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Zusammenfassung

In Anlehnung an die Baumeigenschaft geben wir kombinatorische Prinzipien an, die die
Konzepte der sogenannten subtle und ineffable Kardinalzahlen so einfangen, dass diese auch
fiir kleine Kardinalzahlen anwendbar sind. Auf diesen Prinzipien aufbauend entwickeln wir
dann ein weiteres, das dies sogar fiir superkompakte Kardinalzahlen leistet.

Wir zeigen die Konsistenz dieser Prinzipien ausgehend von den jeweils entsprechenden
groBen Kardinalzahlen. Zudem zeigen wir die Aquikonsistenz fiir subtle und ineffable.
Fiir Superkompaktheit beweisen wir durch das Fehlschlagen des Quadratprinzips, dass die
besten derzeit bekannten unteren Schranken fiir Konsistenzstirke anwendbar sind.

Das Hauptresultat der Arbeit ist das Ergebnis, dass das Proper Forcing Axiom das der
Superkompaktheit entsprechende Prinzip impliziert.






Summary

In the style of the tree property, we give combinatorial principles that capture the concepts
of the so-called subtle and ineffable cardinals in such a way that they are also applicable
to small cardinals. Building upon these principles we then develop a further one that even
achieves this for supercompactness.

We show the consistency of these principles starting from the corresponding large cardi-
nals. Furthermore we show the equiconsistency for subtle and ineffable. For supercompact-
ness, utilizing the failure of square we prove that the best currently known lower bounds for
consistency strength in general can be applied.

The main result of the thesis is the theorem that the Proper Forcing Axiom implies the
principle corresponding to supercompactness.






Introduction

Foreword

In [Haul4, p. 131] Felix Hausdorff wrote that if there are inaccessible cardinals, “so ist die
kleinste unter ihnen von einer so exorbitanten Grof3e, dafl sie fiir die iiblichen Zwecke der
Mengenlehre kaum jemals in Betracht kommen wird.’ﬂ While he could not foresee the way
set theory was heading and that large cardinals would once assume a central role in it, he is
still right for most of other mathematics. This is not without reason, for the inaccessibility
of a cardinal x merely says that the set theoretic universe up to height « already is a universe
of set theory itself, so that all of usual mathematics fully lives within it.

So why should a mathematician not intrinsically interested in large cardinals care about
them? The answer is that there are many questions about small cardinals like w, that need
large cardinals for their answer. But beyond that, for some large cardinal axioms there
exist combinatorial principles that capture the crux of the axiom yet make sense even for
small cardinals. They thus provide a framework for strong hypotheses without requiring
any actual reference to large cardinals. Such canonical principles had previously only been
known for the large cardinal properties Mahlo and weak compactness, giving the impression
it was more an exception these large cardinals admitted such a deﬁnitionE]

In the present work, we give such characterizations for subtle and ineffable cardinals and
then extend them to supercompactness. Subtlety and ineffability are, by today’s standards,
rather weak large cardinal concepts. They have also received relatively little attention lately,
which we mainly attribute to the fact their definitions appeared to be conceptually different
from other large cardinal axioms. We hope to counter this impression by demonstrating
how ineffability is in many ways an evidently natural strengthening of weak compactness.

Supercompactness, on the other hand, is not only very strong, it is probably among the
large cardinal axioms that currently receive most attention; one of the biggest open problems
in set theory is to find an inner model for a supercompact cardinal. While it is not like the
principle we isolated formed the puzzle stone that had been missing so far—such a stone
is yet to be determined—it nonetheless is a new approach, and one might hope for it to be

!..., “then the least among them is of such exorbitant size that it will hardly ever come into consideration

for the usual goals of set theory.”

For weak compactness the corresponding canonical principle is the well known property that there exist no
k-Aronszajn trees. For Mahlo, it is the less well known principle that no special k-Aronszajn trees exist,
see [Tod87, (1.9)] or [Tod, Theorem 9.4].



Introduction

of help by suggesting different strategies. Also, since we show the Proper Forcing Axiom
PFA implies the supercompactness principle for w,, we can give some reassurance to the
conjecture that the consistency strength of PFA is that of a supercompact cardinal and to
the understanding that PFA makes w, behave like a very large cardinal.

Overview

For a cardinal «, let ¢y(«) stand for the property that if 7 C <2 is a downward close(ﬂ tree
of height «, then it has a cofinal branch. By Konig’s Lemma, ¢(w) holds. Thus it is not
too surprising that ¢y(w) captures some of the large cardinal character of w, and indeed
¢o(k) is merely a slightly nonstandard way of saying « is weakly compact for uncountable «.
So what is ¢y(x) good for? Not much, in fact it one could argue it is a bad definition. For
it obscures the fact that a cardinal « is weakly compact iﬂﬂ it is inaccessible and satisfies
a combinatorial property x-TP which is not restricted to inaccessibility. This x-TP is, of
course, the tree property on «, or as it is more convenient for us, the property that any
downward closed tree T C <*2 that is thin®| has a cofinal branch ]

As Aronszajn trees exist in ZFC, the least uncountable cardinal « for which x-TP can
hold is w,. By results of William Mitchell and Jack Silver [Mit73]], w,-TP implies w; is
weakly compact in L and can be forced from a model of ZFC + “there exists a weakly
compact cardinal.” It therefore captures, in a very concrete way, the large cardinal character
of w, without requiring w, to actually be inaccessible in V.

Now take « to be subtle. Recall that a cardinal « is subtle iff ¢,(«x) holds, where ¢, (k)
stands for the principle that for every club C C « and every sequence (d, | @ < k) with
d, C a for all @ < « there exist @, 8 € C such that & < 8 and d,, = dg N a. This ¢,(k) suffers
from the same problem as ¢y(k) does, it already implies the inaccessibility of x. However,
having learned our lesson, we again require the sequence {(d, | @ < k) in the definition of
¢1(k) to be thin, that is, for every ¢ < « the set {d, N | @ < «} is required to have cardinality
less than «. This yields a combinatorial principle k-STP which relates to subtlety the same
way k- TP is related to weak compactness:

e A cardinal « is subtle iff it is inaccessible and satisfies k-STP.
e w,-STP can be forced from a model of ZFC + “there exists a subtle cardinal.”

e w,-STP implies w; is a subtle cardinal in L.

3By downward closed we mean that if f € T and @ < dom f, then f | a € T. It feels more natural to restrict
our attention to these trees, in particular in light of what we are aiming at.

*One can often read “iff”” should be spelled out as “if and only if”” in mathematical documents, the reason
being it is not correct English and therefore bad style. Since it shortens the text, removes unnecessary
redundancy, and thereby aids the reader, the author cannot help but to disagree with this point of view.

SWe call a tree T C <2 thin iff every of its levels has cardinality less than «.

%See the next section as to why we consider this principle more natural.



It will not come as a surprise that the same can be done for ineffability. Still the reader
will most likely not be entirely convinced of the importance of thin. We managed to
replace the bad ¢’s by good TPs once more but still have not even left the realm of large
cardinals compatible with V = L. Therefore it will hopefully be at least a little surprising
that—naturally giving up the third point—the same can be done for supercompactness!

For A > «, k is A-ineffable iff for every sequence (d, | a € B,4) such that d, C a for
all a € P, A there are a stationary S € P, A andd C Asuchthatd, =dnaforallacesS.
We additionally require the sequence (d, | a € 1) to be thin in the sense that for a club
C c B, and every ¢ € C we have |{d, Nc|c C a € P,A}| < k and call the resulting
principle (k, 1)-ITP. This yields « is A-ineffable iff « is inaccessible and («, 1)-ITP holds.
Menachem Magidor [Mag74] showed a cardinal « is supercompact iff it is A-ineffable for all
A > k. Thus « is supercompact iff it is inaccessible and («, A)-ITP holds for all 4 > «. Since
we can force (w,, A)-ITP from a model of ZFC + “there exists a 1! -ineffable cardinal,” we
can produce a model in which w; is, apart from the missing inaccessibility, “supercompact.”
This form of supercompactness implies the failure of a weak form of square, so that the
best currently known lower bounds for consistency strength apply to it.

Let us now turn our attention to the forcing axiom PFA. As PFA implies w,-TP by work
of James Baumgartner [Tod84b, Theorem 7.7], PFA preserves some large cardinal structure,
the weak compactness, of w,. The word “preserve” is used as PFA is usually forced by
collapsing a supercompact cardinal to w, in a certain way, and one can consider PFA to
“remember” that w, used to be a very large cardinal. The existence of a supercompact
cardinal is widely regarded as the correct consistency strength of PFA. We will provide
what might be considered strong heuristic evidence that this is correct: We show PFA
implies (w,, A)-ITP for all 4 > w,. This, in the sense of the previous paragraph, says that
PFA captures the “supercompactness” of wy.

The principle (k, 4)-ITP might also prove useful for finding an inner model of a super-
compact cardinal. While ¥, 1-combinatorics does not relativize as smoothly as ordinal
combinatorics does, which is mainly due to the fact that being club is no longer absolute,
the principle still seems to be a canonical candidate. One “only” needs to find an inner
model that inherits (k, 1)-ITP from V and in addition thinks « is inaccessible.

In the course of developing a theory for «x-ITP and («, 2)-ITP, we introduce a weakening
of thin called slender which comes from Saharon Shelah’s approachability ideal. Its purpose
is twofold. On the one hand, it pulls together different concepts like the tree property and
the approachability property. On the other, it is the correct weakening of thin in the sense
that most proofs that make use of thin actually use slender.

Simple Yet Powerful

At first glance, thin appears to be a standard concept. The tree property is well known,
Aronszajn trees are one of the most prominent combinatorial objects in set theory. However,
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we shall try to argue thin has—quite surprisingly—been completely omitted from the
literature during the last decades.

Historically, Nachman Aronszajn’s result that w;-Aronszajn trees exist motivated the
tree property, while weak compactness emerged as a generalization of the compactness
theorem for first order predicate language. For the connection between these two, it was
probably unfortunate that the definition of tree is of axiomatic nature. For despite the fact
that for the various equivalences of weak compactness downward closed subtrees of <2, let
us call them standard trees for now, are the natural objects to consider, the focus remained
on trees in general. However, unlike the set of standard trees, the class of trees of height «
also includes pathological trees with levels of size k. These pathological cases misleadingly
hide the fact that one can drop the thinness requirement by restricting oneself to standard
trees. Without the understanding that thin is something that is automatically implied by
inaccessibility but needs to be explicitly required for successor cardinals, it is less surprising
that it was missed for subtlety and ineffability, properties that live on standard trees, and
much more so for A-ineffability.

So while there is a plausible argument for the omission of thin, it seems slightly aston-
ishing that x<-STP has never been considered before. For a tree T of height «, let us call
an antichain A C T a club-antichain iff there is a club C C « such that A N T, # 0 for all
a € C, where T, denotes the ath level of 7. We can thus rephrase k-STP: If a «-tree does
not split at limit levelsﬂ] then it cannot have a club-antichain. Club-antichains have received
some attention before, see [Tod84b, Remark 9.6 (iii)], but still x-STP somehow remained
unnoticed.

For one, thin enables us to see a much more natural connection between weak compact-
ness, subtlety, and ineffability. But furthermore it gives rise to (k, 1)-ITP for all 1 > «,
apart from its strengthening (k, 1)-ISP the only known combinatorial principle the author
intuitively expects to have the consistency strength of a supercompact cardinal, even more
so among the known consequences of PFA.

Annotation of Content

The thesis is divided into three chapters. Each chapter starts with a Preliminaries section
which recalls definitions and standard lemmas and states nonstandard notation or technical
lemmas.

Chapter [I]introduces the concepts fundamental to this work. Sections[I.2]and[I.3]define
various ideals and what we will refer to as tree and forest propertiesﬂ The most important

7A tree T is said to not split at limit levels iff for every t,t’ € T of limit height from {s e T | s <t} = {s €
T |s <t} it follows that t = ¢'.

8The term forest was originally used by the author to address what should be called the downward closure of
a P, A-list in the present terminology, extending the meaning of downward closure to .1 in the obvious
manner. The concept first appeared in [Jec73|] and was called binary mess in there. However, the author felt



among these are probably the principles «-ITP and (k, 2)-ITP. Section [[.4] shows (x, 1)-ITP
implies the failure of a weak version of square on A, which will be used in Section [QZf] to
give lower bounds for the consistency strength of (k, 1)-ITP. Section[I.5] gives results about
the filter corresponding to (k, 2)-ITP for inaccessible « that will be needed in Chapter 2}

Chapter 2] deals with the consistency of the principles introduced in Chapter [I} In
Section[2.2] a forcing construction originally developed by Mitchell is presented. It is then
used in Section[2.3]to give upper bounds on the consistency strengths of our tree and forest
properties. These are accompanied by the lower bounds established in Section[2.4]

Chapter [3]is mostly independent of Chapter [2] The main result of the thesis, that PFA
implies w,-ITP (Section[3.2)) and even («, 2)-ITP for all 1 > w, (Section[3.3)), is proved in
it. The proof yields, as corollaries, several known implications of PFA.

Not every possible definition is fully exploited. One could consider principles k-AlITP and
(k, )-AITP by weakening “stationary” to “cofinal” in the definitions of x-ITP and (x, 1)-ITP
respectively. These principle then naturally correspond to almost ineffability and A-almost
ineffability. In the one cardinal case, all the results generalize in a canonical way to x-AlTP.
In the two cardinal case, for inaccessible k the statements “(k, 4)-AlTP holds for all A > k”
and “(«, 1)-ITP holds for all 4 > «” are equivalent by [Car86], so that (k, 1)-AlITP appears
to be rather fruitless.

A different aspect that has been neglected is (k, 4)-TP, the generalization of the tree
property to ‘B, A-combinatorics and thus a weakening of («x, )-ITP: If (d, | a € ¥, 1) is a thin
‘Bkﬂ-lislﬂ and E C B, A is cofinal, then there exists b C A such that for every a € ¥, 4 there
exists e € E suchthata Ceandd. Na=5bnN a In [Jec73], this property is considered
for inaccessible « and shown to be the correct concept for strong compactness, that is, an
inaccessible cardinal « is strongly compact iff (k, 4)-TP holds for all 1 > x. We omitted
(x, )-TP since we could have only derived corollaries for it from («, 2)-ITP.

As indicated earlier, throughout the thesis a weakening of thin called slender is being
worked with. It proved to be a more natural replacement for thin. For the proof of w,-ITP
and (w,, A)-ITP for all A > w, under PFA, a detour was taken. It did not, however, apply to
the slender principles. Section [3.4]shows this detour was unnecessary and that slender can
indeed fully replace thin for all our results.

It would have been possible to completely remove thin or at least special arguments
concerning it. But as such a removal would have betrayed the results’ history, we decided
against any such omission. All results are thus developed for thin and slender in parallel.
Still the reader is asked to bear in mind that some results are actually redundant, in particular
what we will refer to as the thin T-approximation property and its associated theorems.

the word forest was more suggestive. While forests were removed from this thesis in an overall attempt to
simplify the content by eliminating unnecessary definitions, the author thinks the name “forest properties”
is still the catchiest way to describe the two cardinal combinatorial principles under consideration.

9See Definitions and

10This would be “every («, A)-forest has a cofinal branch” in the abandoned terminology. It is called “every
binary (k, 1)-mess is solvable” for inaccessible « in [Jec73|.
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Notation

As they say, the notation used is mostly standard. Ord denotes the class of all ordinals. For
A C Ord, Lim A denotes the class of limit points of A. Lim stands for Lim Ord. If a is a set
of ordinals, otp a denotes the order type of a. For a regular cardinal d, cof 6 denotes the
class of all ordinals of cofinality , and cof(< &) denotes those of cofinality less than ¢.

For forcings, we follow the less is more, more or less rule and write p < g to mean
p is stronger than g. A forcing P is 0-closed (6-directed closed) iff it is closed under
descending sequences (directed sets) of conditions of size less than ¢. It is o-distributive iff
the intersection of fewer than ¢ many dense open sets is dense open. Names either carry a
dot above them or are canonical names for elements of V, so that we can confuse sets in
the ground model with their names. If P, is an iteration of forcings, then for p € P, we let
supp p denote the support of p.

The phrases for large enough 6 and for sufficiently large 6 will be used for saying that
there exists a 6" such that the sentence’s proposition holds for all 6 > ¢'.

The text requires knowledge of several standard definitions and notations of set theory.
Chapter [2] expects the reader to be acquainted with iterated forcing, and for Chapter [3]it is
helpful to be familiar with forcing axioms. To anyone meeting these conditions, the text
should be readily accessible. In the inaccessible case, a standard textbook like [JecO3]] should
suffice for the necessary background theory. For further reading on large cardinals, [KM78]]
is recommended to the reader as a start.
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1 Tree and Forest Properties

1.1 Preliminaries

The following definition comprises most of what the reader needs to know about B, 1-
combinatorics. It is possible that the reader is used to a slightly different definition of
d-closed. Apart from this, the only thing in Definition [I.1.1] which is not standard is the
notation P/ X.

1.1.1 Definition. Let « be a regular uncountable cardinal and X such that x < |X|. Set
PBX ={xCX]||x|l <«}.

C c B, X is called 6-closed, iff for any sequence (x, | v < i) with n < ¢ such that x, C x,,
and x, € C forall v <" < p it follows that sup,, x, = U{x, | v <n} € C. C C P X is
called closed iff it is k-closed. C is called cofinal iff for every y € B, X there exists x € C
such that y  x. C is called 6-club iff C is o-closed and cofinal. C is called club iff it is
k-club. § c B, A is called stationary iff C NS # 0 for every club C C 4.

If k C X, then
PrX ={xePX|«kNxeOrd, (x,€) <(X,e)}

is club. For x € P/ X we set k, =k N x.

For f : B,X — P, X let Cly = {x € P X | Vz € P,x f(2) C x}. Clyis club, and it is
well known that for any club C C B, X there is an f : B,X — B,X such that Cl; C C,
see [Men’/5].

IfXcX,Rc¥,.X,UcP.X,then
Ul X=unX|ueU}cCPX

and
RV =X eB X |XNXER CBX.

It is easily seen that both operations preserve the property of containing a club and thus also
stationarity. J

11



1 Tree and Forest Properties

1.2 Tree Properties

In this section, « is assumed to be a regular uncountable cardinal. We first give three
definitions that proved to be notationally useful but do not carry much weight beyond that.

1.2.1 Definition. A sequence (d, | @ < «) is called «-list iff d, C « for all @ < «. a
1.2.2 Definition. For A ¢ {f | da < Ord f : @ — 2} we call the tree of its initial segments

dcA={flal|feA, a<Ord)

its downward closure, ordered by inclusion. 1

1.2.3 Definition. Let (d, | @ < «) be a k-list. For @ < k definet, : @ > 2by1,(8) =1 &
B ed, Wecall (t, | @ < k) the characteristic functions of (d, | @ < k) and dc{t, | @ < «} its
corresponding tree. a

The next definition is simple yet essential. While the property thin was of original interest
to this work, the property slender gained attention as it became apparent it is the correct
concept for the results in Chapter 2] It was key to understanding how to correctly attack the
problems in Chapter 3] It comes from Shelah’s approachability ideal but does not seem to
have received attention as a more general concept before.

1.2.4 Definition. Let (d, | @ < k) be a k-list.
1. {d, | @ < «)is called thin iff |{d, N6 | @ < k}| < « for all § < k.
2. {d, | @ < k) is called slender iff there exists a club C C « such that for every y € C

and every 6 < y thereis 8 <y such thatd, N6 =dz N 6. 4

While thin is rather intuitive, slender might first appear to be not. But consider the charac-
teristic functions (z, | @ < k) of a x-list {(d, | @ < k). Then {(d,, | @ < k) is slender iff for club
many y < k the function ¢, is a branch in the tree dc{z, | @ < y}. In particular, slender is, as
the following proposition shows, a weakening of thin.

1.2.5 Proposition. Let (d, | @ < k) be a k-list. If (d,, | @ < k) is thin, then it is slender.
Proof. Suppose to the contrary there is a stationary S C « such that

YyeS 36, <yVB<vyd, N6, #dzNJ,.
We may assume 6, = 6 for some 6 < « and all ¥ € S. But then in particular for distinct

Y.y € S wehaved,Né # d, N6, sothat |{d, N6 | @ < «}| > |S| = «, contradicting
(d, | @ < «) being thin. |

For the following definition, the wording was chosen as to reflect the connection to the
already existing terminology. If one is not familiar with these concepts, one might feel a
little taken aback.

12



1.2 Tree Properties

1.2.6 Definition. Let A C xand let {(d, | @ < k) be a k-list.

1. {d,|a < k) is called A-approachable, iff there exists a club C C k such thatsupd, = @
and otpd, =cfa<aforalla e ANnC.

2. {dy | @ € A) is called A-unsubtle iff there exists a club C C k such thatd, # dg N«
forall o, € ANC with a < S5.

3. (d, | @ € A) is called A-effable iff for every S C A which is stationary in « there exist
a,B €S suchthata < Bandd, # dgNa.

(d, | @ < k) 1s called approachable, unsubtle, or effable iff it is k-approachable, xk-unsubtle,
or k-effable respectively. 4

Combining Definitions[I.2.4]and [1.2.6] it is natural to define the following ideals.

1.2.7 Definition. We let

Ixr[k] == {A C « | there exists a thin A-approachable «-list},
Ist[k] := {A C k| there exists a thin A-unsubtle «-list},
Iit[k] := {A C k| there exists a thin A-effable k-list},
Ins[k] :={A C k| there exists a slender A-approachable «-list},
Iss[k] := {A C k| there exists a slender A-unsubtle «-list},

{

Iis[k] := {A C « | there exists a slender A-effable «-list}.
By Farlkl], Fstlxl, Firl«], Fasl«], Fsslk], Fis[k] we denote the filters associated to Iar[«],
Ist[k], Irr[k], Ias[k], Iss[k], Iis[k] respectively.

Furthermore we write k-STP for « ¢ Ist[k], k-ITP for « ¢ Iit[k], k-SSP for « ¢ Iss[k],
and «-ISP for « ¢ Iis[k]. a

1.2.8 Proposition. It holds that
Inrlk] C Ist[k]

and
Ias[k] C Iss[k].

Proof. Let (d, | @ < k) be an A-approachable «-list, witnessed by a club C c Lim. We
define
dy =({¢+1|led,}U{cfa})—cfa

if cf @ < @ and set d,, := 0 otherwise.

Then (d, | @ < k) is A-unsubtle, for let 2,0’ € ANC, @ < . If cfa = cf’, then
otp(dy Na@) < cfa’ =cfa = otp d, Ifcfa <cfa,thencfaed, butcfa ¢ d, Na,and
ifcfa>cfa’,thencfa’ €ed, Nabutcfa’ ¢ d,.

13



1 Tree and Forest Properties

If (d, | @ < ) is thin, then so is (d, | @ < ). For if § < « is a limit ordinal, then

{donola<k}={(({¢+1|ed,}U{cfa})—cfa)Nd|a <k}
c{{d+1|ed.NndtUBH —Bla<k <UD}

which has cardinality < «.

If (d, | @ < «) is slender, without loss of generality witnessed by C, let f : k X k — «
be bijective such that f(a,a) = a for club many @ < «. We may assume C C {a <
k| f"(axa)=qa, fla,a) =a}. Let

dy = (({C+1|C€dy}Ulcfan)) —cfa) Na,

where @ = f(@, ;). Thend, = c?y for y € C. By assumption, if y € C and ¢ < 7, then
there is a 8 < y such thatd, N5 = dgN . If cf y =y, then d, = 0, so assume cf y < y. Then
for B := f(B,cfy) <y we have

dz = ({+ 11 €dgyUcty)) —cfy,
sod, N6 =dzN 6. Thus (d, | @ < k) is a slender A-unsubtle «-list. o
1.2.9 Proposition. /xs[«] is the approachability ideal on «, that is, if

I[k] = {A C « | there is a sequence {a, | @ < k) of bounded subsets of k and a club C C k
such thatVy € AN C 3b, C y withotpb, = cfy <yand supb, =y
such thatV6 <y IAB <y b, N = ag),

then Ixs[k] = I[k].

Proof. For the “C” part of the proof, let {(d, | @ < k) be an A-approachable slender «-list, and
let the club C witness it. Let f : k Xk — k be a bijection such that f(a, @) = a for club many
a < k. Sowe can assume C C {a@ < k| f(a,@) = @, f"(a X @) = a}. Leta, = d,, N ay,
where @ = f(ag,ay). Letb, :=a, =d,forye ANC. Thenif 6 <y € ANC, thereis a
B <y suchthatd, NS = dsN 3, so for B := f(B,5) <y wehave b,NS =d, N6 = dsNJ = ag.

For the other direction, let {a, | @ < k), aclubC C kand sets b, C yfory e AnC
witness A € I[«]. Define a, ., = a,, a’7 =b,forye AnC, and a’y := () in all other cases.
Let (U, | v < k) be a partition of x — Lim such that U, is unbounded in « for all v < k. We
may assume C C A, LimU,. Setd, = d, if y € Lim N «, and for successor a < « let
v < k be such that @ € U, and setd, := a, N @. Then (d, | @ < k) is an A-approachable
slender «-list. It is obviously A-approachable. To see it is slender, let 6 < y € C. Then there
is B <ysuchthatb, N6 =ag = a,;,H. As y € Lim Ug,,, there is afe[d,y)withp e Ugi.

Butthendyﬂézbyﬂéza;jﬂﬂdzdlgﬂc‘i. O

Ixr[«] was first considered by Mitchell in [Mit04]].
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1.2 Tree Properties

By definition, all ideals from Definition contain the nonstationary ideal on «.
Obviously, if a «-list is A-unsubtle, then it is A-effable. Therefore Iar[k] C Ist[«] C Iir[«]
and Ias[«] C Iss[k] C Iis[k]. Furthermore, by Proposition [I.2.5] it is immediate that
Ixr[k] C Iaslk], Ist[k] C Iss[k], and Irr[«] C Iis[«].

We will not actually consider the ideals Iar[k] and Ias[«] in great detail. The reason they
are included here is that they canonically fit in and that some results are most naturally
formulated for them.

The next two definitions are independently due to Kenneth Kunen and Ronald Jensen.
1.2.10 Definition. « is called subtle iff there is no unsubtle -list. 4

1.2.11 Definition. « is called ineffable iff there is no effable «-list. J

Note that, since for inaccessible k every «-list is thin, « is subtle iff « is inaccessible and
k-STP holds, and « is ineffable iff « is inaccessible and «-ITP holds.

1.2.12 Proposition. Ixr(k], Istlk], Iirlk], Iaslk], Isslk], Lis[k] are normal ideals on «.

Proof. Let I be one of the ideals. Let g : D — « be regressive with D ¢ I and assume to
the contrary that A, = g ""{y} € I for every y < k. Without loss we may assume every
element of D is indecomposable. For every y < « let (d} | @ < k) be a k-list witnessing
A, €1, and let C” be a club that witnesses that (dl | < k)is A,-approachable, A,-unsubtle,
or A -effable and, if appropriate, slender. Set C := A,,C”. ThenA,NC Cc A, N C” as
A, Ck—(y+1).

In the thin case, for @ € D let y := g(a@) and set
e ={Uly+1+nlnedy),

and for@ € k — D lete, := . Then ¢, C a as every @ € D is indecomposable. Also
(e, | @ < k) is thin. For take 6 < «. Then

feandla <kl =| Jlexn6laeA,)uio)

y<k

= Jleanslaeauio).

y<6

But for fixed y we have

lea N6 laeAMl =Vt Uly+1+ninedhNélacAl
<HdinolaeA,l

<K

by the thinness of (d’, | a < k), s0 |{e, N & | @ < k}| < k as well.
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1 Tree and Forest Properties

In the slender case, as in the proof of Proposition[I.2.9]let f : x X k — « bijective be such
that @ < f(a,p) forall @, < k. C' :={a < k| f"(@ X @) C a} is club, and we may assume
C c C’. Furthermore let (U, | v < k) be a partition of k — Lim such that U, is unbounded in
k forall v < k. We can assume C C A,.,LimU,. Fora € C N D let

eo = {g@)} U{g@) + 1 +1n|ned@),

which is a subset of a by the indecomposability of @. Define

eor1 = ((VIU{v+1+nlned,)na,

where @ = f(ap, @) and v < « is such that @y + 1 € U,. In all other cases, let e, := (. Then
(e, | @ < k) is slender, fortakea e Candd < a. If ¢ D, thene, Nd =0 = ¢y N o, so let
a € D. Lety := g(a). Then a € C?, so by the slenderness of (d}, | @ < k) there is 8 < @
such thatd, N g = dg N é. Since @ € Lim U,, there is an ay € [6, @) such that ¢ + 1 € U,

Let 8 := f(a,8) < @. Then 8 > 6 and thus
eaNd={ytuly+1l+nlnedhné=>{y}uly+1+nlnedhné=ez NG

In both cases we arrived at an either thin or slender «-list (e, | @ < k) such that for every
aeCnD

e =YY Uly+1+nlnedl}cly,x),

where y := g(@). We will now produce a contradiction to D ¢ I in each of the three possible
cases.

If I = Iar[«] or I = Ixg[k], then for every @ € C N D and v = g() it holds that
supes = supd) and otpes = 1 +otpd; = otpd}, so (e, | @ < k) is D-approachable.

If I = Isr[k] or I = Islk], let o, € CND,a < B. Ify = gla) = g(B), then
egsNa ={yfUfy+1+nlnce dg}ﬁa ={yJUly+1+n|ne dgma}because
«a is indecomposable. But (d, | @« < k) is A”-unsubtle, witnessed by C, so egNa =
WMuly+l+ninedinal #{yluly+1+nlned} = e, If gla) # g(B), then for
¥ ‘= min{g(@), g(B)} we have y < a, B and either y € e, — (eg N @) or y € (eg N @) — e, SO
again e, # eg N a. Therefore (e, | @ < k) is D-unsubitle.

If I = Iip[«] or I = I;5[«], take an arbitrary stationary § € C N D. As g is regressive, we
can assume S C A, for some y < k. Since (dX | a < k) is A,-effable, there are @, € § such
that @ < B and d;, # dj N a. But then

e ={ylUly+1+nlned)
#uly+1+nlned;nal

=(uly+1l+ninedhne
=egNa.

This means (e, | @ < k) is D-effable. |
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1.2 Tree Properties

The following four propositions are all more or less folklore in the sense they are standard
knowledge for Ixs[k].

1.2.13 Proposition. If k is inaccessible, then

{6 < k| 6 inaccessible} € Far[k].

Proof. Because of the inaccessibility of « the set {0 < k| § strong limit} is club in x. But
obviously {0 < « | ¢ singular} € Iar[«]. |

1.2.14 Proposition. cof w N k € Ixr[«].

Proof. For a € cof w Nk, letd, C a be cofinal of order type w, otherwise let d, := (). Then
(d, | @ < k) 1s thin and (cof w N k)-approachable. m|

1.2.15 Proposition. If A is regular, then cof(< 2) N A" € Ixr[A7].

Proof. By [She91l, Lemma 4.4] there exist (S; | i < A), (C5 |5 € S;) such that | J;., S; =
cof(< )N A" and foreveryi < L, @ € S;,and n <
(i) C! cancof(<A),|C'| <A, C! isclosed, and C' unbounded in « if @ € Lim,
(i) neC, »neS; A C,=C,nn.
For 6 < Alet Ds C ¢ be cofinal of order type cf d. Let
Cos =1y € C, | otp(C;, N'y) € Dy},

and ‘
Tp={C,; U} li<A, 6§<A, n<pB, a<p

for B < A7, so that [Tg| < A.

For @ € cof(< ) N At letd, = C! where i < A is such that « € §,;. For

a,otp CL,’

a €cofAn A, letd, = 0. Then (d, | @ < A*) is (cof(< A) N A")-approachable as for
@ € cof(< A) N A" the set d,, is cofinal in @ and otpd, = otp Dy, = cfotp C =cfa. If
B <aandd, NG # 0, then for n := sup(C!, N B) we have n € C,, N S,. If n = 3, this means
C,NB=C,nn=C,. Ifn<p, wehave C;, N =C, NnU{n =C} U {n}. Therefore

dy NB—1{nt =ty € C,NB =} otp(C; NY) € Doy}
= {y € Gy | otp(C; NY) € Dy}

n.otp Ci,’

so d, N B € Tg. This shows (d, | @ < A7) is thin. O

1.2.16 Proposition. If O holds, then 1™ € Ixp[A7].
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1 Tree and Forest Properties

Proof. By Proposition |1.2.14] it suffices to show the set of all ordinals below A* of un-
countable cofinality is in Ixr[A"]. Let (¢, | @« € Lim N A™) be a O sequence, and let
¢, ={LimC | C € 6,}. Then for a < k* with cf @ > w; every C € € is club in «, and if
BeC, thenCNpety.

Now as in the proof of Proposition let Ds C ¢ be cofinal of order type cf § for
0 <A ForC e €, letCs :={yeC| otp(CNvy) e Ds}. For every @ < «* of uncountable
cofinality, let C € €, and set d, = Copc. Setd, = 0 otherwise. Then (d, |a@ < k") is a
thin (cof (> w;) N k*)-approachable x*-list. O

1.3 Forest Properties

For the whole section k and A are assumed to be cardinals, k < A, and « is regular and
uncountable. Our goal is to generalize the concepts of Section|1.2]to B,A. The reader will
notice that we could develop the theory more generally for H, or an arbitrary set X instead
of 1. However, it appeared sensible to simplify the concepts by only considering A.

1.3.1 Definition. (d, | a € B, 1) is called P, A-list iff d, C a for all a € B, A. a
1.3.2 Definition. Let {d, | a € B, 1) be a P, A-list.

1. {d, | a € B, A) is called thin iff there is a club C c P, A such that [{d, Nc|c Ca €
P} < k forevery ¢ € C.

2. {d, | a € B,A) is called slender iff for every sufficiently large 6 there is a club
C C B, Hysuchthatforall M e Cand allb € M NP,

de/{ ﬂ b (S M -
The definition of thin introduces a club as this results in a more natural definition. We do

not claim that the generalization of slender is obvious. However, applied by any standard it
18 the correct one, as we will see later.

1.3.3 Proposition. Let (d, | a € B,A) be a P, A-list. If {d, | a € B, A) is thin, then it is
slender.

Proof. Let C C B, A be a club that witnesses (d, | a € B, 1) is thin. Define g : C — B, Hy
by
gle)=1{d,Nc|ccaeP}.

LetC:={MecCH|Ybe MNP AIce MNCbcCc, Yee MNC g(c) € M}. Then C is
club. Let M € C and b € M N P, A. Then there is c € M N C such that b C ¢, so

de/lﬂb:eruﬂCﬂbGM

as dyny N ¢ € g(c) € M. Therefore C witnesses (d, | a € B,A) is slender. O
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1.3 Forest Properties

Looking at Definition 1.2.6, approachable seems to not generalize to ‘B, A. But neither
does unsubtle. For if one takes the obvious generalization, then by [Men75, Lemma 1.12]
is A-subtle for all A > « iff « is subtle.

1.3.4 Definition. Let A ¢ B, A and let (d, | a € B, 1) be a P A-list. {d, | a € P, 1) is called
A-effable iff for every S C A which is stationary in ‘B, A there are a, b € § such thata C b
andd, # d, Na. {d, | a € P, ) is called effable iff it is P, A-effable. a

1.3.5 Proposition. A P, A-list {d, | a € B,A) is A-effable iff for every S C A which is
stationary in B, A there are a,b € S such that d, N (aNb) # d, N (aNDb).

Proof. Suppose that (d, | a € 1) is not A-effable, that is, there exists a stationary S C A
such that foralla,b € §,ifa C b,thend, = d, Na. Leta,b € § be such thatd, N (a N b) #
dyN(anb). Letc € S be suchthat aUb C c. Butthend,N(anb) = d.N(anb) = d,N(aNb),
a contradiction. O

1.3.6 Definition. We let

Iitlk, A] := {A C B, 1 | there exists a thin A-effable T, A-list},
Iis[k, A] .= {A C B, | there exists a slender A-effable 3, A-list}.

By Fir[k, 1] we denote the filter associated to Iit[«, 4], and by Fis[«, 4] the filter associated
to IIS [K, /l] .

We write («, )-ITP for B,.A ¢ L[k, A] and (k, 1)-ISP for B, A ¢ Is[k, A]. J

By Proposition [[.3.3] every thin B, A-list is slender, so Iir[k, 4] C Iis[k, A].

1.3.7 Proposition. Iir[k, A] and Iis[k, A] are normal ideals on B, A.

Proof. Suppose D C B,Adand g : D — Aisregressive. Set A, = gy} Let f: AxA — A
be bijective, and define f,, : 4 = A by f,, (@) = f(ap, ;). We show that if A, € Iir[k, 1]
for all y < A4, then D € Iir[k, A], and that if A, € Iis[«, A] for all y < 4, then D € Ilk, A].

In the thin case, that is, if A, € Ir[«, 4] for all y < 4, let (d’ | a € B,A) be a thin
A,-effable B, A-list for y < A. Let C¥ C B4 be a club witnessing (d’ | a € P, A) is thin. Set
C = A,,C”. We may assume that for all @ € C and all p,a; < 4

flag,a1) € a & ap,a; € a. (1.1)
Fora € C N D set
do = fofadi,

and setd, := 0 fora € P,A - (CND). If c € Cand a € C N D are such that ¢ C a and
g(a) ¢ c, then
d,Nnc=0. (1.2)
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1 Tree and Forest Properties

For if g(a) ¢ c, then by (I.1) we have d, N ¢ =
fixed ¢ € C we have

g(a)dg(“) N ¢ C Mg fyq N ¢ = 0. Thus for

{diNclccaeCNDyU{D}={d,Nncl|gla)ec, ccaeCnD}U{D}
c{fyd;nclyec,ccaeCnA}U{0}.

For y € ¢ we have ¢ € C” and thus, as C” witnesses (d., | a € B,A) is thin,

HdlNclccaeCNA,} <k

Therefore

{d,Nc|ccae P, < |{f”dyﬂc|y€c ccaeCnNA,}
{f"(dZﬂfy_ c)|y€c, ccaeCnA,}
i dinclyec, ccaeCnA,l

K,

A

which shows (d, | a € B,A) is thin.

If A, € Iis[k, A] for all y < A4, let (d) | a € P, 1) be a slender A,-effable B, A-list for y < A.
Let C” C P’ Hy be a club witnessing (d), | a € B, ) is slender, where 6 is some large enough
cardinal. Set C := A,;C”. We can again assume that for all M € C and ap,a; < 4

flag,a1) € M & ay,a; € M.

In addition, we may require that
(M, e, f I (MXxM))<(Hy,¢€, f) (1.3)
for every M € C. As above we define
d, = f,(,a) dg(a)

fora e (C [ )N D and let d, := () otherwise. By the same argument that led to (1.2), we
have
d,Nb=10 (1.4)

ifbePAl,ac(CTAND,bCa,and g(a) ¢ b. To show (d, | a € P, 1) is slender, let
MeCandbe MNP, A Seta=MnNAIfM¢&D,thend,NbcCd,=0€ M, so assume
M € D. Then

1//

dyNb = fr,d59 Nb = fi, @5 N fy

a)

If g(a) ¢ b, then by (1.4) d, N b = 0 € M, so suppose g(a) € b. Then f(a) 'b = b, so by the
slenderness of (dg(“) | & € B, ) we have @@ ﬂf(l "b e M. Thus, as g(a) € b ¢ M, by (T.3)

a)

17

do Vb = [l (d59 N0 fr0)"b) € M.
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1.3 Forest Properties

In both cases we arrived at a B, A-list {(d, | a € L,A) such that for a club C C B, that is
closed under f and f~! we have
= Fio s
for everya € CN D, and d, = 0 for a € P, A — (C N D). Suppose that D ¢ Iit[«, A] for the
thin case or D ¢ Is[«, 4] for the slender case. Then there are S € C N D stationary in ¥, A
and d C Asuchthatd, =dNaforalla € S. Since g is regressive we may assume S C A,
for some y < A. But then for d := f,;'"d and a € § it holds that

1// _1//

fd=f"d,=f"@dna)=f,

1// 1//

dy=f, dnf,"a=dna,

contradicting (d), | a € P,A) being effable. O

1.3.8 Lemma. Suppose A < A'. Then
Ik, A C{A” T A A" € Innlx, ']}

and
Iis[k,A] C{A” [ A A’ € L[k, A']}.

Proof. Suppose A C B, A and (d, | a € B,A) is an A-effable list. Let A’ := AY. Define
d, :=dyn fora € P, A

Suppose S’ C A’ is stationary. Then S := S’ [ A C A is stationary in ‘¥, A. Thus there
are a,b € S suchthatd, N(anNb) #d, N(anb). Leta’,b’ € S’ be such thata = a’ N A4,
b=bNnA.Thend, N(@ Nb)=d,Nn(anb)+d,N(anb)=d, N(a Nb’"). Therefore
(d), | a’ € P, ") is A’-effable by Proposition|[I.3.5]

If C ¢ P, witnesses (d, | a € B,A) is thin, then for C’ := C¥ and ¢’ € C’ we have
Hd, nc' |’ ca € Bl =Hdoranc | Ca € B}
={d,Nn(c'NA|NACae B
<K,
because ' N1 € C. So{d), | a’ € PB,A’) is thin.

If(d, | a € B,A) is slender and C C P, Hy is a club witnessing the slenderness, then
obviously C also witnesses (d/, | a’ € B, A’) is slender. O

1.3.9 Proposition. Suppose A < A'. Then (k, I’)-ITP implies (k, 1)-ITP, and (k, 1")-ISP
implies (k, 1)-ISP.

Proof. If (k, A')-ITP holds, then B, A" ¢ Iir[k, '], so by Lemma [I.3.8] B,A ¢ Iirlk, 4],
whence (k, A)-ITP. The proof is the same for (x, 1)-ISP. |
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1 Tree and Forest Properties

1.3.10 Proposition. It holds that
Ir[k] ={A Nk | A € Iirl, ]}

and
Is[k] ={ANk|A € Ii[k, k]}.

Proof. Since « is club in Bk, the only thing nontrivial is to show both definitions of slender
coincide. So let C C « be a club witnessing (d, | @ < k) is a slender «-list. For large enough
0 let

C:={MeD Hylky€C, Ya < ky d, € M},

Then C is club in B,Hy. If M € C and b € M N B, A, then supb < ky. Since ky € C,
there is 8 < ky such that d,,, N sup b = dg N sup b, and thus dy~n« Nb = d,, NsupbNb =
dgNsupbNb =dgNbe M. Therefore C witnesses (d, | a € B«), where d, := 0if a ¢ «,
is a slender B, «-list.

For the other direction, let {d, | a € B,k) be a slender B, k-list. We show there is a slender
k-list {d}, | @ < k) such that d, = d, for club many a < «.

Let 0 be large enough, and let M < Hy withds N € M forall @ < B < k and [M| = «.
Let C C B, Hjy be a club witnessing (d, | a € B.«) is slender. Let <;; be a well-order of M
of order type «, and recursively define g : k — M by

gla) = <g-minfxe M —g"’a| x € Pk — x C al.

g is surjective, and for all & < «, if g(@) € Pk, then g(a) C «. Define h : k — M by
gB) ifa=p+1forsomep <«k,
h(a) = ]
d, otherwise.
Then 4 is surjective, for every a < «
h(a) € Bk — h(a) C a, (1.5)

and
h(6) = ds (1.6)

for all limit ordinals 6 < k. Define

d, =h@)Na

for @ < k. Then by (I.5) and (I.6) we have d; = h(6) N 6 = d; for all limit ordinals ¢ < «.

Pick a continuous €-chain (M, | v < k) such that (M,,€,g | M,) < (M,€,8), k € M,,
and M, € C | Mforall v < k. Then C := {km, | v < k}isclubink. Ify € LimC, say
Y = Km,., and 5 < vy, then

dNp=d,NpeM,
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1.3 Forest Properties

by the slenderness of (d, | a € B, ). As M,- = |J{M, | v < v*}, we have d; NB e M, for
some v < v*. Thus there exists an @ < «y, with g(@) = d,, N B. Therefore

dyy=ha+h)n(@+1)=gl@)=d,np
by (1.5)) and the definition of A4, proving (d/, | @ < «) is a slender «-list. o
1.3.11 Proposition. «-ITP holds iff (, «)-ITP holds, and x-1SP holds iff (k, k)-ISP holds.

Proof. Follows immediately from Proposition[I.3.10] ]

Proposition[I.3.TT|can be seen as affirmation that the two cardinal principles of this section
correctly generalize those from Section[I.2]

The next definition is due to Thomas Jech [Jec73].

1.3.12 Definition. « is called A-ineffable iff there is no effable B, A-list. a

Again « is A-ineffable iff « is inaccessible and (k, A4)-ITP holds. It follows from Proposi-
tion[1.3.9that if k < A < A’ and « is A’-ineffable, then it is A-ineffable.

The next two propositions are due to Magidor [Mag7/4]]. The first is also independently
due to Jech [Jec73].

1.3.13 Proposition. If k is A-supercompact, then « is A-ineffable.

1.3.14 Proposition. If k is |V,|-ineffable, then k is 6-supercompact for all 6 < A.

Thus by Propositions [1.3.13]and [T.3.14] a cardinal « is supercompact iff « is inaccessible
and (k, A)-ITP holds for all A > k.

The following proposition is the two cardinal analog of Proposition [I.2.14]

1.3.15 Proposition. Suppose cf A > k. Then

{a € P,A| Lima N cof w C a} € Firlk, A].

Proof. LetA ={a € ¥, 41|y, € Lima —a cfn, = w} and for a € A let i, be a witness.
For 6 € cof w N A let (d° | v < 75) be an enumeration of {d C § | otpd = w, supd = &}. For
ae P land 6 € Lima N cof w let

S .

V> := min{v < 75| sup(d’ N a) = §}.

For a € A set
e JNa
d, = de“ Na,
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1 Tree and Forest Properties

and fora € P, —Aletd, .= 0.

Then (d, | a € P, 1) is A-effable, for suppose there were a cofinal U c Aandad C 1
suchthatd, =dnaforalla e U. Leta € U. Since cf A > k there exists b € U such that
a VU Lima C b. But then otp(d, N a) < w, contradicting d, N a = d,.

(d, | a € B,A) is also thin, for let a € L, A. Let
B, :={d’,Na|6 € Lima N cof w} U Pa.

Then |B,| < k. Letb € A witha C b, and suppose d,Na ¢ P,a. Since a C b, we have vi <y

forall § € Lim ancof w. Because |d,Nal = w we also have that d"? Na = d,Na is unbounded
vV

b

in 17,,. Therefore v’ <v}’, so that v;” = v’. But this means d, Na = d";, Na € B,. m]
Va

1.4 The Failure of Square

We define a variant of the weak square principle that is natural for our application. It is a
“threaded” version of Ernest Schimmerling’s weak square principle and is only defined up
to a given cofinality u.

1.4.1 Definition. A sequence (%, | @ € Lim N cof(< u) N A) is called a 0" (k, A)-sequence
iff it satisfies the following properties.

(1) 0 <|%,| <« forall @ € Lim N cof(< u) N 4,
(i) C c aisclub forall @ € Lim N cof(< u) N A and C € %,,
(iii) CNBe G forall € LimNcof(<u)n A, C €%, andp € LimC,
(iv) there is no club D C A such that D N § € € for all 6 € Lim D N cof(< u) N A.

We say that 0*(k, A) holds iff there exists a 0*(k, A)-sequence. O(k, A) stands for O4(k, A). 1

Note that O, ., implies O(x, 7%) and that O(1) is O(2, ). Also observe that 0*(k, 1) —
¥ (', ) for y’ < pand k < K.

1.4.2 Theorem. Suppose cf 1 > k and O“(k, A) holds. Then —(x, 1)-ITP.

Proof. Let A = {a € B, 4| Lima N cof w C a}. By Proposition [I.3.15] A € Fir[x, 1].
So it remains to show A € Iir[k,1]. We may assume supa ¢ a for all a € A. For
y € LimNcof(< k) N Alet C, € €, and set d, := Cyp, N a for a € A, otherwise d, = 0.
Then, since Lima N cof w C a,

supd, = supa (1.7)

for every a € A.
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1.5 Forest Properties for Inaccessible «

{d, | a € B,A) is thin, for let a € P,A. Set
B, ={(CNa)Uh|3dneLlimaCec%, hePByalUDP,a.

Then |B,| < k. Let b € A, a C b, and suppose d, N a ¢ PB,a. Let n := max Lim(d, N a).
Then 1 € Lim Cyypj, so there is a C € 6, such that d, N5 = Cypp Nb N = CN b, so
d,Nann=CnNa. Since |d, Na—n| < w, thismeansd, Na=(CNa)U(d,Na—-n) €B,.

(d, | a € B,A) 1s also A-effable. For suppose there were a cofinal U C A and d C A such
thatd, = dNaforalla € U. Then d is unbounded in A by (I.7)). Let § € Lim dNcof(< k)N A.
We will show d N § € €5, which contradicts the fact that (%, | @ € Lim N cof(< k) N A) is a
O“(x, 4)-sequence, thus finishing the proof. For every a € U such that 6 € Lim(d N a) we
have Cyp, Na =d, = dNa,and thus § € Lim Cyyp,,, so that there is a C, € € such that
dnanéd =C,Na. Butsince |€s| < k, there is a cofinal U’ C {a € U | § € Lim(d N a)} such
that C, = C for some C € %; and all a € U’. But then we have d Nd Na = C N a for all
a € U, whichmeansdNé = C € €. O

The following corollary is originally due to Robert Solovay [Sol74].

1.4.3 Corollary. Suppose « is 6-supercompact. Then —-O“(k, A) for all k < A < § with

cf A > k. In particular, if k is supercompact, then —0O(A) for all 1 > k with cf A > k.

Proof. This follows directly from Proposition [I.3.13]and Theorem[1.4.2] ]

1.5 Forest Properties for Inaccessible «

When « is inaccessible, the filter Fir[k, A] has some additional helpful properties. These
will be used in Section

1.5.1 Proposition. Let k be inaccessible. Then
{a € P! A | k, inaccessible} € Fir[k, A].
Proof. Let X := {a < k| a inaccessible}. By Proposition [1.2.13| X € Far[«] C Fir[«]. By

Proposition[I.3.10]and Lemma [I.3.8] Fir[«] C Fir[k,«] C {A | k| A € Fir[k, A]}, so there is
an X’ € Firlk, 4] such that X = X’ | «. Butif a € ;4 N X', then «, is inaccessible. O

1.5.2 Proposition. Let k be inaccessible. Let g : B, A — B, A. Then

{ae P A|VzePyag(z)Cale Frrlk, Al
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1 Tree and Forest Properties

Proof. Suppose not. Then
B:={a € P, | 3z, € By,a g(z) ¢ a} ¢ Irlx, .

So let S C B be stationary and z C A be such thatz, = zNaforallae S. Foralla € §
we have u, = |z,4| < kg, so there are a stationary S’ C S and u < « such that u, = u for all
aesS’.

Suppose |z| > p. Then there is y C z such that [y = u* < k. ButS” :={ae€ S’ |y C a}
is stationary and for every a € §” we have z, = zNa D yNa =y, which implies
U=, = |z4) = |yl = u*, a contradiction.

Since S’ is cofinal, there is an a € §’ such that z U g(z) C a. Butthen z, = zNa = zand
8(z,) = g(z) C a, so that a ¢ B, contradicting S’ C B. O

The next two Propositions are due to Chris Johnson. In [Joh90], he proves the stronger
result that they hold for the so-called A-Shelah property, a weakening of A-ineffability that
was introduced by Donna Carr in [Car86]]. Note that the second one is a simple corollary of
the first.

1.5.3 Proposition. Suppose « is inaccessible and A > k is a successor cardinal. Then there
is A € Fyrlk, A] such that (supa | a € A) is injective.

1.5.4 Proposition. Suppose « is A-ineffable and cf A > k. Then 1= = A.
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2 Consistency Results

2.1 Preliminaries

In this section, let u be a regular uncountable cardinal.

Since we only need internal approachability of length w, the following definition only
covers the special case.

2.1.1 Definition. Let

Aw) ={x| x, In<w) (U{x, In<w}=x AN Vn<w{x|i<n)ex)} a

2.1.2 Proposition. Let 6 be regular and large enough. Then B/ Hp N IA(w) is w,-club in
B.Hp.

Proof. ‘B/’ng NIA(w) is cofinal, for let y € B, Hy. Let xy € ‘BLHQ such that y C x(, and for
n<wletx, € ‘B;Hg be such that x, U {{x; | i < n)} C x,41. Let x := U{x, | n < w}. Then
yCxe gB/’ng N IA(w).

To see that it is w;-closed, let (x* | k < w) be a sequence in ‘B;,He N IA(w), and let
x = U | k < w). Fork < wlet (x} | n < w) be such that x** = J{x} | n < w} and
(¥¥|i<nyextforalln <w. Letx, = J{x] |i,j < n}. Then (x, | n < w) witnesses that
x € IA(w). m|

We now give several definitions, propositions, and lemmas that are standard in the sense
they have appeared in the literature in one form or another or are of simple technical nature.
The exact terminology might be different from other texts or new, however.

2.1.3 Definition. Let P be a forcing. g € P is called (M, P)-generic iff for every dense
D c P with D € M the set D N M is predense below g. 4

2.1.4 Definition. Let P be a forcing, E a class. P is u-proper for E iff for all large enough
regular 6 there is a club C C *B,Hjy such that

CNEC{MeB,Hy|VpePNM g < p(qis (M,P)-generic)}.

P is u-proper ift P is u-proper for V. P is proper iff it is w;-proper. a
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2 Consistency Results

Note that by Proposition [2.1.2] a forcing IP is proper iff it is w;-proper for IA(w).
2.1.5 Proposition. Let P be a forcing. If P is u-cc, then it is u-proper.

Proof. Let 0 be regular and large enough and let M € B/ Hy. Then any g € P is (M, P)-
generic because if D € M is dense in [P, then there is a maximal antichain A C D such that
A € M. Since P is u-cc, this means |A| < p and thus A € M. Therefore DNM D>DANM =A
is predense below q. O

2.1.6 Definition. Let IP be a forcing. IP satisfies the u-covering property iff for V-generic
G C P the class ‘BL’V is cofinal in ‘BX[G] V, that is, for every x € V[G] with x C V and |x| < u
thereisaz € ‘BL’V such that x C z. y

If a forcing IP satisfies the u-covering property, then in particular 4 remains regular in V¥,

2.1.7 Lemma. Let P be a forcing, 0 regular and large enough, and M < Hy such that
P € M. Suppose q is (M, P)-generic. Then

qIF M[GINV =M.

Proof. Let G C P be V-generic with g € G. Let x € M be such that ¢ € V. Define
D={peP|dypl-x=y Vv plkx¢V}

Then D € M is dense, so DN M is predense below g. Thus there existsa p € DN M NG and
some y such that p |- & = y. But then y is definable from p and xin M, so i =y e M. O

2.1.8 Proposition. Let P be a forcing. If P is u-proper for 1A(w), then P satisfies the
u-covering property.

Proof. Let 6 be regular and large enough, p € P and x € V¥ such that p |- % € B,V.
By Proposition there is an M € B, Hy N IA(w) with X, p € M. Since PP is u-proper
for IA(w), there is an (M, P)-generic ¢ < p. Then g |- % € B,(M[G]). By Lemmal[2.1.7]
qglF-MGlNnu=Mnu<u,soql-xc MGINV =M. m|

2.1.9 Proposition. Let P be a forcing. If P is u-cc, then P satisfies the u-covering property.

Proof. This follows immediately from Propositions [2.1.5|and [2.1.8] m|

2.1.10 Definition. Let IP be a forcing. IP satisfies the thin u-approximation property ift the
following holds. Suppose A > u, C C B,A club, and T, € B, (*Bz) for every z € C. Then for
V-generic G C P and x € V[G], x C A, itholds thatif xNz e T, forallze€ C, then x € V.4

2.1.11 Definition. Let IP be a forcing. P satisfies the u-approximation property iff for
V-generic G C P and x € V[G], x C V, it holds thatif xNz € V forall 7 € ‘BXV, then
xeV. 4
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2.1 Preliminaries

The following proposition is due to Silver, see [Kun80, chap. VIII, Lemma 3.4].

2.1.12 Proposition. Let P be a forcing. If there is y < u such that 2¥ > u and P is
x " -closed, then P satisfies the thin u-approximation property.

Proof. We may assume y is minimal such that 2¥ > u.

Suppose to the contrary that for some A and a club C C B, A4, for each z € C there is
T, € B,(Pz) such that for some V-generic G C P there is an x € V[G], x C 4, such that
xNzeT,forallze C,butx ¢ V. Let p € Gbesuchthat p |- Vze€ CxnNzeT,and
plFx¢V.

Let x be a name for x and work in V. For z € C the set

D, ={peP|HeT, plinz=t}

is dense below p. On the other hand, for every ¢ < p there is z(g) € C such that for all
te Tz(q)

qglF-xnzg) =1t
For otherwise for ¥ = (J{t |z €e C g |- xNnz =1t} we would have g |- x = X € V,
contradicting g < p.

2.1.12.1 Claim. For g < p and z € C with z(q) C z there are qy,q1 < q and ty,t; € T,,
to # t1, such that

gilFxNnz=¢
forie{0,1).

Proof. Since D, is dense below p, there is gy < g and 1y such that gy |- XNz = #,. As
qglFF xNz=ty,thereisanr < gwithr |- XNz # ty. If g < risin D,, then for some #; # ¢,
we have ¢, |- XNz = t, so gy and ¢, are as wanted. .

For s € *¥2 and 6§ < y we define p, € P, t,, and z; € C such that the following holds.
(1) (zs|0 < x) is C-increasing and continuous,
(ii) if s, s’ € *¥*2 and s is an initial segment of s’, then py < p,
(i) t, €T,
(iv) t5-0 # tsy if 5 € X2,
(V) ps IF X0 Zaoms = 15

To see this can be done, let 6 < y and suppose p;, t, and z, have been defined for all @ < &
and s € <92.

If 6 = B+ 1, then let z5 € C such that z; > J{z(py) | s € <2} U 2z, which exists as
2<% < 2% < u by assumption. By Claim [2.1.12.1| for every s € 2 there are p, o, ps-1 < ps
and ., t,-; € T, such that[(iv)]and[(v)] are satisfied.
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2 Consistency Results

If 6 is a limit ordinal, let z5 := | {z, | @ < &}, and for every s € °2 let p, € P be such that
Ds < Pspe for all @ < 6, which exists because P is y*-closed. Let p, € D,, with p; < p,.
Then p; |- xNzs = ¢, for some ¢, € T,.

Ifs,s" €X2,s # s, thent; # ty. For let @« < y be minimal such that s [ (¢ + 1) # s" |
(a + 1). Then Ds IF 2N Zer1 = XN Zy N Zat1 = XN Ze41. But Psia+1) I XN zgs1 = Lsia+1)s
SO £y N Zos1 = Lyp(a+1)- Likewise ty N z441 = ty Ma+1)- By Lsra+1) F Ly pa+1)s SO that ¢, # t,.
This is a contradiction because {z, | s €42} C T, , [{t; | s €42} =2¥ >y, and [T, | <p. O

2.1.13 Proposition. Let « be regular uncountable, A > k, P k-cc, p € P, and C € V* such
that p |- C C DA club. Then there is a club D C P, A such that p |- D c C.

Proof. Let f be such that p |- “f i Pud = Ped A Cly C C”. Define g : P, — P by
gle)=UlxeBd1Ig < pqlk fle) = x}.

Then |g(e)] < « by the regularity of « and because P is xk-cc. For e € B,1 we have
p I+ f(e) C g(e). This means that for x € Cl, and z € P,,x we have p | f(z) C g(z) C x.
Hence p |- CI} c Cl; c C. O

2.1.14 Lemma. Let k > w be regular, P, be the direct limit of an iteration (P, | v < k).
Suppose P, is k-cc. Let p € P, and x € V¥ such that p | % € B,V. Then there is p < k
such that p |- x € V[G,,].

Proof. Forc e VletA, C P, be a maximal antichain below p that decides “c € x.” Because
PP, satisfies the «-covering property by Proposition[2.1.9] thereisan& < kand ani: & —» V
such that p |- x C rngi. Set

X ={CUW),a) v <e, aeAy, al-iv) € i}.

Then p |- x = X', for let G C P, be V-generic with p € G. Then
sei®oJacAsnGal-dex
o dv<edacANGUAKV) =0 A al-i(v) € X)
oJdaeGé,a)ex

o 6e i,

Since P, is direct limit and «-cc, by the regularity of x we have

p =supJ{suppala € A} <«

<&
But by definition &’ € V¥, |

2.1.15 Lemma. Suppose 1 is regular uncountable and P, is the direct limit of (P, | v < ).
Also suppose {v < n | P, direct limit of (IP,, | v/ < v)} is stationary in n. If P, is n-cc for
every v <, then IP, is n-cc.

The proof of Lemma [2.1.15] can be found in [Bau83, Theorem 2.2] or [JecO3, Theo-
rem 16.30].
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2.2 Forcing Constructions

2.2 Forcing Constructions

We now describe a forcing construction that is originally due to Mitchell [Mit73]. The
presentation follows [KruO8|]. The reader should note that we use the convention that
conditions are only defined on their support. We still write p(y) = 1 to indicate y ¢ supp p
though.

Let C denote the forcing for adding a Cohen real, and let Coll(d, y) denote the forcing
for collapsing y onto ¢. Suppose C C Lim is a set and 7 is a regular uncountable cardinal.
Let L ={a+1|a e Cland ¢ = sup{a + 1 | @ € L}. We define an iterated forcing
(P,(C, 1), QY(C, 7) | v < ¢, ¥ < ) by the following four conditions. For the sake of brevity,
let P, := P,(C,7) and Q, := Q,(C, 7).

1. Ify € C, then |, Q, = C,
2. ify € £, then |, Q, = Coll(z, ),
3. ifye{—(CU L), then |, Q, = {1},
4. for v < and p € P, it holds that
e |suppp NCl| < w,
o [supppnNL|<T.

We define an ordering <* C < on P, by

p<qgo(psqg ANVYyeCnyp lylk p(y) =4q9()),
and write P}, for (IP,, <*). Furthermore let

P, ={peP,|YaecCnvIxpla) =X}

2.2.1 Lemma. Forv < {, P} is t-closed.
Proof. Let (p, | @ < 6) be a decreasing sequence of conditions in P} for some ¢ < 7. Let
S = Ufsuppp. N L] a < d}.

Then |S| < 7.

We recursively define p. So suppose p [ yisgiven, p [ v <" p, [ yforall @ <. If
Y ¢ S, set p(y) = po(y). If y € §, then because |-, (Qy = Coll(t,y) is T-closed” and
p 1y <"po | yfora < ¢ thereis an i such that |-, 7 € Qy and
Pyl Ya<di<pady)

Set p(y) to be this 7. O

31



2 Consistency Results

2.2.2 Lemma. Forvy < (, P, is dense in P,.

Proof. Lety < v and suppose the statement is true for all 5 < y. Let p € P,.

Suppose 7y is a limit ordinal. Then there is 5 < y such that supp p N C C 5. Hence there
ispePswithp<p B Ifwesetqg:=pUp [ [B,y)theng<pandgeclP,.

Suppose y = 8+ 1 with g € C. Since |3 p(B) € C, there are an x and p € Pg such that
p<plpBandp s p(B) =x. Letp € ]P[’3 such that p < p. Then for g := p ~ (X) we have
g<pandgelP,. m|

The next lemma is very strong in that it directly implies important features of our forcing
iteration (P, | v < ).

2.2.3 Lemma. Let v < . Suppose M € B.Hy N TA(w) for some large enough regular
6 is such that P,,C € M. Let p € P, N M and suppose X € V¥ N M is such that
ple, X CV A X ¢V. Then there is q € P, such that g <* p and for every r < q and
D € M that is dense open in P, there are yy,y, € DN M and x € M with

(i) yo and y| are compatible with r,
(ii) yo I x € X,
(iii) y1 Iy x ¢ X.

Proof. There is a g € P, such that if D € M is dense in P}, then
ddeDNMqg<'d< p. 2.1

To see this, let (M,, | n < w) witness M € IA(w). Let D, :={D € M, | D C P, dense} € M.
We recursively define a <*-decreasing sequence (g, | n < w) such that g, € M and ¢, <" p
for all n < w. Suppose ¢,, has been defined for all m < n. For D € D,,let D = {r €
IP: | 3d € D r <*d}. Then D is dense open. The forcing P is 7-closed and thus in particular
7-distributive. Since |D,| < 7, this means F := (\{D | D € D,} is dense open. Note that
F € M. So we can take ¢, € F N M such that g, <*p and g, <*¢g, forallm <n. If gisa
lower bound for the sequence (g, | n < w), then it satisfies (2.1]).

We now show that this g satisfies the claim of the lemma. So let r < g, without loss
r € P, and let D € M be dense open in P,. Because r € P, r I (M N C) € M. Define
E C P, by e € E iff e and p are <“incompatible or e <* p and there are yy,y; € D NP, such
that

@ Yy e MNC Iy yo(y),yi(y) < r(y),

® vyl L=ylL=elL

(© Ix (o lFy x€X Ay |y x ¢ X).
Then E € M.
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2.2 Forcing Constructions

Suppose E is dense in P;. Then by (2.1)) there is an ¢ € E N M such that g <*e <* p.

Since e <* p there are yo,y;,x € M that satisfy [(a)] [(b)] Thus y, satisfies [(i1)| and y;
satisfies To prove suppose y; and r are incompatible for either i = O ori = 1.
Let y be minimal such that » [ y |[f~, “r(y) and y;(y) are compatible”. If y € C, then
y € suppy; N C C M, so[(a)| gives a contradiction. Thus y € L. But because of r < g < e
and we have r [ y |, r(y) < e(y) = yi(y), which again is a contradiction.

So it remains to show that E is dense in IP}. Let s € IP] be <“compatible with p, and let
t <" p, s. Define
w=rfMnQC)yuUr | L.

2.2.3.1 Claim. It holds that w < t.

Proof. Lety <vand supposew [y <t 1[v.
e Istcase: ye MNC.

We have r < g < p,sor I vy |-, r(y) < p(y). Since r,p € P,, r(y) and p(y) are
canonical names and therefore |-, r(y) < p(y), so |, w(y) = r(y) < p(y). Also
1<"p,sot [yl t(y) = p(y) and thus w [y [, w(y) < 1(p).

e 2nD case: y € L.

Thenw [y |, w(y) = t(y).
e 3rpcase: yev—(MNC)U L).

Because p € M we have supptrNC =supppNC C M NC,soy ¢ suppt and thus
w Tyl wy) =1= (). .

Letze D,z<w.Thenz |, “X cV A X ¢ V” because z < p. Thus there exist an x
and 7,7, < zsuchthatz, |, x € Xand z; |, x ¢ X.

2.2.3.2 Claim. There are 2o,z € P, such that 7o < Zy, 71 < Z; and
Yy € L |y 20(y), 21(y) < 1(y).
Proof. We can assume Z,z; € P;. Fori € {0, 1} we define z; as follows. Fory € v — L,

simply let z;(y) := Zi(y). For y € L, let z;,(y) be such that Z; Iy |-, Z(y) = z(y) and for all
u € IP, that are incompatible with Z; [ ¥ we have u |-, zi(y) = 1(y). .

Let z9,z; be as in Claim [2.2.3.2]

2.2.3.3 Claim. There are yy,y; € D NP, which satisfy[(a)land|(c)] Furthermore fory € L
=y Yo(¥) = y1(¥) € {zo(¥), 21 ().

33



2 Consistency Results

Proof. For y < minC set yo(y) := y;(y) := 1. Choose incompatible yy(minC), y;(minC) €
C such that yp(min C) < zo(minC) and y;(min C) < z;(minC).

Now suppose yo [ ¥ and y; | v have been defined. If y ¢ L, let yo(y) := zo(y) and
vi(y) == z1(y). Fory € L, let a be such that yy ' v |-, @ = zo(y) and for any u € PP, that is
incompatible with yy [ y it holds that u |-, a = z;(y). Let yo(y) = y1(y) = a.

Then yo < 2o, y1 < z1,y0 I L=y I £, and for any y € C
=y Yi(y) = zi(y) < w(y) = r(y)

fori € {0, 1}. 4

Let
e=tCUy I L

Then e <* ¢, forif y € C, then |-, e(y) = #(y), and if y € L, then by Claims [2.2.3.2
and[2.2.3.3|-, Ji € {0, 1} e(y) = yo(y) = z(y) < 1(y).

So e <"t <*s. As e, o, y; satisfy [(b)} we have shown that E is dense. m|
2.2.4 Proposition. Forv < {, P, is u-proper for I1A(w) for every u € [wy, T].

Proof. Suppose M € B,Hy N IA(w) for some large enough regular 6 with IP,,C € M and
p€P,NM. Let p’ < pbesuch that p’ € P, N M. Let X := G. Then by Lemma[2.2.3|there
is g <* p’ which is (M, IP, )-generic. O

2.2.5 Proposition. Forv < ¢, P, satisfies the w,-approximation property.
Proof. Suppose to the contrary that there is p € P, and X € V such that

Pl XCV AX¢V AYAEP, VXNAEV.

M € B, Hy N TA(w) be such that X, P,,C,p € M. Let g <* p be as in Lemma As
M e B} V, there are r < g and Y such that

We can assume p € P;. Let 6 be regular and large enough and, by Proposition let

rlky XNM=Y.

Thus, for D = P,, there are y,, y; € M which are both compatible with » and x € M such that
yo Iy x € X and y, |, x ¢ X. So there are sy < yo, 7 and s; < y;,r. Butthen so |-, x € Y
and 571 ||, x € Y, a contradiction. O

2.2.6 Theorem. Let T be a regular uncountable cardinal and y > 7 be a cardinal. Then

the forcing C = Coll(t,vy) is u-proper for 1A(w) for every u € [wi, ] and satisfies the
w1 -approximation property.
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Proof. Let C = {y}. Then { = y + 2, and P;(C, 1) is—up to a trivial isomorphism—the
forcing C * Coll(t, y). Therefore it is u-proper for IA(w) for every u € [wy, 7] and satisfies
the w;-approximation property by Propositions [2.2.4]and [2.2.5] m|

Theorem will be used in Chapter 3l While Coll(w;, y) only satisfies the thin w;-
approximation property under PFA, C * Coll(w,, y) satisfies the w,-approximation property
and thus allows us to treat slenderness as well.

2.2.7 Proposition. Let n € (7, {] be inaccessible. Then P, is the direct limit of (P, | v < 1)
and is n-cc.

Proof. P, is the direct limit of (IP,, | v/ < v) for every v < np with cfv > 7. Since |[P,| <
for v < n, every P, is n-cc. Thus IP, is 7-cc by Lemma[2.1.15] |

2.2.8 Theorem. Let k be inaccessible, T < k be regular and uncountable. Then there exists
an iteration (P, | v < k) such that |- k = t* and for n = 0 and every inaccessible n < k

(i) P, is the direct limit of (P, | v < 1) and n-cc,
(ii) if P, =P, % Q, then Iy Q satisfies the w,-approximation property,
(iii) for every v <, P, is definable in H, from the parameters T and v,
(iv) P, is u-proper for 1A(w) for every p € [wy, T].
Proof. Let C = {y < k| y regular}. Then { = supC = «.

Proposition [2.2.7 implies follows from the definition of P, and [(iv)| follows from
Proposition [2.2.4]
Furthermore |-, k = 7%, for if £ < «, then for some regular v > & we have |}, Q.1 =

Coll(t,v + 1), so |-, |£] < T and thus |, ¥ < 7". Since P, is k-cc, k is not collapsed and so
e k> 7.

To verify let G, P, be V-generic and work in V[G,]. But then Q% =P«(C - n, 7).
Thus it satisfies the w,-approximation property by Proposition [2.2.5] O

Theorem [2.2.8]is the basis for Section Theorems [2.3.1] and should be read with it
in mind.

2.3 Preservation Theorems and Upper Bounds

The following theorem is the logical continuation of Mitchell’s result that the tree property
is preserved by the forcing from Section[2.2] As with the original result, it is more natural to
formulate it for slenderness. It is probably helpful to the reader to understand Theorem [2.3.1]
prior to Theorem [2.3.3] as it features the same structure and ideas and is less clouded by
technicalities and additional problems that arise in the two cardinal case.
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2 Consistency Results

2.3.1 Theorem. Let k be a cardinal, T < k regular and uncountable, and (P, | v < k) be an
iteration such that for all inaccessible n <

(i) P, is the direct limit of (P, | v < i) and n-cc,
(ii) if P, =P, * Q, then I Q satisfies the w,-approximation property,
(iii) for every v <n, P, is definable in H, from the parameters  and v.

If k is subtle, then |-, k-SSP, and if « is ineffable, then |-, k-I1SP.

Proof. Let G C P be V-generic and work in V[G]. Let (d, | @ < k) be a slender «-list and
let C’ C k — 7 be a club that witnesses the slenderness.

2.3.1.1 Claim. There is a club C c C’ such that for all y € C
{do | @ <y} CVIG,].
Proof. Let
g(a) =min{p <k |d, € V[G,]}.

Then g(@) < « for every @ < x by Lemma [2.1.14] Thus there is a club C ¢ C’ such that
g’y cyforallyeC. .

Let C be as in Claim [2.3.1.1] We may assume C € V by Proposition[2.1.13] Let

E = {n € C | npinaccessible in V}.

2.3.1.2 Claim. Ifn € E, then d, € V[G,].
Proof. Let P, = P, = Q. Ifze ‘BXEG”]n, then 6 := supz < 7, so as n € C’ there is a

B <nsuchthatd,Nz=d,NéoNz=dsgNdNz=dgNze V[G,]. Thus, since by (i)
VIG,] E “QY satisfies the wi-approximation property”, we have d, € V[G,]. 4

If n < k is inaccessible in V, byand]P,7 C H,‘]/. By Claim2.3.1.2} for n € E there

is a IP,-name dn for d,,. Define, in V,
D, ={p.an)|peP, a<n m=0Apl,a¢d)Vn=1Apl,acd)

forn € E. Then(d, |n € E) € Vand D, C H).

Let
i:H —«

be a bijection in V such that i”H,‘]’ = n for all n < k inaccessible in V.
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2.3.1.3 Claim. Ifn,n’ € E,n <1/, andi"D,, = i"D,y N1, then d,, = d,y N 1.

Proof. If a € d,, then there isa p € G such that p |-, « € dn. Since dn e VP also
p I 11|, @ € d,. Therefore (p | n,a,1) € D, =D,y NH),s0 p | |y @ € d, and thus
a€dy.

By the same argument, if @ < n and a ¢ d,, then « ¢ d,,. Therefore d, = d,, N 7. 4

By Proposition|(1.2.13| E € FXT[K]. So if k is subtle in V, then there are n,n" € E, n <7’
with i” D, = i”D,, N n. Thus d,, = d,, N np by Claim[2.3.1.3) which means (d, | @ < k) is not
unsubtle.

If « is ineffable in V, then in V there are a stationary S C E and a D C « such that
"D, = Dnnforally € §. § remains stationary in V[G] by Proposition [2.1.13} so
(d, | @ < k) 1s not effable by Claim[2.3.1.3 O

2.3.2 Theorem. If the theory ZFC + “there is a subtle cardinal” is consistent, then the
theory ZFC + w,-SSP is consistent. If the theory ZFC + “there is an ineffable cardinal” is
consistent, then the theory ZFC + w,-ISP is consistent.

Proof. Taking T = wy, this follows immediately from Theorems[2.2.8]and [2.3.1] o

The next theorem is the two cardinal version of Theorem [2.3.1l The two cardinal version
of slenderness now pays off as the consideration of (k, 1)-ISP greatly clarified its proof. In
fact the proof of Theorem[2.3.3was the main motivation for the generalization of slenderness
to P, A.

2.3.3 Theorem. Let k, A be cardinals, T regular uncountable, T < k < A, and (P, | v < k)
be an iteration such that for all inaccessible n < k

(i) P, is the direct limit of (P, | v < 1) and n-cc,
(ii) if P, =P, % Q, then Iy Q satisfies the w,-approximation property,
(iii) for every v <, P, is definable in H, from the parameters T and v,
(iv) P, satisfies the w,-covering property.
Suppose k is A~*-ineffable. Then |-, (x, 1)-ISP.

Proof. By Proposition[I.3.11] the case A = « is already covered by Theorem [2.3.1] so we
may assume A > k. Let G C P, be V-generic and work in V[G]. Let (d, | a € B, 1) be a
slender B, A-list, and let C’ C P, Hy be a club witnessing the slenderness of (d, | a € B, 1)
for some large enough 6.

2.3.3.1 Claim. There is a club C C C’ such that for all M € C

BANM C V[Gy,].
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2 Consistency Results

Proof. For x € B,A by Lemma [2.1.14{there is p, < k such that x € V[G, ]. Thus
C=MecC |VxePBANMp, e M}

1s as wanted. .

Let C be as in Claim 2.3.3.1} Let o = (A¥)". Let M € V be such that M < H,
AUPYAc M, M|V =0. Let Cy := C | M. By Proposition [2.1.13| there is a C; € V such
that C; ¢ Cy and V | C; € B, M club. Let

E :={M € C, | k) inaccessible in V, SBXI(M NnA)c M}

2.3.3.2Claim. If M € E, then dyn, € V|G, ]

Proof. Letz € %ZEGW ](M N A). P,,, satisfies the w;-covering property by so there is

be ‘BXI(MO A such that z ¢ b. Let M’ € C be suchthat M = M’ " M. Thenbe M c M'.
Therefore, by the slenderness of (d, | a € B,A), dyra Nb = dyraNb € PANM C
V[Gy,, 1 = VIG,,] and thus

dMﬂ/l Nz= er\/l NnNbNze V[GKM]

Let P, = P,,, * Q. Then Q% satisfies the w;-approximation property by SO dyng €
VG, 1 .

For M € E we have P,,, c M by|[()]and (i)} By Claim[2.3.3.2]dyn. € V[G,,,], so there
is dy € VP such thatd, /" = dyn,. Let

Dy ={p.a,n)|peP,, a e MNA, (n=0Ap |, @€ dy)V (I =1Ap |, @€ dy)l

Then (Dy | M € E) € Vand Dy, C M.

Work in V. Let f : M — o be a bijection such that f | x = id | k. By Propositionsm
and [[.5.2]

F = {m € V.o | k,, inaccessible, P, (m N f’A) c m} € Frlk, ol.
As k is o-ineffable, there exist a stationary S’ C B0 and d" C o such that "D, =

d Nmforallm € S’ such that f""m € E. ButE = {f""m|m € F}n Cy, so for
S:={f"m|meS NnFyNC,andfor D := f'"d’ we have

Dy=DNM

forall M € S.
Back in V[G],letT :=S§ | A and
d={a<A|ApeG{(p,a,l)e D}
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2333 Claim. Ifa€T, thend, =dNa.

Proof. Ifa € T,thena = M N Afor some M € §. Butthen fora € a,if @ € d, = dyn, =
df,;’”, then there is p € G,,, such that p |I-,,, @ € dy;. Thus (p,a,1) € Dy, = DN M, so that
a € d by the definition of d.

By the same argument, if @ ¢ d,,, then a ¢ d. 4

T is stationary in V, so by Proposition 2.1.13]it is also stationary in V[G]. Therefore by
Claim[2.3.3.3] (d, | a € B,.2) is not effable. o

If cf 1 > «, the condition that « is A<*-ineffable in Theorem [2.3.3] can be weakened to
A-ineffable by Proposition [1.5.4]

2.3.4 Theorem. Ifthe theory ZFC + “there exists a supercompact cardinal” is consistent,
then the theory ZFC + “(w,, A)-ISP holds for every A > w,” is consistent.

Proof. This follows immediately from Proposition[I.3.13]and Theorems [2.2.8|and [2.3.3] O

In Theorems [2.3.2] and 2.3.4] w, only serves as the minimal cardinal for which the
theorems hold true. One can of course take successors of larger regular cardinals instead.
However, for simplicity the forcing described in Section[2.2] was defined only for adding
Cohen subsets of w, so that it blows up the continuum. This is not actually necessary. For
example, starting from an ineffable cardinal and GCH, one could also force to get a model
of “2¢ = w” + 2“1 = 2“2 = w3” + w;-ISP. The reader is referred to [Kru08|] for a more
thorough treatment of the degrees of freedom one has when defining the underlying forcing.

The ideals in the generic extension behave well with respect to those in the ground model,
as shows the next theorem.

2.3.5 Theorem. Let « be inaccessible, A > k, and (P, | v < k) be an iteration such that
(i) P is the direct limit of (P, | v < n) and k-cc,
(ii) P, satisfies the wi-approximation property,
(iii) for every v <k, |P,| < k.

Let G C P, be V-generic. Then

Ik, Al € 1719k, A (2.2)
and
PV - BV A e Ik, A, (2.3)
which furthermore implies
Frelk, A € F{19k, Al. (2.4)

So in particular, if V|G] E (k, )-ITP, then V = (k, 1)-ITP.
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Proof. Work in V[G].
To prove (2.2)), let A € I};[«, A], and let (d, | a € B, 2) € V be A-effable in V.

Then (d, | a € B,A) is thin, where d, := @ fora ¢ V. Forlety € ¥, 1. By and
Lemma [2.1.14| there is p < k, such that y € V[G,]. But since V[G,] F “k inaccessible”
by|(iii)l we have V[G,] k= |By| < k. This means that [{d, Ny | a € A}| < |BY1%Ny| < k.

Suppose (d, | a € B,1) were not A-effable. Let S C A be stationary and d C A such
thatd, =d N xforall x € S. Suppose d ¢ V. Then, by thereisaz € ?BZI/I such that
dnz¢V.Butforxe S withzc xwehavedNz=dnxnNz=d,Nze V. Therefore
deV,andS c§ :={xePVA|d,=dnx}eV.Since(d,|aeP/1) €V is A-effable in
V, § is not stationary in V. So there exists C € V, C C PV A clubin V such that CN S = 0.
Let f: B,1 — PB,A be in V such that Cl‘; C C. But then, by the stationarity of S, there is
an x € § such that x € Cly, sothat x € C ns , a contradiction.

For the proof of @2.3), let B :== $,4 — PYA. For x € Blet a, € P A be such that
xNa, ¢V, which exists by[(iD)} Put d, := a, N x. For x € B, A — B, let d, = 0.

(dy | x € B,A) is thin, for let y € B, A and, by [(1)]and Lemma [2.1.14] let p <  be such that
y € V[G,]. Then for x € P, A withy C x we haved, Ny =a,Nye€ ‘BXEG/’]y and I‘BLVL,EG"]yI <K
because « is inaccessible in V[G,] by

Suppose (d, | x € P, 1) were not B-effable. Then there are d C A and U C B be such that
U is cofinal and d, = d N x for all x € U. Define a C-increasing sequence (X, | @ < w,)
with x, € U for all @ < w, and a sequence (e, | @ < w,) such that x, C ¢, and ¢, € ‘B,‘f/l
for all @ < w, as follows. Let 8 < w, and suppose {(x, | @ < B) and (e, | @ < ) have been
defined. Let xg € U be such that | J,5(xs U as U €,) C x5, and let eg € P A be such that
X C eg, which exists since by [(i)]and Proposition [2.1.9]P, satisfies the k-covering property.

Then (d,, | @ < w,) is C-increasing as d,, = d N x, for all @ < w,, and since |d,, | < w;
for all @ < w,, there is y < w, such that d,, = d,, for all a,a’ € [y,w,). But then
Ay, Ne,Cay, Nxy =d,, =d, Ce,andd,, Ca,,,sothatd, =a,, Ne, €V, a
contradiction.

To see (2.4), let A € Fl[«, A]. Then BYA-A € IV [k, A], so, by @-2), BV 1-A € 119[«, A].
Thus, by @3). B9 -4 = (B0 - V1) U (BV1 - A) € I"9[«, 2], which means
A e Fil9Kk, Al O

Note that by [Git85, Theorem 1.1] the set $,'“'A — PV in of Theorem is
stationary for 4 > «* if the forcing P, adds a real, as is the case with our forcing from
Theorem[2.2.8] Also note that the proof of (2.2)) only required the k-approximation property.
It was the proof of (2.3) that required the T-approximation property for a 7 < , and we
stated it for T = w;.

The next theorem was a natural byproduct of the author’s—in retrospect pointless—
endeavor to show PFA does not imply w,-STP.
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2.3.6 Theorem. Let P be a k-closed forcing. If k-STP holds, then |- «-STP. If k-SSP
holds, then |- k-SSP.

Proof. Suppose {d, | @ < k) is such that |- “(d, | @ < «) is a thin unsubtle k-list” or
IF “4d, | @ < k) is a slender unsubtle x-list”. By Lemmawe may assume there is a
club C € V suchthat |- d, # d,, Ny and, in the slender case, |- V6 <y 3B < ya:’yﬂ6 = dﬂﬂ6
forall y,y" € C withy <v/'.

For o < kand g8 < aleth ={peP|pl-Bed, V pl-B¢d,). D‘gis dense open,
so DY = ﬂ{Dg | B < a} # 0 because P is k-distributive.

We inductively define a decreasing sequence (p, | @ < «) and a sequence (&, | @ < k). In
the thin case we furthermore define (g, | @ < «), and in the slender case (8§ | 6 < @ < k),
such that the following holds.

(1) pa € DY,

(il) po IF ho = da,
(iii) &, <kand p, |- {d, Na|v <k} = {d,Nnalv<e,,
(iv) if 6 <@ € C, then 8§ < awand p, |- dy N6 = dg N 6.

Suppose the sequences were defined for all @’ < @. Let r € D* be such that r < p, for all
@ < a, which exists since P is k-closed, and let A, be such that r |- d, = h,. In the thin
case, since r |- de <k {d,Na|v <k} ={d, Na|v < &}, there are Pe < rand g, < k such
that[(iii)| holds. In the slender case, we can define a decreasing sequence (r; | 6 < @) along
with (8} | 6 < @) such that ry < rand rs |- d N6 = dge N 6. Again this can be done as P is

k-closed. If p, < rs for all 6 < a, then|[(iv)|is fulfilled.

In the thin case, (h, | @ < «) is thin, for suppose not. Then there are @ < v < « such
that h, N ¢ {h, Na | v < &,). But for n := max{v,g,} we getp, |- h,Na=d,Na €
{dnalv<kl={d,Nnalv<e,}={h, Nal|v<eg,},acontradiction.

In the slender case, (h, | @ < k) is slender. Forleto < @ € C. Then p, | h, N6 =
do N6 =dg N6 =hg NG

Furthermore (h, | @ < &) is unsubtle, for if @,a’ € C, @ < &, then py |- hy = d, #
dy Na=hy Na. i

Theorem [2.3.6]is in some sense unique to subtlety. As mentioned in the introduction,
in analogy to ineffability one can define a principle k-AlITP by weakening “stationary” to
“unbounded” in the definition of k-ITP. Then Theorem 2.3.1 shows «-AITP can be forced
from an almost ineffable cardinal. Let k-AITP’ and «-ITP’ be the restrictions of k-AlITP and
k-ITP to k-lists whose corresponding trees have at most x many cofinal branches. Then it is
not hard to see that k-AITP” and k-ITP’ are in fact equivalent['T]

UIf T is such a tree and (b, | v < k) enumerates its cofinal branches, define a partial function f : T — « such
that 7 € by, and f(7) < ht(f) whenever possible. Then «-AITP’ implies there is a stationary S C « such
that T | S c dom f, which in turn implies «-ITP’ holds for 7.

41



2 Consistency Results

Suppose now we start in a model with exactly one almost ineffable cardinal x and one
inaccessible A above it. We force to get w,-AlITP, preserving the inaccessibility of A. If we
now Lévy-collapse A to w3, then in the extension any w,-tree has at most w, many cofinal
branches, making w,-AITP” and w,-AlITP as well as w,-ITP” and w,-ITP equivalent. So if
w,-AITP were preserved, then w,-ITP would hold in the extension. But Theorem [2.4.3| will
show that w,-ITP has consistency strength of an ineffable cardinal, which is strictly above
that of an almost ineffable cardinal and an inaccessible above it. This shows it is consistent
that Lévy-collapsing an inaccessible cardinal A to w; destroys w,-AlTP.

Theorem will show w,-ITP’ is consistent relative to a Zf—indescribable cardinal, so
by the same argument the w,-closed forcing that Lévy-collapses an inaccessible to w; and
thus forces the nonexistence of w,-Kurepa trees can destroy w,-ITP’. On the other hand, as
PFA is preserved by w,-closed forcings and implies w,-ITP, in models of PFA it holds that
w,-ITP is preserved by w,-closed forcings.

2.4 Lower Bounds

This section deals with lower bounds for the consistency strength of our combinatorial
principles. We first consider the one cardinal variants, showing that Theorem [2.3.2] was best
possible.

2.4.1 Theorem. Suppose « is regular and uncountable. If k-STP holds, then L = « is
subtle.

Proof. First note that L = « is inaccessible. For if « is a limit cardinal, then it is a regular
limit cardinal in L and thus inaccessible by GCH in L. So assume ¥ = A*. Then by
Proposition @], O fails, and it is well known that this implies « is inaccessible in L,
see [[Mit73]].

Let{(d, | @ < k) € Lbe ak-list and C € L be a club in k. Then {d, NS | a < k} C BLB.
But L | 28 < k since « is strong limit in L, so |BLB| < k, which means (d, | @ < k) is thin in
V. Thus there are o, € C, @ < B, such that d, = dg N a. m]

The next lemma is usually only given in its weaker version where « is required to be
weakly compact.

2.4.2 Lemma. Suppose « is regular uncountable and the tree property holds for k. Let
AcCk IfANnae€Lforalla <k, then A € L.

Proof. Let6 = k+ w.

2.4.2.1 Claim. There exists a nonprincipal k-complete ultrafilter on BHk N Ls[A].
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Proof. Work in L[A]. Let (A | @ < «, i < 2) be an enumeration of B4k N L;[A] such that
A% = k— A} for all @ < «. Define a tree

T = {f € 2N L[IA] | | A/ | @ < dom f}| = «},

ordered by inclusion. By [Mit73]],  is inaccessible, so every level of T has cardinality less
than k. To see T has height «, let v < k. For 8 < k, choose f; € "2 such that 8 € Af:ﬁ(w)

for all @ < v. Then, as |"2| < « by the inaccessibility of «, there is an f € "2 such that
B < k| fz = f}l = k. Hence f € T,.

Now work in V. By assumption, 7 has a cofinal branch b € “2. But then U := {Af,(a) |a <
k} 1s as wanted. 4

Let U be as in Claim[2.4.2.1] Let M be the transitive collapse of the internal ultrapower of
Ls[A] by U, and let j : Ls[A] — M be the corresponding embedding. Then j has critical
point k. As Ls[A] E V = L[A], wehave M E V = L[j(A)], so M = L,[j(A)] for some limit
ordinal y > 6. It holds that Ls[A] E Va < k ANa € L,so L,[j(A)] E Ya < j(k) j(A)Na € L,
so in particular L,[j(A)] E A = j(A) Nk € L. Therefore really A € L. m|

2.4.3 Theorem. Suppose « is regular and uncountable. If k-ITP holds, then L = « is
ineffable.

Proof. By Theorem[2.4.1] « is inaccessible in L.

Let (d, | @ < k) € L be a k-list. As in the proof of Theorem [2.4.1] it follows that
(dy | @ < «) is thin in V. Thus by «-ITP there is a d C « such that d, = d N a for stationarily
many @ < k. This also means d Ny € L for all ¥ < «. Therefore d € L by Lemma[2.4.2]
Since {@ < k| d, = d Na} € Lis also stationary in L, the proof is finished. O

Since as remarked above « is supercompact iff it is inaccessible and (k, A)-ITP holds
for all A > «, (k, 1)-ITP appears to be the correct concept for supercompactness for small
cardinals. The best known lower bounds for its consistency are derived from the failure of
square. The following proposition is due to Jensen, Schimmerling, Ralf Schindler, and John
Steel [JSSS09]/™]

2.4.4 Proposition. Suppose A > w; is regular such that n® < A for all n < A. If =0(A) and
—O,, then there exists an inner model with a proper class of strong cardinals and a proper
class of Woodin cardinals.

2.4.5 Theorem. The consistency of ZFC + “there is a k" -ineffable cardinal k” implies the
consistency of ZFC + “there is a proper class of strong cardinals and a proper class of
Woodin cardinals.”

12The result is actually even stronger, they show there exists a sharp for a proper class model of the cardinals

in Proposition[2.4.4]
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Proof. If « is k*-ineffable, then it is inaccessible and thus n“ < « for all n < «. By
Proposition (k, K)-ITP holds. By Theorem (k, K)-ITP and («, «*)-ITP imply
—-0(x) and -0O(k*), so by Proposition there is an inner model with a proper class of
strong cardinals and a proper class of Woodin cardinals. O

2.4.6 Theorem. Suppose « is regular uncountable and A1 > ws is such that cf A > k and
n“ < Aforalln < A If (k, 77)-ITP holds, then there exists an inner model with a proper
class of strong cardinals and a proper class of Woodin cardinals.

Proof. This follows again from Proposition[I.3.9] Theorem [I.4.2] and Proposition [2.4.4|0
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3 Implications under PFA

3.1 Preliminaries

3.1.1 Definition. Let IP be a forcing. By MA(IP) we denote the following principle: If D,, is
dense in P for a < wy, then there exists a filter G C P such that D, N G # 0 for all & < w;.

PFA(6) stands for the principle that MA(IP) holds for every proper forcing P with [P| < 6.
PFA holds iff PFA(9) holds for every 6. a

The following proposition is due to Hugh Woodin [W0099, Proof of Theorem 2.53],
where it is shown for what is commonly referred to as weakly stationary. It provides a
means to “applying PFA coherently stationarily often.”

Recall that G C P is said to be M-generic iff G is a filteron P and G " D " M # ( for all
D € M that are dense in P.

3.1.2 Proposition. Let P be a forcing such that MA(IP) holds, and let 8 be sufficiently large.
Then

{Me,,Hy| AG C P G is M-generic}
is stationary in ‘B, Hy.
Proof. Pick aclub C C B, Hg and let f : B,Hy — B, H, be such that Cl, c C.

3.1.2.1 Claim. There is h € V® such that
(i) | h:w, — H) injective,

(ii) |- mgh € Cly,

(iii) |- VD € mgh (D is dense in P — G N D Nrngh # 0).
Proof. Let H C P be V-generic and work in V[H]. Let M, € ‘szl‘lg N Cly. Suppose M;
has been defined. Let M, € ‘BMHX N Cly be such that M; c M, andGNDN M #0
for all D € M; that are dense subsets of P. Let M := | J;., M; and h : w; — M be bijective.
Then h : w; — HX is injective, rng h € Cly, and if D € rng h is dense in IP, then D € M; for

somei < w,s0GNDNM>GNDN M, # 0. Therefore if / is a name for such A, then i
is as wanted. 4
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Let /4 be as in Claim[3.1.2.1] For a < w, define

D, :={peP|3Axe Hyp I he) = x},

and for a € P, w; let
D, = (D, | a € a}.

Then D, and D, are dense open. Furthermore let

D, ={peD,|¥geP(pl“qg=ha)eG - p<q)

D), is open, for otherwise there would be a py € D, and g € IP such that p, |- g = h(a) e G
and Vp < po p £ g, so that py and g are incompatible, a contradiction.

For x € B, Hy let i, : w; — x be surjective, and for a € P, w; and f < w, let
ES ={peD,| Iy <wi plF inweB) =h)}

Then E? is dense open in P for every a € ¥, w; and S < w;. For suppose that for some
a € P,w; and B < w, Ef were not dense, that is, there is a p € IP such that

Vg < p Yy < w1 q I ifiraB) = h(y).

Then p |- Yy < Wy ifjpqy(B) # h(y), so p |- Livay(B) € f(h"a) - rng h, contradicting
I mghe Cly.
Finally for 6 < w; let

Fs:={p € Ds|p |- “h(d)is dense in P” — I8 < w; p | h(B) € h(5) N G}.

Fs is open dense in P for every 6 < w;, for otherwise there were a p € P such that
p | “h() isdenseinP” and Vg < p VB < w; q - h(B) € h(S) N G, so that p |-

g h N () N G = 0, contradicting (i) of Claim[3.1.2.1

By MA(P) there is a filter G C P that has nonempty intersection with D/, Ef , and Fs for
all ,8,0 < w; and a € P, w,. Set h := hC.

3.1.2.2 Claim. It holds that tng h € Cl;.

Proof. Letb € B, rngh and take z € f(b). Let a € P,w; be such that b = h”a and B < w,
such that i;;)(8) = z. Let p € Eff N G. Then there is ay < w; with p |- iz (B) = h(y). Let
p’ < pbesuchthat p’ € D, NG. Then p’ |l z = iz (B) = h(y) = h(y), so z € rng h. 4

3.1.2.3 Claim. If D € rngh is dense in P, then G N D Nrngh # (.

Proof. Let ¢ be such that h(8) = D. Let p € FsN G. Then p |- “A(6) = D is dense in P”,
so there is 8 < w; with p |- A(8) € DN G. Let p’ < p and g € P be such that p’ eDéﬂG

and p’ | ¢ = h(B). Then p’ < ¢,s0 g € GNDNrngh. 4
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By Claims [3.1.2.2]and [3.1.2.3] rngh € C is such that if D € rngh is dense in P, then
G N D Nrngh # 0, finishing the proof. O

3.1.3 Lemma. Let P be a forcing, Q C P dense. If x € V¥, then there is ¥ € V® such that

IFp & = X"

Proof. The proof is by induction over x. Let
X ={0,9lqeQ, ApeP(g < p Ay, p) €D},

where ' € V@ is such that |p y = §/, which exists by the induction hypothesis. Then
Ikp X = &/, for let G C P be V-generic. Obviously ¥'° c i, so for the other direction
lety € 6. Then there is a p € G and y € VP such that (y, p) € & and y° = y. The set
{g € Q| g < p}is dense below p, so there is ¢ € Q N G with g < p. Therefore (y', g) € X’
and thus y = ¢ = y¢ € ¥C. O

3.1.4 Lemma. Let P be a proper forcing. If R C P is dense, then R is proper.

Proof. Let M € B, Hy and p € M N R. As P is proper, there is an (M, IP)-generic p < p.
Let p < p, p € R. Then p is (M, R)-generic, for let D € M be dense in R. Then D is dense
in P, so by the (M, IP)-genericity of p the set D N M is predense below p in IP. But then
D N M is also predense below p in R. O

3.1.5 Lemma. Let P,Q, and § be such that P is proper, |-p Q is proper, |P| < 6, and
IFp |Q| < 8. Then there is a dense R c P « Q with |R| < 6.

Proof. Since |l-p |Q| < d thereis f € VP such that |-p f : § — Q surjective. Letg : 6 — VP
be such that |-p f(a) = g(@) forall @ < 6.

Let R := IP x rng g, ordered by the restriction of the ordering of IP * Q, that is {p, g(a)) <
(p',g(@))iff p < p’ and p |Fp g(@) < g(@’). Then |R| < 6. R is dense in P * Q. For
let (p,§) € P+ Q. Then p |Fp o < 6 ¢ = f(a), so for some p < p and @ < § we have
P IFp ¢ = f(a) = g(a). This means (p, g(@)) < (p,§). O

3.1.6 Lemma. Let P be proper; |P| < 6, and Q such that |-p “Q is ccc”. If Dy, & < 6, are
dense open subsets of P+ Q, then there is a proper R € P+ Q with |R| < & such that D, "R
is dense open in R for all o < 9.

Proof. For a < ¢ let
Eq =4, p) (P, @) € Dq}.

3.1.6.1 Claim. Fora <6
IFp E, is dense in Q.
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3 Implications under PFA

Proof. Let p € Pand g € VP with p |p ¢ € Q. Let {(p,§) € D, such that (p,§) < {p,§).
Then (g, p) € E, and thus p |Fp “G < gAG € E,”. 4

3.1.6.2 Claim. There is Q' such that |Fp Q' c Q, |Fp Q| < 6, |Fp “Q isccc”, and
IFp “E, N Q' is dense in Q' for every a < 6.

Proof. Let G c P be V-generic and work in V[G]. Set Q := Q°. For compatible ¢, ¢’ € Q
let c(g,q’) be such that c(q,q’) < q,¢’, and for @ < 6 and g € Q let £,(q) € E€ be such that

f(q) < g, which exists since EC is dense in Q by Claim[3.1.6.1} Let Q" € B4+ Q be closed
under ¢ and f, for all @ < ¢.

Then any antichain in Q’ is an antichain in Q, so Q’ is ccc, and if Q' is a name for Q’,
then it is as wanted. 4

Let Q' be as in Claim3.1.6.2, We apply Lemma to P+Q’ and geta dense R C P+ Q'
which satisfies |R| < 6. By Lemma/[3.1.4] R is proper.

So it remains to show D, N R is dense open in R for all @ < 8. Let (p,g) € R. As
Ip “E, N Q' is dense in Q"”, there is ¢ € V¥ suchthat p |Fp ¢’ € E, N Q' A G < 4.

3.1.6.3 Claim. There is p < p and {{o, po) € E, such that p < py and p |p ¢o = 4.

Proof. Suppose not, so for all p < p and all (g, po) € E, it holds that p < py — p |f-p
go = ¢'. Let G C P be V-generic such that p € G and work in V[G]. Then ¢° € E¢, so
there is (g, po) € E, with py € G and ¢§ = ¢°. Let p; € G such that p; < py, p. Then
P IFp go=¢ forall p < py,sop;|Fp go # ¢, acontradiction. .

Let p < p and (g, po) € E, be as in Claim [3.1.6.3| Then (Po>Go) € Dq, s0 {P,qo) € D,.
Furthermore p |Fp go = ¢’ € Q’, so (P, qo) € P * Q'. So for {p, g) € R with {p, g) < (P, Go)
we have (p,g) € D, "R and {p, §) < {(p, ). O

3.1.7 Proposition (PFA(2)). Suppose P = D * Coll(w;, w,) * Q is such that D is proper,
ID| €29 |Fp 2% = w, = wg, and [Fpcoli(w, w)) “Q is ccc”. Then MA(P).

Proof. For a < wy, let D, € D % Coll(wy, w;) * Q be dense. Since
IFo | Coll(w, )] = w§ =2° = W},

by Lemma (3.1.5|there is a dense R € D * Coll(wy, w;) such that |[R| < 2“. Then R is proper
by Lemma By Lemma there is Q' € VR such that

||_D*Coll(u)1,w2) Q = Q,‘

Let D/, == {p € D * Coll(w;,w;) * Q' | 3¢ € D, p < g}. Then D/, is dense open in
D * Coll(w;, w,) * Q’ for @ < w,. Therefore by Lemmathere is a proper R ¢ R * Q’
with [R| < 2% and D/, N R dense open in R for all @ < w;. By PFA(2?) there is a filter
G CcRsuchthatGN D/, #0foralla < w;. LetG:={geP|Ape Gp <q}. ThenGisa
filter on IP that has nonempty intersection with every D,, for @ < wy, forif p € D/, N G, then
there is ¢ € D, with p < ¢, so that also g € G. O
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3.2 Tree Properties

3.1.8 Proposition. If T is a tree without uncountable branches, then there exists a ccc
forcing Q that specializes T, that is, it holds that

VREAs: T sVt €T (t <r t — s(t) # s(2)).

The proof of Lemma [3.1.§] can be found in [[She98| chap. III, Theorem 5.4] or [Jec03,
Theorem 16.17].

3.1.9 Proposition (PFA). Let P be an w,-directed closed forcing. Then V¥ = PFA.

Proof. Let Q € VF be a name for a proper forcing and let (D, | @ < w;) be names for dense
subsets of Q. Let

E, = {<P’Q>€]P*Q|P||—QEDQ}

Then the sets E, are dense in P = Q.

By PFA there exists a filter G = G| * G, C P % Q suchthat GNE, # 0 for all @ < w;.
For & < w; let {pa,Gs) € G be such that p, |- ¢, € D,. Then {p, | @ < w;} is directed
because G; is a filter. As P is w;-directed closed, there exists a p € P with p < p,, for all
a<w.Butp|-Ya<w g, €G,NDy,s0p|-Ya<w G,ND, #0. O

Using a technique of Robert Beaudoin [Bea91]], in [KY04] it is shown that Proposition [3.1.9]
actually only requires the forcing IP to be w,-closed.

3.2 Tree Properties

The goal of this section is to prove Theorem [3.2.5] which says that PFA implies w,-ITP.
We have to face one major obstacle. The usual applications of PFA use forcings of the
form Coll(wy, w,) * ccc or C * Coll(w;, w,) * ccc, where C denotes the forcing for adding a
Cohen real, which by Proposition [3.1.7|actually only require PFA(2¢). However, by [NSOS§]]
PFA(2“) is consistent relative to the existence of a X2-indescribable cardinal, which has
consistency strength below that of a subtle cardinal! So in view of Theorem [2.4.1 we cannot
hope to prove w,-ITP or even w,-STP using such a construction.

3.2.1 Definition. Let 7 be a tree and B be a set of cofinal branches of 7. A function
g : B — T is called Baumgartner function iff g is injective and for all b, b’ € B it holds that

(@) gb) €D,
(ii) g(b) < g") — g(b') ¢ b. J

The following lemma is due to Baumgartner, see [Bau84].
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3 Implications under PFA

3.2.2 Lemma. Let T be a tree and B be a set cofinal branches of T. Suppose k := ht(T) is
regular and |B| < k. Then there is a Baumgartner function g : B — T.

Proof. Let (b, | @ < u) enumerate B, with u < k. Recursively define g by
g(by) = min(b, — Ufbs | B < a}).

This can be done since « is regular. Suppose g(b,) < g(b, ) for some a,a’ < u. Then
g(by) € by, 50 g(by) € by, s0 @ < @ and thus g(b,) ¢ b,. O

Recall that a tree T is said to not split at limit levels iff for all t,# € T such that htz =
ht e Limand{se T |s<t}={seT|s<t}itfollowsthats=1¢".

3.2.3 Lemma. Let T be a tree that does not split at limit levels and suppose B is a set of
cofinal branches of T. Suppose g : B — T is a Baumgartner function. Suppose (@, | v < wy)
is continuous and increasing. Let @ = sup,_,, @, and t € T,.. Suppose that for all v < w,
there is b, € B such that g(b,) < t | «, € b,. Then there is an s < t such that t € g~ (s).

Proof. Let h(v) :=ht(g(b,)) < a, for v < w;.
3.2.3.1 Claim. There is an n < « such that h‘l"{n} is unbounded in w;.

Proof. We first observe that for v, v’ < w;
h(v) < h(v') = h(v) < a, < h(V') < ay,. 3.1

For if h(v) < h(v'), then g(b,)) ¢ b,. Butt | a, € b,, so @, < h(v'). From (3.1)) and the
monotonicity of (@, | v < w;) we also get

v<v - h(v) < h(Y). (3.2)

Now suppose 4~ {n} is bounded in w; for all n < @. Let v, := 0. Suppose v; has been
defined. Let v;;; be such that v;;; > sup hY"{h(v;)}. Then v; < v,y and h(v;) # h(viy), SO
by (3.2) h(v;) < h(viy1). Set v* := sup,_, v;. Then h(v;) < h(v*) for all i < w, so a,, < h(v*)
by (3.1)). But this implies a, = sup,_, @,, < h(v*), a contradiction. 4

By Claim [3.2.3.1|there is < @ such that U := h‘l"{n} i1s unbounded in w;. This means
thatforallve Ut | o, € b, = g7 (g(b,)) = g (¢t | 7). But then ¢ € g”'(¢ | ) since T does
not split at limit levels. m|

PFA can be seen as some sort of a reflection principle. One takes a structure of size w,
collapses its size to w;, and then uses a forcing to fix some of its properties. In the ground
model, one can then apply PFA in such a way that these properties must already hold for a
substructure of size w;.
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3.2 Tree Properties

However, it is not apparent what should be reflected when one tries to prove w,-ITP or just
w,-STP from PFA. The solution to this problem becomes clearer when one concentrates
on w,-ISP rather than w,-ITP. For slenderness is, roughly spoken, just the property that,
when we consider the corresponding tree to be growing along the ordinals, new branches
will be added only very rarely. Thus it seems natural to try reflecting the tree’s cofinal
branches—they all already exist and thus never need to be added. The two previous lemmas
provide the framework for such a reﬂectionE]

The problem that opens up now is that one does not know much about the set of cofinal
branches of the corresponding tree. Therefore we just assume there are at most w, manyEf]

3.2.4 Theorem (PFA(2%)). Let{d, | @ < w,) be a slender w,-list. If its corresponding tree
has at most w, many cofinal branches, then {d, | @ < w;) is not effable.

Proof. Let T = dc{t, | @ < w,}, where (t, | @ < w,) are the characteristic functions
of (dy | @ < w,), and let B := {b C T | b cofinal branch}. By Lemma [3.2.2] there is a
Baumgartner function g : B — T. Define

T :={teT|3beBgb) <teb)
TV =T -T°

Then T'! has no cofinal branch, for if b C T' were one, then one would have t < g(b) € b
for all t € b.

Let P := C * Coll(w;, w,). Let ¢ € VF be such that V¥ £ “¢ : w; — w) is continuous
and cofinal”. By Theorem P has the w;-approximation property, so VP T
g ¢) N T! has no cofinal branches”. Therefore by Proposition E there is a Q € VP such
that V® |= “Q is ccc and specializes (T | rng¢) N T'. Let f € VP*Q be a name for the
specialization map.

Let 8 be large enough.

3.2.4.1 Claim. Let M € B, Hy be such that {d, | @ < wy), T, T, P*Q, f, ¢ € M. Suppose
there is an M-generic filter G C P % Q. Let 6y := M N w,. Then there is an s € M such that

ts, € 8 '(5).

Proof. For a < 6y and v < w; define

Dy ={peP+Q|Iv<w plc) 2al

3This is the line of thought by which the author found a solution to the problem. It is not obvious how
the reflection must work in detail, and the author only arrived at the current solution after an odyssey of
different attempts that eventually led to what had already been done by Baumgartner.

4Section ﬂ will show there is a much better solution.
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3 Implications under PFA

and
E, ={peP+Q|Ia<wplFc(v)=al.

G

Then D,, E, € M are dense open in P. Therefore ¢ := ¢” : w; — dy is continuous and

cofinal. For @ < d); and y < wy let
Fl={pePxQ|In<wpl-“t, 1) eT" — [t I é(y) =n").
F) € M is also dense open in P Q. Therefore for f := f¢ we have

fi(delty |la<dy) tmge)NT! - w

is a specialization map. As M E “(d, | @ < w,) is slender”, there is a club C € M that
witnesses the slenderness of (d, | @ < w,). This means 6, € C so that #;, is a branch
through the tree dci{?, | @ < dy}. Thus there is an @ < d), such that s, [ 5 € T for all
B emgc— .

For g € mngc — a let bg be such that g(bg) < ts5,, | B € bg. Then, letting (@, | v < wy)
enumerate rng ¢ — @, by Lemma there is an s < f;,, with #;, € g'(s). Then also
sEM. 4

By Proposition|3.1.7, MA(PP * Q) holds. Thus by Proposition

S :={MeP, Hyl{dy| @ <w), T°, T",P=Q, f,¢ € M, 3G c P G is M-generic}

is stationary in *8,,,Hy. By Claim[3.2.4.1] for every M € S there is an 53, € M such that
tMow, € g '(sy). Thus there are a stationary S’ € S and an s € T such that s, = s for all
M € S’. But then

Mrw, € 8_1(5)

for all M € §, which implies
da = dlg Na

fora <Banda,fe{MNw, | MeS'})=S8.§is stationary in w,, and {d, | @ < wy) is
therefore not effable. O

Our original goal to prove w,-ITP from PFA is now just one collapse away.

3.2.5 Theorem (PFA). w,-ITP holds.

Proof. Let (d, | @ < w,) be a thin list. Let (¢, | @ < w,) be the list of its characteristic
functions, and let T := dc{t, | @ < w,}. Set A .= |[{b C T | b cofinal branch}|. If 1 > w,, let
P := Coll(w,, A), otherwise P := {1}.

PP is w,-directed closed, so by Proposition VP E PFA. As 2" = w,, by Proposi-
tion[2.1.12]IP satisfies the thin w,-approximation property and hence does not add any new
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3.2 Tree Properties

branches through T, so V¥ | “T has at most w, many cofinal branches”. Therefore we can
apply Theorem and get VP E “3d C w, {@ < w, | d, = d N «} stationary”. But this d
corresponds to a cofinal branch in 7" and thus is already in V. So

S ={a<wy|d,=dna}

is in V as well and stationary in V®. But then S is also stationary in V and therefore
{d, | @ < wy) not effable. O

3.2.6 Corollary (PFA). w; is ineffable in L.

Proof. This follows from Theorems[3.2.5and [2.4.3] O

The fact that there can be no w,-Aronszajn trees under PFA is originally due to Baum-
gartner, see [Tod84b, Theorem 7.7].

3.2.7 Corollary (PFA(2“)). Suppose {(d, | @ < wy) is a slender w,-list. Then its corre-
sponding tree has a cofinal branch. In particular there is no w,-Aronszajn tree.

Proof. This follows immediately from Theorem [3.2.4] O

The next corollary is originally independently due to Matthew Foreman and Stevo
Todorcevié, see [KYO04].

3.2.8 Corollary (PFA(2“)). The approachability property fails for w1, that is w, ¢ Ins[w-].

Proof. The proof is actually trivial, but unfortunately some cosmetics are required as our
definition of an approachable slender w,-list allows, for example, an w,-Kurepa tree to hide
in some nonstationary part of it. Suppose (d, | @ < w,) is an approachable slender w;-list,
its approachability witnessed by a club C. Let (¢, | @ < w;) be its characteristic functions.
For a € w, — C, let

gl@)=sup{o6+1|0<a, JyeCd,Né=d, N5},

and let
, d, ifaeC,
*“ld,ngle) ifag¢C

for @ < w,. Then (d), | @ < wy) is still approachable and slender. Let (7, | @ < w,) be its
characteristic functions and 7’ be its corresponding tree.

3.2.8.1 Claim. Ifb is a branch through T’, then b=""{1} is bounded w.

Proof. Suppose b is a branch through T’ such that 5~!”{1} is unbounded in w,. For every
0 < wy there is an @5 < wy such thatb [ 6 =1, | 6.

We may assume a;s € C for all § < w,, for take & < w,. Then there is ¢" > ¢ such that
b(6)=1. Sinceb [ (8’ +1) = th,. I (& +1), this means 1. (6) =1, 80 that either
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3 Implications under PFA

ag+ € Corglagy) = ¢ + 1. In the first case we can simply choose a; to be g1, SO
suppose the second case holds. Then, by the definition of g, there is a y € C such that
d,Ndé" =d,, NJ,s0 t(’yrm P16 =toy, 10 =110 = t; I 0’. So we can choose a; to be
this y.

Now if 571”{1} is unbounded in w,, pick 6 < w, such that otp(b~'"{1} N &) > w;.
Then otpd,, = otp t;;"{l} = otp t('m_l/'{l} = otp(b~'"{1} N ) > w, contradicting the

approachability of (d, | @ < w,) since a; € C. 4

By Claim [3.2.8.1] there are at most 2> = w, many branches through 7’. Thus by
Theorem [3.2.4| there are a stationary S C C and d C w, such thatd, = d,, = d N a for all
a € S, which contradicts the approachability of (d, | @ < w;). O

3.3 Forest Properties

Using another collapse, we can extend the results of Section [3.2]to B, A. It is slightly ironic
that the proof of Theorem [3.2.4{required so much work although its conclusion is weak
measured by its consistency strength, while concluding now to theorems of much higher
consistency strength is almost straightforward.

3.3.1 Theorem (PFA). (w,, )-ITP holds for all A > w..

Proof. Let(d, | a € B,,A) be a thin list, and let E C ¥, 4 be club witnessing it is thin. For
z€EletT,={d,Nz|zCa€ P, € Py, (B2).

Let IP := Coll(w,, 4) and G C P be V-generic.

3.3.1.1 Claim. In V[G], there is a C-increasing continuous sequence (X, | @ < w,) cofinal
in ‘sz/l with X, € E for all @ < w;.

Proof. Let f : w, — A be bijective. Recursively define (X, | @ < w,) as follows. Suppose
0 < w, and X, has been defined for all @ < 6. If 6 = B+ 1, take X5 € E such that
Xp U{f(B)} C X;. If ¢ is a limit ordinal, then, as IP is w,-distributive, (X, | @ < 6) € V, so
Xs = U{X, | <8} €E. 4

Now work in V[G] and let (X, | @ < w,) be as in Claim We may assume
0 € Eand Xy = 0, as well as [X,+1 — X,| = w; forall @« < w,. Fora < w,, let s, :
[w) @, w; - (@+ 1)) = X1 — X, be bijective. Set s = ({s, | @ < wy}. Then s : w, — Ais
bijective, C :={y < w, |V <y wy - (@ + 1) < y}isclub, and if y € C, then

sy =s"UWlw a0 - (@+ D) e <y} =UImg s, | @ <y} = X,. (3.3)

For a < w,, define d, = s7'"dy, if @ € C, d, = 0 otherwise. Then for a € C by (3.3)
d, c a. Furthermore (d, | @ < w,) is thin, for if @, § € C, then

d,Né=s (dy, N s"6) = s

dy ne=s"" 1 dy, N X5) e (s y |y € Ty, ).
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3.3 Forest Properties

By Proposition [3.1.9, PFA holds in V[G], so by Theorem (d, | @ < w,) is not
effable. Thus there are a stationary § ¢ C and d C w, suchthatd, = dNnaforalla € S.

Letd := 5”’d and
S :={aePB, Ad,=dnal.

3.3.1.2 Claim. If D € V is such that D C ‘sz/l isclubinV,then DNS # 0.

Proof. We first show R = {a € C | X, € D} is club in w,. To see it is unbounded, take
@y < w; and recursively define sequences (@, | n < w) and (/, | n < w) such that [, € D for
aln<wand X,, ClyCc X,, Cl; C.... Let @ :=sup,_, @,. Then by the w,-distributivity
of IP it follows that ([, | n < w) € V,s0 X, = [J{l, | n < w} € D and thus @ € R. R is closed,
for if 6 < w, and (@, | v < 9) is an increasing sequence with supremum « such that @, € R
forall v < g, then (X,, | v <6) € Vand thus X, € D, so @ € R.

Now since R is club, there exists « € RN S. But then dy, = s”d, = s"(d N a) =
s"dns’a=dnX,,s0X,eDNS. q

It remains to show d € V because then S € V and § is stationary in V by Claim[3.3.1.2]
Letz € E. Choosea € S withz C a. ThendnNnz=dnanz=d,Nnz € T, By
Proposition[2.1.12] P satisfies the thin w,-approximation property, so thatd € V as wanted.O

A closer look at the proof of Theorem [3.3.1] will reveal we actually did not require the
full strength of thin. It is sufficient for the ¥, A-list (d, | a € P, 1) to satisfy the weaker
requirement that for a club C c B, A and every ¢ € C there is a z. € P, such that
{d, Ncl|z. Cae P} < «forall c € C. Since this definition is equivalent in the one
cardinal case, it might be a reasonable modification of thin, possibly even a more natural
generalization.

The failure of weak square under PFA is originally due to Todor¢evi¢ and Magidor,
see [Tod&84al] and [ISch95, Theorem 6.3].

3.3.2 Corollary (PFA). Suppose cf 1 > w,. Then —=O0“*(w,, A).

Proof. This follows from Theorems[1.4.2]and[3.3.1] O

If we weaken Theorem [3.2.4]by replacing “slender” with “thin,” then in its proof we can
replace P by Coll(w;, w,) as we only need the thin w;-approximation property. In [Kon07]],
Bernhard Konig introduces a weakening PFA(I's) of PFA which is sufficient for forcings of
the form Coll(w;, w,) * ccc and Coll(w,, ) but consistent with w;, € Ias[w,]. Thus in any
model of PFA(Ty) + “w, € Ias[w,]” Theorem [3.2.4] holds for thin w,-lists, and thus also
Theorem [3.3.1] Therefore it is consistent that we have (w,, 1)-ITP holds for all 1 > w, but,
via Corollary [3.2.8] —w,-ISP.
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3 Implications under PFA

3.4 Slenderness Revisited

While Chapters|[I]and 2] provided a homogeneous picture of slender, suggesting it is a more
natural replacement for thin, Chapter [3|so far left much about slender in the unclear. In this
section, we are going to close this gap.

The main problem of our previous attempt to prove w,-ISP from PFA was the limitation
on the number of the branches of the corresponding tree. Reading a draft of this thesis,
Matteo Viale made an important observation; a small modification of the proof of Theo-
rem [3.2.4]solves the problem. One just needs to reverse two steps of the proof: First collapse
everything necessary to wi, then apply Lemma to find the Baumgartner function g.
Theorem [3.4.1] should thus be seen as his contribution.

3.4.1 Theorem (PFA). w,-ISP holds.

Proof. Let{(d, | @ < w,) be a slender w,-list, and let T := dc{t, | @ < w,}, where (t, | @ <
w,) are the characteristic functions of (d, | @« < w,). Let B := {b C T | b cofinal branch}.

Define P := C * Coll(w;, max{|B|, w,}). Let ¢ € VF be such that V¥ £ “¢ : w; — w) is
continuous and cofinal”. As P satisfies the w;-approximation property by Theorem [2.2.6]
we have VP | B = {b C T | b cofinal branch}. Thus by Lemma there is ¢ € V¥ such
that V¥ | “¢ : B— T | rng¢ is a Baumgartner function”.

Let 7° 7' € VP be such that

VPET ={treT 'mge¢|3IbeBgb) <teb)
VPEET =T tmge—-T°.

Then again V¥ | “T"' has no cofinal branch”. Therefore there is a Q € V¥ such that
VP E “Q is ccc and specializes T'”. Let f € VP*Q be a name for the specialization map.

Let 0 be large enough.

3.4.1.1 Claim. Ler M € B, Hy be such that (d, | @ < w,),T,¢,8,T°,T", P « Q,feM.
Suppose there is an M-generic filter G C P = Q. Let 6y = M N w,. Then there is a
by € BN M such that

tsy € bu.

G . w; — &y is continuous and cofinal. For b € BN M let

Proof. Again ¢ = ¢
D, ={peP+Q|IeT pl-gb) =1

Then D, € M isdense,so g :=¢° | M : BAM — (T [ mgc)NM = dcft, | @ < 5y} | rngc

is a Baumgartner function. Let 7° := (T9)°NM and T' := (T")°NM. Againfor f :== f¢ | M

we have f : T! — w is a specialization map. Also ts5,, 1s a branch in dc{¢, | @ < oy} as

56



3.4 Slenderness Revisited

M = “{d, | @ < wy) is slender”. Thus there is an @ < dy such thatz5, [ S € T° for all
pemgc—a.

Forpemge—-a
Eg:={pePxQ|IbeBpl-“t5, BT’ gb) <ts, | BEDb”)
is dense. Also Ez € M as t5,, | B € M because t,, is a branch in dc{z, | @ < 6)}. Hence for
every 5 € rng c — a there is bg € BN M such that g(bg) < 15, | B € bg.

Thus we can apply Lemma [3.2.3| and get an s < f;,, such that #;, € g7!(s). So by =
g '(s) € BN M is as wanted. y

The proof is now finished exactly as the proof of Theorem 3.2.4] |

Note that Theorem [3.4.T]implies Corollary [3.2.§]immediately. It does require the stronger
assumption of PFA, not just PFA(2¢), though.

Using the same technique, we will now show PFA implies (w5, 1)-ISP for all 1 > w,.
In the proofs of Theorems [3.2.4] and [3.4.1] we used the forcing C = Coll(w;, w,), which
satisfies the w-approximation property by Theorem [2.2.6] for adding a club of order type
w through w,. Here we need something adapted to the B, Hy situation. The following
theorem provides us with the necessary tool. It is due to John Krueger [KruOS]E]

3.4.2 Theorem. Suppose E C B, Hy is club, where 6 is sufficiently large. Let P(E) € V€
be such that

VEEPE) = ((eala <y |y <wi, Ya<ye, €E,

(eq | @ < y) is C-increasing and continuous},

ordered by end extension. Then C x P(E) is proper, satisfies the w,-approximation property,
and there is ¢ € VO such that

VEPE) = ¢ w, — E is continuous and cofinal.

In the proof of the next theorem, we use Theorem [3.4.2]to shoot a club of order type w,
through the club witnessing the slenderness of a ¥, A-list. This basically results in a slender
tree in the extension, and we can treat it the same way we did in the proof of Theorem 3.4.1

3.4.3 Theorem (PFA). (w;, A)-ISP holds for all A > w..

131t should be noted the theorem does not literally exist in [KruO8]]. Proposition 2.2 of it shows, together
with the rest of the paper, the forcing C * P(B Z] H gv ) for shooting a club of order type w; through B, Hy
satisfies the w;-approximation property. However, the proof is easily adapted to what we claim, and since
the modifications are all straightforward and trivial, it is not reasonable to repeat the argument.
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3 Implications under PFA

Proof. Let(d,|a € B,,A) be a slender B, A-list, and let E C P Hy be a club witnessing
its slenderness for some large enough 6. Define B := 2. Let P := C = IP(E) be as in

Theorem 3.4.2]

Work in VF. As PP satisfies the w;-approximation property, we have B = {h € 12 |Ya €
‘Bxl/l hlaeV} Leté: w; — E be continuous and cofinal. Define

T=U{2nV|a<w),

ordered by inclusion. Then 7 is a tree of height w; and B the set of its cofinal branches.
Since |B| = w;, we can apply Lemma and get a Baumgartner function g : B — 7. Let

TV :={teT|3beBgb) <teb),
' =7 -7°.

As T does not have cofinal branches, there is a ccc forcing Q that specializes T! with a
specialization map f.

Now work in V. Let 4 be large enough and set £ := Ef,

3.4.3.1 Claim. Let M € E be such that B,E,¢,T,g,T°, T, P * Q,f € M. Suppose there is
an M-generic filter G C P Q. Then there is hy; € BN M such that

_]//
M

dygra =hz {(1}NMN A

Proof. By the usual density argument, ¢ := ¢ : w; — E N M is continuous and cofinal.

Weletg =g 1M, T =T°NM, T° =T°NMT" =THYNM, and f = f° | M.
Then g : BN M — T is a Baumgartner function, and f : T' — w is a specialization map.
Lett: MNA — 2 be the characteristic function of dy;~,. We show ¢ is a branch through 7.

Soletf < wy. Since MNHy € E and c(B)NA € MNHyNP,,, A, we have djzn,Ne(B) € MNH,
by the slenderness of {d, | a € B,4). Thus ¢ [ c(B) € U{““2NM|a<w}=T.

As f shows T is special, there is an @ < w; such that? | ¢(B) € T° forall 8 € mgc—a, so
by Lemma 3.2.3|we have ¢ € g7'(s) =: hy; for some s € T. Hence dyny = hyy {1}N M N AA

By Proposition [3.1.2} there are stationarily many M € E that satisfy the premise of
Claim [3.4.3.1, and we may assume hy = h for some h and all those M. This shows
(d, | a € ¥P,,A1) is not effable. O
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Conclusion

Closing Words

To sum up the course of the thesis, one could say we started with thin and arrived at slender.
While thin provided the basis for this research, viewing back one cannot help but feel
slender has risen as its heir. It might not be as intuitive as thin, but the way it naturally
generalizes the approachability ideal and finds applications in proofs makes it feel like a
fruitful concept which deserves further investigation. Although («, 1)-ITP does not imply
(k, 1)-ISP, they coincide in the natural models we considered. Hence we believe thin should
only be seen as an intermediate concept that was necessary to find slender, not unlike PFA,
which can be seen as a technical precursor to the natural forcing axiom MM. Like PFA
however, thin still deserves attention as it is easier to grasp and a sufficient replacement for
slender in many applications.

One of the main advantages of MM over PFA had always been the knowledge about
the framework of strong reflection principles MM implies. Therefore one might hope for
(w», D)-ITP or (w,, 2)-ISP to form a similar unified framework that can be utilized under
PFA. Corollaries and showed at least some of the known standard
consequences of PFA can be derived from this framework.

Open Questions

Finally we present some open questions and conjectures. Some were left open from the
beginning, others were grown back by the mathematical Hydra when one was answered.

Looking at how Proposition generalized Proposition [1.2.14] it seems reasonable to
expect Proposition[I.2.15|to generalize in the following way.

Conjecture 1. If T is regular and k = t*, then

{a € BA| Lima N cof(< 1) C a} € Firlk, 4].

It might be possible to find a variant of the existence of partial squares that enables one to
prove Conjecture [I]

Proposition [I.5.3] gives rise to the next question.
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Conclusion

Question 2. Suppose « is regular uncountable and A > k is such that cf 1 > k. Is there an
A € Firlk, A] such that (supa | a € A) is injective?

A positive answer to Question [2] would entail the following generalization of Proposi-
tion even with the requirement 2<* = « replaced by 2<% < A.

Conjecture 3. Suppose « is regular uncountable such that 2= = k. If cf A > « and (k, A)-
ITP holds, then
A=A

Note that Conjecture [3] would imply a different proof of the theorem due to Viale that PFA
implies the Singular Cardinal Hypothesis, confer [V1a06].

Mitchell showed in [MitQ9] it is consistent that Ixs[w,] is the nonstationary ideal on the
ordinals of uncountable cofinality.

Question 4. Is it consistent that Iis[w,] does not contain any stationary subset of cof w; N
Wy ?
Since in any such model by an argument due to Shelah it holds that 2“ > w3, a positive
answer to Question 4 would also imply a positive answer to Question 3]
Question 5. Is it consistent that w,-1TP holds and 2% > w;?
Question 6. Suppose (w,, 1)-ISP holds for all A > w,. Does this imply 2¢ = w,?

The last two questions are motivated by [MS96]], which shows that if « is the singular
limit of strongly compact cardinals, then «*-TP holds.
Question 7. Suppose « is the singular limit of supercompact cardinals. Does this imply
K*-ITP?
From this, the authors establish the consistency of w,,,;-TP using some very large cardinal

assumptions.

Question 8. Is w,.1-ITP consistent?
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