θ26 R1R3 cos θ25 R2R3 cos θ46 R2R3 cos θ45 R3
3 −1

2
R2

3

y R1R3 cos θ26 z R1R3 cos θ46 −1
2
R2

3 R2
3

 ,

(B.2)
with x = −R1R2(cos θ13 +cos θ23), y = −R1R3 (cos θ25 +cos θ26), z = −R2R3(cos θ45 +
cos θ46) and the nine real parameters R2

1, R2
2, R2

3, θ13, θ23, θ25, θ26, θ45, θ46. For b we

151
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find

b =


0 b1 b5 −b4 − b5 b7 −b6 − b7

−b1 0 b4 b5 b6 b7

−b5 −b4 0 b2 b9 −b8 − b9

b4 + b5 −b5 −b2 0 b8 b9

−b7 −b6 −b9 −b8 0 b3

b6 + b7 −b7 b8 + b9 −b9 −b3 0

 (B.3)

Following 2.15 we introduce complex structures and the complex coordinates z1, z2, z3

z1 = 3−1/4 (x1 + e2πi/3 x2), (B.4)

z2 = 3−1/4 (x3 + e2πi/3 x4), (B.5)

z3 = 3−1/4 (x5 + e2πi/3 x6). (B.6)

The nine twist-invariant 2–forms in the real cohomology are

ω1 = dx1 ∧ dx2, ω2 = dx3 ∧ dx4, ω3 = dx5 ∧ dx6,
ω4 = −dx1 ∧ dx4 + dx2 ∧ dx3, ω5 = −dx1 ∧ dx4 + dx2 ∧ dx4

ω6 = −dx1 ∧ dx6 + dx2 ∧ dx5

ω7 = −dx3 ∧ dx6 + dx4 ∧ dx5

ω8 = dx1 ∧ dx5 − dx1 ∧ dx6 + dx2 ∧ dx6

ω9 = dx3 ∧ dx5 − dx3 ∧ dx6 + dx4 ∧ dx6, (B.7)

so we can write B =
∑9

i=1 bi ωi. From the pairing T i ωi = B + i J we find

T i = b1 + i
√

3
2

R2
1, T 2 = b2 + i

√
3

2
R2

2, T 3 = b3 + i
√

3
2

R2
3,

T 4 = b4 − i
√

3 R1R2 cos θ12, T 5 = b5 + i
√

3 R1R2 cos θ23,

T 6 = b6 − i
√

3 R1R3 cos θ26, T 7 = b7 − i
√

3 R2R3 cos46,

T 8 = b8 + i 1√
3
R1R3 (5 cos θ25 + cos θ26)

T 9 = b9 + i 1√
3
R2R3 (5 cos θ45 + cos θ46). (B.8)

B.1.2 Fixed sets

This is a prime orbifold and therefore a very easy case. There are 27 isolated quotient
singularities. The T 6 factorizes into (T 2)3. Figure B.1 shows the fundamental regions

Group el. Order Fixed Set Conj. Classes
θ 3 27 fixed points 27

Table B.1: Fixed point set for Z3.

of the three tori corresponding to z1, z2, z3 and their fixed points. The fundamental
regions are all the same in this case and the three fixed points of the Z3–twist are
z1
fixed,1 = z2

fixed,1 = z3
fixed,1 = 0, z1

fixed,2 = z2
fixed,2 = z3

fixed,2 = 1/
√

3 eπi/6, and z1
fixed,3 =

z2
fixed,3 = z3

fixed,3 = 1 + i/
√

3. Figure B.2 shows the configuration of the fixed points in
a schematic way, where each complex coordinate is shown as a coordinate axis and the
opposite faces of the resulting cube of length 1 are identified.
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Figure B.1: Fundamental regions for the Z3–orbifold

z
3

z
1

z
2

Figure B.2: Schematic picture of the fixed set configuration of the Z3–orbifold

B.1.3 The gluing procedure

On each of the 27 isolated Z3 fixed points we put a local patch, which each contributes
one compact exceptional divisor. We denote these divisors by Eαβγ, where α denotes
the 3 fixed points on the z1–axis, β those on the z2–axis and γ those of the z3–axis.
There are 9 fixed planes for this example, i.e. zi = zi

fixed,α, zj, zk free. To each of
these we associate a divisor which we denote them by Diα, i, α = 1, 2, 3. D1α are the
divisors associated to z1 = z1

fixed,α, where α labels the fixed point. Furthermore, there
are 9 divisors Rmn which are inherited from T 6.

Since there are no fixed lines in this example, h
(2,1)
tw = 0.

B.1.4 The intersection ring

From the relations (A.4), the global linear relations (3.25) become:

Ri ∼ 3 Di,α +
3∑

β,γ=1

Eαβγ. (B.9)
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The calculation of the intersection ring is very simple, since all exceptional divisors
are compact and neither intersect each other nor the Rmn. From (3.39) we see that
R1R2R3 = 9 and from Appendix A.1 we find that E3

αβγ = 9.

B.1.5 Divisor topologies

As noted in Appendix A.1, the Eαβγ have the topology of a P2. All divisors Diα have
exactly the same properties, therefore it is enough to look at one of them and determine
its Euler number. After removing the 9 fixed points from the T 4 the Z3 action is free,
hence the quotient has Euler number (0 − 9)/3 = −3. Resolving the singularities
corresponds to gluing in 9 P 1. Therefore, χ(D) = −3 + 2 · 9 = 15. From (B.9) and the
intersection numbers given above, we find D3

iα = −3, and using (3.51) its holomorphic
Euler characteristic is χ(ODiα

) = 1. Applying (3.48) to both Diα and Eαβγ and then
plugging into (B.9) we can also determine the second Chern class to be

c2 ·Ri = 0, c2 · Eαβγ = −6. (B.10)

B.1.6 The orientifold

The O–plane configuration at the orbifold point is very simple, we have 64 O3–planes,
located at the Z2–fixed points in each direction. They fall into 22 conjugacy classes,
apart from zfixed = (0, 0, 0), which is invariant, all other points fall into orbits of length
3. Only at zfixed = (0, 0, 0), a fixed point coincides with one of the O–planes, therefore
only this patch feels the involution. For all other patches, the local involution is the
identity.

For the patch at zfixed = (0, 0, 0), we have to solve (see (A.2))

(−z1,−z2,−z3, y) = (λ z1, λ z2, λ z3, λ−3 y). (B.11)

This results in only one allowed solution: y = 0, λ = −1. This corresponds to an
O7–plane located on the exceptional divisor E. The O3–plane at the orbifold point
has disappeared.

In the other local patches around the orbifold fixed points, nothing happens. The
O3–planes away from the patches that we found in the orbifold phase are still there.
We can see them by looking at the intersection ring of the orientifold and inter-
preting certain intersection numbers as number of O3–planes as discussed in Sec-
tion 4.4. There are three cases. The fixed points of the orientifold action that lie
at z = (0, 0, 1

2
), (0, 0, τ

2
, (0, 0, 1

2
(1+τ)) form an equivalence class and correspond to the

intersection of D1,1 = {z1 = 0}, D2,1 = {z2 = 0}, and R3 = {z3 = c, c 6= 0, 1
3
, 2

3
}. This

intersection number is D1,1D2,1R3 = 1
2
, hence we have a single O3–plane sitting there.

By permuting the coordinates we get a total of 3 O3–planes. Then, there are the fixed
points that lie at z = (0, 1

2
, 1

2
), (0, 1

2
, τ

2
, . . . , (0, 1

2
(1 + τ), τ

2
, (0, 0, 1

2
(1 + τ)). The corre-

sponding intersection number is D1,1R2R3 = 3
2
, hence we have 3 O3–planes. Taking

into account the permutations of the coordinates yields a total of 9 O3-planes. Finally,
the remaining orientifold fixed points correspond to the intersection R1R2R3 = 9

2
, thus
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there 9 more O3–planes. This makes a grand total of 21 O3–planes which agrees with
the number of conjugacy classes.

B.2 The Z4 orbifold on SU(4)2

B.2.1 Metric, complex structure and moduli

On the root lattice of SU(4)2, the twist Q has the following action:

Q e1 = e2, Q e2 = e3, Q e3 = −e1 − e2 − e3,
Q e4 = e5, Q e5 = e6, Q e6 = −e4 − e5 − e6 . (B.12)

The twist Q allows for seven independent real deformations of the metric g and five
real deformations of the anti–symmetric tensor b. These results follow from solving the
equations Qtg Q = g and Qtb Q = b:

g=


R2

1 R2
1 cos θ23 x R1R2 cos θ36 y R1R2 cos θ34

R2
1 cos θ23 R2

1 R2
1 cos θ23 R1R2 cos θ35 R1R2 cos θ36 y

x R2
1 cos θ23 R2

1 R1R2 cos θ34 R1R2 cos θ35 R1R2 cos θ36

R1R2 cos θ36 R1R2 cos θ35 R1R2 cos θ34 R2
2 R2

2 cos θ56 z
y R1R2 cos θ36 R1R2 cos θ35 R2

2 cos θ56 R2
2 R2

2 cos θ56

R1R2 cos θ34 y R1R2 cos θ36 z R2
2 cos θ56 R2

2

 ,

(B.13)
with x = −R2

1(1 + 2 cos θ23), y = −R1R2 (cos θ34 + cos θ35 + cos θ36), z = −R2
2(1 +

2 cos θ56) and the seven real parameters R2
1, R2

2, θ23, θ34, θ35, θ36, θ56. For b we find

b =


0 b1 0 b5 −b3 − b4 − b5 b3

−b1 0 b1 b4 b5 −b3 − b4 − b5

0 −b1 0 b3 b4 b5

−b5 −b4 −b3 0 b2 0
b3 + b4 + b5 −b5 −b4 −b2 0 b2

−b3 b3 + b4 + b5 −b5 0 −b2 0

 (B.14)

with the five real parameters b1, b2, b3, b4, b5. We see that we get 5 untwisted Kähler
moduli and one untwisted complex structure modulus in this orbifold.

With (2.15) and (2.16) we arrive at the following complex structure:

z1 = 1√
2
(x1 + i x2 − x3),

z2 = 1√
2
(x4 + i x5 − x6),

z3 = 1
2
√

u2
[x1 − x2 + x3 + U (x4 − x5 + x6)], (B.15)

with

U = − R2

2 R1

sec θ23(cos θ34 + cos θ36 + i
√
−(cos θ34 + cos θ36)2 + 4 cos θ23 cos θ56).

(B.16)



156 B Calabi–Yau manifolds from resolved orbifolds

The five untwisted real 2–forms that are invariant under this orbifold twist are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3,
ω2 = dx1 ∧ dx4 − dx1 ∧ dx5 + dx2 ∧ dx5 − dx2 ∧ dx6 + dx3 ∧ dx6,
ω3 = −dx1 ∧ dx5 + dx1 ∧ dx6 − dx2 ∧ dx6 + dx3 ∧ dx4,
ω4 = −dx1 ∧ dx5 + dx2 ∧ dx4 − dx2 ∧ dx6 + dx3 ∧ dx5,
ω5 = dx4 ∧ dx5 + dx5 ∧ dx6. (B.17)

Via B + i J = T i ωi the Kähler moduli are:

T 1 = b1 + i 2 R2
1 (1 + cos θ23),

T 2 = b2 + i 1
2
R1R2(5 cos θ34 + 6 cos θ35 + cos θ36 + 5

√
−(cos θ34 + cos θ36)2 + 4 cos θ23 cos θ56,

T 3 = b3 + i 2R1R2(− cos θ35 − cos θ36 +
√
−(cos θ34 + cos θ36)2 + 4 cos θ23 cos θ56,

T 4 = b4 + i 2 R1R2 (cos θ34 − cos θ36),

T 5 = b5 + i 2 R2
1 (1 + cos θ56). (B.18)

B.2.2 Fixed sets

For the Z4–twist, we need to look only at the θ-, and θ2-twisted sectors.
Table B.2 summarizes the important data of the fixed sets. The invariant subtorus

under θ2 is (x3, 0, x3, x6, 0, x6), corresponding to z3 = invariant.

Group el. Order Fixed Set Conj. Classes

θ 4 16 fixed points 16
θ2 2 4 fixed lines 4

Table B.2: Fixed point set for Z4–orbifold on SU(4)2.

Figure B.3 shows the configuration of the fixed sets in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of the resulting
cube of length 1 are identified.

This orbifold has special properties due to the SU(4)2 lattice which leads to a non–
standard volume factor for the fixed torus in z3–direction (see Table 2.5) and changed
periodicities of the real lattice. Instead of the usual real lattice shift of one unit, the
shift is 1/2 for the coordinates entering z3. The fixed points in z3–direction do not all
lie in the same four D3 planes as usual but the points at (z1, z2) 6= (0, 0) are shifted
up by 1/4.

B.2.3 The gluing procedure

In this model, there are 16 local Z4–patches which, four of each sit on one of the four
Z2–fixed lines. Each of the Z4–patches contributes one exceptional divisor, and so does
each of the fixed lines, therefore we get 16 · 1 + 4 · 1 = 20 exceptional divisors in total.

Since there are no fixed lines without fixed points on them in this example, there
are no twisted complex structure moduli.
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Figure B.3: Schematic picture of the fixed set configuration of Z4 on SU(4)2

B.2.4 The intersection ring

From the local linear relations (A.8), we find the following global linear relations:

R1 ∼ 4 D1,1 +
4∑

γ=1

(E1,1,1,2γ−1 + E1,1,2,2γ) + 2
∑
β=1,2

E2,1,β,

R1 ∼ 4 D1,2 +
∑
β=1,2

4∑
γ=1

E1,2,β,2γ + 2
∑
β=1,2

E2,2,β,

R2 ∼ 4 D2,1 +
4∑

γ=1

(E1,1,1,2γ−1 + E1,2,1,2γ) + 2
∑

α=1,2

E2,α,1,

R2 ∼ 4 D2,2 +
∑

α=1,2

4∑
γ=1

E1,α,2,2γ + 2
∑

α=1,2

E2,α,2,

R3 ∼ 2 D3,2γ−1 + E1,1,1,2γ−1,

R3 ∼ 2 D3,2γ + E1,1,2γ +
∑
β=1,2

E1,2,β,2γ, (B.19)

where γ = 1, ..., 4. To compute the intersection ring, we need to determine the basis
for the lattice N in which the auxiliary polyhedron will live. From (B.19) we see that
n1 = n2 = 4, and n3 = 2. Hence we can choose m1 = m2 = m3 = 2, and the lattice
basis is f1 = (2, 0, 0), f2 = (0, 2, 0), f3 = (0, 0, 2). The lattice points of the polyhedron
∆(3) for the local compactification of the Z4 fixed points are

v1 = (−2, 0, 0), v2 = (0,−2, 0), v3 = (0, 0,−2), v4 = (8, 0, 0), v5 = (0, 8, 0),

v6 = (0, 0, 4), v7 = (2, 2, 2), v8 = (4, 4, 0), (B.20)
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corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, E2 in that order. The polyhe-
dron is shown in Figure B.4. From the intersection ring of the 16 polyhedra and the

D3

E1

D1

E2

D2

R1

R2

R3

0

Figure B.4: The polyhedron ∆
(3)
1 describing the local compactification of the resolution

of C3/Z6−I .

linear relations (B.19) we obtain the following nonvanishing intersection numbers of X
in the basis {Ri, Ekαβγ}:

R1R2R3 = 8, R3E
2
2,αβ = −2, E1,αβγE

2
2,αβ = −2, E3

1,α,β,γ = 8, E3
2,α,β = 8. (B.21)

B.2.5 Divisor topologies

E1αβγ are F2. E2,αβ are F0, D1,α and D2,β are Bl8Fn. For D3,γ we start with the
restriction of the Z4 action to z3 = z3

fixed,γ, which is 1
4
(1, 1) on T 4. The Euler number of

D3,γ minus the 16 fixed points is (0−16)/4 = −4. The fixed points fall into 10 classes.
For odd γ 3 of these classes are not resolved and the corresponding singularities are
replaced by points. At the remaining fixed points we glue in a P1 as usual. Therefore
the Euler number of D3,γ, γ odd, is −4 + 3 · 1 + 7 · 2 = 13. For even γ only one of the
ten classes is not blown up and the Euler number is −4 + 1 + 9 · 2 = 15. We conclude
that the topology of D3,γ is Bl9F0 and Bl11F0 for γ odd and even, respectively. R1 and
R2 are T 4 and R3 is a K3. The second Chern class is

c2 ·E1,αβγ = −4, c2 ·E2,αβ = −4, c2 ·Ri = 0, c2 ·R3 = 24. (B.22)

B.2.6 The orientifold

All Z4 fixed points feel the orientifold involution zi → −zi.
For the local involution, we chose the simplest possibility. We have to solve (see

(A.6))

(−z1,−z2,−z3, y1, y2) = (λ1 z1, λ1 z2, λ2
1λ2 z3,

1

λ4
1λ

2
2

y1, λ2 y2). (B.23)
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This results in the following two allowed solutions:

y2 = 0, λ1 = λ2 = −1, z3 = 0, λ1 = −1, λ2 = 1.

This corresponds to an O7–plane located on E2 and one on D3.
The linear equivalences change as follows under the orientifold involution:

R1 ∼ 4 D1,α +
∑
β=1,2

4∑
γ=1

E1,αβγ +
∑
β=1,2

E2,α,β,

R2 ∼ 4 D2,β +
∑

α=1,2

4∑
γ=1

E1,αβγ +
∑

α=1,2

E2,α,β,

R3 ∼ D3,γ +
∑

α,β=1,2

E1,αβγ, (B.24)

where α, β = 1, 2, γ = 1, ..., 4. The modified intersection intersection numbers are

R1R2R3 = 4, R3E
2
2,αβ = −4,

E1,αβγE
2
2,αβ = −4, E3

1,α,β,γ = 4, E3
2,α,β = 32. (B.25)

B.3 The Z4 orbifold on SU(2)× SO(5)× SU(4)

B.3.1 Metric, complex structure and moduli

The twist Q has the following action on the root lattice of SU(2)× SO(5)× SU(4):

Q e1 = e2, Q e2 = e3, Q e3 = −e1 − e2 − e3,
Q e4 = e4 + 2 e5, Q e5 = −e4 − e5, Q e6 = −e6 . (B.26)

The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g=


R2

1 R2
1 cos θ23 x −R1R2 cos θ34−R1R2 cos θ35 R1R3 cos θ36

R2
1 cos θ23 R2

1 R2
1 cos θ23 y −y −R1R3 cos θ36

x R2
1 cos θ23 R2

1 R1R2 cos θ34 R1R2 cos θ35 R1R2 cos θ36

−R1R2 cos θ34 y R1R2 cos θ34 2 R2
2 −R2

2 0
−R1R2 cos θ35 −y R1R2 cos θ35 −R2

2 R2
2 0

R1R3 cos θ36 −R1R3 cos θ36 R1R3 cos θ36 0 0 R2
3

 ,

(B.27)
with x = −R2

1(1+2 cos θ23), y = R1R2 (cos θ34 +2 cos θ35). The seven real parameters
R2

1, R2
2, R2

3, θ23, θ34, θ35, θ36. For b we find

b =


0 b1 0 −b2 −b3 b4

−b1 0 b1 b2 + 2 b3 −b2 − b3 −b4

0 −b1 0 b2 b3 b4

b2 −b2 − 2 b3 −b2 0 b5 0
b3 b2 + b3 −b3 −b5 0 0
−b4 b4 −b4 0 0 0

 (B.28)
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with the five real parameters b1, b2, b3, b4, b5. We see that we get 5 untwisted Kähler
moduli and one untwisted complex structure modulus in this orbifold. With (2.15)
and (2.16) we arrive at the following complex structure:

z1 =
1√
2

(x1 + i x2 − x3),

z2 = x4 +

(
1

2
− i

2

)
x5,

z3 =
1

2
√

2 u2

(x1 − x2 + x3 + 2U x6). (B.29)

with

U = − R3

2 R1

sec θ23(cos θ36 + i
√
− cos θ23 − cos θ2

36). (B.30)

The five untwisted real 2–forms that are invariant under this orbifold twist are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3,
ω2 = −dx1 ∧ dx4 + dx2 ∧ dx4 − dx2 ∧ dx5 + dx3 ∧ dx4,
ω3 = −dx1 ∧ dx5 + 2 dx2 ∧ dx4 − dx2 ∧ dx5 + dx3 ∧ dx5,
ω4 = dx1 ∧ dx6 − dx2 ∧ dx6 + dx3 ∧ dx6,
ω5 = dx4 ∧ dx5. (B.31)

Via B + i J = T i ωi the Kähler moduli are:

T 1 = b1 + i 2 R2
1 (1 + cos θ23),

T 2 = b2 − i R1R2 (cos θ34 + 5 cos θ35),

T 3 = b3 + i R1R2 (4 cos θ34 + cos θ35),

T 4 = b4 + i 3 R1R3

√
− cos θ23 − cos θ2

36,

T 5 = b5 + i R2
2. (B.32)

B.3.2 Fixed sets

This being another Z4–twist, we again need to look only at the θ-, and θ2-twisted
sectors.

Table B.3 summarizes the important data of the fixed sets. The invariant subtorus
under θ2 is (x3, 0, x3, 0, 0, x6), corresponding to z3 = invariant.

Group el. Order Fixed Set Conj. Classes

θ 4 16 fixed points 16
θ2 2 8 fixed lines 6

Table B.3: Fixed point set for Z4–orbifold on SU(2)× SO(5)× SU(4).

Figure B.5 shows the configuration of the fixed sets in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of the resulting
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Figure B.5: Schematic picture of the fixed set configuration of Z4 on SU(2)×SO(5)×
SU(4)

cube of length 1 are identified. Since in this case only one SU(4) factor is present in
the lattice, the periodicity change occurs only in one real direction and only the fixed
points with z1 6= 0 are shifted up by 1/4.

B.3.3 The gluing procedure

In this model, there are 16 local Z4–patches which, four of each sit on a Z2–fixed line.
In total, there are six equivalence classes of Z2–fixed lines. Each of the Z4–patches
contributes one exceptional divisor, and so does each of the fixed lines, therefore we
get 16 · 1 + 6 · 1 = 22 exceptional divisors in total.

There are two Z2 fixed lines without fixed points on them, so h
(2,1)
tw = 2.

B.3.4 The intersection ring

From the local linear relations (A.8), we find the following global relations:

R1 ∼ 4 D1,1 +
∑
β=1,2

4∑
γ=1

E1,1,β,2γ−1 + 2
3∑

β=1

E2,1,β,

R1 ∼ 4 D1,2 +
∑
β=1,2

4∑
γ=1

E1,2,β,2γ + 2
3∑

β=1

E2,2,β,

R2 ∼ 4 D2,β +
4∑

γ=1

(E1,1,β,2γ−1 + E1,2,β,2γ) + 2
∑

α=1,2

E2,α,β,
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R2 ∼ 2 D2,3 +
2∑

α=1

E2,α,3,

R3 ∼ 2 D3,2γ−1 +
∑
β=1,2

E1,1,β,2γ−1,

R3 ∼ 2 D3,2γ +
∑
β=1,2

E1,2,β,2γ, (B.33)

where α, β = 1, 2, γ = 1, ..., 4. The polyhedron the Z2 fixed lines is obtained from (B.20)
by dropping v7. We obtain the following nonvanishing intersection numbers of X in
the basis {Ri, Ekαβγ}:

R1R2R3 = 8, R3E
2
2,αβ = −2, E1,αβγE

2
2,αβ = −2,

E3
1,α,β,γ = 8, E3

2,α,β = 8, E2
2,α,3R3 = −4, (B.34)

for α, β = 1, 2 and all γ.

B.3.5 Divisor topologies

The topology of those divisors which were already present in the model in Appendix B.2
does not change except for D3γ. The difference is that for both even and odd γ two
of the ten classes of fixed points of T 4IZ4 are not resolved and the corresponding
singularities are replaced by points. The Euler number therefore is −4+2 ·1+8 ·2 = 14
and the topology of D3,γ is Bl10F0. According to Section ?? the new divisors E2,α,3

are of type E2), hence their topology is P1 × T 2. By a similar argument as for D1,2 in
Section 3.9.1 we find that the topology of D2,3 is also that of a P1 × T 2. Finally, the
second Chern class is

c2 ·E1,αβγ = −4, c2 ·E2,αβ = −4, c2 ·E2,α,3 = 0, c2 ·Ri = 0,

c2 ·R3 = 24. (B.35)

B.4 The Z4 orbifold on SU(2)2 × SO(5)2

B.4.1 Metric, complex structure and moduli

On the root lattice of SU(4)2, the twist Q has the following action:

Q e1 = e1 + 2 e2, Q e2 = −e1 − e2, Q e3 = e3 + 2 e4,
Q e4 = −e3 − e4, Q e5 = −e5, Q e6 = −e6 . (B.36)
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The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g=


2R2

1 −R2
1 2R1R2 cos θ24 x 0 0

−R2
1 R2

1 R1R2 cos θ23 R1R2 cos θ24 0 0
2R1R2 cos θ24 R1R2 cos θ23 2 R2

2 −R2
2 0 0

x R1R2 cos θ24 −R2
2 R2

2 0 0
0 0 0 0 R2

3 R3R4 cos θ56

0 0 0 0 R3R4 cos θ56 R2
4

 ,

(B.37)
with x = −R1R2 (cos θ23 +2 cos θ24). The seven real parameters R2

1, R2
2, R2

3, R2
4, θ23,

θ24, θ56. For b we find

b =


0 b1 2 b4 −b4 − 2 b5 0 0
−b1 0 b4 b5 0 0
−2 b4 −b4 0 b2 0 0

−b4 − 2 b5 −b5 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 (B.38)

with the five real parameters b1, b2, b3, b4, b5. We see that we get 5 untwisted Kähler
moduli and one untwisted complex structure modulus in this orbifold.

With (2.15) and (2.16) we arrive at the following complex coordinates:

z1 = x1 +

(
1

2
− i

2

)
x2,

z2 = x3 +

(
1

2
− i

2

)
x4,

z3 =
1√

2 ImU
(x5 + U x6), (B.39)

with U = R4

R3
eiθ56 . The five untwisted real 2–forms that are invariant under this orbifold

twist are

ω1 = dx1 ∧ dx2, ω2 = dx3 ∧ dx4, ω3 = dx5 ∧ dx6,
ω4 = −dx1 ∧ dx4 + dx2 ∧ dx3,
ω5 = 2 dx1 ∧ dx5 − 2 dx1 ∧ dx4 + dx2 ∧ dx4. (B.40)

Via B + i J = T i ωi the Kähler moduli are:

T 1 = b1 + i R2
1, T 2 = b2 + i R2

2, T 3 = b3 + i R3R4 sin θ56,
T 4 = b4 − i 2 R1R2 cos θ24, T 5 = b5 + i R1R2 (7 cos θ23 + 5 cos θ24). (B.41)

B.4.2 Fixed sets

This being another Z4–twist, we again need to look only at the θ-, and θ2-twisted
sectors.
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Group el. Order Fixed Set Conj. Classes

θ 4 16 fixed points 16
θ2 2 16 fixed lines 10

Table B.4: Fixed point set for Z4–orbifold on SU(4)2 × SO(5)2.

z
3

z
1

z
2

Figure B.6: Schematic picture of the fixed set configuration of Z4 on SU(4)2×SO(5)2

Table B.4 summarizes the important data of the fixed sets. The invariant subtorus
under θ2 is (0, 0, 0, 0, x5, x6), corresponding to z3 = invariant.

Figure B.6 shows the configuration of the fixed sets in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of the resulting
cube of length 1 are identified.

B.4.3 The gluing procedure

In this model, there are 16 local Z4–patches which, four of each sit on a Z2–fixed line.
In total, there are ten equivalence classes of Z2–fixed lines. Each of the Z4–patches
contributes one exceptional divisor, and so does each of the fixed lines, therefore we
get 16 · 1 + 10 · 1 = 26 exceptional divisors in total.

In this lattice, six Z2 fixed lines without fixed points on them appear, therefore
h

(2,1)
tw = 6.

B.4.4 The intersection ring

As we have seen, there are 16 local C3/Z4 patches which sit in groups of four on a
C2/Z2 fixed line. They yield the same exceptional divisors as in Section B.3, however,
according the different labeling of the fixed points here, we denote them by E1,αβγ
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and E2,α,β, α, β = 1, 2, γ = 1, . . . , 4. The remaining 12 C2/Z2 fixed lines fall into six
equivalence classes. The invariant divisors are

E2,1 = Ẽ2,1,1, E2,2 = Ẽ2,1,2, E2,3 = Ẽ2,1,3 + Ẽ2,1,4,

E2,4 = Ẽ2,2,1, E2,5 = Ẽ2,2,2, E2,6 = Ẽ2,2,3 + Ẽ2,2,4,

E2,7 = Ẽ2,3,1 + Ẽ2,4,1, E2,8 = Ẽ2,3,2 + Ẽ2,4,2, E2,9 = Ẽ2,3,3 + Ẽ2,4,4,

E2,10 = Ẽ2,3,4 + Ẽ2,4,3. (B.42)

where Ẽ2,α,β are the representatives on the cover.
From the local linear relations (A.8), we find the following global relations:

R1 = 4 D1,α +
2∑

β=1

4∑
γ=1

E1,αβγ + 2
3∑

µ=1

E2,3α−3+µ, α = 1, 2,

R1 = 2 D1,3 +
10∑

µ=7

E2,µ,

R2 = 4 D2,β +
2∑

α=1

4∑
γ=1

E1,αβγ + 2
∑

µ=0,3,6

E2,µ+β, β = 1, 2,

R2 = 2 D2,3 +
∑

µ=3,6,9,10

E2,µ,

R3 = 2 D3,γ +
2∑

α=1

2∑
β=1

E1,αβγ, γ = 1, . . . , 4, (B.43)

The polyhedron the Z2 fixed lines are is obtained from (B.20) by dropping v7. We
obtain the following nonvanishing intersection numbers:

R1R2R3 = 8, R3E
2
2,µ = −2, E1,αβγE

2
2,µ = −2,

E3
1,α,β,γ = 8, E3

2,µ = 8,

for µ = 1, 2, 4, 5 and

E2
2,µR3 = −4, (B.44)

for µ = 3, 6, . . . , 10 and α, β = 1, 2.

B.4.5 Divisor topologies

The topology of those divisors which were already present in the model in Appendix B.3
does not change except for D3γ. The difference is that all of the ten classes of fixed
points of T 4IZ4 are resolved. The Euler number therefore is −4 + 10 · 2 = 16 and the
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topology of D3,γ is Bl12F0. All the new divisors E2,µ and D3,β have the topology of a
P1 × T 2. Finally, the second Chern class is

c2 ·E1,αβγ = −4, c2 ·Ri = 0, c2 ·R3 = 24, c2 ·E2,µ = −4,

for µ = 1, 2, 4, 5 and

c2 ·E2,µ = 0, (B.45)

for µ = 3, 6, . . . , 10.

B.5 The Z6−I orbifold on G2 × SU(3)2

B.5.1 Metric, complex structure and moduli

On the root lattice of G2 × SU(3)2, we act with the generalized Coxeter twist Q =
S1S2S3S4P36P45, as explained in Section 3. It has the following action:

Q e1 = 2 e1 + 3 e2, Q e2 = −e1 − e2 ,
Q e3 = e6, Q e4 = e5 ,
Q e5 = −e3 − e4, Q e6 = e4. (B.46)

As before, the twist Q allows for five independent real deformations of the metric g
and five real deformations of the anti–symmetric tensor b:

g =


R2

1 −1
2
R2

1 x −x −x x
−1

2
R2

1
1
3
R2

1 −y x y z
x −y R2

5 −1
2
R2

5 −2 R2
5 cos θ46 R2

5 cos θ46

−x x −1
2
R2

5 R2
5 R2

5 cos θ46 R2
5 cos θ46

−x y −2 R2
5 cos θ46 R2

5 cos θ46 R2
5 −1

2
R2

5

x z R2
5 cos θ46 R2

5 cos θ46 −1
2
R2

5 R2
5

 , (B.47)

with x = 1√
3
(R1R5(cos θ25 + cos θ26), y = 1√

3
R1R5 cos θ25, z = 1√

3
R1R5 cos θ26 and the

five real parameters R2
1, R2

5, θ25, θ26 and θ46. For b we find

b =


0 b1 2 b2 + b3 −b2 − 2 b3 −2 b2 − b3 b2 − b3

−b1 0 −b2 b2 + b3 b2 b3

−2 b2 − b3 b2 0 −b5 0 b4

b2 + 2 b3 −b2 − b3 b5 0 b4 −b4

2 b2 + b3 −b2 0 −b4 0 b5

−b2 + b3 −b2 −b4 b4 −b5 0

 (B.48)

with the five real parameters b1, b2, b3, b4, b5. a, b, c, d and e are constants left
unfixed by the twist. We choose them such that we get

z1 = 3−1/4 (x1 + 1
3
e5πi/6 x2),
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z2 = 1√
2
(x3 + e2πi/3 x4 − x5 + e2πi/6 x6),

z3 = 1√
2
(x3 − e2πi/6 x4 + x5 + e2πi/3 x6). (B.49)

The five real untwisted 2–forms that are invariant under this orbifold twist are

ω1 = dx1 ∧ dx2,
ω2 = 2 dx1 ∧ dx3 − dx1 ∧ dx4 − 2 dx1 ∧ dx5 + dx1 ∧ dx6 − dx2 ∧ dx3

+dx2 ∧ dx4 + dx2 ∧ dx5,
ω3 = dx1 ∧ dx3 − 2 dx1 ∧ dx4 − dx1 ∧ dx5 − dx1 ∧ dx6 + dx2 ∧ dx4 + dx2 ∧ dx6,
ω4 = dx3 ∧ dx6 + dx4 ∧ dx5 − dx4 ∧ dx6,
ω5 = dx5 ∧ dx6. (B.50)

The B–field (B.48) has the simple form B = b1 ω1 + b2 ω2 + b3 ω3 + b4 ω4 + b5 ω5.
Examination of the Kähler form yields

T 1 = b1 + i 1
2
√

3
R2

1, T 2 = b2 + i 1
3
R1R5 (cos θ25 + 20 cos θ26),

T 3 = b3 − i R1R5 (4 cos θ25 − cos θ26),

T 4 = b4 + i 3
√

3
2

R2
5, T 5 = b5 − i

√
3 R2

5. (B.51)

B.5.2 Fixed sets

In order to find the fixed point sets, we need to look at the θ–, θ2– and θ3–twists. θ4

and θ5 yield no new information, since they are simply the anti–twists of θ2 and, θ. The
action of the twist θ on the lattice G2×SU(3)2 was given in (A.12). Figure B.7 shows

Figure B.7: Fundamental regions for the Z6−I–orbifold

the fundamental regions of the three tori corresponding to z1, z2, z3 and their fixed
points in the different sectors. The Z6−I–twist has only one fixed point in each torus,
namely z1

fixed,1 = z2
fixed,1 = z3

fixed,1 = 0. The Z3–twist has three fixed points, namely

z1
fixed,α = z2

fixed,β = 0, 1/3, 2/3 for α, β = 1, 3, 5 and z3
fixed,γ = 0, 1/

√
3 eπi/6, 1 + i/

√
3 for

γ = 1, 2, 3. The Z2–twist, which arises in the θ3-twisted sector, has four fixed points,
corresponding to z1

fixed,α = 0, 1
2
, 1

2
τ, 1

2
(1 + τ), α = 1, 2, 4, 6 for the respective modular

parameter τ .
The equivalence classes of fixed point set are described as follows: We first look at

the z1 and z2–directions. The two Z3–fixed points at 1/3 and 2/3 are mapped to each
other by θ and form orbits of length two. We choose to represent this orbit by zi

fixed,2,



168 B Calabi–Yau manifolds from resolved orbifolds

i = 1, 2. The three Z3 fixed points in the z3–direction each form a separate conjugacy
class. Therefore, we obtain the 15 conjugacy classes of Z3–fixed points, 5 in each plane
z3 = z3

fixed,γ, γ = 1, 2, 3:

µ = 1 : (0, 0, z3
fixed,γ)

µ = 2 : (0, 1
3
, z3

fixed,γ), (0, 2
3
, z3

fixed,γ) µ = 3 : (1
3
, 0, z3

fixed,γ), (2
3
, 0, z3

fixed,γ)

µ = 4 : (1
3
, 1

3
, z3

fixed,γ), (2
3
, 2

3
, z3

fixed,γ) µ = 5 : (1
3
, 2

3
, z3

fixed,γ), (2
3
, 1

3
, z3

fixed,γ). (B.52)

The Z2–fixed points in the z1–direction form the two orbits under θ2, namely 0, and
1
2
→ 1

2
(1 + τ) → 1

2
τ . The corresponding two conjugacy classes will be represented

by zi
fixed,3, i = 1, 2. Table B.5 summarizes the relevant data of the fixed sets. The

Group el. Order Fixed Set Conj. Classes

θ 6 3 fixed points 3
θ2 3 27 fixed points 15
θ3 2 4 fixed lines 2

Table B.5: Fixed point sets for Z6−I on G2 × SU(3)2.

invariant subtorus under θ3 is (0, 0, x5−x6,−x6, x5, x6), corresponding to the complex
z3–coordinate being invariant. Figure B.8 shows the configuration of the fixed point

Figure B.8: Schematic picture of the fixed point set of the Z6−I–orbifold on G2×SU(3)2

set in a schematic way, where each complex coordinate is shown as a coordinate axis
and the opposite faces of the resulting cube of length 1 are identified.
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B.5.3 The gluing procedure

From Table 2.6 and Figure 2.2, we see that there are three fixed points with a Z6−I

singularity. Resolving this singularity amounts to replacing the C3/Z6−I patch by XeΣ
in (3.16). By Figure 3.2, each resolution contributes two exceptional divisors E1,γ, and
E2,1,γ, γ = 1, 2, 3, from the interior of the diagram and one exceptional divisor from
the boundary of the diagram, respectively The latter will be considered in the next
paragraph.

Returning to Table 2.6 and Figure 2.2, we have furthermore 15 conjugacy classes
of Z3 fixed points. Blowing them up replaces each of them locally by XeΣ in (A.67)
and contributes one exceptional divisor as can be seen from Figure A.1. Since three
of these fixed points sit at the location of the Z6−I fixed points which we have already
taken into account (E2,1,γ), we only count 12 of them, and denote the resulting divisors
by E2,µ,γ, µ = 2, . . . , 5, γ = 1, 2, 3. The invariant divisors are built according to the
conjugacy classes in (B.52)

E2,2,γ = Ẽ2,1,2,γ + Ẽ2,1,3,γ, E2,3,γ = Ẽ2,3,1,γ + Ẽ2,5,1,γ,

E2,4,γ = Ẽ2,3,2,γ + Ẽ2,5,3,γ, E2,5,γ = Ẽ2,3,3,γ + Ẽ2,5,2,γ. (B.53)

where Ẽ2,α,β,γ are the representatives on the cover.
Then, we finally have 2 conjugacy classes of fixed lines of the form C2/Z2. We

see that after the resolution, each class contributes one exceptional divisor E3,α, α =
1, 2. On the fixed line at z1

fixed,1 = z2
fixed,1 = 0 sit the three Z6−I fixed points. The

divisor coming from the blow–up of this fixed line, E3,1, is identified with the three
exceptional divisors corresponding to the points on the boundary of the toric diagram
of the resolution of C3/Z6−I that we mentioned above. The other exceptional divisor

is the invariant combination E3,2 =
∑

α=2,4,6 Ẽ3,α, where Ẽ3,α are the representatives
on the cover. Consequently, E3,1 could have a different topology than E3,2.

This results in 3 · 2 + 12 · 1 + 2 · 1 = 20 exceptional divisors. There is one Z2 fixed
line without fixed points on it, therefore, by (3.55), h

(2,1)
tw = 1.

B.5.4 The intersection ring

Furthermore, we have fixed planes D̃1,α = {z1 = z1
fixed,α}, α = 1, . . . , 6, D̃2,β = {z2 =

z2
fixed,β}, β = 1, 2, 3, and D̃3,γ = {z3 = z3

fixed,γ}, γ = 1, 2, 3 on the cover. From these we
define the invariant combinations

D1,1 = D̃1,1, D1,2 = D̃1,2 + D̃1,4 + D̃1,6, D1,3 = D̃1,3 + D̃1,5,

D2,1 = D̃2,1, D2,2 = D̃2,2 + D̃2,3, D3,γ = D̃3,γ.

Next, we need the global linear relations (3.25) in order to determine the intersection
ring. The relation for D1,1 is obtained from (3.19) :

R1 = 6 D1,1 +
3∑

γ=1

E1,γ + 2
2∑

µ=1

3∑
γ=1

E2,µ,γ + 3 E3,1. (B.54)
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The divisor D1,2 only contains a single equivalence class of Z2 fixed line. From the
local relations (A.97), we find the local relation to R1 as in (3.27) (here, we already
changed the labels of the divisors to match the labels of the Z6−II–patch):

R1 = 2D1,2 + E3,2. (B.55)

Next, we look at the divisor D1,3, which only contains Z3 fixed points. The local linear
equivalences (A.4) and (3.27) lead to

R1 = 3 D1,3 +
5∑

µ=3

3∑
γ=1

E2,µ,γ (B.56)

The linear relations for D2,β are the same as those for D1,α except that the one coming
from the Z2 fixed line is absent:

R2 = 6 D2,1 +
3∑

γ=1

E1,γ + 2
∑
µ=1,3

3∑
γ=1

E2,µ,γ + 3
2∑

α=1

E3,α,

R2 = 3 D2,2 +
∑

µ=2,4,5

3∑
γ=1

E2,µ,γ. (B.57)

Finally, the relations for D3,γ are again obtained from (3.19):

R3 = 3 D3,γ + 2 E1,γ +
5∑

µ=1

E2,µ,γ γ = 1, . . . , 3. (B.58)

Now, we are ready to compute the intersection ring. The polyhedra are those given in
Section 3.8.1.

Solving the overdetermined system of linear equations then yields the intersection
ring of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 18, R3E
2
3,1 = −2, R3E

2
3,2 = −6, E3

1,γ = 8,

E2
1,γE2,1,γ = 2, E1,γE

2
2,1,γ = −4, E3

2,1γ = 8, E3
2,µ,γ = 9,

E2,1,γE
2
3,1 = −2, E3

3,1 = 8, (B.59)

for µ = 2, . . . , 5, γ = 1, 2, 3. Here we have given only the nonvanishing intersection
numbers and those involving the Diα can be obtained using the linear relations (B.54)
to (B.58).

B.5.5 Divisor topologies

The divisor topologies are essentially the same as those of Z6−I on G2
2 × SU(3), see

Section 3.9.1.
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B.6 The Z6−I orbifold on G2
2 × SU(3)

B.6.1 Metric, complex structure and moduli

See Sections 2.3.1, 2.6.1, and 2.7.1.

B.6.2 Fixed sets

See Section 2.9.

B.6.3 The gluing procedure

See Section 3.6.1.

B.6.4 The intersection ring

See Sections 3.7.1 and 3.8.1.

B.6.5 Divisor topologies

See Section 3.9.1

B.7 The Z6−II–orbifold on SU(2)× SU(6)

B.7.1 Metric, complex structure and moduli

On the root lattice of SU(6) × SU(2), the twist Q acts on the six roots ei in the
following way:

Q ei = ei+1, i = 1, . . . 4,
Q e5 = −e1 − e2 − e3 − e4 − e5,
Q e6 = −e6. (B.60)

The twist Q allows for five independent real deformations of the metric g and three
real deformations of the anti–symmetric tensor b. As before, these results follow from
solving the equations Qtg Q = g and Qtb Q = b which leads to:

g =


R2

1 R2
1 cos θ45 R2

1 cos θ35 x R2
1 cos θ35 R1R6 cos θ56

R2
1 cos θ45 R2

1 R2
1 cos θ45 R2

1 cos θ35 x −R1R6 cos θ56

R2
1 cos θ35 R2

1 cos θ45 R2
1 R2

1 cos θ45 R2
1 cos θ35 R1R6 cos θ56

x R2
1 cos θ35 R2

1 cos θ45 R2
1 R2

1 cos θ45 −R1R6 cos θ56

R2
1 cos θ35 x R2

1 cos θ35 R2
1 cos θ45 R2

1 R1R6 cos θ56

R1R6 cos θ56 −R1R6 cos θ56 R1R6 cos θ56 −R1R6 cos θ56 R1R6 cos θ56 R2
6

 ,

(B.61)
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x = −R2
1 (1+2 cos θ35+2 cos θ45), with the arbitrary real parameters R2

1, R
2
6, θ35, θ45, θ56

and

b =


0 b1 b2 0 −b2 b3

−b1 0 b1 b2 0 −b3

−b2 −b1 0 b1 b2 b3

0 −b2 −b1 0 b1 −b3

b2 0 −b2 −b1 0 b3

−b3 b3 −b3 b3 −b3 0

 (B.62)

with the arbitrary real parameters b1, b2, b3. The complex coordinates are

z1 = 1√
3
(x1 + e2πi/6x2 + e2πi/3 x3 − x4 + e2πi/3 x5),

z2 = 1
2
√

2
(x1 + e2πi/3x2 + e−2πi/3 x3 + x4 + e2πi/3 x5),

z3 = 1√
ImU3

[
1
3
(x1 − x2 + x3 − x4 + x5) + U3 x6

]
, (B.63)

with the complex structure modulus U3:

U3 =
R6

R1

cos θ56 + i 1√
3

√
1 + 2 cos θ35 − 3 cos θ2

56

1 + 2 cos θ35

. (B.64)

The three invariant 2-forms of the real cohomology are in this case

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx3 ∧ dx4 + dx4 ∧ dx5,
ω2 = dx1 ∧ dx3 − dx1 ∧ dx5 + dx2 ∧ dx4 + dx3 ∧ dx5,
ω3 = dx1 ∧ dx6 − dx2 ∧ dx6 + dx3 ∧ dx6 − dx4 ∧ dx6 + dx5 ∧ dx6. (B.65)

The three Kähler moduli T i are

T 1 = b1 − i 4√
3
R2

1 (−1 + cos θ35) ,

T 2 = b2 + i 4√
3
R2

1 (1 + 2 cos θ35 + 3 cos θ45),

T 3 = b3 + i 5√
6
R1R6

√
−1 + 4 cos θ45 − 3 cos 2 θ56. (B.66)

B.7.2 Fixed sets

This being another Z6–twist, we need to look again only at the θ-, θ2- and θ3-twisted
sectors.

Table B.6 summarizes the important data of the fixed sets. The invariant subtorus
under θ2 is (x5, 0, x5, 0, x5, x6), corresponding to z3 = invariant, the invariant subtorus
under θ3 is (x4, x5, 0, x4, x5, 0), corresponding to z2 = invariant.

Figure B.9 shows the configuration of the fixed sets in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of the resulting
cube of length 1 are identified.
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Group el. Order Fixed Set Conj. Classes

θ 6 12 fixed points 12
θ2 3 3 fixed lines 3
θ3 2 4 fixed lines 4

Table B.6: Fixed point set for Z6−II–orbifold on SU(2)× SU(6).

Figure B.9: Schematic picture of the fixed set configuration of Z6−II on SU(2)×SU(6)

B.7.3 The gluing procedure

In this model, there are 12 local Z6−II–patches which each sit at the intersection of two
fixed lines, 3 fixed lines originating from Z3 and 4 fixed lines under the Z2–element.
For the labeling of the exceptional divisors, we need Figure A.3. For each of the
12 patches, we get one compact divisor E1, we label them E1,αβγ, with α = 1, β =
1, 2, 3, γ = 1, ..., 4. The divisor E3 is identified with the exceptional divisor on the
C2/Z2–patch, therefore there are four of them: E3,αγ. Of the divisors E2, E4, we get
three each: E2,αβ, E4,αβ. They are identified with the two exceptional divisors of the
C2/Z3–patch. Since in this lattice α = 1, we suppress the label α in the following. In
total, there are 12 · 1 + 3 · 2 + 4 · 1 = 22 exceptional divisors. There are 8 fixed planes
with their associated divisors: D1, D2,β, β = 1, 2, 3, D3,γ, γ = 1, ..., 4. The inherited
divisors are Ri = {(zi)6 = c6}, i = 1, 2, 3.

On this lattice, there are no fixed lines without fixed points on them, so h
(2,1)
tw = 0.

B.7.4 The intersection ring

The intersection ring is discussed together with the intersection ring of the orientifold
in Section 4.4.1.
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B.7.5 The orientifold

See examples in Chapter 4.

B.7.6 Divisor topologies

See Sections 3.5.2 and 3.9.2.

B.8 The Z6−II orbifold on SU(3)× SO(8)

B.8.1 Metric, complex structure and moduli

On the root lattice of SU(3) × SO(8), the twist Q acts on the six roots ei in the
following way:

Q e1 = e2, Q e2 = e1 + e2 + e3 + e4,
Q e3 = −e1 − e2 − e3, Q e4 = −e1 − e2 − e4,
Q e5 = e6, Q e6 = −e5 − e6 . (B.67)

The twist Q allows for five independent real deformations of the metric g and three
real deformations of the anti–symmetric tensor b:

g =


x y R2

1 cos θ13 R2
3 + R2

1(−1 + cos θ13) 0 0
y x z z 0 0

R2
1 cos θ13 z R2

1 R1R3 cos θ34 0 0
R2

3 + R2
1(−1 + cos θ13) z R1R3 cos θ34 R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5 R2
5

 ,

(B.68)
with x = R2

1 cos θ13 + R3(R3 + R1 cos θ34), y = −1
2
(R2

1 − 2R2
3 − R1(3R1 cos θ13 +

R3 cos θ34)), z = −1
2
R1(R1 + R1 cos θ13 + R3 cos θ34) and the arbitrary real parameters

R2
1, R2

3 R2
5, θ13, θ34 and

b =


0 b1 + b2 −b2 b2 0 0

−b1 − b2 0 b1 + 2 b2 b1 0 0
b2 −b1 − 2 b2 0 b2 0 0
−b2 −b1 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 . (B.69)

This leads to the complex structure

z1 = x1 + e2πi/6 x2 − x3 − x4, z2 = x5 + e2πi/3 x6,

z3 =
1√

ImU3
(x1 − x2 + x3 + U3 (x1 − x2 + x4)), (B.70)
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with

U3 = −2 +
1

R1 (2 + cos θ13 −R3 cos θ34)

[
3 R1 (1 + cos θ13)− i

√
3 (R1)

−1/2×

×( 2 R1R
2
3 −R3

1 + R1 cos θ13 (R2
1 + R2

3 − 2R2R3 cos θ34)

−R3 cos θ34(R
2
3 −R2

1 + R1R3 cos θ34))
1/2
]
. (B.71)

The invariant 2–forms of the real cohomology are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx2 ∧ dx4,
ω2 = dx1 ∧ dx2 − dx1 ∧ dx3 + dx1 ∧ dx4 + 2 dx2 ∧ dx3 + dx3 ∧ dx4,
ω3 = dx5 ∧ dx6. (B.72)

With the invariant 2–forms above, we find the following Kähler moduli:

T 1 =
√

3
2

R1 (R1 (1− cos θ13) + R3 cos θ34)),

T 2 = 1
2
√

3
(−3 R2

1 (−1 + cos θ13) + 3 R1R3 cos θ34 + 10
√

R1×
×(2 R1R

2
3 −R3

1 + R1 cos θ13 (R2
1 + R2

3 − 2R2R3 cos θ34)
−R3 cos θ34(R

2
3 −R2

1 + R1R3 cos θ34))
1/2,

T 3 =
√

3
2

R2
5. (B.73)

B.8.2 Fixed sets

Here, the analysis of the fixed point set is very similar to the previous example and we
will only point out the differences. As for the fixed point set, the only change occurs in
the z1- direction. Apart from z1

fixed,1 = 0, we now have z1
fixed,2 = 1

2
( 1√

3
eπi/6), z1

fixed,4 =
1
2
, z1

fixed,6 = 1
2
(1 + 1√

3
eπi/6), at which we have further Z2 fixed lines in the z2 direction.

In addition, the order three element maps these points as 1
2
( 1√

3
eπi/6) → 1/2 → 1

2
(1 +

1√
3
eπi/6) → 1

2
( 1√

3
eπi/6). The resulting conjugacy classes are

α = 1 :

γ = 1 : (0, z2, 0) γ = 2 : (0, z2, 1
2
) γ = 3 : (0, z2, 1

2
U3) γ = 4 : (0, z2, 1

2
(1 + U3))

α = 2 :

γ = 1 : (1
2
, z2, 0), ( 1

2
√

3
eπi/6, z2, 0), (1

2
(1 + 1√

3
eπi/6), z2, 0)

γ = 2 : (1
2
, z2, 1

2
), ( 1

2
√

3
eπi/6, z2, 1

2
), (1

2
(1 + 1√

3
eπi/6), z2, 1

2
)

γ = 3 : (1
2
, z2, 1

2
U3), ( 1

2
√

3
eπi/6, z2, 1

2
U3), (1

2
(1 + 1√

3
eπi/6), z2, 1

2
U3)

γ = 4 : (1
2
, z2, 1

2
(1 + U3)), ( 1

2
√

3
eπi/6, z2, 1

2
(1 + U3)), (1

2
(1 + 1√

3
eπi/6), z2, 1

2
(1 + U3)).

(B.74)

Table B.7 summarizes the relevant data of the fixed point set. The invariant subtori
under θ2 and θ3 are (x3 + x4, 0, x3, x4, 0, 0) and (0, 0, 0, 0, x5, x6), respectively. Figure
B.10 shows the configuration of the fixed point set in a schematic way.
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Group el. Order Fixed Set Conj. Classes

θ 6 12 fixed points 12
θ2 3 3 fixed lines 3
θ3 2 16 fixed lines 8

Table B.7: Fixed point set for Z6−II orbifold on SU(3)× SO(8)

Figure B.10: Schematic picture of the fixed set configuration of Z6−II on SU(3)×SO(8)

B.8.3 The gluing procedure

On this lattice, there are four Z2 fixed lines without fixed points on them, therefore
h

(2,1)
tw = 4. Here we have again 12 C3/Z6−II patches which each sit at the inter-

section of two fixed lines, and in addition 3 fixed lines originating from the order
3 element as well as 8 classes of fixed lines from the order two element. The fixed
points yield the same exceptional divisors E1,βγ, E2,β, E3,αγ, E4,β, α = 1, β = 1, 2, 3,
γ = 1, . . . , 4, as in Appendix B.7. Moreover, there are four exceptional divisors
E3,2γ coming from the additional C2/Z2 fixed lines. These are the invariant com-

binations E3,2γ =
∑

α=2,4,6 Ẽ3,αγ, where Ẽ3,αγ are the representatives on the cover.
This gives a total of 12 · 1 + 3 · 2 + 8 · 1 = 26 exceptional divisors. On this lattice
there are four classes of C2/Z2 fixed lines without fixed points on them, therefore
by (3.55) we have h2,1

twist. = 4. We have 9 fixed planes with their associated divisors:
D1α, α = 1, 2, D2β, β = 1, 2, 3, D3γ, γ = 1, ..., 4. Here, D1,2 is the invariant combina-

tion D1,2 =
∑

α=2,4,6 D̃1α of the representatives D̃1α on the cover.
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B.8.4 The intersection ring

The global linear relations are the same as those in (4.14) except for a new relation
involving R1 and D1,2, as well as an additional term involving E3,2,γ in the relations
for R3:

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑
γ=1

E1,βγ + 2
3∑

β=1

(2 E2,β + 4 E4,β) ,

R1 = 2 D1,2 +
4∑

γ=1

E3,2,γ,

R2 = 3 D2,β +
4∑

γ=1

E1,βγ + 2 E2,β + E4,β, β = 1, 2, 3,

R3 = 2 D3,γ +
3∑

β=1

E1,βγ +
2∑

α=1

E3,αγ, γ = 1, . . . , 4. (B.75)

We obtain the following nonvanishing intersection numbers of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 6, R2E
2
3,1,γ = −2, R2E

2
3,2,γ = −6, R3E

2
2,β = −2,

R3E4,β = −2, R3E2,βE4,β = 1, E3
1,βγ = 6, E3

2,β = 8,

E3
3,1,γ = 8, E3

4,β = 8, E1,βγE
2
2β = −2, E1,βγE

2
3,1,γ = −2,

E1,βγE
2
4,β = −2, E1,βγE2,βE4,β = 1, E2

2,βE4,β = −2, (B.76)

B.8.5 Divisor topologies

For the topology of the divisors there are only a few changes with respect to the lattice
SU(2) × SU(6). First of all, the topology of the divisors E1,βγ, E2,β, E4,β, D2,β, and
D3,γ are the same as in Table 3.4. The divisors E3,1,γ and D1,1 have the same topology
as E3,γ and D1, respectively, in that table. The topology of the new divisors E3,2γ and
D1,2 are as follows: The divisors are of type E2) with 3 representatives, hence their
topology is that of P1×T 2. The topology of each representative of D1,2 minus the fixed
point set, viewed as a T 4 orbifold, is that of a T 2×(T 2/Z2\{4 pts}). They are permuted
under the residual Z3 action and the 12 points fall into 3 orbits of length 1 and 3 orbits
of length 3. Hence, the topology of the class is still that of a T 2 × (T 2/Z2 \ {4 pts}).
After the blow–up it is therefore a P1 × T 2. For both, E3,2γ and D1,2, the topology is
obviously independent of the choice of resolution of C3/Z6−II . For completeness, we
display the second Chern classes in the basis {Ri, Ekαβγ} (for triangulation a)):

c2 ·E1βγ = 0, c2 ·E2β = −4, c2 ·E3,1γ = −4, c2 ·E3,2γ = 0,

c2 ·E4β = −4, c2 ·R1 = 0, c2 ·Ri = 24. (B.77)
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B.9 The Z6−II orbifold on SU(2)2 × SU(3)2

B.9.1 Metric, complex structure and moduli

This time, we associate e1 and e2 with Z2. The generalized Coxeter element Q =
S1S2S3P36P45 contains transpositions of the roots of the SU(3)–factors. Using (2.3)
and the Cartan matrix of SU(3), we find the following for the total twist:

Qe1 = −e1, Q e2 = −e2,
Q e3 = −e5, Q e4 = −e5 + e6,
Q e5 = e4, Q e6 = e3. (B.78)

From Qtg Q = g we find the following g:

g =


R2

1 R1R2 cos θ12 0 0 0 0
R1R2 cos θ12 R2

3 0 0 0 0
0 0 R2

2 −1
2
R2

3 −2 R2
3 cos θ46 R2

3 cos θ46

0 0 −1
2
R2

3 R2
3 R2

3 cos θ46 R2
3 cos θ46

0 0 −2 R2
3 cos θ46 R2

3 cos θ46 R2
3 −1

2
R2

3

0 0 R2
3 cos θ46 R2

3 cos θ46 −1
2
R2

3 R2
3

 ,

(B.79)
R1, R2, R3, θ12 and θ46 being its five real deformation parameters. For the antisym-
metric tensor b, we get

b =


0 b1 0 0 0
−b1 0 0 0 0 0
0 0 0 −b3 0 b2

0 0 b3 0 b2 −b2

0 0 0 −b2 0 b3

0 0 −b2 b2 −b3 0

 , (B.80)

with the three real parameters b1, b2, b3. This leads to the complex coordinates

z1 = 1√
3
(x3 + e2πi/3 x4 − x5 + e2πi/6 x6),

z2 = 1
2
(x3 − e2πi/6 x4 + x5 + e2πi/3 x6),

z3 = 1√
2 ImU3

( x1 + U3 x2 ), (B.81)

with U3 = R2/R1 eiθ12 . The invariant real 2–forms are

ω1 = dx1 ∧ dx2, ω2 = dx3 ∧ dx6 + dx4 ∧ dx5 − dx4 ∧ dx6,
ω3 = −dx3 ∧ dx4 + dx5 ∧ dx6. (B.82)

Via B + i J = T i ωi, we find

T 1 = b1 + R1R2 sin θ12, T 2 = b2 + i 3
√

3
2

R2
3, T 3 = b3 − i 2

√
3 R2

3 cos θ46. (B.83)
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B.9.2 Fixed sets

Here, the analysis of the fixed point set is very similar to the example in Appendix B.8
and we will only point out the differences. The only change is that instead of C2/Z2

fixed lines in the z2 direction, we now have C2/Z3 fixed lines in the z3 direction which
lie, apart from z1

fixed,1 = 0, at z1
fixed,3 = 1/3 and z1

fixed,5 = 2/3. In addition, the order two
element maps the latter two points into each other. The resulting conjugacy classes
are

µ = 1 : (0, 0, z3) µ = 2 : (0, 1√
3
eπi/6, z3)

µ = 3 : (0, 1 + i√
3
, z3) µ = 4 : (1

3
, 0, z3), (2

3
, 0, z3)

µ = 5 : (
1

3
, 1√

3
eπi/6, z3), (2

3
, 1√

3
eπi/6, z3) µ = 6 : (1

3
, 1 + i√

3
, z3), (2

3
, 1 + i√

3
, z3).

(B.84)

Table B.9 summarizes the important data of the fixed sets. The invariant subtori under
θ2 and θ3 are (x1, x2, 0, 0, 0, 0) and (0, 0, x5− x6,−x6, x5, x6), respectively. Figure B.11

Group el. Order Fixed Set Conj. Classes

θ 6 12 fixed points 12
θ2 3 9 fixed lines 6
θ3 2 4 fixed lines 4

Table B.8: Fixed point set for Z6−II on SU(2)2 × SU(3)2.

shows the configuration of the fixed sets in a schematic way.

B.9.3 The gluing procedure

The fixed point set yields the same exceptional divisors E1,βγ, E2,αβ, E3,γ, E4,αβ, α = 1,
β = 1, 2, 3, γ = 1, . . . , 4, as in Appendix B.7. Moreover, there are three pairs of
exceptional divisors E2,3β, E4,3β coming from the additional C2/Z3 fixed lines. These

are the invariant combinations Ei,3β =
∑

α=3,5 Ẽi,αγβ, i = 2, 4, where Ẽi,αβ are the
representatives on the cover. This gives a total of 12 · 1 + 6 · 2 + 4 · 1 = 28 exceptional
divisors. On this lattice there are three classes of C2/Z3 fixed lines without fixed points
on them, therefore by (3.55) we have h2,1

twist. = 6. We have 9 fixed planes with their
associated divisors: D1α, α = 1, 3, D2β, β = 1, 2, 3, D3γ, γ = 1, ..., 4. Here, D1,3 is the

invariant combination D1,3 =
∑

α=3,5 D̃1α of the representatives D̃1α on the cover.

B.9.4 The intersection ring

The global linear relations are the same as those in (4.14) except for a new relation
involving R1 and D1,3, as well as additional terms involving Ei,3β, i = 2, 4 in the
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z3

z1

z2

Figure B.11: Schematic picture of the fixed set configuration of Z6−II on SU(2)2 ×
SU(3)2

relations for R2:

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑
γ=1

E1,βγ +
3∑

β=1

(2 E2,1,β + 4 E4,1,β) ,

R1 = 3 D1,3 +
3∑

β=1

(E2,3,β + 2 E4,3,β) ,

R2 = 3 D2,β +
4∑

γ=1

E1,βγ +
∑

α=1,3

(2 E2,αβ + E4,αβ) , β = 1, 2, 3

R3 = 2 D3,γ +
3∑

β=1

E1,βγ + E3,1,γ, γ = 1, . . . , 4. (B.85)

For the nonvanishing intersection numbers of X in the basis {Ri, Ekαβγ} we find:

R1R2R3 = 6, R2E
2
3,1,γ = −2, R3E

2
2,1,β = −2, R3E

2
2,3,β = −4,

R3E4,1,β = −2, R3E4,3,β = −4, R3E2,1,βE4,1,β = 1, R3E2,3,βE4,3,β = 2,

E3
1,βγ = 6, E3

2,1,β = 8, E3
3,1,γ = 8, E3

4,1,β = 8,

E1,βγE
2
2,1,β = −1, E1,βγE

2
3,1,γ = −1, E1,βγE

2
4,1,β = −1, E1,βγE2,1,βE4,1,β = 1,

E2
2,1,βE4,1,β = −2, (B.86)

B.9.5 Divisor topologies

The topology of the divisors E1,βγ, E3,1,γ, D2,β, and D3,γ are the same as in Table 3.4.
The divisors E2,1,β, E4,1,β, and D1,1 have the same topology as E2,β, E4,β, and D1,
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respectively, in that table. The topology of the new divisors E2,3,β, E4,3,β, and D1,3 are
P1 × T 2 and Bl8Fn, respectively, independent of the choice of resolution of C3/Z6−II .
For completeness, we display the second Chern classes in the basis {Ri, Ekαβγ} (for
triangulation a)):

c2 ·E1βγ = 0, c2 ·E2,1β = −4, c2 ·E2,3β = 0, c2 ·E3,γ = −4,

c2 ·E4,1β = −4, c2 ·E4,3β = 0, c2 ·R1 = 0, c2 ·Ri = 24. (B.87)

B.10 The Z6−II orbifold on SU(2)2 × SU(3)×G2

B.10.1 Metric, complex structure and moduli

The twist Q acts on the six roots ei in the following way:

Qe1 = 2 e1 + 3 e2, Q e2 = −e1 − e2,
Q e3 = e4, Q e4 = −e3 − e4,
Q ei = −ei, i = 5, 6. (B.88)

Now we solve for the metric and antisymmetric tensor, using Qtg Q = g and Qtb Q = b:

g =


R2

1 −1/2R2
1 0 0 0 0

−1/2R2
1 1/3R2

1 0 0 0 0
0 0 R2

3 −1/2R3
3 0 0

0 0 −1/2R2
3 R2

3 0 0
0 0 0 0 R2

5 R5R6 cos θ56

0 0 0 0 R5R6 cos θ56 R2
6

 .

(B.89)
As can be seen, R1, R3, R5, R6 and θ56 are (real) free parameters. The Z2–twists leave
their part of the metric completely undetermined. For the antisymmetric tensor b, we
get

b =


0 b1 0 0 0
−b1 0 0 0 0 0
0 0 0 b2 0 0
0 0 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 , (B.90)

with the three real parameters b1, b2, b3. Three of the free parameters of g can be
combined with the three free parameters of b into three complex Kähler moduli, the
remaining two free parameters of g form one complex structure modulus.

Using the ansatz (2.15) we find the following complex coordinates:

z1 = x1 + 1√
3
e5πi/6x2,

z2 = x3 + e2πi/3x4,

z3 = 1√
2 ImU3

( x5 + U3x6), with U3 =
R6

R5

eiθ56 (B.91)
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the complex structure modulus. The invariant 2-forms are in this simple case ω1 =
dx1 ∧ dx2, ω2 = dx3 ∧ dx4 and ω3 = dx5 ∧ dx6. Via B + i J = T i ωi, we find the three
Kähler moduli to take the following form:

T 1 = b1 + i 1
2
√

3
R2

1,

T 2 = b2 + i
√

3
2

R2
3,

T 3 = b3 + i R5R6 sin θ56. (B.92)

B.10.2 Fixed sets

Here, the analysis of the fixed point set is a combination of those in the Appendices B.8
and B.9. The main difference to the lattices in the Appendices B.7 to B.9 is that the
torus now factorizes into (T 2)3. Figure B.12 shows the fundamental regions of the
three tori corresponding to z1, z2, z3 and their fixed points. For z1, we have 0 as the

Figure B.12: Fundamental regions for the Z6−II orbifold on SU(2)2 × SU(3)×G2

fixed point of the Z6–twist, 0, 1/3, 2/3 as the fixed points of the Z3–twist arising in
the second twisted sector and the four fixed points of the Z2–twist arising in the third
twisted sector. For z2 we get the usual three fixed points of the Z3–twist, namely
0, 1/

√
3 eπi/6 and 1+ i/

√
3, and for z3 we find the four fixed points 0, 1

2
, 1

2
U3, 1

2
(1+U3).

Therefore, apart from z1
fixed,1 = 0, we now have both z1

fixed,2 = 1
2
( 1√

3
eπi/6), z1

fixed,4 =
1
2
, z1

fixed,6 = 1
2
(1 + 1√

3
eπi/6), at which we have further Z2 fixed lines in the z2 direction,

and z1
fixed,3 = 1/3 and z1

fixed,5 = 2/3, at which we have further Z3 fixed lines in the z3

direction. The conjugacy classes of these fixed lines were given in (B.74) and (B.84).
Table B.9 summarizes the relevant data of the fixed point set. The invariant subtori
under θ2 and θ3 are (0, 0, 0, 0, x5, x6) and (0, 0, x3, x4, 0, 0), respectively. Figure B.13

Group el. Order Fixed Set Conj. Classes

θ 6 12 fixed points 12
θ2 3 9 fixed lines 6
θ3 2 16 fixed lines 8

Table B.9: Fixed point set for Z6−II on SU(2)2 × SU(3)×G2.

shows the configuration of the fixed sets in a schematic way.
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Figure B.13: Schematic picture of the fixed set configuration of Z6−II on SU(2)2 ×
SU(3)×G2

B.10.3 The gluing procedure

The fixed point set yields the same exceptional divisors E1,βγ, E2,αβ, E3,αγ, E4,αβ, α =
1, 2, 3, β = 1, 2, 3, γ = 1, . . . , 4, as in the Appendices B.8 and B.9. Here, α = 1, 2 for
E3,αγ and α = 1, 3 for E2,αβ and E4,αβ. This gives a grand total of 12·1+6·2+8·1 = 32
exceptional divisors. On this lattice, there are four classes of C2/Z2 fixed lines and
three classes of C2/Z3 fixed lines without fixed points on them, therefore by (3.55), we
have h2,1

twist. = 10.
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B.10.4 The intersection Ring

The global linear relations are obtained by combining (B.75) and (B.85):

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑
γ=1

E1,βγ +
3∑

β=1

(2 E2,1,β + 4 E4,1,β) ,

R1 = 2 D1,2 +
4∑

γ=1

E3,2,γ,

R1 = 3 D1,3 +
3∑

β=1

(E2,3,β + 2 E4,3,β) ,

R2 = 3 D2,β +
4∑

γ=1

E1,βγ +
∑

α=1,3

(2 E2,αβ + E4,αβ) , β = 1, 2, 3

R3 = 2 D3,γ +
3∑

β=1

E1,βγ +
2∑

α=1

E3,α,γ, γ = 1, . . . , 4. (B.93)

We obtain the following nonvanishing intersection numbers of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 6, R2E
2
3,1,γ = −2, R2E

2
3,2,γ = −6, R3E

2
2,1,β = −2,

R3E
2
2,3,β = −4, R3E4,1,β = −2, R3E4,3,β = −4, R3E2,1,βE4,1,β = 1,

R3E2,3,βE4,3,β = 2, E3
1,βγ = 6, E3

2,1,β = 8, E3
3,1,γ = 8,

E3
4,1,β = 8, E1,βγE

2
2,1,β = −1, E1,βγE

2
3,1,γ = −1, E1,βγE

2
4,1,β = −1,

E1,βγE2,1,βE4,1,β = 1, E2
2,1,βE4,1,β = −2, (B.94)

B.10.5 Divisor topologies

The topology of all the divisors has already been determined in one of the Appen-
dices B.7 to B.9. The second Chern class in the basis {Ri, Ekαβγ} (for triangulation
a)) reads:

c2 ·E1βγ = 0, c2 ·E2,1β = −4, c2 ·E2,3β = 0, c2 ·E3,1γ = −4,

c2 ·E3,2γ = 0, c2 ·E4,1β = −4, c2 ·E4,3β = 0, c2 ·R1 = 0,

c2 ·Ri = 24. (B.95)

B.11 The Z7 orbifold

B.11.1 Metric, complex structure and moduli

Here, the (only possible) torus lattice for the Z7–orbifold is the root lattice of SU(7),
with the twist Q acting on the six roots ei in the following way:

Q ei = ei+1, i = 1, . . . 5 ,
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Q e6 = −e1 − e2 − e3 − e4 − e5 − e6. (B.96)

The twist Q allows for three independent real deformations of the metric g and three
real deformations of the anti–symmetric tensor b:

g = R2


1 cos θ12 cos θ13 x x cos θ13

cos θ12 1 cos θ12 cos θ13 x x
cos θ13 cos θ12 1 cos θ12 cos θ13 x

x cos θ13 cos θ12 1 cos θ12 cos θ13

x x cos θ13 cos θ12 1 cos θ12

cos θ13 x x α2
13 cos θ12 1

 , (B.97)

with x = −1
2
− cos θ12 − cos θ13 and the three real parameters R2, cos θ12, cos θ13 and

b =


0 b1 b2 b3 −b3 −b2

−b1 0 b1 b2 b3 −b3

−b2 −b1 0 b1 b2 b3

−b3 −b2 −b1 0 b1 b2

b3 −b3 −b2 −b1 0 b1

b2 b3 −b3 −b2 −b1 0

 , (B.98)

with the three real parameters b1, b2, b3.

z1 = x1 + (−1)2/7 x2 + (−1)4/7 x3 + (−1)6/7 x4 − (−1)1/7 x5 − (−1)3/7 x6,
z2 = x1 + (−1)4/7 x2 − (−1)1/7 x3 − (−1)5/7 x4 + (−1)2/7 x5 + (−1)6/7 x6,
z3 = x1 −(−1)1/7 x2 + (−1)2/7 x3 −(−1)3/7 x4 + (−1)4/7 x5 −(−1)5/7 x6. (B.99)

The three invariant 2–forms of the real cohomology are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx3 ∧ dx4 + dx4 ∧ dx5 + dx5 ∧ dx6,
ω2 = dx1 ∧ dx3 − dx1 ∧ dx6 + dx2 ∧ dx4 + dx3 ∧ dx5 + dx4 ∧ dx6,
ω3 = dx1 ∧ dx4 − dx1 ∧ dx5 + dx2 ∧ dx5 − dx2 ∧ dx6 + dx3 ∧ dx6. (B.100)

Because of the calculational cost, we resort to another method of obtaining the Kähler
moduli. As a first step, the metric (B.97) may be expressed through the sechsbein e,
i.e. g = ete. This may be obtained from [12], where the lattice vectors ei are expressed
as a linear combination of a set of six real orthonormal basis vectors ẽi

ei =
∑

j=1,3,5

Rj {cos[(i− 1)κjα + φj] ẽj + sin[(i− 1)κjα + φj] ẽj+1} , (B.101)

with

R2
1 = R2 [cos θ12 (α2

5 − α2
1) + cos θ13 (α2

5 − α2
3) + 1

2
α2

5],

R2
3 = R2 [cos θ12 (α2

1 − α2
3) + cos θ13 (α2

1 − α2
5) + 1

2
α2

1],

R2
5 = R2 [cos θ12 (α2

3 − α2
5) + cos θ13 (α2

3 − α2
1) + 1

2
α2

3],

α2
i = 4

7
[1− cos(biα)], i = 1, 3, 5, (B.102)
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and α = 2π
7

, κ1 = 1, κ3 = 2 and κ5 = 4. The angles φi are arbitrary reflecting
the freedom of how to embed our six–dimensional lattice into the orthonormal system
{ẽi}i=1,...,6. We have set the three free angles φi to zero after having realized that they
act on each zi just as an overall phase. Examination of the Kähler form yields

T 1 = R2
1 +

4

7
i

[
b3 sin

(π

7

)
+ b1 sin

(
2π

7

)
+ b2 sin

(
3π

7

)]
,

T 2 = R2
3 −

4

7
i

[
b2 sin

(π

7

)
+ b3 sin

(
2π

7

)
− b1 sin

(
3π

7

)]
,

T 3 = R2
5 −

4

7
i

[
b1 sin

(π

7

)
− b2 sin

(
2π

7

)
+ b3 sin

(
3π

7

)]
. (B.103)

B.11.2 Fixed sets

This is another prime orbifold, where we only need to look at the first twisted sector.
We find seven isolated fixed points, see Table B.10.

Group el. Order Fixed Set Conj. Classes

θ 7 7 fixed points 7

Table B.10: Fixed point set for Z7.

B.11.3 The gluing procedure

Here, we have seven isolated fixed points. The corresponding Z7–patches each have
three compact exceptional divisors, so in total we have 21. There are the usual three
inherited divisors Ri = {(zi)7 = c7}, i = 1, 2, 3.

In this example, there are no fixed lines. Therefore h
(2,1)
tw = 0.

B.12 The Z8−I orbifold on SU(4)2 × SU(4)2

B.12.1 Metric, complex structure and moduli

On the root lattice of SU(4)2, the twist Q has the following action:

Q e1 = e6, Q e2 = e5, Q e3 = e4,
Q e4 = −e1 − e2 − e3, Q e5 = e3, Q e6 = e2 . (B.104)
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The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g=


R2 R2 cos θ56 x R2 cos θ36 R2 cos θ36 −R2 cos θ36

R2 cos θ56 R2 R2 cos θ56 R2 cos θ36 −R2 cos θ36 −R2 cos θ36

x R2 cos θ56 R2 −R2 cos θ36 −R2 cos θ36 R2 cos θ36

R2 cos θ36 R2 cos θ36 −R2 cos θ36 R2 R2 cos θ56 x
R2 cos θ36 −R2 cos θ36 −R2 cos θ36 R2 cos θ56 R2 R2 cos θ56

−R2 cos θ36 −R2 cos θ36 R2 cos θ36 x R2 cos θ56 R2

 ,

(B.105)
with x = −R2 (1 + 2 cos θ56). The three real parameters R2, θ36, θ56. For b we find

b =


0 −b3 0 b2 −b2 b1

b3 0 −b3 −b2 b1 −b1

0 b3 0 b1 −b1 b2

−b2 b2 −b1 0 b3 0
b2 −b1 b1 −b3 0 b3

−b1 b1 −b2 0 −b3 0

 (B.106)

with the three real parameters b1, b2, b3. We see that we get 3 untwisted Kähler
moduli while the complex structure is completely fixed in this orbifold. The complex
coordinates are

z1 = 1√
2
(x1 + i x2 − x3 − e2πi/8 x4 + e6πi/8 x5 + e2πi/8 x6),

z2 = 1
4
√

2
(x1 − x2 + x3 − i x4 + i x5 − i x6),

z3 = 1√
2
(x1 − i x2 − x3 − e6πi/8 x4 + e2πi/8 x5 + e6πi/8 x6). (B.107)

The three invariant 2–forms in the real cohomology are

ω1 = dx1 ∧ dx6 + dx2 ∧ dx5 − dx2 ∧ dx6 − dx3 ∧ dx5,
ω2 = dx1 ∧ dx4 − dx1 ∧ dx5 − dx2 ∧ dx4 + dx3 ∧ dx6,
ω3 = −dx1 ∧ dx2 − dx2 ∧ dx3 + dx4 ∧ dx5 + dx5 ∧ dx6. (B.108)

Inspection of the Kähler form yields

T 1 = b1 + i 2 R2
1 (
√

2 + (−2 +
√

2) cos θ56),

T 2 = b2 − i 2 R2
1(
√

2 + (2 +
√

2) cos θ56),

T 3 = b3 + i 4
√

2 R2
1 cos θ36. (B.109)

B.12.2 Fixed sets

Table B.11 summarizes the important data of the fixed sets. The invariant subtorus
under θ4 is (x3, 0, x3, x6, 0, x6), which corresponds to z2 being invariant.

Figure B.14 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.
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Group el. Order Fixed Set Conj. Classes

θ 8 4 fixed points 4
θ2 4 16 fixed points 10
θ3 8 4 fixed points 4
θ4 2 4 fixed lines 3

Table B.11: Fixed point set for Z8−I on SU(4)2.

Figure B.14: Schematic picture of the fixed set configuration of Z8−I on SU(4)2

B.12.3 The gluing procedure

There are four Z8−I–patches, which each contribute three internal exceptional divisors.
The exceptional divisor on the boundary of the toric diagram Figure A.5 is identified
with the divisor of the resolution of the fixed torus the patch is located on. Of the ten
Z4–patches, we only need to count six, because four were already counted by the Z8−I–
patches. They each contribute one exceptional divisor, see Figure A.2. Furthermore,
there are three Z2–fixed lines which each contribute one exceptional divisor. In total,
there are 4 · 3 + 6 · 1 + 3 · 1 = 21 exceptional divisors.

On this lattice, there are no fixed lines without fixed points on them, therefore
h

(2,1)
tw = 0.

B.13 The Z8−I orbifold on SO(5)× SO(9)

B.13.1 Metric, complex structure and moduli

On the root lattice of SO(5)× SO(9), the twist Q has the following action:

Q e1 = e2, Q e2 = e3, Q e3 = e1 + e2 + e3 + 2 e4,
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Q e4 = −e1 − e2 − e3 − e4, Q e5 = e5 + 2 e6, Q e6 = −e5 − e6 . (B.110)

The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g =


−2R2

1 cos θ34 x 0 y 0 0
x −2R2

1 cos θ34 x y 0 0
0 x −2R2

1 cos θ34 R2
1 cos θ34 0 0

y y R2
1 cos θ34 R2

1 0 0
0 0 0 0 2 R2

2 −R2
2

0 0 0 0 −R2
2 R2

2

 ,

(B.111)
with x = R2

1 (1 + 2 cos θ34), y = −R2
1 (1 + cos θ34). The three real parameters

R2
1, R2

2, θ36. For b we find

b =


0 b1 + b2 −2 b1 b1 0 0

−b1 − b2 0 b1 + b2 −b1 0 0
2 b1 −b1 − b2 0 b2 0 0
−b1 b1 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 (B.112)

with the three real parameters b1, b2, b3. We see that we get 3 untwisted Kähler
moduli while the complex structure is completely fixed in this orbifold. The complex
coordinates are

z1 = 1√
2
(x1 +2πi/8 x2 + i x3 − ( 1√

2
+ 1

2
(1 + i) x4)),

z2 = 1√
2
(x5 − 1

2
(1 + i) x6),

z3 = 1√
2
(x1 +6πi/8 x2 − i x3 + ( 1√

2
− 1

2
(1 + i) x4)). (B.113)

The three invariant 2–forms in the real cohomology are

ω1 = dx1 ∧ dx2 − 2 dx1 ∧ dx3 − dx1 ∧ dx4 + dx2 ∧ dx3 − dx1 ∧ dx4,
ω2 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx3 ∧ dx4,
ω3 = dx5 ∧ dx6. (B.114)

Inspection of the Kähler form yields

T 1 = b1+i−2
√

2 R2
1 (1+3 cos θ34), T 2 = b2+i

1√
2

R2
1(1−4, cos θ34), T 3 = b3+i R2

2.

(B.115)

B.13.2 Fixed sets

Table B.12 summarizes the important data of the fixed sets. The invariant subtorus
under θ4 is (0, 0, 0, 0, x5, x6), which corresponds to z2 being invariant.

Figure B.15 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.
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Group el. Order Fixed Set Conj. Classes

θ 8 4 fixed points 4
θ2 4 16 fixed points 10
θ3 8 4 fixed points 4
θ4 2 16 fixed lines 6

Table B.12: Fixed point set for Z8−I on SO(5)× SO(9).

z
3

z
1

z
2

Figure B.15: Schematic picture of the fixed set configuration of Z8−I on SO(5)×SO(9)

B.13.3 The gluing procedure

There are four Z8−I–patches, which each contribute three internal exceptional divisors.
The exceptional divisor on the boundary of the toric diagram Figure A.5 is identified
with the divisor of the resolution of the fixed torus the patch is located on. Of the ten
Z4–patches, we only need to count six, because four were already counted by the Z8−I–
patches. They each contribute one exceptional divisor, see Figure A.2. Furthermore,
there are six Z2–fixed lines which each contribute one exceptional divisor. In total,
there are 4 · 3 + 6 · 1 + 6 · 1 = 24 exceptional divisors.

On this lattice, there are three Z2 fixed lines without fixed points on them, therefore
h

(2,1)
tw = 3.

B.14 The Z8−II orbifold on SU(2)× SO(10)

B.14.1 Metric, complex structure and moduli

On the root lattice of SU(2)× SO(10), the twist Q has the following action:

Q e1 = e2, Q e2 = e3, Q e3 = e1 + e2 + e3 + e4 + e5,
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Q e4 = −e1 − e2 − e3 − e4, Q e5 = −e1 − e2 − e3 − e5, Q e6 = −e6 .(B.116)

The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g =


R2

1 x 0 y y 0
x R2

1 x y y 0
0 x R2

1 −1
2
R2

1 −1
2
R2

1 0
y y −1

2
R2

1 R2
2 R2

2 cos θ45 −R2R3 cos θ56

y y −1
2
R2

1 R2
2 cos θ45 R2

2 R2R3 cos θ56

0 0 0 −R2R3 cos θ56 R2R3 cos θ56 R2
3

 , (B.117)

with x = −R2
1 + 1

2
R2

2 (1+cos θ45), y = 1
2
R2

1 + 1
2
R2

2 (1+cos θ45). The five real parameters
R2

1, R2
2, R2

3 θ36, θ56. For b we find

b =


0 −b1 + b2 2 b1 −b1 −b1 0

b1 − b2 0 −b1 + b2 b1 b1 0
−2 b1 b1 − b2 0 b2 b2 0

b1 −b1 −b2 0 0 −b3

b1 −b1 −b2 0 0 b3

0 0 0 b3 −b3 0

 (B.118)

with the three real parameters b1, b2, b3. We see that we get three untwisted Kähler
moduli and one untwisted complex structure modulus in this orbifold. The complex
coordinates are

z1 = 2−3/4 (x1 + e2πi/8 x2 + i x3 − 1

2
(1 +

√
2 + i) (x4 + x5),

z2 = 2−3/4 (x1 + e6πi/8 x2 − i x3 +
1

2
(−1 +

√
2 + i) (x4 + x5),

z3 =
1

2
√

2 ImU
(−x4 + x5 + 2U x6), (B.119)

with U = R3

R2

cos θ56+i 1√
2

√
− cos θ45−cos θ56

1−cos θ45
. The three invariant 2–forms in the real coho-

mology are

ω1 = dx1 ∧ dx2 + 2 dx1 ∧ dx3 − dx1 ∧ dx4 − dx1 ∧ dx5,
ω2 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx3 ∧ dx4 + dx3 ∧ dx5,
ω3 = −dx4 ∧ dx6 + dx5 ∧ dx6. (B.120)

Inspection of the Kähler form yields

T 1 = b1 + i 1√
2
(−7 R2

1 + 3 R2
2 (1 + cos θ45)),

T 2 = b2 + i 1√
2
(2 R2

1 + R2
2 (1 + cos θ45)),

T 3 = b3 + i
√

2 R2R3

√
− cos θ45 − cos 2 θ56. (B.121)
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B.14.2 Fixed sets

For the Z8−II–twist, we need to look at the θ, ..., θ4–twisted sectors. The fixed torus
under θ2 and θ4 is (0, 0, 0, 0, x5, x6), which corresponds to z3 being invariant.

Table B.13 summarizes the important data of the fixed sets.

Group el. Order Fixed Set Conj. Classes

θ 8 8 fixed points 8
θ2 4 2 fixed lines 2
θ3 8 8 fixed points 8
θ4 2 8 fixed lines 4

Table B.13: Fixed point set for Z8−II on SU(2)× SO(10).

B.14.3 The gluing procedure

The eight Z8−II–patches each contribute two internal exceptional divisors, see Figure
A.6. The three exceptional divisors on the boundary of the toric diagram are identified
with the exceptional divisors of the resolution of the Z4 fixed lines on top of which the
patch is located. The two Z4 fixed lines contribute each three exceptional divisors,
the two Z2 fixed lines contribute one each (the other two are already counted by the
Z4–patch. In total, there are 8 · 3 + 2 · 3 + 2 · 1 = 24 exceptional divisors.

On this lattice, there are two Z2 fixed lines without fixed points on them, therefore
h

(2,1)
tw = 2.

B.15 The Z8−II orbifold on SO(4)× SO(9)

B.15.1 Metric, complex structure and moduli

On the root lattice of SO(4)× SO(9), the twist Q has the following action:

Q e1 = e2, Q e2 = e3, Q e3 = e1 + e2 + e3 + 2 e4,
Q e4 = −e1 − e2 − e3 − e4, Q e5 = −e5, Q e6 = −e6 . (B.122)

The form of metric and anti-symmetric tensor follow from solving the equations Qtg Q =
g and Qtb Q = b:

g =


−2R2

1 cos θ34 x 0 y 0 0
x −2R2

1 cos θ34 x y 0 0
0 x −2R2

1 cos θ34 R2
1 cos θ34 0 0

y y R2
1 cos θ34 R2

1 0 0
0 0 0 0 R2

2 R2R3 cos θ56

0 0 0 0 R2R3 cos θ56 R2
3

 ,

(B.123)
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with x = R2
1 (1+2 cos θ34), y = −R2

1 (1+cos θ34). The five real parameters R2
1, R2

2, R2
3 θ36, θ56.

For b we find

b =


0 b1 + b2 −2 b1 b1 0 0

−b1 − b2 0 b1 + b2 −b1 0 0
2 b1 −b1 − b2 0 b2 0 0
−b1 b1 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 (B.124)

with the three real parameters b1, b2, b3. We see that we get three untwisted Kähler
moduli and one untwisted complex structure modulus in this orbifold. The complex
coordinates are

z1 = 2−3/4 (x1 + e2πi/8 x2 + i x3 − 1
2
(1 +

√
2 + i) x4),

z2 = 2−3/4 (x1 + e6πi/8 x2 − i x3 + 1
2
(−1 +

√
2 + i) x4),

z3 = 1√
2 ImU (x5 + U x6), (B.125)

with U = R3

R2
eiθ56 . The three invariant 2–forms in the real cohomology are

ω1 = dx1 ∧ dx2 − 2 dx1 ∧ dx3 + dx1 ∧ dx4 + dx2 ∧ dx3 − dx2 ∧ dx4,
ω2 = dx1 ∧ dx2 + dx2 ∧ dx3 + dx3 ∧ dx4,
ω3 = dx5 ∧ dx6. (B.126)

Inspection of the Kähler form yields

T 1 = b1 − i
√

2 R2
1 (3 + 8 cos θ34),

T 2 = b2 + i 1√
2
R2

1 (1− 4 cos θ34),

T 3 = b3 + i R2R3 sin θ56. (B.127)

B.15.2 Fixed sets

For the Z8−II–twist, we need to look at the θ, ..., θ4–twisted sectors. The fixed torus
under θ2 and θ4 is (0, 0, 0, 0, x5, x6), which corresponds to z3 being invariant.

Table B.14 summarizes the important data of the fixed sets.

Group el. Order Fixed Set Conj. Classes

θ 8 8 fixed points 8
θ2 4 4 fixed lines 3
θ3 8 8 fixed points 8
θ4 2 16 fixed lines 6

Table B.14: Fixed point set for Z8−II on SO(4)× SO(9).
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B.15.3 The gluing procedure

The eight Z8−II–patches each contribute two internal exceptional divisors, see Figure
A.6. The three exceptional divisors on the boundary of the toric diagram are identified
with the exceptional divisors of the resolution of the Z4 fixed lines on top of which the
patch is located. The three Z4 fixed lines contribute each three exceptional divisors,
the three Z2 fixed lines contribute one each (the other three are already counted by
the Z4–patch. In total, there are 8 · 3 + 3 · 3 + 3 · 1 = 28 exceptional divisors.

On this lattice, there are 3 Z2 fixed lines and one Z4 fixed line without fixed points
on them, therefore h

(2,1)
tw = 3 · 1 + 1 · 3 = 6.

B.16 The Z12−I–orbifold on E6

B.16.1 Metric, complex structure and moduli

When we choose the E6–lattice for the torus lattice, the Coxeter twist acts as

Qe1 = e2, Qe2 = e3, Qe3 = e1 + e2 + e3 + e4 + e6,
Qe4 = e5, Qe5 = −e1 − e2 − e3 − e4 − e5,
Qe6 = −e1 − e2 − e3 − e6. (B.128)

The twist allows for 3 real deformations of the metric, which has the form

g =


R2

5 x 1
2
(R2

6 −R2
5) R2

5 −R2
6 y −z

x R2
5 x y R2

5 −R2
6 −z

1
2
(R2

6 −R2
5) x R2

5 −1
2
R2

5 y −1
2
R2

6

R2
5 −R2

6 y −1
2
R2

5 R2
5 x z

y R2
5 −R2

6 y x R2
5 z

−R5R6 cos θ56 −z −1
2
R2

6 z z R2
6

 ,

(B.129)
with x = −1

2
R2

5 + R5R6 cos θ56, y = 1
2
(R2

6 − R2
5) − R5R6 cos θ56, z = R5R6 cos θ56 and

R5, R6 and cos θ56 arbitrary free parameters. Also for the B–field, the twist allows 3
real deformations:

b =


0 b1 b2 − b1 − b3 0 b1 − b2 b3

−b1 0 b1 b2 − b1 0 −b3

−b2 + b1 + b3 −b1 0 b1 − b3 b2 − b1 b2

0 −b2 + b1 −b1 + b3 0 b1 −b3

b2 − b1 0 −b2 + b1 −b1 0 b3

−b3 b3 −b2 b3 −b3 0

 , (B.130)

with b1, b2, b3 the arbitrary parameters, so we have as expected three untwisted Kähler
moduli and no complex structure moduli. The invariant 2–form of the real cohomology
are

ω1 = dx1 ∧ dx2 − dx1 ∧ dx3 + dx1 ∧ dx5 + dx2 ∧ dx3 − dx2 ∧ dx4 + dx3 ∧ dx4
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−dx3 ∧ dx5 + dx4 ∧ dx5,
ω2 = dx1 ∧ dx3 − dx1 ∧ dx5 + dx2 ∧ dx4 + dx3 ∧ dx5 + dx3 ∧ dx6,
ω3 = −dx1 ∧ dx3 + dx1 ∧ dx6 − dx2 ∧ dx6 − dx3 ∧ dx4

−dx4 ∧ dx6 + dx5 ∧ dx6. (B.131)

The complex structure is

z1 = 1√
6
(x1 + e2πi/12 x2 + e2πi/6 x3 − x4 + e−10πi/12 x5 − (1− i ) e2πi/6 x6)

z2 = 1
2
(x1 + e2πi/3 x2 + e−2πi/3 x3 + x4 + e2πi/3 x5),

z3 = 1
31/4

√
6
(x1 + e10πi/12x2 − e2πi/3x3 − x4 − e10πi/12x5 + (1−i)e2πi/3x6).(B.132)

Again we pair B + i J = T i ωi in the real cohomology and get the following Kähler
moduli:

T 1 = b1 + i 2
√

3 (2 R2
5 −R2

6),

T 2 = b2 − i (
√

3 R2
5 + (1 +

√
3) R2

6 + R5R6 cos θ56),

T 3 = b3 + i (5
6
R2

6 − 6 R5R6 cos θ56). (B.133)

B.16.2 Fixed sets

For the Z12−I–twist, we need to look at the θ-, θ2, . . . , θ6–twisted sectors. Here, the
fixed points of several of the group elements end up in the same place, as for example
the fixed points of θ, θ2, θ5 and three of the 27 fixed points of θ4.

Table B.15 summarizes the important data of the fixed sets. The invariant subtorus
under θ3 and θ6 is (x4, x5, 0, x4, x5, 0), which corresponds to z2 being invariant.

Group el. Order Fixed Set Conj. Classes

θ 12 3 fixed points 3
θ2 6 3 fixed points 3
θ3 4 1 fixed line 1
θ4 3 27 fixed points 9
θ5 12 3 fixed points 3
θ6 2 4 fixed lines 2

Table B.15: Fixed point set for Z12−I on E6.

Figure B.16 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.

B.16.3 The gluing procedure

Here, we get three local Z12−I–patches with each four compact exceptional divisors
and three exceptional divisors on the boundary (D1, D3). We need not count the fixed
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Figure B.16: Schematic picture of the fixed set configuration of Z12−I on E6

points under θ2 = Z6−I , θ4 = Z3 and θ5 = Z12−I that have the same locations as they
are already incorporated in the Z12−I–patch. So only six of the nine conjugacy classes
of Z3 must be counted with each one compact exceptional divisor. The fixed line under
the Z4-element contributes three exceptional divisors, and of the two conjugacy classes
of fixed lines under Z2, we count one. This gives us 3 · 4 + 1 · 3 + 6 · 1 + 1 · 1 = 22
exceptional divisors.

On this lattice, there is one Z2 fixed line without fixed points on it, therefore
h

(2,1)
tw = 1.

B.17 The Z12−I orbifold on SU(3)× F4

B.17.1 Metric, complex structure and moduli

Here, the torus lattice is the root lattice of SU(3)× F4. The action of the twist upon
the roots is

Qe1 = e2, Qe2 = −e1 − e2, Qe3 = e4,
Qe4 = e3 + 34 + 2e5, Qe5 = e6, Qe6 = −e3 − e4 − e5 − e6. (B.134)

The twist allows for 3 real deformations of the metric, which has the form

g =


R2

1 −1
2
R2

1 0 0 0 0
1
2
R2

1 R12 0 0 0 0
0 0 R2

3 R2
3 cos θ34 x x

0 0 R2
3 cos θ34 R2

3 −1
2
R2

3 x
0 0 x −1

2
R2

3
1
2
R2

3
1
2
R2

3 cos θ34

0 0 x x 1
2
R2

3 cos θ34
1
2
R2

3

 , (B.135)
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with x = R2
3 cos θ34 and R1, R3 and cos θ34 arbitrary free parameters. Also for the

B–field, the twist allows 3 real deformations:

b =


0 b1 0 0 0 0
−b1 0 0 0 0 0
0 0 0 2 b3 b2 −b2

0 0 −2 b3 0 2 b3 b2

0 0 −b2 −2 b3 0 b3

0 0 b2 −b2 −b3 0

 , (B.136)

with b1, b2, b3 the arbitrary parameters, so we have three untwisted Kähler moduli and
no complex structure moduli. The three invariant 2–forms in the real cohomology are

ω1 = dx1 ∧ dx2,
ω2 = dx3 ∧ dx5 − dx3 ∧ dx6 + dx4 ∧ dx6,
ω3 = 2 dx3 ∧ dx4 + 2 dx4 ∧ dx5 + dx5 ∧ dx6. (B.137)

The complex coordinates are:

z1 = 3−1/4 (x3 + e2πi/6 x4 + 1√
2
[e11πi/12 x5 + eπi/12 x6]),

z2 = 3−1/4 (x1 + e2πi/3 x2),
z3 = 3−1/4 (x3 + e10πi/12 x4 + 1√

2
[ e−5πi/12 x5 + e5πi/12 x6]). (B.138)

For the Kähler moduli, we find

T 1 = b1 + i
√

3
2

R2
1, T 2 = b2 + i 3

4
R2

3 (−1 + 2 cos θ34), T 3 = b3 + i 9
4
R2

3. (B.139)

B.17.2 Fixed sets

Table B.16 summarizes the important data of the fixed sets. The invariant subtorus
under θ3 and θ6 is (x1, x2, 0, x4, x5, 0), which corresponds to z2 being invariant.

Group el. Order Fixed Set Conj. Classes

θ 12 3 fixed points 3
θ2 6 3 fixed points 3
θ3 4 4 fixed lines 2
θ4 3 27 fixed points 9
θ5 12 3 fixed points 3
θ6 2 16 fixed lines 4

Table B.16: Fixed point set for Z12−I on SU(3)× F4.

Figure B.17 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.
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Figure B.17: Schematic picture of the fixed set configuration of Z12−I on SU(3)× F4

B.17.3 The gluing procedure

There are three Z12−I–patches with each four compact exceptional divisors and three
exceptional divisors on the boundary (D1, D3) and again only six of the nine conjugacy
classes of Z3 must be counted with each one compact exceptional divisor. The two
fixed lines under the Z4-element contribute each three exceptional divisors, and of the
four conjugacy classes of fixed lines under Z2, we count two. This gives us 3 · 4 + 2 ·
3 + 6 · 1 + 2 · 1 = 26 exceptional divisors.

On this lattice, there are one Z4 and two Z2 fixed lines without fixed points on
them, therefore h

(2,1)
tw = 1 · 3 + 2 · 1 = 5.

B.18 The Z12−II orbifold on SO(4)× F4

B.18.1 Metric, complex structure and moduli

Here, the torus lattice is the root lattice of SO(4)× F4. The action of the twist upon
the roots is

Qe1 = e2, Qe2 = e1 + e2 + 2 e3, Qe3 = e4,
Qe4 = −e1 − e2 − e3 − e4, Qe5 = −e5, Qe6 = −e6. (B.140)
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The twist allows for 3 real deformations of the metric, which has the form

g =


2 R2

1 2 R2
1 cos θ34 x x 0 0

2 R2
1 cos θ34 2 R12 −R2

1 x 0 0
x −R2

1 R2
1 R2

1 cos θ34 0 0
x x R2

1 cos θ34 R2
1 0 0

0 0 0 0 R2
2 R2R3 cos θ56

0 0 0 0 R2R3 cos θ56 R2
3

 ,

(B.141)
with x = −R2

1 (1
2

+ cos θ34) and R1, R2, R3 and θ34, θ56 arbitrary free parameters.
Also for the B–field, the twist allows 3 real deformations:

b =


0 2 b2 −b1 b1 0 0

−2 b2 0 2 b2 −b1 0 0
b1 −2 b2 0 b2 0 0
−b1 b1 −b2 0 0 0
0 0 0 0 0 b3

0 0 0 0 −b3 0

 , (B.142)

with b1, b2, b3 the arbitrary parameters, so we have three untwisted Kähler moduli and
one untwisted complex structure modulus. The complex coordinates are:

z1 = 3−1/4 (x1 + e2πi/12 x2 + 1√
2
[e11πi/12 x3 − eπi/12 x4]),

z2 = 3−1/4 (x1 + e10πi/12 x2 + 1√
2
[e−5πi/12 x3 + e5πi/12 x4]),

z3 = 1√
2 ImU (x5 + U x6). (B.143)

The three invariant 2–forms in the real cohomology are

ω1 = −dx1 ∧ dx3 + dx1 ∧ dx4 − dx2 ∧ dx4,
ω2 = 2 dx1 ∧ dx2 + 2 dx2 ∧ dx3 + dx3 ∧ dx4,
ω3 = dx5 ∧ dx6. (B.144)

For the Kähler moduli, we find

T 1 = b1 + i 3
2
R2

1 (1−2 cos θ34), T 2 = b2 + i 9
2
R2

1, T 3 = b3 + i R2R3 sin θ56. (B.145)

B.18.2 Fixed sets

Table B.17 summarizes the important data of the fixed sets. The invariant subtorus
under θ2, θ4 and θ6 is (0, 0, 0, 0, x5, x6), which corresponds to z3 being invariant.

B.18.3 The gluing procedure

There are four Z12−II–patches which contribute three internal exceptional divisors each,
see Figure A.8. They sit on a Z6 fixed line, which contributes five exceptional divisors.
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Group el. Order Fixed Set Conj. Classes

θ 12 4 fixed points 4
θ2 6 1 fixed line 1
θ3 4 16 fixed points 8
θ4 3 9 fixed lines 3
θ5 12 4 fixed points 4
θ6 2 16 fixed lines 4

Table B.17: Fixed point set for Z12−II on SO(4)× F4.

Of the eight Z4 fixed points, we count only four (because the locations of the other four
coincide with the Z12−II fixed points), they contribute one exceptional divisor each,
see Figure A.2. There are three Z3 fixed lines, one coincides with the Z6 fixed line,
so only the other two count and contribute two exceptional divisors. Lastly, there are
four Z2-fixed lines, where again only three count with one exceptional divisor each. In
total, this adds up to 4 · 3 + 1 · 5 + 4 · 1 + 2 · 2 + 3 · 1 = 28.

As for the twisted complex structure moduli, the two Z3 fixed lines contribute two
each and the two Z2 fixed lines on which no fixed points sit contribute one each, which
gives a total of 6.

B.19 The Z2 × Z2–orbifold

B.19.1 Metric, complex structure and moduli

The torus factorizes into (T 2)3 under the combined twists, where the T 2 are not con-
strained. The twists act on the lattice basis:

Q1 e1 = −e1, Q1 e2 = −e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = −e5, Q1 e6 = −e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = −e3, Q2 e4 = −e4,
Q2 e5 = −e5, Q2 e6 = −e6. (B.146)

The combined twist Q3 has the form

Q3 e1 = −e1, Q3 e2 = −e2,
Q3 e3 = −e3, Q3 e4 = −e4,
Q3 e5 = e5, Q3 e6 = e6. (B.147)
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We require the metric to be invariant under all three twists, i.e. we impose the three
conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following solution:

g =


R2

1 R1R2 cos θ12 0 0 0 0
R1R2 cos θ12 R2

1 0 0 0 0
0 0 R2

3 R3R4 cos θ34 0 0
0 0 R3R4 cos θ34 R2

4 0 0
0 0 0 0 R2

5 R5R6 cos θ56

0 0 0 0 R5R6 cos θ56 R2
6

 .

(B.148)
The solution for b matches the pattern:

b =


0 b1 0 0 0 0
−b1 0 0 0 0 0
0 0 0 b2 0 0
0 0 −b2 0 0 0
0 0 0 0 0 −b3

0 0 0 0 −b3 0

 , (B.149)

we therefore know to have three Kähler moduli and three untwisted complex structure
moduli. The b-field (B.149) has the form which is typical for all Zn × Zm orbifolds.

The complex structure turns out to be as follows:

z1 = x1 + U1 x2, z2 = x3 + U2 x4, z3 = x5 + U3 x6, (B.150)

with

U1 =
R2

R1

eiθ12 , U2 =
R4

R3

eiθ34 , U3 =
R6

R5

eiθ56 . (B.151)

For the Kähler moduli, we find

T 1 = b1 + i R1R2 cos θ12, T 2 = b2 + i R3R4 cos θ34, T 3 = b3 + i R5R6 cos θ56.
(B.152)

B.19.2 Fixed sets

We need to examine the θ1, θ2 and θ1θ2–twists. Table B.18 gives the particulars of
the fixed sets.

The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2

being invariant; the torus that remains fixed under θ2 and (θ2)2 is (x1, x2, 0, 0, 0, 0), cor-
responding to z1 being invariant; the torus that is fixed by θ1(θ2)2 is (0, 0, 0, 0, x5, x6),
corresponding to z3 being invariant.

The fundamental regions are as depicted in Figure 2.1.
Figure B.18 shows the configuration of the fixed sets in a schematic way, where

each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.
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Group el. Order Fixed Set Conj. Classes

θ1 2 16 fixed lines 16
θ2 2 16 fixed lines 16

θ1θ2 2× 2 16 fixed lines 16

Table B.18: Fixed point set for Z2 × Z2.

z
3

z
1

z
2

Figure B.18: Schematic picture of the fixed set configuration of Z2 × Z2

B.19.3 The gluing procedure

Each of the 3 · 16 = 48 Z2–fixed lines contributes one exceptional divisor. At each of
the 64 points where three fixed lines intersect sits a resolved C2/Z2 × Z2–patch.

Since in this example, there are no fixed lines without fixed points on them, h
(2,1)
tw =

0.

B.19.4 The intersection ring

From the local linear equivalences (A.44) we arrive at the following global relations:

Ri ∼ 2 Di,α +
4∑

β,γ=1

Ej,αβγ +
4∑

β,γ=1

Ek,αβγ, i 6= j 6= k. (B.153)

From (3.26) we know that R1R2R3 = 2. From the toric diagrams of the compactified
patches, we can read off directly the intersection numbers with three distinct divisors:

E1,βγE2,αγE3,αβ = 1 with α, β, γ = 1, ..., 4.

We find the following intersection numbers:

R1E
2
1,βγ = −2, R2E

2
2,αγ = −2, R3E

2
3,αβ = −2,
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E2
1,βγE2,αγ = −1, E1,βγE

2
2,αγ = −1, E2

1,βγE3,αβ = −1,

E1,βγE
2
3,αβ = −1, E2

2,αγE3,αβ = −1, E2,αγE
2
3,αβ = −1,

E3
1,βγ = 4, E3

2,αγ = 4, E3
3,αβ = 4. (B.154)

B.20 The Z2 × Z4–orbifold

B.20.1 Metric, complex structure and moduli

The torus factorizes into (T 2)3 under the combined twists, where the first of the T 2 is
not contrained. The twists act on the lattice basis:

Q1 e1 = −e1, Q1 e2 = −e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = −e5, Q1 e6 = −e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = e3 + 2 e4, Q2 e4 = −e3 − e4,
Q2 e5 = e5 + 2 e6, Q2 e6 = −e5 − e6. (B.155)

The combined twist Q3 has the form

Q3 e1 = −e1, Q3 e2 = −e2,
Q3 e3 = e3 + 2 e4, Q3 e4 = −e3 − e4,
Q3 e5 = −e5 − 2 e6, Q3 e6 = e5 + e6. (B.156)

We require the metric to be invariant under all three twists, i.e. we impose the three
conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following solution:

g =


R2

1 R1R2 cos θ12 0 0 0 0
R1R2 cos θ12 R2

1 0 0 0 0
0 0 2 R2

3 −R2
3 0 0

0 0 −R2
3 R2

3 0 0
0 0 0 0 2 R2

5 −R2
5

0 0 0 0 −R2
5 R2

5

 . (B.157)

The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli and three untwisted complex structure moduli. For the complex struc-
ture we get

z1 = 1√
2 ImU3

(x1 + U3 x2), z2 = x3 − 1
2
(1− i) x4, z3 = x5 − 1

2
(1− i) x6, (B.158)

with U3 = R2/R1 eiθ12 . Examination of the Kähler form yields

T 1 = b1 + i R1R2 sin θ12, T 2 = b2 + i R2
3, T 3 = b3 + i R2

5. (B.159)
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B.20.2 Fixed sets

We need to examine the θ1, θ2, (θ2)2 θ1θ2 and θ1(θ2)2–twists. Table B.19 gives the
particulars of the fixed sets.

The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2

being invariant; the torus that remains fixed under θ2 and (θ2)2 is (x1, x2, 0, 0, 0, 0), cor-
responding to z1 being invariant; the torus that is fixed by θ1(θ2)2 is (0, 0, 0, 0, x5, x6),
corresponding to z3 being invariant.

Figure B.19: Fundamental regions for the Z2 × Z4–orbifold

Figure B.19 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points. In each of them, we get the usual four fixed points of
the Z2–twist.

Group el. Order Fixed Set Conj. Classes

θ1 2 16 fixed lines 12
θ2 4 4 fixed lines 4

(θ2)2 2 16 fixed lines 10
θ1θ2 2× 4 16 fixed points 16

θ1(θ2)2 2 16 fixed lines 12

Table B.19: Fixed point set for Z2 × Z4.

Figure B.20 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.

B.20.3 The gluing procedure

From the 16 Z2 × Z4–patches, see Figure A.10, we get each one compact exceptional
divisor, E5,αβγ, α = 1, ..., 4, β, γ = 1, 2. From the 4 Z4–fixed lines, we get three each:
E2,βγ, E3,βγ, E4,βγ, β, γ = 1, 2. From the 12 + 12 + (10 − 4) = 30 Z2–fixed lines each
one: E1,αγ, E6,αβ, i = α, ..., 4, β, γ = 1, 2, 3 in the z2–, respectively z3–direction and in
the z1–direction E7,βγ, (β, γ) = (1, 3), (3, 1), (2, 3), (3, 2), (3, 3), (4, 3). This adds up to
16 · 1 + 4 · 3 + 30 · 1 = 58 exceptional divisors. At the intersection points of three Z2

fixed lines sit the resolved C3/Z2 × Z2 patches.
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Figure B.20: Schematic picture of the fixed set configuration of Z2 × Z4

Since in this example, there are no fixed lines without fixed points on them, h
(2,1)
tw =

0.

B.20.4 The intersection ring

From the local linear equivalences (A.50) and (A.44) we arrive at the following global
relations:

R1 ∼ 2 D1,α +
3∑

γ=1

E1,αγ +
∑

βγ=1,2

E5,αβγ +
3∑

β=1

E6,αβ, α = 1, .., 4,

R2 ∼ 4 D2,β +
∑
γ=1,2

[ E2,βγ + 2 E3,βγ + 3 E4,βγ] +
4∑

α=1

∑
γ=1,2

E5,αβγ

+2
4∑

α=1

E6,αβ + 2 E7,β3, β = 1, 2,

R2 ∼ 4 D2,β + 2
4∑

α=1

E6,αβ + 2 E7,β3, β = 3, 4,

R3 ∼ 4 D3,γ + 2
4∑

α=1

E1,αγ +
∑
β=1,2

[ 3 E2,βγ + 2 E3,βγ + E4,βγ] +
4∑

α=1

∑
γ=1,2

E5,αβγ

+2 E7,3γ, γ = 1, 2,

R3 ∼ 4 D3,3 + 2
4∑

α=1

E1,α3 + 2 E7,33. (B.160)

The polyhedron of the compactified C3/Z2 ×Z4–patch is shown in Figure B.21. From
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D3

E1
E2

E3
E5

D1

E6

D2

R3

R1

R2

0
E4

Figure B.21: The polyhedron ∆
(3)
1 describing the local compactification of the resolu-

tion of C3/Z2 × Z4.

(3.26) we know that R1R2R3 = 4. From the toric diagrams of the compactified patches,
we can read off directly the intersection numbers with three distinct divisors:

R1E2,βγE3,βγ = 1, R1E3,βγE4,βγ = 1, E2,βγE3,βγE5,αβγ = 1, E3,βγE4,βγE5,αβγ = 1,

with α = 1, ..., 4, β, γ = 1, 2 and

E1,αγE6,αβE7,βγ, α = 1, ..., 4, β, γ = 3, 4.

From the compactified patches, we find the following intersection numbers with the
inherited divisors:

R1E
2
2,βγ = −2, R1E

2
3,βγ = −2, R1E

2
4,βγ = −2, R1E

2
7,βγ = −2,

R2E
2
1,αγ = −2, R3E

2
6,αβ = −2. (B.161)

The Z2 × Z4-patch gives

E2
1,αγE5,αβγ = −2, E2

2,βγE5,αβγ = −2, E2
5,αβγE6,αβ = −2,

E2
4,βγE6,αβ = −2, E2

3,βγE5,αβγ = −1, E3,βγE
2
5,αβγ = −1,

E2
3,βγE6,αβ = −1, E3,βγE

2
6,αβ = −1, E3

5,αβγ = 6, (B.162)

again with α = 1, ..., 4, β, γ = 1, 2. For the following intersection number, we need
global information contained in (B.160):

E2,βγE
2
3,βγ = −2, E2

3,βγE4,βγ = 2, E3,βγE
2
4,βγ = −4,
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E3
1,αγ = 7 , E3

2,βγ = 8, E3
3,βγ = 4, E3

4,βγ = 8, E3
6,αβ = 3 (B.163)

again with α = 1, ..., 4, β, γ = 1, 2. The Z2 × Z2-patch gives

E2
6,α3E7,βγ = −4, E6,α3E

2
7,βγ = −4, E2

1,αγE6,α3 = −1, E1,αγE
2
6,α3 = −1,

E2
1,αγE7,βγ = −4, E1,αγE

2
7,βγ = −4,

E3
1,αγ = 3, E3

6,α3 = 3 , E3
7,βγ = 4. (B.164)

with α = 1, ..., 4 and for E7 (β, γ) = (1, 3), (3, 1), (2, 3), (3, 2), (3, 3), (4, 3).

B.21 The Z2 × Z6–orbifold

B.21.1 Metric, complex structure and moduli

The root lattice of SU(2)2×SU(3)×G2 is the one compatible to the point group. The
twists act on the lattice basis as follows:

Q1 e1 = −e1, Q1 e2 = −e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = −e5, Q1 e6 = −e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = 2 e3 + 3 e4, Q2 e4 = −e3 − e4,
Q2 e5 = −e6, Q2 e6 = e5 + e6. (B.165)

The twists reproduce the correct eigenvalues and the conditions Q2
1 = 1, Q6

2 = 1. While
the other twists are the usual Coxeter-twists, the Q2-twist on e5, e6 is a generalized
Coxeter–twist on SU(3), namely S1P12. The combined twist Q3 has the form

Q3 e1 = −e1, Q3 e2 = −e2,
Q3 e3 = 2 e3 + 3 e4, Q3 e4 = −e3 − e4,
Q3 e5 = e6, Q3 e6 = −e5 − e6, (B.166)

and also reproduces the required eigenvalues. We require the metric to be invariant
under all three twists, i.e. we impose the three conditions QT

i g Qi = g, i = 1, 2, 3.
This leads to the following solution:

g =


R2

1 R1R2 cos θ12 0 0 0 0
R1R2 cos θ12 R2

1 0 0 0 0
0 0 R2

3 −1
2
R2

3 0 0
0 0 −1

2
R2

3
1
3
R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5 R2
5

 . (B.167)

The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli whereas the complex structure is completely fixed. For the complex
structure we get

z1 = 1√
2 ImU3

(x1 + U3 x2), z2 = x3 + 1√
3
e10πi/12 x4, z3 = x5 + e2πi/3 x6, (B.168)

with U3 = R2/R1e
iθ12 . Examination of the Kähler form yields

T 1 = b1 + i R1R2 sin θ12, T 2 = b2 + i 1
2
√

3
R2

3, T 3 = b3 + i
√

3
2

R2
5. (B.169)
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B.21.2 Fixed sets

We need to examine the θ1, θ2, (θ2)2, (θ2)3, θ1θ2, θ1(θ2)2 and θ1(θ2)2–twists. Table
B.20 gives the particulars of the fixed sets.

The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2 be-
ing invariant; the torus that remains fixed under θ2, (θ2)2 and (θ2)3 is (x1, x2, 0, 0, 0, 0),
corresponding to z1 being invariant; the torus that is fixed by θ1(θ2)3 is (0, 0, 0, 0, x5, x6),
corresponding to z3 being invariant.

Figure B.22: Fundamental regions for the Z2 × Z6–orbifold

Figure B.22 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points. In many cases, fixed points under different group
elements sit on the same spots, so it isn’t possible to show them all in different colors.

Group el. Fixed Set Order Conj. Classes

θ1 2 16 fixed lines 8
θ2 6 1 fixed line 1

(θ2)2 3 9 fixed lines 4
(θ2)3 2 16 fixed lines 6
θ1θ2 2× 6 12 fixed points 8

θ1(θ2)2 2× 3 12 fixed points 8
θ1(θ2)3 2 16 fixed lines 8

Table B.20: Fixed point set for Z2 × Z6.

Figure B.23 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified. Note that the covering space and not the
quotient is being shown, part of the fixed sets are identified by the group action.

The Z2 × Z6 orbifold is one of the cases mentioned before, where we additionally
have the fixed points at the intersections of the Z2 fixed lines.

B.21.3 The gluing procedure

We will first look at the fixed lines. According to Table B.20, there are three sets of
8, 8 and 6 order two fixed lines, one oder six fixed line and 4 order three fixed lines.
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Figure B.23: Schematic picture of the fixed point configuration of the Z2×Z6–orbifold

Special attention must be paid to the fixed line at z2 = z3 = 0. In this locus, there
are three coincident fixed lines (order six, order three and order two). Of these, we
only count the order 6 fixed line (5 exceptional divisors). Therefore, we only count 3
of the four order three fixed lines (which contribute each 2 exceptional divisors), and
one less of the corresponding Z2–fixed lines. This gives in total 1 · 5+3 · 2+21 · 1 = 32
exceptional divisors from fixed lines.

Note that the 8 fixed points of θ1θ2 and the 8 of θ1(θ2)2 share the four fixed points on
the line z2 = z3 = 0, so we are left with 12 individual fixed points (instead of the naive
16). The 4 fixed points one the line z2 = z3 = 0 come from the Z2 × Z6-patch, which
contributes 2 compact exceptional divisors. They sit at a triple intersection of one order
six and 2 order two fixed lines, which is reflected by the exceptional divisors on the
boundary of this patch. The remaining 8 fixed points come from Z6−II–patches, they
sit at the intersections of one order two and one order three fixed lines and contribute
1 compact exceptional divisor. The four points on the line z2 = z3 = 0 are fixed under
two group elements, so we count them twice, while the remaining 8 points are fixed
only under one group element, so we count them once. This yields the same result. So
we get 4 · 2 + 8 · 1 = 16 divisors from fixed points, which makes together with the 32
exceptional divisors form the fixed lines a total of 48 exceptional divisors.

In this example, there is one Z3 fixed line without fixed points on it, so h
(2,1)
tw = 2.
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B.22 The Z2 × Z6′–orbifold

B.22.1 Metric, complex structure and moduli

The root lattice of SU(3) × G2
2 is the one compatible to the point group. The twists

act on the lattice basis as follows:

Q1 e1 = −e1, Q1 e2 = −e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = −e5, Q1 e6 = −e6,
Q2 e1 = −e2, Q2 e2 = e1 + e2, Q2 e3 = 2 e3 + 3 e4, Q2 e4 = −e3 − e4,
Q2 e5 = −2 e5 − 3 e6, Q2 e6 = e5 + e6. (B.170)

Here, the Q2–twist on e5, e6 is minus the usual Coxeter–twist on SU(3). The twists
reproduce the correct eigenvalues and the conditions Q2

1 = 1, Q6
2 = 1. The combined

twist Q3 has the form

Q3 e1 = e2, Q3 e2 = −e1 − e2,
Q3 e3 = 2 e3 + 3 e4, Q3 e4 = −e3 − e4,
Q3 e5 = 2 e5 + 3 e6, Q3 e6 = −e5 − e6, (B.171)

and also reproduces the required eigenvalues. We require the metric to be invariant
under all three twists, i.e. we impose the three conditions QT

i g Qi = g, i = 1, 2, 3.
This leads to the following solution:

g =


R2

1 −1
2
R2

1 0 0 0 0
−1

2
R2

1 R2
1 0 0 0 0

0 0 R2
3 −1

2
R2

3 0 0
0 0 −1

2
R2

3
1
3
R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5
1
3
R2

5

 . (B.172)

The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli whereas the complex structure is completely fixed. For the complex
structure we get

z1 = 31/4 (x1 + e2πi/3 x2), z2 = x3 + 1√
3
e10πi/12 x4, z3 = x5 + 1√

3
e10πi/12 x6. (B.173)

Examination of the Kähler form yields

T 1 = b1 + i
√

3
2

R2
1, T 2 = b2 + i 1

2
√

3
R2

3, T 3 = b3 + i 1
2
√

3
R2

5. (B.174)

B.22.2 Fixed sets

We need to examine the θ1, θ2, (θ2)2, (θ2)3, θ1θ2, θ1(θ2)2 and θ1(θ2)3–twists. Table
B.21 gives the particulars of the fixed sets.
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Figure B.24: Fundamental regions for the Z2 × Z6′–orbifold

The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2

being invariant; the torus that remains fixed under (θ2)3 is (0, 0, 0, 0, x5, x6), corre-
sponding to z3 being invariant; the torus that is fixed by θ1(θ2)3 is (x1, x2, 0, 0, 0, 0),
corresponding to z1 being invariant.

Figure B.24 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points.

Group el. Order Fixed Set Conj. Classes

θ1 2 16 fixed lines 6
θ2 6 3 fixed points 2

(θ2)2 3 27 fixed points 9
(θ2)3 2 16 fixed lines 6
θ1θ2 2× 6 3 fixed points 2

θ1(θ2)2 2× 3 3 fixed points 2
θ1(θ2)3 2 16 fixed lines 6

Table B.21: Fixed point set for Z2 × Z6′ .

Figure B.25 shows the schematic fixed set configuration. Note that the covering
space is shown, some of the fixed sets are identified under the orbifold group.

B.22.3 The gluing procedure

Here we have in each coordinate direction 6 order 2 fixed lines, which gives us a total
of 18 exceptional divisors from fixed lines. The fixed point at (0, 0, 0) is the only one
that sits at a triple intersection of fixed lines, it is associated with the Z2 ×Z6′–patch,
which has 4 internal points. The other fixed point on z1 = fixed, z2 = z3 = 0, on
z2 = fixed, z1 = z3 = 0 and z3 = fixed, z1 = z2 = 0 come from Z6−I–patches which
each contribute 2 compact exceptional divisors. Of the remaining fixed points that do
not lie on any fixed line, we count 5; they each come from a Z3–patch. In total, we get
1 · 4 + 3 · 2 + 5 · 1 = 15 exceptional divisors from fixed points, which makes together
with the 18 from fixed line 33 in total.

Since in this example, there are no fixed lines without fixed points on them, h
(2,1)
tw =

0.
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Figure B.25: Schematic picture of the fixed set configuration of Z2 × Z6′

B.23 The Z3 × Z3–orbifold

B.23.1 Metric, complex structure and moduli

The root lattice of SU(3) × SU(3) × SU(3) is compatible with the point group. The
twists act on the lattice basis as follows:

Q1 e1 = e2, Q1 e2 = −e1 − e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = e6, Q1 e6 = −e5 − e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = e4, Q2 e4 = −e3 − e4,
Q2 e5 = e6, Q2 e6 = −e5 − e6. (B.175)

The twists are the usual Coxeter–twists on SU(3) and reproduce the correct eigenvalues
and the condition Q3 = 1. The combined twist Q3 has the form

Q3 e1 = e2, Q3 e2 = −e1 − e2,
Q3 e3 = e4, Q3 e4 = −e3 − e4,
Q3 e5 = −e5 − e6, Q3 e6 = e5, (B.176)

and also reproduces the required eigenvalues. The twist on e5, e6 is the anti-twist of the
usual Coxeter–twist. We require the metric to be invariant under all three twists, i.e.
we impose the three conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following
solution:

g =


R2

1 −1
2
R2

1 0 0 0 0
−1

2
R2

1 R2
1 0 0 0 0

0 0 R2
3 −1

2
R2

3 0 0
0 0 −1

2
R2

3 R2
3 0 0

0 0 0 0 R2
5 −1

2
R2

5

0 0 0 0 −1
2
R2

5 R2
5

 . (B.177)
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This corresponds exactly to the metric of SU(3)3 without any extra degrees of freedom.
The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli whereas the complex structure is completely fixed (recall that in the
simple Z3–twist, we had nine Kähler moduli). For the complex structure we get

z1 = 31/4 (x1 + e2πi/3 x2), z2 = 31/4 (x3 + e2πi/3 x4), z3 = 31/4 (x5 + e2πi/3 x6).
(B.178)

Examination of the Kähler form yields

T 1 = b1 + i
√

3
2

R2
1, T 2 = b2 + i

√
3

2
R2

3, T 3 = b3 + i
√

3
2

R2
5. (B.179)

B.23.2 Fixed sets

This is a combination of two prime orbifolds, therefore the conjugacy classes are in one-
to-one correspondence with the fixed points. We need to examine the θ1, θ2, θ1θ2 and
θ1(θ2)2–twists ( (θ1)2θ2 is the anti-twist of θ1(θ2)2). Table B.22 gives the particulars of
the fixed sets.

The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2

being invariant; the torus that remains fixed under θ2 is (x1, x2, 0, 0, 0, 0), corresponding
to z1 being invariant; the torus that is fixed by θ1(θ2)2 is (0, 0, 0, 0, x5, x6), correspond-
ing to z3 being invariant.

Figure B.26: Fundamental regions for the Z3 × Z3–orbifold

Figure B.26 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points. In each of them, we get the usual three fixed points
of the Z3–twist, namely z1

fixed,1 = z2
fixed,1 = z3

fixed,1 = 0, z1
fixed,2 = z2

fixed,2 = z3
fixed,2 =

1/
√

3 eπi/6 and z1
fixed,3 = z2

fixed,3 = z3
fixed,3 = 1 + i/

√
3.

Group el. Order Fixed Set Conj. Classes

θ1 3 9 fixed lines 9
θ2 3 9 fixed lines 9

θ1θ2 3× 3 27 fixed points 27
θ1(θ2)2 3 9 fixed lines 9

Table B.22: Fixed point set for Z3 × Z3.
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Figure B.27: Schematic picture of the fixed set configuration of Z3 × Z3

Figure B.27 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified.

B.23.3 The gluing procedure

Being a combination of prime orbifolds, this is again a relatively simple example. The
three different C2/Z3–patches each contribute 2 exceptional divisors. Of each kind of
Z3–fixed lines, we have 9. The Z3 × Z3–element has 27 isolated fixed points. The
Z3×Z3–patch has one compact exceptional divisor and two on each of the boundaries
which get identified with those of the fixed lines, on whose intersections the fixed points
sit. So we have 9 · 2 + 9 · 2 + 9 · 2 + 27 = 81 exceptional divisors.

The compact exceptional divisors, we denote by E5,αβγ, α, β, γ = 1, 2, 3. Of the
non-compact exceptional divisors, we have nine each, E1,2,αγ, E3,4βγ, E6,7αβ.

In each of the coordinate planes we have 3 fixed planes with associated divisors
Diα, i = 1, 2, 3.

Since in this example, there are no fixed lines without fixed points on them, h
(2,1)
tw =

0.

B.23.4 The intersection ring

We do the calculation for the triangulation a) in Figure A.13. From the local linear
equivalences (A.69) we arrive at the following global relations:

R1 = 3 D1,α +
3∑

β=1

(E6,αβ + 2 E7,αβ) +
3∑

γ=1

(E1,αγ + 2 E2,αγ) +
3∑

β,γ=1

E5,αβγ,
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R2 = 3 D2,β +
3∑

α=1

(2 E6,αβ + E7,αβ) +
3∑

γ=1

(2 E4,βγ + E3,βγ) +
3∑

α,γ=1

E5,αβγ,

R3 = 3 D3,γ +
3∑

α=1,

(2 E1,αγ + E2,αγ) +
3∑

β=1

(2 E3,βγ + E4,βγ) +
3∑

α,β=1

E5,αβγ.(B.180)

Figure B.28 shows the polyhedron of the compactified C3/Z3 × Z3–patch for both
triangulations treated in Appendix A.14. From (3.26) we know that R1R2R3 = 3.

D2

E 6

E 7

D1

E 5

E 3

D3

R1

R2

R3

E1

E2

0

E 4

D2

E 6

E 7

D1

E 5

E

D3

R1

R2

R3

E1

E2

0

E 4

Figure B.28: The polyhedra ∆
(3)
1 describing the local compactification of the resolution

of C3/Z3 × Z3.

From the toric diagrams of the compactified patches, we can read off directly the
intersection numbers with three distinct divisors:

R1E3,βγE4,βγ = 1, R2E1,αγE2,αγ = 1, R3E6,αβE7,αβ = 1,
E1,αγE2,αγE5,αβγ = 1, E5,αβγE6,αβE7,αβ = 1, E3,βγE4,βγE5,αβγ = 1. (B.181)

We find the following intersection numbers with the inherited divisors:

R1E
2
3,βγ = −2, R1E

2
4,βγ = −2, R2E

2
1,αγ = −2, R2E

2
2,αγ = −2,

R3E
2
6,αβ = −2, R3E

2
7,αβ = −2. (B.182)

For the other triple intersection, where not all divisors are distinct, we find

E2
1,αγE5,αβγ = −2, E2

2,αγE5,αβγ = −2, E2
3,βγE5,αβγ = −2,

E2
4,βγE5,αβγ = −2, E5,αβγE

2
6,αβ = −2, E5,αβγE

2
7,αβ = −2,
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E2
1,αγE2,αγ = −1, E1,αγE

2
2,αγ = −1, E2

3,βγE4,βγ = −1,

E3,βγE
2
4,βγ = −1, E2

6,αβE7,αβ = −1, E6,αβE2
7,αβ = −1,

E3
1,αγ = 8, E3

2,αγ = 8, E3
3,βγ = 8, E3

4,βγ = 8,

E3
5,αβγ = 3, E3

6,αβ = 8, E3
7,αβ = 8. (B.183)

The Kählerform can be parameterized as

J =
3∑

i=1

riRi −
3∑

α,β=1

(t6,βγE6,αβ + t7,βγE7,αβ)−
3∑

α,γ=1

(t1,α,γE1,αγ + t2,α,γE2,αγ)

−
3∑

β,γ=1

(t3,βγE3,βγ + t4,βγE4,βγ)−
3∑

αβ,γ=1

t5,αβγE5,αβγ. (B.184)

With (B.183) and (B.184), the total volume becomes

V = 3 r1r2r3 + r1

∑
βγ

(t3,βγt4,βγ − t23,βγ − t24,βγ)

+r2

∑
αγ

(t1,αγt2,αγ − t21,αγ − t22,αγ) + r3

∑
αβ

(t6,αβt7,αβ − t26,αβ − t27,αβ)

+
∑
βγ

[
1

2
(t23,βγt4,βγ + t3,βγt

2
4,βγ)−

4

3
(t33,βγ + t34,βγ)

]
+
∑
αγ

[
1

2
(t21,αγt2,αγ + t1,αγt

2
2,αγ)−

4

3
(t31,αγ + t32,αγ)

]
+
∑
αβ

[
1

2
(t26,αβt7,αβ + t6,αβt27,αβ)− 4

3
(t36,αβ + t37,αβ)

]
+
∑
αβγ

t5,αβγ(−t1,αγt2,αγ − t3,βγt4,βγ − t6,αβt7,αβ

+t21,αγ + t22,αγ + t23,βγ + t24,βγ + t26,αβ + t27,αβ)− 1

2
t35,αβγ. (B.185)

B.23.5 Divisor topologies

As we have seen in Appendix A.14, E5 is birationally equivalent to an F0, it is an F0

with five blow–ups, as can also be seen from the triple self-intersection number E3
5 =

3 = 8−5. After gluing, the other exceptional divisors all have the topology of P1×P1,
the number of blown up points depends on the triangulation. For triangulation a), there
are no blow–ups, as is reflected in their triple self-intersections being equal to eight, for
b) we have Bl3(P1×P1), one blow–up for each time the fixed line hits a fixed plane. The
Ds without the exceptional divisors have the topology of T 2/Z3 \3 pts×T 2/Z3 \3 pts,
which corresponds to P1 \ 3 pts×P1 \ 3 pts. In triangulation b), the points are simply
put back in after the blow–up, in a), we get Bl9(P1×P1), which is again nicely reflected
in the triple self-intersection numbers: D3

i = −1 = 8− 9, i = 1, 2, 3.
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B.23.6 The orientifold

For the local involution, we choose the simplest possibility, i.e. zi → −zi while on the
yi nothing happens. Looking for the fixed points of the combination of the involution
and the scaling action of the resolved patch (A.66), we find

y5 = 0,

i.e. an O7–plane wrapped on E5.
In the global relations (B.180), the coefficient of E5 is changed to 1/2 and the

intersection numbers change as follows:

R1R2R3 =
3

2
, R1E3,βγE4,βγ =

1

2
, R2E1,αγE2,αγ =

1

2
, R3E6,αβE7,αβ =

1

2
,

E1,αγE2,αγE5,αβγ = 1, E5,αβγE6,αβE7,αβ = 1, E3,βγE4,βγE5,αβγ = 1. (B.186)

We find the following intersection numbers with the inherited divisors:

R1E
2
3,βγ = −1, R1E

2
4,βγ = −1, R2E

2
1,αγ = −1, R2E

2
2,αγ = −1,

R3E
2
6,αβ = −1, R3E

2
7,αβ = −1. (B.187)

For the other triple intersection, where not all divisors are distinct, we find

E2
1,αγE5,αβγ = −2, E2

2,αγE5,αβγ = −2, E2
3,βγE5,αβγ = −2,

E2
4,βγE5,αβγ = −2, E5,αβγE

2
6,αβ = −2, E5,αβγE

2
7,αβ = −2,

E2
1,αγE2,αγ = −1

2
, E1,αγE

2
2,αγ = −1

2
, E2

3,βγE4,βγ = −1

2
,

E3,βγE
2
4,βγ = −1

2
, E2

6,αβE7,αβ = −1

2
, E6,αβE2

7,αβ = −1

2
,

E3
1,αγ = 4, E3

2,αγ = 4, E3
3,βγ = 4, E3

4,βγ = 4,

E3
5,αβγ = 12, E3

6,αβ = 4, E3
7,αβ = 4. (B.188)

With (B.188) and (B.184), the total volume becomes

V =
3

2
r1r2r3 +

1

2
r1

∑
βγ

(t3,βγt4,βγ −
1

2
t23,βγ − t24,βγ)

+
1

2
r2

∑
αγ

(t1,αγt2,αγ − t21,αγ − t22,αγ) +
1

2
r3

∑
αβ

(t6,αβt7,αβ − t26,αβ − t27,αβ)

+
1

2

∑
βγ

[
1

2
(t23,βγt4,βγ + t3,βγt

2
4,βγ)−

4

3
(t33,βγ + t34,βγ)

]
+

1

2

∑
αγ

[
1

2
(t21,αγt2,αγ + t1,αγt

2
2,αγ)−

4

3
(t31,αγ + t32,αγ)

]
+

1

2

∑
αβ

[
1

2
(t26,αβt7,αβ + t6,αβt27,αβ)− 4

3
(t36,αβ + t37,αβ)

]
+
∑
αβγ

t5,αβγ(−t1,αγt2,αγ − t3,βγt4,βγ − t6,αβt7,αβ

+t21,αγ + t22,αγ + t23,βγ + t24,βγ + t26,αβ + t27,αβ)− 2 t35,αβγ. (B.189)



218 B Calabi–Yau manifolds from resolved orbifolds

B.24 The Z3 × Z6–orbifold

B.24.1 Metric, complex structure and moduli

The root lattice of SU(2)2 × SU(3) × G2 is compatible with the point group. The
twists act on the lattice basis as follows:

Q1 e1 = e2, Q1 e2 = −e1 − e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = e5 + 3 e6, Q1 e6 = −e5 − 2 e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = 2 e3 + 3 e4, Q2 e4 = −e3 − e4,
Q2 e5 = 2 e5 + 3 e6, Q2 e6 = −e5 − e6. (B.190)

The twist on e5, e6 in Q1 is minus the anti-twist of the usual Coxeter–twist on G2,
while all other twists are the usual Z2, Z3 and Z6–twists on their respective lattices.
The twists reproduce the correct eigenvalues and the conditions Q3

1 = 1, Q6
2 = 1. The

combined twist Q3 has the form

Q3 e1 = e2, Q3 e2 = −e1 − e2,
Q3 e3 = 2 e3 + 3 e4, Q3 e4 = −e3 − e4,
Q3 e5 = −e5, Q3 e6 = −e6, (B.191)

which is as just mentioned a Z6−II–twist, namely the one on the lattice SU(2)2 ×
SU(3)×G2. As before, we require the metric to be invariant under all three twists, i.e.
we impose the three conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following
solution:

g =


R2

1 −1
2
R2

1 0 0 0 0
−1

2
R2

1 R2
1 0 0 0 0

0 0 R2
3 −1

2
R2

3 0 0
0 0 −1

2
R2

3
1
3
R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5
1
3
R2

5

 . (B.192)

This corresponds exactly to the metric of SU(3) × (G2)
2 without any extra degrees

of freedom. The corresponding solution for b has the form of (B.149). We have three
Kähler moduli while the complex structure is completely fixed. We find the following
complex coordinates:

z1 = 31/4 (x1 + e2πi/3 x2), z2 = x3 + 1√
3
e5πi/6 x4, z3 = x5 + 1√

3
e5πi/6 x6. (B.193)

The invariant 2-forms in the real cohomology are simply dx1 ∧ dx2, dx3 ∧ dx4 and
dx5 ∧ dx6. Via the pairing J + i B = T i ωi in the real cohomology, we find the three
Kähler moduli

T 1 = b1 + i
√

3
2

R2
1, T 2 = b2 + i 1

2
√

3
R2

3, T 3 = b3 + i 1
2
√

3
R2

5. (B.194)
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B.24.2 Fixed sets

Here, we need to examine the group elements θ1, θ2, (θ2)2, (θ2)3, θ1(θ2)2, θ1(θ2)3, θ1(θ2)4

and θ1(θ2)5.
The fixed torus associated to the θ1–twist is (0, 0, x3, x4, 0, 0) corresponding to z2

being invariant; the torus that remains fixed under , θ2, (θ2)2, (θ2)3 is (x1, x2, 0, 0, 0, 0),
corresponding to z1 being invariant; the torus that is fixed by θ1(θ2)4 is (0, 0, 0, 0, x5, x6),
corresponding to z3 being invariant.

Figure B.29: Fundamental regions for the Z3 × Z6–orbifold

Figure B.29 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points.

Group el. Order Fixed Set Conj. Classes

θ1 3 9 fixed lines 6
θ2 6 1 fixed line 1

(θ2)2 3 9 fixed lines 5
(θ2)3 2 16 fixed lines 4
θ1θ2 3× 6 12 fixed points 6

θ1(θ2)2 3× 3 27 fixed points 15
θ1(θ2)3 3× 2 12 fixed points 6
θ1(θ2)4 3 9 fixed lines 6
θ1(θ2)5 3× 6 3 fixed points 3

Table B.23: Fixed point set for Z3 × Z6.

Figure B.30 shows the schematic picture of the fixed set configuration. Note that
the covering space is shown, some of the fixed sets are identified under the orbifold
group.

B.24.3 The gluing procedure

From the fixed lines, we get the following number of exceptional divisors: 6 · 2 + 1 ·
5 + 4 · 2 + 3 · 1 + 6 · 2 = 40. The fixed points at z1 = fixed, z2 = z3 = 0 belong to
the Z3 ×Z6–patch and contribute 4 exceptional divisors each. The remaining 12 fixed
points on triple intersections of fixed lines come from Z3×Z3–patches; additionally, we
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Figure B.30: Schematic picture of the fixed set configuration of the Z3 × Z6–orbifold

have 6 fixed points on the intersection of two fixed lines which belong to Z6−II–patches.
So there are altogether 3 · 4 + 12 · 1 + 6 · 1 = 30 exceptional divisors from fixed points,
which gives 70 in total.

In this example, there is one Z2 fixed line without fixed points on it, so h
(2,1)
tw = 1.

B.25 The Z4 × Z4–orbifold

B.25.1 Metric, complex structure and moduli

The root lattice of SO(5)3 accommodates the combined twists. The twists acting on
the lattice basis are:

Q1 e1 = e1 + 2 e2, Q1 e2 = −e1 − e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = e5 + 2 e6, Q1 e6 = −e5 − e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = e3 + 2 e4, Q2 e4 = −e3 − e4,
Q2 e5 = e5 + 2 e6, Q2 e6 = −e5 − e6. (B.195)

The twists are the usual Coxeter–twists on SO(5) and reproduce the correct eigenvalues
and the condition Q4 = 1. The combined twist Q3 has the form

Q3 e1 = e1 + 2 e2, Q3 e2 = −e1 − e2,
Q3 e3 = e3 + 2 e4, Q3 e4 = −e3 − e4,
Q3 e5 = −e5, Q3 e6 = −e6. (B.196)
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We require the metric to be invariant under all three twists, i.e. we impose the three
conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following solution:

g =


2 R2

1 −R2
1 0 0 0 0

−R2
1 R2

1 0 0 0 0
0 0 2 R2

3 −R2
3 0 0

0 0 −R2
3 R2

3 0 0
0 0 0 0 2 R2

5 −R2
5

0 0 0 0 −R2
5 R2

5

 . (B.197)

This corresponds exactly to the metric of SO(5)3 without any extra degrees of freedom.
The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli whereas the complex structure is completely fixed. For the complex
structure we get

z1 = x1 − 1
2
(1− i) x2, z2 = x3 − 1

2
(1− i) x4, z3 = x5 − 1

2
(1− i) x6. (B.198)

Examination of the Kähler form yields

T 1 = b1 + i R2
1, T 2 = b2 + i R2

3, T 3 = b3 + i R2
5. (B.199)

B.25.2 Fixed sets

We need to examine the θ1, (θ1)2, θ2, (θ2)2, θ1θ2, (θ1)2θ2, θ1(θ2)2, (θ1)2(θ2)2 and
(θ1)3(θ2)2–twists. Table 4 gives the particulars of the fixed sets.

The fixed torus associated to the θ1 and (θ1)2–twists is (0, 0, x3, x4, 0, 0) corre-
sponding to z2 being invariant; the torus that remains fixed under θ2 and (θ2)2 is
(x1, x2, 0, 0, 0, 0), corresponding to z1 being invariant; the torus that is fixed by (θ1)2(θ2)2

and (θ1)3(θ2)2 is (0, 0, 0, 0, x5, x6), corresponding to z3 being invariant.

Figure B.31: Fundamental regions for the Z4 × Z4–orbifold

Figure B.31 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points. In many cases, fixed points under different group
elements sit on the same spots, so it isn’t possible to show them all in different colors.

Figure B.32 shows the configuration of the fixed sets in a schematic way, where
each complex coordinate is shown as a coordinate axis and the opposite faces of the
resulting cube of length 1 are identified. Note that the covering space and not the
quotient is being shown, part of the fixed sets are identified by the group action.
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Group el. Order Fixed Set Conj. Classes

θ1 4 4 fixed lines 4
θ2 4 4 fixed line 4

(θ1)2 2 16 fixed lines 9
(θ2)2 2 16 fixed lines 9
θ1θ2 4× 4 16 fixed points 12

(θ1)2θ2 2× 4 16 fixed points 12
θ1(θ2)2 2× 4 16 fixed points 12

(θ1)2(θ2)2 2 16 fixed lines 9
(θ1)3(θ2)2 4 4 fixed lines 4

Table B.24: Fixed point set for Z4 × Z4.

Figure B.32: Schematic picture of the fixed point configuration of the Z4×Z4–orbifold

B.25.3 The gluing procedure

At each of the eight fixed points that sit at the intersection of four Z4 fixed lines are
Z4 × Z4–patches. One such patch contributes three internal exceptional divisors, see
Figure A.15. The patches at fixed points which sit at the intersection of one Z4 and
two Z2 fixed lines are of type Z2 × Z4. There are twelve of them and each contributes
one internal exceptional divisor, see Figure A.10. There are twelve Z4 fixed lines, each
contributing three exceptional divisors and 15 Z2 fixed lines, each contributing one
exceptional divisor. In total, this gives 8 · 3 + 12 · 1 + 12 · 3 + 15 · 1 = 87 exceptional
divisors.

Since in this example, there are no fixed lines without fixed points on them, h
(2,1)
tw =

0.
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B.26 The Z6 × Z6–orbifold

B.26.1 Metric, complex structure and moduli

The root lattice of G2 ×G2 ×G2 is compatible with the point group. The twists acts
on the lattice basis as follows:

Q1 e1 = 2 e1 + 3 e2, Q1 e2 = −e1 − e2, Q1 e3 = e3, Q1 e4 = e4,
Q1 e5 = 2 e5 + 3 e6, Q1 e6 = −e5 − e6,
Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = 2 e3 + 3 e4, Q2 e4 = −e3 − e4,
Q2 e5 = 2 e5 + 3 e6, Q2 e6 = −e5 − e6. (B.200)

The twists reproduce the correct eigenvalues and the conditions Q6
1 = 1, Q6

2 = 1. The
combined twist Q3 has the form

Q3 e1 = 2 e1 + 3 e3, Q3 e2 = −e1 − e2,
Q3 e3 = 2 e3 + 3 e4, Q3 e4 = −e3 − e4,
Q3 e5 = e5 + 3 e6, Q3 e6 = −e5 − 2 e6, (B.201)

where the twist on e5, e6 is twice the Coxeter–twist on G2. Q3 also reproduces the
required eigenvalues. We require the metric to be invariant under all three twists, i.e.
we impose the three conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following
solution:

g =


R2

1 −1
2
R2

1 0 0 0 0
−1

2
R2

1
1
3
R2

1 0 0 0 0
0 0 R2

3 −1
2
R2

3 0 0
0 0 −1

2
R2

3
1
3
R2

3 0 0
0 0 0 0 R2

5 −1
2
R2

5

0 0 0 0 −1
2
R2

5
1
3
R2

5

 . (B.202)

The solution for b matches the pattern of (B.149), we therefore know to have three
Kähler moduli whereas the complex structure is completely fixed. For the complex
structure we get

z1 = 31/4 (x1 + 1√
3
e10πi/12 x2), z2 = 31/4 (x3 + 1√

3
e10πi/12 x4),

z3 = 31/4 (x5 + 1√
3
e10πi/12 x6). (B.203)

Examination of the Kähler form yields

T 1 = b1 + i 1
2
√

3
R2

1, T 2 = b2 + i 1
2
√

3
R2

3, T 3 = b3 + i 1
2
√

3
R2

5. (B.204)

B.26.2 Fixed sets

Here, we must take 19 group elements into account, namely θ1, (θ1)2, (θ1)3, θ2, (θ2)2, (θ2)3,
θ1θ2, θ1(θ2)2, θ1(θ2)3, θ1(θ2)4, θ1(θ2)5, (θ1)2θ2, (θ1)3θ2, (θ1)4θ2, (θ1)2(θ2)2, (θ1)2(θ2)3,
(θ1)2(θ2)4, (θ1)3(θ2)2 and (θ1)3(θ2)3.
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The fixed torus associated to the θ1, (θ1)2, (θ1)3–twists is (0, 0, x3, x4, 0, 0) corre-
sponding to z2 being invariant; the torus that remains fixed under , θ2, (θ2)2, (θ2)3

is (x1, x2, 0, 0, 0, 0), corresponding to z1 being invariant; the torus that is fixed by
θ1(θ2)5, (θ1)2(θ2)4, (θ1)3(θ2)3 is (0, 0, 0, 0, x5, x6), corresponding to z3 being invariant.

Figure B.33: Fundamental regions for the Z6 × Z6–orbifold

Figure B.33 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points.

Table 3.2 in Section 3.6.2 summarizes the data of the fixed sets. Figure 3.5 shows
the schematic picture of the fixed set configuration. Again, it is the covering space
that is shown.

B.26.3 The gluing procedure

See Section 3.6.2.
Since in this example, there are no fixed lines without fixed points on them, h

(2,1)
tw =

0.



Appendix C

Cartan matrices of the relevant Lie
groups

An/SU(n + 1)

A =


2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 −1 . . 0 0
. . . . . . . .
0 0 0 . . −1 2 −1
0 0 0 . . 0 −1 2

 (C.1)

Bn/SO(2n + 1)

A =


2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 −1 . . 0 0
. . . . . . . .
0 0 0 . . −1 2 −2
0 0 0 . . 0 −1 2

 (C.2)

Dn/SO(2n)

A =



2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 −1 . . 0 0
. . . . . . . .
0 0 0 . . 2 −1 −1
0 0 0 . . −1 2 0
0 0 0 . . −1 0 2


(C.3)
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E6

A =


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

 (C.4)

F4

A =


2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

 (C.5)

G2

A =

(
2 −3
−1 2

)
(C.6)
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Bibliography 235

Dec. 05: ”Fixing all moduli: A look at non-perturbative superpotentials”,
String/Gravity Theory Seminar, MIT

Mar. 06: ”Fixing all moduli: Some Geometry”,
String Theory Seminar, Imperial College, London

Mar. 06: ”Fixing all moduli: Some Geometry”,
String Theory Seminar, University of Wales, Swansea


