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Zusammenfassung

Gegenstand der vorliegenden Arbeit ist die Untersuchung und Optimierung von Strahl-
führungselementen im stetig wachsenden Bereich der Laser-Teilchen-Beschleunigung. Diese
kumulative Dissertation führt ein in die theoretischen Grundlagen der Elemente und prä-
sentiert die Resultate anhand der entsprechenden Veröffentlichungen.

Der erste Themenbereich ist die Untersuchung der freien Vakuumexpansion eines Elek-
tronenstrahls hoher Stromdichte. Anders als bei konventioneller Teilchen-Beschleunigung
weisen laserbeschleunigte Elektronenstrahlen vergleichsweise hohe Ladungsdichten bei
niedrigen Strahlenergien auf. Es hat sich gezeigt, dass die Berechnung der Raumladungsef-
fekte in diesem Regime mit üblichen Simulationsprogrammen ausgeprägte Artefakte gener-
ieren. Sie setzen sich zusammen aus mangelhaften Annahmen für die Lorentztransfor-
mation, aus unzulänglichen Anfangsbedingungen und aus nicht vernachlässigbaren Re-
tardierungsartefakten. Bestandteil dieser Arbeit ist die Entwicklung eines adäquaten
Ansatzes für die Berechnung von laserbeschleunigten Elektronenstrahlen. Dieser kann
auch zur Validierung weiterer Berechnungsmethoden für Raumladungseffekte verwendet
werden.

Die nächsten betrachteten Elemente sind miniaturisierte magnetische Quadrupole zur
Fokussierung geladener Teilchenstrahlen. Diese Quadrupole wurden um 1980 von Halbach
erfunden und erzeugen Feldgradienten, die mindestens einen Faktor 2 über supraleitenden
Quadrupolen liegen. Das generelle Problem im Zuge der Miniaturisierung ist das Auftreten
störender Feldkomponenten höherer Ordnung. Können diese Komponenten nicht kontrol-
liert werden, so schmälert sich das Anwendungsfeld bedeutend. In der vorliegenden Arbeit
wurde nicht nur ein Verfahren zur Charakterisierung der Komponenten entwickelt, son-
dern auch ein Verfahren zur Kompensation der störenden Komponenten. Dies könnte sich
zu einer Standardmethode für den Bau dieser permanentmagnetischen Multipolgeräte en-
twickeln, wodurch deren Anwendungsbereich bedeutend erweitert werden könnte. Die neu
entwickelte Methode zur Charakterisierung wurde am Elektronenstrahl des Mainzer Mi-
crotrons (MAMI) validiert. Da nun die optimale Leistung sichergestellt werden kann, wird
die erste Anwendung im Zusammenhang mit Ionenstrahlen präsentiert. Das Experiment
wurde am Z-Petawatt Lasersystem der Sandia National Laboratories durchgeführt.

Ein Freier Elektronenlaser (FEL) erzeugt kohärente Photonenstrahlen, deren Energie höher
ist als die von konventionellen Lasern. Eine vielversprechende Anwendung von laserbeschle-
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unigten Elektronenstrahlen ist der FEL in einer Größe, wie sie für das universitäre Um-
feld geeignet ist. Die erste Diskussion aller relevanten Aspekte für einen lasergetriebenen
FEL wird präsentiert.

Der Betrieb eines FELs hängt von mehreren Faktoren ab, unter denen sich die durchschnit-
tliche Strahlgröße während der Propagation durch den Undulator befindet. Die Undula-
torlänge könnte bedeutend reduziert werden wenn die durchschnittliche Strahlgröße ver-
ringert werden kann. Dieses Ziel motiviert die Entwicklung eines neuen Undulatorkonzepts,
das auf den Miniaturmagnetquadrupolen basiert, die hier präsentiert werden. Dieser
Quadrupolundulator weist starke intrinsische Fokussierungseigenschaften auf, die den Elek-
tronenstrahl auf vergleichsweise kleinen und konstanten Strahlgrößen über lange Propaga-
tionstrecken hinweg zu halten vermögen.

Die experimentelle Umsetzung eines kompakten FELs beinhaltet im ersten Schritt den
Bau eines Testundulators mit kurzen Periodenlängen. Im Rahmen der vorliegenden Ar-
beit wurde dieser Undulator hergestellt und Undulatorstrahlungsexperimente am Elektro-
nenbeschleuniger MAMI durchgeführt.

Die hier präsentierten Untersuchungen markieren bedeutende Etappenziele auf dem Weg
der Entwicklung vieler Anwendungen von laserbeschleunigten Teilchenstrahlen. Insbeson-
dere stellen lasergetriebene kompakte FELs eine attraktive Alternative zu großen hoch-
preisigen konventionellen Systemen dar.



Summary

The subject of this thesis is the investigation and optimization of beam transport ele-
ments in the context of the steadily growing field of laser-driven particle acceleration. This
cumulative thesis introduces to the theoretical framework of the elements and presents
the results via corresponding publications. The first topic is the examination of the free
vacuum expansion of an electron beam at high current density. Unlike in the case of con-
ventional acceleration, laser acceleration yields charge densities which are comparatively
high at lower energies. It could be shown that particle tracking codes which are com-
monly used for the calculation of space charge effects will generate substantial artifacts in
the regime considered here. The artifacts occurring hitherto predominantly involve insuf-
ficient prerequisites for the Lorentz transformation, the application of inadequate initial
conditions and non negligible retardation artifacts. A part of this thesis is dedicated to
the development of a calculation approach which uses a more adequate ansatz calculating
space charge effects for laser-accelerated electron beams. It can also be used to validate
further approaches for the calculation of space charge effects.

The next elements considered are miniature magnetic quadrupole devices for the focus-
ing of charged particle beams. Invented in 1980 by Halbach, miniature permanent mag-
net quadrupoles yield field gradients at least a factor two higher than superconducting
quadrupole devices. General problems involved with their miniaturization concern distort-
ing higher order field components. If these distorting components cannot be controlled,
the field of applications is very limited. In this thesis a new method for the characteriza-
tion and compensation of the distorting components was developed, which might become
a standard method when assembling these permanent magnet multipole devices. Con-
sequently, the field where these devices are applicable could be broadened. The newly
developed characterization method has been validated at the Mainz Microtron (MAMI)
electron accelerator. Now that we can ensure optimum performance, the first application
of permanent magnet quadrupole devices in conjunction with laser-accelerated ion beams
is presented. The experiment was carried out at the Z-Petawatt laser system at Sandia
National Laboratories.

A Free Electron Laser (FEL) delivers coherent photon beams at higher energies than what
can be reached by conventional laser systems. A promising application for laser-accelerated
electron beams is the FEL in a university-scale size. The first discussion of all relevant
aspects concerning a laser driven FEL is presented.
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The operation of an FEL depends on many factors, among which is the average electron
beam size while propagating through the undulator. The undulator length could be reduced
significantly if the average beam size can be reduced. This goal motivates the development
of a new undulator concept, based on miniature magnetic quadrupoles, which is presented
here. This quadrupole undulator yields strong intrinsic focusing properties which allow to
keep the electron beam at a comparatively small and constant size over a long propagation
range.

The experimental realization of a compact FEL involves the first step of building a test
undulator with a short undulator period length. This undulator device was assembled and
experiments aiming at undulator radiation have been carried out at the MAMI electron
accelerator facility in the course of this thesis.

The investigations presented in this thesis mark important development steps on the route
towards many applications of laser-accelerated particle beams. Especially laser-driven com-
pact Free-Electron-Lasers are an attractive alternative to costly large-scale conventional
facilities.



Chapter 1

Motivation

The evolution of laser intensity within the past decades has been constantly opening up
new fields of applications. In 1985, the laser intensity took an important step forward
with the invention of the chirped pulse amplification (CPA) technique by Strickland and
Mourou [1], allowing to generate light intensities easily surpassing the relativistic limit
(1018 W/cm2). At these intensities the motion of electrons in the laser fields becomes
relativistic, leading to a plethora of new phenomena. Among the most actively pursued
research fields sparked off by this new regime is the acceleration of charged particles, which
has been theoretically predicted [2, 3] and experimentally demonstrated [4, 5]. Compared
to conventional particle acceleration with an acceleration length of many meters up to
kilometers required, this approach reduces the distances to the centimeter scale. Based on
the acceleration within a laser-driven plasma wave, fields within the wave reach the order
of 100 GV/m where conventional accelerators are restricted to about 100 MV/m. Beside
the acceleration fields, also the focusing fields within the plasma wave reach similar values
and give rise to many orders of magnitude higher charge densities of such beams.

The unique qualities of plasma-accelerated beams not only open up a wide field of novel
applications, but the according reduction in size and potentially also cost of such accel-
erators promises to afford a boost in the availability of accelerated beams also in smaller
laboratories. Electron beams, e.g., can be used to generate undulator radiation in the
keV regime, which is instrumental in protein crystallography as well as in high-resolution
medical diagnostics. Laser generated electron beams could thus potentially move these
applications from large-scale facilities into small scale laboratories and hospitals.

The scope of this thesis is the study of transport and focusing properties of laser-generated
charged particle beams. Several key beam transport elements are examined and improved.
All these elements are in principle well known from classical accelerators, however, their
application with ultradense laser-generated beams requires an adapted design. This partly
results from the non-negligible free vacuum expansion of an electron beam dominated by
space charge effects. In this regime, the energy of the space charge field per electron can
reach up to 10% of the rest energy, which is much larger than for conventionally acceler-
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ated electron beams. Most commonly used tracking codes applied here and in the field of
conventional particle acceleration are found to exhibit substantial deficits in the applied
models for treating space charge in the regime of laser acceleration. The ensuing arti-
facts stem from common approximations, which are adequate to rather dilute conventional
beams, but which prove inapplicable for dense laser-generated beams. These problems
predominantly arise from the chosen algorithm for Lorentz transformations, inadequate
initial conditions and non negligible retardation artifacts. A part of this thesis consists of
the development of a calculation approach for space charge effects based on Point-To-Point
particle interactions, which is a more adequate ansatz. It can hence be applied to vali-
date further calculation approaches, e.g. Poisson solvers. Understanding the new quality
of space-charge is only one mandatory aspect for many applications of laser-accelerated
electron beams.

Also novel, high-gradient beam optical devices are needed for focusing these beams, hence
we report on the development, characterization and testing of miniature magnetic quadrupole
devices. The miniaturization of these devices in general introduces higher field gradients,
but consequently also stronger field distortions than present in conventional devices. Pre-
sented is a new method for detecting distorting magnetic field aberrations, based on a
simple Hall probe measurement. They can then be compensated online by adjusting the
permanent magnet poles in the device in a controlled way. The characterization results
of these devices have been validated at the Mainz Microtron (MAMI) electron accelerator
which delivers a high quality electron beam. An experiment performed at the Z-Petawatt
laser system at the Sandia National Laboratories resulted in the first successful magnetic
focusing of a laser-accelerated proton beam. Herefore, the new miniature quadrupole de-
vices have been applied.

As outlined above, laser driven electron acceleration holds promise for a quantum leap in
producing dense, short relativistic electron bunches, which are a prerequisite for driving
a free electron laser, which has been prominently demonstrated in the FLASH and LCLS
[6] facilities. By virtue of their substantially higher current density and compactness in
producing them, laser accelerated beams could greatly reduce the overall size of the required
magnetic undulator structures. The first discussion of all relevant aspects concerning a laser
driven Free Electron Laser (FEL) is presented.

The required length of the undulator for operating an FEL depends on the average electron
charge density while propagating through the undulator. With the intrinsic high phase-
space density of laser-driven beams, the undulator length could be further reduced by
keeping the average beams size to a minimum. For this reason, a new undulator concept
was developed on the basis of miniature magnetic quadrupole lenses, which yields strong
intrinsic focusing properties.

Following the theoretical concept, first steps for an experimental realization have been un-
dertaken, starting with the construction and experimental testing of a miniature undulator
device.
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Figure 1.1: Schematic of a laser-driven undulator/FEL photon source: (a) A laser beam
is focused into a gas-filled capillary, where laser-plasma interaction leads to electron ac-
celeration. (b) The electron bunch at a high charge density propagates in vacuum under
the influence of space-charge effects. In (c) and (d), the electron bunch is focused using
quadrupole devices. (e) The electron bunch within an undulator device leads to emission
of synchrotron radiation, i.e. undulator/FEL radiation.

The structure of this thesis follows the sequence of beam transport elements as shown
in Fig. 1.1: (a) Introduction into laser acceleration (chapter 2). (b) Space charge effects
during vacuum expansion1. (c) Miniature magnetic quadrupole devices2. (d) Beside the
transport of electron beams, the quadrupole devices were successfully applied for focusing
ion beams3. (e) Aspects concerning the dipole-based test undulator4, the Free-Electron-
Laser5 and the Quadrupole Undulator6.

1Space charge is introduced in chapter 3. Section 3.5 introduces to the publication in chapter I.
2Charged particle beam transport is introduced in chapter 4. Section 4.4 introduces to the publication

in chapter II.
3The publication concerning ion focusing in chapter III is introduced by section 4.5.
4Undulators and undulator radiation is introduced in chapter 5. Section 5.3 introduces to the publica-

tion in chapter IV.
5The Free Electron Laser is introduced in chapter 6. Section 6.3 introduces to the publication in

chapter V.
6The publication of the quadrupole undulator is presented in chapter VI and introduced in section 6.4.
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Chapter 2

Foundations of Laser Particle
Acceleration

The ever increasing laser intensities as delivered by modern short-pulse laser facilities in
the range between 1019 and 1022 W/cm2 push the development of laser-driven particle
acceleration. In principle, this suggests much more compact accelerators for certain ap-
plications. Ultra-high fields allow to reach GeV electron beam energies within cm scales,
whereas conventional particle accelerators for the same energies are typically hundreds of
meters long. Moreover, a number of important properties of the resulting particle beams
significantly differ from conventional approaches. An example are ultra-high transverse
field gradients in addition to the longitudinal ones, which lead to strong focusing of the
electron beam during acceleration. The result is an electron beam in a new space-charge
dominated regime1 regime.

The major part of this cumulative thesis relates to the treatment of particle beams after
the acceleration process. The required beam transport elements are in principle well known
from conventional accelerator physics. However, the different properties of the beam require
an enhanced understanding of these elements, thus motivating the subject of this thesis.

This chapter introduces to basic aspects of laser particle acceleration in order to give an
impression of the fundamental differences in comparison with conventional concepts. First,
the electromagnetic field of the laser is presented as a solution to the Maxwell equations,
followed by a description of the electron motion in the electromagnetic field, which is the
first principal interaction considered here. Subsequently, the plasma generated by the
interaction of the laser beam with a gas target is introduced with its relevant properties,
since it acts as a field rectifier that transforms the fast oscillating, transverse laser fields
into quasi static, longitudinal acceleration fields. With this basis, we can finally proceed
to the introduction of laser-driven electron and ion acceleration.

1Space charge domination of an electron bunch was determined to be at ratios of the field energy to
rest energy of values larger than 1%. This is described in chapter 3.
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2.1 Laser-Electron-Interaction

Before we describe the microscopic interaction of an electron with a strong laser field, we
will briefly discuss the latter’s properties. The electromagnetic fields ~E and ~B in a very
basic form are described using the Maxwell equations for the spatial coordinate ~x at time
t. These fields can be expressed using the potentials Φ and ~A by

~E =
∂

∂t
~A− ~∇Φ

~B =~∇× ~A. (2.1)

The application of potentials describing the fields has the advantage that ~E and ~B intrin-
sically fulfill the Maxwell equations. In addition, the Lorenz gauge determines Φ and ~A to
be Lorenz-invariant, which is given by the inhomogeneous differential equations

� ~A =− µ0
~j (2.2)

�Φ =− ρ

ε0

(2.3)

with � = ∆ − 1
c2

∂2

∂t2
. ~j is the electric current density and ρ is the charge density. The

absence of any charge distribution and current flux corresponds to the wave propagation
in vacuum, given by the homogeneous differential equations

� ~A =0 (2.4)

�Φ =0. (2.5)

A simple solution for (2.4) is the plane wave

~A(~x, t) = ~A0 cos(ωt− ~k~x + φ) (2.6)

with a phase offset φ and the wave vector ~k pointing into the propagation direction with
the absolute value related to the wavelength by λ = 2π/|~k|. The angular frequency is given
by ω = 2πc/λ = ck.

The plane wave potential (2.6) and the Maxwell equations (2.1) yield the electric and
magnetic fields

E(~x, t) = ω · A0 sin(ωt− ~k~x + φ)

B(~x, t) = k · A0 sin(ωt− ~k~x + φ). (2.7)

which result in B = E/c and which are the basis for solving the equation of motion for
charged particles in the next section.
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2.1.1 Electron Motion in an Electromagnetic Field

The action of an electromagnetic wave onto a particle of the charge e and mass me is given
by the Lorentz force

me
d

dt
(γ~v) = −e( ~E + ~v × ~B). (2.8)

Here, the impact of the magnetic field depends on the velocity of the electron. The laser
intensities considered here are in a regime, where the electron reaches v ≈ c within half a
laser cycle. The magnetic field cannot be neglected.

A solution for the equation of motion for the plane infinite wave in Eq. (2.7) within the
laboratory frame is the famous “Figure 8” motion [7] given by

px =a0 sin φ

pz =− 1

2
a2

0 sin2 φ

x =
c

ω
a0(cosφ− 1)

z =
c

ω

a0

2
(
φ

2
− 1

4
sin 2φ) (2.9)

with the periodic phase φ.

The normalized vector potential a0 is given by

a0 =
e| ~E0|
meωc

. (2.10)

An electron which is initially at rest gains relativistic kinetic energies in half a laser field
oscillation for values2 of a0 ≥ 1. Accordingly, the laser intensity is given by

I =
1

2
ε0c ~E2

0 =
a2

0

λ2[µm2]
· 1.37× 1018W/cm2. (2.11)

The range available with today’s laser systems spans values of 3 < a0 < 100.

Next, we consider a plane wave with a finite pulse duration acting on a single electron
initially at rest. After the pulse is gone, the electron is resting again but it is spatially
translated as shown by the red curves in Fig. 2.1.

We now consider a spatially confined wave. The oscillating electron is pushed out of the
center of the pulse with the highest field energy density. During escaping the center region,
the electron runs down the ponderomotive potential [8]

Up =
e2

4meω2 〈γ〉
| ~E0|2 =

mec
2

4 〈γ〉
a2

0, (2.12)

2Note the mass dependence ∼ 1/me of a0, which means that only electrons become relativistic and
hence gain a lot of energy from the laser field at the laser intensities considered here. In order to reach
a0 > 1 for ions, intensities on the order of 1024 W/cm2 are necessary.
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(a) “Figure 8”-trajectory (b) “Figure 8”-velocity

Figure 2.1: The solution to the equation of motion for an electron in an electromagnetic
wave within the laboratory frame shown in space (a) and in velocity (b). The red curves
show the results assuming a temporally Gaussion plane wave and the blue ones assume a
spatial and temporal Gaussian pulse as shown by the dashed line.

within a Gaussian laser pulse between the maximum field | ~E0| in the center and an infinite
distance from the center. Lorentz factor 〈γ〉 of the electron is averaged over a laser cycle.
An electron within a laser field at a potential a0 moves at [9]

〈γ〉 =
√

1 + a2
0/2. (2.13)

The blue curves in Figs. 2.1 show the calculation of an electron running down a spatially
confined Gaussion pulse with the normalized vector potential of a0 = 3.

2.2 Plasma characteristics

The previous section described the acceleration of single electrons. The goal is, however, to
accelerate a bunch of particles. The plasma serves as a field rectifier that transforms the fast
oscillating, transverse laser fields into quasistatic, longitudinal fields. This section discusses
some important plasma quantities which are required for understanding the acceleration
mechanism.
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2.2.1 Debye length

Having a significant amount of free charge carriers, the plasma neutralizes local distur-
bances. The introduction of a charge Q leads to shielding effects [10]. The charge appears
virtually neutral at distances larger than the Debye length λD due to the screened Coulomb
potential

Φs =
Q

4πε0

exp

(
− r

λD

)
. (2.14)

The Debye length is given by

λD =

√√√√ε0kB

e2

(
ne

Te

+
∑

ion sort

Zini

Ti

)−1

, (2.15)

where kB is the Boltzmann constant. The electrons are characterized by their density ne

and temperature Te. The ions are accordingly characterized by ni and Ti and the charge
state Zi.

2.2.2 Plasma frequency

The Debye length describes the static shielding effects. In contrast, a dynamic local distor-
tion of the quasi-neutrality leads to potential differences on the order of the perturbation
strength, and consequently to strong electric fields and restoring forces. This leads to
a dynamic effect exciting waves that propagate through the plasma. The corresponding
plasma frequency is given by

ωp =

√
e2ne

mε0

=

√
e2ne

meε0 〈γ〉
. (2.16)

The density of ne = 7 · 1018cm−3 yields a plasma frequency of ωp = 8 · 1013s−1 or a plasma
wavelength of λp ≈ 20 µm.

Since local distortions of the plasma can be introduced by high-power laser pulses, the
plasma frequency takes up an important role particularly for the electron acceleration
considered next.

2.3 Electron Bunch Acceleration

The plasma frequency ωp depends on laser and plasma parameters. Its direct impact on
the refractive index shows the importance of this quantity with respect to understanding
basic aspects of the laser pulse propagation within the plasma. These aspects are used to
explain the electron acceleration mechanism.
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2.3.1 Laser-Pulse Propagation in Plasma

Using the previous definition of a relativistic laser-pulse, we can draw simple conclusions
on its interaction with the plasma. The dispersion relation for a laser pulse with relativistic
intensities [11] is given by

ω2 = ω̃2
p + c2|~k|2 (2.17)

with ω̃2
p = ω2

p/ 〈γ〉. A plasma with ωp > ω is called overdense and underdense for ωp < ω. It
can be seen that only relativistic laser pulses are capable of propagating through overdense
plasmas. Otherwise, the absolute value of the wave vector would be complex and thus lead
to a reflection of the laser-pulse. The critical electron density for ω̃p = ω is at

ne =
ε0m 〈γ〉ω2

e2
.

The refractive index η of a cold plasma is given by

η =

√
1−

(
ω̃p

ω

)2

. (2.18)

The group velocity of the laser pulse is vg,Las = cη and the phase velocity is vφ,Las = c/η.
The group velocity vg,Las equals the phase velocity of plasma wave vφ,PW. The Lorentz
factor of the propagation of the laser pulse and the plasma wave, respectively, is hence

γLas = γp =
ω

ω̃p

=
ω

ωp

〈γ〉 . (2.19)

Assuming a laser pulse with the wavelength λ = 800 nm and the values assumed above,
we obtain γp ≈ 10. The next sections we will deduce electron energies reaching signifi-
cantly higher values than γp. The difference in velocity results in important implications
concerning electron acceleration.

2.3.2 Laser Wakefield Acceleration

The interaction between the laser pulse propagating in the plasma and the electrons can
be described using the ponderomotive force resulting in charge separation. This process
drives a plasma wave with high longitudinal electric fields on short distances of a few
µm. These fields co-propagate at the same velocity as the laser pulse within the plasma,
as described in the section before. These propagating longitudinal fields can be used as
particle acceleration fields, which is referred to as laser-wakefield acceleration (LWFA) [2].
Within the linear LWFA regime, the plasma electrons oscillate around their initial positions
and hence cannot be accelerated using the propagating electric fields. In this linear case,
electron acceleration would require external injection into the plasma wave at the proper
phase.
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For estimating the longitudinal acceleration fields, a laser pulse is assumed with a pon-
deromotive force

Fpond ≈ Fel,‖ = E‖e (2.20)

= −∇Up = − e2

4meω2 〈γ〉
∇ ~E2

0 = −mec
2

4 〈γ〉
∇‖a

2
0. (2.21)

With

∇‖a
2
0 = 2a0

∂

∂z
a0 ≈ 2a0kpa0, (2.22)

the longitudinal acceleration field can be written as

E‖ = − mec
2

2e 〈γ〉
kpa

2
0 = −mecωp

2e

a2
0

〈γ〉
. (2.23)

With Eq. (2.13), we finally obtain

E‖ = −mcωp

e

a2
0√

1 + a2
0/2

. (2.24)

The plasma frequency ωp = 8 ·1013 s−1 and a laser beam of a0 = 3 yields acceleration fields
in the order of E‖ ≈ 1011 V/m. This result certainly refers to the consideration of a single
electron. If electrons are continuously injected into the plasma wave, the energy spectrum
would become arbitrary broad.

2.3.3 Bubble Acceleration

LWFA is deduced from well defined plasma waves, which result from linear restoring forces.
This process does not lead to a capturing of electrons. If the excitation of the plasma wave
by far exceeds the linear regime, the wave front bends all the way back to the beam axis.
At this point, the expelled electrons from the center of the laser pulse return to the laser
axis again after half a plasma oscillation. The electron void behind the laser pulse is almost
spherical in shape and is therefore called bubble. The Coulomb repulsion of the electrons
meeting at the axis leads to electrons scattered into the bubble. This capturing process
is also referred to as wave breaking. The highly non-linear acceleration regime is called
bubble acceleration [3] and is shown in Fig. 2.2.

Once the electrons are captured, the acceleration distance is limited by relativistic electrons
propagating at higher velocities than the laser pulse within the plasma (Eq. 2.18). At the
center of the broken plasma wave, the fields are zero. This point marks the end of the
acceleration process.
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Figure 2.2: Snapshot of the electron density (in units of 1020 cm−3) from a PIC simu-
lation. The geometrical size of the electron-free cavity (“bubble”) behind the laser spot
corresponds to the plasma period, which is about 8 µm in this case (gas density 1.8 · 1019

cm−3). The stem of the high-energy electrons is much shorter than the plasma period.

Beyond the center, the bunch gets decelerated, which is called dephasing. The dephasing
length Ld can be estimated taking the acceleration time td = Ld/c and half the plasma-
wave π = ω̃p(LD/vp− td), which results in Ld ≈ λpγ

2
p . An estimation of the electron energy

gained is hence
W = eE‖Ld ≈ 109eV (2.25)

for the typical quantities used hitherto.

The capturing is mainly limited due to an effect called beam loading. The Coulomb field of
the captured electrons leads to a deformation of the bubble. The electrons are kept from
returning to the axis and are thus not scattered inside. Thus, beam loading is the reason
for obtaining quasi-monoenergetic electron beams, since it interrupts the capturing and
all electrons experience a comparable gain of kinetic energy during acceleration. However,
beam loading as a result of space charge superimposes the acceleration fields within the
bubble. Thus, the acceleration fields are not the same for all electrons which leads to a
decline of the beam quality.

Particle-in-cell (PIC) simulations [12] show that the bubble electrons form a stem that
is geometrically considerably smaller than the bubble as can be seen in Fig. 2.2. The
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accelerated charge predicted by the simulations reaches values of up to 1 nC at a spatial
bunch dimension of a few µm, which corresponds to beam currents in the order of 100 kA.
Experiments hitherto, however, rather yield values of a few 10 pC. The reason for this
discrepancy is currently in the focus of ongoing research.

Laser based electron acceleration has been experimentally demonstrated at various laser
facilities up to an energy of about 1 GeV [4, 5, 13]. A normalized emittance of 1 mm mrad
was deduced from the experimentally determined beam divergence and the source size as
inferred from PIC simulations.

The amount of the longitudinal acceleration field yields the fundamental difference between
laser-acceleration and conventional acceleration. The latter is principally limited by the
Kilpatrick criterion for high voltage vacuum sparking [14]. Radio frequency accelerators
experience a principal limit for the high voltage stability of acceleration structures of
≈ 100 MV/m. Modern super-conducting acceleration cavities as presently applied at
DESY [15] reach 30 MV/m. Laser-acceleration fields are typically in the order of TV/m
[Eq. (2.24)], which allows a reduction of the cavity length by at least 5 orders of magnitude.
Acceleration distances of the order of kilometers can be reduced to the cm regime, which
leads to a miniaturization of the accelerator device.

In addition to the miniaturization, laser-plasma accelerated electron beams possess different
properties. The bubble shape leads to transverse focusing fields with gradients in the
order of the longitudinal acceleration fields. These transverse fields are also unreachable
by conventional accelerators and thus, laser particle acceleration is capable of reaching
space charge fields in a new regime.

The resulting space charge effects after extraction of the beam into vacuum have to be stud-
ied in a way which so far was not necessary in conjunction with conventional acceleration.
These studies are presented in this thesis.

2.4 Ion Acceleration

The ponderomotive force delivered by laser systems widely available today are capable of
accelerating electrons to relativistic energies in vacuum. This is not the case with ions.
Using Eq. (2.10) for protons and replacing the electron mass me by the proton mass mp

results in enormous requirements of the laser intensity, namely

I =
a2

0

λ2[µm2]
· 4.6× 1024W/cm2. (2.26)

The Extreme Light Infrastructure (ELI) [16] is a laser project aiming at these intensities
within the next years. For current laser systems, however, the ions are too heavy to follow
the oscillations of the laser field. The solution here is the acceleration of electrons as a basis
for transferring energy to the ions which are accelerated in a field due to charge separation
between electrons and ions.
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2.4.1 Target Normal Sheath Ion Acceleration

The target normal sheath acceleration (TNSA) [17, 18, 19] involves the irradiation of a foil
target with a thickness in the µm range using a multi TW laser pulse. The acceleration of
ions takes place within a quasi-static electric field, spanned between an ionic background
and laser-accelerated electrons. The main aspects of this process will be explained in the
following.

The energy of the laser pulse is predominantly transferred to the electrons due to the
ponderomotive force. The foil is in solid state density and thus cannot be penetrated by
the laser pulse. The resulting electron acceleration efficiency is poor compared to the case
where the laser pulse penetrates the target, as it was the case with electron acceleration
as described in the previous section.

Figure 2.3: Target-normal-sheath-acceleration (TNSA) mechanism is shown schematically.
A laser pulse is focused onto a foil of few 10 µm thickness. Electrons (e−) are pondero-
motively accelerated within the pre-plasma at the front side (on the left-hand side) of the
foil and leaving it at the rear side. An electrostatic field is built up within a distance of
the hot electron Debye-Length λD between the ionic background inside the foil and these
electrons, accelerating ions from the rear side of the foil.

At the rear side of the foil, these electrons are in a thermal equilibrium, building up a
quasi-static electron sheath. The sheath and the mirror charge within the foil generate the
acceleration field for the ions.



2.4 Ion Acceleration 15

The electrons accelerated within the pre-plasma possess a thermal energy distribution with
a temperature of [20]

kBTe = mec
2

(√
1 + a2

0 − 1

)
and are called hot electrons.

The electrostatic acceleration field for TNSA leads to ion energies of tens of MeV for
currently available laser systems at an acceleration distance in the range of the Debye
length, which is in the order of 1 µm. The comparison to conventional ion acceleration
yields an emittance of the ion beam at much smaller values although the spatial charge
density is much larger. The reason is the smooth curvature of the electron sheath as
schematically shown in Fig. 2.3, perpendicular to which the ions are accelerated. The
extraction angle of the ions is highly correlated with their initial position on the surface of
the foil, which leads to small emittance values by definition.

However, the curvature of the electron sheath also leads to an ion beam at much higher
divergence as obtained from conventional acceleration approaches. The concepts for reduc-
ing the divergence involve mass-limited targets with spherical shape at few µm in diameter
[21] or shaped targets [22]. The principle disadvantages of TNSA is a large energy spread
and little energy conversion efficiency. An acceleration scheme performing better in this
respect is the Radiation Pressure Acceleration as introduced in the next section.

2.4.2 Radiation Pressure Acceleration

The radiation pressure acceleration regime (RPA) promises fundamental advantages over
TNSA such as monoenergetic ion beams and a much higher energy conversion efficiency.
Concerning laser ion acceleration, RPA is the best of all approaches known so far, but is
extremely demanding on the temporal contrast of the drive laser pulses, since targets with
thicknesses on the order of a few nm have to stay intact until the peak of the laser pulse
arrives. Since RPA is not subject of this thesis, the description is kept brief.

Similar to TNSA, the RPA mechanism is also based on the interaction of a relativistic laser
pulse with a solid target, pushing electrons in the forward direction [23, 24, 25, 26]. In the
case of RPA, however, the thickness of the foil target is in the nm range [27] (e.g. Diamond
Like Carbon (DLC)). The skin depth is larger than the thickness of the foil. Hence, in
spite of the the foil in solid state density, which usually leads to reflection, the leaser pulse
can yet penetrate the target and pushes all electrons to the front leading to a shift of the
electron density with respect to the ion background. This shift one hand causes strong
acceleration fields for the ions on the but also keeps space charge fields low on the other
hand since most electrons remain inside the ionic background. The circular polarization of
the laser pulse leads to a smooth momentum transfer from the laser pulse to the electron
population without heating it and subsequently causing a strong bipolar expansion of the
foil, as would be the case with linear polarization.



16 2. Foundations of Laser Particle Acceleration

Target
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Electrons
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Figure 2.4: The Radiation Pressure Acceleration scheme (RPA) is shown schematically.
An ultra-thin nm foil target is irradiated by a circularly polarized laser pulse ionizing all
atoms. The electrons are pushed out of the nm-thick solid material and are accelerated.
The constant energy transfer of the laser pulse to the electrons and the restoring forces of
the ions lead to the acceleration of the target as a whole. [29].

The steady light pressure acting on the electrons is at an equilibrium with the restoring
force of the ionic background. Consequently, the irradiated part of target is accelerated as
a whole as shown in Fig. 2.4. The electron distribution and ion distribution shifted with
respect to each other leads to a rotation in the longitudinal phase space during accelera-
tion [28] and thus, to a compression of the phase space volume as it is also known from
conventional acceleration. In a purely one dimensional scenario, all ions obtain similar
energies and thus, a high efficiency for ion acceleration into a monochromatic spectrum
can be achieved. In three dimensions, the acceleration is strongest in the center of the
laser pulse, leading to a relatively poor overall efficiency for ions with the highest energy
and best collimation. Therefore, a lot of research goes into the development of strategies
that counteract this effect, such as flat-top laser intensity profiles or foils shaped to coun-
terbalance the laser imprint, and hence strongly enhance the phase-space density of such
beams [29]. This possibility constitutes one of the prime motivations for this thesis, since
such beams will truly exploit the full potential of the beam optics developed here. High
expectations for this novel scheme to efficiently deliver high-quality GeV ion beams have
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sparked a vigorous competition among different research groups. The first observation of
RPA signatures could be achieved in this group [30].

Moreover, the new method for characterizing and tuning beam optical devices presented
in this thesis allows a proper manipulation and transport which currently gives our group
a distinct advantage over our competitors.
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Chapter 3

Space Charge Effects

The laser electron acceleration yields particle beams with specific properties as described
in the chapter before, among which the beam current density significantly differs from
conventional particle acceleration. As a consequence, space charge effects play an important
role, the understanding of which is a prerequisite for the realization of many experiments,
such as Free-Electron-Lasers. Particularly for laser-accelerated electron beams, these effects
have to be understood in detail.

Although the space charge effect is merely based on the Coulomb interaction, it is a many-
particle problem which can hardly be treated analytically. Besides introducing to the
numerical calculations, this chapter also aims at presenting a visual impression of the dy-
namics of the intra-beam interaction of charged particles arguing with simple conserved
quantities. Next, retardation effects in the context of space charge calculations are intro-
duced, causing artifacts which cannot be neglected for high current electron beams. The
minimization of of these artifacts is a topic of this thesis and will be introduced finally.

3.1 Numerical Calculation Methods

All numerical simulation approaches considered here are based on an ensemble of discrete
particles1 which are tracked through the simulation volume in the time domain and in a
6D phase space. This implies that every particle is characterized by its spatial position
and momentum at a given point in time within the calculation frame of reference. It is
thus only one 6D phase space coordinate for every particle which is used to determine the
following coordinate at the next discrete time step2.

1On could consider particle densities instead of discrete particles.
2The alternative would imply taking into account the 4D trajectory rather than the 6D phase space

coordinate. These 4D approaches (also sometimes called ”book keeping“) are not very common, also
because computer performance presently does not allow for their treatment in an acceptable amount of
time. 4D approaches are not considered here.
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Einstein postulates that the laws of physics are the same for all observers in uniform motion
(frame of reference) relative to one another. Accordingly, the frame of reference, where
the equation of motion for particle i is solved, is further on called the calculation frame
of reference. All frames considered here move in the same longitudinal direction with
different velocities as required when applying the special theory of relativity. The equation
of motion is given by

me
d

dt
γi~vi = ~F = −e( ~Ei + ~vi × ~Bi) (3.1)

with the rest mass me, the Lorentz factor γi, the velocity vi, the charge e, the force ~F , the
electric field ~E and the magnetic field ~B.

The large number of real particles calls for grouping many electrons into simulation par-
ticles, so called macro-particles, for reasons of computational efficiency. np particles form
a macro particle having np-times the charge, thus experiences np-times the force, and
np-times the mass me. The particle’s dynamics

d

dt
γ~v =

np
~F

npme

remains unchanged. This model certainly corresponds to np actual particles which are
forced on a constant distance. This constraint leads to artifacts which have to be minimized
using a convergence test. From this point on, we refer to the total number of particles n used
in a simulation rather than referring to the number np per macro particle. Convergence
can be identified using values such as the total energy (kinetic energy and field energy)
of the system. The consideration of the mere vacuum expansion of high current beams
usually only requires a few thousand macro particles3. Many more macro particles are
required for example when evaluating the emittance of a beam which is focused. This
scenario might require specific calculation methods, which yield appropriate scalings of the
calculation time depending on the number n of particles considered. Here, two methods
are introduced, the point-to-point interaction, where the calculation time scales like n2 and
the Poisson solver, where it almost linearly scales with n.

3.1.1 Point-to-Point Interaction

The calculation of space charge is examined here using a point-to-point interaction (PPI)
model according to [31, 32]. A prominent implementation is the GPT code [33]. The frame
of reference commonly used with PPI codes is the laboratory frame.

The electromagnetic fields are calculated relativistically, where radiation effects are ne-
glected and retardation is treated in accordance with the constant velocity approximation.

3Note that the force ~F scales with np, which leads to a convergence of the system particularly when con-
sidering the electromagnetic field, even though the number of macro particles is many orders of magnitude
smaller than the number of real particles.
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For obtaining ~Ei and ~Bi required to solve the equations of motion (3.1), we first consider
the Coulomb field of particle j acting on i in the rest frame of j given by

~E ′
j→i =

Q~r′ji

4πε0|~r′ji|3
, (3.2)

with Q being the charge of the macro particle and

~r′ji = ~rji +
γ2

j

γj + 1
(~rji

~βj)~βj = ~r′i − ~r′j (3.3)

being the distance between the particles i and j in the rest frame of j moving at the
normalized velocity ~βj = ~vj/c within the calculation frame of reference.

The Lorentz transformation of the Coulomb field of particle j acting on i into the calcula-
tion frame of reference is given by

~Ej→i =γj

[
~E ′

j→i −
γj

γj + 1
(~βj

~E ′
j→i)

~βj

]
, (3.4)

~Bj→i =
γj

~βj × ~E ′
j→i

c
. (3.5)

Coulomb Singularity

The Coulomb potential of Eq. (3.2) has the well known singularity at |~r′ji| → 0. If the time
steps are chosen too large and of constant values, there is the chance that two particles i
and j approach much closer than they would in reality. This incidence results in a gain of
total energy of the system, which is a numerical artifact also referred to as heating.

Two ways are discussed which can be used either separately or in combination to prevent
the system from heating.

Macro Particle Radius Problems due to the singularity of the Coulomb potential can
be reduced considering each macro particle as a cloud of ”real“ particles. A radius r0 is
introduced for determining an overlap of the clouds. Eq. (3.2) is extended according to

~E ′
j→i =

Q~r′ji
4πε0

·
{
|~r′ji|−3 : |~r′ji| > r0

r−3
0 : |~r′ji| < r0

(3.6)

with a reasonable choice for r0 which is the typical distance between two macro particles.

Adaptive Time Steps The application of adaptive time steps is an elegant way prevent-
ing the simulated system from heating. The evolution of the 6D phase space coordinate
is observed, allowing for changes from step to step in time only within a specific radius.
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Hence, this is an upper boundary for both, the change in momentum and the change of
the spatial position. The simulation code steadily tries to increase the size of the steps for
minimizing the total calculation time. Heating of the system is identified if the radius is
exceeded. In this case, the calculation of the time step is repeated using a smaller step
size.

3.1.2 Poisson Solver

The Poisson solver evaluates electrostatic fields in the mean rest frame of the bunch.
Prominent examples for implementations are code packages GPT [33] and ASTRA [34].

For each time step, the electrostatic potential is solved on the grid points of a calculation
mesh. Modern solvers utilize adaptive grids such that the resolution is enhanced where
charges are accumulated. Relative motions within the mean rest frame are neglected since
magnetic fields cannot be taken into account using this method. The transformation of the
electrostatic field into the calculation frame of reference, which usually is the laboratory
frame, is performed using Eq. (3.5).

A solver requires a number of assumptions and technical details, which are not introduced in
detail here. This fact, however, requires the solver’s calculation result to be carefully cross-
checked with calculation approaches based on more fundamental principles. For example,
the PPI method only utilizes the Coulomb field and can thus be used for validation. As
already mentioned before, specific space charge calculation scenarios require n ≈ 105 for
converging safely. Since the Poisson solver almost linearly scales with n, this method might
be without an alternative.

In the course of this thesis, three causes for artifacts were identified within prominent solver
codes such as GPT:

� The approximation of the Lorenz transformation performed in every time step is
inadequate for large relative longitudinal velocity components.

� The equations of motion solved in the mean rest frame only requires the Lorentz
transformation ones instead of a transformation in every time step.

� The initial conditions have to be considered correctly. Assumptions for the bunch
history regarding the acceleration process have to be made.

These issues are discussed in the publication of chapter I in more detail.
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3.2 Symmetry Approximations

This section intends to help the reader obtaining an intuitive perception of the process
during the beam expansion due to space charge effects. This picture can be useful when
evaluating results of numerical simulations.

The two frames of reference considered here are the laboratory frame, where all beam
transfer elements are at rest, and the mean rest frame of the bunch, where the average
longitudinal velocity of all particles is zero. The initial spatial particle distribution is
assumed to be point-symmetric in both frames of reference. The violations of this symmetry
discussed here are due to two different reasons:

� A bunch with particles moving with respect to each other in longitudinal direction
in principle cannot be point-symmetric in both frames of reference. The reason can
be found in the Lorentz transformation as discussed in the publication in chapter I.

� The symmetry is violated for geometrical reasons due to the divergence of the bunch
as discussed in the following.

The violation for the latter reason, geometrical one, clearly dominating over violations due
to the Lorentz transformation. Hence, the violation due to the Lorentz transformation is
neglected in the following discussion.

3.2.1 Geometrical Bunch Prolongation

Figure 3.1: The evolution of a diverging particle bunch is shown schematically within
the laboratory frame neglecting space charge. We consider two particles, one propagating
on-axis along ~x0 and another one propagating along ~x1 at an angle of Θ.

We will first consider a case, where space charge is neglected and the bunch diverges at
an angle Θ. In this simple and prominent case, the initial spatial point symmetry will be
violated during propagation.
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In Fig. 3.1, we schematically consider the case of geometrical prolongation of a bunch
longitudinally propagating in the z direction. The bunch initially is point symmetric
in space having a finite divergence without energy spread and neglecting space charge.
A first particle which is initially located on axis propagates along the trajectory ~x0. A
second particle propagates (at the same velocity) along the trajectory ~x1 at an angle Θ.
The contribution to the bunch prolongation of these particles is ∆L ≈ z · Θ2/2. This
bunch loses the initial point-symmetry in space, since the initial divergence introduces a
momentum distribution which is not any longer point-symmetric.

3.2.2 Self Acceleration

After having discussed a diverging bunch without considering space charge effects, we now
discuss an initially cold bunch, i.e. with zero divergence and zero emittance4 as shown in
Table 3.1. This time, we consider the influence of space charge.

σx σy σz γ∗ Q ε σ′

1µm 1µm 1µm 300 1 nC 0 0

Table 3.1: Initial configuration of a beam in the laboratory frame with a Gaussian particle
density distribution of the energy γ∗, the emittance ε and divergence σ′.

Figure 3.2: Evolution of a cold bunch as in Table 3.1 in its mean rest frame remains point-
symmetric as shown schematically. (a) shows the initial state at the time t′0 = 0, (b) at a
later time t′1. The color coding indicates the energy distribution.

The action of the Coulomb force is point-symmetric. As already mentioned, the spatial
bunch density distribution and the momentum distribution in the mean rest frame of the
bunch is assumed to be point-symmetric in both frames of reference.

We first move from the laboratory frame of reference into the mean rest frame of the
bunch propagating with γ∗. The Lorentz transformation requires 4D trajectories for every

4The terms divergence and emittance are introduced in chapter 4.
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particle. As already mentioned, the calculation approaches usually applied only yield coor-
dinates in the 6D phase space. The Lorentz transformation thus has to be approximated.

A common and simple approximation5 is σ′x = σx, σ′y = σy and σ′z = γ∗σz. This transfor-
mation implies that the spatial density distribution and momentum distribution remain
point-symmetric for all times in all frames of reference.

The calculation of the evolution of the spatial density distribution in the mean rest frame
of the bunch is shown in Fig. 3.2(a) initially and in Fig. 3.2(b) after some expansion. The
Coulomb expansion does not violate the point-symmetry.

Figure 3.3: Space charge driven evolution of an initially cold bunch is shown schematically
in the laboratory frame. As in Fig. 3.1, we consider two particles, one propagating on-axis
along the trajectory ~x0 and one propagating along the trajectory ~x1 at an angle Θ. The
distributions correspond to the schematic representations in the mean rest frame shown in
Fig. 3.2.

Moving back to the laboratory frame, the spatial symmetry is conserved as schematically
shown in Fig. 3.3, in contrast to Fig. 3.1. After the space-charge driven expansion, the
electron propagating along ~x1 with a finite divergence θ > 0 has to propagate at least6 the
distance x1 > x0 +∆x within the same time as the electron on axis (θ = 0) propagates the
distance x0. For a beam at ultra-relativistic velocities (γ > 100, v ≈ c), additional velocity
components result in a large gain of kinetic energy. However, neither does the geometrical
center of the bunch change the state of motion nor does the system as a whole violate
energy and momentum conservation, as shown in the next section.

5This approximation neglects the violation due to the Lorentz transformation and is commonly applied
among a majority of simulation codes such as GPT. A more accurate approximation is discussed in the
corresponding publication in chapter I.

6The real trajectory is curved, which enhances the difference in the propagation distance.
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3.3 Self Acceleration and the Conservation of Energy

and Momentum

The origin of the gain of kinetic energy can be found in the averaged potential field energy
per electron in the mean rest frame of the electron bunch [31]

u′f =
1

4πε0N

N∑
i=2

i−1∑
j=1

qiqj

|~r′i − ~r′j|
=

ε0

2N

∫
| ~E(~r′)|2d3r′, (3.7)

where N is the number of charged particles considered and qi is the charge of the particle
i at the position ~r′i. The normalized field energy u′n = u′f/mec

2 is a good indication for
identifying the space charge regime of the electron bunch considered. A bunch can be
considered space charge dominated for u′n > 1%7.

The equivalence of energy and mass u′f = mfc
2 allows the treatment of the space charge

field energy uf as an effective field mass mf . The average energy in the electrons’ mean
rest frame is

u′ = mec
2 + u′f = (me + mf )c

2. (3.8)

The potential energy is at its maximum at its release into vacuum after its acceleration.
An effective total mass per electron is given by

m′ = me + mf , (3.9)

where mf is the effective field mass.

The expansion of the bunch leads to a reduced space charge field and thus to a reduced
effective mass. As relaxation of the space-charge field corresponds to mf = 0, the total
energy u′ = m′c2 = γ′mec

2 is conserved for

γ′ = 1 +
mf

me

. (3.10)

The potential energy per electron in the case considered is 50 keV, which is 10% of the
electron’s rest energy.

The transformation into the laboratory frame using Eq. (3.9) yields the total energy of the
bunch

u = γ∗m′c2 = γ∗mec
2

(
1 +

mf

me

)
(3.11)

directly after its acceleration. After a complete relaxation, Eq. (3.10) yields u = γ∗γ′mec
2 =

γmec
2 and thus

γ = γ∗γ′. (3.12)

7It was found from a series of simulations that charge densities of u′
n > 1% require careful studies of

the of space charge effects.
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The average gain of kinetic energy corresponds to the ratio of field energy and rest energy
of the electron. The same approach yields the longitudinal momentum gain of the electron
bunch propagating at the velocity v∗ = β∗c, while conserving the total momentum of the
system

pz = γ∗m′v∗, (3.13)

for the bunch right after acceleration and

pz = γ′γ∗mev
∗, (3.14)

after complete relaxation.

Figure 3.4: Self acceleration fields for particles of a bunch propagating in the laboratory
frame. This scheme as an example considers particles which are located within the bunch.
On the left, there is the electrostatic field pointing towards the transverse direction, which
is the dominant direction of the electrostatic field due to the Lorentz contraction. The
magnetic field is a consequence of the beam current. The further the electrons depart
from the beam axis, the more kinetic energy they obtain from the electric field and at the
same time, the greater the force in the forward direction which they experience from the
magnetic field.

The illustrative impression of the acceleration process in the laboratory frame can be
obtained by regarding the electromagnetic fields. The major electric field component results
in a transverse acceleration as shown in Fig. 3.4. The transverse electric field component
of ~E dominates over the longitudinal component as a result of the Lorentz transformation
Ex = γ∗E ′

x and Ez = E ′
z.

The transformation from the rest frame into the laboratory frame introduces an azimuthal
magnetic field. The mainly transverse velocity component from the acceleration by the
electric field leads to a longitudinal velocity component due to the Lorentz force.

This fact allows for an interesting and fundamental conclusion. The magnetic field is a
result of the Lorentz transformation from the mean rest frame to the laboratory frame and
assures the center of mass at the position ~xcm moving at constant velocity ~vmean in any
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frame of reference8. The center of mass is written as

~xcm(t) =

∑
i γi(t)~xi(t)∑

i γi(t)
= ~xs0 + ~vmeant. (3.15)

3.4 Retardation Artifacts

The PPI calculation method principally requires the approximation of retardation effects.
This approximation can become questionable if the state of motion changes on short time
scales. The electrons within a space charge dominated bunch are exposed to large accel-
erations and hence artifacts due to the constant velocity approximation are not negligible.
In the following, we will examine the quantities on which artifacts depend on.

Figure 3.5: Electrons p0 - p6 are shown schematically within the laboratory frame. p0 is the
symmetry particle. The left hand side of (a) shows the laboratory frame with the initial
beam configuration at a time t0 and after some propagation on the right hand side at the
time t2. The electrons are shown with the electrostatic fields contracted as a result of the
quasi static approximation in Eq. (3.4). (b) shows the symmetric particle positions of the
4D trajectory in the mean rest frame at the time t1. (c) shows the retarded positions at t1
in the mean rest frame estimated from the 6D phase space coordinate using the constant
velocity approximation. This approximation results in an acceleration field Eacc, which is
a retardation artifact.

8Strictly speaking, the center of mass of only the particles (electrons) does not exactly move at constant
velocity. It is the total center of mass moving at constant velocity, which also includes the effective mass
of the electromagnetic field mf .
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Fig. 3.5 schematically shows the electrons p0 to p6 within a space charge dominated bunch
expansion. The center particle p0 is the symmetry particle and also the center of mass.
The distance between the particles i and j is rij. The center of mass as in Eq. (3.15) and
the symmetry condition determine relative distances of particles located opposite to each
other, e.g. r01 = γ2/γ1 r02 or r05 = γ6/γ5 r06.

These electrons have to remain in symmetry in any frame of reference at all times. The
electrostatic fields are schematically shown contracted in space, which is a result of the
constant-velocity approximation. The correct retarded position for the point in space
is schematically shown in Fig. 3.5(b). The initial spatial point symmetry is not broken
and hence the symmetry particle does not experience any accelerating fields. In contrast,
Fig. 3.5(c) shows the retarded positions applying the constant velocity approximation.
p1, p2, p3 and p4 yield a longitudinally accelerating component acting on p0, which is an
artifact.

The reason for acceleration can be found when determining the retarded distance R at a
time t1 when particle j is acting on particle i. The retarded distance is characterized such
that knowing R allows to use the point-symmetric Coulomb field particularly for relativistic
velocities. The field can also be deduced from the Liénard-Wiechert potentials [31] and is
given by

~Ej→i =
e

4πε0

 ~nji − ~βj

γ2
j R

2
ji

(
1− ~nji

~βj

)3


ret

(3.16)

with ~nji = ~Rji/Rji. The corresponding magnetic field is

~Bj→i =
1

c

[
~nji × ~Ej

]
ret

. (3.17)

The origin of the interaction, hence, is located earlier in time at the time t0. Within the
retarded time tji = t1 − t0, particle j has traveled the distance ~xji = c~βjtji. Using linear
extrapolation, the retarded distance can be calculated according to

~Rji =~rji + ~xji = ~rji + c~βjtji (3.18)

=~rji + ~βjRji. (3.19)

The absolute value is then determined to be

Rji = γ2
j

(
~rji

~βj +

√
(~rji

~βj)2 +
|~rji|2
γ2

j

)
. (3.20)

The particle interaction as deduced in this section does not involve any changing of the
frame of reference. Furthermore, it can be shown that Eqs. (3.16) and (3.17) correspond
to Eqs. (3.4) and (3.5).
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The approximation as in Eq. (3.20) assumes uniform motion within the “dead time” interval

tji =
Rji

c
∼ γ2

j , (3.21)

in which acceleration is not respected.

The retarded time transformed into the rest frame of the ultra relativistic bunch (γ � 1)
scales according to

t′ji ∼ γj. (3.22)

Hence, tji is minimized for the individual particle if γj is minimized. The “dead time” for
a particle bunch propagating at the mean velocity 〈γ〉 can be reduced likewise by a factor
of 〈γ〉 if the calculation is performed in the mean rest frame of reference. In this frame,
retardation artifacts are minimized.

3.5 Appropriate Space Charge Calculation Method

Chapter I studies the dynamics of a high current electron beam as obtained from laser
electron acceleration directly after the release into vacuum.

The first conclusion concerns the Lorentz transformation of the particle beam between
the mean rest frame and the laboratory frame. Here, principal assumptions are required
concerning the history of the bunch, which in our case involves the extraction of the bunch
from a plasma accelerator. After the release, the electron bunch expands in vacuum due
to Coulomb forces. These forces severely alter the energy distribution within the beam in
a spatially highly correlated manner.

A further conclusion concerns widely applied calculation methods, which produce severe
retardation artifacts being visible in the longitudinal phase space and which lead to the
violation of energy conservation.

The problems with codes using these methods are severe enough to state that the design
of applications being sensitive to space charge effects might be misguided. A prominent
application of this kind is the FEL as described in chapter 6. Therefore, this topic is of
importance and interest for both, the plasma-based advanced accelerator and the FEL
modeling communities.

In this thesis, a calculation method for space charge effects has been developed, which is
appropriate for calculating laser-accelerated electron beams. This development requires
an enhanced understanding of the interactions revealing effects which can be neglected in
conjunction with conventional acceleration but can clearly not be neglected using laser-
accelerated beams.

All calculations contained in the publication that will be presented in chapter I were
performed in the course of this thesis.



Chapter 4

Transport of Laser Accelerated
Particle Beams

The next consequent step after considering the expansion of an electron beam in vacuum
is its beam optical treatment. Similar to space charge effects, the application of optical
devices for charged particle beams is as old as particles accelerators themselves.

Beam transport is a crucial component for all future real-world applications of laser-
accelerated particles beams. The commonly used formalism to describe beam propagation
is linear beam optics, where intra-beam interactions, i.e. space charge effects, are neglected.
The introduction to linear beam optics provided here follows [35, 36].

Optical devices are considered for relativistic particles with β ≈ 1. The Lorentz force

~F = −e( ~E + ~v × ~B) = −e( ~E + c~β × ~B) = ~̇p (4.1)

yields an effect of magnetic fields of the strength of 1 T = 1 Vsm−2, corresponding to an
electric field of the strength 3 · 108 V/m. For obtaining maximum focusing strength for
relativistic beams, magnetic fields can be produced more easily than electrostatic fields.
Magnetic fields are thus the method of choice for beam optical components used here.

4.1 Transport Matrices

A single particle propagating along the longitudinal direction z with given transverse
positions, x(z) horizontally and y(z) vertically and the corresponding spatial derivative
x′(z) = px

pz
is written as

X(z = 0) =


x(0)
x′(0)
y(0)
y′(0)

 =


x0

x′0
y0

y′0

 . (4.2)
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The free longitudinal drift of a distance s of a particle for one plane is given by

x(s) =x0 + x′0 · s
x′(s) =x′0.

The distance s and the position z both refer to the longitudinal direction. We distinguish
z to be the absolute position within the whole beam line system and s the position within
one beam transport element.

The free drift is a beam transport element, the action of which can be written as a matrix
transformation element. The state of a particle in Eq. (4.2) is hence altered using a 4× 4
linear transformation matrix

X(s) =


x(s)
x′(s)
y(s)
y′(s)

 =


1 s 0 0
0 1 0 0
0 0 1 s
0 0 0 1




x0

x′0
y0

y′0

 = MFreeDrift


x0

x′0
y0

y′0

 . (4.3)

The linear transformation M for a single particle X0 is

X1 = M ·X0. (4.4)

In addition to the free drift, two further specific transportation matrices are of interest in
this thesis.

Firstly, the magnetic dipole only acting on the x-component and neglecting focusing due
to fringe fields in the y-component is given by the matrix

MDipole =


cos s

R
R sin s

R
0 0

− 1
R

sin s
R

cos s
R

0 0
0 0 1 s
0 0 0 1

 , (4.5)

where the bending radius is R = p/(eB) with the particle’s charge e, the particle’s mo-
mentum p and the homogeneous magnetic field B.

Secondly, a magnetic quadrupole focuses the beam in one plane and defocuses it in the
other. The matrix reflecting this behavior for focusing in the horizontal plane and defo-
cusing the vertical plane is given by

MQF =


cos Ω 1√

k
sin Ω 0 0

−
√

k sin Ω cos Ω 0 0
0 0 cosh Ω 1√

k
sinh Ω

0 0
√

k sinh Ω cosh Ω

 (4.6)

for Ω =
√

ks with

k =
e

p

dB

dx
. (4.7)
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Correspondingly, a quadrupole focusing in the vertical plane and defocusing the horizontal
plane is given by

MQD =


cosh Ω 1√

k
sinh Ω 0 0√

k sinh Ω cosh Ω 0 0
0 0 cos Ω 1√

k
sin Ω

0 0 −
√

k sin Ω cos Ω

 . (4.8)

4.2 Determining the Magnetic Field Distribution

The matrix representation introduced above treats elements which have ideal pure dipole
or quadrupole magnetic field components. Real beam optical devices in general include
unwanted field errors, particularly multipole devices. Hence, the ability to analyze the mag-
netic field distribution of beam transport elements is a necessary prerequisite for the con-
struction of high quality beam transport elements. The publication in chapter II presents
a new method for determining the magnetic field distribution neglecting longitudinal field
components (Bz = 0). Within the analyzed element, the field distribution is expanded in
a simple way which quantitatively delivers dipoles, quadrupoles and higher order magnetic
field components (HOMFC).

The magnetic vector fields of these elements satisfy the Maxwell equations ~∇· ~B(ρ, ϕ) = 0

and ~∇× ~B(ρ, ϕ) = 0, with ρ and ϕ being the transverse cylindrical coordinates.

The field expansion can be written as

~B(ρ, ϕ) =
∞∑
l=1

[Blρ(ρ, ϕ)~eρ + Blϕ(ρ, ϕ)~eϕ] (4.9)

with l being the order of the field component, namely dipole (l=1), quadrupole (l=2),
sextupole (l=3), octupole (l=4), decapole (l=5) and dodecapole (l=6) for the lowest six
orders.

The expansion terms Blρ (radial) and Blϕ (azimuthal) are given by

Blρ(ρ, ϕ) = ρl−1[al sin(lϕ) + bl cos(lϕ)]

Blϕ(ρ, ϕ) = ρl−1[al cos(lϕ)− bl sin(lϕ)]. (4.10)

The coefficients al and bl of the order l can also be written in a more intuitive way, namely
in magnitude [

√
a2

l + b2
l ] and phase [arctan(bl/al)].

Regarding a multipole device with a specific device axis at ρ = 0, the scaling of ρ in
Eq. (4.10) shows that the field components close to the axis have less influence for higher
orders l and on the other hand have an increased influence for larger radii ρ. This scaling
explains why HOMFCs have less disturbing influence on the imaging quality of quadrupole
devices if the aperture is only partially illuminated.
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The conventional measurement method of the magnetic field distribution involves rotating
coils. This approach is a reasonable characterization method if the size of the apertures
is sufficiently large such that the coil fits in. A Fourier transform of the analog coil signal
enables a direct access to the field components. For decreasing aperture sizes, however,
the rotating coil method poses increasing challenges. These are not only limited to the
requirements of the fabrication in accordingly small sizes, which is a source of measurement
errors on its own. Also mechanical vibrations during the measurement process have to be
suppressed, which involves large efforts [37].

In the publication presented in chapter II, a method was developed allowing to charac-
terize the magnetic field distribution of miniature quadrupole lenses merely using a Hall
probe. The Fourier expansion not only delivers the magnitude of HOMFCs, but also their
phase. Measurement errors are accessible through the data itself and thus are intrinsically
available. The method requires the knowledge of the center of rotation of the quadrupole,
which can be obtained through very basic properties of the magnetic field distribution.
The method is described in the appendix A.

4.3 Beam Propagation

The discussion hitherto describes the propagation of a single charged particle in a beam
optical system. We now extend the discussion to a beam which is defined by a ensemble
of particles moving in longitudinal direction.

Fig. 4.1a shows the beam propagation at several stages: Converging, collimated at the
beam waist, diverging and during refocusing. A more detailed view on the state of a beam
is given by the x − x′ diagrams in Fig. 4.1b-e, with the spatial transverse component x
and the spatial transverse slope x′ = dpx/dpz ≈ βx for βz ≈ 1: The inclination of the beam
ellipse as shown in Fig. 4.1b-e indicates the beam state. The x− x′ representation implies
the ellipse rotating clockwise as a function of the propagation distance.

These ellipses are commonly called phase space ellipses in accelerator physics. A phase
space is spanned by the canonical coordinates x and px and its phase space area is preserved
according to Liouville’s theorem. The plots as shown in Fig. 4.1b-e, which are commonly
used in accelerator physics, do not refer to a phase space in general:

� Phase space: x− px

� Trace space: x− x′
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Figure 4.1: (a) The beam envelope function σx(z) describes the spatial beam envelope
of one transverse plane including all beam particles i at positions xi(z). The trace space
diagrams at a longitudinal beam position z include the transverse positions xi plotted
versus the derivative x′i = dpix/dpiz. Trace space diagrams are shown for a converging beam
(b), at its waist (c), diverging (d) and during refocusing (e).

The phase space area and the trace space area are proportional only if the beam is mo-
noenergetic [38]:

x′ =
dpx

dpz

, not dependent of γ, whereas

px = βxγm0c = px(γ) with

γ ∼ E. (4.11)

A beam line commonly includes beam transport elements which are chromatic. A finite
energy spread therefore enlarges the phase space area during the propagation including the
free drift. The phase space volume grows steadily and is smoothly affected by chromatic
beam elements such as focusing devices. The trace space area, in contrast, remains constant
during the free drift, independently of energy spread and divergence. A chromatic element
causes a jump of the trace space volume. If experiments have to be design according to
specific emittance values, one has to be aware of the different behaviors of the phase space
and the trace space. Laser particle acceleration in particular involves energy spreads to an
extent, where these differences have to be considered.
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For an analytical treatment, this section is based on the assumption of a monoenergetic
beam and thus assumes a trace space volume which is proportional to the phase space
volume.

According to Fig. 4.1, the beam can be defined using three quantities:

� The beam envelope size σ(z)

with z being the longitudinal position of the beam during propagation. σ is the rms
value of the transverse particles’ positions, either horizontally or vertically.

� The divergence σ′(z) = d σ(z)
d z

� The trace space area A

which is a conserved quantity for monoenergetic beams and translates into the beam
emittance ε = Aπ.

The use of beam optical elements allows to adjust the envelope size and divergence in
accordance with experimental requirements. The conservation of the trace space volume
or the emittance ε, respectively, allows for the introduction of a further set of parameters
to identify the state of the beam. The emittance ε, the beam size σx(z) and the divergence
σ′x(z) are used to define the more general Courant-Snyder parameters [39]

α(z) =− β′(z)

2
= −σ′(z)

ε
(4.12)

β(z) =
σ(z)2

ε
. (4.13)

Apparently, three parameters are reduced to two. We will return to the question what
exactly is generalized herein.

For convenience, we define γ(z) = [1 + α2(z)]/β(z). The parameters β and γ have nothing
to do with the relativistic normalized velocity or the Lorentz factor.

In a next step, we define the β matrix which describes a beam state in a general represen-
tation as

β(z) =

(
β(z) −α(z)
−α(z) γ(z)

)
. (4.14)

Similar to Eq. (4.4), the beam propagation is calculated following

β1 = M · β0 ·MT . (4.15)

A simple and important example of a beam transport calculation is the free drift. The
longitudinal position s = 0 is chosen to be the waist position, i.e. the symmetry point
within the free propagation. Since we consider only the free drift as a single transportation
element, we use s instead of z. At this point, we choose an initial β(0) = β∗ and α0 = 0.
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This initial beam configuration corresponds to a phase space ellipse as shown in Fig. 4.1c.
Using Eqs. (4.3), (4.14) and (4.15), we obtain

β =

(
1 s
0 1

)
·
(

β∗ 0
0 1

β∗

)
·
(

1 0
s 1

)
=

(
β∗ + s2

β∗
z
β∗

z
β∗

1
β∗

)
(4.16)

and hence

β(s) =β∗ +
s2

β∗

α(s) =− s

β∗
. (4.17)

With Eqs. (4.12) and (4.13), the beam size is

σ2(s) = εβ(s) =
ε

β∗
(
β∗2 + s2

)
=

ε

β∗

[
1 +

(
β∗

s

)2
]

s2. (4.18)

Figure 4.2: Free drift of a converging electron beam of the slope σ′ = dσ(s)
ds

going through
a waist at the longitudinal position s = 0 at a waist size σ∗.

Using σ∗ =
√

εβ∗, we obtain

σ(s) =

√
σ∗2 +

ε2s2

σ∗2
, (4.19)

as shown in Fig. 4.2. Moreover, due to

dσ(s)

ds
= σ′(s) =

ε2

σ∗2

[
σ∗2

s2
+

ε2

σ∗2

]− 1
2

(4.20)

for s →∞ we obtain the simple and important result

σ∗ · σ′ = ε. (4.21)
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Hence, the size of the beam waist σ∗ solely depends on the divergence σ′ for s →∞ and
the emittance ε.

Conventional accelerators with typical acceleration lengths of tens of meters up to kilome-
ters have a critical section at the very beginning of the acceleration line. It is this beginning
which determines the emittance within the first few centimeters. The major reason here-
fore is the space charge which has a dominant impact on the momentum distribution of
the particle beam where the velocities are not yet relativistic. Afterwards, the transverse
motion components can be assumed to remain constant during acceleration.

The effect of acceleration onto the beam emittance can be eliminated introducing the
normalized emittance

εn = ε · γ (4.22)

with a Lorentz factor γ ∼ pz(γ � 1).

The linear beam optics formalism provides a basis for designing and calculating the beam
propagation for virtually any application of particle beams.

4.4 Tuning Permanent Magnet Quadrupoles

Many important applications for electron beams require beam optical treatments as intro-
duced in the section before. In the course of this thesis it was found that conventional
beam optical devices cannot be applied for laser accelerated particle beams for a major
reason. Long drift distances between the laser accelerator and the experiment harm the
quality of the electron beam due to space charge effects. It is hence mandatory to minimize
the distance between extraction of the beam from the accelerator and the experiment.

The answer to these issues is making use of miniature beam optical devices such as the
permanent magnet multipole devices proposed in 1980 by Halbach [40]. These devices
produce ultra-high magnetic quadrupole field gradients in the order of 500 T/m, which
exceeds even superconductive quadrupole devices by at least a factor of 2.

The drawback in using miniature devices has already been introduced in section 4.2. Due
to the large ratio of beam size to aperture size, they commonly yield unwanted or even
severely distorting HOMFCs. The resulting imaging aberrations lead to an increasing
beam emittance. Applications which are sensitive to the beam emittance require the
minimization of HOMFCs to values virtually zero. An example is the FEL.

In the course of this thesis, miniature Halbach-like quadrupole devices have been built.
Not only was a measurement method developed, which allows their characterization by
precisely determining HOMFCs quantitatively as described in section 4.2. But also does
the publication contained in chapter II describe how this characterization is used as a basis
for tuning the Halbach kind multipole device in order to achieve full control over HOMFCs.
The characterization result is used for compensating undesired HOMFCs, which mainly
originate from unavoidable fabrication tolerances. An important aspect is the fact that the
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knowledge of the precise origin of HOMFCs is irrelevant for the compensation. The only
information required is the magnitude and particularly the phase of a field component.
The compensation is achieved by introducing a field component of the same magnitude
but with a phase shift of 180◦.

This approach is general enough to not only correct for the field errors, but also enable the
shaping of the magnetic field distributions by introducing specific HOMFCs. In the case of
multipole devices, HOMFCs can be used to compensate principal effects such as spherical
aberrations due to fringe fields.

These methods were developed in the course this thesis and concern miniature multipole
devices which are mandatory for experiments such as the laser-driven FEL. The field of
application for these tuned quadrupole devices might also be extended to conventional
particle acceleration.

4.5 First Focusing of Laser Accelerated Ions

The miniature Halbach-like beam optical devices are mandatory for many applications of
laser-particle acceleration. The first experimental proof of principle for focusing of a laser
based accelerated ion beam has been obtained in the course of this thesis and is published
as shown in chapter III. The acceleration method used in this publication is Target Normal
Sheath Acceleration (TNSA) as introduced in section 2.4.1. The experiment was carried
out at the Z-Petawatt laser facility at Sandia National Laboratories. The quadrupole
devices applied are of the Halbach type as introduced in the previous section. The task of

Figure 4.3: Spatial ion beam propagation as obtained from numerical calculations in 3D
are shown in the horizontal beam plane x and the vertical plane y plotted versus the
propagation direction z. The rainbow kind color coding shows the flux density of the
proton beam. The pairs of vertical lines show the positions of the quadrupole devices and
the single vertical line indicates the position of the stack of radiochromic films. The dashed
horizontal lines show the aperture size of the quadrupole devices.
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focusing an ion beam might at first glance appear to be trivial, as it has been performed for
many decades. There are major aspects, however, which are different in the regime of laser-
accelerated particle beams. The laser system used for the experiment mentioned above has
a repetition rate of 45 minutes. The number of parameters of the beam optical system
is too large to be adjusted during the experiment. They mainly involve the length and
position of the quadrupole devices as well as the position of the stack of radiochromic films1

as shown in Fig. 4.3. Hence, the precision of the calculations of these parameters performed
prior to the experiment decides on the success of the experiment. The calculations for this
experiment were done using a 3D tracking algorithm and applying Maxwell-compliant 3D
magnetic field maps in accordance with the specific design of the quadrupoles.

In the course of this thesis concerning chapter III, the assembly and characterization of
the quadrupole devices has been carried out as well as the calculations leading to the
positioning of quadrupoles and diagnostic elements as shown in Fig. 1 and all simulations
displayed in Fig. 3.

1The stack of radiochromic films allows the detection of both, the spatial distribution and the energy
distribution of the ion beam.



Chapter 5

Undulators and Undulator Radiation

Figure 5.1: Shows the peak brilliance among a number of prominent 3rd generation syn-
chrotron radiation sources. [41].

The production of photon beams using synchrotron radiation took a remarkable devel-
opment in the past 40 years. The quality of a photon beam can be described defining
the peak brilliance which is the number of photons per second, per mm2, per mrad2 and
per 0.1% bandwidth. New methods have been developed, producing photon beams which
stepwise lead to an increase of the brilliance by orders of magnitude as shown in Fig. 5.1.
In the 1970s, the first step marks the introduction of first generation synchrotron radiation
(SR) sources [42, 43], where the accelerated electron or positron beams have been primar-
ily used for high-energy experiments. These first SR experiments took the ”left overs“ of
the main experiments and have thus been carried out in a parasitic mode. In the early
1980s, dedicated machines have been built for the first time producing SR in the second
generation, where electron beams are deflected in a bending magnet. In the late 1980s, SR
sources of the third generation have been designed and built. The key device here is the
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undulator, which consists of a periodic arrangement of dipole magnets. An electron propa-
gating through the dipole magnet fields is accelerated in transverse direction, which results
in the emission of undulator radiation, which is a special kind of synchrotron radiation.
The periodic acceleration leads to a sinusoidal trajectory, which causes interference effects
enhancing the brilliance by orders of magnitude compared to bending magnet radiation.

A number of results are presented in this thesis, which concern the testing and the devel-
opment of undulator devices. The following introduction to the basics of undulators and
undulator radiation follows the description given in Refs. [35, 44].

5.1 Electron Trajectories

Figure 5.2: An undulator is a periodic arrangement of dipole magnets forcing an electron
beam on a sinusoidal trajectory as shown schematically. Due to the periodical transverse
acceleration, the electron beam emits undulator radiation in the propagation direction of
the electron beam. [45].

An undulator setup is schematically shown in Fig. 5.2. The consideration of an ideal planar
undulator is assumed to have no field dependence along the transverse undulator plane and
hence Bx = 0.

The analytical Maxwell-compliant magnet undulator field is given by

By(z, y) =
B0

cosh
(
π g

λu

) cosh(kuy) cos(kuz) (5.1)

in the transverse component y and

Bz(z, y) =
B0

cosh
(
π g

λu

) sinh(kuy) sin(kuz), (5.2)
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in the longitudinal component z. Here, B0 is the peak magnetic field on axis, λu is the
undulator period length, g is the undulator gap and ku = 2π/λu is the undulator wave
number.

The ratio of the on-axis peak field B0 at y = 0 and the peak field on the surface of the
undulator B̂ at y = ±g/2 is

B0

B̂
= cosh

(
π

g

λu

)
(5.3)

leading to the equation of motion

d2x

dt2
= ẍ = −βceB̂

meγ
cos(kuz). (5.4)

The trajectory is obtained by replacing the derivative in time with the derivative in space
ẋ = x′βc and ẍ = x′′β2c2, which yields

d2x

dz2
= x′′ =− eB̂

meβcγ
cos(kuz), (5.5)

x′ =
λueB̂

2πmeγc
sin(kuz), (5.6)

x =
λ2

ueB̂

4π2meγc
cos(kuz). (5.7)

The deflection angle is Θ = arctan x′ ≈ x′. With Eq. (5.6), this results in the maximum
deflection angle

Θw =
1

γ

λueB̂

2πmec
. (5.8)

This expression suggests the definition of the undulator parameter

K =
λueB̂

2πmec
(5.9)

with the deflection angle Θw = K/γ.

The particle propagates with constant velocity βc and the magnetic field periodically alters
the propagation direction. The average horizontal velocity ṡ can finally be estimated with
the transverse velocity ẋ using ṡ2 = (β2c)2 − ẋ2 and β2 = 1− 1/γ2. We obtain

ṡ∗(t) = c

√
1−

(
1

γ2
+

ẋ2

c2

)
. (5.10)

A first-order Taylor approximation yields

ṡ∗(t) = c

[
1− 1

2γ2

(
1 +

γ2

c2
ẋ2

)]
. (5.11)
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Following from Eqs. (5.4) and (5.9)

ẋ = βc
K

γ
sin(ωut), (5.12)

we obtain

ṡ(t) = c

{
1− 1

2γ2

[
1 +

β2K2

2
(1− cos(2ωut))

]}
. (5.13)

Averaging yields the average longitudinal velocity

˙̄s(t) = c

{
1− 1

2γ2

[
1 +

β2K2

2

]}
, (5.14)

which is required for calculating the characteristics of the undulator spectrum in the next
section.

5.2 Spontaneous Undulator Radiation

The spectrum of spontaneous undulator radiation, i.e. third generation SR, consists of a
fundamental peak and higher harmonics. This peaked spectral distribution is the result
of a single electron interfering with its own emitted radiation, while propagating through
the undulator. The wavelength of the fundamental peak can be calculated by deducing a
resonance condition.

First we consider the oscillation frequency in the laboratory frame which is

Ω =
2π

T
=

2πβc

λu

= kuβc. (5.15)

The transformation into the rest frame of the velocity β∗ and the corresponding Lorentz
factor γ∗ for the frequency yields

ω∗ = γ∗Ω. (5.16)

The transformation back into the laboratory, which requires the relativistic Doppler shift
for frequencies, is then given by

ω =
ω∗

γ∗(1− β∗ cos Θ)
=

Ω

1− β∗ cos Θ
(5.17)

with Θ being the angle of observation with respect to the propagation direction. The
observed wavelength is written as

λ = λu(1− β∗ cos Θ). (5.18)
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This result together with Eq. (5.14) yields the undulator radiation wavelength for the
fundamental peak

λ =
λu

2γ2

(
1 +

K2

2
+ γ2Θ2

)
. (5.19)

Purely harmonic wiggling of an electron bunch in an infinitely long undulator yields
monochromatic undulator radiation. However, in a realistic scenario the undulator will
be limited in length and thus the undulator radiation wave train with an undulator fre-
quency ωu will be limited in time as

u(ωu, t) =

{
a exp(iωut) : −T

2
≤ t ≤ T

2

0 : else.
(5.20)

The Fourier transform from time into the frequency domain is given by

A(ω) =
1√
2πT

∞∫
−∞

u(ωu, t) exp(−iωt)dt, (5.21)

and thus

A(ω) =
a√
2πT

T/2∫
−T/2

exp(−i(ω − ωu)t)dt (5.22)

=
2a√
2πT

sin(ω − ωu)
T
2

ω − ωu

(5.23)

=
a√
2π

sin
(
πNu

∆ω
ωu

)
πNu

∆ω
ωu

(5.24)

with ∆ω = ω − ωu and ωuT = 2πNu. Finally, the intensity scales as

I(∆ω) ∝

sin
(
πNu

∆ω
ωu

)
πNu

∆ω
ωu

2

=

[
sin x

x

]2

= sinc(x) (5.25)

where x = πNu ∆ω/ωu. Applying sinc(x) = 1/2 for x = 1.392 yields

2∆ω

ωu

=
2x

πNu

=
0.886

Nu

∼ 1

Nu

. (5.26)

This important result shows the scaling of the line width of an undulator radiation peak
as a function of the number of undulator periods.
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A last conclusion on the spontaneous undulator radiation can be drawn from the fact that
the radiation intensity scales linearly with the undulator length and so does the number
of periods: With Eq. (5.26), the peak spectral intensity scales as

Î ∼ N2
u , (5.27)

which favors the undulator over a bending magnet for experiments requiring high spectral
peak intensity.

5.3 New Test Undulator Device

Figure 5.3: Photograph of the lower half of the 60 period planar undulator after the first
preliminary assembly. In the insert, the precision glued magnet stacks are visible (dashed
box).

An undulator was built, characterized and tested at the Mainz Microtron MAMI. For
maximizing the photon energy, the undulator period length was minimized according to
Eq. (5.19). The period length of 5 mm is currently (to our knowledge) the shortest in
the world. Important knowledge and experience was gathered while building and testing
this undulator device. The tests at MAMI are published as shown in chapter IV involve
the generation of spontaneous undulator radiation and the first test of the (non-tuned)
permanent magnet quadrupoles, which have been introduced in the publication as shown
in chapter 4.4.

In the course of this thesis concerning chapter IV, the assembly and characterization of the
quadrupole devices leading to Fig. 10 was performed as well as the experimental analysis
leading to Fig. 11. Important contributions leading to the experimental results as published
and presented in chapter IV have been made.
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5.3.1 Further Investigations on the Undulator Spectrum

Figure 5.4: The black curve on the left hand side shows the measured on-axis high-
resolution energy spectrum of the third harmonic undulator radiation for an electron beam
energy of 405 MeV as used during the experiment at the MAMI accelerator facility. The
red curve on the left hand side is the calculation of the spectrum using a magnetic field
measurement shown on the right hand side. The magnetic field was obtained using a Hall
probe measurement.

The measurements of the undulator radiation spectrum as published in chapter IV, Fig. 7
were performed at high energy resolution.

The spectrum is also shown as the back curve on the left hand side of Fig. 5.4. The question
remains, however, where the asymmetry for the red curve, which is the third harmonic,
originates from. The deduction of basic characteristics of undulator radiation of Eq. (5.25)
yields a symmetric spectrum.

The magnetic field distribution of the test undulator yields a dip at one end of the device
as shown on the right hand side of Fig. 5.4. This dip was not taken into account for the
discussion of the spectrum. The calculation of the undulator radiation using the measured
magnetic field distribution was performed using WAVE [46], where the asymmetry as
obtained by the measurement at MAMI could be reproduced as shown on the left hand
side of Fig. 5.4.
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Figure 5.5: The figures on the left hand side show numerical calculations of an ideal
undulator field, which is modulated according to the drawing on the right hand side.
Asymmetries occur in dependence of the kind of modulation: On the upper right hand
side, the course of the magnetic field distribution shows a dip while the curse on the lower
right hand sides shows an elevation of the distribution field. The lower figures well reflect
the kind of distortion as it was obtained from the field measurements of the undulator
device as used in the experiment.

The question arises, whether a spectral distribution as shown in Fig. 5.4 allows to draw
more general conclusions on the undulator device. The right hand side of Fig. 5.5 shows
a modulation of the magnetic field as a function of the longitudinal undulator position
and the asymmetry introduced within the undulator spectrum. Since the results of the
corresponding calculations of the spectrum on the left hand side of Fig. 5.5 correspond to
the observations, some asymmetries could be used more general to obtain indications on
the origin of the asymmetry in the undulator spectrum.
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5.4 Laser-driven soft-X-ray undulator source

Our group recently succeeded in measuring laser-driven spontaneous undulator radiation
in the soft-X-ray regime for the first time [47]. This experiment poses two major chal-
lenges. Firstly, laser-plasma acceleration is still a single shot experiment since fluctuations
of important beam parameters from shot to shot are too large for producing a radiation
spectrum by accumulating several shots. Secondly, the large energy spread compared to
conventional accelerators smears out the characteristics of undulator radiation if the ex-
periment is carried out conventionally. The experiences presented in the previous section
gathered with the test undulator and the Halbach-like quadrupoles at MAMI have been
the basis for successfully obtaining spontaneous undulator radiation using laser accelerated
electrons. The undulator used for this experiment is the test undulator presented in this
thesis.

Concerning the comparatively large energy spread of beams obtained from bubble acceler-
ation, the key elements for these experiments are the quadrupole focusing devices. Their
chromatic properties allow the selection of electrons at a more narrow energy distribu-
tion. The narrowed distribution allows to obtain the characteristic undulator radiation
spectrum. The electrons at the desired energy are focused on the transmission grating
as shown in Figs. 5.6 and 5.7. Not using quadrupoles would result in a radiation spec-
trum, where all characteristics of undulator radiation are smeared out. The quadrupole
devices applied do not require high quality quadrupole fields, since spontaneous undulator
radiation is insensitive to emittance.
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Figure 5.6: The experimental set-up is shown schematically. A laser pulse (red) is focused
into a gas cell. The electron beam is collimated by a pair of quadrupole lenses. The
electrons propagate through an undulator and emit soft-X-ray radiation into a narrow
cone along the forward direction (blue). The radiation is characterized by a transmission
grating in combination with an X-ray CCD camera. [47].
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Figure 5.7: The effect of the magnetic lenses is shown schematically. a, Divergence of
electrons traversing the magnetic lens assembly with energies of 190 MeV (red), 215 MeV
(yellow) and 240 MeV (blue). b, Simulated normalized on-axis flux of the fundamental
undulator emission versus electron energy. The narrow bandwidth of 9% FWHM is due
to the energy-dependent electron-beam divergence introduced by the magnetic lenses. c,
Measured electron spectrum (blue). The effective electron spectrum (green) is determined
by the product of the measured spectrum (blue) and the system response curve (red in
b,c). [47].



Chapter 6

Free Electron Laser

Figure 6.1: In addition to the 3rd generation synchrotron radiation sources, the photon peak
brilliance of 4th generation sources are shown. FLASH and LCLS [48] are in operation, the
European XFEL [15] is currently under construction. [41].
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Conventional laser systems emit photon beams based on discrete quantum mechanical
transitions in atoms, molecules or solids. These transitions cover a maximum energy gap
expressed as lasing wave lengths down to 100 nm. Beyond these wave lengths down to
the Å-regime, conventional lasers do not exist. The Free-Electron-Laser (FEL) is the most
prominent method to overcome this limitation. The FEL is also referred to as fourth gener-
ation synchrotron radiation (SR) source producing the most brilliant X-ray photon source
currently available as shown in Fig. 6.1. An FEL is based on an electron beam propagating
through an undulator device. The modulation of the electron density distribution within
the beam leads to coherent emission of undulator radiation. In comparison to third gen-
eration SR sources, the photon beam peak brilliance is further increased by typically ten
orders of magnitude.

A prominent goal for laser-accelerated electron beams is driving an FEL.

6.1 Energy Transfer

The working principle of an FEL is the energy transfer from electrons on the trajectory s
into a coherent light field ~EL, which is generally given by [35]

∆W = −e

∫
~EL · d~s = −e

∫
~EL~vdt. (6.1)

On the one hand, the condition for an efficient transfer of kinetic electron energy into
electromagnetic field energy is the co-propagation of electron and field. On the other
hand, this general case yields ~v ⊥ ~EL and thus ∆W = 0. If the electron moves through
an undulator, however, a transverse velocity component of ~v is introduced and therefore
∆W 6= 0.

Introducing into Eq. (6.1) the transverse electron motion

vy = c
K

γ
sin(kuz) (6.2)

and the light field

EL,y = EL,0 cos(kLz − ωLt + ϕ0), (6.3)

we obtain a phase between the periodic electron motion and the light field

Ψ± = (kL ± ku)z − ωLt + ϕ0. (6.4)

The transfer of energy is only possible, if the phase does not vary:

dΨ±

dt
= (kL ± ku)ż − ωL ≈ 0. (6.5)
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Here, ż corresponds to the average velocity ¯̇z from Eq. (5.14). With ku � kL, we obtain

ku =
kL

2γ2

(
1 +

K2

2

)
. (6.6)

Replacing kL and ku results in the condition for energy transfer

λ =
λu

2γ2

(
1 +

K2

2

)
, (6.7)

which equals the resonance condition for spontaneous undulator radiation as in Eq. (5.19).

Hence, at first glance, an experimental setup of an FEL is equivalent to a third generation
SR. An electron beam is coupled into an undulator device. The difference is that the
electrons have to contribute to the energy of the light field in phase. The light field
is hence coherent. This is only possible if the electron beam generates sub-bunches at
distances of the wavelength of the light field called microbunching as shown in Fig. 6.2.

Figure 6.2: (a) Schematically an initially uncorrelated electron distribution is shown. In-
side an undulator, this distribution emits spontaneous incoherent undulator radiation.
Under specific conditions, the bunch develops correlations as shown in (b) and (c) called
microbunching. (Plots are generated using Genesis 1.3 [49].)

The coherent properties of the light field due to microbunching affect the intensity of the
emitted radiation. Spontaneous undulator radiation as introduced the previous chapter
can be deduced considering only a single electron, which is equivalent to an electron bunch
with a homogeneous density distribution, shown in Fig. 6.2a. The bunch emits incoherent
spontaneous undulator radiation. The scaling of the electric field amplitude and the radi-
ation intensity correspond to a random walk with respect to the number of electrons Ne

radiating with

E ∼
√

Ne (6.8)

I ∼Ne, (6.9)

where I is the intensity.
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In the case of an FEL, the electron bunch has developed microbunches, which are separated
from each other by the distance of the emitted wavelength λu as shown in Fig. 6.2c. The
emission is coherent and the field amplitude scales as

E ∼Ne

I ∼N2
e . (6.10)

A typical number of electrons participating in the lasing process is in the order of Ne = 1010.
Consequently, the intensity of the coherent emission is a factor of 1010 above the one for
spontaneous undulator radiation.

6.2 Self-Amplification of Spontaneous Emission

Microbunching can be generated in different ways. An experimentally rather simple ap-
proach is seeding, where a coherent photon beam co-propagates with the electron bunch
and interacts with the bunch, such that energy modulations lead to microbunching. A ma-
jor disadvantage of seeding is the non-availability of a coherent light source in the desired
lasing wavelength in the X-ray regime. Hence, seeding is not further discussed here.

The approach mainly referred to in this thesis is Self-Amplification of Spontaneous Emis-
sion (SASE), which was first predicted in 1984 by R. Bonifacio [50]. Under certain condi-
tions, small density fluctuations inside the homogeneous density distribution, called shot
noise, result in an unstable behavior leading to larger density modulations and eventually
microbunching. This process is shown in the sequence of Fig. 6.2.

The power of the radiation field evolves exponentially as a function of microbunching. The
length in which the power has increased by a factor of Euler’s number e is called the gain
length

Lgain,ideal =
λu

4π
√

3ρ
(6.11)

with the undulator period length λu and the Pierce parameter ρ. The Pierce parameter,
also called FEL parameter, describes the conversion efficiency of the electron beam energy
into the FEL beam energy and is given by

ρ =
1

2γ

[
I

IA

(
λuAu

2πσx

)2
]1/3

, (6.12)

where γ is the Lorentz factor of the electron beam, I is the beam current, IA = 17kA is
the Alfvén current, σx the beam size and Au = au[J0(ζ) − J1(ζ)] (planar undulator) with
Jα(ζ) being the Bessel functions and a2

u = K2/2 with K being the undulator parameter as
defined in Eq. (5.9).

This consideration, however, only addresses the ideal case, i.e. neglecting energy spread,
emittance, diffraction and time dependence.
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A realistic gain length can be approximated [51] using

Lgain = Lgain,ideal(1 + Λ). (6.13)

The correction factor Λ accounts for energy spread, emittance and diffraction.

The propagation length at which the SASE-FEL process reaches saturation is called the
saturation length

Lsat = Lgain ln

(
Psat

αPn

)
. (6.14)

Pn is the shot noise power originating from the spontaneous undulator radiation and α=1/9
is the coupling factor describing the efficiency at which the noise power couples to the FEL
gain process. The saturation length determines the required undulator length. A large
pierce parameter reduces the saturation length and thus reduces the required undulator
size. Laser acceleration promises beam currents which are significantly higher than what
can be obtained from conventional acceleration and consequently yields a larger Pierce
parameter.

Psat is the saturation power which scales as

Psat ∼
(

1

1 + Λ

)2

(Iλu)
4/3. (6.15)

The FEL wavelength corresponds to the resonance condition of the spontaneous undulator
radiation in Eq. (5.19).

An important condition for an upper limit of the energy spread of the electron bunch
required for the operation of a SASE-FEL is

σγ

γ
< ρ. (6.16)

In conjunction with laser-accelerated electron beams, this condition certainly poses chal-
lenges. Calculations for an electron beam current of 100 kA yields that a Pierce parameter
of the order of 1% is required. The energy spread of electron beams from laser-accelerators
optimized for high beam currents is still in the order of 10%. Improving both, the energy
spread and the beam current is work in progress.

6.3 First Design Consideration of a Table-Top FEL

Laser electron acceleration as introduced in chapter 2 opens up the perspective of minia-
turizing fourth generation light sources. The corresponding project is called Table-Top
Free-Electron-Laser (TT-FEL) and is described in the publication as shown in chapter V.
This concept fundamentally differs from large scale approaches not only in terms of reduc-
ing the required acceleration distance from the kilometer scale to the centimeter scale. Also
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the current of the electron beam is predicted to exceed conventional accelerators by orders
of magnitude. For the case of an X-ray TT-FEL, this leads to a reduction of the saturation
length from around 100 meters to a few meters. Accordingly, the required undulator length
is reduced.

A laser driven XFEL would imply both, the size of the whole system reduced to university
laboratory scale and a significant reduction of costs. A larger availability of high energy,
ultra brilliant light sources would boost fields of applications ranging from physics via
chemistry, biology and pharmacy all the way to the application as a medical device in
hospitals.

The first design considerations for a laser-driven TT-FEL have been published as shown
in chapter V.

In the course of this thesis concerning chapter 2, Figs. 3 and 4 have been generated as well
as the calculations and deductions relating to space charge effects have been carried out.

6.4 New Quadrupole Undulator Concept

The TT-FEL project aiming at the miniaturization of the FEL setup involves a compact
acceleration stage and the reduction of the saturation length. The latter is mainly due to a
larger electron beam current, which requires an optimum electron beam radius σx [Eq. 6.12]
during the propagation through the undulator device. The optimum size for a TT-FEL is at
relatively small values compared to conventional FELs and influence the saturation length
according to Eqs. (6.11) and (6.12). The optimum beam radius for high-current electron
beams is far beyond of what can realistically be achieved using conventional dipole based
undulators.

In the course of this thesis, a new undulator concept was developed which is based on
magnetic quadrupole fields. A quadrupole field does not deflect an electron beam causing
synchrotron radiation as it is the case with dipole fields. However, shifting a quadrupole
field with a field gradient g off-axis by the distance ∆x, the field acts like a dipole of the
strength g · ∆x, superimposed with a quadrupole of the gradient g. Using this principle
allows the construction of an undulator device with ultra-strong focusing properties.

The quadrupole undulator presented is based on Halbach-like permanent magnet quadrupole
devices. Its realization requires miniature high-gradient quadrupole devices with a highly
purified quadrupole field component. This purification can be achieving using the tuning
method also developed in the course of this thesis, presented in section 4.4. The ability to
tune the quadrupole devices prepares the path for the first construction of a quadrupole
based undulator.

Besides the focusing properties, the ability to tune and adjust the quadrupole undulator
exceeds the tuneability of dipole undulators. The dipole field components of individual
undulator half-periods can be controlled without interacting with the neighboring half-
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period. Tapering of a quadrupole undulator can be introduced and adjusted flexibly at the
assembled device. Dipole undulators commonly incorporate specific tapering configurations
already in the design stage of the device.

All analytical deductions and numerical calculations presented in chapter VI have been
performed in the course of this thesis.
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Chapter 7

Conclusion and Outlook

This thesis is focused on the examination of both the field of dynamics of charged particle
beams and the field relating to the transport of charged particle beams. Ever since particle
acceleration has existed, these fields have been the subject of investigation. The presented
work demonstrates the necessity to extend these fields for laser-accelerated particle beams.
In particular, for applications requiring high quality electron beams, the compulsory im-
provements include both, a better understanding of space charge effects as well as an
increased quality of the beam optical devices.

The point-to-point space charge calculation method was examined and has lead to a signif-
icant improvement of its understanding. It was shown that widely used calculation codes
exhibit substantial artifacts, in particular in relation to laser-accelerated high-current den-
sity electron beams. The origin of these artifacts have been identified and minimized. It is
now possible to calculate the space charge driven expansion of a laser accelerated particle
beam in an appropriate way. Therefore, this topic is of importance and of great interest for
both, the plasma-based advanced accelerator and the Free-Electron-Laser (FEL) modeling
communities.

Miniature magnetic beam optical devices have been characterized in detail. Possessing a
small aperture, the measurement of the field distribution within the devices posed signif-
icant challenges. A simple method was developed which is based on the multipole field
expansion and which allows to measure the field distribution only using a single small Hall
probe.

A method was developed to tune the magnetic field distribution of Halbach type miniature
magnetic multipole devices, on the basis of the ability to detect and measure the field
distribution within their apertures. Due to the large ratio of beam size to aperture size,
they commonly yield unwanted or even severely distorting higher order field components.
For the first time we are now able to introduce specific higher order field components in a
controlled manner. Thus the classification of the distorting field components, allows these
to be compensated for. The ability to tune miniature beam optical devices is an absolute
must for their applications within a laser-driven FEL system.
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Although this thesis predominantly focuses on the treatment of electron beams, these
quadrupole devices have also been successfully used for the first time to focus a laser
accelerated ion beam. Using a quadrupole lens doublet at the Z-Petawatt laser system at
Sandia National Laboratories, it was possible to focus the laser-accelerated ion beam onto
a spot.

The use of electron beams suggest the application of undulator devices. A test undula-
tor was built and successfully used for producing spontaneous undulator radiation at the
Mainz electron accelerator MAMI. The undulator period has a length of 5 mm and, to our
knowledge, is the shortest in the world. Moreover, using this undulator we succeeded in
measuring laser-driven soft X-ray radiation at the MPQ.

An FEL is one of the most promising applications for laser accelerated high-current electron
beams. These beams allow to reduce the saturation length of the SASE process from a
hundred meter to meters. Together with the compact laser-electron accelerator, a fourth
generation light source could become possible in university scale laboratories. We have
carried out a first design consideration addressing the major aspects.

Trying to realize a compact FEL, a quadrupole undulator concept was developed. The
reduction of the saturation length requires an average electron beam size which is com-
paratively small while it is propagating through the undulator device. The new concept
is based on the use of the miniature magnetic quadrupole devices discussed in this thesis.
Simultaneously, the new device accomplishes both, the undulator specific deflection and
the focusing of the electron beam. The quadrupole undulator aims at the reduction of the
average beam size by at least a factor of 6 when compared to the free drift, this significantly
reduces the required undulator length of the laser-driven FEL.
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7.1 Further Improvement of Multipole Devices

The tuning of the magnetic quadrupoles beyond what is presented in chapter II is work
in progress. An automated adjustment apparatus is under development, which aims at
significantly improving the possibilities of minimizing the distorting higher order magnetic
field components. The apparatus will allow to move the magnet wedges individually in the
µm regime in a reproducible and well defined way.

The apparatus for tuning the quadrupole devices is additionally used to determine the
phase of the quadrupole field component at a µrad precision. The ability to precisely
determine the quadrupole phases is also mandatory for achieving high quality imaging
properties. The distortion of the quadrupole phases within multiplet lenses introduces
severe imaging abberations.

7.2 Emittance Measurements

Emittance measurements for laser-accelerated electron beams have to be carried out in
single shots since fluctuations among important beam parameters are too large from shot
to shot. Most emittance measurement methods are complex experiments which usually
cannot be carried out in single shot mode. Hitherto, the emittance of laser-accelerated
electron beams can experimentally only be estimated very roughly. Particle-In-Cell simu-
lations yield source sizes of σ∗ ≈ 1µm [12] and the divergence experimentally determined
is in the order of σ′ ≈ 10 mrad. The emittance is thus ε = σ∗ · σ′ = 108 mm mrad as
deduced in chapter 4. The two major uncertainties introduced in conjunction with this
value are numerically determined source size and the large energy spread of these beams.
Quantitative values of the beam emittance, however, are only feasible for monoenergetic
beams. A good emittance measurement method, hence, has to account for the energy
spread.

The approach proposed for determining the emittance ε is based on measuring the source
size σ∗ and the divergence σ′ of the electron beam for a specific energy. Measuring the
source size is non-trivial. The electron beam at the exit of the plasma accelerator has to
be imaged e.g. onto a screen. Since the quadrupole devices have chromatic aberrations, it
is only one selected energy which has a focal spot at a certain longitudinal position. Using
an additional dipole magnet allows to separate the different energies on the screen. Thus,
the source size for one selected energy can be directly measured within a single shot, which
also includes the beam divergence. A simulation of this experiment is shown in Fig. 7.1.
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Figure 7.1: The calculated measurement signal on the screen behind the quadrupoles and
the dipole is shown imaging the source at the exit of the plasma accelerator. The electron
beam has an energy E = 200 MeV at an rms energy spread of 3.5%. The horizontal plane
is deflected using a magnetic field. The source size is imaged onto the screen for a selected
energy which is also 200 MeV in the calculation shown. The initial divergence of the beam
can be deduced from the measured value Θ.

The critical elements of this measurement approach are the quadrupole devices. Higher or-
der field components increase the imaged source size and thus severely disturb the measure-
ment result. If higher order field components can be successfully minimized, the emittance
measurement of a laser-accelerated electron beam could be the first important application
for tuned quadrupole devices.

7.3 Building a Quadrupole Undulator

The availability of high quality miniature quadrupoles is the basis for the realization
of a quadrupole undulator as proposed in chapter VI. Building a first proof-of-principle
quadrupole undulator is work in progress.

7.4 FEL Amplification

We have successfully produced laser-driven soft X-ray photon beams as presented in sec-
tion 5.4. The next step is the optimization of the experimental setup towards a SASE-FEL.
A first mile stone would be the experimental observation of SASE signatures. The differ-
ences in the characteristics of undulator radiation and SASE radiation can be used to
detect these signatures.
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7.5 FEL Applications

Once SASE signatures have been detected, the next step is going into saturation obtaining
an ultra-brilliant fourth generation photon beams. These beams open up a wide field of
applications.

The short electron bunches as obtained from laser-electron acceleration suggests femtosec-
ond time-resolved pump-and-probe experiments. Also the study of the interaction between
soft X-ray radiation and matter yields an interesting field. A high photon flux allows non-
linear multi-photon excitation of atoms, molecules and clusters.

Once reaching the X-ray regime, a prominent application is single molecule imaging : The
chemical properties of molecules can generally be deduced if the structure of the molecule
is known. The solution of the structure presently requires the molecule to be crystallized
in order to obtain sufficient intensity of the diffracted X-ray photons. There are important
molecules which do not crystallize. An FEL photon beam in the X-ray regime promises
a peak brilliance which is sufficient for solving the structure from the diffracted pattern
of a single molecule. A method of rendering the molecular structure from the diffraction
patterns was proposed by R. Neutze et al. [121]. This outlook promises a tremendous
impact on structural biology.
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Retardation effects in space charge calculations of high current electron beams
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Laser-plasma accelerators are expected to deliver electron bunches with high space charge fields.

Several recent publications have addressed the impact of space charge effects on such bunches after the

extraction into vacuum. Artifacts due to the approximation of retardation effects are addressed, which are

typically either neglected or approximated. We discuss a much more appropriate calculation for the case

of laser wakefield acceleration with negligible retardation artifacts due to the calculation performed in the

mean rest frame. This presented calculation approach also aims at a validation of other simulation

approaches.

DOI: 10.1103/PhysRevSTAB.12.101301 PACS numbers: 41.75.�i, 52.38.Kd

I. INTRODUCTION

Laser acceleration is a promising field in various aspects,
such as the miniaturization of the accelerator setup and the
availability of electron beams with high-current density.
The plasma wakefield acceleration in the bubble regime
was predicted in particle-in-cell simulations [1] and led to
rapid progress in various experiments [2–5].

The effect of the charge density on the electron beam
dynamics after the extraction into vacuum can be estimated
when considering the electromagnetic field energy [6] per
particle in the mean rest frame of the particle bunch,

u0f ¼
1

4��0N

XN
i¼2

Xi�1

j¼1

qiqj
j~r0i � ~r0jj

¼ �0
2N

Z
j ~Eð ~r0Þj2d3r0; (1)

where N is the number of charged particles considered and
qi is the charge of the particle i at the position ~r0i. Within
the mean rest frame, the average electron velocity in the
longitudinal direction is at a minimum. For a large N, a
homogeneously charged sphere with a radius R scales as
u0f / Q2=R with Q being the total charge. Laser acceler-

ated electron beams yield normalized field energies un ¼
u0f=mec

2 which enter a regime which is far above the one

that can be reached by conventional accelerators. Space
charge effects in this regime have been examined under
various aspects; these are, for example, longitudinal wake-
fields [7,8], energy spreads introduced at the electron ex-
traction from the plasma [9], and the temporal
development of the induced energy chirp [10].

A frequently used method to calculate space charge
effects consists of simulations based on point-to-point
interactions (PPI). Numerical calculations based on PPI
are particularly exposed to artifacts if the calculation is
performed in the laboratory frame. This issue is discussed
in [11] explaining the artifacts in the way PPI simulations

commonly account for retardation: In the absence of the
knowledge on the particles 4D trajectory, retardation is
approximated by assuming constant velocities.
Consequently, the acceleration of the simulated particles,
i.e., the macroparticles during each finite time step, is
neglected. For the regime discussed here, these artifacts
are examined in detail. Much more appropriate results can
be obtained when the calculation is carried out in the mean
rest frame of the electron bunch using PPI. In this case, the
average velocities of the macroparticles are only weakly
relativistic and, consequently, the retardation artifacts are
minimized. This result is then discussed in comparison
with the PPI method performed in the laboratory frame
and the Poisson solver. These two approaches exhibit con-
siderable artifacts which manifest in different character-
istics of the longitudinal phase space. Therefore, the design
of experiments using laser accelerated electron beams
could possibly be misguided, especially tabletop free-
electron lasers [12], which crucially depend on the char-
acteristics of the longitudinal phase space. The calculations
here are performed using GPT [13]. The artifacts addressed,
however, are not specific to the GPT code, but can be found
in any code utilizing the PPI model.

II. COULOMB EXPANSION

The electron bunch considered here is cold and thus has
zero divergence and zero emittance. The initial bunch
configuration with a spatial Gaussian density distribution
in the laboratory frame has the rms values �x ¼ �y ¼
�z ¼ 1 �m, an initial kinetic energy given by the
Lorentz factor �0 ¼ 300, and a total charge of Q ¼ 1 nC
and, hence, results in a normalized field energy of un �
10%.
For obtaining a 4D trajectory, we have to make assump-

tions for the acceleration process: Within the plasma, any
expansion driven by the Coulomb forces is suppressed due
to the strong plasma fields. We can, hence, assume that the
bunch is in a Gaussian shape before leaving the plasma
accelerator in both relevant frames of reference, laboratory
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frame and the mean rest frame. The end of the plasma is
assumed to be a ‘‘sharp’’ edge behind which the expanding
effect of the Coulomb forces is suddenly switched on. This
means that only electrons that have crossed the boundary
take effectively part in the Coulomb interaction.

Mean rest frame

The mean rest frame for the case considered here is an
inertial frame of reference copropagating with the electron
bunch at the constant normalized velocity �0. Before the
Coulomb interaction is switched on, the Lorentz trans-
formation leads to a bunch prolongation of a factor of
�0. In this frame of reference, the Coulomb interaction
cannot set in instantaneously and globally. Instead, the
onset of the interaction starts at the front end of the bunch
and spreads towards the rear end. Note that the bunch
geometry in the mean rest frame leads to a transverse
expansion dominating over the longitudinal debunching.

Figure 1 shows Minkowski diagrams and particle dis-
tributions in the mean rest frame of the bunch. Figure 1(a)
illustrates the initial beam condition in the laboratory
frame and in the mean rest frame of the electron bunch
before leaving the wakefield accelerator. The bunch is

assumed to exhibit a Gaussian spatial density distribution
in both frames of reference. This state in the mean rest
frame is also shown in Fig. 1(b) using a PPI calculation.
Figure 1(c) illustrates the beam in the laboratory frame

and in the mean rest frame of the electron bunch at the time
t ¼ t0 ¼ 0, where the plasma boundary is at the center of
the bunch and moves at the constant velocity �pb ¼ ��0.

This center of the bunch is also determined to be at the
longitudinal position zero in both frames z ¼ z0 ¼ 0.
In general we can state that the calculation performed in

the laboratory frame does not require sophisticated as-
sumptions concerning the initial simulation conditions,
since the predominant transverse space charge interactions
can be assumed to set in instantaneously: The duration of
propagation of the plasma boundary in the laboratory
frame is ultrafast, which means that the shape of the bunch
does not significantly change during the propagation of the
boundary. Therefore, simulations yield the same results for
the cases of the electrostatic interaction being switched on
instantaneously and the moving of the boundary through
the bunch. Within the mean rest frame, however, the differ-
ent ways of coincidence cause a longitudinal bunch pro-
longation, which can be seen from Figs. 1(a) and 1(c).
Figure 1(d) shows the spatial electron density distribution
being altered while the plasma boundary is still within the
bunch. As a precondition, however, we can assume that the
bunch has the same spatial symmetry at the end of the
wakefield acceleration in both frames of reference, i.e., the
mean rest frame and the laboratory frame as shown in
Fig. 1(a). Since we have chosen a Gaussian density distri-
bution, we have a spatial point symmetry for the case
discussed here. The end of the acceleration distance is at
z ¼ 0, which requires the introduction of a constraint,
whereby the onset of the Coulomb interaction propagates
from the front end to the rear end of the bunch as shown in
Fig. 1(c).
The further evolution of the electron bunch calculated in

the mean rest frame is shown in the laboratory frame in
Fig. 2. The Lorentz transformation into the laboratory
frame is performed assuming constant velocity and is given
by

�xi ¼ �0
xi

�0ð1þ �0�
0
ziÞ

xi ¼ x0i

�yi ¼
�0

yi

�0ð1þ �0�
0
ziÞ

yi ¼ y0i

�zi ¼
�0

zi þ �0

1þ �0�
0
zi

zi ¼ z0i
�0ð1þ �0�

0
ziÞ

;

(2)

where ziðz0iÞ is obtained using linear extrapolation in the
ðz; ctÞ space. A slice is a longitudinal subsection of the
bunch. The small slice energy spread can be explained
regarding the longitudinal phase space in the mean rest
frame [Fig. 2(b)]: Particles with the highest values of �0
originate from the regions with the highest initial electro-

FIG. 1. (Color) The electron bunch is shown schematically in
(a) at the end of the wakefield acceleration in its initial configu-
ration using a Minkowski diagram in the laboratory frame (red)
and the mean rest frame (blue). The spatial axis z is the
longitudinal propagation direction. The plasma boundary is
located in the laboratory frame at z ¼ 0 and in the mean rest
frame at z0 ¼ 0. p1, p2, and p3 are 4D trajectories corresponding
to the rear end, the center, and the front end of the bunch. Part
(b) shows the beam state using a PPI simulation performed in the
mean rest frame in correspondence with (a). The longitudinal
bunch position s0 is plotted against the normalized transverse
velocity �0

x with s0 ¼ 0 being the center of mass. Part (c) shows
the situation when half of the particles have left the plasma and
(d) correspondingly in the mean rest frame at t0 ¼ 0.
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static fields, i.e., in the longitudinal direction along the axis
around the center of the bunch and transversely from off
axis. In contrast to the laboratory frame, the bunch shape in
the mean rest frame changes significantly already during
the propagation of the plasma boundary [Fig. 1(d)]. The
off-axis electrons close to the boundary are predominantly
accelerated towards the rear (left) end of the bunch and
therefore pushing on-axis electrons towards the head as a
result of momentum conservation. Because of the Lorentz
transformation � ¼ �0�

0ð1þ �0�
0
zÞ for a particle at a

certain position s0, a larger value of �0 is reduced by a
negative value of �0

z and a smaller �0 is boosted by a
positive �0

z. Finally, particles with different values of �0
obtain virtually the same � in the laboratory frame, which
leads to the ‘‘gap,’’ i.e., the small slice energy spread for
electrons at a specific bunch position s as can be seen in
Fig. 2(a).

A symmetric particle distribution in the mean rest frame
would be obtained from the instantaneous onset of the
Coulomb interaction and is shown in Figs. 2(c) and 2(d).
The phase space does not yield the correlation described
above and, thus, the slice energy spread is larger.

III. COMPARISON OF CALCULATION
APPROACHES

The calculation of the space charge driven expansion is
examined using PPI according to [6,13,14]. The electro-

magnetic fields are calculated relativistically, where radia-
tion effects are neglected and retardation is treated in
accordance with the constant velocity approximation.
The Coulomb field of particle j acting on i is given in
the rest frame of j by

~E 0
j!i ¼

Q~r0ji
4��0j~r0jij3

; (3)

~r 0
ji ¼ ~rji þ

�2
j

�j þ 1
ð ~rji � ~�jÞ ~�j ¼ ~r0i � ~r0j; (4)

with Q being the charge of the macroparticles and ~r0ji
being the distance between the particles in the rest frame
of j. The Lorentz transformation of the electromagnetic
fields of particle j acting on i in the laboratory frame yields

~Ej!i ¼ �j

�
~E0
j!i �

�2
j

�j þ 1
ð ~�j � ~E0

j!iÞ ~�j

�
;

~Bj!i ¼
�j

~�j � ~E0
j!i

c
:

(5)

A tracking code [13] applying Eqs. (5) is used to calculate
the free drift of the considered electron bunch in vacuum.
Figure 3 compares results of different calculation methods
at a later point in time than Fig. 2. The appropriate calcu-
lation using PPI performed in the mean rest frame is shown
in the column I0 of Fig. 3. The results being Lorentz trans-
formed are shown in column I of Fig. 3. The slice energy
spread (column I of Fig. 3(c)) is larger compared to the one
shown in Fig. 2(a), because debunching effects on larger
propagation distances cause a longitudinal phase space as
displayed in Fig. 2(b) developing towards the one as in
Fig. 2(d). Column II of Fig. 3 shows the PPI calculation
performed in the laboratory frame. The difference in com-
parison with column I of Fig. 3 can be explained with
retardation artifacts due to the constant velocity approxi-
mation as described in [11]. A further method besides PPI
treating space charge is the application of Poisson solvers,
which evaluate the electrostatic space charge field in the
mean rest frame of the bunch, where magnetic fields are
neglected occurring due to relative velocities. The Lorentz
transformation into the laboratory frame introduces the
magnetic fields. In this respect, the Poisson solvers referred
to solve the equations of motion in the laboratory frame.
The calculation time using this method linearly scales with
the number of macroparticles and thus allows many more
macroparticles to be considered. We evaluated a calcula-
tion using PPI performed in the mean rest frame of the
bunch as it would be obtained from a Poisson solver by
using the fields

~E 0
j!i ¼

Q~r0ji
4��0j~r0jij3

; ~B0
j!i ¼ 0: (6)

We obtained virtually identical results for the example

FIG. 2. (Color) The further evolution of the bunch in Fig. 1 is
shown 3 ps later in the longitudinal phase space with the
calculations performed in the mean rest frame. Part (a) displays
the longitudinal phase space of the bunch transformed to the
laboratory frame using Eqs. (2). The slice energy spread yields
significantly smaller values than the total energy spread of the
bunch. This fact also leads to a gap in the phase space. The
reason for this property can be seen in (b), where the longitudinal
phase space is drawn with the longitudinal normalized velocity
color coded in the mean rest frame. The plasma boundary leads
to an asymmetric particle distribution in the mean rest frame.
The instantaneous onset of the Coulomb interaction in the mean
rest frame would lead to a symmetric particle distribution as
shown in (c) and (d) in a direct comparison after 0.7 ps of
expansion.
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bunch considered here comparing the cases utilizing
Eqs. (5) and utilizing Eqs. (6) in the mean rest frame.
Thus, the case examined here yields an appropriate treat-
ment with respect to the retardation artifacts when utilizing
a Poisson solver. However, the electromagnetic field being
obtained in the mean rest frame also requires the correct
consideration of the 4D trajectories of the bunch particles
as described above. The result of Poisson solvers assuming
instantaneous onset of the Coulomb interaction leads to a

longitudinal phase space [Fig. 2(c)], where the slice energy
spread within the laboratory frame is shown to be over-
estimated compared to the case of correct initial conditions
applied [Fig. 2(a)]. To our knowledge, the instantaneous
onset of the Coulomb interaction is assumed among the
vast majority of codes which are widely applied and which
utilize the method of a Poisson solver. In addition, more
realistic simulation scenarios might involve particle
bunches having a notable energy spread or divergence. In

FIG. 4. The solid line shows the kinetic energy. The dashed line shows the total energy which is the sum of kinetic energy and field
energy using Eq. (1). The calculations correspond to Fig. 3.

FIG. 3. (Color) Calculation of the vacuum expansion of the considered electron bunch is shown with the initial state as illustrated in
Fig. 1 after the propagation distance of 1.8 m corresponding to 6 ns in the laboratory frame or after 20 ps in the mean rest frame. The
center of mass is located at s ¼ 0 ¼ P

i�iðtÞsiðtÞ=Pi�iðtÞ. Panels in column I0 show the calculation with negligible retardation artifacts
in the mean rest frame and panels in column I show the Lorentz-transformed results [Eqs. (2)] in the laboratory frame. Column II
shows the PPI calculation performed in the laboratory frame and column III shows the calculation result corresponding to a Poisson
solver, both with instantaneous onset of the Coulomb interaction. The longitudinal spatial inner bunch position is plotted in the mean
rest frame (s0) and in the laboratory frame (s). Part (a) in column I0 shows the line charge density distribution, parts (b) and (c) in
column I0 show the bunch current. Both of these representations are proportional to the longitudinal particle density. Row (b) shows the
spatial particle density distribution with the transverse coordinate plotted in the mean rest frame (x0) and in the laboratory frame (x).
Row (c) shows the longitudinal phase space. The color coding is linear and equivalent to the one of parts (b) and (d) in Fig. 1.
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these cases, velocities in the mean rest frame might not
allow one to neglect the magnetic fields, where PPI codes
using Eqs. (5) being performed in the mean rest frame of
the bunch yield the least artifacts. Figures 2(c) and 2(d) and
column III of Fig. 3 show results as obtained from a
Poisson solver at a later point in time. Coulomb interaction
is considered in the mean rest frame and is assumed to set
in instantaneously. This wrong initial condition leads to the
difference compared to column I of Fig. 3. Considering
energy conservation for the example beam in Fig. 4 yields
the total energy being conserved in the case of the calcu-
lation performed in the mean rest frame of the electron
bunch and for the case using the Poisson solver.

IV. CONCLUSION

The method discussed allows the calculation of the
electron bunch evolution with negligible retardation arti-
facts in a space charge regime which could be reached by
laser acceleration. This calculation is performed in the
mean rest frame of the bunch, where the relative velocities
are only weakly relativistic. Moreover, the required
Lorentz transformation between the laboratory frame and
the mean rest frame is shown to be nontrivial, since as-
sumptions concerning the 4D trajectories of the particles of
the bunch have to be made. The result of this calculation is
compared with the results of two commonly applied meth-
ods, one using PPI performed in the laboratory frame and
one using a Poisson solver. For different reasons, both
approaches yield significant deviations concerning the
characteristics of the longitudinal phase space, which
could ultimately mislead the design of applications using
laser accelerated electron bunches: A PPI simulation per-
formed in the laboratory frame principally suffers from
retardation artifacts, which leads to the violation of energy
and momentum conservation and to a wrong spatial density
distribution. The temporal development of the energy chirp
within the longitudinal phase space is overestimated and,
thus, the examinations in [10] describe an upper boundary.
The artifacts obtained from the method of using a Poisson
solver as considered here have two causes. The first cause
originates from codes which solve the equations of motion
within the laboratory frame. This approach principally
suffers from a Lorentz transformation which has to be
done in every time step. Some implementations were found
to apply the Lorentz transformation for the longitudinal
spatial position by merely linearly stretching the bunch by
the Lorentz factor corresponding to the velocity of the
mean rest frame. Using zðz0Þ as in Eq. (2), instead, helps
improving the result. This transformation still assumes
constant velocity, which might introduce artifacts due to
the Coulomb driven bunch expansion. The second cause
for artifacts originates from not considering the propaga-

tion of the plasma boundary through the electron bunch
within the mean rest frame and thus, incorrect initial con-
ditions. These are, however, no principal problems in-
volved and, thus, appropriate results can be obtained
using a Poisson solver if three conditions are met: First,
the electrostatic space charge field in the mean rest frame
has to be calculated correctly (the solver might not con-
verge). Second, the equations of motion have to be solved
in the mean rest frame to avoid Lorentz transformations
(the beam line elements have to be transformed into the
mean rest frame only once). Third, the initial conditions
have to be considered correctly. Since the solver almost
scales linearly with the number of particles in terms of
CPU time, many more particles can be considered than
using the PPI model and thus could be the preferred
method. However, we have shown here that in the space
charge regime considered, one has to be thoughtful about
assumptions made. The PPI model only uses the Coulomb
interaction and is thus based on fundamental principles.
This model, applied as discussed here, is therefore recom-
mended for validating results of other calculation methods.
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The application of quadrupole devices with high field gradients and small apertures requires precise

control over higher order multipole field components. We present a new scheme for performance control

and tuning, which allows the illumination of most of the quadrupole device aperture because of the

reduction of higher order field components. Consequently, the size of the aperture can be minimized to

match the beam size achieving field gradients of up to 500 Tm�1 at good imaging quality. The

characterization method based on a Hall probe measurement and a Fourier analysis was confirmed using

the high quality electron beam at the Mainz Microtron MAMI.

DOI: 10.1103/PhysRevSTAB.12.102801 PACS numbers: 41.85.Lc, 52.38.Kd

I. INTRODUCTION

High field gradient compact quadrupole devices have
recently been the subject of an increasing amount of atten-
tion, in particular, as a compact element for beam manipu-
lation in laser based particle acceleration. Permanent
magnet quadrupole devices (PMQs) with a small aperture
can reach high magnetic field gradients because of main-
taining high surface magnetization. A number of design
approaches have been developed and realized such as pure
PMQs [1,2] in accordance with a Halbach design [3] or as
modified (hybrid) Halbach quadrupole devices utilizing
saturated iron to guide the magnetic field [4,5].

While being of importance in compact accelerator set-
ups, the main interest in PMQs lies in focusing particle
beams of high divergence such as laser accelerated ion
beams [6] and electron beams [7–9]. The control of the
field quality as introduced in this work opens the path for
using PMQs as focusing elements in free-electron lasers
[10] having a demand on high quality beam transport
systems. Multipole field components higher than the
quadrupole field component have distorting effects on the
electron beam and therefore increase the beam emittance.
These higher order multipole field components (HOMFC)
have to be minimized.

Assuming a constant ratio of the HOMFC and the pure
quadrupole field component at a given radius, small aper-
ture approaches typically suffer from a strong influence of
the HOMFC on the beam quality as the beam size to
aperture is large compared to commonly used electromag-
netic quadrupole devices.

We present a method of tuning PMQs in order to achieve
control over higher order field components; this allows the
significant reduction of HOMFC and thus allows a large
ratio of beam size to aperture.
Halbach-type PMQs where built using 12 wedges

(Fig. 1). The permanent magnet material is NdFeB [11]
with a remanent field of 1.3 T. The assembled PMQ
reaches surface magnetization fields of 1.5 T. The ability
to reduce the aperture size compared to electromagnetic
quadrupole devices allows the realization of field gradients
of up to 500 Tm�1 at an aperture diameter of 6 mm.
Conventional electromagnetic quadrupole devices require
a larger aperture and yield thus gradients of typically only
50 Tm�1. These devices, however, usually allow the gra-
dient to be adjusted which is not possible with a simple
approach using PMQs. The PMQs as applied here were
preliminarily tested and presented in [1].
Small apertures pose challenges in the measurement of

the magnetic field distribution within. Common ap-
proaches involve the application of Hall probes to deter-
mine the field gradients or rotating coils to determine

FIG. 1. Design of a miniature PMQ is shown with 12 wedges
of permanent magnet. The inner radius of the aperture is ri ¼
3 mm and the outer radius is ro ¼ 10 mm. The arrows point in
the magnetization direction.

*Corresponding author.
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HOMFC. This poses challenges in fabrication of the min-
iature coil and, in particular, suppressing vibrations during
the measurement [12,13]. We present a method allowing
the measurement of all relevant magnetic vector field
components relying solely on a miniature Hall probe which
can be applied to very small apertures at the precision
required.

The ability to measure all relevant field components
within small apertures allows the introduction of specific
HOMFC by changing the position of individual magnet
segments. We are thus able to compensate for undesired
field components and also deliberately introduce specific
components such as octupoles for compensating spherical
aberrations or dodecapoles for compensating the effect of
fringe fields. In order to minimize the influence of the
correction of one field component on the entire field dis-
tribution, we apply materials with negligible nonlinear
interactions with the magnetic field due to hysteresis ef-
fects. Finally, we present measurement results of the tuning
of the magnetic field distribution.

II. MEASURING FIELD COMPONENTS

The principle presented here for the measurement of the
magnetic field involves a Hall probe.

The magnetic field is scanned in cylindrical coordinates,
as shown in Fig. 2: The PMQ is mounted on a rotating stage
for controlling the ’ coordinate. From the center of rota-
tion, a displacement of the Hall probe along the y axis
scans the radial field component B�, whereas the displace-

ment along the x axis scans the azimuthal component B’.

The offset of ’ ¼ 90� between B� and B’ has to be

considered.
This method requires the knowledge of the position of

the geometrical center of rotation which does not neces-
sarily coincide with the center, i.e., the minimum value, of
the magnetic field distribution. The procedure for finding
the geometrical center involves a simple feedback algo-
rithm which only requires the Hall probe signal. The result
of this iteration is unique as the field changes monoto-
nously from a point inside the aperture.

A. Fourier analysis

A direct measurement of the entire magnetic field for
0<�< �0 in cylindrical coordinates inside the aperture
overdetermines the magnetic vector field. The assumption
of Bz ¼ 0 leads to the expansion of the magnetic field
using polar coordinates of

~Bð�;’Þ ¼ X1
l¼1

½Bl�ð�;’Þ ~e� þ Bl’ð�;’Þ ~e’� (1)

with

Bl�ð�;’Þ ¼ �l�1½al sinðl’Þ þ bl cosðl’Þ� (2)

Bl’ð�;’Þ ¼ �l�1½al cosðl’Þ � bl sinðl’Þ�; (3)

al and bl being coefficients representing the HOMFC. The
case Bz � 0would imply fringe fields, which are discussed
in the next section.
Measuring either the B� or the B’ field component on a

single ring [Figs. 3(a) and 3(b)] is sufficient for a complete
determination of the magnetic vector field. A Fourier ex-
pansion of a ring with the radius �0 leads to the desired

coefficients al and bl in magnitude
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2l þ b2l

q
[Fig. 3(c)]

and phase arctanðbl=alÞ [Fig. 3(d)] allowing one to con-
struct the vector field [Eq. (1)] using either

FIG. 2. Scheme of measuring the magnetic vector field in
cylindrical coordinates using a Hall probe with the arrow being
the surface normal. The radial component (a) as well as the
azimuthal component (b) are obtained separately.

FIG. 3. (Color) Part (a) shows a field measurement using the
azimuthal component in cylindrical coordinates and part (b) its
outermost ring at �0 ¼ 1 mm is plotted against one rotation and
used to expand the field coefficients al and bl, shown in

(c) magnitude
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2l þ b2l

q
and (d) phase arctanðbl=alÞ.
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al ¼ 1

�

Z 2�

0
�1�l
0 B’ð�0; ’Þ cosðl’Þd’

bl ¼ � 1

�

Z 2�

0
�1�l
0 B’ð�0; ’Þ sinðl’Þd’

(4)

or

al ¼ 1

�

Z 2�

0
�1�l
0 B�ð�0; ’Þ sinðl’Þd’

bl ¼ 1

�

Z 2�

0
�1�l
0 B�ð�0; ’Þ cosðl’Þd’:

(5)

B. Proof of principle

The Hall probe used here has a relatively large active
probe diameter of 740 �m compared to the aperture of
6 mm. The center of rotation can be determined with
micrometer precision in spite of the large probe area. The
radius �0 was chosen to be 1 mm, which was the maximum
value for the measurements presented here due to the
physical size of the entire specific Hall probe device ap-
plied. The tilt error of the probe limits the accuracy to
sub-5 �m precision for the setup used here. Knowing the
absolute positioning error of the geometrical center, we
obtain a relative error of ��0=�0 ¼ 0:5% for �0 ¼ 1 mm.

The measurement errors for B’ or B� and the resolution

can be estimated by calculating the remainder:

Ok ¼
Z 2�

0

��������B�=’ð�0; ’Þ �
Xk
l¼1

Bl�=’ð�0; ’Þ
��������d’: (6)

For all field measurements performed, we find contribu-
tions of orders up to the sixth (the dodecapole) as is shown
by the remainder in Fig. 4(b). This result is expected from
the symmetry considerations of the design of the PMQ, but
one has to take into account resolution constraints due to
the size of the Hall probe, which can make the measure-
ment insensitive to higher order components. Mea-
surement noise or signal drifts would significantly increase
the remainder. Such an increase has not been observed in
the measurement, indicating that these influences are

clearly negligible up to at least the dodecapole order. The
maximum order identified by a Hall probe of diameter dH
can be estimated by assuming that the magnetic field is
integrated homogeneously over the active area of the
probe. An azimuthal variation in field strength as depicted
in Fig. 3 can only be resolved if the diameter of the hall
probe is smaller than the circumference of the ring of
radius �0 over which the variation is measured. For the
case considered here with �0 ¼ 1 mm and diameter dH ¼
740 �m, we find that the maximum order component that
can be resolved is thus given by l0max ¼ 2��0=dH ¼ 8.
Please note that a measurement of the azimuthal field
component B’ does not underlie this resolution limit. For

the Halbach quadrupole design only tuning up to the
dodecapole (l ¼ 6) is required as explained later in
Sec. IV. Thus, with the Hall probe available all relevant
orders can be resolved, however, one has to consider the
measurement error induced by the finite Hall probe size as
explained in the following. For each HOMFC l separately
one integrates over the active Hall probe surface �. The
surface has the area�d2H=4with radial (�) or azimuthal (’)
orientation. Using either the coefficient a or b yields the
same result. Here, we picked a and obtain

Bint;l;�=’ðal; �; ’Þ ¼ 4

�d2H

Z
��=’

Bl;�=’ðal; �0; ’0Þ � dA0;

(7)

with

Bl;�ðal; �; ’Þ ¼ �l�1al sinðl’Þ
Bl;’ðal; �; ’Þ ¼ �l�1al cosðl’Þ;

(8)

following Eq. (3). Using Eqs. (4) and (5) we determine the
correction factors,

fl;’ ¼
1
�

R
2�
0 �1�l

0 Bint;l;’ðal; �0; ’Þ cosðl’Þd’
al

fl;� ¼
1
�

R
2�
0 �1�l

0 Bint;l;�ðal; �0; ’Þ sinðl’Þd’
al

:

(9)

For our case, the factors are given in Table I.
When measuring the radial change in field strength by

varying �, the Hall probe area integrates over a certain
azimuthal variation in ’. This integration yields a value
less than the maximum field strength at distance � and thus
measuring B� underestimates the absolute strength of the

HOMFC. For the azimuthal variation the Hall probe inte-

FIG. 4. (Color) Part (a) shows the azimuthal HOMFC from
Fig. 3 ( ~B ¼ P

6
l¼3½Bl�ð�;’Þ ~e� þ Bl’ð�;’Þ ~e’�, note the absolute

scale compared to Fig. 3). Part (b) shows the remainder after the
kth field component.

TABLE I. Factors f correcting the expanded values of the
radial measurement � and the azimuthal measurement ’ specific
to the Hall probe used here.

l 2 3 4 5 6

fl;� 0.83 0.70 0.54 0.36 0.17

fl;’ 1 1.05 1.14 1.29 1.49
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grates over B’ð�Þ / �l�1 which leads to an overestimation

of the HOMFC strength for l > 2, since the increase in field
strength with increasing distance � > �0 is not compen-
sated by the reduced field strength measured for � < �0.

The Hall probe applied here has an enhanced sensitivity
in the center of the semiconductor knowing the active Hall
probe area. If only the area of the semiconductor is known,
one might have to account for an inhomogeneous sensitiv-
ity within the area due to the joins to the semiconductor.
This is described in [14,15] in detail.

C. Fringe fields

The calculation of the field components from the ring
measurement (Fig. 3) requires the assumption of Bz ¼ 0 as
mentioned before. Hence, the measurement of the ring
used for the field expansion must not be performed in the
fringes of the field distribution for the expansion following
Eq. (1).

There are cases, however, where fringe fields cannot be
neglected, in particular when particle beams are being
focused to waist sizes on the nanometer scale. Fringe fields
are discussed in [3] for Halbach-type PMQs. However, in
practice, this does not determine the effect of fringe fields
on a beam in a general way. Even if the design of the device
and thus the field distribution including the fringe field is
known in detail, the final effect on the beam still depends
on the length of the PMQ and only works for specific beam
properties, which in turn allows the determination of spe-
cific HOMFC for compensating the effect of the fringe
fields. The method presented here can be used to introduce
field components in order to compensate the fringe field.

III. FOCUS MEASUREMENTAT MAMI
ELECTRON BEAM

The PMQs as introduced in [1] have been applied at the
accelerator MAMI to acquire the imaging quality. These
measurements have been carried out prior to the ability to
tune the devices. A PMQ lens doublet was used to focus the
electron beam. The method of expanding the magnetic
field distribution from a Hall probe measurement was
applied to reproduce the experimental results.

The beam profile was monitored by a pair of 4 �mwires
movable longitudinally in the direction of the beam propa-
gation and transversely through the beam, both in the
horizontal and the vertical direction. Bremsstrahlung
caused by the beam hitting the wire was detected using
an ionization chamber in the forward direction. The
Bremsstrahlung’s intensity, measured while changing the
position of the wires transversely to the beam, determines
the beam shape at a certain longitudinal position. The
MAMI electron beam can reach energies of up to
855 MeV. We used energies of 270 MeV with an energy
stability of �E=E ¼ 10�5 and an emittance of 2 nm rad
horizontally and 0.7 nm rad vertically.

The calculation of the beam transport involves an ex-
pansion of the magnetic fields of the quadrupoles following
Eqs. (4) and (5) and tracking the electron beam [16] using
the field map given by Eq. (1) and correcting for the Hall
probe size following Table I.
The results are shown in Fig. 5 choosing two beam

configurations: A convergent electron beam of small size
at the entrance of the lens doublet (panel I of Fig. 5), and a

FIG. 5. (Color) Measurements at the Mainz Microtron MAMI
are shown with two different beam configurations: The small
electron beam configuration (panel I) is shown with the hori-
zontal (Ia) and vertical (Ib) beam plane at the waist. The
measured beam (black), the calculated beam using expanded
fields (blue), and calculated beam for an ideal quadrupole field
(red) are shown for comparison. The calculated beam envelope
(Ic) and the emittance (Id) are plotted against the propagation
direction of the beam. The vertical lines mark the PMQ posi-
tions. The large beam configuration is shown correspondingly
(panel II). The green curve in panel IIa is computed from the
expanded fields, but with a different focal spot slightly moved
towards the PMQs by 1 mm or 0.5% of the focal length.
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divergent beam of larger size (panel II of Fig. 5). As
expected, the small-beam configuration yields a measured
waist size only being a little larger than that of an ideal
quadrupole with the same gradient. The waist size of the
transport calculation using the expanded fields agrees well
with the measured beam waist. The emittance remains
virtually constant.

Higher order field components significantly distort the
electron beam profile for the large beam configuration, the

beam size increases compared to the case of an ideal PMQ
doublet, and the form becomes asymmetric as depicted in
Ia and Ib of Fig. 5. This distortion is qualitatively described
when taking into account the HOMFCs for the computa-
tion of the beam evolution. The effect of the HOMFC can
also be seen in the evolution of the trace space emittance
[17], as is shown in panels Id and IId of Fig. 5. Here, the
emittance is deduced from the calculation using the ex-
panded field distribution of the PMQs.

FIG. 6. The introduction of HOMFC with the PMQ having the same orientation as in Fig. 1. Panel I: Magnitude and phases of the
calculated magnetic field using the ideal arrangement of permanent magnet wedges. Panel II: Displacing a single pair of tuning wedges
by 150 �m introduces a dominant sextupole (IIa). Independent from the specific pairs of tuning wedges displaced, panels IIb–IIe show
the effect on the phases of the introduced field components by moving tuning wedges at � ¼ 0�, 90�, 180�, 270�. Panel III: Two
opposite pairs of tuning wedges are displaced by 150 �m, this introduces a dominant octupole. Panel IIIa shows the effect on the
magnitude of the field components. Panel IIIb–IIIc show the effect on the phases of the introduced field components moving tuning
wedges at � ¼ 0� and 90� affecting a4. Moving the positioning wedges as shown in panels IIId–IIIe affect b4. Panel IV: All pairs of
tuning wedges are displaced by 150 �m; this introduces a dominant dodecapole. The effect on the magnitudes are shown in panel IVa.
Panels IVb and IVc show distinct pairs of tuning wedges which are moved and the effect on magnitudes and phases of the field
components. The application of distance holders might be required as in Fig. 7(b).
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There can be several reasons for this mismatch, but we
constrain ourself to discussing only those effects that have
to be considered when aligning the PMQs, namely an
offset of the azimuthal angle ’ of the lenses with respect
to the beam axis and the absolute position of the lens
doublet in the lattice. An offset in ’ rotating the PMQs
by a few hundred �rad already compensates for the abso-
lute difference between measured and calculated beam
waist. However, it also significantly distorts the form of
the beam profile and can thus be ruled out for the case
discussed here. A change in the absolute position of the
lens doublet on the subpercent level changes the absolute
beam size while maintaining the form of the transverse
beam profile, as shown in IIa of Fig. 5, where the lenses are
moved 1 mm away from the beam profile monitor, yielding
the green curve which matches well the measured profile.
This shows that precise measurement and control of the
magnetic field as well as precise alignment of the PMQs
are required in order to reproduce the computed beam
properties in the experiment.

IV. MAGNETIC FIELD TUNING

HOMFC can have a variety of origins, for example,
variations of the shape of the wedges or the magnetization
direction or strength. The knowledge of the specific origin
of an undesired higher order field component is not neces-
sary for its compensation: The introduction of a field
component in the same order and magnitude but with a
phase shift of 180� leads to its elimination.

Displacing certain wedges introduces well-defined
higher order field components which can be used for
correcting manufacturing deviations of the wedges, the
housing, or for modeling the magnetic field distribution
correcting imaging aberrations.

A. Wedge positioning

Figure 7 schematically shows the assembly of perma-
nent magnet wedges within the housing. The four wedges
with the magnetic field oriented towards the device axis,

which in the following are called positioning wedges,
experience centripetal magnetic forces. A thin nonmag-
netic cylinder is placed inside the aperture. Its radius
determines the radial distance of the wedges from the
axis of the device [panels 7(a) and 7(b)]. The positioning
wedges are tightened with positioning screws from the
housing for fixing the cylinder. The center of the magnetic
field can be adjusted to coincide with the geometrical
center of the PMQ for the elimination of the dipole field
components.
Magnetic forces centrifugally repel the four remaining

pairs of wedges, called tuning wedges in the following. In
combination with tuning screws, these forces allow their
precise positioning. Since the magnetic forces are acting on
the tuning wedges as a pair, the tuning screws are arranged
in parallel [panel 7(c)].

B. Introduction of field components

The field distribution is altered by modifying the PMQ
by selecting tuning wedges and moving these. The field
distribution of a modified PMQ is calculated numerically
[18] for obtaining the quantitative effect on individual field
components including their phase. The result of the calcu-
lation is expanded [Eqs. (4) and (5)] and used for obtaining
a table of reference for the effect of moving tuning pairs on
the field distribution as shown in Fig. 6.
We first consider the undisturbed quadrupole design in

panel I of Fig. 6. Owing to the symmetry of the design, only
a dodecapole superimposes on the quadrupole field.
Panel II of Fig. 6 shows a dominant sextupole (l ¼ 3)
which is introduced when moving one pair of tuning
wedges. For symmetry reasons, a pure sextupole compo-
nent cannot be introduced, but an octupole component is
also obtained which in turn can be eliminated. The intro-
duction of an octupole component is achieved by moving
opposite pairs of wedges as shown in panel III of Fig. 6.
Changing b4 [Eq. (3)] without influencing a4 requires the
movement of the positioning wedges which can be
achieved by, e.g., introducing distance holders as is shown
in Fig. 7. Alternatively, b4 can be modified by moving two
individual tuning wedges which are arranged at opposite
locations from the device center which requires a subse-
quent compensation of the additionally introduced a4 com-
ponent. The introduction of a dodecapole field is shown in
panel IV of Fig. 6. Depending on the desired phase, the
application of distance holders might be required as is
shown in panel 7(b).

C. Adjustment results

Figure 8(a) shows an example of a newly assembled
quadrupole. Because of manufacturing deviations of either
the wedges or the housing, there is a considerable initial
sextupole field component. After compensating for the
higher order field components, a much purer quadrupole
field is obtained as is shown in Fig. 8, demonstrating the

FIG. 7. Part (a) shows an arrangement of permanent magnet
wedges and the center cylinder is shown schematically. The
arrows point in the direction of the magnetic forces which act
centrifugally and centripetally on the wedges. (b) Example for
distance holders (e.g. 50–100 �m aluminum foil) of the posi-
tioning wedges from the cylinder center. (c) Positioning and
tuning screws acting on the wedges.
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feasibility of the method discussed. The errors of these
measurements correspond to those errors discussed in
panel 4(b), since the apparatus used is the same.

V. CONCLUSION

The method presented allows one to shape the magnetic
field distribution of a PMQ. The magnetic field distribution
is determined from a Fourier expansion of a Hall probe
measurement and used as the basis for identifying the
tuning wedges to be moved for obtaining the desired field
distribution. The precise quantification of HOMFC in con-
junction with the complete control of the field configura-
tion allows one to accurately configure the magnetic field
distribution to a high degree. After only a few iterations,
magnitude and phase of the undesired field components
can be reduced significantly. Hence, the control over these
field components up to at least the dodecapole allows a
larger ratio of the quadrupole’s aperture to be illuminated.
Moreover, HOMFC such as an octupole or dodecapole can
be introduced in order to compensate for imaging aberra-
tions and fringe fields effects.

The advantage of the pure permanent magnet devices
over hybrid quadrupole designs lies in the linear superpo-
sition of the magnetic field contributions of the individual
segments. This allows a decoupled tuning process, and thus
a fast and simple adjustment of the magnetic field distri-
bution. The compensation scheme shown here still has
potential for improvement since the results presented in
this publication were obtained by manually tuning the
PMQs. The method for the reduction of HOMFC can easily
be automated using simple algorithms which allow one to
move the wedges at higher precision.
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Lübeck, Germany, 2004 (SLAC Report No. SLAC-PUB-

10878).
[5] C.M. S. Sears, R. L. Byer, E. R. Colby, B.M. Cowan, R.

Ischebeck, M.R. Lincoln, T. Plettner, R.H. Siemann, and

J. E. Spencer, in Proceedings of the 12th Advanced

Accelerator Concepts Workshop, Lake Geneva,

Wisconsin, 2005 (SLAC Report No. SLAC-PUB-12422).
[6] M. Schollmeier, S. Becker, M. Geißel, K.A. Flippo, A.
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This Letter demonstrates the transporting and focusing of laser-accelerated 14 MeV protons by
permanent magnet miniature quadrupole lenses providing field gradients of up to 500 T=m. The approach
is highly reproducible and predictable, leading to a focal spot of �286� 173� �m full width at half
maximum 50 cm behind the source. It decouples the relativistic laser-proton acceleration from the beam
transport, paving the way to optimize both separately. The collimation and the subsequent energy selection
obtained are perfectly applicable for upcoming high-energy, high-repetition rate laser systems.

DOI: 10.1103/PhysRevLett.101.055004 PACS numbers: 52.38.Kd, 41.85.Lc, 52.59.�f

The realization of intense and energetic laser pulses has
resulted in enormous scientific activity over the past de-
cade due to many potential applications including the
generation of giga-electron-volt, narrow band electron
pulses [1], intense x-ray pulses [2], laser-driven nuclear
phenomena [3], inertial fusion energy [4,5], as well as the
acceleration of protons from hydrocarbon impurities and
heavy ions to mega-electron-volt energies from thin foil
targets [6–9]. These ion beams (particularly protons) are
generated in a very robust and reproducible way with up to
1013 protons by the target normal sheath acceleration
mechanism [10]. The ions are accelerated, forming a qua-
sineutral plasma with an exponential energy spectrum that
exhibits a sharp cutoff at its maximum energy [11]. Unlike
conventionally accelerated ion beams, they contain very
high particle numbers in short, picosecond pulses and have
unprecedented emittance; i.e., the beams expand in a very
laminar fashion [12]. These features make them useful as a
diagnostic tool (e.g., proton radiography of transient pro-
cesses [13]) and they could have applications as compact
particle accelerators [14] for the creation of high-energy
density (HED) matter [15] or for proton fast ignition [5].

There have been attempts to optimize the source for a
more monochromatic beam by using a very thin proton- or
carbon-rich layer on the target rear side [16,17]. But,
especially for the latter applications, a collimated or fo-
cused beam, that maintains the high particle number emit-
ted from a usual foil, is indispensable. Since the beam is
divergent with an energy-dependent half-opening angle of
up to 40� [18], there have been attempts at ballistic focus-
ing by curving the target foil to a submillimeter half-sphere
[15]. However, the focal length is on the order of the
sphere’s radius, limiting its application. Another possibil-

ity for focusing the protons is the ultrafast laser-driven
microlens [19] that uses a second laser pulse to create a
hot plasma expansion towards the axis of symmetry inside
a tiny cylinder. The rapidly varying electric field of the
plasma is used to focus traversing protons. The experimen-
tal scheme suffers from a complicated geometry with two
synchronized high-intensity laser beams that need to be
carefully aligned and temporally adjusted. Kar et al. [20]
recently succeeded in partly collimating the proton beam
by combining a microlens device with a flat target foil into
a single piece, at the expense of a complex target assembly.

In this Letter an alternative and straightforward ap-
proach is presented that uses an ion optical system consist-
ing of novel permanent magnet miniature quadrupoles
(PMQ) with strong field gradients of up to 500 T=m,
originally developed for laser-accelerated electrons [21].
A set of two PMQs demonstrates transport and focusing of
laser-accelerated protons in a very reproducible and pre-
dictable manner. This approach uses permanent magnets
that do not need to be replaced, hence allowing the appli-
cation in upcoming high-energy, high-repetition rate la-
sers. Moreover, it decouples the acceleration process from
the beam transport, allowing for independent optimization
of the proton beam generation and of the focusing
mechanism.

An initial experiment was carried out at the TRIDENT
chirped pulse amplification (CPA) laser system at Los
Alamos National Laboratory, and obtained a line focus,
whereas the demonstration experiments with a point focus
were carried out at the Z-Petawatt at Sandia National
Laboratories (SNL) [22]. The CPA laser at SNL with a
wavelength of 1053 nm delivered 40 J laser energy on
target, focused by an off-axis parabolic mirror to a beam
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spot of 5 �m FWHM. With a pulse duration less than
1 ps, the intensity on the target front side was I > 5�
1019 W=cm2. The prepulse contrast ratio was measured as
10�7. A 25 �m thin Cu foil was used as the target, being
hit by the p-polarized laser at an angle of 45�. The accel-
erated protons were detected with a stack of calibrated
radiochromic films (RCF) [23]. The calibration for proton
energy deposition was done at the tandem linear accel-
erator at the Max-Planck-Institut für Kernphysik in
Heidelberg, Germany. The stacks in the experiment con-
sisted of eight layers of type HD-810 and nine layers of
MD-V2-55. Parasitic radiation and target debris require the
RCF stacks to be wrapped in 16:3 �m aluminum foil for
shielding. The energy-loss response functions of the stacks
were calculated with a ray-tracing algorithm using energy-
loss values from SRIM-2006 [24], taking into account the
different material compositions of the different types of
RCF. Because of the Bragg peak of the ion’s energy loss at
the end of their range, each RCF layer can be attributed to
a small energy interval of 1 MeV for MD-V2-55 and
0.5 MeV for HD-810, respectively. Hence, a stack of
RCF layers is a two-dimensional imaging spectrometer.

The experimental configuration is shown in Fig. 1. One
RCF stack was placed at �40� 1� mm behind the target,
detecting the divergent proton beam. The axial aperture
was 5 mm throughout the PMQ beam transport section.
Beam blocks consisting of 12.7 mm aluminum or 6.35 mm
stainless steel protected the PMQs from debris and un-
wanted irradiation. The magnetic fields were calculated
using a Maxwell-compliant solver for their specific design
[25]. These fields were used to determine the positions of
the PMQs and the spectrometer with a tracking algorithm
[26]. The goal was to focus 14 MeV protons, since this
energy is in the central region of the proton energy spec-
trum usually produced at TRIDENT and Z-Petawatt. The
first PMQ was placed at a distance of 170 mm behind the
target and the second one was placed at 230 mm. The focal
spot was expected 500 mm behind the target, where an-
other RCF stack was placed.

Protons from hydrocarbon contaminations at the foil’s
rear side were accelerated up to well above 22 MeV, which

is the upper detection limit of the RCF stacks used.
Although RCF is sensitive to all ionizing radiation, it is
most sensitive to protons due to their higher stopping
power compared to electrons or x rays. Heavy ions only
penetrate the first layer. The total number of protons and
their energy spectrum were obtained from the first RCF
stack by interpolating over the aperture in the center.
High-energy protons were stopped in RCF layers at the
end of the stack. Some energy, however, is deposited in
the layers before. This fact requires each layer to be de-
convolved by the nonlinear detector’s response functions.
The resulting particle number spectrum dN=dE per unit
energy follows the shape obtained in Ref. [11], dN=dE �
N0=�2EkBT�

1=2 exp���2E=kBT�
1=2	, with parameters

N0 � 4:9� 1012 and kBT � 1:24 MeV.
A typical beam profile of �14� 1� MeV protons is

shown in Fig. 2(a). The white spot in the center is due to
a hole allowing for the propagation of the protons through
the PMQs. The beam profile shows intensity modulations
that originate from microcorrugations of the target rear
surface [27]. The beam has a diameter of �29:5� 2� mm
that corresponds to a (20� � 1:5�) half-opening angle. A
summation of the total signal in Fig. 2(a) leads to 1:3�
1010 protons with �14� 1� MeV. About 7:5� 108 protons
entered the PMQs. This number corresponds to 7.5% of the
beam injected into the PMQs. The integration over the
spectrum yields a conversion efficiency of 1% of the laser
energy into protons with energies above 4 MeV, in agree-
ment with Ref. [11]. The focusing effect of �14� 1� MeV
protons 50 cm behind the target is shown in Fig. 2(b). By
integrating over the peak, a total number of 8:4� 105

protons is obtained. Hence the transmission through the
magnets was 8:4�105=7:5�108�0:1%. This was ex-
pected, since the first PMQ focused the beam in one plane
and defocused the protons in the perpendicular one. The
second PMQ’s aperture then cut most of the beam.

Although the PMQs were not especially designed for
this beam, a small focal spot was obtained. The spot size
was by far not limited by the emittance, which is on the
order of 10�3� mm mrad [12]. Simulation results show
good agreement with the experiment [Fig. 2(c)]. The RCF
was simulated using protons with a Gaussian initial energy
distribution of E � 14 MeV and standard deviation � �
1 MeV. The PMQ’s aperture encircles the solid angle of
the ion beam by orders of magnitude, justifying the as-
sumption of a uniform initial particle distribution within a
much smaller solid angle in order to achieve the best
possible statistics for the simulation. The number of mac-
roparticles was 106. Interactions (i.e., space charge) were
neglected. The horizontal and vertical lineouts of both
experiment and simulation (Fig. 3) can be well described
by a Lorentzian f�x� � �=�x2 
 �2� with FWHM 2� �
286 �m (173 �m) horizontally (vertically), which corre-
sponds to a decrease of the proton beam compared to an
unfocused beam of approximately 103 times. An estimate
based on the simulations for an optimized setup suggests a

FIG. 1 (color online). Scheme of the experimental setup. A
high-intensity laser pulse irradiates a Cu foil. Protons from the
rear side propagate into a RCF stack with a 5 mm axial aperture
for the detection of the initial beam. The transmitted protons
enter two PMQ devices that transport and focus the beam.
Another RCF stack in the focal plane records the intensity
distribution of the protons.
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decrease in the focal spot by an additional factor of 5 in
both planes, leading to a demagnification by a factor of 5�
5� 103 � 2:5� 104.

Such a small focus is still below the space-charge limit,
which can be estimated by the generalized perveance, en-
trance radius, and focal spot size [28]. Assuming a pulse
duration of 0.7 ns from the drift difference of �14�1�MeV
protons, the space-charge limit for an optimized focus with
5 mm aperture PMQs corresponds to �109 protons.

The chromatic properties of PMQs yield an energy-
dependent focal spot size. Figure 4(a) shows the ion energy
spectrum integrated over an area of 200 �m in diameter.
The circles represent the measured data using the PMQ
doublet and the solid red line displays the calculated proton
spectrum for comparison, using the first RCF stack, under
the assumption of an undisturbed propagation of the beam
to the same distance. The energy-dependent flux increase
due to the focusing is shown in Fig. 4(b). For this specific
PMQ configuration, the flux increase for �14� 1� MeV
protons peaked at about a factor of 75. This allows the
system to be used as a spatial filter in order to monochro-
matize the ion energy spectrum. For an optimization and
increased coupling efficiency into the ion optics section,
the magnets can be placed closer to the source in combi-
nation with an increased aperture of the second PMQ. The
latter becomes necessary due to defocusing of the first
PMQ in one plane, as well as the space-charge limitation
mentioned above that decreases with increasing entrance
radius.

Since the ions are emitted in the form of a quasineutral
plasma, the question arises of whether or not the copropa-
gating electrons can be safely removed close to the source
without distorting the beam, i.e., without increasing the
emittance. This was tested experimentally by placing a
dipole magnet with 150 mT field strength at a distance of
3 mm behind the target to deflect the electrons, similar to
the experiment in Ref. [12], but in our case the magnet was
placed much closer to the proton source. A fine mesh
(110 �m wire distance, 35 �m wire thickness) that im-
prints in the beam [29] was placed at the dipole entrance.
The protons were recorded with a RCF stack after a drift of
100 mm. The absence of electrons could lead to space-
charge forces that diminish the beam quality. However, the

image showed a clear imprint of the mesh without any
distortion; hence, the beam quality was unchanged. One-
dimensional particle-in-cell simulations with the plasma
simulation code (PSC) [30] support these findings and
show that the magnetic field was sufficient to remove the
comoving electrons. Both measurement and simulation
demonstrate that even as close as 3 mm from the target a
magnetic field can be used to control and transport the ion
beam.

These results open up a realm of possibilities for appli-
cations; for instance, with an optimized configuration, the
transport and focusing of all ions within a certain energy
interval could be obtained. It could be used for studies of
HED matter by focusing these ions to a small beam spot.
The PMQs would allow for a large distance between the
proton-production foil and the sample, hence for clean
experiments since possible preheating by high-energy pho-
tons and electrons [31] would be significantly reduced. As

FIG. 3 (color online). Intensity profiles through the beam spot
in Fig. 2. The circles show the experimental data, the dark gray
(red) lines represent a lineout through the simulated beam
profile. Both curves agree well with Lorentzian fits [light gray
(green) lines] with a FWHM of 2� � 286 �m horizontally (a)
and even 173 �m vertically (b).

FIG. 2 (color online). (a) Beam profile of �14� 1� MeV protons at 40 mm behind the target. The white disk in the center is due to a
hole allowing for the propagation of the protons through the PMQs. (b) Beam spot 500 mm behind the target. 8:4� 105 protons were
focused to a small spot by the PMQs. The color map in (b) was optimized to show the weak background signal; therefore, the film
appears to have a signal over the whole area. (c) The simulation with a tracking code neglecting emittance shows good agreement with
the experiment. The respective RCF was simulated using �14� 1� MeV protons.

PRL 101, 055004 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
1 AUGUST 2008

055004-3



83

an example, the HED state of matter that is exposed to 1011

protons with 15 MeV, focused to a small spot of 10 �m
diameter, was calculated with a semiempirical equation-of-
state model [32]. 10 �m thin Al, Ni, and Pb foils were
chosen to sample matter from low to high nuclear charge.
The energy of the protons is sufficient to penetrate the foil,
and the energy deposition is very homogeneous since the
Bragg peak is outside the foil. The total specific energy
deposition is 505:6 kJ=g for Al, 409:3 kJ=g for Ni, and
277 kJ=g for Pb, respectively. The fast energy deposition
by the protons leads to an isochoric heating that transforms
the former solid foil to liquid HED matter with tempera-
tures around 20 eV=kB and around 10 Mbar pressure. This
extreme state of matter could be found inside giant planets
like Jupiter or Saturn.

In conclusion, the first transport and focusing of laser-
accelerated protons with magnetic quadrupole lenses has
been shown, which demonstrates the manipulation of laser-
accelerated protons by magnetic fields can be done easily,
even though the protons are emitted in a quasineutral
plasma from the source. The further development and
optimization of the magnetic beam transport and focusing
system could have significant impact in various areas such
as accelerator physics, inertial fusion energy, astrophysics,
or even radio oncology (e.g., laser-accelerated hadron
therapy for tumor treatment).
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FIG. 4 (color online). (a) 500 mm behind the target the proton
beam without the PMQs exhibits an exponentially decreasing
spectrum (red solid line). The curve was fit to the RCF data in
front of the PMQs adjusted under the assumption of an undis-
turbed propagation. The spectrum achieved with PMQs (circles)
shows a strong signal enhancement which peaks at the designed
energy of 14 MeV. (b) The peak of the energy-dependent proton
flux increase at 14 MeV shows nearly 75 times more protons per
area compared to the case without magnetic lenses.
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Truly table-top sized radiation sources based on compact laser-plasma accelerators require compact and
strong focusing devices and efficient short-period undulators. Complementing our recent theoretical work
on the feasibility of a table-top FEL, we here present the design and successful experimental character-
izations of a 5 mm period length undulator and miniature quadrupole magnets with field gradients of the
order of 500 T=m.
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I. INTRODUCTION

Over the past few years, laser-plasma acceleration of
electrons [1–3] has rapidly advanced into a controllable
technique [4,5] that is now widely discussed for first ap-
plications. Appealing features of laser-plasma accelerators
are the mm-scale size that is required for the generation of
GeV electron energies [4] and the high peak currents of up
to 100 kA combined with short bunch lengths on the 10 fs
scale [6]. Especially the latter suggests the application of
laser-accelerated electron bunches as drivers for secondary
light sources, either via incoherent synchrotron radiation
[7], undulator radiation, or coherent FEL (free-electron
laser) radiation [8].

Although the laser-plasma accelerator can be regarded
as being intrinsically table-top, the goal of a true table-top
concept requires the development of both compact short-
period undulators and miniature focusing devices. In a
recent design study [8], our group pointed out the feasi-
bility of the operation of a laser-plasma accelerator driven
table-top FEL. Thus, the principle aim of this paper is to
give experimental evidence that the crucial components
that have to be used to control the propagation of the
electron beam can be sufficiently miniaturized. We discuss
the case of quadrupole lenses and undulators that represent
the most fundamental optical elements, bridging the gap
between conventional well-established accelerator tech-
nology and novel laser-plasma accelerators. A compact
sample scenario is illustrated in Fig. 1. An energetic elec-
tron bunch is emitted from a near pointlike source with a
divergence of a few mrad. A doublet of miniaturized high-
gradient quadrupole magnets is used for the imaging of the
source to the compact undulator only about one meter
downstream. The image of the beam waist is considerably
enlarged as a low divergence is required for the generation
of narrow-band undulator radiation.

FEL operation is usually based on a planar undulator [9].
Such an arrangement of alternating magnetic dipole fields
forces the electron bunch on a sinusoidal trajectory. The
bunch can thus couple with a copropagating radiation field.
Because of the dispersion of the dipole fields, the induced
energy modulation yields a current modulation, called
microbunching. It expresses the fact that the electrons are
grouped into small bunches separated by a fixed distance
that resonantly coincides with the period length of the
radiation field. Consequently, the radiation field can be
amplified coherently. Lacking an initial resonant radiation
field, a seed may also build up from spontaneous incoher-
ent emission [10] in the SASE (self-amplification of spon-
taneous emission) process.

FIG. 1. (Color) Development of the horizontal (upper curve) and
vertical (lower curve) beam envelopes of a 150 MeV laser-
accelerated electron beam. The beam originates from a source
of radius 1:3 �m (z � 0) at an exaggerated maximum diver-
gence angle of 8 mrad. It enters a focusing quadrupole doublet
(field gradient 500 T=m, individual lengths of the magnets
LQ1 � 17 mm and LQ2 � 15 mm) and is focused into the min-
iature undulator (Lu � 300 mm).
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Restrictive conditions have to be fulfilled for the ampli-
fication of radiation that, simply speaking, express the need
for an overlap between the electron beam and the radiation
field in all respects. The radiation bandwidth, and corre-
spondingly the electron energy spread, has to be smaller
(��1=�1 � 2��=� < 2�) than the so-called Pierce pa-
rameter � [10]. In large-scale FELs this parameter is
typically of the order of 10�4–10�3 while for laser-based
FELs it can be 1 order of magnitude larger, especially due
to the high peak currents [8]. Tolerances of the magnetic
field distribution of the undulator are accordingly deter-
mined by the Pierce parameter, as will be discussed quan-
titatively later. A well-defined transport of the electron
beam through the undulator has to ensure a divergence
matched to the emission characteristics.

Besides the most demanding scenario of the table-top
FEL [8] for which the components presented here have
been developed, miniaturized lenses and undulators will
have numerous applications in conventional as well as
laser-driven accelerators. High gradient and thus short
focal-length magnetic lenses have the potential for gener-
ating focal spots in the sub-micron range. These could be
used as pointlike sources of hard radiation for phase con-
trast imaging with unprecedented transverse coherence
[11], for compact Thomson scattering sources [12], or for
the localized deposition of high radiation doses. Short
focal-length lenses are further mandatory for the compact
relay imaging of electron bunches between consecutive
acceleration stages in cascaded laser-plasma acceleration
schemes. Especially the postacceleration of dense bunches
of electrons, first accelerated in the bubble regime [6,13],
requires careful matching of the bunch density to the lower
plasma density in a plasma wakefield accelerator. Such
scenarios might help to increase the energy and improve
the energy spread of bubble accelerated dense bunches and
are thus of vital interest for table-top FEL projects.

In the following sections, detailed descriptions of the
design of the miniaturized magnetic devices and their
commissioning at the Mainz electron accelerator MAMI
are given. In the last section, applications of undulators in
radiation generation and diagnostics of laser-plasma accel-
erated beams are discussed.

II. HIGH FIELD MINIATURE UNDULATORS

The generation of hard undulator radiation of wave-
length

 �n �
�u

2�2n

�
1�

K2

2
� �2�2

�
(1)

with comparatively low electron energies � relies on the
reduction of the undulator period length �u from the usual
cm scale to a mm scale, � standing for the observation
angle and n for the harmonic number of the emitted
radiation. The performance of such an undulator largely
depends on its deflection strength that is described by the

normalized undulator parameter

 K � ��e �
e�uBy;0
2�mec

� 0:93�u�cm�By;0�T�; (2)

�e depicting the maximum electron deflection angle. For
most undulator types, the amplitude of the magnetic field
on axis By;0 can be maintained during miniaturization
when the ratio of the gap height g to the period length
�u, ideally being of the order of g=�u � 0:3, is preserved
[9]. Thus, a reduction in �u implies an at least similar
reduction in g and both will finally set limits to the
miniaturization.

A. Design and manufacturing

For the construction of short period length undulators,
different techniques have to be considered [9] starting with
the well-established Halbach design [14]. In this pure
permanent magnet (PPM) design, the field of the alternat-
ing magnet poles is closed by additional magnets rotated
by 90�, similar to the case of the PPM quadrupoles, dis-
cussed in the next section. In contrast, the key of a hybrid
design is to not only guide the field of permanent magnets
from one period of the undulator to the next, but to con-
centrate and further increase the field in ferromagnetic
plates that form the alternating poles of the undulator.
This design is illustrated in Fig. 2 emphasizing the field
concentration in the x-y pole plane. Typically, an increase
of the peak field on axis By;0 by 20% can be achieved as
compared to the PPM type. However, due to the nonline-
arity of the approach, this value strongly depends on design
details. Modern ferromagnetic materials such as tempered
Co-Fe alloys (e.g., vacoflux 50 [15]) provide high satura-
tion field strengths of the order of 2.3 T at room tempera-
ture, where the maximum remanent field of Nd2Fe14B
magnets reaches values of 1.2–1.4 T. The hybrid design
allows for shorter periods as the ferromagnetic plates can
be chosen thinner and ultimately, on the mm scale, manu-
factured thinner than sintered permanent magnet plates. In
decreasing the period to the few-mm scale, however, fur-
ther aspects have to be regarded. Magnet material with
high coercivity has to be carefully chosen in order to
withstand the magnetic shear forces, as irreversible demag-
netization starts at moderate temperatures of �60–80 �C.

As a compromise between the design goal of a miniature
in-vacuum hybrid undulator of a short-period length of few
mm, a gap of at least g � 1:5 mm, and a field of the order
of By;0 � 1 T, and, on the other hand, tolerable magnet
stability and handling, a period length of �u � 5 mm has
been chosen for the prototype presented here. The design
(Fig. 2) was inspired by a similar design of two short
12 mm period precision undulators built in Mainz [16].
Its total length amounts to Nu � 59:5 periods or �30 cm
as depicted in the photograph in Fig. 3. Two half periods
with approximately half the field strength at the ends [17]
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88 IV. Dipole Undulator

are added for a near deflection-free and straight transmis-
sion of an electron beam as discussed below.

Precision glued stacks of 1 mm thick Vacoflux 50 plates
and 1.5 mm thick Vacodym 764 HR [15] magnets of 4
periods length form mounting units of the size of the order

of a cm3 as depicted in the inset of Fig. 3. Overall me-
chanical rigidity is guaranteed by nonmagnetic profiles
anchored in the outer ferromagnetic yokes on either side
of the magnet stacks (see Figs. 2 and 3). These profiles
form a rail that holds the magnet stacks in place with a
precision of the order of 10 �m. However, this precision
on the percent level of the gap width implies deviations
from the ideal field on axis By;0 on the same level. Thus,
after the final assembly of the full system, the gap surface
of the undulator was carefully finished by grinding.

At the yoke side of the magnet stacks, the length of the
magnets exceeds that of the ferromagnetic plates (see
Fig. 4) in order to avoid a short-circuiting of the field
between neighboring plates and thus provide the high tip
field at the gap side of the poles of about 2 T. At the sides of
the stacks in the y-z plane, this option could not be chosen
to further increase the field as driving the plates further into
saturation reduces the ability for an individual fine adjust-
ment. This fine adjustment of the gap field can in principle
be performed by a defined coupling of the individual plates
to the yoke via ferromagnetic screws, similar to the tech-
nique applied for the tuning of the end plates, that is visible
in Fig. 4.

The inset of Fig. 5 shows the distribution of the magnetic
field perpendicular to the undulator plane By	z
 along the
undulator axis z. It was measured after the grinding of the
magnet surfaces by moving the undulator along a station-

FIG. 4. (Color) False color arrows indicate the direction and
strength of the magnetic B-field in the y-z plane of the hybrid
undulator. The field at the pole tips amounts to �2 T, the
corresponding By;0 field on axis to �0:9 T. In the simulation,
the magnetization of the thin permanent magnets, indicated by
yellow arrows, was set to 1.3 T. Slight tuning of the field on axis
can be achieved by coupling the upper part of the ferromagnetic
plates to the outer yoke structure, as displayed for the tuning of
the end plates.

FIG. 3. (Color) Photograph of the lower half of the 60 period
planar undulator after the first preliminary assembly. In the inset,
the precision glued magnet stacks are visible (dashed box).

FIG. 2. (Color) Schematic view of the hybrid design of the
miniature undulator, consisting of alternating plates of perma-
nent magnets (blue), polarized parallel and antiparallel to the
undulator axis z, and ferromagnetic material (red). In the front
x-y plane arrows indicate the guiding of the magnetic field inside
the ferromagnetic plates toward the undulator gap (simulation
CST EM Studio). The transparent frames show the rail structure
supporting the magnet blocks, also visible in the photograph in
Fig. 3.
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ary precision Hall probe with 0.75 mm head diameter. Field
tuning was finally performed to a level of �	By;0
 � 1%.
First and second field integrals, representing the deflection
strength and beam path, were cross-checked with the
pulsed-wire method [18] during the tuning procedure.
These measurements [19] exhibited a minor deflection of
400–800 MeV electron beams behind the undulator of few
10 �rad. In the experiments at the MAMI facility, de-
scribed below, no beam deflection was visible on a screen
some 10 m downstream, confirming the order of magni-
tude. Phase shake, defined as the deviation from the mean
phase for one fixed point every half period [20], amounts to
��rms � 2:2� and corresponds to a relative phase error of
less than 1%.

In order to later investigate the effects of surface current
induced wakefields on intense laser-accelerated electron
bunches [8], the gap height of the prototype undulator can
be varied over a wide range. Starting at the lowest value
that allows for reasonable electron beam transmission of
g � 1:6 mm (g=�u � 0:32), a peak field of By;0 � 0:91 T
was achieved. It exceeds that of typical cm-scale hybrid
designs (of same g=�u) by a few percent [9] and corre-
sponds to an undulator parameter of K � 0:42. With in-
creasing g, the near exponential decrease of the peak field
[9], depicted in Fig. 5, nicely corresponds to the design
simulation and allows for a wide range of operation.

B. Performance tests

Present laser-driven accelerators still exhibit consider-
able pulse-to-pulse fluctuations in energy and directional
pointing stability. Two complementary performance

tests of the miniature undulator have therefore been pur-
sued at the Mainz microtron facility MAMI [21]. Table I
summarizes the corresponding beam parameters.

The aim of the first test experiment at MAMI was the
simultaneous characterization of the spatial emission pat-
tern of the undulator radiation for different harmonic num-
bers n. At an electron energy of 855 MeV (� � 1674), an
undulator parameter of K � 0:32 (g� 2 mm), and zero
emission angle, a photon energy of the fundamental of
En�1 � 1:32 keV was expected. Radiation energy spectra
could thus be directly observed with a cold Ge detector
providing a 200 eV (FWHM) energy resolution in single
photon counting mode. The detector was covered with an
aperture of 250 �m radius and positioned 8.8 m down-
stream, so that an angular resolution of 30 �rad was
achieved. This resolution was chosen to be of the order
of the expected rms spread of the fundamental radiation
(n � 1) of a perfect planar undulator,

 �rms;x �
1

2�

��������������������
1� K2=2

nNu

s
�

1

2�
������
Nu
p ; (3)

giving �rms;x � 40 �rad forNu � 60. Electron beam trans-
port was adjusted in order to provide a nearly collimated
beam at the position of the undulator. Wire scan measure-
ments at the entrance and exit of the undulator revealed rms
widths of �x � 0:5 mm and �y � 0:2 mm. Thus, regard-
ing a horizontal emittance of the order of 10�8 m rad, the
contribution of the remaining electron beam divergence to
the emission angle of the undulator radiation remains small
for this experiment.

Figure 6 shows the measured energy spectra of the
undulator radiation as a function of the horizontal and
vertical emission angles, where the general angular shape
is described by Eq. (1) (solid red lines in the density plots).
On axis (� � 0, upper left figure), the total yield is com-
pared to simulations (red line) using the single particle

TABLE I. Undulator, electron beam (energy, unnormalized
typical emittances, measured beam radii, and divergences at
the position of the undulator), and radiation parameters for the
two independent performance tests of the undulator at the Mainz
microtron as described in the text.

K 0.32 0.45 0.45

Ee [MeV] 855 705 405
"x [10�9 m rad] 10 5 2
"y [10�9 m rad] 0.5 0.5 0.8
�x [�m] 510 370 236
�y [�m] 200 55 37
�0x [�rad] 53
�0y [�rad] 3

n 1, 2, 3, 4 1 3
(simultaneously)

En [keV] 1.32 (n � 1) 0.863 0.857FIG. 5. Hall probe measurement of the magnetic field along
the axis of the miniature undulator By	z
 for a gap height of
2 mm (inset). Measured peak values of the field By;0, corrected
for the finite probe size of 0.75 mm diameter by 6% (rhombs),
are compared to simulation results (CST EM Studio, open
circles) as a function of the gap height g. The line shows a
double exponential fit according to Ref. [9].
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90 IV. Dipole Undulator

code SPECTRA [22], including aperture and energy resolu-
tion of the detector. Good agreement is achieved, espe-
cially in the amplitude ratio between different harmonics,
while details of the spectrum are blurred due to detector
resolution.

The second experiment aimed for the precise measure-
ment of the energy spectrum. More stringently than the
previous measurement, it provides information on the
number of undulator periods for which the undulator ra-
diation adds up coherently and thus on the quality of the
beam path inside the undulator.

For the case of an ideal undulator, the radiation is
emitted within the box-shaped time window corresponding
to the passage of an electron through the alternating field.

Thus, the on-axis energy spectrum is described by its
Fourier-transform

 In	E
 / sin2

�
�nNu

En � E
En

���
�nNu

En � E
En

�
2

(4)

and the relative bandwidth (FWHM) of the different har-
monics can be approximated by

 

�En
En
�

2� 1:4
�nNu

�
1

nNu
: (5)

For this experiment, a high-resolution grating spec-
trometer with variable line spacing was installed instead
of the Ge detector. It was read out by an efficient x-ray
CCD camera (pixel size 13� 13 �m2) some 6.7 m further
downstream [11,23]. Succeeding the first experiment, the
undulator was carefully retuned to the most critical mini-
mum gap height of g� 1:5 mm (K � 0:45). Pulsed-wire
measurements indicated a straight electron trajectory in the
sense that deviations from the mean path are small com-
pared to the deflection amplitude of the undulating beam
over at least the inner 90% of the path [19]. The electron
beam energy was set to 705 and 405 MeVas these energies
lead to a radiation energy of En � 860 eV for the funda-
mental and the third harmonic, respectively. This photon
energy coincides with two L-absorption edges of a thin Ni
foil (EL2 � 854:7 eV, EL3 � 871:9 eV [23]) providing the
required high-resolution online calibration of the linewidth
of the undulator radiation. Electron beam focusing was
optimized for a minimum linewidth taking into account
beam divergence as well as the analytical off-axis field
distribution of an undulator.

Figure 7 depicts energy spectra of the undulator radia-
tion on axis (� � 0) for the fundamental and for the third
harmonic, that are extracted from images resolving the
horizontal angular distribution [19]. The measured relative

0

0.2

0.4

0.6

0.8

1

840 845 850 855 860 865 870 875 880

n

n=1n=3

FIG. 7. (Color) On-axis high-resolution energy spectra of the
fundamental (n � 1) and the more narrow third harmonic (n �
3) undulator radiation for an electron energy of 705 and
405 MeV, respectively.

FIG. 6. (Color) Undulator radiation spectra as a function of the
horizontal (x) and the vertical (y) observation angles �, recorded
with a Ge detector at an electron energy of 855 MeV at MAMI.
The absolute on-axis yield for harmonics up to the third is
compared to SPECTRA simulations [22] in the left graph (red
line) including an energy resolution of 200 eV (FWHM). The
angular spread, integrated between the thin horizontal lines, is
depicted in the lower one. Solid (red) lines indicate the general
�2�2 dependence of the energy.
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width (FWHM) of the spectra of �E1=E1 � 0:0174 and
�E3=E3 � 0:0063, respectively, translates into an effec-
tive number of undulator periods of Nu;eff � 53–58, when
the approximate Eq. (5) is applied. A further consideration
of the measured field and phase fluctuations consistently
reveals the participation of the full undulator (Nu;eff � 60)
in the generation of the radiation and thus confirms its
design performance.

III. COMPACT HIGH-GRADIENT QUADRUPOLE
MAGNETS

Beam transport and especially imaging from the com-
pact laser-plasma accelerator to the miniature undulator
has to be provided by compact devices with short focal
length. The construction of such compact quadrupole mag-
nets with high field gradients relies on well-established
principles. On the one hand, the absolute field on the
magnet poles B	ri
 has to be maximized while, on the
other, the bore radius ri has to be minimized. A reasonable
compromise can be achieved for ri � 3 mm and B	ri
 �
1:5 T leading to a gradient of the order of 500 T=m [12].
Here, a simple and economical design has been chosen,
where the quadrupole field is defined by four radially
magnetized wedges of Nd2Fe14B magnets [15]. The outer
field closure is accomplished by four additional pairs of
permanent magnets as sketched in Fig. 8. As the four main
wedges are strongly attracted toward the center of the
quadrupole, mechanical precision and thus field accuracy
can be achieved by the insertion of a nonmagnetic preci-
sion cylinder into the center of the quadrupole, as visible in
the photograph in Fig. 9. Three-dimensional field simula-
tions (CST EM Studio) as well as electron tracking simu-
lations revealed a sufficient optical quality of this simple

design, comparable to the more complex one recently
realized by the PLEIADES group [12].

The field gradient has been verified by systematic mea-
surements of the absolute field as a function of the distance
from the quadrupole center. As for the case of the undu-
lator, a precision Hall probe with a head of 0.75 mm
diameter was used. Ideally, the probe size should not affect
the measurement. Figure 10 expresses not only the good
agreement between the design simulations and the mea-
surement, but also the integrity of the quadrupole field over
almost the whole aperture of the quadrupole. Ten different
quadrupole magnets were analyzed, leading to an average
field gradient of 	503� 6
 T=m.

In order to further investigate potential effects of devia-
tions from an ideal quadrupole field, single quadrupoles as
well as doublets were tested at the Mainz microtron facility
MAMI. An electron energy of 600 MeV was chosen, where
the unnormalized rms emittance of the beam amounts to
"y � 0:5� 10�9 m rad and the relative energy spread to

FIG. 8. (Color) Schematic view of the 12 segment Halbach
design of one quadrupole magnet. While 4 radially magnetized
segments define the quadrupole field, 8 are used for the outer
field closure, thick arrows indicating the direction of magneti-
zation. False color arrows illustrate the simulated strength and
direction of the resulting quadrupole field inside a bore of radius
ri � 3 mm. The tip field strength amounts to B	ri
 � 1:5 T.

FIG. 9. (Color) Photograph of one mounted miniature quadru-
pole magnet.

FIG. 10. Hall probe measurements (triangles) are plotted
against the distance from the center of the quadrupole and
compared to the design simulation (solid line). The dashed lines
indicate aperture limitations originating from the central non-
magnetic cylinder. The field gradient amounts to 503 T=m.
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92 IV. Dipole Undulator

10�5. The incoming beam was nearly collimated for an
illumination of a large fraction of the lens. Beam radii were
again measured by scanning tungsten wires of 4 and
10 �m diameter through the low current electron beam.
In Fig. 11 the beta function of the electron beam �y	z
 �
�2
y	z
="y, derived from the measured envelope radius �y,

is depicted around the focus �15 cm behind the quadru-
pole magnet. For simplicity only one quadrupole was used,
and therefore the vertical degree of freedom was focused to
a line focus. From the parabolic shape around the focal
point (introducing the relative position coordinate s), the
beta function at the focal point �y

 �y	s
 � �y �
s2

�y
(6)

can be estimated to �y � 1:2 mm, yielding a width of the
focal line of the order of below one micron.

The value of the beta function turns out to be in good
overall agreement with the Hall probe measurements, the

measured beam size in front of the quadrupole magnet and
the remaining beam divergence. We therefore conclude
that the imaging properties of this simple lens are sufficient
for both the laser-plasma applications as well as for the
future generation of a two-dimensional sub-micron focal
spot at MAMI.

IV. STATUS AND PERSPECTIVES

Having demonstrated the performance of the miniatur-
ized magnetic devices, the following section focuses on
applications with laser-plasma accelerated electron beams,
constraints that might arise due to the high peak currents,
and technological perspectives for even better performance
at similar dimensions.

One first application of miniature undulators will be
their use as a diagnostic tool for laser-accelerated electron
beams. For laser-plasma accelerator laboratories compact
electron spectrometers, that do not rely on magnetic dis-
persion, are highly valuable. Usually, space is too restricted
for the installation of dipole magnets with bending radii of
the order of 10 m for the detection of electrons of GeV
energies. A well characterized diagnostic undulator, how-
ever, could be used for measuring electron energy and
energy spread as well as the beam divergence. Laser-
accelerated electron beams typically exhibit broad spectra
of the order of 1%–10%. Thus, an intrinsic line width
1=	nNu
 of <1% is sufficient to determine the energy
spread with unprecedented accuracy. Beam alignment er-
rors and divergence have to be kept small so that according
to Eq. (1) only the variation in � effects the observed
wavelength �1. On the other hand, the electron beam
divergence can be measured provided the divergence of
the undulator light 1=	2�

���������
nNu
p


 is significantly smaller.
Both conditions imply that a diagnostic undulator must
have a period number of at least Nu � 100.

Regarding the potential for high peak currents of I �
100 kA [6] in laser-plasma acceleration for energies of
presently up to �GeV, miniature undulators should be
used in laser-driven FELs in order to reach the regime of
extreme UV and soft x-ray radiation. Such a regime [8]
leads to comparatively large Pierce parameters � and
hence higher tolerance of the FEL process against disturb-
ing effects, such as initial energy spread and emittance, but
also wakefield-induced energy spreads [24]. Further, for
medical applications, where photons of at least 20 keV are
required, quantum fluctuations in the spontaneous emis-
sion [25] cause additional energy spread which hinders the
FEL process. Since their impact increases with � as
dh��2i=dz / �4, electron energies should remain below
10 GeV. Note that, for the generation of 50 keV photons,
7 GeV electrons and an undulator period of 7 mm are
sufficient.

A short undulator period must thus be compensated by
peak currents I that exceed those used in large-scale FEL
facilities. On the one hand, a large Pierce parameter re-

FIG. 11. (Color) Results of the measurement of the imaging
properties of a single quadrupole magnet. The triangles in the
upper graph depict the measured beta function. The horizontal
line indicates the resolution of a single measurement due to the
thickness of the wire of 4 �m. The lower graph illustrates the
resolution limited width measured close to the focal point.
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duces the saturation length of the FEL. On the other, the
saturation power of the FEL Psat / �Pbeam roughly scales
as Psat / 	I�u


4=3 [8]. However, the shorter the undulator
period is, the smaller the corresponding gap height be-
comes and thus, the stronger the induced wakefields.
This effect constitutes a fundamental limit to the undulator
period besides the technological obstacles.

The undulator presented in this paper was found to have
a mean field inhomogeneity of about 1%. Since the undu-
lator parameter K � 0:4 remains below unity, the effective
increase of the undulator radiation wavelength ��1=�1 is
smaller by a factor of K2�K=K, hence ��1=�1 � 1:6�
10�3. Since the Pierce parameter amounts to about 0.01 for
the proof-of-principle FEL suggested in Ref. [8], the
present field errors appear tolerable. Although the present
undulator is about a factor of 3 too short for reaching
saturation of the SASE process, amplification should be-
come visible [8,26]. The undulator radiation spectra mea-
sured at MAMI exhibit a well-reproducible ratio of the
intensity of the fundamental and the third harmonic in the
case of spontaneous emission. For the detection of SASE
signatures this ratio is important, because a change in favor
of the fundamental constitutes a hint for amplification.

Regarding the high peak currents, resistive wall and
geometric wakefields seem likely to represent the main
degradation effect for table-top FELs. The most obvious
countermeasure will be an increase of the undulator gap
size as the strength of the wakefields scales as one over the
square of the gap size. However, merely increasing the gap
would lower the peak magnetic field strength on axis and
thus the K parameter. The intensity of spontaneous undu-
lator radiation scales with K2 and, furthermore, a decrease
in K leads to an increase in the FEL saturation length.
Thus, an increase of the gap size can only be accepted
when novel techniques are developed that maintain the
field strength on axis.

Future progress in the increase of the peak field of
miniature undulators by about 30% could be made by
cooling the permanent magnets to near liquid nitrogen
temperatures. It has been suggested that for hybrid types
the saturation field strength in the ferromagnetic pole
material can be increased by simultaneously replacing
the Co steel by dedicated materials such as dysprosium
[27]. Superconducting technology on the other hand has
not yet reached mm-scale period length with the desired
field strength. The smallest prototype of the Karlsruhe
group (�u � 3:8 mm) based on NbTi wires reached peak
fields of around 1 T for a gap of 1 mm [28]. Recent results
achieved [29] with an in-vacuum, �u � 14 mm, and
g=�u � 0:6 undulator indicate an improvement of about
20% compared to conservative hybrid designs and no
improvement over the one presented here. However, there
is room for future coil development based on Nb3Sn that
might allow for comparative K-values and the desired
increase in the gap height [30] by a factor of about 1.5.

Briefly summarizing, we presented results on the suc-
cessful commissioning of miniaturized lenses and undula-
tors dedicated for the use in the field of laser-plasma
accelerators. First experiments on beam diagnostics in
this field are presently on the way and further undulator
development as mentioned above is planned.
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ABSTRACT A recent breakthrough in laser-plasma accelerators, based upon ultra-
short high-intensity lasers, demonstrated the generation of quasi-monoenergetic GeV-
electrons. With future Petawatt lasers ultra-high beam currents of ∼ 100 kA in ∼ 10 fs
can be expected, allowing for drastic reduction in the undulator length of free-electron-
lasers (FELs). We present a discussion of the key aspects of a table-top FEL design,
including energy loss and chirps induced by space-charge and wakefields. These
effects become important for an optimized table-top FEL operation. A first proof-of-
principle VUV case is considered as well as a table-top X-ray-FEL which may also
open a brilliant light source for new methods in clinical diagnostics.

PACS 41.60.Cr; 52.38.Kd

1 Introduction

The pursuit of table-top FELs
combines two rapidly developing fields:
laser-plasma accelerators, where the
generation of intense quasi-monoener-
getic electron bunches up to the GeV
range has been achieved [1–4], and
large-scale X-ray free-electron lasers
(XFELs) that are expected to deliver
photon beams with unprecedented peak
brilliance. A prominent application of
such FEL pulses is single molecule
imaging [5]. The proposed laser-plasma
accelerator-based FELs would not only
allow a greater availability due to their
smaller size and costs, but also offer new
features, such as pulses synchronized
to the phase-controlled few-cycle driver
laser [6] for pump–probe experiments.
Moreover, the X-ray energy of a table-
top XFEL can be as large as required for
medical diagnostics (above 20 keV [7]).

� Fax: +49 89 2891 4072, E-mail: florian.gruener@physik.uni-muenchen.de

The mechanism for the generation
of intense (nC charge) quasi-monoener-
getic electron pulses by laser-plasma
accelerators requires an ultrashort, high-
intensity laser-pulse with a length
shorter than the plasma wavelength
(on the µm-scale corresponding to gas
densities of 1019 cm−3). Due to the
ponderomotive force, plasma electrons
are blown out transversely, leaving an
electron-free zone – the bubble – be-
hind the laser pulse [8]. These electrons
return to the axis after half a plasma os-
cillation, thus determining the size of
the bubble in the order of the plasma
wavelength. Typically about 109...1010

electrons are captured into the bubble,
as found both experimentally and from
scaling laws of relevant bubble parame-
ters within the framework of similarity
arguments [9]. Due to the inertial pos-
itive ion background, these electrons
experience a strong electrical field gra-

dient of up to TV/m. Particle-in-cell
(PIC) simulations [10] show that the
bubble electrons form a stem that is geo-
metrically considerably smaller than the
bubble as seen in Fig. 1.

For these dimensions, beam currents
of the order of ∼ 100 kA (i.e. ∼ 1 nC
charge within ∼ 10 fs) can be reached
without the need for any bunch com-
pressor. For preparation of the required
gas densities, either supersonic gas-jets
or capillaries [11] are used, the latter
consisting of a ∼ 300 µm-thin gas-filled
channel with a parabolic radial ion dens-
ity profile generated by a second laser
pulse or discharge. The advantage of
the capillary is that the laser can be
guided beyond the Rayleigh length al-
lowing longer acceleration distances
and hence higher electron energies. The
very recent experiments by Leemans et
al. [4], utilizing a 40-TW laser pulse
of 38 fs duration and a gas density
of 4.3 ×1018 cm−3, clearly show that
1 GeV electron beams can now be pro-
duced with capillaries. However, the
measured charge of 30 pC is signifi-
cantly below our design goal of 1 nC.
In order to further improve the result-
ing current, we propose the scheme de-
scribed below. The number of bubble
electrons can be increased when using
plasmas with higher density such as in
Fig. 1, because the feeding process is
more efficient if more plasma electrons
are present. An increased gas density
requires shorter laser-pulses (sub-10-
fs), such that the entire laser pulse fits
into one plasma period. In this case, the
entire laser pulse energy can be used,
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FIGURE 1 (Color online) Snapshot of electron density (in units of 1020 cm−3) from PIC simula-
tion. The geometrical size of the electron-free cavity (“bubble”) behind the laser spot corresponds to
the plasma period, which is about 8 µm in this case (gas density 1.8×1019 cm−3). The stem of the
high-energy electrons is much shorter than the plasma period

while longer pulses lose energy during
self-shortening for entering the bubble
regime. Therefore, in contrast to all pre-
vious laser-acceleration experiments,
we propose to use a different driver
laser, namely a ∼ 5 fs-Petawatt laser
(like the Petawatt-field-synthesizer PFS
at MPQ [12]). Own PIC simulations
show that such ultrashort lasers can cap-
ture more than 1 nC charge inside the
bubble. The smaller plasma period leads
to smaller bubbles, hence shorter bub-
ble stems and thus higher currents (1 nC
in 10 fs). However, the expected final
energy in the bubble regime is, accord-
ing to the scaling laws, lower for shorter
laser pulses. To overcome this limit, we
also propose to use a capillary and sug-
gest the following scenario therein: with
a longitudinal plasma density gradient,
the laser pulse can be forced to gradually
increase its diameter, thus adiabatically
turning from the pure bubble regime
into the pure blow-out regime long
before the laser is depleted. Figure 1
shows a snapshot of a bubble around
the transition from the bubble to the
blow-out regime, where the electrons
blown away from the laser and flow-
ing around the bubble are so strongly

deflected by the electric field of the cap-
tured bubble electrons, that electrons
are no longer scattered into the bubble
(which is not charge-neutralized yet).
The number and absolute energy spread
of the bubble electrons is thus frozen,
but their energy is still increased due to
the present bubble fields. The remaining
energy of the laser allows maintaining
of the bubble structure for the remain-
ing distance inside the capillary, where
the laser is then guided along to over-
come the Rayleigh limit. It is only for
this stage with increased laser beam
size, that the capillary-induced guid-
ing is relevant. Note that this scheme
is a two-stage approach, but within one
and the same capillary, where the laser
turns adiabatically from one stage into
the other. It can be expected that the en-
ergy spread for 100 MeV is about 1%
(as confirmed by measurements [2]),
but 0.1% for 1 GeV1. Normalized emit-
tances are found both from simula-
tions and experiments to range between
0.1–1 mm mrad.

1 Note that the detector resolution in the cited
GeV-experiment did not suffice to resolve en-
ergy spreads below one percent.

2 Table-top
free-electron-lasers

An FEL requires an undula-
tor which is an arrangement of mag-
nets with an alternating transverse mag-
netic field. Electrons in an undulator are
forced on a sinusoidal trajectory and
can thus couple with a co-propagating
radiation field. The induced energy
modulation yields a current modula-
tion from the dispersion of the undu-
lator field. This modulation is called
micro-bunching expressing the fact that
the electrons are grouped into small
bunches separated by a fixed distance.
Therefore, electrons emit coherent ra-
diation with a wavelength equal to
the periodic length between the micro-
bunches. In a self-amplification of spon-
taneous emission (SASE) FEL, there is
no initial radiation field and the seed
has to be built up by the spontaneous
(incoherent) emission [13]. We present
quantitative arguments, which are com-
plemented by SASE FEL (GENESIS
1.3 [14]) simulations. The gain length,
which is the e-folding length of the ex-
ponential amplification of the radiation
power, is

Lgain,ideal = λu

4π
√

3�
, (1)

with undulator period λu and the basic
scaling parameter �. This Pierce or FEL
parameter describes the conversion ef-
ficiency from the electron beam power
into the FEL radiation power and reads
for the one-dimensional and ideal case
(neglecting energy spread, emittance,
diffraction, and time-dependence)
[13, 15]

� = 1

2γ

[
I

IA

(
λu Au

2πσx

)2
]1/3

. (2)

Here γ = Ebeam/mc2 is the electron
beam energy, I the beam current, IA =
17 kA the Alfven-current, σx the beam
size and Au = au[J0(ζ) − J1(ζ)] (pla-
nar undulator), whereby a2

u = K2/2,
K is the undulator parameter (K =
0.93λu[cm]B0[T ] and B0 the magnetic
field strength on the undulator axis),
ζ = a2

u/(2(1 + a2
u)), and J are Bessel

functions. In the presence of energy
spread, emittance, and diffraction, a cor-
rection factor Λ is introduced for the
gain length [15]: Lgain = Lgain,ideal(1 +
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Λ). The saturation length Lsat is the
length along the undulator at which
maximum micro-bunching is reached.
The power of the FEL radiation at this
point is the saturation power Psat, while
the shot noise power Pn is the power
of the spontaneous undulator radiation
from which the SASE FEL starts. The
coupling factor α = 1/9 describes the
efficiency at which the noise power cou-
ples to the FEL gain process. The satu-
ration length reads

Lsat = Lgain ln
(

Psat

αPn

)
, (3)

where the saturation power scales as

Psat ∼
(

1

1 +Λ

)2

(Iλu)
4/3 . (4)

The FEL-wavelength is, in case of a pla-
nar undulator,

λ = λu

2γ 2

[
1 + K2

2

]
. (5)

Thus, for reaching a certain wavelength
λ, a shorter undulator period λu allows
the use of less energetic electrons. In the
following Table 1 and Fig. 2, we com-
pare the FLASH VUV FEL (DESY) in
the so-called femtosecond mode [16]
with our corresponding table-top VUV
FEL as well as a table-top XFEL operat-
ing with 1.2 GeV electrons, as discussed
below.

The importance of the ultra-high
current in the table-top case is evident.
The smaller undulator period allows
a smaller beam energy, hence decreas-
ing the gain and saturation lengths. The
Pierce parameter gives the upper limit
of the acceptable energy spread σγ /γ .
Thus, for compensating the relatively

Parameter FLASH (fs) TT-VUV-FEL TT-XFEL

current 1.3 kA 50 kA 160 kA
norm. emitt. 6 mm mrad 1 mm mrad 1 mm mrad
beam size 170 µm 30 µm 30 µm
energy 461.5 MeV 150 MeV 1.74 GeV
energy spread 0.04% 0.5% 0.1%
und. period 27.3 mm 5 mm 5 mm
wavelength 30 nm 32 nm 0.25 nm
Pierce par. 0.002 0.01 0.0015
sat. length 19 m 0.8 m 5 m
pulse length 55 fs 4 fs 4 fs
sat. power 0.8 GW 2.0 GW 58 GW

TABLE 1 Parameters for the comparison between the DESY femtosecond-mode Flash-VUV case
and the corresponding table-top VUV FEL as well as a table-top X-ray FEL (rms values)

FIGURE 2 Saturation lengths (3)
and (inset) degradation factor Λ as
a function of electron beam current
I : DESY’s FLASH (dashed curve,
triangle) and the table-top VUV sce-
nario (solid line). The circles denote
specific GENESIS runs

large energy spread of laser-plasma ac-
celerators and for maintaining a large
output power, a beam current signifi-
cantly above ∼ 17 kA is mandatory for
keeping � large and Λ small.

2.1 Space charge effects

Such ultra-high beam cur-
rents are subject to strong space-charge
forces. After release into vacuum, the
electron bunch starts expanding, for
which there are two sources: (i) its
own space-charge, driving a Coulomb-
explosion, i.e. (transverse) space-charge
expansion and (longitudinal) debunch-
ing, and (ii) its initial divergence, which
drives a linear transverse expansion.
Such expansions transform potential en-
ergy into kinetic, hence changing the
initial energy distribution and bunch
form. First, we want to discuss an ex-
treme case, that is, an upper limit of the
charge that can be expected from a laser-
plasma accelerator at lower energies.
For this study we take a beam energy of
γ0 = 260, 1.25 nC charge, and a Gaus-
sian bunch with sizes σx,y,z = 1 µm, cor-
responding to I = 150 kA, and an initial
divergence of θ0 = 1 mrad. In the rest
frame of the bunch, its length amounts

to σ ′
z = σzγ0 = 260 µm. For such an

aspect-ratio, the transverse Coulomb-
explosion dominates over the longitu-
dinal one (GPT [17] simulations re-
veal that after a time period of 1 ps
σ ′

x = 73 µm, while σ ′
z = 268 µm). Fig-

ure 3 shows the electron distribution
in the bunch rest frame from the GPT
simulations.

It can be seen that the transverse
Coulomb explosion dominates the lon-
gitudinal one. We want to emphasize
here that studies of space-charge effects
of such ultra-dense relativistic bunches
can be simulated most accurately only
with codes (such as GPT and CSR-
track [18]) which utilize point-to-point
interactions (a result also found in [19]).
In contrast, other codes merely based
upon Poisson-solvers cannot cope with
large relative particle motions within the
bunch rest frame in case of large initial
energy spreads and Coulomb explosion-
induced motion. In comparison with the
Coulomb-driven explosion, the linear
divergence-driven transverse expansion
is even larger: after a distance of 1 cm
in the laboratory frame, the beam size
is increased to 10 µm, while the trans-
verse Coulomb-explosion yields 6 µm
only. Hence, even in the extreme case
the transverse bunch expansion is dom-
inated by the initial divergence and for
lower charges this dominance increases.
If γ0 is the bunch energy just before
release into vacuum, γ ′ and β′ the en-
ergy and velocity of a test electron in
the bunch rest frame, γ and β ≈ 1 for
its laboratory frame energy and vel-
ocity, then one can clearly distinguish
between a transverse-dominated ex-
pansion and a longitudinal-dominated
one: in the first case, where the elec-
tron moves in the rest frame with vel-
ocity ±β′ along transverse direction,
γ = γ0γ

′, while in the latter case, where
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FIGURE 3 (Color online) Projected spatial electron distribution within the bunch rest frame in the
extreme case, at τ = 0 s (left) and τ = 4 ps (right), from a GPT run. The color code indicates the elec-
tron energy (blue is initial kinetic energy, red is increased energy). The transverse expansion is clearly
dominating

the electron moves with velocity ±β′
in the beam direction, γ = γ0γ

′(1 ±β′).
Hence, in a purely transverse expan-
sion all electrons gain kinetic energy,
while in a purely longitudinal expan-
sion, some electrons lose energy. The
inset of Fig. 4 shows the absolute ki-
netic electron energy distribution along
the bunch at a distance of z = 3 cm after
its release into vacuum (in case of 0.6
nC). This spectrum shows that the bunch
under study mostly undergoes a trans-
verse expansion. The maximum energy
gain lies in the middle of the bunch,
where the density is highest, i.e., where
initially the highest potential energy was
stored. That the space-charge driven
transverse expansion is weaker than the
divergence-driven one is also confirmed
by the fact that (even in the extreme
case) the divergence is increased only
to 1.3 mrad. After passing a focusing
system (a triplet of quadrupoles, posi-
tioned at z = 4 cm, having a length of
about 10 cm), the Gaussian-like energy
distribution is transformed into a quasi-
linear one, as depicted in Fig. 4. The
reason is that in the resulting quasi-
collimated low-divergence beam faster
electrons can catch up the slower ones.

FIGURE 4 Energy vs. position
(in co-moving frame) along the
bunch before entering the un-
dulator (GPT simulation): the
Gaussian-like distribution after
a drift of z = 3 cm behind the gas-
jet (inset), indicating a transverse-
dominated bunch expansion, is
stretched into a quasi-linear one
behind the focusing system. The
vertical lines show the slice energy
spread σγ and the horizontal lines
mark the initial energy γ0 = 260

Note that after z = 3 cm (inset) the
fastest electrons are symmetrically dis-
tributed around the middle of the bunch.
These electrons start overtaking the
slower ones, that is, they move for-
ward within the bunch. If initially lon-
gitudinal debunching dominates, the
fastest electrons are found in the head
and the slowest ones in the tail of the
bunch.

A key parameter for SASE to occur
is the energy spread σγ/γ , which must
always be smaller than the Pierce pa-
rameter �. The relevant energy spread
is taken over a bunch slice with the size
of one cooperation length, i.e. the slip-
page length of the radiation along the
bunch over one gain length. As seen in
Fig. 4, a large fraction of the bunch ful-
fills σγ /γ < �. Due to the slippage of the
radiation relative to the bunch, the lin-
ear energy chirp must be compensated,
because the energy factor γ in (5) in-
creases along the bunch. However, in
case of short-period undulators the gap
is correspondingly small (typically one
third of the undulator period) and such
small gaps lead to strong wakefields
also causing an energy variation along
the bunch [23, 24]. In case of ultrashort

bunches, the characteristic length of the
resistive wake potential is longer than
the bunch length and, hence, the en-
ergy change is found to be negative
with a linear few-percent variation along
the bunch. This in turn implies that the
bunch as a whole is decelerated during
the passage of the undulator, whereby
the head loses less energy than the tail.
It turns out that the linear energy chirp
induced by space-charge corresponds
well with the wakefield-induced slow-
ing down of the entire electron bunch.
Therefore, the radiation slipping in the
forward direction interacts with elec-
trons of effectively constant energy, if
by varying the gap the bunch energy
loss is tuned with respect to the slip-
page. In other words, the space-charge
effects and the wakefield effects cancel
each other. We have found with simula-
tions that for a first proof-of-principle of
a table-top FEL the comparably low en-
ergy of 130–150 MeV is well suited to
cope with the wakefields in the undula-
tor. In this sense the table-top VUV case
given in Table 1 can be regarded as an
optimal test case.

Coherent synchrotron radiation
(CSR) [20] as another source for in-
creasing the (slice) energy spread within
the undulator was found to have negligi-
ble impact. This was shown with CSR-
track simulations which take into ac-
count that in our cases the bunches have
a much larger transverse size (σx,y ∼
30 µm) than length (σz ∼ 1 µm).

2.2 Table-top XFEL

So far we have discussed
a proof-of-principle scenario at rela-
tively low electron energies, where
space-charge effects play a domin-
ant role leading to a linear energy
chirp. The situation of the proposed
table-top X-FEL (TT-XFEL) is dif-
ferent. For reaching a wavelength of
λ = 0.25 nm, an electron energy of
1.74 GeV is needed in case of a period
of λu = 5 mm. Space charge effects are
much weaker here. For this less de-
manding situation we have confirmed
with four different simulation codes
(GPT, ASTRA [21], CSRtrack, HOM-
DYN [22]) that above 1 GeV, with the
same parameters as in the extreme case
given above, Coulomb-explosion leads
to a projected energy chirp of below
0.3% and a bunch elongation with a fac-
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tor below 1.1. Furthermore, CSR can
be neglected in agreement with the 1D
theory. Experimentally the most de-
manding constraint is that the Pierce
parameter is one order of magnitude
smaller than in the test case at 130 MeV,
hence the electron (slice) energy spread
should be as small as 0.1%. This goal
seems to be within reach considering the
bubble-transformation scenario men-
tioned above.

Without the effect of wakefields
GENESIS simulations have shown that
this TT-XFEL scenario with an undu-
lator length of only 5 m yields 8 ×1011

photons/bunch within ∼ 4 fs and 0.2%
bandwidth, a divergence of 10 µrad, and
a beam size of 20 µm. However, the
wakefields become the dominant de-
grading effect as the required undulator
length is larger and the Pierce parameter
reduced, hence also the tolerance with
respect to variations in the electron en-
ergy. But since there is no initial space-
charge-induced energy chirp, one must
find another method for compensating
the wakefield-induced energy variation.
A suitable method for compensating
the wakefields for the TT-XFEL would
be tapering, i.e., varying the undulator
period along the undulator. Due to the
fact that the undulator parameter K is
smaller than unity, tapering via K , i.e.,
by gap variation, could only be used as
fine-tuning. Depending on the specific
material properties of the undulator sur-
face, our first wake calculations show
that the bunch center loses over the en-
tire 5 m undulator length about 10%
of its initial energy. Due to the linear
wake field variation along the bunch
only a fraction of it will undergo SASE.
A detailed study will be further investi-
gated in a future paper.

2.3 Experimental status

In order to demonstrate prac-
tical feasibility, we have built and tested
a miniature focusing system and un-
dulator consisting of permanent mag-

nets. The focusing triplet consists of
mini-quadrupoles with an aperture of
just 5 mm, hence allowing for measured
gradients of 530 T/m. Their focusing
strength was measured with a 600 MeV
electron beam (at Mainz Microtron fa-
cility MAMI, Mainz, Germany). A first
test hybrid undulator with a period of
only 5 mm and a peak magnetic field
strength of ∼ 1 T has been built, and
produced, with a 855 MeV beam (also
at MAMI), an undulator radiation spec-
trum as expected. These results will be
published elsewhere.

3 Conclusion

We have shown by means
of analytical estimates and SASE FEL
simulations that laser-plasma accelera-
tor-based FELs can only be operated
with meter-scale undulators. The key
parameter is the ultra-high electron peak
current, which significantly reduces the
gain length and increases the tolerance
with respect to the energy spread and
emittance. The latter would also al-
low increasing of the TT-XFEL pho-
ton energy into the medically relevant
range of 20–50 keV, because the lim-
iting quantum fluctuations in the spon-
taneous undulator radiation, scale with
γ 4 [25] and the required electron en-
ergy of the TT-XFEL is comparatively
small.
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We present a design study for an undulator built from quadrupole magnets. The dipole field
component required for the undulating motion is introduced by positioning individual quadrupoles
off the undulator device axis. The quadrupole undulator has strong intrinsic focusing properties
which can sustain a significantly reduced electron beam diameter over a long distance while still
permitting well defined tuning and tapering. A reduced beam diameter reduces the photon beam
spot size of spontaneous undulator radiation and could also proof benefit in compact free-electron
laser experiments.

PACS numbers: 41.85.Lc, 07.85.Qe, 41.60.Cr

I. INTRODUCTION

Undulators have been established as brilliant light
sources for decades [1]. A planar undulator consists of
dipole magnetic fields, which are alternately orientated
and force an electron beam on a sinusoidal trajectory.
The transverse acceleration leads to emission of sponta-
neous undulator radiation. Based on this principle un-
dulators are usually installed at large-scale synchrotron
facilities, delivering brilliant photon beams for various
branches of science.

Just recently laser-plasma accelerated electrons [2–7]
have been used to generate spontaneous undulator radi-
ation in the soft x-ray range [8]. Extending this concept
into the hard x-ray range, ultrafast x-ray pump probe
experiments on a few ten femtosecond timescale become
feasible on a university-lab scale. Even protein structure
analysis experiments with tunable spontaneous undula-
tor radiation in the low keV range are thus permitted.

Those experiments would benefit from a decrease in
the transverse beam size σx. Some proteins can be crys-
tallized only to a size of a few ten microns. An electron
beam, and thus a radiation spot, having the size of the
protein crystal would allow to maximize the photon flux
on the target.

σx is minimized by focusing the electron beam within
the undulator using two major focusing mechanisms:

• External focusing: A strong focusing FODO lat-
tice is built from external quadrupoles. These
quadrupoles can be integrated in the undulator de-
vice. Alternatively, the undulator is split into mod-
ules, which are placed within the drift sections of
the FODO lattice.

• Natural focusing: The beam size is kept constant
using the undulator’s intrinsic focusing.

∗Corresponding author; Electronic address: stefan.becker@

physik.uni-muenchen.de

Considering a very compact table-top size experiment,
splitting the undulator into modules seems not favorable
as it prolongs the undulator beam line.

Dipole-based undulators yield natural focusing due to
field gradients emerging from the alternating dipole field
components. However the intrinsic focusing of dipole un-
dulators is comparably weak and only existent in one
transverse beam plane. An advanced concept extends
natural focusing to both transverse planes by utilizing
parabolic shaped magnets [9]. Due to mechanical com-
plications this scheme is rarely used. The natural fo-
cusing of a planar Halbach type dipole undulator [10] is
described by

k =
(√2πK

λUγ

)2

=
( eB0√

2γmec

)2

, (1)

with k being the focusing strength, λU the undulator
period length, B0 the on-axis magnetic peak field and
K the undulator parameter with K = eB0λU/2πmec,
where e is the charge and me is the mass of the electron.
An electron beam is considered to be matched to the
undulator if the defocusing effect of the emittance ε is
compensated by the focusing strength k of the undulator.
The matched beam size σm is

σm =
√

ε√
k

. (2)

Thus, a planar undulator using a typical peak undulator
field of 1 T yields a matched beam size of not smaller than
σm = 49 µm at k = 0.43 for γ = 626 and a normalized
emittance of εn = 1 mm.mrad due to natural focusing.

In the following, we present a design for a strong intrin-
sic focusing undulator built from a channel of permanent
magnet quadrupole devices, which focuses equally on
both beam planes. The beam diameter thus can be kept
small and at constant values over a long distance. The
deflection of the electron beam is achieved by positioning
individual quadrupole devices off the beam axis by xoff,
reaching a peak magnetic dipole field of B̂ = gBxoff with
gB = dB/dx being the magnetic field gradient. Detri-
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mental effects on the beam quality are minimized by us-
ing highly tunable quadrupoles presented before [11].

This publication is structured as follows: In II A we
describe the design concept for a quadrupole undulator
followed by numerical simulations in II B showing elec-
tron beam trajectories. In section II C we compare the
expected undulator radiation from the quadrupole un-
dulator with a conventional planar undulator. After an
analytical description of its focusing properties in section
III we describe the problem to couple the electron beam
into the undulator in section IV and conclude with an
outlook on the current experimental status.

II. QUADRUPOLE UNDULATOR

A. Design Concept

In [11] we presented highly tunable permanent mag-
net quadrupoles (TPMQ) of gradients gB = 500 T/m
with an aperture radius of 3 mm, which follow the Hal-
bach design [12]. The magnetic field measured along a
ring within the aperture of a TPMQ can be expanded
into a Fourier series. Thereby, detailed knowledge of the
higher order field components introduced by each single
magnet wedge is gained. Undesirable higher order field
components can be corrected by displacing the wedges
in a controlled manner. This allows to illuminate the
TPMQ even off-axis without significant deterioration of
the electron beam emittance.

We propose an undulator design using TPMQs that
is based on a channel of focusing/defocusing TPMQs
of length λU/2 with λU being the undulator period.
The alternating transverse displacement of the TPMQs
by xoff introduces dipole field components of strength
B̂ = gBxoff. This forms an alternating B-field along the
device axis.

A stable configuration needs to decouple the deflection
properties leading to the undulating electron trajectories
from the focusing properties. A simple displacement of
the electron beam from the device’s symmetry axis leads
to a global deflection of the beam (Fig. 1a). A straight
electron trajectory requires an arrangement of periodi-
cally displaced quadrupoles such that the electron beam
is on the device axis. This condition is fulfilled for a two-
fold focusing undulator as shown in Fig. 1b. Focusing
period lengths being multiples of the minimal focusing
period can be selected as well, such as the four-fold fo-
cusing undulator as shown in Fig. 1c.

B. Numerical Simulations

We examined the feasibility of the quadrupole undu-
lator with numerical simulations and tolerance studies.
We have chosen a four-fold focusing quadrupole undula-
tor in the following as shown in Fig. 1c because the larger
focusing period length leads to a larger intrinsic focusing

FIG. 1: Examples of quadrupole undulators are shown
schematically. a) One-fold focusing quadrupole undulator,
meaning one focusing period length equals one undulator pe-
riod length. With the undulator period λU equal to the focus-
ing period the initially displaced (xoff) electron beam leaves
the initial beam axis z. b) Two-fold focusing quadrupole un-
dulator: The focusing period length is two times the undula-
tor period length. c) Four-fold focusing quadrupole undula-
tor.

strength of the undulator. The magnet configuration of
a single quadrupole as well as the B-Field along the lon-
gitudinal axis, displaced transversely by xoff, is shown in
Fig. 2 for quadrupoles of different lengths.

FIG. 2: a) Tunable Permanent Magnet Quadrupoles (TPMQ)
with inner radius ri = 3 mm and outer radius ra = 10 mm.
b) By ≈ | ~B| along the longitudinal position s inside the
quadrupole at a transverse off-axis position of x = 1.8 mm
for different quadrupole lengths L = 4 mm, 6 mm, 8 mm and
10 mm.

The magnetic field of an assembled quadrupole dif-
fers from the ideal quadrupole field distribution. Ba-
sically there are three different sources of errors. The
quadrupole design symmetry, i.e. the specific number
of magnet wedges, introduces higher order field compo-
nents. Furthermore, the magnetic field axis and the geo-
metric shape of the actual manufactured magnet wedges
will have certain tolerances, which introduce additional
higher order field components. Finally, the quadruple
field orientation may by tilted around the geometric cen-
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ter of the quadrupole, which would significantly lower the
electron beam quality.

We calculated the magnetic field distribution of a single
quadrupole using EM-Studio [13]. In the calculations we
presumed perfectly shaped magnet wedges. The higher
order magnetic field components, which originate from
the quadrupole device symmetry, are included in the field
calculation. Remaining errors can in principle be mini-
mized with the tuning procedure presented in [11]. In
the following we assume, that we are able to tune the
quadrupoles to the desired accuracy. Thus for first basic
considerations it is sufficient to assume idealized magnet
wedges for field calculations.

The tunable quadrupoles are solely built from perma-
nent magnet materials which can assumed to be trans-
parent for magnetic fields. Hence, non-linearities due to
hysteresis effects are neglected. The calculation of the
magnetic field distribution of a single quadrupole is used
to compute the undulator field by superimposing the cal-
culated fields of the quadrupole. This method neglects
the field variations from quadrupole to quadrupole, which
are still present after the tuning process. This has to be
subject of further studies.

FIG. 3: Electron beam at an energy of 320 MeV and a nor-
malized emittance of εn = 1 mm.mrad propagating through
a four-fold quadrupole undulator with λU = 14 mm. Both
transverse spatial directions are shown. The upper graph
shows the undulating plane with the apparently thicker lines
resulting from the electrons’ undulating motion superimposed
to the trajectories due to focusing. The rms beam size is
σm = 20 µm.

We calculated the complete B-Field map of a four-
fold quadrupole undulator built from single quadrupoles
with field gradients of 450 T/m, λu = 14 mm and
xoff = 1.8 mm. We performed beam propagation cal-
culations utilizing the tracking code GPT [14]. Electron
trajectories are shown in Fig. 3. Despite the undulator
being relatively long, the emittance does not increase,
which can also be seen from the beam size remaining at
constant values. The configuration in Fig. 3 keeps the
electron beam at a constant value of σm = 20 µm over a
distance of several meters.

C. Undulator radiation

Undulator radiation was calculated numerically in 3D
using the generated magnetic field map for evaluating
the electron trajectory. The code used is WAVE [15],
which is capable of processing 3D magnetic field maps
for tracking the electrons and calculating the undulator
radiation spectrum on an array of observation points.
Paramters for the calculations are λU = 14 mm and γ =
626.

Fig. 4 compares the undulator radiation of an ideal
planar undulator with the radiation emitted by the
quadrupole undulator. Fig. 4a shows the single-electron
spectrum of an on-axis electron in an ideal planar un-
dulator of magnetic field B = 0.72 T. The undulator
parameter is K = 0.927 and following the well-known
resonance formula

λ =
λU

2γ2

(
1 +

K2

2
+ γ2θ2

)
, (3)

radiation of wavelength λ = 25.5 nm, i.e. E = 48.5 eV
is emitted on-axis. With the observation angel θ the
parabolic shape of the angle dependent energy spectrum
is clearly visible (Fig. 4a.IV).

Fig. 4b presents the corresponding case of an on-axis
electron propagating through a quadrupole undulator
build from TPMQs of gradient gB = 450 T/m. The
quadrupoles are displaced by xoff = 1.8 mm off the de-
vice axis. Superposition of the single quadrupole fields
decreases the on-axis magnetic field to B = 0.71 T. An
additional small B-Field variation (compare Fig. 4b.II)
is a result of fringe field superposition of the alternating
displaced quadrupoles. Fig. 5 compares the electron tra-
jectory and the corresponding B-field for an ideal planar
undulator and the proposed quadrupole undulator. Due
to the slightly altered B-field, the electron trajectory in
the quadrupole undulator is a few percent longer com-
pared to the ideal planar undulator. This causes a shift
of the emitted wavelength to λ = 26.4 nm. As the un-
dulator parameter is a measure for the amplitude of the
sinusoidal electron trajectory in an ideal planar undu-
lator, this behavior can be absorbed in an effective un-
dulator parameter K ′ for the quadrupole undulator and
K ′ = 0.977 = 1.054K.

Finally, Fig. 4c shows an electron in the quadrupole
undulator with a large betatron oscillation amplitude of
about 40 µm. Note, that this oscillation is much larger
than the presumed beam size of σm = 20µm. Even in
this extreme case the fundamental peak of the emitted
energy spectrum does not significantly deviate from the
spectrum emitted by an on-axis electron. Thus, the con-
stant focusing of the electron in the quadrupole undulator
does not degrade the emitted spectrum.
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FIG. 4: Single electron spectrum calculations at an electron energy of 320 MeV for (a) an ideal undulator, (b) a four-fold
focusing quadrupole undulator with an electron on axis and (c) the same quadrupole undulator with an electron performing
a strong betatron oscillation. (I) shows the trajectories in the undulating plane, (II) the magnetic field experienced by the
electron along its trajectory, (III) the spectrum of the undulator radiation’s fundamental peak and (IV) the spectrum of the
fundamental peak against the observation angle θ within the undulating plane.

III. ANALYTICAL TREATMENT

Important quantities concerning the analytical descrip-
tion of the quadrupole undulator can be obtained consid-
ering a quadrupole channel. From the effective focusing
strength k∗ of a single quadrupole we derive the effective
focusing strength k′ of the quadrupole undulator. Using
Eq. 2 we calculate the matched beam size σm.

A. Effective Focusing of a Harmonic Magnetic
Field Oscillation

We first consider an individual quadrupole device,
shown in Fig. 2. It can be seen that the peak field and
hence the field gradient saturates at a length of 8 mm.
Below this value, the ratio of length and aperture of the
quadrupole is too small for the field to reach a maximum
gradient.

We present a specific case, where the TPMQs have
a length of 6 mm, a field gradient of 450 T/m and an
aperture radius of 3 mm. The undulator period length
is λU = 14 mm, with a gap of 1 mm between the TP-
MQs. Fig. 5a) shows the magnetic field of a quadrupole

undulator with an off-axis displacement of 1.8 mm or
60 % of the aperture radius. Fringe fields of neighboring
quadrupoles reduce the gradient to 400 T/m. The result-
ing dipole component is 710 mT which is a peak value of
the magnetic field on the quadrupole undulator axis.

The effective focusing strength over one quadrupole
k∗ is obtained by continuously multiplying thin focusing
transport matrices modeling the course of the magnetic
field as shown in Fig. 5a). The focusing beam plane of
the quadrupole is described using the linear transport
matrix

QF(s,k) =

(
cos Ω 1√

k
sinΩ

−
√

k sinΩ cos Ω

)
(4)

with Ω =
√

ks and s the longitudinal position along the
quadrupole. With s = nλU/2 for an n-fold focusing
quadrupole undulator the effective transport matrix is
given by

QFm,Eff (s,k) =
m∏
i=1

QF [s/m,k sin(i/m π)] . (5)

The comparison of QFm,Eff (s,k) and QF(s,k) yields
convergence of k∗/k as shown in Fig. 6a for a specific
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FIG. 5: The magnetic field on the device axis of the
quadrupole undulator (solid line) in comparison with an ideal
dipole undulator (dashed line) is shown in (a). The resulting
trajectories rendered from the magnetic fields are presented
in (b), where the amplitude of the quadrupole undulator is
slightly increased. (a’) and (b’) show a close-up of the figures
above.

FIG. 6: a) The ratio of the effective focusing strength inside
the quadrupole k∗ and the peak focusing strength k = 211
m-2. b) The converged factor k∗/k for m → ∞ is practically
constant over a wide range of k.

k = 211 m-2, which is the peak focusing strength of a
quadrupole as considered here. For m → ∞, we finally
obtain k∗/k = 0.637.

There is virtually no dependence of k∗/k on k for 100 <
k < 300 as shown in Fig. 6b and thus, we can assume a
constant value in the range of our interest.

B. Effective Focusing of the Quadrupole Channel

In the following we derive the effective focusing
strength of the quadrupole undulator k′ to calculate the
matched beam size. A beam remains at constant size
within a transport element M if the matched beam con-
dition

B = MTBM (6)

is met for the beta matrix B,

B =
(

β0 −α0

−α0 γ0

)
, (7)

with the well-known twiss parameters α0, β0 and γ0 [19].
A simple focusing transport element of length s given by

M =

(
cos Ω 1√

k
sinΩ

−
√

k sinΩ cos Ω

)
. (8)

Ω =
√

ks in combination with the matched beam con-
dition (Eq. 6) yields Eq. 2. The focusing strength of
a quadrupole channel is deduced using a focusing and a
defocusing transport element given by

QF∗ =

(
cos Ω∗ 1√

k∗
sinΩ∗

−
√

k∗ sinΩ∗ cos Ω∗

)
, (9)

QD∗ =

(
coshΩ∗ 1√

k∗
sinhΩ∗

√
k∗ sinhΩ∗ coshΩ∗

)
, (10)

with Ω∗ =
√

k∗s. The resulting transport element M =
QF∗ · QD∗ together with the matched beam condition
(Eq. 6) finally yields

k′ = k∗
3/2− cos(2Ω∗) cosh2(Ω∗)− 1/2 cosh(2Ω∗)

cosh(2Ω∗)− cos(2Ω∗) + sin(2Ω∗) + sinh(2Ω∗)
.

(11)

FIG. 7: Eq. 11 for the case of quadrupole devices with a
gradient of 500 T/m. s′ is the focusing period which consists
of a focusing and a defocusing element.

Fig. 7 shows Eq. 11 using quadrupole devices with a
gradient of 500 T/m in dependence of the focusing period
s′ = 2s. For the case of the quadrupole channel presented
above we obtain a matched beam size of only 20 µm.
This corresponds to a beta function of β = 0.25 m, for
the presumed electron beam with γ = 626 and εn = 1
mm.mrad.

IV. COUPLING IN

Laser-plasma based sources yield electron beam diver-
gences of about 1 mrad and a source size of few microns.
It is challenging to image this source into a collimated
beam of small size, such as σm = 20 µm in our case.
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Collimation in this context means to achieve a Courrant-
Snyder α0 = 0 at the beginning of the undulator and
thus a waist at σ0 = 20 µm. Using a doublet or a triplet
would require very long drift distances, resulting in en-
larged setups and sensitive adjustment conditions. This
is certainly not a particular problem of the quadrupole
undulator itself, but contradicts of course the goal of a
compact setup.

FIG. 8: Possible beam guidance system for coupling into a
quadrupole undulator shown in horizontal and vertical beam
plane. The four vertical lines represent the quadrupole device
positions. The quadrupole undulator entrance is right behind
the last quadrupole at 1.1 m. The drift distances are 500 mm,
10 mm, 10 mm and 500 mm. The length of the quadrupole
are 10.8 mm, 33.3 mm, 23.2 mm and 30.6 mm.

A possible solution is shown in Fig. 8. This beam-
guidance concept allows to collimate the laser-plasma
accelerated beam at a large divergence to small sizes.
The first element is a triplet to refocus the divergent
beam. The collimating element is a high gradient single
quadrupole which defocuses one converging plane of the
electron beam. The other electron beam plane is config-
ured such that the beam passes through a waist and the
focusing plane of the quadrupole also collimates the beam
at the desired size. Yet, it imposes further requirements
to the position accuracy and magnetic field tolerance of
the coupling quadrupoles, as well as the electron beam
stability.

V. CONCLUSION AND OUTLOOK

The presented quadrupole undulator concept allows to
keep the beam size at a small and constant size over a
long distance. This can be beneficial for compact sponta-
neous undulator radiation experiments as well as table-
top free-electron lasers.

The presented concept has advantages over conven-
tional designs in terms of tuning and tapering. Whereas
field errors in conventional undulators have to be cor-
rected by shimming, the quadrupole undulator design
would allow to correct the field by simply adjusting the

transverse displacement of the single quadrupoles. As-
suming a field gradient of 500 T/m and micrometer posi-
tion accuracy this is possible with sub-percent precision.
For the transverse components, each single period can be
adjusted independently, since the quadrupoles have no
iron components, and the superposition of the B-Field
can be assumed linear. The same concept can be used to
taper the undulator, i.e. to adjust the undulator param-
eter K along the undulator by altering the field strength,
and therefore correct wake field and space charge induced
energy chirps [18].

A further application of the quadrupole undulator
could be in a compact free-electron laser experiment [16].
In the special regime of a free-electron laser (FEL), co-
herent amplification of the undulator radiation increases
the total emitted radiation and photon beam brilliance
by several orders of magnitude compared to the solely
spontaneous radiation. Among the main parameters de-
scribing an FEL is the saturation length Lsat, which is
the undulator length required to obtain a maximum in
emitted radiation power. The saturation length scales
in the 1D FEL theory with the beam diameter σx as
Lsat ∝ σ

2/3
x [17]. Thus by decreasing σx the saturation

length can be significantly reduced.
However, several effects, that play an important role

due to the quadrupole undulator’s specific design con-
cept, have to be considered. Of course diffraction effects
limit the reasonable beam radius, dependent on the FEL
design wavelength. For a fixed emittance, an ever de-
creasing beam size concurrently increases the axial ve-
locity spread. This can be interpreted as an increased
effective energy spread, which hinders the FEL process.

In Fig. 4c a small spectral broadening resulting from
electrons far off the device axis has been observed. Driv-
ing an FEL it has to be ensured that the overall spec-
tral broadening of the quadrupole undulator still fulfills
the condition ∆λ/λ < ρ, with ρ the dimensionless FEL
parameter [17] and usually ρ < 1 %. Our group is cur-
rently examining the impacts of these effects on the FEL
process and the possibilities to drive a table-top FEL by
the proposed quadrupole undulator.

The undulator concept however, relies crucially on the
ability to precisely correct higher order field components
in the utilized quadrupoles. Of course, the longitudinal
magnetic field can not be adjusted using the method in
[11] and magnet wedges have to be manufactured within
the required tolerances, to keep the longitudinal compo-
nent sufficiently homogeneous. To examine the practical
feasibility we are currently building a first undulator pro-
totype to explore our capability to tune the quadrupoles
to the desired accuracy and to couple an electron beam
into the undulator.
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Appendix A

Geometrical Center of Multipole
Devices

The expansion of higher order magnetic field components as introduced in section 4.2 re-
quires the knowledge of the radius ρ [Eq. (4.10)]. Determining ρ requires the knowledge of
the center of rotation with respect to the Hall probe which can experimentally obtained
only requiring the Hall probe signal.

Figure A.1: a) General case of a quadrupole mounted on a measurement setup: The center
of rotation is not equal to the center of the magnetic field. b) After the rotation of 180◦.
The field vector at the center of rotation is inverted.

Fig. A.1 schematically shows the general case, where the center of the magnetic field does
not coincide with the center of rotation.

An example measurement that senses whether or not the Hall probe is located within
the center of rotation is given by rotating the quadrupole and measuring the B-field flux
through the Hall probe every 45◦. The conditions shown in Table A.1 have to be met
within the desired precision.

The position of the Hall probe at the center of the axis of rotation can be approached
according to Figure A.2 using a simple feedback algorithm, which keeps rotating the
quadrupole back and forth by 180◦ until the desired precision is achieved. This proce-
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Angle 0 45 90 135 180 225 270 315
B-Field a b c d -a -b -c -d

Table A.1: Hall probe signal at the quadrupole center of rotation.

Figure A.2: a) Finding the center of the x-axis, scanning the azimuthal field component
Bϕ. b) Finding the center of the y-axis, scanning the radial field component Bρ.

dure has to repeated alternatingly for the radial and the azimuthal axis.
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