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Zusammenfassung

In der vorliegenden Dissertation werden neueste Entwicklungen in der Model-
lierung von Versicherungs- und Elektrizitdtsfinanzprodukten untersucht. Ins-
besondere konzentrieren wir uns auf zwei Kernprobleme. Zunéchst betrach-
ten wir die Bewertung von Katastrophenoptionen. Danach zeigen wir, dass
dhnliche Techniken fiir die Bewertung européischer Elektrizitatsoptionen an-
gewendet werden kénnen. Zu den Hauptergebnissen der Arbeit gehdren reali-
stische mathematische Modelle fiir Katastrophenschadenindizes und Elektri-
zitatsterminmérkte, die mit Hilfe von Fourier-Transformationstechniken die
Herleitung analytischer Bewertungsformeln fiir europédische Optionen ermog-
lichen.

Katastrophenoptionen sind Finanzinstrumente fiir den Transfer von Ver-
sicherungsrisiken in den Kapitalmarkt. Sie basieren auf einem Index, der
Versicherungsverluste durch Naturkatastrophen quantitativ erfasst. Im Rah-
men dieser Arbeit betrachten wir nur standardisierte Optionskontrakte, d.h.
borsennotierte Katastrophenderivate auf Grundlage eines Marktschadenin-
dex, beispielsweise des PCS-Index des Property Claims Service, einer inter-
national anerkannten Marktautoritit fiir Vermogensschiden in den USA. Ein
Marktschadenindex spiegelt die angefallenen Schéden der Versicherungswirt-
schaft nach einer Naturkatastrophe wider. Zur realistischen Abbildung eines
Marktschadenindex entwickeln wir ein mathematisches Modell, bei dem die
Vorabschétzung der Schiaden jeder Naturkatastrophe sofort mit einem posi-
tiven Martingal neu geschitzt wird, das ab einem zufilligen Zeitpunkt des
Schadeneintritts beginnt. Der wesentliche Vorteil unseres Modells ist die An-
wendbarkeit auf heavy-tailed-verteilte Schiaden (die iiblichen Verteilungen fiir
die Modellierung von Katastrophenschéiden sind heavy-tailed).

Ferner wird in dieser Arbeit ein Elektrizitdtsmarktmodell entwickelt, bei
dem wir Elektrizitdtsterminpreise (Forwards, Futures) und Elektrizititsspot-
preise gleichzeitig modellieren. Andererseits haben wir in unserem Modell ei-
ne direkte Verbindung zwischen Elektrizitdtsterminpreis- und Spotpreispro-

zessen. Der Terminpreis unterscheidet sich vom Spotpreis um einen stocha-



stischen positiven Faktor mit dem Endwert (terminal value) eins. Deswegen
kann dieser Faktor als eine Nullkuponanleihe modelliert werden. Ein wichti-
ger Vorteil unseres Modells ist die Markov-Eigenschaft des Spotpreisprozes-
ses, die fiir die Bewertung von pfadabhéngigen Elektrizitdtsoptionen (path-
dependent options), wie zum Beispiel Swingoptionen, entscheidend ist. Ins-
besondere beinhaltet unser Elektrizitdtsmarktmodell ein allgemein anerkann-
tes Modell, bei dem der Spotpreisprozess das Exponential eines Ornstein-
Uhlenbeck-Prozesses ist.

Mit dieser Arbeit hoffen wir, zur Entwicklung quantitativer Instrumente
beizutragen, die einen liquiden Handel und die Bewertung von Katastrophen-

und Elektrizitdtsoptionen unterstiitzen.



Abstract

In this thesis we consider recent developments in insurance and electricity
financial products. In particular, we investigate the interplay between insur-
ance and finance, and therein the problem of pricing catastrophe insurance
options written on a loss index as well as electricity products.

Catastrophe insurance options are standardized exchange-traded financial
securities based on an underlying index, e.g. a PCS index, that encompasses
insurance losses due to natural catastrophes. The PCS index is provided
by the Property Claim Services (PCS), a US independent industry authority
which estimates catastrophic property damage. The advantages of the catas-
trophe options in comparison to other capital market insurance solutions are
lower transaction costs relative to the reinsurance and minimal credit risk,
because of the guarantee of the exchange.

The main results of the thesis are fairly realistic models for catastro-
phe loss indexes and electricity futures markets, where by employing Fourier
transform techniques we are able to provide analytical pricing formulas for
European type options traded in the markets.

For the catastrophe loss index we specify a model, where the initial es-
timate of each catastrophe loss is re-estimated immediately by a positive
martingale starting from the random time of loss occurrence. Significant ad-
vantage of this methodology is that it can be applied to loss distributions with
heavy tails — the appropriate tail behavior for catastrophe modeling. The
case when the re-estimation factors are given by positive affine martingales
is also discussed and a characterization of positive affine local martingales is
provided.

For electricity futures markets we derive a model, where we can simulta-
neously model evolution of futures and spot prices. At the same time we have
an explicit connection between electricity futures and spot price processes.

Furthermore, an important achievement is that the spot price dynamics in
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this model becomes multi-dimensional Markovian. The Markovian structure

is crucial for pricing of path dependent electricity options.
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Introduction

Overview

In the recent years a variety of new financial markets has been developed. In
the early 90s, several countries started to liberalize their electricity markets
by leaving the price determination to the market principles of supply and
demand. Many countries have since reformed their power sector. One im-
portant consequence is the emergence of trade of electricity delivery contracts
on exchanges, similar to the trade of shares. The new freedom achieved has
the drawback of increased uncertainty about the price development. The
most significant challenge for pricing of derivatives is the non-storability of
electricity, which implies that traditional valuation methods for storable com-
modities are not adequate. New approaches are required to price even the
simplest energy derivatives.

At the same time insurance firms have introduced a new class of financial
instruments that transfer catastrophe risk to the capital markets. Over the
past decades the rise in insured losses has exploded from USD 2.5 billions
per year to an average value of the aggregated insurance losses of USD 30.4
billions per year, in prices of 2006 (see [53]). Table 1 gives a summary
of the ten most expensive natural catastrophes for the last 20 years. In
particular, the increasing risks point out that a single catastrophe could
ruin the whole insurance market. Therefore, actuaries started to look for

alternative possibilities to transfer catastrophic risk[l]

LFor a general overview of the capital market insurance solutions see [51] and [52].



Overview

Insured Loss | Year Event Country

(USD Billions)

66.3 2005 Hurricane Katrina; floods, | U.S., Gulf of
dams burst, damage to oil | Mexico, Ba-
rigs hamas,  North

Atlantic
23.0 1992 Hurricane Andrew; flooding | U.S., Bahamas
214 2001 Terrorist attack on World | U.S.
Trade Center, Pentagon and
other buildings

19.0 1994 Northridge earthquake U.S.

13.7 2004 Hurricane Ivan; damage to | U.S., Caribbean
oil rigs

13.0 2005 Hurricane Wilma; torrential | U.S., Mexico,
rain, floods Jamaica, Haiti

10.4 2005 Hurricane Rita;  floods, | U.S., Gulf of
damage to oil rigs Mexico, Cuba

8.6 2004 Hurricane Charley U.S., Caribbean

8.4 1991 Typhoon Mireille Japan

7.4 1989 Hurricane Hugo U.S., Puerto

Rico
Table 1: Top 10 Insured Catastrophe Losses (Source: Swiss Re,

Sigma Nr. 2/2007).



Introduction

In this thesis we consider recent developments in insurance and electricity
financial products. In particular, we focus on two main issues. First, we
consider the problem of pricing catastrophe insurance derivatives written on
a loss index. Then we show that similar techniques can be applied for pricing
flow commodity options. We specify fairly realistic models for catastrophe
loss indexes and for electricity futures markets, where we provide explicit
pricing formulas for European options using Fourier transform methods.

The thesis is organized as follows. We continue the introduction with
the discussion of aforementioned new markets and give an overview of the
existing models. In particular, we explain how our approaches are related to
the previous ones. The main part of the thesis is divided into two parts. In
the first part we focus on pricing of catastrophe insurance derivatives only.
This part is based on [3] and [4]. In Part [ we consider the modeling and the
pricing of electricity products. Each part of the thesis is self-contained and
has its own outline. However, in Part [LI] we use Fourier transform methods

for pricing European options introduced in Part [I|

Catastrophe insurance options

In order to securitize increasing catastrophe risks, insurance companies have
tried to take advantage of the vast potential of capital markets by intro-
ducing exchange-traded catastrophe insurance options. Exchange-traded in-
surance instruments present several advantages with respect to reinsurance.
For instance, they offer lower transaction costs because they are standard-
ized. Furthermore, they include minimal credit risk because the obligations
are guaranteed by the exchange. A comprehensive comparison of insurance
securities is given in [51] and [52]. In particular, catastrophe options are
standardized contracts based on an index of catastrophe losses, for example
compiled by Property Claim Service (PCS), an internationally recognized
market authority on property losses from catastrophes in the US.

The first index-based catastrophe derivatives were CAT futures, which
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were introduced by the Chicago Board of Trade (CBOT) in 1992. Some
models for the index underlying the CAT futures can be found in [I] and [10].
However, due to the structure of these products, there was only little trading
activity on CAT futures in the market. A second version of catastrophe
insurance derivatives were PCS options based on the index compiled by PCS.
For the description of PCS catastrophe insurance options [41], [50] or [51]
can be consulted. On its peak, the total capacity created by this version
of insurance options amounted to 89 millions USD per year. Trading in
PCS options slowed down in 1999 because of market illiquidity and lack of
qualified personnel (see e.g. [51]).

However, the record losses caused by the hurricanes Katrina, Rita and
Wilma in 2005 have been a catalyst for creating new derivative instruments to
trade catastrophe risks in capital markets. Since March 2007, the New York
Mercantile Exchange (NYMEX) has begun trading of catastrophe futures
and options again. These new contracts have been designed to bring the
transparency and liquidity of the capital markets to the insurance sector.
They have provided effective ways of protection against property catastrophe
risk and have given the investors the opportunity to trade a new class of assets
which has little or no correlation with other exchange traded asset classes.
The NYMEX catastrophe options are settled against the Re-Ex loss index,
which is created from the data supplied by PCS.

The structure of catastrophe options can be described as follows. The
option is written on an index that evolves over two periods, the loss period
and the development period. During the contract specific loss period [0, Ti]
the index measures catastrophic events that occur. In addition to the loss
period, option users choose a development period [Ty,T,]. During the de-
velopment period damages of catastrophes occurred in the loss period are
reestimated and continue to affect the index. The contract expires at the

end of the chosen development period.

Since the introduction of catastrophe insurance derivatives in 1992, the

pricing of these products has been a problem. The underlying loss index is



Introduction

not traded and hence the market becomes incomplete. It is then an open
question how the pricing measure should be determined. The next challenge
is that even for fairly simple models of the loss index the pricing problem is

rather complicated.

To date, several approaches have been proposed to model a catastrophe
index and to price catastrophe options written on it. In [41], [42] and [43], the
underlying catastrophe index has been represented as a compound Poisson
process with nonnegative jumps. However, no distinction between loss and
reestimation periods has been made. In [9] and [40], the authors distinguish
between loss and reestimation periods and model the index as an exponential
Lévy process over each period. While technicalities for pricing purposes
are simplified in this setting, the assumption of an exponential model for
accumulated losses during the loss period seems to be quite unrealistic. For
instance, it implies that later catastrophes are more severe than earlier ones,
and that the index starts in a positive value (instead of starting at 0). Yet
another model is proposed in [49] where immediate reestimation is assumed
and modeled through individual reestimation factors for each catastrophe.

However, no explicit pricing methods are obtained for this model.

In this thesis, we consider the distinction between loss and reestimation
period as in [9] and [40], but propose two more realistic models for the loss
index. To begin with, we assume in Chapter [1| that the index is described
by a time-inhomogeneous compound Poisson process during the loss period,
and that during the reestimation period the index is reestimated by a factor
(common for all catastrophes) which is given as an exponential time inho-
mogeneous Lévy process. In this framework, we consider the problem of
pricing European catastrophe options written on the index. Interpreting the
option as a payoff on a two-dimensional asset, we are able to obtain ana-
lytical pricing formulas by employing Fourier transform techniques. To this
end, we extend Fourier transform techniques for dampened payoff functions
as introduced in [8] and [I8] to the case of a general payoff depending on

two factors. We conclude Chapter [1| by calculating explicitly the price of the
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most commonly traded catastrophe options in the market.

However, although the assumption of common reestimation factor is ac-
cepted among practitioners, it may be considered unrealistic because loss
reestimation happens individually for each catastrophe and begins almost
immediately after the catastrophic event. We resolve this problem in Chap-
ter 2] where we offer an even more realistic model for the loss index that
allows immediate loss reestimation. This approach includes the model pro-
posed in [49] as a particular case. In Chapter [2| we assume that catastrophe
occurrence is modeled by a Poisson process, and consider individual reesti-
mation for each catastrophe where the initial estimate of every catastrophe
loss is reestimated immediately by a positive martingale starting from the
random time of loss occurrence. We then consider the pricing of catastrophe
options written on the index. As in Chapter [I] we employ Fourier trans-
form techniques in order to obtain option pricing formulas. To this end, we
manage to simplify the calculation of the characteristic function of the index.

We mention in particular, that our approaches work for loss distributions
with heavy tails, which is the appropriate tail behavior for catastrophe mod-
eling. We then proceed to discuss the case when the reestimation factors are
given by positive affine martingales. In this situation, we provide a charac-
terization of positive affine (local) martingales. We explain our approaches
more precisely in Part [l See also [3] and [4].

In our opinion the use of exchange traded insurance derivatives will play a
crucial role in the securitization of increasing catastrophe risks in the future.
For this purpose, one essential task is to develop quantitative tools that help
to establish liquid trading of these instruments. We hope that this work
contributes to this aim providing new insights into the pricing of catastrophe

options.



Introduction

Electricity pricing

In Part |[I) of this thesis we consider the modeling of electricity markets. In the
stochastic modeling of electricity markets, there are two main approaches in
the literature (see e.g. [5], [26]). The first one starts with a stochastic model
for the spot price and derives futures price dynamics from it by using the
arbitrage theory. The second approach directly models the price dynamics of
forward and futures contracts traded in electricity markets. We refer to [5]
and [32] for an overview of the literature on electricity markets.

Spot price models have two major disadvantages. Since electricity is non-
storable, the spot electricity price is not a tradeable asset. This implies that
it is not easy to give a precise definition of spot prices in the electricity market
(see [5], [32]). For the same reason the valuation methods for traded asset
prices are not adequate. The second disadvantage is that the connection
between the spot and futures prices is not straightforward (see |[26]). The
modeled dynamics of the entire futures curve can be rarely consistent with
the actually observed curves. On the contrary, futures price models attempt
to systematically describe changes of the entire curve.

However, futures price models, since they normally imply a very complex
non-Markovian dynamics for the spot price, are not well suited for pricing
of path dependent electricity products like, for example, swing options (see
e.g. [25], [31] and [54]). Markovian property of the spot price is essential to
solve the constrained stochastic optimal control problem of maximizing the
expected profit of the path dependent options.

Another drawback of the aforementioned spot and futures models is the
lack of flexibility to decouple spot and futures price evolution. By calibrating
the futures price according to observed market data, it is no longer possible
to control the spot price and vice versa. In [26] an approach is introduced
which converts the flow commodity market into a money market. By a
currency change correspondence is obtained between given electricity market
and a market consisting of bonds and a risky asset. The significant benefit

of this transformation is an additional source of randomness in the modeling
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of electricity prices. Namely, it is possible to calibrate the spot and futures
processes independently including features of both electricity price processes.
Furthermore, the approach of [26] allows to apply the full potential of the
well-established interest rate theory for pricing electricity derivatives.

In this thesis we generalize the approach of [26] replacing, in the dynamics
of the asset prices, the Brownian motion by a more general Lévy process tak-
ing into account the occurrence of spikes. Interest rate theory combined with
change of numeraire techniques is used to find a new electricity spot price
model with sufficiently flexible futures curve. In particular, our framework
contains as a special case the commonly accepted model for electricity mar-
ket, where the spot price process is an exponential of an Ornstein-Uhlenbeck
process. In addition, we consider valuation of electricity products in this
framework. Using Fourier transform techniques introduced in Part [ we
provide analytical pricing formulas for European electricity options.

The valuable feature of our approach is that the dynamics becomes multi-
dimensional Markovian (see Section [3.4). As mentioned above, the Marko-
vian structure is significant to prove the dynamic programming principle
needed to find viscosity solutions of Hamilton-Jacobi-Bellman equation asso-
ciated with pricing of path dependent electricity products like swing options.
See [54] for more details on dynamic programming principle and pricing of
electricity derivatives known as tolling agreements. Note that the framework
of [54] includes as a special case continuous time swing options previously
studied in [39], [31] and [25]. We finish Part [l with the derivation Hamilton-
Jacobi-Bellman equation for the value function of a continuous time electric-

ity swing option in our setting.



Part 1

Pricing of catastrophe insurance

options written on a loss index



Outline and main results

Let (2,F,P) be a complete probability space. We consider a financial mar-
ket endowed with a risk-free asset with deterministic interest rate r;, and
the possibility of trading catastrophe insurance options, written on a loss in-
dex L = (L¢)o<t<r,- In short, we define catastrophe insurance option as a

European derivative written on the loss index L with maturity 75 and payoff
h(Lz,) >0 (1)

for a continuous payoff function h : R — R,. Since we have assumed that
the interest rate r is deterministic, without loss of generality, we can express
the price process of the insurance derivative in discounted terms, i.e. we can
set r = 0.

Before we give the precise definition of the loss index process L in Chap-
ters [1] and [2] let us recall the common structure of catastrophe insurance
options following the description in [41], [9], [50], [40], and [51]. The catas-
trophe options are written on a loss index that evolves over two time periods,
the loss period [0,T;] and the consecutive development period [Ty, Ts]. During
the contract specific loss period the index measures catastrophic occurring
events. After the loss period, option users can choose either a six-month or a
twelve-month development period [T7,T;], where the reestimates of catastro-
phe losses that occurred during the loss period continue to affect the index.
The option contract matures at the end of the chosen development period
Ts.

Here we consider two models for the loss index. Throughout Chapter [I] we

assume that the reestimation begins at 77 for all insurance claims that have

10
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occurred during the loss period. In reality the starting point of reestimation
might differ from claim to claim. However, the approximation using one
common starting point for reestimation is accepted among practitioners and
can be found in the literature (see for example [9] and [40]). Technically, as we
will see in Section this assumption facilitates the derivation of explicit
pricing formulas. The main results of Chapter [I] were recently published
in [3].

In Chapter [2] we consider option pricing in a model with immediate reesti-
mation of single loss occurrences. This more realistic model requires a more
complex setting (see also [49] and [4]). Here we assume that at the time
of catastrophe occurrence the reported losses are only estimates of the true
losses, and these estimates are consecutively reestimated until the end 75
of the development period. The loss index provides thus at any t € [0, 1]
an estimation of the accumulation of the final time (73) amounts of catas-
trophe losses that have occurred during the loss period. Let Ny, t € [0,T}]
denote the number of catastrophes up to time ¢, and U;, 7 = 1,..., N; the
corresponding final amounts of the losses at time T5 (which are unknown at

time 0 < ¢ < T3). Then the value L; of the loss index can be expressed as

Neary
L= )Y E[U|%], te[0,T], (2)

i=1
where the filtration {J;,t € [0, T3]} represents the information available. If
the number N; of catastrophes is assumed to follow a Poisson process, then
the structure of the index is a compound Poisson sum with martingales as
summands. As we will see in Section this model is more suitable for
option pricing with heavy-tailed losses. We mention that Chapter [2|is based
on [4].

The main results of Part [[| are analytical pricing formulas for catastrophe
options traded in the market. To this end we employ Fourier transform tech-
niques. In particular, we explicitly compute prices for call, put, and spread
options, which are the typical instruments in the market. Furthermore, in

Section we discuss the case when the reestimation of losses are given by
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positive affine martingales and provide a characterization of positive affine
(local) martingales.

More precisely, Part [ is organized as follows. In Section we specify
our first model for the loss index. In Section [I.2] we introduce a class of
structure preserving pricing measures, before we derive the price process of
European style catastrophe options for the model introduced in Section
by using Fourier transform techniques. Finally, in Section we compute
explicitly the prices of the most common option types traded in the market.
In particular, Section is devoted to pricing in the case of heavy-tailed
losses.

In Section we present a more realistic and complicated model for
the loss index. Further, in Sections [2.1.1 we consider the pricing of
general European options in the model described in Section 2.1 before we
explicitly compute prices for spread options in Section which are the
typical instruments in the market.

We conclude Part [[| with Section where we discuss the special case of

positive affine martingales as reestimation factors.



Chapter 1

Pricing of catastrophe options
under assumption of common

reestimation factor

1.1 Modeling of the loss index

Here, we model the loss index by the stochastic process L = (Lt)o<t<r, a8

follows:
i) For t € [0,T1],
Ny
Li=)Y, (1.1)
j=1
is a time inhomogeneous compound Poisson process, where

— N, is a time inhomogeneous Poisson process with deterministic
intensity A(¢) > 0,
=Y, j=12,..., are positive i.i.d. random variables with distri-

bution function G, independent of N;.

Note that we allow for seasonal behavior of loss occurrence modeled by

a time dependent intensity A(¢).

13
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11) For t € [Tl, TQ]
L, = LT1+u = Lleu, u=t-—1T] € [O,TQ — zﬁﬂ7 (12)
where Z,, is a process that represents the reestimation factor with

— Zy=1as.,
- (Lt)tSTl and (Zu>0§u§T2—T1 are independent.
We suppose that all investors in the market observe the past evolution of the

loss index including the current value. Therefore, the flow of information is

given by the filtration (F?)o<;<1, generated by the process L, which is of the

form
o 55 ={0.9},
o Fi=0(L,u<t)=0c(3X1 Y, u<t), forte[0,T],
o FV := g(Ly,u < t) = o(Lsy s < TY)Vo(Zyq, Tt < u < t), for
te (T, Ty,
e J) CT.

We assume that the filtration (F9)o<;<7, is right-continuous. Let (F;)o<i<r,
be the completion of the filtration (F7)o<;<7, with P-null sets of F.

It is reasonable to assume that the reestimation is not biased (see also [49]).
Therefore, we suppose that (Z;)o<i<1,—1, is a positive martingale with respect
to the filtration (F;)o<¢<r, of the form

Zp = e (1.3)

for a process X = (Xy)o<i<m,—1, such that Xy = 0 a.s.. More precisely, in

this section we assume that X, is a time inhomogeneous Lévy process.

Definition 1.1.1. An adapted stochastic process (Xi)icpp,m with values in R
15 a time inhomogeneous Lévy process or a process with independent incre-
ments and absolutely continuous characteristics, if the following conditions
hold:



1.1 Modeling of the loss index 15

1. X has independent increments, i.e. X, — X, s independent of Fi,

0<s<t<T.

2. For every t € [0,T], the law of X; is characterized by the characteristic

function

, ¢ 1 ;
Ele™Xt] = exp {/ (z’ubs - EcsuQ + /(ewx —1- iuwl{|x§1})Fs(dx)) ds}
0 R

with deterministic functions

b 0,7] — R,
c.:[0,T] — R,
F :0,T] - LM(R),

where LM (R) is the family of Lévy measures v(dx) on R, i.e.

/R(ﬂf2 A1)v(dz) < oo and v({0})=0.

It is assumed that

/OT (|bs| teot /}R(:p2 A 1)F5(dx)) ds < oo,

The triplet (b,c, F) := (b, cs, Fs)sco,r) 45 called the characteristics of
X.

Note that by Lemma 1.4 and Lemma 1.5 of [33] X is a semimartingale,
and the semimartingale characteristics (B,C,v) of X associated with the

truncation function h(z) = xlj;<; are given by

t t t
Bt:/ bods, ct:/ cods, u([O,t]xA):/ /Fs(dx)ds (1.4)
0 0 0 A
for A € B(R).

We assume the following exponential integrability condition.

(C1) There exists € > 0 such that for all u € [—(1 +€),1 + €

Ele"*] < 0o Vt e [0,T].
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By Lemma 1.6 of [33] this is equivalent to the following integrability condition
on Fi:

(C1’) There exists € > 0 such that for all u € [—(1 +€),1 + €]

T
/ / e Fy(dr)ds < oo.
o Jiz>1}

In particular, E[Z;] < oo for all ¢ € [0,77], if (C1) is in force. Furthermore

we require the following condition on the characteristics

(C2) /Otbds+ /csds—l—//e 1 — h(2))Fy(dx)ds = 0,

which implies (see e.g. [18], Remark 3.1, and [29], Lemma 4.4) that Z; = et

is a martingale. We note that (C2) also implies that the process

T
Irpanye” v = / / e Fy(dz)ds
0 {z>1}

has finite variation, or equivalently (by [27], Proposition 8.26) that Z; = et
is a special semimartingale.

Further, as in [33] we obtain that X; can be canonically represented as

Xt:/ bds+/ VesdW, +// (ds,dx) — F,(dx)ds),  (1.5)

where W, is a standard Brownian motion and  is the integer-valued random

measure associated with the jumps of X;.

Remark 1.1.2. By assuming time-inhomogeneous Lévy process to model Z;,
we allow for time dependent reestimation behavior. For example, one could
imagine that the reestimation frequency is higher in the beginning than later

on.

Another possible choice of the reestimation factor Z, is a positive affine

martingale. In Section [2.3|we give a characterization of this class of processes.
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Example 1.1.3. In particular, our framework includes the case when
t
Zy=eX and X, = / o(s)dVs, (1.6)
0

where o : R, — R is a caglad (left continuous with right limits) determin-
istic function with ¢ # 0 a.s.,, and V = (V});>0 is a Lévy process. See for
example [6], [12], or [48] for more details on Lévy processes.

In this case Z; is not a martingale, as requested by the assumption that
the reestimation is unbiased. However, by using the following lemma, we
justify why we can directly consider the process Z; of the form (1.6) as a

model for the reestimation factor.

Lemma 1.1.4. Consider the process Z, = exp{fot o(s)dVs} defined in (1.6)
such that
E[Z)] < o0, Vt>0. (1.7)

Let (b, c,v) be the characteristic triplet of the Lévy process V and let ¢ : R —

C be the characteristic exponent of V', i.e.
Ele™] =™ 4 eR.

Then

Y

E(2) = E [fio@] = el viohiv < o

where

V(—io(u)) = %caQ(u) + bo(u) + /OO ("™ — 1 —uzljy<y) v(dr). (1.8)

Proof. By Theorem 25.17 in [49] we have that ¢(—iu) is well-defined in
ueRif
E [6“‘/’5] < 00

for some t > 0 (or equivalently for every ¢t > 0) and then
E [e“v’f] = V) < oo, (1.9)
where

1 oo
Y(—iu) = Ecu2 + bu + / (e"" — 1 — uxly<) v(de).

e}
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Following the proof of Proposition 3.14 of [12], for o(¢) we consider a piecewise

constant left-continuous approximation o : R, +— R,

N
Bu) = Z il .0,)(w)
7=1
Then
t N
/ AV =3 oi(Vi, Vi, )
0 i=1
and by (1.7) and (1.9) we obtain

[ Jo o® u)qu] HE (Vi 1)] — H E[ea.jwj*tjfl]

N
H elti—ti-Dv(=io)) — oy ¥(=iot(w)du ~ (1.10)
7j=1

Equality (1.10) can be extended to an arbitrary caglad function o.

By Lemma we have that

7, - ¢~ do vmio)du _ o5 o(w)aVu—fg v(—io(u))du
is a martingale. Since e~ Jo v(io)du g deterministic, the presence of this
deterministic multiplicative factor in the expression for Z; will not play any

role in the computation of Section Hence, without loss of generality we

can assume that the reestimation factor Z; is of the form ([1.6).

Now we consider the problem of pricing of insurance European derivatives

with payoff depending on the value Ly, of the loss index at maturity 75.

1.2 Pricing of catastrophe options

1.2.1 Pricing measure

In the catastrophe insurance market the underlying index L is not traded.

Hence the market is incomplete and there exist infinitely many equivalent
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martingale measures. If we can include in the capital market the presence
of a reinsurance portfolio, then the reinsurance portfolio specifies a premium
process p; for the overall insured losses (L;);>o. The premium p; defines the
price at time ¢ of the remaining risk Ly, — L; (see also [I4]). If the insurance
market is liquid enough, we can consider p; as the price of an asset. In
this way the loss index could be approximated by an insurance portfolio.
Consider now a contingent claim H = h(Lr,) defined in (I). Recall that
h is a nonnegative continuous deterministic function and that we consider
the price processes of all derivatives in discounted terms. Therefore, in the
absence of arbitrage, given an equivalent martingale measure QQ, the premium
price and the price of an insurance derivatives that pays out H = h(Lr,) at

the maturity are given by

P2 = EC [LB _ L

5

and
n = B |h(Lr,)

fﬂ} : (1.11)

respectively. The problem is now how to choose an equivalent martingale
measure Q.

We make here the usual assumption that under the pricing measure Q
the index process is described by the same kind of process as under P. This

means that we assume that:

(A1) Z; remains a positive martingale under Q;

(A2) Before T3, L; remains a compound Poisson process, otherwise it would

be possible to obtain information on the next catastrophe;

(A3) N, Z,Y; remain mutually independent, otherwise under Q the reestima-
tion would be influenced by the catastrophes previously occurred. This
would also mean that the agent believes that different catastrophes are

estimated differently.

In particular, we assume that the class of pricing measures is determined by

Radon-Nykodym derivatives of the following form: Since hypothesis (A3) is
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in force and taking into account that the reestimation factor Z is already a

martingale, we choose a measure with the density given by

Nt
dQ _ exp Zlﬁ(Y) - /T1 AsdsE [P — 1]
dP g ! 0

X exp {/OTy(s)dWs _ %/OT 72(5)(13}

X exp { /0 Cn (s, 2) (u(ds, dr) — Fu(dz)ds)
-/ ) [t -1- lncb(s,w))Fs(da:)ds} (1.12)

for some Borel function # with F [eﬁ(yl)} < oo and positive deterministic
. dQy) _
integrands ¢(t, z) and v(t) such that E[%s] = 1.

By Girsanov’s Theorem for Brownian motion and random measures (see
[27]) this class of pricing measures preserves the structure of our model. In
particular, under the measure Q the process L;, t € [0,T1], is again a time

inhomogeneous compound Poisson process with intensity
AL = \E[eP0)] (1.13)

and distribution function of jumps

eP)

dGO(y) = WdG(y).

(1.14)

Further, under Q the process X is again a time inhomogeneous Lévy process
independent of L, t € [0,T}], with characteristics (b@, %, F?) given by

b? =b — ’Yt\/C_ta

Q _
Ct —Ct,

FtQ(dx) = ¢(t, z) Fy(dx).

In order to specify a pricing measure QQ, one possible method is now to
calibrate [3,¢ and « to observed market prices. For example, in [43] the

pricing measure is calibrated on the prices of insurance portfolios (i.e. from
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the premiums) and the prices of catastrophe derivatives. Another approach
to pick a pricing measure is chosen in [9], [40] and [49], where the choice of
the pricing measure for catastrophe insurance options is motivated through
an equilibrium argument between the premium price and the price of an
insurance derivative written on the same catastrophe losses. In [9] and [40]
the Esscher transform is used to compute the equivalent martingale measure,
which is justified by looking at a representative investor maximizing her
expected utility.

Here we do not discuss the problem of choosing (3, ¢ and ~, but we assume
to be given an equivalent martingale measure Q of the form and pro-
ceed to the risk neutral pricing under QQ of catastrophe options as described

in the next section.

1.2.2 Pricing via Fourier transform techniques

Now, let us return to the price process 72 given in (L.11). By (T.2) we can

rewrite (1.11]) as
W;@ = E? [h(LT1ZT2—T1>|?t] = E° [h<LT1€XT27T1>|?t} .

Interpreting the claim as a payoff on two factors, we can rewrite the price

process as
m¢ = B8 {g(Lry, Xnpor,)|F]. (1.15)

where g : R? — R, is defined by
g(x1, ) == h(x1€™) for any (a1, 75) € R* (1.16)

In the following we will calculate the expected payoff in by Fourier
transform techniques. To this end we extend the approach of dampened
payoffs on one dimensional assets of [45] (see also [8]) to general payoffs on
two dimensional assets. We impose the following hypotheses:

Assume that
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(H1) I == {(o, B) € R?| [o e F22g(y, z9)dardzy < 00} # 0.

Let
Li={@p) e®| | UGG, x, p(dn,dr) < oo},
where G2 is the cumulative distribution function of (Lz,, X7,-7,)

(L1y s XTy—17)
under Q. Assume that

(H2) I, N1, # 0.

Note that, since by Assumption (A3), Ly, and Xr,_7, remain independent
under Q, it follows that

I = {(a, 8) € R?| E%e*'n] < 00 and E%[e™ ] <00} (1.17)

Now, the dampened payoff function is introduced as

f(x1,29) = e 722 g(y ay)  for (o, f) € [ N L. (1.18)

Note, that under Hypothesis (H1), we have that
f() € LY(R?)

for (o, ) € I; N I. Hence the Fourier transform

- 1

f(ul,ug) = %/ €i(w1u1+m2u2)f($1,Ig)dﬂ?ldl’g (119)
R2

is well defined for every u = (uy,us) € R% Assuming also
(H3) f() € L'(R?),

we get by the Inversion Theorem (cf. [33], Section 8.2) that

1
27

flzy,20) = / e_i(““l”?”)f(ul, ug)duydus. (1.20)
]RQ



1.2 Pricing of catastrophe options

23

Remark 1.2.1. Note that the equality in holds everywhere and not
only almost everywhere because we have assumed a continuous payoff func-
tion h. If the probability distribution of Ly, would have a Lebesgue density,
an almost everywhere equality in (1.20) would have been sufficient for the
following computations. However, since the loss index is driven by a com-
pound Poisson process, the distribution of Lz, has atoms and we need an
everywhere equality to guarantee below.

Returning to the valuation problem (|1.15]), we obtain that

7T9 = EQ [Q(LTu XTQ—T1>|5tt] = EQ [eaLT1+BXT27T1f(LT17 XT2—T1)|SUJ

1 ) .
— 2_EQ |:€CMLT1+BXT2—T1 / 671(u1LT1+u2XT27T1)f<u1’u2>du1du2 354 (1.21)
m R2
= LEQ[/ e_i{(mHa)LTl+(U2+iB)XT27T1}f(ul, ) duy dusy ?t}
2T R2
1 ) ) ) N
- EQ [671{(u1+m)LT1 +(u2+lﬂ)XT2—T1}|3't] f(ul, u2)du1du2 (122)
2T R2
1 ) ) ) ) N
— 2_ EQ [e—z(uﬁ-za)LTl ’fft] EQ [e—l(u2+lﬂ)XT27T1 ‘3.‘4 f(ub u2)du1du2’
™ JR2

(1.23)

where in the equality (1.22)) we could apply Fubini’s theorem, because Hy-
pothesis (H3) holds. The last equation holds by the independence of Ly, and

Xr,—7, and by (L.17).

Since L is a time inhomogeneous compound Poisson process until 7 and
X is a time inhomogeneous Lévy process independent of L;, ¢t € [0,T}], we
can explicitly compute the conditional expectations in by using the

known form of the conditional characteristic functions:
1. If t < T}, we have

EQ [e—i(u1+z’a)LTl |:}ft}

— e*i(U1+ia)LtEQ [ef'i(ul‘i”ia)(LTl 7Lt)]
. . Tl w . .
= g Hmtio)Ls exp{—/ A?ds/ (1-— e_’(“1+’a)$)GQ(dx)}
t 0

T 00
- [ )\gdse—i(u1+ia)Lt exp{/ ' A?ds/ e—i(ulﬂa)mGQ(dx)} 7
t 0
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and

EQ [e*i(u2+i/5)XTQ—T1 |?t} — EQ [efi(ueriﬁ)XTQ—Tl}
To—T1 1
= eXp{/ (Z(UQ + Zﬁ)b? — EC(S@(UQ + Zﬁ)Q) dS}
0
=T . .
X eXp{/ /(el(“ﬁlﬁ)x — 1 —i(ug + iﬁ)xl{mgl})Fs@(d:E)ds}.
0 R

2. If t € [Ty, Ty,

EQ [efi(u1+ia)LT1 |3§t] — efi(U1+ia)LT1 .

)
and

EQ [e*i(UQJriﬁ)XTQ—TI |3~t}
— o i(u2tiB) X pQ [ —i(uz-i-iﬁ)(XTQ—Tl—Xt—Tl)] (1.24)

— o w2 +if)Xi-my exp{/ ( i(us + Zﬁ) _ %C (u2 4 Zﬁ) >
=T
X eXp{/ / Z(UQHB)J: i(uz + iﬁ)II{|x‘§1})Fé@(d$) ds}.

Example 1.2.2. Let us return to Example [1 where X is the process
defined in (1.6). In this case we can s1mp11fy the characteristic function
in (T.24):

To—T
EQ |:€—’L'(UQ+Z'B)(XT2—T1_Xt—Tl)] — exp{/ ¢@(—(U2 +iB)o(s))ds},
t—T1

where ¥? is the time-independent characteristic exponent of the Lévy process
V under Q, i.e EQ[eVi] = ¢t (w),

Hence, in order to calculate the price process (W;@)te[o’TQ] the only remaining
task is to compute the Fourier transform of the dampened payoff function f.

We summarize our results in the following

Theorem 1.2.3. Under the Hypotheses (H1)-(H3), the price process 72 of a
catastrophe insurance option written on the loss index with maturity Ts and

payoff h(Lz,) > 0 is given
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1. fort € [0,T1] by

T 0o
1 T ~ . . . .
71'9 = 2—6_ Ji 1)‘9‘1‘9/f(uhuQ)e_l(“l“a)Lt exp{/ /\(S@ds/e_’(“”w‘)mGQ(dx)}
T
R2 t 0
To-T)
1
X expq / (Z(U/Q + Zﬁ)b;@ — 509(1@ + zﬁ)Q) ds}
0
To-T)
coxpl [ [ (@097 <1 iun + 9)0 T ) F2(dn)ds)dudu,
0 R
and
2. fort >1T) by
W;@ — i / f(ul, u2)€7i(U1+ia)LT1 e*i(uz+iﬂ)xt_'rl
2w
RQ
T,
; ; Q _1 Q 0\ 2
X exp{ / (Z(Ug +1i03)bg 5Cs (ug + 103) > ds}
t—T1
T,
x expt / / ("= — 1 — iy + iB)a L <1y) F (dw)ds Yy dus.
t—T7 R

Here [ is the dampened payoff as defined in (1.18)), and f s its Fourier
transform (1.19).
Q

Remark 1.2.4. In order to estimate 7,” numerically several methods are
possible. One commonly used technique is the fast Fourier transform (FFT).
In our case we need to apply FFT for a double integral which implies reduced
speed of convergence. There exist various techniques to improve the conver-
gence speed (see for example the “integration-along-cut” method suggested
in [7]). However, speed becomes an issue only when one repeatedly needs to
price a large number of options. For further discussion on this topic we refer
to [12].

Remark 1.2.5. In this section we have chosen to model Z; by a time inho-

mogeneous Lévy process. This class of processes is very rich and flexible to
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model a wide range of phenomena, and at the same time it is analytically
very tractable. Note, however, that all the calculations go through exactly
in the same way even for other choices of processes for Z;, as long as the
conditional characteristic function is known. See also Section 2.3]for another

possible choice for Z.

1.3 Applications: call, put and spread catas-

trophe options

In this section we consider the most common catastrophe insurance options
traded in the market: call, put, and spread options. By computing explicitly
the Fourier transform corresponding to the payoff, we are able to provide

pricing formulas for these options using Theorem [I.2.3]
Example 1.3.1 (Call option).
Consider the payoff function of a catastrophe call option in the form
hean(z) = (z — K)* (1.25)

for some strike price K > 0. Then the corresponding payoff on a two dimen-

sional asset as introduced in ([1.16)) is

gcall(x1,x2> = (l‘1€x2 - K)+[{9U1>0} = (xlexZ - K)[{I1>0, x2>ln%}7
and the dampened payoff function is

_ —ax1—Br2
. =
f an(xl, $2) € gcan(xh xz)

_ efazlfﬁxz (1316902 _ K>I{xl>0, $2>1n%}, (1.26)

Note that f..1 belongs to L'(R?) for all (o, 3) € I; = (0,00) x (1,00). For
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the Fourier transform f.,; we obtain

~ 1 .
fean(u1,ug) = —/ ez(mluﬁxwg)fcau(xlaxz)d%d@

27

/ / (a—tu1)z1— (B~ iu2)1’2(xlex2 — K)d.l?zdxl
ln
[/ Tie (a 1,1/4) 1/ ei(ﬁililuQ)xQd.erm'l
27T 0 In £
31
—K/ (o—iuy)z / 6—(5—iu2)m2dx2dx1]
In &£
£l

—(a—iu1)z1 —(ﬁ—l—iug)an/mld
—_— ZT1€ (& X
" or [ﬁ — 1 —duy /0 ! !
K 00

ﬁ — iUQ 0

1 1 . ‘
= — B—iug 7(a71u1)xld
2 {(5 — 1 — juy) K (B—1-iu2) /0 xry e T

1 o |
. B—iuz  —(a—iui)x

e—(a—iul)z1 e—(ﬁ—iug) In K/z1 d22'1:|

1 fooo xf_imef(a*wl)xld%
C 21 (B — 1 — i) (B — iug) K (B—1—iu2)

T2 (B— 1 — i) (B — iuz) (v — duy ) BHI—iua) [ (B-T—iuz)’

where I'(+) is the Gamma function.

To prove that the payoff function of a catastrophe call option (1.25)) sat-
isfies the conditions of Theorem [I.2.3] it remains to show that

fcall(UhUQ) € L1<R2> (127)

Note that to prove (1.27)) it is sufficient to consider the asymptotics of

| fean(ur, us)| for |uy|, |us| — co. In fact, since

m |T(8+ 1 — iup)|e? ™ uy| 772 = Vor (1.28)

|ug|—o0
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(see 8.328.1 in [23]), we get

. 1 1
|fcall(u17u2)’ = %Kﬁhl'efiug an|

rB+1- ju2)||eiu2(1n|a—iu1|—iarctan %1)|

(8 — 1 — iug) (B — iug)(a — iug ) +D)]

-1 1 ID(B + 1 — duy)|evearctan
2 KP1|(B = 1 — iua) (B — iua) (o — dug ) O+

1 1 2W€7%|u2\‘u2’ﬁ+%eu2 aurv:tan7%1
2 K6-1 |ug|?|ug|BH!
1 1 67%|u2\|u2’[3’f%6ug arctan%
~ =g pH , (1.29)
where
. | f1(u1, uz)|
Uy, Ug) ~ folur,u & lim ————==1.
Filw, ) o~ folu, ) szl o0 | o (un, )|
Now we distinguish the following cases:
1. If uyus < 0, then ([1.29)) simplifies to
. 1 1 e—%|u2|’u2|ﬁ—%e—|ugarctan%|
| fean(ur, us)| ~ V2r KA1 |y [+
L1 eTmeluy)3 1.30
R R T2 B (1.30)
where the right hand side of ((1.30)) is integrable at infinity.
2. If uyuy > 0, then (|1.29) is equivalent to
uy Juq
. 1 1 €7§|u2|’uzyﬁfge\uﬂarctanT
| fean (ur, ug)| ~ Jan KA s (1.31)
1 1 e_%m'|UQ|B_%e|"2|(%_mtanﬁ)
o /on KP-1 |u1|ﬁ+1
1 1 \U2|B_%eflu2|mtan\%1l
T o KA1 |y |
11 i
ol e (1.32)

~ o KA1 MEE
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Since

00 ﬁ*% —ug 2
u2 [& lugl B l—,@ ]_ 3
|, St = ot - gl

is integrable at infinity, the right hand side of (1.32) is integrable as

[uq|, [ug| — oo.

We can thus apply Theorem [I.2.3] and obtain an explicit price for the call
option.

Once we know the price for call options, pricing of catastrophe insurance
put and spread options can be reduced to the pricing of call options with

standard arguments as we show in the next examples.

Example 1.3.2 (Put option). Let
hpui(w) = (K — )"

be the payoff of a catastrophe insurance put option. Then the payoffs of call

and put options with the same strike K are related through the formula
hput(2) = hean(x) + K — Lr,.

We can thus determine the price wgut (t) of the put option by computing the
price Wgn(t) of the call option and the following call-put parity:

Wgut(t) = W%u(t) + K — EQ[LTJ%]

= 7TQ (t) + K — EQ[LT12T2_T1|9~13].

call

For the conditional expectation EQ[Ly, Zp, 1, |F:] we get by independence of
(Lt)e<r, and (Zg o )usr, -7y that

1. ift< T,

E®[Ly, Zy,-7,|F) = E°[L1y|F) E® [ Z, -1, |F4)
T
= (L + EY[Ly, — L)) EQeX-1] = (L, + EYY}] / A\2ds)

t
To-T
1
X exp{ / b2 + 509 + /(e"lc — 1+ 2l <) F2(dz) | ds}
0 R
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2. if t € [T}, Ty),

E°[Ly, Zp,—1,|F) = E%[ Ly e |F))
- LTI Zt—T1 E@[GXP{XTz—Tl - Xt—T1 }] - LTl Zt—Tl

To—T1
1
x exp{ / bt geit /<€x — 1+ &lja<ny) F(dx) | ds}.
t—T1 R

Example 1.3.3 (Call and put spread options). A call spread option is a
capped call option which is a combination of buying a call option with strike
price K, and selling at the same time a call option with the same maturity
but with the strike price Ky > K. This corresponds to a payoff function at

maturity of the form

hopread(®) = (2 — K1)" = (2 — Ko)"
0, if 0 <z < Ky;
= r— Ky, ifKi<z< Ky
Ky — Ky, ifx > Ks.

The price of the catastrophe call spread option is thus the difference of the
prices of the call options with strike prices K; and K5 respectively.
Analogously we can calculate the price of a put spread catastrophe option
using the results in Example [I.3.2]

Remark 1.3.4. Note that for the above computations the damping param-

eter v in ([1.26)) has to be strictly bigger than zero. By (H2) and (1.17) this
implies that the distribution G@ of the claim sizes Y;, i = 1,2,..., has to

fulfill
/ e®*G9(dy) < oo, for some a > 0. (1.33)
R4

Typical examples of the distributions satisfying (1.33)) are the exponential,
Gamma, and truncated normal distributions. An important class of distribu-
tion functions which also satisfy (|1.33)) is the class of convolution equivalent

distribution functions 8(«) for o > 0, which is convenient for the modeling
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of the claim sizes. See [34] for the definition and properties, and [35] for
an application of the convolution equivalent distributions. The generalized
inverse Gaussian distribution is one of the most important examples of the
convolution equivalent distributions.

On the other hand, distributions G® with heavy tails do not fulfill
(they would require o < 0). However, because the class of heavy tailed dis-
tributions is very relevant for catastrophe claim size modeling, we will in the
next subsection specify a framework, in which we can also price catastrophe

options with heavy tailed claims.

1.4 Pricing with heavy-tailed losses

In order to treat heavy-tailed losses, i.e. to be able to take a damping param-
eter « = 0 in , we make the assumption that the distribution function
GQofY;, i=1,2,..., has support on (e, c0) for some € > 0. In other words,
we assume that if a catastrophe occurs then the corresponding loss amount
is greater than some small ¢ > 0. This assumption is obviously no serious
restriction, especially in the light of the fact that PCS defines a catastrophe
as a single incident or a series of related incidents (man-made or natural dis-
asters) that causes insured property losses of at least $25 million. Note that
this implies
{Ly, >0} = {Lp > €}, (1.34)
since L is a time inhomogeneous compound Poisson process until 77.
In this framework we now want to apply the Fourier technique of Sec-
tion to price a catastrophe put option. To this end we first perform the

following transformations. The price process of a catastrophe put option is

given by
mg = EY[(K — Ly e*™-n)T|F,]. (1.35)

Since L is a time inhomogeneous compound Poisson process until 7 under
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Q, we can rewrite as
72 = gC [(K . eXTszl)W{NTl:O}m}
+ B2 (K = Lyye¥™m) [y )|
— KQ(Ny, = 0|F,) + EY [(K — L) I, T, (1.36)
where we have used that Lp, I{NT1 —oy = 0.
Let Ly, := Ly, — €. Then by
{Lp, >0} ={Ly, >¢e} ={Ly, +¢>¢} ={Ly >0}
Hence we obtain
B2 (K = Lye") 1,017
— E° [(K — (L, + g)eXTrTl)+J{ET1>O}\9t] . (1.37)
Define the pay off function g by
g(z1,20) = (K — (z1 4 €)e™) Iy, 501-

In order to apply the Fourier method of Theorem [1.2.3] we continuously
extend ¢ from R, x R to R? as

(1, m9) = (K — (Ja1] + €)e™) ™.
Then we have
EQ [g(Lry, Xgyog,)\1) = B2 (K = (Lg, + )X Ip sy ||
+ B9 [(K — (|Lp| + e)eXTTTl)JFI{ETlSO}\S"t] . (1.38)

Since {Ly, < 0} = {Ly, = 0} = {Ly, = —¢}, the second term on the
right-hand side of ([1.38) is
B [(K = (|Lp| + e ) Iz, <)l

— EC [(K - 2eeXT2*T1)+I{ET1:_E}|S"t}

= E° [(K — 2ee™m1)*|F, ] Q(Lry, = —€]F)

= E%[(K — 2ee™=-1)%F,] Q(Ly, = 0|F,)

= E%[(K — 2ee™2-1)"|F,] Q(Ngy, = 0|F,). (1.39)



1.4 Pricing with heavy-tailed losses

Together, equations (1.36)—(1.39)) lead to the following expression for the

price process of a put option.

Proposition 1.4.1. Under Assumption (1.34), the price process of a catas-
trophe put option is given by

e = KP’+ PP’ 4+ P?,
where

T )
Pto =e AQ(S)dsI{Nt:O};

P! = E© (K — 2eeXmm)H|F,]
P? = E[(K — (|Lz,| + €)e*mm)T|F,] .

Proof. Given equations (1.36)—(1.39), it only remains to validate the
expression for P°. Since N, is a time inhomogeneous Poisson process with

deterministic intensity A2(¢) > 0 under Q, we have

Q(Nr, = 01F:) = Q((Nz, — Ni) + Ny = 0|F;)
= Q((Nr, — Nt) +n = 0|F;)|n=n,

_— N oy

O

Note that P! is the price process of a regular put option written on a one
dimensional asset that is given by an exponential Lévy process. This price can
be obtained by Fourier transform techniques or any other favorite method.
To use in one dimension the Fourier transform methods of Theorem

one computes that the dampened pay off
fo(ws) := (K — 2ee™) e for > 1

has the Fourier transform

~

1 lnz—fi '
fo(u) = Nor / er2efr2 ([ 9ee™2)da,y

K K\’ 1 .
_E(Z) GrwGrivm <X ®
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In order to calculate the last term P? of the put price process ﬂi@ we can

now use Theorem with damping parameter v = 0 (which then allows
for heavy tailed loss distributions by Remark [1.3.4)). For this purpose we
check that Hypothesis (H1)—(H3) hold true. First we consider the dampened

function
fi(zq, x9) == eﬁwzg(:ﬁl,xz) = eBmQ(K — (Jz1] + €)™t for B> 1.

Since f; € LY(R?), we have (0,—3) € I, for all 3 > 1. Hence Hypothesis
(H1) is satisfied for 3 > 1 and o = 0. We assume that EQ[e?*2-71] < oo
for some 3 > 1. Then by (1.17), we have (0,3) € I N I;. Thus (H2) is also
satisfied.

Remark 1.4.2. Note that we can now admit heavy-tailed loss distributions,

because we don’t need to dampen in x1 anymore, since a = 0.

To check (H3) we consider the Fourier transform of f;:

o 1 .
Ji(ug,ug) = %/ elmmtazu2) f () ao)dwydy
R2
1 i(rrur+zou T x
— % el(@iuitzauz) 6 2(K — (’I1| +€)e 2)]{@1‘SK6_I2_6’$2§H%}dxldxg
R2
1 1n§ Ke %2 —¢ ]
= — / ellmertusze) oBo2 (FC (191 | 4 €)e™?)daydixy
2w 00 —Ke %2 +te€
In & —x
_ 1 c emme(ﬁﬂ)le — cos(uy (Ke™™ — E))dxg.
2 J_ u?

Lemma 1.4.3. There exists C' > 0 such that
| fi (g, u)|(1 + uduy + 0 +ud) < C for all uy,uy € R. (1.40)
Proof. We prove Lemma in four steps:

1. Since f; € L*(R?), f; is bounded, i.e. there exists 0 < C} < oo such
that

~

\fl(ul,u2)] S Cl for all Uy, U € R.
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2. Then we have

~ 1 ln% N 1 1 K B4+1
|f1<U1,U2)’U% o - 2¢(A+1) 2d;c2:;? (_)

IN

=: Cg < Q.

3. Integrating by parts we obtain

|f1(U1, U2>‘U§

1 < 0%
=3 2/ §¥wwae%m%*wwmmv”—wﬁb
Uy —00 L3
ln—
- - ‘ / (efuz2) . g(B+1)z2 ((ﬁ +1) (1 — cos(uq (Ke ™ — 5)))
Tu3

— sin ul(Ke_’“" €))ui Ke *?) das|

1 ln? )
5 ‘ / e'zr2 {(ﬁ + 1)26@“)”"2 (1 — cos(uy (Ke ™ — e))>

2mug

= 208+ Ve un K sin(uy(Ke™ =€) + e un K (sin(us (Ke ™ — )

+uy Ke 2 cosuy (Ke ™™ — e)) } dxs|.

Substituting s = s(xq) := uy(Ke "2 — €) we note that

|f1(u1,u2)|u2 21 /Oo ‘(6—1— 1)% ﬁ+1)$2<1—coss(x2)>

— (28 + 1)655"’2u1K sin s(x9) + u1K2 (B=1)z2 (g s(xg))dxg

lnﬁ —x
N (CRRURERR (L CuteL

ln—

< —
T 2m oo 2u?
] K -T2 __
+ (26 + 1) sin(u (K 6))' + K2eP=12| cog 8($2>’)dx2
Uy
1 [ K220 | 2
<5 <<ﬁ+1)2e<5+l>@—6 5 T 28+ 1) ke — o
m

+ K2e(’6—1)$2>d$2 =: (3 < o0.

4. Further we consider | f; (uy, us)|u2us. Since for 0 < |uy| < 1 we have

| i (o) |uduy < | fy(us, ug)|ud < Cs,
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we can assume that |u;| > 1. As above we get

In £
‘ / ghuzez {(ﬁ + 1)%eP+bz2(1 — cos 5)

—2(6 + 1)eﬁx2u1K sin s + eﬁ“ulK(sin s +u; Ke ™ cos 5)} dxs

X ),
| fi(ur, ug)|uguy = Cr

1 ln?
= Srun / 2 {(B 4 1)2eP ™ (1 — cos s)

— (28 + D™ u K sin s + P Y722 K2 cos S}d(l?g‘
=: G(uy).

Substituting z = Ke™* — e = = we rewrite G(u1) as

1 K B+1
Glu) = 2uy ! Jo (e + z) (B+1) (e—i-—z) (1 = cos(ur2))
— 204+ 1w K ( ) sin(uy 2)
o K ds
+ulK <e—|—s cos(ulz)}€+z

Kﬁ+1 Btiuz
< Cy+ ‘ / ( > cosuy zdz
e+ z

1 ﬁ+1+iug
) (—> sinulzdz‘
2m €+ 2
KB+
§C4+m:2 C4+C5<OO.
Now (T.40) holds with C' := 3", C;. O
Corollary 1.4.4. The Fourier transform f, belongs to L'(R?), i.e. (H3) is

satisfied.

Proof. By Lemma [1.4.3|we have

du2du1

) 1
dudu, < C
| f1(wr, us) |durdus < /R 1+ u3(1 + |ua]) +

= 27TC’/ ! du; < o0.
o V(I +u)(1+w)

RQ
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O

Hence all assumptions necessary to apply Theorem [I.2.3]and to calculate
P? with a damping parameter a = 0 are satisfied, and we can compute prices
of put options including heavy tail distributed catastrophe losses. Pricing of
catastrophe call and spread options can then be obtained by using call-put

parity arguments as in Examples [1.3.2{{1.3.3]



Chapter 2

Pricing of catastrophe options
under assumption of immediate

loss reestimation

2.1 Modeling the loss index

Motivated by the index structure elaborated in the introductory section
of Part [, we now model the stochastic process L = (L;)o<i<7, representing

the loss index as
Niny

L= ) YAl ., te[0,T), (2.1)
j=1

where

(L1) Ns,s € [0,T3], is a Poisson process with intensity A > 0 and jump times
7; , that models the number of catastrophes occurring during the loss

period.

(L2) Y;, j =1,2,..., are positive i.i.d. random variables with distribution
function FY, that represent the first loss estimation at the time of

occurrence of the j-th catastrophe.

38
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(L3) Al,s€0,Ty], j=1,2,..., are positive i.i.d. martingales such that

Al=1, Vj=1,2,....

(L4) A7)Y;, j=1,2,..., and N are independent.

In the sequel we will often drop the index j and simply write Y and A in

some formulas, when only the probability distribution of the objects matters.

The martingales A{ represent the unbiased reestimation factors. Here we
assume that reestimation begins immediately after the occurrence of the j-th
catastrophe with initial loss estimate Y}, individually for each catastrophe.

We here suppose that market participants observe the evolution of the
individual catastrophe losses. Note that observing the market quotes of the
catastrophe index L alone is in general not sufficient for the knowledge of the
single reestimation factors A. However, it might not be unrealistic to assume
that market participants are able to obtain additional information about
the evolution of individual catastrophes. Therefore, we assume the market
information filtration (&F)o<;<7, to be the right continuous completion of
the filtration generated by the catastrophe occurrences N, the corresponding

initial loss estimates Y;, and the corresponding reestimation factors AJ.

2.1.1 Pricing of insurance derivatives

We consider again the problem of pricing a European option with payoff de-
pending on the value Ly, of the loss index at maturity 75. In the catastrophe
insurance market the underlying index L is not traded. Hence the market is
highly incomplete and the choice of the pricing measure is not obvious.

As in Section we adopt here the common approach that the risk
neutral pricing measure is structure preserving for the model, except that
the pricing measure might introduce a drift into the reestimation martingales
Al =1,2,.... At this place we don’t discuss further the choice of the

pricing measure. Therefore, to simplify the notation and without loss of
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generality, we perform pricing with the model specification given under P,
where we substitute the hypothesis (L3) with

(L3) Als € [0,T3], 7 = 1,2,..., are positive i.i.d. semimartingales such
that
Al=1, Vj=1,2,....

Recall that a catastrophe insurance option is a European derivative H

written on the loss index with maturity 75, and payoff
h(LTQ) >0

for a payoff function h : R — R,. Analogously to Section we consider
the price processes of the catastrophe option H in discounted terms, i.e the

price process of H is given by
T = E [h(LT2)|:}dt} s t e [0, TQ} (22)

In the following we will calculate the expected payoff in (2.2]) by using Fourier

transform techniques. To this end, we impose the following conjectures:
(C1) The payoff function h is continuous.

(C2) There exists k € R such that

h—k‘ELZ(R):{g:R—»Cmeasurable’/ |g(x)|2da:<oo}.

Remark 2.1.1. In Chapter 1| we were able to consider more general options
that did not necessarily fulfill (C2) by considering dampened payoffs. How-
ever, as we have seen in Subsection the cost of this approach is that
treating heavy tailed distributions of claim sizes Y becomes more compli-
cated. The approach in this section allows for general claim size modeling,
including distributions with heavy tails. Further, as we will see in Sub-
section , Conjecture (C2) is satisfied by call and put spread catastrophe

insurance options, the typical options traded in the market.
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Now let

o0

() = — / e (h(z) — k)dz, Vu € R,

" or

be the Fourier transform of h — k£ and assume that

—00

(C3) heL'(R).

Note that Conjecture (C2) does not necessarily imply (C3). Since (C2)
and (C3) are in force, the following inversion formula holds (see cf. [33],

Section 8.2)
h(z) —k = / e h(u)du . (2.3)

o0

Note that Remark is also in force here because of (C1).
By (2.3) and (C3) we obtain

m = EW(Lp,)|F] = E[h(Ly,) — k|F:] + &

_ B [ / Z e“‘LT2fL(u)du|fﬂ] s (2.4)
_ / Z E [e (5] h(w)du + k, (2.5)

where in the last equation we could apply Fubini’s theorem because of (C3).
Hence, in order to calculate the price process (m)icpm in (2.5), the
essential task is to compute the conditional characteristic function of Ly,
Nr,
Ct(u> =F [ewLTQ |3:t] =F €Xp iuZYjA%E—Tj 3:t N AS R, (26)
j=1
for t € [0,T3]. We define the conditional characteristic function of the rees-

timation martingale A’ as

N(s,u) = E [ei“Ag

3:;‘“'], 0<t<s<T, (2.7)

where 9—‘;“ =0 (AJ, 0 < s <t)is the filtration generated by the j-th reesti-

mation factor. The main result of this part is

Theorem 2.1.2. The conditional characteristic function (2.6) of the loss

index Ly, is given
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1. fort <1y by

ei(w) = exp {=\Ti = 1) (1= B [9(T; = U,uY)]) }

N
AJ .
X Hwt—s]-(TZ - Sjvuyj)‘sj:.,.j7y].:§/ja uc Rv
j=1

2. fort e [Ty, T3] by

Nr,
Ct(u) = Hwﬁs]'(TQ _Sj7uyj)‘sj:7-j7y].:yj , u€ R.
j=1

Here U is a uniformly distributed on [t,T1] random variable, and Y is a

random variable with the distribution function FY and independent of U.

Note that in Theorem the times of catastrophe occurrence 7; and

the initial loss estimates Y; up to time ¢ are known data.

2.1.2 Proof of Theorem (2.1.2

We distinguish the computations over the two periods.
1) For t € [0,T}] we get by Assumption (L4) and by the independent incre-
ments of N, that

Ny Nty
ci(u) =FE |exp < iu ZY}AJTQ_TJ_ + Z YAz, . F
j=1 J=Ne+1
N Nty
=F |exp {zuz YjAJTQ_TJ} F| E |exp iu Z YiAr, . | F
j=1 J=Ni+1

=a(u) i=by (u)
(2.8)
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We compute separately the terms a; and b, in (2.8)). By Assumption (L4) for

at(u),u € R, we have

Ny
ai(u) = E |exp {iuZYjAjfg_Tj} F
j=1

=F |exp {WZ yjA]fg—s]} F;
L Jj=1
Ny
= H E [eXp {z’uyjA%Q,Sj H fft]

J=1

N
T fo
H exp § wuy; A, 55 ey

J=1

Ny .
= [[ ok, (1o — s, uy)
j=1

n=Nt,s;=T;,y;=Y;

5j=Tj Y=Y

$j=T;,Y;=Y}

Note that for this first term the Y}’s, 7;’s, and N; are known data, because
the corresponding catastrophes have happened before .
For the second term b;(u),u € R, we get again by (L4) and the indepen-

dent increments of the Poisson process N

JVT1 NTl
_ ; J _ ; A
bi(u) = E |exp{iu E YiAz,_. } | = E |exp{iu E YiAz,_..}
j=Net J=Net1
B n .
w3 YA,
=F |:e J=1 ]\fT1 _Nt’Y17"'7YNT1—NtT17‘"7TNT1—Nt:|n:NT1_Nt7
- Sj=Tj
[ n
AJ
=F E|:H77Z)0 (TQ — Sy, Uy]> NT1 — Nt7 Yi, N 7YNT1—Nt7—17 Ce ,7']\[T1_Nti|n:NTl_Nt7
j=1 Yi=Yj,
- S;=Tj
Nr,
A
=E| [ ¢ (@-muy))]| . (2.9)
_j:Nz-I-l

By Theorem 5.2.1 of [47] we obtain the following result:



44

Assumption of immediate loss reestimation

Lemma 2.1.3. Let N; be a Poisson process with jump times 7;, j = 1,2,. ...
Then for all0 <t < T,

(TNt+1,...,TNT|NT—Nt:n)

has the same distribution as the order statistics (Uqy, ..., Uny), where U;, j =

1,...,n are i.i.d. uniformly distributed on the interval [t,T).

Using Lemma and again Assumption (L4), we can replace the 7;’s
in (2.9) with the order statistics Ujy of i.i.d. uniformly distributed random

variables on the interval [t,T}] and get

N,
bw) =E| [] ¢T-Uy.uYy)|, ueR.
j=Ni+1
(2.10)
Next, we need the following simple auxiliary lemma
Lemma 2.1.4. Consider the order statistics Uy, ..., Uyy of n ii.d. ran-
dom wvariables Uy, ..., U, and a bounded measurable function f(xy,..., z,)

symmetric in its arguments. Then

E[fUqay,....Un)] =E[f(U1,...,U,)].

Proof. We denote by X, the set of all permutations. of {1,...,n}

E[fUq),- . Um)] = E

Z f(UU(1)7 R UO'(’VL))‘[{UU(1><~~~<UU(,”)}]

O'EEn

=F [f(U1, ceey Un) Z [{UU(1)<“'<U0'("7'>}:|

oEY,
"

1
= E[f(Uy,...,U,)].
By the i.i.d. assumption of the Y}’s and A7’s, we see that the function

fi(s1y..y8n) = E , ueR,

[T vs (72 = s5,uY;)
=1
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is symmetric in s;...,s,. It is then not difficult to see, using Lemma [2.1.4
that

bt(u) = E E[H¢64(T2 — Sj,UY}') NT1 — Nt, U(1)> ey U(NTlth):| n=NT1Nt,]
L =1

55=U(3)

= E fg(Sl""?‘Sn)‘n:NTl—Nt, = E |:f3(U(1)7...,U(n)) N N:|
i s;=Uj) A
_ Nr,

= F | /(U U, =F || NTy — U, uY;

- fu( 154 n) - w0(2 iU ])
- n:NTl_Nt Jj=N¢+1

=k

Nr,
exp {in Y }3A§2_Uj}], (2.11)

j=Ni+1

where we have substituted the order statistics Uy with the ii.d. uniform
variables Uj.
Note that (2.11]) coincides with the characteristic function of a compound

Poisson process of the form
Nr,

2. 7,

Jj=N¢+1
where Z7 = Y;A%, _,,j =1,2,..., are i.i.d. The form of the characteristic
2—Yy
function is in this case well-known. Thus we can rewrite (2.11)) as

N,

E |exp{iu Z Y}AJfQ—UJ-} = exp {_)‘(TI —1) (1 -k [BWT])}

j=N¢+1

=exp{-ANT1 —t) (1 = E [y (Ta — U,uY)]) } .

This completes the proof for the case t < T7.
2) For the case when t > T}, we get

]\/vT1 v
ar(u) = [ [, (1o - sj,uyj)|sj:%yj:yj ; uweR,
j=1

as for the term a; in the case 0 < ¢ < Tj.

This completes the proof of Theorem
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Remark 2.1.5. In [49] a special case of our model is presented where the
reestimation factor A is a geometric Brownian motion. In this case, the
conditional characteristic function of the reestimation factor can be computed

by numeric integration via

Vi(s,u) = E [ei“e"p(BS‘%s)

gjt] - F [eiuexp(Bt—%t)exp{Bs—Bt—%(s—t)}‘ 3:{|

—FE |:67Luwt exp(BS,t—%(s—t))]

. (y—3(s—1)?
- / e (Y

Here we note that no closed-form expression is known for the lognormal

_1
wy=ePt =2t

_ 1l
wi=eBt— 3t

characteristic function. Moreover, the numerical computation of lognormal
characteristic functions is a fairly challenging problem because the defining
integral formulas are not well suited to the common numerical integration
techniques. However, several approaches have been proposed to calculate the
characteristic function of a lognormal random variable. For instance, in [38§]
two main methods were introduced. The first one is to solve a functional
differential equation, applying the fact that the Fourier transform of the
lognormal characteristic functions is known, and therefore the solution is
unique. Another approach of [38] is to evaluate the characteristic function
as a convergent series of Hermite functions. See [38] for more details. We
refer also to [2] and [24] for further issues on the numerical computation of

the characteristic function of a lognormal random variable.

In Section we turn our attention to a class of reestimation processes
where the conditional characteristic function is numerically tractable and in
some cases analytically obtainable: affine processes. For further information

on affine processes and their applications to mathematical finance, we refer
to [16], [15] and [21].
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2.2 Pricing of call and put spreads

We conclude Chapter [2] by applying the developed pricing method to call
and put spread options, which are the typical catastrophe options traded in
the market.

A call spread option with strike prices 0 < K; < Kj is a European

derivative with the payoff function at maturity given by

0, if 0 <z <Ky
h(l’)z x— K, 1fK1<£L'§K2,
KQ—Kl, lfx>K2

The integrability condition h — k € L*(R,) is satisfied for k := Ky, — K;. In
particular, h — k € L*(R,).
To satisfy (C1) and (C3) we continuously extend h from R, to R by

h(z) = h(—z), ifz <0;
Y= h(z), ifaz>0.

Note that the price processes of the two corresponding options with payoffs
h(Lz,) and h(Lz,) remain the same, because Lz, > 0.
Let

=P

(u) : ! /00 e "*(h(z) — k)dz, Yu € R,

T o

—0o0

be the Fourier transform of h — k. Then

Fu) = = l /_ e Ky

T

K

2 Ky
K1 ) Ko ]
+/ e (K, — Ky)dr + / e " (r — Ky)dx
_K;
1

|:6—zuK2 + 67,qu - 6—zuK1 o ezuKl]

" 2mu?
1 - - 1
= m(%ew& — Rei) = W(COS uKy — cosuk,) € L'(R),

and by applying the inversion formula (2.3) to h(z) for > 0, we obtain
that (2.3) holds also for h, since h(z) = h(z) for > 0.
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In particular since Ly, > 0 a.s., for the price of the call spread we can

write

7S = E[h(Lp) — kF) + k = Blh(Ly,) — k|F,] + k
= FE [/ emLTQZW)dU’% + k

o0

— / E [z |F,) h(uw)du + k

o0

- /_OO co(uw)h(u)du + k

o0

1 o0
= —/ ) (cosuKy — cosuly)du+ Ky — Ky, (2.12)

)

2
T ) o U

where ¢;(u) is defined in (2.6)). Note that the integral in (2.12) is real-valued,
since ¢ (—u) = =S¢ (u) by definition of ¢.
Analogously, for the put spread catastrophe option with payoff at the

maturity given by

Ky — Ky, it0<z < Ky

g(x) =9 Ky—z, ifK <x< Ky
O, if ¢ > Kg,
we obtain
1 oo
xPs = _/ Ct(? (cosuK; — cos uKy)du. (2.13)
T ) o U

Note that the call-put parity is satisfied:

PS CcS
T :KQ—Kl—ﬂ't .

2.3 Reestimation with positive affine processes

In this section we suppose that the reestimation factors are given by positive
affine processes. Affine processes constitute a rich class of processes suitable
to model a wide range of phenomena. At the same time the advantage is
that the conditional characteristic function can be obtained explicitly up to

the solution of two Riccati equations.
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Definition 2.3.1. A Markov process A = (A, P,) on [0,00] is called an
affine process if there exist C-valued functions ¢(t,u) and ¥(t,u), defined on
R, x R, such that fort >0

B [e4n| 5, = Tt kit 2.14)
We assume that

(A1) Ais conservative, i.e. for every ¢t > 0 and z > 0

(A2) A is stochastically continuous for every P,.

By Proposition 1.1 in [30] Assumption (A2) is equivalent to the assumption
that ¢(t,u) and ¥ (t,u) are continuous in ¢ for each w.

In the framework of our model, the computation of the conditional charac-
teristic function reduces to the computation of ¢ and 1. In some cases these
are explicitly known, otherwise they can be obtained numerically. In the par-
ticular case when the reestimation factors remain positive affine martingales
under the pricing measure we are able to prove the following characteriza-
tion, which provides a useful simplification of the conditional characteristic

function.

Theorem 2.3.2. Let A be an affine process, satisfying Assumptions (A1)
and (A2). Then A is a positive local martingale if and only if A admits the

following semimartingale characteristics (B,C,v):
t
Bi=p [ Ads
0
t
Cy :a/ Agds, and
0

v(dt,dy) = Ayu(dy)dt,

where .
= ull — d
B = pu[l,00) /1 yu(dy),

a >0, and p is a Lévy measure on (0, 00).
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Proof. Since A satisfies Assumptions (Al) and (A2), by Theorem 1.1
in [30] and Theorem 2.12 in [I5] A is a positive affine semimartingale if and

only if A; admits the following characteristics (B, C, v):
t
Bt = / (b —+ ﬁAS)dS,
° t
C, = a/ Aids, and
0

v(dt,dy) = (m(dy) + Au(dy))dt,

for every P, where
b

bt /(Om)u A y)m(dy),

a,b> 0,0 € R, mand p are Lévy measures on (0,00), such that

/ (y A )ym(dy) < oo.
(0,00)
By (A2) and Theorem 7.16 in [11] the following operator L

L) = geaf") + 0+ 600 @)+ [ () = Sl

ta /( () = 50 = £ 1A (2.15)

on C*(R,) is a version of the restriction of the extended infinitesimal gener-
atorf] of A to C2(R,). Then A is a local martingale, if and only if
Lf(z)=0 for f(x)=x.

Substituting f(z) = x in (2.15)), we get

ym(dy) + /( = (L Ap)utd)

Lx:b—l—ﬁx—i—/

(0,00)

= <5+/loo(y - 1)u(dy)>x+b—|— /(OOO) ym(dy).

'An operator L with domain Dy, is said to be an extended infinitesimal generator for
A if Dy, consists of those Borel functions f for which there exists a Borel function L f such

that the process
t
Lf = (4 = f(A0) ~ [ Lf(x)ds

0
is a local martingale.
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Hence, A is a local martingale if and only if

6+ / Ty - Duldy))z+ b+ /( =0 210

for any x € R,. Since b > 0 and m is a non-negative measure, condi-
tion (2.16) means that

b=0, m=0, and [=p[l,c0)— /100 yu(dy). (2.17)

0J
Let A be an affine process, satisfying Assumptions (A1) and (A2). By The-
orem 4.3 in [2I] the conditional characteristic function of A satisfies (2.14)),
where ¢(t,u) and (¢, u) solve the equations

oY(t,u) = R(¥(t,u)), ¥ (0,u) =1du, and (2.18)
o(t,u) = /0 F(¢(s,u))ds, (2.19)

where, for z € {C| Rz < 0},

R(z) = %()422 + Bz + /(0 )(ezy —1—z(y A1))u(dy), (2.20)
F(z) =bz+ /(0 )(ezy — 1)m(dy), (2.21)

and «, 3, b, m, pu are the parameters of the infinitesimal generator (2.15)) of A.

If Ais a local martingale, then by (2.17) we can simplify (2.21) and ([2.20))

as follows:
1
R(z) = 50422 + / (e — zy — )pu(dy), and (2.22)
(0,00)
F(z) = 0. (2.23)

From (2.23)) and (2.19) we immediately obtain for positive affine local mar-
tingales that

o(t,u) = 0.
In order to determine 1), one has in general to solve (2.19) numerically. For
some special cases, however, it is possible to compute 1 analytically. We give

two examples.
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Example 2.3.3. If A has no jump part then A is called Feller diffusion (see

e.g. [15]). In that case the positive affine martingale dynamics is given by

dAt =\ OéAtth,

where W, is a standard Brownian motion. Consequently, we have yu = 0

in (2.22) and we can rewrite (2.18) as
1
v = St (224

Solving the differential equation (2.24) we get

1

’Qb(t,U) =0 or ’l/)(t,u> = —m,

u € R,

where C'(u) can be found from the boundary condition (0, u) = iu. Substi-
tuting C'(u) into v, we get
1
t,bu) =0 or t,bu) = ————, u€R.
ot I v

Note that if we have no jump part, then A has positive probability to be
absorbed at 0. However, it may still be of interest to consider also the
case of positive probability of absorption at zero, if we wish to include the
possibility of fraud or falsified reporting of claims into the model. In this
case, reestimation might discover the fraud and the previous fake evaluation

will be set to zero.

Example 2.3.4. In order to give an example of a positive affine martingale
with jumps where we can solve for ¢ explicitly, we specify the jump density
p(dy) in the semimartingale characteristics in Theorem as

3 dy
dy) = ——— -7

Then some calculations give R(z) in (12.20)

1 3 dy
R(z) = a2+ ——= W zy—1 2.25
1
= —a? + (—2)*? (2.26)
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for z € {C| Rz < 0}. Consider n(t,u) := —(t,u). By we have
—n, = %04772 + . (2.27)
The solutions to (2.27) are n(t,u) = 0 and
(e, 0) = (1 W(=Clue4) 2, (2.28)

where W(-) is the Lambert W function?] The boundary condition 7(0,u) =
—(0,u) = iu yields

Clu) =~ (—1 + 2\/%) exp (—1 + 2\@)

Substituting C'(u) into (2.28)), we get for (¢, u) = —n(t,u):

Y(t,u) =0 or Y(t,u)= —% (1 +W((-1+ 2\/5)6—3—14—2 5)) _

2The Lambert W function W (z) is defined to be the function satisfying W (z)e" (*) = z,

z € C. See [13] for more details on the Lambert function.
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Outline of Part

This part of the thesis is organized as follows. In Chapter [3| we follow the
method of [26] for pricing electricity contracts, which converts an electricity
futures and spot market into a money market applying an appropriate change
of numeraire transformation. We point out that in [26] all price processes in-
volved were assumed to be continuous and the classical Heath-Jarrow-Morton
(HIJM) approach was proposed to model a bond market. We generalize the
approach of [20] replacing, in the dynamics of the asset prices, the Brownian
motion by a general Lévy process taking into account the occurrence of spikes.
We show in Chapter 4] that this method combined with the Fourier trans-
form techniques introduced in Chapter (1| provides explicit pricing formulas
for FKuropean electricity options. Moreover, in this framework the spot price
dynamics becomes Markovian, and therefore, complicated path-dependent
derivatives such as electricity swing options can be valuated.

To begin with, in Section we explain a connection between electricity
and fixed-income markets. Then, in Section we introduce an electricity
market model derived by a Lévy term structure. In particular, we consider
the corresponding measure transformation in Section [3.3] Thereafter, in
Section we examine the Markov property of the spot price process in our
framework. Moreover, in Section |3.4 we show that our framework contains as
a special case the commonly accepted model for an electricity market, where
the spot price process is an exponential of an Ornstein-Uhlenbeck process.
Finally, we apply the results of Sections [3.2|and [3.4] to valuation of electricity
derivatives in Chapter

35



Chapter 3

Electricity markets derived by

Lévy term structure models

3.1 Connection between electricity market and

money market

Let F(t,7), 0 <t < 7, be the futures price of electricity at time ¢ and T be

a finite time horizon, 7 < T'. Denote the set of chronological time pairs by
D:={(t,7):0<t<7<T}.

We model the futures market starting from the following axioms:

C1: For every 7 € [0,T] the futures price evolution (F(t,7))urep is a
positive-valued adapted stochastic process realized on a complete filtered
probability space (Q,F, P, (F¢):cj0,17)-

C2: There exists a martingale measure Qf equivalent to P such that for all
7 € [0, 7] the futures price process (F(t,7))uren is a QF-martingale.

C3: At t = 0 futures prices start at deterministic positive values (F'(0,7))cfo77-

C4: Terminal prices form a spot price process Sy := F(t,t), t € [0,T].

Following the approach of [26] we now convert the electricity market into a

money market consisting of bonds (P(t, 7))o<t<r equipped with an additional

26
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risky asset (IV¢)icjo,r) by using the following transformation:

P(t,7) := Fg’:), (3.1)
1
N, = 5 (3.2)

The money market defined by the currency change (3.1)—(3.2)) satisfies the
following axioms:

M1: (Ny)ecpo,r) and (P(t,7))¢,r)ep are positive, adapted stochastic processes
defined on (2, F, P, (F4)icpo,n)-

M2: There exist a positive-valued, adapted numéraire process (Cy)¢cpo,r) and
a martingale measure QM equivalent to P, such that for all 7 € [0, T the dis-
counted price processes P(t, T) = %f), (t,7) € D, and N, := %, 0<t<T,
are QM-martingales.

M3: Prices start at deterministic values Ny and (P(0,7))-¢jo,17-

M4: Bond prices finish at one, i.e. P(t,t) =1, for every t € [0, T].

We now need a slight generalization of Theorem 1 in [26].

Theorem 3.1.1. i) Suppose that the commodity market (F(t,7))¢rep ful-
fills C1-C4 with an initial futures curve (F(0,7))recpm and a martingale
measure QY. Then the transformation - provides a money mar-
ket satisfying M1-MJj with initial values

F(0 1
P(0,7) := ( ’T), V7 el0,T], and Ny=—,
SO SO
where the discounting process and the martingale measure are given by
St
F(0,7)
i) Suppose that the money market (P(t,7))wren, (Ne)iejo,r fulfills M1-Mj

with initial values (P(0,7))rcom and Ny, a discounting process (Cy)ecjo,r],

C,=Pt,T), tcl[0,T], and dQY = dQF. (3.3)

and a martingale measure Q™. Then the transformation

P(t,7)
N,

F(t,7):= (t,7) € D, (3.4)
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gives an electricity market with the deterministic initial futures curve

PO, 7
F(0,7) := (TO),

for all T € [0,T], and the martingale measure
_ NeGo
Cr No

Note that in Theorem 1 of [26] all price processes were assumed continu-

dQF - dQM. (3.5)

ous. In our proof we will only use the integrability properties of the processes
involved.
Proof.

i) Tt is easy to see that the properties M1, M3, and M4 are consequences
of C1, C2, and C4 due to (3.1)) and (3.2). To prove M2 we define the
discounting process C; and the money market measure Q" as in (3.3)).

Then the Radon-Nikodym density of Q¥ w.r.t. QF conditioned on F,

is given by
F(t,T)
F(,T)

dQF g, dQF
For the discounted bond price process we get

A __ P(t,1)  F(t,7) F(t,t)  F(t,7)
bt7) = C,  F(t,t) F(t,T) F(tT) (36)

7| =

Conjecture C2 yields the integrability of P(¢,7) under QM since

BRG] = B (P (t’T)C;%F = [5((572)]
_ F(0,7) <o
Fo,7) =

Furthermore, by Bayes rule for conditional expectations we get due to
Conjecture C2 and equality (3.6) that

F Fa M
EQ [P(t, r)e

7, B [F()

7,|

EQM pt 9:5 _ Fy
Q" | g,
F A
= (5,7) = P(s,7).
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Hence (P(t,7)) (e is a QM-martingale. For the process N; we anal-

ogously get

o Nt Nt 1 St 1
Nyi=—=——"-=— = :
o, P(,T) S, Ft,T) FT) (3.7)

and hence

Ft,T)1 1
F(O,T)] ~ F0,7)

EQM [Nt} = E@F [Nt < 0.

Using Bayes rule and equality (3.7)) we obtain

EQF |:Nt F(t T i| 1
EQAJ[Nt’?s] FOT _ :]\Afs.
T F(s,T)

Hence (N, )o<i<r is a QM-martingale.

ii) Define the futures price process F'(t,7) as in (3.4). Then F(¢, ) is pos-
itive and adapted by M1. Consider the equivalent probability measure
QF given by (3.5). F(t,7) is integrable w.r.t. Q' since by Assumption
M2

)

QF _ QM P(t,T)E
5% (e, = 52 | ZED 0

CO M P(t 7')
—F© ’
No [ Ct }<oo

:&EQM P(t,T)%
No Ny Cy

Furthermore, M2 yields

F Tct Ct
EY[F(t,7)|F,] = N, - N
Cs s
P
= (]\ZS’T):F(<5’77')7 v0<5<t<7'

Hence, (F'(t,7))@nen is a QF-martingale.

In the following sections we apply this approach and study electricity

markets derived by term structure models driven by general Lévy processes.
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3.2 Money market construction

We follow the HJM approach and specify the term structure by modeling the
(instantaneous) forward rate f(t,7), (t,7) € D. Let P(t,7), (t,7) € D, be
the market price at the moment ¢ of a bond paying 1 at the maturity time 7,

7 < T. Given the forward rate curve f(¢,7) the bond prices are defined by

P(t,7) = exp{— /tT f(t,s)ds}, (3.8)

while the instantaneous short rate r at time ¢ is given by

r(t) == f(t,1). (3.9)

A general introduction to fixed-income markets is given in [6].

Let L = (L',..., L") be an n-dimensional Lévy process with independent
components, defined on a probability space (€, F, QM) endowed with the
completed canonical filtration (fﬂ)te[o,T] associated with L. We denote by
(bs, ¢i, ;) the characteristic triplet of each component L', i =1,..., n.

We assume that
A1: we are given an R-valued and R"-valued stochastic processes a(t, 7) and
n(t,7) = (ntt,7),...,n"(t,7)), (t,7) € D, respectively, such that a(t,7) and
n(t, ) are continuous and adapted.

A2: fOT fOT Ela(s,u)|dsdu < oo, fOT fOTE||n(s,u)||2dsdu < 0.
A3: P(r,7) =1, Vre|0,T].
A4: The initial forward curve is given by a deterministic and continuously
differentiable function 7+ f(0,7) on the interval [0, 7.
For the forward rate we consider a generalized HJM model, i.e. we assume

that the forward rate process follows the dynamics
t n t
Ft,7) = f(0,7) +/ a(s, 7)ds + Z/ n(s,7)dLi, t<7.  (3.10)
In terms of short rates we can rewrite (3.10) and (3.9) as

r(t) = r(0) +/0 a(s,t)ds + Z/o n'(s,t)dL’, (3.11)
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where 7(0) = f(0,t), t <T.

Lévy term structures of the type (3.10)—(3.11) are frequently considered
in the literature (see e.g. [19], [17], [22] or |2§]).

We now consider the bank account process as a discounting factor, i.e.

Cy = exp{/0 r(s)ds}. (3.12)

In order to provide a condition which ensures that Q is a local martingale

measure for

telo, 7], (3.13)

we assume that there exist a;, < 0 < d; such that the Lévy measures v; of L

satisfy
/ ey (dr) < oo, w€la;,d;], i=1,...,n, (3.14)
{la[>1}
(see [19] or [22]).

Lemma 3.2.1. Under Assumption (3.14)), L = (L;)o<i<r 8 a special semi-

martingale admitting the canonical representation:

Ly = bt + \/cB; + /t / x(Jp(dx x ds) — v(dx)ds),

where b = (by,...,b,) € R", ¢ is a positive definite n X n matriz, B is
a standard n-dimensional Brownian motion, Jp is the random measure of

Jumps, and v is its compensator.

Note that, since L', ..., L™ are independent, ¢ is a diagonal matrix with
elements cq,...,c, > 0 on the main diagonal.

Proof of Lemma In view of 11.2.29 in [27] it is sufficient to
show that (|z|*> A |z]) x v € Ajee, ie. that (|z]* A |z|) * v is an adapted

process with locally integrable variation. Since (|x|* A |z|) * v is increasing
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and deterministic, we only need to show the finiteness of

(I A Ja]) v = / (12 A ()
= 22 Az v(dz 2|2 A |z v(dz
J ol A [ (ol )

{lz|>1}

:/ |m|21/(dx)+/ |z|v(dx).
{ll<1} {le>1}

The first term is finite, since v is a Lévy measure, and the second summand

is finite by Assumption (3.14]). O

Furthermore, condition ensures the existence of the cumulant gen-
erating function

O'(u) := log Elexp(uL!)] (3.15)

at least on the set {u € C|Ru € [a;,d;]}, where Ru denotes the real part of

weC,i=1,...,n. By Lemma 26.4 in [48], © is continuously differentiable

and has the representation:

O'(u) = bju + %uQ + /(e"”” — 1 —ux)y(de), i=1,...,n. (3.16)
R
As a consequence, the Lévy processes L', i = 1, ..., n, have finite moments

of arbitrary order.

Putting (3.8)), , and (3.11)) together we derive the following repre-

sentation for the bond price:

pem) =esp{ = [ [0+ [(otsmin Y [t war]a}
= .o { [ s0wa— [ atuidds > [ vt

= P e { [ rtota= [ [“oto s 32 [ e mars]in
- [ [ tswane 3 [ s ] du}._ 3.7

It is convenient to assume that

alt,7)=n(t,7)=0 for t>r, (3.18)
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so that the forward rate (3.10)) is defined for all ¢, 7 € [0, T]. Then by (3.18))
and Assumption A2, we can rewrite (3.17)) in a more compact form

Pt 7) :P(O,T)exp{/otr(u)du—/ot [/Ota(s,u>ds+g;/Otni(s,u)d/;g}du
_/tT [/Ota(s,u)derg/otni(s,u)d@]du}

O,Texp{/ot()du—/T[/ suds+2/ sudL’ du}
([

u)du —/ / (s,u)duds
/ / (s,u dudL‘} (3.19)

where in the last equality we could apply Fubini’s theorem, because Assump-
tion A2 holds. Provided

P(0,7)
= P(0,7)exp

_/ Ui(S,U)due(ai,di) for i=1,...,n,
0

for any 7 < T, the HJM condition on the drift

z) = i a%@i( . /0 ' ni(t,mdu) (3.20)

implies that QM is a local martingale measure. The drift condition (3.20)
is derived in [17] and [I9]. For an analogous drift condition in the infinite
dimensional Lévy setting see [28] and [22].

Denoting by

ol(t, 1) = —/ n'(tu)du, i=1,...,n, (3.21)
0

we can rewrite the HJM drift condition (3.20)) as

/ sudu—Z/ —0O' (' (s,u))du
— ; Q' (d'(s,7)). (3.22)
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Substituting (3.22) into (3.19)), we get the same representation for P(¢,7) as
in [19):

P(t,7) = P(0,7) exp { /Otr(u)du - Zf: /Ot O(o'(s,7))ds
+ i/ot Ji(s,T)dLi}. (3.23)

To complete the modeling of the arbitrage-free money market satisfying

Assumptions M1-M4, we assume that the risky asset N, is given by

Nt:exp{/otr(u)du—i:/ot@i( i ds+2/ dL’ (3.24)

where v = (vl ... v") is a continuous function, such that
- N,
Ny=—'
&

is a well-defined local martingale under Q.
Now we consider the futures price process
Pt
N,
where P(t,7) and N; are now given by (3.23)) and (3.24]).
According to Theorem the transformation gives an arbitrage-

free electricity futures market with the deterministic initial futures curve

F(t,7)= t,7) €D, (3.25)

P
F(0,7) = PO,7) = P(0,7).
0
By the same theorem,
NT C()
dQF = —~—2dQM
Q Cr N, Q

—exp{z / s)dLi — Z / ' (vi( }d@M (3.26)

is a martingale measure for F'(t,7), (t,7) € D. Indeed, by (3.23) and (3.24))
we get that

P(t,7)  P(t,7)
F(tr) = —— = o0 (3.27)
t dQM 5
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and hence, F(t,7) is a QF-martingale.

Furthermore, by (3.27))
F(t,r) = ﬂWWMZ/@%ﬂﬂWW%
i=1 70

Y [ @G -, e

Setting 7 =t in (3.28]) we obtain the electricity spot price process

S(t) = F(t,t) = F(0,t)exp{) / §'(s, )AL =) / Yi(s, t)ds}  (3.29)

i=1 0 i=1 0

=: F(0,t)E,, (3.30)

where

n

By = exp { > /Ot 5i(s,t)dLi — Xn: /Ot W (s, t)ds}, (3.31)
§'(s,t) == o'(s,t) —v'(s), and (3.32)
Pi(s,t) = O (a'(s,1)) — O'(v'(5s)). (3.33)

In order to study the electricity market (3.28) — (3.29) under the measure
QF defined by (3.26) we need some technical results given in Section (3.3

3.3 Measure transformation

Let us consider now the density process

d F
Zt = QM
dQ

Since L is a process with independent increments, by ([3.26)) we get

Zy = exp{Z/o v'(s)dL: — Z/o O'(v'(s))ds}. (3.34)

By (3.16)), (3.34), and Lemma we obtain for the density process (3.34):

L 0<t<T
Fi
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Lemma 3.3.1.

Z, =&, Z N / s)dB® + / / 1)(Jp(da x ds) — v(dz)ds) |

0 Rn»

where E(+) is the Doleans exponential.

Proof. Since the components L', ..., L™ of the Lévy process L are inde-

pendent, in order to prove Lemma |3.3.1]it is enough to show that
Z, := exp { / “(s)dL; — / @Z(UZ(S))ds} (3.35)

(\/_/ s)dB; + // v S)m—1)(JLz(dx><ds)—uz(dx)ds)),

(3.36)

where J: is the jump measure of L, i = 1,...,n.
Furthermore, by representation for ©° (3.16) and by Lemma we get

zi=ew{ [ vt~ [ o)
:exp{/otvi(s)dLi—bi/otvi(s)ds—%/Ot(vi(s))st
_ / t / (% — 1~ i (s))uadr)ds |

~exp \/_/ 5)dB, +/ / 2(Jy — vi)(da x ds)

_% // SO 1 o ()il ds

— exp f/ sani-5 | i(s)2ds)}

X exp / / s)xJpi(dr x ds) / / v _ 1)y, dx)ds}
_ gt \/c_/ dB’ st / / 8)aJ i (dx ¥ ds))

where for the last equality we applied Propositions 3.6-3.7 in [12]. O
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As an application of the preceding lemma we obtain the following propo-
sition, that is essential in order to examine the Markov property of the spot

price process under QF.

Proposition 3.3.2. L is a (non-homogeneous) Lévy process with respect to

QF with the characteristic function given by

B [¢iwli)] = exp { Z @?F(t, uj)}, u=(u1,...,u,) €R",  (3.37)
j=1

where
QF e uoft o
O (t,uy) :@uj/o b; (s)ds—?/o c; (s)ds
t
+/ /(ei“j""" —1- z'uijMSl)V;QF(dS, dx), (3.38)
0 JR
and
b;QF (t) :=b; + c;v’ () + /R(e”j(t)‘” — 1) jy<1(z)v(d), (3.39)
C;QF (t) = ¢y, 3.40)
V;@F(dt, dx) = e”j(t)"’“"yj(d:c)dt. (3.41)

Remark 3.3.3. Note that if v(t) is a constant function, then by Proposi-
tion L is a time-homogeneous Lévy process under QF .

Proof of Proposition [3.3.2] Consider the j-th component of L, j €
{1,...,n}. We first show that the characteristic triplet of L’ with respect to
(w.r.t.) QF associated with the truncation function h(z) = Ij;<i () is given
by —.

In order to find the semimartingale characteristics of L’ w.r.t. Qf, we
consider 3, := ¢;v7(t) and Y(t,z) := ¢”’®* and show that Y and (3 meet
all the conditions of Girsanov’s Theorem for semimartingales (cf. Theorem
111.3.24 in [27]).

Consider the process Z7 defined in . Denote by Z7¢ the continuous

martingale part of the process Z7 and by L’¢ the continuous martingale part
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of L/ relative to QM. By representation (3.36), Z/° = \/_fo Zivi(s)dBY,
and by Lemma 1| L¢(t) = \/_BJ Since

t
<ch’ ch>t = C]/ Zg’U‘](S)dS = / Z§ﬁ8d57
0 0

where (-, -) is the bracket relative to Q¥ and (3 satisfies condition (IT1.3.28)
in [27].
Let P := P x B(R?), where P denotes the predictable o-field on Q x [0, 7.

For any nonnegative and P-measurable U we have

E[/OT/RY(S,x)U(s,x)JLJ(dx x ds)}

_ E[ Z e”"'(S)ALZ’U(S,AL@)I{AL#O}}

0<s<T

/ / Iizi oy Uls @) T (de x ds)].

Z1 v s)AL
7 Lz 50 =¢

Theorem (Theorem I11.3.24 in [27]), which justifies (3.39))—(3.41]).

By Theorem I1.4.15 in [27] L’ is a process with independent increments

since . Hence Y satisfies the conditions of Girsanov’s

under Q. Moreover, by the same theorem, L7 is a (non-homogeneous) Lévy
process with respect to QF, since its characteristic function is given by (3.37))
— ((3.38). O

3.4 Markov property of the spot price

In this section we examine the Markov property of the spot price process S

given by (3.29)). To begin with, applying Proposition [3.3.2] we compute the
dynamics of S under QF as follows.

Lemma 3.4.1. The dynamics of S under QF is given by

n n

ds(t) = S()[=r(t) + 5 D a'(t)’ + Z O'(v'(1)]dt — S(t—) Y _v'(t)dL;

=1 i=1

+/ S(t—) (et — 1 4 <v(t—),x))(]iQ (dx x dt), (3.42)
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where J}JQF is the jump measure of L under QF .

Proof. By It6 formula and Assumption (3.18]) we obtain the dynamics of

the spot prices (3.30) as

ot

= S(t) (% lnF(O,t)+Z/ %5"(5,@@@—2/ %@/}i(s,t)d,S) dt
F(t—,t) ( Zw ttdt+25lttdﬂ+ Zq(é’tt) )

+ S(t) — F(t—,t) — F(t—,1) 251 t )AL

Since §%(t,t) = —ov'(t) and ¥'(t,t) = —O'(v'(t)) by (3.32)), (3.33), (3.21)),
and , we get
dS(t) = =S(t)r(t)dt + S(t)% i ci(v'(t))*dt + i O (v (t))dt

=1

n n

— F(t—t) > v (t)dL; + S(t) — F(t—,t) + F(t—t) > v'(t)AL;.
=1

=1
Since F(0,t), §(t,t), and ¥'(¢,t), i = 1,...,n, are continuous in ¢ by As-
sumptions A2 — A4, we have F(t—,t) = F(t—,t—) = S(t—), and thus we

can rewrite the dynamics of S as

dS(t) = St)[—r(t) + ; Z S Z o' (v
Zv t)dLi + AS(t Zv HALL  (3.43)

By (3.29) and (3.18)) we have

AS(t) = S(t—)(eXiz VAL _ 1), (3.44)
Inserting (3.44) into (3.43), we can obtain (3.42). O

Hence, since v is deterministic, we get the following result:
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Proposition 3.4.2. Suppose the short rate process r is a Markov process.

Then the vector process (S,r) is a Markov process.

Proof. Since 7 is a Markov process and v is deterministic, (S,7) is a
Markov process by (3.42)). O

Remark 3.4.3. Note that if the volatility n is deterministic, the short rate
process v is a Markov process by (3.11)).

We consider now some examples. In particular, we show that our model
for the electricity market contains the case, where the spot price process is

an exponential of an Ornstein-Uhlenbeck process.

Example 3.4.4. Suppose the spot price process S is the exponential (e*)
of an Ornstein-Uhlenbeck process X, i.e. X is a solution of the following

stochastic differential equation
AX (1) = 0(n — X(®))dt + cdW2",  X(0) =1, (3.45)

where p € R, 6,¢ > 0, and WtQF is a one-dimensional standard Brownian
motion under Q. Now we find the corresponding short rate process r under
the assumptions that the volatility v(¢) appearing in is constant, i.e.
v(t) =v <0, and

dL, = vdt +dW2", te[0,T]. (3.46)
By It6 formula and equation ({3.45)),
1
dS(t) = S(t)(dX (t) + §§2dt)
1 9 QF
- S(t)([@(u — X(1)) + 56 dt +<aw ) (3.47)

On the other hand, by (3.42) the dynamics of the electricity spot price is
given by

dS(t) = S(t)[r(t) + %qﬂ + OW)dt — S(tdLy, ¢ € [0,T].
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Note that, according to Proposition [3.3.2) (3.46)) means that L is a one-
dimensional standard Brownian motion under QM. Hence, by (3.16) we
have ©(v) = v in this case. Applying (3.46), we can simplify the dynamics
of S as

dS(t) = S(t)[—r(t) + v*]dt — S(t)vdL,

) (—=r(t) + v2)dt — SE)v(vdt + dW2")

S
S(t)(—=r(t)dt —vdw "), te0,T]. (3.48)

Putting (3.47) and (3.48)) together we obtain

v=—¢, and (3.49)
2
r(t) =—0(p— X(t)) — 5 (3.50)
In particular, (3.50) and (3.45) yield
<2
r(0)=—0(p—1)— 7 (3.51)
Since the solution of (3.45)) is
¢
Xt)=e "+ p(l—e ) +¢ / g < T, (3.52)
0

substituting (3.52)) into (3.50) we obtain,

¢ 2
r(t) = —Op+0(e ™ 4+ p(1 — e ) + g/ 0 qw Ty — %
0

2

t
=0 (1 — p) — % + §0/ ee(s_t)dW;QF.
0

On the other hand, by (3.11) we have the following dynamics for the short

rate process
¢ ¢ .
r(t) =r(0) +/ (s, t) +vn(s,t))ds +/ n(s,)ydw® , t<T. (3.53)
0 0

Hence, by (3.53) and (3.51)

n(s,t) = ¢’ (3.54)
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and

t ¢
—0(pu—1) +/ a(s,t)ds — g29/ /6D ds = g (1 — p),
0 0

l.e.

/ta(s, t)ds = 0(pu — 1)(1 — ™) + (1 — ™)

=(1—e ") (¢*>+0u—0). (3.55)
Furthermore, by and the futures price process F' satisfies
Fls,t) = S(s) exp{— / S, 1)L + / b))
= exp{X(s) + /t(@b(u, t) +<so(u,t))du — /t(S(u, AW}, (3.56)
where by and we have
Dl 0) = S0, 1) = ),

d(u,t) =o(u,t) +,
and by (3.21)
t
o(u,t) = —/ n(u, s)ds = —ce’(1 — e7%).
0

In particular, the corresponding bond price process is given by P(s,t) =

FS((St’)t), s < t. Hence, by ({3.56])

P(s,t) = exp{X(s) — X(t) +/ ((u,t) +so(u,t))du — / §(u, t)dw 2" Y.

Now we introduce an example, where the spot price S is an exponential

of an Ornstein-Uhlenbeck process driven by a pure jump Lévy process.

Example 3.4.5. Let L be a pure jump integral under Q7 i.e.

t
L = / / 2JY (dx x ds)
0 R
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for some Poisson random measure JgF on R x (0,00), and let X; be an

Ornstein-Uhlenbeck process satisfying
dXt = —Xtdt + st, XO =g € R, t S T.

Then
t
X T8 = xoe_T—I—/e_(T_s)dLs, (3.57)
——

=k 0

where 2" is the Lévy measure of L under QF.

Further, we assume that the spot price S is the exponential of X, i.e.
S(t) = eXt, t <T. We show in this example that we can find a forward rate
structure such that the futures price process F(t,T) := S(t)P(t,T), t < T,
is a QF-martingale.

Assume that
/&(1 + |z))r?" (dz) < oo, (3.58)
R

and define

P(t,T) := exp {(e_(T_t) -DHX, + // (exp{e_(T_S)x} —1) VQF(dx)ds}.
o (3.59)

Since P(T,T) = 1, we can consider P(t,T), for ¢ < T, as a bond price

process. Furthermore,

F(t,T) = S(t)P(t,T)

t

¢
= F(0,T) exp { /e(TS)dLS — // <667(T75>I — 1) I/QF(dx)ds}
0 0 R
t
= F(0,T) exp {/ /e_(T_S)de}JQF(d:E x ds)
o Jr

_ /0 t /R (ee“T‘% - 1) VQF(dx)ds}, t<T, (3.60)
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where

F(0,T) = exp {k + /OT/]R (eXp{e_(T—S)x} —1) V@F(dx)ds},

and £ € R is defined in (3.57). By the exponential formula for Poisson
random measures (see e.g. [12], Proposition 3.6) the process F(t,T), given
in , is a QF-martingale. We now derive the forward rate that gives us
the bond P(t,T) as in (3.59):

F,T) = —a%ln P(t,T)

T
:e(Tt)XHL/ /eXp{e(Ts)x}e(Ts)quF(dx)ds}
¢ Jr
R

In particular, the corresponding short rate process is then given by

r(t) = f(t,t) = X; + /(ez — 1) (dx).

R
Note that condition (3.58) guarantees that f(¢,7") in (3.61) and P(¢,7T)
in (3.59) are well-defined.

In the next section we consider the Markov property of the spot price S
under QF in the special case, where ¢ and v appearing in (3.29) are deter-

ministic.

3.4.1 Case of the deterministic coefficients

For the sake of simplicity we will only consider the one-dimensional case, i.e.
we assume n = 1. However, all results of this subsection still hold in the
case of multidimensional non-homogeneous Lévy process with independent
components.

We examine the Markov property of the spot price process S given by

S(t) = F(0,4) expf /0 (s, )dL — /0 bs0dsh, te 0T,  (3.62)
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under the futures martingale measure Qf when § and 1) are deterministic
continuous functions. Because F'(0,t) is also deterministic by assumptions,

S is a Markov process iff the process
t
Z = / S(s.t)dL,, te[0,T], (3.63)
0

is Markovian. Recall that L is a non-homogeneous Lévy process under QF
by Proposition [3.3.2]

Proposition 3.4.6. We assume that there are constants e, > 0 and func-
tions c(t),y(t) : [0,T] — R*, such that for allt € [0,T]

1. [ e(s)ds < o0,
2. (1) = €,

3. ROV (t,u) < c(t) — y(t)|u]", for every u € R, where ®Q (¢, u) is the
characteristic exponent of L; under QF defined by (3.37)).

Then the spot price process S is Markovian iff for all fired w and u with
0 <w <u<T there exists a real constant & = & (which may depend on w

and u) such that
d(t,u) =&20(t,w), Vte[0,T],

where § s the volatility structure of S in (3.62).

The proof of Proposition uses the idea of the proofs of Lemmas 4.1
and 4.2 in [19]. We start with the following lemma, generalizing Lemma 4.1

in [19] to the case of inhomogeneous Lévy processes.

Lemma 3.4.7. Suppose t € [0,T] and that f,g : [0,t] — R are continu-
ous linearly independent functions. Then, under the hypothesis of Proposi-
tion the joint distribution of the random variables X = f(f f(s)dLsg
and Y = f[fg(s)dLS is absolutely continuous w.r.t. the Lebesque measure N\

on R2.
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Proof of Lemma A probability distribution on R? is absolutely
continuous w.r.t. A\ iff its characteristic function is integrable over R¢. Thus
it is enough to prove the \? integrability of the joint characteristic function
¢(x,y) of X and Y.

According to Proposition 1.9 in [33]

olay) = B [ XH9Y] = expf / 9 (2£(s) + yg(s))ds).
Hence, by assumption,
16(2, )] = exp / RE” (1 £ (s) + yo(s))ds)
< exp{ / (e(5) = A($) £ (5) + yg(s)|")ds)

< Crexp{—n / £ (s) + yg(s)[ds},

(z,y)
Il ()l

Since z f(s)+yg(s) is the Euclidean scalar product in R? of the vectors (z, y)
and (f(s),g(s)), we obtain

where C} := eh )45 < oo, Consider the normed vector (0,%0) :=

/0 2 (s) + yg(s)"ds = ||z, )" / J20f(s) +og(s)"ds.  (3.64)

The integral on the right hand side of is a continuous function of
the vector (xo,y0). Therefore, it has a minimum m on the unit circle in
R2. Tt is obvious that m > 0. Suppose m = 0. This would imply that
the integrand vanishes for all s; but this is impossible, because f and g are
linearly independent by assumption. Hence we must have m > 0. From

m > 0 follows

9 |6(z, y)|dN*(z, y) < Cyexp{—ym||(z,y)||"d\*(z,y)} < .

O
Proof of Proposition The proof of Proposition [3.4.6) actually
repeats the proof of Lemma 4.2 in [I9]. We include it to make the text self-

contained.
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Proof of the necessity: Assume first that S is a Markov process. Then, accord-
ing to the preliminary consideration above, the process Z defined by ([3.63))

is Markovian. This implies
E|Zu|F] = E|ZJ|Z,), 0<w<u<T.
By (3.63) the last equation becomes
E[/ O(s,u)dLs
0
= E[/ d(s,u)dLy
0

u

ffw] +E[ / 5(s,u)dLs

w

Zw] + E[/ué(s,u)dLs

5

Zu).

Since §(-, ) is deterministic and L is a process with independent increments,
f;‘ d(s,u)dL; is independent of the o-field &, and, in particular, of Z,,. This
implies that the second summands on both sides are equal. Additionally,

Jy (s, u)dL is measurable with respect to F,,. Thus,
/ 5(s,w)dLs]
0

But this means that the integral fow d(s,u)dLs can be expressed as some

/Ow 5(s,u)dL, = E[/Ow 5(s, u)dL,

Zw} = E[/Ow d(s,u)dLs

measurable function G applied to the integral fow d(s,w)dLs. Hence, the joint
distribution of these two random variables is concentrated on the Lebesgue
null set

{(z,G(z))|x € R} C R?,

and thus cannot be continuous with respect to A2. Hence, by Lemma m
d(-,w) and 6(-, u) restricted to [0, w] are linearly dependent.

Proof of the sufficiency: Tt is enough to show that the process Z defined
by (3.63) is Markovian. Suppose that w and u satisfy 0 < w < u < T. Then

we have

Zu:/ 5(s,u)dLs+/ d(s,u)dLs.
0

w

By assumption, the first term on the right-hand side is equal to

/w £0(s,w)dLs = £Z,,
0
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for some real constant £. Hence it is measurable w.r.t. F,,. The second term

is independent of F,,. These two facts yield

P[Z, € A|F,| =P|Z, € A|Z,], forevery Ae B(R).

From Proposition follows that

Corollary 3.4.8. Under the hypotheses of Proposition the spot price

process S is Markovian iff its volatility structure § admits the representation
o(t,7) = ((t)p(r), (t,7) €D, (3.65)
where (,p: [0, T] — R are continuously differentiable functions.

See Theorem 4.3 in [19] for the proof of Corollary

Now we consider two examples of the volatility function 6 that satis-

fies (B:63).

Example 3.4.9 (Vasicek volatility structure). Recall that
5(t7 T) = U(tv T) - ’U(t),

where o is the volatility of the corresponding bond and v is a deterministic

function. Let

~

o(t,1) = %(1 — e DY (Vasicek volatility),

where 6 > 0 and a # 0. Then by Corollary the spot price process S is
Markovian iff there exist continuously differentiable functions (,p : [0,T] —
R, such that

v(t) = ~(1— e ) — ((B)p(7).

a
Since v is constant in 7, by deriving we obtain

C(t)p' (1) = Ge™e™,
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and consequently

C(t) = Noe™,
pr) = e

for (t,7) € D and some X # 0. Then p(r) = —Le™* + ¢ for some ¢ € R,
A # 0. Hence, in this example the spot price process S is Markovian iff v(t)

is of the form

o
t — _ jal at
v(t) — — ce

for some ¢ € R.

Example 3.4.10 (Ho-Lee volatility structure). In case the bond volatility

structure o satisfies
o(t,7)=06(r —t) with & >0 (Ho-Lee volatility),

Corollary yields that the spot price S is a Markov process iff v(t) is of
the form v(t) = d(c — t) for some ¢ € R.

Now we show that Corollary enables us to characterize the class of
stationary volatility structures ¢ that lead to Markovian spot price process

S.

Proposition 3.4.11. Suppose the volatility structure § is stationary, that
means, there exists a twice continuously differentiable function R 0,T] —
Rt such that §(t,7) = 6(r —t) for all (t,7) € D. Then, under the hypotheses
of Proposition[3.4.6, S is a Markov process iff ¢ is of the form

5(t, ) = 0ea™ (3.66)
with a € R and § > 0.

Proof. If § is of the form (3.66), then S is a Markov process by Corol-
lary [3.4.8
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Assume now that S is Markovian. As 0(¢,7) is stationary by assumption,

the partial derivatives satisfy
%(5(15, T)=0(1—t) = —=4(t, 7).

Corollary yields then

ie.
(log p)'(7) = —(log ¢')(t)
for all (t,7) € D. Since t and 7 are independent variables, neither of the last

equality sides can actually depend on ¢ or 7. Hence both sides are constant.

Denoting their common value by a, we obtain
p(T) = e and  ((t) = e @
with two real constants /Ky and K5, and hence
5(t,7) = efitieealr=t),

Defining & := X152 we get (3-66). O

The volatility structure picks up the maturity effect for a < 0: the
volatility increases when a future contract comes to delivery, since tempera-
ture forecasts, outages and other specifics about the delivery period become
more and more precise. However, the model does not include sea-
sonality: futures during winter months show higher prices than comparable
contracts during the summer. See [5], [36], and [32] for a description of elec-
tricity futures and options markets. In order to include the seasonality we

can use, for example, the volatility model suggested in [20]:
5(t,7) =a(t)e™ ™Y, b>0.

The seasonal part a(t) can be modeled, for example, as a truncated Fourier

series

J
Z (djsin(2mjt) — f; cos(2mjt)),



3.4 Markov property of the spot price

81

where a > 0, d;, f; € R, and ¢ is measured in years. See [20] and [5] for more

details on the modeling of volatility.



Chapter 4

Valuation of electricity derivatives

4.1 Pricing of European options

For the valuation of the European options on the spot price we use Fourier
transform method applied to the dampened payoff introduced in Section [1.2.2]
We consider the pricing of the options only on the example of an electricity
floor contract. Electricity calls, puts and caps can be priced similarly. See
also [26] for the pricing of European options on the electricity spot price
under the assumption of continuous futures and spot price processes.

A floor is a European type contract that protects against low commodity
prices within [, 7). It ensures a cash flow at intensity ((K — S(2))")iciri m)
with strike price K > 0 at any time ¢ € |1y, 72| of the contract.

In the remainder of this subsection we suppose that the riskless interest
rate r is constant. The fair price at time ¢ of the floor option with strike

price K > 0 is equal to

T2

Floor(t, K) = B [/ e "TT(K — S(r))tdr 3‘}]
VT
By Fubini’s Theorem we get
T2
Floor(t, K) = / e~ g [(K —S(r))* 33] dr. (4.1)
tVTy

82



4.1 Pricing of European options

83

To simplify the notation we only consider the one-dimensional case under
assumption of the deterministic coefficients, i.e. we assume the spot price
process S(t) to be given by (3.62), where § and 1 are deterministic.

Recall that by the spot price process S satisfies

S(r)=F(t,1) exp{/; d(s, 7)dLg — /tT¢(s, T)ds} =: F(t,7)U], (4.2)

where F(t,7), for 0 <t < 7, is a Q-martingale, and L is a non-homogeneous
Lévy process. Since F(t,7) is F;-measurable and U] is independent of F;, by
substituting (4.2)) into (4.1) we obtain

T2

Floor(t, K) = / (=t gQ” [(K —F(t,T)UTY dr fﬂ} dr
VT
T2
_ / eiT(Tft)F(t, T)e” J7 w(sim)ds pQ@~F [(K(f) _ et dsT dLs)+] ’ dr,
VT fi=F(t,)
(4.3)
where K(f) : exp{ft (s,7)ds}, f > 0. In order to compute the expec-

tation in 1) cons1der the integrable dampened pay-off function

9(@) = (K(f) - )" € INR)

Denote by ¢ its Fourier transform:

1

e L ® (4

mm:4W%mmzkmM"

Using the Inversion Theorem for Fourier transform (cf. [37], Section 8.2) we

get
7O° [(K(f) _ I S(s )L ) } _ go* [e’ Ir 5(S,T)dLsg(/T 5(s, T)dL5>i|

_ EQF |:€_ I (S(s,T)dLsi / —iu [ 8(s,7)dLs 4 ( )du}

2m
1
:ﬁEQF[/Re (1+iu) [ 8(s,7)dLs 4 ( )du}
1

_ 1 [ por |:e_(1+iu) I 5(S,T)dLs}g(u)du7 (4.5)
2m Jr
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where (4.4]) allows to apply Fubini’s Theorem in the last equality. By Propo-
sition and Proposition 1.9 in [33]

FO [ I (in)da L) _ gyp s / 0% (—(1 +iu)d(s,7))ds}, (4.6
t
where ©2" is given by
2 S
Substituting . ., and ( . ) into ., we obtain

Floor(t, ) — / T F(t, 7)e Y

VT

2
0% (2) = zbgF + 0y /(6”” —1- zx]|x|§1)e”(5)“y(dm), s<T.
R

« /R expf /t 0% (—(1 + iz)d(s, 7))ds}

K 2+Zl‘ 1
ft
% ( ) (1+ix)(2 +iz) drdr

_ K2 /M / exp{ / 02" (—(1 + i) (s, 7))ds)
R e K
X( F(t, ) > 0+ )@+ iz)

4.2 Pricing of swing options

In this section we illustrate how the spot price model can be used
to valuate path dependent derivatives on an example of electricity swing
options. For the sake of simplicity we consider a special case, where the
process L is a one-dimensional standard Brownian motion under QM as in
Example Analogously to (3.48) we get the following dynamics of the

electricity spot price under the measure QF:
dS(t) = —S()r(t)dt — S(t)v()dW2", te[0,T]. (4.7)
Recall that by (3.11)) and (3.46]) the short rate process r satisfies

dr(t) = a(t, t)dt +n(t,t)dL,
= (w()n(t,t) + a(t, ))dt + n(t,)dw 2", te[0,T], (4.8)
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under QF. Now we assume that the volatility 7 is deterministic, and hence
r is a Markov process.

Moreover, we assume that there exists a unique solution (S(t),7(t)) of
— (4.8)) satisfying the initial condition (S(u),r(u)) = (s,r) € R? and such
that

E%[S%(1)] < oo for all ¢ € [0, T].

Recall that, since r is Markovian, by Proposition [3.4.2](S(¢),r(t)) is a Markov
process.

Let us consider a swing option on the spot price process . A swing
option is an agreement to purchase energy at a certain fixed price over a

specified time interval. In short, the payoff of a swing option settled at time
T is defined as

/0 ' V() (S(t) — K)dt, (4.9)

where v(t) is the production intensity and K > 0 is the strike price of the
contract. The holder of the contract has the right (within specified limits),
to control the intensity of electricity production at any moment. The goal of
the option holder is to maximize the value of the contract by selecting the
optimal intensity process v among the processes that are limited by contract

specific lower and upper bounds:
View S v(t) < v ae. t,

under the constraint that the optimal intensity process v is such that the

total volume produced
t
cr(t) = c+/ v(iz)de, uw<t<T, (4.10)

does not exceed the maximum amount C that can be produced during the

contract life time. Hence the option holder tries to maximize the expected
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profit, i.e. to find

vah&ncyzigyﬂf{[fmby@xsg)_Aqm] (4.11)
_ B leTAﬂcLﬁ(t)QS(t)——l{)dt}, (4.12)

where
N := {v progressively measurable: v(t) € [V, V"] for a.e. t € [0,T]}
is the control set, and
Te = inf{t > 0] C*(t) = C}

is the first time when all of production rights are used up. Note that the

value function V satisfies the boundary conditions
V(T,s,r,c)=0 and V(u,s,r,C)=0. (4.13)

If we assume that V in (4.11)) is sufficiently smooth, then by Tt6 formula, (4.7)),

and (4.8)) we get

V(T N1, S,r,C") — V(u,s,r,c) + / v(t)(S(t) — K)dt

u

_ /T/\TC [atv N y(t)acv _ S(t)?“(t)asv + (»U(t)n(t, t) + (lf(t, t))arV

+§@&@@v—m@mmmﬁﬁy+ﬁ@w%ﬂﬁ
ThTs P TATs
— / (S(t)v(t)d,V —n(t, )0, V)dWE + / v(t)(S(t) — K)dt.
(4.14)
Denote
AV (t, s, 1, c) = OV (t,s,1,¢c) — srdsV(t,s,r,c)+ (v(t)n(t,t)

+alt, )0,V (t, s,7,¢) + s20*(1)OLV (t, 8,7, ¢) — 2sv(t)n(t, )02V (t,s,7,¢)
+ 0P (6 V (s m0) +v(B)(OV (E 8,7, ¢) + 5 = K,



4.2 Pricing of swing options

for v € N. Since
V(T AN1e, S(T A1), (T A1), CY(T AN 16)) = 0,

we can rewrite (4.14)) as

T/\TCv

/zﬁﬂﬂw—KMt

F

E© - V(u,s,r,c)

» uT/\Té
:ﬁ?/ AV, S(#), r(t), CV(£))dt
’ TATa

/Xswuw@v—n@wavmwﬁ1. (4.15)

u

_ g9

Note that the left hand side of equality is non-positive for every v € N.
Furthermore, it vanishes if the pair (v,V') is a solution of the stochastic
control problem (4.11]).

Let 8 = [0,7) x R2 x [0,C). Assume that there exists a solution (&, V)

of the Hamilton-Jacobi-Bellman equation
A’V (z) =0, foreach z €8, (4.16)

where 7 € N and V € C?(8) N C(8) satisfies the terminal and boundary
conditions (4.13)). Moreover, suppose that

E@FL/TA%|A”V@,S@Lr@)(ﬁ%ﬂﬂd4 < 0. (4.17)

Then by Dynkin formula (see Theorem 1.24 in [44]) and by (4.15]) we have

T/\T@

/}mxﬂw—Kmt

A

EY - V(u,s,r,c)

u

- TATa . .
:E@/’ APVt S(8), r(t), CP(t))dt = 0,

and hence the pair (7, V) is a solution of (4.11)). Note that we could apply
Dynkin formula because of the Markov property of the process (S,r). We
obtained the verification theorem for the optimal control problem (4.11)) in

the following form:
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Proposition 4.2.1. Assume that there exist V € C*(8) N C(8) and v € N,
such that (v, \7) s a solution of the Hamilton-Jacobi-Bellman equation
satisfying ([(£.17). Moreover, suppose that V' fulfills the terminal and boundary
conditions . Then V is the value function of the swing option defined
in ([@11).

Note that Proposition also follows from the classical verification
theorem, but the direct derivation is less technical and more illustrative. We

refer to [44] for more details on stochastic optimal control problems.
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