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Abstract

The categories of representations of finite dimensional quasi-Hopf algebras
[Dri90] and weak Hopf algebras [BNS99] are finite multi-tensor categories. In
this thesis I classify exact module categories, as defined by Etingof and Ostrik
[0st03b, [EO04], over those tensor categories. Closely associated with this clas-
sification is the question whether relative Hopf modules are projective or free
over comodule algebras.

For quasi-Hopf algebras I prove that for an H-simple H-comodule algebra
A, every finite dimensional quasi-Hopf bimodule in H./\/lg is projective as an A-
module, and if A is a coideal subalgebra of H, then it is even free. In particular,
finite dimensional quasi-Hopf algebras are free over their coideal subalgebras.
This is a generalization of Skryabin’s results on the freeness and projectiv-
ity over comodule algebras in the Hopf algebra case [Skr07], and it contains
Schauenburg’s quasi-Hopf algebra freeness theorem [Sch04]. I deduce that a
module category M over a finite dimensional quasi-Hopf algebra is exact and in-
decomposable if and only if it is of the form 4M for some H-simple H-comodule
algebra A. For this purpose I prove among other things a structure theorem
for quasi-Hopf bimodules over smash products and a bijective correspondence
between H-stable ideals of an H-module algebra R and the H-costable ideals
of R#H. The results on the exact module categories over quasi-Hopf algebras
have a direct application to H-comodule algebras and smash products: They
imply that H-simple H-comodule algebras are quasi-Frobenius and that, in the
case when H is semisimple, the smash product R#H of an H-simple H-module
algebra R by H is also a semisimple algebra.

For weak Hopf algebras it is not possible to generalize the Nichols-Zoller-
Freeness Theorem [NZ89] or Skryabin’s theorems [Skr07]: I construct an ex-
ample of a weak Hopf algebra which is not free over one of its weak Hopf sub-
algebras. However, Etingof and Ostrik [EO04] showed that surjective tensor
functors between finite multi-tensor categories map projective objects to pro-
jective ones. Considering the restriction functor yM — g M, where K C H
are weak Hopf algebras, this implies that weak Hopf algebras are projective over
weak Hopf subalgebras. I conjecture that for a quasi-Frobenius H-simple H-
comodule algebra A every weak Hopf module in M is a projective A-module,
and I show that this holds for weak Hopf algebras which are free over their
base algebras. In this case, I classify the exact indecomposable module cate-
gories over H by quasi-Frobenius H-comodule algebras which are simple from
the right and have trivial coinvariants. My classification also gives a new and
more direct proof for the classification in the Hopf algebra case [AMOT].






Zusammenfassung

Die Darstellungskategorien endlichdimensionaler Quasihopfalgebren [Dri90]
und schwacher Hopfalgebren [BNS99] sind endliche Multitensorkategorien. In
dieser Arbeit Kklassifiziere ich exakte Modulkategorien, definiert von Etingof
und Ostrik [Ost03bl [EO04], iiber diesen Tensorkategorien. In engem Zusam-
menhang mit dieser Klassifikation steht die Frage, ob Hopfmoduln iiber H-
Comodulalgebren projektiv oder sogar frei sind.

Fir Quasihopfalgebren beweise ich, dass fiir eine H-einfache H-Comodul-
algebra A jeder endlichdimensionale quasi-Hopfbimodul in H/\/lf als A-Modul
projektiv ist, und wenn A eine Coidealunteralgebra von H ist, dann ist er sogar
frei. Insbesondere sind endlichdimensionale Qausihopfalgebren frei iiber ihren
Coidealunteralgebren. Dies ist eine Verallgemeinerung von Skryabins Resul-
taten zur Freiheit und Projektivitat im Hopfalgebra-Fall [Skr07] und enthélt den
Freiheitssatz fiir Quasihopfalgebren von Schauenburg [Sch04]. Hieraus folgere
ich, dass eine Modulkategorie M {iber einer endlichdimensionalen Hopfalgebra
H genau dann exakt und unzerlegbar ist, wenn sie von der Form 4.M ist, wobei
A eine H-einfache H-Comodulalgebra ist. Hierflir beweise ich zunéchst einen
Struktursatz fiir Quasihopfbimoduln iiber Smashprodukten und eine bijektive
Korrespondenz zwischen den H-Idealen einer H-Modulalgebra R und den H-co-
stabilen Idealen von R#H. Die Betrachtung von exakten Modulkategorien hat
dariiber hinaus direkte Anwendungen auf H-Comodulalgebren und Smashpro-
dukte. Die Resultate implizieren, dass H-einfache H-Comodulalgebren quasi-
frobenius sind, und dass im Fall wenn H halbeinfach ist auch das Smashprodukt
R#H, einer H-einfache H-Modulalgebra R {iber H, eine halbeinfache Algebra
ist.

Fir schwache Hopfalgebren ist es dagegen nicht moglich die Freiheitssatze
von Nichols und Zoéller [NZ89] oder Skryabin [Skr07] zu verallgemeinern: Ich
konstruiere ein Beispiel einer schwachen Hopfalgebra, die nicht frei ist {iber einer
ihrer schwachen Hopfunteralgebren. Jedoch konnten Etingof und Ostrik [EO04]
zeigen, dass surjektive Tensorfunktoren zwischen endlichen Multitensorkate-
gorien projektive Objekte auf projektive abbilden. Betrachtet man nun fiir
schwache Hopfalgebren K C H den Einschrankungsfunktor g M — g M, dann
ist dies ein surjektiver Tensorfunktor und H ist somit ein projektiver K-Modul.
Ich vermute, dass fiir eine quasifrobenius H-einfache H-Comodulalgebra A
jeder schwache Hopfmodul in M# ein projektiver A-Modul ist, und beweise
dies fiir schwache Hopfalgebren, die frei sind iiber ihren Basisalgebren. In
diesem Fall klassifiziere ich exakte unzerlegbare Modulkategorien iber H durch
H-Comodulalgebren, die quasifrobenius und H-einfach von rechts sind und
triviale Coinvarianten haben. Meine Klassifikation liefert auch einen neuen
und direkteren Beweis fiir die Klassifikation im Hopfalgebra-Fall [AMO7].
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Introduction

Tensor categories can be seen as a categorification of algebras. The categori-
fication of the concept of a module over an algebra is then a module category
over a tensor category. The theory of tensor categories and module categories
over tensor categories has applications in different areas of mathematics and
theoretical physics, such as conformal field theory, subfactor theory, and rep-
resentations of (weak) Hopf algebras (see for example [FS03], [FS10], [Ost03bl,
and references therein).

A finite tensor category in the sense of [EOQ04] is an abelian category C
that is equivalent to the category of representations of a finite dimensional
algebra, and which is monoidal, that is it has a tensor structure — ® —
C xC — C and a unit object subject to certain stability relations. This definition
includes the representations of finite groups, Lie algebras, and more generally
the representations of finite dimensional Hopf algebras.

The finite dimensional modules over a finite dimensional Hopf algebra form
a finite tensor category, where the tensor product is induced by the comulti-
plication through the diagonal structure on the tensor product over k, and the
unit object is the ground field k together with the counit. The reconstruction
theory for Hopf algebras [JS91] [Sch92] shows that many tensor categories are
of this form, though not all of them.

In this work I discuss module categories over tensor categories which are
representation categories of generalizations of Hopf algebras, namely quasi-Hopf
algebras and weak Hopf algebras.

The representation categories of Hopf algebras are strict, that is associativity
and unit morphisms are trivial. When omitting the strictness, this leads to the
notion of quasi-Hopf algebras, which are non-coassociative generalizations of
Hopf algebras. A quasi-Hopf algebra H, as introduced by Drinfeld [Dri90], is
an algebra with a costructure A that is coassociative only up to conjugation by
an invertible element ¢ € H ® H ® H, that is for all h € H:

(A @id)(A(h)) = (id @ A)(A(h))¢,

and the coassociator ¢ is defined in such a way that the category g M of left
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H-modules becomes a monoidal category with this associativity constraint. In
[Kas95] it is shown that quasi-Hopf algebras are exactly those algebras H with
maps A : H - H® H and € : H — k, whose representation categories have
a monoidal structure induced by A and € on the underlying category of vector
spaces.

Etingof and Ostrik have proven [EO04] that actually every finite tensor cat-
egory with integer Frobenius-Perron dimensions is equivalent to the representa-
tion category of a finite dimensional quasi-Hopf algebra. The Frobenius-Perron
dimensions are certain invariants for finite tensor categories which have non-
negative values on simple objects [EO04, [ENOOQ5]. For quasi-Hopf algebras, the
Frobenius-Perron dimensions coincide with the vector space dimension, whereas
they can differ in general.

Weak Hopf algebras generate examples of tensor categories with non-integer
Frobenius-Perron dimensions. They are algebras which have a coalgebra struc-
ture, where the comultiplication is multiplicative but not unit preserving and
dually the counit is not multiplicative. The notion of weak Hopf algebras was in-
troduced and axiomatized by Bohm, Nill, and Szlachdnyi [BNS99, [Nil98|, [BS96].

As the comultiplication A of a weak Hopf algebra H is not unit preserving,
the tensor product V & W of two H-modules V' and W does not have an H-
module structure induced by A, but the subspace

VeWw =AL)(VaW)

is a left H-module. Also, the ground field k£ does not have an H-module struc-
ture since the counit € is not multiplicative. However, weak Hopf algebras
contain the so-called base algebras Hy and Hg, which are separable subalgebras
of H and take on the function of the unit object. In this manner the category
of representations of a weak Hopf algebra is provided with a monoidal struc-
ture. The unit object of this tensor category is no longer necessarily simple
nor one dimensional and the vector space dimension of the tensor product of
two objects in the category is not equal to the product of the dimension. The
representation categories of weak quasi-Hopf algebras produce all finite tensor
categories [EO04]. Moreover, if C is a fusion category, that is a semisimple finite
tensor category, then C is equivalent as a tensor category to the representation
category of a semisimple weak Hopf algebra with commutative base [Ost03b].

A module category M over an abelian monoidal category C is an abelian
category together with a functor — ®" — : C x M — M, with certain as-
sociativity and unit constraints. If R is an algebra in the category C, then
the category Cp of right R-modules in C is a module category over C. Ostrik
[Ost03b] classified semisimple module categories over semisimple monoidal cat-
egories and showed that these are all of the form Cr. Later, Etingof and Ostrik
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[EO04] studied module categories in the non-semisimple case. Since there is
no chance to classify arbitrary module categories over tensor categories (e.g.
in the category of vector spaces, every finite dimensional algebra A gives rise
to a module category M 4), they introduced the notion of exact module cate-
gories over tensor categories, which can be seen as the analogon of projective
modules over finite dimensional algebras. More precisely, a module category
M over a finite multi-tensor category C is said to be ezact, if for every projec-
tive object P € C and every object M € M, P @™ M is a projective object
in M. This definition contains the semisimple case in the sense that module
categories over semisimple monoidal categories are exact if and only if they are
semisimple. Also, every tensor category, regarded as a module category over
itself, is exact. The name exact makes sense, as any additive module functor
from an exact module category over a tensor category C to another module
category over C is exact. The classification of exact module categories over a
finite tensor category C works in the same manner as in the semisimple case:
Every exact module category over C is a finite direct product of indecomposable
exact module categories and these are of the form Cg for some algebra R in C
[EO04, EGNOI0].

For some examples of finite tensor categories, there exist complete classi-
fications of module categories over them. Among others, module categories
over the representations of the Taft-Hopf algebra and over the representations
of kG and kG*, where G is a finite group, were classified by Etingof and Os-
trik [Ost03b, [Ost03al [EO04]. Mombelli was able to specify module categories
over the representation categories of pointed Hopf algebras [Mom08|, [Mom09].
Mombelli’s classifications are based on the general classification of module cat-
egories over finite dimensional Hopf algebras by Andruskiewitsch and Mombelli
[AMOT], which states that these are always representation categories of H-
comodule algebras.

More precisely, when C is the representation category of a finite dimensional
Hopf algebra H, and A is an H-comodule algebra, then 4M is a module cat-
egory over C where the tensor product is induced by the costructure of A. If
A is H-simple, then 4M is indecomposable, and even exact. This is due to
Skryabin’s projectivity theorem [Skr07, Theorem 3.5], which states that for an
H-simple H-comodule algebra A, Hopf modules in IX M (i.e. A-modules which
have a compatible H-comodule structure) are projective A-modules. If now M
is a right A module, then H @ M € IZM and therefore H ® M is projective in
AM. On the other hand, Etingof and Ostrik’s description of module categories
as modules over an algebra in the category implies that every exact indecom-
posable module category is equivalent to (gM)g, for some H-module algebra
R. The category (g M)g, in turn, can be shown to be equivalent as a module
category to oM, where A is the H-comodule algebra RP#HP. Altogether,
Andruskiewitsch and Mombelli [AMO07, Theorem 3.3] proved that, up to mod-
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ule category equivalence, actually any indecomposable exact module category
is of the form 4 M for an H-comodule algebra A which is simple in ’X M and
has trivial coinvariants.

Accordingly, one can see that the classification of module categories over
generalizations of Hopf algebras is strongly connected to the question, whether
Hopf modules over H-simple H-comodule algebras are projective as A-modules.

Ever since Nichols and Zoller had proven their famous Hopf algebra Freeness
Theorem [NZ89] about the freeness of relative Hopf modules and in particular of
the Hopf algebra itself over Hopf subalgebras, it was an open question whether
this also holds for coideal subalgebras. Masuoka [Mas92] confirmed this for
quasi-Frobenius coideal subalgebras. In 2004 Skryabin succeeded in generalizing
the Hopf algebra Freeness Theorem to arbitrary coideal subalgebras and thereby
gave an entirely new proof for the Nichols-Zoller Theorem. Skryabin proved
that for a weakly finite Hopf algebra H and a finite dimensional H-simple H-
comodule algebra A, for every object M € MH there exists an integer n such
that a finite direct product of n copies of M is a free A-module. Moreover, if A
is a right coideal subalgebra of H, then it is H-simple and Frobenius and every
Hopf module M € MZ is a free A-module. In particular, weakly finite Hopf
algebras are free over their finite dimensional right coideal subalgebras.

Thus, the generalization of Skryabin’s results to quasi-Hopf algebras and
weak Hopf algebras is an important step for the classification of module cate-
gories over their representation categories.

The goal of this thesis is the classification of module categories over quasi-
Hopf algebras and weak Hopf algebras and the investigation of the freeness and
projectivity of quasi-Hopf modules and weak Hopf modules over H-comodule
algebras and in particular of quasi-Hopf algebras and weak Hopf algebras over
subalgebras.

The outline of the thesis is as follows:

In the first part, the notion of module categories over tensor categories is
introduced. I sketch a new proof to Andruskiewitsch’s and Mombelli’s classi-
fication of module categories over ordinary Hopf algebras. The proof will be
explicated in more detail for the more general case of weak Hopf algebras in
the last part.
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In Part I1, I generalize Skryabin’s freeness and projectivity theorem to quasi-
Hopf algebras. These results are published in [Henl0]. It includes the quasi-
Hopf algebra freeness theorem by Schauenburg [Sch04].

The main difficulties for the generalization of Skryabin’s proof to the quasi-
Hopf algebra case arise from the fact that the notion of an ordinary Hopf-module
does not make sense, since H is not coassociative and H-comodules can not be
defined. However, due to the quasi-coassociativity of H it is possible to define
axioms for costructures of bimodules. Furthermore, the notion of a right coideal
subalgebra in the quasi-Hopf algebra case had to be clarified. Naturally, the
coideal subalgebra together with the costructure of H has to be an H-comodule
algebra. The question is, whether the coassociator belonging to the coideal
subalgebra should coincide with the coassociator of H. However, by looking at
simple examples one can see that this definition would be too restrictive.

In Theorem [5.1.5 Theorem [5.2.1 and Proposition [6.3.1] I will prove the
following:

Let H be a finite dimensional quasi-Hopf algebra and B a right H-comodule alge-
bra. If A is a finite dimensional H-simple H-comodule algebra, then every finite
dimensional object M € pMI is a projective A-module. Moreover, A is quasi-
Frobenius.

If A is a right coideal subalgebra of H, then it is H-simple and every finite dimen-
sional object in B./\/lg and in A./\/lg is even a free A-module. In particular, H is
free as a right and left A-module. Moreover, A is a Frobenius algebra.

Based on these results, I classify module categories over the representation
category of a finite dimensional quasi-Hopf algebra by H-simple H-comodule

algebras (Theorem [6.2.4]):

Let C be the category of representations of a finite dimensional quasi-Hopf algebra
H and M a module category over C. Then M is an indecomposable exact module
category if and only if there exists a finite dimensional H-simple H-comodule alge-
bra A such that M is equivalent to the category of finite dimensional left A-modules
AMI as module categories.

For this purpose, I first prove a structure theorem for smash products. Module
algebras over a quasi-Hopf algebra H are algebras in the category myM, and
therefore they are not coassociative. Nevertheless, for an H-module algebra R
it is possible to define a smash product algebra R# H, which is then an asso-
ciative H-comodule algebra [BPvO00, PvOQ0T7]. I prove a category equivalence
r(EM) ~ R#HM}RI#H’ which also implies a bijective correspondence of H-
ideals of R and H-stable ideals of R#H. Beyond that, the results about module
categories over quasi-Hopf algebras have direct applications to H-comodule al-
gebras and smash products. More precisely, the results imply that H-comodule
algebras are quasi-Frobenius and that, whenever H is semisimple, also the
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smash product R#H of an H-simple H-module algebra R by H is semisim-
ple. This can not be shown directly as in the Hopf algebra case.

Part III of this thesis is devoted to the study of weak Hopf algebras and
module categories over them, as well as weak Hopf modules. Etingof and Ostrik
have shown [EO04, Theorem 2.5] that surjective tensor functors map projective
objects to projective ones. If now K C H is a weak Hopf subalgebra, then
the restriction functor y M — M is a surjective tensor functor and therefore
H is a projective K-module. It is not yet known whether this is also true for
coideal subalgebras of weak Hopf algebras.

I give an example of a Frobenius weak Hopf algebra which is not free over
a certain weak Hopf subalgebra. This example shows that a generalization
of the Nichols-Zoller Theorem to weak Hopf algebras is not possible. It also
shows that it is not possible to generalize Skryabin’s proof of the projectivity
of Hopf modules over H-simple H-comodule algebras. However, I show that it
holds for weak Hopf algebras which are free over their bases (Proposition [9.5.1)):

Let H be a weak Hopf algebra which is a free right module over its base algebra Hg
and let A be a quasi-Frobenius H-simple H-comodule algebra. Then every finite
dimensional object in MY is a projective A-module.

I conjecture that this proposition holds for arbitrary weak Hopf algebras and I
classify module categories over all weak Hopf algebras for which the proposition
holds, so in particular for weak Hopf algebras which are free over their bases.

In Theorem [10.2.6| and Proposition I show:

Let H be a weak Hopf algebra and C the finite tensor category of finite dimensional
left H-modules. Assume that for any finite dimensional quasi-Frobenius H-simple
left H-comodule algebra A, every finite dimensional object in M or in T M4
is a projective left or right A-module, respectively. Let M be a module category
over C. Then M is exact and indecomposable if and only if there exists a finite
dimensional quasi-Frobenius left H-comodule algebra B, which is simple in T Mp
and has trivial coinvariants, such that M =~ gMTd qs C-module categories.
Moreover, if A and B are left H-comodule algebras, then equivalences of module
categories AMT? — g MI? over C are in bijective correspondence with equivariant
Morita contexts for A and B.

Here, a Morita context (A, M, Q, B,«a, 3) for H-comodule algebras A and B
is called equivariant if M is a weak Hopf bimodule in BM% . In this work it
will be shown that endomorphism rings of weak Hopf modules are H-comodule
algebras and that 4 M =~ pM as module categories over H, if and only if there
exists an equivariant Morita context for A and B. For ordinary Hopf algebras
this was shown in [AMO07].

One main step for the classification of module categories over weak Hopf al-
gebras is the fact that weak Hopf modules over H-simple H-comodule algebras
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are generators. For this I will show that the trace ideal of a weak Hopf module
in M € Mﬁl is an H-stable ideal. If now A is H-simple and quasi-Frobenius,
then the trace ideal of M is equal to A, because it is non-zero. This implies
that M is a generator for M 4.

The appendix contains some definitions and facts from ring theory which
are needed for this work.
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Notations and Assumptions

Except for some indicated sections, k is assumed to be an algebraically closed
field with char(k) = 0. If not stated otherwise, all algebras are associative k-
algebras with unit. Tensor products, if unadorned, are over k.

If R and R’ are rings then the categories of left, right, or bimodules will be
denoted by g M, Mg, or pM g, respectively. The superscript /¢ indicates the
full subcategory of finite dimensional objects. For example, if A is an algebra,
then 4M/? is the category of finite dimensional left A-modules. We write M (")
for a direct sum of n copies of M.

If C is a category and X is an object of C, we simply write X € C. If Y is
another object of C we denote the class of morphisms by Home(X,Y). In the
case when the objects of C are modules over a ring R, we write Hompg (M, N)
for M, N € C. If two categories C and D are equivalent, we write C ~ D.

By ideal we mean two-sided ideal, otherwise they will be called right or
left ideals. The set of maximal ideals of a ring R is denoted by MaxR , the
Jacobson radical of R is denoted by Jac(R). If M is a right R-module, then
soc(M) denotes the socle of M, i.e. the direct sum of the simple submodules
of M. If X and Y are ideals of a ring R, we write

XY = {leyzmz e X,y EY}.

(2

For costructures we use a simplified Sweedler Notation [Swe69, Section 1.2]
omitting the summation symbol, e.g. A(h) =: k(1) ® h(g).

For an algebra A, A°P? denotes the algebra with opposite multiplication, and
for a coalgebra C', C°°P denotes the coalgebra with opposite comultiplication.

As usual, N denotes the set of natural numbers without zero.
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Module Categories






Chapter 1

Tensor Categories and Module
Categories

In this chapter the notion of module categories over finite (multi-) tensor cate-
gories are presented. For a detailed introduction to monoidal categories and ten-
sor categories the reader is referred to [EGNO10], [Riv72], [Kas95], or [Mig08];
note that in the latter, monoidal categories are called tensor categories. The
general definition of module categories over monoidal categories can be found
in [Ost03b].

1.1 Tensor Categories

Definition. [EOQ04, EGNOI10] A finite multi-tensor category C is a finite
abelian k-linear rigid monoidal category, where the tensor product is bilinear.
Here, a monoidal category is a category C equipped with a bifunctor

—@¢—:CxC—C,

which is called the tensor product, a unit object 1, together with natural
isomorphisms a_ _ _ : (= ®° —) ®° — — — & (= ®° —) (the associativity
constraint), and 7 : — ®C 1¢ — ide and 1 : 1¢ ®° — — ide (the right and left
unit constraints), all of which are subject to the usual pentagon and triangle
relations. A monoidal category is said to be rigid, if every object has a right
dual object and left dual object. An abelian category C is k-linear if the sets
of morphisms are vector spaces and the composition of morphisms is bilinear;
a k-linear abelian category is called finite if it has only finitely many simple
objects (up to isomorphism), every simple object has a projective cover, every
object is of finite length, and the morphism spaces are finite dimensional. This
is equivalent to C being the representation category of a finite dimensional
algebra.

A finite multi-tensor category C is called finite tensor category if
End(1¢) = k.
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Remark 1.1.1. The tensor product of a finite multi-tensor category is exact
in each factor [EGNO10, §1.13]. Moreover, the unit object is a direct sum of
non-isomorphic simple objects [EGNO10, §1.15]

It is a well-known fact that the representation category of a finite dimen-
sional Hopf algebra over a field k is a finite tensor category, where the underlying
tensor product is the tensor product over k. We will see later on that the rep-
resentation categories of quasi-Hopf algebras and weak Hopf algebras are finite
(multi-)tensor categories. However, for weak Hopf algebras, the tensor product
is no longer the tensor product over k. In particular, the vector space dimen-
sion of the tensor product of two objects in the category can differ from the
product of the dimensions. This leads to the introduction of a different concept
of dimension.

Lemma and Definition 1.1.2. [ENOO5, [EGNOI10] Let C be a finite ten-
sor category. Let Gr(C) be the Grothendieck ring of C (see for example
[EGNOI0, 1.16]). That is, as an additive group Gr(C) is the free abelian group
generated by the set Vi,...,V,, of isomorphism classes of simple objects in C,
modulo short exact sequences. For X € C, define [X] := >, n;V; in Gr(C),
where n; is the multiplicity with which V; occurs in the Jordan-Holder com-
position series of X. Moreover, Gr(C) has a natural multiplication induced by
the tensor product: for i,j = 1,...,n, define V;V; := [V} ®° Vil =>4 N}ika.
The matrix (N;7k)1§j,k§n is called the multiplication matrix of V;. For a sim-
ple object X € C define the Frobenius-Perron dimension FPdim(X) as the
largest positive eigenvalue of the multiplication matrix of the isomorphism class
of X, which exists and is well-defined by the Frobenius-Perron Theorem (see for
example [EGNOI10, 1.44]). Then FPdim : Gr(C) — C is the uniquely defined
character which has positive values on simple objects. Moreover, FPdim(X) is
an algebraic integer.

For Hopf algebras and quasi-Hopf algebras, the Frobenius-Perron dimen-
sions for the representation category coincide with the vector space dimensions.
On the other hand, tensor categories with integer Frobenius-Perron dimensions
are representation categories of quasi-Hopf algebras [EO04].

Definition. [EGNOI0|] Let C and D be finite multi-tensor categories. A quasi-
tensor functor is an exact faithful monoidal functor F' : C — D with natural
isomorphisms ¢ : F(X ®°Y) — F(X) ®P F(Y). If there is an additional
isomorphism & : F'(1¢) — 1p, then F' is called a tensor functor.

Remark 1.1.3. [EGNO10] Quasi-tensor functors preserve Frobenius-Perron di-
mensions.
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1.2 Module Categories over Finite Multi-Tensor
Categories

In this section, module categories over tensor categories will be introduced. For
more details see [Ost03b], [EGNO10] and [AMOT].

Let C be a finite multi-tensor category.

Definition. [Ost03bl, EGNOIO0] A (left) module category over C is an
abelian k-linear category M together with a bifunctor — @™ — : C x M — M,
which is assumed to be bilinear and exact in both variables. Moreover, there
are functorial associativity and unit isomorphisms

m: (-8 —) M- — —gM(-eM-),
and (1M - - id,

which satisfy the pentagon and triangle relations:

(idx @ my,zm) omx ygezm © (ax,y,z @idy) = My y, zeMar © Mxgcy,z M
(1.1)
(idx®€M)OmX7]17M:(7')(®idM), (1.2)

for X,Y,Z € C, M € M. Here, 1 denotes the unit of C, a denotes the associa-
tivity, and r the left unit constraint of C.

Remark 1.2.1. The exactness in the second variable follows automatically from
the fact that C is a monoidal category with duality (cf. Lemma [8.1.5)).

Ezamples 1.2.2. (1) C is a module category over itself.

(2) [Ost03b] Let R be an algebra in C, then the category Cgr of right R-
modules in C (see [Ost03b]) is a module category over C. More precisely, for
X € C and a module M over R in C, the object X ®°% M is X @“ M in C where
the R-module structure is induced by the R-module structure p of M, that is
it is given by id ® p. The associativity and unit constraints are the ones of C.
If X,Y € Cand M € Cg, then axy : (X®°) @° M — X ¢ (Y ®° M) and
lpr 1 ®° M — M clearly are R-linear.

If C is the category of left H-modules, where H is a Hopf algebra, quasi-Hopf
algebra, or a weak Hopf algebra, then an algebra in C is exactly an H-module
algebra and Cg is the category (gM)g of H-modules with a compatible R-
module structure (see Section 4.2 and Section 8.2).

(3) Later (Remark Lemma and Lemma [10.1.1]) we will see that

if H is a Hopf algebra, quasi-Hopf algebra, or a weak Hopf algebra and A is a
left H-comodule algebra, then the category 4 M of left A-modules is a module
category over the category of representations of left H-modules. The structure
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of X @AM M, where X is a left H-module and M is a left A-module, is the
diagonal structure. If A is H-simple then 4M is exact (see next section) and
on the other hand every exact module category over M/ ¢ is of this form.

Lemma and Definition 1.2.3. [Ost03bl, [AMO07] A C-module functor be-
tween two C-module categories M and M’ is a functor F together with a natural
isomorphism

c:F(—eM—) > — oM F(-),

such that for X,Y € C and M € M the pentagon and triangle equation

(idx ® ey,m) © ex,ygmar © F(mx,y,m) = mix y poar) © CXev,M, (1.3)
Cpory © cam = F(lur) (1.4)

are satisfied. If (F,c) : M — M’ and (G,d) : M’ — M" are C-module functors
then (GF,do G(c)) : M — M" is a C-module functor.

A natural transformation of module functors (F,¢), (G,d) : M —
M’ is a natural transformation  : F' — G, such that for all X € C and M € M

dx,m 0 Nygmyr = (idx @ nar) o ex, i (1.5)

Consequently, two C-module categories M and M’ are said to be equivalent
as C-module categories, if there exist mutually inverse C-module functors
(F,c) : M — M’ and (G,d) : M" — M and natural isomorphisms « : GF —
idypg and B : FG — iday which satisfy

axgmy = (idx ® ay) o (dx pry o Glex,m)), (1.6)

Bxgmuyr = (idx @ Barr) o (ex,ary © Fdx mr))s

for X e C, M € M, and M' € M’. In this case (F,c) is called an equivalence
of C-module categories.
Note that clearly (iday,id) is a C-module functor.

Lemma and Definition 1.2.4. [Ost03b] A direct sum of two C-module cat-
egories is again a module category, where the tensor product as well as the
associativity and unit isomorphisms are coordinate wise. A C-module category
M is said to be indecomposable, if it is not equivalent to a direct sum of
non-zero module categories. If M is a finite module category over C, then M
is a finite direct sum of indecomposable module categories.

1.3 Exact Module Categories

Let C be a finite multi-tensor category.
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Definition. [EO04] A C-module category M is called exact, if it is finite and
for any projective object P € C and any M € M, P @™ M is a projective
object in M.

Remark 1.3.1. (2) If C is semisimple, then a module category over C is exact
if and only if it is semisimple, which can be seen by tensoring with the unit
object.

Definition. An abelian category is a Frobenius category if every projective
object is injective and vice versa.

Proposition 1.3.2. [EO04, Corollary 3.6] Ezact module categories are Frobe-
nius categories.

In particular, if for an algebra A, 4M is an exact module category over a
finite multi-tensor category, then A is quasi-Frobenius (see Appendix [A.3.1)).

Theorem 1.3.3. [EO04] [Ost03b] If M is an exact module category over C and
M a generator for M in the sense of [EOQ04], that is for every N € M there
exists an object X € C such that Hompy(X @ M, N) # 0. Then End(M) is
an algebra in C and

Hom(M, =) : M = Ciguaan

s an equivalence of module categories.

Here, Hom(M, N) denotes the internal Hom (see for example [EGNO10,
2.10] or [Ost03b]), that is it is the representing object in C of the representable
functor Homp(— @™ M, N); and End(M) := Hom (M, M).

Proof. [EGNOI10, Theorem 2.11.6 and 2.11.5] (see also [AM07, Theorem 1.14
and Remark 1.15]). O

Remark 1.3.4. [EO04) [AMO07]

(1) Every exact module category over C is a finite direct sum of exact inde-
composable module categories.

(2) If M in the theorem is indecomposable, then every non-zero object in M
18 a generator.

(3) If M is as in (2) and M € M is simple, then the theorem implies that
End(M) is a simple object in Cgp(nr)-

Corollary 1.3.5. Let M be an indecomposable exact module category over C.
There exists an algebra R in C, which is a simple object in Cr and M ~ Cg as
C-module categories.






Chapter 2

Module Categories over Hopft
Algebras

In this chapter we discuss indecomposable exact module categories over Hopf
algebras. We assume that the reader is familiar with the definitions of Hopf
algebras, comodules, Hopf modules, smash products, etc. For the definitions,
facts, and usual notations we refer to Montgomery’s book about Hopf algebras
[Mon93].

Let H be a finite dimensional Hopf algebra and let C be the finite tensor
category of finite dimensional left H-modules. Andruskiewitsch and Mombelli
[AMOT] classified indecomposable exact module categories over C. In this chap-
ter a new and more direct proof for this classification will be sketched, which
does not use stabilizers. This new proof has the advantage that it can be gen-
eralized to module categories over weak Hopf algebras, which will be presented
in Chapter 10.

Theorem 2.0.1. [AMOT, Proposition 1.24 and Theorem 3.3] If M is a module
category over C, then M is exact and indecomposable if and only if there exists
a left H-comodule algebra B which is a simple object in T Mp and has trivial
coinvariants, such that M ~ pM as module categories over C. Moreover, if A
and B are H-comodule algebras then s M ~ pM as module categories over C
if and only if there exists an equivariant Morita context (A, M, Q, B, «, 3), that
is (A, M,Q, B,«, ) is a Morita context for A and B and M € A M%.

Remark 2.0.2. Recall that the category 4 M is a module category over C with
diagonal structure, that is for X € C and M € s M, X ® M € s M via the
costructure of A.

Definition. Recall that a subspace Y of an H-comodule (X, J) is called H-
costable if 6(Y) C Y ® H. A nonzero H-comodule algebra is called H-simple
if it does not contain a proper nonzero H-costable ideal. Dually, an H-module
algebra is called H-simple if it does not contain a proper nonzero H-stable
ideal.
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Lemma 2.0.3. Let A be a finite dimensional H-simple H-comodule algebra.
Let M be a nonzero finite dimensional object in the category Mﬁl of relative
(H, A)-Hopf modules. Then M is a progenerator in My (see Appendiz A.1).

Proof. Since A is H-simple, Theoremor [Skr07, Theorem 3.5] implies that
M is a projective right A-module. Moreover, A is quasi-Frobenius by [Skr07,
Theorem 4.2]. It remains to show that M is a generator in M 4. For this it
suffices to show that the trace ideal Ths of M is A (see Appendix . We
have M € (g+M)a, where H* is the dual Hopf algebra of H, and (g+M)a
is the category of A-modules which have an H-linear A-module structure. By
[SvO06, Lemma 1.3] T/ is an H*-stable ideal of A and therefore H-costable.
The H-simplicity of A implies that Ty is either 0 or A. But Th; # 0 since A is

quasi-Frobenius (see Appendix |A.3.2]). O

Corollary 2.0.4. If A is an H-simple left H-comodule algebra, then A M is
an ezxact indecomposable module category over H.

Proof. It M € AM then H® M € sM and therefore it is a projective A-
module by the opcop-version of Lemma Hence, P ® M is projective for
every projective left H-module. 4M is indecomposable since A is H-simple
[AMOT, Proposition 1.18]. O

Proposition 2.0.5. [AM07, 1.19] If M is an indecomposable exact module
category over C, then there exists a left H-comodule algebra A, such that M ~
AM as C-module categories.

Remark 2.0.6. The proposition follows from Etingof and Ostrik’s classification
of exact module categories (Corollary . In fact, let R be the algebra in C
from then R is an H-module algebra and M ~ Cr = (g M)r as module
categories. Set A := RP# HP then A has the desired property which is shown
in [AMO7, 1.19].

Moreover, we know from that R is an H-simple H-module algebra,
hence R°P is an H¢P-simple H“P-module algebra, and therefore RP#HP is
an HP-simple right HP-comodule algebra [MS99, Lemma 1.3], that is an
H-simple left H-comodule algebra.

Proposition 2.0.7. Let R be a finite dimensional H-simple left H-module
algebra and set A = R#H. Then there exists an H-comodule algebra B and
M € gMI, such that

M®yg—: aAM— gM

s an equivalence of categories, and moreover B is a simple object in Mg and
the coinvariants B are trivial, that is B©? ~ k.

Proof. Let V be a simple right R-module, then it is well known that M := V#H
is nonzero and simple in M [MS99]. By the lemma above it is a progenerator
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in M4 and with Morita Theory we obtain the desired category equivalence
for B := End(M) (see Appendix . B is an H-comodule algebra and
M € pMIH | for example by [Lin03].

B = Ends(V#H) is a simple object in M&. This follows directly from
the fact that V is assumed to be a simple R-module and the equivalences of
categories:

Mp =~ MI ~ Ml
W — W#H — Homu(V#H, W#H),

where the first equivalence is the known one for Galois extensions (see for exam-
ple [MS99]) and the second equivalence is induced by the Morita equivalence
(see Proposition for the proof of the more general case of weak Hopf
algebras). The coinvariants of B are trivial, since M is simple in ./\/lg and
Bl = {f € Enda(M)| f H-colinear} = k, which is easy to check in the Hopf
algebra case. It is shown in [8.5.2] more generally for weak Hopf algebras. O

Proof of Theorem [2.0.1 If B is a left H-comodule algebra which is simple in
H A p, then pMJ? is an exact indecomposable module category by Corollary
On the other hand, if M is an exact indecomposable module category,
then we know from Proposition and Remark that M = Rop4 preon M
as module categories over C, for some H-simple left H-module algebra R. There-
fore Proposition renders an equivalence of categories

M®(Rop#Hcop) — (ROP#HCOP)M =~ BM

for some right H¢P-comodule algebra B, which is simple in Mgm and has
Hc<op

(Rov#HeoP):
[AMOT, Proposition 1.23 and 1.24] that this is actually an equivalence of module

trivial coinvariants, and M is an object in gM It follows from
categories over C.

The second part of the theorem is [AM07, Proposition 1.23, Proposition
1.24, and Theorem 1.25]. O
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Chapter 3

Quasi-Hopf Algebras and
Quasi-Hopf Bimodules

A quasi-Hopf algebra H is an associative algebra and a quasi-coassociative
coalgebra together with a quasi-antipode. The coalgebra structure A is coas-
sociative up to conjugation by an invertible element ¢ € H ® H ® H. The
coassociator ¢ gives rise to an isomorphism ® : (U@V)eW = U (VW) for
left H-Modules U,V and W and it is defined in such a way that the category
gM of left H-modules becomes a monoidal category with this associativity

constraint.

For quasi-Hopf algebras, the notion of an ordinary Hopf-module does not
make sense since H is not coassociative and H-comodules can not be defined.
However, due to the quasi-coassociativity of H it is possible to define axioms
for costructures of bimodules. The category H/\/lg of quasi-Hopf H-bimodules
was introduced by Hausser and Nill [HN99b, Section 3]. They have proven a
structure Theorem for quasi-Hopf bimodules in H/\/lg which generalizes Lar-
son’s and Sweedler’s structure Theorem for Hopf modules. Moreover, Hausser
and Nill have shown that every finite dimensional quasi-Hopf algebra is a Frobe-
nius algebra [HN99b, Theorem 4.3]. Bulacu and Caenepeel defined the category
g MI of two-sided (H, A)-quasi-Hopf modules [BCO3b, Section 3.1], where A
is an H-comodule algebra as defined in [HN99al Definition 7.1].

In this chapter it is not necessary to assume that k is algebraically closed.

3.1 Quasi-Hopf Algebras

Definition. [Dri90] A quasi-bialgebra is an algebra H together with algebra
morphisms A : H — H® H and € : H — k and an invertible element ¢y €
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H ® H ® H such that for all h € H
or (A ®id)(A(h)) = (id ® A)(A(h))¢w,
(e®id)(A(h)) = id®e)(A(h)) = h,

(1®¢n)(id®A®id)(¢n)(¢on ®1) = (Id@id ® A)(¢n)(A ®@id ®@id)(¢n),
(3.3)

(id®e®id) (o) =1® 1. (3.4)

Notation. We use a simplified Sweedler Notation A(h) =: h(1) ® h(g), but since
A is not coassociative we write

and (id® A)(A(h)) = h( 1) ® h(2,1) & h(gjg),

for every h € H. Furthermore, we denote

b = (1) ®¢H ®¢H and ¢1_{1 _. Qﬁ;l) ®¢’§;2) ®¢§;3)7

again omitting the summation symbol. When no confusion is possible, we just
write ¢ for ¢p.

Remark 3.1.1. Note that the identities (3.1) — (3.4) also imply
(e®id®id)(¢p) = ([d®id®e)(pg) =1 1. (3.5)
We obtain this by applying id ® id ® € ® € respectively ¢ ® ¢ ® id ® id to (3.3).

Definition. A quasi-Hopf algebra is a quasi-bialgebra H together with a
quasi-antipode (S, «, 3) where S is a bijective anti-algebra morphism of H,
a, € H, and for all h € H the following holds:

S(h(l))ah(g) = e(h)a and h(l)ﬂSUL(Q)) = €(h),3, (3.6)
6 85(6)ad® =1 and  S(¢%; a8 (4P = 1. (3.7)

Remarks 3.1.2. (1) Drinfeld has shown that either one of the identities in (3.7)
is redundant [Dri90, Proposition 1.3]. By applying ¢ to those identities we see
that e(a) and (f) are invertible and therefore can be assumed to be 1. We
obtain (¢05)(h)e(a) = e(h)e(a) for all h € H by applying ¢ to the first identity
of (3.5). Hence, £0 S =¢.

(2) If H is a quasi-Hopf algebra with coassociator ¢y and quasi-antipode
(S, a, B) then so are HP, HP and H°P®P with ¢por = gb;{l, e ¢§;3) ®

D0 ¢\ Y, broreor = ¢ © 6% © ¢ and 5 = §eor = goveor =1 — g1,
ol = ﬁcop — Sil(ﬁ), ﬁop = P = Sil(a), a0PcopP — ﬁ; ﬁopcop = q.

(3) By some authors, the quasi-antipode S is not assumed to be bijective,

but Bulacu and Caenepeel [BC03al, Theorem 2.2] have shown that the bijectivity
of S is automatic whenever H is finite dimensional.
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(4) Quasi-Hopf algebras are not self-dual. The dual space H* = Homy (H, k)
of a finite dimensional quasi-Hopf algebra H is a so-called dual quasi-Hopf
algebra [BC03a], which is a coassociative coalgebra, and quasi-associative alge-
bra with the usual structure using the canonical pairing Homy(H, k) x H — k.

Proposition 3.1.3. If H is a quasi-Hopf algebra then the category C of left H -
modules is a rigid monoidal category |[Dri90]. If H is finite dimensional, then
the category of finite dimensional left H-modules is a finite tensor category.

On the other hand, every finite tensor category with integer Frobenius-
Perron dimensions is equivalent to the representation category of a finite di-
mensional quasi-Hopf algebra [EO04, Proposition 2.6].

Lemma and Definition 3.1.4. [Dri90] A twist or gauge transformation
of a quasi-Hopf algebra (H,A, ¢) is an invertible element F' € H ® H with
(e®id)(F) = (id®¢e)(F) = 1. It induces a new costructure on H by
Ap(h) := FA(h)F~!
or = (10 F)(id® A)(F)¢g(A®id)(F)(F @1).
Then (H, A, ¢r) is again a quasi-Hopf algebra [Dri90, §1] with Sp = S and
ap = S(FEV)YaF™? and gr = FOBS(F®?),

where F =: F(U @ F?) and F~' = F-U @ F(-2) omitting the summation
symbol. Recall that in general, ordinary Hopf algebras do not remain Hopf
algebras under a twist.

Proposition 3.1.5. [Dri90] If H' is obtained from the quasi-Hopf algebra H
by a twist, then the representation categories of H and H' are equivalent as

monoidal categories.

Remark 3.1.6. Unlike the antipode of a Hopf algebra, the antipode of a quasi-
Hopf algebra is not an anti-coalgebra morphism. However, Drinfeld [Dri90] has
found a twist transformation Fg € H ® H such that

FsA(S(h)Fg' = (S @ S)(A”(h)),
for all h € H, where A%(h) = h() ® h(y). Following Drinfeld, we can give an
explicit formula for Fg and FS_ L Let
(ol Vi )ad o @ S(0M)as Vel
= ¢(H oY S8y ) @ ¢H Ol o) BS (057 by >,
(3.8)
then  Fs=(S®5)(A%(s% ")y Aol 85(6)),
F3' = A(S(¢ )aol; )6 (S ® S)(AP(¢~2)).
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Ezamples 3.1.7. In the context of a description of the connection between quan-
tum groups and rational conformal field theory, Dijkgraaf, Pasquier, and Roche
[DPRI0] defined the important example of a non-trivial quasi-Hopf algebra
D“(G). As a vector space the quasi-quantum group D“(G) is the Drinfeld dou-
ble D(G) of a finite group G, with a multiplication and comultiplication which
are deformed by a normalized 3-cocycle w. For a detailed definition see also
[Kas95l XV.5].

Etingof and Gelaki gave examples of quasi-Hopf algebras which are not
twist-equivalent to an ordinary Hopf algebra [EG04, |Gel05, [EG05]. They clas-
sified finite dimensional quasi-Hopf algebras with radical of codimension 2 and
more generally of prime codimension.

3.2 H-Comodule Algebras and Coideal Subalgebras

Definition. Let (H, ¢x) be a quasi-Hopf algebra. A right H-comodule al-
gebra is a unital algebra A together with an algebra morphism p: A — AQ H
and an invertible element ¢, € A ® H ® H which satisfy

$p(p ®@id)(p(a)) = (id @ A)(p(a))dp, (3.9)
(id®e)(pla)) = a, (3.10)
(1a®¢n)(id ® A®@id)(¢p)(¢p ® 1) = (iId @ id ® A)(¢,)(p ® iId ® id)(¢)p),
(3.11)
([d®e®id)(¢,) = (d®id®e)(¢,) =14 ® 1q, (3.12)

for all a € A.

Analogously, one may define left H-comodule algebras.

Notation. Similar as for quasi-Hopf algebras, we write p(a) =: a(p) ® a1y and

(p@id)(p(a)) =: a0 ® aq,1) ® aq),
(id® A)(p(a)) =: a@) @ a(1,1) @ a1 2),

for all @ € A. Moreover, ¢, =: gbgl) ®¢E)2) ®<;5,(03) and gb;l =: qﬁl(ofl) ®¢E;2) ®¢Ef?’).
Remarks 3.2.1. (1) Because of the generalized pentagon equation (3.11), ¢, has
to be nontrivial whenever ¢y is nontrivial. On the other hand, ¢, may be
nontrivial even if H is an ordinary Hopf algebra.

(2) If (A, p, ¢p) is a right H-comodule algebra, then (A%, p, gb;l) is a right H°P-
comodule algebra and (A, p°P, qﬁg*:s) ® QZ)E;Q) ® qb,(fl)) is a left HP-comodule
algebra.

Definition. Let H be a quasi-Hopf algebra. A subalgebra K C H together with
an invertible element ¢ € K ® H ® H is called a right coideal subalgebra
of H,if A(K) C K® H and (K, A, ¢k) is a right H-comodule algebra.
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Remark 3.2.2. Let K be a subalgebra of a quasi-Hopf algebra H satisfying
A(K) C K®H and ¢y, gbl_{l € K® H® H then K is a right coideal subalgebra
of H. On the other hand it would be too restrictive to define coideal subalgebras
in such a way that the coassociator belonging to K coincides with the coasso-
ciator of H, which would imply ¢y € K ® H ® H. For example, a reasonable
right coideal subalgebra of the tensor product H® H' of two quasi-Hopf algebras
would be K ®k1 g/, where K is a right coideal subalgebra of H with coassociator
¢p. The coassociator of K ® k1 would be gbg) Rlg ® qb(;) R1gp® qzﬁg) ® 1y
and is therefore unequal to ¢ygr = g) ® gbg? ® qﬁg) ® qﬁgg ® gbg) ® qﬁg? unless
¢p is trivial (cf. [Sch04] for considerations about quasi-Hopf subalgebras and
their coassociators).

3.3 Quasi-Hopf Bimodules

Definition. Let (H, ¢y ) be a quasi-Hopf algebra and (4, p, ¢,) and (B, p, ¢,)
right H-comodule algebras. A right (H, B, A)-quasi-Hopf bimodule is a
(B, A)-bimodule M with a quasi-coaction dys : M — M @ H, which is a (B, A)-
bimodule morphism (M ® H € pM 4 via p’ and p) and which satisfies

¢ (6 ®idg) (0 (m)) = (idy @ A)(0ar(m))Pps (3.13)
(id ® &) (6ar (m)) = m, (3.14)

for all m € M. The (H, B, A)-quasi-Hopf bimodules together with (B, A)-
bimodule morphisms which are H-colinear form a category denoted by B./\/lﬁ[ .

For left H-comodule algebras we can define left quasi-Hopf bimodules in the
same way. The resulting category will then be denoted by #M 4.

Notation. Again we write dps(m) =: m ) ® mp) and

(On ®id)(0a1(m)) =: m(0,0) ® mo,1) ® M(1),
(id ® A)(dpr(m)) =: mp) ® m1,1) @ M(1,2),

for all m € M.

Remark 3.3.1. If H is regarded as a right H-comodule algebra via A, then
an (H, H, H)-quasi-Hopf bimodule is a usual quasi-Hopf H-bimodule defined
by Hausser and Nill [HN99b, Section 3]. Another special case is the category
g MI of (H, A)-quasi Hopf bimodules introduced by Bulacu and Caenepeel
[BCO3b, Section 3.1].

Ezamples 3.3.2. (1) A right H-comodule algebra A is an object of 4 M.
(2) Let M be a right A-module, then M.®. H.€ gMI, with

Sven(m @ h) =mol) @ hiyo? @ hepyol, (3.15)
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for all m € M, h € H. The dots indicate the bimodule structure of M ® H,
which means that it is given by g(m ® h)a = ma g ® gha(y) for all m € M,
a€ A hgeH.

(3) If M is a left A-module, then .M @ .H. € 4 M in the same way, that is
with a costructure given by

Sen(m®h) = ¢S Vm @ ¢ Ph) © ¢ Ih), (3.16)
forallme M, h € H.

3.4 Antipode Properties

Unless stated otherwise, in the following (H, A, e, ¢, S, a, () is a quasi-Hopf
algebra and (A4, p, ¢,) and (B, p', ¢,/) are right H-comodule algebras.

Lemma and Definition 3.4.1. [HN99al Section 9] we define
pp=ap V@O BS(0p)  and gy =) © ST ag)ef?).

Since H can be regarded as a right H-comodule algebra via A, we can define
Pr = pA and gr := qa and obtain

pr= 05 @ 0578805 Y)  and  qn = o) © ST (agl)el .

Hausser and Nill [HN99a, Lemma 9.1] have shown the following relations:

p(a))pp(1 ® S(any)) = ppla® 1), (3.17)
(1@ 5™ (a@))gpp(a) = (a® 1)g,, (3.18)
p(aM)pp(1® S(gf?) = 14 ® g, (3.19)
1@ S ' P)ep(l)) =14 @ 1y. (3.20)

Those relations are a generalization of the fact that for an ordinary Hopf
algebra H and a right H-comodule algebra A the following holds: a() ®
amyS(ap) = a® 1y for every a € A. Similar we can get the analogon of
the antipode property for comodules:

Lemma 3.4.2. Let (M,0y) € pMH. Then
dm (m(0))pp(la ® S(m(1))) = pp(m ® 1g), (3.21)
(s ® S™H(m)))gydu (M) = (M @ Liz)gp, (3.22)
for every m € M.
Proof. Analogous to the proof of [HN99a, Lemma 9.1]. O]



3.5 Quasi-Hopf Bimodule Isomorphisms 31

3.5 Quasi-Hopf Bimodule Isomorphisms

If H is an ordinary Hopf algebra, A a right H-comodule algebra and M € 42 MH
then we have a well known left A-linear and right H-linear isomorphism

MQH. =2 . M®.H.
m®hb—>m(0) ®m(1)h
mg) ®S(m(1))h<—+m®h

The A- and H-structures are indicated by the dots. In the latter case, M @ H
has a diagonal left A-structure induced by the costructure of A whereas in the
first case H has a trivial left-H-module structure. We have a similar isomor-
phism for quasi-Hopf algebras.

In the following (H, A, €, ¢m, S, a, 3) is a quasi-Hopf algebra and (A, p, ¢,)
and (B, p', ¢,) are right H-comodule algebras.

Lemma 3.5.1. Let M € B/\/lg with costructure §, then

%]
MH —. Mp.H. in pMpy
o’

m®h— m(o)pg) ® m(l)p/(?)h

g)m(l))h —m® h,

q,(,})m(o) ® S(q

(1)

. 1
where we write p, =: p,

(2)

2 1
®ppy  and 4y =: q(/)

(2)
o /

®qp

suppressing the summation
symbols.
Proof. Let m € M and h € H, then

p(¢'(meh)) = Q,()/l)(o)m((),o)p(pl) ® q;(,})(l)m(og)pé?)S(Q,(,?)m(l))h

= 7/(a5)0(mo))pp(1 ® S(m1))S(a)h)
= 0(¢ )y (1© 5(¢)) (m @ h)
=m®®h,

where we first use equation (3.21) and then equation (3.19). In the same manner

we obtain

& (p(m @ h)) = g5 mo0p) ) @ S(a m.pl ) mapPh

= (id® 8)((1 @ S~ () S~ (m)))gr6(m)p(pi)) (1 @ h)
= (m®1) (id®S)(1® 5 (p)gpPl)) (1© h)
=m®®h,

using (3.22) and (3.20). Obviously, ¢ is left B- and right H-linear. O
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Corollary 3.5.2. The lemma implies further isomorphisms which we will need
later. Let again M € B/\/lf with costructure 4.

(i) Then .H ® M.= M.®.H. as (H, A)-bimodules, where again the bi-
module structures are indicated by the dots. The isomorphism and its inverse

are given by

0
H®M2M.@ H.
m(o) ® hay m)
hS_l(m(l)psz)) ® m(o)pgl) —m®e h,

h@mr—>q/()})

This is in fact an (H, A)-bimodule isomorphism, since # is an op-version of ¢
from Lemma [3.5.1]

(ii) It follows that . H @ M.€ yMH and He M. 2 M.®.H. in gMH.
In fact, we can define a costructure for . H ® M. by means of the (H, A)-linear
isomorphism 6 and the costructure of M. ® . H. given in (3.15). That is, for all
m € M and h € H we define

Suem(h@m) :=0"" ®id)(Smeun(0(h @ m)).

(iii) Moreover, .H ® M.® . H.=.H ® M.®H. in gMagy, where
L H®M.®.H. and . H® M.®H. have different bimodule structures indicated
by the dots, that is in the first case we have g(h@m®h')(a®g’) = g1)h@ma®
g2)h'g’ and in the latter case we have g(h@ m ® h')(a ® ¢') = gh @ ma @ h'¢g/,
for alm € M, a € A and g,¢',h,h’ € H. This follows directly from Lemma
for M = H and more precisely the isomorphism and its inverse are given
by the maps

”
H ®M.®.H.§.H®M. Q@ H.
homeg— ¢ h

g qRr

h(l)pg) XmQ h(Q)pg)g —h®m®g.

1) ®m® S(Qg)h@))g



Chapter 4

Coinvariants, Smash Products,
and Structure Theorems for
Quasi-Hopf Bimodules

If H is a Hopf algebra and R is a left H-module algebra, then the category of
right R-modules My is equivalent to the category of relative Hopf modules over
the smash product M g wp- The aim of this chapter is an analogous result for
quasi-Hopf algebras. Given that module algebras over quasi-Hopf algebras are
not associative, we can only consider modules over an algebra in the monoidal
category of H-modules. For H-module algebras R and R we will prove a cat-
egory equivalence gp(gM)p =~ R#HMg SH In particular, the H-ideals of an
H-module algebra R correspond to the H-costable ideals of R#H.

In this chapter it is not necessary to assume that k is algebraically closed.

4.1 Coinvariants and the Structure Theorem by
Hausser and Nill

If H is a usual Hopf algebra, the coinvariants MH of an Hopf module M
are defined as M“" = {m € M|my @ my) = m ® 1}. Then M®@H =
{m(yS(m1))lm € M} and M¥H is a left H-module with the adjoint action.
The Fundamental Theorem for Hopf modules states, that the category of vector
spaces is equivalent to the category of Hopf modules, where the equivalence is
given by vecty = ./\/lg, V +— V ® H: with inverse functor ( ). In particular,
(Vo H)* =V 1.

In the following sections, H is a quasi-Hopf algebra and (M, ) € H./\/lg
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We would like to define coinvariants of M in such a way that we obtain an
analogon to the Fundamental Theorem, so in particular (V@ .H.)*°" =V @1
for all V € pM. As the costructure of an object in H/\/lﬁ is not coassociative,
the definition of the coinvariants in the above sense is not very useful. For
example, one can see that for V € pMwe have {r e VR H|d(z) =2 ®1} =
{fv@llv eV and ¢ Vv ¢(~? ® ¢(-3) = v ®1® 1}. However, Hausser and
Nill [HN99b] defined a projection

E:M—-M (4.1)
m— qﬁ%)mm)ﬁS(qﬁ?mm)
and showed that the elements of F(M) have a quasi-coinvariant property and
that E(M) is a left H-module with H-action defined by
hw» m:= E(hm), he H,me M. (4.2)

More precisely Hausser and Nill proved the following properties for £ and the
action »:

Lemma 4.1.1. [AN99b Proposition 3.4 and Corollary 3.9] Let M € gME
and let E and » be as above. Then for all g,h € H, m € M the following
properties hold.

(i) h» E(m) = E(hm) =h» m,
(i

ghw»m=gw» (h»m),

(i) E(E(m)) = E(m),
(iv) E(mh) = E(m)e(h),

hE(m) = (hqy » E(m))h(),
(vi) E(m))ma) =m,

E
(vii) E

(E(m))) ® E(m)q) = E(m)® 1,

E(m)() ® E(m)q) = (611 » E(m))¢~? @ ¢~
It follows that E(M) is a left H-module via » and

i)
)
)
(v)
)
)
(viii)

M .= BE(M) = {m € M|E(m)) ® m, = E(m) ® 1}
={m € Mm@ @ m(y)y = (6D p m)o2 @ I,

In particular, for H regarded as a quasi-Hopf H-bimodule we have E(h) = (h)1
and B(¢C Mo @ ¢(3) =11 .

Using this definition of coinvariants, Hausser and Nill proved a structure
theorem for quasi-Hopf bimodules, which generalizes the Fundamental Theorem
for Hopf Modules:
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Theorem 4.1.2. [HN99D, Theorem 3.8 and Proposition 3.11] Let H be a quasi-
Hopf algebra and M € H/\/lg Then there is an equivalence of monoidal cate-
gories
oM~ gM
(f M — N) v (flpon) : E(M) — E(N))
V& H«V
(gRid: VOH ->W®H)—(g:V—>W).

Remarks 4.1.3. (1) fl|g(r) above is well-defined, since for an gMimap f :

M — N and m € M we have f(E(m)) = E(f(m)). For M € yME and
V € gM the isomorphisms in HMg and g M are given by:

M=~ E(M)® .H. VEE(V®.H)
m»—>E(m(0))®m(1) v—U®1
m-h—ma®h ve(h) «— v ® h.

In fact, E(V®@ H) =V @1y for all V € gM.

(2) The monoidal structure of 5 M is the usual one. g M is a monoidal cat-
egory with the tensor product over H and if (M,dxs), (N,dn) are objects in
HMg then M @y N € H./\/lg with 5M®HN(m® n) = (m(o) (9 n(o)) ® M(1)7(1)-

4.2 H-Module Algebras and Modules in g M

Definition. [BPvOO00] A left H-module R is called a left H-module algebra,
if it is an algebra in the monoidal category g M. That is R has a multiplication
with a unit 1z and

he(rr') = (h(l) 'r)(h@) '), (4.3)
h~1R=€(h)1R, .
r(r'r") = (@70 )@ ) (e ). (4.5)

The quasi-Hopf algebra H itself is not an H-module algebra, but we can
define a new multiplication o on H such that (H,o) becomes an H-module
algebra, which will be denoted by H,. More generally, we have the following
definition.

Lemma and Definition 4.2.1. [BPvOO00, Proposition 2.2] Let R be an algebra
and ¥ : H — R an algebra map. We can define a multiplication on R by

aob:=9(¢)ad(S(Ve)as Do) b9(S(6 s (3))
= 90 o(,") av(S(6P o, )ad P D) bi(S(6Y)), by (3.3)
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for all a,b € R. Then R with this new multiplication is an H-module algebra,
where the H-module structure is given by the left adjoint action

hey a:=9(hqy) ad(S(ha)),

for h € H, a € R. This H-module algebra will be denoted by R”, and H, is
just HiH

An H-module algebra is not associative and therefore it does not makes sense
to define modules over it. However, we may define modules in the category g M
of left H-modules.

Definition. Let R, R be H-module algebras, then we can define the categories
r(HM), (EM)R, and g(gM)j of right, left R-modules, and (R, R)-bimodules
in g M. That is, V € g(gM)p is a left H-module which has a left R-structure
and a right R-structure which satisfy

lpev=v=vels, (4.6)
h-(rev)=(hgy-r)e(hg)  -v) and h-(veF)= (hyy-v)e(hg) - 7), (4.7)
re(rev)= (" 1)@ 1)) e (¢ v), (4.8)

(veoi)ei = (M) v)e (6 7) (¥ ), (4.9)

(rov)ei = (¢ r)e((¢®  v)e (@ 7)), (4.10)

foralhe H,veV,r,r € R, and 7,7 € R.

4.3 Coinvariants for Relative Quasi-Hopf Bimodules

Let (A,p,¢,) and (B, o', ¢,) be right H-comodule algebras and assume there
are H-comodule algebra maps

~v:H—Aand v : H— B.

In particular (y®id ®id)(¢) = ¢, and (7 ®id®id)(¢) = ¢,. Let M € s MHE,
then M € H/\/lg via v and 7/ and we can define the coinvariants of M by
means of Hausser and Nill’s projection

E:M— M, mey(qW)mey (8S(qPmq))).

Here, q := g from Section 3.4. E(M) is then a left H-module with the action
given by h » E(m) = E(h- E(m)) = E(h-m).

In the same manner we may define the coinvariants A := E(A) of the
H-comodule algebra A. We will see that A is an H-module algebras with
the H-action » but with a new multiplication. This was already shown by
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[PvO07] with a different proof. Moreover, we will show that E(M) is an object
in the category jeorm ( gM)georr of (A®H  BH)_bimodules in y M. Finally we
will prove that in this case, the category AMg of relative quasi-Hopf bimodules
is equivalent to the category geom ( g M) geon .

In the following let (A, p,¢,) and (B, o', ¢,) be H-comodule algebras with
H-comodule algebra maps v: H — Aand v : H — B and let M € AMg.
Lemma 4.3.1. For all a,a’ € A, b,/ € B, m € M and h € H we have:
mE(b)) = E(mb),

aE(m)) = B(am),

& 3
S
=
\Q\
3
I
3
g
=

Y(¢M)a) E(y(¢P)a")1(¢*))m) = E(E(E(a)a)m),

(vii) E(E(y(6")m)E( (6®)b)y (¢)b) = E(E(E(m)b)b),

=
P T T . - . . .
&

YN @D =1, @ 1.

= E(my/(¢M)b())e(8S(¢b(1)) by (iv)
E .

(ii) analogous to (i).

(ili) E(aym)v (a@)) = v(@D)ag,0moy (8S(@Pa,

1)M(1))a(1))
= av(qM)mo)y' (BS(dPm))) by (3.18)
=a-E(m)
(iv) analogous to (iii) using (3.21).
(v) E(B(y(¢M)a)E(v(¢)m)y(¢)b)
= E(B(BE(v(¢)a) ) E(y(¢P)m)) (E(y(¢D)a) )y (¢™)b)
by (iii)

= B(B(B((¢100)a)y (6D B (62)m)1 (60 (69)h)
by [{.1.1] (viii)
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(BE(E(v(¢V¢M)a)y(¢ D@ )m)y/ (¢ p3))b) by (ii)

FE
E(E(E(a)m)b).

(vi) and (vii) are analogous to (v).
(viii) B(1a) = 7(¢MBS(¢®)) =~(1) = 14.

(ix) For all h € H we have E(vy(h)) = E(14v(h)) = E(14)e(h) = 14¢(h) by
(viii) and (iv).

(x) follows from (ix) and the axioms for the coassociator (3.5). O

Proposition 4.3.2. A® = E(A) is an H-module algebra and M“H = E(M)
is an object in geon (HM) georr with a structure given by

axa = FE(ad)
aem := FE(am)
meb:= E(mb)

for all a,a’ € E(A), b € E(B), and m € E(M), and the usual H-module
structure ».

Proof. Since A € s MY, it suffices to show that the following holds for M €

AME and for all a,a’ € E(A), b,b' € E(B), m € E(M) and h € H.

(i) h» (aem) = (k) » a) e (k) » m),

ii) h» (m (] b) = (h(l) > m) (] (h(g) | 4 b),

i > a) e (6w m) e (69 » b)),
> (

iii) (aem)eb= () »a ) >
e a)e (6@ > a)e (%) b m)),
) »

(

( )

(iv) (a*a') em = (¢

( b) * () 1)),
(

(
V) (meb) o = (6 » m) o (6

vi)lpem=m=melp.

Let a,a’ € E(A), b,b € E(B), m € E(M) and h € H, then

(h1y » a) o (hz) » m) = E((hq) » a) - E(y(h)) - m))
= E((hq) » a) - v(hz) -m)) by (i)
= E(y(h) -am) by B1.1] (v)
=hw» E(a-m)
=hw»(aem

and so (i) holds, (ii) is similar.
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(iii), (iv) and (v) hold by Lemma [4.3.1] (v), (vi), (vii), since

(aem)eb=E(E(E(a)-m)-b)
and

(@) > a) e (¢ > m) e (0¥ » 1))

E(E(1(¢")a)E(y(6®)) -m) -+ (¢'V)b)
and similar for (iv) and (v).

O]

4.4 A Structure Theorem for (H, A, B)-Quasi-Hopf
Bimodules

Let again (4, p,¢,) and (B, p', ¢,/) be H-comodule algebras, v : H — A and
v+ H — B H-comodule algebra maps, and M € 4 M

Hausser and Nill’s structure theorem for quasi-Hopf bimodules (Theorem
4.1.2) implies

Uv:MS Mg H o in gME
mi— ( ) ® m(l)a
and in particular
A = A°H e 0 i aMi

a+— E(a(o)) @ a)-

We would like to define a multiplication on A" @ H and a bimodule struc-
ture on M°H® H, such that the above isomorphism 1) is an H-comodule algebra
morphism, and ¥ becomes a morphism in A./\/lg . In particular, we would want

E(a)a(g)) @ ayaqy = (E(a)) ® a))(E(ag)) @ ajy),
for all a,a’ € A. We have

E(a(o)a 0)) (%9 CL a(l)
E(E(a, 0)7(¢( ))7(0(0,1)¢(_2))a'(o)) ® a( )@5 a
E(E(

(6N a1 (6 Pag.y)
(

’(1) by- iii)
afo)) ® 0o )0
(¢< R CNE

v

o Dag 1y » ajg)) ® oVag a (1 (4.11)
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In the same way:

E(a)m()) ® aqym()
= (6" » E(aq)) * (6" a1y » m) @ ¢ Pag gymq) (4.12)
and
E(m0)bo)) © m)ba)
= (¢ > E(mg))) * (67 Dm 1y » boy) @ ¢ m1 90y, (4.13)

fora € A, b € B and m € M. Hence, the desired isomorphism is obtained as
follows:

Lemma and Definition 4.4.1. By defining a multiplication on A°H ® H via

(a®h)(a @g) = (6w a)x (6P haq) » a) @ ¢ ha)g (4.14)
for all a,a’ € A" g h e H, A" @ H becomes an H-comodule algebra and
1 from above is turned into an H-comodule algebra isomorphism, that is

A%ACOH(@H, CLF—)E(G(O))®Q(1)

as H-comodule algebras.

Proof. (1) =E(1l3)®1=14®1and forae A, he H

(La®@)(@®h) = (6> 14)« (77 > a) @ ¢Ih) = (aw h),
(@@h)(1a@1) = (6D > a)* (6TDhay > 14) ® 37 Vhg) = (a® h),
by (4.4) and (3.4). Now, v is a multiplicative isomorphism by (4.11) and
therefore A°H @ H becomes an algebra isomorphic to A. Since 1 is a morphism
in H/\/lg, it is even an H-comodule algebra morphism, where A" ® H is an
H-comodule algebra with the usual H-costructure p gcon gy given by
pAcoH®H(a X h) = ¢(_1) »a® ¢(_2)h(1) X ¢(_3)h(2)
The coassociator of A" @ H is (v ® id ®id)(¢,) = (Y oy ®id®id)(¢). O
The algebra structure of A © H is the smash product structure, which

we will define in detail in the next section. Therefore, contains [PvOQ7,
Theorem 2.5].

Remark 4.4.2. Note that the map j : H — A" @ H, h — 14 ® h corresponds
to the H-comodule algebra map ~. In fact, for h € H:

Y(v(h)) = E(v(h) ) ®v(h)a)
= E(y(h(1))) ® h)
= 1A€(h(1)) ® h(g) by (ix)
=14 ® h.
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Lemma and Definition 4.4.3. Let V € jeon(gM)pgeonr, then we one can
define an (A" ® H, B°? @ H)-bimodule structure on V ® H by

(@@ h)(v®g) = (" »a)e (@D -v)®Dhug

and

(v@g)(b@h) = (¢ - v) e (6 g » b) @ ¢ ga)h

foralla € A°H be BH g he HandveV. Viay fromid.4.1, V® H is an
(A, B)-bimodule. With the usual costructure

Sven(v®@g) =" v® ¢ Ihgy @ o hgy

V ® H becomes an object in AMg, and ¥ : M — M°H @ H becomes an
isomorphism in 4 M.

Proof. Let a,a’ € A" h,h/,g € H and v € V, then

(a@h)((a' @) (v®g))
= (6" > a) e (6 Phay - (6w a') o (6P ny) - v))
® ¢V higye I hiyg
)h(172)¢(_2)h/(1) -v))
© ¢ )0V hiyg
= (67 > a) 0 (67 ¢ Vhay » a) 0 (057 ¢ Pyl - 0)
® é(*3)¢(*3)h(272)h/(2)g

It (=2

= (3 b a) o (352 hape ) ) o (3,

= (@36 »a) 0 (63,6 Dhy) > a)
d (¢(3)¢~5(_2)<Z>El_)3)h(2,1)h,(1) ‘v)) ® ¢§<_3)¢22_)3)h(2,2)h,(2)9
= (@ > (87 > a) o (7 Phyy > ) o (6720 hg) )1y - v))
® ¢ (¢TI hiyh ) (99
=((@a®h)(d @) (v®g)
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by (3.1), (3.3) and (4.8). Moreover,

dver((a®h)(veg))
= ven (0" > a) e (6 Phyy -v) ® ¢V ha)g)
= (@Y wa) e (6P hy) - )
® <;~5(_2)¢E;)3)h(271)g(1) ® i(_3)¢55)3)h(2,2)9(2)

= (61 b ) o (626, 76 ng )
® ¢~ 3)525 ¢ h(21 9(1) ® ¢ pl- )h(2,2)9(2)
— 0I3N b a) 0 (62 () (1))(1)¢(71) ")
® 00D h)) 0P g0y © 6TV a0 P g

= > a®dhy @ 60 v ¢ Vgny @ ¢V gs))
= pacotigr(a @ h)dveu(v® g),

by (3.3) and (3.1). The remaining equations follow analogously. O

Theorem 4.4.4. Let (A, p,¢,) and (B,p',¢y) be right H-comodule algebras
and v: H — A and v : H — B H-comodule algebra maps. Let M & A./\/lg.
Then

AMg ~ AcoH(HM)BcoH
MHMCOH
fiM — N flypeon : MPH — NeoH
VeoH—V
gRId: VOH - W®H«—g:V —>W.

Proof. For M € saME we have M°H € ,con (g M) pgeon and MH @ H = M
in 4Mpz by Lemma Let f : M — N be a morphism in 4 M7}, then
flageon is a well-defined morphism M — N in ,.ou(gM)pgeon. In fact,
for all m € M

FEm) = fF(1(gW) - my -7 (BS(@Pmy)))
=@M f(m)) - Y (BS(@? f(m) 1)) = E(f(m)),

and f|yseon is a morphism in geon (g M) geonr, since for all h € H, a € E(A),
be E(B), me E(M)

F(h > m) = B(f(y(h) - m)) = E(y(h) - f(m)) = h» f(m),
flaem) = E( —ae f(m),
( — f(m) .
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For V € jeorr (g M) georr we have V@ H € aME by and (V @ H)°H =
Velg =V, since forallveV and h € H,
E(v®h) = w(v(q(”))(qﬁ(’” v® ¢><*2>h DU (BS (g0 P heay)))
= (La®@qM) (Y v®¢ 1) (15 ®ﬂ5( 16 ha))
= (1a® M) v) e (¢ ¢(1) a1 » 1B)
2 00y h1,2)85(¢D ¢ )
= (1a®@ ¢ 0@ P h)BS(q ()¢ Thz))
— 410V v @ gy o DB (6)S(¢P)e(h)
= gayp ™ v @ gl S (g ?)e(h)
=ve(h)®1,

(
(

by Remark (4.4), (3.4), (3.6) and (3.20). Obviously, g®id: V@ H —
W ® H is a well-defined morphism in AMg . O

4.5 Smash Products for Quasi-Hopf Algebras

Lemma and Definition 4.5.1. [BPvOO00, [PvOQ7] Let R be a left H-module
algebra. The smash product of R by H is denoted by R#H. It is R® H as
a vector space and the multiplication is defined by

(r#th) (1'#g) = (6 1) (0P hgy - ) H D h

for all 7,7 € R and g,h € H. Then R#H is a right H-comodule algebra with
an H-costructure given by

pran(r#h) = oD r#eDhy @ ¢ hy,

forre R, h € H.

The map j : H — R#H, h — 1r#h is an H-comodule algebra map and
(R#H)°" = E(R#H) = R#1y is isomorphic to R as H-module algebras.
Moreover, i : R — (R#H), r p . r @ p@ is an H-module algebra map,
where (R#H)7 is defined as in and p := pr from Section 3.4.

Bulacu, Panaite and van Oystaeyen [BPvO00] have shown that the smash
product for quasi-Hopf algebras satisfies a universal property as it does for
Hopf algebras. The smash product is defined as an algebra B, together with
an algebra morphism j : H — B and a k-linear map i : A — B such that ¢ is
an H-module algebra map A — B7, where B’ is the H-module algebra defined
in Moreover, B satisfies a universal property, that is for any algebra B’
with an algebra map v : H — B’ and an H-module algebra map u : A — B",
there exists an algebra morphism w : B — B’ such that woj = v and woi = u.
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Remark 4.5.2. It can easily be seen that ¢ is an H-comodule algebra map, for
if g,h € H, then

(1r#9)(1r#h) = (6 1r) (6" Vg - 1r) @ ¢ g)h
= (e(¢"N1R)(e(6TPg))1R) @ 6P gg)h
= 1r#gh

and  1p#ha) ® by = 6TV 1a#e Dhay @ o2k

For all r € R, h € H, we have

E(r#h) = E(r#1g)e(h)
= (1r#q") (6 - r#to ) (1r#8S (¢ 6))e(R)
=q8¢ e r#qé o BS(6)S (g )e(h)
= qpV - 14y} S (¢ )z (h)
= (T#lH) (h),

where g := qr and p := pr from Section 3.4 and the last step holds by (3.19).
The H-module algebra structure of R#1 = (R#H)®H is exactly the one of
R. In fact,

(r# 1) (' #1) = (60D 1) (02 )02
= E(rr'#1g)
=rr'#ly
and hw (r#lg) = E((1r#h)(r#1g)
E((0") - 1r) (6" Phay - r)# Vi)
E(hqy - r#1m)e(h))
h-r41m,

forall m,7’ € R, h € H.

If R = A®H for an H-comodule algebra A with H-comodule algebra map 7 :
H — A, then the smash product structure is exactly the structure on A®°? @ H
as defined in Altogether, an H-comodule algebra A is isomorphic to a
smash product if and only if there exists an H-comodule algebra map v : H —
A.

For an object V' € gr(gM)f one can therefore define an (R#H, R#-H)-
bimodule structure on V' ® H as in Definition such that V @ H becomes

. . H
an object in R#HMR#H'
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Lemma and Definition 4.5.3. Let R, R be left H-module algebras and
let V€ r(gM)gz. We denote by V#H the vector space V ® H with an
(R#H, R#H)-bimodule structure defined by

(r#th) - (vitg) = (61 1) 0 (7 Phgry - v)#S TP ha)g, (4.15)
(v#g) - (F#h) == (01 - v) 0 (0P g(1) - v)H# g b, (4.16)

forveV,reR,7eR, and g,h € H. Moreover, V#H € R#HMg#H with a

H-costructure defined by

Svpr (v#h) = ¢ VoD @ ¢y,
forveVand h € H.

Remark 4.5.4. With this definition the following holds for V' € r(gM)z:
(V#H)H = V#1g =V,

In fact, E(v#h) = (v#1g)e(h) as above. The ((R#H)“H (R#H)®H)-bi-
module structure of (V#H)®H in M is exactly the (R, R')-bimodule structure
of V', which can be proven analogously to the Remark

Altogether, this leads to the structure theorem for smash products:
Corollary 4.5.5. Let R, R be left H-module algebras. Applying Theoremm

to the H-comodule algebras R#H and R#H with the H-comodule map i, in-
duces

rR(HEM)f ~ R#HMg#H
V—V+#H
fi VoW fRid: V#H — WH#H
E(M) — M
9leary : E(M) — E(N) <= g: M — N.

Remark 4.5.6. If R or R are assumed to be trivial, the corollary implies

r(uM) = pupME
and

4.6 H-Ideals and H-Costable Ideals

Definition. Let (A, p) be an H-comodule algebra. An ideal I C A is called
H-costable if p(I) C I ® H. A is called H-simple if A is nonzero and does
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not contain a nonzero, proper H-costable ideal.

Let R be an H-module algebra. We will call a subobject of R in r(gM)r
an H-ideal of R, and subobjects of R in gr(gM) respectively (gzM)pr left
respectively right H-ideals of R. R will be called H-simple, if R is nonzero
and it is a simple object in (g M)g.

Proposition 4.6.1. Let R be an H-module algebra. The H-ideals of R corre-
spond to the H-costable ideals of R#H as follows.

@
{H-ideals of R} ? {H-costable ideals of R#H}

I — I#H

JCOH - J

are well-defined mutually inverse bijections. In particular R is H-simple if and
only if R#H is H-simple.

Proof. We identify R with (R#H)®H = R#1y (see Section 4.4). The claim
follows by O

In Chapter 6 we will apply this result to exact module categories over quasi-
Hopf algebras and obtain that these are exactly the modules over H-simple H-
comodule algebras. Moreover, we will be able to deduce that for a semisimple
quasi-Hopf algebra H and an H-simple H-module algebra R, also the smash
product R#H is semisimple.

4.7 Dual Quasi-Hopf Algebras and Quasi-Smash
Products

The dual H* of a quasi-Hopf algebra together with the convolution product
is not an associative algebra, but it is an algebra in the monoidal category
gMp of (H, H)-bimodules, where the bimodule structure of H* is given as
usual by (h — ¢ — h')(g) = @(W gh) for all g,h,h' € H and ¢ € H* [HN99D].
Furthermore, it was mentioned in Remark that H* is a dual quasi-Hopf
algebra as defined in [BNO0, Definition 1.4]. In this section we will introduce the
smash product for dual quasi-Hopf algebras as defined by Bulacu and Caenepeel
[BCO3b]. We will see that relative quasi-Hopf bimodules correspond to modules
over the smash product in the category of left H-modules. In Chapter 5 this
will be used to produce finitely generated subobjects of a relative quasi-Hopf
bimodule in H/\/lf{ and to generalize a freeness result to non-finitely generated
objects in gy M.
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Remark 4.7.1. Let H be a finite dimensional quasi-Hopf algebra and B an H-
module algebra. Then the objects in (gM)p are exactly the right (H*, B)-Hopf
modules defined in [BNOQ, Definition 2.4].

Lemma and Definition 4.7.2. [BC03b, Proposition 2.2] Let A be a right
H-comodule algebra. We define the quasi-smash product A#H* as A ® H*
as a k-space and with a multiplication given by

() (b7 = aboy 8 VF (@ = baydly 2) (1 — gi),

for all a,b € A, ¢, € H*, where a#¢ stands for a ® ¢. Then A#H* is a left
H-module algebra, with unit 14 ® € and the H-action given by

ha#g) = a#(h — ),
forall h € H, a € A and ¢ € H*. Moreover, the map
i:A— A#H* a— a#e
is injective and multiplicative.

Proposition 4.7.3. [BC0O3bl, Theorem 3.5] Let H be a finite dimensional quasi-

Hopf algebra and A a right H-comodule algebra. Then g M 9, (HM)A¥H*
18 an equivalence of categories, where G is the identity on the objects and mor-
phisms. Furthermore, the A-module structures of M € HMZ and G(M) €
(M) gz« are the same, where G(M) is a right A-module via the map i.

Proof. Bulacu and Caenepeel have shown in [BC0O3bl Theorem 3.5] that G(M)
=M € (uM) gy it M € gMI and that G is an equivalence. The left
H-module structure > and the right A# H*-action < of M are given by

h = m := S*(h)m,
m < (a#) = o(S~ (SO F muyamp?)) SWUD)FM mgyapl?,

forallhe H, p € H*, a € A, and m € M. Here, Fg is defined as in (3.8) and
UDoUu® .= Féfl)S(qg)) ® Fs(fl)S(qg)) omitting the summation symbol.
The claim that the A-module structures are the same follows easily from
the unit constraints (3.14) and (3.10) of M and A, the definitions of the coas-
sociator, and the fact that Fg is a twist. O






Chapter 5

Freeness and Projectivity over
Quasi-Hopf Comodule
Algebras

In 2004 Skryabin succeeded in generalizing the Hopf algebra Freeness Theorem
by Nichols and Zoller [NZ89] to coideal subalgebras and thereby gave an entirely
new proof for the Nichols-Zoller Theorem. Skryabin [Skr07] proved that for a
weakly finite Hopf algebra H and a semilocal H-simple H-comodule algebra
A, all relative Hopf modules in M are projective A-modules, and A is a
Frobenius algebra. Moreover, if K is a right coideal subalgebra of H, then K is
H-simple and all (H, K)-Hopf modules even are free K-modules. In particular,
weakly finite Hopf algebras are free over their finite dimensional right coideal
subalgebras. In this chapter we generalize Skryabin’s freeness theorem to quasi-
Hopf algebras as introduced by Drinfeld [Dri90]. This result includes the quasi-
Hopf algebra freeness theorem by Schauenburg [Sch04].

More precisely, we prove that if H is a finite dimensional quasi-Hopf algebra
and K is a right coideal subalgebra of H, then every object in HM% and K/\/lg
is a free K-module and K is a Frobenius algebra. This also holds for finite di-
mensional objects in BM% and K/\/lg , where B is an arbitrary H-comodule
algebra. We can also conclude that relative quasi-Hopf bimodules over H-simple
H-comodule algebras are projective. The fact that H-simple H-comodule al-
gebras are quasi-Frobenius can not be shown directly as in Skryabin’s case.
However we will obtain this by results about module categories over quasi-Hopf
algebras in the next chapter.

In this chapter it is not necessary to assume that k is algebraically closed.
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5.1 Freeness over Right Coideal Subalgebras

In the following let H be a quasi-Hopf algebra.

Lemma 5.1.1. Let (A,p) and (B,p') be right H-comodule algebras and let
M € BMZ be finitely generated as a right A-module. Let I be an ideal of A
which does not contain a nonzero H-costable ideal of A. Assume that the ring
A/l @ H® H is weakly finite (see Appendix A.5). Moreover, assume that

there exists a generating system my, ..., my for M in M 4 such that its image
mi, ...,my, € M/MI is an A/I-basis for M/MI. Then my, ...,my, is an
A-basis for M.

Proof. We will show the following:
(a) J:=p (I ® H) is an H-costable ideal of A contained in I, hence J = 0.

(b) The images of dggym(l ® my), ... ,0ggm(l ® my) form a basis of
(.H@M.@.H.)/(.H@M.@.H.)(I@H) in HM(A®H)/(I®H)~

Assume that (a) and (b) are satisfied and let aq, ...,a, € A with >, m;a; = 0.
Then

Z dreMm(1 ®mi)p(a;) = Z dpem(l @ mia;)

= Smem(1® (D mia;))
—0,

and (b) implies that p(a;) C I ® H for all i. By (a) it follows that a; € J = 0.
Hence, mq, ..., m, form a basis of M in M 4.

Proof of (a): J is an ideal of A since p is an algebra morphism. It is contained
in I since a = a(gye(a(y) € I for all a € J. Finally, for all a € J we have

(p@id)(p(a)) = ¢, ' (id® A)(p(a))¢p € [ © H® H,

since ¢, € A® H® H. Hence p(J) C J ® H.

Proof of (b): By Lemma we have
pr((1@m)®@1) = duem((1®@m))p,(1 @ S(1®m)q)))

for every m € M, since .H ® M.€ gMH by Remark (ii). Moreover,
pr((l@m)®1) = pg) ®m ®pg) =19 1 (1®m ®1), where 9 is defined as in
Remark (iii). Therefore

1em®1=1v%00nem((1@m)q))) pp(1@S((1@m)aq)),
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since 1) is right A ® H-linear.

Obviously, 1 ® mq, ... ,1 ® m, is a generating system of . H ® M., hence
for every v € H ® M there exist a;; € A, 1 < ¢ < n, j € S such that
=3 ;%;(1®m;)a;;, where (z;)jes is a k-basis of H. Hence,

Y(Omem(@) =Y x5 ¥(uem(l ©@m:)) plai;).
0]

It follows that ¥(dpgm(l ® m1)), ... , ¥ (dgem(l ® my,)) is a generating
systemof . HOM.QRH.€ gMagg assois 1@mi®1, ..., 1®m,®1. Since ¢
is an (H, A® H )-bimodule isomorphism, also dggr(1®@m1), ..., 0gem(1@my,)
is a generating system of (. H ® M.)® . H..

We have natural isomorphisms (A ® H)/(I ® H) = A/I ® H and
(H® M.®H.)/(H® M.@H.)(I ® H) = (H® M.QH.)/(H @ MI.®H.)
>~ H® M/MI.®H., where the latter is right A/I ® H-linear. Hence,

(HeM.® . H.)/(H® M.9H.)(I® H)~. H®M/MI.®H.

in yMy,1om by Remark (iii).

Clearly, 1@m1 ®1, ...,1®@m, ®1 is a basis for . H ® (M/MI).®H. in
HM /19 and the claim follows since A/I ® H @ HP is assumed to be weakly
finite. O

In the proof of the analogous result for Hopf algebras [Skr07, Lemma 3.1, 3.2
and 3.3], Skryabin could find a suitable basis for the one-sided A ® H-module
M ® H. Here, the more involved antipode property makes it necessary to work
with the two sided (H, A ® H)-module H ® M ® H.

Definition. [Skr07] Let R be a semilocal ring (see Appendix A.5). For each

@ € MaxR put
_ length(M/MQ)

M) =
rq(M) length(R/Q)
Note that rg(M) is well-defined since R/Q is a simple Artinian ring.

Lemma 5.1.2. [Skr07, Lemma 2.4 and Proof of Lemma 3.4] Let R be a semilo-
cal ring and let M be a finitely generated right R-module.

(1) Assume there exists a mazimal ideal P € MaxR with rp(M) =n € Z and
rp(M) > ro(M) for all Q@ € MaxR. Then there exists a generating system
mi,...,my for M such that its image is a basis for M/MP in Mp/p.

(2) Assume that a finite direct sum of copies of M is a free R-module. Then
M is a free R-module of rank n if and only if M/MQ is a free R/Q-module of
rank n for a mazimal ideal Q@ € MaxR.

Lemma 5.1.3. Let (4, p) and (B, p) be right H-comodule algebras and assume
that A is semilocal. Let M € B./\/lg be finitely generated as a right A-module.
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Assume that there exists a maximal ideal P C A, which does not contain a
nonzero H -costable ideal of A, and satisfies rp(M) > rgo(M) for all Q € MaxA.
Assume furthermore that A/P® H ® HP is weakly finite. Then a suitable direct
sum M? of t € N copies of M is a free right A-module. Moreover, M is a free
right A-module whenever rp(M) € Z.

Proof. First, assume that rp(M) = n € Z. Then, by the foregoing Lemma
there exists a generating system myq, ..., m, of M, such that P and mq,...,m,
satisfy the requirements of Lemma and therefore myq, ..., m, is an A-basis
for M. If rp(M) ¢ Z then rp(M!) = trp(M) € Z for a suitable t € N and the
claim follows by the first part of the proof. O

Proposition 5.1.4. Let A be a semilocal right H-comodule algebra which con-
tains a minimal nonzero H-costable ideal that is finitely generated as a right
ideal. Moreover assume that A @ H @ HP is weakly finite. Then the following
properties of A are equivalent:

(i) A is H-simple,
(ii) none of the mazimal ideals of A contains a nonzero H-costable ideal,

(iii) there ezists an ideal P € MaxA which contains no nonzero H-costable
ideals.

Proof. (i) = (ii) and (ii) = (iii) are trivial.

(ii) = (i) : Let I be a proper H-costable ideal of A, then there exists an
ideal @ € MaxA with I C @ and therefore I = 0.

(iii) = (ii) : Let 0 # I be a minimal H-costable ideal of A which is finitely
generated as a right A-module. Assume there exists a () € MaxA which does
contain a nonzero H-costable ideal J of A. Then IJ # 0 since P contains
neither I nor J as they are nonzero and H-costable. Hence, IJ = I by the
minimality of . It follows that /@) = I that is rq(I) =0

We have I € 4MI and by assumption I is a finitely generated right A-
module. Therefore, we can apply Lemma and get that I? is a free right
A-module for a suitable t € N.

Since [ is nonzero, the rank of this free A-modules is also nonzero. This is
a contradiction to IQ = I, since AQ = @@ C A. Hence, none of the maximal
ideal of A contains a nonzero H-costable ideal of A. O

Theorem 5.1.5. Let H be a finite dimensional quasi-Hopf algebra, B a right
H-comodule algebra, and K a right coideal subalgebra of H. Then

(i) K is H-simple;
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(i) every finite dimensional object in B./\/lﬁ and every finite dimensional 0b-
ject in Kj\/lg, is a free as a K-module. In particular, H is free as a right
and left K-module;

(iii) K is a Frobenius algebra.

Proof. (i) Let KT := kere|g, then clearly K+ € MaxK. Assume that K
contains a nonzero H-costable ideal I of K, then HIH € HMg where A is the
quasi-coaction. Recall that H is a simple object in H/\/lg This is the case since
aM = g ME M — . M®. H'. is a category equivalence (see Theorem .
Therefore HIH = H, since I # 0 by assumption. But I € KT and therefore
e(HIH) = 0, which leads to a contradiction. Thus, KT contains no nonzero
H-costable ideals of K and Proposition implies that K is H-simple.
(ii) Let M € p M be finitely generated as a right K-module. By (i) one can
find a maximal ideal P € MaxK which satisfies the requirements of Lemma,
5.1.3. Hence, M! = K" for some t,n € N, and therefore (M/MK™T)! =
(K/K*)" =2 k"™ Thus, n =t dim(M/MK") and the Krull-Schmidt-Theorem
implies M = Kdim(M/MKT)
Now, let M € KMg be finitely generated as a left K-module. Recall that
(H Op,gb;{l) is a quasi-Hopf algebra and (BOp,gb;l) and (K Op,gb;(l) are right
H°-comodule algebras and therefore K°P is a right coideal subalgebra of HP.
Thus, (M, ) € gkME if and only if (M, ) € oo ML, and therefore M is
free as a right K°P-module.

By choosing B = H, we get that H itself is a free right and left K-module.

(iii) Finite dimensional quasi-Hopf algebras are Frobenius algebras by
[HN99b, Theorem 4.3] which implies that H = H* as right K-modules. By
(ii), H is a free right and left K-module, that is H = K™ as right and left
K-modules for some n € N. Hence, K™ = (K™)* = (K*)™ as right K-modules.
The Krull-Schmidt-Theorem implies that K =2 K* as right K-modules. O

Remarks 5.1.6. (1) By [Skr07, Proposition 2.2 (f)] A® H ® H°P is weakly finite
whenever H is finite dimensional and A is weakly finite. In the case when A is
finite dimensional it would suffice that H @ H°P is weakly finite, however it is
not known which requirements are necessary for this to hold.

(2) Hence, A and H satisfy the requirements of Proposition whenever H
is finite dimensional and A is semilocal, Noetherian and satisfies descending
chain condition on H-costable ideals. The requirements are also satisfied if A is
finite dimensional and H ® HP is weakly finite. Part (i) and (ii) of the theorem
would therefore also hold under this condition (for A = K). But in the case
when H is not finite dimensional, we would no longer have that H itself is a free
K-module since it is not finitely generated. The generalization of the theorem



54 5. Freeness and Projectivity over Comodule Algebras

to non-finitely generated quasi-Hopf bimodules, which is presented in Section
5.3, only works for finite dimensional quasi-Hopf algebras.

(3) Note also that we need the fact that H is a Frobenius algebra to show that
K is Frobenius. In the Hopf algebra case, Skryabin can show directly that
coideal subalgebras are Frobenius algebras. For that, he uses the fact that if M
is a Hopf module in 4 M then its dual M* is an object of MIZ [Skr07, Lemma
4.1 and Theorem 4.2] and we do not have an analogous result for quasi-Hopf
bimodules.

(4) The theorem induces Schauenburg’s quasi-Hopf algebra Freeness Theorem
[Sch04, Theorem 3.1 and Theorem 3.5], which is a generalization of the Nichols-
Zoller-Theorem for quasi-Hopf algebras. He has shown that whenever K is a
quasi-Hopf subalgebra of a finite dimensional quasi-Hopf algebra H then all
quasi-Hopf bimodules M € KM%, which are finitely generated as a K-module,
are free K-modules. Additionally, Schauenburg has shown that if K C H is a
subalgebra which admits a quasi-Hopf algebra structure, then H is a free right
K-module. The subalgebras of H that admit quasi-Hopf algebra structures are
also right coideal subalgebras.

5.2 Projectivity over H-Comodule Algebras

Theorem 5.2.1. Let H be a finite dimensional quasi-Hopf algebra and let
(A, p,¢,) and (B,p',¢y) be right H-comodule algebras. If A is semilocal and
H-simple, then for every object M € B/\/lg, which s finitely generated as a
right A-module, there exists an integer t € Z such that M") is a free A-module.
In particular, M is a projective A-module.

Proof. This follows from where P € MaxA is chosen to be with maximal
rank, that is rp(M) > ro(M) for all Q € MaxA. O

For Hopf algebras, Skryabin also shows that H-simple H-comodule algebras
are Frobenius [Skr(O7, Theorem 3.5]. We have mentioned in the last section
that in order to prove this, he uses the fact that if M is a Hopf module in
AMH then its dual M* is an object of MH. This does not work for quasi-
Hopf algebras. However, with the help of results about module categories over
quasi-Hopf algebras, we will be able to prove in the next chapter that H-simple
H-comodule algebras are quasi-Frobenius.

Corollary 5.2.2. If H is a finite dimensional quasi-Hopf algebra, A is a finite
dimensional H-simple H-comodule algebra, and M is a finite dimensional right
A-module, then M. ® H. with the diagonal A-module structure, is a projective
A-module. In fact, M. ® .H. is an object in H/\/lg by and therefore the
theorem applies.
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The opcop version of the corollary implies that the category of left modules
over an H-simple left H-comodule algebra is an exact module category over H,
which will be discussed in the next chapter. We will see that actually every
exact module category is of this form.

As for Hopf algebras [Skr07, Proposition 5.4], one can deduce a dimension
formula for H-simple H-comodule algebras:

Proposition 5.2.3. Let H be a finite dimensional quasi-Hopf algebra and let A
be a finite dimensional H-simple H-comodule algebra. Let V be a simple right
A-module and W a finite dimensional right A-module. Set D = Endx(V).
Then

dimg D dimy A | dimy V' dimg W dimy, H.

Proof. Let P € MaxA such that V' is isomorphic to the unique simple A/P-
module. Then every A/P-module is a direct sum of copies of V and A/P = V()
for d = dimp V. Let M = W @ H, then M/MP = V(™ for some integer m
and therefore (M /M P)@® = V(@) =~ (4/P)(™) thus it is a free A/P-module
of rank m. Moreover M € HM’Z and Lemmam together with Lemmam
(2) implies that M? is a free A-module of rank m. Hence,

dimi Am =d dimy, M = dimp V dim; W dim; H
= dimg D dimi Am = dim V dimg W dim H. O

5.3 Non-Finitely Generated Quasi-Hopf Bimodules

In the Hopf algebra case, the freeness of infinitely generated Hopf modules can
be deduced from the freeness of finitely generated Hopf modules [Skr07, The-
orem 3.5]. This is done by means of the Finiteness Theorem for comodules
[Mon93|, 5.1.1], which uses the coassociativity and therefore can not be trans-
fered to quasi-Hopf algebras. However, we can extend the result of Theorem
5.1.5| (ii) in the case B = H to infinitely generated quasi-Hopf bimodules with
the help of the category equivalence yMI ~ (gM) AFH* from Proposition
[4.7.3] proven by Bulacu and Caenepeel [BCO3D, Theorem 3.5].

Corollary 5.3.1. Let H be a finite dimensional quasi-Hopf algebra and K C H
a right coideal subalgebra. Then every object in both HM% and K/\/lg is a free
K-module.

Proof. Let M € HM% By Theorem we only have to consider the case
when M € H/\/l% is not finitely generated as a K-module. Let F be the set
of subobjects of M in (gM)gzy.. Then F is clearly a set of K-submodules
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of M. We can show that F satisfies the conditions of Lemma [5.3.2] below and
therefore M is a free K-module.
In fact, let N € F and N C M and let m € M\ N, then

X :=(H>m)< K#H"

is a finite dimensional (M) ez y.-subobject of M. Hence, N' := N + X is
an (gM) gz p.-subobject of M which properly contains N and N'/N = X €
(HM)KﬁH*- By Proposition N/N'is an object of i ME which is finitely
generated as a K-module. Hence, N'/N is a free K-module by Theorem

IfM e K/\/lg, then M € Hop/\/lﬁx as above, and M is a free left K-module
by the first part of the proof. O

Lemma 5.3.2. [Skr07, Lemma 2.5] Let R be a semilocal ring and M a right
R-module which is not finitely generated. Assume there exists a set F of R-
submodules of M such that

e 0 € F and the union of every chain of elements of F is in F,

e for each N € F with N C M there exists an N' € F with N C N’ and
N'/N s a free R-module.

Then M 1is a free R-module.



Chapter 6

Module Categories over
Quasi-Hopt Algebras

We have seen that for a finite dimensional quasi-Hopf algebra H the category of
finite dimensional left H-modules is a finite tensor category and that any finite
tensor category with integer Frobenius-Perron dimensions is of this form. In
this chapter we will investigate the exact module categories over those tensor
categories.

We will show that a module category over a quasi-Hopf algebra H is exact
and indecomposable if and only if it is the representation category of a finite
dimensional H-simple left H-comodule algebra. This classification of module
categories over quasi-Hopf algebras also provides us with results on smash prod-
ucts and H-comodule algebras. It follows that H-simple H-comodule algebras
are quasi-Frobenius, and if H is semisimple, then they are also semisimple. In
particular, if R is an H-simple H-module algebra and H is semisimple, then
R#H is a semisimple algebra.

In this chapter let H be a finite dimensional quasi-Hopf algebra, and C :=
g MF? the finite tensor category of finite dimensional left H-modules.

6.1 Exact Module Categories over H

Etingof and Ostrik’s classification of exact module categories (Theorem m
and Corollary [1.3.5)) implies the following for module categories over C.

Lemma 6.1.1. If M is an indecomposable exact module category over C, then
there exists a finite dimensional right H-simple H-module algebra R, such that
M is equivalent to (g M/%) g as module categories over C.

Proof. An H-module algebra is exactly an algebra in the category C. Hence,
there exists an H-module algebra R which is simple in Cg = (g M/ 4\ g, such
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that M ~ (g M/%) g as H-module categories. Moreover, R is finite dimensional,
as it is an object in C = y M4, O

Remark 6.1.2. For X € C, M € Cr = (gM/%) g, the R-module structure of
X ® M is given by (z @ m) -7 = Mz @ (¢Pm)(¢®)r), since the associativity
in C is induced by multiplication with ¢ as described in Chapter 3.

6.2 Indecomposable Exact Module Categories and
H-Simple H-Comodule Algebras

Lemma 6.2.1. For a finite dimensional left H-comodule algebra (A, X, ¢y),
aMI s a module category over C with the diagonal structure via A, that is
for X € C and M € sMF?, X ® M is a left A-module with a(z @ m) =
a(—1)x ® aym. The associativity m is induced by left multiplication with ¢x
and the unit isomorphism £ is € ® id.

Proof. The pentagon equation for module categories (1.3) follows from the left-
version of the pentagon equation (3.10) for the coassociator ¢). The triangle
equation (1.4) follows from the unit property (3.12) for ¢). The H-linearity of
m follows from the quasi-coassociativity of H-comodule algebras (3.9). O

Proposition 6.2.2. Let (A, X\, ¢y)) be a finite dimensional H-simple left H -
comodule algebra. Then AMT? is an indecomposable exact module category

over C.

Proof. 4M7?is an indecomposable module category by the lemma below, since
A is H-simple. The functor — ® M is exact for any finite dimensional left A-
module M. Hence, in order to prove that 4 M/ is exact, it suffices to show
that .H ® .M is a projective left A-module for every M € 4 M/%. This is the

opcop-version of Corollary O

Lemma 6.2.3. Let (A, \, o)) be a finite dimensional left H-comodule algebra,
then 2 M' is an indecomposable module category if and only if A is an inde-
composable H-comodule algebra, that is if I and J are H-costable ideals of A
with A=J &I, thenI =0 orJ=0.

Proof. Analogous to [AMO7, Proposition 1.18] O

We see that H-simple H-comodule algebras produce examples of indecom-
posable exact module categories and these are in fact all indecomposable exact
module categories over C = g M7,

Theorem 6.2.4. Let M be a module category over C, then M is an indecom-
posable exact module category if and only if there exists a finite dimensional
H-simple H-comodule algebra A such that M ~ 4 M'% as module categories.
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Proof. By Lemma and Proposition it remains to prove that for an
H-module algebra R, which is simple in ( aM/! d) R, there exists an H-simple
left H-comodule algebra A with 4 M 4 ~ ( aMF d) r as module categories over
C. We can show that the equivalence holds for A := RP# HP_ which works as
in the Hopf algebra case [AMOT, Proposition 1.19].

In fact, R is a left H®P-module algebra, which is simple in (zM7)p ~
ror (reorMI4) and F 0 (M) g = gon (preon M) 2 pop g reor M7¢ as abelian
categories by [BPvO00, Proposition 2.16]. The functor F is the identity on
objects and morphisms, and if M € (M%) then M € Rop#Hcoprd with
(r#h) » m = (hm)r. As RP#HP is a right HP-comodule algebra, it
is a left H-comodule algebra with opposite costructure given by A(r#h) =
dWh(1y @ ¢Or#e P h).

Then, together with the natural isomorphism ¢ which is the identity, F is
furthermore an equivalence of module categories over C. We have to show that
forall X € C, M € (uwMI R, exp: F(X ® M) — X ® F(M) is a morphism
of A-modules. For x € X,m € M,h € H,r € R:

cx,m ((r#h) » (z @ m))

=idx m((h(xz ®@m)) - )
= (h(l)l‘ (4 h(g)m) -r
= ¢(1)h(1)x ® (¢(2)h(2)m)(¢)(3)r) R-module structure of X @ M in C
= ¢(1)h(1)x ® (¢>(3)r#¢)(2)h(2)) > m
= (r#h)(z @ m) A-module structure of X @ M
= (r#h)ex,m(z @ m).

Since R is a right H-simple left H“P-module algebra and therefore H-

simple, Proposition implies that A = RPH#HP is an HP-simple right
H¢P-comodule algebra, hence an H-simple left H-comodule algebra. O

The classification in [AMO07] for ordinary Hopf algebras is stronger: An-
druskiewitsch and Mombelli classify indecomposable exact module categories
by H-comodule algebras which are simple in # M4 and have trivial coinvari-
ants. A transformation of this stronger classification to quasi-Hopf algebras is
not meaningful, as the coinvariants of an H-comodule algebra are in general
not defined, nor is the category “ M 4.

6.3 Applications to H-Comodule Algebras and
Smash Products

In the last chapter we discussed that Skryabin’s proof for the fact that H-simple
H-comodule algebras are quasi-Frobenius can not be transfered to the quasi-
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Hopf algebra case (for the definition of quasi-Frobenius rings see Appendix
A.3). However, we obtain this fact by means of the above result about module
categories over quasi-Hopf algebras:

Proposition 6.3.1. Let H be a finite dimensional quasi-Hopf algebra. If A is
a finite dimensional H-simple H-comodule algebra then A is quasi-Frobenius.
If H is moreover a semisimple quasi-Hopf algebra then A is also semisimple.

Proof. By the proposition above, 4 M9 is an exact module category, and there-
fore a Frobenius category by and in particular A is quasi-Frobenius.

If H is semisimple then C is a semisimple tensor category. Hence, 4 M/9 is
semisimple by (2), as it is exact. In particular, A is a semisimple object
in 4M7? and therefore a semisimple algebra. O

Corollary 6.3.2. If H is a semisimple quasi-Hopf algebra and R a finite di-
mensional H-simple left H-module algebra, then R#H is semisimple.

Proof. R#H is an H-simple right H-module algebra and therefore an H¢P-
simple left H°°P-module algebra. The proposition implies that R# H is semisim-
ple. O

For a semisimple Hopf algebra H, the semisimplicity of the smash product
of an H-simple H-module algebra by H can be deduced directly from Theorem
by means of the existence of a normalized integral. In fact, if V is a
left R#H-module, then M € Mg* and therefore it is a projective A-module
and thus a projective R# H-module [CE86]. These arguments do not hold for
quasi-Hopf algebras.
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Chapter 7

Weak Hopf Algebras and their
Representations

Weak Hopf algebras as introduced by Boéhm, Nill, and Szlachanyi [BNS99,
are generalized Hopf algebras, where the comultiplication is no longer unit
preserving and the counit is not multiplicative. However, comultiplication and
counit satisfy certain conditions, such that the category of representations of
a weak Hopf algebra is still monoidal. Moreover, weak Hopf algebras have an
antipode endowing this category with duality.

The category of representations of a (finite dimensional) weak Hopf algebra
is a finite multi-tensor category. On the other hand, every finite tensor category
is equivalent to the representation category of a weak quasi-Hopf algebra [EOQ04],
Proposition 2.7]; and if the category is semisimple, then it is equivalent to the
representation category of a semisimple weak Hopf algebra with commutative
base [Ost03b, Theorem 4.1].

7.1 Weak Hopf Algebras

Definition. A weak bialgebra is a finite dimensional non-zero unital algebra
H, which is a coalgebra with comultiplication A and counit ¢, satisfying the
following properties for f,g,h € H:

A(gh) = A(g)A(h), (7.1)

Ly ® 1) © 1) =10) @ 1)l @ 1y = 1) @ Lyl @1y,  (72)
and

e(fgh) = e(fg))e(gh) = e(f9(2))e(gyh)- (7.3)
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H is called a weak Hopf algebra if there is an antipode S which is a k-linear
map and satisfies

h(l)S(h(Q)) = 8(1(1)h)1(2), S(h(l))h(Q) = 1(1)8(h1(2)), (74)
S(hy)h@)S(hs) = S(h).

Here and in the following we use a simplified Sweedler notation A(h) =: h() ®
h(2) again, omitting the summation symbols. To differentiate the different sum-
mation indices we write 1 and 1’ etc. for different copies of 1.

Remark 7.1.1. By some authors (e.g. [Nik02]) weak Hopf algebras are not
assumed to be finite dimensional. However, [BNS99] have pointed out, that
it makes sense to restrict the definition to the finite dimensional case, because
then the definition is self-dual, that is H* := Homy(H, k) is again a weak Hopf
algebra with the usual dual structure, that is

for p,v € H*, g,h € H. Moreover (H*)* = H. In particular, properties (7.2)
and (7.3) are dual to each other.
Here, we will also always work with finite dimensional weak Hopf algebras.

Definition. Define ¢, and &;, the source and target map of a weak Hopf
algebra H, as follows:

et(h) = h)S(h@) = e(1a)h)1(), (7.6)
es(h) = S(ha)h@e) = Lp)e(hl(),

for all h € H. Their images H; := &;(H) and Hy := e4(H) are called the bases
or base algebras of H.
Lemma 7.1.2. [NV02, 2.2.2] Let H be a weak Hopf algebra. Then

€106 =61,  €506s = &g, (7.8)
and Hy and Hg are unital subalgebras of H with

A(1) € H, ® H,. (7.10)

Moreover, Hy and Hs; commute with each other.
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Lemma 7.1.3. [BNS99, 2.9 and 2.10] The antipode of a weak Hopf algebras is,
as in the Hopf algebra case, a unit preserving and counit preserving anti-algebra
and anti-coalgebra morphism; and it is bijective. Furthermore it satisfies:

ggoS=e0es=80¢e; and e,085=¢c50e,=So0¢;
(7.11)

analogously g,0S1=8"1og, and e,08 '1=5""1og.
The restrictions of S to Hy and Hg induce bijections:
Slg, : Hh — Hs and S|y, : Hs — H,.

Lemma 7.1.4. [BNS99, Section 3.1] Let H be a weak Hopf algebra.

H°P is a weak Hopf algebra with antipode S™', target map S~' o e, and source
map S~ oegy, (HP)y = Hy, (HP)s = Hy;

HP is a weak Hopf algebra with antipode S™1, target map S~ o and source
map S~ oe,, (HP)y = Hy, (H®P), = Hy;

HOPP 4s q weak Hopf algebra with antipode S, target map €5 and source map
gt, (HPP)y = Hg, (HP*P)s = Hy.

In the following lemma, properties of weak Hopf algebras are gathered, that
will be used frequently in the following chapters. Their proofs are straight-
forward or can be found in [BNS99, (2.2a,b), (2.5a,b), (2.13a,b), (2.23a,b),
(2.24a,b), (2.30a-d), and Proposition 2.11] and [NV02, Proposition 2.2.1].

Lemma 7.1.5. Let (H,A,e,S) be a weak Hopf algebra, g,h € H, x € Hg,
y € Hy.

heH e A(h) =11yh® 1), heHy o Ah) =1y @hly, |
er(h) = e(S(M)1))l),  es(h) = 1n)e(l)S(h)), (
er(h) = S(Lay)e(Lh),  es(h) =e(hl(1))S (L), (
e(ger(h)) =e(gh),  e(es(g)h) = e(gh), (
er(gee(h)) = elgh),  esles(g)h) = es(gh), (
ei(ee(g)h) = e(g)ee(h),  es(ges(h)) = es(g)es(h), (
ger(h) = (gayh)ge),  es(g)h = haye(ghea)), (

et(g)h = e(eelyg )h(l))h(Q)a ges(h) = gye(ge)es(h)), (7.19
hay @ et(h2) = 1ayh ® 1(9), es(hay) ® heay = 11y ® hl(y), (
et(hy) @ hig) = S(1a)) @ Ligyh,  hay @es(h)) = hlay @ S(1(g), (
hayz @ by = ha) @ h)S(x), by @yhe) = SYha) @he),
L ® (bl iz) = e(1yh) @ 1, (
L) ® 1) @ 1 1g) = 1(1) @ &s(1(2) @ L3), (
Lyl @ L) ® Lgy = 1y @ ex(l(2) @ L(z). (
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Corollary 7.1.6. Hs and H,; are separable algebras, and in particular semisim-
ple, with separability elements 1(1) @ S(1()) and S(1(1)) ® 1(2y, respectively.

Proof. Equations (7.22) imply in particular that for all z € Hg and for all
y € Hy

(z®@1)(1a) @ S(le)) = (1a) @ S(lw)) 1),
(y @ 1)(S(1q)) @ 12)) = (S(1n)) @ L)1 @y),

and S(1(1))1(2) = 1(1)S (1)) = 1. -

Ezxample 7.1.7. The easiest example of a weak Hopf algebra is the groupoid
algebra: Let G be a groupoid, that is a small category, in which every mor-
phism is invertible, and let X be the set of objects in G. The groupoid algebra
kG is generated by morphisms g € G, where the product of two morphisms is
equal to their composition whenever it is defined, and it is zero otherwise. Co-
multiplication, counit and antipode are defined as for group algebra as follows:
Alg) =g®g,e(g) =1, and S(g) = g~!. Then

575(9) = ggil = idtarget(g) and 85(9) = gilg = idsource(g)7
which explains the name target and source map. Hence,

(kG): = (kG)s = span{id, |z € X'}.

7.2 Representations of Weak Hopf Algebras and
their Reconstruction

Proposition 7.2.1. [NTV03, [EGNOI0] Let H be a weak Hopf algebra. The
category C of finite dimensional left H-modules is a finite multi-tensor category.
The tensor product is given by

VeW:= 1(1)V & 1(2)W

for V.W € C. The associativity is the identity. The unit object is Hy, with an
H-action given by

7.12
h— a = e(ha) "2 hywS(he), (7.26)
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together with natural isomorphisms given for V€ C by

ly: HeV-oV V'V HeV
Loy 2 ® lgu — zv v S(1q)) ® Loy
and
rv: VeH, —V r‘}1:V—>V@Ht
Lo ® Lg)w — S~z v 1) ® L.

The right dual object of an object V' € C is the dual space V* = Homy(V, k)
with an H-action given by (h - ¢)(g) = ¢(S(h)v). Evaluation and coevaluation

are given by
evy : VeV — H, dby - Hy —VeoV*
Y di®vie Y dillawi)le x>y 1ayev ® 1) - 5,

J

where {vj, ¢’ }; are dual bases of V and V*.

Remarks 7.2.2. (1) It was shown in [NTV03]| that C is a monoidal category with
duality.

(2) One can easily check, that the tensor product defined above is exact in
both variables. However, this also follows directly from (1), see for example
[EGNOI0, 1.13].

(3) It can again be deduced from (1) and [EGNO10, 1.15] that the unit object
is semisimple and more precisely H; = @, U; as H-modules, where the U;’s are
pairwise non-isomorphic simple left H-modules. Vecsernyés [Vec03, Theorem
2.4] has shown directly that H; and H are semisimple left respectively right
H-modules.

(4) Bohm, Nill, and Szlachanyi [BNS99] have proven that weak Hopf algebras
are quasi-Frobenius by means of their structure theorem for weak Hopf mod-
ules. However, this can also be deduced directly from the fact that C is a finite
tensor category [EO04, Proposition 2.3].

If H is a weak Hopf algebra and M € pgM, then M is a left H;- and
Hs,-module. Since H; and H; commute and the restriction of S gives an iso-
morphism H;°? = H,;, M is an Hi-bimodule. This induces a tensor functor

basey : pMT? — o Mm,.

On the other hand, if C is a multi-tensor category and F' : C — AMQd a
tensor functor into the category of finite dimensional bimodules over a separable
algebra A, then one can reconstruct a weak Hopf algebra with base A, and C is
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equivalent as a tensor category to the category of representations of this weak
Hopf algebra.

As F = forget F : C — vecty, is an exact and faithful functor, there is an
equivalence of categories C ~ yM for H = End(F) the algebra of natural
transformations F — F [JS91]. Szlachdnyi has shown in [SzI00] that H has
a bialgebroid structure over A and C &~ g M as monoidal categories and that
therefore H is a weak Hopf algebra with base A in the following way:

Theorem 7.2.3. [SzI00, JS91] Let C be a finite tensor category and A a finite
dimensional separable algebra with separability element Y, x; @ y; € A ® A.
Let (F,§,&) : C — A/\/lﬁd be a tensor functor. Denote by F the functor
forget F' : C — vecty, then H := Endy(F) = Nat(F, F), the algebra of natural
transformations F — F, is a weak Hopf algebra with base A. The comultiplica-
tion is given by
AHS HoaH = HopH with
A(n) =&ono&™
Emen) =Y nri@yn = s(x)on®ty) o,
i

i
where s : A’ — H andt : A — H are the algebra morphisms induced by the
A-bimodule structures of each F(X), X € C. The counit is given by

e:H— k,nHtrA(goonﬂogo’l)
and the antipode is given by
S+ H — H,nr (nx)"
Moreover, there is an equivalence of tensor categories
Ip:C— g M X (F(X), ux),

with px : HR F(X) — F(X), n®z — nx(x) , such that the following diagram
commutes:

Ir

C gMP

aMf




Chapter 8

Weak Hopf Modules

In the following, let H be a (finite dimensional) weak Hopf algebra.

In this chapter, the notions of H-comodule algebras and weak Hopf modules
over them are introduced, which were defined by B6hm [B6h00]. The dual con-
cepts for H-comodule algebra and weak Hopf modules are H-module algebras
[Nik0O] and the category (g M)gr of modules over them in the category of H-
modules. A structure theorem for weak Doi-Hopf modules by Zhang and Zhu
[ZZ04] will be presented, which is a generalization of the structure theorem for
weak Hopf modules in [BNS99]. Properties of the weak smash product R#H
[Nik00] will be reviewed, from which a bijective correspondence of the H-stable
ideals of the H-module algebra R and the H-costable ideals of the H-comodule
algebra R#H can be deduced.

The structure theorem for weak Hopf modules implies that any object in
/\/lg is a projective H-module. I expect that this is also true for H-simple
H-comodule algebras. For the case when H is free over its base algebra, this
will be proven in the next chapter .

Moreover, it will be shown that the trace ideals of weak Hopf modules are
H-costable ideals of the H-comodule algebra A and in the case when A is H-
simple and quasi-Frobenius one can deduce that nonzero weak Hopf modules
are generators for M 4.

Finally, a Morita equivalence of weak Hopf module categories will be for-
mulated. It will be shown that for a weak Hopf module M € M the endo-
morphism ring B := End4(M) is an H-comodule algebra and the coinvariants
of B coincide with the H-linear morphisms, and in particular B®H is trivial,
whenever M is simple in /\/lf;{ . Moreover, if M € M% is a progenerator for
M4 then a category equivalence M4 ~ Mp induces a category equivalence

MHzMg.
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8.1 H-Comodule Algebras and Weak Relative Hopf
Modules

Definition. [B6h00] An algebra A, which is also a right H-comodule with
costructure p, is called a right H-comodule algebra if

p(ab) = p(a)p(b), (8.1)
p(1) € A® H. (8.2)

Lemma 8.1.1. Let A be an H-comodule algebra and a € A. Then

1(})) ® 1(1)1é) ® 1) = 1{5) ® 1(3)1(1) ® 1) = 1(})) ® 1(‘1) ® 1é); (8.3)
a@) @ erlagy) = 1{ga @ 1{)); (8.4)
14515 @14 @ 1f) = 14 @ a(1)) ® 1. (8.5)

Proof. (8.3): The first equation holds by (8.2) and since A(1) € H; ® H; and
H; and H; commute. Hence

1oy ® 1(1) ® 1{3) = 1{g) ® A(1{y) = 1{5) ® 1y1{1) ® Lea),

by (8.2) and (7.12).

B4 a@ ® elaq) = ao @ lmap)le) = 1§))a<0) %5(1@)1(11)“(1))1(2)
= 1(0)a(0)5(1(1)a(1)) ® 1{3) = Lipa ® 1(;),

by (8.1) and (8.3]).
(8.5)): follows from ([8.4)). O

Remark 8.1.2. In the same way one may define a left H-comodule algebra
A to be an algebra which is a left H-comodule with costructure A and satisfies:

Aab) = A(a)A(b), (8.6)
A14) e H, ® A.

Then the following equations are satisfied:

Ly ® 1)1ty @ o = 10 @ 1Ly le) @ 1 = 11y @ 1L, @ 1), (88)

85((1(,1)) ® ag) = 1?_1) ® alé)), (8.9)
'A A A 17A _ 1A A A

121 @121 © Loy o) = 1{Zg) @ &s(121)) ® L{g), (8.10)

for a € A.

Let now (A, p) be a right H-comodule algebra.

Definition. [Boh00] A weak (H, A)-Hopf module is a right H-comodule
M with costructure §, which has a right A-module structure such that

d(ma) = o(m)p(a), (8.11)
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for m € M, a € A. The category of weak relative Hopf modules together with
H-colinear and A-linear morphism will be denoted by Mﬁl . In the same way
one may define the category s M and if A is a left H-comodule algebra, also
H A 4 and 1{_‘1{ M.

By considering H as a right H-comodule algebra in the usual way, the above
definition coincides with the definition of the category of weak right Hopf mod-
ules ME as defined in [BNS99].

Formulas (7.20) and (7.21) can be extended to elements in relative Hopf
modules:

Lemma 8.1.3. Let A be a right H-comodule algebra. If M € /\/15{, then for all
me M:

m) ® es(m1)) = m1jgy ® S(1{})). (8.12)
If M € aMHM, then for allm € M:

my ® (my) = 1z%)m ® 1‘(41). (8.13)

Let now A be a left H-comodule algebra. If M € ZM, then for all m € M:
er(m(—1)) @ m) = S(LZy)) ® lé)m. (8.14)
If M € HMy, then for all m € M:

es(m_1)) ® m(g) = 1{L ) @ m1). (8.15)

In particular, elements of right or left H-comodule algebras satisfy these
equations.

Proof. (8.12): Let M € MY and m € M. Then

mo) © es(my) = m) L @ 1ae(mm1ile)
= m(o)lfo)s(m(l)lé)) & 1(1)6(1é)1(2))
= miy @ &s(1{h) = mify @ S(1{)),
by (7.3) and (7.8) since 1(}, ® 1{ € A® Hy.
(8.13): Let M € aM™ and m € M. Then

(00 ©(LayLihyma)le

= Loymee(Lymm) ® 1( = 1m @ 13,

m(o) &® Et(W‘L(l)) =1

by (8.3).

The other two equations are the opcop versions. ]
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Lemma and Definition 8.1.4. Let A be a right H-comodule algebra, M a
right A-module and X a right H-module. Write

M @AX = Ml(o) ®X1(1)

Then M &4 X is a right A-module with diagonal A-module structure. That is,
forallme M, x € X and a € A:

(ml{p) @ #1(3))a = ml{gag) ® ¥1{)aa) = mag) ® zaq).

In the same way M @4 X is defined for a left A-module M and a left H-module
X. Moreover, M 64 H € M and M o4 H € 4 MH where in both cases the
costructure is given by A.

Lemma 8.1.5. Let M, M be right A-modules and X a finite dimensional right
H-module.

(i) Homyu(M &4 X, M) = Homa(M, M &4 X*), where X* = Homy(H, k)
is the left dual of X in the category of finite dimensional right H-modules,
that is it is a right H-module via (¢ - h)(x) = ¢(xS~1(h)).

(i) — &4 X is an exact functor for A-modules.

(iii) If M is a projective right A-module, then so is M &4 X.

Proof. The opcop version of this is part of the result that 4 M ¢ is an g M
module category whenever A is a left H-comodule algebra. This will be dis-
cussed in Chapter 10. It follows from the fact that every object X € J\/lfHd has
a right dual defined as in (i) with evaluation evx and coevaluation dbx; and
then one has the usual isomorphism:

Homu (M & X, M) = Homa(M, M &* X*)
f — (f®id) o (id ® dbx)
(id ® evx) o (g ®id) « g
omitting the unit isomorphisms. Hence, — &4 X* is left adjoint to — &4 X, and
in the same way we obtain a right adjoint — &4 *X, where *X is the right dual

of X. This implies (ii). Hence, for a projective module M, Hom4(M &4 X, —)
is an exact functor, and (iii) follows. O

Lemma 8.1.6. Let A be a right H-comodule algebra and M € M.
(i) M € g, M with left Hs-module structure given by x>m = mye(rmy))-

(i) H @y, M = M &4 H as right A-modules, where H @y, M is a right
A-module with (h ® m)a = h ® ma.
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Proof. (i) Let x,2' € Hg, m € M, and a € A. Clearly, 1>m = m and

x> (2 >m) = m(o e(zmqy)e(z'm)
= m)e(zer(m)))e(@’'m))) by (7.15)
= m(o e(zS(1y))e(lyx'meyy) by (7.21) and Lemma [7.1.2]
= mge(xl(n))e(l)z m(l)) by (7.11) and (7.14)
(

= me(zz'm(y)) = (') >m.
M is an (Hg, A)-bimodule, since

x D (ma) = m(o)a(o)s(mm(l)a(l)) = m(o)a(o)e(xm(l)st(a(l))) by (7.11)
= mgag(zm(y)) = (z - m)a. by (8.13)

The H-comodule structure is compatible with this Hs;-module structure. In
fact

d(x>m) = mg) ® m(l)e(xm(g)) = m(g) @ TMmq) by (7.18)
= m(o)e(l(l)m(l)) & $1(2)m(2) = A(.Z‘)(S(m)

(ii) The isomorphism and its inverse is given by

H®y M.~ Mc H

h R, M rﬁ m(g) X hm(l)

ZhS ®H5mZ &Zmi@)hi.

In particular,

= hS~ (5t(1(1)))871(m(1)) ®u, m)1{f)
= hS™ (ma)) ®u, M),

for h € H,m € M. Let x € Hy and h; € H, m; € M for ¢ € I, such that
Yiermi ®h; € M &4 H. 1) is well-defined, since

Y(h @z >m)=Ph®mee(rmq))
= my(0) & hM(l)E(SUm(Q)) = m(p) X hxm(l), by (718)

Moreover

e((h ®@m)) = hm S~ (m(1)) ®n, me) = hS™ (e:(m))) ®u, m()
= hSil(l(Q)) R H, 1(1) om = thl(1(2))1(1) g, m=h®g, m
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by (8.14) and (7.10); and
(> mi®@hi)) = mig) ® hiS™ (mi2))mi)

= Zmi(g) ® hiS_l(gs(m’i(l)))
= Zmil(Ao) ® hiS™H(S(1(3)))

- Z m; @ h;, by (8.12). O

8.2 Algebras and Modules in g M

The dual concept of H-comodule algebras and weak Hopf modules are H-
module algebras and modules over them, that have a compatible H-module
structure.

Definition. An algebra A, which is a left H-module, is a left H-module
algebra [Nik00] if for all a,b € A, h € H

h - (ab) = (h(l) : a)(h@) : b), (8.16)
h-14 =¢g(h) - 14, (8.17)

A left H-module has a compatible A-module structure if it is a left A-module
satisfying

h - (ma) = (h(l) : m)(h@) : CL), (8.18)

for all m € M, a € A, h € H. We denote the category of H-modules with
compatible A-module structures together with H-linear, A-linear morphisms
by (gM)a. In the same way we may define 4(gM).

Remark 8.2.1. An H-module algebra is exactly an algebra in the category gM,
and (gM)4 are the right A-modules in the category of left H-modules. These
are exactly the dual versions of H-comodule algebras and Hopf modules and
as for finite dimensional Hopf algebras, it is straightforward to check that A
is a right H-comodule algebra if and only if it is a left H*-module algebra;
and MY ~ (M) 4 are equivalent categories. (Note that as always, H is finite
dimensional.) For instance, if A is a right H-comodule algebra, then it is a a left
H*-module algebra with the usual H*-module structure ¢ — a = a(g)¢(a())-
In fact,

(82
o = 1= e h) = Hoslm1n)e(le) = () *9)(1) e = 17

and

(8.1)
@ — (ab) "=" abo)p(amyba)) = (vay = a)(p@) — b),
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for a,be A, p € H*.

Lemma 8.2.2. Let A be an H-module algebra, then A is a right Hy-module via
ady=95"Yy) -a=a(y-14). (8.19)

Proof. Since S~! is an anti-algebra morphism, it suffices to show the second
equation. For all y € Hy, a € A:

S7Hy)-a=a(S7(y) - 1) = a(s(S7H(y) - 1) = a(S(S7(y)) - 1),
by (7.12) and Lemma 7.1.3. O

Lemma 8.2.3. Let A be an H-module algebra and V € M 4.

(i) V€ goM via zvv:=v(S(z)-14) = v(z - 14); and if V € (gM) 4 then
this Hg-structure coincides with the structure induced by the H-module
structure.

(ii) H®p, V € (uM)a with an A-module structure given by (h @p, v) e a =
hay®m,v(S(h))-a) and the H-action is given by g(h®p,v) = gh®p, v.

(iii) If Ve (uM)a, then H @y, V — V,h @y, v+ h-v is right A-linear.

(iv) If Ve (gM)a, then HoV := A(1)(H® V) € (M), where the action
of A is the A-action on V', and the H-action is diagonal.

(v) Hompg (H,V) € (gM)a, where the H-module structure is given by
(h-C)(g) = C(gh), for g,h € H and ¢ € Hompy, (H,V) and the right
A-module is defined by (¢ ® a)(h) = ((ha))(heo) - a).

Proof. Let z,2/ € Hy, y € Hy gh € H,v €V, ( € Homy (H,V).

(1) w(z-14) = v(e(x) - 14) = v(S(x) - 14) by Lemma and

za' > v =v(S(2")S(zx) - 1%) = v(1(HS(z') - lA)(l(Q)S(x) 14
= (v(S(2') - 1A))( ( ) - 1Y) =z (2 >w).

If Ve (gM)a, then z-v = (1) - v)(1gz - 14) = v(z - 14) by (7.12).
(i) The A-module structure is well-defined since

(he @p, v) @ a = hq) @u, v(3(2)S(he) - a)
= h(1y ®@u, v(S(x) - 1)(S(h3) - a) by Lemma [[1.2
= h(l)(ﬁﬂ [>’U)(S(h(2)) . a) e (h ®Hs x> ’U)a;
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(h®@p, v) o 1% = hy ®@m, v(e(S(hey)) - 17)

= h) ®n, v(S(es(h2))) - 1A) by Lemma [7.1.2]
= hl) @m, v(S* (1) - 1) by (7.21)

= hla) ®m, S(lg)>v
=hl1)S(l(2)) ®u, v =h@p, v

((h®@u, v)ea)eb) = hiy@u, v(S(hs)) - a)(S(ha) - b)
= h(l) ®HS U(S(h(g)) . (ab)) = (h ®HS ’U) [ (ab)

The A-module structure is compatible with the H-module structure since
g (h®g, v)ea)=ghqy@mu, v(S(hy)) - a)

= gmyha) @, v(S(hw)S(92)9@) -a) by (7.21)
= (gyh @, v) o (g9(2) - @).

(iii) The map is right A-linear, since
(h @u, v)a = hay @u, v(S(h() - a) —=(hay - v)(h@)S(hg) - a)
(7.20)
(1 1yh - v)(l(g) a) = (h-v)a.
(iv) The A-module structure is well-defined since
(Ih @1 - v)e=10h® (@ v)e =10k (1)l - v)(1e)
= (1)h® 1(2) -(va) e HOV.
The A-module structure is compatible with the H-module structure since
9 (Lyh ® 1) -v)a) = g)h @ g(2) - (va) = gayh @ (9(2) - v)(9(3) - @)
= (90) - Iyh @ L2y - v))(g2) - @)-

(v) The A-module structure is well-defined since

122 C(h))(xhe) - a) ey ¢(hay)(hez) - a)(@ - 1)

— 25 (b)) (hez) - @) = 2> ((C o @) (h);

(Cea)(zh)

(Co1M)(h) = Clha)(alhe)-14) 27 camh) (1 - 14)

(Hsﬁnear( DC( ))(1(2 ) _ C(h)(l(l) .14 )(1(2) . 1A) = C(h)a

((Coa)eb)(h) = ((h))(heg)-a)(hg) -b) = (Ceab)(h).

The A-module structure is compatible with the H-module structure since

(h-(Cea))(g) = (Coa)(gh) = C(9a)hn)(9@2)he) - a)
= ((hy - ) (9)))(92) - (hzya)) = ((h(1y - ) @ (h2y - a))(g).O]
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Lemma 8.2.4. IfV € (gM)4, then H®y, V = HQV. as objects in (gM)4.
Proof. The isomorphism is given by
Heoy V-—HoV

h®v£>h(1)®h(2)v

In particular,
p(Layh ®@ Ly - v) = Lyhay @, S(L)hz))(s) - v
= 1yha) @, S(he))es(l) v
= 1wha) ®u, S(h))S(@) v ="ha) @ S(hg) v,

forveV,he H,by Lemmal(7.1.2] Let xt € Hsand h; € H,v; € V foralli € I
such that ) . h; ® v; € H© V. Then v is well-defined, since ¢(he @y, v) =
h(1) ® hgywv by (7.12). It is right A-linear since

Y((h®m, v) ea)=Y(hq) @n, v(S(h) - a))
= ha) @ hg) - (v(S(h))) - a))
= h() @ (h) - v)(h(3)S(h)) - a)
=ha)® (1(1)h(2) “v)(1gy - a) by (7.20)

= h(l) & (h(2) -v)a =Y (h ®@p, v)a.
Obviously, ¥ is left H-linear. Finally,

7.21
p((h @1, v)) = hay ® S(hig)hey v "= byl ©m, S(le) v
=hyl)S(l) @, v="hewv;

(> hi®v)) = Zhi(l) ® hi(2)S(hi(3)) - vi
(7.20) Zl(l)h ® 10 Zh ® vj. O

Lemma 8.2.5. Let V,IW € My.
(i) Homyu (V,Hompy, (H,W)) =2 Homu(H ®g, V,W).
(ii) If V is an injective A-module, then so is Hompg (H, V).
Proof. (i) The isomorphism is given by
Homy (V, Hompy, (H, W)) = Homu(H ®g, V,W)

foo=f hewve fu)(h)
g vi— (h—gh®g,v))— g
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~ Let f € Homu(V,Hompg, (H,W)) and g € Homu(H ®p, V,W), then
f(w)(R) = f(v)(h) and g(h ®p, v) = g(h ®p, v). Moreover, f is well-defined,

= (f(v)
= (f()(hayza)))(et(h@)z@) - 17) by (7.12
= (f(v)(11yha))(1(g) - 14) by (7.20)
= (1y > f(v)(ha))(1iz) - 17)
= (f(v)(ha)) (L) - 1) (1(p) - 1)
= f(v)(ha) = f(hz @, v),

and

f((h@n, v)ea) = f(ha) @m, v(S(he) - a)) = F(0(S(he) - a)(ha))

= (f(v) o (S(h2)) - @) (hq)) = (f(v)(h)))(h@2)S(ha) - a)
= (f(v)(1)h))(L(2) - a) by (7.20)
= (Ly > F)(h) (L) - a) = (f() () L1y - 1) (L) - @)
= (f()(h)a = f(h®u, v)a;

and g is well-defined since

9(v)(zh) = g(zh @n, v) = g(x - (h Qu, v))
=g((Ly - (h@p, v)) e (1gw- 14)) by Lemma [8.2.3| and (7.12)
= g(h@m, v)) e (z-1%) =z ¢ (§(v) (),

and

(g(v) @ a)(h) = g(v)(h))(h@) - a)
9((hay ®@m, v) ® (hg) - a)) = g(ha) @u, v(S(hz)hs) - a))
9(hly ®m, v(S(1()) - a)) by (7.21)

g(h@u, v(S(l) - a)(S(1n

= g(h @ va) = g(va)(h),

h
h

forveV,ae A, he H, x € H,.

(ii) Homa(H ®p, —, V) is exact since V' is injective and since H, is semisimple
and hence H®p, — is exact. Hence, Hom 4 (—, Homg, (H,V)) is exact by (i). O
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8.3 Weak Hopf Modules over H-Simple H-Co-
module Algebras Are Generators

The aim of this section is to prove that trace ideals of relative weak Hopf
modules are H-costable ideals. Therewith, one can deduce that nonzero relative
weak Hopf modules over an H-simple quasi-Frobenius H-comodule algebra A
are generators, as their trace ideals have to be equal to A. We will prove the
dual version of this.

8.3.1 H-stable and H-costable subspaces

Let C be a right H-comodule with costructure §. A subspace X of C is said to
be H-costable if 6(X) C X ® H. Dually, a subspace X of an H-module V is
said to be H-stable if for allz € X and he H, h-x € X.

An H-(co)module algebra A is called H-simple if A # 0 and A does not
contain proper nonzero H-(co)stable ideals. A # 0 is called H-simple from
the right or left if it does not contain proper nonzero H-(co)stable right or
left ideals, respectively.

8.3.2 Trace Ideals of Weak Hopf Modules

In the following, if M is a module over an algebra A, then Th; denotes the trace
ideal of M in A (see Appendix A.2 for the definition).

Proposition 8.3.1. Let A be a left H-module algebra and M € (gM) 4, then
Ty is an H-stable ideal of A.

Proof. Let f € Homy (M, A), then f is left Hg-linear. In fact,

(7.12), (8.18) (7.12), (8.16)

fla-m) TTETT fm(e 1) = fm)(e 1) =T x - f(m).
For every h € H we may define an A-linear morphism

id®g, f
—

O :M— HoM -2 Hoy M H@p, A— A

mr—>1(1)h®1(2)m g®HsaHg.a

where the isomorphism ¢ is the one from Lemma and the last morphisms
is A-linear by Lemma (iii).

Let now g € H and m € M, then there exist h; € H and m; € M with
A Lyhi ® 19y - m;) = g @u, m, where ¢ is the isomorphism H © M =
H ®py, M. And then

g-f(m):Z(I)hi(mi)E Z f(M). O

f€Homy (M,A)
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Corollary 8.3.2. Let A be an H-simple left H-module algebra which is right
Kasch and let 0 # M € (gM)a be a finite dimensional object. Then M is a
generator for M4

For the definition of right Kasch rings see Appendix A.3.

Proof. Tyr # 0 because A is right Kasch (see [A.3.2)). Hence, Thy = A by the
foregoing lemma since A is H-simple. This implies the claim (see[A.2.1). O

Corollary 8.3.3. If A is a finite dimensional H-simple left H-module algebra
which is right Kasch, then A is quasi-Frobenius.

Proof. Let V be a nonzero finite dimensional injective right A-module. By
Lemma [8.2.5, M := Hompy, (H,V) is an injective A-module and M € (g M) a.
M is nonzero, since H; is an H,-direct summand of H. As A is right Kasch, M
is a generator in M 4 by Hence, for some n there is a surjection M — A
which splits, that is A is a direct summand of the injective A-module M (™ and
therefore right self-injective. O

The dual versions of these results are:

Proposition 8.3.4. Let A be a right H-comodule algebra and M € MH finite
dimensional.

(i) Tas is an H-costable ideal of A.

(ii) If A is H-simple and right Kasch and M # 0, then M is a generator for
My.

(iii) If A is finite dimensional, H-simple and right Kasch, then it is quasi-
Frobenius.

8.4 A Structure Theorem for Weak Hopf Modules
and Smash Products

8.4.1 Invariants and Coinvariants

Definition. Let A be aright H-comodule algebra and M € M or M € 4 MH"
with costructure §. We define the set of coinvariants of M as

M@ .= {m e M|§(m) € M ® Hy}. (8.20)

If A is a left H-comodule algebra and M € T M4 or M € QI M with costructure
0, we define the set of coinvariants of M as

CHN = {m e M|§(m) € Hy @ M}. (8.21)
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Lemma 8.4.1. Let A be a right H-comodule algebra. If M € Mf, then
co A A

If M € AMH | then
Let now A be a left H-comodule algebra. If M € H My, then

co A

Hpp = {me M|m_y @mqg) = 1(_1)®m1(0)}.

If M € HM, then

CHM = {m e M|m_y @mq) =1{,) @ 1{gm}.

Proof. The first equation is [2Z04, Lemma 2.1], the second and third follow
from Lemma and the last equation is the opcop version of [ZZ04, Lemma
2.1]. O

Corollary 8.4.2. If A is an H-comodule algebra, the following holds for a
coinvariant element a € A%H :

A A
Example 8.4.3. Let M be a right A-module. Then
(M e H)*H = {ml & 1{;) |m € M}.

In fact, if >, m; ® h; € (M &4 H)*H | then
Zmi@hi(l) z:mz ® hal{ )®1(‘2).

By applying id ® € ® id we obtain

7.15)
Zmi ® h; Zmz ®e(h; lf))lé) ( ZmzlA ® e(higr(1( )))lé)

85>Zm11A oty = Smethort o 1,

In the special case when A = H is the weak Hopf module algebra itself then,
as for Hopf algebras, there exists a projection E : M — MH:

Lemma and Definition 8.4.4. Let M € ./\/lg and define

E-M—M

m = mg)S(my))-

Then E(M) = M and E(m) = m for all m € M<H.
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Proof. E(M) C M¢! is shown in the proof of [ZZ04, Theorem 2.2]. If m €
MeH  then E(m) = m1)S(12)) = m by Lemma O

The dual version of the coinvariants of a weak Hopf module are the invariants
of objects in (g M) 4:

Lemma and Definition 8.4.5. Let A be a left H-module algebra and M €
(M) 4. The invariants of M are defined as

M = {me M|h-m=¢ei(h)-mVYheH}. (8.22)
Then MH = MH" 1In fact,

{meM|p—=m=c¢c(p) ~mVpec H}
={m € M [ myp(m)) = me(laymu))e(le) Ve € H* }
={m € M |mq) @ my = m() @ ei(mq)) }.

8.4.2 A Structure Theorem

The structure theorem for Hopf modules over ordinary Hopf algebras states a
category equivalence between vector spaces and Hopf modules. It implies in
particular that every Hopf module over a Hopf algebra H is a free H-module.
For weak Hopf modules, the freeness has to be replaced by projectivity. Bohm,
Nill, and Szlachanyi [BNS99, Theorem 3.9] proved a structure Theorem for
weak Hopf modules in M# which was generalized by Zhang and Zhu [ZZ04] to
H-comodule algebras A which allow an H-comodule algebra map v : H — A.
In this case, M € MIX implies M € ./\/lg via .

Theorem 8.4.6. [ZZ04, Theorem 2.2 | Let A be a right H-comodule algebra
and v : H — A an H-comodule algebra map. Let M € Mﬁf. Then

M@ eon A = M in MY
m a+— ma

myY(S(m1))) ® mgy < m.

Here, the H-comodule structure and the the A-module structure of M?® yecon A
are those of A.

Corollary 8.4.7. If M € Mg, then M is a projective right H-module and it
is a free right H-module if MH is a free right H;-module.

Proof. By the theorem, M = M @ ;;con H where H°? = H, is a semisimple
algebra and therefore M is a direct summand of a free H;-module. Hence,
M = M @y, H is a direct summand of a free H-module. O
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Lemma 8.4.8. Let A and ~ be as in the theorem. Let V be a right A -module,
then V ® geon A € M and

V 2 (V@ peon A v im0 @14,

Proof. Let E4 and E be the map from for A and V ® 4con A regarded as
objects in MY via v, respectively. We know E(V @ geonr A) = (V @ geon A)°H
and E4(A) = A" and we have E(V ® georr A) =V & geon 14, In fact, if v € V
and a € A, then

E('U ®AcoH CL) = ®AcoH a(o)’y(S(a(l)))
:v®AcoH EA(CL) :UEA(CL) ®AcoH ].A. D

Hence, together with this lemma the theorem above implies a category
equivalence between the category of right A°°H-modules and the category ./\/lg :

Theorem 8.4.9. Let A be a right H-comodule algebra and v : H — A an

H-comodule algebra map. Then

MACUH ~ .Mg
V g V ®AcoH A
MCOH - M .

8.4.3 Weak Smash Products

As for ordinary Hopf algebras, a special case of H-comodule algebras which
allow an H-comodule algebra map v : H — A, are smash products (in fact,
such algebras are always smash products, see [Zhal0]), and thus the structure
theorem can be applied to smash products.

Lemma and Definition 8.4.10. [Nik00] Let R be a right H-module algebra,
then the smash product R#H is R ®p, H as a vector space where R is a
right Hi-module as in R#H is an H-comodule algebra with unit 1z#1
and with multiplication and costructure given by

(r#th)(s#g) = r(hq) - 5)#h(2)9, (8.23)
p(r#th) = r#th) @ h(), (8.24)
for r,7’ € R, h,h' € H. The map H — R#H, h — 1r#h is an H-comodule

algebra map. R — R#H, r + r#1 is an algebra inclusion and (R#H ) =
R#1~R.

In the following we will associate elements of R#1 with elements of R and
elements of 1#H will be associated to elements of H, and we will write rh for
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r#th and then hr = (h(yy - 7)h(a).

Let A:= R#H, and V € Mg, then V#H :=V ®g A is an object in Mf,
where the module and comodule structure are the one of A. Again we write
(vr)h for v @ r#h = vr ® g 1r#h. Then

E(vh) = vh1yS(h@)) = ver(h) = v(lg <&(h)) €V,

for all v € V and h € H, where < is the H;-action on R as defined in (8.19); and
therefore (V#H)H = E(V#H) = V. With the structure theorem for weak
Hopf modules we obtain the following:

Corollary 8.4.11. If R is a left H-module algebra and A := R#H, then
MR ~ MI}_%I#H
V — V#H
McoH — M

are quasi-inverse equivalences, where
M= Melyg in M{,py
m +— E(m(o))m(l)

ma <~ m Qg a.

As for Hopf algebras [MS99] one can use this equivalence to show that the
H-stable ideals of R correspond to the H-costable ideals of A := R#H and in
particular, R is H-simple if and only if A is H-simple.

Proposition 8.4.12. Let R be an H-module algebra and A := R#H, then

@
{H -stable ideals of R} ? {H -costable ideals of A}

I — I#H

JCOH - J

are well-defined mutually inverse bijections.

Proof. 1f I is an H-stable ideal of R, then it is straightforward to check that
I#H is an H-costable ideal of R#H, since if r or 7/ € I, then (rh)(r'h’) =
(r(hqay - r"))hh' € I#H. On the other hand, let J be an H-costable ideal
of A. It is clear that J°H = J N (R#H)®" = JN R is an ideal of R. Tt is
H-stable since for r € JN R = JH and h € H one has h-r € R and:

her = (hay-r)(elh)) - 1r)

>

= ( (1) -r
= (hqy -
= (h(l) -r
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where < is the right H-action on R as defined in (8.19). Hence, h-r € JNR =
JoH | Finally, (I#H)°H = I and JU#H = (JH#1)(1g#H) C J, and the
Proposition [8.4.11| implies

JOUHH = ] e MY, O

Lemma 8.4.13. Let R be a right H-module algebra. Then RP is a right HP-
module algebra and (FM)r ~ porgpeor M. The functor is the identity on
objects and morphisms, where the action of RPH#H“P on M € (gM)g is given
by (r#h) » m = (h-m)r, for allr € R, h € H and m € M.

Proof. Recall that the target map of H®P is S~ oe;. We have that h- 15 =
et(h) - 1g = :(S7(er(h))) - 1r = S71(g4(R)) - 1R, hence R is in fact an H°P-
module algebra.

Let M € (gM)g. The RP#HP-module structure is well-defined, for if
x € (H“P)y=Hs, 7€ R, h€ H,m € M, then

7.12
(r#xh) » m (712) (1(1)3:}1 . m)(l(g) -T)

"2 (1) m) (1 S(@) - 1) = ((r 92)dth) » m,

because the right Hs-module structure of R is given by r<z = S(x)-r. Moreover,
for ¥ € H and 7’ € R:

(r#th) o ((F'#0) - m) = (h- (0 - m)r))r = (hayh' - m)(he) ')
= ((hyr")r#thyh') » m = ((r#th) (' #h)) » m. O

8.5 Morita Theory for H-Comodule Algebras and
Weak Hopf Modules

In this section it will be proven that if M is a weak Hopf module in Mﬁ{ , then
B := End(M) is an H-comodule algebra and M € p M. Moreover, if M is
a progenerator for M 4 then the Morita equivalence M4 =~ Mp also induces
an equivalence of the categories of relative weak Hopf modules M ~ /\/lg .

8.5.1 Endomorphism Rings of Weak Hopf Modules

The endomorphism ring of a relative weak Hopf module is an H-comodule
algebra. Moreover, its coinvariants are exactly the A-module maps which are
also H-colinear. Here, we prove the dual version.

Lemma 8.5.1. Let A be a left H-module algebra and M € (gM) 4.
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(i) B := Enda(M) is a left H-module algebra with an H-module structure
given by
(he f)(m) :=h)f(S(h@)) - m) (8.25)
for feB, he H me M.

(ii) The invariants BH of B are exactly the H-linear morphisms in End 4(M),
denoted by gEnds(M). In particular, BY = k if M is simple in (g M) 4.

(iii) Enda(A4) & A as H-module algebras, and in particular, A" =k if A is
simple in (gM) 4.
(iV) Q = HomA(M, A) S (HM)B
(v) M € p(auM)a and Q € A(gM)s.
Proof. (i) Let f € Enda(M) and h € H, then he f € Enda(M) since for all
m € M and a € A:
(he f)(ma) = hqy- f(S(h) - (ma
= (hqy - f(S(he) - m))(h(z)s(h(z)) a)
(7.20)
=" (whay - F(S(hg)-m)(Lg) -a) = (ke f)(m))a.
This is a well-defined H-module structure, since

7.1.9 and (7.12)

(Lo f)(m) =1qy- f(S(12)) - m) 1oy - fF(m(S(1g) - 1)
=1y (f(m)(S(Lg)) - 17)) = (Lay - f(m))(et(Ly) - 17))
= 1y - f(m) (L) - 14) = f(m),

(he (W o ))(m) = hay (K o £)(S(hez) - m)
— hyhyy - F(S(Hoy)S(hizy) - m) = (A o f)(m).

for f € Enda(M), h,h' € H, m € M. This H-module structure is compatible
with the algebra structure since for another f’ € End4(M):

(hay» £) o (hay o £)(m) = by F(S(hia)he) - £(S(hey) - m)
"2 iy f (L) - P (S(hyle) - m))
= hayf ((1-f’)(5(h > m)) = (he (fof))(m)
and (h e id)(m) = hyS(he)m = (e(h) o id)(m).
(ii) Let f € yEnd4 (M), then
(e £)(m) = hyS(hey) - f(m) = (k) - (L e f)(m)

(7.12)

=1wee(h) - fF(S(Lz)) -m) =" (es(h)  f)(m)
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for all h € H and m € M, that is f € (Ends(M))". If on the other hand
f € (Ends(M))H| then
h-f(m)=h-(1ef)(m)="hla) - f(S(g)- m)
= hqy - f(S(h@)ha) - m) = (hay e f)(he) - m) by (7.12)
= (et(h)) @ /)(h@) - m) = (S(Lwy) @ f)(Lz)h-m) by (7.21)
= (et(1r)) @ f)(L2)h - m) = (1) ® f)(L2)h - m) by Lemma [7.1.2)
=1y f(S(Lg))lyh-m) =1y f(S(Lz))h-m) by Lemmal[7.1.2]
= (Lo f)(h-m) = f(h-m),
for all h € H, m € M, hence f is H-linear.
(iii) The algebra isomorphism
p:A— Endg(A44)

a+— (b ab)

is an H-module algebra morphism, since for h € H and a,b € A:
(hep(a))(b) = hqay-(alS(h@g)- b)) = (hqa) - a)(he)S(hes) - b)
(7.20)
=" (Lyh-a)(1z) - b) = (h-a)b = (p(h-a))(b).

(iv) Clearly, @ := Homua (M, A) is a right End 4(M)-module via composition.
It is an H-module via

(heg)(m) =hqy-g(S(h@) -m) (8.26)

for g € Hom4 (M, A). The proof works analogous to (iii). And also similar to
(iii) we get that the structures are compatible.

(v) M is an (End4(M), A)-bimodule via fm = f(m). The structure is com-
patible with the H-module structure since if f € Ends(M), h € H, m € M,
then

(hay ® F)(hy - m) = hay - F(S(ha)he) -m) "= bl - F(S(g) -m)
—h-(Lef)(m)=h-f(m)=h- fm.

The A-module structure on Homy4 (M, A) is given by (ag)(m) = ag(m). This
structure clearly interchanges with the End 4 (M )-module structure. It is com-
patible with the H-module structure since if g € Hom4 (M, A), h € H, m € M,
and a € A, then

((hay - a)(h@) @ g))(m) = (hqy - a)(h) - 9(S(hs)) - m))
= hqy - (ag(S(he)) -m)) = (h e (ag))(m). O
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Corollary 8.5.2. The dual version of the proposition implies for a right H -
comodule algebra A and M € M’X.’

(i) B:=Enda(M) is a right H-comodule algebra with an H-comodule struc-
ture defined by f(0)(m) ® fu) = f(m))(0) @ f(m))a)S(m))-

(ii) The coinvariants B of B are exactly the H-colinear morphisms in

Enda(M), denoted by End¥ (M). In particular, B" = k if M is a
simple object in M.

(iii) Enda(A4) = A as H-comodule algebras, and in particular, A" = k if
A is simple in /\/lﬁl[.

(iv) Q := Homyu (M, A) € ME.
(v) M € B./\/lg and @ € AMg.

Remark 8.5.3. The fact that the coinvariants of A coincide with Endf (A) was
already shown in [Zhal(Q, Proposition 2.5]. More precisely, it is shown that for
M e Mi

Hom{ (4, M) — M f— f(14)

is an isomorphism of vector spaces with inverse m +— (a — ma), and it is mul-
tiplicative in the case when M = A.

8.5.2 Morita Equivalence for Weak Hopf Modules

Morita theory (see Appendix A.1) states that a progenerator in M € M4 in-
duces an equivalence of categories Homa(M,—) : aM — pM, where B :=
End(M). If now A is an H-comodule algebra and M € ./\/lﬁf , then this equiva-
lence can be restricted to an equivalence of the categories of weak Hopf modules
M~ Mg. Again, we prove the dual version.

Proposition 8.5.4. Let A be a right H-module algebra and M € (gM)4.
Assume furthermore that M is a progenerator in M 4. Let B and QQ be defined
as in Lemmal[8.5.1. Then

Homug(M,—) : (gM)a — (gM)B,
Homp(Q,—) : (#M)p — (gM)a

are well-defined mutually inverse functors.

Proof. We know from Morita theory that the functors Homyu (M, —) and
Homp(Q, —) are well-defined mutually inverse functors 4 M < M. We have
to show that the restrictions to (g M)4 and (g M)p are well-defined.
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Let N € (gM) 4, then Homy (M, N) € (g M)p with an H-module structure
given by
(he f)(m) = hqy- f(S(h@) - m).

The B-module structure is as usual the composition of homomorphisms. The
proof is analogous to Lemma (iv). If ¢ : N — N’ is a morphism in
(M) 4, then Hom 4 (M, ¢) is also H-linear.

On the other hand, if N € (g M)p, then Homp(Q, N) is an A-module via

((fa)(q)) = f(aq) as usual, where (aq)(m) = ag(m) as in Lemma It is an
H-module via

(he f)(q) = hay- f(S(h)*q),
where Q € (g M)p with (h e q)(m) = hqyy - q(S(h(z)) - m) as in Lemmam

The structures are compatible:

(hay @ f)h@) - a)(q) = (hqy ® f)((h) - a)q)

for h € Hyn € N, m € M, and ¢ € Q@ = Homus(M,A). And again, if
¢: N — N'is an (g M)pg-morphism, then Hompg(M, ¢) is also H-linear.
If N € (gM)a, then
N = Homp(Q,Homy (M, N)) in (gM)a
n — F,, where F,(q)(m) = ng(m).

This is an isomorphism of A-modules by Morita theory. It is H-linear since

forhe Hine N,me M, and ¢ € Q = Homy(M, A). Finally if N € (gM)p
then

N = HOII]A(M, HOIHB(Q,N)) in (HM)B

n — Fy, where F,(m)(q) = n(mq).

As usual, mq € B with (mq)(m) = m(q(m)).
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By Morita, this is an isomorphism of B-modules; and it is H-linear for if
he Hyne N, m,m e M, and ¢ € Q = Homy(M, A) then

((h e F)(m))(q) = (h(1) ® Fu(S(h(z)) - m))(q)

hay - (Fu(S(he)) - m))(S(h) ¢ q))
hey(n((S(hy) - m)(S(hz) ® q)))
h

= hq1) - (n(S(hz)) ® (mq))) by (x) below
= (hq) - n)(h@)S(ha)) @ (mq))
= (Lyh - n)(1(2)(mq)) by (7.20)
= (Fhn(m))(q),

where () holds since

(h e (mq))(m) = h(1)(mq(S(h)) - M)

O

Corollary 8.5.5. Let A be a right H-comodule algebra and M € Mg. Assume
furthermore that M is a progenerator for My. Let B and @) be defined as in
Lemmal8.5.2 Then

Homa(M,—) : MT  — MY,
Homp(Q,—) : M¥ - MH

are well-defined mutually inverse functors.



Chapter 9

Projectivity and Freeness over
H-Comodule Algebras

Etingof and Ostrik have proven that surjective tensor functors map projective
objects to projective ones [EOQ04, Theorem 2.5] and this implies in particu-
lar that weak Hopf algebras are projective over their weak Hopf subalgebras.
However, one can not expect a weak Hopf algebra version of the Hopf algebra
Freeness Theorem by Nichols and Zoller [NZ89] or even of Skryabin’s freeness
theorem for coideal subalgebras [Skr07]. In this chapter an example of a Frobe-
nius weak Hopf algebra will be constructed, which has a non-Frobenius weak

Hopf subalgebra over which it is not free.

We will see that weak Hopf algebras, which are free over their bases, are
Frobenius. And in this case weak Hopf modules over quasi-Frobenius H-simple
H-comodule algebras are projective. This is a weak Hopf algebra version of
[Skr07, Theorem 3.5]. For an ordinary Hopf algebra H Skryabin has proven
that if M is a Hopf module over an H-simple H-comodule algebra A, then
there exists a natural number n such that a direct sum of n copies of M is a
free A-module. It will not be possible to generalize Skryabin’s proof to arbitrary
weak Hopf algebras, since my example of a weak Hopf algebra which is not free
over a certain weak Hopf subalgebra, is also a counter example for Skryabin’s
stronger result. Nevertheless, I conjecture that for any weak Hopf algebra H,
weak Hopf modules over quasi-Frobenius H-simple H-comodule algebras are
projective. In the next chapter module categories over weak Hopf algebras that
satisfy this conjecture will be classified.

As mentioned before, Skryabin has also shown that, in the Hopf algebra
case, coideal subalgebras are a special case of quasi-Frobenius H-simple H-
comodule algebras. For weak Hopf algebras this is not true in general. The
easiest example would be to consider the weak Hopf algebra itself, which is not
H-simple in many cases. Moreover, Skryabin could prove in [Skr07, Theorem
4.2] that in fact all finite dimensional H-simple H-comodule algebras are quasi-
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Frobenius (actually even Frobenius). It is not known whether this is also true
for weak Hopf algebras.

9.1 H-Costable Ideals in Weak Hopf Algebras

Proposition 9.1.1. Let H be a weak Hopf algebra. Then the following prop-
erties are equivalent:

(1) H is H-simple in the sense that is it does not contain a nonzero proper
H -costable ideal;

(2) H, is a simple object in g M, where the H-module structure of Hy is given
by h — x = e¢(hx) as in Propostion|7.2.1]

Proof. Vecsernyés [Vec03, Theorem 2.4] has shown that H; = @ .4 Hio as
left H-modules, where A is the set of primitive orthogonal idempotents of Hy N
Center(H). Moreover, Hy« is a simple H-module for each « € A.

If H; is not a simple H-module, than there exist « # 3 € A. Then J := Ha
is a nonzero H-costable ideal in H by (7.12), since o € Hy N Center(H). It is a
proper ideal, as 3 ¢ J.

On the other hand, assume now that H; is a simple H-module and let J
be a nonzero H-costable ideal in H. Then J is an Mg—subobject of H, and in
particular J 2 J°” @y, H by the structure theorem for weak Hopf modules (see
Theorem [8.4.6/or [BNS99, Theorem 3.9]). However, J! = JnH®! = Jn H,
and it is an H-submodule of H;. In fact, if x € J N Hy and h € H, then
h — x = ei(hx) = hqyzS(he)) € J (see Proposition. Thus, the simplicity
of H; yields J° = H,, and therefore J = H. O

9.2 Frobenius Weak Hopf Algebras and Freeness
over the Bases

Unlike Hopf algebras, weak Hopf algebras are not Frobenius in general [IK09|.
However, they are quasi-Frobenius (see Appendix A.3 for the definition), which
was shown by Bohm, Nill, and Szlachanyi [BNS99, Theorem 3.11]. They also
gave necessary and sufficient conditions for weak Hopf algebras to be Frobenius:

Theorem 9.2.1. [BNS99, Theorem 3.16] Define the space of right integrals in
H by
TR(H) = {re H|rh=re,(h)Vh € H}.

Then the following conditions are equivalent:
(i) H is a Frobenius algebra;

(ii) dimg ZR(H) = dimy, Hy;
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(iii) There exist non-degenerate integrals in H;
(iv) H* is a Frobenius algebra.

Proposition 9.2.2. Let H be a weak Hopf algebra. If H is a free right Hs- or
H;-module, then H is a Frobenius algebra.

Proof. Assume that H is a free right Hs-module. Then dimy H* = dim H =
ranky H dimy H, and H* = H @y I7(H*) = TR(H*)takeH) a5 vector
spaces by the opcop version of [BNS99, Theorem 3.9]. Hence, dimy H* =
dimy ZR(H*) ranky, H. This implies dim; Z?(H*) = dimy H; = dimy, H;
[BNS99, Lemma 2.6] and from the theorem follows that H is Frobenius.

The case when H is a free right H;-module is the cop-version. O

Remark 9.2.3. The converse of the lemma does not hold. Nikshych and Vain-
erman gave an example of a semisimple (so in particular Frobenius) weak Hopf
algebra which is not a free Hy- or Hg-module [NV00, Example 7.3]. This is also
an example of a weak Hopf algebra, which has an H-comodule algebra over
which it is not free.

Iovanov and Kadison [IK09] gave a different condition for a weak Hopf
algebra to be Frobenius:

Proposition 9.2.4. [IK09, Theorem 2.2| Let H be a weak Hopf algebra and Hy
its base algebra. Assume that all simple Hi-modules have the same dimension,
then H is a Frobenius algebra.

Furthermore, Iovanov and Kadison have constructed a weak Hopf algebra
which is not a Frobenius algebra:

Ezample 9.2.5. [IK09] Let B be the Taft Hopf algebra k < g,z |gP = 1, 2P =
0, xtg = Agx >, where p is prime and A is a primitive p-th root of unity, g is
a group-like element, and x is skew-primitive with A(z) = g® z + 2 ® 1 and
S(x) = —g~'z. The Jacobson radical Jp is Bz, as it is obviously a nilpotent
ideal, and so the simple right B-modules are the one-dimensional modules Vj :=
ke, Vi,...,Vp—1, where for all ¢ and v; € V;:

qg-v; = N, z-v; =0.

Denote by D the Hopf algebra k < g|gP = 1 >. Let B denote the finite tensor
category of finite dimensional left B-modules. Let A = My, (k) x ... x Mg,_, (k)
be a separable algebra, denote by Sy, ....S,—1 the corresponding non-isomorphic
simple right A-modules with dimy S; = d;. Let S; = Homy (S;, k) with the
usual left A-module structure. Then the S; ® S;, 0 <14,5 <p—1are the simple
objects in 4 M 4. Define a functor F': B — 4M 4 into the monoidal category
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of A-bimodules

F: B oM B oM B M
Fi(gV) = pV
p—1
(V) = @V}*®Vk+j
=0
FS(‘/;*(X)‘/}) = Si@Sj.

Here, the tensor structure of the categories of bimodules is given by the tensor
product over the algebra, whereas the tensor structure of the categories of
modules over a Hopf algebra is the tensor product over k with diagonal structure
and V* indicates the right dual in that category.

Proposition 9.2.6. [IK09, Proposition 2.5] F' above is a tensor functor and the
reconstructed weak Hopf algebra K := Endy(F') is not Frobenius unless d; = d;
for all i and j.

Note that the functor F» is defined slightly different then in [IK09|, because
otherwise F' would not map Vj to A (the unit object of 4 M 4). In fact, if Fy is
defined as in [IK09], then dim(F(Vp)) = >, didp—; # dim(A) =, d?.

However the proof works analogously and the arguments to show that Fs is a
tensor functor are the same. We only have to check that if for all k: >, djdy; =
dlmk(F(Vk)) = dimk(F(SOC(PB(Vk)))) = dim(F(Vk_H)) = Zj djdk+1+j, then
all the d;’s are equal (see proof of Proposition below). This is in fact
true, since in particular dJQ- = >_; djdky; for all k and the Cauchy-Schwarz
inequality implies that d; = d; for all ¢ and j.

9.3 Projectivity over Weak Hopf Subalgebras

Definition. [NV02, Section 2.1] A morphism of weak Hopf algebras H
and H' is an algebra and coalgebra map o : H — H' with S’oa = ao S. A
subalgebra K C H is a weak Hopf subalgebra if the inclusion map is a weak
Hopf algebra morphism. In particular, K; = Hy and Ky = H;.

Definition. [EO04] Let C and D be multi-tensor categories and F' : C — D a
tensor functor. F'is called surjective if all objects of B are sub-quotients of
images of objects of C.

Theorem 9.3.1. [EO04, Theorem 2.5 and Section 3] Let C and D be multi-
tensor categories and F : C — D a surjective tensor functor. Then F maps
projective objects to projective ones.
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Lemma 9.3.2. Let K C H be a weak Hopf subalgebra. Then the functor
restr. : gM/?4 — g MY gV — gV

is a surjective tensor functor.

Proof. If V' is a left K-module, then xV =2 K ®x V as left K-modules, and
this is a quotient of K ® V', which in turn is a K-submodule of H @ V. 0

Theorem 9.3.3. If H is a weak Hopf algebra and K a weak Hopf subalgebra
of H, then H is a projective right and left K-module.

Proof. Theorem implies that the functor restr. from the lemma maps pro-
jective objects to projective ones. O]

9.4 Freeness over Weak Hopf Subalgebras — a Coun-
terexample

Suppose the Nichols-Zoller Theorem would hold for weak Hopf algebras. Then
for a weak Hopf subalgebra K C H there would exist an n € N with H = K™
as left and right K-modules. If now H is Frobenius, then so would be K,
because then (K*) =~ H* = H =~ K as right K-modules. In this section
we will construct a Frobenius weak Hopf algebra H, which has a non-Frobenius
weak Hopf subalgebra K, and therefore H can not be a free right and left
K-module. In our example, K is the reconstructed weak Hopf algebra from

Proposition

Lemma 9.4.1. Let C and B be finite tensor categories and G : C — B a
surjective tensor functor which satisfies

() GVeW)=GcV)oGW),  Gc) =15  GV7) =GV,

for all VW € C. Let A be a separable algebra and F' : B — A./\/lf;d a tensor
functor. Let K := Endg(F) and H := Endi(FG) be the reconstructed weak
Hopf algebras as in Theorem [7.2.5. Then K is a weak Hopf subalgebra of H
with K — H, n — 1, where nx = ng(x). Moreover, the following diagram
commutes:

Irc

C gMId

I

B rMId

RA{

aMy.
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Proof. The map K — H is an inclusion since G is surjective. Clearly, it
is an algebra morphism. Moreover, Ay (1) = Arg(n), eu(7) = ex(n), and
Su (1) = Sk (n) because of (*); hence it is a weak Hopf algebra morphism.

For the commutativity of the diagram, we only have to check that the upper
quadrangle commutes. In fact, the lower and the outer triangle commute by re-
construction theory (Theorem , and obviously also the right triangle com-
mutes. The quadrangle commutes since restr.(FG(V), uy) = (F(G(V)), pav))
for all V' € C, and therefore restr. Irg = Ir G. O

Proposition 9.4.2. Let B be as in Proposition and let C be the Hopf
algebra k < g,z,y|gP = 1, 2P = yP = 0, g = A\gz,yg = A\ gy, vy = Iyz >,
where the Hopf algebra structure of g and x is as for B and also y is (g,1)-
skew-primitive. Hence B C C is a Hopf subalgebra. Denote by C and B the
finite tensor categories of finite dimensional left C'-modules and B-modules,
respectively. Let the algebra A, the d;’s, and the tensor functor F : B — AMJ;‘d
be defined as in Proposition and denote by G the restriction functor
restr. : C — B. Let H := Endy(FG) and K := Endg(F) be the reconstructed
weak Hopf algebras with base A. Then

(i) H is a Frobenius algebra;

(ii) If there existi and j € {0,...,p— 1} with d; # dj, then for every m € N,
H™) s not a free left K-module.

Proof. G is a surjective tensor functor by and it satisfies (*). Therefore
K is a weak Hopf subalgebra of H and the diagram from above commutes.

The Jacobson radical Jo of C' is Cx + Cy (as it is nilpotent). Denote by
Vo, ..., Vp—1 the simple C' or B modules (as in with z-v; =y-v; =0 and
g -v; = A'v; for all i, and v; € V;. Note that V; ® V; = Vi ;. Denote by Pc(V;)
and Ppg(V;) the corresponding projective covers in C and B, respectively. By
[IK09, Example 2.4] we know that for all

soc(Pp(Vi)) = Vi,

where V), = Vj. In contrast, C' is symmetric (see Appendix A.4) by [Lor97, 2.5
and 4.2], since C is unimodular with left and right integral Zf:_& glaP~lyp=t
and S? is inner. Hence, for all i

soc(Pco(V;)) 2 V.

To see that H is Frobenius, we have to check that for all principle indecompos-
able modules P of H, dim(P/Jac(H)P) = dim(soc(P)) (see Appendix [A.4.1]).
The diagram in Lemma|(9.4.1]implies that this is true since for all¢ =0,...,p—1
dim(FG(soc(Pc(V;))) = dim(F(V;)) = dim(F(Pc(V;)/Jo Pe(V;)).
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In [Lor97, 4.2] and [IK09, Example 2.4] it was shown that

Po(Vo) =k <c™|0<r s <p—1>, where ¢"®) = Zx’”ysgza

and Vr:  Pg(V;) =k < b9, bM . pP~Y > where

p—1
b&s) — Z )\i(s—r)gzms
i=0
Moreover, the Jacobson radicals Jo and Jp are Hopf ideals and therefore
Pe(Vi) = Pc(Vo ® Vi) = Po(Vo) ® Vi and  Pg(V;) = Pp(Vo) ® V;

for all i (see for example [Lor97, 3.3]). Hence G(Pc (Vo)) = @)—; Pr(V;), since
z - csr) = (st qg- e = \s77¢(57) and on the other hand z - bﬁs) = b,€8+1),
g- b = 3=p{) | This yields

p—1 p—1
G(Pc(V;) =2 G(Pe(Vo) @ Vi) = G(Pe(Vo)) @ Vi = @D Pa(V;) @ Vi = P Pe(V))
7=0 J=0

for all 1.

Suppose that H(™ is a free left K-module for some m € N, that is
H(™) =~ () a5 K-modules for some n. Then

I
—

p
restr. (Ip(Po (Vi)™ = restr. (g H™) = K™ = GBIF (Py(Vi) ),

Il
o

%

where n; = dim(Ip(V;)) = dim(F(V;)) = ?;(1) djd;+; and indices are modulo
p. The foregoing observation and the commutativity of the diagram in Lemma
9.4.1 imply

—

restr.(Ipg(Po (Vi) ™) = ER(IpG(Po (Vi)™

¥
L
bS]

I
(=
’Uﬂ»
— o

1

(Ir(Pp (V7)) ).

Il
=)

i

Hence if H™ is a free K module of rank n then 3 ;mmn; = nn; for all ¢ and
therefore ng,...n,—1 are pairwise equal. In particular, )", df = >, didiy; for
all j; and by Cauchy-Schwarz d; = d; for all 7 and j. O

Remark 9.4.3. In this example, H is a weak Hopf module in Mg and K is a
quasi-Frobenius H-simple H-comodule algebra. In fact, H; = K; is a simple
object in g MF? since it is the unit object, and the unit object in B is simple.
By Lemma K is K-simple as a K-comodule algebra, and therefore also
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H-simple as an H-comodule algebra. K is quasi-Frobenius, because weak Hopf
algebras are quasi-Frobenius by [BNS99, Theorem 3.11]. Hence, as I have al-
ready mentioned in the introduction of this chapter, for arbitrary weak Hopf
algebras [Skr07, Theorem 3.5] is not true in general, and therefore in particular
its proof can not be transferred to weak Hopf algebras. However, for the case
when H is free as a right Hg-module, we can prove that if A is a finite dimen-
sional H-simple H-comodule algebra and M € Mg , then a finite direct sum of
copies of M is a free A-module. This will be done in the next section with a
different proof then that of [BNS99, Theorem 3.11].

9.5 Projectivity of Weak Hopf Modules over Quasi-
Frobenius H-Simple H-Comodule Algebras

Proposition 9.5.1. Let H be a weak Hopf algebra which is free as a right
Hg-module. Let A be a finite dimensional H-simple right H-comodule algebra
which is quasi-Frobenius. Then every finite dimensional object M € M’X s a
projective A-module.

The proof of the proposition uses the same idea as the proof of the Nichols-
Zoller-Theorem for Hopf algebras.

Proof. Let t be the rank of H as an He-module. Let 0 # M € M. Tt is known
from [8.3.2that M is a generator for M4 and so in particular M is faithful. It is
a well known fact that since A is quasi-Frobenius there exists an integer r such
that M (") =~ F @ E, where F is a free A-module of rank n # 0 and and F is not
faithful, [CR62, §59] (analogous to [NZ89, Proposition 4]). The isomorphisms
in Lemma and the exactness of V &4 — for a right A-module V, and of

— o4 H (see and proof of [10.1.1]) imply
M A H~(H oy, M) = M)~ p® g p®
—— s

It

Fe*H & FEo*H
—
2
(At )™ =~ (H @y, A)™ = Fl

which implies that F ¢4 H = E® by the Krull-Schmidt theorem. However,
if E#0,then 0# EcA H € Mf is again a generator for M4 by Corollary
which is a contradiction to the fact that E is not faithful. Hence, E =0
and M) is a free A-module. O
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Remark 9.5.2. In the proposition it suffices to assume that A is right Kasch, be-
cause finite dimensional H-simple H-comodule algebras which are right Kasch
(see Appendix A.3) are quasi-Frobenius by Corollary

Corollary 9.5.3. Let H be a weak Hopf algebra which is a free left Hs-module
and let A be a finite dimensional quasi-Frobenius H -simple right H-comodule
algebra. Let M be a nonzero finite dimensional object in Mg, then M is a
progenerator for M 4.

Proof. M is a projective right A-module by the theorem. It is a generator by
Corollary O

Conjecture 9.5.4. Let H be a weak Hopf algebra and let A be a finite dimen-
stonal H-simple right H-comodule algebra which is quasi-Frobenius. Then every
finite dimensional object M € Mg is a projective A-module.

In the following chapter, exact module categories over weak Hopf algebras
that satisfy this conjecture, will be classified. Hence, if the conjecture could be
confirmed, then a full classification of exact module categories over any weak
Hopf algebra could be achieved by means of the results in Theorem
in the sense that Andruskiewitsch and Mombelli’s classification for the Hopf
algebra case [AMOT] could be generalized to arbitrary weak Hopf algebras.






Chapter 10

Module Categories over Weak
Hopf Algebras

As we have seen in Chapter 7, the category C of finite dimensional left modules
over a weak Hopf algebra H is a finite multi-tensor category. Thus, it makes
sense to define module categories over C and in this case we will refer to those
as module categories over the weak Hopf algebra H.

In the following let H be a (finite dimensional) weak Hopf algebra, and C :=
rMI? the finite multi-tensor category of finite dimensional left H-modules.

10.1 Module Categories Induced by H-Comodule
Algebras

In this section we will see that H-comodule algebras induce module categories
over H, and we will investigate under which condition two such module cate-
gories are equivalent.

Lemma 10.1.1. For a finite dimensional left H-comodule algebra A, 4MT4 is
a module category over C with the diagonal structure. That is, as in Lemma
if X €C and M € aM'?, then X @4 M is a left A-module via

ad wi@mi) = acymi ® agymi,

)

forae A, Y  z;@m; € X o4 M. The associativity m is the identity and the
unit isomorphism is given by

O 2 Hy @AM—>M, Z%‘@mi Hzng(%)
7 7
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Proof. For a finite dimensional left A-module M the functor — &4 M is exact.
In fact, if X € C, then X ©4 M is a subspace of X ® M. Let now

0-xLv%z 0

be a short exact sequence in C. Consider the sequence

f®id|X@A1\/j

0 X M—Yyoldy

g®id|y@A]W Z @A M . 0
in 4M/?. Then ker(f ®1id|ygap) C ker f ®id = 0, and (9 ® id|ygap) o (f @
id|xgan) = 9f ®id|xgap = 0. Moreover, if >, y; @ m; =: y € ker(g ®
idlygan) C ker(g ® id), then there exist >, z; ® m; =t x € X ® M with
(f®id)( ) =y, and therefore (f@id)(3; 1A 1) ®1(0 mj) =3, 1( (@)@

=> 14 1) y;1 ) ®m; =y. With a smular argument, one can show that
g ® ld|Y@AM is surJectlve.

Obviously, the pentagon property is satisfied. It remains to check the prop-
erties of the unit morphism ¢. For M € M d ¢pr is A-linear since

Z a@ymie(a—1y = ¥i) Z aymie(a—1yyi)

—Za ol ) (A gyw)

= Z“l(mmie 1) by (7.3)
::ME:Q%mﬁuéﬂ—ew»

= Q(Z mie(yi))

for >, ys @ m; € Hy o4 M, where H; is the unit object of C with H-action —
(see Proposition [7.2.1)). We also have to show that ¢ satisfies (1.2), that is for
X eCand M € qsMT% idy @ by = rx ® idps, where rx is the right unit
constraint of C as in Proposition In fact for x € X, y € H; and m € M:

(7“)(®1dM)( x®1( 1 y®1$)m)
(57&(1(A DIz @ 1{m
S a1y, ))1A 25 W e 1gm by [7-1.2) and (7.22)
= (ST A1) S e @ 1gym by [7-1.2} (8.7), (7.16), (7.17)
= 1A )S Yy)r ® lA by [7.1.2] and (8.7)
= 1A = Hy)z @ 1 (1(A—1))
( 2% ® 1(0) e(1(t (-1 )y) by (7.22)
A
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10.1.1 Morita Contexts for Module Categories over H Arising
from H-Comodule Algebras

In the following sections we want to formulate a Morita equivalence for H-
comodule algebras in the sense that we can decide under which conditions a
Morita context (A, M, Q, B, o, 3) for 4M/% ~ pMS? where A and B are H-
comodule algebras, induces a C-module category equivalence. As it turns out,
this is the case whenever M is a weak Hopf module. We have seen in Chapter
8 that in this case the Morita equivalence also induces an equivalence of the
categories of relative weak Hopf modules over A and B. The Hopf algebra

version of the following results were proven in [AMOT, Proposition 1.23 and
1.24].

Lemma 10.1.2. Let A and B be finite dimensional left H-comodule algebras
and M a finite dimensional object gMA, then M @4 — : aMFd — pMFd js
a C-module functor, together with the natural isomorphism
M M®A(—@A—)—>—@B(M®A—)7
which is defined by
Ny Mos(Xe'V)—XeP (MeaV) (10.1)
A A A A
m ®A (1(_1)$ X 1(0)'0) — m(_l)l(_l)x X m([)) ®A 1(0)U
= Mm(—1)T & M) DAV,
for X €C, Ve qMf?,
Proof. The inverse of c% v is given by
B B B A — B B A
1(71)'% &® 1(0)m ®A vV = 1(0)771(0) ®A (1(71)5V 1(1(71)m(,1))1(72)x & 1(0)1))
1

= 1fymio) @4 (1S~ (m(1)S™ (0 1) © 1)

8.7 _
D ) ©a (187 (m_1y)z ® 1ipv). (10.2)

These maps are actually mutually inverse, since for all m € M, x € X and
veV:

m()®a (LS (m1))m )z @ 1(5)v)
= m() ®A (1?—1)5_1(53(”1(—1)))93 ® 12%)1’)

=mlf ®a (1S (1d)z @ 13)0) by (8.15)
=m®a (12,5 (1) @ 1 G by (8.1)

=m®a (1(A_1)$ ® 12%)1)),
and
m(,l)Sfl(m(,Q))l’ @ Mm@y ®av
= S_I(St(m(_l))):v ® mg) DAV

=10 yr @ 1Gm@av. by (8.14)
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They are well-defined, since for a € A

c%v(ma ®4 (124_1):5 ® 1240)11))

= M(-1)0(-1)T & M()a(0) DAV
= M(-1)(-1)T & mo) Ra a()v
= C)Ag,v(m ®a (a1 @ a@yv))

and

(X ) 1Az @ 1 ma @4 v)
= m(0)a(0) ®A (124_1)3—1(77‘&(_1)&(_1))3: ® 12%)1;)
=m() ®a (¢S~ (a(_2)) 5~ (m(_1))z @ a(g)v)
= m) ®a (1S (m_1))z ® 1{fav) by (8.14)

= (cAX/{V)_l(lf_l)x ® 1g)m ®4 av).

Obviously, cﬁ\(/[ v is a B-module morphism. It remains to shown that cM satisfies
(1.3) and (1.4), that is for V € aM'? X X' € C we have to check that
(idy ® c)]\é[,y) o (CAX/[,X’©AV) = cﬁ\(/f@X,’V and {ymy © cAH{,V = idys ® fy. This
holds, forif x € X, 2/ € X', y € H;, m € M and v € V then

(idx ® ¥ y) 0 (Y xugay)(m @a (1 gz @ 11 2’ @ 1{50))
=m(-T @ myz’ @ m) @av
= m-1)(1yz ® 1)2") @ mgg) ®a v
= Nexrv(m®a (1Lyz @ 12’ @ 1{v))

and

Cusv (el v(m@a (1) = y® 1Gv)))
= mg) ®a ve(ee(m-1)y)) by (7.26)
= m) 1) @ave(m 1t )e(1tyy) by (73)
=m®y 12%)1)5(124_1)?;)

(idy @ by)(m @ 12471) Y ® 16‘))1)). O

Proposition 10.1.3. Let A be a left H-comodule algebra, and M € M 4. As-
sume furthermore that M is a progenerator in M 4 and let B := End (M) and
Q = Homa(M,A). Then (M ®4 —,cM) :+ M4 — pMIT and
(Q®p —,c?) : pMIt — A M are quasi inverse C-module category equiv-
alences, where ¢™ and ¢? are defined as in the lemma above. The natural
isomorphisms o : Q ®p M @4 — —id ,pm and : M ®4 Q ®p — — id ym are
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given by
v QepMeaV SV

qR®pm®4v— q(m)v

and

~

Bw: MR4Q@pW =W

m®aqpw— (mQ)w7
where mq € B with (mq)(m’) :== mq(m/).

Proof. B is a left H-comodule algebra and M € gMA and Q € ’XMB by
the cop-version of Corollary [8.5.2, By the lemma above, (M ®4 — M ) and
(Q®p —,c?) are C-module functors. They are mutually inverse category equiv-
alences and « and ( are well-defined natural isomorphisms, by Morita theory.
It remains to show that o and 3 satisfy (1.6) and (1.7), that is for X € C,
Ve aMIdand W e gMI9 the following equations should hold:

. . M
axeay = (idx ® O‘V)(ng(,M(@AV o (idg ® cx v))

and  Pyeosy = (idy @ Bw)(X g pw © (idy ® 5 ).

IfmeM,qeQ,ze€X,veV,and we W, then

(idx ® O‘V)(C)Q(,M(X)AV o (idg ® C)Ag/*[,v))(q QB M A (124_1)x ® l(AO)v))
= q4(-1)M(-1) @ 4(0) (M(0) )V
= a(m) -1 @ q(m)yv (*)
= axoay (@ m®a (1(‘_1)1: ® 1(}))1;)),

and

(idx @ Bw) (X go aw © (ida @ C?(W))(m ®Aq®q (1?_1)16 ® 15))10))
= m-1d-1)T ® (M (0)4(0))w
= (mq) (1T ® (Mmq)yw (**)
= Bxenw(m 4 q®q (17 )z ® 1Gw)),
Here (*) is the dual version of

(8.26)
(hay @ @)(heay-m) =" hqy-q(S(h(2)he) - m)

7.21 8.26
"2 h10) - a(S(1g) - m) 2

and (**) is the dual version of

h-gq(m),

(hy - m) (heay 0 @) 7) 2 (hery - m) (hay - a(S(hes) - )

(8.18) hay - ((mq)(S(he)) - ™) €2 (h @ (mq))(m).
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where A and therefore also B are now H-module algebras and M € p(gM)a
and Q € A(gM)p (seel8.5.1)); and h € H, g € Q and m,m € M. O

Definition. As in [AMO7] a Morita context (A, M,Q, B,«, ) (see Appendix
A.1) for H-comodule algebras A and B will be called an equivariant Morita
context if M € g./\/lA.

Proposition 10.1.4. Let A and B be left H-comodule algebras. Equivalences
of module categories aMT4 — pMI? over C are in bijective correspondence
with equivariant Morita contexts for A and B.

Proof. 1f (A, M, B, Q, «, ) is an equivariant Morita context for A and B, then
(M ®4 —, M ) : aMTd — pMI4is an equivalence of module categories over
C by the foregoing proposition.

Conversely, let (F,c) : aM/4 — pMI? be an equivalence of C-module
categories. With Morita theory we obtain a Morita context (A4, M, Q, B, «, [3)
for A and B. We will show that M € g/\/lA. Define a costructure on M by

Sy :M—He? Moy A) = Heot M, m»—)cHA(m@Al(‘_l)@lé))).

Let X € Cand V € M. For z € X and v € V define morphisms f,): H — X,
h+—hzxinCand g,: A—V,a+— avin M. As cis a natural isomorphism the
following diagram is commutative:

CH,A

M ®4 (H e A)

HobP (M®aA)
(F(_@A_))(f(x)vg(v))l i(_g)BF(_))(f(x)?g(v))
M@y (X0t V) ———X o (Mo, V)
With the definition of §y; this implies

ex,v(m® 1(1_1):3 ® 12%)1)) = m_nT @ M) @4 v, (10.3)
for all m € M. Hence, if we can shown that ;s is a weak Hopf bimodule
structure for M, then ¢ equals ¢™ defined in (10.1). On the other hand, if M
is a weak Hopf bimodule in g My, then for m € M:

C]\H/{A(m ® 1(A_1) ® 1(%)) = m(-1) ® m(g)

and we would have the desired bijective correspondence. Thus it remains to
show that dps is actually a comodule structure for M and that it is (B, A)-
bilinear. Let m € M, then (A ®id)(dar(m)) because

(A ®@id)(cma(m @ 1% ) @ 1()))

= cger,A(M ® 1(‘,2) ® 124,1) ® 12%)) by the diagram below
= (id ® e a)(craealm © 11 ® 14, (12, ® 1) by (1.3) and (8.6)

= (id @ c,a) (G (m) @ 111y ® 1) by (10.3).
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The following diagram commutes by the naturality of c:

M @4 (H o A) A HoB (M o4 A)
<F('@AA>)'(A>i i(@BFgA))fA)
=1d®A®id =A®id®id

A CHoH,A B
M®a(HoHe'A) HeoHo"” (M®aA)
In the same way the diagram
A cH,A B
M®y(He A) Hoe" (M®aA)
(F(—@AA»(ewi l(—@BF(A))(Et)
=id®e;®id =&, ®id®id
CHy, A

M ®4 (Hy 04 A)

H; o8 (M ®4 A)
commutes and therefore
(e @id) (enatme 1y 14)
= ly (e @id)(cra(m @11 ) @ 14))

= ly(em, a([d @ e @id)(m @ 1) ® 1())

= (i[d®ty)(([d®e @id)(me 11 ) ® 1)) by (1.4)

=me1{e(1l,) =me 14

for every m € M, which implies (¢ ® id) o dp; = idps. Finally, dps is A-linear

and B-linear because

cmatm @13 ) © 1) = crab(m @1 ) @ 1)) = bega(m @ 11 ) © 1)),

since c¢ is B-linear; and

cu.A(ma ® 124_1) ® 1(%)) =cpa(m®@ a1y ® aqy))

= m(-1)a(-1) ® M) ® a() by (10.3)

=caa(m@ 1) @ 1())a

forme M, a€ Aand b e B.

10.1.2 Module Categories Induced by Smash-Products

Proposition 10.1.5. Let R be a finite dimensional left H-module algebra and
set A = R#H. Assume that there exists a simple right R-module V' such that
M = V#H is a progenerator in M 4. Then for B := End4(M) we obtain an

equivalence of HP-module categories
M®yq—: A./\/lfd — B./\/lfd,

and moreover B is a simple object in Mg and BeH = .
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Proof. With Morita theory we obtain an equivalence of categories
M ®A — AM — BM'

By Proposition it follows that this is actually an equivalence of HP-
module categories, since M € B./\/lg ; and B is an H-comodule algebra with
trivial coinvariants by Proposition |8.5.2

It remains to show that B = End4(M) is a simple object in M. This
follows directly by the fact that V' is assumed to be a simple R-module and the
equivalences of categories (Lemma and Proposition [8.4.12)):

Mp ~ MIE =~ ME
W — W#H + Homu(VH#H WHH). O

Remark 10.1.6. Assume that in the proposition H is a free right Hg-module
and R is a simple H-module algebra and moreover A := R#H is quasi-
Frobenius. Then for every simple right R-module V, M := V#H € ./\/lf{ is

a progenerator by Corollary

10.2 Indecomposable Exact Module Categories over
Weak Hopf Algebras

In this section, indecomposable exact module categories over weak Hopf alge-
bras, that satisfy Conjecture [9.5.4] will be classified. This is a generalization
of [AMO07, Theorem 3.3]. However, a new proof for this result is given, which
does not use the notion of stabilizers. The Hopf algebra version of this proof is
presented in Chapter 2.

Let again H be a (finite dimensional) weak Hopf algebra and C the finite
multi-tensor category of finite dimensional left H-modules.

10.2.1 Etingof and Ostrik’s Classification of Exact Module Cat-
egories in the Weak Hopf algebra Case

Algebras in the category C are exactly the finite dimensional H-module algebras.
Hence for a finite dimensional H-module algebra R, the category (g M)g is a
C-module category, where the R-module structure for the tensor product X @ M
of a left H-module X and M € (g M)pg is given by

Iz @ Ly -m)er =1z (1) -m)r
= 1(1)$ ® (1

!/

(1)1(2) . m)(1(2) . 7') = 1(1)$ & 1(2) . (mT)
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forae A,me M and z € X.

Proposition [1.3.5] implies the following:

Lemma 10.2.1. Every indecomposable exact module category over H s equiv-
alent to (g M7 R for some H-module algebra R, which is a finite dimensional
and H -simple.

Proof. By M = Cr = (gMF?) g as C-module categories, where R is an
H-module algebra which is simple in Cg, that is R is right H-simple and in
particular it is H-simple. R is finite dimensional, as it is an object in C =
aMIe O

Proposition 10.2.2. If M is an indecomposable exact module category over
H, then there exists a finite dimensional quasi-Frobenius H-simple H -comodule
algebra A such that M ~ s M5 as module categories.

Proof. In view of the lemma, it suffices to prove that for a finite dimensional
H-simple left H-module algebra R, there exists a finite dimensional H-simple
left H-comodule algebra A with 4 M7? ~ (zMT4) R as C-module categories.
We can show that the desired equivalence holds for A := RP#HP which
works as in the Hopf algebra case [AMO7, Proposition 1.19].

In fact, R°? is a left H°°P-module algebra and

F (H./\/lfd)R ~ Rop#Hcoprd

as abelian categories by Lemma Since A := RP# HCP is a right HP-
comodule algebra, it is a left H-comodule algebra with opposite costructure
given by A(r#h) = h(1) @ 7#h(a).

Then, F'is an equivalence of C-module categories together with the natural
isomorphism ¢ which is the identity. It suffices to show that for all X € C,
M € (gM/Ng, ex s F(X@M) — X ©4 F(M) is a morphism of A-modules.
Fore e X, me M,he H,r € R:

ex,m ((r#h) » (1yz ® 1) - m))
= Z'dX,M((h(l(l)x &® 1(2)m)) ° T)
= (hyx @ hg)-m)er

= hayr @ (heg) - m)r R-module structure of X ©* M in C
= h(l)w ® (T’#h(g)) > m
= (r#h)(1q)r @ Ly - m) A-module structure of X &4 M

= (r#h)ex m(lnyx @ Lig) - m).

R is a left H-module algebra which is simple in (. M/?)g, therefore R is
an HP-simple left H°P-module algebra, and Proposition [8.4.12] implies that
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A = RPHHP is an HP-simple right HP-comodule algebra, hence an H-
simple left H-comodule algebra. Finally, A is quasi-Frobenius by Remark
since 4 M7? is exact. O

10.2.2 Classification of Exact Module Categories by H-
Comodule Algebras

Let H be a weak Hopf algebra and A an H-simple left H-comodule algebra.
In the last chapter a conjecture was formulated (Conjecture which states
that every finite dimensional object M € M is a projective right A-module,
in particular the opcop version of this would imply that every object of the
form H ©4 V, where V is a finite dimensional left A-module, is a projective
left A-module. This is satisfied under certain conditions, and in these cases a
classification of module categories over H is possible.

Lemma 10.2.3. Let H be a (finite dimensional) weak Hopf algebra, and A a
finite dimensional H-simple left H-comodule algebra. Assume that one of the
following properties is satisfied:

(i) H is a free left Hi-module;

(ii) H is semisimple and pseudo-unitary [Nik04], that is the categorical
dimension of C = gM'? equals its Frobenius-Perron dimension.

Then every finite dimensional object M € g./\/l s a projective left A-module.

Proof. (i) is the opcop-version of
(ii) If H is semisimple and pseudo-unitary, then so is its dual H* [Nik04, Propo-

sition 3.1.5 and Corollary 5.2.6]. A is an H*-module algebra. By [Nik04, The-
orem 6.1.3], Jac(A) is an H*-stable ideal and therefore an H-costable ideal.
Since A is H-simple, this implies Jac(A) = 0 and therefore A is a semisimple
algebra. O

Proposition 10.2.4. Assume that H is a (finite dimensional) weak Hopf al-
gebra and A is a finite dimensional H-simple H-comodule algebra, such that
for every finite dimensional left A-module V., H@AV is a projective A-module.
Then aM¥? is an indecomposable exact module category over H.

Proof. 4M7?is an indecomposable module category by the lemma below, since
A is H-simple. Let V be a right A-module, then — ©4 V is an exact functor
by Therefore, if P is a projective object in C, then P @4 V is a direct
sum of summands of H @4 V, and the claim follows by the assumption about
objects of this form. O
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Lemma 10.2.5. Let H be a (finite dimensional) weak Hopf algebra and let A be
a finite dimensional left H-comodule algebra, then s MT¢ is an indecomposable
module category if and only if A is an indecomposable H -comodule algebra, that
is if I and J are H-costable ideals of A with A=J ® 1, then I =0 or J =0.

Proof. Analogous to [AMOT7, Proposition 1.18] O

Thus, in the above cases from Lemma [10.2.3] quasi-Frobenius H-simple
H-comodule algebras produce examples of indecomposable exact module cate-
gories over H. These are in fact all the indecomposable exact module categories
over H, as we will see in the next theorem.

Theorem 10.2.6. Let H be a (finite dimensional) weak Hopf algebra and as-
sume that for any finite dimensional quasi-Frobenius H-simple left H-comodule
algebra A, every finite dimensional object in EM or in T My is a projective
left or right A-module, respectively. Let M be a module category over H, then
M is exact and indecomposable, if and only if there exists a finite dimensional
quasi-Frobenius left H-comodule algebra B, which is simple in ¥ Mpg and has
trivial coinvariants, such that M ~ gM¥?® as C-module categories.

Proof. Let R and A := R°P#HP be as in the proof of Every finite
dimensional nonzero object in MH“” is a projective right A-module and there-
fore a progenerator by Proposition Hence Proposition gives us
an equivalence of H-module categories 4MF? — pMTe where B is a finite
dimensional right HP-simple right H“P-comodule algebra with trivial coin-
variants, hence it is a right H-simple left H-comodule algebra. Again, B is
quasi-Frobenius by Remark

On the other hand, if B is a left H-comodule algebra which is simple in
gMH then pMF? is an exact indecomposable module category over H by
Proposition since all finite dimensional objects in g M are projective
B-modules by the assumption about H. O

Corollary 10.2.7. Let H be a (finite dimensional) weak Hopf algebra which
1s free over its bases, that is it is free as a left and right Hy-module. Let M
be a module category over H, then M is exact and indecomposable, if and only
if there exists a finite dimensional quasi-Frobenius left H-comodule algebra B,
which is simple in Mg and has trivial coinvariants, such that M ~ gMI?® gs
C-module categories.

Proof. By Lemma[10.2.3| (i) and its op version the requirements of the theorem
are satisfied. O

Corollary 10.2.8. Let H be a (finite dimensional) weak Hopf algebra which is
semisimple and pseudo unitary. Let M be a module category over H, then M is
semisimple and indecomposable, if and only if there exists a finite dimensional
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semisimple left H-comodule algebra B, which is simple in ./\/lg and has trivial
coinvariants, such that M ~ gMT% as C-module categories.

Proof. Recall that a module category over a semisimple tensor category is exact
if and only if it is semisimple (Remark [1.3.1)). We can apply the theorem since
an H-simple H-comodule algebra is semisimple by [Nik04] (see proof of Lemma

10.2.3) (ii)). O
Based on Conjecture the theorem leads to the following:

Conjecture 10.2.9. Let H be a (finite dimensional) weak Hopf algebra and let
M be a module category over H. M is exact and indecomposable, if and only
if there exists a finite dimensional quasi-Frobenius left H-comodule algebra B,
which is simple in T Mp and has trivial coinvariants, such that M ~ pMT¢
as C-module categories.
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Appendix A

Some Ring Theoretic Facts

In this chapter we recall some ring theoretic definitions and facts. For more
details and proofs the reader is referred to [Lam98, §1 , §15, §16, and §18].

A.1 Morita Equivalence

Let R be a ring. A generator (for Mpg) is a right R-module M such that for
every V € Mg, V is an epimorphic image of some direct sum M. If M is
moreover finitely generated projective, it is called a progenerator (for Mp).

Let M € Mpg. Set S := Endr(M) and @ := Hompg(M, R), then M € gMp
and @) € pMg, where the left R-action of @ is given by (rq)(m) = rq(m)
and the right S-action is defined by (gs)(m) = ¢(s(m)). We may define an
(R, R)-bimodule morphism

a:Q®s M — R, q®m+— q(m),
and an (.9, 5)-bimodule morphism
B:MerQ — S, m® q — mgq,

where (mgq)(m) := mq(m). We call (R, M,Q, S, a, 3) the Morita context for
M e Mg.

Theorem A.1.1. Let M be a progenerator for Mg, then o and (3 are isomor-
phisms and

*®RQ:MR4’MS and *@SMZMSHMR
M®@r—: pM— gM and Q®g—: sMg— rM

are mutually inverse category equivalences, respectively. Moreover

— ®r Q = Homp(Mpg,—) and —®sM = Homg(Qs,—)
M ®r — = Homg(grM,—) and Q®g— = Homg(sQ,—).
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A.2 Trace Ideals

Let M be a right module over a ring R.
Ty= >, f(M)
feHomp(M,R)

is called the trace ideal of M in R.

Proposition A.2.1. The following properties for a right R-module M are
equivalent:

i) M s a generator;
(i) 9
(ii) R is a direct summand of M™ for some n € N;

(iii) Ty = R.

A.3 Quasi-Frobenius and Kasch Rings

A ring R is said to be quasi-Frobenius if it is right self-injective and right
Noetherian or, equivalently, if it is left self injective and left Noetherian. R is
called right Kasch, if every simple right R-module can be embedded into R.

Proposition A.3.1. The following properties for a ring R are equivalent:
(i) R is quasi-Frobenius;
(ii) R is right Kasch and every principle indecomposable has a simple socle;
(iii) A right R-module is projective if and only if it is injective.

Here, the socle of a module M is the direct sum of simple submodules of M
and will be denoted by soc(M).

Remark A.3.2. Let R be right Kasch and 0 # M € /\/l{%d, then Homp (M, R) #
0, and in particular Thy # 0.

A.4 Frobenius and Symmetric Algebras

Let R be a finite dimensional algebra and let R* := Homy(R, k), which has a
natural structure of an (R, R)-bimodule. Then R is a Frobenius algebra if
R* = R as right (or equivalently left) R-modules. R is said to be symmetric
if R* = R as (R, R)-bimodules.

Clearly, if R is Frobenius then it is self-injective and therefore also quasi-
Frobenius. We know, that for quasi-Frobenius algebras, the socles of principle
indecomposable modules are simple. For Frobenius and symmetric algebras we
have additional conditions for these socles. We have the following equivalences
for a finite dimensional algebra R:
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Proposition A.4.1. (1) R is Frobenius if and only if it is quasi-Frobenius and
dim(P/Jac(R)P) = dim(soc(P))
for every principle indecomposable module P.
(2) R is symmetric if and only if it is quasi-Frobenius and
P/Jac(R)P = soc(P)

for every principle indecomposable module P.

A.5 Semilocal and Weakly Finite Rings

A ring R is called semilocal if R/Jac(R) is a semisimple ring, where Jac(R)
denotes the Jacobson radical of R. The set MaxR of maximal ideals of a semilo-
cal ring R is finite and Jac(R) = (\peyiaxn -

A ring R is called weakly finite if for every n € N and every pair of n x n-
matrices X,Y € M,(R), XY =1 implies Y X = 1.

Proposition A.5.1. Let R be a ring. If R is either
e commutative,
e semilocal, or
e Noetherian

then R is weakly finite. In particular, finite dimensional algebras are weakly
finite.

Proposition A.5.2. The following properties of a ring R are equivalent:
(i) R is weakly finite;

(ii) if M is a finitely generated free R-module of rank n, then every generating
system for M consisting of n elements is a basts.
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