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Abstract

The structure of the proton and the origin of the proton spin has been a
puzzle for many years. The EMC collaboration at CERN provided the �rst
experimental data on the spin structure of the proton. The result was almost
zero net contribution from quarks. Over the past 20 years new measurements
of polarized parton distributions became available.

The present value of the quark contribution to the proton spin is one
third. The remaining 60 percent of the proton spin come from the gluons
and orbital angular momentum of quarks and gluons.

We investigate how the spin of the proton originates from the spin of its
constituents. We study the proton using the phenomenologically accessible
parameters such as distribution functions for quarks and gluons.

The basic understanding of the proton structure (and in particular its
spin structure) is important for interpreting the results of the LHC, which
in turn can be used to re�ne the present knowledge.

The proton spin structure gives a detailed information about the dy-
namical structure of the proton. Based on the present experimental data
we suggest that the gluons and quarks play equally important role in the
structure of the proton.
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Chapter 1

Introduction

In the years 1922-25 physicists introduced the spin of particles. The spin of
the electron, which is a pointlike object , is 1

2~. The spin of the proton is the
sum of the spins of the constituents (quarks and gluons), plus contribution
from orbital angular momentum. In this thesis we investigate how the proton
spin is formed.

An introductory section is devoted to the brief history of the subject and
the role of proton spin puzzle. Today we see the proton as a complex object
which consists of three di�erent elements (quarks) interacting in a complex
way with each other.

Baryons (protons, neutrons) interact with each other by the strong force.
This interaction is described by the theory of Quantum Chromodynamics
(QCD). QCD is a generalization of Quantum Electrodynamics (QED).

1.1 The Standard Model of Particle Physics

The elementary particles can be divided into two groups:

• matter particles: quarks and leptons

• particles which mediate interactions between matter particles: the glu-
ons, the weak interaction bosons (W+,W−, Z), and the photon.

Today we know 6 leptons and 6 quarks. The interactions between them
are mediated by gauge bosons. There are 12 gauge bosons: 8 bosons (gluons)
for the strong interaction and 4 for the electroweak interaction (photon,
W+,W−, Z). The properties of the fundamental particles are summarized in
Tables 1.1,1.2 and 1.3

The experiments tell us that quarks are not free particles. They are
con�ned inside hadrons which build up most of the matter in the universe
(protons, neutrons). The electron is the most important lepton. Protons,
neutrons and electrons form atoms.

7
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The number of di�erent interactions is much smaller then the number of
particles (now we know more then hundred particles). To every interaction
we associate a charge - a number which describes how strongly the particle
interacts. Each interaction has its own parameter of strength - a coupling
constant, which depends on the energy of the interaction. At di�erent scales
of separation di�erent interactions are important. At cosmological scales
the gravitational interaction is the most important one, at macroscopical
distances it is the electromagnetic interaction. The strong and weak inter-
action become dominant at small distances. Table 1.4 gives a comparison of
interaction strengths at a given scale.

Particle physics is studied in the framework of the Standard Model. The
Standard Model is not believed to be fundamental due to its complexity, but
a low energy approximation to a more fundamental theory.

In classical mechanics the Lagrangian depends on dynamical variables
which are usually the coordinates and momenta of particles. Field theory is
a generalization of this approach for an in�nite number of particles.

The Lagrangian of the theory indicates how the particles interact with
one another. Each particle corresponds to a �eld in a Lagrangian.

The most fundamental example of a �eld theory is electrodynamics. The
Lagrangian of this theory is given by:

LMaxwell = −1

4
FµνF

µν + eAµj
µ (1.1)

where Aµ = (φ, ~A) is the four-vector potential (�elds are given by ~E =
−∂t ~A − ~∇φ and ~B = ~∇ × ~A, respectively), Fµν = ∂µAν − ∂νAµ is the
antisymmetric �eld strength tensor. The �rst term describes the dynamics
of the electromagnetic �eld, the second term contains a four-dimensional
current which describes the spacial distribution and moving of the electric
charges.

This simple Lagrangian demonstrates the main ideas and methods used
to construct models such us the Standard Model.

The next step is to turn electrodynamics into a quantum theory. We have
to take into account the creation and annihilation of particles according to

Table 1.1: Leptons (Spin 1/2 )

Lepton Charge Mass (MeV) Lifetime Principal decays

e -1 0.511003 ∞ stable
νe 0 0 ∞ stable
µ -1 105.659 2.197*10−6 eνµνe
νµ 0 0 ∞ stable
τ -1 1784 3.3*10−13 νντνµ, eντνe, ρντ
ντ 0 0 ∞ stable
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Table 1.2: Quark quantum numbers: charge Q, baryon number B,
strangeness S, charm c, �beauty� or bottomness b, and �truth� or topness

t.
name symbol Q B S c b t

up u 2
3

1
3 0 0 0 0

down d −1
3

1
3 0 0 0 0

strange s −1
3

1
3 −1 0 0 0

charm c 2
3

1
3 0 1 0 0

bottom b −1
3

1
3 0 0 −1 0

top t −1
3

1
3 0 0 0 1

Table 1.3: Gauge bosons (mediators) (Spin 1)

Mediator Charge (Electrical) Mass (MeV) Lifetime Force

gluon 0 0 ∞ strong
photon (γ) 0 0 ∞ electromagnetic

W± ±1 81800 (charged) weak
Z0 0 92600 (neutral) weak

the principle of uncertainty.

The Lagrangian of QED is:

LQED = −1

4
FµνF

µν + ψ(i 6∂ −m)ψ − eψ 6Aψ . (1.2)

The �rst term is the kinetic term for the photon �eld (EM �eld). The
second term describes the quantum nature of the electron �eld. This term is
called Dirac term. The last term in the Lagrangian is the interaction term.
It describes how the electron creates the electromagnetic �eld, and how the
�eld a�ects the electron. Based on this simple function we can compute the
QED observables - such as the electron-positron scattering cross section, the
hyper�ne structure of the hydrogen atom, the magnetic moments of electron
and muon. QED is the most precise theory of physics.

The Lagrangian of QED has the important property of local gauge in-
variance. Gauge invariance is a freedom to transform the local phase of the
electron �eld without a�ecting the physics of the theory. Mathematically it
means that the Lagrangian will not change if we transform in each point the
phase of the electron �eld.

ψ → ψ′ ≡ exp[iα(x)] ψ . (1.3)

This invariance dictates the form of the interaction term between the
electron and photon �elds.
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Table 1.4: Relative strength of the four forces for two protons inside a nu-

cleus.
Type Relative Strength Field Particle

Strong 1 gluons
Electromagnetic 10−2 photon

Weak 10−6 W± Z0

Gravitational 10−38 graviton

This is also important for building the Lagrangian of Quantum Chromo-
dynamics - the theory which describes the strong interactions. To construct
the Lagrangian of QCD, we need to agree how quarks interact between one
another through the gluon �eld. The form of this interaction is dictated
by local gauge invariance. In analogy to QED each quark is represented by
a Dirac particle. To account for the complexity of the strong interaction
phenomena we need to generalize the group of local gauge transformations.
Particle can not only change its phase from point to point, but also other
quantum numbers (color) change. The gauge group of QCD is SU(3). The
physics of the strong interactions will not change if we transform locally the
phases and the colors of the quarks. The color of the quarks are conveniently
named blue, green, and red.

To account for the gauge transformations, the gauge �eld (gluon �eld)
is not just a function of space and time, but a matrix function of space and
time. Each �eld becomes a matrix, each element of which is a function of
space-time itself.

The Lagrangian of QCD has the following form:

LQCD = q̄j(iγ
µ∂µ −m)qj + gs(q̄jγ

µtaqj)G
a
µ −

1

4
GaµνG

µν
a , (1.4)

where q1, q2, and q3 denote the three color �elds. Just one quark �avor is
presented for simplicity. Gauge invariance requires the 8 gluons to restore
the invariance of the Lagrangian. A mass term for the gluon �eld is not
allowed since it will spoil gauge invariance. Hence the gluon is massless by
construction of the theory.

From the Lagrangian we can see that QCD is a very simple theory, based
solely on symmetry arguments. One of the important features of QCD is the
absence of free parameters (except for the quark masses).

The self-interaction of gluons leads to the important result of asymp-
totic freedom. At very small distances the quarks behave as free particles.
Their QCD color charges become almost zero, due to antiscreening of charge
provided by the gluon self-interactions.

An important property of QCD is the quark con�nement. In experiments
one has never observed free quarks. The quarks are con�ned in hadrons,
because the strong force rises with distance ( gluons self-interactions play
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again a crucial role here). One believes that the theory of QCD has this
property.

We discussed the two main interactions in the standard model Lagrangian
- the electromagnetic and strong interactions. The third interaction is the
weak interaction.

According to the principle of uncertainty, the interaction has an in�nite
range if it has a massless mediator. This is the case for the electromagnetic
and strong interactions. If the mediator is massive, the interaction is limited
to a certain distance. This is the case for weak interactions. They are
mediated by the massive gauge bosons W± and Z. The properties of the
gauge bosons can be seen in the table.

The weak interaction plays an important role in nuclear physics (e.g. in
the neutron decay). There is no particular name for the weak force charge.
We shall call it the weak charge. All quarks and leptons carry a weak charge.
They can emit or absorb quantas of weak �eld - the weak gauge bosons.

We can summarize our knowledge about the particle interactions by giv-
ing rules what quanta particles can emit and which quanta they can absorb.
The laws of particle physics can be presented in a form of Feynman diagrams
depicting the most fundamental processes of emission or absorption of medi-
ators by matter. All other processes can be built from this simple ones by a
set of speci�c rules. A numerical value can be attributed to each particular
diagram.

The interactions are given by the following Feynmann diagrams:

Each diagram represents a process of emitting quanta of force, time pro-
ceeds from bottom to top. We see that leptons can emit photons and weak
bosons. Quarks participate in all interactions.

This picture depicts the fact that gluon can emit or absorb another gluon
(self interaction).
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Weak bosons can also interact with one another, as well with the photon
(see the pictures above and below).

The strength of an interaction depends on the scale (energy of the re-
action). It is believed that the strength of the electromagnetic, strong and
weak interactions becomes the same at high energy (�Grand Uni�cation�).
At the energy of the Grand Uni�cation there is only one interaction, one
coupling, and one gauge group. There has been many attempts to build
such a theory, based e.g. on the gauge groups SU(5) and SO(10), but thus
far it remains unclear, weather such theories are correct.

Figure 1.1: Uni�cation of the coupling constants
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1.2 The Proton

The proton is the nucleus of the lightest element in the Universe - the hy-
drogen. It is positively charged and has a mass of 938.27231± 0.00028 MeV.
The proton is a fermion, and according to the spin-statistics theorem has
spin 1

2~. The proton is one of the hadrons, the particles participating in
the strong interactions. If we describe the proton by the Dirac equation, we
will �nd that its magnetic moment is equal e

2Mproton
(nuclear magneton).The

experiments however show considerable deviation from this value. The ex-
perimental value is 2.79284739 ± 0.00000006 nuclear magnetons. Thus the
proton is not a structureless particle like the electron. A theoretical calcu-
lation of the proton magnetic moment is not possible. For this we need to
know the exact dynamics of the quarks and gluons inside the proton.

Using electron or positron scattering o� the proton, we can study its
electromagnetic structure, the spacial distribution of its charge. The proton
structure is parametrized in terms of form factors and has been measured in
a wide range of energies, and wide range of momentum transfer from incident
electron to the proton.

Using neutrinos instead of electrons, we can measure the weak form fac-
tors of the proton.

Elastic electron-proton scattering

The electron scattering o� the proton target in the �rst approximation can
be modeled as an exchange of a single virtual photon between them. The
scattering of a relativistic electron (E >> me) o� a known charge distri-
bution can be calculated using methods of quantum mechanics. In case of
spinless electron scattered from a static point charge, the cross section would
be given by the Rutherford formula:

dσ

dΩ
=

α2

4E2 sin4 1
2θ

(1.5)
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where E is the energy of incident electron and θ is its scattering angle in
the laboratory frame. If we take into account the electron spin, we have the
Mott cross section:

dσ

dΩ
=

α2 cos2 1
2θ

4E2 sin4 1
2θ

(1.6)

The cross section for an electron scattered o� a Dirac point particle is:

dσ

dΩ
=

α2 cos2 1
2θ

4E2 sin4 1
2θ

E′

E
[1− q2

2m2
tan2 1

2
θ] (1.7)

where E′ is the energy of scattered electron, q2 = −4E2 sin2 1
2θ is the four-

momentum transfer squared from electron to the Dirac particle, and M is
the Dirac particle mass. This cross section reduces to the Mott formula for
in�nite mass of the scattering source.

In case of a spatially distributed charge the cross

F (q2) =

∫
d3r expiqr ρ(r) (1.8)

so that the Rutherford or Mott cross sections will be multiplied by the factor∣∣F (q2)
∣∣2. In case of zero momentum transfer the form factor reduces to unity

since
∫
d3rρ(r) = 1 ( the total charge is equal to 1).

The relativistic scattering amplitude for the electron proton scattering is
given by the product of three factors:

M =
4πα

q2
Jelectronµ (q)Jµproton(q) (1.9)

where q is the four-momentum exchange between the electron and proton.
The factor 1

q2
arises from one photon exchange between electron and proton

currents.
The electron current has the following form:

Jelectronµ (q) = u(kf )γµu(ki) (1.10)

where ki and kf are the initial and �nal momenta, u and u are Dirac spinors
describing the electron state. The electromagnetic current for the proton
involves two from factors:

Jprotonµ = u(pf )[F1(q2)γµ + i
qνσµνk

2M
F2(q2)]u(pi) (1.11)

In this equation pi and pf are initial and �nal momenta of the proton and
q = ki−kf = pf−pi is the four-momenta transfer. The term proportional to
form factor F2(q2) is the anomalous magnetic moment coupling, and k = 1.79
is the anomalous magnetic moment of the proton in units of the nuclear
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magneton, e~
2Mc . The form factors F1(q2) and F2(q2) are analogues of the

form factor F mentioned above for the �xed charge distribution. In case of
zero momentum transfer F1(q2) = F2(q2) = 1. If the proton were a point-like
Dirac particle like the electron we would have F1(q2) = 1 and F2(q2) = 0. In
case of the neutron the total charge is zero and F1(q2) = 0. The value of the
anomalous magnetic moment for the neutron is k = −1.91. It is impossible
at the moment to calculate the anomalous magnetic moments of the proton
and neutron from basic principles, but it is possible to calculate their ratio
based on a simple SU(6) quark model. We can now write the formula for
the electromagnetic structure of the proton (Rosenbluth formula):

dσ

dΩ
=

α2 cos2 1
2θ

4E2 sin4 1
2θ

E′

E
[(F 2

1 +
k2Q2)

4M2
F 2

2 ) +
Q2

M2
(F1 + kF2)2 tan2 1

2
θ] (1.12)

where θ is the scattering angle in the laboratory frame and E is its initial
energy. We wrote Q2 for −q2, so Q2 is positive.

The Rosenbluth crossection formula follows from the assumption of a
single photon exchange between the electron and the proton. The e�ect of the
proton structure is encoded in two unknown form factors, which are functions
of momenta. The formula can be experimentally veri�ed by multiplying
observed cross section by E3

E′ sin2 1
2θ tan2 1

2θ and plotting the result at �xed
momentum transfer Q2 as a function of tan2 1

2θ. The outcome should be a
straight line.

The elastic electron-proton scattering was measured in 1956 by McAllis-
ter and Hofstadter using 188-MeV electrons at Stanford.

They could extract the root-mean square charge radius of the proton, by
measuring the form factors at low momentum transfer. In this region the
following expansion is valid:

F (q2) =

∫
d3rρ(r) exp iqr =

∫
d3rρ(r)[1+iqr−1

2
(qr)2 . . .] = 1−q2

6
< r2 > . . .

(1.13)
With assumption that < r2 > is the same for both form factors, it was found
that

√
< r2 > = 0.74± 0.24fm

Similar form factors exist for processes like ep → e∆(1232). The form
factors should decrease with momentum transfer, re�ecting the spread in
charge and current distributions of the initial and �nal particles.

At high energy the electron beam is able to disintegrate the proton.
There is no �nal state proton, but instead we have many di�erent �nal state
particles. Such a scattering is called deep inelastic scattering. Usually only
the �nal state electron is detected, and the rest are fragments of the initial
proton in form of di�erent hadrons.
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1.3 Deep Inelastic Scattering

The �rst deep inelastic scattering was carried out at SLAC in the late
1960s with a 18 GeV electron beam. The scattered electrons were mea-
sured by a magnetic spectrometer. Typical processes at this energies were
ep− > epππ . . . or ep− > enππ . . .. In case of inelastic scattering the energy
and direction of the scattered electron are independent variables (contrary
to elastic case, see Rosenbluth formula).The four-momentum transfer can
be calculated from the measurement of direction in solid angle dΣ and the
energy E′ of the scattered electron. The di�erential cross section dΣ

dΩdE′ is
determined as a function of E′ and Q2. The outgoing hadrons were generally
not detected. The kinematics is shown in the picture (picture).

θ

ν

π+

π

(E’, k’)

*γ (  , q)

e

p

π
u

d
u

(E, k)

N

The surprising result of the �rst DIS experiments was that for the mass
of the hadronic system (�nal debris of the initial proton) W the cross section
did not fall with increasing Q2. Similar to the case of elastic scattering we
can write down a general expression for the cross section for electron proton
scattering when only the �nal electron is detected. The inelastic cross section
depends on two functions, W1 and W2. These structure functions depend on
two variables, ν, the energy lost by the electron in the laboratory, and Q2 -
the four-momentum transfer.

dΣ

dΩdE′
=

α2 cos2 1
2θ

4E2 sin4 1
2θ

[W2 + 2W1 tan2 1

2
θ] (1.14)

This cross section is analogous to the Rosenbluth formula (elastic case).
Again we assume single photon exchange and parametrize the unknown
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physics in two structure functions. The important di�erence is that the
structure functions became dependent on two variables ν and Q2, not just
one. For elastic scattering these variables are related - (P + q)2 = M2, so
Q2 = 2Mν. To determine W1 and W2 separately, it is needed to measure
the cross section at two di�erent values of E′ and θ that correspond for the
same values of ν and Q2. This is possible by varying the incident energy E.

The experiment at SLAC revealed that the quantity νW2 did not fall o�
with increasing momentum transfer, but approached a value that depended
on the single variable ω = 2Mν

Q2 . This behavior was called scaling, and had
been anticipated �rst by Bjorken.

Independently Feynman concluded from the study of DIS data that the
proton should be composed of pointlike constituents. He called them par-
tons. Each parton could carry a fraction of the proton momenta x, with
a probability, described by a function f(x). It was natural to assume the
partons to be quarks. Thus inside of the proton would be not just quarks,
but also quark antiquark pairs and gluons. The distributions function for the
di�erent quarks are u(x), u(x), d(x), d(x) etc. The fractions of the momenta
of all partons has to add up to 1:∫

dxx[u(x) + u(x) + d(x) + d(x) + . . .] = 1 (1.15)

The quantum numbers of the proton put another constraint:∫
dx[u(x)− u(x)] = 2 (1.16)∫
dx[d(x)− d(x)] = 1 (1.17)∫
dx[s(x)− s(x)] = 0 (1.18)

since the proton has two u quarks and one d quark, and no s quarks.
These considerations give a simple explanation for scaling of structure

functions. If quarks-partons are real, then they have to be on-shell (p2 =
m2) before and after being scattered by the virtual photon. In this case
p2
f = (pi+ q)2 = (xP + q)2 ≈ 0, if the masses of quarks and the proton could
be ignored. This seems reasonable for a 18 GeV beam (Mp ≈ 1GeV ). From
this follows:

Q2 = 2xPq = 2xMν (1.19)

The variable ω is simply the reciprocal of fraction x of proton momentum
carried by the struck quark. In this picture we have to assume that the
scattering of the electron by the proton is the incoherent (independent) sum
of scattering processes by individual quarks-partons.

We can also give an interpretation of the structure functions W1,2. If we

introduce Lorentz invariant variables 2ME = s, x = Q2

2Mν , y = ν
E , the cross
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section for incoherent scattering of electrons by a system of Dirac fermions
would be:

dσ

dy
=

4πα2xs

Q4

1

2
[1 + (1− y)2]− M

2E
xy (1.20)

If we express the cross section de�ning W1,2 in terms of new variables and
compare with the formula above we will get the following expression of the
structure functions in the parton model:

W1 =
1

2M
[
4

9
u(x) +

1

9
d(x) +

4

9
u(x) +

1

9
d(x) + . . .]

W2 =
x

ν
[
4

9
u(x) +

1

9
d(x) +

4

9
u(x) +

1

9
d(x) + . . .]

(1.21)

The factors in front of the distribution functions arise from squares of the
quark charges. The relation νW2 = 2xMW1 know as the Callan-Gross
relation, follows since the quarks are fermions with spin 1

2 . This relation
can be veri�ed experimentally.

QCD explains why Feynman's assumption of incoherent scattering of
several fermion sources give the correct result. This is due to the asymp-
totic freedom. At very high energies the strong interaction between quarks
becomes very weak. We can treat them as almost free particles and thus jus-
tify Feynman assumption. In reality the interaction between quarks is never
zero. This will give small correction to the observed behavior of scaling. This
correction can be calculated in QCD and compared with experiment. The
comparison is shown in the picture. Thus scaling is only an approximate
feature of the DIS processes.

The quark-parton model makes analogous predictions for neutrino-proton
scattering:

νµ + nucleon→ µ− + hadrons (1.22)

νµ + nucleon→ µ+ + hadrons (1.23)

Due to the fact that parity is not conserved in weak processes, there are
more structure functions for neutrino proton scattering:

dσν

dxdy
=
G2
FME

π
[(1− y)F ν2 + y2xF ν1 + (y − y2

2
)xF ν3 ] (1.24)

dσν

dxdy
=
G2
FME

π
[(1− y)F ν2 + y2xF ν1 − (y − y2

2
)xF ν3 ] (1.25)

These cross section are general (we have ignored the Cabbibo angle and
corrections of order M

E ), and F ν1 , F
ν
2 , F

ν
3 are functions of Q2 and ν.
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The important result of the neutrino experiments is the possibility to
measure di�erent relations between distribution functions for the quarks in-
side the proton:

F ν1 = d(x) + u(x)

F ν2 = 2x[d(x) + u(x)]

F ν3 = 2[d(x)− u(x)]

F ν1 = u(x) + d(x)

F ν2 = 2x[u(x) + d(x)]

F ν3 = 2[u(x) + d(x)]

From the quark model we anticipate that most of the momentum of the
proton is carried by the quarks. The following prediction can be measured
experimentally:

σν

σν
≈ 1

3
(1.26)

The main assumption of the parton model is that the same quark distribution
function can be applied to di�erent processes. For an isoscalar target the
electromagnetic structure function is

F2 =
5

18
x(u+ d+ u+ d) +

1

9
x(s+ s) (1.27)

Neglecting the s quark contribution for x > 0.3, we see that it is 5
18 times

the corresponding neutrino scattering structure function. The experimental
veri�cation is shown in the picture:

Figure 1.2: Neutrino-moun data, 1986.
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Detailed studies of muon, electron and neutrino DIS have con�rmed the
Q2 dependence predicted by QCD - the deviation from scaling due to the
quark-gluon interactions. At high x, increasing Q2 reduces the quark dis-
tribution due to production of quarks and gluons which share initial quark
momentum. At low x, the structure functions increase with Q2, since the
momentum of the high x quark is reduced by the emission processes simi-
lar to bremstralung. These features are seen in the plot. Deviations from
the parton model scaling provide indirect evidence for the existence of the
gluons. Direct evidence can be found in hight energy e+e− collisions.

Figure 1.3: QCD �t to the structure function F2.

This gives a short account of modern methods in the studies of the proton
structure. Summing up we can say that our picture of proton is formed from
the knowledge accumulated at di�erent energy scales (di�erent distances):

• At a very big scale the proton looks like an elementary particle with
static properties



1.4. THE MYSTERY OF THE PROTON SPIN 21

• Middle range: elastic scattering, the proton looks like an extended
object with inner structure.

• Small distances: inelastic scattering, the proton looks like a collection
of interacting particles - quarks and gluons.

1.4 The Mystery of the Proton Spin

From electrodynamics we know that all magnets in nature are dipoles. The
force lines of a magnetic �eld in space are equivalent to the force lines of two
imaginary magnetic charges of opposite signs separated from one another.
The �eld produced by every magnet has a preferred direction which is a line
connecting two poles of the magnet (analogues of magnetic charges).

If we generalize this to point-like objects, we will have a picture of point-
like particle which has a magnetic moment, i.e. the magnetic �eld of a
magnetic dipole.

The electron has an electric charge and is a magnetic dipole. It creates
a uniform electric �eld and a non-uniform magnetic �eld.

In the quark model the proton is an ensemble of free parallel-moving
quarks. The spin of the proton is the sum of the spins of its quarks. The
quark picture can be obtained from QCD by setting the QCD coupling con-
stant g to 0. In that case quark �elds become free �elds, and the proton is a
superposition of the free-quarks states. The total spin of the proton is given
by:

∆Σ =

∫ 1

0
∆Σ(x)dx (1.28)

where

∆Σ(x) ≡ δu(x) + δu(x) + δd(x) + δd(x) + δs(x) + δs(x) (1.29)

is the sum over quark distribution functions, x is a fraction of the proton
momentum carried by the quark.

∆Σ can be related to the �avor singlet axial charge of the proton:

g
(0)
A = ∆Σ = 2

〈
Squarksz

〉
(1.30)

The �avor-singlet axial charge can be measured in DIS, using the follow-
ing relation:

∫ 1

0
dx gp1(x,Q2) =

(
1

12
g

(3)
A +

1

36
g

(8)
A

)
+

1

9
g

(0)
A |inv (1.31)
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Here g
(3)
A , g

(8)
A and g

(0)
A |inv are the isovector, SU(3) octet and scale-invariant

�avour-singlet axial-charges. In terms of the nucleon matrix elements one
has:

2Msµ∆q = 〈p, s|qγµγ5q|p, s〉 (1.32)

The isovector, octet and singlet axial-charges are:

g
(3)
A = ∆u−∆d

g
(8)
A = ∆u+ ∆d− 2∆s

g
(0)
A |inv/E(αs) ≡ g(0)

A = ∆u+ ∆d+ ∆s.

The left hand side of this relation is the proton spin structure function g1

measured in the DIS experiment. Making assumptions about the behavior
of this function in the experimentally inaccessible regions x ≈ 1 and x ≈
0 we can calculate the integral on the left side. The isovector and octet

axial charges (g
(3)
A and g

(8)
A ) can be extracted from β decays of neutrons

and hyperons respectively. The present values are g
(3)
A = 1.270 ± 0.003 [1]

and g
(8)
A = 0.58 ± 0.03 [2]. Using these values and the result of the EMC-

experiment [9] one was able to extract the singlet axial charge of the proton.
This charge is compatible with zero and led to the 'spin crisis'. It seems that
the quarks do not contribute to the proton spin.

The present value is:

g
(0)
A = 0.33± 0.03(stat.)± 0.05(syst.) (1.33)

This implies that the quarks carry one third of the proton spin. The crisis
arises from the discrepancy between theory and experiment. The quark
model predicts this number to be 1, relativistic quark models make it smaller
(around 0.6), but still much bigger then the experimental value.

There are many proposed solutions for the proton spin crisis. One of
them is to include a gluonic contribution to the spin [4, 5, 6, 7]:

g
(0)
A =

(∑
q

∆q − 3
αs
2π

∆g

)
partons

+ C∞. (1.34)

Here ∆gpartons is the spin carried by gluons in the polarized proton and
∆qpartons is the spin of quarks and antiquarks carrying small transverse mo-
mentum compare to gluon virtuality and the mass of the light quark. The
gluon term can be associated with events in polarized deep inelastic scatter-
ing where the energetic proton strikes a quark or antiquark generated from
photon-gluon fusion and carrying k2

t ≈ Q2

In this thesis we try to study the possible importance of the gluon angular
momentum for the complete description of the proton spin structure.

The current status of the experimental and theoretical research on the
spin crisis will be described in chapter 3.



Chapter 2

The Spin

2.1 History of the Spin

Otto Stern and Walter Gerlach in 1922 demonstrated that the quantiza-
tion of the angular momentum is real. In their experiment a collimated
beam of silver atoms passed through an inhomogeneous magnetic �eld onto
a glass slide where the deposits formed a pattern. Classical physics predicted
continuous spot of silver on the screen, but the experiment showed a clear
separation of several discrete parts corresponding to di�erent values of the
angular momentum of the atoms. A historical postcard documents the re-
sult. The observed behavior is a manifestation of the spin of the unpaired
electron in the atomic structure of silver.

In the early 1920s physicists were still trying to explain the splitting of
spectral lines in a magnetic �eld discovered by Pieter Zeeman. There were
many models proposed, but most of them were unsatisfactory in explaining
the experiment. A breakthrough was made by Wolfgang Pauli who con-

23
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jectured that the splitting was due to an intrinsic property of the electron
interacting with magnetic �eld: a classically indescribable two-vlauedness of
the electron - as he wrote in the �rst of his two 1925 Zeitschrift fur Physik
papers.

Later that year Pauli introduced the 'exclusion principle' - two electrons
cannot be in the same quantum state. Using this principle Pauli could derive
the exact structure of the atomic shell. Pauli two-valuedness of the electron
can be imagined as a rotation of the electron about its own axis with one
half-unit of angular momentum, the spin.

It was �rst suggested to Pauli by Ralph Kronig who also made calcu-
lations for level splittings, his results were factor of two di�erent from the
experiment. In 1926 Llewellyn H. Thomas could recover the missing factor
of two using theory of relativity to describe electron rotation.

Pauli incorporated the spin of the electron in quantum mechanics by
including two wave functions in the Schroedinger equation accounting for two
possible spin orientations of the electron. Why should nature have chosen
this particular model for the electron, instead of being satis�ed with a point
charge? Trying to answer this question, a young post doc in the University of
Cambridge, Paul Dirac, discovered a correct quantum equation for a particle
with spin 1

2 . He was able to show that the spin is a natural consequence
of the correct application of special relativity to quantum mechanics of the
electron. The Dirac equation is valid for any point-like charged object with
spin 1

2 - the quarks and leptons.
In 1932 Werner Heisenberg was puzzled by the fact that the proton and

neutron had almost the same mass. Despite their di�erent charges they
behaved similar under the strong forces that dominate within the atomic
nucleus. Using the same mathematics, Pauli used to describe the electron
spin, Heisenberg postulated that proton and neutron were two states of the
same particle the nucleon. These states di�ered only in a quantity analogous
to spin - the ísotopic spin�. In 1937 Wigner using the idea of isospin symmetry
of proton and neutron predicted correctly the energies of all nuclei up to
atomic number 42.

In 1935 Hideki Yukawa described the strong force by the exchange of
light particles. Isospin conservation demanded three such particles, which
later would be discovered, the π-mesons (π+, π−, π0).

In his 1940 paper Pauli made an important connection between the spin
of the particle and its quantum statistics. According to Pauli particles of half-
integer spin obey Fermi-Dirac statistics, and those of integer spin obey Bose-
Einstein statistics. The spin-statistics theorem explains the Pauli exclusion
principle for electrons, and the absence of the exclusion principle for bosons
(many bosons can occupy same state) as it happens in the Bose-Einstein
condensate.

In 1970s the idea of spin and corresponding symmetries was generalized
even more when the idea of supersymmetry was introduced. According to
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this idea all particles in the universe have their spin counterparts (superpart-
ner). A fermion has a bosonic partner, and a boson has a fermion partner.
Since none of the superssymmetric partners of normal particles have been ob-
served so far, they have to be much more massive then their normal partners.
Supersymmetry is often used in Grand Uni�ed Theories.

2.2 Quantum Mechanics of Spin

2.2.1 Pauli equation

The Schroedinger wave equation is the basis of quantum mechanics. For the
mechanical system composed of one electron it has the following form if we
neglect the spin: [

H0 +
~
i

∂

∂t

]
ψ(x) = 0 (2.1)

where

H0 =
1

2m
p2 + V (x) (2.2)

p = (px, py, pz) =

(
~
i

∂

∂x
,
~
i

∂

∂y
,
~
i

∂

∂z

)
x = (x, y, z)

(2.3)

and ψ(x) is the wave function of the electron.

Pauli's problem was to modify this equation to include the electron spin.
It results in two components of the wave function:

ψ(x, sz), sz = +
1

2
,−1

2
(2.4)

The probability density of the electron in the point x with its spin up or
down is given by: ∣∣∣∣ψ(x,±1

2
)

∣∣∣∣ (2.5)

To include the spin into Schroedinger's equation, we should add the en-
ergy of the spin to the full energy of the system H0. To describe the Zeeman
e�ect, a Hamiltonian of interaction between spin and external magnetic �eld
has to be included Schrodinger equation:

H1 =
e~

2mc
[H(l + g0s)] (2.6)
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Here H is an external magnetic �eld and l is the orbital angular momen-
tum in units of ~

lx =
1

i
(y
∂

∂z
− z ∂

∂y
), (2.7)

ly =
1

i
(z
∂

∂x
− x ∂

∂z
), (2.8)

lz =
1

i
(x

∂

∂y
− y ∂

∂x
), (2.9)

and s is the spin angular momentum.
Furthermore we have to add an interaction Hamiltonian (H2) between

the internal magnetic �eld (caused by angular motion of the electron) and
the spin magnetic moment:

H2 = (g0 − 1)
e~

2mc
(H ints) (2.10)

The internal magnetic �eld can be written as:

H int =
Ze~
mc

1

r3
l (2.11)

The operator for the spin satis�es the following commutation relations (just
as any angular momentum in QM)

sxsy − sysx = isz, (2.12)

sysz − szsy = isx, (2.13)

szsx − sxsz = isy, (2.14)

(2.15)

The eigenvalue of the square is:∣∣s2
∣∣ =

1

2
(
1

2
+ 1) =

3

4
(2.16)

Pauli introduced a set of 2× 2 matrices to construct the operator of the
spin:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (2.17)

sx =
1

2
σx, sy =

1

2
σy, sz =

1

2
σz (2.18)

The wave function of the electron has a two component structure:

ψ =

(
ψ(x,+1

2)
ψ(x,−1

2)

)
, (2.19)
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The Pauli equation for the electron with spin:[
H0 +H1 +H2 +

~
i

∂

∂t

]
ψ(x, sz) = 0 (2.20)

is a set of simultaneous di�erential equations for the two functions ψ(x,+1
2)

and ψ(x,−1
2). For a stationary state ψ is given by:

ψ = φe−
iEt
~ (2.21)

Using the Pauli equation, we can determine the energy of the stationary
state by solving: [

H0 +H1 +H2 − E
]
ψ(x, sz) = 0 (2.22)

Pauli could calculate the level intervals within the doublet term and the
anomalous Zeeman e�ect. Pauli noted himself that his theory is non-relativistic,
since the spin degree of freedom is expressed as sx, sy, sz which is a vector
in (x, y, z)-space only. In order to obtain a relativistic theory, Pauli had to
introduce an antisymmetric tensor in Minkowski space. Since the electron
has only a magnetic moment in its rest frame, half of the six elements are
zero and the remaining three correspond to Paulis spin vector. Pauli gave
up creating a relativistic theory of electron, saying that its extremely di�-
cult to apply such a condition to the spin degree of freedom. Pauli's theory
introduces the electron spin angular momentum of 1

2 and g0 factor of 2 into
H1 and H2 arbitrary. For this reasons Pauli's theory was incomplete.

2.2.2 Dirac equation

The correct relativistic theory of the electron, solving all the problems of
Pauli's theory, was discovered by Paul Dirac. He could explain, why the
electron has spin 1

2 , from basic principles of quantum mechanics and the
theory of relativity.

Attempts to develop a relativistic mechanics have been made before Dirac
by Schroedinger, O.Klein and W.Gordon. They arrived at the equation:

1

c2

∂2ψ

∂t2
=

(
∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2

)
− m2c2ψ

~2
(2.23)

which is the simplest equation for a free particle which can reproduce the de
Broglie-Einstein relation:

ν2 − (
c

λ
)2 = (

mc2

h
)2, E = hν, p =

h

λ
. (2.24)

Here ν is the frequency of the de Broglie wave and λ its wavelength. Schroedinger
tried to use this relativistic equation to describe the hydrogen atom but could
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not obtain Sommerfelds formula for �ne structure. Schroedinger conjectured
that the spin of the electron has to be taken into account.

In an external �eld the Klein-Gordon equation has the following form:[
(−~

i

∂

c∂t
+
e

c
A0)2 −

3∑
r=1

(
~
i

∂

∂xr
+
e

c
Ar)−m2c2

]
xψ(x, y, z, t) = 0 (2.25)

Here A0 and Ar are the components of the four-vector potential of the
external electromagnetic �eld. For a free particle the Klein-Gordon equation
has a solution in form of a plane wave:

ψ(x, y, z, t) = e2πi( z
λ
−νt) (2.26)

Dirac modi�ed the Klein-Gordon equation demanding that all derivatives
are of the �rst order. This way he could treat time and space on equal footing
as follows from the theory of relativity:

[
(−~

i

∂

c∂t
+
e

c
A0)−

3∑
r=1

αr(
~
i

∂

∂xr
+
e

c
Ar)−α0mc

]
×ψ(x, y, z, t) = 0 (2.27)

There are additional coe�cients of αr and α0 in Dirac equation which need
to be determined.

Dirac requires the square of his equation:[
(−~

i

∂

c∂t
)2−

3∑
r=1

α2
r(
~
i

∂

∂xr
)2−

∑
µ<ν

(αµαν+αναµ)(
~
i
)2 ∂2

∂xµ∂xν − α2
0m

2c2

]
ψ = 0

(2.28)
to be equal to the Klein-Gordon equation. Thus he �nds a system of equa-
tions for the coe�cients αr and α0:

α2
µ = 1 (µ = 0, 1, 2, 3) (2.29)

αµαν + αναµ = 0, (µ 6= ν;µ, ν = 0, 1, 2, 3) (2.30)

This system has only nontrivial solutions, if the coe�cients α are matrices.
We introduce the unit and zero 2× 2 matrices:

1 =

(
1 0
0 1

)
,0 =

(
0 0
0 0

)
(2.31)

The solution for Dirac matrices can be constructed by blocks from Pauli
matrices, thus giving 4× 4 matrices:

α0 =

(
1 0
0 −1

)
α1 =

(
0 σ1
σ1 0

)
(2.32)

α2 =

(
0 σ2
σ2 0

)
α3 =

(
0 σ3
σ3 0

)
(2.33)

(2.34)
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It follows that the wave function of the electron has to have 4 components:

ψ =


ψ1

ψ2

ψ3

ψ4

 (2.35)

Instead of one di�erential equation of second order Dirac introduces 4
ordinary di�erential equations of the �rst order. In modern notation the
Dirac equation has a very short form:

(iγµ∂µ −m)ψ = 0 (2.36)

The gamma matrices satisfy the anticommutation relation:

{γµ, γν} = 2ηµν (2.37)

and can be written as:

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
(2.38)

The Dirac equation describes correctly the hyper�ne structure of the
hydrogen atom. Dirac showed that the orbital angular momentum is not a
conserved quantity and that a conserved quantity is obtained only when the
spin of the electron is added. The Dirac equation predicts the spin of the
electron to be 1

2 :

spin =
1

2

(
σ 0
0 σ

)
(in units of ~) (2.39)

In case of an external magnetic �eld the Dirac equation squared does
not yield the Klein-Gordon equation. The di�erence has the form of the
interaction between the external �eld and the magnetic moment. In this
case the magnetic moment is given by:

magnetic moment = −
(
σ 0
0 σ

)
(in units of

e~
2mc

) (2.40)

predicting the correct value for the gyro-magnetic ratio g0 = 2.
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Chapter 3

The Proton

3.1 QCD basics

Quarks were introduced as an explanation of the SU(3)f �avour symme-
try observed in the spectrum of the lowest-mass mesons and baryons. The
wave function of quarks in the spin 3

2 baryons is symmetrical in the space
coordinates, the spin and SU(3)f degrees of freedom. Yet the Fermi-Dirac
statistics of these baryons implies that the wave function has to be totally
antisymmetric. The resolution was to introduce to quarks a new degree of
freedom - color. The color degree of freedom has three possible values - red,
green, blue for each quark. The total wave function of the baryon, including
color, becomes antisymmetric, since the color part is totally antisymmet-
ric. The requirement that only color singlet states exist in nature has to be
imposed to have agreement with experiment.

The group of the color transformations is SU(3). The quarks qa trans-
form according to the fundamental ( 3×3 unitary matrix) representation and
the antiquarks qa according to the complex conjugate representation. The
basic color singlet states describe the mesons qaq

a and the baryons εabcqaqbqc,
where εabc is a totally antisymmetric tensor.

An experimental test of the correctness of the three color idea is provided
by the rate of the decay π0 → γγ. The decay proceeds by the coupling of
the pion to a quark loop. The rate is determined by the matrix element:

〈0 | Jα(x)Jβ(y)φ(0) | 0〉 =
1

fπm2
π

〈0 | Jα(x)Jβ(y)∂µA
µ(0) | 0〉 (3.1)

where Jα is the electromagnetic current. The �eld for the neutral pion φ can
be replaced by the divergence of the axial current A using the Golberger-
Treiman relation. The pion decay constant fπ'93MeV is measured in the
decay π− → µ−νµ

〈| Aµ(0) | π(p)〉 = ifπp
µ (3.2)
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The decay rate can be calculated from the diagram above:

Γ(π0 → γγ) = ξ2(
α

π
)2 1

64π

m3
π

f2
π

= 7.6ξ2 eV (3.3)

The experimental value is 7.7 ± 0.6eV [c 3 E]. The electric charge and
colour factor ε for three colours of quarks is:

ξ = 3

[
(
2

3
)2 − (

1

3
)2

]
= 1 (3.4)

where the factor of 3 represents the number of colors. The original cal-
culation done before the discovery of quarks used proton and neutron as
constituents and gave:

ξ = [(1)2 − (0)2] = 1 (3.5)

Another test of the quark hypothesis is provided by the ratio R of the
e+e− total hadronic cross section to the cross section for muon production.
The virtual photon excites only the u,d and s quarks, each of which occurs
in three colors. The ratio R is given by:

R = 3

[
(
2

3
)2 + (−1

3
)2 + (−1

3
)2

]
= 2 (3.6)

For the center-of-mass energy Ecm ≥ 10GeV c and b quarks contribute
to the ratio:

R = 3

[
(2× 2

3
)2 + 3× (−1

3
)2

]
=

11

3
(3.7)

The experimental data on R is in an acceptable agreement with the
prediction of the three color model.

3.2 Lagrangian of QCD

The Feynman rules of QCD can be derived from the Lagrangian:

LQCD = Lclassical + Lgauge−fixing + Lghost (3.8)

The classical Lagrangian density is given by:

Lclassical = −1

4
FAαβF

αβ
A +

∑
flavours

qa(iγµD
µ −m)abqb (3.9)

It describes the interaction of spin 1
2 quarks of mass m and massless spin

1 gluons. Spinor indices of γµ and qa have been suppressed, metric is given
by gαβ = diag(1,−1,−1,−1) and ~ = c = 1
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The �eld stress tensor FAαβ is derived from gluon �eld AAα :

FAαβ = [∂αA
A
β − ∂βAAα − gfABCABαACβ ] (3.10)

indices A,B,C run over the eight colour degrees of freedom of the gluon
�eld.g is the coupling constant which de�nes the strength of the interac-
tion between colored quanta, fABC(A,B,C = 1, . . . , 8) are the structure
constants of the SU(3) color group.

The third term on the right-hand side gives rise to triplet and quadratic
gluon self-interactions and eventually to the property of asymptotic freedom.

Quark �elds are in the triplet representation of the color group (a =
1, 2, 3) and D is a covariant derivative which has the form:

(Dα)ab = ∂αδab + ig(tCACα )ab, (Dα)AB = ∂αδAB + ig(TCACα )AB (3.11)

where t and T are matrices in the fundamental and adjoint representations
of the SU(3) respectively:

[tA, tB] = ifABCtC , [TA, TB] = ifABCTC , (TA)BC = −ifABC (3.12)

Generators tA can be written using Gell-Mann matrices, which are her-
mitian and traceless:

tA =
1

2
λA (3.13)

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0


λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0


λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2



The conventional normalization for the SU(N) matrices is chosen to be
:

TrtAtB = TRδ
AB, TR =

1

2
(3.14)
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According to this normalization the colour matrices have the following
relations among each other:

∑
A

tAabt
A
bc = CF δac, CF =

N2 − 1

2N
(3.15)

TrTCTD =
∑
A,B

fABCfABD = CAδ
CD, CA = N (3.16)

For the speci�c case of SU(3) we have

CF =
4

3
, CA = 3 (3.17)

In the fundamental representation the commutator for t matrices is :

tA, tB =
1

N
δABI + dABCtC (3.17)∑

A,B

dABCdABD =
N2 − 4

N
δCD, dAAC ≡ 0 (3.18)

3.3 Local gauge invariance

The Lagrangian of QCD is invariant under local gauge transformations. This
transformation is de�ned as follows:

qa(x)→ q′a(x) = exp(itθ(x))abqb(x) ≡ Σ(x)abqb(x) (3.19)

The covariant derivative is transforming the same way as the quark �eld
(color indices omitted):

Dαq(x)→ D′αq
′(x) ≡ Σ(x)Dαq(x) (3.20)

Using the substitutions above we can obtain the transformation rules for
the gauge �eld A:

D′αq
′(x) = (∂α + igt×A′α)σ(x)q(x) (3.21)

≡ (∂αΣ(x))q(x) + Σ(x)∂αq(x) + igt×A′αΣ(x)q(x) (3.22)

t×Aα ≡
∑
A

tAAAα (3.23)

Thus we �nd that the gluon �eld transforms as:
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t×A′α = Σ(x)t×AαΣ−1(x) +
i

g
(∂αΣ(x))Σ−1(x) (3.24)

From this follows that the non-Abelian strength tensor should transform
as:

t× Fαβ(x)→ t× F ′αβ(x) = Σ(x)t× Fαβ(x)Σ−1(x) (3.25)

We can derive same result using the relation:

[Dα, Dβ] = igt× Fαβ (3.26)

The QCD �eld strength tensor is not gauge invariant because of the self-
interaction of the gluons. The gluons are them selfs colored and can interact
with one another, unlike the electrically neutral photon in QED.

There is no gauge invariant way to include a mass term for the gluon
�eld. A mass term:

m2AαAα (3.27)

is not gauge invariant. Mass terms for quarks are allowed since they obey
local gauge invariance.

3.4 Feynman rules for QCD

It is impossible to use perturbation theory with the classical Lagrangian of
QCD without a gauge �xing term, since the propagator for the gluon �eld
cannot be de�ned without specifying the gauge. The choice:

Lgauge−fixing = − 1

2λ
(∂αAAα )2 (3.28)

�xes the class of covariant gauges with gauge parameter λ. In a non-Abelian
theory such as QCD a gauge �xing term must be supplemented with a ghost
Lagrangian, which is given by:

Lghost = ∂αη
A†(Dα

ABη
B) (3.29)

Here ηA is a complex fermionic �eld. The ghost Lagrangian can be
derived using the Feynmann path integral formalism and the procedures due
to Fadeev and Popov . The ghost �elds are canceling unphysical degrees of
freedom in covariant gauges.

The Feynmann rules are de�ned from the operator:

S = i

∫
Ld4x (3.30)
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We can separate the Lagrangian into two pieces, the free piece which has
all the terms bilinear in the �elds and the interaction piece which has higher
derivatives of the �elds:

S = S0 + SI , S0 = i

∫
L0d

4x, SI = i

∫
LId

4x (3.31)

Using the free part L0 of the QCD Lagrangian, one can obtain the quark
and gluon propagators. The inverse fermion propagator in the momentum
space can be found by identifying ∂α = −ipα for an incoming �eld. In
momentum space the two-point function of the quark �eld depends on a
single momentum p :

Γ2
ab(p) = −iδab(γµpµ −m) (3.32)

is an inverse of the propagator shown in Fig NN. The inverse propagator
of the gluon �eld is found to be:

Γ
(2)
AB,αβ(p) = iδAB

[
p2gαβ − (1− 1

λ
)pαpβ

]
(3.33)

Without the gauge �xing term this function would have no inverse. The
gluon propagator is given by:

Γ
(2)
AB,αβ(p)∆

(2)
BC,βγ(p) = δCAg

γ
α

(3.34)

∆
(2)
BC,βγ(p) = δBC

i

p2

[
− gβγ + (1− λ)

pβpγ
p2

]
(3.35)

Replacing derivatives with the appropriate momenta, equations 3.9 and 3.29
can be used to derive Feynman rules for QCD.

The introduction of the gauge �xing term explicitly brakes the gauge
invariance. The gauge �xing term has one extra parameter λ which does not
a�ect the physical results of the calculations. Thus di�erent choice of the
parameter is made to simplify particular calculations. Setting λ = 1 (λ = 0)
in Eq (3.35) we obtain the Feynman gauge (Landau gauge).The Feynman
gauge is convenient for many purposes, reducing the number of terms in
gluon propagator and making calculations simpler.

Axial gauges are �xing the gauge using an additional arbitrary vector,
here denoted by n

Lgauge−fixing = − 1

2λ
(nαAAα )2 (3.36)

The bene�t of the axial gauges is that ghost �elds are not required. The price
for that is an increased complexity of the gluon propagator. The two-point
function is:

Γ
(2)
AB,αβ(p) = iδAB

[
p2gαβ − pαpβ +

1

λ
nαnβ

]
(3.37)
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The inverse gives the gluon propagator:

∆
(2)
BC,βγ(p) = δBC

i

p2

[
− gβγ +

nβpγ + pβnγ
np

−
(n2 + λp2)pβpγ

(np)2

]
(3.38)

There are new singularities at n · p = 0.

There are several properties which make this gauges interesting. In the
case of λ = 0, n2 = 0 (light-cone gauge), the propagator becomes:

∆
(2)
BC,βγ(p) = δBC

i

p2
dβγ(p, n) (3.39)

where

dβγ(p, n) = −gβγ +
nβpγ + pβnγ

np
(3.40)

In the limit p2 → 0 we �nd that:

nβdβγ(p, n) = 0, pβdβγ(p, n) = 0 (3.41)

Only two physical polarization states orthogonal to n and p, propagate.
In the limit of p2 → 0 we may decompose the numerator of the propagator
into a sum over two polarizations:

dαβ =
∑
i

ε(i)
α (p)ε

(i)
β (p) (3.42)

3.5 Exact symmetries

Gauge invariance is the most important exact symmetry of the QCD La-
grangian. It is responsible for the renormalizability of the theory. In addi-
tion, the QCD Lagrangian is invariant under other discrete global symme-
tries: the operation of parity, charge conjugation and time reversal. These
discrete symmetries are in agreement with experimental observation of strong
interaction processes [see PDG].

The study of these symmetries at the quantum level of QCD is compli-
cated due to the possibility of an additional term in the Lagrangian which
is also gauge invariant:

Lθ =
θg2

32π2
FAαβF̃

αβ
A (3.43)

where F̃ is the dual of the gluon �eld strength tensor:

F̃αβA =
1

2
εαβγδF

γδ
A (3.44)
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This term corresponds to an interaction E ·B in QED. It would violate parity
and time reversal symmetries, in contradiction to the observed properties of
strong interactions.

The term 3.43 can be written as a total divergence:

FAαβF̃
αβ
A = ∂αK

α (3.45)

Kα = 2εαβγδAAβ ∂γA
A
δ −

2

3
gfABCABγ A

C
δ (3.46)

Thus it does not contribute to the results calculated in perturbation
theory (since it contributes only a surface term to the action). A more
sophisticated non-perturbative analysis shows that Lθ can give rise to a real
physical e�ects. The vacuum of QCD can have a non-trivial topological
structure and in this case the surface term can not be neglected.

The Lθ term gives rise to a violation of the CP. The limit on the size
of the parameter θ coming from the measurements of the dipole moment of
the neutron is θ < 10−9. It is usually assumed that it is exactly zero. The
unexplained smallness of the parameter θ is the strong CP problem. However
this problem has no impact on the validity of perturbative QCD.

3.6 Approximate symmetry

The Lagrangian of QCD also has several approximate symmetries. They
are related to the properties of the quark mass matrix. These symmetries
are very important, since they provide relations between masses and ma-
trix elements which are holding even in the strong coupling regime, where
perturbation theory is not valid.

Not all classical symmetries are preserved after the quantization of the
theory. A well know example is the violation of the scale invariance, which is
true for QCD without quark masses at the classical level. Quantum e�ects
lead to a violation of the scale invariance. Here we will discuss symmetries
which follow from the quark mass matrix.

Consider for simplicity just two quark �avors:

L =
∑
j=u,d

qj(iγµD
µ +m)qj (3.47)

A global phase rede�nition of the up and down �elds separately leaves the
Lagrangian unchanged. This corresponds to the conservation of the quark
number.

It is useful to introduce a matrix notation for quark �eld which incorpo-
rates all the �avours:

q =

(
u
d

)
(3.48)
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In this notation the Lagrangian is:

L = q(iγµD
µ +M)q (3.49)

where

M =

(
mu 0
0 md

)
(3.50)

If we assume that mu −md is very much less then the typical hadronic
mass, we can approximate the matrix M by a multiple of the unit matrix.
In this case there is an additional symmetry of the Lagrangian. It becomes
invariant under the U(2) rotations. The general form of this transformation
is:

q′ = exp(
3∑
0

αiσi)q (3.51)

where σi(i = 1, 2, 3) are the Pauli matrices and σ0 is the unit matrix.
The symmetry U(2)V can be decomposed into the product of U(1) ⊕

SU(2)V . The U(1) is the quark number symmetry and SU(2)V is an ap-
proximate isospin symmetry, which becomes exact if quarks have the same
mass.

The Noether theorem relates a conserving current to this symmetry:

J iµ = qγµσ
iq (3.52)

If we include strange quarks, the approximate isospin symmetry can be
extended further, though the mass di�erence between strange and up and
down quarks suggests that this symmetry should be less reliable then the
original two �avour isospin symmetry. The SU(3) isospin symmetry pro-
vides a good classi�cation of the mesons and baryons into �avour octets and
decuplets.

The symmetry group becomes bigger is we assume the quark masses to
be zero. It is convenient to introduce left- and right-handed projectors:

γL =
1

2
(1− γ5), γR =

1

2
(1 + γ5) (3.53)

which satisfy the relations γ2
L = γL, γ

2
R = γR and γLγR = 0. The

quark �elds may be decomposed into left and right-handed components,
qL = γLq, qR=γRq. In the massless limit this gives positive and negative
helicity states. The quark sector of the Lagrangian becomes the sum:

L = qLiγµD
µqL + qRiγµD

µqR (3.54)

The is no term which mixes right and left handed �elds, thus there is a
possibility to rotate them independently, which gives an U(2)L(2)R symme-
try:
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q′L = exp(

3∑
0

αiσi)qL, q
′
R = exp(

3∑
0

βiσi)qR (3.55)

This symmetry which acts separately on left and right-handed �elds is
called a chiral symmetry. The associated currents are:

Liµ = qγµγLσ
iqRiµ = qγµγRσ

iq (3.56)

The chiral symmetry is not manifesting itself in the observed spectrum
of QCD, otherwise every hadron would have a partner of opposite parity
with the same mass. The chiral symmetry is believed to be spontaneously
broken, leaving only the SU(2) ⊕ U(1) symmetry of isospin and baryon
number conservation.

The spontaneous breaking of the symmetry occurs when the solutions of
the theory do not exhibit some of the symmetries of the Lagrangian of the
theory. One example: the ground state of the theory (vacuum) is not invari-
ant under the full group of symmetry transformations. The QCD vacuum
has a non-zero expectation value of the light quark operator qq:

< 0|qq|0 >=< 0|(uu+ dd)|0 >' (250MeV )3 (3.57)

This vacuum expectation value is called quark condensate. The condensate
connects left and right-handed �elds:

< 0|qq|0 >≡< 0|qLqR + qRqL|0 > (3.58)

thus breaking the chiral symmetry, while remaining invariant under the sub-
group SU(2)⊕ U(1)

According to the Goldstone theorem a symmetry which is spontaneously
broken gives rise to massless spin-zero particles called Goldstone bosons.
The number of such particles is equal to the number of broken symmetry
generators.

In case of chiral SU(2) the three pions π+, π−, π0 are identi�ed with the
Goldstone bosons. However they are not massless, this is due to approximate
property of the chiral symmetry. The U(1)L⊕U(1)R symmetry is also broken
down to U(1)V , but the missing U(1)A is destroyed by the quantum anomaly
and does not give rise to a Goldstone boson. This is related to the existence
of the theta term (3.43) in the Lagrangian.

In reality the quark masses are not zero thus the chiral symmetry is not
exact. Nevertheless they are small compare to hadron masses allowing for
the use of perturbation theory. A perturbative approach used to extract
quark masses from pion masses gives mu ' 4MeV,md ' 7MeV . The chiral
perturbation theory gives a remarkably good picture of the strong interaction
at the energies smaller than the proton mass.
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Figure 3.1: Feynman rules for QCD, curly lines are gluons, solid lines are
fermions and dotted lines are ghosts.
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Chapter 4

The Spin of the Proton

4.1 Orbital angular momentum

In this subchapter we introduce methods to study the orbital angular mo-
mentum of quarks and gluons inside a nucleon. In QED without electrons
the orbital angular momentum can be written as:

~J =

∫
d3r~x×

(
~E × ~B

)
=

∫
d3r~x×

[
~E ×

(
~5× ~A

)]
(4.1)

if we integrate by parts:

~J =

∫
d3r

[
Ej
(
~x× ~5

)
Aj +

(
~x× ~A

)
~5 · ~E × ~A

]
(4.2)

We disregard the second term (due to the equation of motion ~5· ~E = 0)
and obtain ~J = ~L+ ~S, where:

~L =

∫
d3rEj

(
~x× ~5

)
Aj ~S =

∫
d3r ~E × ~A (4.3)

~L and ~S are not separately gauge invariant
In QED with electrons there is additional term:

~Jγ =

∫
d3r~r ×

(
~E ~B
)

=

∫
d3r~r×

[
~E ×

(
~5× ~A

)]
=

∫
d3r

[
Ej
(
~r × ~5

)
Aj − ~r ×

(
~E · ~5

)
~A

]
=

∫
d3r

[
Ej
(
~r × ~5

)
Aj +

(
~r × ~A

)
~5 · ~E + ~E × ~A

]
(4.4)

Replacing the second term with the equation of motion (~5× ~E = ej0 =
eψ†ψ), we get:

~Jγ =

∫
d3r

[
ψ†~r × e ~Aψ + Ej

(
~x× ~5

)
Aj + ~E × ~A

]
(4.5)

43
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ψ†~r × e ~Aψ cancells similar term in electron orbital angular momentum
ψ†~r × (~p− e ~A)ψ

Decomposing ~Jγ into spin and orbital parts shifts the angular momentum
from photons to electrons.

The total angular momentum of the isolated system is uniquely de�ned.
Ambiguities arise when ~J is decomposed into contributions from di�erent
constituents. Changing the gauge can also shift the angular momentum be-
tween various degrees of freedom. Decomposition of the angular momentum
in general depends on the gauge and quantization schemes.

One has to always keep the same decomposition scheme in all parts of
the analysis. Possible decomposition schemes for the proton spin are the Ji
, Ja�e-Manohar, Chen-Goldman decompositions.

Ji decomposition:

J = Lq +
1

2
∆Σ + Jg (4.6)

Ja�e-Manohar decomposition:

J = Lq + Lg + ∆G+
1

2
∆Σ (4.7)

Only the quark spin term 1
2∆Σ is common for both decompositions.

The angular momentum tensor is:

Mµνρ = xµT νρ − xνTµρ (4.8)

Conservation of angular momentum:

∂ρM
µνρ = 0 (4.9)

implies:

ji =
1

2
εijk

∫
d3rM jk0 (4.10)

The total angular momentum operator contains two types of terms: the
ones which has the structure ′~x × Operator′ and can be identi�ed with the
orbital angular momentum and the terms where the factor ~x× does not
appear. These terms can be identi�ed with spin of quarks.

4.2 Ji decomposition

The spin of the proton is given by:

~J =

∫
d3x

[
ψ†~Σψ + ψ†~x×

(
i~∂ − g ~A

)
ψ + ~x×

(
~E × ~B

)]
(4.11)

where:

Σi =
i

2
εijkγjγk (4.12)
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Ji does not integrate the gluon term by parts, and does not identify the
gluon spin/OAM separately. The Ji decomposition is valid for all components
of ~J , but usually only applied to ~z component, where the quark spin term
has a partonic interpretation.

The advantage of such a decomposition is the manifest gauge invariance
of all terms.
Deep virtual Compton scattering can be used to probe ~Jq = ~Sq + ~Lq
The disadvantage is a presence of interactions in the quark orbital angular
momentum.
Thus only the quark spin has a partonic interpretation as a single particle
density.

Ji decomposes the proton spin as:

1

2
=
∑
q

Jq + Jg =
∑
q

(
1

2
∆q + Lq

)
+ Jg (4.13)

1

2
∆q =

1

2

∫
d3x〈P, S|q†(~x)Σ3q(~x)|P, S〉 Σ3 = iγ1γ2 (4.14)

Lq =

∫
d3x〈P, S|q†(~x)

(
~x× i ~D

)3
q(~x)|P, S〉 (4.15)

Jg =

∫
d3x〈P, S|

[
~x
(
~E × ~B

)]3

|P, S〉 (4.16)

where:

i ~D = i~∂ − g ~A Pµ = (M, 0, 0, 1), Sµ = (0, 0, 0, 1) (4.17)

∆q can be accessed from polarized DIS, Jq = 1
2∆q +Lq can be obtained

from exp/lattice (GPDs). Lq is independently de�ned as a matrix element of

q†(~r×i
~D)q. In practice it is easier to obtain it by subtraction Lq = Jq − 1

2∆q.
Jq is usually de�ned through Jq = 1

2 − Jq, but can be de�ned through the
gluon GPDs. Ji makes no further decomposition of Jg into intrinsic (spin)
and extrinsic (OAM) piece.

4.3 Ja�e-Manohar decomposition

According to Ja�e and Manohar the orbital angular momentum can be de-
�ned on a light-like hypersurface rather than a space-like hypersurface.

J3 =

∫
d2x⊥

∫
dx−M12+ (4.18)
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where

x− =
1√
2

(x0 − x−) (4.19)

and M12+ = 1√
2
(M120 +M123)

Since ∂µM
12µ = 0, we �nd:∫

d2x⊥

∫
dx−M12+ =

∫
d2x⊥

∫
dx3M120 (4.20)

In a light-cone framework and light-cone gauge A+ = 0 one �nds:

Jz =

∫
dx−d2r⊥M

+xy 1

2
=

1

2
∆Σ +

∑
q

Lq + ∆G+ Lg (4.21)

In terms of matrix elements we have (here γ+ = γ0 + γz)

Lq =

∫
d3r〈P, S|~q(~r)γ+

(
~r × i~∂

)z
q(~r)|P, S〉 (4.22)

∆G = ε+−ij
∫
d3r〈P, S|TrF+iAj |P, S〉 (4.23)

Lg = 2

∫
d3r〈P, S|TrF+j

(
~x× i~∂

)z
Aj |P, S〉 (4.24)

∆Σ =
∑

q ∆q can be found from polarized DIS (or lattice), ∆G can be
accessed from proton-proton collisions and from polarized DIS evolution. ∆G
is a gauge invariant and local operator only in the light-cone gauge. Moments
of the gluon spin can be also described by a local gauge invariant operators.
Lq, Lg are independently de�ned but there is no experiment proposed to
access them, also they are not accessible in lattice simulations.

4.4 Chen-Goldman et al. decomposition

Chen, Goldman et al. integrate by parts in Jg only for term involving Aphys,
where:

A = Aphys +Apure with 5Aphys = 0 5×Apure = 0 (4.25)

1

2
=
∑
q

Jq + Jg =
∑
q

(
1

2
∆q + L′q) + S′g + L′g (4.26)

Here ∆q is the same as in the JM and Ji decompositions.

L′q =

∫
d3x〈P, S|q(~x)

(
~x× i ~Dpure

)3
q(~x)|P, S〉 (4.27)

S′g =

∫
d3x〈P, S|

(
~E × ~Aphys

)3
|P, S〉 (4.28)

L′g =

∫
d3x〈P, S|Ei

(
~x× ~5

)3
Aiphys|P, S〉 (4.29)
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where i ~Dpure = i~∂ − g ~Apure. In this decomposition only 1
2∆q is accessible

experimentally.
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4.5 The axial anomaly

The naive parton model interpretation of the EMC experiment is treating
the �avour singlet axial current as the quark spin-density operator. This
leads to a small contribution to the proton spin from the quark spins, a0 =
2Squarksz ' 0, in contradiction with the Quark Model.

Proton spin in �eld theory

The operator J0
5µ for the singlet axial current, containing quark �eld oper-

ators only, is the quark spin density operator for free �elds. It measures
the total quark spin in the initial parton state. J0

5µ is not a conserved cur-
rent. Its expectation value in the nucleon state where the partons interact
strongly with each other is not the same as the expectation value in the
initial state of free partons. In the naive parton model we ignore these inter-
actions setting the expectation values in the nucleon and free parton states
equal. Only the total Jz , not Sz, is generally conserved. There is a reason
why non-conservation of J0

5µ is important. From the equations of motion J0
5µ

is conserved for massless quarks. The non-conservation is anomalous when
one works with massless quarks.

There is an important consequence of the non-conservation of J0
5µ. Con-

sider the proton matrix element 〈P |J0
5µ|P 〉 in the Heisenberg picture. Insert-

ing a sum over free parton states, we have:

〈P |J0
5µ|P 〉 =

∫ ∑
|〈k1...kn|P 〉|2 〈k1...kn|J0

5µ|k1...kn〉 . (4.30)

Matrix elements like 〈k1...kn|Ô|k1...kn〉 will, in general, depend on the
renormalization scale µ2. Only in case where the operator Ô is conserved one
can show that the matrix elements are independent of µ2. This is true for
J3

5µ and J
8
5µ with massless quarks. The expectation value of a non-conserved

operator cannot have any simple physical signi�cance. We should not think
of the expectation value of J0

5µ as �the physical spin of the parton" � it is

not a �xed number. It depends on the value of µ2 and it can have any
value. To avoid this one should always indicate the renormalization scale,
i.e. write 〈k1...kn|J0

5µ|k1...kn〉µ2 . Thus the contradiction between the proton
spin measurements and theory is a property of to the naive parton model.

QCD, the Quark Model and the Naive Parton Model

Since the expectation value of J0
5µ depends upon the renormalization scale

µ2, it is important to know if there is a value of µ2 at which the expectation
value agrees with the quark model result, i.e. corresponds to the physical
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spin of free quarks. This should happen as µ2 → 0. There are several
arguments from the perturbative domain to support this assumption.

The quark model does not contain gluons. The dynamics is given by the
quark degrees of freedom. The quark momentum operator and the gluon
momentum operator are not conserved in QCD, only their sum is. The mo-
mentum fractions of a hadron carried by quarks or by gluons depend on
the renormalization scale. At large µ2, where αs(µ

2) is small and pertur-
bation theory can be trusted, the momentum fraction carried by the gluons
increases to the limit 16/25 at µ2 → ∞. Thus the gluons play a smaller
role in the momentum sum rule at smaller µ2. Similarly, the spin at scale
µ carried by the gluons increases without limit as µ2 → ∞, so that gluons
contribute less in the angular momentum sum rule at lower µ2.

These examples suggest that one is approaching the quark model as µ2 →
0. At the other end of the scale we have the partonic picture which was
invented to explain Bjorken scaling which holds as Q2 → ∞, which in the
present context corresponds to µ2 → ∞. Since αs(µ

2) → 0 as µ2 → ∞ one
does usually obtain the relationships of the naive parton model in this limit,
but one has to use Q2-dependent parton distributions.

An important exception to this rule is the gluonic contribution to the
�rst moment of g1(x,Q2). Here a QCD correction proportional to αs(Q

2)
contributes, multiplied by the gluon spin at scale Q2, which increases like
ln Q2. The logarithmic decrease of αs(Q

2) as Q2 → ∞ is compensated
by the increase in the gluon spin, leaving a �nite, non-zero contribution as
Q2 → ∞. This is linked directly to the existence of the axial anomaly in
QCD.

The axial anomaly

Consider the axial current

Jf5µ = ψ̄f (x) γµγ5 ψf (x) (4.31)

bilinear in the quark operators of de�nite �avour f ( colour summation
implied). From the free Dirac equation of motion one �nds that

∂µJf5µ = 2imqψ̄f (x) γ5 ψf (x) (4.32)

where mq is the mass of the quark of �avour f .

In the chiral limitmq → 0 we �nd that Jf5µ is conserved. If this were true,
there would be a symmetry between left and right-handed quarks, and as
a consequence there would be a parity degeneracy of the hadron spectrum:
there would exist two protons of opposite parity. As shown originally by
Adler, and by Bell and Jackiw [84] (in the context of QED) the formal
argument from the free equations of motion is not reliable and there is an
anomalous contribution arising from the triangle diagram shown in Fig. 4.5.
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This leads to a nonconservation of the axial current when mq = 0. For the
QCD case one has [H.Fritzsch, M.Gell-Mann and H.Leutwyler, Phys. Lett.
47B, 365 (1973) ]:

∂µJf5µ =
αs
4π

GaµνG̃
µν
a =

αs
2π

Tr [Gµν G̃
µν

] (4.33)

where G̃aµν is the dual �eld tensor

G̃aµν ≡
1

2
εµνρσG

ρσ
a (4.34)

and where a �eld vector or tensor without a colour label stands for a matrix.
In this case

Gµν ≡

(
λa
2

)
Gaµν . (4.35)

Figure 4.1: Triangle diagram giving rise to the axial anomaly.

The result (4.33), which represents a calculation of the triangle diagram
(Fig. 4.5) using mq = 0 and the gluon virtuality k2 6= 0, is a particular limit
of a highly non-uniform function. If we take mq 6= 0, k2 6= 0 the right hand
side of (1.3.3) is multiplied by

T (m2
q/k

2) = 1−
2m2

q/k
2√

1 + 4m2
q/k

2
ln

(√
1 + 4m2

q/k
2 + 1√

1 + 4m2
q/k

2 − 1

)
. (4.36)

This anomaly corresponds to T → 1 for (m2
q/k

2) → 0. For on-shell gluons,
k2 = 0, and mq 6= 0, i.e. in the limit (m2

q/k
2) → ∞, the terms cancel, and

there is no anomaly.
The anomaly induces a pointlike interaction between J0

5µ and gluons.
Using Adler's expression [84] for the triangle diagram, modi�ed to QCD,

we can write for the forward gluonic matrix element of the �avour f current
(ε0123 = 1)

〈k, λ|Jf5µ|k, λ〉 =
iαs
2π

εµνρσ k
νε∗ρ(λ)εσ(λ)T (m2

q/k
2)

= −αs
2π

Sgµ(k, λ)T (m2
q/k

2) (4.37)
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where λ is the gluon helicity and

Sgµ(k, λ) ≈ λkµ (4.38)

is the covariant spin vector for almost massless gluons.
It possible to compute the gluonic contributions to the hadronic expecta-

tion value 〈P, S|J0
5µ|P, S〉. Since the gluons are bound, they will be slightly

o�-shell i.e. k2 6= 0, but small. The full triangle contribution involves a sum
over all quark �avours. We take mu,md and ms to be � k2, mc,mb and mt

are � k2. The function T (m2
q/k

2) thus takes the values:

T = 1 for u, d, s

T = 0 for c, b, t (4.39)

and the gluon contribution is then given by

agluons0 (Q2) = −3
αs
2π

∫ 1

0
dx ∆g(x,Q2)

= −3
αs
2π

∆g(Q2) (4.40)

or from (4.2.1)

Γgluons1p (Q2) = −1

3

αs
2π

∆g(Q2) . (4.41)

∆g(x,Q2) is the di�erence between the number density of gluons with the
same helicity as the nucleon and those with opposite helicity. Its integral
∆g(Q2) is the total helicity carried by the gluons. If Nf massless quark
�avours contribute in the anomalous triangle, then on the right hand side of
(4.41) we �nd:

1/3→ Nf 〈e2
f 〉/2

where 〈e2
f 〉 is the mean of the squared charges.

Even though (4.33) was derived perturbatively to order αs, it is believed
to be an exact result. It was shown by Adler [84] that the anomaly is not in-
�uenced by higher order corrections at the 2-loop level. These results remain
true in QCD for the matrix elements of (4.33). Further, it has been argued
by Jackiw [85] that (4.33) is true even outside the perturbative domain of
QCD.

The result (4.40) tells us that the naive parton model formula for a0 (and
for Γp1 in terms of the ∆qf ) is incorrect:

a0 = ∆Σ ≡
∫ 1

0
dx ∆Σ(x) (4.42)

.
Instead we have:

a0 = ∆Σ− 3
αs
2π

∆g (4.43)

This means that the small measured value of a0 does not necessarily
imply that ∆Σ is small.
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The axial gluon current Kµ and the gluon spin

We consider the axial gluon current

Kµ =
1

2
εµνρσAaν

(
Gaρσ −

g

3
fabcA

b
ρA

c
σ

)

= εµνρσTr

{
Aν

(
Gρσ +

i

3
g[Aρ,Aσ]

)}
(4.44)

Aρ =
λa
2
Aaρ (4.45)

We �nd:

∂µK
µ =

1

2
GaµνG̃

µν
a = Tr (Gµν G̃

µν
) . (4.46)

If mq = 0, the modi�ed current

J̃f5µ ≡ J
f
5µ −

αs
2π

Kµ (4.47)

is conserved: ∂µJ̃f5µ = 0.
The matrix elements of the modi�ed singlet axial current

J̃0
5µ ≡ J0

5µ −Nf
αs
2π

Kµ (4.48)

are independent of the renormalization scale and should correspond to the
value obtained in the Quark Model (no gluons; approximately SU(6) quark
wave function) i.e.

〈P, S|J̃0
5µ|P, S〉 = 2Mã0S

µ , (4.49)

We expect ã0 independent of Q2 and thus ã0 ' 1.
Many of the operators corresponding to standard dynamical observables

are not gauge-invariant in a local gauge theory. In the gauge Aa0(x) = 0 the

gluon spin operator Ŝ
g
becomes

Ŝgi = −εijkAja∂0Aka . (4.50)

In this gauge the cubic term vanishes for the spatial components of the vector
Kµ and one �nds

Ki = −Ŝgi (gauge A0
a = 0) . (4.51)

We consider the hadronic expectation value of Kµ in the gauge A0 = 0.
We �nd,

〈P, S|Kµ|P, S〉 = −2M Sµ(P ) ∆g . (4.52)

We should consider the question of the gauge dependence of this relation.
The current Kµ is not gauge invariant. In QED there is no cubic term (since
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it is an Abelian theory), and the gauge transformation induced in Kµ as a
consequence of

Aµ(x)→ Aµ(x) + ∂µΛ(x) (4.53)

can be written in the form

Kµ(x)→ Kµ(x)− 1

2
[∂νΛ(x)] εµνρσF

ρσ(x) (4.54)

Here we use the fact that Fµν is gauge invariant in QED. Though Kµ(x)
changes, its forward matrix elements, or expectation values do not, since the
expectation value of F ρσ(x) vanishes. In QED F ρσ is related to Aµ(x) via
derivatives, and one may use [P̂µ, f(x)] = −i∂f/∂xµ.

In QCD, using

Aµ → UAµU
−1 +

i

g
(∂µU)U−1 (4.55)

one has
Gµν → UGµvU

−1 (4.56)

One obtains:

Kµ → Kµ +
2i

g
εµναβ ∂

νTr(AαU−1∂βU)

+
2

3g2
εµναβ Tr{U−1(∂νU)U−1(∂αU)U−1(∂βU)} . (4.57)

The second term in the right hand side of (4.57) is a total divergence
and gives zero contribution to the expectation value of Kµ. The third term
can also be shown to be a divergence [86]. It cannot be discarded because of
the non-trivial topological structure of QCD. We may ignore the last term
for �small" gauge transformations, i.e. those continuously connected to the
unit transformation U = I, but it is not possible to ignore it for �large"
(topologically non-trivial) gauge transformations.
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4.6 Experiments studying the spin structure

Bjorken considered it very di�cult to test his sum rule when he �rst derived
it 40 year ago, since the experimental technology needed to test it was not
available. In late 70s the �rst experiments at SLAC [21, 22, 23, 24] using
polarized electrons seemed to con�rm the expectations of the naive quark
parton model. The range in x covered was rather limited, and the data had
large errors and were taken at fairly low Q2. These experiments started the
exploration of the nucleon spin structure, not only in the DIS region, but
also in the region of the nucleon resonances [23].

The EMC collaboration [9] used the polarized muon beam at CERN,
with much higher beam energy then the SLAC experiments, together with a
polarized proton target. The EMC experiment extended the x-range down
to signi�cantly lower x ≈ 0.01. Combined with the earlier SLAC data,
their result seemed to indicate that the proton spin was not due to the
helicities of the quarks. This violated the Ellis-Ja�e sum rule [10] within the
simple quark-parton picture assuming that SU(3) is a good symmetry and
the strange (sea) quark contribution to the nucleon spin could be ignored.

This puzzling result lead to the development of several new experiments
that had to verify the data on the proton with greater precision and test the
Bjorken sum rule [12] by probing the spin structure of the neutron as well.
This required the use of targets containing polarized neutrons.

The Spin Muon Collaboration used large dynamically polarized cryogenic
deuteron [28] and proton [29] targets to extract information on the neutron
and to improve on the statistics of the EMC result. SMC pioneered the use of
semi-inclusive data, where a leading hadron is identi�ed in coincidence with
the scattered lepton, to get more information on the contribution of various
quark �avors to the nucleon spin [30]. The complete data set collected by
the SMC resulted in precise inclusive results both at the highest momentum
transfer Q2 [31] and at the lowest quark momentum fraction x accessible to
�xed target experiments [32].

The E142 collaboration at SLAC was the �rst to use a 3He gas target
with high luminosity to directly access the neutron spin structure functions
gn1 and gn2 [33, 34]. Together with the EMC and SMC experiments, the data
showed that the Bjorken sum rule including QCD corrections appeared to
be valid. E142 was followed by a series of additional experiments at SLAC
that used all three nuclear targets (proton, deuteron and 3He) to accumulate
a highly precise data set on the spin structure functions in the deep inelas-
tic region. Instrumental for achieving ever higher precision was a signi�cant
improvement in the polarization (to over 80%) and intensity of available elec-
tron beams from strained GaAs cathodes irradiated with circularly polarized
laser light. By using several electron beam energies and a set of up to 3 spec-
trometers, the E143 [35, 36, 37] and the E155 [38, 39] collaborations collected
data on the proton and the deuteron over a wide range of momentum trans-
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Figure 4.2: Solid state polarized proton or deuteron
target for electron scattering experiments. The part
containing the frozen ammonia (15N~H3 or

15N~D3) is at
the center of a Helmholtz-type magnet creating a mag-
netic �eld of about 5 T. A 4He evaporation refrigerator
(a liquid helium bath in a low-pressure environment)
cools the target material to about 1 K. 140 GHz mi-
crowaves irradiate the target material to dynamically
polarize the hydrogen nuclei. The polarization is mea-
sured by a resonant NMR circuit (the obtained signal
vs. frequency is showed in the top right). Polarized
targets for muon beams are typically much longer and
can be cooled to lower temperatures.

fer Q2 at several values of x, which were used to study scaling violations for
polarized structure functions. The E154 collaboration [40, 41] added more
neutron data at similar kinematics, using a polarized 3He target. The E143
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Figure 4.3: HERMES experiment at HERA/Desy
(Hamburg, Germany). The electron or positron beam
traverses an open storage cell supported by an atomic
beam source with polarized H, D or 3He. Leptons
(and leading hadrons) are detected in a large ac-
ceptance spectrometer using wire chambers, scintilla-
tor hodoscopes, ring-imaging Cherenkov (RICH) and
transition-radiation (TRD) detectors, and an electro-
magnetic calorimeter.

collaboration also published the �rst precision results at lower Q2 and in the
nucleon resonance region (W ≤ 2GeV) [42]. The spin structure functions

gp,n,d2 were measured with high precision by rotating the target polarization
for all 4 experiments from a longitudinal to a perpendicular orientation to
the beam [37, 43, 44].

The HERMES collaboration developed an innovative approach to mea-
sure DIS structure functions (see Fig. 4.3). They used positrons or elec-
trons circulating in one of the HERA rings at DESY together with internal
low�density gas targets supplied directly from atomic beam sources [45, 46].
Atoms in the target are polarized using hyper�ne transitions induced by
radio frequency �elds and Stern-Gerlach type separation with magnetic sex-
tupoles. The atomic beam is injected into a thin, windowless tube through
which the beam circulates. This method provides a pure polarized target
without any dilution from unpolarized materials. The beam is polarized
by utilizing the Sokolov-Ternov e�ect (the spontaneous vertical polarization
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through spin-dependent synchrotron radiation of leptons in a storage ring).
Spin rotators turn the polarization into the longitudinal direction at the tar-
get. The scattered electrons, as well as hadrons produced in coincidence, are
detected by a large spectrometer. This setup allowed the HERMES collab-
oration to independently measure the inclusive spin structure functions g1

and g2 (for �nal results see [47]), but also semi-inclusive structure functions
for �avor�tagging [48]. HERMES collected a large data set on related reac-
tions of interest, from Deeply Virtual Compton Scattering (DVCS) [49] and
transverse spin structure functions [50] to a �rst direct measurement of the
gluon polarization [51].

Currently there are three laboratories left where experiments studying
the spin structure of the nucleon continue: CERN, with the SMC-successor
experiment �COMPASS�; BNL (on Long Island, NY) with the polarized
proton-proton collision program at RHIC; and the Thomas Je�erson Na-
tional Accelerator Facility (�Je�erson Lab� or JLab) in Newport News, Vir-
ginia, with an ongoing program of electron scattering in all 3 experimental
halls.

The COMPASS experiment (see Fig. 4.4) uses the secondary muon beam
at CERN together with large polarized deuteron and hydrogen targets to
extend the kinematic reach and precision of SMC. Its main purpose is to
extract information on the gluon polarization. This goal has been pursued
by measuring both the production of hadron pairs with high transverse mo-
mentum [13] and by detecting charmed mesons in the �nal state (which are
predominantly produced via photon-gluon fusion). Indirect information on
the gluon contribution to the nucleon spin also comes from NLO analyses
of inclusive DIS data, where the large kinematic lever arm o�ered by COM-
PASS makes an important contribution. The �rst results on the deuteron
have been published [52, 53, 54] and the COMPASS experimental program
will continue in the foreseeable future.

High-energy collisions of counter-circulating proton beams in the Rela-
tivistic Heavy Ion Collider (RHIC) at Brookhaven National Lab (BNL, Long
Island, NY) are used to study the spin structure of the nucleon. Polarized
protons are injected into a series of accelerators that �nally �ll both RHIC
rings, where energies up to 100 GeV (250 GeV in the future) can be reached
(see Fig. 4.5). Siberian snakes rotate the proton spins to avoid depolarizing
resonances, while spin rotators can select the desired spin direction at the
interaction points.

Currently, there are two large experiments (PHENIX and STAR) that
use polarized proton collisions to study the gluon helicity contribution ∆G
to the nucleon spin. The observables include meson production with high
transverse momentum pT as well as jet production, both probing the gluons
through quark-gluon and gluon-gluon interactions in the initial state. Results
from these experiments have been published in [55, 56, 57, 58] By orienting
the proton spins perpendicular to the beam direction, both experiments can
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Figure 4.4: Layout of the COMPASS experiment at
CERN (Geneva, Switzerland).

also study reactions sensitive to transverse spins.

In the last 10 years a large program using electron scattering to study
the spin structure of nucleons has been underway at Je�erson Lab (JLab).
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Figure 4.5: Layout of the RHIC accelerator complex
at BNL (Long Island, NY).

JLab used the highest polarization electron beams (over 85%) with energies
from 0.8 GeV to close to 6 GeV and all three species of polarized targets
(p, d, and 3He) to study spin-dependent structure functions both in the DIS
regime as well as in the nucleon resonance region. This program is ongoing in
all three experimental halls and will be continued, once the energy upgrade
to 12 GeV of the JLab accelerator is completed in 2014. In the following we
give some of the experimental details for all three halls.

JLab's Hall A is focused on the spin structure of the neutron, using a
polarized 3He target as an e�ective polarized neutron target. Measurements
of polarized cross-sections and asymmetries in the two orthogonal directions
allow a direct extraction of g1, g2, A1 and A2. A series of high precision ex-
periments [59, 60, 61, 62, 63, 64, 65, 66, 67, 68] measured g1 and g2 in a wide
range of kinematics, from very low Q2 (≈ 0.01 GeV2) up to 5 GeV2 and from
the elastic peak to the DIS region (W ≈ 3 GeV). A pair of High Resolution
Spectrometers (HRS) are used to detect the scattered electrons. The HRS
have angular acceptances of ≈ 6 msr and momentum acceptances of ≈ 9%.
Their angular range is 12.5◦ to 160◦ and can reach as low as 6◦ with the ad-
dition of a septum magnet. The high luminosity of 1036 cm−2s−1 allowed for
precision measurements at numerous HRS momentum and angular settings
to cover a wide area in the (Q2,W)-plane. The electron detector package
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consists of vertical drift chambers (for momentum analysis and vertex recon-
struction), scintillation counters (for data acquisition trigger), gas Cherenkov
counters and lead-glass shower calorimeters (for particle identi�cation). The
HRS optical property and acceptance have been carefully studied. Abso-
lute cross sections are measured to a level of 2-3% precision. Asymmetries
are measured to a level of 4-5% precision, mostly due to the uncertainties
from the beam and target polarization measurements. The spin structure
functions g1 and g2 are extracted using polarized cross section di�erences
in which contributions from unpolarized materials, such as target windows
and nitrogen, cancel. Corrections for the two protons in 3He are still needed
since they are slightly polarized due to the D state ( 8%) and S′ state (1.5%)
of the 3He wave function [69]. Corrections for binding and Fermi motion are
applied using state-of-the-art 3He calculations [70, 71]. Uncertainties due to
the nuclear corrections have been studied [70]. In the region of DIS and for
the extraction of moments, the uncertainties are usually small, typically less
than 5%.

In JLab's Hall B the EG1�EG4 series of experiments has as its goal to
map out the asymmetry A1 and the spin structure function g1 of both nu-
cleons over the largest, continuous kinematic range accessible. It uses the
CEBAF Large Acceptance Spectrometer (CLAS) in Hall B that covers an
angular range of about 6 degrees to over 140 degrees in polar angle and nearly
2π in azimuth [72]. Geometry and the toroidal magnetic �eld (maintained
by 6 superconducting coils evenly distributed in azimuth), allows to simul-
taneously detect scattered electrons over a wide kinematic range, as well as
secondary produced hadrons (nucleons, pions and kaons) for semi-inclusive
or exclusive channels. Combining runs with several di�erent beam energies
from 1 to 6 GeV, a continuous coverage in Q2 from 0.015 to 5 GeV2 and in
�nal state mass W , from the elastic peak (W = 0.94 GeV) to the DIS region
(W ≈ 3 GeV), has been achieved. Inclusive results from the EG1 experiment
have been published [73, 74, 75, 76].

So far, only targets polarized along the beam direction have been utilized
(because of the di�culty to combine a large transverse magnetic �eld with
the open geometry of CLAS), which necessitates (minor) corrections of the
measured asymmetries for the unobserved contribution from A2 . A �t to the
world data on A2 and on unpolarized structure functions R and F1 [77, 78]
is used to extract the desired spin structure function information from the
measured asymmetries. In addition to the structure function g1(x,Q2), the
CLAS data have also yielded new results on resonance excitation and decay
(via exclusive π+, π0 and π− channels) [79, 80], on deeply virtual Compton
scattering [81], and on single and double spin asymmetries in semi-inclusive
hadron production [82].

The experiment completed in Hall C used a standard DNP ammonia
target (15NH3 and 15ND3) and the existing high momentum spectrometer
(HMS) for a detailed look at the resonance region at intermediate Q2 ≈ 1.3
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GeV2. This is the only experiment at JLab on the proton and the deuteron
where both longitudinal and transverse double spin asymmetries were mea-
sured, allowing an unambiguous separation of the structure functions A1 and
A2 or g1 and g2 up to a �nal state missing mass of W ≈ 2 GeV. The �rst
results have been published [83].
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4.7 Polarized lepton-nucleon DIS

4.7.1 The one photon exchange approximation

In this section we outline the general formalism used to describe inelas-
tic scattering of polarized leptons on polarized nucleons. We use the fol-
lowing notation - m: the lepton mass, k (k′): the initial (�nal) lepton
four-momentum, s (s′): its covariant spin four-vector, de�ned by s · k =
0 (s′ · k′ = 0) and s · s = −1 (s′ · s′ = −1). The nucleon mass is M and the
nucleon four-momentum and spin four-vector are, respectively, P and S.

Figure 4.6: One photon approximation

Using the one photon exchange approximation ( see Fig.[?]) , the di�er-
ential cross-section for detecting the �nal polarized lepton in the solid angle
dΩ and in the �nal energy range (E′, E′ + dE′) in the laboratory frame,
P = (M,0), k = (E,k), k′ = (E′,k′), can be written as

d2σ

dΩ dE′
=

α2

2Mq4

E′

E
Lµν W

µν , (4.58)

q = k − k′ , α : �ne structure constant.

In Eq. (4.58) the leptonic tensor Lµν is given by

Lµν(k, s; k′, s′) = [ū(k′, s′) γµ u(k, s)]∗ [ū(k′, s′) γν u(k, s)] (4.59)

It can be separated into symmetric (S) and antisymmetric (A) parts under
µ, ν interchange:

Lµν(k, s; k′, s′) = L(S)
µν (k; k′) + iL(A)

µν (k, s; k′) (4.60)

+ L′ (S)
µν (k, s; k′, s′) + iL′ (A)

µν (k; k′, s′)
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where

L(S)
µν (k; k′) = kµk

′
ν + k′µkν − gµν (k · k′ −m2) (4.61)

L(A)
µν (k, s; k′) = m εµναβ s

α (k − k′)β (4.62)

L′ (S)
µν (k, s; k′, s′) = (k · s′) (k′µsν + sµk

′
ν − gµν k′ · s)

− (k · k′ −m2) (sµs
′
ν + s′µsν − gµν s · s′) (4.63)

+ (k′ · s)(s′µkν + kµs
′
ν)− (s · s′)(kµk′ν + k′µkν)

L′ (A)
µν (k; k′, s′) = m εµναβ s

′α(k − k′)β . (4.64)

The usual unpolarized leptonic tensor 2L
(S)
µν can be obtained by summing

Eq. 4.61 over s′ and taking an average over s. Taking a sum over s′, yields

2L
(S)
µν + 2iL

(A)
µν .

The hadronic tensor (describing the unknown structure of the nucleon)
Wµν is de�ned in terms of four structure functions as [137, 138, 139].

Wµν(q;P, S) = W (S)
µν (q;P ) + i W (A)

µν (q;P, S) (4.65)

with

1

2M
W (S)
µν (q;P ) =

(
−gµν +

qµqν
q2

)
W1(P · q, q2)

+

[(
Pµ −

P · q
q2

qµ

)(
Pν −

P · q
q2

qν

)]
W2(P · q, q2)

M2
(4.66)

1

2M
W (A)
µν (q;P, S) = εµναβ q

α

{
MSβG1(P · q, q2)

+ [(P · q)Sβ − (S · q)P β]
G2(P · q, q2)

M

}
. (4.67)

For di�erential cross-section one obtains:

d2σ

dΩ dE′
=

α2

2Mq4

E′

E

[
L(S)
µν Wµν(S) + L′ (S)

µν Wµν(S)

− L(A)
µν Wµν(A) − L′ (A)

µν Wµν(A)
]
. (4.68)

Each term in the square brackets can be separately studied by looking at
cross-sections or di�erences between cross-sections with speci�c initial and
�nal polarizations [140]. These terms are, at least in principle, measurable
quantities which are either a function of the two spin-averaged structure

functions W1 and W2 (terms containing W
(S)
µν ) or of the two spin-dependent

structure functions G1 and G2 (terms containing W
(A)
µν ). The usual unpo-
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larized cross-section is proportional to L
(S)
µν Wµν(S)

d2σunp

dΩ dE′
(
k, P ; k′

)
=

1

4

∑
s,s′,S

d2σ

dΩ dE′
(k, s, P, S; k′, s′)

=
α2

2Mq4

E′

E
2L(S)

µν Wµν(S) , (4.69)

The di�erences of cross-sections with opposite target spins single out the

L
(A)
µν Wµν(A) term:

∑
s′

[
d2σ

dΩ dE′
(k, s, P,−S; k′, s′)− d2σ

dΩ dE′
(k, s, P, S; k′, s′)

]

=
α2

2Mq4

E′

E
4L(A)

µν Wµν(A) . (4.70)

Bjorken scaling

The cross-section for the inelastic scattering of unpolarized leptons on un-
polarized nucleons in the laboratory frame can be written explicitly, using
above equations and neglecting the lepton mass, as

d2σunp

dΩ dE′
=

4α2E′2

q4

[
2W1 sin2 θ

2
+W2 cos2 θ

2

]
(4.71)

where θ is the laboratory scattering angle of the lepton. Its measurement
gives information on the unpolarized structure functions W1(P · q, q2) and
W2(P · q, q2).

In the Bjorken limit, or deep inelastic scattering (DIS) regime,

−q2 = Q2 →∞ ν = E−E′ →∞ x =
Q2

2P · q
=

Q2

2Mν
, �xed (4.72)

the structure functions show a scaling behaviour:

lim
Bj

MW1(P · q,Q2) = F1(x)

lim
Bj

νW2(P · q,Q2) = F2(x) , (4.73)

where F1,2 vary very slowly with Q2 at �xed x.
Similarly, for cross-section di�erence , one has∑

s′

[
d2σ

dΩ dE′
(k, s, P, S; k′, s′)− d2σ

dΩ dE′
(k, s, P − S; k′, s′)

]
≡
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≡ d2σs,S

dΩ dE′
− d2σs,−S

dΩ dE′
= (4.74)

=
8mα2E′

q4E

{[
(q · S)(q · s) +Q2(s · S)

]
MG1 +Q2

[
(s · S)(P · q)− (q · S)(P · s)

]G2

M

}
which yields information on the polarized structure functions G1(P · q, q2)
and G2(P · q, q2). They also are expected to scale approximately:

lim
Bj

(P · q)2

ν
G1(P · q,Q2) = g1(x) (4.75)

lim
Bj

ν (P · q) G2(P · q, q2) = g2(x) .

In terms of g1,2 the expression for W
(A)
µν becomes

W (A)
µν (q;P, s) =

2M

P · q
εµvαβ q

α

{
Sβg1(x,Q2)+

[
Sβ − (S · q)P β

(P · q)

]
g2(x,Q2)

}
.

(4.76)

Cross-section di�erences

To gather information on the polarized structure functions G1 and G2, we
can use Eq. (4.74) and consider speci�c spin con�gurations.

In the case of longitudinally polarized leptons ( initial lepton with spin
along (→) or opposie(←) the direction of motion ) the nucleons at rest are
polarized along (S) or opposite (−S) an arbitrary direction Ŝ. We can write:

sµ→ = − sµ← =
1

m
(|k|, k̂E) k̂ =

k

|k|
(4.77)

Sµ = (0, Ŝ) .

We take the z-axis along the incoming lepton direction and de�ne

kµ = (E, 0, 0, |k|) ' E(1, 0, 0, 1)

k′µ = (E′,k′) ' E′(1, k̂′)
= E′(1, sin θ cosϕ, sin θ sinϕ, cos θ) (4.78)

Ŝ = (sinα cosβ, sinα sinβ, cosα) .

From Eqs. (4.74) we obtain (at leading order in m/E)

d2σ→,S

dΩ dE′
− d2σ→,−S

dΩ dE′
= −4α2

Q2

E′

E
(4.79)

×

{
[E cosα+ E′ cos Θ]MG1 + 2EE′[cos Θ− cosα] G2

}
.
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α is the polar angle of the nucleon spin direction, i.e. the angle between k̂

and Ŝ, and Θ is the angle between the outgoing lepton direction, k̂
′
, and Ŝ

:

cos Θ = sin θ cosϕ sinα cosβ

+ sin θ sinϕ sinα sinβ + cos θ cosα (4.80)

= sin θ sinα cosφ+ cos θ cosα

where φ = β −ϕ is the azimuthal angle between the (k̂, k̂
′
) scattering plane

and the (k̂, Ŝ) polarization plane
For nucleons polarized along (⇒) or opposite (⇐) the initial lepton di-

rection of motion one has α = 0, Θ = θ, and Eq. (4.79) gives

d2σ
→⇒

dΩ dE′
− d2σ

→⇐

dΩ dE′
= −4α2

Q2

E′

E

[
(E + E′ cos θ)MG1 −Q2G2

]
. (4.81)

If the nucleons are transversely polarized (the nucleon spin is perpendic-
ular to the direction of the incoming lepton) α = π/2 and Eqs. (4.79, 4.80)
yield

d2σ→⇑

dΩ dE′
− d2σ→⇓

dΩ dE′
= −4α2

Q2

E′2

E
sin θ cosφ (MG1 + 2EG2) . (4.82)

If the nucleon spin is perpendicular to the scattering plane (α = φ =
π/2), the cross-section di�erence in Eq. (4.82) is zero. Such a di�erence has
its maximum absolute value when φ = 0 or π, that is when the nucleon spin
vector, perpendicular to k̂, lies in the scattering plane.

Above we assumed longitudinally polarized leptons. Dealing with trans-
versely polarized leptons is more complicated. For transversely polarized
incoming leptons we have

s = (0, ŝ) , (4.83)

with the unit vector ŝ orthogonal to k̂, ŝ · k̂ = 0. Contrary to the case of
longitudinally polarized leptons, Eq. (4.77) has no factor E/m to cancel the
factor m/E which appears in the cross-section di�erences (4.74), and the
latter turn out to be vanishingly small in the large energy limit (m/E → 0).

Information on the unpolarized structure functions W1 and W2 can be
obtained by looking at lepton spin asymmetries in the initial and �nal states
[140]; this requires measurement of the scattered lepton polarization, which
is di�cult to achieve.

Measurement of g1 and g2 on nucleon targets

Cross-section di�erences with particular lepton and nucleon spin con�gura-
tions give information on the polarized structure functions G1 and G2 or on
the scaling functions g1 and g2, Eq. (4.75).
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A single di�erence measurement provides information on a combination
of G1 and G2, rather than on the separate structure functions. Extracting
from the data values of G1 or G2 requires an additional approximation.

a) Longitudinally polarized target
Most of the experiments [141, 142, 143, 144, 145, 146, 147, 148] measured

the longitudinal spin-spin asymmetry in `p→ `X,

A‖ ≡
dσ
→⇐ − dσ

→⇒

dσ
→⇒ + dσ

→⇐
, (4.84)

Here dσ stands for d2σ/(dΩ dE′) and the denominator is twice the unpolar-
ized cross-sections. From Eqs. (4.71) and (4.81) we have

A‖ =
Q2 [(E + E′ cos θ)MG1 −Q2G2]

2EE′ [2W1 sin2(θ/2) +W2 cos2(θ/2)]
· (4.85)

The asymmetry A‖ is usually expressed in terms of virtual Compton
scattering asymmetries A1,2 [LEA 85],

A‖ = D(A1 + ηA2) , (4.86)

hereD and η are known coe�cients (they can be found in original experimen-
tal papers cited above). To a good approximation one �nd the expressions

A‖ ≈ DA1 (4.87)

and

g1(x) ≈
A‖

D

F2(x)

2x[1 +R(x)]
, (4.88)

where F2(x) is the unpolarized scaling structure function, Eq. (4.73). R is
the ratio of the longitudinal to transverse cross-section

R =
W2

W1

(
1 +

ν2

Q2

)
−1 . (4.89)

Approximations involved in the simpli�cations can be shown to be suit-
able when measuring g1 [144, 145]. One can show that

|A2| ≤
√
R (4.90)

R is known to be small.
From (4.71, 75 and 85) we have

MνQ2E

2α2E′(E + E′ cos θ)

d2σunp

dΩ dE′
A‖ = g1 −

2xM

E + E′ cos θ
g2 (4.91)
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This can be rewritten

g1 − κg2 = 2K dσunp A‖ (4.92)

with

κ =
2xM

E + E′ cos θ
≈ xM

E −Q2/(4Mx)

K =
MνQ2E

4α2E′(E + E′ cos θ)
=

EE′ cos2(θ/2)

2xσMott (E + E′ cos θ)
(4.93)

where

σMott =

[
α cos(θ/2)

2E sin2(θ/2)

]2

·

The right hand side of Eq. (4.92) is obtained directly from experiment,
with no need of additional data analysis in order to extract F2 and R, as
required in Eq. (4.88).

The single measurement of A‖ (and dσ
unp) provides us information on

the combination g1 − κg2, and not on g1 or g2 alone. The usual argument
[141, 142, 143] is that the g2 term in Eq. (4.92) can be neglected because of
the kinematical coe�cient κ which, in the large energy limit, is very small,
as can be seen from Eqs. (4.93). This was con�rmed by a more detailed
analysis of the g2 term [149]. The measurement of the quantities on the
RHS of Eq. (4.92) provides a direct measurement of the polarized scaling
structure function g1.

To obtain data on g1(x,Q2) we should use eq (4.92). It would be impor-
tant to obtain g1(x,Q2) over the entire x-range 0 ≤ x ≤ 1 at the same Q2.
Experimentally this is not possible. The kinematics of the experiment puts
a constraint on smaller values of x which will correspond to a smaller range
of accessible Q2.

The experimentalists have to extrapolate the data in Q2 at �xed x. The
question is: which quantities vary most smoothly and slowly in Q2? Accord-
ing to the experiments A‖(x,Q

2)/D varies only slowly with Q2. Experimen-
talists prefer to express their measurements in terms of data on A‖(x,Q

2)
via (4.88). Another assumption is that A‖(x,Q

2)/D is independent of Q2

and the value of g1(x, 〈Q2〉) quoted. For an experiment with mean value of
Q2 equal to 〈Q2〉 one �nds:

g1(x, 〈Q2〉) ≡

(
A‖(x)

D

)
F2(x, 〈Q2〉)

2x[1 +R(x, 〈Q2〉)]
· (4.94)

The approximations leading to (4.88) are safe if one is trying to evaluate
g1(x). The perpendicular asymmetry A⊥ is used to measure a combination
of g1 and g2 in order to extract g2. g2 is expected to be much smaller than
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g1 and special attention has to be paid when using an approximate version
of g1(x).

b) Transversely polarized target
Information on g2 must be obtained from other spin-spin asymmetries.

By scattering longitudinally polarized leptons on transversely polarized nu-
cleons, one can measure the quantity

A⊥ ≡
dσ→⇓ − dσ→⇑

dσ→⇑ + dσ→⇓
(4.95)

dσ stands for d2σ/(dΩ dE′), and the denominator is twice the unpolarized
cross-section dσunp.

From Eqs. (4.71) and (4.82) one obtains

A⊥ =
Q2 sin θ(MG1 + 2EG2)

2E [2W1 sin2(θ/2) +W2 cos2(θ/2)]
cosφ (4.96)

where φ is the di�erence between the azimuthal angles of Ŝ and k̂
′
, φ = β−ϕ

Repeating for g2 the same direct procedure, Eqs. (4.91�93), and use Eqs.
(4.71, 75 and 96) (with φ = 0) to write

g2 +
ν

2E
g1 =

(
ν

E

)
K ′ dσunp A⊥ (4.97)

where

K ′ =
Q2EMν

4α2E′2 sin θ
=

E cos2(θ/2)

2xσMott sin θ
(4.98)

and σMott is given in Eqs. (4.93).
A measurement of A⊥ gives direct information on the structure function

combination g2 +ν/(2E) g1. The coe�cient of g1 is not negligible. To isolate
g2 one must have knowledge of g1 obtained from the A‖ measurement. If
the values of Q2 and x are �xed, the only dependence on the beam energy
E in the left hand side of (4.92) is in the coe�cient of g2(x). Looking at the
energy variation of the right hand side of (4.91) allows to obtain information
about g2(x). The coe�cient of g2(x) is small, thus it is not clear whether
this method is useful or not.

The measurement of A⊥ at di�erent beam energies E allows the isolation
of g2(x) from (4.97). Measurements at E = E1 and E2 yield

(E1 − E2) g2(x) = [νK ′ dσunp A⊥]E=E1 − [νk′ dσunp A⊥]E=E2 . (4.99)

Equations (4.91, 98) provide the most direct access to g2 , assuming that
the knowledge of g1 is accurate enough. If we want to obtain the data at
�xed Q2 over the entire range of x, a di�erent strategy is required, which we
now describe.
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c) Combined analysis using A‖ and A⊥

The longitudinal polarization data can be used to extrapolate A‖/D
smoothly in Q2 at �xed x. Taking this together with the perpendicular
polarization data, where it is measured, one can construct

A′ ≡
√
Q2

2M
A2 =

√
Q2

2M(1 + ξη)

{
ξ
A‖

D
+
A⊥
d

}
(4.100)

at the values of the A⊥ experiment. A′ should vary slowly with Q2 because

g1(x,Q2) + g2(x,Q2) =
F2(x,Q2)

2x2[1 +R(x,Q2)]
A′(x,Q2) (4.101)

Equation (2.1.44) can be used to estimate g1 +g2 over the entire x,Q
2 range.

Using A′ extrapolated to the relevant Q2, one can obtain an improved
evaluation of g1(x,Q2) using

g1(x,Q2) =
F2(x,Q2)

2x[1 +R(x,Q2)]
· 1

1 + 4M2x2/Q2
·

{
A‖

D
− 2M√

Q2

(
η−2Mx√

Q2

)
A′

}
.

(4.102)
The formulae (4.101) and (4.102) are exact. They are expressed in terms

of the functions A′(x,Q2) and A‖/D which should both be slowly varying
functions of Q2 at �xed x.

d) The problem of extrapolating in Q2

In section a) above we mentioned that

A1(x,Q2) =
A‖(x,Q

2)

D
(4.103)

is taken to be independent ofQ2 in the experimental evaluation of g1(x, 〈Q2〉)
via (4.94). No assumption has been made for the error in extrapolating from
the measured region of Q2 for the x involved to the required value 〈Q2〉. A
linear parametrization a + bQ2 or a + b lnQ2 for A1 will not work, since a
best �t will yield a very small value of b, but with very large errors, leading
to unrealistic error estimates on g1(x, 〈Q2〉).

There is no rigorous theoretical solution proposed for this experimental
problem, but the following approximate procedure should lead to an im-
proved estimate of g1(x, 〈Q2〉) and its error.

We de�ne a zeroth order approximation to g1(x, 〈Q2〉) for each xi via
(4.94), i.e.

g
(0)
1 (xi, 〈Q2〉) ≡ A1(xi, Q

2
i )F1(xi, 〈Q2〉) (4.104)

where

F1 =
F2

2x[1 +R]
(4.105)
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An improved estimate of g1(x, 〈Q2〉) for each xi is

g1(xi, 〈Q2〉) ≡ A1(xi, 〈Q2〉)F1(xi, 〈Q2〉) (4.106)

where A1(xi, 〈Q2〉) is obtained using

A1(xi, 〈Q2〉) ≈ A1(xi, Q
2
i ) + b(xi, Q

2
i ) ln(〈Q2〉/Q2

i ) (4.107)

and b(xi, Q
2
i ) is estimated from

b(xi, Q
2
i ) =

1

F1(xi, Q2
i )

∂g1(xi, Q
2)

∂ lnQ2

∣∣∣∣
Q2=Q2

i

(4.108)

− A1(xi, Q
2
i )

F1(xi, Q2
i )

∂F1(xi, Q
2)

∂ lnQ2

∣∣∣∣
Q2=Q2

i

·

Terms on the right hand side of (4.108) are known from experiment except
for the derivative of g1. This term can be approximately calculated from
the evolution equation, if we use the experimental fact, that the �avour
singlet part of g1 is much smaller than the non-singlet part. We consider the
evolution as if it were purely non-singlet, i.e. we compute

∂g1(xi, Q
2)

∂ lnQ2

∣∣∣∣
Q2=Q2

i

≈ αs(Q
2
i )

2π

∫ 1

xi

dy

y
g1(y,Q2

i ) ∆Pqq

(
xi
y

)
, (4.109)

where ∆Pqq is the non-singlet polarized splitting function. For the non-
singlet case polarized and unpolarized splitting functions are equal [151],

∆Pqq(x) = Pqq(x) =
4

3

(
1 + x2

1− x

)
+

· (4.110)

In the convolution integral in (4.109) we approximate g1 by its known
zeroth order estimate (4.104). The approximate formula is

∂g1(xi, Q
2)

∂ lnQ2

∣∣∣∣
Q2=Q2

i

≈ αs(Q
2
i )

2π

∫ 1

xi

dy

y
g

(0)
1 (y,Q2

i ) ∆Pqq

(
xi
y

)
. (4.111)

This provides an estimate for the value of b in (4.108) and for the error
on it.

Measurement of g1,2 on nuclear targets

A spin 1 target is deuterium, and a spin 1/2 target is 3He. The follow-
ing asymmetries are the analogues of (4.84 and 95) and are de�ned for the
nucleus A by

AA‖ =
dσ
→⇐
A − dσ

→⇒
A

dσ
→⇐
A + dσ

→⇒
A

(4.112)
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AA⊥ =
dσ→⇓A − dσ→⇑A
dσ→⇓A + dσ→⇓A

(4.113)

where σ⇒A , σ
⇐
A means Jz = ±1/2 for a spin 1/2 target, but Jz = ±1 for a

spin one target longitudinally polarized.
The constituents of the nucleons are assumed to contribute independently

to the scattering. Shadowing and Fermi motion are neglected.
For unpolarized scattering on deuterium this implies taking

σd = σp + σn , (4.114)

This is good approximation for σd but it can be misleading when di�erences
of cross-section are being studied. The Gottfried sum rule requires the com-
bination σp − σn for which the approximation 2σp − σd may be dangerous,
because the subtraction of comparable quantities magni�es the error [152].

A test of the Bjorken sum rule requires the quantity gp1 − gn1 , and it can
be di�cult obtaining gn1 from nuclear data on the basis of independent scat-
tering. Because gp1 and gn1 are expected to be rather di�erent in magnitude,
this approach should be reliable [153].

The nuclear cross-section di�erence is given by

dσ⇒A − dσ⇐A = 2 [Zdσp Pp Ap‖ +Ndσn Pn An‖ ] , (4.115)

where Z is number of protons, N is number of neutrons, dσp,n are the un-
polarized nucleon cross-sections, Ap,n‖ the nucleon longitudinal asymmetries
and Pp,n the longitudinal polarization of the nucleons in the nuclear state
with Jz = 1/2 or 1.

The asymmetry de�ned in (4.112) is

AA‖ = fpPp Ap‖ + fnPn An‖ (4.116)

where

fp =
Zdσp

Zdσp +Ndσn
fn =

Ndσn
Zdσp +Ndσn

(4.117)

are the fractions of events originating on protons and neutrons respectively.
A similar result holds for AA⊥.
Equation (4.116) is the main formula used to extract An‖ from AA‖ and a

knowledge of Ap‖.
Because of the D-state admixture for deuterium we obtain,

Pdp = Pdn = (1− 3

2
ωD) (4.118)

where ωD = 0.058 is the D-state probability.
For the fractions fp,n one �nds :

fdp =
F p2 /(1 +Rp)

2F d2 /(1 +Rd)
fdn =

Fn2 /(1 +Rn)

2F d2 /(1 +Rd)
(4.119)
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where F d2 is the deuteron F2 per nucleon.

Often one de�nes gd1 per nucleon via (4.87, 88)

gd1(x,Q2) ≡
Ad‖

D

F d2 (x,Q2)

2x[1 +Rd(x,Q2)]
(4.120)

so that (4.116) becomes

gd1 (x,Q2) =
(1− 3

2ωD)

2

{
gp1(x,Q2) + gn1 (x,Q2)

}
. (4.121)

For spin 1/2 targets with degree of longitudinal polarization P we can
generalize:

A‖ =
1

P

{
dσ→(−P)− dσ→(P)

dσ→(−P) + dσ→(P)

}
=

1

P
dσ→(−P)− dσ→(P)

2 dσ
(4.122)

where dσ is the unpolarized cross-section. A similar result holds for A⊥.

The result for spin 1 targets is more complicated. If p+, p−, p0 are the
probabilities of �nding states with Jz = 1, − 1, 0 in the target, then the
degree of polarization is [154]

P = p+ − p− (4.123)

and the alignment is

A = 1− 3p0 . (4.124)

Then one has

dσ→(−P)− dσ→(P) = P
{
dσ
→⇐ − dσ

→⇒ }
, (4.125)

but

dσ→(−P) + dσ→(P) = 2dσ +
A
3

[dσ+ + dσ− − 2 dσ0] (4.126)

where dσ is the unpolarized cross-section for the spin 1 target.

It follows that for a spin 1 target

A‖ =
1

P
dσ→(−P)− dσ→(P)

2 dσ + (A/3)[dσ+ + dσ− − 2 dσ0]
(4.127)

This is equal to
1

P
dσ→(−P)− dσ→(P)

2 dσ
(4.128)

if the alignment A is known to be zero.
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In principle it should be possible to check the assumption of independent
scattering by experimentally testing (4.126).

The 3He wave-function is almost entirely an S-state with the two protons
having opposite spins. The spin is carried by the neutron, but there is some
mixing in the wave-function [156, 155], and one estimates

P3He
n = (87± 2)% P3He

p = (−2.5± 0.3)% . (4.129)

For the fractions fp,n the following approximation can be used:

f
3He
n =

Fn2 /(1 +Rn)

3F
3He
2 /(1 +R3He)

f
3He
p =

2F p2 /(1 +Rp)

3F
3He
2 /(1 +R3He)

(4.130)

where F
3He
2 is the helium-3 F2 per nucleon.

De�ning g
3He
1 per nucleon via (4.88),

g
3He
1 (x,Q2) =

A
3He
‖

D

F
3He
2 (x,Q2)

2x[1 +R3He(x,Q2)]
, (4.131)

one obtains

g
3He
1 (x,Q2) =

1

3

[
(0.87± 0.02) gn1 (x,Q2)− (0.050± 0.006) gp1(x,Q2)

]
.

(4.132)
The analysis above is based on an independent scattering from the con-

stituent nucleons. This assumption is reasonable at high Q2, but it is proba-
bly not a good approximation in the experiments which have low momentum
transfer.
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4.8 Sum rules

The fundamental properties of the nucleon structure such as the total mo-
mentum fraction carried by the quarks or the contribution of the quark spins
to the spin of the nucleon can be studied by investigating the moments of
the structure functions. Moments of the structure functions can be measured
in the experiments and then directly compared to theoretical results - sum
rules, lattice QCD calculations and chiral perturbation theory. The proton
spin puzzle originated directly from a discrepancy between the data and an
approximate �sum rule� by Ellis and Ja�e [10]. A detailed measurement of
the Q2�evolution of the Bjorken sum rule [12] provides a signi�cant test of
perturbative QCD in the spin sector.

Using Operator Product Expansion (OPE) the moments of g1,2 can be
related to hadronic matrix elements of current operators. The moments can
be written as a sum, ordered according to the twist τ = (dimension−spin) of
the current operators, starting with the lowest twist τ = 2. Additional units
of τ produces a factor of order

ΛQCD
Q , and are less important in the high

Q2 region. The higher twist terms are mixed with correction terms of order
M2

Q2 of kinematic origin (target mass corrections), which can be calculated
exactly, giving access to the HT terms which are of dynamic origin. Some of
the twist 2 terms can be directly measured in other processes. Twist 3 and
higher terms can sometimes be determined from combinations of measured
quantities.

It is possible to express the nth moment
∫ 1

0 dxxn−1 g1(x,Q2) for n =

1, 3, 5...... of g1 and the nth moment
∫ 1

0 dxxn−1 g2(x,Q2) for n = 3, 5, 7......
of g2, in terms of hadronic matrix elements of local operators.

The most important case is the �rst moment, n = 1, of g1. The operators
used here are the octet of axial-vector currents which control the neutron and
hyperon β-decay:

J i5µ = ψ̄γµγ5

(
λi
2

)
ψ (i = 1, 2, ..., 8), (4.133)

where the λj are Gell-Mann matrices and ψ is a column vector in �avor
space

ψ =

 ψu
ψd
ψs

 . (4.134)

The �avor singlet current, which does not play a role in β-decay, is

J0
5µ = ψ̄γµγ5ψ . (4.135)

The relation between hadronic matrix elements and the �rst moments
a3 ≡ gA, a8, a0 of the �avor combinations of quark densities is
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〈P, S|J3
5µ|P, S〉 = Ma3Sµ

〈P, S|J8
5µ|P, S〉 =

M√
3
a8Sµ

〈P, S|J0
5µ|P, S〉 = 2Ma0(Q2)Sµ. (4.136)

The Q2 dependence of a0 depends on the choice of the renormalization scale,
which we take to be Q2.

The expression for Γp,n1 , valid for Q2 �M2, is given by:

Γp,n1 =
1

12

[(
± a3 +

1

3
a8

)
ENS(Q2) +

4

3
a0(Q2)ES(Q2)

]
, (4.137)

The coe�cient functions are given, for 3 active �avors, by

ENS(Q2) = 1−
(αs
π

)
− 3.58

(αs
π

)2 − 20.22
(αs
π

)3
... (4.138)

In the MS scheme we have:

ES(Q2) = 1−
(αs
π

)
− 1.096

(αs
π

)2... . (4.139)

There are several important sum rules for the moments of g1,2.

• The Bjorken sum rule. Bjorken [12] showed that as Q2 →∞,∫ 1

0
dx [gp1(x,Q2)−gn1 (x,Q2)] =

gA
6

[
1−
(αs
π

)
−3.58

(αs
π

)2−20.22
(αs
π

)3···],
(4.140)

where the square bracket on the RHS contains the perturbative correc-
tions Eq. 4.138, for 3 active �avors, to Bjorken's original result gA/6.

• The Efremov-Leader-Teryaev sum rule . The ELT sum rule [18] follows
from the OPE and states that∫ 1

0
dxx [gV1,f (x) + 2gV2,f (x)] = 0, (4.141)

where V is the valence contribution and the result is valid for each
�avor f . Originally is was assumed that the sea-quark densities are
the same in protons and neutrons, in which case Eq. 4.141 can be
written as an analogue to the Bjorken sum rule∫ 1

0
dxx [gp2(x)− gn2 (x)] =

1

2

∫ 1

0
dxx [gn1 (x)− gp1(x)]. (4.142)

The above assumption about see-quark densities is equivalent to as-
suming ∆ū = ∆d̄ in a proton, which for the unpolarized antiquark
densities, is not a good approximation. For further sum rules of this
type see [116, 90].
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• Higher twist corrections.

At lower values of Q2 higher twist contributions become important.
Γ1(Q2) can be expanded, for Q2 > Λ2

QCD, in inverse powers of Q2

(twist expansion)

Γ1(Q2) = µ2(Q2) +
µ4(Q2)

Q2
+
µ6(Q2)

Q4
+ ...... (4.143)

with µ2, the leading twist term, given by Eq. (4.137).

The evolution in Q2 of the µn(Q2) can, in principle, be calculated in
perturbative QCD, but the results are known only for µ2 . The Q2

dependence of µ4,6 is usually ignored. The functions µn are related to
matrix elements of operators of twist τ ≤ n; presence of operators with
twist lower than n is a kinematic e�ect, a consequence of target mass
corrections.

We consider the structure of the higher twist (i.e., 1/Q2) corrections
to Γ1(Q2) as de�ned in Eq. 4.143. µ4(Q2) contains both target mass
(TM) corrections and dynamical higher twist contributions. The TM
corrections for g1,2(x,Q2) are given in [115]. For the �rst moment they
are

µTM4 (Q2) =
2M2

9

∫ 1

0
dxx2 [5g1(x,Q2) + 6g2(x,Q2)]. (4.144)

g2 contains a twist-2 (and kinematic twist-3) part, gWW
2 , is given by:

gWW
2 (x,Q2) = −g1(x,Q2) +

∫ 1

x

g1(y,Q2)

y
dy (4.145)

and a dynamic twist-3 part given by g2 − gWW
2 . Writing

g2 = gWW
2 + (g2 − gWW

2 ) (4.146)

one �nds :

µTM4 (Q2) =
2M2

9

{∫ 1

0
dxx2 g1(x,Q2)+6

∫ 1

0
dxx2 [g2(x,Q2)−gWW

2 (x,Q2)]
}
.

(4.147)
The twist-2 combination of moments is usually referred to as a2 and
the twist-3 as d2:

a2(Q2) ≡ 2

∫ 1

0
dxx2 g1(x,Q2) d2(Q2) ≡ 3

∫ 1

0
dxx2 [g2(x,Q2)−gWW

2 (x,Q2)].

(4.148)

There is a twist-4 contribution to µ4, written as 4M2

9 f2:
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µ4(Q2) =
M2

9
[a2(Q2) + 4d2(Q2) + 4f2(Q2)]. (4.149)

The twist-4 part f2 cannot be written in terms of moments of the
scaling functions. In terms of operator matrix elements it is de�ned by

f2(Q2)M3Sµ =
1

2

∑
flavors

e2
f 〈P, S | gψ̄f G̃µν γν ψf |P, S 〉 (4.150)

where G̃µν = (1/2)εµναβGαβ with the sign convention ε0123 = +1.

The �rst expressions for d2 and f2 were given by Ji and Unrau [88] and
by Ehrnsperger, Mankiewicz and Schäfer [91].

Since µ4, a2 and d2 can be measured, Eq. 4.149 gives a measurement of
the twist-4 matrix element f2. Both d2 and f2 can then be compared
to non-perturbative QCD calculations.

It is of some interest also to consider the color electric and color mag-
netic polarizabilities of the nucleon [92]. They are de�ned by

χE2M3S = 〈N,S | ja×Ea |N,S 〉 χB2M3S = 〈N,S | j0
aBa |N,S 〉

(4.151)
where S is the rest frame spin vector of the nucleon and jµa is the
quark current. Ea and Ba are the color electric and magnetic �elds
respectively. The color polarizabilities can be expressed in terms of d2

and f2 as

χE =
2

3
(2d2 + f2) χM =

1

3
(4d2 − f2). (4.152)

• Extrapolation to low Q2: the Gerasimov, Drell, Hearn sum rule.

The twist expansion does not converge for very small Q2. To study po-
larized structure functions in the low Q2 region, it is necessary to make
a connection with soft, non-perturbative physics i.e. to study the rela-
tion to Compton scattering with real photons. In this region one has
to be careful in de�ning moments of the structure functions. Relations
between moments of structure functions and matrix elements of oper-
ators are only valid if the moments include the elastic contributions,
located at x = 1. In the deep inelastic region the elastic contribu-
tions are negligible and are not included in experimental estimates of
the moments, but at low Q2, in the resonance region, the distinction
is important. Thus moments in the latter region, without an elastic
contribution, will be labeled Γ̄.

The GDH sum rule [93, 94] is related to Compton scattering with real
photons, i.e., with Q2 = 0. It is derived from the fact, that the value
of the forward spin-�ip amplitude, f2(ν), at ν = 0, calculated to order



4.8. SUM RULES 79

e2, is given by low energy theorems, and from the assumption that the
dispersion relation for it does not require subtractions. This gives∫ ∞

0

dν

ν
[σA(ν)− σP (ν)] = −2π2α

M2
κ2 (4.153)

where κ is the anomalous magnetic moment of the nucleon. The σA,P
are the total cross-sections for the absorption of a circularly polarized
photon by a proton polarized with spin antiparallel/parallel to the
photon spin.

To order e2, the cross-sections are zero below pion production threshold
ν0 . Eq. 4.153 can be written in the form

I(0) ≡
∫ ∞
ν0

dν

ν
[σA(ν)− σP (ν)] = −2π2α

M2
κ2. (4.154)

In the DIS formalism the above cross-section di�erence is referred to
as σTT , and Eq. 4.154, generalized to non-zero Q2, is usually written

lim
Q2→0

ĪTT (Q2) = −κ2/4 (4.155)

where

ĪTT (Q2) = M2

∫ ∞
ν0(Q2)

dν

ν2
[νMG1(ν,Q2)−Q2G2(ν,Q2)](4.156)

=
2M2

Q2
Γ̄TT (Q2) (4.157)

with

ν0(Q2) =
Q2 +mπ(2M +mπ)

2M
(4.158)

and where Γ̄TT (Q2) is the inelastic portion of the �rst moment

Γ̄TT (Q2) ≡
∫ x0(Q2)

0
dx
[
g1(x,Q2)− 4M2x2

Q2
g2(x,Q2)

]
(4.159)

and x0(Q2) is the threshold for pion production,

x0 =
Q2

Q2 +mπ(2M +mπ)
. (4.160)

The generalization of I(0) in Eq. 4.154 to arbitrary Q2 is then given
by

I(Q2) =
8π2α

M2
ĪTT (Q2). (4.161)
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The importance of Eqs. 4.155 and 4.157 to deep inelastic scattering
was �rst pointed out by Anselmino, Io�e and Leader [95], who noted
that the �rst moment Γ̄pTT (Q2), which is a positive function in the DIS
region, would have to change drastically in order to satisfy Eq. 4.155 at
small Q2. However [95] could not distinguish between the full moment
ΓpTT (Q2) and its inelastic version Γ̄pTT (Q2), and Ji [87] pointed out that
there is a signi�cant di�erence between the extrapolation to Q2 = 0 of
the full and the inelastic moments . The reason is a non-uniformity of
the limits ν → 0 and Q2 → 0 in the generalization of f2(ν) to Q2 6= 0,
namely,

lim
Q2→0

lim
ν→0

f2(ν,Q2) 6= lim
ν→0

lim
Q2→0

f2(ν,Q2). (4.162)

The RH limit does not include an elastic contribution from the Born
terms in Compton Scattering, but the LH one does. Since the integrals
involved in the moments above correspond to ν = 0 in f2(ν,Q2), it is
the LH limit which must be used in the extrapolation to Q2 = 0. For
the full moment Eq. 4.155 is changed to

lim
Q2→0

ITT (Q2) =
M2

Q2
[F el1 (Q2) + F el2 (Q2)]2 − κ2/4 (4.163)

where F el1,2 are the Dirac and Pauli elastic from factors normalized to

F el1p(0) = 1 F el1n(0) = 0 F el2p,n(0) = κp,n. (4.164)

Using similar arguments one can generalize the spin-dependent Comp-
ton amplitudes S1,2 to arbitrary Q2 [87]. They are normalized:

ImS1,2(ν,Q2) = 2πG1,2(ν,Q2). (4.165)

For S1 one obtains the dispersion relation

S1(ν,Q2) = 4

∫ ∞
ν0(Q2)

G1(ν ′, Q2)ν ′dν ′

ν ′2 − ν2
. (4.166)

Then

M3

4
S1(0, Q2) = Ī1(Q2) ≡ M2

∫ ∞
ν0(Q2)

dν

ν
MG1(ν,Q2) (4.167)

=
2M2

Q2
Γ̄1(Q2) (4.168)

where Γ̄1(Q2) is the inelastic portion of the �rst moment Γ1(Q2)

Γ̄1(Q2) ≡
∫ x0(Q2)

0
dx g1(x,Q2) (4.169)
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and
lim
Q2→0

Ī1(Q2) = −κ2/4. (4.170)

For the full moment we obtain:

lim
Q2→0

I1(Q2) =
M2

Q2
F el1 (Q2) [F el1 (Q2) + F el2 (Q2)]− κ2/4. (4.171)

The elastic contribution to the moments is totally negligible in the
DIS region. In the extrapolation down through the resonance region
towards Q2 = 0 it is important to distinguish between the two cases.

The Compton amplitude S2(ν) is the basis of the BC sum rule. If one
assumes that S2(ν,Q2) satis�es a superconvergence relation, i.e., that
it vanishes as ν → ∞ fast enough so that both S2 and νS2 satisfy
unsubtracted dispersion relations, then it is possible to show that∫ ∞

0
ImS2(ν,Q2)dν = 2π

∫ ∞
0

G2(ν,Q2)dν = 0 (4.172)

which leads to
∫ 1

0 dx g2(x) = 0 for the full moment. From the elastic
terms in S2(0, Q2) one obtains an expression for the inelastic integral

Ī2(Q2) ≡ 2M

Q2

∫ x0(Q2)

0
g2(x,Q2)dx =

1

4
F el2 (Q2)[F el1 (Q2) + F el2 (Q2)].

(4.173)

• Generalization of the GDH approach.

The analysis based on the dispersion relations for f2(ν,Q2), S1,2(νQ2),
has been generalized to all the amplitudes in virtual Compton scat-
tering by Drechsel, Pasquini and Vanderhaeghen [97]. At very small
energies, ν < ν0(Q2), the amplitudes can be expanded in powers of
ν2. The coe�cients of the next-to-leading terms are called generalized
forward spin polarizabilities of the nucleon. They can be expressed
in terms of moments of the structure functions and can be measured.
This coe�cients re�ect soft, non-perturbative aspects of the nucleon
structure and can be approximately calculated, using various forms of
chiral perturbation theory and lattice methods, providing good tests
for these theories. We give here the expressions for experimentally
relevant polarizabilities, for details of the amplitudes etc, see [97].

γ0(Q2) =
16αM2

Q6

∫ x0

0
x2
[
g1(x,Q2)− 4M2x2

Q2
g2(x,Q2)

]
dx

δ0(Q2) = 16αM2

Q6

∫ x0
0 x2

[
g1(x,Q2) + g2(x,Q2)

]
dx
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4.9 Gluon spin in the Proton

We consider the integral of the polarized gluon distribution,

Γ(Q2) =

∫ 1

0
dx∆g(x,Q2) =

∫ 1

0
dx(g↑(x,Q

2)− g↓(x,Q2)) (4.174)

Γ is de�ned in terms of the matrix element of products of gluon vector
potentials and �eld strengths in the nucleon rest frame and in A+ = 0 gauge,

Γ(Q2) =
1

2M
〈ê3| 2 Tr{( ~E × ~A)3 + ~A⊥ · ~B⊥}

∣∣∣
Q2
|ê3〉 (4.175)

where ⊥ means the direction transverse to the ê3 axis, de�ned by the target
spin, and Q2 is the renormalization scale of the operators.

Operator Description of the Gluon Spin

It is possible to measure the polarized gluon distribution function, ∆g(x,Q2),
in deep inelastic lepton scattering. ∆g measures the net polarization of
gluons in the direction of the nucleon spin. The operator representation of
the polarized gluon distribution function is

∆g(x,Q2) =
i

4xπP+

∫
dξ−e−ixξ

−P+〈P, ê3|Tr {F+α(ξ−,~0)I(ξ−, 0)F̃ +
α (0)}

∣∣∣
Q2
|P, ê3〉

+ (x→ −x), (4.176)

where F (and A) are matrices (F ≡
∑8

a=1 F
aλa, etc.). {F a} describe the

adjoint, and {λa} the triplet representation (with Tr{λaλb} = 1
2δ
ab). ξ±, ~ξ⊥

are light-cone coordinates and (ξ−,~0) denotes the point ξ−, ξ+ = ~ξ⊥ = 0.
The label Q2 is a reminder that the tower of local matrix elements in the Tay-
lor expansion of FF̃ are understood to be renormalized at the factorization
scale Q2. I is the Wilson-line integral,

I(ξ−, 0) = Pexp

(
ig

∫ ξ−

0
dy−A+(y−,~0)

)
. (4.177)

The usual parton interpretation follows from eq. (4.176) if we choose A+ = 0
gauge and introduce the momentum decomposition of the �elds F and F̃
quantized at ξ+ = 0.

To integrate eq. (4.176) over x we should study the apparent singularity
at x = 0. ∆g(x,Q2) is not expected to diverge as fast as 1/x, so the ξ−�
integral must vanish as x → 0. The singularity at x = 0 is integrable. We
can interchange the x and ξ− integrations and, because ∆g is symmetric in
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x, we can use the principal value prescription at x = 0,
∫
−dx

x e
−iαx = −iπε(α).

We obtain

Γ(Q2) =
1

2P+

∫
dξ−ε(ξ−)〈P, ê3|Tr {F+α(ξ−)I(ξ−, 0)F̃ +

α (0)}
∣∣∣
Q2
|P, ê3〉.
(4.178)

Using the A+ = 0 gauge I = 1 and F+α = ∂
∂ξ−A

α, we may perform

the ξ− integration. The terms at ξ− = ±∞ vanish, because the integral
in eq. (4.176) converges for x = 0. Only the local (ξ− = 0) contribution
survives. We choose the rest frame for P and obtain:

Γ(Q2) =
1√
2M
〈P, ê3|2 Tr {A1F+2 −A2F+1}

∣∣∣
Q2
|P, ê3〉

=
1

2M
〈P, ê3|2 Tr {( ~E × ~A)3 + ~A⊥ · ~B⊥}

∣∣∣
Q2
|P, ê3〉, (4.179)

where Ei = F i0, and Bi = −1
2ε
ijkF jk. The choice of A+ = 0 gauge was

essential for this derivation. Otherwise Γ does not appear to be associated
with a local operator.

Eq. (4.179) can be related directly to the gluon spin term in the angular
momentum tensor density in QCD. It is described by a rank-3 Lorentz tensor,
Mµνλ:

Mµνλ
QCD =

i

2
ψ̄γµ

(
xλ∂ν − xν∂λ

)
ψ +

1

2
εµνλσψ̄γσγ5ψ

− 2 Tr {Fµα
(
xν∂λ − xλ∂ν

)
Aα}+ 2 Tr {FµλAν + F νµAλ}

− 1

2
TrF 2

(
xνgµλ − xλgµν

)
, (4.180)

The second term in eq. (4.180) measures the quark spin. The �rst and third
terms look like the quark and gluon orbital angular momentum respectively,
because they have the standard form of orbital angular momentum in a �eld
theory, Π†(~x× ~∇)Φ, where Π and Φ are canonical coordinate and momentum
respectively. The last term contributes only to boosts. The fourth term is a
candidate for the gluon spin.

Let us de�ne

Mµνλ
Γ ≡ 2 Tr{FµνAλ + F λµAν}. (4.181)

Comparison with eq. (4.179) shows that

Γ(Q2) =
1

2S+
〈P, ê3|M+12

Γ

∣∣∣
Q2
|P, ê3〉, (4.182)

in the A+ = 0 gauge. This restriction does not make Γ gauge dependent:
There is a corresponding operator de�nition of Γ in any gauge.
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4.10 The Gluon Spin in Quark Models

There are two general classes of quark models for the hadrons : non-relativistic
quark models, where the quarks are described by the Schroedinger equation
and bag models, where relativistic quarks move in some con�ning background
�eld. Both cases give good explanations of the mass spectrum of the lightest
hadrons (pseudoscalar and vector mesons, and octet and decuplet baryons).
A major role is played by color mediated, spin dependent forces. The gluons
responsible for these spin splittings are anti-aligned with the nucleon spin
(Γ < 0). This is a particular consequence of the non-abelian nature of the
QCD interactions.

The quantity we want to evaluate is

Γ(µ2
0) = 〈T, ê3|

∫
d3x 2Tr {

(
~E(~x)× ~A(~x)

)3
+ ~A⊥(~x)· ~B⊥(~x)}|T, ê3〉 (4.183)

The color-electric �elds are given by the gradient of a time-independent
function of the quark degrees of freedom, ~Ea(~x) = −~∇Φa(~x), with

Φa(~x) =
g

4π

∑
i

λai G(~x, ~xi) (4.184)

The magnetic �eld ~Ba(~x) can be written as the curl of a time independent
function of the quark variables, ~Ba(~x) = ~∇× ~Ua(~x), with

~Ua(~x) =
g

4π

∑
i

λai ~σi × ~G(~x, ~xi). (4.185)

The operators Φ and ~U are not yet the appropriate scalar and vector
potentials for the gluon �eld, since they do not satisfy the A+ = 0 gauge
condition. Suitable potentials can be easily constructed. De�ne

A0a(~x) = Φa(~x)

~Aa(~x) = ~Ua(~x)− ~∇
∫ z

0
dζΦa(x, y, ζ) (4.186)

These potentials generate ~Ea and ~Ba in the usual way and satisfy the gauge
constraint A0a + A3a = 0. The choice of time independent potentials as
well as the lower limit on the ζ integration correspond to the residual gauge
freedom, available in the A+ = 0 gauge.

Substituting the operator de�nitions of A0a and ~Aa into eq. (4.183) we
have

Γ(µ2
0) =

∑
i 6=j

8∑
a=1

∫
d3x〈T, ê3|{

[
~Eai (~x)× ~Uaj (~x)

]3
+
[
~Eai (~x)× ~∇faj (~x)

]3

+ ~Ua⊥i(~x) · ~Ba
⊥j(~x) + ~∇⊥fai (~x) · ~Ba

⊥j(~x)}|T, ê3〉 (4.187)
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where we have separated the contributions from individual quarks i and j to
each of the �eld operators. We have dropped the i = j terms.

The second and third terms in eq. (4.187) vanish. The second term van-
ishes after integration by parts because ~∇× ~Eaj = 0. There is no associated
surface term. The third term vanishes for spatially symmetric quark wave-
functions.

Consider now the fourth term and write out the space components ex-
plicitly (suppressing the color (a) and quark (i, j) labels, and bras and kets):

Γ4 =

∫
d3x

(
∂f

∂y

∂U1

∂z
− ∂f

∂x

∂U2

∂z

)
=

∫
d3x (E1U2 − E2U1)

+

∮
SR

d2sê3 · r̂
(
U1(~x)

∫ z

0
dζE2(x, y, ζ)− U2(~x)

∫ z

0
dζE1(x, y, ζ)

)
where the surface integral is over a sphere at large distance (for uncon�ned
gluons) or the bag surface (for bag-like models). The �rst term in eq. (4.188)
is identical to the �rst term in eq. (4.187).

We combine these results and substitute the parameterizations of ~E and
~U . We obtain:

Γ =
8

9
α

∫ R

0
drrQ(r)(h(R)− 2h(r)), (4.188)

where the r-integration goes to in�nity in generic non-relativistic quark mod-
els, but ends at r = R, the bag surface in the bag model. The term pro-
portional to −2h(r) is the volume integral of ~E × ~U , and the h(R)-term
is the surface contribution left over from integration by parts. In reaching
eq. (4.188) we have used

∑8
a=1 λ

a
i λ

a
j = −2/3 for i 6= j.

Now we consider quark potential models where quarks are con�ned. The
gluon �eld strengths fall o� at large distances like abelian multipoles. The
non-relativistic vector potential, ~U = ~m× ~r/r3, corresponds to h(r)NQM ∝
1/2mqr

3. At large R, Q(R)→ 1, so the surface term in eq. (4.188) vanishes.
Eq. (4.188) reduces to

ΓNQM (µ2
0) = − 8

9mq
αNQM (µ2

0)

∫ ∞
0

drr|ψ(r)|2

= − 8

9mq
αNQM (µ2

0)〈1
r
〉, (4.189)

where we have restored the quark model renormalization scale µ2
0 to indicate

that this value pertains to some low scale at which the model is formulated.

The parameters mq, 〈1r 〉 and αNQM (µ2
0) are model dependent. mq ≈

0.3GeV reproduces the nucleon magnetic moments. Another constraint
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comes from the ∆−N mass di�erence, which is given by

∆M =
8π

3

αNQM (µ2
0)

m2
q

〈δ3(~r)〉 (4.190)

in the non-relativistic quark model.
Static bag model calculations of hadron spin splittings were carried out by

explicit construction of color electric and magnetic �elds.We can use results
from that work to evaluate eq. (4.188). The color magnetic �eld is calculated
from the QCD generalization of Maxwell's equation, ~∇ × ~Ba = gψ†~αλaψ,
taking into account the boundary condition r̂ × ~Ba = 0 at r = R. A short
calculation gives:

Q(r) =

∫ r

0
dr′r′2

(
f2(r′) + g2(r′)

)
h(r) = {1

2

µ(R)

R3
+
µ(r)

r3
+

∫ R

r
dr′

µ′(r′)

r′3
}, where

µ(r) =

∫ r

0
dr′

8π

3
r3f(r)g(r) (4.191)

where f(r) ∝ j0(x0r/R) and g(r) ∝ j1(x0r/R). [x0 is the lowest solution to
the eigenvalue condition tanx = x/1− x (x0 = 2.0428).] Substituting the
explicit wavefunctions we �nd

Γbag(µ
2
0) = −0.1αbag(µ

2
0) (4.192)

Standard bag model calculations of baryon spin splittings require αQCD ≈ 2.
We �nd Γbag ∼ −0.2 at the renormalization scale of the model.
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4.11 Quarks with internal structure

A possible solution to proton spin crisis is proposed by Fritzsch and Elda-
houmi which is of interest for us.

The experimental data and theoretical analysis of the proton spin crisis
suggest that we can consider the constituent quarks as composite systems,
consisting of a valence quark, surrounded by a cloud of gluons and quark-
antiquark pairs. The e�ective mass of a constituent quark is dynamically
generated and is due to the cloud of gluons and pairs, surrounding the con-
stituent quark.

The constituent quarks are denoted by the capital letters U, D and S.
The internal structure of the U-quark is given by the following quark and
gluon distribution functions:

u(x) , ū(x) , d(x) , d̄(x) , etc. , G(x) (4.193)

Thus a constituent U-quark depends on 7 functions. The constituent D-
quark is obtained after the interchange of u and d. The proton consists of
2U-quarks and one D-quark: P = (UUD). The current quark distribution
functions of the proton are obtained as follows:

up(x) = 2 u(x) + d(x)

dp(x) = 2 d(x) + u(x)

ūp(x) = 2 ū(x) + d̄(x) (4.194)

d̄p(x) = 2 d̄(x) + ū(x)

sp(x) = 3 s(x)

s̄p(x) = 3 s̄(x)

gp(x) = 3 G(x)

The current quark distributions of the U-quark have to obey the following
sum rules:

1∫
0

dx(u− ū) = 1

1∫
0

dx(d− d̄) = 0 (4.195)

1∫
0

dx(s− s̄) = 0

Using the relations (2), we �nd for the current quark distributions of the
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U-quark:

u(x) =
1

3
(2up(x)− dp(x))

ū(x) =
1

3
(2ūp(x)− d̄p(x))

d(x) =
1

3
(2dp(x)− up(x))

d̄(x) =
1

3
(2d̄p(x)− ūp(x)) (4.196)

s(x) =
1

3
sp(x)

s̄(x) =
1

3
s̄p(x)

G(x) =
1

3
gp(x)

The sum of the contributions of the (anti)quarks to the nucleon momentum

is about 48% (ref.5):

1∫
0

x[(up + ūp) + (dp + d̄p) + (sp + s̄p)]dx ∼= 0.48 (4.197)

It follows that the contributions of the gluons to the nucleon momentum
must be about 52%:

1∫
0

xG(x)dx ∼= 0.52 (4.198)

A constituent quark contributes 33% to the momentum of a nucleon. For
the distribution functions of the constituent quarks u, d, etc. we �nd:

1∫
0

x[u+ ū+ d+ d̄+ s+ s̄]dx ∼= 0.16

1∫
0

xG(x)dx ∼= 0.17 (4.199)

Neglecting the strange quarks in the nucleon, and assuming that the u and
d antiquarks are the same, we can express the distribution functions of the
proton as follows:

up = 2u+ d

dp = 2d+ u (4.200)

ūp = d̄p − ūp = 3u
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Thus the quark distribution functions of the U-quark are given by:

u =
1

3
(2up − dp)

d =
1

3
(2dp − up) (4.201)

ūp = d̄p = 3d

We consider the spin structure of the constituent quarks and relate it to
the spin structure of the nucleon. We introduce the spin-dependent distri-
bution functions u+, u−, etc. The index �+� or �-� denotes the helicity of
the corresponding quark or antiquark in a polarized U-quark with positive
helicity. Especially we consider the integrals:

1∫
0

dx[(q+ + q̄+)− (q− + q̄−)] = Iq (4.202)

(q = u , d , s)

The di�erence (Iu − Id) is the analogue of the Bjorken sum rule:

Iu − Id = ga (4.203)

(ga: axial vector coupling constant, given by the isotriplet axialvector cur-
rent. We also introduce the sum:

Iu + Id + Is = 4Σ (4.204)

This sum has been measured:

4Σ ∼= 0.30± 0.1 (4.205)

Thus the quarks contribute only about 30% to the nucleon spin.

The nucleon spin can be decomposed into a quark contribution 4Σ, a
gluon contribution 4G and an orbital contribution 4L:

1

2
=

1

2
4Σ +4G+4L (4.206)

If we take 4L = 0, 4G would have to be about 0.35.

A polarized constituent quark depends on the four functions u+, u−, G+

and G−. If we identify the constituent and current quarks and use a SU(6)
wave function, we obtain:

u+ = δ(1− x)

u− = G+ = G− = 0 (4.207)
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4.12 Quarks with orbital angular momentum

In the case of the moving proton we can no longer use the static classi�cation
group SU(3) of constituent quarks, were no L 6= 0 states contribute. Instead
we shall use current quark group which can be obtained from static SU(3)
by means of a speci�c unitary transformation (which physically represents a
boost). This group is called SU(6) of quark currents. In this group L 6= 0
states are present, since the operator representing the boost transformation
mixes states with L 6= 0 and L = 0. We can write:

|p〉 =
1√
2

cos θ
[
|p〉S | ↑〉 1

2
,S + |p〉A| ↑〉 1

2
,A

]
L=0

+

1√
2

sin θ

([
|p〉A| ↓〉 1

2
,A −

1

2
|p〉S | ↓〉 1

2
,S +

√
2

3
|p〉S | ↓〉 3

2
,S

]
L=1

+

[√
2

3
|p〉S | ↑〉 3

2
,S

]
L=−1

)

Here the part in front of cosine is an usual S-wave state and the second part
represents the contribution from P-wave. The indices S and A represent
symmetric and antisymmetric parts of the wave function. The ratio gA

gV
is

related to the matrix element I3σz (which is a coe�cient of ψγ3γ5ψ) between
proton states. After some algebra we obtain:

gA
gV

= 〈p|I3σz|p〉 =
5

3
(cos2 θ − sin2 θ) =

5

3
cos 2θ

Taking into account the experimental number for the ratio, we can get the
value of a mixing angle. It appears to be about sin2 θ = 1

8 .

We want to calculate how much of the proton spin is carried by the
angular motion of the quarks.

The total angular momentum of the proton is the spin of the quarks S
plus their orbital angular momentum L:

J = S + L

We can compute S and L using the wavefunction written above. For the spin
part of the proton we have:

S =
1

2
cos2 θ +

1

2
sin2 θ(−1

2
− 1

8
− 2

9

3

2
+

2

9

3

2
) ≈ 7

16
− 1

26
≈ 0.4 = 80%

Calculating the orbital momentum of the quarks L we �nd:

L = 0 +
1

2
sin2 θ(1 +

1

4
+

2

9
− 2

9
) =

1

16

5

4
≈ 0.1 = 20%



4.13. GLUON CONTRIBUTION TO THE PROTON SPIN 91

4.13 Gluon contribution to the proton spin

The total gluon contribution to the proton spin is given by the integral
∆G =

∫ 1
0 dx∆g(x). There are two main questions - what is the value of

the ∆G and how does the structure function g(x) depend on the Feynman
momentum x? The operator ∆G is not related directly to the matrix element
of a local, gauge-invariant operator. It can not be directly calculated in the
lattice QCD simulations.

There are several ways to access ∆G in experiment:

• from the evolution of the structure function g1(x,Q2) with the Q2.
This method is not precise since the range of the Q2 is very limited.

• ∆G can be also accessed in cc̄ production, assuming there is no charm
in the proton. This production involves γ − gluon fusion.

Figure 4.7: Open charm production from the gluon

• E�ects of ∆G can be found in single particle production in the polarized
proton-proton collisions, for example at RHIC.

Figure 4.8: Leading contributions at COMPASS a) DIS LO, b) QCD Comp-
ton scattering, c) Photon-Gluon fusion

The distributions for ∆g(x) are sensitive to assumptions during data
analysis, such as if ∆g(x) is changing the sign in x. It is important therefore
to be able to estimate the ∆G from proton models.
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s

Figure 4.9: COMPASS, HERMES and SMC data on ∆g(x) together with
the COMPASS �ts for ∆g(x)/g(x) at Q2 = 3 GeV2

The current experimental status of the ∆G is listed in Table 4.1 and
shown in Figure 4.9 for xg ∼ 0.1.

Table 4.1: Polarized gluon measurements from deep inelastic experiments.

Experiment process 〈xg〉 〈µ2〉 (GeV2) ∆g/g

HERMES hadron pairs 0.17 ∼ 2 0.41± 0.18± 0.03

HERMES inclusive hadrons 0.22 1.35 0.071± 0.034+0.105
−0.127

SMC hadron pairs 0.07 −0.20± 0.28± 0.10
COMPASS hadron pairs, Q2 < 1 0.085 ∼ 3 0.016± 0.058± 0.054
COMPASS hadron pairs, Q2 > 1 0.082 ∼ 3 0.08± 0.10± 0.05
COMPASS open charm 0.11 13 −0.49± 0.27± 0.11
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4.14 ∆g(x) in quark models

∆g(x) is represented by the non-local operator [170]

∆g(x) = − i
x

∫ ∞
−∞

dλ

2π
e−iλx〈P |F+α(λn)WF̃+

α(0)|P 〉 ,

where |P 〉 is the proton state wavefunction, n is a light-like vector conjugat-
ing to an in�nite momentum frame P . Fµν is the gluon �eld tensor and W
is a gauge link along the direction n connecting the two gluon �eld tensors.
We ignore e�ects of nonlinear interaction and assume that the gluon �elds
behave as 8 independent Abelian �elds. Leaving out the gauge link we ob-
tain (inserting a complete set of intermediate states between the gluon �eld
tensors):

∆g(x) = −i
∫

d4k

(2π)4

1

V4
εαβ⊥ (k+gαµgβν − kαg+µgβν − kβg+νgαµ)δ(x− k · n)

×
∑
m

〈P̃ |A∗µ(k)|m〉〈m|Aν(k)|P̃ 〉(V3 · 2P+) ,

m sums over all possible intermediate states, and V3 and V4 are the space
and space-time volumes, respectively.

Figure 4.10: The polarized gluon operator in the quark models of the proton:
one-body and two-body contributions are to the left and right respectively.

The one-body term with excited intermediate quark states provides the
leading contribution. Using free-space gluon propagator the matrix element
is:

〈m|Aν(k)|P̃ 〉 = 2πδ
(
k0 − (εf − εi)

)−i
k2

(−igta)〈m|jν(k)|P̃ 〉 ,

jν is the color current.
Divergencies should be regulated by cut-o�s. The excitation energy of

the intermediate states is taken as a cut-o�.
The result of the calculations for the MIT bag model is shown in Fig[4.11]

with di�erent cut-o�s [168].

4.15 ∆g from QCD evolution of g1

∆g(x,Q2) can be measured by investigating scaling violations of the spin-
dependent proton structure function g1(x,Q2). The Q2-dependence of the
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Figure 4.11: ∆g(x) and x∆g(x) calculated in the MIT bag model. On the left
, the results show successive additions of s, p, d, f wave contributions. On the
right the result (red solid line) is compared with that from phenomenological
�t (dashed line surrounded by an uncertainty band).

densities is described by the spin-dependent DGLAP evolution equations [169]:

d

d lnQ2

(
∆q
∆g

)
(x,Q2) =

∫ 1

x

dz

z

(
∆Pqq(αs(Q

2), z) ∆Pqg(αs(Q
2), z)

∆Pgq(αs(Q
2), z) ∆Pgg(αs(Q

2), z)

) (
∆q
∆g

)(x
z
,Q2

)
,

(4.208)
The ∆Pij are the spin-dependent �splitting functions�, which are evaluated
in QCD perturbation theory. ∆g contributes to the scaling violations of g1.
Figure 4.12 shows the current theoretical �uncertainty bands� for ∆g from
DIS scaling violations. A tendency toward a positive ∆g is seen. The COM-
PASS collaboration [157] using their deuteron DIS data [158] have found two
�allowed� regions for ∆g, one with positive, one with negative gluon polar-
ization. Much better estimation of ∆g(x,Q2) over a wide range of x and Q2

from scaling violations of g1 would be possible at a polarized electron-ion
collider, EIC [159], due to its larger kinematic region.

Global analysis

A complete determination of the gluon polarization will require the con-
sideration of all existing data through a �global analysis�. The are several
advantages of such a global analysis:

• The information from the various reaction channels is all combined into
a single result for ∆g(x).

• The global analysis �xes the gluon distribution at de�nite values of
x. Figure 4.13 highlights the importance of this. The �gure [167]
shows the contributions of the various x regions to the spin-dependent
cross section for pp→ π0X at RHIC, for six di�erent sets of polarized
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Figure 4.12: x∆g(x,Q2 = 5 GeV2) from sev-
eral analyses [160, 161, 162] of polarized DIS.

parton distributions [161] mostly di�ering in the gluon distribution.
The distributions are very broad. The x-region that is probed depends
on the size and form of the polarized gluon distribution. This makes
it di�cult to assign an estimate of the gluon momentum fraction to a
data point at a given pion transverse momentum. The global analysis
solves this problem.

• NLO theoretical calculations can be used without approximations.

• It becomes possible to determine an error on the gluon polarization.

Global analyses have been developed successfully over many years for the
unpolarized parton densities. Global analyses of RHIC-Spin and polarized
DIS data in terms of polarized parton distributions can be found in [164,
165, 166].



96 CHAPTER 4. THE SPIN OF THE PROTON

Figure 4.13: NLO d∆σ/dpTd log10(x) for the reaction pp → π0X at RHIC,
for pT = 2.5 GeV and six di�erent values for ∆G(µ2) at µ ≈ 0.4 GeV [161].
The shaded areas denote in each case the x-range dominantly contributing
to d∆σ. From [167].



Summary and Conclusion

In this thesis we tried to investigate how the spin of the proton originates
from the spin of the quarks and gluons. The surprising result of the EMC
experiment suggested that the quarks carry almost zero fraction of the nu-
cleon spin. We conjecture that most of the missing proton spin originates
from the spin of the gluons and their orbital motion. We presented a possible
spin decomposition in the framework of the constituent quarks embedded in
the polarized sea of quarks, antiquarks and gluons. For a nucleon we have a
relation:

1

2
=

1

2
(0.45 + 0.30 + 0.25)

The gluons contribute 45% of the proton spin, another 30% comes from the
spin of the quarks, and 25% percent is coming from the orbital motion of
the quarks.

A gluon contribution to the proton mass is a well established experimen-
tal fact. We expect a connection between the origin of the proton mass and
the spin crisis. To understand this connection we have to provide a clear
picture of the proton composition. Detailed theoretical investigation of the
strongly bounded systems is impossible at the moment. Our approach is
based on the phenomenologically accessible parameters such as distribution
functions for quarks and gluons. The dynamics of the nucleon can be studied
on the lattice.

The exploration of the dynamical structure of the nucleon, both in ex-
periment and theory, continues. In recent years transverse spin structure of
the nucleon received a considerable interest. New methods of General Par-
ton Distribution functions are used to understanding the three dimensional
structure of the proton.
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