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Abstract

In this thesis we investigate two different aspects of string theory compactifications.

The first part deals with the issue of the huge amount of possible string vacua, known
as the landscape. Concretely we investigate a specific well defined subset of type 11
orientifold compactifications. We develop the necessary tools to construct a very large
set of consistent models and investigate their gauge sector on a statistical basis. In
particular we analyse the frequency distributions of gauge groups and the possible
amount of chiral matter for compactifications to six and four dimensions. In the phe-
nomenologically relevant case of four-dimensional compactifications, special attention
is paid to solutions with gauge groups that include those of the standard model, as
well as Pati-Salam, SU(5) and flipped SU(5) models. Additionally we investigate the
frequency distribution of coupling constants and correlations between the observables
in the gauge sector. These results are compared with a recent study of Gepner mod-
els. Moreover, we elaborate on questions concerning the finiteness of the number of
solutions and the computational complexity of the algorithm.

In the second part of this thesis we consider a new mathematical framework, called
generalised geometry, to describe the six-manifolds used in string theory compactifica-
tions. In particular, the formulation of T-duality and mirror symmetry for nonlinear
topological sigma models is investigated. Therefore we provide a reformulation and ex-
tension of the known topological A- and B-models to the generalised framework. The
action of mirror symmetry on topological D-branes in this setup is presented and the
transformation of the boundary conditions is analysed. To extend the considerations
to D-branes in type II string theory, we introduce the notion of generalised calibra-
tions. We show that the known calibration conditions of supersymmetric branes in
type IIA and IIB can be obtained as special cases. Finally we investigate the action
of T-duality on the generalised calibrations.



Zusammenfassung

In dieser Arbeit werden zwei unterschiedliche Aspekte von Kompaktifizierungen in
der Stringtheorie untersucht.

Der erste Teil beschéiftigt sich mit dem unter dem Namen “Landscape” bekannten
Phénomen, das die sehr grofe Zahl von Vakuumlosungen in der Stringtheorie thema-
tisiert. Konkret beschéftigen wir uns mit einer speziellen wohldefinierten Untermenge
von Orientifold-Kompaktifizierungen in Stringtheorie vom Typ II. Wir entwickeln die
notwendigen Methoden, um eine grofse Anzahl von konsistenten Modellen zu berech-
nen und deren Eichsektoren einer statistischen Analyse zu unterziehen. Diese bein-
haltet eine Untersuchung der Haufigkeitsverteilungen einzelner Eichgruppen, sowie
der Verteilung chiraler Materie in Kompaktifizierungen von zehn sowohl auf sechs, als
auch auf vier Dimensionen. Der vierdimensionale Fall ist unter phinomenologischen
Gesichtspunkten interessanter, und wir vertiefen daher unsere Analyse des Eichsektors
in diesem Fall durch das Betrachten von Losungen, die spezielle Eichgruppen, wie die
des Standardmodells, von Pati-Salam, SU(5) und flipped SU(5) Modellen, aufweisen.
Dariiber hinaus untersuchen wir die Haufigkeitsverteilung von Kopplungskonstanten
und Korrelationen zwischen den Observablen im Eichsektor der Modelle. Diese Ergeb-
nisse werden mit einer Untersuchung von Gepner-Modellen verglichen. Wir beschéfti-
gen uns ferner mit der Endlichkeit der Losungen im Raum der von uns betrachteten
Orientifold-Modelle, sowie der Komplexitdt der verwendeten Algorithmen.

Im zweiten Teil dieser Arbeit wird untersucht, wie ein neues Konzept der Mathe-
matik, die sogenannte generalisierte Geometrie, zur Beschreibung der kompakten,
sechsdimensionalen Mannigfaltigkeiten, welche in Kompaktifizierungen von Stringth-
eorie Verwendung finden, genutzt werden kann. Die Formulierung von T-Dualitét
und Mirror-Symmetrie fiir topologische Sigma-Modelle wird thematisiert und eine
neue Formulierung und Erweiterung der bekannten topologischen A- und B-Modelle
wird entwickelt. Wir untersuchen die Wirkung von Mirror-Symmetrie auf topologische
D-Branen und die Transformation der Randbedingungen dieser Branen. Um die Anal-
yse auf D-Branen in Stringtheorie vom Typ II zu erweitern, fiilhren wir das Konzept
generalisierter Kalibrierungen ein und zeigen, dass diese die bekannten Kalibrierungs-
bedingungen von D-Branen in Stringtheorie vom Typ ITA und TIB als Spezialfille
enthalten. Abschlieflend wird die Wirkung von T-Dualitit auf die generalisierten
Kalibrierungen untersucht.
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Chapter 1

Introduction

Our current understanding of the fundamental forces of the universe is governed by
two of the most successful theories in the history of science. On the one hand, the
standard model of particle physics, formulated in the framework of quantum field
theory, provides a description of the strong and electroweak interactions. On the
other hand, general relativity explains the gravitational force in a beautiful geometric
manner. The predictions of both theories are experimentally confirmed to a very high
accuracy. Nevertheless, there are several issues concerning both, the mathematical
structure as well as the impossibility to describe important phenomena, which con-
vince us that the standard model and general relativity can only be low energy limits
of a more fundamental theory, that would provide us with a unified description of all
forces of nature.

Within the framework of the standard model, we are not able to describe the rea-
son why there exist exactly three families of quarks and leptons, why the coupling
constants of the electroweak and the strong interactions show the tendency to unify
at high energies, why there is such a large hierarchy between the electroweak and
the Planck scale and why the cosmological constant has such a small positive value.
Concerning the structure of the standard model, the large number of free parame-
ters, including such important quantities as the masses of fundamental particles, is
not very appealing. Furthermore, general relativity, being a classical theory, cannot
be formulated within the framework of quantum field theory. It looses its predictive
power at the order of the Planck scale, where quantum effects would dominate. A
quantum theory of gravity is therefore absolutely necessary to describe phenomena at
high curvature, as in the case of black holes.

The best candidate for a fundamental theory that includes quantum gravity is string
theory (for standard textbooks see [101], 102} 135l 145 146l [172]). It is based on the
idea that the fundamental constituents of matter are not described by point particles,
but by one-dimensional objects. What might look like a minor change at first glance
implies major changes in the mathematical description, as well as in the possible
formulation of consistent theories. It turns out that the quantisation of string theory
leads to five different theories, which are connected by dualities. In this way they
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can be seen as special limits of one and the same underlying theory, which has been
dubbed M-theory. The low energy limit of this still unknown fundamental theory
is the maximal, eleven-dimensional supergravity [141} 53]. A consistent quantisation
of string theory leads, besides others, to two fundamental predictions. The first one
is that the dimension of the target space manifold has to be ten, the second one is
supersymmetry. The latter is actually good news, since for phenomenological reasons
we expect supersymmetry to be realised in nature, although it is broken at low energy.
Since we do not observe a ten-dimensional space-time, we are necessarily led to the
conclusion that six dimensions have to be invisible at low energies, which can be
accommodated for by a compactification. The geometry of the compact manifold
determines many properties of the low energy effective theory, in particular the amount
of observed supersymmetry.

The first attempts to obtain consistent effective low energy theories that resemble
the standard model have been made in heterotic string theory (see for example [37,
113 [112]). These methods have been refined over the years and are used presently to
obtain the most realistic constructions of the standard model available (recent work
includes [32, 29| 27]). With the advent of D-branes [I143] many new possibilities for
string model building have been discovered. In particular the notion of intersecting
D-branes [18] proved to be very fruitful to construct models with realistic properties
(see e.g. [134], 21] and references therein).

There are several open questions concerning compactifications in string theory and in
this thesis we elaborate on two of them. Therefore this work is divided into two parts.
In the first part we discuss aspects of the so-called landscape problem, which concerns
the overwhelming abundance of possibilities to construct consistent low energy the-
ories. In the second part we switch to a less phenomenological topic and investigate
how a new mathematical structure, called generalised complex geometry, can deepen
our understanding of the possible compactification spaces and the connection of string
theories via dualities.

1.1 The Landscape

Starting from early observations of Lerche, Liist and Schellekens [130], it has become
clear over the years that string theory does provide us not only with one consistent
low energy effective theory, but with a multitude of solutions. This phenomenon has
been given the name “the landscape” [I50] 155] (for a recent essay on the subject see
also [76]).

It was known from the very first approaches to compactification of string theory
to four dimensions that there exist many families of solutions due to the so-called
moduli. These scalar fields parametrise the geometric properties of different possible
compactification manifolds and their values are generically not fixed. It was believed
for a long time that some stabilisation mechanism for these moduli would finally
lead to only one consistent solution. Even though it is way too early to completely
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abandon this idea, recent developments suggest that even after moduli stabilisation
there exist a very large number of consistent vacuum solutions. Especially the studies
of compactifications with fluxes (see e.g. [95] and references therein) clarified the
situation. The effective potential induced by these background fluxes, together with
non-perturbative effects, allow to fix the values of some or even all of the moduli at
a supersymmetric minimum. What is surprising is the number of possible minima,
which has been estimated [30[to be of the order of 10°%°. So it seems very likely that
there exists a very large number of stable vacua in string theory that give rise to low
energy theories which meet all our criteria on physical observables.

After the initial work of Douglas [75], who pointed out that facing these huge numbers
the search for the vacuum is no longer feasible, recent research has started to focus
on the statistical distributions of string vacua. This approach relies on the conjecture
that, given such a huge number of possible vacua, our world can be realized in many
different ways and only a statistical analysis might be possible. Treating physical
theories on a statistical basis is a provocative statement and it has given rise to
a sometimes very emotional debate. Basic criticism is expressed in [12] [11], where
the authors emphasise the point that, as long as we do not have a non-perturbative
description of string theory, such reasoning seems to be premature. Moreover such an
approach immediately rises philosophical questions. How can we talk seriously about
the idea to abandon unambiguous predictions of reality and replace it with statistical
reasoning? One is reminded to similar questions concerning quantum mechanics, but
there is a major difference to this problem. In the case of quantum mechanics there
is a clean definition of observer and measurement. Most importantly, measurements
can be repeated and therefore we can make sense out of a statistical statement. In
the case of our universe we have just one measurement and there is no hope to repeat
the experiment.

At the moment there are two roads visible that might lead to a solution of these
problems. One of them is based on anthropic arguments [155], which have already
been used outside string theory to explain the observed value of the cosmological
constant [159]. Combined with the landscape picture this gives rise to the idea of a
multiverse, where all possible solutions for a string vacuum are actually realised [119]
(for a recent essay on the cosmological constant problem and the string landscape
see also [147]). Anthropic reasoning is not very satisfactory, especially within the
framework of a theory that is believed to be unique. Another possible way to deal with
the landscape might therefore be the assignment of an entropy to the different vacuum
solutions and their interpretation in terms of a Hartle-Hawking wave function [142]39].
A principle of extremisation of the entropy could then be used to determine the correct
vacuum.

We do not dwell into philosophical aspects of the landscape problem in this thesis,
but rather take a very pragmatic point of view, following Feynman’s “shut up and
calculate” attitude. In this endeavour a lot of work has been done to analyse the

I'Note that in this estimate not all effects from the process of moduli stabilisation have been taken
into account.
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properties and define a suitable statistical measure in the closed string sector of string
theory [8, 61, 64 90} [73, 140L B0, 62), 66, 69 [72, [T, 74, 77, 125]. In this work we are
focusing on the statistics of the open string sector |23, 126], 127, [7, 157, 02, 9T, 93], 128|
67, [68]. We are not trying to take the most general point of view and analyse a generic
statistical distribution, but focus instead on a very specific class of models. In this
small region of the landscape we are going to compute almost all possible solutions
and give an estimate for those solutions we were not able to take into account.

There are several interesting questions one can ask, given a large set of possible models.
One of them concerns the frequency distribution of properties, like the total rank of the
gauge group or the occurrence of certain gauge factors. Another question concerns the
correlation of observables in these models. This question is particularly interesting,
since a non-trivial correlation of properties could lead to the exclusion of certain
regions of the landscape or give hints where to look for realistic models. It should be
stressed that in our analysis of realistic four-dimensional compactifications we are not
dealing with an abstract statistical measure, but with explicit constructions.

1.2 Generalised Geometry

From a mathematical point of view, the problem of compactifications in string the-
ory can be regarded as the task to classify six-manifolds with special properties. In
particular, demanding supersymmetry in the four-dimensional space-time leads to
the requirement of a covariantly constant spinor to exist on the target space mani-
fold [162]. For special cases and minimal supersymmetry in four dimensions, this
reasoning leads to spaces with SU(3) holonomy, so called Calabi-Yau manifolds [37].
However, Calabi-Yau spaces are not the most general possible target space manifolds.
As has been realised in [I53], one can treat non-trivial NS-NS background fields as
torsion of the internal manifold. The search for possible solutions for internal fields
(fluxes) that preserve a certain amount of supersymmetry can be performed using the
mathematical tool of G-structures [85, 38|. Considering G-structures with G = SU(3)
contains Calabi-Yaus as a special case, when all background fields except the metric
are set to zero. The method of G-structures cannot only be applied to string theory
compactifications, but also to eleven-dimensional supergravity. In the simplest case
the structure group of the seven-dimensional compact space is Gs.

More recently, the development of generalised complex geometry by Hitchin [T09] and
his students [103], 4], T61] turned out to be very suitable to describe the target space
manifolds of string theory. The basic idea of generalised geometry is to replace the
tangent bundle of the manifold under consideration with the sum of the tangent and
cotangent bundle. The G-structure of a manifold is thereby replaced with a G x G-
structure, that contains the classical case as a special limit. The formulation of string
theory problems using generalised geometry is useful for several reasons. First of
all the antisymmetric two-form, the B-field can be incorporated in a very natural
way. Secondly, as has been shown in [I16], it is possible to include the R-R fields
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in the classification of target spaces as well. This is an important step towards a
sensible description of R-R fluxes in string theory compactifications. Specifically in
compactifications of type II string theories the new mathematical tools have already
found many applications [97, 98, [115] 99], 100, 96].

Another important aspect of generalised geometry is a natural description of T-duality
and mirror symmetry [154]. Under the action of mirror symmetry the complex struc-
ture of one manifold gets exchanged with the symplectic structure of the dual manifold.
The notion of a generalised complex structure unifies both, complex and symplectic
structures, and provides therefore a good framework to describe mirror symmetry.
In the context of nonlinear sigma models an important insight was gained in [103],
where it has been proven that the most general target space structure for N = (2,2)
theories, which has been found to be a bi-hermitian geometry in [84], is equivalent to
a generalised Kéhler structure. This was the motivation for the authors of [120], 122]
to introduce a generalised topological B-model. In [49] this has been extended to
the A-model case and the action of T-duality on these generalised models has been
investigated. As a non-trivial test of the new ideas it can be shown that the classical
topological A- and B-models [164] are recovered in special limits of the generalised
models. Related work on nonlinear sigma models in the context of generalised geom-
etry includes [I31] 132} 169, 167, 133, 170, 171, B3].

With respect to the theory of D-branes, generalised geometry provides new insights
as well. In [I66] boundary conditions for branes in nonlinear sigma models with
generalised target spaces have been formulated. As has been shown in [49], these
conditions for generalised topological A- and B-branes get interchanged by mirror
symmetry. Turning from the topological branes to D-branes in type II string theory,
the well-known conditions for D-branes on Calabi-Yau manifolds to preserve a certain
amount of supersymmetry [I37], namely to wrap special Lagrangian cycles in type ITA
and holomorphic cycles in type IIB, can be combined and extended in the framework
of generalised complex geometry [124], 139, 138, [04]. The classical conditions can be
formulated mathematically using the notion of calibrated submanifolds [107]. Includ-
ing non-trivial background fluxes changes these calibrations and has led the authors
of [123] to discover a new type of A-branes, the so-called coisotropic branes, which
obey a modified calibration condition [I2I]. Together with all known classical calibra-
tions these can be unified in the notion of a generalised calibration, which contains
the different cases as special limits.

1.3 Outline

Corresponding to the two topics addressed in this thesis, the text is divided into two
parts. In part one we deal with some aspects of the landscape problem and in part
two we occupy ourselves with generalised geometry.

Part one is structured as follows. In chapter [2| we prepare the stage, introducing the
special class of type II orientifold models that are our objects of interest. Moreover
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we explain the two methods we use to analyse these models. On the one hand,
the saddle point approximation and on the other hand a brute force algorithm for
explicit calculations. Concerning this algorithm, we comment on its computational
complexity, which touches a more general issue about computations in the landscape.
In the last section we discuss another fundamental problem of the statistical analysis,
namely the finiteness of vacua. An analytic proof of finiteness seems to be out of
reach, but we give several numerical arguments that support the conjecture that the
total number of solutions is indeed finite.

In chapter [3| we apply the described methods to type II orientifold models. We begin
with general questions about the frequency distributions of properties of the gauge
sector in compactifications to six and four dimensions. After that we pick several
subsets of models for a more detailed analysis. We choose those subsets that could
provide us with a phenomenologically interesting low energy gauge group. This in-
cludes first of all the standard model, but in addition constructions of Pati-Salam,
SU(5) and flipped SU(5) models. In the case of standard model-like constructions we
investigate the relations and frequency distributions of the gauge coupling constants
and compare the results with a recent analysis of Gepner models. In the last section
of this chapter the question of correlations of gauge sector observables is explored.

With chapter [4] we begin the second part of this thesis. We give a brief introduction
to the mathematical concepts of generalised geometry, focusing on the topics we need
for applications to string theory. In particular we explain the notions of generalised
complex and Kéhler structures and their classical limits. The extension of classical
G-structures to the new setting is presented as well.

In chapter |5| we focus on two aspects of string theory where generalised complex
geometry has useful applications. In the first section we demonstrate the natural
description of T-duality and mirror symmetry in this context. The results established
in this section are then applied to topological nonlinear sigma models. We define the
generalisation of the classical A- and B-models and show their mutual relation under
mirror symmetry. Turning to D-branes, we show that the boundary conditions of
topological A- and B-branes get interchanged by the action of mirror symmetry. In
the last section of this chapter we turn to D-branes in type II string theory and define
the analog of the classical calibration condition in the generalised framework. After
showing that the well-known calibrations for branes in type ITA and type IIB can
be found as classical limits, we investigate the action of T-duality on the generalised
calibration condition.

In appendix [A] we summarise some useful formulae for the different orientifold models.
Appendix [B| contains details about the implementation of the computer algorithm,
used to construct the models we analysed in part I.
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D-brane statistics






Chapter 2

Models and methods

As explained in the introduction, our program to classify a subset of the landscape of
string vacua is performed on a very specific set of models. In this chapter, we want to
set the stage for the analysis, explain the construction and the constraints on possible
solutions. Moreover, we have to develop the necessary tools of analysis.

In the first part of this chapter we give a general introduction to the orientifolds
we are planning to analyse. We focus on the consistency conditions that have to
be met by any stable solution. In particular these are the tadpole conditions for
the R-R fields, the supersymmetry conditions on the three-cycles wrapped by D-
branes and orientifold planes and restrictions coming from the requirement of anomaly
cancellation.

In the second part we develop the tools for a statistical analysis and test them on a
very simple compactification to eight dimensions. There are two methods that we use
for six- and four-dimensional models in the next chapter, namely an approximative
method and a direct, brute force analysis. The first method relies on the saddle point
approximation, which we explain in detail and compare it with known results from
number theory. For the second method we describe an algorithm that can be used for a
large scale search performed on several computer clusters. To estimate the amount of
time needed to generate a suitable amount of solutions, we analyse the computational
complexity of this algorithm.

In the last part of this chapter we investigate the problem of finiteness of the number of
solutions, an issue that is important to judge the validity of the statistical statements.

2.1 Orientifold models

Let us give a brief introduction to the orientifold models we use in the following
to do a statistical analysis. We will not try to give a complete introduction to the
subject, for readers with interest in more background material, we refer to the available
textbooks [145] 146l [117] and reviews [148], 144} 8] for a general introduction and the

9
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recent review [2I] for an account of orientifold models and their phenomenological
aspects.

Our analysis is based on the study of supersymmetric toroidal type II orientifold mod-
els with intersecting D-branes [I8], 6, 10, [151]. These models are, of course, far from
being the most general compactifications, but they have the great advantage of being
very well understood. In particular, the basic constraints for model building, namely
the tadpole cancellation conditions, the supersymmetry and K-theory constraints, are
well known. It is therefore possible to classify almost all possible solutions for these
constructions.

The orientifold models we consider can be described in type IIB string theory using
space-filling D9-branes with background gauge fields on their worldvolume. An equiv-
alent description can be given in the T-dual type ITA picture, where the D9-branes
are replaced by D6-branes, which intersect at non-trivial angles. This point of view is
geometrically appealing and goes under the name of intersecting D6-branes. We use
this description in the following.

The orientifold projection is given by Q& (—1)z, where Q : (0, 7) — (—0, 7) defines the
world-sheet parity transformation and & is an isometric anti-holomorphic involution,
which we choose to be simply complex conjugation in local coordinates: o : 2 — Z.
F}, denotes the left-moving space-time fermion number. This projection introduces
topological defects in the geometry, the so-called orientifold O6-planes. These are
non-dynamical objects, localised at the fixed point locus of &, which carry tension
and charge under the R-R seven-form, opposite to those of the D6—branesﬂ

Both, the O6-planes and D6-branes wrap three-cycles m € H3(M,7Z) in the internal
Calabi-Yau manifold M, which, in order to preserve half of the supersymmetry, have
to be special Lagrangian. In mathematical terms this is a calibration condition, which
we will meet again as a special case of generalised calibrations in chapter Since
the charge of the orientifolds is fixed and we are dealing with a compact manifold,
the induced R-R and NS-NS tadpoles have to be cancelled by a choice of D6-branes.
These two conditions, preserving supersymmetry and cancelling the tadpoles, are the
basic model building constraints we have to take into account.

The homology group H3(M,Z) of three-cycles in the compact manifold M splits under
the action of 26 into an even and an odd part, such that the only non-vanishing
intersections are between odd and even cycles. We can therefore choose a symplectic
basis (ay, fr) and expand 7, and 7/, as

b3 /2
Z (XGI,O[I + YaIﬁI) )

I=1

b3 /2

Z (XICY[ - YIB[) y (21)

I=1

Tt is also possible to introduce orientifold planes with different charges, but we consider only
those with negative tension and charge in this thesis.
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and mpg as
bs /2

1 I
Toe = 5 ;L ag, (22)

where b3 is the third Betti-Number of M, counting the number of three-cycles.

2.1.1 Chiral matter

Chiral matter arises at the intersection of branes wrapping different three-cycles.
Generically we get bifundamental representations (N,, N;) and (Ng, N,) of U(N,) x
U(Ny) for two stacks with N, and NN, branes. The former arise at the intersection of
brane a and brane b, the latter at the intersection of brane a and the orientifold image
of brane b, denoted by ¢'. An example is shown in figure

N,=3

Nb:2

Figure 2.1: We find chiral matter at the intersection of two stacks of branes. The represen-
tation is given in terms of the number of branes of each stack.

In addition we get matter transforming in symmetric or antisymmetric representations
of the gauge group for each individual stack. The multiplicities of these representations
are given by the intersection numbers of the three-cycles,

b3/2
Ip=meom =Y (XY - X}Y]). (2.3)

I=1

The possible representations are summarized in table 2.1 where Sym, and Anti, are
the symmetric and antisymmetric representations of U(N,).

2.1.2 Tadpole cancellation conditions

The D6-branes in our models are charged under a R-R seven-form [143]. Since the
internal manifold is compact, as a simple consequence of the Gauss law, all R-R
charges have to add up to zero. These so-called tadpole cancellation conditions can
be obtained considering the part of the supergravity Lagrangian that contains the
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representations multiplicity

(Ng, Ny) T © Ty = Lap

(N,, Ny) oy = Ly
Sym, % (g 0 Wi — Ty 0 Tog) = %(]aa/ — 1,06)
Anti, % (g 0 T 4+ T 0 Tog) = %(]aa/ + I,06)

Table 2.1: Multiplicities of the chiral spectrum.

corresponding contributions. In particular we do not only get contributions from k&
stacks of branes, wrapping cycles 7., but in addition terms from the orientifold mirrors
of these branes, wrapping cycles 7, and the O6-planes.

k
1
S=-13 / dC7/\*dC7+M6;Na /C7+ / Cr | — 4us / Cr, (2.4)

XxM - X X7q X xml X Xmog

where the ten dimensional gravitational coupling is given by x? = £(2m)7()?, the
R-R charge is denoted by y6 = (o/)~2(27)~¢ and X denotes the uncompactified space-
time.

From this we can derive the equations of motion for the R-R field strength Gg = dC;
to be

k
d* Gy = K pg <Z No (8(ma) +6(m3)) — 45(7TO6)) : (2.5)

In this equation 6(7) denotes the Poincaré dual three form of a cycle 7. Noticing that
the left hand side of (2.5 is exact, we can rewrite this as a condition in homology as

k
Z Ny(mq + 7)) = 4706 (2.6)

a=1

We do not have to worry about the NS-NS tadpoles, as long as we are considering
supersymmetric models, since the supersymmetry conditions together with R-R tad-
pole cancellation ensure that there are no NS-NS tadpoles. In this thesis we consider
supersymmetric models only.

2.1.3 Supersymmetry conditions

Since we want to analyse supersymmetric models, it is crucial that the D-branes and
O-planes preserve half of the target-space supersymmetry. It can be shown [I37] that
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this requirement is equivalent to a calibration condition on the cycles,

S()|r, = 0,
RO, > 0. (2.7)

where €3 is the holomorphic 3-form. The second equation in (2.7) excludes anti-branes
from the spectrum.

Written in the symplectic basis (2.1)), these equations read

b3/2
Y Y=o,
=1

bs/2

> Xoup >0, (2.8)
I=1

]Z:/ Qg, ur Z:/ Qg.
Br ay

2.1.4 Anomalies and K-theory constraints

where we defined

If the tadpole cancellation conditions (2.6|) are satisfied, there are no cubic anoma-
lies of SU(N) gauge groups in our models. What we do have to worry about are
mixed anomalies, containing abelian factors. The mixed anomaly for branes stretch-

ing between two stacks a and b with N, = 1 and N, > 1 branes per stack, looks
like

Avye—suvy, =~ Na(lap + Ly )ca(Np)
= —2N,Y,X,cs(Ny), (2.9)

where ¢3(Ny) denotes the value of the quadratic Casimir operator for the fundamental
representation of SU(Ny).

The cubic anomaly consisting of three abelian factors is cancelled by the Green-
Schwarz mechanism. This makes these U(1)s massive and projects them out of the
low energy spectrum. But in some cases, for example in the case of a standard model-
like gauge group or for flipped SU(5) models, we want to get a massless U(1) factor.
A sufficient condition to get such a massless U(1) in one of our models is that the

anomaly (2.9)) vanishes.

This can be archived, if the U(1), defined in general by a combination of several U(1)
factors as

U1) =) z.U(1)a, (2.10)
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fulfills the following relations,
k
> wN,Y, = 0. (2.11)
a=1

Inserting this into (2.9 shows that A vanishes.

Besides these local gauge anomalies, there is also the potential danger of getting a
global gauge anomaly, which would make the whole model inconsistent. This anomaly
arises if a Zy-valued K-theory charge is not conserved [I56]. In our case this anomaly
can be derived by introducing Sp(2) probe branes on top of the orientifold planes
and compute their intersection numbers with all branes in the model. This inter-
section number has to be even, otherwise we would get an odd number of fermions,
transforming in the fundamental representation of Sp(2) [163].

2.2 Methods of D-brane statistics

To analyse a large class of models in the orientifold setting described in the last sec-
tion, we have to develop some tools that allow us to generate as many solutions to
the supersymmetry, tadpole and K-theory conditions as possible. It turns out that
the most difficult part of this problem can be reduced to a purely number theoretical
question, namely the problem of counting partitions of natural numbers. This insight
allows us to use an approximative method, the saddle point approximation that we
introduce in section and apply to a simple toy-model in Unfortunately it
turns out that this method is not very well suited to study the most interesting com-
pactifications, namely those down to four dimensions. Therefore we have to change
the method of analysis in that case to a more direct one, using a brute force, exact
computer analysis. The algorithm used to do so is described in section [2.2.3]

2.2.1 Introduction to the saddle point approximation

As an approximative method to analyse the gauge sector of type II orientifolds, the
saddle point approximation has been introduced in [23]. In the following we begin
with a very simple, eight-dimensional model, in order to explain the method.

Let us recall the basic constraints on type ITA orientifold models, the tadpole and
supersymmetry conditions from section [2.1.2]

k b3 /2 b3 /2
S ONXI =LY Y fi=0 ) Xlu >0 (2.12)
a=1 I=1 I=1

In the most simple case, a compactification to eight dimensions on 72, the susy condi-
tions reduce to Y, = 0 and X, > 0 and the tadpole cancellation conditions are given

2For the moment we are going to ignore the constraints from K-theory, we come back to this
point later, since they are of significance in the four-dimensional compactifications.
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by

k
> N, X, = 16, (2.13)
a=1

as shown in appendix [A.T]

The task to count the number of solutions to this equation for an arbitrary number
of stacks k is a combination of a partitioning and factorisation problem. Let us
take things slowly and start with a pure partitioning problem, namely to count the
unordered solutions of

k
> N,=L. (2.14)
a=1

This is nothing else but the number of unordered partitions of L. Since we are not
interested in an exact solution, but rather an approximative result, suitable for a
statistical analysis and further generalisation to the more ambitious task of solving
the tadpole equation, let us attack this by means of the saddle point approximation [4]
165].

Counting partitions

As a first step to solve (2.14)), let’s consider

> kng =1L, (2.15)
k=1
where we do not have to worry about the ordering problem. We can rewrite this as

N(L) = Z 6Zk knk—L,O

all

1 -
_ Z Sy kn
T omi dqu“ .

ng=0

1 1 — 1
= — ¢ dg—— — . 2.16
i fan i () 2.16)

k=1

To evaluate integrals of this type in an asymptotic expansion, the saddle point method
is a commonly used tool. In the following we describe its application in detail. The
last line of (2.16)) can be written as

N(IL) = = ¢ dgesp(f(a)),

21

with flg) == log(1 —¢*) = (L +1) logg. (2.17)
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Now we are going to assume that the main contributions to this integral come from
saddle points g;, determined by df /dg|, = 0. In the following we work with only one
saddle point at ¢ = qp, the generalisation to many points is always straightforward.
Using the decomposition g = pexp(ip) we get

s

1
() = 5 [ dea (@) (2.18)
Performing a Taylor expansion in ¢
w9 = )+ 555 o (2.19)

we can compute (2.18)) to arbitrary order by inserting the corresponding terms from (2.19)).
The leading order term is simply given by

NO(L) = exp(f(a)), (2.20)
and the first correction at next-to-leading order by
x2> : (2.21)
q0

qoT
1 102
Mt = - [ drem (3 54

—qom™
where we defined x := gop and used that (0% f/9p?),, = —¢* (0*f/0q?) 4, For 0*f /0¢
large enough we finally obtain the result for the saddle point approximation including
next-to-leading order corrections
~1/2
) . (2.22)

The same procedure can also be performed for functions of several variables. The
integral to approximate this situation looks like

=5 ?{qu exp(f (2.23)

2
NO(L) = % exp(f(qo)) (g_q];
q0

with f being of the form

F(@) =9(@ =Y (L +1) logar. (2.24)

We can perform the saddle point approximation around V f(q)|z = 0 in the same way
as above and obtain the following result at next-to-leading order

NO(E) = (2m) " exp(f(d)) (det Hess f(@)];) v (2.25)
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Ln( N(L))

15¢
12. 5¢

10}

L

10 20 30 40 50

Figure 2.2: Comparison of the number of partitions obtained by an exact calculation (solid
line) and a saddle point approximation to leading (upper dotted line) and next-to-leading
order (lower dotted line).

Comparison with the Hardy-Ramanujan formula and the exact result

In the simple case discussed so far, contrary to the more complicated cases we en-
counter later, an analytic evaluation of the leading order contribution is possible. For
large L the integrand of quickly approaches infinity for ¢ < 1 and ¢ >~ 1. One
expects a sharp minimum close to 1, which would be the saddle point we are looking
for.

Close to ¢ ~ 1 we can write the first term in (2.17) as

~Shogli=g) = 3 L

k,m>0
~ Lyl T 1 (2.26)
—qe=m 6 1—gq
such that we can approximate f(q) by
o~ (L1 l0ga (2.27)
6 1—gq

For large values of L, the minimum of this function is approximately at gy >~ 1 — 4/ g—i

which leads to f(qo) ~ m+/2L/3. Inserting this into (2.20) gives a first estimate of
the growth of the partitions for large L to be

N(L) ~ exp @m) . (2.28)

This is precisely the leading term in the Hardy-Ramanujan formula [106] for the
asymptotic growth of the number of partitions

N(L)HB ~ 4L1\/§ exp <7n/2L/3) : (2.29)
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In figure[2.2) the results of an exact calculation, using the partition algorithm described
in appendix [B] and the saddle point approximation in leading and next-to-leading
order are shown.

2.2.2 A first application of the saddle point approximation

After this introduction to the saddle point method let us come back to our original
problem. To solve equation , we first have to transfer our approximation method
to and then include the factorisation in the computation. This last step turns
out not to be too difficult, but in order to use the technique developed above, we have
to be a bit careful about the ordering of solutions.

Solving the tadpole equation for eight-dimensional compactifications

In the example we presented to introduce the method, we did not have to worry about
the ordering, since it was solved implicitly by the definition of the partition function.
This is not the case for (2.14)), such that by simply copying from above the result is
too large. We should divide the result by the product of the number of possibilities
to order each partition. Obtaining this factor precisely is very difficult and since we
are only interested in an approximative result anyway, we should try to estimate the
term. Such an estimate can be made dividing by k!, where k is the total number
of stacks. This restricts the number of solutions more than necessary, because the
factor is too high for partitions that contain the same element more than once. Let
us nevertheless calculate the result with this rough estimate and see what comes out.

Repeating the steps from above, we can rewrite (2.14) to obtain

N(L) = oo pda s Z o H (Z g=e N“)

12

i=1
o0 o k
_ 1 N
= omi L+1 k:' Z q
N=1
¢ \*
= omi L+1Zkl (1—(])
1 1 q
- — dd — ). 2.30
271 qu+1 P (1 - q) (2:30)
Applying the saddle point approximation as explained above for the function
7 q
fla) = T—q (L +1)logyq, (2.31)

we get for the number of solutions of (2.14) the estimate

N(L) ~ exp(2VL). (2.32)
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Comparing this result with (2.28)) shows that we get the correct exponential growth,
but the coefficient is too small by a factor

log N/
08N T ~198. (2.33)
logN V6
Ln( N(L))
50
40}
30!
20!
10] . :
100 200 300 400 500 -

Figure 2.3: Comparing the results for the number of partitions of L. The solid line is the
exact result, the dotted line is the saddle point approximation to leading order. The stars
and triangles show the next-to-leading order result, without and including the additional
analytic factor 1.28, respectively.

In figure we compare the results for the leading and next-to-leading order results
of the computation above with the exact result. As already expected, the value for
the second order approximation is too small, since our suppression factor k! is too
big. Nevertheless, qualitatively the results are correct. Since we are not aiming at
exact results, but rather at an approximative method to get an idea of the frequency
distributions of properties of the models under consideration, this is not a big problem.

Let us finally come back to the full tadpole equation (2.13). It can be treated in the
same way as the pure partition problem and analogous to (2.30) we can write

[e%S) k 9]
1 1
N(L) ~ 2—7” y (Z Z qz NaXa) (234)
=1 =1 \N;=1X;=1
1 =1 (& &\
- — ¢d — 2.35
27 qq gkv (;1 ) (2.35)
such that we obtain for f
L o
flo=> =~ (L+Dlogg. (2.36)
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Close to ¢ >~ 1 we can approximate this to

L
F) ~ ——3 =~ Llogg ~ 25X _ Llogq (2.37)
l—qleX 1—gq

The minimum can then be found at ¢o ~ 1 — 4/ IO%L, which gives for the number of
solutions

N (L) =~ exp(2+/Llog L). (2.38)

The additional factor of log L in the scaling behaviour compared to (2.32) can be
explained by a result from number theory. It is known that the function oy(n),
counting number of divisors of an integer n, has the property

L

1

7 Z oo(n) ~log L + (2vg — 1), (2.39)
n=1

where v is the Euler-Mascheroni constant.

N(L)
5,

5 10 15 20 25 -

Figure 2.4: Logarithmic plot of the number of solutions to the supersymmetry and tadpole
equations for compactifications on T2. The dotted line shows the exact results, the solid line
is the result of a next-to-leading order saddle point approximation.

Let us compare the result with the exact number of solutions, obtained with
a brute force computer analysis. This is shown in figure 2.4l As expected from the
discussion above, the estimate using the saddle point approximation is too small, but
it has the correct scaling behaviour and should therefore be suitable to qualitatively
analyse the properties of the solutions.

Analysing properties of the gauge sector

We can use the saddle point approximation method introduced above to analyse
several properties of the gauge sector of the models. To show how this works, we
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present two examples in the simple eight-dimensional case, before applying these
methods in section to models on T*/Z,.

One interesting observable is the probability to find an SU(M) gauge factor in the
total set of models. Using the same reasoning as in the computation of the number
of models this is given by

k—1
1 1 00 1 L qX L o) Ny
POMLL) = oD f{dqu 2 (k—1) <XZ:1 1 qX> PID LAY

12

k=1 X=1N=1
L
1 1 qX 1— qJ\/[L
= —— pdqg—— M___~ __ 2.40
2mN(L)7{ Ty P (;1—qX>q 1—qM (240)
The saddle point function is therefore given by
— ¢ wl—g"*

X=1

A comparison between exact computer results and the saddle point approximation to
second order is shown in figure

P(r)

Ln[P(M]
0.08
5 10 15 20 25 M
2 0.06
-4
0.04
-6
8 0.02
-10
r

(a) (b)
Figure 2.5: Distributions for compactifications on T2. The solid lines are the exact result,

the dotted lines represent the second order saddle point approximation. (a) Probability to
find at least one SU(M) gauge factor. (b) Frequency distribution of the total rank.

Another observable we are interested in is the distribution of the total rank of the
gauge group in our models. This amounts to including a constraint

i N, — (2.42)
a=1

that fixes the total rank to a specific value r. This constraint can be accounted for by
adding an additional delta-function, represented by an additional contour integral to
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our formula. We obtain

0 k
1 1 1
Pir,L) ~ ——— ¢pdg—— @ dz—— 20 NaXa 300 Na
(L) = SN 7{ T 7{ o 2 H <21X21‘-’
L
1 1 1 2q~
= — ddo—— d d E _— 2.4
2miN (L) 7{ qu+1 j{ T P <X1 1— qu> ’ (2.43)
with saddle point function
L X
=1

As we can see in figure 2.5(b)}, where we also show the exact computer result, we get
a Gaussian distribution.

2.2.3 Exact computations

Instead of using an approximative method, it is also possible to directly calculate
possible solutions to the constraining equations. At least for models on T2 or T*/Z,,
this is much more time-consuming than the saddle point approximation, and, what
is even more important, cannot be done completely for models on T°/Zy x Z,. The
reason why a complete classification is not possible has to do with the fact that the
problem to find solutions to the supersymmetry and tadpole equations belongs to the
class of NP-complete problems, an issue that we elaborate on in section Despite
these difficulties, it turns out to be necessary to use an explicit calculation for four-
dimensional compactifications, the ones we are most interested in, since the saddle
point method does not lead to reliable results in that case.

Compactifications to six and eight dimensions

In the eight-dimensional case the algorithmic solution to the tadpole equation

Y N.X.=1L, (2.45)

can be formulated as a two-step algorithm. First calculate all possible unordered
partitions of L, then find all possible factorisations to obtain solutions for X and
N. The task of partitioning is solved by the algorithm explained in appendix
the factorisation can only be handled by brute force. In this way we are not able
to calculate solutions up to very high values for L, but for our purposes, namely to
check the validity of the saddle point approximation (see section , the method
is sufficient.

In the case of compactifications to six dimensions we can still use the same method,
although we now have to take care of two additional constraints. First of all we exclude
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multiple wrapping, which gives an additional constraint on the wrapping numbers
X1, X5,Y] and Y5, defined in appendix This constraint can be formulated in
terms of the greatest common divisors of the wrapping numbers — we will come back
to this issue in section Another difference compared to the eight dimensional case
is that we have to take different values for the complex structure parameters U; and
U, (see appendix for a definition) into account. As it is shown in section [2.3]
these are bounded from above and we have to sum over all possible values, making
sure that we are not double counting solutions with wrapping numbers which allow
for different values of the complex structures.

An algorithm for four-dimensional models

In 1) the wrapping numbers X and Y are defined as integer valued quantities in
order to implement the supersymmetry (A.18) and tadpole (A.17)) conditions in a fast
computer algorithm. From the equations we can derive the following inequalities

3 3
0<> X', <> L'y (2.46)
I1=0 I=0

The algorithm to find solutions to these equations and the additional K-theory con-
straints ((A.20)) consists of four steps.

1. First we choose a set of complex structure variables U;. This is done system-
atically and leads to a loop over all possible values. Furthermore, we have to
check for redundancies, which might exist because of trivial symmetries under
the exchange of two of the three two-tori.

2. In a second step we determine all possible values for the wrapping numbers
X' and Y7, using for the given set of complex structures, thereby ob-
taining all possible supersymmetric branes. In this step we also take care of
the multiple wrapping constraint, which can be formulated, analogously to the
six dimensional case, in terms of the greatest common divisors of the wrapping
numbers.

3. In the third and most time-consuming part, we use the tadpole equations ((A.17)),
which after a summation can be written as

k 3
> Sa=A with Sp:=> N,U X! and A:=> L'U. (2.47)

a=0 I=0 I

To solve this equation, we note that all S, and A are positive definite integers,
which allows us to use the partition algorithm to obtain all possible combina-
tions. The algorithm is improved by using only those values for the elements of
the partition which are in the list of values we computed in the second step. For
a detailed description of the explicit algorithm we used, see appendix |Bl Having
obtained the possible S,, we have to factorise them into values for N, and X!.
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4. Since is only a necessary but no sufficient condition, we have to check in
the fourth and last step, if the obtained results indeed satisfy all constraints,
especially the individual tadpole cancellation conditions and the restrictions
from K-theory, which up to this point have not been accounted for at all.

The described algorithm has been implemented in C and was put on several high-
performance computer clusters, using a total CPU-time of about 4 x 10° hours. The
solutions obtained in this way have been saved in a database for later analysis.

Complexity

The main problem of the algorithm described in the last section lies in the fact that
its complexity scales exponentially with the complex structure parameters. Therefore
we are not able to compute up to arbitrarily high values for the U;. Although we
tried our best, it may of course be possible to improve the algorithm in many ways,
but unfortunately the exponential behaviour cannot be cured unless we might have
access to a quantum computer. This is due to the fact that the problem of finding
solutions to the Diophantine equations we are considering falls into the class of NP
complete problems [83], which means that they cannot be reduced to problems which
are solvable in polynomial time.

In fact, this is quite a severe issue since the Diophantine structure of the tadpole
equations encountered here is not at all exceptional, but very generic for the topolog-
ical constraints also in other types of string constructions. The problem seems indeed
to appear generically in computations of landscape statistics, see [63] for a general
account on this issue.

As we outlined in the previous section, the computational effort to generate the solu-
tions to be analysed in the next chapter took a significant amount of time, although
we used several high-end computer clusters. To estimate how many models could be
computed in principle, using a computer grid equipped with contemporary technology
in a reasonable amount of time, the exponential behaviour of the problem has to be
taken into account. Let us be optimistic and imagine that we would have a total
number of 10% processors at our disposal which are twice as fast as the ones we have
been using. Expanding our analysis to cover a range of complex structures which is
twice as large as the one we considered would, in a very rough estimate, still take us
of the order of 500 years.

Note that in principle there can be a big difference in the estimated computing time for
the two computational problems of finding all string vacua in a certain class on the one
hand, and of looking for configurations with special properties, that lead to additional
constraints, on the other hand. As we explore in section the computing time can
be significantly reduced if we restrict ourselves to a maximum number of stacks in
the hidden sector and take only configurations of a specific visible sector into account
(in the example we consider we look for grand unified models with an SU(5) gauge
group). Nevertheless, although a much larger range of complex structures can be
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covered, the scaling of the algorithm remains unchanged. This means in particular
that a cutoff on the U;, even though it might be at higher values, has to be imposed.

2.3 Finiteness of solutions

It is an important question whether or not the number of solutions is infinite. Making
statistical statements about an infinite set of models is much more difficult than to
deal with a finite sample, because we would have to rely on properties that reoccur at
certain intervals, in order to be able to make any valuable statements at all. If instead
the number of solutions is finite, and we can be sure that the solutions we found form
a representative sample, it is possible to draw conclusions by analysing the frequency
distributions of properties without worrying about their pattern of occurrence within
the space of solutions.

In the case of compactifications to eight dimensions, the results are clearly finite, as
can be seen directly from the fact that the variables X and N have to be positive
and L has a fixed value. Note however, although such an eight-dimensional model is
clearly not realistic, that the complex structures are unconstrained. This means that
if we do not invoke additional methods to fix their values, each solution to the tadpole
equation represents in fact an infinite family of solutions.

2.3.1 The six-dimensional case

In the six dimensional case, the finiteness of the number of solutions is not so obvious,
but it can be rigorously proven. In order to do so, we have to show that possible
values for the complex structure parameters U; and U, are bounded from above. If
this were not be the case, we could immediately deduce from equations that
infinitely many brane configurations would be possible.

In contrast to the eight-dimensional toy-model that we explored in section [2.2.2] in
this case, and also for the four-dimensional compactifications, we do not want to allow
branes that wrap the torus several times. To exclude this, we can derive the following

condition on the wrapping numbers (for details see appendix [A.2.1)),
ged( X1 Y?) ged(X?,YV?) = Y2 (2.48)

This condition implies that all X and Y are non-vanishing. Additional branes, which
wrap the same cycles as the orientifold planes, are given by X € {(1,0), (0,1)}, whith
Y = 0 in both cases.

From (A.18) we conclude that all non-trivial solutions have to obey U, /U, € Q.
Therefore we can restrict ourselves to coprime values

Ui

—gcd(Ul, )’ (2.49)

(Ul, Ug) with U; ‘=
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With these variables we find from the supersymmetry conditions that Y = us o, for
some « € Z. Now we can use the relation (A.5) to get

X' X? = uy up 0. (2.50)

In total we get two classes of possible branes, those where X! and X? are both positive
and those where one of them is 0. The latter are those where the branes lie on top of
the orientifold planes.

For fixed values of u; and wuy the tadpole cancellation conditions admit only
a finite set of solutions. Since all quantities in these equations are positive, we can
furthermore deduce from that solutions which contain at least one brane with
X', X? > 0 are only possible if the complex structures satisfy the bound

U1U2 S L1L2. (251)
In figure 2.6] we show the allowed values for u; and u, that satisfy equation (2.51]).
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Figure 2.6: Allowed values for the complex structure parameters u; and wug for compactifi-
cations to six dimensions.

In the case that only branes with one of the X vanishing are present in our model, the
complex structures are not bounded from above, but since there exist only two such
branes in the case of coprime wrapping numbers, all solutions of this type are already
contained in the set of solutions which satisfy . Therefore we can conclude
that the overall number of solutions to the constraining equations in the case of
compactifications to six dimensions is finite’|

3Note however, that in the case where all branes lie on top of the orientifold planes, we are
in an analogous situation for the eight-dimensional compactifications. Unless we invoke additional
methods of moduli stabilisation, the complex structure moduli represent flat directions and we get
infinite families of solutions.
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2.3.2 Compactifications to four dimensions

The four dimensional case is very similar to the six-dimensional one discussed above,
but some new phenomena appear. In particular, we see that the wrapping numbers
can have negative values, which is the crucial point that prevents us from proving the
finiteness of solutions. Although we were not able to obtain an analytic proof, we
present some arguments and numerical results, which provide evidence and make it
very plausible that the number of solutions is indeed finite.

Conditions on the wrapping numbers

As in the T*/Z, case, we can derive a condition on the (rescaled) wrapping numbers
X and Y, defined by 1} to exclude multiple wrapping. The derivation is given
in appendix and the result i

[Jecd(¥. X7) = (v°)%. (2.52)

=1

From the relations , it follows that either one, two or all four X’ can be non-
vanishing. The case with only one of them vanishing is excluded. Let us consider
the three possibilities in turn and see what we can say about the number of possible
solutions in each case.

1. In the case that only one of the X7 # 0, the corresponding brane lies on top
of one of the orientifold planes on all three 7. This situation is equivalent to
the eight-dimensional case and can be included in the discussion of the next
possibility.

2. If two X! # 0, we are in the situation discussed for the compactification to six
dimensions. The two X' have to be positive by means of the supersymmetry
condition and one of the complex structures is fixed at a rational number. To-
gether with the eight-dimensional branes, the same proof of finiteness we have
given for the T*/Zs-case can be applied.

3. A new situation arises for those branes where all X7 # 0. Let us discuss this a
bit more in detail.

From the relations ((A.15) we deduce that an odd number of them has to be negative.
In the case that three would be negative and one positive — let us without loss of
generality choose Xy > 0 — we can write the supersymmetry condition (A.18]) as

3

1 Yo ° X0,
Yi——=—|(1 : = 2.
> 7 U0< +ZXZUi 0, (2.53)

I=0 =1

*We have to use rescaled wrapping numbers, as defined by (A.24), to write the solution in this
simple form.
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which implies X' U; < —X°U, Vi € {1,2,3}. This contradicts the second supersym-

metry condition,
*U;
X0 1 2.54
UO<+ZXOUO>>0 (2.54)

Therefore, we conclude that the only remaining possibility is to have one of the X7 < 0.
Again we choose X° without loss of generality. We can now use (2.53)) to express X°
in terms of the other three wrapping numbers as

X0 — (Z UU;)(> . (2.55)

Furthermore, we can use the inequality (2.46]) and derive an upper bound

3 3
LU > XU+ Y X'U; > XU >0, Vje{1,2,3} (2.56)

1=0 =1

As in the six-dimensional case, we can use the argument that the complex structures
are fixed at rational values, as long as we take a sufficient number of branes. So we can
write them, in analogy to (2.49)) as ur2/ur1. Using this definition, we can write (2.56)
as 5
1< X, < > P UP,ZUQ,luR,lus,lLP’ (2.57)
Ui 2Ug1UK UL,

for PAQ#R#S#Pandi#J#K#L#i.

From this we conclude that as long as the complex structures are fixed, we have only
a finite number of possible brane configurations, i.e. only a finite number of solutions.
This is unfortunately not enough to conclude that we have only a finite number of
solutions in general. We would have to show, as in the six-dimensional case, that
there exists an upper bound on the complex structures. Since we were not able to
find an analytic proof that such a bound exists, we have to rely on some numerical
hints that it is in fact the case. We present some of these hints in the following.

Numerical analysis

Figure shows how the total number of mutually different brane configurations for
L = 2 increases and saturates, as we include more and more combinations of values
for the complex structures U; into the set for which we construct solutions. For this
small value of L our algorithm actually admits pushing the computations up to those
complex structures where obviously no additional brane solutions exist.

For the physically relevant case of L = 8 the total number of models compared
to the absolute value |U| of the complex structure variables scales as displayed in
figure The plot shows all complex structures we have actually been able to
analyse systematically. We find that the number of solutions falls logarithmically for
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Figure 2.7: The number of unique solutions for compactifications on T6/Zy x Zs, taking
L; =2 VI € {0,...,3}. The horizontal axis shows combinations of the Ur, ordered by
their absolute value |U|. For each of these values we plotted the cumulative set of solutions
obtained up to this point.
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Figure 2.8: Logarithmic plot of the absolute number of solutions for compactifications on
T%/Zy x 7 using the physical values L; = 8 VI € {0,...,3} against the absolute value |U|.
The cutoff is set at |U| = 12. In this plot, as in all other plots of this thesis, we use a decadic
logarithm.

increasing values of |U|. In order to interpret this result, we observe that the complex
structure moduli U; are only defined up to an overall rescaling by the volume modulus
of the compact space. We have chosen all radii and thereby also all U; to be integer
valued, which means that large |U| correspond to large coprime values of Rgi) and RS).
This comprises on the one hand decompactification limits which have to be discarded
in any case for phenomenological reasons, but on the other hand also tori which are
slightly distorted, e.g. almost square tori with Réi)/R§i) =0.99.

Combining the results of the two numerical tests, we have reason to hope that we can
indeed make a convincing statistical statement using the analysed data. Nevertheless,
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at this point it should be mentioned that we cannot fully exclude that a large number
of new solutions appears at those values for the complex structures which we have not
analysed. A hint that this problem should not occur is given in section [3.5.3] where
we performed a restricted analysis of SU(5) models up to values of |U]| =~ 250.



Chapter 3

Statistical analysis of orientifold
models

After preparing the stage in the last chapter, introducing the models and methods of
analysis, we are now going to analyse some specific constructions of phenomenological
interest. At the end of this chapter we want to arrive at a point where we can make
some meaningful statistical statements about the probability to find realisations of
the standard model or GUT models in the specific set of models we are considering.

However, it is important to mention, that our results cannot be regarded to be com-
plete. First of all we neglect the impact of fluxes, which does not change the distri-
butions completely, but definitely has some influence. Secondly, we are considering
only very specific geometries. Since the construction of the orientifolds, especially the
choice of the orbifold group which in our case is always Zo, has a strong impact on the
constraining equations, it is very probable that the results change significantly once
we use a different compactification space. Nevertheless we think that these results are
one step towards a deeper understanding of open string statistics.

In the first part of this chapter we discuss some general aspects of compactifications
to six and four dimensions. We analyse the properties of the gauge groups, including
the occurrence of specific individual gauge factors and the total rank. With respect
to the chiral matter content, we establish the notion of a mean chirality and discuss
their frequency distribution.

In a second part we perform a search for models with the properties of a supersym-
metric standard model. Besides the frequency distributions in the gauge sector we
analyse the values of the gauge couplings and compare our results to those of a recent
statistical analysis of Gepner models [70] [7I]. In addition to standard model gauge
groups we look also for models with a Pati-Salam, SU(5) and flipped SU(5) structure.

In the last part we consider different aspects of the question of correlations of observ-
ables in the gauge sector and give an estimate how likely it is to find a three generation
standard model in our setup.

31
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3.1 Statistics of six-dimensional models

Before considering the statistics of realistic four-dimensional models, let us start with
a simpler construction to test the methods of analysis developed in chapter We
will use a compactification to six dimensions on a T*/Z, orientifold, defined in ap-
pendix The important question about the finiteness of solutions has been settled
in section so we can be confident that the results we obtain will be meaningful.
To use the saddle point approximation in this context, we have to generalise from
the eight-dimensional example in to an approximation in several variables, as
described by equations and . In our case we will have to deal with two

variables ¢ = (q1, 2), corresponding to the two wrapping numbers X = (X!, X?2).
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Figure 3.1: Logarithmic plot of the number of solutions for compactifications on T7%/Zy for
L? = 8 and different values of L = L. The complex structures are fixed to u; = ug = 1.
The dotted line shows the result with multiple wrapping, the stared line gives the result with
coprime wrapping numbers.

Let us briefly consider the question of multiple wrapping. As shown in appendix[A.2.1]
we can derive a constraint on the wrapping numbers X and }7, such that multiply
wrapping branes are excluded. To figure out what impact this additional constraint
has on the distributions, let us compare the number of solutions for different values of
L' and L2, with and without multiple wrapping. The result is shown in figure 3.1} As
could have been expected, the number of solutions with coprime wrapping numbers
grows less fast then the one where multiple wrapping is allowed.

3.1.1 Distributions of gauge group observables

Using the saddle point method, introduced in section [2.2.1] we can evaluate the dis-
tributions for individual gauge group factors and total rank of the gauge group in
analogy to the simple eight-dimensional example we pursued in section [2.2.2] There-
fore we will fix the orientifold charges to their physical values, L = (Ly, Ly) = (8, 8).
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The probability to find one U(M) gauge factor can be written similar to (2.40)) as

. 1 e
P(M,L) ~ —%dq"exp Z L2

=N X1 X
N(L)(2mi)? 2z, =g ¢g°

+log Z a" ™| = (Li+1)log g — (L2+1)logq2], (3.1)
XGSU

where we denoted with Sy the set of all values for X that are compatible with the
supersymmetry conditions and the constraints on multiple wrapping. The number of
solution NV (L) is given by

X
“ 1—q!
XeSy GRS

X1 Xo
N(L) ~ (2%2)2 %d(jexp [ Z % — (L1+1)logqy — (Lg—i—l)logqg]. (3.2)

The resulting distribution for the probability of an U(M) factor, compared to the
results of an exact computer search, is shown in figure

Ln[P(M] P

(a)

Figure 3.2: Distributions in the gauge sector of a compactification on T*/Zs. The complex
structures are fixed to u; = ug = 1. The dotted line is the result of an exact computation,
the solid line shows the saddle point approximation to second order. (a) Probability to find
an (U(M) gauge factor, (b) Distribution of the total rank of the gauge group.

As in the eight-dimensional example we can evaluate the distribution of the total
rank (2.42). As a generalisation of (2.43)) we obtain the following formula

X1 X2
Z 24y "4
X1 X
4 1 —z 1 2
Resy a4y 92

1
I R p——
b N(L)(27ri)3]{ e

—(Li+1)logqr — (Le+1)logga — (r+1)log z|. (3.3)
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Figure shows the resulting distribution of the total rank, compared to the exact
result. As one can see, the results of the saddle point analysis are much smoother
then the exact results, which show a more jumping behaviour, resulting from number
theoretical effects. These are strong at low L, which is also the reason that our saddle
point approximation is not very accurate. In the present six-dimensional case the
deviations are not too strong, but in the four-dimensional case their impact is so big
that the result cannot be trusted anymore. These problems can be traced back to the
small values of L we are working with, but since these are the physical values for the
orientifold charge, we cannot do much about it.

3.1.2 Chirality

Since we are ultimately interested in calculating distributions for models with gauge
groups and matter content close to the standard model, it would be interesting to
have a measure for the mean chirality of the matter content in our models.

A good quantity to consider for this purpose would be the distribution of intersection
numbers I, between different stacks of branes. This is precisely the quantity we
choose later in the four-dimensional compactifications. In the present case we use a
simpler definition for chirality, given by

Y= X1 X2 (3.4)
This quantity counts the net number of chiral fermions in the antisymmetric and
symmetric representations.
Using the saddle point method, we can compute the distribution of values for yx, using

P(x E) = - fdcf exp Z —qf(lqg(Q
’ N(L)(2mi)? 1

X1 Xo
XGSU q1 4>

" 0@
- log Z 1— qxquz + log Z 1 — qX1qX2
Xesy 142 XSy 1z

—(L1+1)logqr — (Lo+1)log Q2] , (3.5)

where Sy, C Sy is the set of wrapping numbers that fulfills (3.4).

The resulting distribution is shown in figure For the used values of uy,uy =
1, x has to be a square, which can be directly deduced from the supersymmetry
conditions (A.8). The scaling turns out to be roughly P(x) =~ exp(—c,/x). From this
result we can conclude that non-chiral models are exponentially more frequent than
chiral ones. This turns out to be a general property of the orientifold models that
also holds in the four-dimensional case.
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Figure 3.3: Distribution of the mean chirality for 7%/Zo, L' = L? = 8, u; = ug = 1.

3.1.3 Correlations

In this section we would like to address the question of correlations between observ-
ables for the first time. We come back to this issue in section B.6l The existence
of such correlations can be seen in figure [3.4] where we plotted the distributions of
models with specific total rank and chirality. The connection between both variables
is given by the tadpole cancellation conditions, which involve the N, used for the
definition of the total rank in and the wrapping numbers )?a, which appear in
the definition of the mean chirality x in (3.4). The distribution can be obtained from

—

X1 Xo

24y qs
P(X>T> L) = E X, X5
)ZESU 11— <41 45

dgdz exp

X1 Xo X1, Xo
24y 4 2 49
—lo ——=— | +1lo —_—
g Z 1— quﬁq;(Q g _‘Z 1 — qu(lq5(2
XeSy XGSU,X

—(L1+1)logqy — (La+1)loggs — (r+1)log z] : (3.6)

which is a straightforward combination of (3.3]) and (3.5]).

In figure one can see that the maximum of the rank distribution is shifted to
smaller values for larger values of y. This could have been expected, since larger
values of y imply larger values for the wrapping numbers X , which in turn require
lower values for the number of branes per stack N,, in order to fulfill the tadpole
conditions. The shift of the maximum depending of y, can be seen more directly in

figure
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Figure 3.4: Correlation between total rank and chirality for L; = Lo = 8 and u; = ug = 1
for a compactification on T%/Zy. (b) shows the maximum of the total rank distribution
depending on Y.

3.2 Statistics of four-dimensional models

Having tried our methods in compactifications down to six dimensions, let us now
switch to the phenomenologically more interesting case of four-dimensional models.
Unfortunately we can no longer use the saddle point approximation, since it turns
out that in this more complicated case the approximation is no longer reliable. The
results deviate significantly from what we see in exact computations. Furthermore
the computer power needed to obtain the integrals numerically in the approximation
becomes comparable to the effort needed to compute the solutions explicitly.

3.2.1 Properties of the gauge sector

Using several computer clusters and the specifically adapted algorithm described
in section for a period of several months, we produced explicit constructions
of ~ 1.6 x 10® consistent compactifications on T°/Zy x Z,. The results presented in
the following have been published in [92, [91], see also the analysis in [127] and more
recent results using brane recombination methods in [128].

Using this data we can proceed to analyse the observables of these models. The
distribution of the total rank r of the gauge group is shown in figure An
interesting phenomenon is the suppression of odd values for the total rank. This
can be explained by the K-theory constraints and the observation that the generic
value for Y! is 0 or 1. Branes with these values belong to the first class of branes
in the classification of section and are those which lie on top of the orientifold
planes. Therefore equation suppresses solutions with an odd value for r. This
suppression from the K-theory constraints is quite strong, the total number of solutions
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is reduced by a factor of six compared to the situation where these constraints are not
enforced.
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Figure 3.5: Frequency distributions of total rank and U(M) gauge groups of all models.

Another quantity of interest is the distribution of U(M) gauge groups, shown in
figure . We find that most models carry at least one U(1) gauge group, corre-
sponding to a single brane, and stacks with a higher number of branes become more
and more unlikely. This could have been expected because small numbers occur with
a much higher frequency in the partition and factorisation of natural numbers.

3.2.2 Chirality

As in the six-dimensional case we want to define a quantity that counts chiral matter
in the models under consideration. In contrast to the very rough estimate we used in
section [3.1.2] this time we are going to count all chiral matter states, such that our
definition of mean chirality is now

k k
2 4 oo
e — Iy —1Ip=——— Y. Xs. 3.7
A ) > o= lw k:(k:+1)ab:ZOa<b b (3.7)

a,b=0,a<b

In this formula the states from the intersection of two branes a and b are counted with
a positive sign, while the states from the intersection of the orientifold image of brane
a, denoted by @', and brane b are counted negatively. As we explained in section 2.1.1]
and summarised in table I, gives the number of bifundamental representations
(N4, N,), while I, counts (N,, N;). Therefore we compute the net number of chiral
representations with this definition of y. By summing over all possible intersections
and normalising the result we obtain a quantity that is independent of the number of
stacks and can be used for a statistical analysis.

A computation of the value of x according to (3.7)) for all models leads to a frequency
distribution of the mean chirality as shown in figure [3.6] This distribution is basically
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Figure 3.6: Distribution of the mean chirality x in compactification to four dimensions.

identical to the one we obtained in section [3.1.2] shown in figure In particular
we also find that models with a mean chirality of 0 dominate the spectrum and are
exponentially more frequent then chiral ones.

From the similarity with the distribution of models on T*/Z, we can also conjecture
that there is a correlation between the mean chirality and the total rank, as we found
it to be the case for the six-dimensional models in section Let us postpone this
question to section where we give a more detailed account of several questions
concerning the correlation of observables.

3.3 Standard model constructions

An important subset of the models considered in the previous section are of course
those which could provide a standard model gauge group at low energies. More
precisely, since we are dealing with supersymmetric models only, we are looking for
models which might resemble the particle spectrum of the MSSM.

To realise the gauge group of the standard model we need generically four stacks of
branes (denoted by a,b,c,d) with two possible choices for the gauge groups:

U(3)a x U(2)p x U(L)e x U(1)a,
U(3)a X Sp(2)y x U(1). x U(1)g4. (3.8)

To exclude exotic chiral matter from the first two factors we have to impose the
constraint that #Sym, ;, = 0, i.e. the number of symmetric representations of stacks
a and b has to be zero. Models with only three stacks of branes can also be realised,
but they suffer generically from having non-standard Yukawa couplings. Since we are
not treating our models in so much detail and are more interested in their generic
distributions, we include these three-stack constructions in our analysis.
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Another important ingredient for standard model-like configurations is the existence
of a massless U(1)y hypercharge. This is in general a combination

ULy = > azalU(1)a, (3.9)

including contributions of several U(1)s. Since we would like to construct the matter
content of the standard model, we are very constrained about the combination of U(1)
factors. In order to obtain the right hypercharges for the standard model particles,
there are three different combinations of the U(1)s used to construct the quarks and
leptons possible,

U = U@t U0+ LU
VWP = ~3UW - S0
vP = —%U(l)a—%U(l)bJrU(l)d, (3.10)

where choices 2 and 3 are only available for the first choice of gauge groups. As
explained in section we can construct a massless combination of U(1) factors,
if 1) is satisfied. This gives an additional constraint on the wrapping numbers Y.

( L SU(3)
“ﬁ L Uif\
| L €r

SU(2) u(1)

Figure 3.7: Assignment of brane intersections and chiral matter content for the first of the
possible realisations of the standard model using intersecting branes.

For the different possibilities to construct the hypercharge this constraint looks dif-
ferent. In the case of U(l)g}) the condition can be formulated as

Y,+Y.+Y,=0. (3.11)

For Qg), where the right-handed up-type quarks are realised as antisymmetric repre-
sentations of U(3) [5] 24], we obtain

Y, +Y, =0, (3.12)
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and for Qg), where we also need antisymmetric representations of U(3) to realise the
right-handed up-quarks, we get

Y, +Y,—Y;=0. (3.13)

In total we have found four ways to realise the standard model with massless hy-
percharge, summarised with the explicit realisation of the fundamental particles in
tables and The chiral matter content arises at the intersection of the four
stacks of branes. This is shown schematically for one of the four possibilities in fig-

ure 3.7

particle representation mult.
U(3)a x Sp(2)y x U(1)e x U(1)a with QY
Qr (3,2)0,0 Tap
UR 3,110+ B 1)o1 | Iawc+Iua
dr (3,1)10+ (3,1)01 Toe + Loa
dg (34, 1)0p0 5o + Taos)
L (1,2) 10+ (1,2)0,1 Ty + Tpa
€Rr (1,1)20 s(Ieer — Ieos)
€Rr (1,1)02 +(Lagr — Taos)
R (1,1)1, Lo
U(3)a x U(2) x U(1). x U(1)q with Q'
QL (3,2)0,0 I
Qr (3,2)0,0 Loy
UR 3,110+ B 1)o-1 | laet1wa
dr (3,1)10+ (3,1)0: Lo + 1loa
dg (34,1)0,0 +(Taar + La06)
L (1,2) 10+ (1,2)0,1 Tye + Ipa
L (1,2) 10+ (1,2)0-1 |  Iye+ Iva
€Rr (1,1)20 (Lo — Ieos)
€R (1,1)02 +(Lagr — Laos)
eRr (1,1)14 I

Table 3.1: Realisation of quarks and leptons for the two different choices of gauge groups
(3.8) and hypercharge (1) in (3.10).
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particle

representation

mult.

U(3)e x U(2) x U(1)e x U(1)4 with Q'Y

QL (3,2)0,0 Tap

UR (34,1)0,0 (Lo + To06)
dr (3,1) 10+ (3,1)0,1 Toe + Ioa
dr (8, 1)1,0+ (3, 1)0a loe + Loa
L (1,2) 10+ (1,2)0,1 Ty + Tpa

L (1,2)10+(1,2)01 Ly + Ipy
€R (1,14)00 —5(Ioy + Thos)

41

U(3)a x U(2) x U(1)e x U(1)y with Q%Y
Qr (375)0,0 Ly

UR (84,1)0,0 +(Taa + La06)
dr (3,1)-1,0 Lore
dr (3,1)1,0 Toe
L (1,2)0,1 Iyq
€R (1,14)00 —3(Ioy + Thoe)
€R (1,1)1, Lea
eRr (1,1)_1; Iog

Table 3.2: Realisation of quarks and leptons for hypercharges (2) and (3) of 1} which
can only be realised for the first choice of gauge groups in (3.8).

3.3.1 Number of generations

The first question one would like to ask, after having defined what a “standard model”
is in our setup, concerns the frequency of such configurations in the space of all so-
lutions. Put differently: How many standard models with three generations of quarks
and leptons do we find? The answer to this question is zero, even if we relax our
constraints and allow for a massive hypercharge (which is rather fishy from a phe-
nomenological point of view). The result of the analysis can be seen in figure .

To analyse this result more closely, we relaxed our constraints further and allowed for
different numbers of generations for the quark and lepton sector. This is of course
phenomenologically no longer relevant, but it helps to understand the structure of
the solutions. The three-dimensional plot of this analysis is shown in figure [3.9
Actually there exist solutions with three generations of either quarks or leptons, where
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Figure 3.8: Number of quark and lepton generations with (red bars on the left) and without
(blue bars on the right) enforcing a massless U(1).

models with only one generation of quarks clearly dominate. The suppression of three
generation models can therefore be pinned down to the construction of models with
three generations of quarks, which arise at the intersection of the U(3) with the
SU(2)/Sp(2) branes and the U(1) branes respectively. models with three generations
of either quarks or leptons are shown in table (3.3

# of quark gen. | # of lepton gen. | # of models
1 3 183081
2 3 8
3 4 136
4 3 48

Table 3.3: Number of models found with either three quark or three lepton generations.

This result is rather strange, since we know that models with three families of quarks
and leptons have been constructed in our setup (e.g. in [26] 40 136, 55]). A detailed
analysis of the models in the literature shows that all models which are known use
(in our conventions) large values for the complex structure variables Uy and therefore
did not appear in our analysis (see section . On the other hand we know that
the number of models decreases exponentially with higher values for the complex
structures. Therefore we conclude that standard models with three generations are
highly suppressed in this specific setup.

This brings up a natural question, namely: How big is this suppression factor? We
postpone this question to section where we analyse this issue more closely and
finally give an estimate for the probability to find a three generation standard model
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in our setup. For now let us just notice that this probability has to be smaller than
the inverse of the total number of models we analysed, i.e. < 1078,

Log(# nodel s)

Figure 3.9: Logarithmic plot of the number of models with different numbers of generations
of quarks and leptons. Q1 denotes the number of quark families, L is the number of lepton
generations.

3.3.2 Hidden sector

Besides the so called “visible sector” of the model, containing the standard model
gauge group and particles, we have generically additional chiral matter, transforming
under different gauge groups. This sector is usually called the “hidden sector” of the
theory, assuming that the masses of the additional particles are lifted and therefore
unobservable at low energies.

In figure [3.10(a)| we show the frequency distributions of the total rank of gauge groups
in the hidden sector. In we show the frequency distribution of individual
gauge group factors. Comparing these results with the distributions of the full set
of models in figure [3.5] we observe that at a qualitative level the restriction to the
standard model gauge group in the visible sector did not change the distribution of
gauge group observables. The number of constructions in the standard model case is
of course much lower, but the frequency distributions of the hidden sector properties
behave pretty much like those we obtained for the complete set of models.

As we argue in section this is not a coincidence, but a generic feature of the class
of models we analysed. Many of the properties of our models can be regarded to be
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Figure 3.10: Frequency distributions of (a) total rank and (b) single gauge group factors in
the hidden sector of MSSM-models (red bars on the left) and MSSM models with massive
U(1) (blue bars on the right).

independent of each other, which means that the statistical analysis of the hidden
sector of any model with specific visible gauge group leads to very similar results.

3.3.3 Gauge couplings

The gauge sector considered so far belongs to the topological sector of the theory, in
the sense that its observables are defined by the wrapping numbers of the branes and
independent of the geometric moduli. This does not apply to the gauge couplings,
which explicitly do depend on the complex structures, following the derivation in [25],
which in our conventions reads

3
1 Mpiane 1
— Planck x'uy, (3.14)

Qg 22 M, k, c /Hs_l Rgi)Rgi) IZ:O

where r, =1 or 2 for an U(N) or Sp(2N) stack respectively.

If one wants to perform an honest analysis of the coupling constants, one would have
to compute their values at low energies using the renormalization group equations.
We are not going to do this, but look instead at the distribution of as/a,, at the
string scale. A value of one at the string scale does of course not necessarily mean
unification at lower energies, but it could be taken as a hint in this direction.

To calculate the coupling oy we have to include contributions from all branes used
for the definition of U(1)y. Therefore we need to distinguish the different possible
constructions defined in (3.10)). In general we have

k
1 1
— =) 2Nz2—, (3.15)
ay a=1 Qa
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which for the three different possibilities reads explicitly

1 B 11 +1 1 +1 1

ag)  6a, 2a. 2a4

121 1

ag)  3a,

SR (3.16)
ag’) B 3a, oy g .

The result is shown in figure and it turns out that only 2.75% of all models
actually do show gauge unification at the string scale.
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Figure 3.11: (a) Frequency distribution of as/ay, in standard model-like configurations. (b)
Values of sin6 depending on «s/ay,. Each dot represents a class of models with these values.

Furthermore we analyse the distribution of values for the Weinberg angle
Qy

’
O{y+()éw

sin?f = (3.17)
which depends on the ratio a/c,. We want to check the following relation between
the three couplings, which was proposed in [25] and is supposed to hold for a large
class of intersecting brane models
1 21 1
— =-— 4+ —. (3.18)

ay  3as

From this equation we can derive a relation for the weak mixing angle
(3.19)

The result is shown in figure , where we included a red line that represents the
relation (3.18)). The fact that actually 88% of all models obey this relation is a bit
obscured by the plot, because each dot represents a class of models and small values
for o/, are highly preferred, as can be seen from figure



46 CHAPTER 3. STATISTICAL ANALYSIS OF ORIENTIFOLD MODELS

3.3.4 Comparison with the statistics of Gepner models

In this paragraph we would like to compare our results with the analysis of |70, [71],
where a search for standard model-like features in Gepner model constructions [88]
87, 34, 28] has been performed.

To do so, we have to take only a subset of the data analysed in the previous sections,
since the authors of [70] [7T] restricted their analysis to a special subset of constructions.
Due to the complexity of the problem they restricted their analysis to models with a
maximum of three branes in the hidden sector and focussed on three-generation models
only. Since the number of generations does not modify the frequency distributions
and we obtained no explicit results for three generation models, we include models
of an arbitrary number of generations in the analysis. To match the first constraint
we filter our results and include only those models with a maximum of three hidden
branes. But, as we will see, this does also not change the qualitative behaviour of the
frequency distributions.

Log (#nodel s) Log (#nodel s)

di m(G)

100 120 140

Figure 3.12: Frequency distribution of the dimension of the hidden sector gauge group.
Figure (a) is the full set of models, figure (b) shows the subset of solutions with a maximum
of three bramnes in the hidden sector.

In figure [3.12| we show the frequency distribution of the dimension of the hidden sector
gauge group before (a) and after (b) the truncation to a maximum of three hidden
branes. Obviously the number of models drops significantly, but the qualitative shape
of the distribution remains the same. Figure can be compared directly with
figure 5 of [7I].From a qualitative point of view both distributions are very similar,
which could have been expected since the Gepner model construction is from a pure
topological point of view quite similar to intersecting D-branes. A major difference
can be observed in the absolute values of models analysed. In the Gepner case the
authors of [71] found a significantly larger amount of candidates for a standard model.

Besides the frequency distribution of gauge groups we can also compare the analysis
of the distribution of gauge couplings. In particular, the distribution of values for for
sin? § depending on the ratio a,,/a,, figure [3.11(b), can be compared with figure 6
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of [71]. We find, in contrast to the case of hidden sector gauge groups, very different
distributions. While almost all of our models are distributed along one curve, in
the Gepner case a much larger variety of values is possible. The fraction of models
obeying was found to be only about 10% in the Gepner model case, which can
be identified as a very thin line in figure 6 of [71]. This discrepancy might be traced
back to the observation that in contrast to the topological data of gauge groups we
are dealing with geometrical aspects here.

As explained in the last paragraph, the gauge couplings do depend explicitly on the
geometric moduli. A major difference between the Gepner construction and our in-
tersecting D-brane models lies in the different regimes of internal radius that can be
assumed. In our approach we rely on the fact that we are in a perturbative regime,
i.e. the compactification radius is much larger than the string length and the string
coupling is small.

3.4 Pati-Salam models

As in the case of a SU(3) x SU(2) x U(1) gauge group, we can try to construct models
with a gauge group of Pati-Salam type

Analogous to the case of a standard model-like gauge group, we analysed the statis-
tical data for Pati-Salam constructions, realised via the intersection of three stacks of
branes. Omne brane with N, = 4 and two stacks with V,,. = 2, such that the chiral
matter of the model can be realised as

Qr=(4,2,1), Qr=(4,1,2). (3.21)

One possibility to obtain the standard model gauge group in this setup is given by
breaking the SU(4) into SU(3) x U(1) and one of the SU(2) groups into U(1) x U(1).
This can be achieved by separating the four branes of stack a into two stacks consisting
of three and one branes, respectively, and the two branes of stack b or ¢ into two
stacks consisting of one brane each. The separation corresponds to giving a vacuum
expectation value to the fields in the adjoint representation of the gauge groups U(N,)
and U(N )y, respectively.

Models of this type have been constructed explicitly in the literature, see e.g [59, 58]
56}, 54, 551 [45]. However, one has to be careful comparing these models with our results,
since our constraints are stronger compared to those usually imposed. In particular,
we do not allow for symmetric or antisymmetric representations of SU(4), a constraint
that is not always fulfilled for the models that can be found in the references above.

A restriction on the possible models, similar to the standard model case, is provided
by the constraint that there should be no additional antisymmetric matter and the
number of chiral fermions transforming under SU(2);, and SU(2)g should be equal.
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Figure 3.13: Logarithmic plot of the number of Pati-Salam models found, depending on the
number of generations. The solutions have been restricted to an equal number of left- and

right-handed fermions, i.e. gen. = Qr, < Qr

As can be seen in figure [3.13] we found models with up to eight generations, but no
three-generation models. The conclusion is the same as in section [3.3) - the suppression
of three generation models is extremely large and explicit models show up only at
very large values of the complex structure parameters. The distribution differs from
the standard model case in the domination of two-generation models. This is an
interesting phenomenon, which can be traced back to the specific construction of the
models using two N = 2 stacks of branes. This example shows that the number of
generations, in contrast to the distribution of gauge groups in the hidden sector (see
also section , does depend on the specific visible sector gauge group we chose.

3.5 SU(5) models

From a phenomenological point of view a very interesting class of low-energy models
consist of those with a grand unified gauge group] providing a framework for the
unification of the strong and electro-weak forces.

The minimal simple Lie group that could be used to achieve this is SU(5) [86] or
also the so-called flipped SU(5) [I3] [65], consisting of the gauge group SU(5) X
U(1)x. They represent the two possibilities how to embed an SU(5) gauge group into
SO(10). The flipped construction is more interesting phenomenologically, because
models based on this gauge group might survive the experimental limits on proton
decay. Several explicit constructions of supersymmetric SU(5) models in the context
of intersecting D-brane models are present in the literature [57, 9, [43] 42} 46| [44], as
well as some non-supersymmetric ones [24, [80].

In the remainder of this section we present some results on the distribution of the

'For an introduction see e.g. [149] or the corresponding chapters in [47, [79].



3.5. SU(5) MODELS 49

gauge group properties of SU(5) and flipped SU(5) models, using the same T°/Zy x Z
orientifold setting as in the previous sections. This part is based on [93].

3.5.1 Construction

In the original SU(5) construction, the standard model particles are embedded in a
5 and a 10 representation of the unified gauge group as follows

SU®B) — SU(3) x SU(2) x U(1)y,
5 — (3,1)y 3+ (1,2)
= (8,1) a3+ (3,2)1y5 + (1,1)s, (3.22)

where the hypercharge is generated by the SU(3) x SU(2)-invariant generator

7 = diag(—1/3,-1/3,-1/3,1/2,1/2). (3.23)

In the flipped SU(5) construction, the embedding is given by

SUB) xU(l)x — SU3)xSU2) x U(l)y,
5.5 — (3,1)-a3+(1,2)
100 — (3,1)y3 (372)1/3+(171)0,
15 — (1,1), (3.24)

including a right-handed neutrino (1,1)y. The hypercharge is in this case given by
the combination ¥V = ——Z + 2X

We would like to realise models of both type within our orientifold setup. The SU(5)
case is simpler, since in principle it requires only two branes, a U(5) brane a and a U(1)
brane b, which intersect such that we get the 5 representation at the intersection. The
10 is realised as the antisymmetric representation of the U(5) brane. To get reasonable
models, we have to require that the number of antisymmetric representations is equal
to the number of 5 representations,

Ly, = —#Anti,. (3.25)

In a pure SU(5) model one should also include a restriction to configurations with
#Sym, = 0 to exclude 15 representations from the beginning. Since it has been
proven in [57] that in this case no three generation models can be constructed and
symmetric representations might also be interesting from a phenomenological point
of view, we include these in our discussion?}

The flipped SU(5) case is a bit more involved since in addition to the constraints of
the SU(5) case one has to make sure that the U(1)x stays massless and the 5 and 10

2We are grateful to Paul Langacker for discussions about this point.
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have the right charges, summarised in (3.24). To achieve this, at least one additional
brane ¢ is needed. Generically, the U(1)x can be constructed as a combination of all
U(1)s present in the model

k
U)x =Y 2,U(1)a. (3.26)

The simplest way to construct a combination which gives the right charges would be

U()x = SU(N)a — S0+ 20 (1), (3.27)

but a deeper analysis shows [152], that this is in almost all cases not enough to ensure
that the hypercharge remains massless. The condition for this can be formulated as

k
D 2aNY, =0, (3.28)
a=1

with the coefficients x, from (3.27). To fulfill this requirement we need generically
one or more additional U(1) factors.
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Figure 3.14: Logarithmic plot of the number of solutions with an SU(5) factor depending
on the absolute value of the parameters U. We give the results with (blue bars to the left)
and without (red bars to the right) symmetric representations of SU(5).

3.5.2 General results

Having specified the additional constraints, we use the techniques described in sec-
tion to generate as many solutions to the tadpole, supersymmetry and K-theory
conditions as possible. The requirement of a specific set of branes to generate the
SU(5) or flipped SU(5) simplifies the computation and gives us the possibility to
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explore a larger part of the moduli space as compared to the more general analysis
we described above.

Before doing an analysis of the gauge sector properties of the models under consid-
eration, we would like to check if the number of solutions decreases exponentially for
large values of the U, as we observed in section for the general solutions. In
figure the number of solutions with and without symmetric representations are
shown. The scaling holds in our present case as well, although the result is a bit
obscured by the much smaller statistics. In total we found 2590 solutions without re-
strictions on the number of generations and the presence of symmetric representations.
Excluding these representations reduces the number of solutions to 914. Looking at
the flipped SU(5) models, we found 2600 with and 448 without symmetric represen-
tations. Demanding the absence of symmetric representations is obviously a much
severer constraint in the flipped case.
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Figure 3.15: Plots of the number of solutions for different numbers of generations for (a)
SU(5) and (b) flipped SU(5) models with (blue bars to the left) and without (red bars to
the right) symmetric representations of SU(5).

The correct number of generations turned out to be the strongest constraint on the
statistics in our previous work on standard model constructions. The SU(5) case
is not different in this aspect. In figure we show the number of solutions for
different numbers of generations. We did not find any solutions with three 5 and
10 representations. This situation is very similar to the one we encountered in our
previous analysis of models with a standard model gauge group in section [3.3] An
analysis of the models which have been explicitly constructed showed that they exist
only for very large values of the complex structure parameters. The same is true in
the present case. Because the number of models decreases rapidly for higher values of
the parameters, we can draw the conclusion that these models are statistically heavily
suppressed.

Comparing the standard and the flipped SU(5) construction the result for models with
one generation might be surprising, since there are more one generation models in the
flipped than in the standard case. This is due to the fact that there are generically
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different possibilities to realise the additional U(1)x factor for one geometrical setup,
which we counted as distinct models.
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Figure 3.16: Logarithmic plots of the number of solutions with a specific rank M gauge
factor in the hidden sector in (a) SU(5) and (b) flipped SU(5) models with (blue bars to
the left) and without (red bars to the right) symmetric representations of SU(5).

Regarding the hidden sector, we found in total only four SU(5) models which did not
have a hidden sector at all - one with 4, two with 8 and one with 16 generations. For
the flipped SU(5) case such a model cannot exist, because it is not possible to solve
the condition for a massless U(1)x without hidden sector gauge fields.

The frequency distribution of properties of the hidden sector gauge group, the prob-
ability to find a gauge group of specific rank M and the distribution of the total
rank, are shown in figures and The distribution for individual gauge factors
is qualitatively very similar to the one obtained for all possible solutions above (see
figures [3.5). One remarkable difference between standard and flipped SU(5) models
is the lower probability for higher rank gauge groups. This is due to the above men-
tioned necessity to have a sufficient number of hidden branes for the construction of
a massless U(1)x.

The total rank distribution for both, the standard and the flipped version, differs in
one aspect from the one obtained in namely in the large fraction of hidden
sector groups with a total rank of 10 or 9, respectively. This can be explained by just
one specific construction which is possible for various values of the complex structure
parameters. In this setup the hidden sector branes are all except one on top the
orientifold planes on all three tori. If we exclude this specific feature of the SU(5)
construction, the remaining distribution shows the behaviour estimated from the prior
results.

Note that while comparing the distributions one has to take into account that the total
rank of the hidden sector gauge group in the SU(5) case is lowered by the contribution
from the visible sector branes to the tadpole cancellation conditions. In the flipped
case, the additional U(1)-brane contributes as well.
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Figure 3.17: Plots of the number of solutions for given values of the total rank of the hidden
sector gauge group in (a) SU(5) and (b) flipped SU(5) models with (blue bars to the left)
and without (red bars to the right) symmetric representations of SU(5).

3.5.3 Restriction to three branes in the hidden sector

In order to compare our results for the statistics of constructions with a standard
model-like gauge group with Gepner models in section [3.3.4 we truncated the full
set of models to those with only three stacks of branes in the hidden sector. In the
following we also perform a restriction to a maximum of three branes in the hidden
sector in the SU(5) case, but with a different motivation and in a different way. We do
not truncate our original results, but instead impose the constraint to a maximum of
three branes from the very beginning in the computational process. It turns out that
such a restriction can greatly improve the performance of the partition algorithm and
allows us therefore to analyse a much bigger range of complex structures. This is highly
desirable, since it opens up the possibility to check some claims about the growths of
solutions that we made in section 2.3l The method has also some drawbacks. Since
we do not compute the full distribution of models, but with an artificial cutoff, we
can not be sure that the frequency distributions of properties in the gauge sector are
the same as in the full set of models. As we will see in the following, there are indeed
some deviations.

In figure we plotted the total number of models with a maximum of three stacks
of branes in the hidden sector. As in our analysis above we show the models without
symmetric representations separately. This plot should be compared with figure |3.14)
the number of solutions for SU(5) models without restrictions. In the restricted case
we were able to compute up to much higher values of the complex structures and
confirm the assertion of that the number of solution drops exponentially with
|U|. This provides another hint that the total number of solutions is indeed finite.
In total we found 3275 solutions, which is more then in the case without restrictions,
but in contrast to a range of complex structures which is 25 times bigger, the amount
of additional solutions is comparably small.
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Figure 3.18: Logarithmic plot of the number of solutions with an SU(5) factor depending on
the absolute value of the parameters U. The number of brane stacks in the hidden sector is
restricted to three and the results are shown for models with (blue spikes) and without (red
spikes) symmetric representations of SU(5).
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Figure 3.19: Logarithmic plots of the frequency distributions in the hidden sector of SU(5)
models with a maximum of three hidden branes. (a) Specific rank M gauge factors, (b)
Total rank of the hidden sector gauge group.

Comparing the distributions for individual gauge factors (figure|3.19(a)|) and the total
rank in the hidden sector (figure 3.19(D)), we see some interesting differences to fig-
ures |3.16(a)|and |3.17(a)l The distribution of individual gauge factors is just extended
to higher factors in the restricted case. This was to be expected, since larger values
for the complex structure parameters allow for larger gauge factors to occur, since
they provide us with very long branes with negative wrapping numbers X that can
compensate these large numbers in the tadpole cancellation conditions. The general
shape of the distribution remains unchanged. In the case of the total rank the situ-
ation is different. The distribution also shows larger values for the total rank, which
is directly correlated to the larger individual ranks of the factors, but moreover the
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maximum of the distribution is shifted from around seven in the unrestricted case to
about four. This can be explained by the fact that the restriction to a maximum of
three branes in the hidden sector also restricts the possible contributions from mod-
els with many gauge factors of small rank, especially the contribution of U(1) gauge
factors.

What about models with a flipped SU(5) gauge group? Repeating the analysis for
these models in the case of a restriction in the hidden sector can of course be done,
be the results might not be very predictive. For a consistent flipped SU(5) model, we
need a massless U(1)x, which also depends on a combination of U(1) factors from the
hidden sector. After choosing an additional U(1) brane for the visible sector of flipped
SU(5) there remain only two hidden sector branes. This restriction is too drastic to
give meaningful results, since it turned out in the analysis of flipped SU(5) models
that we need more than two hidden sector branes to solve the equations for the U(1) x
to be massless.

3.5.4 Comments

The analysis in this section showed that three generation models with a minimal grand
unified gauge group are heavily suppressed in this specific orientifold setup. This result
was expected, since we know that the explicit construction of three generation SU(5)
models using the Zy x Zsy orbifold has turned out to be difficult.

The analysis of the hidden sector showed that the frequency distributions of the total
rank of the gauge group and of single gauge group factors are quite similar to the
results for generic models in section [3.2.1] Differences in the qualitative picture result
from specific effects in the SU(5) construction.

Comparing the results for the standard and flipped SU(5) models, we find no sig-
nificant differences. If we allow for symmetric representations, there is basically no
additional suppression factor. If we restrict ourselves to models without these repre-
sentations, flipped constructions are three times less likely then the standard ones.

3.6 Correlations

An interesting question that we raised in the introduction concerns the correlation of
observables. If different properties of our models were correlated, independently of
the specific visible gauge group, this would provide us with some information about
the generic behaviour of this class of models. In the following discussion we would
like to clarify this point, emphasizing a crucial difference between correlations of
phenomenologically interesting observables in the gauge sector of our models on the
one hand, and correlations between basic properties used as constraints to characterize
a specific visible sector on the other hand. Finally we use the observations on the
second class of correlations to estimate the number of models with a standard model
gauge group and three generations of quarks and leptons for the T /Zy x Z, orientifold.
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3.6.1 Rank and chirality

To give an example of correlations between gauge group observables let us consider
the mean chirality x, defined by , and the total rank of the gauge group. As
we already saw using the saddle point approximation on 7% in section , these
two quantities should be correlated. To confirm this in the four-dimensional case,
we use our explicit results and compute the frequency distributions for the different
visible sectors considered above, standard model-like constructions with and without
a massless hypercharge and Pati-Salam models. The result is shown in figure [3.20
Please note that we have normalised the distributions in order to make the results
better comparable.
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Figure 3.20: Logarithmic plots of the relative frequency distributions of models with specific
total rank of the gauge group and mean chirality. Plot (a) shows the analysis for the full
gauge group of all models, figures (b), (c¢) and (d) give the results for the hidden sector gauge
groups of standard model-like constructions with and without a massive hypercharge and
Pati-Salam models, respectively.

We find two striking results here, which illustrate the two points we made in the in-
troduction to this section. Firstly the two observables are clearly correlated, a large
value for the mean chirality is much more likely to find if the total rank is small.
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Secondly the results for the full set of models, figure and the different visible
sectors, figures (c) and (d), show qualitatively very similar results. This last
observation is intriguing, since we might use this to conjecture that the specific prop-
erties used to define an individual visible sector do not influence the distributions. Put
differently, we might speculate that these properties could be regarded independent
of each other. If this would be indeed the case, it could simplify some specific analysis
dramatically. Instead of constructing solutions for one specific setup with some set
of properties it would be enough to know the probabilities for each property. Since
they would be independent of each other we could just multiply the results and get
an answer to our more difficult question.

3.6.2 Estimates

We would like to test this conjecture using the properties of a standard model con-
struction. These include several constraints on the models, in particular the existence
of specific U(N) gauge factors, the vanishing of antisymmetric representations, a mass-
less hypercharge and three generations of chiral matter. How can we check whether
two of these properties A and B, are independent? A good measure for this would
be to calculate the correlation between the probabilities P(A) and P(B) to find these
properties. This can be expressed as

P(A)P(B) — P(A A B)
P(A)P(B) + P(AAB)’

Pap = (3.29)

where P(A A B) is the probability to find both properties realised at the same time.

Pc Pc
1 1
0.8 0.8
0.6 0.6
0.4 0.4
R 0.2
5 10 s 20 255t acks 5 10 15 2 ", stacks

(a) (b)

Figure 3.21: Correlations between properties of standard model-like configurations. (a)
Correlation between the existence of an SU(3) and an SU(2) or Sp(2) gauge group. (b)
Correlation between the existence of an SU(3) gauge group and the absence of symmetric
representations.

For concreteness let us take the following properties as examples: The existence of
a U(3) gauge group, existence of a U(2) or Sp(2) gauge group and the vanishing of
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antisymmetric representations. In figure we plotted the value of Psp in the set
of all models for different values of the number of stacks. As can be derived from
these plots the two properties are not really independent, but values of about 0.1 and
0.2, respectively, which are also the order of magnitude for other possible correlations,
suggest that one could give it a try and treat these properties as independent in an
estimate’]

Restriction Factor
gauge factor U(3) 0.0816
gauge factor U(2)/Sp(2) 0.992
No symmetric representations 0.839
Massless U(1)y 0.423

Three generations of quarks | 2.92 x 107°
Three generations of leptons | 1.62 x 1073
Total 1.3 x107°

Table 3.4: Suppression factors for various constraints of standard model properties.

In table [3.4] we summarised the properties of a three-generation standard model,
including the suppression factor calculated using the probability to find this property
in the set of all models and their total number, 1.66 x 10%. The two U(1) gauge groups
required for a standard model setup are not included in this, since the probability to
find a U(1) in one of the constructions is essentially one. Multiplying all these factors,
we get a probability of ~ 1.3 x 1077, i.e. one in a billion, to find a three-generation
standard model in the T°/Z, x Zj setup.

# generations | # of models found | estimated # | suppression factor
2 162921 188908 ~ 1073
3 0 0.2 ~ 107Y
4 3898 3310 ~2x107°

Table 3.5: Comparison between the estimated number of solutions and the actual number
of solutions found for models with two, three and four generations.

3Note that the independence of different properties have been an assumption that was used in
the original work on vacuum statistics [75].
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How reliable is this estimate?

This is of course an important question, since we concluded from the analysis above
that the basic properties are only approximately independent and we can not really
make a quantitative statement about the possible error in our estimate. So let us
compare the result we obtain with this method for models with standard model gauge
group and two or four generations of quarks and leptons with the actual numerical
results we have obtained in these cases.

The result is shown in table As can be read of this table, the estimate for
the two- and four-generation case deviates by around 20% from the correct value.
Keeping this in mind and further noting that we are making an estimate only at an
order-of-magnitude level, a suppression factor of ~ 10~ seems to be a reliable value.
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Chapter 4

Concepts

In this chapter we give an introduction to generalised complex geometry. We set up
the notation and concepts used in the next chapter for applications relevant to string
theory. For more background information the reader might also want to consider the
theses [103], [161] or the recent lectures [168] for a pedagogical introduction.

The main idea of generalised geometry is to unify complex and symplectic geometry
by considering the action of the corresponding structures not on the tangent bundle
of the n-dimensional manifold M, but on the sum of the tangent and the cotangent
bundle. The basic properties of this space T @ T* are introduced in section 1.1} An
important aspect of generalised geometry is the natural identification of forms and
spinors, which we describe, together with a general introduction to spinors on T'& T
in section £2

An important question in the context of differential geometry is about integrability.
How this notion can be formulated in the context of generalised geometry is the subject
of section

In the last three sections, we introduce additional structure. First of all generalised
complex structures in[4.4] which we show to contain complex and symplectic structures
as special cases. In section we deal with generalised metrics, which we combine
with generalised complex structures into the notion of generalised Kéhler structures
and introduce the concept of generalised G-structures.

4.1 The space T & T"

Let us establish some facts about the space T' @ T™ of dimension 2n with elements
X+ eTapTr, (4.1)

where £ € T* is an n-form. This space has a natural inner product of signature (n,n),
defined through the inner product of vectors and forms by

(X +6Y + 1) = 5(E(Y) +n(X)). (1.2

63
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The symmetry group that preserves this inner product is the non-compact group
O(n,n). We can define a canonical orientation on this space, using the decomposition
of the highest exterior power

AN™MT T =A"T @ AT, (4.3)

and the natural pairing between elements of v € A"T and w € A"T* given by (w,v) =
det(w(v)). This gives us the identification A*" = R and by choosing +1 € R we can fix
an orientation. This reduces the symmetry group further to SO(T' & T*) = SO(n,n).

A generic element A of the Lie algebra so(T" & T*) = so(n,n) can be written in a
T @© T™-basis as

a7 (4.4)

b —af
where « is an element of End(7T), b : T — T* and §: T* — T. b and [ are skew-

symmetric, which means that we can take b € A>°T* and 3 € A*T. In the end we get

a decomposition
so(T ©T*) 2 End(V) ® A*T* @ A*T. (4.5)

The two-form b can be identified with the well-known NS-NS b-field in string theory
compactifications. We do not deal with (3 transformations in this thesis, but let us
mention that they have been connected in [120] to Poisson structures, responsible for
the notion of non-commutativity, and used in [48] to define isotropic A-branes, in
analogy to the coisotropic A-branes of [123].

4.2 Spinors and forms

To define spinors on 7' @ T*, we note first that we have GL(n) < SO(n,n). This
inclusion can be lifted to Spin(n,n), which leads to the conclusion that an SO(n,n)
structure is always spinnable.

To construct the associated spin representation .S, we consider the following action of
an element (X + &) of T @ T* on forms p € A*T, defined as

(X+8ep=—Xp+EAp. (4.6)

For unit vectors this action squares to minus the identity and extends therefore to an

algebra isomorphism
Cliff (T & T™) = End(A°*T™). (4.7)

Under the action of Spin(n,n) we obtain an invariant decomposition into chiral spinors

represented by
Si — Aev,ooijvk7 (48)

In practice, we work with orientable manifolds and associate the spin representation
with the principal GL,(n) bundle via the canonic lift of GLy(n) to Spin,(n,n),
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where the notation GG, always refers to the identity component of a Lie group G. In
particular, we obtain a canonic spin structure. Restricted to GL, (n), we have

SE = AT @ (A"T)V2, (4.9)

We can define a bilinear form
(-,):9®8 —det T, (4.10)

which acts on elements p, 7 as
(p,7) = [pAF" € A"T* @ (A"T)?)" =R (4.11)

In this definition [-]™ indicates a projection on the top degree component and B\
denotes the anti-automorphism defined on p-forms by

pr= (=1, (4.12)

followed by complex conjugation if the form is complex.

Using this we obtain

(X+&ep7)=(=1)"p, (X +E)eT) (4.13)

and, in particular, this form is Spin, (n,n)-invariant. It is symmetric for n = 0,3
mod 4 and skew for n = 1,2 mod 4, i.e.

(p,7) = (=1)""D2(r, p). (4.14)

Moreover, ST and S~ are non-degenerate and orthogonal if n is even and totally
isotropic if n is odd. Because of orientability, we can always choose an isomorphism
between spinors and exterior forms induced by a nowhere vanishing volume form.
Since this is unique up to a scale, any property of ST makes also sense for forms.

To put it simply, we can summarise this by saying forms are spinors.

4.2.1 The action of 2-forms on spinors

The action of a two-form b € A?(T @ T*) can be naturally lifted to an action on any
Spin(n,n)-representation space by exponentiation, as we can inject b = > byz® A 2!
into spin(n,n) = A2(T & T*) C CLff (T & T*) viab+— >_,, biyz" e z'. On spinors, this
action is induced by wedging with the exponential

1 1
ebop:(1+b+§b/\b+...)/\p:(1+b+§bob+...)/\p:eb/\p. (4.15)

Note that if 7o : Spin(n,n) — SO(n,n) denotes the usual covering map and o, its

differential, then

70« (b
7TO<6135'pi7’z(7’b,n)) = 6SOO((n)m) = 6?0(71,71) (416)
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As an element of A?(T @ T*), b becomes a skew-symmetric linear operator T — T*
under the identification ( A&(X) = (¢, X)§ — (€, X)( = XL(CAE)/2 and therefore we
have

o (1o} [x
o(e)(X +£) - : (4.17)

on T'® T, where b(X) = Xvb.

4.2.2 Pure spinors and maximally isotropic subspaces

For a fixed spinor p, we can define the space W,, consisting of all X +&§ € T'@ T*
which satisfy the property
(X+&ep=0. (4.18)

The space W, transforms equivariantly under the action of an element g € Spin(n,n)
on p,
Wyp = plg) @ W, Vg € Spin(n,n). (4.19)

We note that W, is isotropic, since we have

(X+&Y +n)ep=S (X +OF +n)+F +n)(X +£))ep, (4.20)

DO | —

which gives V(X + &), (Y +n) € W, that (X + &, Y +n) = 0. The space W, is called
mazximally isotropic, iff
dim¢(W,) = dimcT = n. (4.21)

If equation (4.21)) holds, the associated spinor p is called pure.

Any maximally isotropic subspace W < T & T™* has a unique representation as
W=Wyr={X+X_F+n|XeUneNU}=e(Ua@N*U) (4.22)

for some p-dimensional subspace U with normal bundle N and a 2-form F € A*U*.
For a given isotropic space W, define U to be the image of the projection of W to T,
sow =X +n with X € U for any w € W. The projection of n to U* is unique and
we can define F' € A2U* by

F(projy(w),y) = yprojy-(w). (4.23)

This defines indeed a 2-form since W is isotropic. If a® is a p-form on U, then *xa? is
annihilated by Wy = U @ N*U and because of equivariance, so is ef” A xa? by Wy .

An orientation for Wy p will be the choice of one of the two spinor half-lines spanned
by £ef A xaP. If U is oriented, we have the oriented Riemannian volume form voly

on U and take ef” A xvoly as an orientation for W. Conversely, an orientation for W

—

in the sense above induces an orientation for U by requiring e’ Axvoly to be oriented.
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To render the choice of the pure spinor associated with W unique, we normalise by

its norm || - ||; with respect to Q; and introduce the notation
i
e’ N\ xvoly
pUF = (4.24)

1Q(eF A xvoly)||5

If we act on pyr by €, then any leg of b along U+ does not contribute, so b acts on
(U, F) by (U, F + j*b).

4.3 The Courant bracket and integrability

In the context of differential geometry integrability is defined by the closure of the
action of the Lie bracket on smooth sections of the tangent bundle. By replacing the
tangent bundle with 7" & T™, we have to use a different notion of integrability, which
can be defined in this context using the Courant bracket [51], 52].

The skew-symmetric operation of the Courant bracket on smooth sections of T' & T
is defined by

X &Y 4] = X Y]+ Lxn— Lyé— 3d(n(X)— (V)  (4.25)

where Ly = ixd + dix is the Lie derivative. Acting on vector fields, the Courant
bracket reduces to the ordinary Lie bracket [-,-].. This can be expressed using the
natural projection 7 : T T* — T as

m([A, B]) = [w(A), 7(B)]L- (4.26)

Besides the invariance under diffeomorphisms, the Courant bracket has another sym-
metry. It is invariant under the b-field transformation (4.17) iff b is closed, i.e.
db = 0 [109].

Isotropic subbundles, as defined in section [£.2.2] that are closed under the Courant
bracket are called involutive. The action of (X + ) on a spinor maps A% to
A°Y/ev . Considering this action for the exterior derivative d gives a correspondence
between the notion of involutive isotropic subbundles W, and smooth sections of the
spin bundle. We have that W, is involutive, iff 3(X + &) € C*(T @ T*) such that
(X +&) e p=dp. This setup can be extended by twisting the Courant bracket with a
gerbe [T10], such that the exterior derivative d gets replaced by dy = d + HA, where
H e A3T~.

4.4 Generalised complex structures

In analogy to the definition of ordinary complex and symplectic structures, we define
a generalised complex structure to be an endomorphism J of T' @ T, satisfying two
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conditions,

J*=-1  and J'=-J. (4.27)
The demand that a generalised complex structure fulfills both conditions, that of
an ordinary complex structure J : T — T with J? = —1, as well as the one for

a symplectic structure w : T — T* with w* = w, shows that generalised complex
structures comprise both notions in one algebraic structure.

To show this explicitly, we note that a complex structure J can be embedded in a
generalised complex one in the following way

—J 0
Jr= , (4.28)
0 Jr

where we use the matrix notation for 7' @ 7. Similarly we can embed a symplectic
structure w as

T = : (4.29)

generalised complex

complex Kahler symplectic

Figure 4.1: Generalised complex spaces include complex and symplectic spaces as special
cases.

4.5 Generalised metrics

Each additional structure we define on a manifold reduces its structure group. In
this section we consider reductions of the principal SO(n, n)-fibre bundle. The main
ingredient to do so is the definition of a generalised metric G. We have seen in
section [4.1] that T @& T* carries a natural inner product and metric of signature (n, n).
If we choose a subgroup G of SO(n,n), which is isomorphic to SO(n) x SO(n), this
induces a metric splitting, a decomposition

TeT =V.aV.. (4.30)
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The oriented spaces V., and V_ carry a positive or negative definite metric g, and g_,
respectively. Since V. intersect the isotropic spaces T and T™ trivially, we can write
them as the graph of an isomorphism

P T —T* (4.31)

A dualisation of Py gives an element in 7" ® T with a symmetric part +£¢ and an
antisymmetric part b. We can also obtain (V. g4) from (g, b) in a two step procedure.
Firstly we define

Dy ={X+gX)|XeT}, (4.32)

where we considered g as a map g : T — R. In a second step we apply the b-field
transformation, such that we obtain

Vi=¢e"Dy. (4.33)

The data (g,b) defines a reduction from SO(n,n) to (SO(n) x SO(n). This data
can be recast into a generalised metric G, which acts as an involution on V. with
gVy = 4£V,. G preserves the natural inner product on 7" @ T™ and, if n is even, it
also preserves the orientation. Using matrices in 1" @ T™ we can write

0 ¢! 1 0 0 ¢! 1 0
G = ¢ g e b = g
g 0 b 1) \g 0 b 1
—1 -1
-9 b g
=y p ] (4.34)

Conversely, every operator that squares to the identity and is compatible with the
inner product, in the sense that its eigenspaces are maximal subspaces of 7' T™, can
be decomposed in the same way.

We can also let the generalised metric act on spinors, by lifting it to Pin(n,n), which
we denote by G. Let us consider first the case where G is induced by a metric diagonal
Dy with oriented orthonormal basis df = e; @ +g(ex). Then G is the composi-
tion of reflections R, along d, i.e. G = R;-o...0 Ry.. Therefore, G acts via
Clifford multiplication as the Riemannian volume form volp = di A ... Ad;, of
D_. Next let J denote the isomorphism between Cliff(T') and A*T*. Recall that
for any X € T and a € CIiff(T), we have that J(X -a) = =X J(a) + X A J(a),
J(a-X) = (=1)%@) (XLJ(a) + X A J(a)) and xJ(a) = J(@ - vol,), where vol, de-
notes the Riemannian volume form on 7. As a result we obtain for p € AP C S
that

volp_ e pP = (=1)" /20 1 (J7H(pP) - wol,) = (—1)"@FV x pb. (4.35)

For a non-trivial b-field, G gets conjugated by exp(2b) and thus G by exp(b), which
leads to voly_ epP = e’ evolp_ ec~bepP, where we used that the lift § of G to Pin(n,n)
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acts on ST = A7 yig

= (=D A k(e A p) (4.36)
o= e Ax(eTP A PN (4.37)

NN
[ ]

Ao

Up to an exchange of sign, we note that § coincides with the O-operator in [160].
Furthermore we see that §> = (—1)""=V/2 gsince %pP = (—1)P=P)+n(n+1)/2 4 b and in
particular, G defines a complex structure on S if n = 2,3 mod 4. Moreover we find
that

<§ ®p, T> = (_1>n(n+1)/2<p’ g d T> (438)

and obtain the inner product
Qg(pe”"’d, reved)y — :I:(—l)"(”_l)/2 {p, Ge ) =gle®Ap,e " AT), (4.39)
which is invariant under the cover

Spin(Vy) x Spin(V_) — Spin, (T & T")
of  SOWV.)xSO(V.) — SO (TeT). (4.40)

The operator g acts as an isometry for Q;.

The presence of a generalised metric also implies a very useful description of the com-
plexification S€ of S as a Spin(V,) x Spin(V_)-module if the manifold is spinnable.
The orthogonal decomposition of '@ T into V. & V_ makes CILff (T & T*) isomor-
phic with the twisted tensor product Cliff (V, )@CIiff(V_). Furthermore we have that
(Vi, g+ ) is isometric to (T, £g) via the isometries

Ty =ePomy, miixeT —x®g(x)e Dy,

2b

(4.41)
m=e"on_, m_:x€T —axd—gx)e D_.

We obtain an isomorphism by extending

2@y € TCRTC C Cliff “(T, 9)@Cliff (T, —g) — t(xRy) = Ty () @ ().
(4.42)
The complexification CLiff ©(T, 4g) = CIiff (T @ C, %) is isomorphic to End(A) if the
dimension n is odd and to End(A) @& End(A) if n is even. The module A is the space
of spinors and in the latter case it can be decomposed into the irreducible Spin(2m)-
representations AL. Moreover, it carries a Spin(n)-invariant hermitian inner product
for which Clifford multiplication is skew. By convention, we take the first argument to
be conjugate-linear. In all dimensions, there exists a conjugate-linear endomorphism
A of A such that
Az - 0) = (=1)"=D725 . A(), (4.43)

and in particular, it is Spin(n)-equivariant. Moreover, A reverses the chirality for
n = 2m, m odd [158]. We can inject A ® A into A* in an Spin(n)-equivariant way
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by associating with the product of two spinors V;, @ Wg, where Wy p € Spin(n), the
form

VW, @Ugl(X1,...,X,) = (ATL), (XiA...AX,) - Ugr). (4.44)
This is an isomorphism for n even. In the odd case, we obtain an isomorphism
by concatenating [-,-| with projection on the even or odd forms, which we write as

[-,-]ev°d. The b-field can be accounted for by defining

[ =€ AL ] (4.45)

Let ~ be the involution defined by £id on A*°?. Then we have the following relations

- UL @ Wgl, = (=1)"" V2 (z01) 0 [W @ W),

[\IJL(X)y'\I/R]b = Lb(1®y).[\DL®\IJR]b. (446)

This statement can be proven along the lines of [I60]. Let us fix an orthonormal basis
€1, ... e, of (T, g). By definition and the usual rules for Clifford algebras, we get

[€k . \I/L ® \IIR] = Z (A(ek . \I/L),GI . \I/R) er

= (=) (AT e er - Up) e

I

= (_1)n(n71)/2+1 Z (A(@L), (—le_ej +ep A 6[) . \IJR) er
I

= (—nrhr (Z (A(Vy), excer - Wg) e, A (egrer)—

kel

Z (A(Wy),ex Nep-Wg)eg(er A 61))

kel
= (=1)"" P (e)) @ U, @ W), (4.47)

The proof for the second equation is completely analogous.

4.5.1 Generalised Kahler structures

Before considering reductions of structure groups in general in the next section, we
would like to give one important example, that we use later for the description of
mirror symmetry for topological sigma models.

Let us take a manifold which carries a generalised complex structure 7; that commutes
with a generalised metric G. We can define a second generalised complex structure by

T2 =G. (4.48)

One can easily check that this indeed fulfills the conditions for a generalised complex
structure. Since G> = 1 and J2 = —1, we have J} = —1 and J; = J*G* = — .
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Conversely, a pair (J1,J2) of commuting generalised complex structures defines a
generalised metric via

G=—-To. (4.49)

By definition a generalised Kéhler structure consists of two commuting generalised
complex structures and a generalised metric, that fulfill (4.49). The structure group
SO(n,n) is thereby reduced to U(n/2) x U(n/2).

The relation to an ordinary Kéahler structure can be shown as follows. An ordinary
Kahler structure consists of a metric g, a Kiahler form w and a complex structure .J,
satisfying

w=gd. (4.50)

By embedding J and w into generalised complex structures, according to ({4.28)

and (4.29) as

-J 0 0 —w!
Ji = , = 7 (4.51)
0o Jr w 0
we obtain using (4.50)),
0 gt
G=-0J>= ) (4.52)
g 0

which we recognise from (4.34)) as a simple example of a generalised metric.

4.5.2 Generalised GG-structures

In the last sections we have already discussed a reduction of the structure group of
T & T*. Let us consider general reductions to a group Gy X G, where we already
implied that a metric splitting is possible, such that we have a generalised metric
G=(g,b). Furthermore we want to assume that we have two chiral spinors ¥ and
Uk, which reduces the structure group from Spin(n) to G, and Gg, respectively. We
assume that G g acts irreducibly on R™ via the induced vector representation.

There are two different possibilities to define a G, X G'i structure, which by definition
is a reduction from the Spin_ (n,n)-fibre bundle to a G, x Gg-fibre bundle. We can
choose a reduction to G x G by G x Gy invariant spinors S*, or by a generalised
metric and two T-spinors ¥y, p.

It is a remarkable fact that we can represent any G X Gg-invariant spinor as a
decomposable bispinor: Assume that we are given a GG, X G g-invariant pair of spinors.
This induces a reduction from Spin, (n,n) to G x Gr. Projecting the inclusion
G x Gr C Spin(n) x Spin(n) down to SOy (n,n) gives rise to a metric splitting
Vi @ V_ where V _ carries in addition a G g-structure. Pulling this structure back
to T via the isometries m,. gives rise to a G, g-structure inside the SO(n)-fibre
bundle associated with the induced metric. Moreover, the inclusions Gy g C SO(n)
can be lifted to Spin(n) so that we obtain a spin structure which admits reductions
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to Gp and Gg. As a result there are, on top of the generalised metric (g,b), the
invariant spinors associated with G and Gg. By invariance, the T @ T*-spinors
([Y, @ YRy, [A(¥L) @ VYg],) must coincide with the G, X G g-invariant pair of spinors
(up to a universal scalar). Interestingly, these T'@® T*-spinors are all self-dual for g in
the following sense. A Riemannian volume form acts on chiral spinors by

voly - Wy = +(—1)mm D2 (_ymy (4.53)
for ¥, € Ay, n =2m and by
voly - U = (—i)" 1, (4.54)
for n = 2m + 1. Therefore,
Ge [V, ®Ugly,= [V, @vol, - Vg, = (1) D2(_)™ W @ Ugl, (4.55)
for n = 2m and
Ge [V, @ Vg, = [V, @vol, - Vi) = (—i)" [V, @ Vg, (4.56)

for n =2m + 1.

Note that in low dimensions the group Spin(n) acts transitively on the sphere of
its spin representation. As a result, there is only one orbit of the form Spin(n)/G
and therefore any GGy, x Gg-structure is actually a G x G-structure or generalised G-
structure, following the language of [IT5] 160, 161]. For instance, we find generalised
SU(3)- an Gy-structures in dimension 6 and 7 and generalised Spin(7)-structures in
dimension 8 and 9, the highest dimension for which the spin group acts transitively.
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Chapter 5

Applications

Having described the basic concepts of generalised geometry in the last chapter, we
are now going to give two applications of this concept to string theory. Very soon
after its mathematical formulation it has become clear, that generalised geometry can
be used to deepen our understanding of the spaces used to compactify string theory
to four dimensions beyond the realm of manifolds with SU(3) structure. This is based
on two basic observations. First of all the B-field, elementary ingredient of the zero
mode spectrum in the NS-NS sector of type II string theory, is embedded in a very
natural way. Secondly, generalised K&hler structures, introduced in section [4.5.1] have
been proven to be equivalent to a bi-hermitian geometry. This geometry is important
for the analysis of nonlinear sigma models, since it has been found that it is the
most general geometry of a target space manifold for a nonlinear sigma model with
N = (2,2) world-sheet supersymmetry.

In the first section we introduce a description of T-duality in the framework of gener-
alised geometry. We formulate the transformation laws as the action of a map M in
the T' @ T™ basis and show how it acts on pure spinors. In section we apply this
reasoning to generalised Kéhler structures. We derive the mirror symmetry transfor-
mation of the two generalised complex structures in the T' @ T™ picture and give an
alternative description in terms of the spinors associated to the four maximal isotropic
subbundles.

In section we define generalised topological sigma models with target spaces that
carry a generalised Kéahler structure. We show that the well-known topological A- and
B-models can be found as special cases in the generalised theory. Using the results of
section b.1} we explore the action of mirror symmetry on the generalised topological
sigma models. We verify explicitly that the generalised complex structures of the
A- and B-model get exchanged by this action. Section deals with topological D-
branes and we verify that the boundary conditions for topological A- and B-branes
are interchanged under the action of mirror symmetry.

Section deals with an analysis of the calibration conditions for cycles wrapped by
D-branes in generalised complex spaces. We make use of the generalised G-structures
introduced in the last chapter and analyse the supersymmetry conditions for D-branes
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in the generalised framework. This leads us to the notion of generalised calibrations,
which are a natural generalisation of the known calibrations for D-branes in type II
string theory. In the last part of this section we investigate the action of T-duality on
the generalised calibration conditions.

The content of this chapter is based on [49] and [94].

5.1 T-duality and mirror symmetry

Following the reasoning of [154], we would like to describe mirror symmetry as a
combination of three T-dualities in a T3-fibrated manifold. The formulation of T-
duality and mirror symmetry along these lines in the framework of generalised complex
geometry has been studied in [114] 14 ©4]. We apply the results of this section in the
following to topological sigma models and generalised calibrations.

Let us start with a generalised metric G=(g, b) on the vector space T'@® T™* and pick a
non-trivial one-form 6. Let X be the vertical vector field (i.e. the projection of X to
the kernel of 6 is trivial) such that 0(X) = 1. We can then extend (X, #) to a basis
T1,...,2, = X of T with dual basis b, ..., 2" = 6. Consequently, x @ 6 is of unit
norm and thus My = X @ 6 is an element of Pin(n,n). Its projection to O(n,n)
yields the reflection My along the hyperplane orthogonal to X & 6. With respect to
the coordinates (z;,’) the matrix of M, is given by

id,, 1 0

My = — . (5.1)

Conjugation of G by My yields another generalised metric G7 induced by (g7, 7).
Calculating these quantities in the fixed basis above yields the well-known Buscher
rules [35 [36] (see also [T08, 118]).

Let us show this in detail. With respect to the basis z;, z7, the data (g7, b") are given
by

T, 1 I =—2L ~ " gnn
Ik = 9kl o (GrnGnl + bknbui),  Grn = o bkns G = .. (5.2)
bgl = bkl - gn_n(gknbnl + bkngnl)7 bgn - —ngn

In particular, we have g7 = M*g where

id
0 1
q
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This can be proven as follows. By definition, we have

1Tyt T —a1p -1
g' = T gT 1T} T g 1T = Mo ! -1 g—l M (5-4)
g —bg b byg g—>bg~'b bg
and therefore
g "' =Ag'D — Ag™'bB + B(g — bg 'b)B + Bbg ' D. (5.5)

With respect to the splitting (x!,... 2" 1) @RE, the tensors g, g~ and b are schemat-
ically given by

g v 3 h w b u
g=1 3 cgt= ;b= t (5.6)
v q w” p —u" 0
We have to show that
S g— %(vv” — uu') %u ) b— %(uv” — vu'") év (5.7)
lutr 1 ’ _l,Utr 0 ' '
q q q
From (5.5)) we gain
h —hu
g = N Ny (5.8)

—u”ﬁ q + u”ﬁu

which is the inverse of g7 as given in (5.2). For instance, the upper left hand block is
1 1 1
gh — ~vv"h + “uu"h — “uu'"h = id — vw'" 4+ vw'" = id, (5.9)
- q q q
where we used the relations gh+vw'" = id and v""h+qw" = 0 coming from gg~" = id.
To derive the matrix expression for b7 we consider

b = —Cg 0B+ Cg'D+ D(g—bg 'b)B+ Dbg ' D

bh +uw'™ v — bhu — uw'u
_ , (5.10)

wtr _,wtru

Multiplying from the right by ¢* we find precisely b'. Again, we prove this for the
upper left hand block. It is given by

1 1 1 1 1 1 1
bh(g — —vo"" + ~uu' — ~uu') + uw' (g — v + ' — ~uu'") + =vu'”
- q q q - q q q q
1 1
= b—bwo" + bwv" — puv™ — —u(l — qp)v™" + ~vu'"
q q
1 1
= b— —uw'" + —vu"”
q q
1
= b— —(w'" —vu"), (5.11)
q

using the relations w'" g +pv'” = 0 and hv+ qw = 0, which can be deduced again from
g9~ =1d.
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5.1.1 T-duality action on spinors

Let us consider the action of .//\;l/g on spinors. The T-dual of a spinor p can be obtained
from .
pl = Mg ep. (5.12)

Note that M, preserves the Spin(n,n)-orbit structure and defines an isometry be-
tween (A°? Q;) and (A°***, Q.r). For instance, consider the case of a G X G-
invariant spinor

p=e U, ® Vgl ®+/vol,. (5.13)
Since we deal with two different metrics, it is essential to keep track of the volume

form defining the identification between spinors and forms. Its T-dual is also G, X G-

invariant, but now the stabiliser gives rise to the generalised metric (g7, b"). Therefore
we can write the T-dual of (5.13)) as

pT — 9" [\IJ% X \Ilg]bT ® \/volyr. (5.14)

From the definition of the T-dual, we obtain (—=Xv_+0A)[¥;, @V g, =|| X || [YL@UL]x
since || X|| y/voly = /volyr.

Since T-duality interchanges the chirality of the 7" & T™-spinor, a decomposable
bispinor of spinors of equal (opposite) chirality maps to a bispinor of opposite (equal)
chirality if n is even, reflecting the fact that T-duality interchanges type IIB and type
ITA string theory.

5.1.2 Geometric aspects of T-duality

Let us have a look at a geometrical description of T-duality. We consider a special
class of integral three-forms (called “T-dualisable”), following [31].

We assume that M" is the total space of a principal S'-fibre bundle p : M™ —
N™~1 endowed with a gauge form 6. Moreover, M comes along with an S'-invariant
generalised structure (g,b) and a calibration p which is also invariant under the S'-
action. Take X to be the vertical vector field of # such that X6 = 1 and consider
the curvature two-form w which we regard as a two-form on N, i.e. df = w (we do
not write the pull-back p* explicitly in the following). Let H be a closed, S'-invariant
three-form representing a cohomology class in H3(M,Z) such that w? = —X_H is
also integral. Integrality of w? ensures the existence of another principal S!'-bundle
M7T over N, the T-dual of M defined by the choice of a connection form 67 with
doT = wT. Writing H = 0 A w? — H for some three-form H € Q3(M), we define the
T-dual of H by

H' =0" Aw —H. (5.15)

T-duality consists then in applying the map My or Mg, followed by the substitution
6 — 0T. For instance, decomposing

p=po+0Ap, (5.16)
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we have pl = —p1 + 6T A po. To indicate the coordinate-change, we also use the
notation p & My, meaning that the left hand side coincides with the right hand side
upon substituting 6 by 67. Explicitly, we obtain for the T-dual of (5.16)

pt = [p"]gr @ Jvolgr = (=X [ply + 0 A [ply) @ /voly, (5.17)

such that [|X|| [pT],r = —X1[ply + 0 A [p],-
For later application in section we establish the following relation

XodyC —ONdyC = dyr(—=XLC + 01 A C), (5.18)

where C' = O + 0 A O is a differential form of mixed degree that is S* invariant. To
obtain this relation, we note that the S'-invariance of C' yields dC' = dCy +w A C; —
0 N dCy with dCy +w A Cy € Q*(N).

As a particular case, we find for an S'-invariant spinor p that

Xudalply — 0 A dulply  dyr 11X [07)yr. (5.19)

5.2 The mirror map for generalised Kahler struc-
tures

Generically, the two generalised complex structures of a generalised Kéhler structure
(see section [4.5.1)) are given in the T'@® T* basis by

1({JotJ. —(wi'Fw!
Jp=5|" (s ) , (5.20)
2\wy Fuo —(JT£TD)

where the complex structures J; and J_ are independent sections (Vp € MP®) in the
twistor space ZMS. Note that we always assume integrability for the two complex
structures. We can also define a generalised metric by G = — 71 7.

Suppose that we take a trivial fibre bundle M% = T with fibre F' = T° over the base
space B = T3, thus M% = T3 @ T3. Therefore we have the following splitting of the
generalised tangent space:

TeT =T TreTye T (5.21)

This choice is for computational convenience, but one can consider a more general M
as a nontrivial 7° torus fibration over a general three dimensional base space without
changing the essence of our argument [154]. Furthermore, we want to consider only
generalised complex structures which are adapted in the sense of [14], i.e.

T2 :Tr & Tp — T ® Tp. (5.22)
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Respecting additionally the algebraic properties of the generalised complex structures
we take

0 —(J £ J-
J+ j: <]_ - ~ ~ ( - ) ) (523)
J £ J- 0
0 —(& 0
Wy Fw_ = (& F0-) . (5.24)
Wy Fw_ 0

Note that j+, J_ and wy,w_ are not complex structures and Kéahler forms, respec-
tively. Note also that to satisfy the properties I2 = —1 and wl = —w! one has to

require /7 =1 and ol = @5

Let us write the specific generalised complex structures explicitly as

0 —(Jp £ J) 0 —(@ Fah
1] Jo+J- 0 ol Fa! 0
T2 =5 " R } " - - (5.25)
2 0 —(y Foo) 0 —(JI £ Jh)
Dy F o 0 JT+JT 0

By adopting the idea of [I54] we describe mirror symmetry as three T-dualities along
the T3-fibre over a three-dimensional base space. Therefore we formulate mirror map
M as a map which acts on the generalised tangent bundle 7' 7™ as a bundle iso-
morphism [14, IT4]. Moreover, this isomorphism should have the property of an
involution, M? = 1. The mirror map in the generalised tangent space induces nat-
urally a map for the generalised Kahler structure, consisting of mirror transformed
generalised complex structures jl /2 and a mirror transformed generalised metric G.

Let us define the mirror map such that it acts as an identity on Tz, T and flips T
and Th:

explicitly
ids

M = . (5.27)

We recognise this as the combination of three T-dualities defined according to (5.1
in the direction of the fibres Tr.

We get a conjugated generalised complex structure in the following way,

jl/g :Mojl/go./\/t_l . TB@T;@TE@TF %TB@T;@TE@TF (528)
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Applying this construction explicitly we get

0 —(@ ' Fath 0 —(Jy £ J)
. 1| oy Fo 0 Jr+ JT 0
Jp=5| " o ¥ ] (5.20)
2 0 —(JT+Jh) 0 —(@y FO_)
Jy+£J. 0 o Fat 0

To compare jl/g with J1/2 we reinterpret jl/g asamap I ®Tr ®TH & Thr —
Tg & Tp & T} @ T instead of . We then use the fiber metric gr and its inverse
and we write them back into J)/,. By using the identity w = g/, we get finally

0 —(Jy FJ) 0 —(@7'+ oY
. 1| JoFJ 0 S 0
Jip=5|" T R (5.30)
2 0 —(0y £0-) 0 —(JLFJT)
WRESAN 0 JrF Jr 0

where now J; /2 are again maps
Ty Te@Tr@TpoTr - Tp®Tr®Th & Th. (5.31)

This is the mirror transformed complex structure. We see immediately that mirror
symmetry interchanges the two generalised complex structures,

j1/2 — j1/2 = j2/1

.. (5.32)

(J-H J—) — (J-l—’ ‘]—) = (‘]-1-7 - —) :
When M is a nontrivial torus fibration, using the same remark above, also the mirror
manifold M9 is a nontrivial torus fibration.

This result can be equivalently described in terms of pure spinors and their associated
maximally isotropic subbundles. This will be the topic of the following section.

5.2.1 Description in terms of pure spinors

Let us assume we have a generic generalised Kéahler structure, as defined in sec-
tion [4.5.1, on a 6-manifold M% With the two commuting integrable generalised
complex structures, Ji/2, we get a decomposition of (7@ 7T*) into a direct sum of four
subbundles. As we have seen in section [4.5] the choice of a generalised metric leads
to a decomposition

TeT =V,aeV_. (5.33)

In the following we are in fact dealing only with the metric part of these spaces,
denoted by Dy in section As explained there, the introduction of a non-trivial
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b-field can be simply accounted for by an application of the b-field transformation.
Since this transformation does not change the formalism, we set b = 0, but keep the
notation V., to indicate that everything holds in the general case. The elements of
Vi = D4 can be written as

Vi = {X+9(X)[X €T}
V. = {X—g(X)|X €T} (5.34)

In this case the generalised metric GG is purely Riemannian,
g = . (5.35)

On the other hand, since the generalised complex structures commute with G, we can
also decompose the generalised tangent bundle with respect to 7,2,

T = 7T|(,+1 Jon P+t Jon P,

v v (5.36)
Jo = wly, Jym Py —mwl|, JomP-,

where 7 : V. — T is a projection.
We denote the i eigenbundle of 72, or equivalently the graphs of the maps —iJ /s,
by W)/, respectively,

W, = {X+gX|XeT"}o{X —gX|X €T},
Wy = {X+gX|X T’} {X —gX|X T}, (5.37)
The generalised tangent bundle decomposes therefore in
ToT =W, oW, =Wy @ Wh. (5.38)

Since the two generalised complex structures commute we can decompose W /5 further
by J2/1. With the indices &= we indicate the eigenvalues &i corresponding to the second
splitting,

WieoW,=WreoWw, e W, @ Wy, (5.39)

where

Wi = {X+gX|X T},

W, = {X —gX|XeT""},
Wy = {X +g¢X|X €T},
Wy, = {X —gX|XeT"}. (5.40)

We see that Wy = Wi @ W, and

Vi =W5, e W, (5.41)
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These observations show that by changing J_ — —.J_ we do not affect the C';-bundle
and, moreover, only interchange holomorphic with antiholomorphic objects with re-
spect to J_ in the C'_-bundle. We finally obtain the result that mirror symmetry
interchanges the subbundles W, < W .

Since our subbundles le;2 are maximally isotropic we can generate them by pure

spinor lines. In the following we show that the mapping Wf;Q is equivalent to a
mapping of the associated pure spinors.

It can be proven that W," W, can be described by the following four pure spinor
lines p;, 1 € {1,...,4}
0 = Wi ep = Wi el
0 = Wy epy = Wy e QB0
0 = W/ ep3 = W, eelvr,
0 = W, ep, = W, eeiv,

(5.42)

where Qf’o) € A°? are holomorphic top degree forms with respect to J,,J_ and
w4 € A are the Kéhler forms.

We choose an appropriate local trivialisation for the forms in terms of local complex
coordinates with respect to either J, or J_. We split them into an imaginary part
y', i € {1,2,3}, and a real part 2% a € {1,2,3}, which are the coordinates in the
base and the fibre, respectively.

et =1+ ida'dy’ + dedy"? + da®dy®® + dzPdy'® +ida'Pdy'*?,  (5.43)

QP = (dz' +idy") A (da® + i dy?) A (da® + i dy?) . (5.44)
The action of the mirror map acting on the pure spinor lines is given explicitly by

A : A/l Aot (5.15)

p — (Ox, +dz°) e (Jx, + dz*) e (Ox, +dz') e p, (5.46)

where Tr = span{0x, }, T} = span{dxz®} and p € A®.

Using the property that Ox,.dz® = 6,7, we apply the mirror map to the pure spinors
pi to get

pr=Me Qf’o) = 't

,62 — .//\\/l/. Q(_?’,O) — eiw, ,

— 5.47
ps = Meeivr = —QfY 47
b= e et — D

Looking at the maximally isotropic bundles that are associated to the mirror trans-
formed pure spinors p;, i € {1,...,4}, we find that W," is left unchanged by the map
M, but in the V_-bundle W is exchanged with W, . This is exactly the same result
we obtained in section B.1l
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5.3 Topological sigma models

Topological sigma models [164], considerably simpler to analyse then the full nonlinear
sigma model, have been widely used to study aspects of mirror symmetry. Starting
from an N' = (2,2) supersymmetric theory on the world-sheet, they are obtained
by the so-called twisting. This twist consists of mixing the spin of the world-sheet
fermions with the U(1)-current, such that they get an integer spin. The motivation
to do this comes from the fact that global supersymmetry on the world-sheet cannot
be defined on a curved Riemann surface. This global supersymmetry is necessary to
make use of the localisation principle, that ensures that amplitudes can be calculated
relatively easy by considering only holomorphic or constant maps in the A- and B-
model case, respectively. There exist two different models, the A- and the B-model,
because there are two different ways to twist the underlying theory, using either the
vector or the axial part of the U(1)-current.

In the classical studies of N' = (2, 2) theories it is implicitly assumed that the left- and
right-moving world-sheet fermions transform according to the same complex structure
J and the target space manifold is Kéhler. As has been discovered in [84], this is not
the most general case, but one can use two different complex structures for the left-
and right-moving fermions. This leads to a bi-hermitian geometry described in terms
of a metric g, the two complex structures J, and J_, and a three-form H. It has been
shown in [103] that this is equivalent to one generalised Kéhler structure, defined in
section [4.5.1] that is twisted by H. The twist of the N” = (2,2) sigma model in the
more general case of J, # J_ was performed in [120} 122] yielding a generalised notion
of topological sigma models.

5.3.1 Definition of generalised topological sigma models

Let us give a brief formulation of the topological sigma models in the generalised
formalism. We start with the two-dimensional nonlinear sigma model in the A" = (1, 1)
superfield formalism. Using bosonic coordinates ¢ and fermionic coordinates 6 and a
chiral superfield ®, we can write this as

1
S = 3 /d% d*0 (g + B)(D,®, D_9®), (5.48)
where the derivatives D, are given by
0 A
D:t = &F + 16 a:t, (549)
using the partial derivatives 01, which are defined as
ai = 80 + 81 . (550)
The N = (1,1) SUSY transformations are generated by Q+, which read
o._ 9 .

4+ = % - Zeia:t . (551)
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We can expand the chiral superfield ® in components as

P=0¢+0", +0 ¢ +0 0F. (5.52)

Since we want to obtain a theory with A/ = (2, 2) supersymmetry on the world-sheet,
we have to define an additional supersymmetry. This can be done introducing two
complex structures Ji and the generators

QY = J.D,. (5.53)

This is a well defined additional (1, 1) supersymmetry, if the J. are a pair of integrable
almost complex structures and the metric ¢ is hermitian with respect to both, J, and
J_. Furthermore the almost complex structures have to be covariantly constant with
respect to the covariant derivatives with connection

[y =I5 £ 9" Hape, (5.54)

where I' is the Levi-Civita connection. A non-trivial H-field modifies this connection
differently for ¢, and ¢)_. We get the following relation between the two connections

Fibc¢iwi = _Fg bcwgwi (555)

Acting with the two supersymmetries on the superfield (5.52) we can write the vari-
ations in components as

o = vy, o =y,

0y, = —id Wy = F

VU4 1049, ngn )

sy = —F), sWy_ = —io g,

(5.56)

0Po = Ty, Py = Ty,

553)1/4 = iJ4049, 59)¢+ = J_F,

8y = —J.F, Py = I ¢ .

The auxiliary field F' can be integrated out, using it’s equations of motion,
F* =19, by (5.57)

We define the following combinations of the supersymmetry generatord}

Q+ = 5@V -iQ?), Q= QY+,
(5.58)
Q- = LY -iQ?), Q. = QY +iQ?).

!These definitions correspond to those in [I11].
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Qv ga S SA SB
Py | -1 -1 -1 -1 -1
Py |+1 +1 =2 0 0
Py_ | -1 41 +3 0 +1
Py |+1 -1 +1 41 0

Table 5.1: Charges of the fermionic fields before and after the twist. gy,4 denote the vector
and axial charges, respectively. s is the spin before the twist and s,,p are the spins after
performing an A or B twist. The projection operators P are defined in (5.60]).

Up to this point we are dealing with an ordinary nonlinear sigma model. To obtain a
topological theory, we have to twist the spins of the world-sheet fermions. Depending
on whether we use the vector or axial part of the U(1) current to perform the twist,
we obtain the topological A- or B-model [I64]. The charges of the fields before and
after the twist are listed in table [5.1] where the fermionic spins after performing an A
or B twist are given by

1
SA/B =S+ §qV/A. (5.59)

In the table we also used projectors on the holomorphic and antiholomorphic parts of
the fields with respect to the two complex structures Ji. These are defined as

Pe=11—iJy), Py=1(1+ily). (5.60)

5.3.2 BRST operators

After the twist we obtain fermionic fields with spin 0 and spin 1. We can use the spin
0 fields to construct a BRST operator. As BRST operators for the generalised A- and
B-model we take therefore?

QA = @++Q—7 QB = §+ +§,, (561)
which act on the scalar fields of the twisted models like
Sap = P +P_y_, 6pp = Pitby + Py,
Py — TPy Pd,  0gPyb = TP Poo,  (5.62)
APy = T Py Py,  ogPy — TPy P,

We can rewrite the BRST operator (5.61)) in the '@ T picture. To do so we define

*Note that in [164] a different definition for the world sheet fermions is used, which leads to a
different BRST operator for the A-model, Q4 = Q4+ + Q_.



5.3. TOPOLOGICAL SIGMA MODELS 87
a fermionic basis

Vo= (s +y) €T, pi=g(Yy —v) €T, Wi= i . (5.63)

Using this notation we can write the BRST operators of the generalised A- and B-
model as

Qa =< o~ ,<1+¢j2)\1f>,
JetoNyey

o :< ¢ ,(1+¢J1)\P>, (5.64)
900

where (-, ) is the natural product on T'@® T*, as defined in (4.2).

In this language the relevant BRST variations (5.62)), namely those that vanish be-
cause of (5.55)), take the simple form

Saz(L+iJ)¥ =0, dpz(1+iJ)¥ =0. (5.65)

The classical U(1)4/y symmetry can be broken by quantum effects. This anomaly is
given in terms of the first Chern class of the Ly, bundle for the B/A model [122]. The
cancellation of this anomaly constraints the target space geometry via c;(Li/2) = 0.

5.3.3 The action of mirror symmetry

It is well known that mirror symmetry exchanges the topological A-model on one
Calabi-Yau with the B-model on the mirror Calabi-Yau, characterised by the exchange
of complex and symplectic moduli. We want to apply the mirror map as defined in
sections [5.1] and [5.2.1] to the generalised B-model with target space M% and show that
it is mapped to the generalised A-model with the mirror target space M6,

In section we found that M : J; — J, such that M : Qp — Q4. We also know
that the complex structures (J,,.J_) are mapped to (J,, —J_) under the mirror map
and equation tells us that M : L; — Ls. Therefore, M : ¢1(L;) — ¢1(L2)
and the anomaly cancellation of the generalised B-model gets mapped to that of the
generalised A-model.

The next step is to show that the observables of the generalised B- and A-model are
mirrors of each other. We show this for the local observables of the closed topological
sector, but first let us remember how they were constructed in [120]. Following [164],
one has to construct scalar BRST invariant field configurations. Writing the BRST
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variations in the 7@ T* bundle, we getf’

1, + ¢
5B/A<I) = \1’1/2 = 5(1 + Zjl/g)\l/ S Ll/g, b = . (566)

9o

The nilpotency properties 6%, = 0 of the BRST variations then yield 05/4V; /5 = 0,
which was also obtained in (5.65). Thus, ¥y, are the configurations we are looking
for in the generalised B/A-model. The space of observables is then given by

(Op)B/a = faran(@)VT)g - Wy, (5.67)

which can be mapped to the exterior algebra bundle A’“ff/2 ~ AkLl/Q since f is skew
symmetric in the indices a. Performing the BRST variation of (Of)pg/a, one realizes
that the map is actually an isomorphism,

{@8/4:(Op)p/a} = (Our | 1)B/a, (5.68)
where df = 8%/ + 6%/ is the Lie algebroid derivative such that
dg, , : CF(A*Lij) — C (A1 Ly ). (5.69)

Since M : L; — Ly, the cohomologies of the differential complexes for the generalised
A- and B-models are mirror pairs.

We want to do the same for the generalised instantons [120]. The instantons are the
fixed points of the BRST transformations. Performing the Wick rotation dy¢p — i02¢
on the Riemann surface, one gets the instanton equations

10
0p/a¥ = (1 —iJ1y2) ) 2o, (5.70)
9019

from which we conclude that the instantons of the generalised B model are mapped
to those of the generalised A model under the mirror map.

5.4 Topological branes

Branes in the topological A- or B-model (A- or B-branes) can be defined by a gluing
matrix R : T — T, which encodes information about the mapping of left- and right-
moving fermions at the boundary 0% of the worldsheet |2, [3]. The gluing conditions
read

b = Ri,. (5.71)

3Here ® is an element of T @ T* and should not be confused with the chiral superfield defined

in .
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In the generalised picture this translates to [166)]

R-ToT -ToT, RU =0, (5.72)
where ¥ is defined in (5.63). R respects the natural metric (-,-) on 7' ® T, squares
to one, i.e. R? =1, and anticommutes with G, i.e. GR +RG = 0.

In the physical framework the operator R contains the information about Dirichlet
and Neumann boundary conditions. It defines a smooth distribution D C T which
has rank equal to the dimension of the brane. In case of an integrable distribution we
even have a maximal integral submanifold D.

From a different point of view, the above properties of R serve to consider the projec-

tion operator %(1 + R) to define a special almost Dirac structure 75 (a real, maximal

isotropic sub-bundle),
75 =TD®Am(TD)CTHT*, (5.73)

which is Courant integrable iff D is integrable.

The extension of R by a closed two-form F' € Q*(D), dF = 0, on the submanifold D
corresponds to

™ = {%(1+R)(X+£) = (X +&) : (X +& eTDPOT Mlp, &|lp=XLF} (5.74)

and is equivalent to the definition of a generalised tangent bundle given in [I03]. This
gluing matrix is given by

1 r 1 r
F 1 —rt —-F 1 Fr+rF —rt
where r is an operator which carries the gluing information for the fermions (see [2, 3]).

Let us focus on the A/B branes in the corresponding A /B-model. This means that
the U(1) currents j+ = wi(¢y, ¥1), v+ € T, have to fulfill the matching conditions

‘ . 1
O0=J+ £J-= 2 <‘I’ ) j2/1‘1’> (5.76)

for the A- or B-model, respectively.

Moreover, combining this with the gluing conditions for the fermions, we obtain a

stability condition for R, or equivalently, a stability condition for 5. Using also

{G,R} =0, one gets:
A branes: RJ, = —TR and RT = DR

(5.77)
B branes: RJ1 = KR and RT = —TFR.

We will call the (anti)commuting constraints F-stability with respect to a certain
generalised complex structure. Thus, the A /B-model is j172 stable and additionally
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‘7271 stable. This reflects the fact that the generalized tangent bundle 74 in the A/B
model splits into +i eigenbundles of J5,; or, in other words, it becomes a stable
subbundle of Lo/ @ Lo/, respectively:

A/B-model: 75 = 75T @®7h, wart. Loy @ Lo (5.78)

5.4.1 Transformation under mirror symmetry

Let us apply the mirror map M, in the same way as for the topological models, on the
topological branes. The gluing operator R gets mapped to R = MRM ™! and one
can show that the properties for R are the same as for R. Again we take M with a T3
fibration, such that mirror symmetry interchanges Neumann with Dirichlet boundary
conditions in the fibre, being nothing else then three applications of T-duality.

The conditions on the U(1) currents get naturally exchanged, since we found in sec-
tion that the generalised complex structures J; and J> get exchanged. It is
important to note however, that the stability conditions on the mirror symmetric side
have to be formulated in terms of the transformed gluing matrix R.

5.5 Generalised Calibrations

In this section we define a special class of submanifolds that generalises the well-known
notion of a calibrated submanifold. This is a direct extension of the last section on
generalised topological D-branes, putting the notion of stability for generalised branes
in a mathematical context.

5.5.1 Definition

Before we discuss the global notion, we first deal with the algebraic aspects of the
theory and assume to work over a real, n-dimensional space T" = R". Let us start
with the classical notion of calibrations and calibrated subplanes [I07]. The data are
a Riemannian metric g on 7' = R"™ and a p-form pP. Restricted to an oriented p-plane
Jj :UP — T, p? becomes a volume form which can be compared in an obvious sense
with the Riemannian volume voly. One says that pP defines a calibration iff

7 p" < woly (5.79)

and the bound is met for at least one p-plane, which is said to be calibrated. Equiva-
lently, we can require g(p,voly) < 1.

We immediately conclude from the definition that if p defines a calibration, so does
xgp. If U is a calibrated plane with respect to p, then so is U with respect to
*4p. Moreover, the calibration condition is GL(n)-equivariant in the sense that if
A € GL(n) and p defines a calibration, then so does A*p with respect to A*g. If U is
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calibrated for p, then so is A(U) for A*p. In particular, if p is G-invariant, then so is
the calibration condition. Therefore, the calibrated subplanes live in special G-orbits
of the Grassmannian Gr,(T).

Let us introduce an analogous concept for generalised metrics. The role of p-forms
is now assured by even or odd forms which we view as spinors for Spin(n,n). The
orbits of interest to us are given by the maximally isotropic subplanes. These can
be equivariantly identified with lines of pure spinors, as explained in section [4.2.2]
For a generalised structure (g,b) a spinor p®°¢ of even or odd parity is defined to
be a calibration, iff for any spinor py r, induced by the pair (U, F'), consisting of an
oriented subspace U and a two-form F' € A*T*U, the inequality

(0, pup) <e™® (5.80)

holds and there exists at least one pair for which the bound is met. This pair is said
to be calibrated by p®°d.

The condition ([5.80) is clearly Spin, (n,n)-equivariant, since if py p is of unit norm
for Qz, then so is Aepy - for Aege A™t. Hence p defines a calibration if and only Aep
does and a pair (U, F)) is calibrated for p if and only if the pair (Uy, F4) associated
with A e py p and its induced orientation is for A @ p. Furthermore, g is an isometry
for Qg, so p defines a calibration if and only g e p does; if (U, F) is calibrated for p,
then the pair (Uy, F;) associated with (—1)"""1/2g e p; - is calibrated for § e p.

Let us show that this generalised calibration condition is the formal analogue of (5.79)
and make the appearance of the data (g,b) explicit. A spinor p € A4 deﬁnes a
calibration if and only if for any pair (U, F') with j* : U < T a p-dimensional oriented
subspace, the inequality

[e™F A j*p]P < e7?y/det (j*(g + b) — F)voly (5.81)
holds and is met for at least one pair (U, F') which is then calibrated. The right hand
side of can be recognised as the Dirac-Born-Infeld energy for D-branes.

To show that (5.81)) holds, let us contract it with voly, which gives

g([e™F N pP voly) = *[e™™ A p Axvoly]™
= (p, e’ e xvoly)
< e ?/det (j*(g +b) — F). (5.82)

Furthermore, note that for j : U < T an oriented subspace and b € A?2T* we have
g(e” A xvoly, €® A xvoly) = det (5*(g + b)) = det (j*(g — b)) . (5.83)
In particular, we have
Q;(e" A xvoly) = det(j*g + F) = det(j*g — F), (5.84)

where F = F' — 5%D.
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As the determinant of a bilinear form is invariant under orthogonal transformations,
it is sufficient to show ([5.83) for a special choice of an oriented orthonormal basis
e1,...,en. Since any leg of b inside U+ does not survive the wedging, b A xvoly =
7*b A *xvoly and we choose an orthonormal basis on U in such a way that j*0 =
[19/2] b Th
k€2k—1 N €. Lhen

det (j*(g = b)) = det (j°(g +b))

[p/2]
= JIa+w)
k=1
[p/2]
= 1+Zb2 S OB b, b by (5.85)
k1<ko
On the other hand
]{J'j Z bl1 et blk€2l171 A €21, FANAN €20, —1 A €215 (586)
h<.. <lk
so that
1 * 1 * %k
g(k'j b* A xvoly, L b A xvoly) = Z b ...b, 2k <p. (5.87)
h<..<lg

Summing yields precisely (5.85) and thus (5.83)). (5.84) follows from (4.39).

In particular, the generalised notion of a calibration encapsulates the classical case.
Let p? be a classical calibration for a Euclidean vector space (T, ¢g) and U a calibrated
subspace. Then (U, 0) is calibrated with respect to p = p? and the generalised metric

(9,0 =0).

5.5.2 Connection with G-structures

As for the classical case, calibrations can be defined from special geometric structures.
In order to make contact with the G, x G g-structures from section [£.5.2] we rephrase
the calibration condition in terms of T-spinors. For this, some preliminary work is
needed. To start, assume F' = b = 0 and represent the isotropic subspace Wy as the
graph of an isometry Py : D, — D_, using the metric splitting T & T* = D, & D_
(Wy intersects the definite spaces Dy trivially). If we choose an adapted orthonormal
basis e1,...,€, €U, €pi1,...e, € UL, then the matrix of Py associated with the basis
df = Wi(ek) =ep D ﬂ:g(€k) of Di 18

A (5.88)

0 —idp—p

Pulling this back via the isometries w1 to 1" gives rise to the isometry

RU = 71-:1 © PU OT4 - (T7 g) - (T7 _9)7 (589)
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which we call the gluing matrix of U, since it encapsulates exactly the same informa-

tion as (5.71)).

Its matrix representation with respect to an orthonormal basis adapted to U is .
Next we allow for a non-trivial - and F-field and consider the isotropic space Wy
which annihilates py p. Here, we consider the graph Plbf, r as amap Vy, — V_ which is
indicated by the superscript b. The associated gluing matrix R’(’]’ 5 1s then defined as

Ry p =, 0 Phpom,. (5.90)

Note that if we let F = F — j*b, then e®*Wy r = {v ® e?*Pyre *v|v € V;}, hence
P} p = e’ Py re " and thus Ry, p = Ry . With respect to an adapted basis for U, the
matrix of Ry # can be computed as follows. Changing, if necessary, the orthonormal
basis on U such that F = Z,[fﬁ] fr€or_1 N eap.

e1 ® fre’,ea ® —fret, ... Pt e (5.91)

is a basis of Wy # by (4.22)). Decomposing the first p basis vectors into the D,-basis
df = 74 (ep,) yields

2ean-1 ® fue™) = dfy g + fudyy, @ dyy_y — fudy,
Ueop @ —fre ™) = —fudf, |+ df, ® frd,_, + d3;, (5.92)

while 2¢F = d} @ —d;; for k =p+1,...,n. Written in the Di-basis we have

Wy = doy_y + frdgy,

wy = —frdyo Tdy,  kE<p,

we = d > (5.93)
and Wyp—y = dop_y — frdyy,

Wy, = fudyy_y + dyy, k<p,

Wy, = d,, k>p.

The matrix Ry is just (5.88). The change of base matrix for d} — w; is given

by the block matrix A = (A, ..., A, id,_,), where for (dj,_,,d3.) — (wi_,w5),
k <p,
1
Ay = Je )| (5.94)
—fr 1

For w, — d, it is given by the block matrix B = (B,..., By, id,_,), where for
(dop—1, doy) = (Wop_y, wop), k < p,

By, = . (5.95)
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Computing B o (id,,id,_,) o A~ and pulling back to T' via 71 we finally find

g+ F)grg—-F)t 0
Ry — (J*g+F)i*g—F) (5.96)
0 —idy_,

with respect to some orthonormal basis adapted to U.

Using this insight, we can make the following statement: The element J~!(e~* e py )
lies in Spin(T,g). Moreover, its projection to SO(T,g) equals Ry . This can be
shown as follows. Again let e, ..., e, be an adapted orthonormal basis so that F =
Zfﬁ] freak—1 N ear. Applying a trick from [16], we define

arctan F = Z arctan( fx)eox_1 - €
k

1 14ifk
- In .
21 - 1—ify

eok—1 + €ax € spin(n) C CILff (T), (5.97)

and show that o
J(exp(arctan F) - xvoly) = e " @ pyp € A¥, (5.98)

where the exponential takes values in Spin(T'). Since the elements eop_1 - €ar, €21+ €9
commute, exponentiation yields

earctan ]T—

— HearCtan(fk)€2k—1'52k
k

= H (cos (arctan(fx)) + sin (arctan(fx)) eax—1 - €ax)
k

= H ! + fi €ok—1 * €2k
S \WVIHR VI

— m (1 + ; fiear_1 - eq + Z fie fn€_1- €21 Com_1 - Com + . . >

<m
1

1
= : JT1+F+FAF+...), (5.99)
det(j*g — F) 2

using the classical identities cosarctanz = 1/v/1 + 22 and sinarctanz = z/v/1 + 22.
Applying (5.83), we finally get

J(earctan]? @) — J(earctan]?> A J(@) — eb /\pU,F- (5100)

The projection down to SO(T) via 7 gives indeed the induced gluing matrix. Indeed,
we have

/\) _mo«(arctan F) - .

o (exp(arctan F) - xvoly ) = €50(T) o mo(*voly). (5.101)
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Now we find

™0 (arctan(fx)esk—1-€2k)

2 arctan(fi)ear—1/\eag

= e
= cos (2arctan(fy)) + sin (2 arctan(fx)) eax—1 A o
1—fi  2f
= + eop_1 N\ e
T2 Ty g e
1 1—f 0 0 -2
_ _ Ji n Ji , (5.102)
L+ f; 0 1-—f? 2f 0

which yields the matrix (j*g + F)(j*g — F)~! while —id,_, in the gluing matrix is
accounted for by the projection of the volume form.

The fact that e™® e pyr can be identified as an element of Spin(T) enables us to
show a generalisation of [60] to the case of G X Gg-structures. Let ¥, Up be
two chiral unit spinors of the Spin(T')-representation A. The real T" @ T*-spinor
prod = eTOR[Wy, @ Wgls*? satisfies |(p, pur)| < e~®. Moreover, a pair (U?, F) is
calibrated if and only if

AW L) = +(=1)mmtD/2p(_jyme=b o - W (5.103)
forn =2m and ¥ € AL and
AWL) = (=)™ e o pyp- Up. (5.104)
for n =2m + 1.
This can be proven as follows. Since e A xvoly = (xe”Lvolyy)", we have
1 —
RV, @ Uyl = RV, @ Ul e A *vol
(R @ Vr],™™, pu.r) T j__)< [V @ WR], v)
1
= R, @ Ug| e Lvol
det(j*g f)g( [V @ Vg Lvoly)

),er-Vr)g(er, evaolU)

\/detj g—F) ZSR

= R(AT ly - U
det(]*g - F) (A(Wr), e cvoly - )
1

det(j*g — F)

IA

LA L) [plle” cvoly - Tl (5.105)

On the other hand
eFLvoly - U = (=1)P P (P Lxxvoly) - Up
= (=P P x (e7F Awvoly) - Uy
(—1)Pn=Ple” /\@ Vol, - U
(1)

1)P(=P)\ /det(j*g — F)(e " ® pyr) - vol, - Ug. (5.106)
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Recall from above that a Riemannian volume form acts on chiral spinors by vol,- ¥, =
+(—1)mmTD2(—ymP, for Uy € Ay, n = 2m and by vol, - ¥ = (—i)™+¥ for
n = 2m + 1. Since e " A py,p € Spin(T), we have

|eFLvoly - Ugll,= /det(5*g — F) |l o purlly|Vrl,= /det(j*g — F). (5.107)

and consequently, (5.105)) is less than or equal to 1 by the Cauchy-Schwarz inequality.
Moreover, equality holds precisely if A(¥y) = (—1)P"P) (e o pyp) - vol, - Vg, As
there always exists a subspace U such that A(Vg) = voly - ¥, we can choose (U, jj;b)
as a calibrated pair and choose the spinor

pol = eTPR[W, @ WRle (5.108)

to define a calibration.

5.5.3 Examples

Let us give some examples of the generalised calibrations defined above, in particular
how we obtain the well-known examples for branes in type ITA and type IIB string
theory and the examples for Go- and Spin(7)-structures of [160].

Generalised SU(3)-structures

In the case of n = 6 and ¥, = ¥, =: ¥ we are dealing with a classical SU(3) structure.
In this case p® = ¢ where w is the Kéhler form and p° = Q, the holomorphic (3,0)
form. We can distinguish two cases, depending on the choice of the calibration form.
If we choose p = p as calibration form we are dealing with B-branes and getf']

[ /\]*e“"] = (P =ptl i Jdet(j*g + F) )Vol,,. (5.109)

We find that the dimension of the branes has to be even p =: 2k and find

1
7 (ij*w + F)* ‘ay/det(j*g + F)Vol,, (5.110)

which also agrees with the results of [121] 137].
Calibrating with respect to p = p°? we are treating A-branes and find

[e " A j*Q]" = it mrteiey /et (j*g + F))Vol,,. (5.111)

In this case p has to be odd, in fact it has to be equal to 3 or 5. For p = 3 we get

7*Q = e"*Vols, (5.112)

1We set b = 0 in the following. Including a nonvanishing b-field is straightforward as can be seen

from .
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which is nothing else but the condition for a special Lagrangian cycle that we used in
the first part of this thesis to obtain supersymmetric D6-branes.

In the case p = 5 we notice that we need a non-vanishing field strength F' and obtain

FFQUNAF = e'y/det(j*g + F)Vols, (5.113)

which is the condition for a coisotropic A-brane, also found in [121].

If we are weakening our assumptions and go to the more general case of a SU(3) x
SU (3) structure p°? can also contain a one- and five-form part. For a related discussion
on this aspect see also section 4 of [15].

Generalised G,-structures

In dimension 7, the spinor p = e~ ?[¥ ® Uy|, gives rise to a Gy x G- or generalised
Gy-structure. Since the Spin(7)-module A carries a real structure, p°¢ is real and
therefore defines a calibration. If the spinors ¥, and Wy are linearly independent,
their stabilisers intersect in SU(3).

Besides a one-form o € A', SU(3) also fixes a symplectic two-form w and the real and
imaginary parts of a holomorphic volume form on the orthogonal complement of the
dual of a. Letting ¢ = cos (<(¥ 1, Vg)) and s = sin (<(V, ¥g)), we can write

1 1 .
[V, ®@ VRl = C+3W+C(0‘/\¢f—5002)—804/\w+—63w5

1
U, @V " = sa—ct, +aAw)—sp_ — 55 Aw?® + cvol,.  (5.114)

Note that the forms «, w and 14 have no global meaning on a manifold. It follows
WU =1-%xp, [V V)"=—p+uvol, (5.115)

for the straight case, where ¢ is the stable three-form associated with GG5. In the even
case, the calibration condition reads

e F A G (1 — %p) < \/det(j*g — F)voly. (5.116)

A co-assocative four-plane (i.e. j*%xp = voly) is calibrated for F' = 0. For a non-trivial
gauge field we find

g(F'NF/2 —xp,volys) = /det(j*g — F). (5.117)

We have FFAF/2 = Pf(F)voly and det(j*g—F) = 1 —Tr(F?)/2+det(F), so squaring
yields the condition 2Pf(F) = Tr(F?)/2 which holds if F' is anti-self-dual (see [137]).
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Generalised Spin(7)-structures

In dimension 7, the spinor p = e ?[¥; ® W], gives rise to a Spin(7) x Spin(7)- or
generalised Spin(7)-structure. Here we consider the even case where both spinors
are of equal chirality. In particular, p is even and therefore defines a calibration as
the Spin(8)-space A carries a real structure. If the spinors ¥, and g are linearly
independent, their stabilisers intersect in SU(4). Written in the SU(4)-invariants w
and ¥4 we find similarly to the G-case that

1
(U, @ Ug| =c+ sw+ c(vy — éwQ) - Sw_gw?’ + cvol,,. (5.118)

In the straight case we obtain [V ® U] = 1 —Q+wvol,, where Q is the self-dual 4-form.
Again, Cayley four-planes (i.e. j*Q = volys) are calibrated with F' = 0 and, as above,
Cayley planes are still calibrated if they carry an anti-self-dual two-form.

5.5.4 Calibrations over manifolds

Let (M™, g,b) be an oriented generalised Riemannian manifold. An even or odd spinor
pe°d € S* is called a calibration if for any a pair (U, F) consisting of an oriented
submanifold U and a two-form F' € Q?(U), the associated spinor

e A gol\y ® \/vol,
det(jj9 — F)

PUF = ; (5.119)

with F = F — j};b satisfies the inequality (p, pyr) < 1 over U and there exists at least
one spinor py r for which the bound is met. Such pairs (U, F') or spinors py r are said
to be calibrated by p®"°?.

All results obtained in section can be carried over to the global case, espe-
cially (5.81)), and (5.104)). It follows that in particular, special Lagrangian,
associative, co-associative or Caley submanifolds for classical SU(3)-, Ga- or Spin(7)-
structures are calibrated in the sense above with respect the induced generalised struc-
ture.

For G x G pg-structures, and assert that the G- and Gg-invariant
spinors are related over a calibrated submanifold U by a section in the associated
fibre bundle with fibre Spin(n). This is the mathematical formulation of the notion
that D-branes break part of the supersymmetry. In our context of G, x G g-structures,
calibrated pairs provide a natural notion of structured manifolds.

The key aspect of classical calibrated submanifolds is that they are volume minimising
in their homology class if the calibration form is closed [107]. In presence of a non-
trivial B- and F-field, closure of the calibration — now considered as a form — induces
the calibrated submanifold (U, F') to maximise the quantity

]¢(U,F):/[]e_¢\/det(j*g—f), (5.120)
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where we introduced an additional scalar field — the dilaton. I, can be identified as
the DBI action for D-branes. Including the R-R potentials C, we get an additional
term, namely

Ic(U, F) = —/Ue—f AC. (5.121)

With C' we are referring to even or odd differential forms.

5.5.5 Adding R-R fields

As observed in [105], the additional term can be accounted for by non-closed
calibration forms. This idea gave rise to minimising theorems of various flavours
(see [104]). We can adopt The following theorem is a straightforward generalisation
of these ideas (see also [138], [139]).

Let dgy = d 4+ HA be the twisted differential induced by a closed three-form H,
introduced in section , and (M™, g,b) an oriented generalised Riemannian manifold,
¢ € C°(M) and C € Q°4(M). If p is a calibration such that

de™%p = dy (e’ A C), (5.122)

then any calibrated pair (U, F') with j;;H = djj;b is locally energy-minimising for
I = Iy + Ic in the following sense. For given open discs D C U, D' C M with
0D = 0D"and j}, p,H = dj}, b, together with two-forms F, F’ such that Fop = Fpp,
we have I(D, F) < I(D', F').

To show this we note the following. From the calibration condition we deduce

le™" A jge?plP < e/ det(jirg — F), (5.123)

while the integrability condition implies
e ?p—e"NC =dyA (5.124)
for some differential form A. By Stokes’ theorem we obtain

I(D,F) = /eF/\jjged’p—/eF/\jB(eb/\C')

D D

= /e_F/\jj*jdA
D

= /e—fAjng, (5.125)

oD

since (D, F) is calibrated and e A j*dgA = d(e™” A jhA) for j5H = djhb. On the
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other hand, we have

I(D'F") > /e_F, A jrelp — /e_F/ A Ghi(e® A C®)
D’ D’
= — / e NjiA=1(D,F). (5.126)

oD
For calibrations of the form p = [V ® Ug|p, condition (5.122)) is equivalent to
dge ? W ® Uy = FRE, (5.127)

where F% = d,C are the R-R fields associated with the potential C. In [1T6], this
type of equation was shown to be equivalent to the compactification to six or seven
dimensions of the spinor field equations as given by the democratic formulation of
supergravity in [17].

5.5.6 T-duality transformation of calibrations

Using the results of section 5.1 we can investigate how a generalised calibration
transforms under T-duality. Let p define a calibration for a generalised metric (g, b)
and 0 € T*. According to section [5.5.1, we have for submanifolds py r that

Applying T-duality and denoting the T-dual calibration with p”, as defined in (5.12)),
we get

(=1 <pT,/\79 . pU,F> <1 (5.129)

Since T-duality is orbit and norm preserving, we have that (—1)"*'pf , is pure and
of unit norm, so it equals pyr gr for some suitably oriented pair (UT, F7).

Including the R-R fields, we can use our considerations from section and extend
the T-duality transformation to include non-trivial R-R potentials C. Let (g, b, ¢) be
an S'-invariant generalised metric, ¢ a scalar dilaton and p an S'-invariant calibration
that satisfies

dye?lply = du(e’ A C. (5.130)

If (U, F) is a calibrated cycle that locally minimises the energy-functional, including
I as defined in (5.121)). We define the T-dual forms by

T

CT =e™ A (=X +0N)e A C (5.131)

and have that the T-dualised submanifold (U, F7) minimises the T-dualised energy-
functional I-r.
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This can be seen by the following reasoning. Using (5.129)) we have

(p", pur pr) <1, (5.132)
and therefore
o F7" AjET€_¢+anPT < ¢t \/det(jZ}TgT — FT). (5.133)
Applying (5.19), we calculate
dyre™ [p")yr = dyr | X[ e ?[p"],r

1%

(Xe—0N) de™[pl,

(XL—0N)dg (e’ A C)

dyr (= XL+0N)e’ A C

A CT). (5.134)

12

dHT (6

This shows that the T-dualised spinor p’ indeed minimises the T-dualised energy
functional.
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Appendix A

Orientifold models

In this chapter we summarise the concrete examples of orientifold models that are
used in the statistical analysis in chapters[2]and [3] We fix the notation and translate
the conditions explained in general in section into variables that suit the specific
cases and simplify the computations.

A1 T2

For compactification on T2, a special Lagrangian submanifold is specified by two
wrapping numbers (n,,m,) around the fundamental one-cycles. In this case these
numbers are precisely identical to the numbers (X, Y,) used in section

The tadpole cancellation condition (2.6)) reads
Y N, X, =1L, (A1)
where the physical value is L = 16.
The first supersymmetry condition of (2.7) reads just
Y, =0, (A.2)

and is independent of the complex structure U = Ry/R; on the rectangular torus.
This implies that all supersymmetric branes must lie along the x-axis, i.e. on top of
the orientifold plane. The second supersymmetry condition in (£2.7) becomes

X, > 0. (A.3)

From these conditions we can immediately deduce that if one does not allow for
multiple wrapping, as it is usually done in this framework, there would only exist one
supersymmetric brane, namely the one with (X,Y) = (1,0).
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A2 TYZ,

In this case a class of special Lagrangian branes is given by so-called factorisable
branes, which can be defined by two pairs of wrapping numbers (n;, m;) on two T>s.
The wrapping numbers (X, Y") with i = 1,2 for the Z, invariant two-dimensional
cycles are then given by

X' = nyny, X% = mymy,

Yl =11 M2, Y2 = 1m71na. (A4)
To simplify matters we sometimes use a vector notation X = (X', X2)7 and ¥ =
(X1, X)L,
Note that these branes do not wrap the most general homological class, for the 2-cycle
wrapping numbers satisfy the relation

X'X2=y'y? (A.5)

However, for a more general class we do not know how the special Lagrangians look
like. Via brane recombination it is known that there exist flat directions in the D-
brane moduli space, corresponding to branes wrapping non-flat special Lagrangians.
Avoiding these complications, we use the well understood branes introduced above
only.

The untwisted tadpole cancellation conditions read
Y ONX, = L,

SINXZ = -1 (A.6)

with the physical values L; = Ly, = 8. In order to put these equations on the same
footing, we change the sign of X5 to get

Y NX, = L,

dONX = L7 (A.7)

Note that in contrast to models discussed for example in [89)], we are only considering
bulk branes without any twisted sector contribution for simplicity| Defining the two
form Qy = (dxy + Urdyy)(dxe + 1Usdys), the supersymmetry conditions become

U1Y1+U2Y2 - 0,
X'+, U, X% > 0. (A.8)

The intersection number between two bulk branes has an extra factor of two

Ly = =2 (X0 Xj + X5 X, + Y V7P + YY) (A.9)

'For a treatment of fractional branes in this framework see e.g. [19, 20].
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A.2.1 Multiple wrapping

In the case of T? it made no sense to restrict the analysis of supersymmetric branes
to those which are not multiply wrapped around the torus, because there would have
been just one possible construction. In the case of T*/Z, the situation is different and
we would like to derive the constraints on the wrapping numbers X and Y.

For the original wrapping numbers n;, m; the constraint to forbid multiple wrapping
is ged(ni,m;) = 1 Vi = 1,2. Without losing information we can multiply these two
to get

ged(ng, my) ged(ng, my) = 1. (A.10)

Using the definitions 1) of X and Y, we can rewrite this as
ged(X1, Y?) ged(X?,Y?) = Y5, (A.11)

which is invariant under an exchange of X and Y.

A.3 T6/Z2 X Zz

In the case of compactifications on this six-dimensional orientifold, which has been
studied by many authors (see e.g. [82), 59, 58] 129 [78] 22]) the situation is very similar
to the four-dimensional case above. We can describe factorisable branes by their
wrapping numbers (n;, m;) along the basic one-cycles my;_1, mo; of the three two-tori
T® = II3_,T?. To preserve the symmetry generated by the orientifold projection
Qac, only two different shapes of tori are possible, which can be parametrised by
b; € {0,1/2} and transform as

T — —  T9;— _2bz7rz
Q¢ a - (A.12)

Tos — Ty

For convenience we work with the combination 79,1 = 79,1 — b;me; and modified
wrapping numbers m; = m; + b;n;. Furthermore we introduce a rescaling factor

ci= (f[u - bi)> 7 (A.13)

to get integer-valued coefficients. These are explicitly given by (i,7,k € {1,2,3}
cyclic)

0 i ~
X" = cninagng, X' = —cnymymy,

YO = lemgmg, YZ = —cminjnk. (A14)
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The wrapping numbers X and Y are not independent, but satisfy the following rela-
tions:

XY = X;Yy,
X1 X; = YgVY,
X (Y1)? X1 X5 Xk,
Yy (X1)? Y Y Yk, (A.15)

forall I,J, K, L € {0,...3} cyclic.
Using these conventions the intersection numbers can be written as

1

Ly = — ()?}7,, _ )Z'b?a> . (A.16)
C

The tadpole cancellation conditions read

k . . S 8c
Z;%X@:L, L= e (A.17)

where we used that the value of the physical orientifold charge is 8 in our conventions.

The supersymmetry conditions can be written as

— =0,
1=0 Ui
3
d X'U; >0, (A.18)
I=0

where we used that the complex structure moduli U; can be defined in terms of the
radii (R(l) R?)) of the three tori as

Uy = RVRPRY
U, = RVRVRY, i jke{l1,2 3}cyclic. (A.19)
Finally the K-theory constraints can be expressed as

1—
C

k
> ONY € 22Z,

a=1

k

b; » .
Y N.Y;€2Z, i€{1,23} (A.20)
a=1

A.3.1 Multiple wrapping

We can define the condition to exclude multiple wrapping in a way similar to the 7-
case. A complication that arises is the possibility to have tilted tori. In the definition
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of X and Y in (A.14) we used the wrapping numbers m;, which have been defined to
include the possible tilt. To analyse coprime wrapping numbers, however, we have to
deal with the original wrapping numbers m;, such that

3
chd(ni,mi) = 1. (A.21)
i=1

We can express this condition in terms of the variables X and Y, defined as

XO = Nn1nans, YO = mimsoins,

Xi = NyN;Nk, }71 = m;n;Ng, (A22)

where 4, j, k € {1,2,3} cyclic, analogous to section

[[ecd¥. X7) = (v°). (A.23)

=1

The X and Y can be expressed in terms of the X and Y of (A.14 , using their
definition (A.21)) and the rescaling factor (A.13)), as

XO — C_lXO
Xi = C_1 (—XZ + b]Yk + ka] + bjkaO) s

3 3
vo — chN+§:mW—§:@mw—m@@Xﬂ,

i=1 i=1

Vi = ¢ (=Y —5X"). (A.24)
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Appendix B

Partition algorithm

In this part of the appendix we briefly outline the partition algorithm used in the
computer analysis of Vacuaﬂ It is designed to calculate the unordered partition of a
natural number n, restricted to a maximal number of m factors, using only a subset
F C N of allowed factors to appear in the partition.

To describe the main idea, let us drop the additional constraints on the length and
factors of the partition. They can be added easily to the algorithm, for details see the
comments in listing [B.2] The result is stored in a list {a;}, which is initialized with
a; = ndy,;. An internal pointer g is set to the first element at the beginning and after
each call of the main routine the list a contains the next partition. The length of this
partition is stored in a variable m, which is set to m = 0, after the last partition has
been generated.

The main routine contains the following steps. It checks if the element a, is equal to
1 — if yes, it sets ¢ = ¢ — 1. This is repeated until a, > 1 or ¢ = 0 — in this case no
new partitions exist, m is set to 0 and the algorithm terminates. In the second step
the routine sets a;, = a; — 1, ag41 = a441 +1 and ¢ = ¢+ 1. But this operation is only
performed if a,11 < a, and a, > 1, otherwise the counter ¢ is reduced by one and the
algorithm starts over.

Let us give an example to illustrate this procedure. Consider the unordered partitions

of 5:
{{6},{4,1},{3,2},{3,1,1},{2,2,1},{2,1,1,1},{1,1,1,1,1} }. (B.1)

Starting with 5 itself, the first time we call the algorithm, it decreases a; to a; = 4,
increases as to as = 1, which generates the partition {4, 1}. The pointer ¢ is increased
to ¢ = 2. The next time we call the routine, the element a, = as is equal to 1, which
leads to ¢ = 1. Now the condition a, > 1 is satisfied and the result of a; = a4 — 1,
Ag+1 = g1+ 1 gives the partition {3,2}. Continuing in this way, four more partitions
of 5 are generated, until we reach {1,1,1,1,1}. We have a; = 1 foralli =1,... 5,
which leads to the termination of the algorithm in the first step.

!The complete program used to generate the solutions, which is written in C, can be obtained
from the author upon request.
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B.1 Implementation

The algorithm uses a data structure partition to collect the necessary parameters
and internal variables:

typedef struct partition { long n,m,q,+*fac,*a,min; } partition;

Here n € N is the number to be partitioned and m holds the length of the partition
list a. The array fac contains the set F' of allowed values of partition factors. min
and g are internal variables to be explained below. Besides these internal variables, a
global variable maxp is used, which contains the maximal length of the partition.

The algorithm itself is split into two parts. The function apartitions_first is
called once at the beginning of the program loop that runs through all partitions. It
initializes the internal variables n and fac and calculates the minimum possible value
for a partition factor from the list fac. Finally it checks if n itself is contained in fac
and calls the main routine apartitions_next if this is not the case.

void apartitions first(long n, long =*f, partition xp) {
long i;
/% check if we’re supposed to do anything x/
if ((n>0)&&(maxp==0)) {
p—m=0;
return;

/% find minimum and check consistency */
p—min=n+1;
i=1;
while (i<=n) ({
if (fli]>0) {
p—>min=1 ;
i=n+1;
} else {
it
}

if (p—min>n) {
p—m=0;
return;

/% init data structure */
p—>n=n;
p—>fac=f;
p—a=malloc ((n+1)xsizeof(long));
p—a[0]=p—>n;
p—m=1;
p—a[l]=p—n;
p—q=1;
/% generate first partition (check if n is allowed...) x/
if (f[n]<=0) {
apartitions mnext(p);
}
}

Listing B.1: Partition algorithm, initial routine

The main routine can be called subsequently as long as the length m of the partition
list a is positive. Each call will produce a new partition of n. Special care has to be
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taken if elements of the partition are not contained in fac — see the comments in the
source code for these subtleties.

void apartitions next(partition xp) {
/* set the number n what we have to distribute to 0. %/
p—>n=0;
/* go back wuntil there is a value bigger then the minimum min to distribute
and the partition doesn’t get too long. */
while ((p—>q>=maxp)||((p—>q>0)&&(p—>a|[p—>q]==p—>min))) {
p—>n=p—>n+p—>a[p—>q];
p—>q=p—>q—1;

/x loop through the distribution process as long as we’re not back at the
beginning of the factor list. x/
while (p—>q>0) {
/* lower the actual value at ¢ we’re trying to distribute by 1 and add 1 to
the distribution account. then increase the list—length m by one. x/
p—>a[p—>q|=p—>a[p—>q] —1;
p—>n=p—>n-+1;
p—m=p—>q+1;
/* as long as the new factor is > then the one before or it is not in
fac, subtract 1 from it (and add 1 to n). do this as long as it is >
then the minimum. x/
while (({(p—>a[p—>q|>p—>a[p—>q—1])|[(p—>fac[p—>a[p—>q]]<=0))
&&(p—>a|p—>q]>=p—>min)) {
p—>a[p—>q]=p—a[p—>q] —1;
p—n=p—>n+1;

/x check if the mnew factor is lower or equal then the one before and it ’s
in fac (the loop above might have terminated on the minimum condition ).
if yes, add the distribution sum to the new factor at gq+1. if not, add the
whole factor at ¢ to n and go one step back in the list. */
if ((p—a[p—>ql<=p—al[p—>q-1])&&(p—>fac[p—=>a[p—>q]] >0)) {
p—q=p—>q+1;
p—>a[p—>q]=p—>n;
/% if the new factor is < then the one before and in our list return. */
if ((p—a[p—aql<=p—>a[p—>q—-1])&&(p—Fac[p—>a[p—>q]]>0)) {
return;
1} else {
/% so the new factor is not smaller or in our list — means we have to
redistribute some of it to a new factor. but if we are already at the
mazimum length of the partition we have to go one step back! x/
if (p—>q < maxhidden) {
p—>n=0;
} else {
pP—>q=p—>q—1;

} else {
p—>n=p—>n+p—>a[p—>q];
p—q=p—>q—1;

/% 4if the pointer is q is 0 there is nothing left to do — free memory and
return 0 for the length of the partition =/
if (p—>q <= 0) {
free (p—a); p—m=0;
}
}

Listing B.2: Partition algorithm, main routine
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