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Abstract

Nichols algebras are a fundamental building block of pointed Hopf algebras. Part of the
classification program of finite-dimensional pointed Hopf algebras with the lifting method
of Andruskiewitsch and Schneider [0] is the determination of the liftings, i.e., all possible
deformations of a given Nichols algebra. The classification was carried out in this way in
[T1] when the group of group-like elements is abelian and the prime divisors of the order
of the group are > 7. In this case the appearing Nichols algebras are of Cartan type.
Based on recent work of Heckenberger about diagonal Nichols algebras [29, 28] 27] we
compute explicitly the liftings of some Nichols algebras not treated in [I1]; namely we lift

e all Nichols algebras with Cartan matrix of type Ay (Theorem [6.3.3)),
e some Nichols algebras with Cartan matrix of type By (Theorem [6.4.3), and

e some Nichols algebras of two Weyl equivalence classes of non-standard type (Theorem
6.5.3)),

giving new classes of finite-dimensional pointed Hopf algebras.

Crucial is the knowledge of a “good” presentation of the Nichols algebra and its lift-
ings: We want to have an explicit description in terms of generators and (non-redundant)
relations, and a basis; this requires new ideas and methods that generalize those in [11].

In this spirit, we describe Hopf algebras generated by skew-primitive elements and an
abelian group with action given via characters (including Nichols algebras and their liftings)
in Theorem [5.4.1| The relations form a Grobner basis and are given by a combinatorial
property involving the theory of Lyndon words.

Furthermore, in Theorem we give a necessary and sufficient criterion to check
whether a given set of iterated g-commutators establishes a restricted PBW basis for a
given realization of the relations. Also with the help of this criterion we determine the
redundant relations in the examined Nichols algebras and their liftings.
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Zusammenfassung

Nicholsalgebren sind ein fundamentaler Baustein punktierter Hopfalgebren. Teil des Klas-
sifizierungprogramms endlich-dimensionaler punktierter Hopfalgebren mit der Lifting Me-
thode von Andruskiewitsch und Schneider [6] ist die Bestimmung der Liftings, d.h. aller
moglichen Deformationen einer gegebenen Nicholsalgebra. Die Klassifizierung wurde mit
dieser Methode in [11] durchgefiihrt, falls die Gruppenelemente eine abelsche Gruppe bilden
und die Primteiler der Gruppenordnung > 7 sind. Die dort auftretenden Nicholsalgebren
sind vom Cartan-Typ.

Basierend auf neueren Arbeiten von Heckenberger iiber diagonale Nicholsalgebren [29]
28, 27] bestimmen wir explizit die Liftings einiger Nicholsalgebren, welche nicht in [IT]
behandelt wurden: Wir liften

e alle Nicholsalgebren mit Cartan Matrix vom Typ Ay (Theorem [6.3.3)),
e einige Nicholsalgebren mit Cartan Matrix vom Typ Bs (Theorem [6.4.3) und

e cinige Nicholsalgebren aus zwei Weyl-Aquivalenzklassen vom nicht-standard-Typ

(Theorem [6.5.3)).

Dies liefert neue Klassen von endlich-dimensionalen punktierten Hopfalgebren.

Es ist entscheidend eine “gute” Beschreibung der Nicholsalgebra und ihrer Liftings
zu besitzen: wir wollen eine explizite Angabe von Erzeugern und (nicht redundanten)
Relationen, desweiteren eine Basis; dazu braucht man neue Ideen und Methoden, die jene
in [IT] verallgemeinern.

In diesem Sinne beschreiben wir Hopfalgebren, die von schief-primitiven Elementen und
einer abelschen Gruppe mit einer durch Charaktere gegebenen Wirkung erzeugt sind (diese
Klasse beinhaltet Nicholsalgebren und ihre Liftings), in Theorem [5.4.1] Die Relationen
bilden eine Grobnerbasis und sind durch eine kombinatorische Eigenschaft gegeben, fiir
deren Formulierung die Theorie der Lyndonworter eingeht.

Desweiteren liefern wir mit Theorem [7.3.1]ein notwendiges und hinreichendes Kriterium,
ob eine gegebene Menge von iterierten g-Kommutatoren eine PBW-Basis fiir eine gegebene
Realisierung der Relationen bildet. Ebenfalls bestimmen wir mit Hilfe dieses Kriteriums
die nicht benotigten Relationen in den untersuchten Nicholsalgebren und deren Liftings.
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Introduction

Hopf algebras and quantum groups. Hopf algebras are named in honor of Heinz Hopf,
who used this algebraic structure in 1941 [33] to solve a problem in the cohomology theory
of group manifolds; see also [5]. The first book on Hopf algebras [51] was published in 1969
and in spite of many interesting results, there were only few people studying this field.
The interest in Hopf algebras grew dramatically when Drinfel’d [20, 21] and Jimbo [35]
introduced the so-called quantum groups U,(g) in the 80s. These were a totally new class
of non-commutative and non-cocommutative Hopf algebras coming from g-deformations of
universal enveloping algebras U(g) of semi-simple complex Lie algebras g. Later Lusztig
[40, 41] found another important class of finite-dimensional Hopf algebras, the so-called
Frobenius-Lusztig kernels u,(g), also called small quantum groups. Further quantum groups
showed to have connections to knot theory, quantum field theory, non-commutative geom-
etry and representation theory of algebraic groups in characteristic p > 0, only to name a
few.

Classification of Hopf algebras. Finite-dimensional Hopf algebras give rise to finite
tensor categories in the sense of [22] and thus classification results of these should have
applications in conformal field theory [23]. Not only for this reason it is of great inter-
est to classify Hopf algebras. Although there are some results (see [I] for a discussion
of what is known on classification of finite-dimensional Hopf algebras), an answer to this
question in general may be impossible. Therefore one needs to restrict to a subclass of
finite-dimensional Hopf algebras: At the moment the most promissing general method is
the lifting method developed by Andruskiewitsch and Schneider [6] for the classification of
pointed Hopf algebras.

Pointed Hopf algebras. A Hopf algebra is called pointed, if all its simple subcoalgebras
are one-dimensional, or equivalently the coradical equals the group algebra of the group of
group-like elements; see Section [I.3]

Any Hopf algebra generated as an algebra by group-like and skew-primitive elements is
pointed. In particular the above mentioned quantum groups: The cocommutative universal
enveloping algebras U(g) and their non-cocommutative deformations U,(g) and u,(g) are
all pointed [34, [42].

The converse statement is the following conjecture of Andruskiewitsch and Schneider,
which is proven for a large class in [I1], see also [7, [8, [9] [10]:

Conjecture 0.0.1. [8] Any finite-dimensional pointed Hopf algebra over the complex num-
bers is generated by group-like and skew-primitive elements.
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We want to mention that this is long known to be true for cocommutative Hopf alge-
bras, which are pointed if the ground field is algebraically closed: The Cartier-Kostant-
Milnor-Moore theorem of around 1963 states that any cocommutative Hopf algebra over
the complex numbers is a semi-direct product of a universal enveloping algebra and a group
algebra. Further we want to mention the classification results on pointed Hopf algebras of
rank one by Krop and Radford [37] in characteristic zero and by Scherotzke [50] in positive
characteristic. Finally, the conjecture is false if the ground field has positive characterisitc
or the Hopf algebra is infinite-dimensional; see [10, Examples 2.5, 2.6].

The lifting method. Given a finite-dimensional pointed Hopf algebra A with coradical
Ay = Kk[I'] and (abelian) group of group-like elements I' = G(A). Then we can decompose
its associated graded Hopf algebra into a smash product gr(A) = B#k[['] where B is a
braided Hopf algebra; see Section [2.6f The subalgebra of B generated by its primitive
elements V := P(B) is a Nichols algebra B(V'), see Section 2.7, Now the classification is
carried out in three steps:

(1) Show that B = B(V) (this is equivalent to Conjecture [0.0.1)).
(2) Determine the structure of B(V).

(3) Lifting: Determine the liftings of B(V), i.e., all Hopf algebras A such that gr(A) =
B(V)#k[I].

Let us mention briefly some classification results for pointed Hopf algebras of dimension
p" with an odd prime p and 1 < n < 5, obtained in this way: If the dimension is p or p?,
then the Hopf algebra is a group algebra or a Taft Hopf algebra. The cases of dimension
p* and p* were treated in [6] and []], and the classification of dimension p° follows from
[7] and [24]. Also, the lifting method was used in [25] to classify pointed Hopf algebras of
dimension 2° = 32.

The most impressive result obtained by this method by Andruskiewitsch und Schneider
[T1] is the classification of all finite-dimensional pointed Hopf algebras where the prime
divisors of the order of the abelian group I' are > 7. In this case the diagonal braiding
of V' is of Cartan type and the Hopf algebras are generalized versions of small quantum
groups. The classification when the braiding is not of Cartan type or the divisors of the
order of I are < 7 is still an open problem. Also the case where I' is not abelian is widely
open and of different nature, e.g., the defining relations have another form [32], 4].

Concerning (2), Heckenberger recently showed that Nichols algebras of diagonal type
have a close connection to semi-simple Lie algebras, namely he introduces a Weyl groupoid
[28], Weyl equivalence [27] and an arithmetic root system [30, 26] for Nichols algebras.
With the help of these concepts he classifies the diagonal braidings of V' such that the
Nichols algebra B(V) has a finite set of PBW generators [31]. Moreover, he determines
the structure of all rank two Nichols algebras in terms of generators and relations [29].

This is the starting point of our work which addresses to step (3) of the program,
namely the lifting in the cases not treated in [I1].



Introduction 7

The main results and organization of this thesis

In Chapters 1 and 2 the basic notions of Hopf algebrs and Nichols algebras are recalled,
taking into account the recent developement of Nichols algebras. Then in Chapter 3 we
develop a general calculus for g-commutators in an arbitrary algebra, which is needed
throughout the thesis; new formulas for g-commutators are found in Proposition [3.2.3]

We recall in Chapter {4| the theory of Lyndon words, super letters and super words;
super letters are iterated g-commutators and super words are products of super letters.
We show that the set of all super words can be seen indeed as a set of words, i.e., as a free
monoid. This is a consequence of Proposition [4.3.2]

In Chapter [5] we give in Theorem a structural description of Hopf algebras gen-
erated by skew-primitive elements and an abelian group with action given via characters,
in terms of generators and relations, with the help of a result by Kharchenko [36]; he calls
these Hopf algebras character Hopf algebras. As we will see, these relations build up a
Grobner basis for such Hopf algebras.

Based on the previous chapters we then formulate the two main results of this thesis:

Lifting of Nichols algebras, Chapter [6] We generalize the methods of Andruskiewitsch
and Schneider to compute explicitly the liftings of all Nichols algebras with Cartan ma-
trix of type As, some with Cartan matrix of type By and some with Cartan matrix of
non-standard type; see Theorems [6.3.3] |6.4.3 and [6.5.3] These are a new class of finite-
dimensional pointed Hopf algebras. We explain our method in Section

When lifting arbitrary diagonal Nichols algebras, new phenomena occur: In the setting
of [I1] there are only three types of defining relations, namely the Serre relations, the linking
relations and the root vector relations. The algebraic structure in the general setting is
more complicated: Firstly, the Serre relations do not play the outstanding role. Other
relations are needed and sometimes the Serre relations are redundant; we give a complete
answer for the Serre relations in Lemma Secondly, in general the lifted relations
from the Nichols algebra do not remain in the group algebra.

By Theorem we know the structure of the defining relations. As it turned out,
it is enough to find a counterterm such that the relation is a skew-primitive element, see
Section In order to show this, one needs to calculate certain coproducts; for this, new
methods are found in Section 5.5

Part of the lifting is the knowledge of the dimension resp. a basis and to find the redundant
relations. The here obtained liftings could not be treated by existing basis criterions like
[11, Sect. 4]. For this reason we develop in Chapter [7{|a PBW basis criterion which is ap-
plicable for all character Hopf algebras, i.e., generated by skew-primitive elements and an
abelian group with action given via characters (in particular liftings of Nichols algebras),
see Theorem [7.3.1]

A PBW basis criterion for a class of pointed Hopf algebras, Chapter 7. In
the famous Poincaré-Birkhoff-Witt theorem for universal enveloping algebras of finite-
dimensional Lie algebras a class of new bases appeared. Since then many PBW theorems
for more general situations were discovered. We want to name those for quantum groups:
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Lusztig’s axiomatic approach [39] 42] and Ringel’s approach via Hall algebras [48]. Let us
also mention the work of Berger [15], Rosso [49], and Yamane [54].

The very general and for us important work is [36], where a PBW theorem for all of the
above mentioned quantum groups and also Nichols algebras and their liftings is formulated:
Kharchenko shows in [36, Thm. 2] that character Hopf algebras have a PBW basis in special
g-commutators, namely the hard super letters coming from the theory of Lyndon words, see
Chapter |5l Thereby we use the term PBW basis in the sense of Definition |5.1.1, However,
the definition of hard is not constructive (see also [18, [I7] for the word problem for Lie
algebras) and in view of treating concrete examples there is a lack of deciding whether a
given set of iterated g-commutators establishes a PBW basis resp. is the set of hard super
letters in the language of [36].

On the other hand the diamond lemma [16] (see also Section Theorem is a
very general method to check whether an associative algebra given in terms of generators
and relations has a certain basis, or equivalently the relations form a Grobner basis. As
mentioned before, we construct such a Grobner basis for a character Hopf algebra in
Theorem and give a necessary and sufficient criterion for a set of super letters being
a PBW basis, see Theorem [7.3.1 The PBW Criterion is formulated in the languague
of g-commutators. This seems to be the natural setting, since the criterion involves only
g-commutator identities of Proposition [3.2.3} as a side effect we find redundant relations.

The main idea is to combine the diamond lemma with the combinatorial theory of
Lyndon words resp. super letters and the g-commutator calculus of Chapter [3] In order
to apply the diamond lemma we give a general construction to identify a smash product
with a quotient of a free algebra, see Proposition in Section (this presentation fits
perfectly for the implementation in computer algebra programs, see Appendix .

Further the PBW Criterion is a generalization of [I5] and [I1) Sect. 4] in the fol-
lowing sense: In [I5] a condition involving the g-Jacoby identity for the generators z; occurs
(it is called “g-Jacobi sum”). However, this condition can be formulated more generally
for iterated g-commutators (not only for x;), so also higher than quadratic relations can
be considered. The intention of [15] was a g-generalization of the classical PBW theorem,
so powers of g-commutators are not covered at all and also his algebras do not contain a
group algebra.

On the other hand, [T1], Sect. 4] deals with powers of g-commutators (root vector rela-
tions) and also involves the group algebra. But here it is assumed that the powers of the
commutators lie in the group algebra and fulfill a certain centrality condition. As men-
tioned above these assumptions are in general not preserved; in the PBW Criterion [7.3.1
the centrality condition is replaced by a more general condition involving the restricted
¢-Leibniz formula of Proposition [3.2.3]

Finally in Chapters 8 and 9 we apply the PBW Criterion to classical examples and
the obtained liftings. In this way we find PBW bases and the redundant relations. In
the Appendix we give an example of the program code for the computer algebra system
FELIX [13].
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Chapter 1

Hopf algebras

In this chapter we recall the definitions of the structures which we study in our work. It is
meant for fixing the notations we use. For an introduction see for example [43], 51].

Throughout the thesis let k be a field of chark = p > 0, although much of what we do
is valid over any commutative ring. We denote the multiplicative order of any ¢ € k* by
ordg. All tensor products are assumed to be over k.

1.1 Coalgebras

A coalgebra is the dual version of an associative and unital algebra, namely a vector space
C' together with two k-linear maps A : C — C ® C (comultiplication) and ¢ : C — k
(counit) that satisfy

(A ®id)A = (Id®A)A (coassociativity),
(e®id)A =id = (id ®e)A (counitality).
A morphism ¢ : C' — D of coalgebras is a k-linear map such that

AD¢:(¢®¢)AC and €D¢:€C.

For calculations we use the following version of the Heyneman-Sweedler notation: For
c € C we write
A(c) = ¢y @ ¢z,

keeping in mind that the right-hand side is in general a sum of simple tensors. Thus the
coassociativity and counitality read

ey ® @) @ c@) - = (caya) @ caye) @ ce) = ca) @ (ce)1) @ c)@2),
elcqy)e@ = ¢ = cuje(c)-
A morphism ¢ then has to fulfill
A(o(c) = dlc)) ® dlce) and  e(g(c) = e(c).

The set
G(C):={geC|A(g)=9g®g, e(g) =1}
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is called the set of group-like elements; this is a linearly independent set. For two g, h €
G(C) the set
P,(C)={zxeC|Ax)=2@9g+h®@z}

is called the space of g, h-skew primitive elements; this is a subspace.

A coalgebra is called simple, if it has no nontrivial subcoalgebras. It is said to be
pointed, if every simple subcoalgebra is one-dimensional, i.e., spanned by some g € G(C).
The coradical is the sum of all simple subcoalgebras, and it is denoted by Cj.

1.2 Comodules

We also want to give the dual version of a module over an algebra, namely M is called a
(left) comodule over the coalgebra C, if there is a k-linear map § : M — C' ® M (coaction)
that satisfies

(A®1id)d = (id ®6)o (coassociativity),
(e®id)d =id (counitality).

A morphism f: M — N of comodules is a k-linear map such that
Inf=0d®f)om (colinearity).
For the coaction we use a version of the Heyneman-Sweedler notation
d(m) = m1) @ mo)-
The coassociativity and counitality then read

M(—2) @ M(—1) @ M(o) : = M(-1)(1) @ M(-1)(2) & M(0) = M(~1) & M(0)(~1) & M(0)(0)>
e(m1))mey = m,

and a colinear map fulfills

d(f(m)) =m1 ® f(m)).

1.3 Bialgebras and Hopf algebras

Let (C,A,e) be a coalgebra and (A, u,n) be an algebra, where p : A® A — A is the
multiplication map and 7 : k — A the unit map. The space Homy(C, A) becomes an
algebra with the convolution product

frg=p(f®@g)A

for all f,g € Homy(C, A), and unit ne. The tensor product gives a monoidal structure for
algebras and coalgebras: A ® A resp. C ® C' is again an algebra resp. a coalgebra by

(a®b)(d @V) :=ad @b, Alc®d):= (cu)®da)) @ (¢ @ d2)),

for all a,a’,b,b' € A and ¢,d € C. Thus we can define the following: A bialgebra is a
collection (H, u,n, A, e), where
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e (H,p,n) is an algebra,
e (H,A,¢)is a coalgebra,
e A: H— H® H and ¢ are algebra maps.

A bialgebra H is called a Hopf algebra, if id € Endy(H) is convolution invertible, i.e., there
is a S € Endg(H) (antipode) with id xS = ne = S x id, in Heyneman-Sweedler notation

hyS(he) = e(h)1 = S(ha))h).

A morphism ¢ : H — K of bialgebras is a morphism of algebras and coalgebras. If the
antipodes exist then Sx¢ = @ Sy.

In a bialgebra H, we have 1 € G(H). The elements of P(H) := P, 1(H) are called
primitive elements. We call a bialgebra pointed, if it has the property as a coalgebra.

1.4 The smash product

Let A be an algebra, H a bialgebra and - : H® A — H, h® a — h-a a k-linear map. One
says that A is a (left) H-module algebra if

e (A,-) is a left H-module,
o h- (ab) = (h(l) . a)(h(z) : b),
(] h~1A:€<h)1A,

forall h € H, a,b € A.
Let A be a left H-module algebra. We define the smash product algebra

A#H = A H
as k-spaces with multiplication defined for a,b € A, g,h € H by
(a#g)(b#h) == a(gq) - D)#92)h-

A#H is indeed an associative algebra with identity element 1,#1y. Further H = 1,#H
and A = A#1y, so we may just write ah instead of a#h. In this notation

1.5 Yetter-Drinfel’d modules

Let H be a Hopf algebra. A (left-left) Yetter-Drinfel’d module V over H is a left H-module
and H-comodule with action - and coaction ¢ fulfilling the compatibility condition for all
he Handv eV

0(h - v) = hayvS(he) @ hayv)-
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We denote the category of Yetter-Drinfel’d modules with linear and colinear maps as
morphisms by flyD. There is again a monoidal structure: V@ W Eg YD for V,W Eg YD
by

h-(v@w) = (ha) - v) @ (he) - w), d(v@w):=vyw- Qv & wo)

forallh € H,v €V and w € W. For any V,W € YD we define the braiding
cow :VOW =WV, clvew):= (v w)® v

which turns (V,¢) with ¢ := ¢y into a braided vector space, i.e., V' is a vector space and
c € Auty(V ®@ V) satisfies the braid equation

(c®id)(id ®c)(c ® id) = (id ®c)(c ® id)(id ®c).

We are mainly concerned with the case when H = k([I'] is the group algebra with abelian
I', see Section [2.1]



Chapter 2

Nichols algebras

Braided Hopf algebras, especially Nichols algebras play an important role in the structure
theory of pointed Hopf algebras, as we mentioned in the introduction. See also Section
and [7, [10]. Nichols algebras were introduced in [44]. They can be seen as generalizations
of the symmetric algebra of a vector space, where the flip map of the tensor product is
replaced by a braiding.

We want to define braided Hopf algebras and Nichols algebras in the context of a
braided category, namely in the category £V D in the special case H = k[[']. One can give
also a definition in a non-categorical way, which sometimes provides additional information
[3]. For general results about braided Hopf algebras we want to refer to [52]. However,
there are many open problems, especially in the theory of Nichols algebras. Recent results
of Heckenberger connecting Nichols algebras with the theory of semi-simple Lie algebras
are found in 28] 31].

Our main reference is the survey article [10, Sect. 1,2]. In this chapter let T be again
an abelian group, but not necessarily finite.

2.1 Yetter-Drinfel’d modules of diagonal type

For a group I" we denote by [ the character group of all group homomorphisms from I"
to the multiplicative group k*. At first we want to recall the notion of a Yetter-Drinfel’d
module over an abelian group I, the special case of 2D in Section with H = k([

The category LYD of (left-left) Yetter-Drinfel’d modules over the Hopf algebra k[['] is
the category of left k[I']-modules which are I'-graded vector spaces V' = €D, V; such that
each Vj is stable under the action of I', i.e.,

h-veV, forall hel,velV,

The I'-grading is equivalent to a left k[I']-comodule structure § : V' — k[['] ® V: One can
define 0 or the other way round Vj by the equivalence §(v) = g ® v <= v € V, for all
g € T'. The morphisms of VD are the I-linear maps f : V — W with f(V,) C W, for all
gel.
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We consider the following monoidal structure on LYD: If V,W € LYD, then also
VW e tYD by

g-(vw):=(g-v)®(¢g-w) and (VW), EBVh®Wk
hk=g

for v e V,w € W and g € . The braiding in LY D is the isomorphism
c=cyw: VAW -WeV, cvew):=(g w)Qv

forallv eV, g €', w e W. Thus every V € LYD is a braided vector space (V,cyy).
We have the following important example:

Definition 2.1.1. Let V € LYD. If there is a basis z;, i € I, of V and g; € T, x; € T for
all 4 € I such that
9w =xi(g)r; and z; €V,

then we say V' is of diagonal type.
Remark 2.1.2.

1. Let V be a vector space with basis x1,...,x9, and let g; € ', x; € T for all 1 <i <.
Then V € YD (of diagonal type) by setting

g-z;=xi(g)r; and x; € V.

2. If k is algebraically closed of characteristic 0 and I is finite, then all finite-dimensional
V € LYD are of diagonal type.

3. For the braiding we have c(z; ® x;) = x;(gi)r; ® x; for 1 < i,j < 0. Hence the
braiding is determined by the matrix

(qi)1<i<o = (X;(9i))1<ij<o

called the braiding matrixz of V.

2.2 Braided Hopf algebras

A collection (B, p1,7) is called an algebra in LYD, if
e (B,u,n) is an algebra,
e BelYD,
e ;1 and 7 are morphisms of 1 YD; i.e., T-linear and I'-colinear.

The tensor product in LYD further allows to define the following: If B is an algebra in
LYD, then also BB := B® B € 1.YD is an algebra in 1.YD by defining k-linearly

(a@b)(d@b):=a(g-a)@0bY, foralla,d, bl €Bbe B,gel.

Exactly in the same manner a collection (B, A, ¢) is called a coalgebra in LY D, if
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e (B,A¢) is a coalgebra,
e Bel)D,
e A and € are morphisms of LYD.
A braided bialgebra in LYD is a collection (B, u,n, A, ¢, S), where
e (B, p,n) is an algebra in LYD,
e (B,A,¢) is a coalgebra in LYD,
e A: B — B®DB and ¢ are algebra maps.

If further there is an S € Endg(B) with u(id ®5)A = ne = pu(S ®@1id)A, then B is called a
braided Hopf algebra in LYD.

If the antipode S exists then it is a morphism in LYD [52]. A morphism ¢ : B — B’ of
braided bialgebras in £.YD is a morphism of algebras and coalgebras and also a morphism
in LYD ([-linear and I'-colinear). A braided Hopf algebra B in LYD is called graded, if
there is a grading B = @&,,>¢0B(n) of Yetter-Drinfel’d modules which is a grading of algebras
and coalgebras.

Note that braided bialgebras are generalizations of bialgebras: the basic idea is to
replace the usual flipmap 7: VeV - VeV, 7(v ® w) = w ® v with the braiding ¢ in
LYD.

Example 2.2.1. Let V be a vector space with basis X. Then the tensor algebra T'(V') =
k(X) is a graded braided Hopf algebra in LYD with structure determined by

g-u:=xu(g)u, wevV,, for all g € T',u € (X),
Alx) =2, 01+ 1@y forall 1 <i<@.

It is N-graded by the length of a word u € (X).

2.3 Nichols algebras

Let V € LYD. B is called a Nichols algebra of V, if
e B =®,50B(n) is a graded braided Hopf algebra in YD,
e B(0) =k,
e P(B)=B(1)2V,
e B is generated as an algebra by B(1).

Any two Nichols algebras of V' are isomorphic, thus we write 8(V') for “the” Nichols
algebra of V. One can construct the Nichols algebra in the following way: Let I denote
the sum of all ideals of T'(V') that are generated by homogeneous elements of degree > 2
and that are also coideals. Then B(V) = T(V)/I.
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2.4 Cartan matrices

A matrix (a;;)1<ij<o € 79%% is called a generalized Cartan matriz if for all 1 < 4,5 < 6
® a; =2,
e a; <0ifi#j,
e a;;=0=aj;=0.

Let ®B(V') be a Nichols algebra of diagonal type, i.e., V is of diagonal type. Recall that
V resp. B(V) with braiding matrix (g;;) is called of Cartan type, if there is a generalized
Cartan matrix (a;;) such that

4ijqji = QZ-U-
Not every Nichols algebra is of Cartan type (see Sections [6.3] [6.5), but still we have
the following:

Lemma and Definition 2.4.1. If B(V) is finite-dimensional, then the matrix (a;;) defined
forall 1 <i+# 5 <60 by

a; =2 and a;;:=—min{r € N | ¢;;¢;¢;; =1 or (r +1),, =0}

is a generalized Cartan matrix fulfilling

4ij%i = q;’ ~or ordg; = 1— a.

We call (a;;) the Cartan matriz associated to B(V').

Proof. See 28, Sect. 3]: We prove this more generally in the situation when the set {7’ €
N | [2f2;] # 0 in B(V)} is finite for all 1 < i # j < 0. It is well-known that if 1 <i # j <6
and r > 1, then in B(V)

[2f2;] =0 < (r)l,, H (1 — ai9545) = 0.
0<k<r—1

Thus the matrix (a;;) is well-defined and it is indeed a generalized Cartan matrix. O

2.5 Weyl equivalence

Heckenberger introduced in [27, 28, Sect. 2| the notion of the Weyl groupoid and Weyl
equivalence of Nichols algebras of diagonal type. With the help of these concepts Heck-
enberger classified in a series of articles [30} 26], BI] all braiding matrices (g;;) of diagonal
Nichols algebras with a finite set of PBW generators. We are mainly concerned with the
list of rank 2 Nichols algebras given in Table from [27, B0, Figure 1], see below.

We want to recall the following: For diagonal ®B(V') with braiding matrix (g;;) we
associate a generalized Dynkin diagram: this is a graph with 6 vertices, where the i-th
vertex is labeled with ¢; for all 1 <4 < 0; further, if ¢;;¢;; # 1, then there is an edge
between the i-th and j-th vertex labeled with g;;q;;: Thus, if ¢;;q;; = 1 resp. ¢;;q5 # 1,
then we have
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) i R . resp. o Gi g;5q5 9 .
O O O———=O
So two Nichols algebras of the same rank ¢ with braiding matrix (g;;) resp. (g;;) have the

same generalized Dynkin diagram if and only if they are twist equivalent [I0, Def. 3.8], i.e.,
forall 1 <1e,7 <86

qii = qéi and g5 = q;jq;i'
Definition 2.5.1. Let 1 < k < 6 be fixed and B(V) finite-dimensional with braiding
matrix (g;;) and Cartan matrix (a;;). We call (qgg )) defined by

(k) .__ —Qkj —ag;  Okilk;
45" = % " 9x; ek

the at the vertex k reflected braiding matriz.
We introduce for i # j
S if gijq5i = ;"
v ' ¢i;q50, if ordgy = 1 — a;.
Then by the definition of (a;;) in Remark for 1 <i,j <4

k k _1 ak; k 1 aw
oy =am a4y =agdr, a4y = andy,
q({e) — pig, — Qi if griqin, = qui,

" H Qi (QieQri) ™ qur,  if ordgey = 1 — ag;.

Concerning Dynkin diagrams it is usefull to know the following products for all 1 <1,5 < 6,
iJ 7k

k) (k - k) (k —ak; —api

aa'Y = prlawidin, q§j )qj(»i) = DriPrj " i i

Definition 2.5.2. Two Nichols algebras with braiding matrix (g;;) resp. (q;;) are called
Weyl equivalent, if there are m > 1, 1 < kq, ..., k,, < 0 such that the generalized Dynkin
diagrams w.r.t. the matrices ((. .. (qg»“))(k?) ...)#=)) and (¢f;) coincide, i.e., one gets the
Dynkin diagram of (g;;) by successive reflections of (g;;).

Example 2.5.3. The braiding matrix (g;;) := (q?l _11) with ¢ # 1 has the generalized

o - . . 2
Dynkin diagram ¢ ¢' “'and associated Cartan matrix (a;;) = (_1 9 ) of type As,

since q2qo1 = 91_11 and ordges = 1 — (—1). Then the at the vertex 2 reflected braiding
matrix is (g;;) = ( 5]2)) = (:1 :1), since

q
2 - 2 _
017 = qui(@ager) @ gee = 1, ¢ = gz = -1,
2 - 2
CI§1) = Q21lqg§1 = —q, q§2> =g = —1L

Its Dynkin diagram is ' ¢ ~'and the associated Cartan matrix is also of type A,. The

two braiding matrices (¢;;) and (g;;) are by definition Weyl equivalent; they are twist
equivalent if and only if ¢ = —1. See also Table 2.1| row 3 if ¢ # +1 and row 2 if ¢ = —1.
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Remark 2.5.4.

1. Both twist equivalence and Weyl equivalence are equivalence relations, and twist
equivalent Nichols algebras are Weyl equivalent.

2. Weyl equivalent Nichols algebras have the same dimension and Gel’fand-Kirillov di-
mension [27, Prop. 1], but can have different associated Cartan matrices. If the whole

Weyl equivalence class has the same Cartan matrix, then the Nichols algebras of this
class are called of standard type [2, [12].

Examples 2.5.5. Let B(V) be of rank 2. Then two Nichols algebras are Weyl equivalent
if and only if their generalized Dynkin diagrams appear in the same row of Table [2.1] and
can be presented with the same set of fixed parameters [27].

1. B(V) is of standard type, if and only if it appears in the rows 1-7, 11 or 12 of Table
2.1 The Cartan matrices are

° (g g) of type A; x A; of row 1,

° (_21 _21) of type Ay of rows 2 and 3,

° (_21 _22) of type By of rows 4-7, and

° (_21 _23> of type G of rows 11 and 12.

All Nichols algebras of type A; x Ay, Ay and some of By are lifted in Sections
6.3, 6.4

2. In the non-standard Weyl equivalence class of row 8 of Table 2.1|the Cartan matrices

-1 2 o O O

. ( 2 _2> of type By of —g2<—1 1 = ¢ ~1and

2 -3 —3 1 =3 -1
) (_1 2>0ftypeG20f S ¢ o o ¢ 5

appear. These Nichols algebras are lifted in Section [6.5] The same Cartan matrices
appear in row 9, where we lift the Nichols algebras corresponding to the last two
Dynkin diagrams.
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2.6 Bosonization

Let B be a braided Hopf algebra in LYD. We will use the notation Ag(z) = 2V @ 22
for x € B to distinguish the comultiplication in the braided Hopf algebra B from the
comultiplication in a usual Hopf algebra. The smash product H = B#k[I'] is a (usual)
Hopf algebra, the bosonization of B, with structure given by

(z#9) (y#h) == x(g - y)#gh, Az#g) = 2V#2® g @ 2 g)#g,
for all z,y € B, g,h € I'. We then have a Hopf algebra projection
7 B#K) - K], (oftg) == e(2)g

on the Hopf subalgebra k[['] < B#k[T], 1(g) := 1#g¢; it is m = id.
Also the converse is true by a theorem of Radford [45]: Let H be a Hopf algebra with

a Hopf subalgebra k|[T'] < H (more exactly a Hopf algebra injection) and a Hopf algebra
projection 7 : H — K[I'] such that 7 = id, then the subalgebra of H of right coinvariants
with respect to m,

B:=H*":={he H | (idor)A(h) =h® 1},
is a braided Hopf algebra in LYD in the following way: For any x € B, g € T set

0(x) = 7(zn) @ z2), ¢-2:=u(g)r(g),
Ap(@) = z)tSum(2(2) @ T ().

Then the following map is a Hopf algebra isomorphism

B#K[['| = H, x#g+— zu(g), forallz € B,g €T.

2.7 Nichols algebras of pointed Hopf algebras

To determine the structure of a given pointed Hopf algebra it is useful to study its associated
Nichols algebra, which is easier (e.g. it is graded):

Let A be a pointed Hopf algebra with abelian group of group-like elements G(A) =T
and

k[F] =AyCA C...CA with A= UnZOAn

be its coradical filtration, i.e.,
Ay =AY AR A, 1+ Ay ® A)
for n > 1; see [43], Sect. 5.2]. Recall that the associated graded algebra
gr(A) == @,>04n/An-1  with A_1:=0

is a pointed Hopf algebra [43, Lem. 5.2.8] of same dimension dimy A = dimy gr(A). By
Section 2.6l we can write
gr(4) = B#k[I,
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with B := gr(A)®7™, = the projection of gr(A) on Ay = k[['|. The subalgebra of B generated
by V := P(B) €L YD is the Nichols algebra B(V) of V [7].

In general one hopes that B = B(V), because then all finite-dimensional pointed Hopf
algebras A are just the liftings of B(V), see Chapter [6] and the introduction. Note that
B =B(V) is equivalent to the Conjecture [0.0.1]
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‘ generalized Dynkin diagrams

‘ fixed parameters

1 é (g q,r € k*

9| a g1 a q € k*\{1}

3| 4ot Pt g € k\{-1,1}

4| 8 g ¢ € K\{-1,1}

5 é 2 Z)1—cg1 2 Z)l q € k*\{—1,1}, ordg # 4
6 é 1 é é g (C)cf1 ord¢ = 3, g € k*\{1, ¢, ¢*}
7 é ¢ —Ol C; gfl—ol ord¢ =3

8|t e L 1 ¢ e ¢ = 12
JFESgaupEy i

1l qes e q € k*\{-1,1}, ordg # 3
13| ¢ ,4—1—<—4g ¢ c(—; —g“ ¢ 51 é (s E)l ord¢ = 24

14 é 2 51—%*%—2 —Ol ord( =5

15 é = 51 Z)C_g—351_452 ¢3 g—gz—@ 51 ord¢ = 20
e S A S ord¢ =15

17 3_47351—40*2_@ Z)l ord¢ =17

Table 2.1: Weyl equivalence for rank 2 Nichols algebras [27, 30, Figure 1]
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Chapter 3

g-commutator calculus

In this section let A denote an arbitrary algebra over a field k of characteristic chark =
p > 0. The main result of this chapter is Proposition which states important ¢-
commutator formulas in an arbitrary algebra.

3.1 g-calculus

For every g € k we define for n € N and 0 < ¢ < n the ¢g-numbers and q-factorials

e n, ifg=1
(n)g=1+q+¢+...+¢" ' = =1 and  (n)g! = (1)g(2)q - - - (n)g,
=1 14 71

and the g-binomual coefficients

(), = == huws

Note that the right-handside is well-defined since it is a polynomial over Z evaluated in q.
We denote the multiplicative order of any q € k* by ordg. If ¢ € k* and n > 1, then

dg = if chark =0
CQ —Oforalll<i<n—1es{0070 1chat (3.1)
i), p¥ordq = n with £k >0, if chark =p > 0,

see [46, Cor. 2]. Moreover for 1 < i < n there are the ¢-Pascal identities

000 (),

and the g-binomial theorem: For x,y € A and ¢ € k* with yr = qry we have

n

(x+y)" = Z (?)q:piy”_i. (3.3)

1=0

Note that for ¢ = 1 these are the usual notions.
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3.2 ¢g-commutators

Definition 3.2.1. For all a,b € A and ¢ € k we define the ¢-commutator
[a,b], :== ab — gba.

The g-commutator is bilinear. If ¢ = 1 we get the classical commutator of an algebra.
If A is graded and a, b are homogeneous elements, then there is a natural choice for the q.
We are interested in the following special case:

Example 3.2.2. Let 0 > 1, X = {z1,..., 2}, (X) the free monoid and A = k(X) the

free k-algebra. For an abelian group I' let I' be the character group, gi,...,9¢ € I' and
X1,---,X0 € . If we define the two monoid maps

degp : (X) — T, degp(z;) :=¢; and degp: (X) — f, dega(x;) == X,

for all 1 <i <0, then k(X) is I'- and T-graded.
Let a € k(X) be I'"homogeneous and b € k(X) be I'-homogeneous. We set

9o :=degp(a), xp:=degp(b), and qap = Xp(da)-
Further we define k-linearly on k(X) the g-commutator
[a,b] := [a, b, , (3.4)
Note that g, is a bicharacter on the homogeneous elements and depends only on the values

For example [11,25] = 7129 — X2(g1)T2T1 = T1T2 — quaTew;. Further if a,b are Z°-
homogeneous they are both I'- and I'-homogeneous. In this case we can build iter-
ated g-commutators, like [a:l,[xl,xQH = x|z, 2] — xixe(g1)[71, v2|x1 = T[T1, 20] —

C]11Q12[9«"1> 5132]551-

Later we will deal with algebras which still are f—graded, but not I'-graded such that
Eq. is not well-defined. However, the g-commutator calculus, which we next want to
develop, will be a major tool for our calculations such that we need the general definition
with the ¢ as an index.

Proposition 3.2.3. For all a,b,c,a;,b; € A, ¢,¢,¢",¢;,( €k, 1 <i<nandr >1 we
have:
(1) g-derivation properties:

[a, bclyy = [a,bl,c + qbla, ]y, [ab, c|gy = alb, cly + ¢'[a, )b,

[a, bl e bn]QL--Qn = Z qi ... Qi—lbl . bi_l[a, bi]qibi-i-l . bn7
i=1

n
[a1 e Qpy, b]ql---Q7L = Z gi+1-.-Qqnay . .. ai_l[ai, b]qiaiﬂ e Qp.
i=1
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(2) g-Jacobi identity:
HCL, bly, C} q'q [a, [0, C]q] 7q" q'bla, cgn + qla, clgb.
(3) ¢g-Leibniz formulas:

r—1
[, = > a' () b [0y, 0] o B i
=0 —r

r—1i

r—1
[a", bl = ; q' (:)C [a, o [a, a, b]q] " .]qc_i_lai.

r—i

(4) restricted g-Leibniz formulas: If chark = 0 and ord( = r, or chark = p > 0 and
pFord¢ =r , then

@y = [oo [l bl b] o B

—_— ———
[a", bl = [a,... [a,]a, quC . '}qCT*'
————

Proof. (1) The first part is a direct calculation, e.g.
[a, bclyy = abe — qq'bea = abe — gbac + qbac — qq'bca = [a, bl,c + qbla, c]y .

The second part follows by induction.
(2) Using the k-linearity and (1) we get

Ha7 b]tI" C} q"q - [ab’ C]Q”q - q,[ba7 C]Q"q - a[bv C]q + q[a7 C]Q"b - q/(b[av C]Q” + qu[b7 C]qa)
= [CL7 [ba C]Q] q'q" - q/b[a7 C]q” + Q[CL, C]q”b'

(3) By induction on 7: r = 1 is obvious, so let r > 1. Using (1) we get
[a7 bTJrl]qr‘H = [CL, brb]lf'q = [CL, br]qrb +q'b" [a7 b]q

By induction assumption [a,b"],b = 31— ¢’ (?)Cbi ... [[a,b]g, b] < ,b] jcr—i1b; Where

—
bl .. [[a,b]q,b}qc...,b}qcr_i_lb =
Zi
o'[... [la, 0]y, b] e b] i T g [a, by, b] e 0] —
——_———— —_————

r+1—1 r—i
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In total we get

T

o, 6" Mgrer = 3 ([ (M0 gsb] ] o

1=0
r+1—1
r—1
O oo

Shifting the index of the second sum and using Eq. (3.2)) for ¢ we get the formula. The
second formula is proven in the same way.

(4) Follows from (3) and Eq. (3.1)). O
Remark 3.2.4.

1. If we are in the situation of Example and assume that the elements are homo-
geneous, we can replace the arbitrary commutators by Eq. (3.4]) and also replace the
general ¢’s above in the obvious way; e.g., in the first one of (1) set ¢ = Gup, ¢ = Gure

and in (3), (4) ¢ = qp resp. ¢ = Gq -

2. If all ¢’s are equal to one, we obtain the classical formulas. The name restricted is
chosen, because of the analogous formula in the theory of restricted Lie algebras (also
p-Lie algebras).



Chapter 4

Lyndon words and ¢g-commutators

In this chapter we recall the theory of Lyndon words [38, 47] as far as we are concerned
and then introduce the notion of super letters and super words [36].

We want to emphasize that the set of all super words can be seen indeed as a set of words
(more exactly as a free monoid, see Section |4.5)), which is a consequence of Proposition
Moreover, we introduce a well-founded ordering of the super words which makes
way for inductive proofs along this ordering.

4.1 Words and the lexicographical order

Let 0 > 1, X = {z1,x9,...,2¢} be a finite totally ordered set by x; < xo < ... < g,
and (X) the free monoid; we think of X as an alphabet and of (X) as the words in that
alphabet including the empty word 1. For a word u = x;, ... x;, € (X) we define (u) :=n
and call it the length of u.

The lexicographical order < on (X) is defined for u,v € (X) by u < v if and only if
either v begins with u, i.e., v = uv’ for some v € (X)\{1}, or if there are w,u’,v" € (X),
x;,x; € X such that u = wzv', v = wrv' and i < j. Eg., o1 < z129 < x2. This
order < is stable by left, but in general not stable by right multiplication: x; < x;zs but
T1T3 > T1TeT3. Still we have:

n

Lemma 4.1.1. Let v,w € (X) with v < w. Then:
(1) uwv <ww for all u € (X).

(2) If w does not begin with v, then vu < wu' for all u,u' € (X).

4.2 Lyndon words and the Shirshov decomposition

A word u € (X) is called a Lyndon word if u # 1 and u is smaller than any of its proper
endings, i.e., for all v,w € (X)\{1} such that u = vw we have u < w. We denote by

L :={u € (X)|uis a Lyndon word}
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the set of all Lyndon words. For example X C £, but 27 ¢ £ for all 1 <i <6 and n > 2.
Moreover, if ¢ < j then il € L for n,m > 1, e.g. x1x9, T1T122, T1ToT2, T1XL1ToTo; also
zi(x;z;)" € L for any n € N, e.g. 212122, T121T221Ts.

For any u € (X)\X we call the decomposition v = vw with v,w € (X)\{1} such
that w is the minimal (with respect to the lexicographical order) ending the Shirshov
decomposition of the word u. We will write in this case

Sh(u) = (v|w).

E.g., Sh(z122) = (21]22), Sh(z121207129) = (212122|2122), Sh(X12129) # (T121|22).
If w € £\ X, this is equivalent to w is the longest proper ending of u such that w € L.
Moreover we have another characterization of the Shirshov decomposition of Lyndon words:

Theorem 4.2.1. Let u € (X)\X and u = vw with v,w € (X). Then the following are
equivalent:

(1) uw € L and Sh(u) = (v|w).
(2) v,w € L with v <u < w and either v € X or else if Sh(v) = (vi|ve) then vy > w.
Proof. This is equivalent to [38, Prop. 5.1.3, 5.1.4] O

With this property we see that any Lyndon word is a product of two other Lyndon words
of smaller length. Hence we get every Lyndon word by starting with X and concatenating
inductively each pair of Lyndon words v, w with v < w.

Definition 4.2.2. We call a subset L C L Shirshov closed if
e X CL,
e for all u € L with Sh(u) = (v|w) also v,w € L.

For example £ is Shirshov closed, and if X = {x1,29}, then {x1,x12129, 22} is not
Shirshov closed, whereas {z1, x122, x12122, T2} is. Later we will need the following:

Lemma 4.2.3. [36, Lem. 4] Let u,v € L and uy,us € (X)\{1} such that v = uyus and
uy < v. Then we have
uY < v < v and wv < us < v.

4.3 Super letters and super words

Let the free algebra k(X) be graded as in Example 3.2.2] For any u € £ we define
recursively on ¢(u) the map

(] L —k(X), we [u]. (4.1)

If /(u) =1, then set [x;] := x; for all 1 < ¢ < #. Else if {(u) > 1 and Sh(u) = (v|w) we de-
fine [u] := [[v], [w]]. This map is well-defined since inductively all [u] are Z’-homogeneous
such that we can build iterated g-commutators; see Example [3.2.2 The elements [u] €
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k(X) with w € L are called super letters. E.g. [rim1200129] = [[wlxlmg],[xlxgﬂ =

[[$1; [zla ZL'Q]], [zla x?” .
If L C L is Shirshov closed then the subset of k(X)

(L] :=={[u]|ueL}

is a set of iterated g-commutators. Further [£] = {[u] ’ u € E} is the set of all super letters
and the map [.]| : £ — [L£] is a bijection, which follows from the Lemma below. Hence
we can define an order < of the super letters [£] by

[u] < [v] & u <,

thus [£] is a new alphabet containing the original alphabet X; so the name “letter” makes
sense. Consequently, products of super letters are called super words. We denote

(£]® .= {[ud] ... [un) |n €N, u; € L}

the subset of k(X) of all super words. In order to define a lexicographical order on [£]®™),

we need to show that an arbitrary super word has a unique factorization in super letters.
This is not shown in [36].

For any word w = x;, 24, ... x;, € (X) we define the reversed word

&
U = T4, - iy T4y
Clearly, % = w and w = v ‘w. Further for any a = > ayu; € k(X) we call the lexico-

graphically smallest word of the u; with a; # 0 the leading word of a and further define
«— «—
a = ou.

Lemma 4.3.1. Let u € L\X. Then there exist n € N, u; € (X), oy €k forall1 <i<n
and g € kK* such that
- — = «— . «—
[u] = u+2aiui+qu and |ul ="u —|—Zaiui + qu.
i=0 i=0
H

Moreover, u is the leading word of both [u] and [u].

Proof. We proceed by induction on ¢(u). If ¢(u) = 2, then v = z;x; for some 1 < ¢ <
j <0 and [u] = [zi7;] = vxj — qjrjvi = u— qijw. Let €(u) > 2, Sh(u) = (v|w) and
[u] = [v][w] = quw|w][v]. By induction

(—
[v] = v+ Z Bwi+qv  and  [v] =V + Zﬁf@ +qu, resp.
H
[w] = w + Z yw; +¢w and  |w] =W + Z Yit; + q'w
j i

with ¢,q" # 0 and leading word v resp. w. Hence [v][w] and <[v—]<[_w—] resp. [w][v] and <[_u7]<[v—]
have the leading words LW Tesp. wv. Since v is Lyndon we get u = vw < wv, thus the
leading word of [u] and [u] is v and further they are of the claimed form. O
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Proposition 4.3.2. Let uy,... up,v1,..., 0, € L. If [ui)[ug] ... [u,] = [v1][ve] ... [vm],
then m =n and u; = v; for all 1 <1 <n.

Proof. Induction on max{m,n}, we may suppose m < n. If n =1 then also m = 1, hence
[u1] = [v1] and both have the same leading word u; = vy.

Let n > 1: By Lemma [4.3.1) [u1] ... [u,] = [v1] ... [un) has the leading word u; ... u, =
V1 ...y and

lin] - ] = [ua] - [tn] = [01] - - [oma] = ] .- - [01]

has the leading word w,, ...u; = vy, ... v1.

If £(uy) > €(vy), then u; = viu and u; = v'vy for some u, v’ € (X). If u, v’ # 1, we get
the contradiction v; < viu = w'vy; < vy, since w; is Lyndon. Else if £(u;) < £(vq), it is the
same argument using that v; is Lyndon. Hence u; = v; and by induction the statement
follows. o

Now the lexicographical order on all super words [£]®), as defined above on regular
words, is well-defined. We denote it also by <.

4.4 A well-founded ordering of super words
The length of a super word U = [uy][uy] . . . [u,] € [L]®Y is defined as £(U) := £(ujuy . . . uy,).
Definition 4.4.1. For U,V € [£]™ we define U < V by

o ((U) < {(V),or

e ((U)=((V)and U > V lexicographically in [£]®.

This defines a total ordering of [£]™ with minimal element 1. As X is assumed to be
finite, there are only finitely many super letters of a given length. Hence every nonempty
subset of [£]™ has a minimal element, or equivalently, < fulfills the descending chain
condition: = is well-founded.

4.5 The free monoid (X7)

Let L C £. We want to stress the two different aspects of a super letter [u] € [L]:
e On the one hand it is by definition a polynomial [u] € k(X).
e On the other hand, as we have seen, it is a letter in the alphabet [L].

To distinguish between these two point of views we define for the latter aspect a new
alphabet corresponding to the set of super letters [L]:

To be technically correct we regard the free monoid (1,...,0) of the ciphers {1,...,0}
(“telephone numbers” in ciphers 1,...,0), together with the trivial bijective monoid map

vi{ry,...,xg) — (1,...,0), x;—i forall1<i<4.
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Hence we can transfer the lexicographical order to (1,...,0). The image v(£) C (1,...,0)
can be seen as the set of “Lyndon telephone numbers”. We define the set

Xp:={z, |uev(l)}.

Note that if X C L (e.g. L C L is Shirshov closed), then X C X;. E.g., if X = {z), 25} C
L= {1'1,3311}2,1'2} then I/(L) = {1, 12,2} and X C XL = {1’1,1'12,5172}.

Notation 4.5.1. From now on we will not distinguish between L and v(L) and write for
example z, instead of z,(,) for v € L. In this manner we will also write g, (u), Xu(u)
equivalently for g,,x, if u € L, as defined in Example [3.2.2l E.g. g11o9 = w1220 =
9z19219z2 = 919192, X112 = Xzrzize = Xai Xa1 Xzz = X1X1X2-

Notabene, the notation of the x,, like x11o, fits perfectly for the implementation in
computer algebra systems like FELIX, see Appendix [A]

By Proposition [4.3.2] we have the bijection
p: LM — (X)), p([w] .. [un]) == Ty, ... 2. (4.2)

E.g., [r129ms][x129] s 2199T19. Hence we can transfer all orderings to (Xr): For all
UV e (X) we set
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Chapter 5

A class of pointed Hopf algebras

In this chapter we deal with a special class of pointed Hopf algebras. Let us recall the
notions and results of [36, Sect. 3]: A Hopf algebra A is called a character Hopf algebra if
it is generated as an algebra by elements aq, ..., ay and an abelian group G(A) =T of all
group-like elements such that for all 1 <4 < 6 there are g; € I' and y; € T with

Ala;)) =a;® 14+ g ®a; and ga; = xi(9)aig.

As mentioned in the introduction this covers a wide class of examples of Hopf algebras.
The aim of this chapter is to construct for any character Hopf algebra A a smash
product k(X )#k[I'] together with an ideal I such that

A= (k(X)#K[T))/I.
Note that any character Hopf algebra is f—graded by

A=PA* with A¥:={a€A|ga=x(g)ag},

xel

since A is genereated by f—homogeneous elements, and elements of different AX are linearly
independent.

5.1 PBW basis in hard super letters

At first we want to give a formal definition of the term PBW basis of an arbitrary algebra.

Definition 5.1.1. Let A be an algebra, P,S C A subsets and let Ny € {1,2,...,00} for
all s € S. Assume that (5, <) is totally ordered. If the set of all products

T1 T2 Tt
51'8y° ... 8.'g

withteN,s; € 5,51 >...>5,0<7r, <N, and g € P, is a basis of A, then we call it a
PBW basis. More simple, we also say S is a PBW basis.
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Let from now on A be again a character Hopf algebra. The algebra map
]k<X> — A, T; — a;

allows to identify elements of k(X)) with elements of A: By abuse of language we will write
for the image of a € k(X) also a. Further let k(X) be I'-, f—graded and ¢, , as in Example
with the g; and x; above. Then a super letter [u] € A is called hard if it is not a
linear combination of

o U=[ul]...[u,] €[L]™ withn >1, ((U) = £(u), u; > u for all 1 <i < n, and
e VgwithV € [£]™ (V)< l(u)and g €T.

Note that if [u] is hard and Sh(u) = (v|w), then also [v] and [w] are hard; this follows from
[36, Cor. 2]. We may assume that ay,...,ay are hard, otherwise A would be generated by
I' and a proper subset of aq,...,a9. But this says that the set of all hard super letters is

Shirshov closed.
For any hard [u] we define N| € {2,3,...,00} as the minimal » € N such that [u]” is
not a linear combination of

o U=[u]...[u,] €[L]™ withn > 1, {(U) = rl(u), u; > u for all 1 <i<n, and
e VgwithV € [£]™ (V)< rl(u) and g €T.

Theorem 5.1.2. [36] Thm. 2, Lem. 13] Let A be a character Hopf algebra. Then the set
of all
[ua] ™ ue]™ .. [w]™g
with t € N, [ug] is hard, uy > ... >wu, 0 <r; <N, g€, forms ak-basis of A.
Further, for every hard super letter [u] with N], < co we have ordg,, = N}, if chark = 0
resp. p*ordq, ., = N/ for some k > 0 if chark = p > 0.

We now generally construct a smash product k(X )#k[['] with an ideal I.

5.2 The smash product k(X)#k|I]

Let k(X) be I'- and I-graded as in Example m and k[I'] be endowed with the usual
bialgebra structure A(g) = ¢ ® g and £(g) =1 for all g € I'. Then we define

g-xi:=xi(g)x;, foralll<i<0.

In this case, k(X) is a k[['|-module algebra and we calculate gx; = x;(9)x;9, gh = hg =
e(g)hg in k(X)#k([[']. Thus z; € (k(X)#k[['])¥ and k[I'] C (k(X)#k[[])® and in this way

k(X )#k[[] = @(kvf)#k[ﬂ)x.

This T-grading extends the [-grading of k(X) in Example to k(X)#k[I'].
Further k(X)#k(I'] is a Hopf algebra with structure determined by

Alz) =2,014+¢®z; and Alg) =g®y,
forall1<i<#and geT.



5.3 Ideals associated to Shirshov closed sets 37

5.3 Ideals associated to Shirshov closed sets

In this subsection we fix a Shirshov closed L C £. We want to introduce the following
notation for an a € k(X)#k[['] and W € [£]™: We will write a <, W (resp. a <, W), if
a is a linear combination of

o U c [L)™ with £(U) =¢(W), U > W (resp. U > W), and
e Vgwith Vel[L]™ gel, (V)< W),

Furthermore, we want to distinguish the set of Lyndon words w = uv with u,v € L such
that

u<wv, Sh(uww)=(ulv), and wv ¢ L. (5.1)

For example, if L = {1, 212179, 2179, T2}, then all uv with u,v € L as in Eq. are
T1T1X1 Lo, T1X1T9T1 T2 and T1x929, see also Section [0.3]

We set N, := oo or N, := ordg,, for all w € L (resp. N, := pkordqmu with £ > 0
if chark = p > 0). Moreover, let ¢,, € (k(X)#k[['])Xw for all u,v € L with Eq.
such that ¢, < [uv]; and let d,, € (k<X>#k[F])XiV“ for all u € L with N, < oo such that
dy <1 [u]™*. Then let I be the ideal of k(X )#Kk[I'] generated by the following elements:

[uv] — cyp for all u,v € L with Eq. (5.1]), (5.2)
[u]™ — d, for all u € L with N, < oo.

Note that the ideal [ is f—homogeneous. Examples of the ideal I for certain L are found

in Chapters [0} [§, and [9]
In the next Lemma we want to define ¢,y € k(X)#k[I'| for all u,v € L with u < v,

such that [[u], [v]] = c(ue) modulo I. In this way we show that the relations of type
Eq. (5.2) with Sh(uv) # (u|v) or uv € L are redundant.

Lemma 5.3.1. Let I' C k(X)#k[I'] be the ideal generated by the elements Eq. (5.2)). Then
there are iy € (K(X)#K[I)Xw for all u,v € L with u < v such that

(1) [[ul, []] = cqu € I,
(2) C(u|v) jL [UU]

The residue classes of
[ud] " [ua] .. [w] g
witht € N, w; € L, uy > ... >, 0 <1r; < Ny, g €T, k-generate (k(X)#k[I'])/I.

Proof. For all u,v € L with u < v and Sh(uv) = (u|v) we set

[wv], ifuv € L,
Clulp) =
() Cup, ifuv & L.

We then proceed by induction on ¢(u): If u € X then Sh(uv) = (u|v) by Theorem and
by definition the claim is fulfilled. So let ¢(u) > 1. Again if Sh(uv) = (u|v) then we argue



38 5. A class of pointed Hopf algebras

as in the induction basis. Conversely, let Sh(uv) # (ulv), and further Sh(u) = (u;|us);
then uy < v by Theorem and by Lemma [£.2.3

U < Uy = u < uv < ugv, and uv < uqv. (5.4)

By induction hypothesm there is a c(y,)0) = Y aU + ) BV g (we omit the indices to avoid
double indices) of T-degree yu,, with U = [i]...[l,] € [L]™, {(U) = (ugv), i > usv,
Ve [L]W, (V) < l(ugv), g €T and [[us], [v]] = C(usfw) € I'. Then

(] Ctuy] = D afw], U+ Blw], Vg].

Since U is xu,o-homogeneous we can use the g-derivation property of Proposition for
the term

= Z Qul,ll...li,l[ll] cee [lifl] [[Ul], [ZZH [llqu] e [ln]

By assumption usv < l7, hence we deduce uv < l; and u; < [y from Eq. ; because
of the latter inequality, by the induction hypothesis there is a x,,;,-homogeneous c,,;,) =
SN d'U + Y. B'V'g with U' € [L]W, ¢U") = l(uly), U > [uily], V' € [L]W, (V') <
U(urly), ¢ € T and [[ui], [l]] = cuyn) € I'. Since usv < i we have [uv] = [ujugv] <
[u1l;] < U'. We now define 0, (C(u,)v)) k-linearly by

aul (U) =cC (u1|l1 ZQ + Z Quy,ly..0;— 1 s [l ]Uul] [l H [li-f-l] s [ln]’
aul (Vg) = [[u1]7 V}

Then Oy, (C(usje)) =1 [uv] with [-degree yu,. Moreover [[ur], [[ua], [V]]] = Ous (Cluap)) € I,
since [[w], U] — 8y, (U) € I and 8,,(Vg) = [[w1], Vg]

Finally, because of u; < u < v there is again by induction assumption a c(y, ) <1 [u1?],
which is xu,.-homogeneous and c(y,j») — [[t1][v]] € I’ (moreover, ujv > uv by Eq. (5.4)).
We then define for Sh(uv) # (ulv)

Guq,ugvXuq (g) g

Quy,ugv

C(u|v) = aul (C(u2|v)> + qug,vc(u1|v) [UQ] — Quyus [UQ]C(uﬂv)- (55)

We have uy > u since u is Lyndon and u cannot begin with us, hence uy > uv by Lemma
4.1.1, Thus c(ue) <1 [uv]. Also dega(cuw)) = Xuo and by the g-Jacobi identity of Proposi-
we have [[u], [v]] = cquje) € I'.

For the last assertion it suffices to show that the residue classes of [u1]™ [ug]™ ... [w]™g
k-generate the residue classes of k(X) in (k(X)#k[I'])/I’: this can be done as in the proof
of [36, Lem. 10] by induction on =< using (1),(2). O

5.4 Structure of character Hopf algebras

Theorem 5.4.1. If A is a character Hopf algebra, then there is a Shirshov closed L C L
and an ideal I C k(X )#Kk[T] as in Section[5.5 such that

A2 (k(X)#k[T])/I.
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Proof. Let [L] be the set of hard super letters in A; then L C L is Shirshov closed as
mentioned above. By Theorem the elements [u]™ [ug]™ ... [u]"*g with t € N, u; € L,
up > ... >u, 0 <r; < N, g €T, form a k-basis. We consider the k-linear map

¢ A—Kk(X)HK[T],  [ug]™ .. Jw]™g — [ug]™ .. [u]™g,

and define ¢, := ¢([uv]) for all u,v € L withu < v, Sh(uv) = (u|v),uv ¢ L, d, := ¢([u]™)
for all u € L with N, := N} < co. Note that these elements are as stated in Lemma [5.3.1]
since [uv] is not hard. Then there is the surjective Hopf algebra map

(k(X)YH#K[[)) /T — A, z;— a;, g— g.

By Lemma the residue classes of [u1]™ ... [u]" g k-generate (k(X)#K[I'])/I; they are
linearly independent because so are their images. Hence the map is an isomorphism. [

5.5 Calculation of coproducts
Let in this section chark = 0. For any g € I', x € T we set
PX:=PrA) =P (A)NAX={ac A|Ala) =a® 1+ g®a, ga= x(g9)ag}.

Although the following calculations are for k(X)#k[['], we can use the results in any
character Hopf algebra A by the canonical Hopf algebra map k(X)#k[[] — A. Assume
again the situation of Example |3.2.2

Lemma 5.5.1. Let 1 <i< j<6 andr >1.
N
(1) If ordg; = N, then z¥ € Pg’@@ .
(2) If gijqi = q;(r_l) and r < ordg;;, then [z]z;] € P%igij.

—(r-1 r XiX;
(3) If gijq;i = ij( Vand r < ordgj;, then [z;x}] € Pgig;J.

Proof. (1) We have (g; ® z;)(2; ® 1) = gsi(2; ® 1)(g; ® ;) hence by Eq. (3.3)) we obtain the
claim. For (2) and (3) see [7, Lem. A.1]. O

Next we want to examine certain coproducts in the special case when ¢; = —1 for a
1 <17 < 6. Note that in the following two Lemmata we could write more generally ¢ and j
with 1 <17 < j < 6 instead of 1 and 2:

Lemma 5.5.2. Let Ol"dq12712 =N.
(1) If goo = —1, we have for the quotient (k(X)#Kk[[])/(x3)

A([z1z2)V) = [z122)Y @ 1+ g1y @ [m12] Y
+ (]é\,fl_zl(l — qrago1) [z1(2122) N V] g0 ® .
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(2) If g11 = —1, we have for the quotient (k(X)#Kk[[])/(2%)

A([.leg]N): [l’ll’g]N ®1+ g{\; ® [13133‘2]]\[

+ 4115 (1 = qraga1) 191y g2 @ [(w122) V!

Tg).

Proof. We calculate directly in k(X)#k[I]
A([z122]) = [1122] @ 1+ (1 — q12g21) 7192 @ T2 + g12 @ [T122].

For a := (1 — q12¢21), ¢ = qu2,12, U := [7122] ® 1, V 1= ax192 ® 22 and W := g15 ® [z122]
we have WU = qUW and

VU - qUV = OZQ2,12[$1$1$2]92 ® T,
WV —qVW = aqi217191292 @ [z122).

We further set for » > 1

V]i=V, VU] := ags ol (2122)"]g2 @ 22,
Wl=w, W'V = aqi 15191292 ® [(2172)" 2],
(1) We have [x12922] = [x1,23] = 0 by the restricted ¢-Leibniz formula and z3 = 0.

Hence WU = qUW and WV = ¢qVW. By Eq. (3.3 we have
A([z120]") = (U+V +W) =U+V) +W".
We state for r > 1

U4V U?‘+Z v,

from where the claim follows. This we prove by induction on r: For r = 1 the claim is
true. By induction assumption

U+ V)t = (U + V)Y (U+V)

r—1
—U’"+1+Z ) U'VUrDT U Uty Y (5) U vueTY,
=0
where the last sum is zero since [VUT V7V = ... @22 =0 forall 0 < i <7 — 1. Further

[VU(T_I)_i]U = Oéqglzl) [xl(xlx2)(r_1)_i]g2 [2129] ® 79
= ags 5 ([1(122)" [z 129]
+ Q1,12q(rfl)7i[9€1372] [951(1171352)(“1)%])92 & T2
= VU + ¢ UV,
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Thus (U + V)" =

r—1

Ur+1 + Z Uz VUT z] + UV + Z rfiUi+1[VU(r71)7i]
_ Ur+1 + Z((:)q + (iil)qqurlfi)Ui[VUrfi]’

by shifting the index of the second sum. By Eq. (| . this is the de51red formula.
(2) is proven analogously with the formula (V +W)" = W’ + 3/~ () (W==yye,
O

A direct computation in k(X)#k[['| shows that

A([2121290175]) = [2121297179] @ 1+ ¢5¢5 @ [1101720179)
+ alr12122]9192 ® [2172)]
+(1— Q12€I21)(921922ﬁ[$1$1$1$2] + a[$1$1$2]$1)92 X T
+ (1 = q12421) (1 — q11¢12421) 239193

® (Q11QQ1(1 + g1 — 9%19%2931922)[3;1%2132] + Oé$2[$1$2])
+ (1 — Q12Q21)2(1 — quq12q21)(1 — qflqﬁq%lng)x?g% ® 5133
+ 219195 ® (Vw1za)® + qf1¢21(1 — quagar) [11717225))
with

a = (2) g, q11G012G21G22(1 — qr1q12go1) + 1 — qfqu’gq;’lqu,

Bi=1—quq2qa — Q%Q%gqgﬂzm
Y= CI%1CI21Q12(1 - Q12Q21)(Q22 - CI11)
+ (2)g, (1 — qu1q12¢21) (1 — 43,03505,422)-

Lemma 5.5.3. Let qoo = —1. Then
a = (3)q12,12(1 - Q%1QI2Q21>7

ﬁ = (3)1112,127
Y= (2)1111 (3)(112,12(1 - Q%ﬂh?q?l)'

As a consequence we have the following:
(1) If ordgizi2 = 3, then

A([2121297179)) = [2121297120] @ 1 + G395 @ (0101002129
+ (1 = q12¢21) (1 — 11q12G21) 779193
® quga1 (1 + qu — ¢1G12051922) [1122)]
+ q21(1 = qr221)*(1 — quur2g21) (1 — 411435051 22) 23 95 © @3
+ 219795 ® q11021 (1 — qi2go1) (2121 725).

Hence [x121290125] € P>§1)§2 in the quotient (k(X)#K[[])/(z3).
92
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(2) If q12q01 = qff and ordg;; = 3, then

A([r1212971 7)) = [1121727179) @ 1+ g1 95 ® [11217271 2]
+ (1 — q12421)@219228[T1212172] g2 @ 29
+ q21(1 = q1221)*(1 — quur2g21) (1 — 41141503, G22) 23 95 ® 3
+ 219795 ® q1621 (1 — q12go1) (1121 222).

Hence [z121290125] € P’fﬁﬁ% in the quotients (k(X)#Kk[T])/(z3, [x1717122))

9193

or (K(X)Y#K[[))/ (23, [w1212925)).

Proof. This is also a straightforward calculation using the following identities: Since gqo =
—1, we have [z172x5] = [z, 73] by the restricted g-Leibniz formula of Proposition
thus [z1212225] = [21, [212232]] = [z1, [21,23]]. So we see that both are zero if 23 = 0. If
ordq; = 3 analogously [z1x12175] = [23, 5] = 0 for 23 = 0. O

We want to state some basic combinatorics on the g;’s and y;’s for later reference:
Lemma 5.5.4. Let 1 <i# j <60,1< N :=ordg; < oo, and r € Z. Then:
(1) X" # xi-
(2) If qj; # L. then X' # x; or g # g;.

(3) If XN = ¢, then qj\i’ = 1. Especially, if x? = ¢, then q;; = 1.

(4) If gijqi = qi_i(r_l) and q;; # 1, then XjXx; 7# Xi-
(5) If qj; # 1, then Xix; # X;-

(6) If ¢ijqi = qi;(r_l) and xix; = €, then

(qii Qij) _ (%z’ qg’")
Gi Gy Qi T
FEspecially, if qj; = —1, then ¢; = —1 and N is even.

Proof. (1) Assume x = x;. Hence ¢}, ! = 1, a contradiction.

(2) If X = x; and g}Y = g;, then 1 = ¢ff = ¢, ¢}} = 5, 1 = ¢ = g and ¢jj = g;;.
Hence ij = Qij = jS =1.

(3) is clear.

(4) If x7x; = xi, then q;_lqij =1, q;i_lqjj = 1. We deduce ¢;; = ¢j; = 1.

(5) If xix; = xj, then ¢j; = 1.

(6) We have gj;qij = 1, qj,q;; = 1. Now the assumption implies the claim. ]



Chapter 6
Lifting

We proceed as in [0, [§]: In this chapter let chark = 0 and A be a finite-dimensional pointed
Hopf algebra with abelian group of group-like elements G(A) = I' and assume that the
associated graded Hopf algebra with respect to the coradical filtration (see Section is

gr(A) = B(V)#k(I,

where V' is of diagonal type of dimension dimy V' = 6 with basis xq,x9,...,29. It is
dimg A = dimy gr(A) = dimg B(V) - |I'|. In particular B(V) is finite-dimensional and we
can associate a Cartan matrix as in Definition 2.4.11

Definition 6.0.5. In this situation we say that A is a lifting of the Hopf algebra B (V) #k|['],
or simply of the Nichols algebra B (V).

By [0, Lem. 5.4], we have that

P, =k(1—g)forall g€, and if x # ¢, then

6.1
PY#0 <= g=gi, x = xi for some 1 <i <46. (6.1)

Thus we can choose a; € PX: with residue class z; € V#k[I] = A; /A, for 1 <4 < 6.
Lemma 6.0.6. Let u,v € L C L.

(1) (a) If qiuw # 1 for some 1 < i <0, then xu, # €.
(b) If xuv # € and for all 1 < ¢ < @ there are 1 < j < 0 such that ¢ju, # qji or
Quv,j 7 Qj, then
PXuw = (),

Juv
(2) Let ordgy, = N, < 00.
(a) If C]ﬁf # 1 for some 1 <i <0, then x) # ¢.
(b) If X3 # & and for all 1 < i < 0 there are 1 < j < 0 such that q;; # g¢;: or
QQJZ}L # qij, then
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Proof. (1a) If xu, =€, then ¢, =1 forall 1 <7 <4.

(1b) Let Xuy # € and PX* # 0, then Xy, = X; and gy, = g; for some i by Eq. (6.1]). Hence
Qjuw = Qji and quy j = qi; for all 1 < 7 < 6.

(2a) If xN» = ¢, then qi\gf =1forall<i<é.

(2b) Let x, ™ # € and Pg’fgj # 0, then x,* = x; and g,* = ¢; for some i. Thus qﬁ’; = qj;
and qi\@‘ =gq;forall 1 <j<@6. ]

This and Eq. (6.1)) motivate the following;:

Definition 6.0.7. Let L C L. Then we define coefficients p, € k for all u € L with
N, < oo, and A\, € k for all u,v € L with Eq. (5.1)) by

,UuZO, ifgivuzlorxuu7é67
/\uvzoa 1fguv:1 or Xuv#z‘%

and otherwise they can be chosen arbitrarily.

6.1 (General lifting procedure

Suppose we know the PBW basis [L] of B(V), then a lifting A has the same PBW basis
[L]; see [53, Prop. 47]. Hence we know by Theorem the structure of the ideal I such
that

A= (k(X)#K[[])/I.

Let us order the relations Egs. (5.2]) and (5.3) of I, namely the two types
[uv] — ¢y for u,v € L with Eq. (5.1) and [u]™* —d, for u € L with N, < oo,

with respect to < by the leading super word [uv] resp. [u]™. Yet we don’t know the
Cuvy Ay € K(X)#K[I'] explicitly; our general procedure to compute these elements is the
following, stated inductively on <:

e Suppose we know all relations <-smaller than [uv] resp. [u]™".

e Then we determine a counterterm r,, resp. s, € k(X)#Kk[['] such that
N Ny
[uv] —ryy € PY* resp.  [u] ™ — s, € P;]&u
modulo the relations <-smaller than [uv] resp. [u]™*; we conjecture that we can do

this in general (see below).
Further if Yu» # Xi OF Guw # i TeSp. X2 # x; or g £ g; for all 1 <4 < 6, then by

Eq. (6.1) we get

Cuv = Tup + )\uv(l - guv) resp. dy = Su + IU’“<1 - giVu) (62)
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In order to formulate our conjecture, we define the following ideal: For any super word
U € [£]™ let Iy denote the ideal of k(X )#k[I'] generated by the elements

[uv] — Cu for all u,v € L with Eq. (5.1) and [uv] < U,
[u) N — d, for all u € L with N, < oo and [u]™ < U.

Note that Iy C I. See Appendix [A] for an example of Ij;.

Conjecture 6.1.1. For all u,v € L with Eq. resp. for all uw € L with N, < oo there
are Ty € (K(X)Y#K[[])X* resp. s, € (k(X>#k[F])X5u with 1., <r [u] resp. s, <p [u]™
such that [uv] — ry, resp. [ulN — s, is skew-primitive modulo the relations <-smaller than
[uv] resp. [u]Ne, i.e.,

A([uv] = ruw) = ([wv] = ruw) ® 1—guw @ ([uv] — Tup)

€ k(X)#k[I' @ Ijuo) + Tjue) @ k(X)#K[I,
A([U]Nu - SU) - ([U]NM - Su) ® 1_gi\7u ® ([U]Nu - SU>

€ k(X)#K[T] ® Liyve + Ipgve @ k(X)#K[T).

Remark 6.1.2.

1. If the conjecture is true, then one could investigate from the list of braidings in [31]
where a free paramter \,, resp. p, occurs in the lifting, without knowing r,, resp. s,
explicitly.

2. To determine the generators of the ideal I explicitly, i.e., to find r,, resp. s,, it is
crucial to know which relations of I are redundant. We will detect the redundant
relations with Theorem in Chapter [J

3. In general 1, resp. s, is not necessarily in k[I'], like it was the case in [I1]; see Lemma
(2b),(3b) below or the liftings in the following sections.

At first we lift the root vector relations of xy,...,7zs and the Serre relations in gen-
eral. Note that for these relations our Conjecture [6.1.1] is true. We denote the images of

(2775, [z:2}] € k(X) (r > 1) of the algebra map in Section |5.1| by [a}a;], [a;aj]:

Lemma 6.1.3. Let A be a lifting of B(V') with braiding matriz (¢;;) and Cartan matriz
(a;;). Furtherlet1l <i < j <6 and N; := ordg;;. We may assume g;; # 1 for all1 < i < 6.

(1) We have
a = (1 —g;").
Moreover, qu]]\f # 1, then aZN" = 0. Especially, if ¢; = —1 and qj; # £1, then a? = 0.

(2) () If ¢iyq5 = a3, Ni > 1 — ay, then

[ag_“iﬂ'aﬂ = )\il—ai]'j(l - gz‘l_aijgj)‘
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Gi Ui @i g " 10y,

Moreover, if ( " ”) # | M. | then [a; "Va;] = 0; in particular the
Tji g Gi 9y

latter claim holds if ¢;; = —1 and qili_a” # —1 (e.g., N; is odd).

(b) If N; =1 — a;;, then

;" a;] = (1 — g5} )a,.
(3) (a) If gijqji = q3]'s Nj > 1 — aji, then

[aia;aﬁ} = /\z‘j“aﬁ(l - giggl'iaji).

q.. q q.i.(liaji) q 1 ..
Moreover, if < " ”) # | Paan ), then [aiaj_a“] = 0; in particular the
latter claim holds if q¢;; = —1 and q;faji # —1 (e.g., N is odd).

(b) ]f Nj =1- Qji, then

N; N; N;
[aia;”] = (g5 — Daig;”

Proof. (1) This is a consequence of Lemma [5.5.4(1)-(3) and Eq. (6.1)).

(2a) and (3a) follow from Lemma [5.5.4(4)-(6) and Eq. (6.1)).
(2b) and (3b) follow from the restricted g-Leibniz formula of Proposition and (1)
above: For example

a:a)"] = [ai,a)"] v = [as, (1 — gjl-vj)}qgj = Mj((l — g )a; — (1 - qgjq]]-\fj)aigjvj>-

Now either p1; = 0 or qgj =1 by (1), from where the claim follows. O

From now on let § = 2, i.e., B(V) is of rank 2.

6.2 Lifting of B(V) with Cartan matrix A; x A;

Let B(V) be a finite-dimensional Nichols algebras with Cartan matrix (a;;) = <(2) g) of

type A; x Ay, i.e., the braiding matrix (g;;) fulfills

q12q21 = 1,

since we may suppose that ordg; > 2 [27, Sect. 2], especially ¢; # 1. The Dynkin diagram

q

is o 6 with ¢ := ¢11 and r := ¢92. Then the Nichols algebra is given by

B(V) =T(V)/([wrwa], 27", 23°)
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with basis {z5?z]" | 0 < r; < N;} where N; = ordg; > 2 [30]. It is well-known [6] that any
lifting A is of the form

A= (T(V)HK[T])/( [1122] = Aia(1 = g12),
l'ivl - Ml(l - gi\fl)?
3 — (1= 95" )

with basis {z5227'g | 0 <r; < N;,g € I'} and dimg A = Ny N, - |T'|; we prove the statement
for the basis in Section [9.1]

6.3 Lifting of B(V) with Cartan matrix A,

Let B(V) be a Nichols algebras with Cartan matrix (a;;) = (_21 _21> of type A, i.e.,

the braiding matrix (g;;) fulfills
q12g21 = qi7 or i1 = —1, and qi2qa; = g3y’ Or qar = —1.

The Nichols algebras are given explicitly in [29]. As mentioned above, it is crucial to know
the redundant relations for the computation of the liftings. Therefore we give the ideals
without redundant relations which are detected by the PBW Criterion [7.3.1}

Proposition 6.3.1 (Nichols algebras with Cartan matrix Ay). The finite-dimensional
Nichols algebras B (V') with Cartan matriz of type As are exactly the following:

(1) % o' 9 (Cartan type As). Let qiagor = 47 = g3y -

(a) If g1 = —1, then
B(V) =T(V)/ (21, [112)?, 23)

with basis {xh?[x129] 227 | 0 < 19,719, 71 < 2} and dimy B(V) = 23 = 8.
(b) If N := ordgy; > 3, then

B(V) :T(V)/([xlscl:m], [z120m0), 2, [2129]", xév)
with basis {xy[x125]2x | 0 < 7,112,711 < N} and dimy, B(V) = N*.

(2) éié- If quagor = 41" N == ordquy > 3, qoo = —1, then

B(V) = T(V)/([a:lxlxg], Y, x%)
with basis {xy? [x122) 22T |0 <11 < N, 0 < 719,712 < 2} and dimy B(V) = 4N.

(3) Sié. If i = =1, quaga1 = g, N 1= ordgay > 3, then

B(V) = T(V)/([:clxgafg], 7, xg)

with basis {xy’ [v120]" 207 | 0 <1y < N, 0 < 1q,719 < 2} and dimy, B(V) = 4N.
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(4) _:1 g —01. If g11 = g2 = —1, N := ordqi2g21 > 3, then

B(V) = T(V)/(:cf, [z129]", x%)
with basis {x5?[r1we]™ 22 | 0 < r9,1m < 2,0 <7115 < N} and dimy B(V) = 4N.
We prove this later in Section [9.2]

Remark 6.3.2. The Nichols algebras of Proposition all have the PBW basis [L] =
{z1, [x129], 22}, and (1) resp. (2)-(4) form the standard Weyl equivalence class of row 2
resp. 3 in Table 2.1 where the latter is not of Cartan type. They build up the tree type
T2 of [29]

Theorem 6.3.3 (Liftings of B(V') with Cartan matrix As). For any lifting A of B(V') as
in Proposition [0.5.1], we have

A= (T(V)#K[D)/1,

where I s specified as follows:

(1) 2 o' 9 (Cartan type Ay). Let qiago = ¢11° = oy -
(a) If g1 = —1, then I is generated by

xt — (1= gi),
[33'1962]2 - 4#1(]2195% - M12(1 - 9%2)7
w3 — pa(1 = g3).

A basis is {xp?[x122) 227 g | 0 < 79, 719,71 < 2, g €'} and dim A = 23-|T| = 8-|T|.
(b) If ordqy = 3, then I is generated by, see [14],

[$1$1I2] - >\112(1 - 9112)7
[5131332352] — A22(1 — 9122)>
x? — (1 - 9:13)7
[l‘lxz]g + (1 - Q11)Q11)\112[$1Q32$2]
— pa (1 = quu)’a3 — paa(1 = gi),
w5 — pia(1 — g3).

A basis is {xy? [x122) 227 g | 0 < 79, 719,71 < 3, g € '} and dimy A = 33-|T| = 27-|T|.
(c) If N :=ordqy; > 4, then I is generated by, see [§],

[T12124],
[JIII'QZEQ],
ay — (1 —g7),
N(N-1)
[w1a)Y — pa(qir — D)oy = ) — paa(1 — giy),

wy — pa(1— g3")-

A basis is {xh?[T120)227 g | 0 < 79, 719,71 < N, g € T'} and dimy A = N3 - |T|.
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(2) Oq a’ _Ol- Let qiago1 = ¢17' oo = —1.

(a) If 4 # N := ordqy; > 3, then I is generated by

[T12122],
zy — (1= g1,
w5 — pa(1 = g3).

A basis is {x2[x1x0)™22'g | 0 < rp < N, 0 < rg,r9 < 2,9 € T'} and dimgy A =
22N . T| = 4N - |T].

(b) If ordqy =4, then I is generated by

[$1$1$2] - )\112(1 - 9112)7
w5 — pia(1 = g3).

A basis is {xp[r1za]22 g | 0 < rp < 4,0 < royrpp < 2,9 € T'} and dimg A =
224 .|T| = 16 - |T.

(3) gié- Let g1 = —1, qi2g21 = ¢33 -

(a) If 4 # N := ordgqs > 3, then I is generated by

[$1$2.’L’2],
i —m(l - gi),
w5 — pia(1 = g3).
A basis is {x32[r120)™22'g | 0 < 1rg < N, 0 < 1,192 < 2, g € I'} and dimgy A =
22N - || = 4N - |T].
(b) If ordges = 4, then I is generated by

[$1$2$2] - )\122(1 - 9122):
2? — (1 —g7),
5 — pia(1 = g3).

A basis is {xi[riza] 22 g | 0 < rg < 4,0 < rp,rip < 2,9 € T'} and dimg A =
224 || =16 |T).

(4) 5

q 71. Let di1 = G22 = —1 and N := Ordq12q21 Z 3.
(a) If qia # %1, then I is generated by

z; — (1= g7),
[2122) — p12(1 — g7y),
22
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(b) If q12 = £1, then I is generated by
7,
[z129]™ — pa(1 = g1p),
— p12(1 — 3).

In both cases a basis is {xy?[x122] ™22 g | 0 < 19y < 2,0 < r;p < N, g €'} and
dimg A = 22N - [T = 4N - [T.

Proof. At first we show that in each case (T'(V)#Kk[I'])/I is a pointed Hopf algebra with
coradical k[I'] and claimed basis and dimension such that gr((T'(V)#k[I']) /1) = B(V)#k[T].
Then we show that a lifting A is necessarily of this form.

o (T(V)#K[I'])/I is a Hopf algebra: We show that in every case I is generated by
skew-primitive elements, thus I is a Hopf ideal. The elements N — ,uz(l — ¢ and
[z12129] — A12(1 — g112) are skew-primitive if qago; = q11 by Lemma . So we have a
Hopf ideal in (2) and (3).

For the elements [z125])12 — dy we argue as follows: In (1a) we directly calculate that

[2129]% — 4p11Go1 73 € PX%Q (1b),(1c) is treated in [14, [§].
For (4a): By 1nduct1on on N (the induction basis N = 2 is Lemma [6.1.3|2b))

N-2

[ (2122) ™ (H — 13 d31) )372 [122]" 2

=0

Further qi9.15 = q12¢o1 is of order N and ¢2, = 1 (or y; = 0), we have ¢lbqa) 2 = (q12¢21)" = 1
and thus [z;(z122)V 7! = 0. Hence [x125]" is skew-primitive by Lemma [5.5.2{(1).

(4b) works in a similar way because of ¢%, = 1: Again by induction (the induction basis
N =2 is Lemma[6.1.3(3D))

N-2

[(z129)™ <H (1 - di3%a1?) )[$1$2]N725€19§,
=0

which is 0 since (qi2¢21)" = qf%,15 = 1. Now [2125]" is skew-primitive by Lemma (2)

e We prove the statement on the basis and dimension of (T'(V')#k[I'])/I later in Section
with the help of the PBW Criterion

oThe algebra k[I'] embeds in (T(V)#k[I'])/I and the coradical of the latter is
(T(V)#K[T])/1)o = k[['] 43, Lem. 5.5.1], so (T'(V)#k[I'])/I is pointed.

e We consider the Hopf algebra map

T(V)#k[I'] — gr((T(V)#k[I])/1)

which maps z; onto the residue class of x; in the homogeneous component of degree 1,
namely ((T'(V)#k[['])/I),/k[T]. Tt is surjective, since (T(V)#k[I'])/I is generated as an
algebra by x1, x5 and I'. Further it factorizes to

B(V)#K[L] = gr((T(V)#k[L])/1).



6.4 Lifting of B(V) with Cartan matrix Bs 51

This is a direct argument looking at the coradical filtration as in [0, Cor. 5.3]: all equations
of I are of the form [uv] — ¢y, [u]™ — d, With ¢y, d, € k[T = ((T(V)#k[[])/I)o, hence
[uv] = 0, [u]™¥ = 0 in gr((T(V)#k[[])/I). The latter surjective Hopf algebra map must
be an isomorphism because the dimensions coincide.

e The other way round, let A be a lifting of B(V) with a; € P} as in the beginning of
this chapter. We consider the Hopf algebra map

T(V)#k[[] — A

which takes z; to a; and g to g. It is surjective since A is generated by ay,ay and T' [0
Lem. 2.2]. We have to check whether this map factorizes to

(T(V)#K[T))/T = A.

Then we are done since the dimension implies that this is an isomorphism.
But this means we have to check that the relations of I hold in A: By Lemma |6.1.3
the relations concerning the elements afvi, l[a1ayas] and [ajaqas] are of the right form. We

are left to check those for [a;as]V2, which appear in (1) and (4):
2
In (1a) we have [ayas]® — 4u1g2103 € ng212 like before. Now since ¢2 1, = ¢ # —1 = qi
12 ’

or 9%2,2 = qiy # qu2, and Qim = (o # Q12 OF Q%Q,Q = Gia # —1 = qu (otherwise we get

the contradiction ¢ = 1 and ¢3, = —1), we have [a1a2)> = 4p1g21035 + p12(1 — g3,) by

Lemma [6.0.6(2). (1b),(1c) work in the same way; see [14, B]. For (4): As shown before
N

layas]™ € P;i&?. Again we deduce from Lemma [6.0.6(2) that [a1as]™ = p12(1 — g1%). O
12

Remark 6.3.4. The Conjecture [6.1.1]is true in the situation of Theorem [6.3.3f the r,, of
the non-redundant relations [uv] — ¢, are 0 (r112 = 1122 = 0 if the Serre relations are not
redundant) and s; € k[['] in (1), otherwise s, = 0 if [u]™ — d, is not redundant.

6.4 Lifting of B(V) with Cartan matrix B,

In this section we lift some of the Nichols algebras of standard type with associated Cartan
matrix By (in the next Section also of non-standard type Bs). At first we recall the Nichols
algebras (see [29]), but again we give the ideals without redundant relations:

Proposition 6.4.1 (Nichols algebras with Cartan matrix By). The following finite-dimensional
Nichols algebras B(V') of standard type with braiding matriz (g;;) and Cartan matriz of
type By are represented as follows:

(1) Oq a q02 (Cartan type By). Let qi2g21 = ¢i7° = 435 and N := ordgi;.
(a) If N = 3, then
B(V) :T(V)/([xlxﬂg], 23 [m1mm0)?, [2129)3, :z:%)

with basis {x?[xlxg]’”m[xlxla&]“”x;l | 0 < 7,719, 7112, T2 < 3} and dimy B(V) =
3% =81.
(b) If N =4, then

B(V) :T(V)/([.Ill’ll’ll'g], o], [m1m1m9)?, [2129]", x%)
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with basis {mgz[xlmg]”“’[mlxlxg]””m? |0 < ri,rip < 4, 0 < royrppp < 2} and
dimy B(V) = 22 - 42 = 64,

(¢) If N > 5 is odd, then

1Y, g

with basis {x? [z120]"2 [z 21 200) 22 | O < 19,712, 112,72 < N} and dimy B(V) =
N4,

(d) If N > 6 is even, then

B(V)=T(V)/([m12z12122], [w12222], N (mwwe]Y, [zi2e

vz
N4

B(V)=T(V)/([m1z12122], [21222), oY, [rawo) 2, [rixe)Y, )

with basis {x?[xle]”m[xlxlxg]m?xT |0 < ri,re < N, 0 < rgyrppn < %} and

dim, B(V) = 22,

4

1

q g2 -1 —q- @
o——0o Oo—=O

(a) If N = 3, then

. Let qi12g21 = 611_127 g2 = —1 and N := ordg;.

B(V) = T(V)/([xlxlxgxlxg], o3, [z129]°, ZB%)

with basis {x? [z120]" 2 [z 21 20) 227 | 0 < 1rp <3, 0<1r;0 <6, 0< 1,772 < 2 }
and dimy B(V') = 72.
(b) If N >5 (N =4 is (1b)), then for N' := ord(—q;")

B(V) :T(V)/([xlxlxle], o [xlxg]N/, x%)

with basis {mg2[xlmQ]mz[mlxle]nmx’l“l | 0<nr< N, 0<rp< ]\f’7 0 < rg,ri2 < 2}
and dimy B(V) = 4NN'.
gt Gt ey ordgi1 = 3, qi2g21 = ¢33 and N := ordgs.
(a) If N = 2, then

B(V)=T(V)/([mr1z1zomi20], 2, [212120]°, 23)

with basis {2 [x120)"2 (w2122 22 | 0 < 1y, <3, 0< 10 <2, 0 < 1y12 < 6}
and dimy, B(V) = 108.
(b) If N >4 (N = 3 is (1) or Proposition|6.5.1(1)), then for N' := ordq1¢5y

U

B(V) = T(V)/([xlxgxg], 23 [mya ), xév)

with basis {x’f [T122]"2 [T 20) 22 | 0 < 71,112 <3, 0< 1y <N, 0< 115 < N’}
and dimy B(V) = 9INN'.

_ -1 1
OC —< 017 CO —< Ol' Let ordgi1 = 3, 1221 = —qu1, q22 = —1, then

B(V) = T(V)/([ZE1I1$2$11'2], a3, 1’%)

with basis {l’gQ[$1$2]T12[$1$1ZL’2]T1121’? | 0 < ri,re < 3, 0 < rgyrppp < 2} and
dimy A = 36.
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We prove this later in Section [9.3| with help of the PBW Criterion [7.3.1}

Remark 6.4.2. The Nichols algebras of Proposition all have the PBW basis [L] =
{x2, [x122], [T12122], 21 }, and (1)-(4) form the standard Weyl equivalence classes of row 4-7
in Table 2.1} where the rows 5-7 are not of Cartan type. They build up the tree type T3 of
[29].

Theorem 6.4.3 (Liftings of B (V') with Cartan matrix Bs). For any lifting A of B(V) as
in Proposition |0.4. 1, we have

A= (T(V)#k[I)/,

where I 1s specified as follows:

— 2 - —
(1) 2 4> T (Cartan type By). Let q1aqa1 = ¢1° = Qo -

(a) If ordgi; = 4 and q12 # £1, then I is generated by

(212121 29),
zi — (1= gi),
[x1$1x2}27
[z120)* — p12(1 — giy),
2
'1‘2‘

(b) If ordg;y =4 and q12 = %1, then I is generated by

[T1212122),
3711 — (1 — 911),
[IE1$1$2]2 - 8911M1$§ — pa12(1 — 9%12)7
[2122)* — 16125 + 4p112q1125 — p12(1 — g1s),
w3 — pia(1 = g3).

In both (a) and (b) a basis is
{a5 [x129] 2 [y 21 20) 22 g | 0 < rpym10 <4, 0 < 79,1112 <2, g €T}

and dimy A = 2242 |T| = 128 - [T

_o — _g 1 _ _
(2) é (i Ol’ é < Ol Let qi2go1 = qi7°, qe2 = —1.
(a) Ifordgi; = 3 and q12 # £1, then I is generated by

[$1$1$2I1$2],
[T129]° — p12(1 = g,),

22

2.
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(b) If ordgy = 3 and q12 = —1, then I is generated by

[$1!E1$2$1$2],
3,
[2122]° — p12(1 = g5,),

w5 — pia(1 — g3).
(c) If ordgyy = 3 and g1 = 1, then I is generated by

(21212221 22] + 3pa (1 = qu1) 23 — Anizia(1 — guizn),
zT? - /Ll(1 - g?)?
[2125]% — 512 — p12(1 — ¢5,),

x5 — pa(1 = g3),
where

S12 = —3,u2{()\11212(1 - CI11) + 9M1M2Q11)[$1$2]2$1g§

- Q11()\11212(1 - Q11) + 9M1M2Q11)[$1$2][$1$1I2}g§

+ (Mia12@r + 3 pedizia(1 — aiy) — 93 p3) g5 g5

+ 3#1#2()\11212(1 - qfl) - 3#1#2)9?93
+ A1212(3p pta(qrn — 1) + Mi212) 95 g5
— 93 395

+ 3#1#2()\11212((]11 - 1) - 9#1,&2911)931
+ qui(M1919 — 6pa A 11212(1 — qu1) — 27#?#3911)93}'

In (a),(b),(c) a basis is
{:ch[xlscg]”? [Tz 2022 g |0 <711 <3, 0<1r12<6, 0< 13, 112<2, gE F}

and dimy A =72 - |I'|.
(d) Let N :=ordgq;y >4 (N =41is (1)), and q12 # £1. Denote

IN,  if N odd,
N’ :=ord(—q;}') = { N/2, if N even and N/2 odd,
N, if N, N/2 even.

Then I is generated by

[z12121 2],
zy — (1 — g1,
[2120)N — p12(1 — g1y ),

2
5.
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A basis is

{a [x129] "2 [y 21 20) 22 g | 0< 1y <N, 0<rp <N, 0<rg,1112< 2, g€ T}

and dimy A = 4NN'-|T|.

— — -1 —
(3) é q " (‘1); é ¢ 1q<é. Let ordqy; = 3, q1ag21 = Gay -

(a) If g2 = —1 and q12 # %1, then I is generated by

[T1212971 7],
w? — (1= g?)?
[212125]% — p112(1 — %))

2
x2-

(b) If g2 = —1 and q12 = 1, then I is generated by

[T121 2921 25),
3,
[xlmle]G — p2(1 — 9?12)

5 — pia(1 — g3).

(¢) If g2 = —1 and q12 = —1, then I is generated by

(T2 22071 29) + 4u2xi’g§ — A1212(1 — 9?95)7
[212122)% — s112 — p112(1 — g315)
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(4)

¢ —C -1 C*l_C71_1
o———=0

(a) If 1o # %1, then I is generated by

S112 1= —2M1{2(—)\11212 + 4#1#2)%1(1 - Q11)952 [9513311’2]39?9%

+ 2()\11212 - 4M1MQ)Q11(1 - Q11)[$1$2]2[CC1$1$2]29?9§

+2(M 112 = 8pup2Ariziz + 164313)qu (1 — qun)[2120][212122)97 9
+ 8puapra(Ar1212 — 4ptapiz)qui (1 — %1)[%@][%%%]95’93

+ 2 1212( = Ai212 + 4ppe)qui (1 — qui) [z 2] [z12120) 67 05

+ 2(_)‘?1212 + 6M1N2)‘%1212 - 16#%#3)‘11212 + 16#?#%)9?95

+ (_Ai)1212 + 12M1M2>\%1212 - 48#%#3/\11212 + 64#?#%)%1(1 - QH)Q?QS
+ 101 pra(=Af1a10 + 8pa piaAn1212 — 16763 143) g7 g5

+ 2()‘?1212 - 7:“1:“2)‘%1212 + 8#%#3/\11212 + 16#?#%)9?93

+ 16463 13 (Ar1212 — 4papia) g (1 — qu1) g1 95

+ 81 pra A 11212 (— 1212 + 4ptap)qua (1 — %1)9%93

+ 321195

+ Moo (M1212 — dpapin) i (1 — qu1) g7 95

+ 3203 15 (= Av121z + fi1pi2) gs

+ Apy pa (323 1915 — 81 fiaA 11212 + 8#%#5)93}

In (a),(b),(c) a basis is
{$22[$1$2]r12 [Tz 2022 g | 0 < 71,12 <3, 0< 13 <2, 0<1112<6, g€ F}

and dimy A = 108 - |T|.

. Let ordqii = 3, qi2g21 = —qu1 of order 6, gao = —1.

[$15E1$2$1$2],
2} — (1 —g7),
22,

(b) If 12 = 1, then I is generated by

[T121 2271 2],

3
J]l,

w3 — piz(1 = g3).

(c) If g1o = —1, then I is generated by

T1T1T2X1T2) — M2 q11)T199 — A11212{L — g11212),
[ ] (1+ qu)aigy — Az (1 )
2} — (1 —g7),
w5 — piz(1 = g3).
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A basis in (a),(b),(c) is
(el a9 |0 < rme <8, 0 S rymi <2, g €T}
and dimy A = 36 - |T|.

Proof. We proceed as in the proof of Theorem [6.3.3]

o (T'(V)#k[I'])/I is a Hopf algebra, since I is generated by skew-primitive elements:
Again the elements va’ — (1 — glNl) and [x1212125] — A112(1 — g1112) are skew-primitive
if q10go1 = ql_f by Lemma Im

(la) By Lemma [5.5.2(1) [z22]* € P;?:Q and hence also [x122]* — p12(1 — g15) € P;gl;?. A

12
2,
(1b) Again direct computation shows that [z;z179]* — 8q11175 — p112(1 — g345) and

[z12o]* — 16125 + 4p112q1175 — pi2(1 — gi,) are skew primitive; we used the computer
algebra system FELIX, see Appendix [A]
6
(2a) We have [z121290125] € PX11212 by Lemma (5.5.3(2). Further [z12,]° € Pgﬁ” by
Lemma [5.5.2(1).
(2b) Again [2171727115] € PX11212 by Lemma m@) and a direct computation yields
6
[2129)° — pa(1 — gf,) € P
912
(2¢) Using FELIX we get that all elements are skew-primitive; see Appendix [A]
(2d) This is again Lemma [5.5.2|1).
(3a) and (3b): [r17179m125] € PX11212 by Lemma |5.5.3(1). Straightforward calculation

911212

2
direct computation yields [z,7175]? € Pgﬁl
11

shows that [x12122]% — p112(1 — ¢%)5) € P;é?”; here again we used FELIX.
112

(3c) is computed using FELIX.

(4a) and (4b): [v171297172] € PX1212 by Lemma [5.5.3(1).

(4c¢) Looking at the coproduct computed in Lemmal5.5.3|(1) we deduce that the element
[$1$1$2$1$2] - Mz(l + Q11)x?g§ and hence [$1$1$29€1$2] - Mz(l + Q11)xi’9§ - )\11212(1 - 911212)
is skew-primitive.

e We prove the statement on the basis and dimension of (T'(V)#k[I'])/I later in Section
9.3 with the help of the PBW Criterion [7.3.1]

e (T(V)#k(I])/I is pointed by the same argument as in the proof of Theorem [6.3.3]

e The surjective Hopf algebra map as given in the proof of Theorem [6.3.3

T(V)#k[] — gr((T(V)#k[L])/1)

factorizes to an isomorphism B(V)#k[[| = gr((T(V)#k[[])/I) : Again we look at the
coradical filtration. All equations of I are of the form [uv] — cy,, [u]V* —d, with c,, resp. d,
of lower degree in gr((T(V)#k[['])/I), hence [uv] = 0, [u]™ = 0 in gr((T(V)#k[T])/I).

e Like before, for a lifting A we have to check whether the surjective Hopf algebra map

T(V)#k[['] — A
which takes x; to a; and g to g factorizes to

(T(V)#k[T])/I = A.
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By Lemma m the relations concerning the elements afvi and [ajajaias] are of the
right form. We deduce from Lemma that the relations also hold in A: this is just
combinatorics on the braiding matrices which we want to demonstrate for the following.

(1a) We have x7,, # € by Lemma 6.0.6(2a), since ¢7 1,5, = qi, # 1. Further P;j“ =0

112

by Lemma (Qb)3 Suppose Q§1Q§2 = q21, Qilzqu = qi2, then qgl = C]i’2 = 1, which

contradicts gi2go1 = (11_12 = —1; also if ¢}1¢7, = q12, ¢11631 = qa1, then q1a = go1 = 1, again a
contradiction to qioq91 = Q1_12 = —1. Hence [a1a1a2]2 = 0. The other cases work in exactly
the same manner. O

Remark 6.4.4. The Conjecture is true in the above cases. Further note that in (2c)
s12 ¢ k[I'] and in (3c) s112 ¢ k[T'].
Further we want to note the cases not treated in the theorem above:

1. The case (1) when 5 # N := ordgy; > 3 is odd is treated in [14], and the case N =5
in [19].

2. There is no general method for (1) in the case N := ordg;; > 6 is even. Here
ordgsy = ordg};, = 5.

3. There is no general method for (2d) in the case g2 = 1.

4. There is no general method for (3) in the case N := ordgsy > 4. The case N = 3 is
(1) of the theorem above or (1) of Theorem [6.3.3]

6.5 Lifting of B(V) of non-standard type
In this section we want to lift some of the Nichols algebras of the Weyl equivalence classes
of rows 8 and 9 of Table 2.1] which are not of standard type, namely for ord¢ = 12 we lift

I e G G B B T T SO S GV B |
oO———0 O O O o O o O O

of row 8, and

—Cz CS -1 —<71_<3 -1
O O O O

of row 9. Again, at first we give a nice presentation of the ideal cancelling the redundant
relations of the ideals given in [29]:

Proposition 6.5.1 (Nichols algebras of rows 8 and 9). The following finite-dimensional
Nichols algebras B(V') with braiding matriz (q;;) of rows 8 and 9 of Table are repre-
sented as follows: Let ¢ € k*, ord( = 12.

2 2
(1) CO < OC- Let q11 = —(72, quagm1 = —C*, qaa = —C?, then

1
B(V) = T(V)/([xliflle‘ﬂ - 5(]11(]12((]12(]21 —qu)(1 - Q12(J21)[$1$2]2, x?, x%)
with basis {3 [x12220) 22 [122]) 2 (w131 22) 227 | 0 < 71,12 < 3, 0 < 112, 7122 <

2, 0 <12 <4} and dimy B(V) = 144.
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24 1 _e2 _
(2) é ¢t Ol’ O€ —¢ Ol Let q11 = _62, G221 = —C, qaa = —1, or qu = _C—Q;
Q121 = CY, qoa = —1, then
B(V) :T<V)/([$1$1I2$1$2(L’1.T2], 3, I%)

with basis {$§2 [l’llCQ]rm[$1$1$2$1$2]T11212 [ZCliCliCQ]THQ.T? ‘ 0< T, 7112 < 3, 0< T2, 711212 <
2,0 < rip <4} and dimy B(V) = 144.

_ 3 _ _ 3 1 —
(3) é ¢ 017 é_C ' Ol- Let 11 = —C*, qiagor = (, qo2 = —1, or g1 = —C3, q1aga1 =
_gfl, 422 = _]-7 then

B(V) = T(V)/([$1£U19€2371952]a i, x%)

with basis {9:72"2[:51932]”2[xlxlxg]“”[a:lxlxlxg]”mm? |0 < r; <4, 0 < 9,10 <
3, 0< o, 1112 < 2} and dimy %(V) = 144.

2 e
(4) éiol Let 11 = —Cz, q12921 = CS; Q22 = —1, then

B(V) =T(V)/([m1z1222120m125], 33, [1122]"%, 23)

with basis { a5 [x122]"2 (2121 To21 2] 122 [y 212222} | 0 < 1y, 7112 < 3, 0 < 19, Tra212 <
2,0 < rip < 12} and dimy B(V) = 432.

_r—1 _
(5) CO ¢ Ol- Let g1 = =7, quagor = —C®, quo = —1, then

B(V) :T(V)/([xlxlwlxlxg], (21212001 79), 772, x%)

with basis {xh [x139] 2 (w121 20) 2 (w131 213222 | 0 < 1 < 12, 0 < 7ig, 711 <
3,0 < 1o, rin12 < 2} and dimy, B(V) = 432.

We prove this in Sections [9.4] [9.5] with the PBW Criterion [7.3.1]

Remark 6.5.2. The Nichols algebras of Proposition have different PBW bases, also
if they are in the same Weyl equivalence class. They build up the tree types Ty, T5 and 1%
of [29].

Theorem 6.5.3 (Liftings of B(V) of rows 8 and 9). For any lifting A of B(V) as in
Proposition [6.5.1], we have

A= (T(V)HKIT])/I,
where I 1s specified as follows: Let ¢ € k*, ord( = 12.

-2 2
(1) CO - OC- Let g1 = —C_Q; q124921 = —C3; 22 = —CQ-
(a) If ¢35 # 1, then I is generated by
[!Eﬂﬂﬂz] - —CJ11Q12(CJ12€I21 - Q11)(1 - %22721)[!101@]2,
2
2} — m(l—g7),

3
:CZ.
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(2)

(b) If ¢3, = 1, then I is generated by

[$1$1$2$2] - 561116]12(%2%1 - C]n)(l - C]12Q21)[$15U2]2>

3
L,

w5 — pia(1 — g3).
In (a),(b) a basis is

{xg"’ [T12920] 122 1y 0] 2 (X121 0] 22 g | O < rp, 19 < 3,
0<rugree <2, 0<ry<4,gel}
and dimy A = 144 - |T'|.
—<72c—1 -1 —<2 74 —1
o—-C o——-C'
Qraga1 = ¢, g2 = — 1.
(a) If q12 # %1, then I is generated by

Let g1 = —C%, qiaga1 = —C, o2 = —1, or qu = —( 2,

(21212021 2221 2],
v} — (1l —g7),
(b) If 12 = £1, then I is generated by

[T121 2001 Tox1T0] 4+ Hoq12(q11G12G21 + G12G21 — 1)[$1$1$2]$%9§7

3
.131,

w5 — pi2(1 — g3).
In (a),(b) a basis is
{55;2 [2122]"2 (2121 Tow1 22| 22 [Ty 2120 22T g | 0 < 1p, 7110 < 3,
0<ro,ri22<2,0<rp<4,g€ F}

and dimy A = 144 - |T'|.

_ 3 _ (3 =
OC ¢ Ol; OC < Ol~ Let g1 = —C*, quaqar = ¢, o2 = =1, or guu = —C°, quaga1 =
_C_17 go2 = —-1.
(a) If g1 # %1, then I is generated by
[$1$1I2$11‘2],
22,

(b) If q10 = £1, then I is generated by

[T1212221 2] — p2q12(q11 + 26]%2(]31 - Q12Q21)$?9§a

4
1‘1,

w5 — pia(1 — g3).
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In (a),(b) a basis is

{25 [x129] 2 [y 21 20) 2 [wr 21 21 0] 22 g | O <y < 4,
0 < 712,712 < 3,0 <19, 11112 < 2, g €T}

and dimy A = 144 - |T'|.

2 _
<4) Ocio Let i1 = _CQ; d12421 = CS, Qoo = —1.
(a) If qia # %1, then I is generated by

[I1$1$2$1$2$1$2]7
z} — (1l = g7),
[2122]"* — p12(1 — g33),

2
x2-

A basis is

{x? [T120) 2 (X121 XX 10| 122 [Ty 2120 22 g | O < 1p, 7112 < 3,

0<ry,ri1212<2,0< 7112 < 1279€F}

and dimy A = 432 - |I'|.
(b) (incomplete) q12 = £1, then I is generated by

()

(21212231 0221 T2] + q12202(q12G21 + 1) [m17120] 77 95,
ot
[3511'2]12 — dy2,
vy — pia(1 = g7).

1 -
CO - Ol- Let g1 = —C, quagen = —C®, g2 = —1.

(a) If g1 # %1, then I is generated by

[$1$1$1$1$2],

(21212021 25),
o1t — (1= g1%),
2.

(b) If 12 = £1, then I is generated by:

[$1I1$1I1$2],

[T121 2221 22] + 2M2Q12$?9§a
o — (1 — g%,
w5 — piz(1 = g3).
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In (a),(b) a basis is

{ah? [y 20] "2 (w121 20) M [y 2y 2y 0] M2 g | 0 <y < 12,

0<7r12,m12<3,0<ro,r1112 <2, 9 € F}

and dimy A = 432 - |I|.

Proof. We argue exactly as in the proofs of Theorem [6.3.3| and [6.4.3]

o (I'(V)#Kk[I'])/1 is a Hopf algebra, since I is generated by skew-primitive elements: The
elements ,IZNZ —,U/l(l —gZNl> and {Ill‘lﬁl%ll‘g] — )\11112(1 —911112) are skew—primitive if q124921 =
q1_12 by Lemma . For the elements [Ill’ll'gl’ll'g] — C11212 and [Illfll'gxll'gl’ll’g} — C1121212
we use Lemma and for [z,75]M12 — dj Lemma [5.5.2(1). Further in (1) [z1212975] —
%qllqlg(qlngl — q11)(1 — q12go1)[7172)* is skew-primitive by a straightforward calculation.

e The statement on the basis and dimension of (T'(V)#k[I'])/I is proved in Sections
9.4 9.5, [0.6] with the help of the PBW Criterion [7.3.1]

o (T(V)#K[I'])/I is pointed and gr((T'(V)#k([I'])/I) = B(V)#k[I'] by the same argu-
ments as in the proofs of Theorems [6.3.3| and [6.4.3]

e Also in the same way, the surjective Hopf algebra map T'(V)#k[['] — A factorizes to
an isomorphism

(T(V)#k[I])/I = A
by Lemma [6.1.3| and [6.0.6 doing the combinatorics on the braiding matrices. O

Remark 6.5.4. The Conjecture is true in the above cases. Further note that in (1)
1122 ¢ ]k[F] (as well as 1122 §£ 0 in %(V)), in (2b> 1121212 ¢ k[F], in (3b) 11212 ¢ ]k[F], in
(4b) 71121212 ¢ ]k[F] and in (5b) 11212 ¢ ]k[F]



Chapter 7
A PBW basis criterion

In this chapter we want to state a PBW basis criterion which is applicable for any char-
acter Hopf algebra. It can be adapted to other more general situations with an arbitrary
bialgebra H instead of k[I'], but then the conditions may become more technical.

At first we need to define several algebraic objects for the formulation of the PBW
Criterion [7.3.1] The main idea is, not to work in the free algebra k(X) but in the free
algebra k(X ;) where (Xy) is the free monoid of Section 4.5. In this way a super letter [u]
corresponds to a letter/variable x,, making way for applying the diamond lemma to the
(super) letters.

7.1 The free algebra k(X;) and k(X )#k|[]

Let L C L be Shirshov closed. In Section [4.5| we associated to a super letter [u] € [L] a
new variable x, € X, where X contains X. Hence the free algebra k(X ) also contains
k(X).

We define the action of I' on k(X)) and g-commutators by

g Ty = Xu(9)Ty forallg e I'u € L,

[Ty, Ty] = TuZy — QuoToTy for all u,v € L.
In this way k(Xy) becomes a k[[']-module algebra and we calculate

in the smash product k(X )#k[I].

7.2 The subspace Iy C k(X )#k|[I]

Via p of Eq. (4.2) we now define elements cf,,,\,d; € k{Xp)#k[I'] which correspond to
Clulv), du € K(X)#Kk[I']: For all u,v € L with Eq. (5.1]) resp. u € L with N,, < co we write
Cuw = D aU+>" BVg <p [w] resp. d, = > 'U' +>. Vg <p [u]V, with o, o/, 3,3 € k



64 7. A PBW basis criterion

and U,U",V, V' € [L]™ (such decompositions may not be unique; we just fix one). Then
we define in k(X )#k[T]

=Y apU)+> Bp(V)g resp. di:=Y o'p(U')+> Bp(V'
If Sh(uv) = (ulv) we set

p B {xuv, if uv € L,

C .
(uv) ., ifuv ¢ L.

Else if Sh(uv) # (u|v) let Sh(u) = (u1]|uz). Then we define inductively on the length of
l(u)

C€u|v) = 851( (uz|v)) + Qus vc(ul|v)$uz - Qul,ugxuzct()uﬂv)a (71)

where 0% is defined k-linearly by

0 .
o8 (g, ... 1y,) = c(ul‘ll)xl2 Sz, + E Quydyods 1Tl - - - Tl [xul,xli]xliﬂ Sz,

9 (p(V)g) = [2u,, p(V)]

quq,ugvXuq (9)97

if the c(u,)v) is a linear combination of [I1]...[l,], Vg as in the proof of Lemma Note
that all the combinatorial properties of Lemma [5.3.1] are transferred to the just defined
elements.

For any U € (X) let .y denote the subspace of k(X )#k|[['] spanned by the elements

Vg([a:u,a:v] — u|v )Wh for all u,v € L,u < v,
Vg (xhr — d)W'H for all w € L, N, < 00

with V.V W, W' € (X1), g,9', h, i’ € T such that
Voo, W <U and  VaMW' < U

Finally we want to define the following elements of k(X )#k[['| for u,v,w € L, u <
v <w,resp. u € L, N, < oo, u <v, resp. v < u:

J(U <v < w) = [C€u|v)7xw]QMv7w - [mU? C?v|u})]‘]u,vw

+ Qu,vxv [Iu; xw] - Qv,w[xua xw]xw

L(u,u <v):= |y, ... |7, cfu‘v)}quyqu . .}q%,lq . — [df, ], heE

Ny—1
L(u,ugv) = L(u,u<1})7 ?fu<1)7
L(u) == —[d0,x,);, ifu=nw,
L(u v < U) [ |: [Cé)v‘u)? xu]qv wQuou * ,:l',’u:| o, uqivﬁ 1— ['IU; dz]quﬁ

~

Ny—1
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Remark 7.2.1. Note that
J(u<v<w) € ([xy,z) - Clafoy: [T T — C€v|w))
by the ¢-Jacobi identity of Proposition and

L(u,u <v) € ([zu, z] — cf N e

ulv)? u u)?

L(u,v < u) € ([zp, 2] — o 2Nu _gr

vlju)? u U)

by the restricted ¢-Leibniz formula of Proposition |3.2.3]

7.3 The PBW criterion

Theorem 7.3.1. Let L C L be Shirshov closed and I be an ideal of k(X)#k[['| as in
Section [5.5. Then the following assertions are equivalent:

(1) The residue classes of [ui]™[ug]™ ... [w]"g with t € N, w; € L, uy > ... > uy,
0 <7 <Ny, g€l form ak-basis of the quotient algebra (k(X)#k[I['])/I.

(2) The algebra k(X )#Kk[I'] respects the following conditions:
(a) g-Jacobi condition: ¥V u,v,w € L, u < v < w:

Ju<v<w) € Iy,

(b) restricted g-Leibniz conditions: V u,v € L with N, < 0o, u < v resp. v < u:
(i) L(u,u <w) € I_ N

(i) L(u,v <u) eI,

resp.

Ty

N.
Ty ™)

(2’) The algebra k(X )#k[I'] respects the following conditions:
(a) Condition (2a) only for wv ¢ L or Sh(uv) # (u|v).
(b) (i) Condition (2bi) only for u=v and u < v where v # wv' for allv' € L.
(

(ii) Condition (2bii) only for v < u where v # v'u for allv' € L.

We need to formulate several statements over the next sections. Afterwards the proof
of Theorem [7.3.1] will be carried out in Section [Z.7

7.4 (k(X)#H)/I as a quotient of a free algebra

In order to make the diamond lemma applicable for (k(X)#H)/I, also not just for the
regular letters X but for some super letters [L], we will define a quotient of a certain free
algebra, which is the special case in Section of the following general construction:
In this section let X, S be arbitrary sets such that X C S, and H be a bialgebra with
k-basis G. Then
k(X) Cc k(S) and H = span, G C k(G),



66 7. A PBW basis criterion

if we view the set G as variables. Further we set (S, G) := (S U G) where we may assume
that the union is disjoint. By omitting ®

k(X) ® H = span {ug|u € (X),g € G} Ck(S,G)

Now let k(X) be a H-module algebra. Next we define the ideals corresponding to
the extension of the variable set X to S, and to the smash product structure and the
multiplication of H, and study their properties afterwards.

Definition 7.4.1. (1) Let A be an algebra, B C A a subset. Then let (B)4 denote the
ideal generated by the set B.
(2) Let fs € k(X) for all s € S. Further let 15 € G and f,, :== gh € H = span, G for
all g, h € G. We then define the ideals
Is = (s—fs | s € S,
IG = (gs - (g(l) : fs)g(Q)a gh - fgh7 g —1 ‘ gah € G>S € S)k<57g>>
where 1 is the empty word in k(S, G).

Remark 7.4.2. We may assume that 15 € G, if H # 0: Suppose 1y ¢ G and write 1y
as a linear combination of GG. Suppose all coefficients are 0, then 15 = 0y hence H = 0;
a contradiction. So there is a g with non-zero coefficient and we can exchange this g with

1.

Example 7.4.3. Let H = k[I'] be the group algebra with the usual bialgebra structure
A(g) =g® g and e(g) = 1. Here G =T, fy, € I is just the product in the group, and

I = (93_<g'fs)ga gh—fgh> 1p—1|g,h€F, SGS)'
Lemma 7.4.4. For any g € I' we have
9(k(S,G)) C spamy{ug |u € (X),g € G} + L.

Proof. Let ay ...a, € (S,G). We proceed by induction on n. If n = 1 then either a; € S
or a; € G. Then either gay € (9 - fa1)92) + Io C span{ug|u € (X),g9 € G} + I,
or gay € fga, + 1o C spamy{ug|u € (X),g € G} + I,. If n > 1, then let us consider
gaias .. .a,. Again either a; € S or a; € G and we argue for ga; as in the induction basis;
then by using the induction hypothesis we achieve the desired form. O]

Proposition 7.4.5. Assume the above situation. Then
k(X)#H = k(5,G)/(+1s),
and for any ideal I of K(X)#H also Iy+1+1 is an ideal of k(S,G) such that
(k(X)#H)/I = k(S,G)/(Is+1;+1).
Further we have the following special cases:

H>k: k(X) = k(S)/L, k(X)/I = k(S)/(I,+1I). (7.2)
S=X: k(X)#H = k(X,G)/L, (k(X)V#H)/I = k(X,G)/I+I). (7.3)
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Proof. (1) The algebra map
k(S,G) — kK(X)#H, s f#ly, g lyx)#g

is surjective and contains Is+1; in its kernel; this is a direct calculation using the definitions.
Hence we have a surjective algebra map on the quotient

k(S,G)/(I+ 1) — k(X)#H. (7.4)

In order to see that this map is bijective, we verify that a basis is mapped to a basis.

(a) The residue classes of the elements of {ug|u € (X), g € G} k-generate k(S, G)/(Is+
I;): Let A € (S,G). Then either A € (S) or it contains an element of G. In the first case
A € k(X) + I by definition of I, and then A € k(X)1y + Iy + I, since 1y — 1 € I.. In the
other case let A = A1gA; with A; € (S), g € G, Ay € (S,G). We argue for A, like before,
and gA, € span, {ug|u € (X),g € G} + I, by Lemma[7.4.4]

(b) The residue classes of {ug|u € (X),g € G} are mapped by Eq. to the k-basis
(X)#G of the right-hand side. Hence the residue classes are linearly independent, thus
form a basis of k(S, G)/(Is+I).

(2) Iy + I + I is an ideal: Let A € (S,G) and a € I C span {ug|u € (X),g9 € G}.
Then by (1a) above A € span {ug|u € (X),9 € G} + Is + I;, and since [ is an ideal of
k(X)#H, we have Aa,aA € I + I, 4+ I by the isomorphism Eq. (7.4).

Using the isomorphism theorem and part (1) we get

k(S,G) /(s + Lot 1) = (K(S.G) /(s 1)) [ (st ot DL+ L)) = (RX)#H)/I.
where the last = holds since (Is+I;+1)/(Is+ I;) is mapped to I by the isomorphism

Eq. .
(3) The special cases follow from the facts that I, = 0 if S = X, and if H = k then
k(S)/ L. O

Proposition [7.4.5 has various applications for constructing isomorphisms, including clas-
sical Examples and Ore extensions:

Example 7.4.6 (Quantum plane). For 0 # ¢ € k let Q(q) := k(z,g|gx = qrg). For

X = {z,g}, I = (9v — qzg), S = {2,90,91 = ¢, 92,93,-..} and Iy = (g, — ¢" |7 > 0) by
Eq. (7.2) .

Qlg) = k(z,gi; 1 20| gz =qug, g =g"; i 2 0).
Now let X = S = {z}, G = {90,901 = 9,92,93,---}, the monoid I" = (¢g;; ¢ > 0| g; =
g") = (g) and H = Kk[I'] = k[g] as in Example [7.4.3] If we define the H-action on k[z| by
g+ = qz, then Iy = (¢i — ¢'xgs, 6igj — Givj> 90— 13,7 > 0) = (92 —qzg, gi = ¢'|i > 0);
the last = is an easy inductive argument. By Eq. ([7.3) and the latter isomorphism

Q(q) = klz]#k[g].

Example 7.4.7 (Weyl algebra). Let W := k(y,z|xy = 1 + yz). In a similar way as in
Example [7.4.6| we construct
W = kly#k[z],

if we set A(z) :=2®1+1®x, () := 0 and the action z -y := 1.
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Example 7.4.8 (Taft algebra). Let 0 # ¢ € k with ordg = N > 1 and Ty(q) =

k(z,g|gr = qug, g% =1, 2V =0). We take X = {z, g}, S = {2, 90,01 = 9,92, ... gn-1}
and I = (gx — qrg, g% — 1, 2V — 0). Then by Eq. (7.2)

Tn(q) = k{z,g9;5 0<i< N | gz =qzg, g" =1, 2" =0,
gi=¢;0<i<N)
Next let X = S = {z}, G = {90,91 = 9,92,---,9n-_1}, the group T' = (g;; i > 0| g; =
g, gV —1) 2 (g|g"N =1) and H =k[['] 2 k[g|g" = 1] as in Example [7.4.3, Further let

the H-action on k[z] be as in Example and I = (z). Then as in Example [7.4.6| by
Eq. (7.3)

Tn(q) = (klz]#k[glg" = 1])/(z).

7.5 The case S = X} and H =k[[

We now return to the situation of Section [5| and rewrite Proposition [7.4.5¢

Corollary 7.5.1. Let L C L be Shirshov closed and
L= (2, = [rewu] | u € L, Sh(u) = (v]u)),
L= (g2u = Xu(9)xug, gh = fon, o =1 g h €T, u€ L), o 1.

<XL7F>

Then for any ideal I of k(X )#K[T] also I, +I'+1 is an ideal of k(X,T) such that
(k(X)#K([I])/T = k(Xp, T)/(L+L+1).
Further we have the analog special cases of Proposition[7.4.5

Proof. We apply Proposition to the case S = X, H =Kk[I'], f,, = [u] for all u € L.
Then Iy, = (z, — [u] |u € L)k<XL r and I is as in Example |7.4.3, We are left to prove

I +1'4+1 = I, + L.+, which follows from the Lemma below. O

Lemma 7.5.2. We have
(1) [u] € xy + I, for allu € L; hence Iy, = 1I,.
(2) L. CcIl+1,

Proof. (2) follows from (1), which we prove by induction on ¢(u): For ¢(u) = 1 there is
nothing to show. Let ¢(u) > 1 and Sh(u) = (v|w). Then by the induction assumption we
have

[u] = [v][w] = quw[w][v] € (xo + L) (2w + L) — qouw(@w + L) (20 + L)
Claw, 20| + L =2y — (x4 — [T, 20]) + [, = 2y + 1.
— ——

el
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Example 7.5.3. Let X = {xy,29} C L = {x1, 2129, 25}. Then I, = ([Elg — [ml,xg]) and
by Corollary

k(zy,z2) = k(z1, 212,22 | 212 = [21,32]),

k<l’1,$2>#k[r] = k(‘rl)le?xZ)F | T2 = [mlal‘Q]v
9%y = Xu(9)Tug, gh = fon, Ir —L;Vu € L,g,h € T).

For more Examples see Chapters [§] and [9

7.6 Bergman’s diamond lemma

Following Bergman [16], let Y be a set, k(Y) the free k-algebra and ¥ an index set. We
fix a subset R = {(W,, f») |0 € B} C (V) x k(Y), and define the ideal

]R = (Wo - fa | S Z)MY)

An overlap of R is a triple (A, B, C') such that there are 0,7 € Y and A, B,C € (Y)\{1}
with W, = AB and W, = BC. In the same way an inclusion of R is a triple (A, B,C)
such that there are 0 # 7 € ¥ and A, B,C € (V) with W, = B and W, = ABC.

Let <, be a with R compatible well-founded monoid partial ordering of the free monoid
(Y), ie.

e ((Y),=<,) is a partial ordered set.
e B<,B = ABC <, AB'C for all A,B,B',C € (Y).
e Each non-empty subset of (V) has a minimal element w.r.t. <.

e f, is a linear combination of monomials <, W, for all ¢ € ¥; in this case we write
fO' —<<> WO"

For any A € (V) let I 4 denote the subspace of k(YY) spanned by all elements B(W, —
fo)C with B,C € (Y) such that BW,C' <, A. The next theorem is a short version of the
diamond lemma:

Theorem 7.6.1. [16, Thm 1.2] Let R = {(W,, f,)|oc € £} C (V) xk(Y) and =, be a with
R compatible well-founded monoid partial ordering on (Y). Then the following conditions
are equivalent:
(1) (a) f,C — Af; € I5 apc for all overlaps (A, B,C).
(b) Af,C — f. € Is apc for all inclusions (A, B, C).

(2) The residue classes of the elements of (Y') which do not contain any W, with o € 3
as a subword form a k-basis of k(Y')/I.
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We now define the ordering for our situation, where L C L is Shirshov closed and
Y = X Ul Let mp @ (X, ') — (X1) be the monoid map with x, — x, and g — 1 for all
u€ L, g €l (n, deletes all ¢g in a word of (X, I')).

Moreover, for a A € (X, I') let np(A) denote the number of letters g € I" in the word
A and t(A) the nr(A)-tuple of non-negative integers

(number of letters after the last g € I"in A, ...,
., number of letters after the first g € I' in A) € N*t(4)
Definition 7.6.2. For A, B € (X,I') we define A <, B by
o 1 (A) < 7w (B), or
e 1(A) =7m(B) and nr(A) < nr(B), or

o 1 (A) =mn(B), nr(A) = np(B) and t(A) < ¢(B) under the lexicographical order of
Nnr(d) e, t(A) # t(B), and the first non-zero term of ¢(B) — t(A) is positive.

=, is a well-founded monoid partial ordering of (X,,I'), which is straightforward to
verify, and will be compatible with the later regarded R.

Note that we have the following correspondence between < of Section[d.4]and <., which
follows from the definitions: For any U,V € [L]™, g, h € T we have p(U)g, p(V)h € (X)T
and

U<V < p(U)g <, p(V)h. (7.5)

7.7 Proof of Theorem [7.3.1]

Again suppose the assumptions of Theorem [7.3.1] By Corollary
(k(X)#K(L]) /T = k(X T) /(L + I+ 1),
thus (k(X)#Kk|[['])/I has the basis

] [ua] ™ [ue]™ g
if and only if k(X,I")/(I, + Il 4+ I) has the basis

T1 .72 Tt
xulxw e Iutg

(teN we€L,u >...>u, 0<r; <N, g€T). The latter we can reformulate
equivalently in terms of the Diamond Lemma [7.6.1}
e We define R as the set of the elements

(1, 1), (7.6)

(gh, f,n), for all g,h e T, (7.7)

(924, Xu(9)z0ug), for all g € T,u € L, (7.8)
(xuxv, f + qu vaxu), for all u,v € L with u < v, (7.9)
(z*, d), for all u € L with N, < oo, (7.10)
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where we again see c{,,), df € k(Xr) @k[I'] C span {Ug | U € (X1),g € I'} C k(X,,T').
Then the residue classes of ¢/ u‘v),dﬁ modulo [, + I correspond to c(yy) and d, by the
isomorphism of Corollary [7.5.1] and we have I = [, +I'+1.

e Note that <, is compatible with R: In Eq. resp. we have 1 <, 1p
resp. fgh =<, gh since np(1) = 0 < 1 = np(1p) resp. np(fyn) =1 < 2 =nr(gh) (fn € 1).
Eq. : t(zug) = (0) < (1) = t(gzy), hence z,g <, gz,. Moreover, by Lemma we
have c(u‘v) F QuoTyTy <o TyLy, and df, <, :civu by assumption.

e By the Diamond Lemma [7.6.1/ we have to consider all possible overlaps and inclusions
of R. The only inclusions happen with Eq. (7.6), namely (1,1r,k), (g,1r,1), (1,1, z,).
But they all fulfill the condition (1b) of the Diamond Lemma : for example h— fi., =
h—h=0¢€ I, and , — Xu(Ir)zulr = 2u(1r — 1) € I2 110,

So we are left to check the conditon (1a) for all overlaps: (g, h, k) with g, h, k € T fulfills
it by the associativity of I'; for (g, h, z,) we have

fghxu - Xu(h)gzuh = Xu(gh’)xufgh - Xu(h)Xu(g)$ugh =0

calculating modulo I, g, and using x,(fyn) = xu(gh) since fg, € I'. The next overlap is
(g, Ty, x,) where u < v: Calculating modulo I, 4;,., We get

Xu(9)TugTy — g(cfuh;) + QU,vxvxu)
= Xu(9) X0 (9)TuTug — Xuv(9) (Cfuw) + Qu,vl’v$u)g
= Xuv(g) (xuxv - ( (u\ ) + qu vxvxu))g — 0;

Ny—1

Mu=1) we obtain

since Cyly X)#k|['))X» and x,2,9 <o gT,2,. For the overlap (g, x,, x
(ulv)

modulo I <ogaliu

o= gdf = ()™ (2 — di)g =0,

because d, € (k(X)#k[[])" and zN+9, <, 9,z The remaining overlaps are those
with Egs. (7.9) and ([7.10)); for these we formulate the following Lemmata:

Lemma 7.7.1. The overlap (xu,xv,xw), u < v < w, fulfills condition |7.6.1)(1a), i.e.,
a = ( ) + Qu vxvxu)xw a:u( Clolw) + qv’wmwmv) € I viepan, if and only if J(u < v <
w) € I<<>xux'uxw'

Proof. We calculate in k(X,T")

Xu(9)Tugz®

— P P P P
Ju<v<w)= afoyTw — GuvwTaClypy) — (xuc(vlw) — QU,va(v‘w)xu)
+ qu vy (xuxw — Ay wxwxu) — Quw (xua:w - Qu,wxwxu)xvv

a = C(u‘ )mw + QuwTolyLy — Z’uC( lw) — QuwTulwly,
and show that the difference is zero modulo 7= ., z.,°
J(u<v<w) == Guowo(Tuto = yp) + Gupw (o) = Tow) Tu
= Quv,wlw (QU,vxvxu) — Quow (QU,w'Iw'Iv) Ly = 0.

SINCE Ty Ly Lo, Ly Ty <o LyuLyLoy- ]
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Lemma7 7.2. The overlaps( Nu—1 xu,xv) resp. (:vu,xv, No— 1) fulfill condztzon-(la)

A (¢ Clafe) T Qo D$U$u) € I N, TSP (c(u‘v) + QuoToTy )T — zydf €
I<<>m oo if and only if L(u,u <v) € I~ resp. L(u,u>v) €1, ~.

Proof. We prove it for (a:f:’“ ! xu,xv) the other overlap is proved analogously. We set

r:= N, — 1, then ord ¢, , = 7+ 1. Using the ¢-Leibniz formula of Proposition we get

xT( (u‘v) + Gu Ul.vxu) — dﬁa}v —

= [ C<u|v>]qz,uqu,v + Gy u o)

1 1
+ Qu,v [{L‘Z, xv] :Eu + qr-i- Ty Z+ - dﬁl’v

r
_ ) 7 r P 7
— E Qu,uQu,v(@')qu,u Loy~ - [xua C(u‘y)]Qu,uQum s } qz’—uiquwmu

'H—l z—i—l r+1 r+1
+ E Qoo qu Nz - [Ty To)gu, - - '}q"’i’lqu + Gt —dlx,.

u,u

r—i

Because of x, "z, x,™" <, 2 2, for all 0 <4 <, this is modulo I -1, equal to

Ty
r
) % T P i
§ QU,uQu,v(i)quyu Loy [xua C(u\v)]qu,uqu,v c ] q;;}qu,vxu
=0

r—i

z—i—l p i+1 _ [ gp }
+ E Qo' qu Nz [T ) g, - J il = [d0 x, e

Qu,u  qu,v

r—i—1

Now shifting the index of the second sum, we obtain

o _ [ae
Tus - [Ty Ly -+ ) _— [df, x,] e
T
r
§ : 7 7 r r P 7
+ QU,U <qu7u(i)qu7u + (’L 1)Qu u) x“’ T [xu’ C(U‘U)]quvuquvv o :| qz,_uiqu,vxu'
=1

r—i

Finally we obtain the claim, since qfw (’f)quu + (ifl)q = (ﬁl)quu =0foralll<i<r,

by Eq. (3.2) and ord ¢, = r + 1. H

Lemma 7.7.3. The overlaps (xu“ N Z) fulfill condition (Ja) foralll <i<

Ny, if and only if the overlap (mu“ 1,xu,xff” 1) fulfills condztzon (]a), if and only if
L(u) - I—«g:ff““‘

Proof. This is evident. O]

e Finally the assertions of the last three Lemmata are equivalent to (2) of the Theorem
7.3.1] which follows from the following Lemma:
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Lemma 7.7.4. Let a € k(X)#Kk[[] and W € [L]™N such that a <, W. Further let
a’ € k(Xp)#k[['] C k(X.,I') as defined in Section . Then a® € I, pwy n kK(Xg,T) if
and only if a” € I,y in k(Xp)#k([I'].

Proof. By definition a” is a linear combination of U € (Xp) with {(U) = ((W), U > p(W),
and Vg, V € (X),g9 € I with £(V) < £(W). Note that the only elements I" in a” occur in
monomials Vg with £(V') < ¢(W). Thus the only relations Egs. (7.6),(7.7)),(7.8) of I/ which
apply to a” are already contained in I w since Vg <, W, hence: a” € I, ,w) in k(Xp,T")
S af €l o+ I in k(X T) & a” € Is,w) in k(X1)#k([I], the latter equivalence by
the isomorphism k(X )#k[['] = k(X,I')/I of Eq. applied for X = X7. O

e We are left to prove the equivalence of (2) to its weaker version (2) of Theorem [7.3.1}
For (2’a) we show that if uv € L and Sh(uv) = (u|v), then conditon (2a) is already fulfilled:

By definition c’()u|v) = T, and

[y o)y, = [Bur To] = Ly
modulo 1., 4. .,. Now certainly Sh(uvw) # (uv|w), thus
p — 0[P o _ p
Cluotwy = OuCofuy) F Tl To — QuooClypu)

by Eq. . Hence in this case the g-Jacobi condition is fulfilled by the ¢-derivation
formula of Proposition [3.2.3

For (2'b) of Theorem it is enough to show the following: Let condition (2bi) hold
for u = v, ie., [z,,d]i € I v+, Then, if condition (2bi) holds for some u < v with
N, < oo, then (2bi) also holds for u < uv (whenever wv € L). Analogously, if (2bii) holds
for v < w with N,, < oo, then also (2bii) holds for vu < u (whenever vu € L).

Note that if v < v, then uv < v: FEither v does not begin with u, then uv < v by
Lemma [4.1.1} or let v = uw for some w € (X). Then u < v = uw < w since v € L. Hence
w = vuw < uw = 0.

We will prove the first part (2’bi), (2’bii) is the same argument. But before we formulate
the following

Lemma 7.7.5. Let a € k(X )#k[I'], A, W € (X)) such thata < A <W. Thena € I y
if and only if a € I<4.

Proof. Clearly I<4 C I, since A < W. So denote by {(W,, f,) | ¢ € £} the set of
Eqgs. and with f, <; W,, and let a € I.y, i.e., a is a linear combination of
UgW,— f,)Vhwith U,V € (Xp) such that UW,V < W. Denote by E the <-biggest word
of all UW,V with non-zero coefficient. E > A contradicts the assumption a <; A < W.
Hence ' < A and therefore f € I<4. O

Suppose (2bi) for u < v with N, < oo and uv € L, i.e.,

— [JP
Ly - ['TU? xuv]Qu,uQu,v t j| qﬁvﬁflqu » [dzm xv]qi\f% S I{zuNuxU
Ny—1
P — [P
S\ Ty o - [T, C(u|uv)]q3,uqu,v . .]qulquqv [d? $U]q% €1 N1y 1

Ny—2
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for some w € L with w > u and U € (X) such that {(U) + {(w) = ¢(u). Here we
used the relation [z, ] c’(’u|w), and Lemma since the above polynomial is

qu,uv
< v te, Uz, (by assumption ¢y =1 [vuv], d, <p [u]™). Hence the condition (2bi)
for v < uwv reads

p _[qr
s - - [Tu C(u|uv)]q5,uQu,v e ] TG [z x“”]qﬁﬁqﬁ% = I—<xuN“:r:uv
Ny—1
<:>[xu,[d ] }qaﬂvﬁqm [d x“”] dotig € I 2 gy

since quﬂNu Ly Uz ]<1Nu Lo Uzy Tu C I 2Nug, (w > uw and w cannot begin with u since
l(w) < l(u ) hence w > wv by Lemma By the ¢g-Jacobi identity

|:x7.u [d57 I‘U]qNu] Ny,

Qu,uqu,v

[[qu dﬁ]qyﬁ7 xv} gt + inﬁdﬁ [xm xv] - CI{X% [xw xv]dﬁ

= [[xua dZ]la $v] et + [dw xuv]qi\fgj = [d27 $uv]q1]yg

For the last two “=" we used qNu = 1, the relation [z,,z,] — x4, and [z,,d"]; € I Nuta
(We can use this condition: Note that [x,,d"]; < 2ex,, U’ for some w' € L, w' > u,
U' e (Xyp), {U') + L(w') = £(u), hence [z, df], € I ~u, 1 by Lemma [7.7.5] Therefore

%IjxuNuww,U’v ]jxf)’uww/U’xv C I N, , like before).



Chapter 8
PBW basis in rank one

>~

Let V' be a 1-dimensional vector space with basis z; and ordg;; = N < oco. Since T'(V)
k[z,] we have £ = {x1}. We give the condition when

(V)LD (o) — o)
has the PBW basis {z1}. By the PBW Criterion the only condition is
[d}, xq]; € ]<xi\7+1
in k[z,)#k[I']. This clearly is fulfilled if d; = 0 and we get directly the following examples:
Example 8.0.6 (Nichols algebra A;). The set {z] |0 <r < N} is a basis of
B(V) =T(V)/ (1),
the Nichols algebra of Cartan type A;.
Example 8.0.7 (Taft algebra). The set {z7g |0 <r < N,g € Zy} is a basis of
Tn(qu) = (T(V)#K[Zn])/(27),
see Example [7.4.8|.

Example 8.0.8 (Liftings A;). The set {z]g|0 <r < N,g € I'} is a basis of
(T(V)#K[T])/ (21 — (1 = g7)),
which are the liftings of B(V) of Cartan type A;.
Proof. Tt is dy € (k(X)#k[I'1)*" by Definition of y11. Further
(11— g ) 2], = [L 2], — pa gl 2], = —pa(@dy — D)wrgy =0,

since ordg;; = N. O
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Chapter 9

PBW basis in rank two and
redundant relations

Let V be a 2-dimensional vector space with basis 1, 2, hence T'(V') = k(z1, x3). In this
chapter we apply the PBW Criterion to verify for certain L C L that the algebra

(T(V)#K[I])/,

with I as in Section [5.3| has the PBW basis [L]. In particular, we examine the Nichols
algebras and their liftings of Chapter [6] Moreover, we will see how to find the redundant
relations, and in addition, we will treat some classical examples.

9.1 PBW basis for L = {z; < 5}

This is the easiest case and covers the Cartan Type A; x Aj, see Section [6.2] as well as
many other examples. We are interested when [L] builds up a PBW Basis of

(T(V)#K[I))/ ([2122] — €12, 21 = di, 33° — da),

with Ny = ordqy;, No = ordgey € {2,3,...,00}. If Ny = Ny = oo, then by the PBW
Criterion there is no condition in k(xy, x2)#k[I'] such that we can choose ¢;5 arbitrarily
with c1a <, [£172] and degp(ciz) = x1X2:

Example 9.1.1 (Quantum Plane). See also Example [7.4.6]
Qlqr2) =T (V)/([x122])

has the basis {z5?z]" | 9,71 > 0} since ¢12 = 0; of course this can be seen in Example [7.4.6
directly via the decomposition into a smash product.

Example 9.1.2 (Nichols algebra A; x A;). In the case q12¢o1 = 1, the latter example is the
infinite dimensional Nichols algebra of Cartan Type A; x A; with basis {z522]" | ro,r; > 0}.

Example 9.1.3 (Weyl algebra). If g1 = 1, then
W=T(V)/([z132] — 1),

see Example |7.4.7, This relation is f—homogeneous if xy1x2 = ¢, e.g., take I' = {1}. Then
W has the basis {z5?x]" | r2, 71 > 0}; again this can be seen directly in Example [7.4.7]
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If ordg;; = Ny < 00 or ordgyy = Ny < 00, then by the PBW Criterion we have to
check

[df,xl}l € [<xi\71+1, or [d’z),xg]l € I_<mé\12+l, and (9.1)
p _[qr
[xl, . [xl, 012]q11q12 .. '}qﬁl_lqlz [dl, (L’Q]qlz\;l € I{xilez, or (9.2)
Ni—1
[. .. [011)2, xg] dage ,132} q12q21\;2—1 — [xl, dg} qu22 € I<$1$é\72. (93)
——— —
No—1

This is the case when d; = dy = ¢;5 = 0:
Example 9.1.4 (Nichols algebra A; x Aj). The set {z2z]' | 0 < r; < N;} is a basis of
TV)/([w1xa], 27", 2372).

This includes the finite-dimensional Nichols algebra of Cartan type A; x Ay, where q12q21 =
1.

Example 9.1.5 (Liftings A; x A;). Let q12go1 = 1. Then {zx*x27'g | 0 < r; < N;,g € T'}
is a basis of

(T(V)#K[T))/ ([2122] = M2(1 = g1a), 27" = (1= 1), 237 — pa(1 = g5)),
which are the liftings of the Nichols algebras of Cartan type A; x A;.

Proof. By definition of A1y, 11, 1o the elements have the required f—degree. As in Example

we show conditions Eq. (9.1).
Eq. (9.2): We have x1x2 = ¢ if A1z # 0, hence q11q12 = 1 and then g1 = q11q12q21 = @a1,
since q12q21 = 1. Using these equations we calculate

v o= =Ml =) (1= g)z)" g9 = 0.

qiiqi2 "’ } 411 q12

(21, .. (21, M2(1 — g192)]
———

N1—1

Further va = e if p; # 0, thus qévll = 1; by taking ¢i2q21 = 1 to the N;-th power, we
deduce ¢} = 1. Then

[ (L= g o] i = (1 = gr )2 = 0.
The remaining condition Eq. (9.3) works in a similar way. ]

Finally we want to mention that there are also many other non-graded quotient algebras
for which our PBW Basis Criterion works. Direct computation gives

Example 9.1.6. For ¢12 = 1 and g9 = —1 the set {z3?2]' [0 <ry <2, 0<r; < Ni}isa
basis of
T(V)/([a:lxg], oV — a2k — 1).
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9.2 PBW basis for L = {r; < 129 < 22}

We now examine the case when [L] is a PBW Basis of (T'(V')#k|[I'])/I, where I is generated
by the following elements

[$11’1372] — C112, SUivl —dy,
[212222] — c122, (21292 — dy9,
ZL’é\b — dQ,

with Ordq11 = Nl; OI'dQ12’12 = le, OI'dQQQ = N2 € {2, 3, ey OO} We have in k<.fl:1, 12, x2>#k[F]
the elements

Cpg) = Az Cljpy = 12y Chopy) = e
At first we want to study the conditions in general. By Theorem [7.3.1(2’) we have to check
the following: The only Jacobi condition is for 1 < 12 < 2, namely

[Cl1)127 '172} - [:Ela C?QQ} + (CI1,12 - Q12,2)$%2 S [-<CL‘1£L‘12962' (94>

q112,2 q1,122

There are the following restricted g-Leibniz conditions: If N; < oo, then we have to check
Egs. and for 1 < 2; note that we can omit the restricted Leibniz condition for
1 <12 in (2°) of Theorem [7.3.1] In the same way if N» < oo, then there are the conditions
Eqgs. and for 1 < 2; we can omit the condition for 12 < 2. Further Eq.

resp. (9.3) is equivalent to
L1, ... [.%‘1, C/1)12]qf1fh2 .. } qﬁ171q12 — [d’f, xz]qf;l € I<l"ivlﬂ’2’ (9.5)
Ny—2
[. .. [6522, xg]qmqu .. ,.CEQ} q12qé\;271 — [931, dg:qu;g S I<w1xév2' (9.6)
Np—2
In the case N7 = 2 resp. Ny = 2 then condition Eq. (9.5)) resp. is
CTIQ - [dfaxQ]q%Q € I<m%m2 resp. Cl1)22 - [xh dg]q%Q € ]<x1x§'

Here we see with Corollary that by the restricted ¢-Leibniz formula [z12122] — ¢112 €
(22 —dy) Tesp. [x1T2T9] — c192 € (5 —d>), hence these two relations are redundant. Suppose
=<1 [z12222). Thus if we define

[dy1, walg2, <1 [T12122] TEsp. [T, dag2,
g 1= [d§)7$2]q§2 resp.  Clyy 1= [xlvdg]q%Q’ (9.7)
then condition Eq. (9.5)) resp. is fulfilled.
Finally, if Nj5 < oo, then there are the conditions
[dlfQ)le}l € ]<m11\;12+1’
[' - [6/1)127\'1'12]111,12(112,12 st 7$12j ‘11712(1{\;1,%271 - [1’1, d??]qi\]g S [<x133f]212’
TV
Nis—1 (9.8)
12y - - - [x127 C€22]¢112,12q12,2 . ] ‘1?2%%2_1%2,2 - [d/1)27 x2]qi\721§ € I<wi\’212x2-

Ni2—1
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Now we want to take a closer look at Eq. (9.4). Essentially, there are two cases: If
¢11 = Q22 We set ¢ 1= qr122 = 1,122 and then Eq. (9.4) reads

[0512, Z‘?}q - [$1, 0522](1 € ]<$1301212' (99)

Certainly this happens when c1195 = ¢j99 = 0, and in the case Ny = Njp = Ny = 00 we
have:

Example 9.2.1 (Nichols algebra Ay). If ¢17 = o2 then

T(V)/([z12132], [x12222])

has basis {z?[x122]22 " | 79,712,717 > 0}. This includes also the infinite dimensional
Nichols algebra of Cartan type As, where q12g21 = ¢11' = oo -

Else if q11 7£ d22. Suppose N12 = Ordqlg?lg = 2, then we define

dia = —(qu12 — %2,2)71([0112, 513'2] - [5517 0122}

q1,2912,2 q1,122)'

It is [x129]? — di2 € ([xlazlQO] — C112, [T1m910] — 0122) by the g-Jacobi identity, see Eq. (9.4))
and Corollary [7.5.1] i.e., this relation is redundant. Further diy € (k(X)#k[I]))X%2. Let us

assume that dis < [7172]?, €.g., €129, c112 are linear combinations of monomials of length
< 3. Then for
-1
dy = —(q102 — q122) ™ ([H12, 2] — [z, ¢l],, ,0) (9.10)

condition Eq. (9.4)) is fulfilled. If ¢j99 = ¢112 = 0 then also di2 = 0 and we have:

q1,24912,2

Example 9.2.2. If ¢;; # g22 and ¢i212 = —1, then

T(V)/([l"lxl@], [1U1l"2$2])
has basis {z5?[z12]) 221" | 72,71 >0, 0 <119 < 2}.

Now we want to proof that the ideal given for the Nichols algebras in Proposition [6.3.1
and their liftings in Theorem admit a PBW basis [L]. We could prove Proposition
directly very easily since all ¢,, = d, = 0, but instead we prove the more general
statement for the liftings.

Proposition 9.2.3. The liftings (T(V)#k[['])/I of Theorem have the PBW basis

{9, [r122], 21} as claimed in this theorem.

Proof. Note that all defined ideals are f—homogeneous by the definition of the coefficients.
The conditions Eq. are exactly as in Example [8.0.8

The numeration refers to the one in Theorem [6.3.3

(1a) We have Ny = Ny = N5 = 2. Since d] = ui(1 — ¢g?) we have by the argument

preceding Eq. (9.7)), that necessarily

cng = [pn(1—g7),wole, and  ciao = [21, pa(1 — 63)] 2,
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and the conditions Egs. (9.5) and are fulfilled. Note that c112 = (1 — ¢35)z2 = 0:
either ; = 0 or else pu; # 0, but then x? = ¢ and ¢3, = 1. By squaring the assumption
¢12¢21 = —1, we obtain q%Q = 1. In the same way c199 = 0.
Then the conditions Eq. are
(44102125 + p2(1 — g3y), w12] | € Togs,
[07 I12]41,12Q12,12 - [1’1, 4;“/1Q21I§ + M12(1 - 9%2)](1%,12 S I<:Jc1x%27
[‘T12> 0]Q12,12¢Z12,2 - [4#1Q21$§ + :u12(1 - 9%2)7 mQ]qu’Q € [-<w%2m2'

Again, if p1 # 0, then ¢f, = g3, = 1, hence ¢} |, = 1 and ¢3 1, = 1. If ju35 # 0, then xj, = ¢
and ¢f , = 1; in this case also ¢7, = ¢3; = 1. Thus modulo I <23, We have

[4p1g2125 + p112(1 — g15), T12] L = 4pgn (23, 215] L ﬂlz(ﬂﬁz,lz — 1)z126%
= Appiagor [1 — g3, Iu]l = —Ap1 22 (5,1 — 1)x1295 = 0.

Further modulo I_,,,2 we get
(21, dprgoras + paz(1 — gio)]1 = dpagon[z1, 23]1 + paaz1, 1 — gio)a
= 411G 19y — p2(l — q%Q,l)xlg%Q =0,

which means that the second condition is fulfilled. The third one of Eq. works
analogously.
The last condition is Eq. (9.4]), or equivalently condition Eq. since g1 = @oo:

[07 xZ]q - [Ila Oj|q =0 € -[<:D11‘12I2'

(1b) Either Aj12 = Aj22 = 0, or X112 = € and/or X120 = &, from where we conclude
q = qu1 = Q12 = @21 = Goz. We start with Eq. (9.4)): Since ¢* = 1 we have

[)‘112(1 - 9112)>x2}1 - [3317 A2a(1 — 9122)]1 =0.

We continue with Eq. (9.5): Either u; = 0 or x3 = &, hence ¢3;, = 1 and then also
41y = (qr2g21)* = ql_13 = 1. Then

[371, Ari2(1 — 9112)]1 — [ (1 = g7), xa]1 = 0.
Next, Eq. (9.6)): In the same way, p2 # 0 or ¢3; = ¢}, = 1. Then
[)\122(1 — 9122), 33'2]1 — [m1, pa(1 — gg)]l = 0.

For Eq. we have ¢} 1, = 1if p1p # 0. Thus ¢, = 1, moreover ¢3; = (q12¢21)* = ¢;7° = 1.

Hence modulo I, ,s we have
12

A112(1 — x x }
[[ 112( 9112)’ 12]£11,12q12,127 12 01,120% 1

- [1‘17 —(1 = qu)quididia(l — gizo) + pa (1 — i)’z + pa(1 — 9%2)]%% b 0,
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since each summand is zero. Further a straightforward calculation shows

(212, [212, M22(1 = 9122) )41 1012 2, ains

- [—(1 - Q11)Q11)\112)\122(1 - 9122) + ,u1(1 - Q11)3$g + M12(1 - g%z), fz]qz = 0.

12,2

Finally, an easy calculation shows that

[—(1 = qr)gui M2 Aize (1 — gioo) + pa(1 — qu1)°@5 + pia(1 — g5y), T12], =0

modulo /_,4 , again by definition of the coefficients.

(1c) is a generalization of (1a) (and (1b) if Aj12 = Aj22 = 0) and works completely in
the same way (only the Serre-relations [z12122] = [x12925] = 0 are not redundant, as they
are (1la)). We leave this to the reader.

(2a) We leave this to the reader and prove the little more complicated (2b): Since we
have N, = 2, as in (la) we deduce from Eq. (9.7), that

122 = [w1, pa(1 — gg)]q'ﬁ = pia(g3, — 1)195

and the condition Eq. is fulfilled.
If \j1o # 0 then g1 = qo of order 4, q1o = qoy = —1; if uy # 0 then ¢, = 1. Then

Eq. (0.5) is fulfilled:

[xl, [21, Ar2(1 — 9112)]1} — [ (1= gf)a Ta)1 =0,

q11

since both summands are zero.

It is q11 # o2, ordqia 12 = 2 and ¢}, resp. ¢}y, are linear combinations of monomials of
length 0 resp. 1. By the discussion before Eq. (9.10)), we see that [x125]? — dj3 is redundant
and for

dfy = —(qra2 — qr22) " ([M2(1 = g112), 2] | — (21, po(g3; — 1)17193}%)
= i (g1 + 1) 7 (An222 — 2 (@31 — V(1 — quigiy) 2793)

g

=:q

the condition Eq. (9.4)) is fulfilled. We are left to show the conditions Eq. [d’fQ, 1712} L €
I

3
<zyy?

p
[0112, xl?}

q112,12

0 P
— [z1,df] €1 .2 and [z12, o]
[ Lf2lgz |, = T=mag, 1271221 415 19

— [de,xg} q%272 € I<z%2$2.
We calculate the first one: Modulo I_,3 we get

[y, 212), = =15 (11 + 1) 7 (= Mn22 [12, 22], —poq  [2795, 212], ).

—_—— —_——
P — 2 2 2
=C122 *‘121[1’173512],1%1292
cg 2 _ P P _
Now by the g-derivation property [$1,$12]q§ b = 101 Q1120901 = A12(1 — qu1)zy.

Because of the coefficient Aj12 the two summands in the parentheses have the coefficient
+4)\112412, hence cancel.
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(3) works exactly as (2).
(4a) Since we have Ny = N, = 2, as in (1la) we deduce from Eq. (9.7), that

cng = [ (1 —g7), 2z, = (1 = gip)zs and  crap = [21,0],2, = 0

and the conditions Egs. (9.5 and are fulfilled.
For the second condition of Eq. one can easily show by induction

[« .. [05)12;?312]111,121112,12 s 5512} q, 12q12 112
N-1
= (1= qhy) |- [22, 212] 4,2 93}
H1 qi2) |- - 2’\ 12lq11075921 * - 12 Q11415031
NT1

N-—

H — 15 g )Jwaaly ' = 0.

i=0
The last equation holds since for i = N — 2 we have 1 — ¢g¥ ™2 = 0: if uy # 0 then
g3 = 1 and (qi2g21)" = qiy1p = 1. Further also (21, dialgy,, = (21, p2(1 — gl =

—p12(1 — g%, )w1g15 = 0, since either 1y = 0 or ¢y = g3 = (—1)" such that ¢fy;, =
(=1)N(=1)" = 1. This proves the second condition of Eq. (9.8). The third of Eq. is
easy since cy99 = 0, and the first of Eq. is a direct computation.

Finally, Eq. (9.4)) is Eq. , since g1 = @22:
[Nl(l - Q%Z)x% $2] Q22 [xl’ 0} q1,122 =0

because of the relation 22 = 0.
(4b) works analogously to (4a). Note that here c115 = 0 and c¢190 = [z1, p2(1 — ¢3)]1

p2(q3; — 1)w1g3. O

9.3 PBW basis for L = {z; < r12129 < 1129 < 22}

This PBW basis [L] occurs in the Nichols algebras of Proposition and their liftings of
Theorem|[6.4.3] Generally, we list the conditions when [L] is a PBW Basis of (T'(V)#k[I'])/I
where [ is generated by

[5171331561-752] — C1112, ﬂfivl —dy,
[T121227172) — c11219, [m12122) V12 — dy1a,
[T12222] — €12, [2129]N2 — dy9,

— d».

In k(zq, 2112, T12, T2)#k[I'] we have the following cfuh}) ordered by l(uv), u,v € L: If
Sh(uv) = (u|v) then

b P _ p _ P
Capp) = T12 Cl122) = €122 C112)12) = C112125

P p _p
Ca12) — T2, Cajn12) = iz
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and for Sh(1122) # (112]2) by Eq. (7.1)
Clinzz) = 01 (o) + Q2061 9) 12 — G112712C )
= 07(clys) + (@122 — q1,12) 27

We have for 1 < 112 < 2,1 < 112 < 12 and 112 < 12 < 2 the following ¢-Jacobi conditions
(note that we can leave out 1 < 12 < 2):

[611)112’ xﬂ q1112,2 - [.131, C€112|2)}q1,1122
+ 611,112115112[%, xz] - 9112,2[11517 Iz]xnz € I<:r13:112:v2
<:>[Cf11275’32} - [Ilaaf(cll)m)}
- (C]12,2 - Q1,12)CT1212 - (CI12,2 - Q1,12)Q1,12(C]12,12 + 1)951235112
+ q1.112¢0 1912 + Gr12.2(q1112q1121 — 1)Z12%112 € T<py 211000

- [$1, 8?(0522)} + qu(Q%l — Qa2 + qlllcll)1212

q1112,2 q1,1122

(9.11)

p
And [011127 x?}

q1112,2 q1,1122
+ \Q%2<Q22(Qi11Q12Q21 — 1) — q11(g22 — q11) (12,12 + 1))/951235112 € Lz 211020
::q/

If ¢ # 0, we see that [x12129m1 23] — ¢11012 € ([xlxlxle] —C1112, [T1T922] —0122) is redundant
with
+ q/[$1$2][$1$1$2])

-1
C11212 = —¢q ({01112,952](111122 - [$1,81(0122)}

by Corollary and the g-Jacobi identity of Proposition [3.2.3] We have degg(ci1212) =

X11212; suppose that ¢ii9192 <1 [T121222122] (€.g. ¢1112 TESP. 190 are linear combinations of
monomials of length < 4 resp. < 3) then condition Eq. (9.11)) is fulfilled for

- [371, 8{’(0’1)22)]

There are three cases, where the coefficients ¢, ¢’ are of a better form for our setting: Since

q1,1122

g1 = —q_l([CTnQ, 1’2} + q/$12$112)-

q1112,2 q1,1122

q= 912((3)q11 - (2>q22)7 (]l = q12 (Q(l + q%l(IIQQQIQQQ) - QIIQI2(2)Q22)7

we have
q = q12q11 # 0, q' = —C]12€7%1Q(1 - Q%1Q12(I21), if Qi = (22,
7= q12(3) g1, ¢ = q12q(1 — q}1q12421), if qog = —1,
q=—q12(2) 4, ¢ = —q2q(1 + g1 + CI%1C]126]21C]22), if ordg;; = 3.

The second ¢-Jacobi condition for 1 < 112 < 12 reads

p p
[011127 3712} - [xl, 011212]

q1112,12 q1,11212

+ (J1,112$112[$1, 9512] - C]112,12[$1, 17512]%12 S I (9 12)

p p 2 2
@[0111273312} - [xla 011212] +£111€I12(1 — q12G21G22) 119 € I<ay2110m15

q1112,12 q1,11212 2

~~
—.ql!
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If ¢" # 0 then we see that [z1z125]* — di1p € ([xlxlxle] — Cl1219, [T171 0271 T9] — Cri212)
is redundant with d;;2 = —q”’l([qlm, [xlxgﬂqlm L [:vl, 011212}(11 11212) by Corollary [7.5.1
and the g-Jacobi identity of Proposition . Tt is degf(dluj = X3.5; suppose that
di12 <1 [r17175]? then condition Eq. is fulfilled for

diyg = —q/’fl ( [CTHQ, 5512}

If further ordgii2,112 = 2 then we have to consider the restricted ¢-Leibniz conditions for
d5 (see below).
The last g-Jacobi condition for 112 < 12 < 2 is

p
= [o1, izl )
q1112,12 [ 1 *11212 q1,11212

P o
[011212’ IQ] Q2122 [515112, 6122}
+ quiz12712[T112, T2] — qra2[T112, T2]T12 € Loy ihmgms

P p
& [H1o10, 2] = [z112, o]

112125 42] 115005 12551221 115,120 (9.13)

P[P P (P
+ q112,1271207 (Tan) — Q12,207 (Clap) 12

+ Q%2Q22(Q22 - Q11)(CI%1CI126]21 - 1) 1’?2 S IS

i

q112,122

v~
— !

If ¢ # 0 then we see that [z129]> — dys € ([:E1331£E25E13?2] — Cl1212, [T1T2T2) — 0122) is redun-

: =1 _ _
dant with di = —¢ ([0112127952}%212’2 [[371151372]70122}%2’122 + qui212[7172]01 (C122)
q127281(0122)[x1x2]) by Corollary and the ¢-Jacobi identity of Proposition It is
degr(di2) = X1,; suppose that dip <y, [z121]* (e.g., c11212 T€Sp. 129 are linear combinations
of monomials of length < 5 resp. < 3) then condition Eq. (9.13) is fulfilled for

dfy - = _q//il([Cfulz’@}qumz - [$1127 lem]

+ 112,1221207 (F99) — Q12,281p(0522)$12)

q112,122

If further ordgis 12 = 3 then we have to consider the ¢-Leibniz conditions for df, (see below).
There are the following restricted g¢-Leibniz conditions: If N; < oo, then [df ,ZBl]l €
I, ~i+1and for 1 <2 (we can omit 1 < 12,1 < 112)
1

X1,y .. [%1, CTll?]q?lqm .. } qﬁlﬂqm — [d’f, (ﬂg]q{\;l € I<Zf]1272' (9.14)

N1-3

If Ny < o0, then [dg,xgh € I m+1 and for 1 <2 (we can omit 12 < 2,112 < 2)
2

e (9.15)

|:. . [CTQQ [Eg]qmq%z o e ,ZBQ] quqé\ngl - [171, dg]qll\;Q < I
—— —

No—2

If Ny < 00, then [dfy, z12], € I ~y+r and for 1 < 12,12 < 2 (we can omit 112 < 12)
12

p P
[‘ - [61127?12]111,12(112,12 st 7$12j Q1712qi\;1%;1 - [1’1, dl?]qi\]g S [<x133f]212’

-~

Nia—1

p p
T12, - - - [T12, Aoolaizzaizs - - ’]qglfz_lqm y [, 52](1{\’213 = Iﬂf’zmm-

Ni2—1

(9.16)
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If Nqi12 < 00, then [dfu,mng}l € ]_<xN112+1 and for 1 < 112, 112 < 12, 112 < 2
112

p P
... |C x R ] Nijg—1 — |Z1,d N el N
[ [ 11127¥112]Q1,112Q11‘2,,112 ; 11% q1,112q11121,%12 [ 1, 112](11’3% <x1$111212
Ni12—1
P } 14
T112, - .. |T112,C v Nyge—1 —|d510, T12] N11w €T N
112, [ 112, 11212]Q112,112q112,12 q11121€12 q112,12 [ 112> 12](]11121}2 .<x1112129512 (917)
Ny12—1
p } p
T .. |10, € oot Npge—1 —|dl.,, o] ~ I ~
112, - - [T112, Cigg iz neqas 2 [d712, 2](111121,3 € L Nz,
Ny12—1

Now we see that the ideals of the Nichols algebras of Proposition [6.4.1]| are of the given
form. Tt is again easy to check that they have the PBW basis {x1, [t1212s], [x122], 22},
since all ¢/, =0 and d? = 0.

The proof that the liftings of Theoremhave the PBW basis {1, [z12122], [1122], 2}
consists in plugging the ¢f  and d? in the conditions above, like it was done before in Propo-
sition [9.2.3] We leave this to the reader.

9.4 PBW basis for L = {x; < 117179 < 21209 < 217979 <
CL’Q}

This PBW basis [L] appears in the Nichols algebras of Proposition[6.5.1)(1) and their liftings
of Theorem [6.5.3(1). More generally, we ask for the conditions when [L] is a PBW Basis
of (T'(V)#k[I'])/I where I is generated by

[T1212129] — 1112, zyt = dy,

[T121722] — c1122, [w12120) V12 — dy1a,
[T171227122] — 11212, [-’E1$2]N12 — dya,
[$1IE2$15E2$Q] — C12122, [$1$2!E2]N122 — dy29,

[T122292] — C1222, xévg — da.

In k(z1, 112, T12, T122, T2)#K[[] we have the following cfum ordered by f(uv), u,v € L: If
Sh(uv) = (u|v) then

P _ p _ P p _ P
Claj2) = P12, Clai12) = Gz C112)12) = C112125
p _ o _ P o _ P

Caajie) = 2112, C122) = 1122 C12)122) = C12122
P _ o __ P
Clzpp) =~ 122, Cli2212) = G12225

and for Sh(1122) # (112]2) and Sh(112122) # (112[122) by Eq. (7.1)

Claz) = 91 (o) + Qi20¢(i9)12 = G112712C 0 )
= C§)122 + (CJ12,2 - Q1712)$%g,

p _ap(.p p p
C(112|122) - a1 (012122) + 412,122C11220%12 — q1,12X12C7199-
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We have to check the g-Jacobi conditions for 1 < 112 < 2 (like Eq. (9.11))), 1 < 112 < 12
(like Eq. (0.12)), 1 < 112 < 122, 1 < 122 < 2, 112 < 12 < 2 (like Eq. (9.13)), 112 < 12 <
122, 112 < 122 < 2, 12 < 122 < 2 (note that we can omit 1 < 12 <2, 1 < 12 < 122). The
restricted ¢-Leibniz conditions are treated like before (note that we can leave out those for
1 <112, 1 <12, 1 < 122 if Ny < o0, 112 < 12, 12 < 122 if Nyp < 00, 112 < 2, 12 < 2,
122 < 2/if Ny < 00).

Both types of conditions detect many redundant relations like before. The proof that
the given ideals of the Nichols algebras of Proposition and their liftings of Theorem
admit the PBW basis {z1, [z12122], [x122], [t12922], x5} is again a straightforward but
rather expansive calculation.

9.5 PBW basis for L = {x; < 117179 < 2101220172 <
T1To < T}

This PBW basis [L] shows up in the Nichols algebras of Proposition [6.5.1[2) and (4) and
their liftings of Theorem [6.5.3|(2) and (4). More generally, we examine when [L] is a PBW
Basis of (T'(V)#k[I'])/I where I is generated by

[11713513711'2] — C1112, xi\h —dy,
[$1$1$1$2$1$2] — C111212, [951531952]N112 — di12,
[%’1$1$2$1$1$2$1l’2] — (11211212 [575133196’2351552]N11212 — di1212,
(212122012221 52] — C1121212, (21292 — di,
[212229] — C122, 5 — dy.

In k(x1, x112, T11212, T12, T2) #K[[| we have the following c’()um ordered by f(uv), u,v € L: If
Sh(uv) = (u|v) then

“a) ~ 12 Capiz) = ‘2 C11212]12) = C11212125
o _ p o 0 o
Az T T Caiz)12) — T11212, C112)11212) = 112112129
P __ P 0 )
Cazj2) — “122) C111212) = G212

and for Sh(1122) # (112]2) and Sh(112122) # (11212]2) by Eq.

C€112|2) = 8{’(0{’12‘2)) + QI272C€1|2)3712 - QI,125512C€1|2)
= oo + (G122 — 1,12)275,
C€11212|2) = O0112(ca2) + Q12726€112|2)m12 - 9112,12I12Cf112\2)
= 0112(Cl22) + Q122012212 — G112,12T12C7 199
+ (Q12,2 - Q112,12)(Q12,2 - Q1,12)$?2-
Again we have to consider all g-Jacobi conditions and restricted ¢-Leibniz conditions, from
where we detect again many redundant relations. Like before, we omit the proof for the

examples in Proposition [6.5.1(2) and (4) resp. Theorem [6.5.3](2) and (4), where we just
have to put the given ¢/, and df in the conditions.
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9.6 PBW basis for L = {71 < 11212179 < 112129 < 2122 <
332}

The Nichols algebras of Proposition [6.5.1](3) and (5) and their liftings of Theorem [6.5.3((3)
and (5) have this PBW basis [L]. We study the situation, when [L] is a PBW Basis of
(T'(V)#k[I'])/I where [ is generated by

[151$1$15U1$2] — C11112, 3711\[1 —dy,
[$1!E1$1ZE2I1$1$2] — C1112112, [!E1$1€E1$2]N1112 — di112,
[$15E1$2$1$2] — C11212, [351!101$Q]N112 — dy12,

[12922] — €122, [2129]2 — dyg,

— ds.

In k(x1, x112, T11212, T12, T2) #K([[] we have the following cfuh)) ordered by f(uv), u,v € L: If
Sh(uv) = (u|v) then

P p _ p _ P

Cagp) = M2 Caiz) = P2 Ca112112) = C11212129
P _ p _p

Capz) = 1112 C112p12) = 112129

p P p _

Caz2) = €122 Ca2) = e

and for Sh(1122) # (112]2), Sh(11122) # (1112[2) and Sh(111212) # (1112[12) by Eq. (7.1)

(112\2 f(c€12|2 ) + qi2 20(1|2)x12 Q1,125C12C€1|2)
= O (Aa2) + (G122 — qr.12) T3,
0(1112\2 f(cl()llg‘z ) + qu2 20(1|2)I112 —q 112$1120(1|2)

= 07(07(cy2)) + (@122 — qu.12) (T112%12 + qu12%12[71, T12])
+ q12,2T127112 — G1,1120112T12,
= 07(0Y(cy2)) + qu2(qo2 — qu1 — Gi1) T 112212
+ Q%Q(QH(QQZ — qu1) + q22)T127112,
C€1112|12) = 00 (f1212) + (quiz2 — (1112) %71
Note that for the fifth equation we used the relation [z1, x12] — Z112.

The assertion concerning the PBW basis and the redundant relations of Proposition
6.5.1(3) and (5) and Theorem [6.5.3(3) and (5) are again straightforward to verify.



Appendix A
Program for FELIX

A.1 Example

As an example we give the source code, which we used for the computation of the lifting

of Theorem [6.4.3] (2¢), namely we show the following in the spirit of Section [6.1}
Let ordgi1 = 3, qio = 1, qi12go1 = ql_f and g99 = —1, then we demonstrate how we

compute s13 € k(X)#k[['| such that
6 x§
[122)” — s12 € ngi;
modulo the ideal I, ,,js generated by

[T1 717921 20] + 31 (1 — Q11)$§ — Azi2(1 = gu1212),
v} — (1= gi),
5 — pia(1 — g3).
At first we calculate A([212,]°) modulo I, and from the output we take the term
occuring with - ®1, namely

S12 1= —3,U2{(>\11212(1 — qu1) + I fraqn) [2129) 2195

— qui(A212(1 — qu1) + 9#1#26111)[%1372][$1$1$2]9%
+ ()‘%121QQf1 + 31 paA11212(1 — Q%) - 9#?#3)9?93
+ 3ppe(Anz2(1 — ¢iy) — 3pi2) 9195

+ Ar212(Bpa 2 (g — 1) + A1212) 95 95

— 9395

+ 3 pra(A1212(qun — 1) — 9,U1M2(]11)g§l
+ %10‘%1212 - 6#1#2)\11212(1 - C]n) - 27#%#%%1)95}-

In the next step we add the relation [z125]® — s15 — p12(1 — ¢95) to Iz 4,6 and obtain 1.
We know by the PBW Criterion that this set of relations making up I is enough to

get the basis

{@5 [x122] 2 [y 2120) 227 g | 0 <1 <3, 0< 112 <6, 0 < 19,7112 <2, g€ T}
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and dimg A = 72 - |I'|. For the implementation we use the isomorphism of Corollary [7.5.1}

(k<X>#]k[F])/I = k<[E2, 12,2112, L1, F)/(IL—FI;‘FI)

A.2 Short introduction to FELIX

The program presented is written for the computer algebra system FELIX [I3], which
can be downloaded at http://felix.hgb-leipzig.de/. For multiplying tensors (e.g. for
calculating coproducts) one needs to treat ® as a variable. We want to thank Istvan
Heckenberger for providing his extension module tensor.cmp which realizes this. We want
to give some comments on the program:

Using a terminal, we execute FELIX with the command felix. A file is compiled
with the command felix <file. Also a module is compiled in the same way, e.g.,
felix <tensor.cmp.

The program starts with the inclusion of the modules: 1ink ("module").

Then the definition of the non-commutative polynomial ring over the rational num-
bers with parameters and wvariables together with a matriz, which determines the
ordering of the variables, is given by select rat(parameters)<variables;matriz>.

We order the variables by < from Section [4.4]

Notabene: The right ordering-matrix is crucial for the termination of the Grobner
basis, since the algorithm is non-deterministic in the non-commutative case.

We treat a root of unity ¢ as a variable and assign to it the degree zero in the
ordering-matrix. Further we give the minimal polynomial in the ideal defined by
ideal (relations).

The variable ixi is treated by the tensor module as ®. We use the function ttimes
of tensor.cmp for the product of two tensors.

Further, we will denote coproducts like A([z125]) by variables like delx12, and powers
like A([x122]%) by del6x12.

The function standard(ideal) computes the Grobner basis of the ideal from which
we can read off the basis easily. Then the function remainder (polynomial , ideal)
computes the polynomial modulo the ideal w.r.t. the ordering matrix.

To multiply two variables/parameters one needs to put the product sign *. To end
an command with an output we type $, to suppress the output we type _ .

Finally, the command print ("string") prints the string in the output, comments
are given by % comment %, and bye ends the program.
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A.3 Program

At first we execute the following program which calculates A([z124]%).

link("tensor.mdl")$

select rat(mul,mu2,mul2,lam11212)<x2,x12,x112,x1,g1,g2,ixi,q;
{ {0,0,0,0,0,0,1,0%},
{1,2, ,0,0},
{1,

3 3 3

3,1,0,0
0,0,0,0,0
1,0,0,0,0,
,0,1,0,0,0
0,0,0,1,1
0,0,0,0,1

3 b
b

b 3 3 b

b 3 3 3

>$

qll:=q$
ql2:=1%
q21:=q$
q22:=-1%

si:=ideal(
q~2+q+1l, g*ixi-ixixq,

g*x1-x1*q, q*x2-x2%q,
q*gl-glxq, q*g2-g2+q,

glxg2-g2+gl,

glxx1-qllxx1x*gl, glxx2-ql2*xx2%*gl,
g2*xx1-q21*x1*g2, g2*x2-q22*x2*g2,

x1*x2-ql12*%x2*x1-x12,
x1*x12-q11*ql12*x12*x1-x112,
x112%x12-q1172%q1272%q21*%q22*x12*x112

+3% (1-q) *mul*x2"2 -1lam11212%(1-g1~3*g272),

x272-mu2*(1-g2°2),
X1A3—mu1*(1—g1“3)
)$

si:=standard(si)$

print ("Computation of the coproducts:")_
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delxl:=x1*ixi+gl*ixi*x1$
delx2:=x2*ixi+g2*ixi*x2$
delx12:=remainder (
ttimes(delxl,delx2)-ttimes(ql2*ixi,ttimes(delx2,delx1))
,s1)$
delx112:=remainder(
ttimes(delxl,delx12)-ttimes(qll*ql2*ixi,ttimes(delx12,delx1))
,s1)$
del2xl:=remainder (ttimes(delxl,delxl),si)$
del3xl:=remainder (ttimes(del2x1,delxl),si)$
del2x2:=remainder (ttimes(delx2,delx2),si)$
del2x12:=remainder (ttimes(delx12,delx12),si)$
deldx12:=remainder(ttimes(del2x12,del2x12),si)$

% (1) %
print ("Delta(x1276) =")_
del6x12:=remainder (ttimes(del4x12,del2x12),s1)$

bye$

The code after (1) genereates the output

> Delta(x1276) =
Q :=

From the ... we take the term occuring with _ xixi*1, which will be s as said before. We
then define in (2) below the variable w which corresponds to [1122]® — 519 — p12(1 — ¢9%,):

link("tensor.md1l")$

select rat(mul,mu2,mul2,lam11212)<x2,x12,x112,x1,g1,g2,ixi,q;
{ {0,0,0,0,0,0,1,0%},

{1,2,3,1,0,0,0,0},
{1,0,0,0,0,0,0,0%},
{0,1,0,0,0,0,0,0%},
{0,0,1,0,0,0,0,0},
{0,0,0,0,1,1,0,0%},
{0,0,0,0,0,1,0,0}, }
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ql2:=1%
q21:=q$
q22:=-1%

si:=ideal(
q~2+qg+1l, g*ixi-ixi*q,

g*x1l-x1*q, g*x2-x2%*q,
q*gl-gl*q, q*g2-g2*q,

glxg2-g2xgl,

glxxl-qllxxlx*xgl, glxx2-ql2*xx2*gl,
g2*xx1-q21*xx1*g2, g2*x2-q22*x2*g2,

x1*x2-ql12*x2*x1-x12,

x1xx12-ql1*ql12*x12*x1-x112,

x112%x12-q1172%q1272%q21*%q22%x12*x112
+3%(1-q) *mul*x2"2 -lam11212%(1-gl1~3%g2~2),

x272-mu2* (1-g2°2),
x173-mulx*(1-g1~3)
)$

si:=standard(si)$

print ("Computation of the coproducts:")_
delxl:=x1*ixi+gl*ixi*x1$
delx2:=x2*ixi+g2*ixi*x2$
delx12:=remainder(
ttimes(delxl,delx2)-ttimes(ql2+*ixi,ttimes(delx2,delx1))
,81)$
delx112:=remainder(
ttimes(delxl,delx12)-ttimes(ql1*ql12*ixi,ttimes(delx12,delxl))
,81)8
del2x1:=remainder (ttimes(delxl,delxl),si)$
del3x1:=remainder (ttimes(del2x1,delxl),si)$
del2x2:=remainder (ttimes (delx2,delx2),si)$
del2x12:=remainder (ttimes(delx12,delx12),si)$
deldx12:=remainder (ttimes(del2x12,del2x12),s1)$

h (1) %
print("Delta(x1276) =")_
del6x12:=remainder (ttimes(deld4x12,del2x12),si)$
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h (2) %
print("Definition of w:=x12"6-s12-mul2x(1-gl~6*g27°6)")_
w:=x12"6
+((-3*mu2*lam11212+27*mul*mu2~2) *q+3*mu2*lam11212)
*x1272%x1xg2"2
+((-6*mu2*1am11212+27*mul*mu2”2) *q+(-3*mu2*1lam11212+27*mul*mu2°2))
*x12%x112%g272
+((-3*mu2*1lam11212°2+9*mul*mu2~2*%1lam11212)*q
+(-3*mu2*1am11212°2+18*mul*mu2~2*x1am11212-27*mul~2*mu2-3) )
*gl1~6*g2"6
+(9*mul*mu2~2%1lam11212*q+(18*mul*mu2~2*1am11212-27*mul " 2*mu2"~3))
*g1°3%g2"6
+(9*mul*mu2-2%lam11212*q+(3*mu2*lam11212°2-9*mul*mu2~2*1lam11212))
*xg1"3xg2”4
-27*mul”2*mu2"3
*g2°6
+((9*mul*mu2~2*%lam11212-81*mul~2+mu2"3) *q-9*mul*mu2”~2*lam11212)
*g2~4
+((3*mu2*1am11212°2-36*mul*mu2~2*%1lam11212+81*mul~2*mu2"3) *q
+(-18*mul*mu2~2*1am11212+81*mul~2*mu2~3))
*g2°2
-mul2*(1-g1~6xg276)$

delw:=remainder(

del6x12

+((-3*mu2*1am11212+27*mul*mu2”2) *q+3*mu2*lam11212)
*ttimes (ttimes(del2x12,delxl) ,g2 " 2*ixi*g2"2)

+((-6*mu2*lam11212+27*mul*mu2”2) *q+ (-3*mu2+lam11212+27*mul*mu2-2))
*ttimes(delx12,ttimes(delx112,g2 " 2%ixi*g272))

+((-3*mu2*1lam11212°2+9*mul*mu2~2*1lam11212)*q
+(-3*mu2*1am11212°2+18*mul*mu2”~2*x1am11212-27*mul "~ 2*mu2-3) )
*g1~6*g2"6xixi*gl 6%g2"6

+(9*mul*mu2”~2x1lam11212*q+ (18*mul*mu2”~2*1lam11212-27*mul~2*mu2"3))
*g1"3xg2 " 6*ixi*xgl"3*g2"6

+(9*mul*mu2-2%lam11212*q+(3*mu2*lam11212°2-9*mul*mu2~2*1lam11212))
*gl1~3*g2 4*xixi*gl~3xg2”4

—-27*mul”2*mu2”3
*g276*x1x1*g2”6

+((9*mul*mu2”2*1lam11212-81*mul”~2*mu2~3) *q-9*mul*mu2~2*lam11212)
*g2~4xixi*xg2”4

+((3*mu2*1am11212°2-36*mul*mu2~2*1lam11212+81*mul~2*mu2"3) *q
+(-18*mul*mu2”~2*1am11212+81*mul~2*mu2~3))
*g2 2% ixi*g2"2

-mul2* (ixi-gl~6*g2 " 6*ixi*gl~6%g2~6)

,s1) $
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print ("Is w=x12"6-s12-mul2*(1-g1~6*g2~6) skew-primitive? (0 = Yes)")_
remainder (delw-w*ixi-gl~6*g2 6*ixi*w,si)$

bye$

As a final result we obtain the output

> Is w=x12"6-s12-mul2*(1-g1~6%g2~6) skew-primitive? (0 = Yes)
@ :=0

which confirms that the chosen sy, is correct.
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