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Introduction

The concept of abstract Wiener spaces, introduced by L. Gross in [14], arises
from the problem of finding a measure on an infinite dimensional Hilbert
space H. The Gaussian measure on the cylinder sets of H fails to be o-
additive; it is categorically impossible to find measures on H which are trans-
lation invariant and positive on nonempty open sets. But if one considers an
appropriate weaker norm on H and denotes the Banach space completion of
H with respect to this new norm by B, then there exists a Gaussian measure
P on B. The triple (B, H, P) is called an abstract Wiener space. This ter-
minology is justified since the classical Wiener space of continuous functions
on the unit interval can be regarded as an abstract Wiener space. In fact,
any separable Banach space appears as an abstract Wiener space.

The Malliavin calculus is an infinite-dimensional differential calculus and was
introduced by P. Malliavin in [21]. The derivative is a linear but unbounded
operator defined on a closed subspace of the space of square integrable func-
tions f : B — R. It takes values in the space of square Bochner integrable
functions g : B — H. The integral is defined as the adjoint operator of the
derivative. Originally conceived to investigate regularity properties of the
law of solutions of stochastic differential equations, the Malliavin calculus
evolved into an area of study in its own right. Recently it has also been
applied to the theory of finance (cf. [13]).

In contrast to the classical Wiener space, in the case of abstract Wiener
spaces there is no natural notion of time. Naturally, this leads to difficulties
when defining a stochastic integral. In a new approach (cf. [32]), Ustiinel
and Zakai solve this problem by working with a resolution of the identity on
H. This provides a notion of time and adaptedness, enabling them to define
the stochastic integral of certain adapted H-valued random variables. The
integrators are B-valued random variables called abstract Wiener processes.
Both, the integrands and the integrator live on an arbitrary probability space.

It is a well known result from model theory that there exist polysaturated
models of mathematics. On the one hand these models have the same for-
mal properties as the standard model. On the other hand all sets in satu-
rated models are essentially compact: for every cardinal number x there is
a polysaturated model in which each set is k-compact. As a consequence
we obtain the existence of numbers o # 0 in the extended models which are
smaller than any real number in the standard model. These numbers are
called infinitesimals. Certainly we have to pay a price for obtaining such
properties: the sets in the saturated models, called the internal sets, are
no more unrestricted closed under subset formation. But sets which can



be defined in terms of other internal sets are internal themselves. Using
polysaturated models, we can replace objects of the standard model by in-
ternal objects of considerably lower complexity. For example we can work
with the set {1,..., H} instead of the continuous time interval [0, 1]. Here
H is a hyperfinite natural number, i.e. an internal natural number greater
than every standard natural number. The passage to the extended model can
also be reversed: it is often possible to identify internal sets with standard
sets via the so-called standard part map. For example, we can define the
Lebesgue integral as the standard part of a hyperfinite summation. Another
example is H. Osswald’s (see [24] and [25]) method to introduce a notion
of time in abstract Wiener spaces: instead of B, one works with the space
of B-valued functions on the unit interval. This allows for the definition of
a Brownian motion as the standard part of an internal random walk, and
to define a stochastic integral as the standard part of an internal Riemann-
Stieltjes-integral.

By means of polysaturated models we can define a Loeb probability space
which allows us to treat the Malliavin calculus on abstract Wiener spaces
and the Ustiinel-Zakai-integral simultaneously. First, we replace B by a hy-
perfinite dimensional subspace F of *H which contains H. We then equip F
with the Loeb measure induced by the internal Gaussian measure, a method
due to Lindstrgm (cf. [18]). In [8], Cutland and Ng establish an infinitesimal
approach to the Malliavin calculus for the classical Wiener space. In this
approach the basic operators have natural descriptions as classical differen-
tial operators on internal Euclidean spaces. Using the hyperfinite space F,
we generalize this saturated model approach of the Malliavin calculus to ab-
stract Wiener spaces. In this setup, a resolution of the identity is a family of
orthogonal projections on H, indexed by the unit interval. By working with
F instead of H, we can express the resolution by an internal family of projec-
tions on *H, indexed by a hyperfinite set. Furthermore, we can describe the
internal projections in terms of an internal orthonormal basis of F. Using a
saturation argument, we manage to establish a linear dependence between
the index set of the internal family of projections and the index set of the
orthonormal basis of F. This paves the way for our further proceeding: we
define a canonical internal Ito integral, whose standard part turns out to be
the Ustiinel-Zakai-integral.

One of the most interesting theorems of this thesis is the Clark Ocone formula
for abstract Wiener spaces, because it establishes a connection between the
Malliavin derivative and the stochastic integral. This kind of fundamental
theorem of calculus states, roughly speaking, that each Malliavin differen-
tiable function equals the stochastic integral of its derivative. This theorem



is well known for the classical Wiener space but new in this general form.
The orthogonal projection pr from the space of square Bochner integrable
functions vy : F — H onto the space of adapted functions plays a major role
in the Clark Ocone formula. The crucial point is that our saturated model
approach makes it possible to define the assignment 1) — pri constructively,
i.e. given a generic ¥ we have the information how pr ¢ explicitely looks like.
Endowed with this information, the proof of the Clark Ocone formula is a
simple hyperfinite computation.

This shows once again that polysaturated models are not only an isolated
field of research. By the transfer to internal objects many operations can be
expressed constructively. This leads to new results in various mathematical
disciplines, such as functional analysis and stochastic analysis. See for exam-
ple the treatment of stochastic differential equations by Hoover and Perkins
in [15].

In the appendix, which is independent of the rest of the thesis, we consider the
so called Lévy transformation of Brownian motion L. This transformation
operates on the space of continuous functions on the unit interval. It is
one of the most famous open problems in stochastic analysis whether it is
ergodic. (See Question 1 in Chapter VI of [28].) We construct an internal
transformation 7 on a hyperfinite dimensional space and show that L is
ergodic if and only if 7 is ergodic. This allows us to see the open question
concerning the ergodicity of L from a different point of view, since 7 is given
explicitely, whereas L is defined by a stochastic integral.






1 Some Definitions and Notations

Let us start with some definitions and notations. For sets A and B we write
A := B if A equals B by definition. If A and B are formulae, we write
A & B if A is equivalent to B by definition. Let R denote the set of
the real numbers. Set further R := {z € R | z > 0}, N:={1,2, ...} and
Np:={0,1,2,...}. For n € N and any set I we define

and if [ is a set of real numbers we define
I? = (i, ..in) € I" | kK <1 =1 <0}

Therefore I, = IL = I. For any topological space X let bx denote the Borel

o-algebra on X and for B C X let B denote the closure of B in X. For any
subset A of a real vector space X let span(A) denote the smallest subspace
of X containing A. For subsets A and B of a set X let

AAB :={zrcA|lz¢B}U{reB|x¢A}

denote the symmetric difference of A and B. For any Banach space B
we denote by B’ the topological dual of B, i.e. the space of all continuous
linear functions ¢ : B — R.

Given any Hilbert space H, we denote the scalar product by < -, - >y and the
norm by || - |- Sometimes we omit the index H. Fix z,y € Hand A, B C H.
The vectors x and y are said to be orthogonal if < z,y >= 0. In this case
we write x Ly. We further set

xlA & xlzforall z€ A,
AlB & z1Bforall z€ A and
At = {z e H|zLlA}.

For a finite dimensional subspace A of H let dim(A) denote the dimension
of A. By the Riesz representation theorem, we can identify H with H’. If
H is an L2-space, we sometimes write < -, >, instead of <-,->p and |||,
instead of || - ||. For a closed subspace A of H, denote by pr¥ the orthogonal
projection onto A. For x € H and a finite subset A of H we set

Ta = prglﬂ)an(A)x = prglﬂ)an(A) (93')
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For h € H and m € N let
RO™ . H™ — R,

(Bt oo ko) = [ ] < ki ko>
=1

Then A®™ is a symmetric multilinear form on H™. Suppose that (A, )nen is
a sequence of closed subspaces of H such that A, LA,, if n # m. Set

B2y Ay = {an |z, € An} .
n=1

Then ;2 , A, itself is a closed subspace of H.

Fix a probability space (A, C, ) and let S C C be a sub-c-algebra. If f : A —
R is C-measurable, we write f : (A,C) — R or simply f € C. If (A/,C’, 1) is
another probability space and g : A — A’ is a measurable function, we write
g: (A C)— (A,C"). We denote by C ® C’ the product o-algebra of C and C’
and by pu ® i’ the product measure of 1 and p'. Set

N, = {A€eC|uA) =0}

Denote by & V N, the smallest o-algebra that contains S and N,. Then
a subset A of A is in S VN, if and only if there is a set B € S such
that AA B € N,. Set E,F := EF := [, Fdu. If V is a set of functions
f:(A,C) — R we denote by 7V the smallest o-algebra such that all f € V
are ?V-measurable. If P = P(w) is a property which depends on w € A we
say that P holds p-almost surely if {w € A | P(w) fails} € N,. In this case
we write P holds p-a.s. A function f : A — R is measurable with respect to
S VN, if and only if there is a function g € S such that f = g p-a.s.

Let
L2(n) := LE(p) := L2(A,C, )

denote the Hilbert space of square u-integrable functions f : A — R. For an
f € L(n) denote by ESf the conditional expectation of f with respect to
S.

We are working with the standard model of mathematics and with a polysat-
urated model. The interplay between these universes is established by an
elementary embedding * from the standard model into the extended model.
In [1] and [20] you can find introductions to these concepts. Now we are
specifying the compactness property we have mentioned in the introduction.
Fix a standard set [ and a set A in the extended model. Assume further



that for each ¢ € I there is an internal subset A; of A such that the family
(A;)ies has the finite intersection property, which means that the inter-
section of each finite subfamily is nonempty. Then we obtain N;c;A; # 0.
This property is called polysaturation. For o, €*R we write a ~ [ if
oo — 3] < 1/n for all n € N. A number o € *R is called limited if there is
an n € N such that |a| < n, otherwise « is called unlimited. Note that an
a €*R is limited if and only if there is an @ € R such that a ~ «. In this
case a is uniquely determined. Set

Lim := {a € "R | «v is limited }.
For any o € *R the standard part °a of « is defined by
a if « is limited and a € R with a =~ a,

o= oo if o is not limited and o > 0,
—oo if e is not limited and o« < 0.

Let (2, B,T") be an internal probability space. Set
N:={MCQ|VeeR{3IN € Bwith M C N and I'(N) < e}

and
Lr(B):={BCcQ|3JAeBwithBAAcN}.

For B € Lr(B) and A € B with BA A € N set [(B) := °T'(A). Then
(Q, Lr(B),T) is a probability space in the standard sense and A equals the

~

set of all g-nullsets M. (2, Lr(B),T) is called the Loeb space of (Q2, B,T"),
see again [1] or [20] for details. For an internal function F : (2, B) — R the
implications

/ |F|dI" € Lim = |F| is limited T-a.s.

and
/]F| Al ~0 = |F|~0T-as.

are valid. An internal function F':  — *R is called a lifting of a function
f:Q—Rif F = fT'as. It is well known that a function f : Q@ —
R is Lp(B)-measurable if and only if there is a B-measurable lifting F' of
f. The notion of S-integrability provides an important connection between
integration on Loeb spaces and internal integrals. Fix an internal function
F:(Q,B) — *R. Then F is called Sr-integrable if

/ |F|dl ~ 0
{IFI>N}

for each unlimited N € *N. This property is equivalent to the conditions

9



o [,|F|dl' € Lim and
o [|F|dl =0 for each N € B with I'(N) ~ 0.

For p € [1,00[ denote by SLP(T") the set of all G € B such that |G|” is Sp-
integrable. By Holder’s inequality we obtain that F € SL?(T) if E|F|* is
limited. We say that F' is square Sp-integrable if F' € SL?(T"). This is the
case if for each n € N there is a G € SL*(T') such that |G — F||, < 1/n. The
term S-integrable is justified by the fact that a function f: (2, Lp(B)) — R
is f—integrable if and only if there is an S-integrable lifting G' of f. In this

case
/ fdl ~ / Gdr.

If F € B is S-integrable, the implications from above become equivalences:
/|F| dl' € Lim < |F| is limited T-a.s.
and
/\F\ Al ~0 < |F|~0T-as.

We further mention that all of the assertions about Loeb spaces and S-
integrability we have made remain true if I'(2) € Lim but I' is no longer
necessarily a probability measure. The proof of the next lemma is a typical
example for the use of polysaturation arguments.

1.1 Lemma

Let (X, || -]|) be an internal normed space. Fiz a sequence (xy,)nen with x,, €
X and suppose that there is a strictly monotone increasing map g : N — N
such that the implication

Lk>g(n) =z, —ml <

1
n

is valid for all l,k,n € N. Then there is an x € X such that ||z — x| < %
for all k,n € N with k > g(n).

Proof. A first saturation argument shows that, since the sequence
G ={F: " N> X |VI1<k<n(F(k)=x)} ,neN

has the finite intersection property, there is an internal sequence (¥, )ne+n in
X such that y, = z, for all n € N. Note further that *¢g : *N — *N is an

10



internal strictly monotone increasing function. Now

fm::{xGXH

1
y*g(m)_x” S E}amEN

has also the finite intersection property. For x € N,,enF,, we obtain
lz = @ll < [|& = 2| + (|29 — @l < 23
for n,k € N and k > g(n). 0

Note that for a set A in the standard model the inclusion {*a | a € A} C *A
is strict if and only if A is not finite. Therefore there is a great difference
between A and *A. But if we are only interested in A as an object and do
not care about the elements of A, we sometimes identify A with *A. For
example, we do not distinguish between x and *z if x is a real number or an
element of a Banach space.

For z,y € "H we write z ~ y if ||z — y[| = 0. A function f : (A,C) — (H, bg)
is called square Bochner integrable if ||f| is in £?(u). Note that for
H = R square Bochner integrable is the same as square integrable. Denote
by L£2(p, H) the space of square Bochner integrable functions. Sometimes we
write £%(p, H) instead of £3(u, H). If we identify f,g € L2(u,H) if f =g
p-a.s. then L3(u,H) becomes a Hilbert space with respect to the scalar
product

<f7g>ll(23(,u,H) = E,u < f?g ZH -

~

Now suppose that (A,C,u) = (Q, Lr(B),T"). Fix an internal function F :
(Q,B) — (*H, b.g) and any mapping f : Q@ — H. Then F is called a lifting
of fif f ~ F I'-a.s. We will make use of the following lifting theorem.

1.2 Proposition

(See [2], Theorem 6 and [26], Theorem 8.9.1.) A mapping f : Q@ — H is
measurable (with respect to the o-algebras Ly (B) and by) if and only if there
exists a lifting F = (0, B) — (*H, b.y) of f. Furthermore, f is square Bochner
integrable if and only if f has a lifting F such that |F|| € SL*(p).

Set T' := {1,..., H} for an unlimited H € *N. Let (Bg)rer be an internal
filtration in B. Using a method of Keisler (see [16]) we construct a filtration
in the standard sense. Define for ¢ € [0, 1]

¢, :={B€ Lr(B)| 3k € TIA€ B, with £ ~t and AAB e N},

11



1.3 Proposition

(A) (See [16]. See also [20], Theorem 5.2.10 for a detailed proof.)
The system (¢;) is an increasing family of o-algebras such that N C ¢.
Furthermore, the filtration (c;) is right continuous, i.e. we have

o =N{c |t €ls, 1]}
for each s € [0,1].

B) Fizk € T andt € [0,1] with £ ~t. Then for each F € By, the standard
( 7]
part °F' is ¢;-measurable.

(C) Fizt € [0,1] and suppose that f € L2(Q,¢,,T). Then there is an F €
SLAT) and a k € T with % ~ t such that F € By and F is a lifting of

f.

Proof. Assertion (B) follows from the fact that Lp(By) C ¢;. It remains to
prove (C'). We can assume that ¢t < 1. Fix any SL*lifting G of f. It suffices
to show that for each n € N the set

Kn={(Fk)|keT, FEB, [t—£| <Land |[F-G|, <1}

is nonempty. Because this implies that the decreasing system (/C,,) has the
finite intersection property, and any pair (F, k) in the intersection of all sets
K., will satisfy the conditions of assertion (C'). Solet n € N. Fixak € T
such that ¢ < °£ < ¢+ 1. Then ¢; C Lr(B)) VN. Without loss of generality
we may assume that f € Lp(Bg). Thus there is a B-measurable SL2-lifting
F of f. We obtain that (F,k) € KC,. O

12



2 Abstract Wiener Spaces

The Lebesgue measure on R is uniquely determined (up to some constant)
by the following conditions: it is translation invariant, it assigns finite values
to bounded Borel sets and it assigns positive numbers to non-empty open
sets. It is easy to see that there cannot be a measure with these properties
on the Borel g-algebra by of an infinite dimensional Hilbert space H, even
if we replace translation invariant by rotation invariant. On the other hand
we have to face the fact that Gaussian measure on the cylinder sets of H is
not o-additive (see below). A possible solution to the problem of finding a
kind of natural measure on by lies in the concept of abstract Wiener spaces,
introduced by L. Gross in [14]. The crucial point lies in the introduction of
a weaker norm on H. The theory of L. Gross, as well as the infinitesimal ap-
proach to abstract Wiener spaces by Lindstrgm (see [19]) are sketched in this
section. We further recommend the introduction to abstract Wiener spaces
presented by Kuo in [17]. We start from an arbitrary infinite dimensional
and separable Hilbert space H. Set

:={F C H| F is a finite dimensional subspace of H} .

Fix £ € &£ with orthonormal basis (ay,...,a,). The Gaussian probability
measure g on by is given by

pp(A) =V o e~ 2 (@it +an) dxy..x, .
{(o1,..n)ERMIT | ;€AY
2.1 Lemma

(See [26], Lemma 2.2.3, for a detailed proof.) The probability measure pg
does not depend on the choice of the orthonormal basis (ay, ..., ay).

The cylinder sets in H are the sets

Z = (@1, ey 00) H(A)

with n € N, ¢; : H — R linear and continuous and A € bg». Denote by
Zy the system of the cylinder sets in H. It is easy to verify that Zy is an
algebra. A different characterization of the cylinder sets allows to define a
measure on Zy.

13



2.2 Proposition

(See Definition 4.2 and Proposition 4.1 in [17].) A set Z € by is a cylinder set
in H if and only if there are sets E € € and B € bg such that Z = B+E+. In
this case set pug(Z) = pup(B). Then uy is well defined and finitely-additive,
but not o-additive on Zy.

A norm |-| on H is called measurable if for ecach € > 0 there is an E. € £
such that for each £/ € £

E1lE. = pp({r e E||z|>¢c}) <e .

For example, each norm on H given by a Hilbert-Schmidt operator is mea-
surable.

2.3 Lemma

(See [17], Lemma 4.2.) If |-| is a measurable norm on H then there is a
¢ € RT such that |h| < c - ||h| for all h € H.

We mention that by is always understood with respect to the Hilbert space
norm || -]|. Fix a measurable norm |-|. Let B denote the completion of
(H,|-|). Let B" denote the topological dual of B. The cylinder sets in B are
the sets

Z = (p1, ..., o) H(A)

with n € N, ¢; € B' and A € bgn. Denote by Zg the system of the cylinder
sets in B. Note that if B is a cylinder set in B then B N H is a cylinder set
in H. Now we can define a finitely-additive measure P on Zg by setting

P(B) = ug(BNH) .

This construction leads to a well behaved probability measure on bg.

2.4 Proposition

(See [17], Theorem 4.1 and Theorem 4.2.) The system Zp generates the
o-algebra bg. Furthermore, there is a o-additive extension of P to bg.

This extension is uniquely determined and should also be denoted by P. The
triple (B, H, P) is called an abstract Wiener space.

Now we want to define a canonical map
om : H — L2(P).

First we need some technical prerequisites.

14



2.5 Proposition

(A) For ¢ € B' the restriction ©™ of ¢ to H is continuous with respect to

1]
Therefore and since H is dense in B we can consider B’ as a subspace of H.
(B) The space B’ is dense in (H, || -||).
(C) Each ¢ € B' is normal distributed with mean 0 and variance || ¢ |°.

Proof. (A) This is a consequence of Lemma 2.3.

(B) Fix h € H with h L B’. Then h € B and ¢(h) = 0 for each ¢ € B’. This
implies h = 0.

(C) We can assume that || ¢ | = 1. Set h := ™ and F := span{h}. For any
¢ € R we obtain

Py <) =pa({e <cfNH) =
pa({a-h|aeRand p(a-h) <c} 4+ E) =
plfa-hla<d)=—= [ O
By Proposition 2.5, the map
(IB/7 H ’ ”) - £2(B7 bB,P), pr=@

is linear and norm preserving, therefore it possesses a uniquely determined
linear and norm preserving extension oy : (H, | -|) — L£*(B,bg, P). The
isometry oy is called the divergence operator.

By saturation, there is an internal set F € *€ such that H C F. For the
moment, fix any F with this property. In the next section we will specify F.
Define p := pp and

Ns(F):={z €F | Jy € B with |z —y| = 0}.

Note that if for an = € F there is a y € B such that | — y| &~ 0 then this y is

uniquely determined. Therefore we can define the standard part map on
F by

St:F—B

S if z € Ns(F) and if y € B with |z —y| = 0
v 0 ifz ¢ Ns(F)

15



2.6 Proposition

(See Lemma 9 and Theorem 10 in [19].) We have i(Ns(F)) = 1. Further-
more, the mapping St : (F, L,(br)) — (B, bg) is measurable and fio St™' =
P.

In fact this construction gives rise to an alternative proof of P : Zg — [0, 1]
having a o-additive extension.

16



3 Resolutions of the Identity

In [32], Ustiinel and Zakai introduce a stochastic integral for Hilbert space
valued random variables. In order to obtain a notion of time, they are working
with a resolution of the identity on H. Using saturation, we manage to obtain
a hyperfinite dimensional subspace F of *H which is related very closely to
the resolution of the identity and which contains H. This will pave the way
for a canonical infinitesimal approach to this new stochastic integral.

Note that a linear and continuous operator 7' : H — H is the orthogonal
projection on a closed subspace of H if and only if 7% =T and < Tz, y > =
< z,Ty > forall z,y € H. (See [9], Theorem 4.7.1.) A sequence (7);cjo,1] Of
mappings m; : H — H is called a resolution of the identity if the following
properties are fulfilled.

e Each m, is an orthogonal projection.

- WtH.

e For s <t we have 7,H &

e For each h € H the map [0,1] 5 t — m:h € H is continuous.

e We have my = 0 and m; is the identity on H.

We fix a resolution of the identity (m;). Set

A~

T: 70,1 x *H — *H
(s,z) — ("m)(s,x) .

A~

If s €*[0, 1] we often write [], for ﬁ (s, ). Note that for each t € [0,1] we
have R
" (mH) =T, "H .

Our purpose is to prove the existence of a hyperfinite dimensional subspace
of *H which fits together very well with (7). Set for h € H and m € N

Upm = {F € *E |h € F, m divides dim(F) and
V1 <k <m dim([[« "HNF) = £ dim(F) }.

3.1 Proposition

The sequence (Unm)nemmen has the finite intersection property.

17



Proof. Fix | € N\ {1}, hy,...,hy € H and my,....,m; € N. Set n :=
my - ...-my - 1. For K € {1,...,n} set

Ay =[x "HN (ﬁK_ *H)L .

Then each Ak is an internal closed subspace of *H. By the properties of the
resolution of the identity, each A is infinite dimensional. Note further that

ﬁﬁ*H:@l;(ZlAK for1<pu<n.

For 1 < K < n chose an internal orthonormal system c}<, .oy O in A such
that

prlﬂf{hl,...,pr;[iﬂ(hl € span({ck, ..., i }). (1)
We show that

!
F:= span ({c | i, K € {1,...,n}}) € muhmmn’
n=1

i.e. we show that the following holds,

(A) hi,...h € F,
(B) n divides dim(F) and

(C) Y1 <n <V <k <m,dim([]« "HNF) = £ dim(F) .

Property (A) follows from (1) and (B) holds since dim(F) = n?. To prove
(C),fix1<p<land1<k<m,. Setw::mln. Since

[Tew "HNF = (&5, Ax) NF =span ({ci | 1 <i<n1 <K <k-w}),

we obtain

dim([[« *HNTF) = dim([[ e "HNF) = kwn = £ . p2 = £ . dim(F). O

mn mn

By saturation, there is an F € (|  Up,,. This implies that H C F. Set
meN, heH

w :=dim(F) and I := {1,...,w}. Again by saturation, there is an unlimited
H € *N such that 3 € *N \ N and such that for 1 < k < H we have

dim(H%*HﬂF):%-w. (2)
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Set T :={1,..., H} and define
c:TU{0}>k— £ welu{0}.

Now we set [[, := ﬁ% for k € T U {0}. We will often write [[, z instead

of [, (z). Note that (2) shows the close relationship between F and m: the

internal resolution (][], )i<k<m cuts F into slices of dimension . We fix an
internal orthonormal basis (b;);e; of F such that for each k € T

[T, HNF =span ({b1,..., bogr)}) -

For any z € F set pr, : F > y — < x,y >. Note the difference between
pr, and prf{Fﬁ}. For i € I set pr; := pry,. Finally, for / C [ and x € F

set x; = pr]{Fbiue 7T By Lemma 2.1, u := ur is a well defined internal
probability measure on br. We state some basic properties of the mappings
pri.

3.2 Proposition

For any x € F the map pr, is normal distributed with mean 0 and variance
|z||>. Therefore if ||z|| is limited, then pr, € SLP(u) for every p € [1,00].
Furthermore, (pr,)icr is a sequence of independent random variables. Finally,
for ke T and 1 <i < o(k) we have b; =[], b;.

Proof. We can assume that ||z|| = 1. Chose ay,...,a, € F such that
(z,as, ...,a,) is an orthonormal basis of F. Then we obtain for ¢ € *R

N({me < C}) =

)
27Tw {(01,.y00) E*R@ Jon x4+ 1 5 aja; E{pro<c}}
1

vV 2’/Tw /{(a1,...,aw)€*Rw|a1§C}}
1 ¢ 1,2

_ e 2¥dy .

\ 2w /oo Y

Hence pr, is normal distributed with mean 0 and variance 1. If ||z|| is limited,
then for each p € [1, 00| the expectation of \prx\% is limited, which implies
that pr, € SLP(u).

To show that (pr;) is a sequence of independent variables fix ¢y, ..., ¢, €*R
and note that

e—%(yf+--~+y3)dy1myw _

e~ 2 WiTAE) gy, gy =

p{r e F|VI<i<w: pri(z) <¢}) =
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e Wittt gy, g =

H % / i e—%?fdy - Hm{x EF | pri(a) < ci}).

Now fix k¥ € T and ¢ € I with i < o(k). Note that [[[HN F =
span({b1, ..., bo(r)}), thus there is an h €*H with b; = [], h. Therefore

Hkbi:Hkah:Hkh:bi' [

An important fact, namely that if h € H and k € T', then [ ],/ is almost the
same as the projection of h onto span({b; | 1 <i < o(k)}), is a consequence
of the following proposition. Recall that for x,y € *H the formula z ~ y
means ||z — y|| =~ 0.

3.3 Proposition

~
~

Fix t € [0,1], k € T and i € I such that t =~
we obtain

L. Then, for any h € H,

k
H

’7Tth ~ Hkh ~ h{l 77777 i} (3)
Therefore, < h,b; >2~ 0 and Zjel < h,b; >* =~ 0.

Proof. The first assertion, mh ~ [[.h, follows from the continuity of the
resolution of the identity. If an [ € T" has the property that & € [0, 1], then
[I,7 € F, in this case we obtain

a(l)

[Lh= Z<thb> b—Z<thb> bi = b o))
Now fix an € € R{ and a § € R such that

Vi, m €T<| H”<6:||Hh [LAl < >

.....

such that

L] U(ll) SZS U(lg),
I 2
e LeR, 2 eR,

o [} <k<lyand
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lo—l
o 2o < 0.

We obtain

a(l2) o(l2)
£
Fal D <hb <o | > <hb =

2
j=i+1 j=o(l1)+1

S T,k = T, < =

This proves (3). Now (3) implies that for each j € I we have < h,b; >*=~ 0,
therefore max;er < h,b; >?~ 0. Finally we obtain

N ™

N N2 2
Z<h,bz>_2<h,b1> r?gx<h,bj>

el el

|A)? - max < h,b; >2~0. O
jel J

Define
Hy:={xeF|3heH(z~h)}.

One of the most important tools in the theory of saturated models is the
concept of S-continuity. An internal function F' : I — *R is called S-
continuous if F(i) € Lim for all 7 € I and if the implication

Vi,j €l (L~ 0= F(j)— F(i) = 0)

is valid. The S-continuity of an internal function G : T'— *R is defined anal-
ogously. The next proposition is an immediate consequence of Proposition
3.3.

3.4 Proposition
For each F' € H;y the function
I— R, i Y <Fb>’
j=1

18 S-continuous.
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Set
W= {pr, |z € Hi} VN .

Now we define two internal filtrations in by. For ¢ € I set
B = {pr; |1 <j<i}.
Define By := {0, F}. For k € T U {0} set
Cr == By -
Let (¢¢)iejo1] be the standard part of (Cy)rer, see Section 1. For t € [0, 1] set
Wy = NW .

Now we have two internal filtered probability spaces and a filtered probabil-
ity space in the standard sense, namely (F, by, (B;)icr, it) , (F, by, (C)rer, 1t)
and (]F7 W7 (Wt)t€[0,1]7 ﬁ) :
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4 The Chaos Decomposition Theorem

For n € Ny the n'® Hermite polynomial is given by

e d" 1
Hy(z) = ( |) e . y e 3%
n! xn

If f, g are random variables which are normal distributed with mean 0 and
variance 1 then the variables I,,(f) and I,,(g) are orthogonal in the respec-
tive L2-space, if n # m and if any linear combination of f and g is also
normal distributed. (See Lemma 1.1.1 in [23].) This property gives rise to
an orthogonal decomposition of £2(P). Set Ky := R and

K., := span{H,(dugh) | h € H with ||h|| =1}, n € N.
Then we have, see Theorem 1.1.1 in [23],
L*(B, b, P) = &2 K, .

Thus for each ¢ € L2(P) there is a sequence (¢,,)nen, such that ¢ € Ky and
Q= ngn in £?(B, bg, P).
n=0

Fix m € N. In the case of the classical Wiener space C[0, 1] each ¢,, can be
written as a multiple stochastic integral. But if we consider abstract Wiener
spaces, we cannot regard ¢, as a multiple stochastic integral, since in this
situation there is no natural notion of a stochastic integral. Using saturated
models we obtain a new approach to the chaos decomposition of L?(P).
Instead of £2(P) we will work with the space £3,(7). (In Section 13 we will
prove that the two spaces can be identified.) Generalizing the methods in
[8] and [20] to abstract Wiener spaces, we obtain a chaos decomposition of
L£%,(11) where the components are standard parts of well behaved internal
linear combinations of products pr;, - ... - pr; . Thus the components of the
decomposition are explicitely given.

A proof of the following well known facts about the Hermite polynomials can
be found in [20] (Lemma 6.4.8).

e We have (n+ 1)H,41 + H,_1 = H, -id for all n € N.

e For each n € Ny, H, is a polynomial of degree n and each polynomial
of degree n is a linear combination of Hy, ..., H,,.

We need the following proposition about dense subspaces of £2-spaces.
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4.1 Proposition

Fiz any probability space (2, B,T). Let V be a wvector space of functions
f € B such that e/ € L*(Q, B,T). Set = VVANr. Then

M :=span ({f" | f €V, n € Ng})

is dense in L*(Q, A, T).

Proof. Fix any ¢ € £%(Q, A, T') with ¢ 1 M. We have to show that ¢ = 0.
Without loss of generality we can assume that ¢ € V. Define two measures
PT and P~ by setting

PE(A) = /A o=dl

for A € ?V. We show that for every f € V

/efdP+ = / efdP~ < o .
Q Q

Then, see [20], Lemma 6.4.12, the measures P and P~ coincide and therefore

¢ =0 I'-a.s. Set
N [
fm L Zn:O m

and note that f,, — e/ I'-a.s. Since |f,,| < e, the Lebesgue theorem
implies that f,, — e/ in £3(T"). But then @1 M and the continuity of the
scalar product yields

/efdP+—/efdP_:<ef,ga>2: lim < f,,p>2=0. ]
Q Q m=eo

Recall the definition of H; in Section 3. We identify x € H; with the map
pr. Now let n > 2 and set

H, :={F :F" — "R |F is an internal symmetric multilinear form} .

Fix a function G and a sequence of functions (G, )men with G, G, € ﬁn. We
call G an S™-limit of (G,,) if for each k£ € N there is an my € N such that

| =

Z (Gm — G(bil, . b2n>>2 <

11 <...<lp
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for each m > mg. Let H,, be the smallest R-linear subspace of ﬁn which is
closed under S™-limits and which contains the functions G®" for G € H,;.
For n € N and G € H,, define

I,(G) := Z G(biyy .oy by,)) - priy « oo Py,

11<...<1n

If n =1, we write I(G) := I,(G). Note that I(G) = prg. Define further
Ho := Lim and

Iy(F):F— "R,

T — F

for F' € Hy. We state some basic properties of the functions 1,,(G).

4.2 Proposition

(A) For n € N and G € H,, we have

Z G(biy, ..., b, )* € Lim and Z G(biy, .y bi,) = 0.

11<...<in 11 <. <l
(B) Fix nymeN, FeH, and G € H,,. Then

F(b“,,bln)G(b“,,bzn) zfn:m

0 otherwise

< I(F), I,(G) > = { D i< <in

(C) Forn € N and F € H,, we have I,,(F,) € SL*(u).

Proof. (A) For n = 1, the assertion follows from Proposition 3.3. Now let
n > 1 and set

G ={GeH,| > Gby,...b;,)" € Lim},

i1<...<in

G2 ={GeH,| > Glby,...b;,)" ~0}.

11<...<1n

Then the spaces G/, are closed under S"-limits and contain the functions G®"
for G € Hy. Thus H,, = G for i =1,2.

(B) The assertion follows from the fact that (pr;) is a sequence of independent
random variables such that Epr; = 0.
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(C) We show that E (I,,(F))* € Lim.

E(L(F)" =B > F(biy,...bi,)" pri - opri +

11<...<ln

=
"ij
—
S
S
&
S
SN—
[\
=3
S
=
&
3
S~—
[\
S
3
SRS
s
-~
S [\
s
=
ERS
3
? N
IN

11<...<in 7{1<...<i‘n
1n<..<Jn

{’il ..... ln}7é{]l 77777 jn}

2
3" + 3”( Z F(bil,...,bin)2> € Lim O

11 <. <l

The following proposition is of great importance, since it establishes the
connection between the Hermite polynomials and the iterated It6 integrals.
On the other hand, the proof is long and it consists of uninteresting technical
details, so the reader can omit it in the first reading.

4.3 Proposition

(A) For G € Hy and n > 2 we have [i-a.s.

Z Z G(biy) .- Gbs, ) -priy - pri,_, -G(bs)* - pr2 =~ 0.

i1,y in—161;715€{7;1 ,,,,, in_1}

(B) For G € Hi, n>2 and 1 <k <n we have [i-a.s.

Z G(biy) - oo - G(by)? - oo G(biy) - priy - oo pri e o Ty, &

Z ZG(bh) e Gby, ) priy e pri - G(bg)? - pr?

11 5mnes inflel;z_l sel

(C) For n € N and G € Hy with > G(b;)* ~ 1 we have [i-a.s.

iel
(n+ D1 (GO &~ L(GT")(G) = Lia (G
where Iy(G®?) :=1.
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(D) Fiz n € N and G € Hy with ,_,G(i)> ~ 1. Then
H,(I(G)) = I,(G*") ji-a.s.

Proof. (A) Assume that n = 2. Then

iel iel iel

. (Z G(b:)° -pr?) =E)_Gb)° prf=15-) G(b)° ~0.

Now assume that n > 2. Fix k € {1,...,n — 1}. We obtain

2

E Z G(by,) - G(b ) - - G(by, ) - pri, -...-prf’k ceepri | o=

B genes z‘n,lel;“;‘l
E Z G(bil)Q-...-G(bik)ﬁ-...-G(bin_l)z-prfl -...-prfk -...-prfn_l =

UL yeeey Zn_1€I;71
15 > Gy) o Gby) G, ) <
1] 5eeey in_1€1271
n—2
15-> Gb:)° - (Z G(bi)2> ~0 .
iel il
(B) We have ji-a.s.
Z ZG(bil) o Gbs, ) o priy i, - G(b)? - pr? —
1] 4eeey in_1€I;Z71 sel
Z G(biy) oo - G(b ) - - G(by) - pry - .. -prizk Cepri =
Tl yeery 1716[73

> > Gi) - Glbi,,) priy e pri,_, - G0)prl = 0,
T genes in7161;_1 se{il ~~~~~ infl}
because of (A).
(C) First suppose that n = 1. We first show that

ZG (b)) pr? ~ 1 fi-a.s. (4)

el
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Note that

(;G Ppri = G(b) >2: (ZG p'r’—l))z

i€l
E Z G (b pT +1-— 2pr
el

Thus we get ji-a.s.

- <Zg(

el

2) G (b) cpriepry + > G(by)
1<j el

Now assume that n > 1. We get p-a.s.

L(G"I (G) =

2
bz) . pm) =

n! Z ZG(bh) oo Gby,) - pry -

b2 2 Gl Gl

el

) => G

1€l

pri ~ 21L(GY?) + 1

“PTiy e Pl

. prln . G(bs) . prs —

L Py, G<bs) cPrs =

N G(bs) “prs+

#

Ly ()

' Z Z G(biy) - oo - G(b,)? - - G(by) - priy - . -prfk Ce Uy, =
n k=11,....in€I%

n+ 1!
oy Z G(bi,) ..o G(bipy) - Driy = oo i, +
T i<t

n| Z Z G(bll) T G(bln—l) TPV e Py G(b8)2 ’ pr? (g)
n!

i1 yeyin_1 €I%7Y SE1

#

(n+ 1)1, (GO )+
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n

E Z G(b“) et G(bin—1> PTriy oo PV, =

T1yeeey in,16]¢
(n 4+ DI n (GO + Loa (G
where (i) follows from (B) and (7i) follows from (4).

(D) For n = 1 there is nothing to prove. Now fix n € N and suppose that
the assertion is already proved for 1 < k < n. From assertion (C') and from
the induction hypothesis it follows that fi-a.s.

H, 1 (I(G)) = n—li— ] (Ho (I (G (G) — Hyr (I(GQ))) ~
n j— 1 (LG (G) = I,.1(G" 1) & L (GO d

Now we can prove the chaos decomposition theorem for abstract Wiener
spaces.

4.4 Proposition

If n € Ny and G € H,, then °I,(G) € L3, (). Furthermore, for ¢ € L3},(11)
there is a sequence (F,)nen, of functions F,, € H, such that

o= 3 CL(E) in L.
n=0

If (Gp)nen is another sequence with this property, then Fy ~ Gy and

> (Fu=Gulbiy, b)) =0

’il<-..<in

for each n € N.

Proof. For n > 2 the set G, := {F € H,, | °L.(F) € L},(11)} is a linear
space over R containing functions of the type G®" for G € H;. The space
G, is also closed under S"-limits. Therefore G, = H,,. This proves the first
assertion of the proposition. We now show, using similar arguments as in the
proof of Lemma 1.1, that for n € N the space

{°1n(Gn) | G € Hn}
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is closed in £3,(71). Let (G*) be a sequence in H,, such that (°I,(G*)) is a
Cauchy sequence in £3,(j1). Then there exists a strictly monotone increasing
function ¢ : N — N such that for each k£ € N and for ky, ks > g(k) we have

o k1y _ o k2|2 L
1(GM) = (G < 5

By part (B) of Proposition 4.2, this implies that

| =

ST (P (i, by,) — G by, 0,)) <

11 <...<ln

for k € N and ki, ko > g(k). Now extend (G*)ren to an internal sequence
(G*)re+n in H, and verify that

Fim {Geﬁn| S (G(bil,...,bm—G*f’(’“(bil,...,bin))?<%}

11 <. <l

has the finite intersection property. Fix a G € NgenFir. Then G € 'H,
and °I,,(G*) — °L,(G) in £},(f). Thus {°[,(G,) | G, € H,} is a closed
subspace of £3,,(ii). Since °IL,(Gy) L °I,,,(G,,) for n # m , this implies that

M= {i °I(Gn) | G € Hal

is also a closed linear subspace of £3,,(1i). Because of part (D) of Proposition
4.3,°I(G)" € M for alln € Nand G € H;. But this implies M = L*(F, W, i)
because of Proposition 4.1. O

In this situation we call the functions F;, the kernels of ¢.
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5 A Decomposition of Hilbert Space Valued
Functions

Recall that £3,(1i, H) denotes the Hilbert space of square Bochner integrable
functions f : (F,W) — H. Since the domain of the Skorohod integral is a
subspace of £%,(1i, H) and since we want to define the Skorohod integral via
a chaos decomposition of £}, (1, H), we will present such a decomposition in
this section, in a similar way as in Section 4. A function f € L3, (1, H) is
called simple if there is a g € £},,(j1) and an h € H such that f(z) = g(z)-h
for all x € .

5.1 Lemma

The space of linear combinations of simple functions is dense in L3,(j1, H).
Proof. We show that ¢ € £, (i, H) is null if it is orthogonal to every simple

function. Fix an orthonormal basis (e,) of H and an n € N. We have to

~

show that (¢, e,)y = 0 in £3,(71). But this follows from the fact that for each
g € L3,(1) we have

E{p.en)y-9=El{p.g-en)y= (0,0 €n)z sy =0. O
Let SL?(u,TF) denote the space of all internal functions
I (F, br) — (F, by)

for which || F|| is in SL?*(u). A function F € SL?*(u,F) is called nearstan-
dard if there is an f € £%,,(1i, H) such that f ~ F f-a.s. Then we say that f
is the standard part of F' and that F' is an SL?(u, F)-lifting of f. In this
case [ is uniquely determined and we set °F := f. Therefore °F € L3, (1, H)
for any nearstandard function F. Note that if internal functions F,G are
SL?(u, F)-liftings of standard functions f, g € £3,(1i, H) then

<f[9>gam~ B, <FG> and |[flz gm=E 175 -
5.2 Lemma
Each f € L3,(in, H) has an SL*(u,F)-lifting.

Proof. Because of Proposition 1.2 there is an internal function

G . (IF, b]p') — (*H, b*H)
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such that |G| € SL*(u) and G =~ f fi-a.s. Set F := pry’G. Since ||F|| <
|G|l, the function F is in SL? (i, F). We obtain

F(z) = pry G(a) = prg" f(2) = f()
for pi-almost all x € F. O

Set Ho1 := H;. Fix n € N. Let 7?{”,1 be the internal space of all multilinear
forms F': F7+1 — *R that are symmetric in the first n variables. A function
F € H,, is called an S™!-limit of a sequence (F},)nen of functions F,, in
7?(”,1 if for every k € N there is an mgy € N such that

S ST (F = Fulbis b, ) <

i€l i1<...<in

| =

for each m > my. Now let H,; be the smallest linear space over R that is
closed under S™!-limits and that contains the functions F ® G for F € 'H,,
and G € H;, where

Fod : F*t — *R,
(hl, ~-~7hn+1) — F(hl, ceny hn) . G(hn—i—l) .

Set for F' € Hy,
L,.(F):F—>F,

T (y — Z F(biyy .y bi,,y) - priy (x) - ... -prin(m)> :

11<... <l

Since F = F" we can regard I, ;(F) as an F-valued function. For F' € Hy,
we define

Io’l(F)ZFHF,
r— F.

Now we sum up some properties of such functions.

5.3 Proposition

Fizn,m € Ny, F € Hy1 and G € Hy, 1.
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(A) We have
E < Lii(F), [;n1(G) > =

{ Zie] Zi1<...<in F(b,’l, ...,bin, bl) . G(bi17 ;bznybz> Zf n=m,

0 otherwise .
(B) The function I,,1(F,) is in SL*(u, F).

(C) The function I, 1(F) is nearstandard.

Proof. Assertion (A) follows from a straightforward calculation. For the
proof of the assertions (B) and (C') we can assume that n > 1. Set

Gni i={F € Hp1 | In1(F) is in SL*(p1,F) and nearstandard } .
The set G,, ;1 is a linear space over R, because for F, L € G,,; and a,b € R
Lii(aF+bL)=a-1,:(F)+b-1,:(L)

and the set of nearstandard functions in SL?(u,F) is closed under linear
combinations. Now fix F' € H,, and L € H;. Since

Lia(FOL)x)=1,(F)()-L

for all z € F, we obtain that I,,1(F ® L) € SL*(u,F). There is an h € H
with h ~ L. We obtain

Liy(FOL)(x)= °I,(F)(x) - h

for pi-almost all x € F, which implies that I, ;(F ® L) is nearstandard. Now
fix an F' € H, and a sequence (Fy) in G,; which converges to F' in the
S™1 sense. We have to show that F belongs to Gn1. Since for k € N

E (| Loa(F)]| = [ a(F)I)* <

E || 11 (F) = Lia(F)|* =

ST (F = Fulbiy, b b))

i€l i1 <...<in
the function ||1,,1(F)|| is in SL*(u), thus I,,1(F) € SL*(u, F). A similar ar-
gument shows that °I,, ; (F},) is a Cauchy sequence in £3,,(f, H) and therefore
converges to an f € £%,(1, H). Let ® be an SL?(u, F)-lifting of f. For any
k € N we obtain

VE L1 (F) - 0] <
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VEILa1(F) = Lia(Fo) P + B 11 (Fy) — @ ~

Z Z F Fk (SRR blnv )) +|| Inl(Fk) f”ﬁ%,v(ﬁ,H)

el 11<..<in

This implies that I, ;(F') is nearstandard. Thus F' € G, ; and the proof is
finished. O

Now we are ready to prove a chaos decomposition theorem for Hilbert space
valued functions.

5.4 Proposition

Fiz ¢ € L3, (1, H). Then there is a sequence (Fy,)nen, of functions F,, € H, 1
such that

o =Y °La(F,) in L (4,H).

If (Gp)nen, 18 another sequence with this property, then

S 3 (B Galbi, by, ) = 0

i€l i1<...<in
for each n € Ny.

Proof. A similar saturation argument as in the proof of Proposition 4.4
shows that

= Z Ly (F,) | Fo € Mot}
=0

is a closed subspace of £3,,(1i, H). Because of Lemma 5.1 and Proposition 4.4
it suffices to show that for any f € £3,(j1) with

f = OITZ(Gn) ? GTL 6 HTZ)

n=0

and for any h € H the operator f - h is in M. First note that for n € Ny we
have

[n,l(Gn © h) = In(Gn) : ha

therefore the series > - °I,,1(G, ® h) converges in L3, (i, H). It suffices to
show that

[e.9]

feh=Y °Li(G,®h) in L3(4,H).

n=0
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This follows from the fact that for g € £3,,(1i) and k € H we have

<ZOI @h g k>£2(;4H):Z<ON1<G @h)g k>£2(MH)
n=0 n=0
Z<°I ) hg k> g = Y < In(Gn),g > <hk >y =
n=0
<Y °L(Gn),g>2-<hk>u=<f-hg k> am . O
n=0

In this situation we call the functions F;, the kernels of ¢. We mention that
°Ip1(F) equals the Bochner integral of . But since we do not use this fact
we do without a proof.
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6 Adapted Hilbert Space Valued Functions

In this section we define a closed subspace of £3),,(1, H), namely the space of
the adapted functions. This notion of adaptedness is introduced in [31] and
based on the resolution of the identity w. Furthermore we show that each
adapted function has an SL?(u,F)-lifting which is adapted in an internal
sense. This will allow us later to define the stochastic integral as the standard
part of an internal stochastic integral.

A function ¢ € L3, (11, H) is called adapted if for each ¢t € [0,1] and each
h € H the mapping < ¢, mh > is ¢-measurable, which implies that it is
even W,-measurable. Denote by £2 (1, H) the space of all adapted functions.
Thus £ (11, H) is a closed subspace of £, (i, H). A function f € £%(j, H)
is called simple adapted if

[ = g'(ﬂ-t_ﬂ—s)h
for s <tin [0,1], g € L%(F,W;, i) and h € H.

6.1 Lemma

(See [31], Lemma 2.2.) The space of linear combinations of simple adapted
functions is dense in L% (f, H).

Proof. We show that f € £2%(g,H) is zero if it is orthogonal to every
simple adapted function. First observe that under this circumstances for any
h € H the process m := (< f,mh >),cp, is & continuous (c¢)-martingale
with mg = 0. We will see that m is of finite variation, which implies that
it is zero. (See Proposition 1.2 in Chapter IV of [28].) For every partition
0=ty <..<t,=10f][0,1] and every z € F we have

n n
Z | < f(z),m, —m h>]| = Z | <my, —m  f (@), 7, — i h>] <
i=1 i=1

Z Hﬂ.ti - ﬂ-tiﬂf(x)H ’ Hﬂ.ti _ﬂ-ti—th < Hf(l')H ' HhH :
=1

This implies that for every x € F m(z, -) is of finite variation. O
An element F of SL?(u,F) is called adapted if
< F,b;>¢€ B, foralliel. (5)

The next proposition claims that the functions in £%(j1, H) are exactly the
standard parts of the adapted nearstandard functions in SL?(u, F).
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6.2 Proposition

If F e SL*(,F) is adapted and nearstandard, then °F is in L (11, H). On
the other hand, every g € L%(u,H) has an adapted SL*(u,F)-lifting G.

Proof. Fix h € H,t € [0,1] and k € T with & ~ t. We have to show that
< °F,mh > is ¢;-measurable. Proposition 3.3 implies that

o(k)
< °F,mh >~ < Fh, . oy >= < hbi > < Fb > (6)
=1

p-a.s. Since F' is adapted, the right hand side of (6) is Cg-measurable.
Now part (B) of Proposition 1.3 implies that the left hand side of (6) is
¢;-measurable. It remains to show that the R-linear space

M := {g € £%(11,H) | g has an adapted SL(u,F)-lifting}

is a closed subspace of £ (71, H) which contains each simple adapted function
f-(m—ms)h. Because of part (C') of Proposition 1.3, thereisa k € {2,..., H}
with + ~ s and a Cy-measurable F' € SL?(p) such that F' is a lifting of f.
If | € T with & ~ ¢ then F - ([], — [[,)h is an adapted SL?(u,F)-lifting
of f-(m — ms)h. Now fix a sequence (f,) in L% (1, H) such that each f,
has an adapted SL?(u, F)-lifting F,,. Fix further an f € £%(f, H) such that
fn — f. Because of Lemma 5.2 there is an SL?(u, F)-lifting F of f, but F is
not necessarily adapted. Extend (F},),en to an internal sequence (F},) e «y of
mappings such that each F, : (F,bg) — (I, by) has the property (5). Then
there is an unlimited N € *N such that

E|Fy — F||? =~ 0.

Therefore, Fiy is an adapted SL?(u, F)-lifting of f. O
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7 The Orthogonal Projection from 3 (1, H)
onto L% (n, H)

Now we are ready to express the image of the orthogonal projection of a

Y € L3,(1, H) onto £%(fi, H) in terms of the kernels of ¢. This result, which

is interesting for its own sake, allows for example a straightforward approach
to the Clark Ocone formula in Section 12.

Up to now we have used the term adapted for two kinds of functions, namely
for certain f € £2,(1,H) and for certain internal functions F' : F — F.
Fix an m € N. In addition, we call an element G of 'H,,; adapted if for
11y ey U, ¢ € I the implication

G(bi17 ---abim;bi) 7é 0= 21,0yl <0

is valid. The use of the term adapted in this situation is justified by the
following fact.

7.1 Lemma

If G € Hya is adapted then I, 1(G) is adapted, which implies that °L, 1(G)
1s also adapted.

Proof. For an adapted G € H,,; we have

< [m,1<G)7bi > = Z G(b,’l, -~-7bim7bi) 'p’l”il C .. 'pT’im € Bz‘fl

11 <. <0, <1

for each i € I. Thus I,1(G) is adapted. Because of Proposition 6.2, this
implies that °I,,,1(G) € £%(p, H). O

For G € H,,; define G< : F"*! — *R by

GS(X1y ooy Ty ) =

Z < (L’l,bz‘l > - < Im7bim > < SL’,bi > - G<bi17-.-,bim,bi).

T1yeeny i <1

Note that G< is an element of ﬁmJ which is adapted and closely related to
G. In order to be able to build the standard part of I,, ;(G<) we must show
that G< is even in H,, ;.
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7.2 Proposition
If F € Hyp 1 then F< € Hypy .

Proof. Set
le = {F € Hm71 ‘ F< c Hm71}

and verify that G,,; is an R-linear subspace of H,,; which is closed under
S™1 limits. Therefore it suffices to show that (G ® L)< is in H,, 1 for G € ‘H,y,
and L € 'H;. Fix L € 'H; and note that

G i ={G EHy | (GOL)S € Hpy}

is an R-linear subspace of H,, which is closed under S™-limits. It remains
to show that for fixed G € H; we have

(G O L)~ € Hups - (7)

The formula (7) is valid if we can find a sequence (V) oy With Np € Hyps
such that (G®™ ® L)< is an S"!-limit of (N;). Fix k € Nand 1 <n <k
and set

IF={n-1)2+1,..,n:

V.

Furthermore set i* := max I*¥. By Proposition 3.3, for any interval J C I
and for any z € ‘H; we have x; € H;. Therefore the function Vi, defined by

=€

N om
N = Z G{l z’“}QL{lﬁ'H vvvvv ifz+1}

......
1<n<k

is an element of H,, ;. Note that NN is adapted and for each set of indices
1 < ... <1y <t we have

Nk(bi17 ~--;bim;bi) == GQm @ L(bi17 ) bim, bz)

if there is an n € {1,...,k — 1} such that i,, € {1,...,s%} and ¢ € I*, ;. If this
is not the case we have

Nk(bi17 -'-7bim7bi) - 0 .

Let € > 0. Since
> GO, ... b;,)% € Lim

11 <. <0pm
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and because of Proposition 3.4 there is a kg € N such that

DG b)Y L) | <k

1< . <l i€l
for k > ky. Thus we obtain for k > kg

)3 ((G®m © L) — Nu(b,, ...,bim’bi)>2 B

7;1 <---<i7n
el

S (GO O L) = Nilbiy, oo by, ) =

11 <. <0 <%

ST (G @ L) = Nibiy, -.os by, b))

1<l <4
i—im <%

ST (GO L) (biy, s bi, )

11 < . <y <4
i—im <%

IA

IN

> G by b)Y L) <e

i1 < <im il
[i—im|<%
Thus (G ® L)< is an S™!-limit of (N};) and therefore the proof is finished.

0

Denote by pr'¥1 the image of the orthogonal projection of a ¢ € £}, (1, H)
onto £%(fi, H). How does pr'¥v look like? For ¢y = °I,,;(G) a natural
candidate for pr¥4 is °I,,,1(G<). The next proposition guarantees that this
is indeed the case, therefore we can express the orthogonal projection from
L£3,(11, H) onto L% (11, H) by the assignment G — G<. For F € Hy; set
F<:=F.

7.3 Proposition
Fiz a p € L3,(1, H) with chaos decomposition

p= Z O]n,l(Fr,J m ,C)Q/V(ZL H),

n=0
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where F,, € H, 1 for n € Ny. Then

Ve = “La(Fy) in L4(7,H). (8)
n=0

Proof. First note that the right hand side of (8) converges, since

1° 2 (F77) ) < I (F)

I 2, Iz, ey -

The operator pr} is linear and continuous, therefore it suffices to show that
pri I (Fp) = Lo (Fyy) (9)

in £%(,H) for a fixed m € N. Since both functions in (9) are adapted
and since the linear combinations of simple adapted functions are dense in
L% (11, H), see Lemma 6.1, it suffices to show that

< p?"Z‘V O]m,l(Fm)a g- (7Tt - 775) h >L?4(ﬁ7H) -

(o]

< pa(Fy), g (1 —ms) h > L2 (7, H)

for s < tin [0,1], g € L*(F,W,, i) and h € H. According to part (C') of
Proposition 1.3 thereis a k € T with % ~ s and a Cy-measurable G € SL*(1)
which is a lifting of g. We further fix an [ € T' with % ~ t and obtain

< pT.Z‘V OIm,l(Fm)ag ’ <7rt - 7T5) h >Li\(ﬁ,H) =

< ° m,l(Fm)ag : (7Tt - 778) h >£12/V(ﬁ,ﬂ-11) ~

Z Fm(bi17 ceey bima h{o’(k‘)+1 ..... O'(Z)}) : E/.LG “Priy .. P, =

1< <

Z Fm(bila PN bim7 h{o(k)+1 7777 o(l)}) . EMG . p?"il L pT‘im =

i1<...<im <o (k)

Z Fr(biyy oy by s Bio(o) 1, 0}) - BuG - priy - - iy, =

i1 <. <im<(k)

Z F(biry oy biys Bio)1,...00}) - BuG - priy - .- iy, =

11<o. <0

,,,,,
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[}

< pa(Fy), g (m —ms) h > 22 (H) =

o

< m,l(FYZ%Q ’ (7Tt - 7Ts) h >L?4(ﬁ,H)7

where we have used that

and that

for o(k) < ip,. O

After our exhaustive survey of the spaces £%,(1), £3, (1, H) and £ (52, H) it

is quite easy to introduce the stochastic integral, the Skorohod integral and
the Malliavin derivative. This will be the topics of the next three chapters.
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8 The Stochastic Integral

In this section we show that for an adapted F' € SL?(u,F) the function

Foz—<F(x),x >p

I< F(-), - >plly = EIF5.

This allows us to define the stochastic integral of an f € £ (ji, H) by
[fdm:=°<F(-), >,

is in SL?*(p) and that

where F' € SL*(u,F) is an adapted lifting of f. We further show that
[ fdm is W-measurable. In Section 13 we will see that this definition of the
stochastic integral coincides with the integral introduced in [32].

8.1 Proposition

Fiz an adapted F € SL?(u,F). Then for each j € I the function
J
Fozw— Z < F(z),b; > -pri(x)
i=1

is square S,-integrable.

Proof. Let v; be the internal counting probability measure on the internal
powerset *P(I) of I. Define for x € F and j € I

M(z,j) = Z < F(x),b; > -pri(z) .

Then M is an internal (B;);c;-martingale. Due to a result of Lindstrgm (cf.
[18]) and Hoover and Perkins (cf. [15]) (see also [26], Theorem 8.14.1 for a
detailed proof) it is sufficient to show that the function

Z < F,b; > -pr?

iel
is in SL'(u). Set
F:Fx1I>(z,i) —<F(z),b;> and
pr:F x 13 (z,i) — pri(x) .
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Since N
B0, FPw =E) < F b >*=E|F|; € Lim

iel
the measure
p:bp® *P(I) 3 A|—>/ Flodp® vy
A
takes only limited values. And since

EﬁjﬁA:/ prt - Flwdp @ vy = 3-E || F||2 € Lim,
FxI

we obtain that pr® € SL'(f1). Now fix A € by with ;(A) ~ 0. Observe that
the S,-integrability of || F||Z implies that 7i(A x I) ~ 0. We obtain

/Z < F,b; >? -pr?du:/ i ~0. O
A A

icl xI
For an adapted function F' € SL*(u, F) the function [F A [], given by

JFAT]:F— "R,
=< F(x),z >p

is called the internal stochastic integral of F. Note that

IFAH:Z<F7Z)Z> CPr; .

iel

Because of Proposition 8.1 the function [ F' A ] is square S,-integrable. A
straightforward calculation shows that

< [FATLJGAIl > = E<F,G >p (10)

for adapted functions F,G € SL*(u,[F). This gives rise to the following
definition. Take f € £ (i, H) and fix an adapted SL*(p,F)-lifting F of f.
Set

[fdr:=°[F AT
Because of (10) the mapping [ fdr is well defined, because of Proposition
8.1 it is in L*(F, L,(br),1). We call this map the stochastic integral of

f. The stochastic integral fulfills the following continuity and measurability
conditions.
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8.2 Lemma

The map
Ei\(ﬁ? H) - £2<F7 Lu(bF)a ﬁ)
[ [fdr
is linear and norm preserving. Furthermore, [ fdm € W for all f € L4 (fi, H).

Proof. Fix an f € £%(,H) and let F be an adapted SL?(u, F)-lifting of f.
Then we have

Ep ([ fdm)’ ~ B, (JFATD) =By IFI7 &~ |1 f112, e

because of (10). Thus f — [ fdr is norm preserving. Since for a simple
adapted function g the map [ gdr is W-measurable and since the linear
combinations of simple adapted functions are dense in £?(zi, H), the integral
[ fdm is W-measurable for all f € £ (1, H). O
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9 The Skorohod Integral

Now we define the Skorohod integral ¢ of suitable (i.e. mtegrable) variables
¢ e L2,(f,H). For ¢ = °I,,(F), F € Hn we set 6¢ = °I,,,1(F), where F
is a symmetrization of F. The crucial point is to show that F is in Hpg1-
Fixne€ Nand F' € H, . Set

F . FnJrl N *R
n+1

(T1y ooy Tpg1) — E F(x1, oy Th1, Tpg1y ooy Tt1, Th) -
k=1

Note that F € ﬁn+1. Note further that for a, 8 € *R and G € H,,; we have

oF + BG = oF + G
The next lemma implies that for a sequence (F ;) in H, 1 which converges to

an F € Hnl in the S™!-sense the function F is an S™*'-limit of (Fk)

9.1 Lemma

There is an o € R such that for each G € 7'~(n71

Z é(bzl, Zn+1 <Oé Z Z 117"‘ ln,bi)z.

11<...<lp41 i€l 11<...<ip

Proof. Set o :=3-n!-(n+ 1)2. We obtain

Z é(bi17"'7bin+1>2:

11<...<lp41
n+1 2
Z (Z G(bim ~-'7bik—1’b’ik+17 "'7bin+17bik)> -
11 <...<0n41 k=1
n+1

DD G bibi s i i)

11<...<ipt1 k=1

2 ) Gy b big s biy s 0 G iy bi b bi o by) <

11 <. <lpit1
1<k<l<n+1
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2-(n+1)?% D Glbiy, iy, ) <

(#150es in+1)611+1

3-(n+1)7nl- > Y Glby, by, b))’ O

il i1<...<in

Now we show that F' is even in H,,1. This guarantees that °I,.1(F) is in

L5y (7).

9.2 Lemma

The function F is in Hps1.
Proof. Set _
gn,l = {L S Hn,l | L is in Hn—H}

and note that this set is an R-linear space which, by Lemma 9.1, is closed
under S™!-limits. We show that GOni1 = Hpi1. To this end we must prove
that for a fixed G € H; the set

Gn:={LEH, | LOG € Hpy1}

equals H,. Again it is easy to see that G, is an R-linear space which is
closed under S™-limits. It remains to show that for each N € H; the function
NO" € G,, i.e. that N°"OG € H, 1. Set

P = Z NQnéG(bil, ceny bin+1) cPrig - ... -prin+1.

11 <. <lp41

It is sufficient to show that ® € SL?(u1) and that °® € Y. This follows from
the fact that we have p-a.s.

o = E N(byyy b)) - G(by) - priy « .o pry, - pri =
11 <...<ip
€I\ fi1ynin}

Z NGn(bil, ceey bln) . G(bz) *Priy oo PTG, - PTi—

11 <...<in
el

Z NO(bs, .oy bs,)) - G(bg) - priy « ... - pry, - pri =

11 <. <l
1€{i1,eeyin}

50



S Nl bi ) N(B) GO priy e pra, R A
i1<---<in—l
iEI\{’il ~~~~~ z"nfl}

Z NQn_l(bz‘l, "'7bin—1) : N(bl) : G(bz) *PTiy = oo =PV 1~
11<...<lp—1
iel\{il ,,,,, Z'nfl}

> N by by, ) - N(b) - Gbi) pri, - pri,, LR
11<...<lp—1
el
L(N®") - I(G) = L.y (N®""1) - > " N(b;) - G(b;). O

el

For G € Hy 1 set G := G. Now define for n € Ny

(5oln71<F) = ° n+1(F).

This definition is possible because of Lemma 9.1. Now we set

= {Z I (F,) € £3,(i, H) | Z In+1 ) converges in L3, (7)}

and define the Skorohod integral by

5. A — L£2,(7)

o0 o0

S La(F) = > La(F)

In Section 13 we will show that our definition of ¢ coincides with the usual

definition of the Skorohod integral.

Now we will prove that the Skorohod integral is an extension of the stochastic
integral, i.e. that each adapted ¢ € £}, (1, H) is Skorohod integrable and that
the Skorohod integral of ¢ coincides with its stochastic integral. This fact

follows from a straightforward internal calculation.
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9.3 Lemma

For each n € N and for each adapted F' € H, 1 we have

n+1 fjn 1
Proof. The statement holds even for n = 0, since
L(F)=I(F) = [Ip1(F) A

Now assume that n > 1. Since F' is adapted,

n+1

[n+1(F) = Z ZF 119 °" lk 1ablk+17"'7bin+1abik> 'pTh T 'prin_‘_l =

11<...<ipt1 k=1

Z F(biyyoibip ) - priy = oo DTi ey =

11<...<lp41

Z Z Zl"" Zn7b) priy v ... PrG, P =

i€l 11<...<ip

> L cpri = [T, (F 0

el

9.4 Lemma

We have L% (n,H) C A.

Proof. This follows from the fact that for each n € N and for each adapted
F € 'H, we have

° n+1(F)H2 = Hofn,l(F)HggN(,z,H) : O

9.5 Proposition
Let ¢ € L%(0,H). Then dp = [ @dr.

Proof. Because of Proposition 7.3 there is a sequence (F},)nen of adapted
functions F), € H,, 1 such that

p=> °L(F,) in £33, H).
n=0
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By the continuity of the stochastic integral, by the definition of the Skorohod
integral and by Lemma 9.3 we obtain

[e.e] o)

5()0 =0 OIn,l(Fn> - Z ° n+1(ﬁn> =
=0

n n=0

Z [La(F) AL = Z [CLoi(F)dr =[S0 °L, 1 (Fy)dr = [wdr .

O
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10 The Malliavin Derivative

Now we define the Malliavin derivative Dy of suitable (i.e. differentiable)
variables ¢ € £3,(1i). For F € H,,, m > 1 we set D°I,,(F) := °L,,_11(F7),
where F7 is a slight modification of F.

For m € N and F' € H,, we define F'7 : F™ — *R by setting
FA (21, ..., L) 1=

Z < xlabh > < .Tm,bim > F(b“,,blm)

(Note that F'# = F for m = 1.) Since we have

ST (F-FF(by, b)) =0,

11 <. <0,

the function F7 is in H,,. Note further that for o, 3 € *R and G € H,, we
have
(aF 4 BG)” = oF7 + G7 .

10.1 Lemma
If F € H,, then F” € Hp 1.
Proof. We can assume that m > 2. Set
G = {G EHnn |G" €Hypp1,1}.

The fact that, for L € H;,
Z ((L®m)7é - L®m)2 (biu ceey bimfubi) ~0

11 <<l —1
el

implies that L®™ € G,,. Furthermore, G,, is an R-linear space. Since for
G € 'H,, we have

Z G#(bily---,bim—l,bi)z —

11 <o <byp—1
i€l
1
o 2 Glaeb,)t = (11)
T (igye im)el
m:- Z G(bim 7bim)27
11 <. <0



the space G,, is closed under S™-limits. Therefore G,, equals H,,. O
Now set
DH? = {Z °I.(F,) € L3, (1) | Z °I_11(F7) converges in L3, ([i, H)}
n=0 n=1

and define the Malliavin derivative by

D D' — £2,(7, H)

Z °I.(F,) Z °Ln11(F7).
n=0 n=1

By (11) the operator D is well defined. In Section 13 we will show that D
coincides with the Malliavin derivative as it is defined in the literature.
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11 Representation of Martingales

After introducing their new stochastic integral in [32], Ustiinel and Zakai are
showing that the well known result about the representation of martingales
as stochastic integrals extends to the setup of abstract Wiener spaces. Using
our infinitesimal approach, we obtain a new proof of this result.

We show that a function m : F x [0,1] — R is a square integrable (W;)-
martingale if and only if there is a ¢ € £% (1, H) such that

my = Emgy + [mpdn fi-a.s.

An internal martingale M : F x T' —*R is called square S,-integrable if
for each k € T the function M, is in SL*(u). The process M is called
S-continuous if for j-almost all € F the function

M(-,z): T — "R, t— M(t,x)

is S-continuous. The S-continuity of a process N : F x I — *R is defined
analogously. The next proposition is about sufficient conditions for a pro-
cess being a continuous £2-martingale. A detailed proof of this well known
criterion can be found in [5] (Satz 1.5.3).

11.1 Proposition

Let m : F x [0,1] — R be any mapping. Suppose that M :F x T —*R is an
internal S-continuous and square S, -integrable (Cy)ger-martingale. Assume
further that for each k € T and each t € [0,1] with £ ~t

~

M ~my  Ji-a.s.

Then m is a square [i-integrable continuous (¢;)ic(o,1)-martingale.

In this context M is called a lifting of m. Now we fix an adapted nearstan-
dard function F' € SL*(u, F).
11.2 Proposition
The internal process
J
M:FxI>(-j)—> <Fb> pr
i=1
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is an S-continuous, square S,-integrable (B;);c;-martingale.

Proof. By Proposition 8.1 the function M, is square S,-integrable for each
j € 1. Since F is adapted the process M is an internal (B;)-martingale. It
remains to show that M is S-continuous. By a result of Hoover and Perkins
(cf. [15]; see also [26], Theorem 8.15.1 for a detailed proof) it is sufficient to
show that the process

J
[M]:FxI5(-.j)— Y <Fb>* p?
=1

is S-continuous. Let E be the set which consists of all x € F such that the
following properties are fulfilled.

(A) There is an h € H such that F(z) = h,
(B) > ey <, b;>* - < F(x),b; >* € Lim,
(C) Y ier < F(z),b; >*€ Lim and

(D) Yiop <z,bi>? - < F(z),b; >*>€ Lim.

Note that zi(E) = 1. Fix an z € E. By (D), [M](z, j) € Lim for each j € I.
Now fix j; < jp in I with 2= ~ 0. We have to show that

J2
Z < F(x),b; >? - <2,b; >*= 0.
i=71+1
Define an internal counting measure v on *P([) by setting
v({i}) =< F(x),b; >2.
Because of (C), v(I) € Lim. Set x : [ 3 i — < z,b; > Because of (B),
k € SLY(V). Because of (A) and because of Proposition 3.4
J2

{h+ 1 nge) = Y <F(x),b > =0.

1=j1+1
Therefore,
J2 72
Z <F(x),bi>2-<:c,bl->2:/ kdv ~ 0. O
i=j1+1 Jitl
For k € T we set
o(k)

JFATL=Y0 < > -pri.
i=1
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11.3 Proposition

The internal process
k
(SiFaTI)

is an S-continuous, square S,-integrable (Cy),.p-martingale.

keT

Proof. It remains to show the S-continuity of the process. Set

J
M:FxI>(-j)—> <Fb> pr.

i=1

Due to Proposition 11.2, M is S-continuous. Fix an x € F such that

e M(x,7) € Lim for each i € I and
o M(x,i)~ M(x,j) for i,j € I with JWJ%O

Since for each £ € T we have # = % it follows that

. f’fF AT](z) € Lim for each k € T and

of’fFAH(x)%fllFAH(x)fork,lETWith%%O. O
Now we can show that the stochastic integral [ fdr corresponds to a martin-
gale. Therefore we must equip the integral with a notion of time. Again this
will happen with the resolution of the identity. Note that for ¢ € £ (zz, H)
and ¢ € [0,1] the function 7 f is in £ (zz, H).

11.4 Proposition

For each f € L%(j1,H) the process ([ mfdm) has a lifting in the sense of
Proposition 11.1 and therefore is a continuous L£*-martingale with respect to
(¢;). Furthermore, ([ m fdr) is adapted to (W).

Proof. Let F be an adapted SL?(u, F)-lifting of f. Then (flk FA H)k . is
€

S-continuous. We will show that <f1k FA H) . is a lifting of (f 7thd71')

ke tel0,1] °
Therefore fix k € T and ¢ € [0,1] with £ ~ ¢. We will show that flk FAT]is

~ ok ~
a lifting of [m fdr. Set F:= Y < F,b; > -b;. Note that F is adapted and
=1

7
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in SL?(u,F) and that flk FAT] = [ FAT]. We show that F is an SL2(u, F)-
lifting of m;f. Take an x € F such that f(x) ~ F(z). Then Proposition 3.3
implies

The second assertion follows from Lemma 8.2. 0J

Now we are going to show that every square integrable (W,)-martingale can
be written as a stochastic integral. For this purpose we fix a process

m:Fx[0,1] - R

which is a square integrable (W,)-martingale. We further fix a sequence
(Fy)nen with F,, € H,, such that

(e e}

my = Em1 + Z O[n(Fn) in £$/V<//,Z) .

n=1

11.5 Lemma
For n € N we have [i-a.s.

L(F) = [ L1 (B )dm
which, by Lemma 8.2, implies that

[1° L (F) ) = P Tnaa(F)

s, s ooy -

Proof. We obtain fi-a.s.

L(F)) = I(F) = Y Fulbiy, ooy bi) - priy - oo pri, =

11<...<in

Z qu(b“, 7bzn) cPrig ..t P, =

Z Z F;(bll, '~'7bin,17bi) 'pT'il LR 'p’f’in71 - pr; =

el 11<...<ip—1

S L ES (b)) pri= [Loaa (D) ATl = [*Liaa(F)de. O

iel

Therefore the sequence (3", °I,_11(Fy)),cn converges in £2(fi, H). De-
note its limit by .
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11.6 Proposition

The variable my has the representation my = Emy + [dr in L3,(1).

Proof. By the continuity of the stochastic integral we obtain f-a.s.

Emy + [vdr =Emy + [ L1 1(Fy)dr =
n=1

Em1+z fo n71,1<Fn<)d7T:Em1+Z Ofn(Fn) =m, . O
n=1 n=1
11.7 Proposition
For each t € [0,1] we have

my = Emy + [mppdr in L£3,(7).

Proof. This follows immediately from Proposition 11.4 and from Proposition
11.6. Just take expectations. Il

As a consequence we obtain that each square integrable (W,)-martingale
is continuous. This corresponds to the well-known fact that a Brownian
filtration does not admit a discontinuous martingale (cf. Theorem 3.4 in
Chapter V of [28]).
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12 The Clark Ocone Formula

The Clark Ocone formula provides a connection between the Malliavin deriva-
tive and the stochastic integral. It can be regarded as the stochastic version
of the fundamental theorem of calculus. This formula is well known in the
case of the classical Wiener space, see Proposition 1.3.5 in [23]. Our version
for abstract Wiener spaces is, as far as we know, new and constitutes the
main result of these notes.

12.1 Proposition
For ¢ € D2 we have
o =Ep+ [pr} (Dy)dr.

Proof. Since both, the projection operator pr'y” and the stochastic integral
are linear and continuous operators and by the definition of the Malliavin
derivative, it suffices to show that for a fixed n € N and for any F' € ‘H,, we
have

“L(F) = [pr¥ (D°L(F))dr in L(h).

From Proposition 7.3 and from

Z ((F¢><_F<)2(bi17"-7binvbi) =0
’i1<-..<in

el

it follows that
prV (D°L(F)) = °L,_11(F%) in £ (7, H).
By Lemma 11.5 we obtain
[pr (D°L(F))dr = [°L,_1,(F)dr = °L,(F) in L},(n). O

Proposition 11.6 yields that each ¢ € £},(j1, H) has the representation

¢ =Ep+ [¢dn

for a ¢ € £%(i,H). If ¢ € D'? then Proposition 12.1 implies that ¢ equals
the projection of the derivative of ¢ onto the space of adapted functions.
The common ground of these two propositions is the formula

°I,(F) = [°Ly_1,(F)dr.
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13 Reference to Abstract Wiener Spaces

In this section we show that the operators D and d are indeed the operators
of the Malliavin calculus. Furthermore we will show that the integral [ fdr
is the stochastic integral of Ustiinel and Zakai. Since this reference to the
standard theory does not influence the correctness of the theory we have
established up to now, some of the proofs are omitted.

In order to get a relation to the standard world of abstract Wiener spaces,

we must identify the spaces £*(P) and L3},(11). We also must identify the
spaces L£*(P,H) and L3, (1, H). This is possible because of the choice of
the o-algebra WW. Remember the definition of the divergence operator dy in
Section 2.

13.1 Proposition

The o-algebra W is generated by the mapping St, i.e. St '(bg) VAN =W.
Furthermore, the mappings

LX(P) = Lyy(R), fr foSt
L*(P,H) — £3,(ji,H), g+ go St
are surjective isometries. Furthermore, we have
du(h) o St= °I(h) (12)

for each h € H.

Proof. We only show (12). First assume that there is a ¢ € B’ such that
©(y) =< h,y > for each y € H. Fix further an x € Ns(F). (See Section 2.)
By the continuity of ¢ we obtain

Su(h) 0 St(x) = p(St(x)) ~ *p(z) =< hyx >= I(h)(x) ~ °I(h)(z).

Since B’ is dense in H, the result is also true for an arbitrary h € H. O

Now we sum up the introduction to the Malliavin derivative as it is presented
in Appendix B of [33]. Let S(R") denote the functions of rapid decrease.
(See [27], page 133.) We call a function f € £?(P) cylindrical if

f=F(u(h), ..., 0m(hn))
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for an F' € S(R") and for hy, ..., h,, € H. We define the derivative D of such
a cylindrical function by

Df = iaiF((sH(m), oy O (hn)) - i,

i=1

where 0;F denotes the i-th partial derivative of F. The Cameron-Martin
theorem implies that Dfy = Dfy in L2(P,H) if fi = f, in £%(P). The
operator D is closable: if a sequence (f,,) of cylindrical functions converges
to zero in £2(P) and if (Df,) is a Cauchy sequence in £2(P,H), then (Df,)
converges also to zero. Therefore we can extend the operator D to the space

D12 .=

{f € £2(P) | 3(f,) such that f, — f and such that (Df,) is Cauchy}
by setting B B
Df := lim Df,

if the sequence of cylindrical functions (f,) converges to f and (5 fn) is a
Cauchy sequence.

Now we show that the operator D corresponds to the operator D we have
defined in Section 10. To this end we need the following result about the
derivative D.
13.2 Proposition
(A) Suppose that hy,...,h, € H and fir a function F' € S(R"™). Then
F(°I(hy),..., °I(h,)) € D' and

DF(°I(hy),..., °I(hy)) = i@-F(OI(hl), ey Y1 (hy)) - hy.

(B) Let (¢n) converge to ¢ in L3,(11) and suppose that each o, € D2,
Assume further that (Dyy,) is a Cauchy sequence in L3,(i, H). Then
© € DY? and Dy,, — De.

13.3 Proposition

Suppose that € DL2 gnd set ¢ := foSt. Then o € D2 and Dy = Df o St.
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Proof. First suppose that f is cylindrical, i.e. that

f=F(u(hi),..., ou(h,))

for an F' € S(R™) and for hy,...,h, € H. Since dg(h;) o St = °I(h;), we
obtain ¢ = F(°I(hy), ..., °I(hn)). Thus ¢ € D* and

Dy = iaiF(ol(hl), oy °I(hy)) - hy =

(i: O F (6m(h1), .., Ora(hn)) - hi) oSt = Df oSt.

Now suppose that f is a genuine element of D%2. Fix a sequence (f,) of
cylindrical functions, converging to f such that (15 fn) is a Cauchy sequence.
Set @, = fn oSt for n € N. Then ¢,, — ¢ and (Dy,,) is a Cauchy sequence.
Thus ¢ € D? and

Dy = lim Dy, = lim (Df, oSt) = (lim Df,)oSt=DfoSt. O
Now we sketch the definition of the Skorohod integral, again following the
presentation in Appendix B of [33]. The subspace A of L%(P H) is defined

as followed: a function g € £2(P,H) is in A if and only if there is a constant
¢ € R such that for each f € D2 the estimation

<Df,g>2pmy| < |Iflly-c
holds. For each such g the assignment
D'2 R, fr < Df,g > pm

is a bounded operator, which, since D12 is dense in L?(P), implies that there
is an element of £2(P), denoted by dgg such that

< Df,g>c2pm =< [,0u9 >
for all f € D2, This gives rise to a function
S AN — L2(P).

The operator dy is called the Skorohod integral. Later we will see that for a
h € H and for

g:F—H, z—h
we have ogg = on(h).

Now we show that dy corresponds to the operator § we have introduced in
Section 9. We want to make use of the following fact.
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13.4 Proposition

For o € D2 and ¢ € A we have < ¢, 0 >9 = < D, 1) > 2 (H)-

13.5 Proposition

Fixageﬁ and set 1) := go St. Then ¥ € A\ and 1 = dgg o St.

Proof. Let ¢ have the decomposition ¢ = Y~ °I,,1(F,) with F,, € H, 1.
By the definition of A\, we have to show that the series

o0

> L (k) (13)

n=0

converges in £2,(1i). Since g € A, there is a ¢ € R such that
|< Df.g >cpam)| < eIl

for all f € D'2. This implies that
< Do >smm| < o llell,

for all ¢ € D2, Thus we obtain for each m € N

2

ZO n+1(Fn) = <Z In+1(ﬁn>76201n1<Fn) >o =
n=0 2 n=0 n=0

<D Z OIn—i—l(ﬁn)a Z O[n,l(Fn) >L12/v(ﬁ,H) =
n=0

E n=0
< DZ O]n—i-l(Fn)quZ} >£$,V(ﬁ,H) < c- Z ° n—l—l(Fn)
n=0 n=0 2
But this implies that
<c

9

Z o]n—i-l (ﬁn)
n=0

and this estimation does not depend on m, therefore the series (13) converges.
It remains to show that

2

01 = dgg o St.
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Since D'? is dense in £%,(11), it suffices to show that
< 0P, >9 = < dgg o St, p >,
for each ¢ € D2, Fix such a ¢ and let f € D2 with f oSt =¢. We obtain
<0, >0 = <Y, Dy >r2 (aH) = < goSt,fjfoSt >r2 (AH) =

<, Df >p2ppy = < 0ug, f >2 = <dmgoSt,p >5. O

The next lemma states a relation between functions of the kind dgg and
functions of the kind og(h).

13.6 Lemma

FizaheH and set g : B — H, x — h. Then g € A and ogg = ou(h) in
L%(P).

Proof. Since for f € D2 we have
< Df, g >cxpmy = < Df 0 St,go St >p2 iy = < D(f 0 St),h >p2 i) =
< foSt,6h >z =< foSt I(h) >z @ < fllz2p I/
we obtain g € A. And since
Sugo St = 6(goSt) = §(°Ios(h)) = °Ii(h) = du(h) oSt in L, (1),
we obtain the desired equality
oug = ou(h) in L*(P). O

Now we sketch the definition of the stochastic integral on abstract Wiener
spaces due to Ustiinel and Zakai (cf. [32]), which is based on a resolution
of the identity (m;)ico1]- Both, the integrands and the integrator live on an
arbitrary filtered probability space (A,C, (C)icjo,1), 7). We fix a function

b:(AC)— (B,bg)
with vob™! = P. Let us define yet another divergence operator by setting

6, H — L%(v),
h+ dm(h)ob.
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Note that ¢, inherits the characteristic properties of g such as continuity
and linearity. The mapping b is called abstract Wiener process if for
each f € B’ the process (J,(m.f)) is a martingale with respect to (C;). More
detailed we say that the triple (b, H, (7)) is an abstract Wiener process on
(A,C,(Cy),v). Let the space L% (v,H) be defined in analogy to £ (fi, H).
Again we call a function ¢ € £% (v, H) simple adapted if

= (m—m)h
for s < tin [0,1], ¢ € L%(A,Cs,v) and h € H. For such functions ¢ we set
0= 0,((m — ms)h). (14)

By the properties of abstract Wiener processes, the function 4, ((7; — m5)h)
is independent of C,. (See page 132 in [32].) This implies that the functions
¢ and Cy are independent, therefore d/1 is square v-integrable. Note further
that

18,0l = bl g

Therefore and since the linear combinations of adapted functions are dense
in £?(v,H), there exists a uniquely determined linear and norm preserving

operator
6 L2(v, H) — L2 (v)

that fulfills (14) for each simple adapted function ¢. This is the stochastic
integral of Ustiinel and Zakai. The next proposition makes it clear that what
we have defined in Section 8 coincides with this integral.

13.7 Proposition

The triple (St,H, (7)) is an abstract Wiener process on (F, WV, (W), ii). Fur-
thermore, we have

oo = [ (15)

for each ¢ € L2 (u, H).
Proof. By Proposition 2.6 and Proposition 13.1 the map St is measurable
and measure preserving. We show that for each h € H the process (0;(m;h))
is a (W;)-martingale. Therefore fix h € H and ¢ € [0, 1] and set

g:F—H,z+— h

g F— H, x+— mh and

fi :B—H, x— mh.
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We obtain

’L’L’L

5;’;(71'75}1,) = 5H(7Tth) o St (5H.ft> o St (.ft o St) = (Sgt = f’]Ttgd’]T

where (i) follows from Lemma 13.6, (i) follows from Proposition 13.5 and
(23i) follows from Proposition 9.5. It remains to show (15). Since both
integrals are linear and norm preserving, it is sufficient to show this equation
for simple integrands 1. Therefore fix

1/}:@'(71—15_77-5)]7/

€ L2(F, W, i) and h € H. Fix further indices k,[ in T
~ t and a Bj-measurable SL2-lifting ® of ¢. Then

U= ([T, - [I))h € SL*(u, F)

is an adapted lifting of ). We obtain fi-a.s.

fwdﬂ'%f\IJAH:Z<\I/,bi>-pri:

i€l

D - Z =Lk, bi > pri =@ I((T], — T[)h) =

@ °I((my —ms)h) = - u((m, —75)h) o St = ¢ - 0a((m, — 7s)h) = 559 O

Given any stochastic basis (A, C, (Ci)cpo],7) and any abstract Wiener pro-
cess b we can carry out the Malliavin calculus on £2(v) and L%(v, H) if C is
generated by b. This follows from the fact that each abstract Wiener process
is measure preserving. In this situation the question concerning the validity
of the Clark Ocone formula arises. We have seen that in the setup of this
thesis the answer is 'yes’. It remains to investigate if this result depends on
the choice of the stochastic basis.

with s <tin [0,1], p €
such that k ~ s and

T~ M
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14 Appendix: an Internal Representation of
the Lévy Transformation of Brownian Mo-
tion

In this self-contained section we construct an internal transformation 7 on
a hyperfinite dimensional Euclidean space and show that 7 is ergodic if and
only if L is ergodic, where L denotes the Lévy transformation of Brownian
motion. As, in opposition to L, the mapping 7 is constructively given, this
approach allows to see the open problem whether L is ergodic from a different
angle.

Let bep,1 be the Borel o-algebra on C[0, 1] and let W be Wiener-measure on
bcpo,1). Furthermore let ) be the canonical Brownian motion on the classical
Wiener-space (C[0, 1], beoy, W), ie.

¥ C[0,1) x [0,1] 5 (z,t) — 2(t) .

Define a measure-preserving transformation L by

C0.1] 5w L{w) = / sen(v) dv (@) € C[0, 1],

0

where the sgn-mapping is defined as usual by

1 ifz>0
sgn: R x+— 0 ifz=0 .
-1 ifz <0

The map L is referred to as the Lévy transformation of Brownian mo-
tion. It is an open problem whether L is ergodic, i.e. whether for each
A € bgjo) the implication

Ais L-invariant = W/(A) € {0,1}

is valid, where A is called L-invariant if W(AAL™'(A)) = 0. This question
is mentioned for example in [3], [10], [22], [28], [30] and [34]. In [11], Du-
bins, Emery and Yor have introduced a condition in terms of time-changing
a Brownian motion and show that this condition is equivalent to L being er-
godic; in [12], Dubins and Smorodinsky have proven that a discrete analogue
of L is ergodic.

There is an infinitesimal approach to the Malliavin calculus (on the classical
Wiener space) due to Cutland, Ng (see [8]) and Osswald (see [20]) that
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replaces C[0, 1] by a hyperfinite dimensional Euclidean space. Our aim is to
search for a transformation in this internal setting which corresponds to L.

We want the internal counterpart of the mapping sgn, denoted by Sgn, to
take only values in {—1, 1} and therefore define

1 ifz>0

Sgn : RBSL‘H{ 1 ifr<o0

Let H € *N be unlimited, i.e. H > n for every n € N. Define T":= {1, .., H}
and Q := *R¥. For k € T let

293 X = (Xl,...,XH) — X},

be the projection onto the k-th component. Let by be the internal Borel
*o-algebra on ). There is exactly one internal probability measure such that
the projections 7, are independent and normal distributed with mean 0 and
variance % Denote this measure by I'. This construction of Cutland and Ng
gives rise to an internal probability space (€2, bg,T"). Define 7: Q — Q by

TE= Sen(NL X)X, if te {2, H}

)

14.1 Lemma

The mapping T : (2, b, T') — (Q,bq, ') is bijective and measure preserving.

Proof. Fix XY € Q with X # Y. Set k := min{l € T | X, # Y,}.
Obviously, 7(X)r # 7(Y)r and therefore 7(X) # 7(Y'), thus 7 is injective.
Now let Y € Q. Define X; :=Y1, X, 11 := Sgn(> -, X;)Y,+1 and verify that
7(X) =Y. Hence 7 is onto. Since the projections m; and the function Sgn
are measurable, 7 is measurable. Finally, prove that (m o7),<p is a sequence
of independent variables and that each 7, 07 is normal distributed with mean
0 and variance %, which implies that I' =T o 771, 0

14.2 Lemma
The transformation 7 : (2, bq,I') — (Q, b, T") is not ergodic.

Proof. Ergodicity fails, since the set {m; < 0} is 7-invariant but has measure
1/2. O
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Let (92, Lr(bg), ') be the Loeb space of (2, bq,T"). Set
Ni = {A € Lr(bg) | T(A) = o} .

The next lemma is an immediate consequence of Lemma 14.1 and of the
definition of Loeb spaces.

14.3 Lemma

The transformation 7 : (9, Lp(bg),T) — (9, Lr(bg),T) is bijective and
measure-preserving.

After introducing a sub-o-field W of Lp(bg) that corresponds to b1y, we
will show that L is ergodic if and only if

T (W, T) — (,W,T)

is ergodic. This approach allows a new view on the Lévy transformation,
since T is bijective and defined pointwise, whereas

for W-almost all x € C10, 1].
We will use the following lemma about stochastic integrals.

14.4 Lemma

Fiz two probability spaces (A,C, ), (N,C’, 1) and a measure-preserving map-
ping
k(AN Cop)— (N, C ).

Let (Ct)iepo,1) and (Cp)icpp1) be filtrations in C, C' respectively such that
Ci=r"1C) VN,

for each t € [0,1]. Assume further that
X:Nx[0,1]—R

is a (C;)-Brownian motion and that
Y:ANx[0,1]-R
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is in L2(A x [0,1]) and (C})-predictable. Then the process (X; o k) is a (Cy)-
Brownian motion, the process (Y; o k) is (Cy)-predictable and

(/Ytht) o;{z/(Ytol{)d(Xto,%).

For k € T U {0} set By := Zle 7. We define a sub-o-algebra of Lp(B) by
W= {°By | ke T} VN,

i.e. W is the smallest o-field on €2 that includes ./\ff and such that the
functions ° By, k € T are measurable. Define further for X € Q, t € [0, 1] and
k € T with % ~t

b(X,t) := °Br(X) andset r(X):=0bX, -).

A proof of the next statement can be found in [20].

14.5 Lemma

The process b is T-almost surely well defined and a Brownian motion. Fur-
thermore, the mapping

K (W, T) = (C[0, 1], bejoy, W)
1S measure-preserving and

W = Hil(bc[oyl}) \/Nf (16)

Let (By)icpo) be the filtration in b which is generated by ¢ and set for
t € 10,1]
Wt = Hﬁl(Bt) \/Nf

14.6 Lemma

For each t € [0,1] and k € T with % ~ t we have ['-a.s.

t k
/ sgn (by) dbs =~ Z Sen(By_1) - .
0 =1
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Proof. This follows immediately from the definition of the stochastic integral
in [20], since

sgn (b;) ~ Sgn (By)
for T-almost all X € Q. O

The main proposition of this section states the equivalence of 7 and L con-
cerning ergodicity.

14.7 Proposition

The transformation
L - (C[0,1], bepo,y, W) — (C[0,1], bego,, W)
is ergodic if and only if the transformation
(W, T) — (,W,T)
1S ergodic.
Proof. The assertion follows from Equation (16) and from the fact that the

diagram

cl,1] - Co,1]

Tk Tk
0 - Q

commutes f—a.s., which implies that A € bgjo) is L-invariant if and only if

k~1(A) is T-invariant. Note that the fact that the diagram commutes also
implies that
W) c W.

In order to prove that ko7 = Lo s [-as. we fix a t € [0,1] and show that
(Lok)=1(korT) T-a.s.

Fix a £k € T with % ~ t and note that because of Lemma 14.4 and Lemma
14.6

(L o K)(X) = / sgn (1) dabu (K(X)) = / sgn (by) dby(X) ~
S Sen (B)(X) - X1 = By(r(X)) & bi(r(X)) = (s 0 7)(X)

for T-almost all X € Q. O
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